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O pacronoxeHun TOYeK Ha cpepe U ppenme
Mepcenec—benn

M.H. UcTtomuna A .B. Ilepabnn

BBEJIEHUE

Yepes (x,y) = z1y1+- - -+ TpY, 0O03HAINM CKANAPHOE TPOU3BEIEHUE BEK-
TOPOB Z, Y U3 n-MepHOro eBkangosa npocrpancrsa R”. IIycrs |z| = /(z, z) —
mmana BexkTopa T, STl = {z € R" : |z| = 1} — eaumwuanas chepa B R”.

B cogepxareasuon crarbe H. H. Augpeesa u B. A. FOguna [1] paccma-
TPUBACTCA 33,1298 MUHUMUIAINY TTOTEHIIUATLHON dHEPrUuY [N O TPUIATETHLHBIX
3apAI0B, PACIIOIOXKEHHEIX Ha cdepe S2. ABTOPHI OPUTHHAILHBEIM METOLOM pe-
mmy 3agady npu N = 6 u N = 12. O pusudeckon MHTEPIPETAIAA 33,TaH
MOXHO Y3HATh Ha CauTe Wwww.etudes.ru B pasgene «3amada Tomconar. Ana-
JOTUYHAA 337343 B N-MEPHOM IPOCTPAHCTBE MOXET OBITH C(HOPMYIUPOBAHA
TaK.

3ATAYA 1. MurUMEU3UpPOBATD dYHKIIUIO

1
W:W(Il,...,IN): Z F

o BceMm HabOpaM (Z1,...,7N) w3 N MOMAPHO PA3IMYHBIX Touek chepur S7 L.

Ms1 pemmum oty 3agady npu N = n + 1, HO IpegBapuUTEIHHO YCTAHOBAM
CBSI3b C 3a/a¥ell MAKCUMU3AIMU CYMMBL DACCTOSHUN TOUeK HA cdepe (Ha oTy
CBA3b TakXke oOpaiieHo BHUMaHue B [1]).

Bocnoab3yeMmcs m3BeCTHBLIM HEPABEHCTBOM MEXIY CPEIHUM TapMOHUYE-

CKVM ¥ CPpEIHUM apUPMETHIECKAM MOMTOKUTEAbHBIX TUCET G1,. . . , Gyt
m ar+---+a
< 1 m
1 1 ’
= .. — m
a am
OTKYya
1 1 m?
-ttt >
aj am ay+---+am
(Pa,BeHCTBO OOCTUTAaeTCA TOJBKO TOr'AA, KOT'LA Q] = *+* = Qy, )
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Orcrona morydaemM HEpaBeHCTBO

1 (N? — N)?
W = > . 1
; oy —wjl 7 iy v — gl 1)

EcrecTBenHO paccMOTpeTh CAEAYIOUIYIO 3a0a4y.
3ATAYA 2. Pacmosoxuts N Todek Ha cdepe Tak, ITOOBI CyMMa, TOmap-
HBIX PACCTOSHUN

S(@1,..zn) = Y | — ] (2)
(4,5): 1]
TOYEK Z1,..., TN cheper S?~! 6bLIa GBI MAKCHMATLHOML.
B mekoTopoM cMmbicae 3aqa4a 1 ABIgEeTCA TOLIMHEHHON 3a4a4€ 2, KaK I10-
KA3LIBAET CJAEIYIOMAA JEMMA.

JIEMMA. ITycme X* = (z7,...,2%) — onmumasvroe pewenue 3adauy 2
u nycmob npu amom paccmoanus di; = |z} — x;‘|, i #£ J, pasubl mexncdy cobot.
Tozda nabop X* = (z7,...,xy) Asasemca pewenuem 3adauu 1.

[NTOKA3BATEJIBLCTBO. [las npoumssonbHOro Habopa X = (r1,...,zN) HO-
HapHO Pa3IMYIHBIX TO4YEK cdepsl B cuay (1) u (2) umeem

(N2 = NP _ (N = N)?
S 7S

W(X) > = W (X").

*

2 _ *
[ocnennee paBeHCTBO cregyer m3 Toro, uro N° — N «unmcen d;; = |z} — x|,

1 # j, paBHBI MeXay cobou. Jlemma moxaszama.

B cBs3u ¢ 5TOM IeMMOU MPENCTABIAETCS PA3YMHBIM CHAMANA, PEIIUTD 3a-
Jady 2, ¥ eCIM B PEMICHUN PACCTOSHUA d;j OKaXyTCA PABHBIME, TO 6ECIIATHO
TOJAYyYUM pelreHue 3aaa9m 1.

IIpu N = n+1 pemenwne 3aga<u 2 nHTyuTUBHO AcHO. [Ipu n = 2 onTumamis-
HBIE TOYKM OyAYT PACIOJATraThHCA B BEPIIMHAX MPABUIBLHOI'O TPEYTOJbHUKA,
mpu 1 = 3 — B BEPUIXHAX MPABUIHLHOTO TETPAdAPA, & IPHU 1. > 3 — B BEPIIMHAX
IPABUIBLHOTO 7-MEPHOT'O CUMILIEKCA.

BekToptrl, Beayume n3 Hadaga KOOPAWHAT B BEPIIMHBI CUMILIEKCA, 06pa-
3yioT ¢ppeum Mepcenec—Benir.

B crenyromem pasgene nocTpoum 3ToT pperM B ABHOM (HOPMYILHOM BUIE.
Hageemcs, wro anTaTento 6y1eT UHTEPECHO Y3HATH, ITO 3HAYUT MOJHOE CIOBO
«ppeumy». [Tonydenunie popMyabl Oy IyT UCIOIB30BAHBI MPU JOKA3ATEILCTBE
ONTUMAJIBHOCTHU MOCTPOEHHOTO PEUICHU 3a0a9h 2.

@dPENM MEPCEIEC—BEHII B n-MEPHOM IIPOCTPAHCTBE

Cucrema BEKTOPOB {e; i]‘il B R" maswiBaerca xécTkuMm ppernmoMm B R”,
ecmu cymecTByeT uncio A > 0 Takoe, 4To misa aboro x € R" BeImOIHEHO
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PABEHCTBO
M
S (e)? = Al 3)
=1
13 (3) crepyer, aro M > n. Kax b BEKTOP 2 MOXHO Pa3IOXUTh MO Gpen-
my. JlercTBUTENBHO, B CIty (3) CIpaBEIABO TOXAECTBO

(@) =1 [lo+ oyl o —yl?] =

A
M
1 1
= Z E :<$,6i><y,€i> = Z E :<$76i>ei7y
i=1 =1
[TockoabKy paBeHCTBO BBIMOJIHEHO mJus Jo6oro y € R®, To
. M
T=7 g (x,e)e;. (4)
i=1
Kraccuaeckum npumepom xéctkoro dppenMa asiagerca dpeum Mepcegec —
Benn B R?, cocToAmmit u3 Tpéx BEKTOPOB €JMHITHOMN JINHBI, PACIOI0KEHHBIX
mox yriom 120°:

6% = (051)5 6% = (_?a_%> ) 6% = (?’_%> : (5)

[ls Hero paBeHCTBO (3) IpPUHUMAET BUJ
3
> (@) = 2Jaf?, w e B2,
i=1
XapaKTepuCTHICCKAM CBOUCTBOM BTOTO (HpPEUMa ABIAETCA TO, ITO YIUILI
MEX /Yy Pa3IddHBIMEU BeKTOpamu paBHbl 120°.
OxasbiBaeTca, Aad A060r0 1 2> 3 MOXHO IOCTPOUTH AHAJIOTHIHYIO KOH-

crpykiuo B R", KOTOpas Ha3BIBAETCA KaHOHMYIECKHM (dppermmMoM Mepcemec—
Ben.

TEOPEMA 1. Jas awb6020 n = 2 moxcno nocmpoumsv cucmemy u3 n + 1
sexmopos §, = {ef, ey, ... en |} co ceoticmsamu:

L. (6?,6?>:—%, i,jE[l,n-I—l],’i;éj;
2. e =1, iell,n+1];

n+1 _mn.
3. )0 et =0
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4. Cucmema Fp asasemcs wécmrum @dpetdmom ¢ xowcmawmot A =
=(n+1)/n.

[OKA3BATEJBLCTBO. Uuaykuusa no n. [Ipu n = 2 ¢ppeum (5) yxosreTso-
PAET BCEM YTBEPXKJICHUAM TEOPEMBL.

[omyctum, wTo ans n — 1 Bce yTBepxkaeHus BeimonueHnbl. Cucrema §p
MOy YIALTCA U3 §p_1 C MOMOIIBIO TPOLEAYPHI 100ABICHUA.

Mz i € [1,n] BekTop € cTpouTcs u3 6?71 n06aBICHAEM 7-M KOMIOHEHTHI
—hy, ¥ HOPMUPOBAHMEM TOJLY YUBIIETOCA BEKTOPA!
1

n __ n—1 _ _
e; =cple] ", —hy), rae ¢, = 7\/@
Honoxmm e | = (0,0,...,0,1) € R*. [To uHAyKTUBHOMY MIPEITIONOKEHHAIO

- - 1 .. . .
(en 1’6? = —— i€ [1,n], i # j. Torga

2 —1 -1 2 .. . .
(el el = calle; ™o ef ) Fhy), ij € [ln], i <,
_Cnhna 1€ [1,n], j=n+1.

[Monyuum ypaBuenue mis onpepereHus hy:

1 -(h2— 1)__Ch__h7n
1 vn? —1 1 . .
Orcoga h,, = Wt Cp = nT Torna (ef, e}) = i # 4. Nmeem

lef? = cpllef ' +hp) =1, i€ [Ln]; lep] =1

Tax xe nmpocTo nposepsioTcs ceoucTsa 3 u 4. Teopema mokaszaHa.

3AMEYAHUA.
1. Yrom ¢, Mexay AByMS PAa3TUIHBIMEA BEKTODAMH €; W e}‘ HAXOMTUTCA U3
1 1 s
yeaosusa cos g, = (e, el) = —=, oTcioga p, = arccos(—-) = Fi
n n

.1
+ arcsin — , 3HaIUT
n
2T oy > 3> >y > > 2 lim gy =2
3 2o ¥n 27 nbse " 2
2. M36BITOYHOE KOAIMIECTBO BEKTOPOB B PA3MOKEHNH (4) MOBBIIAET HAJEK-
HOCTB IIPY BOCCTAHOBJIEHNN BEKTOPA I 1O Koddduumenram ¢; = (z,el),
. u an+l
i € [1,n + 1]. Ecu mo6ou u3 xosddunuenTos {c;}; " OyneT yTpadew,
TO 10 OCTABUIMMCA BEKTOP I BOCCTAHOBATEH MOXKHO.

MomycTum, 910 yTpaten koabduuuest ¢, = (2, €)) ¢ HEKOTOPBIM HOMe-
pom k € [1,n + 1]. Paccmorpum cucremy

{e?’---aethe;clﬂa---,€Z+1} (6)
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C BBIKHHYTHIM BEKTOpOM e. B cucreme (6) ckamrapHoe mpomsBefeHue
MBYX Pa3IWYHBIX BEKTOPOB PABHO ——, a HOPMA KaXJOT'0 BEKTOPA PaB-
n

ua 1. [Tosromy marpuna I'pama cucremer (6) umeer Bug

_1 1 _1

1 n n n

1 _1 _1

G: n n n
1 1 1

- L1l

OdTa MaTpPUIA UMEeT AUATOHAJILHOE mpeobiananume, mostroMmy det G #
# 0 u, 3HauuT, cucrema (6) auHeNHO HezaBucUMA. [10ATOMY CylmecTByeT
eNVHCTBEHHASA CUCTeMaA {€1,...,€%—1,€k+1,---,Ent+l}, OMOPTOrOHATLHASL
K (6), 1 BEKTOp T BOCCTAHABIUBACTCA MO GOPMYyJIe

n+1

x—g c;€; + g C;€;.

i=k+1

3. Bompoc 0 BOCCTaHOBIEHNU BEKTOPA L B CAy4ae, KOTIa IaCTh (bpEAMOBBIX
KO3(pPUIMEHTOB yTpadeHa, paCCMATPUBAJICA BO MHOTMX PabOTaxX, CM.,
Hanpumep, [3]. Tam xe ucnoaszoBanocs nassaunue Mercedes-Benz frame.

4. U3 craagapTHOrO ppenmMa §, MOKHO MOIYyIUTh APYTUe KeCTKUe Pppeu-
MBL. YMHOXUM BCE BEKTOPHI (PpErMa, Ha TPOU3BOJIBLHYIO OPTOTOHAIBHYIO
MaTpuily () u mepei MOIYYUBIIMMUCI BEKTOPAMHE B IIPOU3BOJLHOM MO-
PALKE pacCTABUM 3HAKWA + U —:

{£Qel, £Qey, ..., £Qe;, 1} (7)
Cucrema (7) sBasgerca KECTKAM (PPENMOM.

HEPEIMEHHAA 3AJAYA. JokasaTh, 9TO M060M XKECTKUU (PPEUM C KOH-

o n+1 o o

CTAHTOU ——, COCTOAIINU U3 N + | eITMHUIHBIX BEKTOPOB, MOCJAE HEKOTOPOU
n

EePEeCTAHOBKY I1eMeHTOB (penma npuaumMaet suf (7).

,Z[OKABATEJIBCTBO OIITUMAJIBHOCTHU

ONPEAENEHUE. Ha6op m3 n+ 1 Touex M = {e1,...,e 1} C S~ ! masw-
BaeTca ¢ppeumoM Mepcenec—BeHIl, ecau BHIIOTHEHBI ABA, YCJIOBUA:
1 . .
L. {ei,ej) = —— mpu i 7 j; (8)
2. Zn+11 € =

Takoe ompeeleHne MOJIE3HO MJAA OMMCAHUA BCEI'O MHOXECTBA PEIIeHNN B
3amade 2.
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TEOPEMA 2. IIpu N = n + 1 pewenuamu 3adauy 2 ssasomes @petdmo
Mepcedec—Beny u moabko oM.

[JOKA3ATEJLCTBO. BosbMmeMm npouwspoasubin pperm Mepcenec—Ben M.
Paccroanna dj; = |e; — ej, i # j, paBHBI Mex 1y coGoi:

2n + 2
P

2
(@) = e + lesl? = 2eires) =2+ 2 =

Kommaectro uucern di;, i # j, pasuo (n + 1)2 — (n 4 1) = n? 4+ n, nmosromy

R

S(M) = (n® +n), |22 = V2(n + 1)y/n(n + 1).

[lna mpoussoasHOrO Habopa X = (ml, v+ yTpy1) TOUIEK CHEPHI HYKHO NO-
kazathb, a0 S(X) < S(M). Ina sTroro chom)3yeM ugeto crarsu [1]. Umeem

|zi — 35| = V2y((zi, 7)), THe y(t) = V1 — HOCKOJIBKy y"(t) <Ompm t < 1,

To y(t) BormyTa. [IpoBegeM KacaTeIbHYIO B TOYKE —;

o=(-)+v (2) ()

Toraa y(t) < h(t) npu Beex ¢t < 1. Jlerko noacaurars, 9T0

2n+l  Vn
2/n(n+1) 2vn+1"

h(t) =

Urak,
|z — 24| < \/_h(<33u$]>) (9)

Cymmupys n? + n claraeMbIX, TOXY <M

2n+1
< 2
S(X) < V2(n —|—n)2\/n(n+1 2\/n+1§$zaﬂi]
i#j
Jlerko BugeTh, ITO
n+1 2
Z Ti, Tj) Zwl (n+1).
i#]
[TosTomy
\/5 n+1 2
S(X) <51 @n+ 1)yl +1) + Vn(n+1) - n+ Zw (10)

[Ipumem Kk HepaBEeHCTBY

S(x) < 22 {@n+2valn+ D} = Van+1)valn+1) = S(M).

Suaqut, M — pemenue 3agaqm 2.
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Ecan X gpyroe pemenne, S(X) = S(M), To B (10) orbpoumennoe crara-

eMO€e PABHO HYJIIO: ?jll z; = 0. Kpowme toro, B (9) GygeT paBeHCTBO, a 5TO

1 . .
BO3MOXHO TOJBKO IIPY BBIIOJTHEHNN PABEHCTBA (T;,%;) = —— IIPU BCEX 4 7 .
n

Suauuut, X — ¢ppeum Mepcenec—Benn. Teopema gokaszaHa.

3AIAYU

Onupasch HA TeopeMy 2, T0Ka3aTh, ITO B 3a0a9aX 3—D PELICHUAMU ABIA-
orcs ppeumbl Mepcenec—bBenIr u Toabko oHU.

3AILAYA 3. Pacmonoxurs n + 1 Todex Ha cdepe S rak, 9T06HI TIPO-
U3BEJECHNE PACCTOAHUU MEXy HUMM CTAI0 MAKCUMATLHBIM. (YKa3aHwWe: uc-
MOJIB3YUTE HEPABEHCTBO «CpefHee apudpMEeTUICCKOE 2> CPEIHEr0 MreOMeTpUYIe-
CKOT'O»).

3ATAYA 4 (3AAYA O JUKTATOPAX). Pacmomoxuts n + 1 Touek Ha
cepe Sn—t TaK, YTOOBI MUHUMAJIBHOE PACCTOAHUE MEX Y HUMM CTAJO MAK-
cumanbEbIM. (FeoMeTprIecKoe perenne >Tou 38,1891 A1 1 = 3 MOXKHO HAUTH
B [4, sagaga 120]).

3ANAYA 5. llpu N = n + 1 MUHEMEU3ADPOBATD (DYHKITUIO

W(:El,...,(L‘N):Z !

|$i - $j|n_2

i#]
o BceMm HabopaMm w3 N MOmAPHO Pa3IWIHBIX TOouek cdeper S” 1 n > 3.
(Ykazanwe: UCIOIB30BATH HEPABEHCTBO «CpegHee MOpAAKa m = —(n — 2) He

OPEBOCXOAUT CPEJHEr0 apudpMETUICCKOrOy. JTa 3ajada peleHa B [5], Tam
xe pemraerca 3agada npu N = 2n).

3AIAYA 6. Pacnomoxurs N Todex ma chepe S !, rae 3 < N < n, Tax,
9TOOBI CyMMa, PACCTOAHUN MEX Iy HUMU CTAIa, MAKCUMAILHOU. [[0Ka3aTh, 9TO
BekTOpHI dpeima Fy_1 B RV~ nomonrmennee n — N + 1 mHyaamu:

N—-1 .
e;=le;, ,0,...,00, ¢=1,...,N,

[JAOT ONTUMAJBLHOE PEIleHre 3a,1a5H.
AsTopur 6aarogapar B. H. Mamozémosa u B. U. 3soumnosa 3a momesHbie
3aMevaHu.
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