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Bemukun pycckun yuensiz A. H. Koamoropos ropopmi, 9To 40 TPpUALATH
JeT MATEeMATUKY Pa3yMHEEe BCErO 3aHMMATHLCA PEIIeHreM KOHKDPETHO MOCTa-
BJIEHHBIX 330a49. A 3HAYUT, YMEHUE PEMIATh CAOXKHBIE 33 AN ABIACTCA OIHUM
73 BAXHEUIIUX [ MOMOLOT0 MaTeMaTuka. C [eTbio MogaepkaTh MTPeCTUR
YMEHUS PemaTh TPYAHBIE 330aMA HA MEXAHUKO-MATEMATUIECKOM (haKyIhb-
Tere MoOCKOBCKOr0O rocynapcrBennoro yausepcurera um. M. B. Jlomorocosa
MPOBOAATCA CTyAeHdYecKue onumnuaabl. Oraensube kKapeapsl MmexmaTa MY
TMPOBOAAT OJUMIIUAIBI TI0 TEOPUU BEPOATHOCTEN, AU dEpeHINATLHBIM YPaB-
HEHUAM, MEXaHWKe, TeOMETPUU U TOMOJOruu (A CTyAeHToB 1-2 Kypca; oTu
OMAMMOMAIBI TOMOTAIOT CTYAEHTY B BBIOOPE Kadeaphl), a TAKkKe 10 Teopun
BEPOATHOCTEN (A CTYNEHTOB 3—5 KyPCOB) U YPABHEHUAM C IACTHBIMHU IIPO-
U3BOAHBIMY (A CTyAEeHTOB 3 Kypca). IIpoBogaTcsa Takxke oblieMaTeMaTH e
CKF€e OIMMIINAILI — OMUMIINA LA, mocBiameHHas [ludaropy, u orbopodnas Ha
MEX TYHAPOAHYIO OMUMIAATY.

3amadn OMUMITUAL 110 TEOMETPUAN U TOMOJOTUY MPUHAIJIEKAT MATEMATH-
T€CKOMY (DOIBKIOPY, HO MAJOU3BECTHBI. BOMBIIMHCTBO STUX 33434 Ju00 ABIIA-
OTCA YACTHBIMU CIy YasMU HETABHUX PE3yIbTATOB I HEPEIIEHHBIX TPOOJIeM,
auO0 OTKPBIBAIOT HOBBIU [JISA CTYAEHTOB B3TVIAJ HA 3HAKOMBIM UM MaTEPUAT
(cM. KOMMeHTapuu K pemenuaMm). BapmaHTel ommMOuan — IO KOJIEKTHB-
HOT'O TPYAa COTPYAHUKOB Kadeapsl nuddepeHnnagibHOu FeOMeTPUA U ITPUIO-
xernun mexmata MI'Y (okomvarensubie BapmanTsl mogrorosaeasr A. B. Cko-
nerkoBeiM B 2005 r. w A. A. Omemkoseim B 2006 T.).

[Mo6GeguTenn onuMIua I MO TEOMETPUY U TOIOJOTUU HATPAXK JAIOTCA MaTe-
MaTUYECKUMU MPU3AMU, 339€TOM IO KYPCY KIACCUIECKOU AUdPEpeHInaib-
HOUM T'€OMETPUM U MPUTJIAIICHUEM Ha OTOOPOYHBIM TYpP HA MEXAYHAPOTHYIO
omuMnuany (cM. www.imc-math.org). Ilo6egurenmn ommmmumaner 2005 roga
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(peurmm 4 3agasm): Bropokypcuuku Aspees Poman, opun Banum, Epoxo-
Beny Huxonan, Uzocumos Auron, Kylomxusu Kapuus, [lopuiaes Errenun u
10-knaccauk [leBaros Poctucaas. [Mobeguremn ommvmmansr 2006 roma (pe-
wunu 3 3a1a4u): BTOpoKypcHuky Amsenbepr Auton, Juibman ['ne6, Memmn
Opunt u Mlaypuukos Urops.

[IpuBenem 3aga~u OIUMINA[ O TEOMETPUYN ¥ TOMOJOT UM, 3 TAKXKe OTBe-
THI, YKA3AHUA U CCHUIKK HA TMOJHBIE perreHus. Ha oruMmnuagax paspemansoch
MONB30BATHCA 0€3 OImpeNeJeHusa U JOKA3ATeIHLCTBA TOHATUAMEA U TEOPEMaMMU
n3 nporpaMmbl 1-2 xypca mexmara MI'Y. Bce ocranbuble mcmomb3yembre
ompeaeneHus TpebOBAIOCH ABHO MPUBOJUTDH, a HUCIOIL3YyEeMbIe TEOPEMBI —
$OpMyIUpPOBATE.

SAIAYN OMUMIUAABL 6.04.2005 (16.15-19.45)

1. Ha maockoctu dpukcuposanstl Touku O, Ay, ..., Ag u 9ucaa myq, ..., Ms.
Momenmom umepyuu omuocumeabno npamots | cuctembr Ap, ..., As,
mi, ..., Mg HABBIBAETCA TUCIO

I(I) = my A2 + -+ my Al )%,

rge |A;l| — paccroanue ot Touku A; 1o npsamoun [. Bynem paccmaTpuBaTh mps-
MBI€e | Ha IWIOCKOCTH, mpoxoadiue depe3 Touky O. Ilycts I, u [ — nanboin-
Hiee 1 HamMeHblIee 3HavYeHus MomeHTa uHepnuu I (1) (Bosmoxno, Iy = I_).
BosemeM opHy w3 mpameix [y, maa xkoropou [(ly) = I;. [lokaxkwre, 9TO
I(I) =I;cos’ o+ I sinp, roe ¢ = £(ll).

2. Paspexsbre 6yTouiky Knenna Tak, 9To6b1 noxyumncs (oaus) auct MéGu-
yca. Byrweuikon Kienmma mHaswbiBaeTcsa ¢urypa, MOTyUeHHAS W3 KBAIpPaTa
ABCD cknenkon nporuBononoxuerx cropor AB ¢ CD uw BC' ¢ AD (c yaerom
HAIIPABICHA ).

3. Kakue npaBuwibHbIE MHOTOTDAHHUKA MOTYT MOAYYUTHLCSA B CEUCHUN €~
THIPEXMEPHOTO KyHa TPEXMEPHOU MMIEPILIOCKOCTBIO?

4. [lokaxuTe, YTO KOMIIO3UIUAA OCEBBIX CUMMETPUN MPOCTPAHCTRBA, OTHO-
CUTEIHHO MEPIEHIUKYIIPHBIX CKPEIUBAIOIINXCA MPAMBIX ABIACTCI BUHMO-
8bIM DBUNCEHUEM, T. €. KOMIOZUINEN BPAIIEHUA HA HEKOTOPLIA YOI OTHOCH-
TeILHO HEKOTOPOU HANPABIEHHON OCHU U MAPALIEILHOTO TIEPEHOCA Ha, BEKTOP,
MapaJuIeIbHBIA 3TOU Ocu. HaliiuTe HAIPABIEHHYIO 0Ch, YOI BPAIIEHUA U BEK-
TOp TEPEHOCA.

5. llycts N — rpaduk menpepwisaon pyuknun f : R — R. U3secTHO, 9TO
Ana mobeIx uncen s,t € R cymectsyer gupdeomoppuam M: R? — R?, naa
koroporo M(N) = N u M(s, f(s))) = (¢, f(t)). Bepuo au, aro dpyuxmus f
nuddepenmupyema’?

[Mpumeuanna: GyHKIUA ¢ GECKOHEIHON MPOU3BOIHON B TOUKE CIUTACTCA
nuddeperIpyeMoi B 3Toit Touke; orobpaxenue M = (My, My): R? — R?
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Ha3BIBAETCA Jud@deomopPusamom, eCim OHO B3AUMHO OTHO3HAMHO, MId Mq u
M5 cymecTBYIOT aCTHBIE IPOU3BOMHBIE BCEX MOPAIKOB U

OM; OM> _ OMs OMy ;é 0
Jdr Oy Jdr Oy

B JTI000M TOYKE IJIOCKOCTH.

3AIAYN OauMIuALBL 13.04.2006 (16.30—20.00)

1. llycrs AB — mamboabmas cropona Tpeyroabanka ABC. [Jokaxwure,
9TO A J000u TOYKM M TIOCKOCTH BHIMOAHEHO HepaBeHcTBo AM + BM +
oM > (Bt 0A).

2. Hauaure HAmbGoIbIIEE TEA0E N, IS KOTOPOrO HA IIOCKOCTH CYIIECTBY-
eT KpuBasg BTOPOTO mopanka, umeoman B Touke (0, 1) kacaame n-ro mopagka
¢ rpapukoM PYHKIINA Y = COS T.

Hanmomunwm [9, §§ 22, 23], aro ecin P — 06mas ToUKa napaMeTpU30BaHHBIX
KpuBLIX 71 (t) u 72(t), TO FOBOPAT, 9TO OHU UMEIOT B DTOUM TOUKE KACAHUE 1-20
nopadKa, eCIu IepBhIe N TPOU3BOAHBIX DAJUYC-BEKTOPOB 71 (t) U ro(t) B ToUKe
P coBmapator.

3. lIycts K — (qBYMEepHBIN) MHOTOYTOJIBHUK HA IIOCKOCTH U ¢ — BEKTOP,
mst koroporo obpas K + a muOroyrompumka K mpu caBure Ha BEKTOD G
ue mepecekaerca ¢ K, t.e. KN (K + a) = &. [lokaxwure, 9TO aBa BO3a
(T.e. kpyra amamerpa |a|) HE MOT'YT HOMEHATHCSA MECTAMU [IPU HEIPEPLIBHOM
OBUXKEHUN WX IEHTPOB 10 K, IpU KOTOPOM BO3BI HE CTAIKHABAIOTCA.

4. (a) IlycTs y(t) — 6eckonedno guddepeHnupyeMasn mIOCKas KPUBAI 1
a(t) — xacarenbHaa K Hen npamas B Touke P = v(0) = «(0). IIpegmomoxmm,
9TO MOYJIM BEKTOPOB CKOPOCTY KpWBOU Y(t) u mpamon «(t) paBHBI eqUHUIIE
B Kaxa0u Touke (T.e. m kpusaa y(t), u npamasa «(t) TPOXOAAT MyTh NIAHBI
T 3a M060U IPOMEXYTOK BpeMeHH MIuHHI 7). [lokaxure, 470 MOayb |y"(0)]

2
yCckopenus kpuson 7y(t) B Touke P pasen % . 0,0(’)/(75),04(25)), rge p — pac-
CTOAHUE.

(b) Paccmorpum mogens Ilyankape reomerpun JIo6a<eBCKOr0 B BepXHER
noxymiockocru [1, 1.10.1], [7, §3], [6, §3]. [Iycts () — xpuBas ¢ ypaBHeHUEM
y = 1 (ropusoHTaNIbHAA €BKAMAOBA MpsAMas) u «(t) — KacaTerbHasa K y(t) mps-
mas (B cMbIcte reomerpun Jlobadesckoro) B Touke y(0) = «(0) = (0, 1). IIpea-
noMOXuM, 9TO u Kpusad Y(t), u npavas «(t) TPOXOAAT MyTh IIUHEL T (B CMBI-

cre reomerpun JIo6aIeBCKOT0O) 3a MIOOOU MPOMEXYTOK BPEMEHW [JIWHBI T.
2

d
Buraucanre BeruauHy 2 p(v(t),a(t)), roe p — paccTosHME HA MIOCKO-
t=0
ctu JlobaueBckoro.
5. [na KaXJOU Maphl IEIBIX GUCed 1 U Kk BBIACHUTE, CKOIBKO HMEeTCs

(C TOYHOCTBIO MO ABMXKEHWN ¥ TOMOTETHUN) HEYHNOPATOIECHHBIX HAGOPOB m3 K
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HEHYJIEeBLIX BEKTOPOB B N-MEPHOM €BKJIKIOBOM MPOCTPAHCTBE, CYMMa KOTO-
PBIX paBHA HYJIO W BCE IMOMAPHBIE YIVIBI MEXAY KOTOPHIMYU PABHBI.

OTBETbI, YKA3AHUA N CCBIJIKU HA ITOJIHBIE PEINIEHUSA

2005-1. YTBepxaeHue 33139 BEITEKAET U3 TOT'0, UYTO MOMEHT WHEPIIUN
ecth cymma dyskmuit Buga f(p) = Acos? ¢ + 2B cospsing + Csin? ¢, a
3HAYAT, U CAM ABIAETCA (PYHKIIUEH TAKOTO BUIA.

KOMMEHTAPUI. AHATOrMYHO TOLy9IaeTCA DIEMEHTAPHOE TOKA3aTelb-
CTBO (fopmyavt Iiaepa 0 KPUSUIHE HOPMAALHOZO CEUEHUA NOBEPITHOCTMU, CM.
$HOpMYIMPOBKY 1 HedleMeHTapHOe nokasarerbcTso B [9, §55], [1, 1.8.3].

2005-2. Hago pesars mo BC' = AD.

2005-3. OTBer: TeTpasap, ky6 u okTasap. [lockonbky y weTnIpexmep-
HOTO Ky0a BOCEMb TPEXMEPHBIX IPDAHEN, TO y €ro CeYeHUs TPEXMEPHOU T'i-
MEPILIOCKOCTBIO He MOXET OLITHL 6olee BOCHMU ABYMEDHBIX I'paHen. KyGowm,
TIPABUJILHBIM TETPA’IPOM U IPABWILHLIM OKTAadIPOM ABIAIOTCSA CEUYeHUA KY-
6a —1 < z; < 1,1 = 1,2,3,4, TpexmepHbIMu runepmiockoctavMu 1 = 0,
1+ 2o +x3+24=3mx +29+ 23+ 4 =0, COOTBETCTBEHHO.

2005-4. OTBeT: 0CHIO ABIAECTCA TPAMAA [, COAepRKAIAA OOUUN TTEPIIEH -
KYJIApP, YTOJ BPAIIECHUA PABEH T, a IJIUHA BEKTOPA IIEPEeHOCA PABHA YABOCHHON
mauee obIero mepueHuKyaapa. [Ias mokaszaTerbCTBa MOXKHO PAaCCMOTPETh
MPOEKINY HA MPAMYIO | M Ha, OPTOTOHAIBHYIO €U TIOCKOCTb.

2006-1. Oycts M’ u B' — o6paswer Towek M w B npm nosopore Ha 7/3
orrocuTensao Touku C. Torga

V3

MA+MB+ MC =AM +MM'+ M'B' > AB' > 7(OA+ CB).

31ech mocieqHee HEpaBeHCTBO CAeAyeT Mo Teopeme KocuuycoB u3 ,ACB' =

= JACB+1/3 > 2r/3.

KOMMEHTAPUA. Dra 3a1a9a — IPOCTEULINN CIyIan (1 TPEXTOIETHO-
ro MHOXeCTBa) 3HAMeHUTOU runoressl ['mrbepra — [Tomxraka (1960): ommuowe-
Hue daurbl Kpamuatwe2o depesa, coedunawe20 JaHHOE KOHEUHOE MHONCE-
CMB0 MOUEK NAOCKOCTU, K daune Kpamuatwezo depesa 6e3 doNOAHUMEALHIT
sepwun Goavute uau pasno v/3/2. TloxpoGrocTE cM. B [3].

2006-2. Orser: 5. IlycTs rpaduk GyHKOIUEU y = COSx 3aJaH B mMapame-
Tpuieckon dpopme z(t) = t, y(t) = cost, a KpuBas BTOPOro MOPAIKA — yPaB-
wennem F(z,y) = az? + bzy + cy? + pr +qy +r =0, rae F(0,1) = 0. Irobsr
HAUTW MOPANOK KacaHua >Tux KpuBbix B Touke (0, 1), paccmorpum pyHKIMO
o(t) = F(x(t),y(t)) u ee npomssoausie B Touke t = 0. Ecim ¢'(0) = ¢"(0) =
= ... = p™(0) = 0, To paccMaTpuBaeMBIE KPUBLIE HMEIOT KACAHUE 71-T0
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nopazgka [9, c. 110]. Beraucas npomssogusie dhyukman o(t) = at® + bt cost +
+ccos®t + pt+qcost+r B Touke ¢t = (0 m IpUpaBHUBAA WX K HYJTIO (& TakXe
yaureBaa ycaosme ©(0) = 0), moayuaem (0gHOPOAHYIO) CHCTEMY JIMHEMHBIX
ypaBHeHUN Ha KO>(PdUIMEHTH a, b, ¢, p, q, . Ecam npupaBHATH K HYJIIO IPO-
U3BOMHBIE 10 H-TO MOPALKA BKIYUTEILHO, TO CUCTEMA UMEET HEHYJIEBOE Pe-
ImeHne, a Ipu T00ABIEHUN YCIOBUASI <p(6)(0) = () menyeBbIX perrenuu HetT. [lo-
STOMY MaKCUMAJILHO BO3MOXHBIN MOPAIOK Kacauus paseH b. OH gocTuraercs
mna rumep6orsr (y — 4)% — 322 = 9.

KOMMEHTAPUI. PaccMaTpuBaeMbIil MpUMep ABIAETCSA IACTHBIM CIy9a-
eM O6IIeR 33491, KOTOPYIO MOXHO ChHOPMYIAPOBATL CICAYIOMMUM 06pPa3oOM:
oA maHHOU KpuBOU Y(t) TpebyeTcs HAUTU KPUBYIO W3 HEKOTOPOTO CeMel-
CTBa KPHUBBIX (3ABHUCANMX OT HApPaAMETPOB), KOTOPasd HAWIYIIIMM 006Pa3oM
npubamxkaet y(t). DTy 3a1a9y MOKHO PElIaTh AHAIOTUIHBIM 06pa3oM. Taxk,
HaIpUMeEp, OHO U3 ONPEAeJeHNN KPUBU3HBI KPUBOU OCHOBAHO HA PACCMOTPE-
HUJ CEMeNCTBA OKPYXKHOCTEN, KACAIOIINXCA KPUBOM B JaHHOU TO4UKe [9].

2006-3. [13, §2], [11, rmaBa 1].

2006-5. [5]. OrseT: ogna mpu n > k — 1 (3T0 cucrema BEKTOPOB, coepu-
HAILIWX IEHTP IPABUWILHOrO (k — 1)-MEpHOr0 CUMILIEKCA, ¢ €r0 BePIINHAMH),
Hu oguou mpu n < k — 1.

PEIIEHUE U OBCYXK/IEHUE 3ALAYM 2005-5.

Orset: ma. [lokaxeMm 5ToO.

BossMem Touky a € R? \ N. PaccTosnue ot a 10 N He paBHO Hy:0. 3Ha-
YUT, CYyIMECTBYET TOYKA y € N, A1 KOTOPOU |a—y| PABHO DTOMY PACCTOAHUIO.
Torga oTkpbITHI KPYr D ¢ neHTpoM B @ paguyca |a — y| He mepecekaer N.

Ipu mo6om = € N cymectsyer muddeomopmam M : R? — R?, mepeso-
mamu y B ¢ u N B8 N. O6o3uadumM depe3 R mOBOPOT MJIOCKOCTH HA, YOI
BOKPYT Hadaaa koopauaaT. O6o3HaduM depes B paBHOGEIPEHHBIN TPEYTOdb-
HUK (OTKPBITHIA ABYMEDHBIN) C BEPUIMHOU B HAYAJE KOOPAUHAT, yriaom 2/l
npy BepvHe U BhICOTOM Anuubl 1/1, napamtersron ocu Oy. Tak xkak M —
muadpdeomopdusm, ro M (D) D x + RYB; nna mekoropwix | u . [losTomy

npu aobom xr € N cywecmsyiom maxue | u o, wmo
(x4 R*B) NN = . (+)

Bo3bMeM IPOM3BOIBHYIO MOCAEAOBATENLHOCTH {()}, BCIOAY ILUIOTHYIO Ha
[0, 27]. O60o3HAMIIM

Ny:={zeN|(z+R"B)NN =g}

Beupgy ycrosua (x) mmeem N = U2, N;. Herpyaro nposeputs, uTo N; 3a-
mxnymo 6 N (mokaxwure mim cm. neramu B [15, semma 3.1]). 3maumr, mo
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Y+ R B

Puc. 1.

Teopeme Bapa o kareropuu [2,4] HekoTopoe N; COIEPKUT HENMYCTOE OTKPHI-
Toe B N MHOXECTBO.

[oaToMy cymecTByIOT Touka o € N 1 3aMKHYThIA KBagpaT I2 co cTOpo-
How menbite 1/1 ¢ memTpom B 2, aia xoropeix N/ := NN 12 C N; (puc. 1).
Torga

[(y+R¥B)U(y— R¥*B)]NN' =92 npumobom ye N. (%)

MencrBuTeasno, eciu z € (y — RP'B))NN', toy € (z + R?"B)) N N' C Ny,
YTO HEBO3MOXHO.

MOXKHO CYHTATE, ITO yrol MeXAy HeKOTOpO# cropoHon L xsajgpara I? u
ocsio O paBeH ;. MOXHO TakXe CIATATH, 9TO N’ CBABHO W TOMEOMOP(HO
orpesky (unade 3amenum N’ Ha MaIyio OKpeCTHOCTb Touku a € N'| koTopas
romeoMopdHa 0TPe3Ky, mockoabky N — rpaduk dynknmu). Torga oproro-
HaabHAA Mpoeknusa MHOokecTBa N' Ha L CONEpXUT HEKOTOPBIM OTPE3OK He-
HYJIeBOM AIWHBI. MOXHO CIMTATH, ITO STOT OTPE30K coBmagaer ¢ L (uHate
ymenbmuMm L).

HamomuauMm, uro orobpaxenue ¢q: L — [0,1] mHasweiBaeTcsa aunwuyesvin,
ecau cymecTByer Takoe s, 4To |¢(z) — q(y)| < sz — y| maa mobbx aBYX
pasIuIHbIX TOUeK %,y € L. U3 (xx) caegyer, uro N’ ectb rpaduk HEKOTO-
pout munmmneson pyskuum q: L — [0,1] (npm ecrecTBEHHOM IpeACTABICHUN
I? = L x [0,1]). ®yskmua q umeer Touky auddepernupyemoctn [2,4]. 3ua-
9T, ¥ ucxogHaa Gpyukmua [ mMmeer Touky auddepeHmupyeMocTn. Torma us
cymecTBoBanua guddeomopdusmos M = M BeiTekaer, aTo [ auddepen-
nupyeMa, B JIOOOU TOYKE.

KoMMEHTAPUNA. Kakou pOpMBI MOT'YT OBITH HOXHBI, YTOOLI U3 HUX MOX-
HO 6BLIO BBRITAIIMTE cabmo? MaremaTudeckas pOPMYIMPOBKA 3TOCO BOMPO-
ca IPUWBOAUT K CIeAyomeMy moHATuIo. [loqmuoxecTBo N TpexmepHOro (mmm
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M-MEPHOT'0 €BKJIN0BA) IPOCTPAHCTBA HA3BIBACTCA PUMAHOBO 00HEMAEMO 00-
HOPOOHBIM, €CTU IS TIOOBIX ABYX TOYEK I,y € N cymecTByeT aBrmxeHue (T.e.
msomerpus) h: R® — R?, nepesogamee 2 By u N B N. X0pomIo u3BecTHO, 9TO
PUMAHOBO 00DEMAEMO 0OHOPOIHBLMY KPUBLLMU 8 MPETMEPHOM NPOCTPAHCTEE
ABARIOMCA MOALKO NPAMbLE, OKDYICHOCTU U BUHMOBHLE AUHUL.

A xaxoum (popMBI MOXET OBITH DJAEKTPUIECKAN Kabelb, ITOOBI IPOBOJ
MOXHO OBLIO BBITAIIATH W3 €ro OOMOTKH (IPOBOJ MOXHO THYThb, HO He-
ab3a omarh)? MaTtemaTmaeckas (HOPMYIUPOBKA, 3TOrO BOMPOCA TPUBOIAT
K crenywomeMmy noaaTuoo. [logmuoxecTBo N mpocrpancTBa R™ Ha3bIBaeT-
ca Judepenyupyemo 06wvemaemo 00HOPOIHLIM, ECIA Oad A10ObIT IBYL MOUer
z,y € N cywecmsyem dugdpeomoppuzm h: R™ — R™ nepesodswuti x 8 y u
N 8 N. HenpepoisrOCTS npousBoguon guddeomopdusma h He mpeamoaara-
ercd.

Hamomuuwm, aTo mogmuox)ectBo N C R maswiBaercsa dugddepenyupyemvimn
nOOMHO2000pasuem, eCIu s T060u TOYKA & € N HAUAYTCA €€ OKPECTHOCTH
B R™, muddeomopdras R x R™* (oroxgecrsum ee ¢ RF x R™F) u mudde-
peHIupyemoe nHbeKTHBHOE oToGpaxenne ¢: RF — R™*  rpadux xoroporo
ects NN(RF xR™~*). (310 ompenenenne, yio6HOe 1A TOKAZATEILCTBA HIXKeE-
CIeYIOMEeN TeOpeMbI, PABHOCUIBLHO cTangapTHoMy [8].) Hampuwmep, rpaduk
mobon quddepenmupyemon pyuaknuu R — R asrgercs guddepeHnupyeMbivm
o MHOr006pasueM mIockocT R%, a 06pa3 KaHTOpOBa MHOXecTBa |8, 4.4]
MIpA MPOU3BOILHOM BJIOXKEHUN B IIOCKOCTH HE ABIAETCA AU dEpeHIuPYEeMBIM
o AMHOr006pasmeM miockocT R2.

Herpyauo mposepuThb, ¥T0 m1060€e quddepeHmupyemMoe moaMHOr006pasne
asrgerca audpPepeHnTnpyeMo 00BEMIEMO OJHOPOAHBIM. 3aMEIATEALHO, ITO
cripaBeIuBO u 0OpaTHOE.

TEOPEMA. Ecau N C R™ zamxuymo u dufdepenyupyemo 06bemaemo
00nopodno, mo N ssasemes dufdepenyupyemvim nodmmozoobpasuem [14,15].

Kpowme zagaau 2005-5, oTa TeopemMa mMeeT caepyrouee sneMenTapHoe (HO
HETPUBHAILHOE) CIENCTBUE: KAHMOPOBO MHONCECNBO He moHcem Obimb Jud-
Pepenyupyemo 06vemaemo 00HOPOIHO 8A0HEHO 8 NAOCKOCMb. [Ipyrue uHTe-
PeCHBIE CIeJCTBUA IpuBefeHsl B [16].

[loKa3aTeIsCTBO TeOpeMbl AHAJOTUTHO NPUBELCHHOMY DEIICHWIO 3a,TadH
2005-5. Cwm. [16], rae moxasaTerbCTBO mpolue Hpefto)eHHoro B [14,15].

PEIIEHUE 1 OBCYXX/JIEHUE 3A1A4YU 2006-4

Mokaxem yTBepxkjgeHue myHkTa (a). [Ipamas a(t) sagaercsa ypaBHEHUEM
a(t) = a(0) + ta/(0). Maa xpuson () umeem

() = v(0) + ty'(0) + gv”(o) +0(t?) uput— 0.
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YumreBas, aro «(0) = v(0) u o/ (0) = +'(0), moxyaaem

2

A0 + o) = L (0)] + o).

ply (1), (1)) i

I
=)
—

~
~
|
R
—
~
=
I

d2

OTkyna u cregyer TpebyeMoe paBeHCTBO 2

p(y(t), a(t)) = [7"(0)]-

t=0

Oreer x (b): 1.

Yr1o6bl IpUBECTH PEIeHnEe, HAMOMHUM CHAMAJIa CTAHIAPTHBIE (PAKTHI U3
reomerpuu Jlo6adesckoro (B mogenu Ilyankape HA BEPXHEU MOMYILIOCKOCTH
¢ xoopauaaTamu (z,y), rge y > 0), kKoTopsle Mbl OygeM UCIonb30BaTh. OHI
BXOIAT B mporpammy Kypca «Kmaccuweckas muddepennumanrbaas reoOMeTpus»
s Broporo Kypca mexmara MI'Y [1, 1.10.1]; [7, §3]; [6, §3]). Jauna xpuson
r(t) = (z(t),y(t)), t € [a,b], nHa mrockocTu JlobateBckoro B Mogenn Ilyan-
b\J2' (1) +y' (1)
kape (y(t) > 0) para [ +———

p y(t)

Moen mWIOCKOCTH JI06aIeBCKOr0 ABIAIOTCA (€BKINULOBBI) MOIYOKPYKHOCTH,
MEePHeH IUKYIAPHBIE OCA I, M BEPTUKAJIbHBIE moaynpamere y > 0. Paccrogaue
MEX [y TOIKAMHI MIOCKOCTH JI06AMEBCKOr0 ONpenenseTcsa Kak JINHA, OTPE3Ka,
OPSAMOM C KOHI[AMHU B DTUX TOYKaX (L€ CIOBA «JIAHAY U (IPAMAA» MOHIMA-
IOTCA B YKA3AHHOM BBHIIIE CMBICIE, T.€. B CMBICJAe reoMeTpun JI06a<eBCKOro).
ECJII/I paccMaTpUBAThH TOYKHA IIJIOCKOCTH JIO6a‘IeBCKOFO KaK KOMIIJIEKCHBIE YU-
CJlIa, € TOMOXUTEILHOM MHUMOU 9ACTBHIO, TO (POPMYIY IJIA PACCTOAHUA MEXKITY
TOYKAMU 2| U Zz3 MOXKHO 3alUCATH B ClegyomeM Buae [6, 3anada 3.31]:

dt. TIpAMBIME [ PACCMATPUBAEMON

|Z2 —§1|+|Z2 —z1|

p(z1,22) =In = .
|22 = Z1| = [22 — 21

[lepengem k pemenuio nyakrta (b). B xoopaumarax (z,y) kpusas ~y(t)
umeet Bug y(t) = (¢,1). deucrurenbuo, o6pa3 >TOM HapaMeTPU3OBAHHOU
KPUBOU KAKOW HyXHO, & €€ mapaMeTp paBeH jawHe nyru. KacaTerbHas mps-
mas (JloGaueBckoro) «(t) (x xpusou 7y(t)) B paccMaTpUBAEMON MOIENY B
eTca MOTyOKPYXHOCTHIO z2 + y? = 1, y > 0. Borucaus gamay Iyru »Ton
HOMyOKPYXHOCTH B MeTpuke JI06a9eBCKOro, HAWAEM €€ TapaMeTpPU3AIWo:;

t) B (e2t -1 2 )
a(t) = 212t 1)

Vcmonb3ya OIpuBeIeHHYIO BBIMIE (GPOPMYIY IIA PACCTOAHAA MEXIY TOTKA-
MU, MOXHO ABHO BbIpa3uThb p(7y(t),a(t)) depes t. Ilockonbky HamM HyXHA He
cama oTa (PYHKINA, & JTAIIL €€ BTOPasA MPOU3BOIHAA B HYJIE, MOXKHO YyIIPOCTATH
BLIYUCIEHUS, PACKIAABIBAA (1) B PAL TO ¢ 1 OTOPACHIBAA WIEHBI TOPAIKA BbI-

me 2. Hoxytaem a(t) = (¢,1— %) + o(t?). OTcrooga

p(r(0).a(t)) = In(1 = L) +0(t?) = £ 4 o().



Crygendeckue OMUMONA LI 0 TEOMETPUU U TOMOJOTHHA 139

d2

B uTore noaydaem oTBeT: yrel A p(y(t),a(t)) = 1.
1=

KOMMEHTAPUN. KpruBusaa KpUBOU B €BKJIUIOBOM MTPOCTPAHCTBE OOBIY-
HO ONPENenIeTCa KaK MOAYIb BEKTOPA YCKOPEHUA TOYKU, NBUKYIIEACA BIOTh
DTOU KPHUBOX C ENUHMIHOM II0 MOMAYJII CKOPOCTBIO. A KakK OIpeNelnTh
KPUBM3HY KPWBOW B (HEEBKJIMJOBOM» MPOCTPAHCTBE (T.€. B MPOCTPAHCTBE C
HEEBKJIMOBOU PUMAHOBOU MeTpukon)? MoXHO m 31€eCh ONpenennTs ee Kak
MIVHY BEKTOPA YCKOPEHMA TOYKM, ABUXYIIEUCA BAOIL dTOM KPUBOU C €IH-
HAYHOU IO MOIYJIIO CKOPOCTHI0. HO [id 3TOT0 HALO MO-HOBOMY OIPENEIUTh
camy omepanmio audg@epeHnupoBaHuA B 3TOM npocrpancTse. OKasbBaeTcs,
HEMb3A OMPEIEIUTh BEKTOP YCKOPEHMS KAK BEKTOP C KOOPAWHATAMU, PAB-
HBIME BTOPBIM MPOW3BOIHLIM KOOPAUHAT TOYKM TO Bpemenu. Omupenenenue
«IIPABWIBHOMY — K08apuanmuot — onepanyuu auddeperunuposanus cMm. B [10],
[1, 1, §§ 28,29], [12].

B samaue 2006-4 mpegmaraerca eme OgHO (MeHee DACIPOCTPAHEHHOE)
ompefeneHre KpUBU3HbI KpuBOK. [[yHKT (a) Juimb mOKa3bBaeT, ITO B OOLIY-
HOU CHTYaIluu 3>TO ONPENeNeHre PAaBHOCUALHO OObraHOMYy. A B mymkTe (b)
MPEIATAeTCA BEIYUCAUTD MO STOMY OIPEAETeHII0 KPUBU3HY KPUBOU JIA KOH-
KpeTHOro mpuMepa (6e3 UCIoab30BaHus GOpMyI KOBADUAHTHOrO nuddepeH-
nuposaaua). OTMETUM, ITO TOYHO TAK XK€ KPUBU3HA KPUBOM MOXET OBITH
ompeneneHa B JI060M MPOCTPAHCTBE ¢ PUMAHOBOU METPHUKOU.
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