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O606111eH1Ee TIEPECTAaHOBOYHOIO HEPABEHCTBA 1
MOHT'OTbCKOE HEPABEHCTBO

JI. B. PagsuBmiosckun

ITocae OpOYTCHUA DTOU CTATHA BAM CTaHYT OYICBUIHBIMU JOKA3aATECIBCTBA

MHOTUX HepaBeHCTB. Bce oHU 6y Iy T BHITEKATH B OHY-ABE CTPOYKYA U3 OTHOTO
MPOCTOrO TPUHIATA, KOTOPLIM OOBACHASTCA B 3TOU CTAThe. BOT MpuUMephI
TOr0, YTO CTAHET OYEBUTHBIM:

1.
2.

T+ y5 +2° > x3y2 + y3x2 + 2322 (3mech M manee IMCIA MOTOKUTENHHEI).
T Yy z T Y z
+ + + + .
1+ 22 1+y2 1-1-22\1-|-y2 1+ 22 1+ 22

1 1 1
(a1 +as+-+a)(—+—+-+—)>n’
ay ao an
(@ 4+ a3+ +ad) (a1 +as+ - +ap) <nlaf +a3+ - +ap).

2

(1+Z—§)-(1+a—2)-...-(1+%) > (L4a) (L+as)-... (1+ap).

as
(16-u Typuup ['opomoB, OCEHb, OCHOBHOU BAPUAHT, CTAPIIUE KIACCHI,
sagaqga Ned, JI. [I. Kypasagank).

VE+22+y+ 294+ V2 + 22 <Vy+ 25+ V2 + 20 + Vo + 22,

[Jana Tabauna n X n, 3a00THEHHAA IUCAAME M0 CIEAYIOUEMY IIPABUIY: B
KJIETKE, CTOALIEN B 4-U CTPOKE W j-M CTOJAOIE TAOIUIIHI, 3AMUCAHO IUCIO
(i +j—1) — 1. B Tabauue 3a49epKHYJIN 71 TACET TAKUM OOpPA3OM, UTO
HUKAKWE [BA 339€PKHYTHIX YMUCJIA HE HAXOMATCA B OMHOM CTOJOIE WA B
omHOU cTpoKe. [lokaxuTe, 9TO CyMMa, 3a49ePKHY THIX YUCe] HE MeHbIIe 1.
(13u Typuup ['opogoB, BeCHA, OCHOBHOU BAPUAHT, CTAPIINE KIACCHI, 3a-
naga Ne3, C. VBanoB)

Kpome Toro, MBI JOKaXeM MOHTOJBLCKOE HEPABEHCTBO. JDTO YXKE 3alMeT

He OJIHY CTPOYKY, HO BCE PABHO OyAeT TOBOJIBHO Ipo3padHo. O6 ucTopun MOH-
TOIBCKOTO HEPABEHCTBA ¥ O JBYX €r0 CJIOXKHBIX JOKA3aTEIbCTBAX HAIUCAHO B
cratee A. U. Xpabposa [4].

S mamepenno He GOpMyaUpPYIO HAKTH KPATIAUIINM CIIOCOOOM, a TIpe-

TIOYATAIO (IIOBO3UTHLCIY W PACCKA3ATH BCE B TOM IMOPAIKE, B KOTOPOM i 3TO
0CO3HABAJ. MBI HAYHEM C YACTHBIX CAYYAEB U MEPErugeM K OOIUM TeopeMaM,

MaTemaTuueckoe npoceewerue, cep. 3, esin. 10, 2006(210-224)
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a He Hao6opoT. Konedno, xamap Oymary, OadThl U Jeca, HO UMEHHO «BO3HI»
CIOCOOCTBYET PA3BATUIO MHTYUIUU. 1TOO HE OTHUMATL Y UATATENEU YIO0-
BOJBCTBUSA «IIOBO3UTHCAY, A OIIYyCTUI MHOT'O rEI;e’I‘a,JIeI‘/JI. HOBTOMy, 9TOOBI MOHATE
STOT TEKCT, BaM MOHATOOUTCA PYyIKa n OyMaXKKa.

[IEPECTAHOBOYHOE HEPABEHCTBO

[TepecTanoBkou (43 1 SIEMEHTOB) MbI HA3LIBAEM OUEK TUBHYIO (DYHKITUIO 13
MHOXecTBa dncer {1,2,3,...,n} B ce6s. CI0BO «(OMEKTUBHALY O3HAYAET, ITO
BO BCAKOE YUCIO MO AEUCTBUEM DTOU PyHKINY EPEXOIUT POBHO OTHO TUCIO.
O6o3HauaTh MEpEeCTAHOBKY i Oyay rpedeckon 6yksou o (curma). Yucaa o (1),

0(2), ..., 0(n) —oTo Te xe uncaa 1, 2, ..., n, HO MEPECTABICHHLIE B PYTOM
HOPsAIKE.

Paccmorpum gBa mabopa kucen: aq,as,...,a, u by, bo, ..., b,. Bynem ro-
BOPUTH, ITO HAOOPHI 41, G2, - . ., Gy U b1, bo, ..., b, YyHOPIIOTEHBI «O TMHAKOBOY,

ecau HAMOOJBIIEMY YUCIy B MEPBOM HAaOOpPE COOTBETCTBYET HamOOJbIIEe BO
BTOPOM (T.€. MHIEKCH Y HUX ONWHAKOBBLIE), BTOPOMY IO BEIUYWHE TUCIY B
epBOM HAabOpe COOTBETCTBYET BTOPOE MO BEAUYUWHE, U T. [., & HAUMEHbIIE-
My COOTBETCTByeT HamMmenbiiee. Hampumep, ecam a1 = ae = -+ > a, 7
by = by > -+ > by, TO HAGOPHI OJUHAKOBO YIOPALOUEHEL [pyrou mpumep:
Habopsl a,b, ¢ m a®,b3, ¢ onuHAKOBO yHOpAZOUEHBI. BygeM COBOPHTH, UTO
HAOOPHI 0OPATHO yHOPANOYEHBI, €CAX HAMOOJABIIEMY YUCIy B MEPBOM HAOO-
p€e COOTBETCTBYET HAMMEHBIIEE BO BTOPOM, BTOPOMY M0 BEAUYUUHE B MEPBOM
Habope COOTBETCTBYET BTOpPOE C KOHIA BO BTOPOM U T. ., & HAWMEHbIIE-
My coorBeTcTByeT Hambombiiee. Hampuwmep, ecaum a1 > ag = -+ = G, #
b1 < be < -+ < by, To HAbOpHI O6paTHO ynopsagodeHsl. Habopwl a,b,c u
1/a,1/b,1/c Takxke 0OPATHO YHOPSIOICHBL.

[as m06bIX ABYX HAOOPOB a1 = G = -+ = ap u by < bo < -+ < by, cymec-
TBYeT TaKasd «CaMas MPABUILHASLY MEPECTAHOBKA 0, ITO HAOOPHI G, 42, - - - , (p
1 by (1), b(2); - - - by(n) OMMHAKOBO yMOPANOIEHEI. AHAJIOTUTHO, I JIOOBIX IBYX
HaOOPOB MOXHO HAUTHU U «CAMYIO HENPABUILHYIO» MEPECTAHOBKY O, IIPHU
KOTOPOU HAOOPHI G1, A2, ...,0, 1 b(,(l), b(,(Q), ... b(,(n) 00paTHO yHmOpPAIOYIEHHI.

Kaxkoe oTHomeHre nMeeT BCE DTO K NOKA3ATEALCTBY HepaBeHCTB? A BOT
Kakoe:

TEOPEMA 1 (IEPECTAHOBOYHOE HEPABEHCTBO). Paccmorpum Bee BO3-
MOXHBIC ITIEPECTAaHOBKU U3 71 SJIECMEHTOB. Tor,u;a 3HAYCHUE BBIPDAXKCHUA

albg'(l) + a2bg—(2) + -+ anbg(n)

OyzeT caMbIM OOMBIINM, KOT'a IUCIa YIOPALOUEHBI OTUHAKOBO, U CAMBIM Ma-
JEHbKWM, KOT I3, YUCIa, OOPATHO YHIOPATOYEHHI.
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Wuade roeops, 3HAYEHUs, MOJYIEHHBIE IPU OCTAJBHBIX HEPECTAHOBKAX,
He OOMbIe 3HAYEHUA, TMOJYIEHHOrO MPU «CAMOU MPABUIBLHOWY, U HE MEHBIIE
3HAYEHUS, TOJYIEHHOTO TIPU «CAMOU HEMPABUILHOWY IEPECTAHOBKE.

Hanpuwmep, u3 Teopemst creayer, aro a/b+ b/c+ c¢/a > 3: Begp a,b,c u
1/a,1/b,1/c 06paTHO yHOPAZOUEHBI, & 3HAMUT, IpaBasd dacThb a/a + b/b+c/c
MOy 9EHA TP CAMOU HEIPABUILHOU MEPECTAHOBKE W MOTOMY AAeT HANMEHB-
mee 3HatIeHue.

[Ipyrue mpuMepsl [al0T HEPABEHCTBA 1 W 2 W3 COMCKA B HAYAJNE CTATHH.
Kouedno, mogqo6ubIe HEPpABEHCTBA MOXHO 10Ka3aTh U Apyrumu merogamu. Ho
MEPECTAHOBOYHOE HEPABEHCTBO MO3BOJAET €IMHOOOPA3HO MOKA3LIBATH MHOTO
HEPaBEHCTB.

OTO HEPABEHCTBO OYEHb BIEYATINIO MEHA B IEPBLIA Xe Pa3, KOTAa 1 C HUM
CTOJKHYJICA, CBOEN MOIILIO U OOIIHOCTBIO. Y3HAT A ero B 11-M KiIacce mIkombl
[MTesax-Modet (Tenb-ABuUB) HA OYEHBL UHTEPECHOM YDPOKE MO HEPABEHCTBAM.
[IpoBoama sToT ypok Muxamn Poszenbepr (y4auTenas 5TOM XKe UIKOJIHI).

[TepecTanoBOYHOE HEPABEHCTBO CIPABEIJIUBO I JTIOOBIX AEUCTBATEILHBIX
qucea (HET OrPaHWYIEHUA TMOJOKUTETHHOCTH).

VHTYyUTUBHO JErKO TOYYBCTBOBATH MPABUWILHOCTD IEPECTAHOBOYHOI'O He-
PaBEHCTBaA: €CAIN Bbl XOTUTE MOAYYIUTH YTUCIO HO6OJII)IH6, TO NpuUCTaBbTE K
66nbmmM ducaaMm 64abine KO3 OUITEHTH TPUA CYMMUPOBAHUA. IJTO BBICO/I-
HEeH, 9eM TPATUTDL GOabIme KOdpPUIAEHTHl HA MATCHBKAE TUCIA.

CTporo n0oka3aTh IepeCTAHOBOYHOE HEPABEHCTBO TaK¥XKe HECIOXKHO.

JIEMMA. Ilycts ay > ag, by > bs. Torma aib; 4+ asby > a1be + agb;.
HOKA3ATEJBCTBO. I[lepenecem BCE B 1€ByIO IaCTh:
a1b1 4 asbs — a1bs — asby > 0,
(a1 — az)(by — be) > 0.

Ho IIPOU3BEACHNE NBYX IMOJOXUTEJIBHBIX TUCEN IIOJNOXUTEIBHO, U IIOJNYUICHHOE
HEPAaBEHCTBO PAaBHOCWJIBHO UCXOIAHOMY.

[JOKA3ATEJBbCTBO IEPECTAHOBOYHOI'O HEPABEHCTBA. Bo3bmem aBa
Habopa uucen. Ecam ecTh Takaa mapa MHIEKCOB 4, k, ITO MOPATOK HEITPABAIb-
HBIA (HATIPUMED, a; > af , b > b;), TO MBI moMenAeM ux mecTtamu. [Ipm sTOM
cymMma Bo3pacTeT (cormacuo aemme). Bymem noBToOpaATE Takue onepanyuu, moka,
5TO BO3MOXHO (B «KOMIOBIOTEPHOU HAYKE) DTOT MPOIECC HA3BIBACTCA («COPTH-
poBkay). Ecam 5TO yke HEBO3ZMOXHO (COPTUPOBKA 3aKOHUWIACEH), TO JETKO
IOHATH, YTO MOPAAOK CTaJ ITPABUIBHBIM. HO MBI HQIUHAJA C IIPOU3BOJIBHOT'O
TMOPAIKA M HECKOIBKO Pa3 YBEIMYMWBAIU HAIIEe IUCIO! 3HAUMUT, TPABUILHLIN
MOPAZOK COOTBETCTBYET CAMOMY GOMBIIOMY 3HATEHUIO.

AHATOTUYIHO TOKA3BLIBACTCA OGPATHOE HATIPABICHNE IIEPECTAHOBOTHOT'O HE-
paBercTBa. [IpocTo HALO 3AMYCTUTHL COPTUPOBKY HAOOOPOT: KAXKILIA Pa3,
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€CJIM eCTh XOTh OJHA TPABUIbHASA MMApa WHAEKCOB, HYKHO CAEIATH U3 Hee He-
npaBuwibHy0. COrIacHo JeMMe 9uciao OyaeT TOCTOAHHO yOBIBATL. B KOHIE MBI
TIOMY UM CAMBIN HETPABUILHBIN MOPAMLOK U 3HadeHue OyaeT MeHbine. A Benb
MBI HAYWHAIA C TIPOU3BOJLHOTO TTOPAIKA.

YTOPAYKHEHUE. [Ipocrenure mokasaTeabCTBO BHUMATEIHLHO W MOUMHUTE,
KOTr'/la B IEPECTAHOBOYHOM HEPABEHCTBE JOCTUCACTCSI PABEHCTBO.

YTPAXKHEHUE. B mepaBencTBax 1 m 2 B Hadame cTaTbu MBI mOTpebO-
BaJU, ITOOLI YACIA OBLIM MOJOXUTEIHHBIMEA. [[eNCTBATENILHO JU 3TO HYKHO?
F;[e «CaI0OMaeTCa» MOKa3aTEeAbCTBO, €CaU MBI «3allyCTUM» B HET'O TPOU3BOJbHBIC
NEeACTBUTEAbHBLIE IrCaa,?

TEOPEMA 2 (HEPABEHCTBO YEBBIMEBA). IlycTe HAGOPEL a1,a9, .. ., dy
u by, bo,...,b, ynopagodensl oquaakoBo. Torma
n(aibr +agby + - +apbp) = (@1 + - +an) (b1 +- -+ + by).
Ecmu xe oHE 06paTHO yIOPAIOYUEHBI, TO BHIIOTHACTCA HEPABEHCTBO C IPOTHU-

BOIIOJIO2KHBIM 3HAKOM.

Boo6ie-To HepaBeHcTBOM UeOBINEBA MpaBUiIbHEE HA3LIBATE Gosee obiee
HepaBeHCTBO (cM. [3]), HO TO Ha3BaHWe yXe NMPIXAIOCH (CM., CKaxeM, [2]).

[ OKA3ATEJILCTBO. B mepBoMm caydae
arby +agbs + -+ +apby = a1by + asby + -+ + apby,
a1by + asbs + -+ + apby, = a1bo + asby + - - - + anby,

a1b1 + a2b2 +---+ anbn 2 albn + CLle +--+ anbn,l.

CyMMupys BcE 5T0, TOAyIaeM UCKOMBIN pe3yabTaT. Kean xe Habopsl 06paTHO
YOOPAJOYEHBI, TO 3HAKM HEPABEHCTBA IMEPEBEPHYTCA BO BCEX CIAraeMbIX U B
CyMMe.

B xadecTBe HEMEIEHHBIX CAEICTBUAN MOIY A€M HEPABEHCTBA 3 1 4 U3 Cruc-
Ka B HaJaJe CTaTbU M MHOI'WE OApYyTHe.

IIOMEHAEM CJOXKEHUE HA YMHOXKEHUE

PaccmoTpuM HepaBeHCTBO 5 M3 CHOMCKA B HAYajIe CTATHU:
a% a% a%
(+2)-(1+2) - (14 2) > () (L +a) - (1 +an).
a as ay
Kaxk yxe roBopmiock, aTa 3aga4a npeanaraaack Ha 16-m Typrupe ['oponos, B

KOTOPOM A YyIaCTBOBAJI. Mze moka3aaoch €eCTeCTBEHHBIM YMHOXUTH obe qacTu
Ha IIPOM3BEACHUE BCEX IHCEI. HOJIy‘II/IMI

(ag—i-a%)-(ag—i—a%)-...-(al—i—ai)2(al—i—a%)-(@—i—a%)-...-(an—i—ai).
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XoTA A HE CMOT TOT[a A0KA3aTh DTO HEPABEHCTBO, Y MEHA BO3HUKJIO OILLYIIE-
HUE, 9TO «(3TO BCerga Taky. K ToMy BpeMeHHU s elle He 3HAJA MePeCcTaHOBOTHO-
0 HEPABEHCTBA. HEKOTOPBIE IMTATENN yKE, HABEPHOE, AOTaIalINCh, KAK €0
IPUMEHUTEL B DTOU 3aJade.

TEOPEMA 3. PaccmoTpum aBa HAG0PA MOJOKUTENHHBIX UHUCEI 41,03, . - -
Gn ¥ b1,by,...,b, U Bce BOBMOXHBIE EPECTAHOBKHU YUCET BTOPOro Habopa.

SHAYMEHUE BHIPAXKEHUS
H (ai + bg(i)>

Oyner caMbIM OOIbIIAM, KOTAa HAOOPBL G1,a2,...,0n U by(1),b5(2),- -, bo(n)
06paTHO yIOPSJOUEHBI, & CAMBIM MAJEHBKUM — KOT'/1a 3TU HAOOPHI O [MHAKOBO
YIIOPA IO IEHEI.

3AMEYAHUE. BMecTo yCIoBUsA MOMOXKATETEHOCTH UCET JOCTATOYHO IO-
Tpe6oBaTDb, YTOOBI [ BCAKAX ABYX UHIEKCOB i, k 9UCIO a; + b OBLIO IIOJIO-
XUTENBHO.

O6paTuTe TakXke BHIMAHIE, ITO 3HAKYA HEPABEHCTBA B TeOpeMe 3 TI0 CpaB-
HEHUIO C IEPECTAHOBOYHBIM HEPABEHCTBOM TiepeBepHYThL. OO bACHEHTE DTOMY
OymeT maHO HUXE.

Teopema cregyeT u3 JeMMBbI, KOTOPAsA €CTh €€ YACTHBIA CIydall mid n = 2:
JIEMMA. Ilycts a1 > as > 0, by > by > 0. Torma (a1 + bl)(CLQ + bg) <
< (a1 + b2)(az + by).

YTPAXKHEHUE. /[[oka3aTh JeMMy U Te€OpeMy IO aHAJOTUU C IMEPEeCTAHO-
BOYTHBIM HEPABCHCTBOM.

YTPAXKHEHUE. BriBecTn oTciona HEpaBEHCTBO
(az +a})-(az+a3) ... (a1 +a2) > (a1 +a?) - (ag +ad)- ... (an + a2).
S momospemato, 4TO aBTOpP 3ajadM 5 MMeI B BUAY APYrOe ee pelleHue,

a? (1+a)?
OBITH MOXET, UCIOJB3YIOIIee HEPABEHCTBO 1 + — > ———

b 1+0b
HAC MOIPOCUIN JOKA3aATh

a’? a’g a?t 2 2 2
a1

as as

. llycTo, craxewm,

YTIPAXKHEHUE. (a) /[fJokax)uTe 3TO HEPABEHCTBO YEPE3 MEPECTAHOBOTHOE
HEPABEHCTBO.
2 2
a 1+4+a
a5 (d+a)

i . Kaxkoe

(6) A Temepn uepes 0600menne HEpaBeHCTBA 1 +

0606mmenune? Camu goraganTecs!
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Pasymeercs, nyskT (a) nporue u TpeGyer Menbine uzobperareasaoctu. Ho
MBI MOXEM HAIMUCATL U 0OJEe CIOXHOE HEPABEHCTBO, KOTOPOE U3 TEOPEMBI 3
OYEBUIHO, & AOKA3ATh €r0 HANPAMYIO COBCEM TAXKEIO.

Temepsb BO3bMEMCA 32 3a4a9Ky 7 U3 COUCKA B HAYAJNE CTATHU. 3AYEPKHYTh
YUCIA TAK, KAK CKA3aHO B YCIOBUM 3aJa49d, — DTO TO XK€ CaMoe, ITO Pac-
CTABUTH Ha TOCKE 1 Jajel, KOTOpble He ObIoT Apyr apyra. Ho paccTaBuTb
JabU — 3TO Bellb, 0 CyTHU Je]a, BHIOPATHL NEPECTAHOBKY. A Kakas mepecTa-
HOBKA, JacT caMoe MajeHbKoe ducao! CamMas HempaBUIbHAL.

Nrak:

TEOPEMA 4. PaccmoTpuM aBa HaGOpPa MOMOXUATETHHBIX UCET G, 43, . . .
Gp ¥ b1,by,...,b, U Bce BOBMOXHBIE EPECTAHOBKHU YUCET BTOPOro Habopa.

SHAYMEHUE BHIPAXKEHUS
Z :
a; +by(i)

OyReT caMbIM OOMBIIAM, KOTAA HAOODHI a1,a2,...,0n U Dy(1),bg(2); -, bo(n)
OJIMHAKOBO YIOPAMOYEHEI, 8 CAMBIM MAJEHBKUM — KOT'/[a 5TU HAGOPHI 06PATHO
YIOPAJOYEHHI.

N reopema, u 3amada 0 TabauIe JECKO CIEAYIOT U3 CAEAYIOMEN JEMMEL.
1 1 1
>

JIEMMA. - _—.
k+x m4z” = k+m+zx

Bce AeTaJan noKa3aTelIbCTBa JEMMBbI, TCOPEMBI 1 3a, a4 IIPDO Ta,6JII/IIIy npe-
ToCTaBIAIOTCA YnTaTesio. OHM He COMEPKAT HOBLIX HETPUBUAILHBIX UIEH.

Ects eme oquu cmoco6 pemnTh 334349y Tpo TabIUIy, BOCIOIB30BABIINCE
M3BECTHBIM HEPABEHCTBOM

(a1+a2+---+an)<a—11+i—k---—i—i) > n?,

Ono crenyer m3 Teopembl 2. Ho ero MoXHO MOKa3aTh W epe3 HEPABEH-
ctBo Koru-B yHAKOBCKOTO, ¥ C TOMOIIIBIO IBYX HepaBeHCTB Koru, u apyruMu
CHOCO63,MI/I. BHpO‘IeM, MBI OTBJEKJINUCH OT OCHOBHOﬁ nnoeun.

OcHOBHAA ugesa Xe, KAK HABEPHAKA YXKe COOOPA3MWIN CaMbIe IOTAIIABBIE
73 IUTATENeN, COCTOUT B TOM, ITO XOTA TeopeMbl 1, 3, 4 U BHITVIALAT OYEHD
0o0UIIMY, HO BCE OHU ABIAIOTCA Y3KUMU YACTHBIMU CJAYIAAMU IET'0-TO COPA3 L0
6osee obmero. M y sroro «ropasgo 6omee o0mero» mMacca TaKAX TACTHBIX
cay4daeB. Ho mas Toro 9robber ¢chopMyImpoBaTh 3TO «ropa3no Gomee obimeey,
HEOOXOAMMO 3HATH, ITO TAKOE BHIMYKIAA PYHKIINS.

HekoTopsie unTaTenn, HaBEpHOE, 3HAKOMBI C BBITYKIBIMUA PYHKIUAMA, HO
Ha BCAKNU CIYyYIaV MBI HAIIOMHUM OIIDpEAEJCHUE M OCHOBHBIC CBOUCTBA.
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BEBINYKJBIE 1 BOTHYTHIE OYHKIIUN

Hanrpaduk dbyskuum f(xr) — 5TO MHOXECTBO Takux TOYEK (z,y), AI1
KOTOpPBIX Yy > f(x) (T.e. OHE HAXOAATCA «HAJ TPADUKOM)).

Boimyknas GyHKIus — >T0 Takasg (PyHKIUA, y KOTOPOU HAATpahpuk —
BBIMYKJIOE€ MHOXECTBO. VIHaYe rOBOpsA, €CIU COEMUHUTD ABE TOYKY HA Ipaduke
wiu HaJ TpadUKOM OTPE3KOM, TO BECh OTPE30K OyIeT JeXaTh B HAATPADUKE.

[locTaTouro mOTpe6OBATH 3TOT0 IIA TOYEK, MPWHAIIEKAIIAX TPapuKy.
Nabivu croBamm, pyHKOMA JOMKHA JTEXKATH TOM «XOPAOon». MOXHO 3anucaTh
»To anrebpamdecku: ecaum 0 <t < 1, To

t-flx) + (1 —1) flza) = f(t 21+ (1 =1) 22).

Boruyrasa ¢yukmua — >To Takad PYHKIUA, ITO, HA0OO0POT, mOATpadpuK
(KOTOPBIN OTIPEAENACTCA AHANOTUIHO HAATPADUKY ) ABIACTCA BBITYKIBIM MHO-
XKECTBOM, T. €.

t-f@) + (A =1t) fz) < f(t @1+ (1—1t)- 22).

DyHKINA MOXET OLITH BHILYKJIOX WIM BOIHYTON KaK Ha BCEH IPAMOM, TaK
7 HA KAKOM-TO OTPE3Ke WX JIye.

CroBa, (BBITYyKJIad» W (BOTHYTAasg» OYEHb TOXOXKHU. UTOOLI He 3amyTaThCd,
Kakad (DyHKIUA BHITYKJAad, a KaKad BOTHYTad, MOXHO NyMaThb O BECENbIX W
IPYCTHBIX (GYHKIMAX U BCIOMAHATL POT Y HYXHOTO cMawimka (cM. puc. 1).

[Mpumepsr Boimykabx byaknmi: e?, a®, |z|, 22, 2% (k — meroe monmoxu-
TenbHOE) Ha Bcel npsamon, tg(x) ma mpomexytke [0;7/2), 1/z u 2™ (n —
[eI0€) Ha MOMOKUTEIbHBIX IUCIAX.

[Ipumepst BorayThix Gyuakmun: In(z) u log, () Ha MOTOKXUTEIBHBIX TUCIAX,
sin(x) ma orpeske [0; 7], cos(x) Ha oTpeske [—7/2;w/2], arctg(x) HA MOMOXKMU-
TEIbHBIX THCIAX.

Boo6me, pyakmusa ¢ Ha TOMOXATEIBHBIX TACIAX ABIACTCA BOTHYTOMU, €C-
o gexuT Mexay 0 u 1, 1 BHIIYKIOM B TPOTHBHOM CJIydae.

[Tepevmcaum OCHOBHBIE CBOMCTBA BHIMYKIBIX (DyHKIWM, HATUHAA C OIPee-
nerus. (Bcé, 9T0 MOXHO CKa3aTh O BHIMYKJILIX (PYHKIUAX, MOKHO CKA3aTh U
0 BOrHYTHIX. [[pr 5TOM HYXHO NEPEBEPHYTH 3HAK HEPABEHCTBA. )

1. Hagrpaduk — BBITyKIOE MHOXECTBO.

©
@

a) 6)

Puc. 1. a) Becenas (Brimykaas) u 6) rpycrHas (BOrHyTas) QyHKIANA
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2.

10.

11.

Dyukiua mexuT mox xoppon: ecan 0 < t < 1, To
tofl@) + (1 =t)- fz2) 2 f(t-z1+ (1 —1) - 22).

DOyHKINA JeXKAT HAT TPOJTOMKEHUEM XOPIbI, 8 UMEHHO, ecau ¢t < 0 mwim
1<t, o

t-flz)+(L—1t) fzo) < flt-z1+ (1 —1) - xz9).

f(z1) + f(z2) > f(l"l + 13
2 2 .
TOYHO, YTOOBI (PYHKIINA OBLIA BHIIYKJIOHU, a B 00IeM caydae — HeT. Ho

Ui TI000U BBIMYKJIOU (DYHKIIUU DTO CBOUCTBO BBIMOMHAECTCA — IOCTA-
TOYHO MOACTABUTH t = 1/2.

). 1 HempepBIBHON (PYHKIIMU DTOT'O AOCTa-

k- f(z1)+m- f(z2) k-z1+m-xo
> f

k+m k+m . .

cra. O6o6ueHne yHKTa 4 U 9acTHBIU cay4dan nyHkTa 2. Ha camom mere

DTO CBOMCTBO BBIBOAUTCA (HO CJIOXKHBIM CIIOCOOOM) M3 ITyHKTA 4.

). 3aeck k, m — HATypalbHbLIE 9U-

n—m n—m
qnciaa. JacTHBIM CIydanl IIyHKTA J.

n-fla) —m: f(z2) < f(n'ml_m'm). 31eck n > m — HATYpaJbHBIE

Ecnu y Boimykmon pyHKIUT €CTh MPOU3BOAHASL, TO (PYHKIUA JEXKUT HAI
KacaTeIbHOH, T. €.

f(@) > f(zo) + f'(x0) - (z — o).

Ecnir y pyHknum ects BTOpas MpPOU3BOAHAA, TO OHA HEOTPHUIATETLHA.
3HAYUT, €CIu eCTh BTOPas OIPOU3BOJHAA U OHA OTPULIATENbHA (XOTA GBI
B OTHOU TOYKE), TO (PYyHKIWMA yXK€ HE ABIACTCA BhHIMykaon. C moMOImso
DTOT'0 CBOMCTBA, MPOIIE BCET'0 MPOBEPATH BBHIMYKIOCTD.

HepaserncTBo Uencena:

fl) + f(@a) +-- -+ f(zn) > f(”“ +a:2+---+a:n>_

HeuTp TaXecTH MHOTOYTOJBHUKA, BEPIIMHBI KOTOPOT'O JEXAT HAa r'pa-
duke pyHKIun, HAXOAUTCA Hag rpadukoM. A kyma emy merwsca? Hag-
rpaduK Xe BBITYKIBIN.

HepaserncTBo UeHceHa ¢ MOMOXUATETHHBIMU BECAMUT:

w1 f(z1) + waf(xa) + - +wnf(zn) S f<w1931 +w2m2+---+wnmn)
wy +wy 4 -+ wn - wy +wy + -+ wn ’
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Yro6b1 GBLIO0 MHTEPECHEH, HYXHO CAMOCTOATEILHO TPOBEPUTH, KAKWE
(DYHKIMU ABIAIOTCA BBHITYyKJIBIME, 8 KAKUE — BOTHYTHIME (a8 HE BEPUTH aBTO-
Py Ha CIOBO), ¥ 9TO BBITEKAET W3 DTOTO U U3 TEPEINCACHHBIX BBINIE CBOKCTB.

K npuMmepy, HepaBeHCTBO VeHCeHa [ SKCIOHEHTHI WK J0rapudMa CTa-
HOBUTCA HepaBeHCTBOM Komm (cpemmee apmdMeTHIeCKOE HE MEHBIIE, YeM
cpennee reomeTpuaeckoe). V3 Becex n-yrorsHUKOB, BIMCAHHBIX B OKPYXKHOCTh,
HAuOOJIbIINE IIIOMALL U MEPAMETD — Y MPABMIBLHOTO (TO CIeAyeT U3 Hepa-
BeHcTBa Vencena qua cuHyca). A M3 BCEX M-yrOJIbHUKOB, OMUCAHHBIX BOKPYT
MAHHOW OKPYXKHOCTHU, HAMMEHBIINE ILIOMALb U TePUMETP — y IPABUILHOTO
(5TO crefyeT w3 HepaBeHCTBA MeHceHa A1 TaHTeHCA).

U3 mysxTa 7 caegyer, uto €¥ > x + 1, unmu, Hampumep, 4To e’ > er.
OTCI0 18 MOXHO MOHATH, 9T0 Goabme: e” win w¢. Begp e™/¢1 > m/e.

WNurepecuo Takxe noacrasuth " win ¢” B nyskT 11. Boobie, Mbr 3HAEM
MHOT'O BBITTYKJIBIX U BOTHYTHIX (DYHKITUN, & Y HUX MHOT'O WHTEPECHBIX CBOUCTB,
7 OTCIOJIa MOXHO IOJIYYIUTH MHOT'O 3aMeYaTeIhHBIX HEPABEHCTB.

[lokazaTensCTBa BCEX CBOUCTB, UX (DOPMYJIUPOBKY U NOKAZATEALCTBO LA
BOTHYTHIX (PYHKITUU, MHOXECTBO YACTHBIX CIYIAEB A KOHKPETHBIX (hyHKITIN
¥ pa3IdYHBIE CICACTBUA U3 HUX IATATENb MOXET MOIYUYUTH CAM B KaIeCTBE
yupaxHeHua. Jem 60/bIlle BpeMEHU BbI IIOTPATUTE HA DTO yIPAXHEHUE, TEM
60JIbIIIe OHO TOCTABUT BaM PaJOCTH.

Kpowme Toro, unraTens AOMXKEH CaM MOHATH, KOT/JA B HEPABEHCTBAX [0-
CTUTAETCA PABEHCTBO W Y€M OTJIMYAETCA CTPOTO BHIMyKJIad pyHKIUA (Takasd,
Kak 72) OT HECTPOro BHIMYKJIOH (TaKow, Kak |x|).

OBIIEE HEPABEHCTBO

Urak, MbI TOTOBBI C(POPMYJIUPOBATEH U [0KA3aTh 0000meHne Teopem 1,
3ud.

TEOPEMA 5. Ilycts f — menpepsiBHas dyuknus. Caenyromme ycioBus
DKBUBAJCHTHBI.

(a) Smagenme sepaxenns f(a1 +by(1)) + f(a2 +by)) +- -+ f(an + bs(n))
OyaeT CaMbIM OOJBIIMM, KOTIa YUCAA YIOPAJOIEHBI OTUHAKOBO.

(6) Smavernne Berpaxenua f (a1 + by 1)) + f(az2 +by2)) +- - + fan +bs(n))
OyZeT CaMbIM MAJCHBKUM, KOT/a, IACIa 0OPATHO yHOPALOICHBI.

(B) Ecm aq > ag , by > bo, 70 f(a14+b1)+f(as+b2) = f(a1+bo)+f(az+by).

(r) f BeImyKIA.

Hy m xonewHO, TO Xe camoe ¢ 06PATHBIM 3HAKOM.

TEOPEMA 5'. Ilycts f — nHenpepoiBHaa dynkmua. Cregyomme ycIoBus
DKBUBAJEHTHHI.

(a) Smavenne Berpaxenua f (a1 + by 1)) + f(az2 +by(2)) +- - + f(an +by(n))
OymeT camMbIM OOJBIINM, KOT'/Ia YUCIa OOPATHO yIOPATOYEHHI.
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(6) Smavernne Berpaxenua f (a1 +by1)) + f(az2 +by(2)) +- - + f(an +by(n))
OyZeT CaMbIM MAJEHBKUM, KOT/a, TUCIa YIIOPAZOICHBI OJUHAKOBO.

(B) Ecam a1 > as , by > be, TO f(a1+b1)+f(a2+b2) < f(a1+62)+f(a2+b1).

(r) f Bormyra.

Ecin ¢pyuknusa BeIyKaa/BOrHyTa TOIBKO Ha KAKOM-TO IPOMEXYTKE, a HE
HA BCEU TMPAMOU, HYXHO MOTPeGOBATHL BO BCEX IMYHKTAX MPEABIAYIIAX TEO-
peM, 9TOoO6BI A BCAKUX IBYX WHIEKCOB 4, k BeIWUWHA a; + by TpUHAITE!)ATA
OPOMEXYTKY, Ha KOTOPOM (DYHKIVA BHILYKJIA,/BOTHYTA.

[TOKA3ATEJNBLCTBO. [lyHkT (B) ABIAETCA IaCTHBIM CIydYaeM ITyHKTa (a)
U 9ACTHBIM CIydaeM IyHKTa (6) mpu n = 2.

Ho u o6paTHO: 3 nmyHKTa (B) BEIBOAATCA MyHKTH (a) u (6) mpw moMomm
COPTHUPOBKHU. DTO MBI yXKe IEJIAJH.

Ocranoch yCcTaHOBUTH SKBUBATCHTHOCTH IYHKTOB (B) U (T).

O6os3uasum © = as + by, k = a1 — az, m = by — by. Torga popmyna (B)
anpuobperaet Buj f(z +k+m) + f(z) > f(z + k) + f(z +m).

[logcraBuM k = m W ODOIYyYAM OJHO W3 CBOUCTB BBIMYKJIOU (DYHKIWA
(zomep 4 B mHamewm coucke). OHO BOOOLIE-TO crabee BBIMYKIOCTH, HO JJIS He-
NPEPHIBHBIX (DYHKIWI 5THU ABA CBOUCTBA PABHOCWIBHBL. 3HAYUT, u3 (B) Crexy-
et (r).

YTo6sr w3 (r) BHIBECTH (B), HAM TOHATOOWUTCA B3TIAHYTH HA KAPTUHKY

(puc. 2).
Ha rpaduke ormedeno 4 Toukn:

(x, f(x)), (z+k,flz+k)), (z+m,flxz+m)), (x+k+m,f(z+k+m)).

[lBe cpegHme TOYKU JEXAT TOL XOPAOW, COEAWHSAIONEN IBE KPAUHUE TOU-
ku (z,f(z)) u (r + k+ m, f(r + kK + m)) — Begp PyHKIEA JeXKHUT DOJ
XOP/IIOU. 3HAYAT, CEPEINHA OTPE3KA, COCNUHAIOUErO MBE CPEIHUE TOUKA —
z+k+z+m flz+k)+ flz+m)
2 ’ 2
OTPE3KOM, COeIMHSAIOMUM ABe KpauHue ToIku. CepequHa BEpXHETO OTPE3Ka

a OHA MMeeT KOOPJWHATHI ( ), — JIEXUT O[]

T T+ k z+m x+k+m

Puc. 2.
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(a:+k+a:+m flx+k+m)+ f(x)
2 ’ 2
9eM CeperHa HUXHEro oTpeskal 3HaduT,
flx+k+m)+ f(x) _ flx+k)+ flzx+m)
2 > 2 ’
9T0 ¥ TPeOOBATOCH JOKA3AThH.

) nMeeT Takywo ke abcmuccy. Ho ona Boie,

[TomHOCTBIO AHAJOTWYHO AOKA3BIBACTCA Teopema 5.

YUPAXKHEHUE. IlogcraBbTe BhINyKIyIO DYHKIUIO €¥ B TeopeMy 5 u IO-
JydUTe YaCTHBIU CAy9Iad TeOpeMbl 1, Korga Iucia B HaOOpax MOJOKUTETHHBI.
BriBeguTe 00NN CIydad U3 3TOCO IaCTHOLO.

YnpPAXKHEHUE. [logcrasere BOrHyTyl (yHkumio In(x) B Teopemy 5 u
IOy YIUTE TeopeMy 3.

Bot movemy sHakwm mHepaBeHCTB B Teopemax 1 m 3 pasHBIE: DKCIIOHEHTA,
«BECENIAMN, a JOTAPUPM «I'PYCTHBINY.

YUPAXKHEHUE. [logcrasere 1/ B Teopemy 5 u moxayuumre Teopemy 4.

YTOPAXKHEHUE. [loacrasbre dyHkmmo /2 (0Ha rpycTHas) B Teopemy b
1 MOy IMTE HOBYIO TEOPEMY.

YTOPAYKHEHUE. [lourpaurte ¢ ipyruMu pyHKIUAMEA U TTOSYIUTE €IIe MHO-
T'0 Pa3HBLIX HEPABEHCTB.

MOHI'OJIbLCKOE HEPABEHCTBO
Ilycts a1 > a9 > --- > a,. Torma

a1 +as as+asg an + a1
2 . 2 *eae " 2
a; +az+az3 az+az+ay anp—1+an+ar an-+ap+as
= 3 ' 3 o 3 ' 3
YcnoBue a; > as = --- > a, Heab3a oTbpocuTh. Hampumep, mociaemoBa-
rexrsHOCTE 100, 1, 100, 1, 100, 1, ...HE yOOBIETBOPAET 3TOMY HEPABEHCTBY.
B ymomunaBmiencs Boimie craThe [4] pacckasaHa MCTOPHUS STOTO HEPABEH-
CTBa U JaHBI [BA CIOXHBIX NTOKa3aTelhCcTBa. O IHO U3 HUX (PAKTUIECKU TOKA-
3bIBaeT 0000IIeHre MOHTOJLCKOTO HEPABEHCTBA.
BosbmeM Jqorapudm oT ob6enx dacTen:

(25 o (5] e () <

<1n(%)+1n<wyrm

___+1n<an—1 +3an+a1> T In (an+l;1 +a2>.

<
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Mgr yTBepXgaeM, ITO 5TO MPABWIBHO HE TOABKO A JOrapudma, HO U
s mr060u rpycTHOU GyHKImU. A misa mr060U Becemorn (PYHKIUU MPABUILHO
TaKO€ XK€ HEPaBEHCTBO, HO C IPOTUBOMOJOXHBIM 3HAKOM.

Tax BoT, B cTaThe XpabpoBa 5TO AOKA3BIBAETCA Uepe3 HepaBeHCTBO Ka-
paMaThI, KOTOPOE ABIAETCA OOIIAM HEPABEHCTBOM /A BBIMYKJILIX (DYHKITAN.
Y Hac ecTb cBoe, He MeHee 00Iee, HEPABEHCTBO A BBIMYKIBIX (DYHKIIAN, &
MMEHHO TeopeMa b. SHAYUT, MOXHO MOIpPOOOBATHL BLIBECTH 000O0IIEHNE MOH-
TOJTBCKOT'O HEPABEHCTBA M3 TEOPEMEI .

3"1‘0 OPpUMEPHO TO XK€ CaMO€, ITO W BBIBECTU CaMO MOHT'OJIBCKOE€ HEPaBCH-
CTBO U3 TEOPEMEI 3.

Mbr s HADIAZHOCTH pa3bepeM YaCTHBIU CIydan (BBIBOJ MOHIOIBCKOTO
HEPABEHCTBA W3 TEOPEMBI 3), & OOIIUHU CIy9dall JeJaeTCa TOTHO TaK XKe.

HOKA3ATEJIBCTBO MOHI'OJIBCKOI'O HEPABEHCTBA. IlycTh

ay | as az | ag n_1 |, an an | a1
Ty = — -, T2 = — - veey Ipn—1 = — . LTy = — —
1 3 + 6’ 2 3 + 6’ y Ln—1 3 + 6’ n 3 + 6’
_a o a2 ag _nt G _an @
Y1 = 6 + 3’ Y2 6 + 30 Yn—1 6 + 3’ Yn 6 3

Torma MOHrOIBCKOE HEPABEHCTBO NproOpeTaeT BU

(x1+y1) - (2a+y2) oo (Tn+yn) <(z1+1y2) (2+y3) ... - (B0 +11)

3aMeTuM, ITO L1 2 Ty 2 T3 2 2 Tp—1 KLYl Z Y2 Z Y3 2 2 Yn—1.

Ho, x coxanenwio, MBI HE MOXEM CKa3aTh, 9TO Tp_| = Tp WIA Yp_1 >
= Ypn, — DTO TPOCTO HeBepHO. MBI MOXEM TONBKO CKa3aTh, ITO T| = Lp, a
Yn—1 < Yn-

Ecau Mb1 oTcopTupyem HaGOPHI 9UCET TI0 YOBIBAHUIO, TO YHUCIO Ly 3AUMET
B CIIICKE WKCOB MECTO 77 (HE MEPBOE), a TUCIO Yy, 3aMMET B CIUCKE UTPEKOB
mecto k (He mocnexguee).

3aMeTum, 9TO X; = y; upu it < N — 1, HO %, < Yp. SHAYMAT, MECTO Tp
B CIINCKE UKCOB HE 6JII/I)Ke K HaYvaJgay, 9€M MeCTO Yy B CIIMCKE UT'DEKOB, T.E€.
k< m.

[IepecTanoBKa, IpenCTABIAIONIAL JEBYIO IaCTh, OyIeT BHINVIAAETH TaK:

k

(camBIi GOMBIION ¢ CAMBIM GOIBIIMM, BTOPOU CO BTOPHIM U T. ., HO HOMEP 17
¢ HOMepoM k). A mepecTaHOBKA M3 MPaBOU YACTU BHIVAAUT BOT Tak (mpo-
BepbTe):
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k

U um ogHa m3 BTUX MEPECTAHOBOK HE ABIACTCA CAMOU MPABMILHOU WA
CAMOU HEMPABUILHOU. SHAYMUT, MOHTOILCKOE HEPABEHCTBO HE CIEAYET U3 TEO-
pembl 3. YBbI. MBI MOXBACTAIUCH, YTO U3 HAMKUX OOIIMX TEOPEM CAeNyeT MOH-
TOMLCKOE HEPABEHCTBO, & OHO U3 HUX HE CICAYeT.

Ho mbr me cmagumcsa. BemomuuM He (pOPMYJAUPOBKY, & HOKA3ATEIHCTBO
TeOpeMBI 3, KOTOPOe, KAK OTMEYEHO BHIIIE, AHAJOTUIHO J0KA3ATEILCTBY TEO-
pembr 1. TaM MBI «yJIydImmagnmy MEPECTAHOBKY, W 3HAYCHUE MEHAIOCH MOHO-
TOHHO.

Bo BTOpOuU mepecTaHOBKE BEpXHEE 1M CBA3AHO C HUXHUAM 1, & BepXHEe
m — 1 cBA3aHO ¢ HUXHAM M + 1. ITO «HEeImpaBUIbLHO». [laBanTe mMOMEHAEM UX
MECTaMU.

k

Tenepb Bepxuee m — 1 cBA3aHO ¢ HUXHUM 1, a BepxHee m — 2 CBA3AHO C
HUXHUM 7. DTO ONATH (HEMPABUILHO». [laBaliTe MOMEHAEM W WX MECTAMM.

m

k

U Tak majiee, mMOKa CaMBIM OOJLIION WI'PEK HE OKAXKETCA B Hape ¢ CaMBbIM
OOJBIINM UKCOM.

k

Teneps k-1 O BEIUYIUHE UTPEK OKABBIBAETCA B MAPE C CAMBIM MAJTCHHLKUAM
UKCOM. A mocmegHUN UrpeK B mape ¢ OPeanOCIeIHUM UKCOM. YJIYHIIUM DTO.
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Cenuac k-u urpek oxaseiBaercs B mape ¢ (n — 1)-m ukcom, a (n — 1)-u
urpek B mape ¢ (n — 2)-m ukcoMm. Yaydmmm u 3T0. Tak 32 HECKOIBKO MArOB
HpHIeM K IEePBOM IIepeCTaHOBKe.

Urak, XOTA mepBasg MEPECTAHOBKA W HE «CaMasd MpaBWIbHAAY, a BTOPAL
He «CcaMas HENpPAaBUWIbHAAY, HO MEPBad MEPECTAHOBKA (IIPABUWIHLHEEY, YEM BTO-
pas. A sorapupm — QyHKIUSA TPYCTHAA, 3HAYUT, JEBAA 9aCTh HEPABEHCTBA
MeHbIIe TpaBor. ITo u TpeGoBAIOCH JOKA3ATH.

(Mopanb TakoBa: HyXHO 3HATH HE TOXBKO (POPMYJIMPOBKE TEOPEM, HO U
X MOKa3aTEIBCTBA).

PdynknuAa In(1 + €%)

BCHOMHI/IM HEPaBEHCTBO HOMED 5 M3 cImcKa B HaYaJe CTATHLU:
a2 a2 a2
(1+—1) . <1+—2) <1+—”> >(1+a) - (14a2) ... (1 +ap).
az as ai
Ilepen Tem kKakx ero mOKa3bIBATbH, MBI YMHOXWINW €ro Ha 3HaMeHaTelb. Ho,
Kak 3amMeTua Miaba 'puHrIas, ero MoXHO HOKa3aTh M HAIPAMYO. A MMEHHO,

I (1 +bo(s) / ai) TOCTUTAET MUHUMYMA, TIPU CAMOU MPABUIBLHOU, 8 MAKCUMYMAa,

Py CaMOU HEMPABUILHOU MEPECTAHOBKE. JTO TOXE 00O0OIIEHNe HAIIErO He-
PaBEHCTBA, U OHO DKBUBATEHTHO Teopeme 3. O6osnavas ¢; = 1/a;, npuxogum

K BBIBOAY, 4TO [] (1 + ¢ - b(,(i)) JOCTUraeT MaKCUMyMa IpU OTUHAKOBOM, a

MUHUMYyMa — IIPA 0OPATHOM IIOPAJKE.

JToT GaKT, B CBOI OUYepelb, 3KBUBAIEHTEH BHINYKIOCTUA (GyHKIIAU
In(1 + e%).

Beimykiocts dyskmmn In(1+e”) skuBateHTHA HepaBeHCTBY VeHcena, mia
sTou pYHKINH, T. €.

In (1 +62xi/n) < 2hn+e™)
n

pumennm skcmorerTy u noxyauMm 1+ {/[Ja; < Y[1(1 + ai), rae a; = e®i. A
5T0 — HepaBeHCTBO ['fourenca (o Hepasercrse [onrenca cwm. [1]). Ero aerko
JOKa3aTh HaIpAMYy. Ecium BO3BeCTH HepaBEHCTBO B n-I0 CTeNeHb, TO OHO
JerKo pa30o0beTca B CyMMY HEPaBEeHCTB, KOTODBIE CIEAYIOT U3 HEPaBEHCTBA
Komrm.

Tak HEOXMJAHHO OKA3BLIBAETCA, YTO TEOPEMA J DKBUBAJIEHTHA HEPABEH-
cTBy ['toirenca. MbI He cTaHeM JOKa3bIBATH YTBEDXK IEHUA 3TOr0 nmaparpada,
a OCTABMM WX YUTATEIAM B KA9eCTBE YIDAKHEHUM.
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