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Anre6pa MHOIMOIPaHHUKOB

. 1O. [laruna

1. BBEIEHUE

CraThsa OpeqHA3HAYEHA CTAPIIEKIACCHUKAM, IEJCHANPABICHHO 3aHUMAIO-
[UMCA MATEMATUKOW, CTYJEHTAaM U MpernogasaTeaaMm. Kpome TOro, oHa Mo-
XeT OBITh PEKOMEHIOBAHA MATEMATUKAM-IPOPECCHOHAIAM B KAIECTBE
JErKOT'O ITEHU.

[st yro6eTBa IATATENS MBI UCIIONB3YEM JBYXYPOBHEBYIO CUCTEMY: (MEHb-
mas) IaCTh TEKCTA BHIAEICHA MEIKUM MPUPTOM — >TOT GOJee CAOKHBIA Ma-
TepUaJI MOXeT OBITH MPOIYIIEH HATMHAIOIMIMME.

A BOT 332U IPOIYCKATH HETB3A — HAJ HUME HYXHO nmoaymaTs (B [Ipu-
JIOXEHUW MPUBEEHBI OTBETHI U YKA3AHUA K HEKOTOPBIM 3a1a9aM).

CoBceM HeTaBHO OBLIA TPUIYMAHA 3aMEYATEIbLHAS BEIlb — aarebpa MHO-
TOrPAHHUKOB. Kak 5T0 MHOT A GBLIBAET ¢ JEUCTBUTEILHO BAXHBIMU KOHCTPYK-
IAAMY, €€ MPUAYMAIA OJHOBPEMEHHO U HE3ABUCUMO Pa3HbIE JToAn — AJek-
caaap Ilyxaukos coBmecTHO ¢ Ackoabaom Xosauckum u [lurep MakMamren
(P. McMullen). I xak sTo 4acto GbiBaer, anrrebpa MHOIOIDAHHUKOB HMEET
OTHOIIIEHUE K PA3HBIM OOJACTAM MATEMATUKH.

Hampumep, ecTh Takon BApMAHT 320391 O PABHOCOCTABICHHOCTH: MHOTO-
TPAHHUK pPa3peIIaeTcs pa3pe3aTh HA KYCKHU, & 3aTeM, MepPeIBUras KYCKU C
MOMOIIBIO TTAPALIENLHBIX TIEPEHOCOB, COCTABATEL HOBBIM MHOTOTDAHHUK. (3BYy-
YUT MOYTHU KaK TPeTha mpobiema ['mns6epra, HO CMBICH 31eCh UHOM). Anre6pa
MHOT'OTPAHHUKOB, KOTOPYIO MBI TIOCTPOUM, TIOMOTAET HAUTYU KPUTEPUM PAB-
HOCOCTABJIEHHOCTHU [JIA DTOU 33 Ja4U.

C apyroum CTOpPOHEI, arre6pa MHOTOMDAHHWKOB TECHO CBA3aHA C aarebpamde-
CKOU TeOMETPUEN TOPUIECKUX MHOTOOOPA3UU. DTa «BLICOKAA HAYKA» MOXKET OLIThH
[epeBeeHa Ha IPOCTOU M 3HAKOMBIA fA3BIK MHOI'OIDAHHWKOB (Tak XKe, KaK Jeja-
IOTCA MEePEBOBI C OJHOrO A3LIKA HA APYTOU). B COOTBETCTBYIOLIEM «CIOBAPE» Tep-
MUH «(MHOT'OT'PDAaHHUK» IIEPEBOIUTCA KaK «0OICHb O6I/IJIBHI)II>,I Iy I0K» . ((CJIO)KeHI/Ie MHOI'O-
I'DaHHUKOB IIO MI/IHKOBCKOMy» IepeBOOUTCA KaK «TEH30PDHOE IIPDOU3BEAECHUE IIYIKOB».
I/I3B€CTHO, 9YTO OYeHL OOWILHLIE MYyYKN MOXHO HE TOJBKO TEH30PDHO NMEPpEMHOXKATh,
HO M OEIUTHL OPYr HA Apyra — OoHU mopoxkaator rpymmy Ilukapa. Ecan nepesectu

nocaeqHI (pa3y Ha A3BIK MHOTOIDAHHUKOB, TO MOJYYUTCA CIELYIOIIEe YTBEPXK-
[IEeHUe.

MaTemaTuueckoe npocsewenue, cep. 3, esin. 10, 2006(109-131)
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Brimykibie MHOTOrpAHHUKY MOXHO HE TOJBKO CKIAIBLIBATH, HO W BBHIYHU-
TaTh 10 MUHKOBCKOMY — OHU HOPOXK JAIOT IPYIIY BUPTYAJbHBIX MHOT'OPAH-
HUKOB. dTO 3TO 3HA4YMT reoMmerpumiecku, OyaerT pacckaszaHo B maparpade 6.

BOJIee TOT'0, MbI ITOKaXE€M, YTO BBINMYKJ/JIbICE MHOT'OIDAHHUKU ITOPOXK OAKT
eme Gosee GOraTyio CTPYKTYpPY — CpalydpOBaHHYIO aare6py (9To u ecThb
anre6pa MHOT'OIDAHHUKOB).

['oBOpA MPOCTHIM A3BIKOM, IO CBOUM ANTeGpAMvIeCKAM CBOUCTBAM MHOTO-
T'PaAHHUKHA ITOXOXW Ha MHOT'OYJICHBI.

Ha nmpumepe 5Toi KpacuBOU KOHCTPYKIIMY BBI YBUATE, KAK B MATEMATUKE
JEUCTBYET CTapad NeTCKasd moroBopka: «Kciau Henb3s, HO OYeHb XOYeTCs, TO
MOXHO.»

Hampuwmep, Heab3sa BerdecTh M0 MUHKOBCKOMY U3 MaJeHBKOT'O MHOT'OT'DAH-
HuKa, Goabmon. Ho ecan mpugymMaTs Kak, TO MOXHO.

BripaxeHnus «rorapudmM TPEYyTOIbHUKA» U (IKCIOHEHTA TETPadAPay —
6eccmbicauma. Ho ecin nposBuTs (paHTA3WI0, TO OHU CTAHYT OCMBICICHHBIMY U
TIO3BOJIAT PACKJIAABIBATE MHOTOIPAHHUKK B CYMMY OTHODOTHBIX KOMIIOHEHT.

WsnoxeHne oTHIONL He MpeTeHAyeT Ha MOmMHOTY. Hama 3agada — gaTh
ob1Iee mpexcTaBIeHNEe O KOHCTPYKINY M METOAAX, Oy THO HAYINUB IUTATENA
HEKOTOPBIM O6IIII/IM MaTEeMAaTUICCKUM IIPpUEMaM.

2. CJIOXKEHUE 110 MMHKOBCKOMY

Bce reomerputieckue 06bEKTBI, KOTOPBIE MBI PACCMATPUBAEM, XWUBYT B
TPEXMEPHOM WIN [BYMEPHOM BEIIeCTBEHHOM IPOCTPAHCTBE — BBIIIE MBI IO -
HUMATHCA HE OymeM.

B mpocTpancTBax GOIbINEN pa3MEPHOCTH [EI0 OOCTOUT TOTHO TAK K€ U HE BO3-
HUAKAET HUKAKUX IONOJHUTEIBHBIX 3(pPEKTOB.

Cuuras GUKCUPOBAHHBIM Hadaao KoopauHaT O, mua ymgo6CTBa MBI OTO-
XKACCTBIAEM TOYKY MPOCTPAHCTBA C €€ PAJUYC-BEKTOPOM.

Boinykavim muozozpannurom (B R? mwmm R?) maseiaerca Bemykaas 060-
JOYKA HEILyCTOr0 KOHEIHOT'0 MHOXECTBA TOYEK.

Taxum 06pa3oM, TOYKA WIX OTPE3OK TOXKE CINTAIOTCA MHOTOIPAHHIKAMI,
a OTKDBITHIM KBAApAT (KBaApaT 6e3 CpAHWILI) — HET.

Hama nens — opranmsoBaTh MHOTOTDAHHUKY B AIre6PAnIeCKy) CTPYK-
TYpYy, T.€. HAYIATHCA TPOU3BOAUTEL C HUMU aJdrebpamvdecKue TeUCTBUA, 10 I-
YMHEHHBIC O6BI‘IHI)IM AKCHMOMAM.

[TepBoe anrebpamveckoe mAencTBUE — CyMMHUpPOBaHUE M0 MUHKOBCKOMY.

3/1eCh UMEETCA UCTOPUIECKN CIOXKUBIIAACA Ty TAHUIA: CKOPO MBI YBU UM,
9TO 5TO BOBCE HE CIOXKEHUE, 3 YMHOXeHUe. [[00TOMY MBI MCIIONb3yeM IS DTOU
omepanuu 3HaK ®, KOTOPBLIM OOBIMHO 0GO3HAYAIOT TEH30PHOE IIPOU3BEIEHUE
u (MHOrA) CBEPTKY.
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Puc. 1.

ONPEAENEHUE 1. Cymmoti Munkosckozo (Wim BEKTOPHOU CYMMOU) ABYX
BBINYKJIBIX MHOTOTPDAHHUKOB K m [ HA3BIBAETCI MHOXECTBO TOYEK

K®L={z+y|ze K,ye L}

3ATAYA 1. Hautu cymmy MMHKOBCKOTO ABYX MAPAIETLHBIX OTPE3KOB.
3AOAYA 2. Hattu cymmy MuHKOBCKOrO IBYX HEMapaIeIbHBIX OTPE3KOB.

3ATAYA 3. YUTo mpouwsouger ¢ cyMMoun MMHKOBCKOrO, €CJAU IOABUHYThH
OJIHO U3 CJIATAEMBIX MAPALIETLHBIM EPEHOCOM?

3ATAYA 4. Hautu cymmy MUHKOBCKOTO TPEYyTOABHUKA U OTPE3KA, JeXKAa-
X B OJHOU ILIOCKOCTH.

3AOAYA 5. Hattu cymmy MuHKOBCKOrO TPEyroabHUKA U OTPE3Ka, HE Jie-
XKaIluX B OJHOU IIOCKOCTH.

3ATAYA 6. Yro npousougeT ¢ cymmon MUHKOBCKOTO, €CIM U3BMEHUTD Ha-
9AJI0 KOOPIUHAT !

3ATAYA 7. Buimykiaon 060I09KON KAKUX TOYEK ABIAETCA CyMMa MUHKOB-
CKOT'O JBYX MHOTOTPAHHUKOB?

3ATAYA 8. Ybequrech, uro K ® K ecTh MHOrOrpaHHUK K, TOMOTETUYIHO
PACTAHYTHIN B 2 pasa.

Cremyroliee mpemaoXeHne MOITH OUIeBH JHO.
IIPENJIOXKEHUE 1.
> Onepayus ® KOMMYMAMUBHA.

> Cymma Munkosckozo codeprcum xancdoe u3 CAaG2aeMbiT NOCAE NOOLOOA-
We20 NAPAAAEALHOR0 NEPEHOCE.

> Cymma Munkoscroz20o 08YT GLINYKALIT MHO202PAIHHUKOE — BbINYKAbLY
MHO202DAHHUK.
> Adan 1 = {O} u aobozo svinykaoeo muozoepannura K, cnpasediuso:

K®1l=K.
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[Tocrennee yTBepX [eHNE O3HAYAET UTO y HAC UMEETCA HEUTPAILHBIA SJIEMEHT
1 — MHOrOrpaHHUK, COCTOAIUU U3 ogHOU TOYKU (.

BHuMAaTEILHBI IATATEIb YKEe 3aMETHI, ITO MBI IPHOIMKAEMCA K TOHA-
Tuo «abeaesa Tpynnay, HO — YBbIl — BTOPOE YTBEPXKAECHUE TIPEII0KEHUA
HE [JaeT HUKAKOU HAIeX bl Ha CYNIECTBOBAHUE 0OPATHOrO, TAK KaK MPU CJIO-
XeHru Mo MWHKOBCKOMY cJaraeMble He yMmeHbIMaioTca. [losToMmy B Kiacce
BBIITYKJIBIX MHOT'OTPAHHUKOB OOPATHMBI TOJBKO OXHOTOYEYHBIE MHOTOI'DAH-
HUKU.

Pasymeercs, monyrpynmna BBIIYKIBIX MHOMOIDAHHUKOB CTAHIAPTHLIM 06pa3oM
BKJAJBIBAETCA B CBOIO Tpyniy [poTeHanKa, T.e. DpynIy (POPMAIbHBIX BBIPAKEHUN
Buga K ® L. Hamra 3a1adMa — IpuIaTh TeOMETPUTECKH CMBICT STUM BLIPAKEHIAM.
DT0 OyAeT CAEMAHO Ha A3bIKE BUPTYAIbHEIX MHOT'OMDAHHUKOB (1. 6) 1 HA TBONCTBEH-
HOM f3BIKE OMOPHBIX QyHKIuK (1. 3.)

3. ONOPHASI ®YHKIIMA U BEEP BbIIIYKJIOIO MHOI'OI'PAHHUKA

ONOPEAEJNEHUE 2. OnopHOU (pyHKIMER BHITYKJIOTO MHOTOrpaHHUKA K Ha-
spiBaerca pynkmus hx (z), 3agannas va R? (mma R?, B 3aBucuMocTy oT Toro,
rge xusetr K) dopmymnon

h — .
K (z) r;lgg(x,y)

(ckobOka 0603HAYAET CKANAPHOE MPOU3BEACHNE PATILYC-BEKTOPOB).

[l1s BEKTOpA T MAKCUMYM HTOrO CKAIAPHOI'O MPOU3BEAECHUS JOCTUAET-
¢A B TOYKAX IepeceveHus MHOrorpanaumka K u npsamon, kacaiomenca K u
OPTOTrOHATBHOU Z (CM. puc. 2).

3ATAYA 9. BooObuie-To, CymecTBYIOT OBe MPAMBIE C TAKUM CBOUCTBOM.
Kaxkyto umenso mbr 6epem?

BoT o4eBugHBIE CBOUCTBA OMOPHOU (PYHKITUAMA.

<— MaX JOCTUraeTCsa B 3TOU TOYIKE

—
0]

Puc. 2.
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IIPENJIOXKEHUE 2.

1. B nauase xoopdunam onopnas Gywkyus pasna nyao: hi(0) = 0.
2. Jas A >0 umeenm hi(Ax) = Ahg(x).

3. Onopras Pynryus 00HOMOUEUHO20 MHO202DAHNUKG — aunetinas Pynk-
yus. B wacmmocmu, smo ozmauaem, umo epagur onoprot GynryuL
BLINYKA020 MHOZOZPpaHHUKE U3 R? ecmb NA0CKOCMb 6 MPELMEPHOM NPO-
cmpancmase.

4. Jhobas aunetinas Gynkyus, npunumatowed snauenue 0 6 nauase K0opou-
HAM, ABALEMCA ONOPHOT PYHKYUET HEKOMOPO20 0JHOMOUCUHO20 MHO2O0-
2PAHHUKG.

3AIAYA 10. [okaxure, 9TO OmopHas (PYHKOUA CyMMbI MUHKOBCKOTO
pPABHA CYMMe€ OMOPHBIX (PYHKIIMY CJAATAEMBIX:

hkor = hix + hr.

Paccmorpum mnockuu muoroyronsuuk K. [pu dpukcuposanuOM 2 cKaIiap-
HOE Tpou3BeJeHue (CM. OmpefeneHue OMOPHOU (DYHKIWMM) JOCTUTAET CBOErO
MaKCUMyMa B HEKOTOpou Bepuinae A Mmuoroyroasbauka K. Ecan mbr Gy aem mo-
TUXOHBKY MMOBOPAYUBATL PATUYC-BEKTOP T, TO HEKOTOPOE BPEMA MAKCAMYM
OyZeT DOCTUTAThCA B TOU Xe BepimHe A, 3aTeM B HEKOTOPBIA MOMEHT —
Ha MeIoM pebpe, MPUMBIKAOIMEM K BepumHe A, a 3aTeM MepenpbIrHET Ha,
COCENHIOI BEpPIINHY. JTO 3HAYUT, YTO OMOPHAA (PYHKIUA MHOTOIDAHHUKA
(CKJIEEHA» U3 KyCOYKOB OMOPHBIX (DYHKIIUU BEPIIUH, T. €. U3 KyCKOB JHHETHBIX
dyHKIINN.

[pocrpancTBo R? okaseiBaeTca pa3buTo Ha MIOCKME KOHyca (3TO TO Xe
caMmoe, UTO ILIOCKUE YIUBI) ¢ OOIIEN BEPIINHON B HAYAJE KOODIUHAT TAK, ITO
HA KaXJIOM U3 KOHYCOB OMOPHAA (DYHKIINUA TAHEUHA.

Tem cambiM, rpaduk OMOPHON (PYHKIIMY CKIEEH U3 TNIOCKUX KYCOYIKOB, TPU-
YeM MEeCTa CKJIEUKU — Jy'9d, OpTOroHaidbHbe pebpam K (puc. 3).

0 0

MHOTIOYTOJbHUK K Beep K rpaduk onopuou GyHkiun K

Puc. 3.
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Y70 Xe IPOUCXOAUT B TPEXMEDPHOM MPOCTPAHCTBE, KAKOBA OMOpPHAA (PYHK-
nmsa TpexmepHoro Mmuororpanauka K7 [IpuHnmunuansHOo 3m€Ch BCE TO Xe
camoe, TOJbKO KapTHHKA TodydaeTca Gorade: R? okasbiBaeTcsa pa3buTo Ha
MHOT'OTPAHHBIE KOHYCA ¢ OOIIEN BEPIIMHON B HAYAJIE KOOPAMHAT TaK, ITO HA,
KaX[OM U3 KOHYCOB OMOPHAA (PYHKIUA JIUHEWHA.

ONPEJAEJEHUE 3. DTo pa3bueHre HA3BIBACTCA 6eepoM MHOTOTDAHHU-
ka K.

Ymo6HO PHCOBATH HE CaM Beep, a ero MmepecevdeHue ¢ equHUIHOU chepou C
neaTpoM B Touke O (cepuueckuti seep muororpanauka K). Mbr momydum
pasbuenue cdepsl HA cepruuecKue MHOTOTDAHHUKY (KAemKUy 8eepa).

VNmess MHOTOrpaHHUK, JIEMKO MMOCTPOUTE €r0 C(HePUIeCKUn Beep:

1. OrMmeTbTe Ha CPepe KOHIBI BHENTHUX HOPMAJEN CPAaHEU MHOTOTDAHHU-

ka K.

2. CoeguuuTe Ha cdhepe KaxIble ABE MOMYIeHHBIE TOYKN KPATIANIIAM OT-
PEe3KOM (KyCKOM GOJIBLIOrO KPYTa), €CAU COOTBETCTBYIOUIAE TPAHA AEIAT
pebpo.

([lokaxwTe, 9TO B pE3yabTaTe 3TOU MPOUEAYPHI JEMCTBATENLHO MOLY IaeTCA
cdepmaeckun Beep.)

O6paTuTe BHUMAHWE HA KOMOUHAMOPHYIO 060TCMEeHHocmb MHOTOIPAH-
HOKA I €0 Beepa:

> BepIIMHAM Beepa COOTBETCTBYIOT I'DAHU MHOTOT'DAHHUKA,
> peOpaMm Beepa COOTBETCTBYIOT pebpa MHOTOTI'DAHHUKA,

> KJeTKaM Beepa COOTBETCTBYIOT BEPIHIMHBI MHOTI'OT'DAaHHUKA.

e
U s

K Beep K

Puc. 4.
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3ATAYA 11. TlocTpouTe cepuueckunt Beep Kyba, TeTpasapa, TPEyTrodb-
HUKa (JIeXAIMEr0 B TPEXMEPHOM MPOCTPAHCTBE), OTPE3Ka (MeXKAIMETO B TPEX-
MEPHOM TPOCTPAHCTBE).

TEOPEMA 1.

1. Onopnaa PynKuuA BLINYKA020 MHO202PAHNUKG BBINYKAG. IMO 3HAYUM,
ymo dasa 0 <A <1

hK(>\l‘1 + (1 — >\)$2)) < )\hK(J?l) + (1 — >\)hK($2),

uau (s mex, KMo a0buM KaPMUNKY Ooavwe Gopmys) wmo 2pafpur
Pynryuy h — BLINYKAGA 6HU3 NOBEPIHOCTD.

2. Kascdas nenpepvisnas suinykaas gymrsyus h, npunumarowas snauenue 0
8 HAUaAE KOOPIUHAM, KOMOPASA KYCOUHO AUHETHG OMHOCUMEALHO HEKO-
mopozo seepa (m. e. pa3buerus NPOCMPARCMBA KA KOHYCA), ABALEMCA
onoproti Pynryuet nekomopozo ewnykio2o muozozpannuka. (Muoace-
cmeo maxur Gynryut 06oznavum wepes H.)

3. Onopuas Gyrkyus 00HOMOUECURO20 MHOROZPAHKUKG — AUNHETHAS PyYHK-
yus. B uacmmuocmu, amo osmauaem, wmo 2padur onopnoti GyHKyuU
mouku u3 R? ecmb naockocmb 6 mpermeprom npocmparcmee.

[Mossccaum myukT 2. BoCCTaHOBUTHL MHOTONPDAHHUMK JETKO: T€ JUHEUHBIE
yHKIIMM, U3 KOTOPHIX CKIeeHA h, MAI0T HAM KOODIUHATHI BEPIIUH.

IIpu caoxenmu mo MUHKOBCKOMY BBIMYKJILIX MHOTOTDAHHUKOB Beepa
IpOGATCA: 9TOOBI HAPUCOBATHL C(PEPUIECCKUN BEEP CYMMBI, HYXKHO HA OTHOU
u TOU Xe cdepe HAPUCOBATL Beepa 0O0UX ClIaraeMbIX.

Mpur noHstmn, 9TO TPyObO TOBOPsA, BHIMYKIBIA MHOTOIPDAHHUK — DTO TO XK€
caMoe, ITO U ero OIOpHad (PYHKIUA: 3TU IBA 00BbEKTa OTHO3HATHO OIpeaerd-
0T OpYT Opyra, IpUYeM CIOXUTL NBA MHOTOrpaHHWKA 1m0 MUHKOBCKOMY —
TO X€ CaMO€, YTO CIOXKUTH UX ONOPHBIE (DYHKIIUH.

OdunuaibHO 3TO 3BYYUT TaK: MOMYTPYIINA BBITYKJIBIX MHOMOMDAHHUKOB KAHO-

HUYECKN U30MOP(HA MOIYTPYIIe BHILYKIBIX KyCOYHO-IUHEUHBIX (yHKIUU H. ITO
BJIEYET M30MOP(MU3M COOTBETCTBYIOIUX Ipymnm ['porenuka.

O6pamars (1 BHIYUTATH) MO MUHKOBCKOMY BBIMYKIbIE MHOTOTDAHHUKA
MBI TIOKa HE ymeeM. HoO 3aTO MOXHO 3ampoCcTO OpaThb CO 3HAKOM «MUHYCH
(1 BBIMMTATEH APYT W3 APyra) OMOpHBIE (PyHKImU. UTO MpPU DTOM MBI MOTY-
qum? PasHoCTb OByX pyHKIMEN w3 H OCTAHETCA, pa3yMeeTCsa HeNpepBIBHON
U KyCOYHO-JMHEXHOW OTHOCUTEILHO HEKOTOPOro Beepa. A BOT CBOMCTBO BLI-
MyKJIOCTH TpomageT. 3abaBHAA CATYAIWA: MBI MOKa HE 3HAEM, 9TO 34 00b-
eKT «oOpaTHBIX M0 MUHKOBCKOMY K KyOy», HO yXKe IOHMIN, €My DaBHA €ro
omopHaA GyHKIUA. XOTEIOCh ObI MPUAAATH DTOMY OOBEKTY I'€OMETPUIeCKUAN
CMBICJI. MI)I ITO CaemaeM, HO B HECKOJIBKO XOJ0B.
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4. VHTETPUPOBAHUE 10O DUJIEPOBON XAPAKTEPUCTUKE

OUIEPOBA XaPAKTEPUCTUKA — OECCIIOPHBIN JUAEP CPEAN MATEMATHIECKUX
MOHATUA MO COOTHOIIEHUIO (IIPOCTOTA — MOJE3HOCTHY. 06 DTOM 3HAET KaXK-
[ObIA, KOMYy MPUXOQWIOCH TMPUYIECHIBATH €XWKA, PACKPAIIABATH KAPTHI I
YYATBCA OTAMYATH TOp OT Kpeugend. OKasbiBaeTcs, M0 DUIEPOBOU Xapak-
TEPUCTUKE MOXHO UHTETPUPOBATH, OOPAIIAACH C HEU KAK ¢ MEpOM.

ONPEAEJEHUE 4. MHOXecTBO TOdYeK OyAeM Ha3bIBATEH MHO202DGHHbIM,
€eCa’ €ro MOXHO IOJNIYyYIUTH KOHCIHBIM TUCJIOM onepaumﬁ O6’I)erD;I/IHeHI/I}I, nepe-
CEYEHUA W JOMONHEHUA U3 HEKOTOPOro (KOHEYHOr'0) HAGOPA BBIMYKIBIX MHO-
FOr'PAHHUKOB.

OUPEAEJEHUE 5. Kaemounbim pasbuenuem MHOTOTPAHHOTO MHOXECTBA,
M wuaswbiBaeTca pasbuenue M Ha HemepeceKamuecs MHOTOIPAHHBIE 110 [MHO-
XKecTBa (Kaemku pa3duenus) TAKUe, ITO KaXKAad KIETKA eCTb OJHO U3 Cle-
IYIOUTAX MHOXECTB!

0: Touka (0-MepHaT KIETKA);

1: OTKpHITHI OTPE30K (OTPE30K C BHIOpPOMEHHbIMEU KOHIamwu) (l-mepHas
KIEeTKA);

2: OTKDPBITBII JBYMEDPHBIN MHOTOYT'OIbHUK (MHOTOYTOJBHUK C yAATEHHOU
rpanunen) (2-mMepHas KJIeTKa);

3: OTKDPBITBII TPEXMEPHBIN MHOTOIDAHHUK (3-MEDHAA KIETKA).

ONPEAEJEHUE 6. Jiiseposoti zapaxmepucmukotli KIETOIHOTO pa3bueHus
MHOXecTBa M Ha3BIBAETCSA

X (M) = (aucno 0-MepHBIX KAeTOK) — (4mca0 1-MepHBIX KIeTOK )+

+ (amcno 2-MepHBIX KIETOK) — (MUCIO0 3-MEPHBIX KJIETOK).

XoTa OHO W TO k€& MHOXECTBO MOXHO MO-PAa3HOMY Pa30OuTh HA KICTKWH,
suavenue X (M) ot sroro He MeHseTCA. (DTO NATEKO HE TPUBMATBHBIN (DAKT,
KOTOPBIU MBI OCTaBIsgEM (€3 NOKA3aTeIbCTBA. )

OdeBugHOE, HO OYEHB BAXHOE CBOUCTBO DUIEPOBOU XAPAKTEPUCTUKUA —
A IUTUBHOCTD:

x(My U Mz) = x (M) + x(Mz) — x(My N Ma).

WNuTerpmpoBaTh HAM TPEACTOUT TOIBKO OYE€HL IPOCTO YCTPOEHHbBIE (PYHK-
IIUN.

OnPEAENEHUE 7. Ilycre f: M — 7 — dyHkuusa, 3aJaHHAA HA HEKO-
TOPOM MHOTOUDAHHOM MHOXecTBe M, Takasg, 9TO f OpPUHUMAET KOHETHOEe
MHOXECTBO IEJOYNCACHHBIX 3HAYEHUN, IpUdIeM Tpoo6pa3 KaxkJaoro HuciIa, —
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MHOT'OT'PAHHOE MHOXECTBO. Takue pyHKIuu MbI 6y 1eM Ha3BLIBATDL MHO202] GH-
HbLMU, 8 MHOXECTBO BCEX MHOTOI'DAHHBIX (PDYHKIUH, 33 JaHHBIX HA BCEM TIPO-
cTpaHcTBe, Oyaem 0603HA4YAThL Yepes M.

[TonoxuM MO OmpeaeTeHn o

/ (@) dx(z) = 3 a- x(f1(a)).
M a€Z

OTO U €CThb uHmezpas GynKkyuy no 344eposoti TaPaKmMepucmuKe.

I/I BCé: HET HUKAKUX BEPXHUX W HUXKHUX WHTErPDAJIBHBIX CYMM, HUKAKWUX
MEepexoI0B K MPEIeLy, HAKAKAX GOPEIeBbIX MHOXECTB (BCeX aTpuOyTOB MHTE-
rpamra Jlebera).

3aTO eCTh MPUBLIYHLIE CBOMCTBA MHTErpana (gokaxure!):

TEOPEMA 2.

1. Anumeepaa cymmvr Gynryut ecmsb cymma UHMEZPAL0E CAG2AEMBLL

/M(f(x) T g(x)) dx(z) = /M £ () dy () + /Mg(x> dx(z).

2. Hnmeapan n0 06eIUHEHUIO HENEPECEKANUULCA MHOAHCECMB ECTNL CYMMA
UHMEZPAA06 NO H(l?fC&OMy U3 HUT

[, o= [ oo s

3. (Teopema Dybunu.) Moxcno uwme2puposamv CHAUAAE NO KAHCOOMY
CA0N0, G 3aMEM — NOAYUEHHYIO GYHKYUIO NPOUNMESPUPOBAMD NO CAOAM:

/fxydx(wy / /fxydx( ))dx()

5. OT MHOT'OI'PAHHUKOB K ®YHKIUAM. CJIOXKEHUE 10
MUHKOBCKOMY KAK CBEPTKA 10 DUJEPOBOMN
XAPAKTEPUCTUKE

ONPEAEJEHUE 8. Cgepmikoti MO >MIEPOBOU XaPAKTEPUCTUKE ABYX MHO-
rOrpaHHBIX GYHKINK f ¥ ¢ Has3bIBaeTCa GYHKIUA f & ¢, 3agaHHas GpOpMYIOn

f®g(e /f £ — )g(y) dx(v).
C Ka,)KrZU)IM BI)IHyKJH)IM MHOFOFpa.HHI/IKOM K eCTeCTBEHHO CBA3aHAa MHOI'O-
rpauHas GYHKIUA [ — ero XapakTepucTUIecKas (PyHKIAI:
1, ecmmz € K;
I b )
K pr—

0, wuHawe.
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[MPEANOXKEHUE 3. [Tycmv K u L — swvinyxavie muozoepaunuru. Tozda

ceepmra I u Iy, ecmv zapaxmepucmuueckas ynryus cymmovr Munroscrozo
K u L:

Ig ® 11, = IgsrL.

Huvimu caosamu, caorcums 06a MHO202PARHUKG — MO HCE CAMOE, YUMo c8ep-
HYMb UL Tapakmepucmuyeckue GYrHKYUL no 304eposoti TapaKmepucmuke.

ITos>TOMy MBI MOXEM IO3BOINTHL Ce6e BOALHOCTH 0003HAYATDL BBILYKJILIA
MHOrOrpaHHUK K ¥ ero XapakTepUCTUIeCKYIO (PYHKIWIO [ OMHUM U TEM XKe
cumBoaoM K.

OKA3ATEJILCTBO. HaMm HyXHO q0Ka3aTh, ITO

/fﬂx—wh@Msz{

[Tox 3HAKOM HMHTErpata CTOUT XapaKTePUCTUIECKad (PyHKIUA Iepecetde-
HUA ABYX BHIIYKJIBIX MHOIOTpaHHUKOB. ClIe10BATEILHO, MHTErPAJ IPYU (PUKCH-
POBAHHOM I PABEH HYJIIO, €CJIY DTW MHOTONDAHHWKY HE TIEPECEKAIOTCA (1 cama,
(yHKIMA — TOXAECTBEHHBIN HOMB), M PABEH €IWHUIIE, ECJIN TIOABIHTEr DATLHASL
(GyHKIUA — HEe TOXAECTBEHHBIX HOMb. OCTAIOCH 3aMETUTH, 9TO PABEHCTBO
Iv(x — y)I(y) = 1 cupaBegmmBO MPU HEKOTOPOM Y TOTAA W TOJLKO TOT[A,
KOT/Ia & TPEACTABUM B BHE CyMMBI TOYEK L — Y W Y M3 MHOTOTDAHHUKOB

KulL. U

1, ecmx e K®L;

0, wuHave.

6. OBPAIIEHUE 10 MUHKOBCKOMY. ['PYIIIIA BUPTYAJbHBIX
MHOTI'OI'PAHHUKOB. BEIBOPAUNBAHUE HAU3HAHKY

C 5TOro MOMEHTA BBINMYKJIBIA MHOTOTPAHHUK — HE TOJBKO MHOXECTBO
TOYeK, HO U MHOTOT'DAHHAA (PYHKIIUAI.

OTO O6CTOATENBCTBO U MO3BOMAET OOPAIIATEH BBIMYKJIbIE MHOTOTDAHHUKI
(oTHOCUTENTBEHO ®), HO HE B KJIACCE BBITYKIBIX MHOTOIPDAHHUKOB (ITO, KAK MBI
yOequInch, HEBO3MOXKHO), a B KJIAaCCe MHOTOIDAHHBIX (DYHKIUU. A MMEHHO,
BepHa TeopeMma 06 obpamieHur 10 MUHKOBCKOMY:

TEOPEMA 3. Jas at06020 svinykao20 muo2oepanwkure K cywecmseyem
muozoepannas Gywkyus K1 maxas, wmo

KoK '=1.

Oma Pynrkyus yempoena npocmo (cm. puc. 5), OHG NPUHUMAEM MOALKO
dea 3HAUEHUA:
w1 (—1)4mE " eciu x € Int(S(K));

0, unaue.
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N

b \é (_1)dimK //
///////
i
K K1
Pmuc. 5.
[Mosicaum obosHavenusa: dim K — pasMepHOCTH MHOTOUDAHHUKA, S — IEH-
TpalbHaA CUMMETPHUA OTHOCUTEILHO HAYaIa KOOp AuHAT, Int K — MHOrOrpaH-
Huk K 6e3 rpanumsl (0T caoBa “interior” — BHYTPEHHOCTS).

3ATAYA 12. Yb6enurech, ITO TeOpeMa BEPHA
~ M OTPE3KOB HA TMPAMOU (OJHOMEPHBIX MHOTOTDAHHUKOB),
~ NI MHOTOYTOJTLHAKOB HA, IIOCKOCTH.
(ITocae >TOro AMa TPEXMEPHBIX MHOTOTDAHHAKOB OHA CTAHET OYEBHIHA.)

3ATAYA 13. Tlpexge, ¥eM IUTATH AAJbIIE, MTOAYMAUTE, KAK OMPEIECIUTh
Pa3HOCTH 110 MI/IHKOBCKOMy ABYX BBINYKJIBIX MHOT'OT'DaHHUKOB.

Onpenenenne 31eCh €CTECTBEHHOE:

ONPEAEJEHUE 9. PaznocTs MUHKOBCKOTO ABYX BBIMYKJIBIX MHOT'OT'PAH-
aukoB K ® L™ ecth cepTka dpynxumin K u L~!.

B orautdme oT 06paTHOrO K BBIIYKJIOMY MHOT'OCDAHHUKY (KOTODBIU, TDY-
60 TOBOPA, HE CHIBHO OTIMIAETCA OT BBIMYKJIOTO MHOTOTDAHHUKA), PA3HOCTH
MunkoBckoro ropasmo 6omee pasuoobpasusl. Hanpumep, pa3sHoCTh ABYX KBa-
IpaToB (OQWH W3 HUX — IOBEPHYTAsA KOMWSA APYLOro) — HPABWIbHAA 3BE3/a
¢ 8 mygamm (cm. puc. 6). Ha pucynke ykazanbr 3HadeHUs >TOU (HYyHKIUM, HO
HE BCe — M3-33 HEXBATKHU MECTA.

3a6aBHO MPOCIEIUTH BLIBOPAUUBAHME HAM3HAHKY (CM. PHUC. 7): BO3bMEM
TPAIEIAIO U BHIUTEM U3 HEe OTPE30K, MAPAIETLHBIN OCHOBaHMWIO. Bymem mo-
CTENEHHO YBEINUMBATE [INHY BEIIATAEMOr0 OTpe3ka. [loka oTpe3ok MaleHb-
Kul, y HAC OyJeT momyvaTbCsa (Bbimykaas) Tpanenusa. Korga oTpesok mo-
CTUTHET [IWHBI MEHBIIET'0 OCHOBAHUA, PA3HOCTH BHIPOAUTCA B TPEYTOJLHUK.
3aTeM MOABUTCA PACTYIIAU OTPULATEIHHBIN KYCOK, a MOJOXUTEIbHAS IaCTh
OyIeT YMEHBIIATHCA, TOKA, HE UCIE3HET COBCEM.

Paccmorpum muOXeECcTBO P BCEX MHOTOTDAHHBIX (DYHKIUU, MPEICTABU-
MbIx B Buge K ® L~'. Onepanus ceepTku mo MEHKOBCKOMY ImpeBpamaer P
B abeneBy rpynmy. /[ledcTBUTENHHO, MBI YK€ 3HAEM, IYTO TAKOEe HEUTPATLHBIN
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DIEMEHT, yMeeM 00pAIlATh BBIMYKJIbIE MHOTOIDAHHUKY (2 3HAYAT, U BHIPAKE-
musg suga K @ L 1),

OnPEAENEHUE 10. P Ha3BIBAETCA 2pynnoti 6UPMYaibHbIL MHO202DAH-
HUKOB.

7. BEEPA BUPTYAJIbHBIX MHOI'OTPAHHUKOB

Yro Takoe omopHas GpyHKIUA BUPTYAIHHOIO MHOTOTPAHHUKA, MbI TTOHIN
PaHBIIEC, Y€M IIOHAJAUA, ITO TaKOE CaM BHpTyaJH;HI:IfI MHOT'OT'DAHHUK.

I'pynna P wzomopdHA T'pyIIe HEMPEPHIBHLIX (HYHKIUU, KYCOTHO-THHEN-
HBIX OTHOCUTEILHO HEKOTOPOT'O Beepa.

Kak MoxeT BrIMIALETH CHEPUIECKUN Beep BUPTYAILHONO MHOTOTPAHHU-
ka K ® L~'? Harecem Ha cdepy muaum m3roma Gysxnui hx u hr,. Korga Mbr
pPACCMOTPUM JUHUY U3aA0Ma, PYHKIUA h g — hf, HEKOTOPBIE OTPE3KN MOTY T UC-
49e3HYyTb, 3/IeCh He OyIeT MPOCTOT0 M3MENbYeHNA, KAK DU CJAOXKEHUU BHITYK-
JIBIX MHOT'OT'DaHHUKOB, U KJIETKH! IIOJNYI€HHOI'O B€€Pa BIIOJTHE MOT'YT OKa3aThCA
HEBBLITYKJIBIMU.

BoT kpacuBbizl U BaXHBIU IPUMED.

I[MTPUMEP 1. T'unep6onuueckuu Terpasap. Chepuaeckuu «Mup u AHby.

BosbMeM npaBuabHbIA TETPasap A, OTMETHM ABa MIPOTUBOIMOIOKHBIX Pe6-
pa u BeraTeM u3 A oTMedeHHbIe pEOpa. Beep moaydeHHOrO BUPTYAIBLHOTO
MHOT'OT'DaHHUKA (HpOBepre!) COCTOUT U3 Y€ThIPEX PABHBIX HEBBIMTYKJIBIX Ta-
cren (cMm. puc. 8).

C BBINYKJIBIM MHOTOTMPDAHHUKOM €CTECTBEHHO CBA3AHA, BBIMTYKJIAA MHOTO-
IpaHHAA MOBEPXHOCTH — OOBEUHEHNE €TI0 TDAHEH.

C HEKOTOPBIMM HEBBIMYKIBLIMA MHOTOTDAHHBIMU IIOBEPXHOCTAME (KOTO-
PBIM HE 3aMPEMAETCA IMETH CAMOIIEPECEIEHUA) MOXKHO CBA3ATH BUPTY AMbHBIN
MHOT'OI'DaHHUK.

Puc. 8.
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OTO AEJAETCA MODTAITHO COTVIACHO CAEAYIomEMy aaroputmy. Moxer mory-
YUTHCA TAK, YTO OYEPETHON IMIAT HEBBIMOIHUM. JTO 03HAYAET, IYTO C JAHHOU
MTOBEPXHOCTHIO HEBO3MOXHO CBA3aTh BUPTYAJbHBIM MHOTOTDAHHUK.

MoxeT monyIuThCA TaK, YTO BBIMOJIHATH HEKOTOPHIU AT MOXHO MO-Pa3-
HOMY. 3HAYUT, BUPTYAIHHLIX MHOTOTDAHHUKOB, CBA3AHHBIX C DTOU MOBEPXHO-
¢TI0, HECKOIBbKO. (Hampumep, ¢ TeTpasapom MOXHO CBA3ATH 52 Pa3IMTHBIX
BAPTYATbHBIX MHOTOTDAHHUKA. )

IIAr 1. [Jaa xaxmou UpaHd MOBEPXHOCTHU 3a(pUKCUPYEM OPTOCOHAILHLIA e
BEKTOP.

[ITAT 2. Hamecem KOHIIBI BCEX DTWX BEKTOPOB Ha eqmHU<HYIO chepy. [loay-
Y€HHBIE TOYKA MOJXKHBI OKA3ATHCA PA3TUIHBIMA.

AT 3. IlocTpoum Beep Oyayuiero BEpTyaabHOro MHOrorpanuuka. Coemu-
HUM IIOAYYE€HHBIE TOYKU I'€ONC3NICCKUMU OTPE3KaAMU (He O6ﬂ3a.TeJH)HO
KpaTJanmumu!) mo CIegyomeMy TPABILY: TOXY YeHHAA KAPTUHKA, JOJIK-
HA OBITH KOMOMHATOPHO ABOUCTBEHHA MOBEPXHOCTHU. B YacTHOCTH, MBI
COeMWHAEM [IBE TOYKMA TOrAa, KOTAA COOTBETCTBYIOIINE TDAHU IEJIAT
pebpo.

[TIAT 4. IocTpoum Teneps KycodHO-IuHENHYHO Qyukumio h. Oua GygeT ckie-
€HA M3 KYyCKOB OMOPHBIX (DYHKIIMU BEPIIUH TOBEPXHOCTH. Bo3bMeM KJeT-
Ky MOJyYeHHOT'O Beepa, HATIHEM Ha Hee KOHYC U MOJOXUM (PyHKIHUIO A
Ha KJIETKE PABHOM OMOPHOM (PYHKIIMU TOM BEPIIVHLI HAIIEH IOBEPXHO-
cTH, KOTOpas cooTBeTcTBYeT dTou Kierke. (To xe camoe mpoucxogumT
7 B BBINYKJIOM CJIy‘Ia,e). Hpo,u;eJIaB TaK CO BCEeMU KJIETKaMW, ITOJSYyIUM
KYCOYHO-JIUHENHY O (DYHKITAIO.

ITIAT 5. IlpeacraBuMm h B BuAe Pa3sHOCTU ABYX BBIMYKJILIX (YHKIUUA h =
= hy — he. (Iloyemy 5TO BO3MOXHO — OTAeJIbHAA 3a4ada. Pemure ee.
Dyuknuu h; u he COOTBETCTBYIOT BBINYKJIBIM MHOTOIpaHHUKAM K| n
K. NckoMBIN BUPTYyaJIbHBIM MHONOIDAHHUK paBeH K| ® Ko L

3AMAYA 14. Kakum moBepxHOCTAM (pHC. 9) COOTBETCTBYIOT BUPTYATb-
HBIE MHOT'OT'PAHHUKU !

8. OT PYIIILI K AJITEBPE. UHBAPUAHTHLI XAJIBUTEPA HA
I[MIJIOCKOCTH

Ha MHOXecTBe BCeX MHOTOTPAHHBIX (DYHKIUU 3303 0AM CTPYKTYPY alre-
OpBI HAZ TOJEM PANMOHAJBHBIX wuced. [[ja 5Toro Hamo OmMCaTh TPU OHEePa-
U7, YAOBAETBOPAIONINE CTAHAAPTHBIM aKCHOMaM, — CJOXeHWe ABYX (PYyHK-
AU, YMHOXEHWE ABYX (PYHKIUM U yMHOXeHWe (PYHKIUU HA PAUOHAIBLHOE
9HCIO.
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. 7
1
AN
N1
Y
v

Kyb C TeTpasapalbHOU AMKON CKJIENKa [BYX YCEUYEHHBIX TETPAdIPOB

Puc. 9.

1. Caoxenue B anrre6pe — dTO MPOCTO OOBLIYHOE CIOXKeHUe (HDYHKIIUN:

(f +9)(z) = f(z) + g(z).
2. Ponb yMHOXEHMA UrpaeT CBEPTKA MO SMIEPOBOM XapaKTEePUCTUKE f R g.
3. YMHOXATH PYHKIUIO HA, IEJ0€ TUCIO HYKHO OOBITHBIM CIOCOOOM:

(a-f)(z)=a- f(z).
A BOT Kak HAJO YMHOXATEL HA, PAIMOHATLHOE YUCI0, OOBACHUM 9y Th MO3XKe —
DTO U €CThb CAMOE WHTEPECHOE U HETPUBUAILHOE.
B namen anrebpe ecTh HEUTPAIBHBIN DIEMEHT 1 — XapaKTEePUCTUIECKASL
pyHKIMA HAIATIA KOODIUHAT.

3AZAYA 15. TIpoepsTe, 9TO BBEIEHHBIE OMEPAIVEA YIOBIETBOPAIOT aK-
cruoMaM aarebphI:

l. fe(g+h) =f®g+f®h.
2. fRg=9gR f.

[Moackaska: mocTaTodHO yOEAUTHCA B CIPABEMJIUBOCTU AKCHOM [JIA CJIYy9asd,
Korjpa f M g — XapaKTepUCTUIeCKUe (PYHKIUU BHITYKIBIX MHOTOTPAHHUKOB.

Haxoner, BaXHBIA 3aBEPIIAIONIAY AT IOCTPOCHUS AIre6psl — (pakTopu-
3aIMA TIO TMAPAJUIETLHBIM TIEPEHOCAM. YCIOBUMCA CUMTATH B HAIIEN airedpe
[IBa MHOTOIDAHHWKA (= WX XapAKTEPUCTUYIECKUE (DYHKIUU) PABHBLIMU, €CJIH
OHU OTJIMIAIOTCA HA MAPAJUIEIbLHBIA TEPEHOC.

Mer pak TOpU3yeM KOJIBIIO MHOMOTPAHHBIX (DYHKIIMK [0 BCEM COOTHOIIEHUAM BUIA
K —tK = 0, rie K — BLINYKJIBIN MHOTOT'PAHHUK, & { — MapajIelbHbIN MEPEHOC.

3aMeTHuM, ITO TMPA 3TOM ABTOMATUIECKNA PABHBIMU MEXAY COOOU CTAHO-
BATCA MHOTHE MHOTOrpaHHbIe (pyHKmuu. Kaxmyio MHOTOrpaHHyio (yHKITAIO
MOXHO pPa3pe3aTh Ha KYyCKU, 3aTeM MapaIENbHO MEePEeHECTH KaX IBIA KYCOK
(I pa3HBIX KYCKOB MOXHO UCIONB30BATH PA3HBIE MAPAJLICALHBIE IEPEHOCHT! ),
7 TOJYyYeHHAsA MHOTOTDaHHAA QPYHKIUIA OKAXKETCSI PABHOU MUCXOITHOMU.
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070 0 1 1 1
/% 0 0 0

1 1 0 IW/// 0 1 1 1

1 1 0 1 1 %0 1 1 1

Puc. 10.

3ATAYA 16. Kakune w3 MHOrOTpaHHBIX (PYHKIUU, U300paAKEHHBIX HA
puc. 10, paBHBI MeXay cOG0U B aIrebpe MHOTOTPAHHUKOB?

31ech YMECTHO CaenaTh OTCTyieHue. U nes paspesanns MHOTOIDAHHUKOB Ha, Ky C-
KU ¥ CKIQIBIBAHUA U3 KYCKOB Y€r0-TO HOBOIO 3HAKOMA, T€M, KTO 3HAET O 3HAMEHUTOU
TpeThen npobmeme 'minbepra.

TpeTba npobiaema ['mibbepTa OTAMYIAETCS OT TOTO, YTO MPOUCXOIUT B aarebpe
MHOT'OI'PDAHHUKOB:

BO-TIEPBBIX, KYCKI PA3PEIIAETCA MEePEeIBUTNATh, TTOMbL3YICH JIOOBIMU TBUXKEHUAMUI
ILIOCKOCTH, & HE TOJBKO MAPALICILHBIMUA IEPEHOCAM,

BO-BTOPHLIX, B aare6pe MHOIOI'PAHHUKOB YU TLIBAIOTCA KyCKN BCEX Pa3MEPHOCTEN
(TOYKM M OTPE3KM He PABHBI HYJK), TOMa KaK B TpeThel npobaeme [uasbepra nmu
mpeHebperaoT.

ITocne paxTopusaluu Mo MapaiIeTbHBIM IEpeHOCaM B airebpe MHOMOTDAHHUKOB
CTAJO TPYIHO PABIAYIATEH (PYHKIMU: [TOCTIE PA3PE3AHUA HA KYyCKU U [IEPEMEINBAHUI
KapTUHKA MOXET M3MEHUTLCSI HEYy3HABAEMO.

[l pacmo3HaBaHUA PABHBIX MHOMOMPAHHBIX (DYHKIIMU HA TIOCKOCTY BBEIEM CIe-
IYIONINE MHBAPUAHTEL.

[IBa 13 HUX TPOCTHIE.

TTonoxum

ho(f) = / f(z) dx(a)

() = [ 1z da.

OTHU BEIUIUHBI HA3LIBAIOTCA HYAECEbIM U 8MOPbIM UKBapuarmom Xadeuzepa MHOTO-
rpagHon pyHkuyy f.

Bo BTOpOM mHTerpase mHTerpupoBaHUe OOBIIHOE, o Mepe JleGera. Bemuaumy
h2(f) ecTecTBEHHO HA3BHIBATH MUIOMIAILI0 QYHKIAY f.
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Beegem 6oee CIOKHBIN MHBAPUAHT, BEPHEE IEI0€ CeMENCTBO TaKOBEIX. IIpu (uk-
CUPOBAHHOM EIWHUYHOM BEKTOpE & ompeneauM 0auny pebpa ¢ #opMmaabio & MHOTO-
IpaHHOU (DYHKIUU B [BA IPUEMA:

1. Oycts K — Bemmykasin MHEOTOrpaHuuk. [lomoxkum mo onpegenenuto hq (K, €)
paBHBIM [auHe pedpa K, BHENTHAA HOPMATIh KOTOPOrO paBHa .

2. IIpou3BOIBHYI0O MHOTOTPAHHYIO (GYHKINIO f Pa3TOkKUM HA BLITYKILIC MHOTO-
rpanauky f = Y. a; K; u nonoxum hy (f, &) = ), aihi (K;,§).

Dyukiusa h; HA3LIBACTCA Nepevim unsapuanmom Xadsuzepa.

3ATAYA 17*. [lokaxuTe, 9TO 3TO ONpENEIEHAE KOPPEKTHO: 3Ha4UeHue hy He 3a-
BUCUT OT NpeAcTaBieHusa GpyHKIUUA f B BULE JUHEMHON KOMOWHAIIMA MHOTOT'DAHHU-
KOB.

TEOPEMA 4. Cucmema ungapuanmos Xadeuzepa noana, m.e. dée MHO202PaH-
uvte Pymxyuy f u g, 3adanuvie na R?, pasuvt (nocae gaxmopusayuu) moz0a u moav-
K0 mozda, Koeda

ho(
h2(f) th(g),
hi(f,&) = h1(g,€), 0daa arwboeo &.

3ANAYA 18*. [loxakuTe 5Ty TeOpeMmy.

B nmpocrpascTBax Goablen pasMEpHOCTH CUTYANUA AHAJOTUYHAA: TAM TOXKE
OlIpefe/ieHa CUCTEMa UHBAPUAHTOB XA ABUTEPA, ABJIAIOIIAACT TOJHOU. [Ipu sTOM uH-
BapuWaHT hj TakXKe (OTBEYAET» 33 T'PAHU PA3MEPHOCTU hj MHOTOUDAHHOU (PYHKIINH,
HO POJb mapamMerpa £ UrpaeT He eJUHUTHBIN BEKTOP, a (Jar.

SANAYA 19. Beruumcniure WHBAPUAHTHI XaJBUrepa MHOTCOTDAHHLIX (DYHKIIUN,
n3o00paxeHHLIX Ha pucynke 10.

9. TILITAEMCS YMHOYKATB HA [IPOBU

YT06BI MHOXECTBO MHOTOTPAHHBIX (DYHKIIUU MPEBPATUTL B aaredpy Ha[
Q, mamo 3a1aTh ONEPANMIO YMHOXEHUSI MHOTOTPAHHBIX (DYHKIUU Ha PALMO-
HAJbHBIE IHUCIA.

IIpm sToM HamO 06€CmeInTs BHIIOJHEHNE AKCUOM AUCTPUOYTUBHOCTH

q-(f+9)=q-f+aq-g
1 aCCOIIMaTUBHOCTN
(gr)-f=q-(r-f).

Kax yxe roBopmioch, yMHOXHATH MHOTOIPAHHYIO (DYHKIIAIO HA I[EJI0€ STUCIO
JEeTKO — HYXHO IPOCTO MCHOIB30BATH NOTOYEIHOE YMHOXECHUE:

(n- f)(x) =nf(z).

C mpobsamu geno obcrount caoxuee. [lycrs f — MHOrOrpannas gyHkums.
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[Monpo6yem ompenenuTs MHOTOTpaHHYO GyHKIUO 1/n - f 1as HaTypaib-
HOTO 9mcaa N (3TOr0 MOCTATOYHO JIA YMEHUS yMHOXATH Ha JIOOBIE PaImo-
HANBHBIE TUCIA,).

MBI IOMKHBI HAUTH TAKYH MHOTOTPAHHYIO (DYHKIMIO g, YTO B HAIIEH AJl-
reOpe BBIOIHEHO PABEHCTBO N+ g = f.

[IpocTo ymMHOXUTE f HA 1/n HEMB3A: y MHOMONDAHHBIX (DYHKIWH II0 OIpe-
METEHUIO BCE 3HAMEHUA MEMBIE.

Bosee Toro, uckomas GbyHKIUA ¢ MOXKET BOOOIIE HE CYIECTBOBATD: 3aMe-
TUM, 9TO

[ t@)ax@) =n [ o) axo).

T.e. [ f(z)dx(z) kpaTHO N, 9TO He BCerja BEPHO.

3HAYUT, Y HAC €CTh MIAHC HAYIUTHCA YMHOXATH HA IIPOU3BOJIbHBLIE APOGU
b Te dysknmm, y koropex [ f(z) dx(z) = 0.

Haxuem ¢ mpumepos.

3AMAYA 20. Hauru 1/2 - f, roe f — xapakTepuctudeckas GyHKIUI
— DOXYOTKPBITOT'O OTPE3KA;
KBaIPATa C BHIKUHYTHIMA OBYMA CMEXHBIMU CTOPOHAMUY;

TPEYTOIHHUKA C BHIKHHYTOU BEPUINHOW;
— TeTpasapa C BLIKIHYTOU BEPIIXHON.

3ALAYA 21. Hanru 1/n - f, rge f — xapakrepucrudeckas QyHKIAA
— MOJYOTKPBITOTO OTPE3KA,;

— MApPALIENIOrPAMMA, C BHIKUHYTHIMA ABYMS CMEXHBLIMEA CTOPOHAMU;

— TPEYTOJbHUKA, C BHIKUHYTOU BEPIIMHOW;

— TeTpasApa C BLIKIHYTOU BEPIIXHON.

YT06BI yMHOXUTE HA 1 /1 IPOU3BOIBHYIO MHOIOIDAHHYO (QYHKIUIO [, 1/
koropou [ f(z)dx(z) =0, HaZO mpoAEIATE CIEfyIOmEe.

> [IpencraBuThb f B Bujie TMHENHON KOMOUHAIAY TOTYOTKPHITHIX OTPE3KOB,
TPEYTOJILHUKOB C BHLIKAUHYTOU BEPIIUHOW, W TETPAIAPOB C BHLIKUHYTOU
BEPIINHOMU.

> YMHOXWUTBH KaxI0e U3 CIaraeMbix Ha 1/n.

> Bocmoab3oBaThca aucTpuby THBHOCTHIO.

Takum 06pa3oM, Ha, MHOXECTBE MHOTOTPDAHHBIX (DYHKITAH MBI TIOYTY BBEIT
CTPYKTYpPy aireGpbl Haj MOJEeM PamMoOHATIbHBIX qucetr. CI0BO «MOYTH» OTHO-
cuTca K ToMy (akTy, 9T0 (YHKIUE ¢ HeHyleBbIM 3HadenueM | f(z)dx(z)
HEJIb3 YMHOXUTH HA TPOU3BOILHYIO APOOD.
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10. JIOTAPU®M U SKCIOHEHTA

Ha mepBbIz B3TVIAL, DTO COBEPUIEHHO TWKAA HEpeaTm3yeMas UIesd: MBI ¢
60JBIIAM TPYAOM CIPABUINCH C YMHOXEHUEM HA PAIUOHAILHBIE THUCIA, a
3/[1eCh YIACTBYET TPAHCIEHAECHTHOE 9MCIO €, M BOOOIIE HEACHO, KAK BO3BECTH
9UCIO B CTEHNEHDb (TPEYTrOJIbHUK.

Ha camom gmerne BBemeHme morapudma 1 SKCIOHEHTHI — XOPOIIAA TTPUMED
TOT'0, ITO YaCTO 0bIee OBIBAET MPOIIEe YACTHOrO. DTOT mpueM Oyaer pabo-
TATh HE TOJBKO B airebpe MHOTOIPAHHUKOB, HO U B JIOO0U APYTOU TpaIyu-
poBaHHOU aarebpe ¢ 0OPLIBAIOIICACA I'PAIyUPOBKOM.

Iycrs f — muororpanrnas gynknusa takad, 110 [ f(z)dx(z) = 0. Onpe-
npenum gorapudmMm f + 1, munysa qucao e. I3 kypca aHaamsa U3BECTHO, YTO IPU
(PUKCUPOBAHHOM I CTEMEHHOU PAL

o n
Z (_ l)n—l T
n=1 "
cxogurea K In(x + 1). (duraTemo MOXHO He BCIOMMHATEH MOAPOOHOCTH BO-
IPOCOB CXOAUMOCTY PAMOB, HAM BAaXEH JUIIL €r0 BU[D).
OKCIIOHEHTA TOXE MPEACTABAMA, B BULE PALA:

OO n
T

expr = =
n!
n=0
YTo ecau MOMBITATHLCA MOACTABATHL B OTH paAAbl dyHkumioo f?7 Mbr yxe
yMeeM IIepeMHOKATH MHOT'OTPDAHHLIE (DYHKITUY U CKJIAIBIBATH UX, HO KAK OBITDH
C MEPEXOIOM K Mpenerny?!
A 3pecw HAC XK AeT TOZAPOK CyALOBI (OKA3ATEILCTBO MBI OILYCTUM, IOAA-
POK TaK MOAAPOK):

[IPEAJIOKEHUE 4. /[aa sbinyrkao2o muoz2o02pannukra K
(K —-1)*=0.

SHAYUT, BMECTO OECKOHEYHOT'O PALA ¥ HAC OCTAHETCA MPOCTasd KOHEIHAA
CyMMa.

OnPEAENEHUE 11. Ilycts f — MHOTOrpanHas (QpyHKIUA TaKasd, <ITO

[ f@ dx(@) =o.

ITonoxum 1o ompegeTeHn o

(f+ ) E3 ()l eyl
n=1 n=0

Bsenennnie HaMu JorapudM 1 SKCIOHEHTa 0013 aI0T 3HAKOMBIME CO IIKO-
JIBbI CBOUCTBAMU:
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TEOPEMA 5. Ilycmb muocoepamunbvie gynxyuu f u g maxoswl, 4mo

[ 1@ ax@ = [ gla)axt@) =o.
Tozda
L In((f+1)®(g+1) =In(f + 1)+ In(g + 1).
2. exp(f+g9g) =expf®expyg.
3. In(exp f) = f.
4. exp(0) = 1.

3ATAYA 22. [lokaxuTe 3Ty TeopemMy. ITO HAIO0 AeaaTh B J00, KaK B Iii-
TOM KJIacCe Ha YPOKaX aiareOpHI: MPAMO HOACTABUTL CTEINEHHBLIE PANBI, Pac-
KDBITH CKOOKY, IPUBECTU MOAOOHBIE WIEHBI U HE 3a0BITH IIPHA DTOM, ITO HOIbH-
mIMe cTeneHu oOHYIAIOTCA.

11. 'PAOAYUPOBKA B AJI'EBPE MHOI'OI'PAHHUKOB

MEer nokaxem, 9T0 TOCTPOEHHAL HAME AIreGpa MOX0XKa Ha aare6py MHOTOWICHOB.
IMogo6HO TOMY, KaK MHOTOUIEH eCTECTBEHHBIM 00Pa30M MPENCTABAM B BUE CYMMBI
OJHOYICHOB PA3HBIX CTENEHe!, MHOIOrPAHHEIE (DYHKIWY IPEACTABAMEL B B IE CyMMEL
TaK HA3BIBAEMBIX OTHODOIHBIX DIEMEHTOB. IIpM 5TOM OZHODOIHBIE MHOIOTDAHHBIE
YHKIUM, TaK ke KaK U OJHOPOJHBIE MHOTOWIEHEI, WIOBATCSIY MOMOTE TAAMY.

Haunem c saemenrapuoro samedanus. Ilycrs f(z) — muorowren. Pacecmorpum
HOBBIN MHOTOWIEH (2) f(x), MOTyYeHHBI FOMOTETUIHBIM CKATHEM OCH :

(2)f(z) = f(2z)

IIpu 5TOM CBOGOIHBEIN YIEH HOBOI'O MHOT'OWIEHA OCTAETCA MPEKHUM, KO3(pdumu-
€HT TIPY T YBEIMYMBACTCA B 2 Pasa, KOd(P(QUIMEHT Ipu 2 yBeIMUNBAeTCA B 4 pasa,
7 TaK gajee.

ITosTOMY ONHOYIEHBI CPEIU MHOTOYIEHOB JIETKO PACIO3HATE C IMOMOIILIO PACTA-
TUBAHUA TOMOTETUEN OCH I: HANPUMEP, OJHOWIEH TPEThEN CTEMEeHW — 3TO TaKOU
MHOT'O'WIEH, KOTOPBIU HpU AercTBuu (2) yBeauwduBaeTcsa B 8 pas.

NubiMu croBaMu, CIPaBeIINBA OYEBUTHAS TEOPEMa:

TEOPEMA 6. B aszebpe mmuoz2ousenos F om 00noti nepemennoti Moxcro sbvide-
aumb (nenepecexaowuecs) nodmmoxcecmea Fo, Fi, Fa, ... maxue, 4mo

1. Kaocdovii mnoecounen f eduncmeennvim o0pazom npedcmasum 6 sude f =Y. f;,
fi € F;.
2. Ecau f; € F;, fj € Fj, mo fi fj € Fitj.
3. deticmsue (2) yseauuusaem saemenmot F; 6 2° pas.
(B Takux ciydagx COBOPAT, 9TO HA MHOXKECTBE MHOIOWIEHOB €CTb CTPYKTypa pa-
OYUPOBAHHOU AJIreOpHI.)

MuoxecTBO F; Ha3BIBAIOTCSA OTHOPOMHBIMU KOMIIOHEHTAMU CTEMEHU { aareOphl
MHOT'OYJIEHOB.
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Ha mHOXeCTBE MHONOTPAHHBIX (DYHKIIMU €CTh AHAJOTUIHOE NEMCTBAE TOMOTE-
rum: monoxuM (2) f(z) = f(x/2). 3amMedaTeNbHBIN 1 HETPUBUATBHEIN (HDAKT COCTOUT
B TOM, UTO [/ aIreOpbl MHOTOIPAHHUKOB TAKXKE UMEET MECTO aHAJOT TEOPEMEI 00
ONHOPOIHBIX KOMIIOHEHTAX.

TEOPEMA 7. B ascebpe mnoeo2parnnukos M moxcno evidesums (nenepecexaio-
wueca) nodmmoncecrnea M;, i = 0,1,2,3 maxue, wmo

1. Kaxcdas mmo2oepannas dynxuyus f eduncmeennbim 06pazom npedcmasuma 6

sude f =3, fi; fi € M.
2. Ecau f; € My, fj € Mj, mo fi - fj € Miy;.

3. Aeticmesue (2) yeeauuusaem mrozozpannyto gynxyuo f; € M; 6 2! paza: f €
M; pasnocuavrno momy, wmo (2)f =2'f.

MuoxecTBo M; HA3LIBAETCA OMHOPOLHON KOMIIOHEHTON aIreOphbl MHOIOrDaHHN-
KOB CTEIICHU 1©.
DJIeMeHTH M; ABIAIOTCA AHAJOCAMY OJHOYWICHOB CTEICHN i.

HOKABATEJLCTBO. Ilompo6yem moOHATH, 9TO U3 ceba MPEACTABAAIOT OTHOPOI-
HBEIE DJEMEHTH AIre6phbl MHOMOIDAHHUKOB (QHAJOTU OTHOWIEHOB B aire6pe MHOTO-
wnenoB). [Iycts K — BBIMTYKJIBI MHOTOMDAHHUK. 3AMETUM, ITO

2)lnK =2-InK.
[lencTBUTENBHO,
2-mK=In(K®K)=In(2)K)=(2)InK.
3ATAYA 23. [loxaxure, 9TO
2)(InK@nK)=4-(InK ®InK)

I 9TO

(2)((InK)) =27 - (m K)?)

Hakounen ormeruM, uro (2)1 = 1. ([lercTBUTEIBHO, TOYKA OPU PACTATUBAHIN HE
MEHAETCA ).

IMosToMy ecTecTBeHHO 3a0aTh M; Kak MHOXKECTBO BCEX JUHEUMHBIX KOMOUHAIMN
dbysxmmi Buga (In K)¢, roe K — BBITYKIBIA MHOTOTNDAHHUIK.

Ham HAIO HAYYIMTLCA PACKIAILIBATE MHOTOTPAHHYIO (PYHKIWIO f B CyMMY OHO-
POAHLIX WIEHOB. [l 5TOr0 TOCTATOYHO MPOAENATH ATO MJIA BHITYKJIOIO MHOTOI'DAH-
nuka K.

ITonoxum p = In K. Torga

40
K =exp(lnK) = Z%
i=0

OTO U eCTh UCKOMOE PABJIOKEHUE HA, OTHOPOJHBIE KOMIIOHEHTHI.
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[IPUIOXKEHUE. OTBETHI 1 YKA3AHUSA

3AMAYA 1. Cymma MUHKOBCKOTO €CTh OTPE30K CyMMAPHOU MIWHBI.

3AAYA 2. [Tapamresorpamm.

3AIOAYA 4. [laTuyroasHuK.

3AnAYY 6 U 3. CymMMa OCTAHETCA TOU XKe C TOYHOCTHIO [0 MaPALIETLHOTO
TIEPEHOCA.

3AAYA 11. Beep rerpasapa m3obpaxen Ha puc. 11.

Beep orpeska — pasbuenue chepbl GOIBIIMM KPYTOM (OPTOTCOHAIBHBIM
OTPE3KY) Ha [IBe MOXyChephL.

Beep xyba — pasbuenue chepsl TpeMsa Gonbimmmu KpyraMu. B 3ToM MOX-
HO yOEIUTHCA, MOMb3YACH AJITOPUTMOM, HO MPOIIE 3aMETHUTh, UTO KyO eCTh
cymMa MUHKOBCKOT'O TPeX OTPE3KOB, Beepa KOTOPBIX MBI YK€ 3HAEM.

3ATAYA 14. BUpTyalbHBIM MHOTOTPAHHUK CYIIECTBYET TOJBKO A BTO-
POH MOBEPXHOCTH, CM. puc. 12.

3AZAYA 16. ITepsoie aBe.

SATAYA 20.

— [MonyOTKPHITHIX OTPE3OK PABEH CYMMeE NBYX MOJIYOTKPBITHIX OTPE3KOB
MOJOBAHHON [JIMHEI.

— Takol MOMyOTKPHITHIN MAPALIEIOrPAMM JErKO pa3OUTh Ha [BE PABHBIE
YACTHU Pa3pe3oM, MAPAIETLHBIM OJHOU U3 CTOPOH.

— IIpeacraBbTe 5TOT TOMYOTKPHITHIN TPEYTOILHUK KAaK 00BeINHEHNE IBYX
(rOMOTETHYHO B 2 pa3a MEHBIINX) MOIYOTKPHITHIX TPEYTOJILHUKOB U MAPAJ-
JeJI0rpaMMa.

— AHATOTUYHO IPEABIAYIIEMY IYHKTY, TPEICTABLTE TETPAIAP B BUAE 00H-
eIUHEHNUs ABYyX (COMOTETHYHO B 2 pa3a MEHbBIINX) TETPAdAPOB U ABYX MPU3M,
C TPEYrOJBHBIM OCHOBAHUEM U MAPALIETOTPAMMOM B OCHOBAHUU. [Ipu3mMbr pe-
KYTCA TOMOIAM JETKO.

3ATAYA 21. CM. yKa3aHUA K OPEIBIAYIIEH 3a1a9e.

Puc. 11.
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Puc. 12.
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