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B nonckax yrpadeHHOil anredphbi:
B HallpaBjeHuu [aycca*
(mobopka 3a1a1)

I1. FO. Koznos A. B. Ckonenkos!

Listeners are prepared to accept unstated (but hinted)
generalizations much more than they are able. . . to
decode a precisely stated abstraction and to re-invent
the special cases that motivated it in the first place.

P. Halmos, How to talk mathematics

BBEJEHUE

TrOPEMA I'Aveca. V' Kaavkyasmop (svruucasrowutll wucsa ¢ abcoaoms-
HOT MOYHOCMBIO) UMEE, KHONKY

1, +, — X, : wu f
(u HE02PaHUYEHHYMIO naMﬂmb). Ha IMOM KAANBKYAATOPE MOHCHO BbLHYUCAUTND

2
YUCAO COS — Mo20a U MoavbKo mozada, Kozda n = 2%p1 -...-py, 2de p1, ..., P —
n

S
paszausHoble npocmoie wucaa suda 22 + 1.

*TonHbIl OOHOBJIEMbI TEKCT HAXOIUTCS I10 aJPecy:
www.mccme.ru/circles/oim/materials/construc.pdf

tacrrano nognep:xan Poceniickum Ponnom Dysnamentansueix Ncenenosanmii, ['pan-
Tl HOMep 05-01-00993, 07-01-00648a u 06-01-72551-NCNILa, I'pantamu IIpesunenra PO
HIII-4578.2006.1 u MJ1-4729.2007.1, a rakxke crunenjueit I1. JlesmHs, ocHOBaHHON Ha €ro
IIpemun Banpzana 2004 rosa.

Ylepedopmyanposka Teopemsl Iaycca B TEPMUHAX MOCTPOMMOCTH IAPKYJ/IEM M JHHEHKOM
PABUJIBHBIX MHOTOYTOJIBHUKOB IIPUBOJUTCS HUXKE (CM. OTCTYIJICHHE) W HE UCIOJIL3YeTCA B
ocrasbHOM Tekcre. Vcropust 9T0ii 3HamMeHnTOll Teopembl npusoxurcs B [6]. Crporo roeo-
ps, TeopeMa [aycca He jaeT HACTOSINErO peIeHHs IPOBJIEMbI TOCTPOUMOCTH TPABUJILHBIX
MHOTIOYTOJILHIKOB, TIOCKOJIBKY HEM3BECTHO, KAKHe InC/Ia Buja 22 + 1 SBIISIOTCS TPOCTBIMIL
Opxnako Teopema [aycca jaer, HapuMep, MOJIMHOMHUAJIBHBINA AJI'OPUTM BBISCHEHUS [TOCTPO-
MMOCTH TIPABUJIBHOTO N-yTOJbHUKA (7 38/IaHO JECATHIHON 3aInChIO).

MaTemaTuueckoe npocsetuetue, cep. 3, sbin. 12, 2008(127-143)
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B sr0it 3aMeTKe npeiaraeTcs HAOPOCOK AAEMEHMAPHO20 OKA3AMEABCMEA
npusedenrott meopemuv,.. OHO He UCHOJIB3yeT TEPMUHOB «rpyina [amyas (m1a-
JKe TOHSITUSI «IPYIIay) U «I0Je» (J0Ka3aTeJbCTBO HEBO3ZMOKHOCTH HCIIOJIb-
3yeT KBaJIpaTHYHble PACIHIUPEHUST TOJBKO MHONHCECMBA PAUUOHANDHBIT YUCEN).
HecMoTpst Ha OTCYyTCTBHE 3THX MEPMUHOG, Udeu TPUBOAUMBIX JOKA3aTEIbLCTB
SBJISIOTCE 0MNpasHvLmMy Ui Teopun Lasya,?) koropasi (BMecTe ¢ Teopueit
[PYIII) HOSBUIACH B OIBITE 2PYNNUPOSKU KOPHEH MHOIOWIEHA, ¢ MOMOIIBIO
KOTOpOI UX MOYKHO BBIPA3UTH depe3 pa,ZLI/IKaJIbI.S)

Ham kaxkeTcst, 9T0 UMEHHO ¢ HO6bx udetl, a He ¢ HeMOMUBUPOSAHHIL ON-
pedeaenutl, IOJIE3HO HAYUHAMb U3y IeHHe 1000l Teopun. Kak nmpasuio, Takue
naen HauboIee APKO BHIPAXKAIOTCA JTOKA3ATEIBCTBAMHY, IIOJTOOHBIMY ITPUBEICH-
HBIM 3/1eChb. BoJjiee moapobHO 3T0 00cyKTaeTcs B puiocodpCcKoM OTCTYIIEHNN,
KOTOPOE COJIEPXKUTCSI B TIOJIHOM TEKCTE 3aMEeTKU (CM. IPUMEYaHNe K 3arIaBuio
CTATHH).

IIprBOAMMEBIE HOKAZATEILCTBA USBECTNHDL 6 MAMEMATNUYECKOM BOALKAODE,
OJIHAKO aBTOPaM He YJAJ0Ch HAfiTH WX B sIBHOM BHUJE B JiuTeparype (Kpome
BTOPOI'O JIOKA3ATEIHCTBA HEBO3MOXKHOCTH B Teopeme [aycca [3]).

DJIEMEHTApHOE NOKA3ATEILCTBO 603MONCHOCTIU OJIA N = 17 NPUBOINTC B
[6,9,13,15,16]. dust obero ciaydasi oHo HamedeHo B [4,6], rue sicnocTu jokas3a-
TEJIHLCTBA HEMHOTO MEIIAeT MOCTPOEHNE OOIIell TEOPUH BMECTO J0KA3aTEIbCTBA
KOHKPETHOro pe3yiibrara.?)

Hesosmooicrocmv B Teopeme aycca e nokazana sisuo B [4]. Onnaako nep-
BOE JIOKA3aTeJIbCTBO HEBO3MOXKHOCTU B Hacrosiell 3amerke (cepust D) ocho-
BAHO Ha HJIesIX U3 [4] 1 09TOMY €ro MOYKHO HPUHSITH 3a paccyzkieHue [aycca.
DJIeMEHTAPHOE U3JIOKEHHE UIeU HE3JIEMEHTAPHOI'O T0KA3ATEIbLCTBA HEBO3MOXK-
HocTu TpuBouTes B [8]. [okasaresbcTBa HEBO3ZMOXKHOCTH B TeopeMme [aycca
SABJISIIOTCS AJIT€OPANIECKUM BBIPAYKEHUEM TON Uen «pa30ueHust pereHnii Ha
napbl». IIpocroe J0Ka3aTeibCTBO Hego3modtchocmu u3 |3, rii. 5| HamedeHO B
cepun E (ormmiane mpuBoaRMOro n3J/102KeHUst B TOM, YTO HEOOXOAUMBIE TOHSATUST
He BBOJIATCS HEMOTUBUPOBAHHO BIIPOK, & €CTECTBEHHO IOSBJISIOTCA B IIPOlecce
pasMbliIeHns HaJl npobsiemoii). Erie oiHO 10Ka3aTe/IbCTBO HEBO3MOXKHOCTH,
Bo3HEKIIECe B xoie obcyxkaenuii ¢ A. f. Kanenem-BenosbiM, npusogurcs B
NPUJIOXKEHUU B IOJHOM TEKCTe. 110 CyTH BCe JOKA3aTeNbCTBA OYEHB OJIM3KH.

[epe moKazaTebLCTBAMI HEBO3MOXKHOCTH B TeopeMe ['aycca HeKOTOpbIe nX
Ujien JIEMOHCTPUPYIOTCsI 110 OJIHOM U Ha mpocrefimux npuMepax (cepust C). Dru

DKouedno, omnpasivie UaeH OGO TEOPUH He HCIEPHLIBAIOT 6CET €€ UIACH.

3) ByJsibrapHo, HO SIPKO, 9TH HJeH MOYKHO BBIDA3UTh [EBH30M 2pYnnupyli U 64acmeyt i
06BedunAl U eaacmsyl.

4) ABTODBI JIMIIb TOTOMY TIO3BOJISIOT CeGe JAHHOE 3aMEUaHNUE 110 TOBOLY M3JI0KeHus B [4],
YTO IPEKJIOHSIIOTCS ITepej], BeJmdaureM [aycca, HauaBIero My Th B HAyKy C TPYIHERIUX pas3jie-
JIOB YMCTOW MaTeMaTUKH, & 3aTeM MHOTO 3aHUMABIIETOCS TIPUIOYKEHUSIMA U [TPEBPATUBIIIErO
OJINH U3 paszesioB reorpadun B pa3ies MaTeMaTUKH.
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[IPUMeEPBHI JIAI0T PellleHne KJIACCUYeCKUX 3a/1a4 JPEBHOCTH 00 y/IBOEHUHU Kyba u
TPUCEKIIUH YIJIa, KJIABIINX CBOET'O PEIIEHHd JIBa ThicadeseTnsd. IIpuBomumoe
usoxkenne ocuosano Ha [10,12]; oHO HeMHOrO GoJlee KOPOTKO M SICHO 3& CUeT
TOrO, 4TO HE UCHOJIb3yeTcs TepMuH «iose». Cp. [5, §4.19].

[TpuBoaumbIe cepun 3aj1a4 (B 9aCTHOCTH, JIOKA3ATEIHCTBA BO3MOKHOCTU U
HEBO3MOXKHOCTH) HE3ABUCHMBI JIPYT OT Jpyra. B gokasaresbcTBax MCHOIb3Y-
€TCs oIIpejie/ieHue IIOCTPOUMOCTHU U3 BTOPOT'O OTCTYIIJICHUA 1 3KBUBAJICHTHOCTD
TeopeMbl ['aycca aHAJIOMMIHOl TeopeMe JJIsl KOMNAEKCHO20 KATbKyasiTopa (3a-
nada A4).

JokazaTenbcTBa MPEJCTAB/ICHBI B BUJIE IIUKJIOB 3aja4 (GOJIBIIMHCTBO 3a-
Jad cHAOXKEHBI YKa3aHWsIMI WM pereHusMu). Pemenne 3ama4d norpebyer ot
MHOI'HIX YpTaTeell yeuianii (BIpodYeM, ONBITHBIH MaTeMaTHK, He 3HAKOMBIH C
Teopueit ['asya, ¢ JIErKOCTHIO BOCCTAHOBUT PEIIEHUS 110 IPUBEIEHHBIM YKa3aHN-
sIM WIH 1azke 6e3 Hux). OIHaKOo 971 ycusnst Oy Iy T CIIOJIHA OIPABIAHBI T€M, ITO
BCJIEJ 38 BEJIUKUMHU MAaTEeMaTUKaMU B IMPOIECCe U3YUEeHUsT WHTEPECHOH Ipob-
JIEMBI YATATEIb MO3HAKOMUTCS C HEKOTOPBLIMU OCHOBHBIMU HUJI€SIMH aJreOphl.
Haneroch, 970 TOMOXKET YUTATEIO COBEPIINTH COOCTBEHHBIE HACTOJIBKO XK€ 10~
JIE3HBIE OTKPBITUSA (He 0bs13aTEeTHHO B MaTeMaTI/IKe)!

OBLL[EE SAMEYAHHUE K ®OPMYJ/IMPOBKAM 3AJIAY: €C/I1 yCJOBHE 3aJJa91
SIBJISIETCST YTBEPIKJ/ICHUEM, TO B 3a/a1de TPeOYeTCs 3TO yTBEPKICHNE TOKA3ATD.

[IpeBapuTenbHast BEpCus 9TON 3aMeTKU MpecTanisiiach A. Benosbiv-Ka-
weneM, I1. epratom n aBTOpaMu B BuIe IUKJa 3amad Ha Jletreit Kondepen-
nun Typuupa l'oponos B aBrycre 2007 r. CokpallleHHBII aHTJIHACKUI TIepeBo/]
(Bommosnmennsiit I1. Jepragom u A. CKOIEHKOBBIM) JOCTYIEH B HHTepHETE?),

B 370it 3aMeTKe HCIIOJIb30BAHBI MATEPUAJIBI 3AHATHI CO IIKOJBHUKAME 110
3JIEMEHTApPHOMY JI0Ka3aTeIhCcTBY TeopeMbl [aycca, koTopbie e A. C. Toso-
Banos, A. . Edbumos 1 Bropoii arop. Anasornunnie 3anarus sean A. 91, Be-
snos-Kanenn, . . Bornanos, I'. P. YennokoB u, Bo3moxkHo, Apyrue. Mbr Oj1a-
rojapuM ux Bcex, a Takxke . B.Bunbepra, M. H. Bsamoro, II. A. /lepraua,
A. A. Kaznaueesa u B. B. [IpacosioBa 3a noJiesabie 06Cy K IeHMS.

OTCTVIIJIEHUE: CBSA3b C IIOCTPOEHUAMU LIUPKYJIEM U
JINHENKOW

Al. Vcnosb3ysi OTpe3Ku JIUHBL @, b U ¢, MOXKHO TIOCTPOUTH ITUPKYJIEM U
JIMHEHKOI orpesku jymHbl a + b, a — b, ab/c, v ab.

BGHIGCTBGHHOE YUCJIO Ha3bIBACTCA NOCMPOUMDIM, €CJIN €0 MO2KHO IIOJIy-
YUTH Ha Hall€eM KaJIbKYJIsATOpe (T. €. IOJIy9YUThb U3 1 IIPpU ITIOMOIIMN CJIO?KEHMI,

%) Cm. www.mccme . ru/circles/oim/materials/constreng.pdf
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BBIUYUTAHUS, YMHOYKEHUS, NeJIeHUs U U3BJIEYeHNs KBaJIPATHOTO KOPHS U3 TI0-
JIOXKUTEJIbHOTrO uncia). Hampumep, ducia

14+v2, “V2=1/v2, /2v3, Va+V3, 142, fﬁ n cos3°

IIOCTPONMBI. HpO IIocJjgaeJHue JABa YMCJjia 9TO HE COBCEM OYEBHIHO.

A2. JIroboe MoCTporMOe IUC/I0O MOYKHO ITOCTPOUTH IUPKYJIEM U JIMHEHKOI
(astee coBa «IUPKYJIEM U JIMHEHKON» OIyCKaroTcs).

Dror npocToii (BbiTekaronumii u3 Al) pesysibrar ObLT H3BECTEH eIIle JIPEBHUM
rpekam. OH TI0Ka3bIBAET, Y4TO U3 6bLLPA3UMOCTIU ducaa cos(27/n) B Teopeme
laycca BbITEKAET MOCMPOUMOCT® IPABUIILHOTO N-YTOJLHUKA.

A3. Ocnosnas meopema meopuu seomempuyeckux nocmpoenuti. Obpar-
HOE TOXKE€ BEPHO: €CJIM OTPEe30K JJIMHBI ¢ MOXKHO IOCTPOUTH ITUPKYJEM U JIH-
HEWKON, TO YUCJIO G TOCTPOUMO.

Dror HecsIoKHBII pesysbrar |9,14] (jokazanHbil jmimb B 19-M Beke) MOKa-
3BIBAET, 9TO U3 HEBHPA3UMOCTIU B TeopeMe ['aycca BBITEKAET Henocmpoumocms
COOTBETCTBYIOIIUX 71-YTOJLHUKOB.

JList ero 0Ka3aTEILCTBA PACCMOTPHUTE BCE BOZMOXKHBIE CJTyUIaH MOSBICHUST
HOBBIX 00bEKTOB (TOYEK, IPSMBIX, OKpYy2KHOCTEl ). [Tokaxkure, 4T0 KOOpIMHA-
TBI BCEX IMOCTPOEHHBIX TOYEK U KOIMDPUIINEHTHI yPABHEHNN BCEX MPOBEIEHHBIX
IPSIMBIX U OKPYYKHOCTEH s1BJIstioTcst ocrpoumbivu. Cwm. gerasu B [9,10,12,14].

OrnpeiesieHne KOMNAEKCHO NOCMPOUMO20 KOMILIEKCHOTO THCJIa AHAJIOTUIHO
OIPEJIEJIEHUIO TTOCTPOUMOI'O BEIECTBEHHOTO YHMCJIa, TOJbBKO KBaJIPATHBIE KOP-
HH W3BJIEKAIOTCS U3 IPOM3BOJIBLHBIX YK€ BBIPAYKEHHBIX YUCE U KOMILIEKCHO
ITOCTPOUMBIMU CUUTAIOTCS 00a 3HAYEHUs] KBAIPATHOI'O KOPHSI.

A4. KoMmmjekcHOe InCI0 KOMIIEKCHO TIOCTPOUMO TOTIJIa W TOJBKO TOT/IA,
KOTJIa €r0 BElIeCTBEeHHAsI U MHUMAasi YacTH (BEIeCTBEHHO) MOCTPOUMBI.

Vraszanue: Ecim va + bi = u + vi, T0O u,v BbIpakaioTcs 4depe3 a u b ¢
ITOMOIIBI0 apuPMETHIECKUX OMEPAInil U KBaIPATHBIX PaIUKAJIOB.

ITo 110BO/LY HEBBIPA3UMOCTH BEIECTBEHHBIX UHCE] YePe3 BEleCTBEHHbIE
(mostoKUTEIIbHBIE) 3HAYEHUS] KOPHEl IIPOM3BOJILHON 1esI0i cTereHn (U3 moJio-
JKUTEJIbHBIX uncest) cM. [2].

Ab5. Ecam npaBUIBHBII mn-yroJbHAK TOCTPOUM, TO W NPaBUJIBHBIA 171~
YTOJIbHUK TIOCTPOUM.

A6. TlpaBuibHble 3-yrOJbHUK U 5-yTOJIHHUK MTOCTPOVMBI.

AT7. Ilpapunbublit 120-yroybHuK mocrpouM. Vi, sKBUBaJEHTHO, YTOJI 3°
[IOCTPOUM.
Vrasanue: Eciin He TOIyvYaeTcsi, TO CM. CJAEIYIOIINE 33 a4,
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AS8. Eciau upaBUIbHBI M-yTOJbHUK I[OCTPOWM, TO U NPABUJIbHBIN 27~
YLOJIBHUAK IIOCTPOUM.

Vrazanue: Tlomydaercs mejeHneM yrja MOMOJaM WX IpUMeHeHueM (hop-
MYJIBI IIOJIOBUHHOI'O yTIJIa.

A9. Tlycts mpaBUIbHBIE 1~ U N-YTOJBHUKHA MOCTPOUMBI, IIPUYEM UHCJIA
m U n B3aUMHO TPOCThI. Torma MpaBUIBHBIN MN-YTOJBHUK TTOCTPOUM.

Yraszanue: Tak Kak m 1 N B3AUMHO TIPOCTBI, TO CYIECTBYIOT IEJbIE a, b
Takue, 9ro am + bn = 1.

JIOKA3BATEJIbCTBO BO3MOKHOCTU B TEOPEME ['AVCCA

Herpymao mokazarh Bo3MokHOCTE B Teopeme [aycca ms n < 16.
Zoxasamesvcmeo 6osmosicnocmu 6 meopeme Laycca das n = 5. Bugnmo,
IIPUBOIUMBII CITOCOD CJIOXKHee IpuyMaHHoro Bamu. 3aTo u3 Hero Oyaer Bu/I-

2
HO, UTO JejaThb B obiieM ciaydae. JlocTaToOvYHO BBIPA3UTH YUCTO £ = COS = +

+4sin %ﬁ Cpa3y 9To cZiesaTh TPYIHO, TIOITOMY CHAYAJIA TOCTPOUM HEKOTODBIE
MHOTOUJICHBI OT €. MpI 3HaeM, uto € 4 €2 + 3 + 4 = —1. ITosromy
(e+eMEE@+ed)=ct+?+8 4+t =1
O6o3Ha9nM
Ag:=c+etum A =2+ &5,

Tora 1o Teopenme Buera uncia Ag u Ay SIBIAIOTCS KOPHSME ypaBHEHHsT t2 +1 —
— 1 = 0. ITosromy moxuO Bbipazuth Ay (u Ap). Ilockosbky € - et =1, To o
Teopeme Buera uncia ¢ u £* apnsiorcs kopuamu ypasuenns t2 — Aot +1 = 0.
[TosTOMY MOYKHO BBIPA3uTh £ (1 £t).

B1. Ecan uucmo 2™ + 1 mpocToe, To m — CTeNEHb JTBONKN.

Hoes doxasamesvcmea nocmpoumocmu 6 meopeme laycca. HocraTrodmro
2 . . 27

BBIPA3UTh YUCIO € = €OS — + isin = jyist upocroro n = 2™ + 1 (torma m
n n

00s13aHO OBITH CTEIEHBIO JBOMKN).
Cuadajia xoporro Obl pa3duTh CyMMy

etei4 el =1

Ha J1Ba ciaraeMbix Ag u A, npouseederue KOTOPBIX TIOCTPOUMO (MHBIMHE CJIOBA-
MU, C2PYNNUPO8aMd XUTPHIM 00pa30M KOPHU yPABHEHUS 1+e+e2+. e =
= 0). Torma Ag u A; nocrpoumsl 1o Teopeme Buera. 3arem xopomio 6bl pas-
ourh cymMmy Ag Ha naBa ciaaraeMbix Ag = Agg + Ag1, IpousBeneHne KOTOPBIX
[IOCTPOUMO, U aHAJOru4HO pas3burs A = A9 + Ai11. U Tak jpajee, nmoka He
ocrpouM Ag.. o = €.
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OnHako mpuyMaTh Hy>KHBIE IPYIIIIPOBKU KOpHEN ypapHeHus 1+ ¢+ g2+
+oten =0 COBEPIIIEHHO HETPUBUAJILHO U BO3MOXKHO He Jjid BceX n. Kak
9TO MOXKHO IPUJYMaTh, OMUCAHO B |7]. 3/1ech mpuBeieM JINIb OTBET, KOTOPBIi
O4Y€Hb IIPOCT.

Teopema o nepsoobpaszrom xopre. s 000ro MpoCTOro p CyIIECTBYET
YHCII0 ¢, U1 KOTOPOTO OCTATKH OT JIeJeHns Ha p duced g, g%, ¢>, ..., Pt =1
PAa3IMIHEL.

Kax crponth mykHBIE I'PpynnupoBKH, BuaHo u3 3ajad B3a, Bda um Bdc
HU>KE.

B2. Jlokxazameavcmeo meopemor 0 nepsoobpadrom xopue. Ilycts p mpo-
CTOE U @ He JIEJIUTCS Ha P.

(a) p — 1 memmurcs ma HamMenbimee k > 0, 1t kotoporo a® = 1 (mod p).

Vikasanue: ncnonbsyiite maayio Teopemy Pepma.

(b) st 106BIX 11€51bIX N U @ cpaBHeHue ' = a (mod p) umeer He Gosiee n
pelenuii.

(c) Ecm p — 1 memurest na d, To cpasnenne z¢ = 1 (mod p) mmeer posmo d
peliennii.

(d) Jokaxure Teopemy o mepoobpasnom Kopae yist p = 2™ + 1. (Toabko
9TOT YACTHBIN cirydaii Hy»KeH Jjijist TeopeMbl [aycca.)

(e)* Hokaxkure TeopeMy O mepBoobpasHOM KopHe Jyist p = 2™ - 3™ 4 1.

(f)* Jokazkure TeopeMy O mepBOOOPA3HOM KOPHE JISI NPOU3BOALHOZO TIPO-
CTOrO P.

(g)* Bepno ju, 9To yncsio 3 sBJIsieTcs: HepBOOOPA3HBIM KOPHEM TI0 MOJLYJIIO
Jiroboro mpocToro uncia suma p = 2" + 17

Haunnas ¢ sToro Mmomenta p = 2™ 41 > 5 — npocroe qncio u g — (1060ii)
1epBOOOPA3HbLl KOPEHb [0 MOJLYIIIO P.

B3. (a) [Honoxum

2 4 6 2™ 1 3 5 2Mm 1
AO::gg 4+e9 +&9 4+ ... 4 &9 n Al::E‘g 4+e9 49 4.4 &9

p—1
Joxkazkutre, uro AgA1=— 0 (Cremyrorue 3a1a9u sIBJSIOTCS MOICKA3KAMI. )

p—1

(b) ¢* + ¢ = 0 (mod p) Torma u ToNBKO TOrmA, KOorma k — [ = 5

(modp —1).
2m
(c) ApA1 = > €°als), re afs) pasuo uunciy pemenuii (k,[l) (B BbIIeTax
s=1

1o Mojtysmio p — 1) cpasrenus g2* + g2+ = s (mod p).

(d) a(s) = a(gs).

(e) a(s) ue 3aBucur or s =1,...,2™.
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B4. (a) ITonoxkum
A i=e9 46 +e9 4. 46 u Agi=el 4+ 4690 4o g8

Hokaxkure, IITO ApAor = sAg + tA] Ui HEKOTOPBIX IEIBIX YHCed S U ¢
(s+t= %) (Cieytomast 3a/1a9a sIBJIAETCS MOICKA3KOIL. )

(b) Cpasnenne g** + ¢4*2 =1 (mod p) umeer crospro xe pemenuii (k, 1)
(B BBIYETAX 1O MOyIO p — 1), ckombko cpasuenue g*F + g4*2 = ¢2 (mod p).
(c) IMomnoxum

om _q

gt ® 9 g2 g 9" | gt g
A i=¢9 +¢9 +¢% +-- - +¢ n Ajp:=¢% +ev 4+ +---+¢

Hokaxkure, uro AjgA11 = uAg + vA] I HEKOTOPBIX TEJBIX YUCET U U U
p—1
ut+v=-——-).
( 1)
(d) BakoHumTe JOKA3aTEIHCTBO BO3MOXKHOCTH B Teopeme [aycca.
B5. Haiijiure IBHO BbIpakenue depe3 KBaJPATHBIE PAJUKAJBI IHCIIA

(a) Ap u3 zamaxm B3a.  (b) cos % (c)* cos % (d)* cos

Y

65537

IIpu nomousu MPpueederHHo20 MEMOAA U KOMNBIOMEPA MY 3404y MOHCHO
pewums 6vicmpo, HeCMOTPs Ha ciieyontyio ucroputo [11]. «Oqun coaumkom
HaBSA3YMBLINA acIUpPAHT JOBEJ CBOErO0 PYKOBOIUTENSI JO TOTO, 9TO TOT CKa3aJl
eMy: , Jinure u paspaboraiiTe OCTpOEHNE IPABUILHOIO MHOIMOYIOJILHUKA ¢ 65
537 cropoHaMu’. AcnupaHT yIAJIUJICsS, 9TOOBI BepHYThCs depe3 20 JeT ¢ co-
OTBETCTBYIOIIUM [IOCTPOEHHEM (KOTOpPOe XpaHUTCs B apxuBax B [errunrene).»

3AMEYAHUE. [locTpomMocTh MOXKHO JIOKA3bIBATH 110 TOMY »Ke ILIaHy 0e3
HCIIOJIL30BaHUs KOMILIEKCHBIX 4mnces. IIpuBemeM ykasaHue mjisl ciaydas IIpa-
BustbHOrO 17-yrompauka. Ilonoxkum ap = cos(2mk/17). Torma ap = aj7—g,
2apa; = agy;+ag—may +ax+az3+---+ag = —1/2. CuHadaJjia BBIPa3UTE
a1+ as +aqg+ag u az + as + ag + a7. 3areM BuIpasuTe ai + a4, as + as, az + as
u ag + a7. Hakoner, Beipasure a;.

VYKA3AHUS U PEHIEHUSA K JOKASBATEJILCTBY BO3MO>KHOCTHU
Vxasanue x B1l. Eciu n meuerno, 1o 28" 4+ 1 gesmures ma 28 + 1.

Viasanue x B2b. lokaxkem Gosiee obliee yTBEP:KICHUE: MHO20UAEH CINE-
nenu . He Mostcem umems boaee n Kopreli 6 mnoscecmee L/ pl 6viuemos no
M00Y10 p (6 KOMOPOM UMEIOTNCA ONEPAUUL CAOHCEHUA U YMHOHCEHUS NO MO~
Y10 ). 311eCh MHOTOYIEHOM HA3bIBAETCS OECKOHEUHDIH YIIOPSIOYeHHbIH Ha-
60p (ag,---,an,...) BBIYETOB 110 MOJLYJIO P, B KOTOPOM JIMIIb KOHETHOE YUCIIO
JIEMEHTOB OTJIMYHO OT Hyﬂﬂ. O6]:)I“IHO MHOT'OYJICH 3allUChIBACTCA B BUJIC G —‘r
a1+ - +apx® (ecim apyq = apyo = --- = 0). Dra 3ammuck 1aeT OTOOPAIKEHIE
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Z/pZ — 7/pZ. Byapre oCTOPOXKHBI: Pa3HBIM MHOIOYJIEHAM MOXKET COOTBET-
CTBOBaTb OJHO U TO Ke oToOpakeHue. Koprem MHOTOUIEHA ag+ a1 X+ - -—|—aka:k
Ha3bIBAETCd TAKOW BBIYET T 110 MOMAYJIO P, 4YTO ag + a1Tg + -« + akxlg = 0.

[Tycrs muoOrowien P(z) creneHu m MMeeT Pa3jnYHbIE KODHU X1, ..., ITn,
Zp41 B MHOXKeCTBe BbrueToB Z/pZ. Ilpencrasbre ero B BUjIE

P(z) =bp(z—21)-.. .- (x—2p)+bp_1(z—21)-. . .- (x—2p—1)+ - -+ b1 (x—21)+bo

(«urmepnossyus Horomona» ). TlocienoBareibHO TIOJCTaBIIsIs B CPABHEHUE
P(x) = 0 (mod p) BBIYETBI T1,. .., Ty, Tptl, TOAYIUM by = by = -+ = by =
= b, =0 (mod p).

To ke camoe perrierHne MOXKHO 3amucarb u Tak. [lycts P — MHOrOUYJIEH.
Torna P — P(a) = (z — a)@Q Jy1st HEKOTOPOro MHOTOW/IeHa () CTENeHN MeHbIIle
deg P. Tlostomy eciu P(a) =0, o P = (z —a)(Q 115 HEKOTOPOTO MHOTOIEHA
Q crenienu menbiie deg P. Tereps TpeGyemoe B 3ajiade yTBEPKIEHNE JTOKA3bI-
BaeTCsl MHJIYKIUEH 10 CTEINEeHN MHOrO4YIeHa P ¢ UCIOJb30BAHHEM TPOCTOTHI
qUCIa P.

Iepsoe yrasanue x B2c. Bamersre, uto Muorowten rP~ ! — 1 mmeeT poBHO
p— 1 KOpeHb B MHOYKECTBE BbIUETOB 7 /pZ W JIeJINTCsT Ha z%—1. Jlokaxkure, 94T0
€CJIM MHOT'OYJIEH CTEIIEHU ¢ UMEET POBHO a KODHEW M JEeJIUTCHA Ha MHOIOUJIEH
cTerenu b, TO 3TOT MHOTOYJICH CTEIeHU b uMeeT POBHO b KOpHEii.

Bmopoe yrazanue x B2c. Ecian p = kd, To mst moboro a cpasrenne y* =
= a (mod p) umeer He Gostee k pereHwuit.

Vrasanue x B2d. Ecian nepBoobpasHoro KopHs HET, TO 110 2a CpaBHEHHE
m—1
x? = 1 (mod p) mmeer p — 1 = 2™ > 2™~ pemenmnit.

Vrasanue x B2e,f. Ananormuano B2d.

Samevarue x B2f. U3 cymecTBoBanus mepBooOpPa3HOr0 KOPHS JIETKO BbI-
BecTH, 9T0 st p— 1 = p{t-.. .- pzk KOJIMYIECTBO 11epBOOOPA3HBIX KOPHEN PABHO

1 1
p-1)A-=)...-(1=—=)=p{-1).
p1 Pk
Vrasanue x B3c. Packpoiite ckobKu u crpynnupyiite paBHbIE cJiaraeMmble.

Viasanue x B3d. Ecim (a,b) — pemenne cpasmennsi g2% + ¢+l = s
(mod p), 1o (b+ 1,a) — pemenue cpasuenns g2¢ + g%+ = gs (mod p). Ecim
(a,b) — pemenue cpasuenns g2F + g2+ = gs (mod p), To (b, a — 1) — pemenue
cpasrerus g2F + g2+ = s (mod p).

Ykasanue x Bbc. (Hammcano ¢ ucnosnb3oBanueM perennst 3ajaun 4d u3
http://www.turgor.ru/lktg/2007/5/index . php, upeacrasiennoro E. JIykn-
suioM, yaeaukom OMJI 239 r. Cankr-IlerepOypra, u B. CokosioBbiM, y4aeHU-
koM rumuasnu Ne261 r. Cankr-IlerepOypra.) ITosoxkum

2m—ac—1
Q0. i =020+ 0027w Ay, = Y

s=1

—_— 1
—10mzw+521+
9
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TOF;L& Aio...uO + Aio...ixl = Aio---ix' HpI/I Tr < M UMeeM

2m
Aig.in04i. i1 :Za(s)ss = g bjo...jxAjo..j I HEKOTOPBIX bj, . j, € Z.
s=0 (]O]z)

31ech B niepBoM paBeHcTBe «S) paBHO umciy pernenuit (k,[) (B BbIUeTax 110
MoyJTio p — 1) cpaBHeHUs

—i0..dg+k25T1 +gfig...iz+l2$+1+2“”

g s (mod p).

ITo B3b a(0) = 0 npu z < m. Amamormano B3c a(s) = a(sg?"). Orciona
BBITEKAET BTOPOE PABEHCTBO.

[TOATOTOBKA K JOKABATEJIbCTBY HEBO3MOYKHOCTHU B TEOPEME
I'aycca

C1. He cymecrByer palioOHAIBHBIX GHCEN a, b, ¢, d, J/Is KOTOpBIX /2 =

@atvh a-vh () i (a+vhiva (©a+Vh+
+ve+Voe, () a+Vb+e  (2) a+ Vb4 e+ V.

Vrasanue x Clc. JOMHOXKBTE HaA COIPSIKEHHOE.

C2. Ilycrh HaxkaTue KHOMOK «1» 1M 4eTbipex apupMeTuIecKux IeificTBUil
Ha KaAJIBKYJISITOpE U3 TeopeMbl ['aycca 6ecIiaTHbI, a 3a U3BJIeYeHUE KOPHS HY K-
HO ILJIATUTH KOIICHKY.

(a) Hucao A Mmootcho noaywums 3a T Koneek moz0a u moavko mozda, Kozoa
CYWECNBYOM MAKUE G, . .., 0r—1 € R, umo

Q=Q1CQC@3C...CQR_1CQ2A, 2deaycQr, Vap & Qx,
a Qr+1 = QrlVay) ={a+Bva, | o, € Qi} daa mobozo k =1,...,r — 1.

Ykasanue: 1o yrBepKIeHNE JIETKO JIOKA3BIBACTCS MHIYKIHEH 110 KOJIde-
CTBY OIl€paIil KaJIbKy/ISTOPA, HEOOXOAMMBIX JIJIsl IOJLY I€HUS TUC/Ia, C IPUMe-
HEHUEM JOMHO2KEHU Ha COIIPAKEHHOE.

Takast 10CJIe/[0BATEIBHOCTD HA3BIBACTCS UENOYKOU K6AOPAMUYHBIT PACULL-
peruti (9TO eIMHBII TEPMUH, TEPMUH «KBAJIPATUYHOE PACIIUPEHUE» Mbl HE UC-
HOJIb3YEM ).

Urak, 9uciao A mocTpouMo TOrJa M TOJBKO TOTVIA, KOLJA JJis HEKOTOPO-
ro 7' CyIIECTBYET IENOYKa KBAJPATUYHBIX PACIIUPEHUN JUIMHBL T, TOCJIEIHEE
MHOKECTBO KOTOPOIi cosep:KuT A.

JIoKa3aTesIbcTBO HEBO3MOXKHOCTH, OCHOBAHHOE HA PACCMOTPEHUH AHAJIO-
IUYHBIX IIEM0YEK, HA3BIBACTCH B MATEMATHYECKON JIOTHKE U IIPOrPAMMUPOBa-
HUM uHOyKyuet no 2aybune Gopmyao.

(b) OTopBem y (KOMILJIEKCHOIO aHAJIOra) KaJIbKy/IATopa u3 TeopeMbl [ayc-
Ca KHOIIKY «:», HO pa3pemuM HCIIOJIb30BaThb BCe PalllMOHaJIbHbIE YUCJIa. TOF,ZLa
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MHOKECTBO YUCEJI, KOTOPbIE MOXKHO Pean30BaTh HA KAJIbKYJIsITOPE, HE U3Me-
HUTCSL.

Yrazanue: Cremyer 3 npeblLyero.

(c) ¥/2 menocrpoumo. (3HaunTt, yaBoenue Ky6a IUPKY/IEM U JIMHEHAKOI
HEBO3MOYKHO. )

3 3
Jlokazamenvemeso nenocmpoumocmu wucaa /2. Ilpemonoxum, aro /2
roctpoumMo. Torma cymecTByeT Takasl MEOoYKa KBaAPATHIHBIX PACIIHPEHU

Q=Q1CQ2CQR3C...CQ1CQr, uto V2€Q\Qr1.
Iockombky /2 € Q, To r > 2. Buaunr,

V2=a+p8va, e a,f,a€Qr1, VagQ,1 u B#0.
Orcrona
2 = (V2)3 = (a® 4 306%a) + (3028 + B3a)Va = u + vy/a.
ITockoabky 2 € Q C Qr—1, 70 2 — u € @Q,_1. Tak Kak
wa=2—-u u veQ,_1, 1o 0=v=3a23+ .
Tak xax 3o’ + 3%a > 0, nonyuaem 3 = 0 — nporuBopeune! O

C3. (a) Yucso cos(2m/9) spastercs Koprem ypasrenns 8z° — 6z + 1 = 0.

(b) He cymecTByeT panuoHaabHBIX YUCEN ¢ U b, J1Jist KOTOPBIX cos(27/9) =
=a+b.

(c) He cymecrByer panmonaabHbIx dncem a, b, ¢, Jyist KOTopbix cos(2mw/9) =
=a++/b+ e

(d) Yucmo cos(2m/9) He mocTponmo (3HAUNT, TPUCEKIHsT yIuia /3 IUPKY-
JIeM W JINHEHKOI HEeBO3MOXKHA U MPABIJIBHBIN 9-yTOIBHUK HE TOCTPOUM).

(e) Teopema. Kopan Kybuueckoro ypaBHeHHsl C pAIOHAIbHBIMU KO3bdhu-
[MEHTAMU [IOCTPOUMBI TOTJIA M TOJBKO TOLJIA, KOTJIA OJIMH U3 HUX PAIUOHAJIEH.

Yrasanus x C3. (a) Beipasure cos 3a uepes cos a.

(b) Ecim cos(21/9) = a + v/b, 10 1mcio a — Vb ToxKe ABAIETCHE KOPHEM
ypasuerns 82 — 6z + 1 = 0. Torna 1o Teopeme Buera Tpernii KopeHb paBeH
—(a+ vb) — (a —Vb) = —2a € Q.

(d) Caenyer u3 (a) u (e).

(e) CM. cilenyroIyIo JeMMy.

C4. Jlemma o conpasiceruu. B nenodke KBapaTHIHbIX PACIIHPEHUIT 110-
JIOXKHUM @ = @y, U OLPeJIeiuM oTobpazkenue conpsizkenus - : Q[va] — Qi[v/al
dbopmyioit x + yv/a = x — y\/a. Torna

(a) Dro onpeiesieHne KOPPEKTHO.

b)z+tw=z+w, zZw=zw unu z=z2&z=x+0ya€ Qr_1.

(c¢) Ecom z € Qk[v/a] — kopenb muOrowiena P ¢ panuoHaJbHBIME KO-
dburmenramu, To P(Z) = 0.
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(CpaBHuTe ¢ JIeMMOii O KOMIJIEKCHBIX KODHSIX MHOI'OYJIEHA C BElleCTBEH-
HbIMEI KO durmenramu. )

Hoxazameavemeo meopemv, C3e 0 Kyouueckur ypaBHEHUAT OAfL YPasHe-
Hudl, 6ce MPU KOPHA KOMOPLT 6ewecmeennv, (amom wacmmuwild caywail do-
CMamoyer 0as HEnoCMpPOUMOCNU NPaBUALHO20 9-yzorvruka). JacTb «TOormas
oueBHuHA. UTOOBI HOKA3aTh YACTb «TOJBKO TOTMAy, IMPEIIIOJJIOKUM, UTO XO-
Tsi Obl OJIMH U3 KOpHeHl nocrpouM. [ljist KaxKji0ro mu3 MOCTPOUMBIX KODHeH 2
pPaccMOTPUM MUHUMAJIBHYIO IIENOYKY paclIupeHuil

Q=Q1CQR2CQ3C...CQr_1 CQy, st KOTOPOHl 21 € Qp \ Qr_1.

BosbMeM KOpeHb z = 21 ¢ HaUMEHbIIEH JIJIMHON MUHUMAJILHON IENOYKH [.
Eciin xybudeckoe ypaBHeHUE He MMeeT PalMOHAJBHLIX KOpHeEil, To [ > 2.
3HaunT,

21 = Oé—|—,8\/a, rae aaﬁ € Ql*la \/5 ¢ Ql*l n B ?é 0.

Torga aucso zz := zZ1 = a — fy/a TakxKe sBJIseTCst KOPHEM KyOUUEeCKOro ypas-
Henus (1o jgeMme o conpszkennt). ITockoabKy

B#0, Toa— BvVa#a+BVa, T.e. zy # 2.

O6o3HaunM z3 TpeTnii KOpeHb KyOHYeCKOro ypaBHEHHsI (BO3MOXKHO, 23 €
{z1, 22}). llo dopmyse Buera

21+29+23 = (a+Bva)+(a—Bva)+z3 = 2a+23 € Q, mnosToMy 23 € Q1.

CrenoBareibHO, JJisi KOPHSI 23 CYIIECTBYET MEMOYKa MEHbIIeH JIJIMHBI, YeM JJIsT
z1. IIporuBopeune. ]

C5. Ima 3adaua ne ucnoavdyemcs npu doxasamenrvcemese meopemavs L aycca.

(a)* Kopuu mMHOrOUI€HA 4-0f CTENEHU C PAIMOHAJBHBIMU KO3(bhUIeH-
TaM¥ TOCTPOUMBI TOT/Ia W TOJBKO TOTIA, KOTJA €r0 KYOUYeckas pe3osbeeHma
[9, 14| umeer pannoHaAJIbHBL KOPEHb.

(b) JTroboe mocTponMoe YUC/IO SIBJISIETCS aireOPanIecKuM, T. €. KOPHEM He-
KOTOPOT'0 MHOTOUJIeHa, ¢ 1esibiMu Ko dunuenramu. (13 sroro u qokaszanuoii B
1883 r. JIummemanoM TPaAHCIIEHIEHTHOCTH YUCJIA 77, BJAEKYIEH TPaHCIEeHIeHT-
HOCTBb YHCJIa /7, BBITEKAET, UTO 3ajada O KBaJpaType Kpyra HepaspenmMma
[UPKYJIEM U JINHEHKOIA. )

(¢) (I. HYesrnokoB) JlemuH KaJIbKy/IsATOP MOJIYYAeTCst 13 KOMILIEKCHOTO IayC-
coBa JT00aBIeHNEM KHOIKY M3BJICUEHUsT KYOMTIeCKOTO KOPHST M3 KOMITIEKCHBIX
quces1 (KOTOpast J1aeT BCe TPH 3HAUEHUs] KOPHsI). [ PUIINH KaJIbKYJISITOD II0JIy-
YAeTCsi U3 KOMILIEKCHOTO TayCcCcoBa J00ABJIEHNEM KHOIKU HAXOXKIEHUSI 110 KOM-
3z — 423

1— 322"
Byner s MHOXKecTBO «JIeNMUHBIX> YHCE] COBIAIATH ¢ MHOXKeCTBOM «I'puru-
HBIX» !

IIJIEKCHOMY YHCJIYy a BCEX TPEX KOMIIJIEKCHBIX KOpHefI YpaBHEHUA a =
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(d) (T Yesrnokon) Eciu Henpusogumblii Hag Q MHOrOWIEH pacKJia(bBaeT-
4 4
ca nay Q[ /2] posHo Ha werkpe MuOKHTENs (HenmpuBomuMBIX HaT Q[ /2]), To
CTEIeHb HTOI0 MHOIOWIEHA JIEJIUTCS Ha 8.

Vrasanue x Chb. Ilycrts a=a; u b=by — mocrpoumble uucia, a P u @ —
MHOTOYJIEHBI C PAIMOHAJIBHBIMU KO3(PDUINEHTAMI MWUHUMAJIbLHOW CTEIEHN,

KOPHSIMU KOTODBIX SIBJISIOTCs cOOTBeTCTBeHHO a u b. Ilycrs ag, ..., a, — Bce
oCTaJIbHbIe KOMILIEKCHbIE KOPHI MHOTOUIeHa P, a by, . .., b, — Bce ocTagbHbIe
KOMILJIEKCHBIE KOPHM MHOTOWIEHa (). 3aMeTumM, 9To

a + b — kopenb mHOTOWIEeHA P(2 — b1) - ... P(x — by),

a — b — xopennb mMuoroutena Pz +b1)-... - P(z + by),

ab — KOpeHb MHOI'OYJIEHA P(%) Ce P(bﬁ),

n
% — KopeHb MHOTOWIeHa P(xby) - ... - P(zby,),

/@ — Kopenb MuorouTena P(x?).

OcTasmoch oKa3aTh CIEYIONee BCIOMOTATEILHOE YTBEPK ICHNE.

Jlemma. ITycrs R(x,y) — MHOTOWIEH OT JBYX IIEPEMEHHBIX C PAIMOHAJb-
HbIME KO3 durimentamu, a by, bs, ..., b, — BCe KOMILUIEKCHbIE KOPHH MHOIO-
wieHa () ¢ panuoHaJbHBIMU KoddduimenramMu. Torma MHOTOYIEH OT OJHON
nepementoii R(xz,b1)R(x,b2) ...  R(x,b,) TakxkKe numeer paruoHaibHble KO3h-
unmeHTHI.

[TEPBOE IOKABATEJ/IBCTBO HEBO3MOYKHOCTU B TEOPEME ['AVCCA

Imo dokaszamenbcmeseo Haubosee NOTOIHCE Ha JOKA3AMEALCTNEO G03MONHCHO-
cmau.

D1. Yucso cos(27/7) He mocrponMo (3HAYUT, HPABUJILHBINA 7-YIOJBHUK
HE TI0CTPOUM).

D2. Ilycrs n = 4k+3 upocroe. Oboznaunm f; = €+~ %. HazoBeM parzom
ITOCTPOUMOTI'O YUCJ/Ia HAUMEHBIIYIO JIJINHY MUHUMAJILHOM OEeIMOYKMN KBaJIpaTud-
HBIX PACHIMPEHUH, MOCe/IHee MHOKECTBO KOTOPO COMAEPKUT JaHHOE UHUCIIO.

(a) Hnst smo6oro k wmcio ff 4 f¥ 4+ + f(];—1)/2 PALOHAJILHO.

(b) Tlocse packpbiTusi CKOODOK ¥ IPHUBEJEHUS ITIOJOOHBIX B BbIPAYKEHUH

(x— f1)(x — fa) ...+ (¥ — f(p—1)/2) TIOTyTaeTCA MHOTOUIIEH C PATTHOHATLHBIME
K03 duImenTaMu.
(c) Panru uncern ¢,€2,...,eP~! onuHaKOBEL

(d) Pamrn wmcen fi, ..., f(p—1)/2 OTMHAKOBHL.
(e) Hucio cos(2m/n) He nocTponMo.

D3. O6osnaunm € = cos(27w/13) 4+ isin(27/13), g = 2 — nepBoobpasHbIit
KOpEeHb 10 MOIYJII0 13,

0 3 6 9 1 4 7 10 2 5 8 11
Ag=¢e9 +e9 +e9 +e9, A1 =¢9 &9 +e9 +e9 udy =% +e9 +e9 +e9 .



B nonckax yrpadeHHoH ajarebpbr 139

(a) A%:4+A1—|—2A2, A% :4—|—A2—|—2A0 I/IAA2 :4+A0+2A1.

(b) Yucama Ay, A1, Ag SBIAIOTCS KOPHSIMH HEIIPUBOJIMMOIO KyOHYECKOTO
YPaBHEHUS C PAIMOHAJBHBIMEA KOI(DDUITNEHTAMMA.

(¢) Yucna Ag, Ay, A2 UMEIOT OJMHAKOBBIIl PaHT.

(d) Yucmo cos(2m/13) He mocrpoumo.

D4. Yucio cos(27/p) He mocTpouMo Jijist

a) p =3 -2 + 1 npocroro.

b) p mpocroro, p # 2™ + 1.

c) p = 289.

d) uncia p, He SIBJISIIOIIErOECsS IPOU3BEIEHUEM CTEIIeHH JBOMKY U PA3/INY-
HBIX HMPOCTLIX duces Buma 2™ + 1.

(
(
(
(

Pewenue D1. PaccMoTpuM KOMIJIEKCHOE YHCJIO
e = cos(2m/7) + isin(27/7).
Tak Kak € # 1, TO YUCJIO € YIAOBJIETBOPSIET ypaBHEHUIO 6-0if cTernenn
S+ttt +e?+e+1=0.

Paznesmum obe uactn ypasuenus na €°. ITomoxKum

fi=e+el, rormacitet=f2-2ud+e3=fl?+e2-1).
[Monyuyum Kybudeckoe ypaBHEHUE

f(fP=3)+(f?—=2)+f+1=0, moecrp f3+ f2—2f—1=0.

Kanaunarer Ha parnmoHajibHBIe KOPHU 3TOr0 ypaBHeHus f = +1 orBeprarorcs
nposepkoit. Coryracao Teopeme C3e 0 KyOMYeCKMX ypaBHEHUsIX 4ducio f =
= ¢ + ¢! e mocrpommo. TlosToMy u € He MOCTPONMO (TIOSICHHTE).

Yrasarnus x D2. (a) Mamgykiws no k.

(b) Crenyer u3 mynkra (a) u 3 TOro, 4TO JIOOOH CHMMETPHIECKHI MHO-
rOYJIeH OT MEPEMEHHBIX f1, f2,. .., f(p—1)/2 PAIMOHAJIBHO BBIPAXKAETCA e€pe3
MHOTOUJTEHB! BUIA [ + f§ + - + f(';_l)/?

(c) Tak kak juist mobbIX s,t € {1,2,...,p — 1} cymecrByer Takoe k, 410
g% = (¥, To panrnu umcen ¢,¢2,...,eP~! onuHAKOBLL.

(d) Tax xax €° + £~* pammoOHAIBHO BBIPayKaeTca HUepes € + £ 1, To s
mo6bIx s,t € {1,2,...,p— 1} uncio £° 4 &~ ° panuoHaIbHO BbIPAXKAETCS Yepe3
gl + ¢~ (amamornuno npuseeHHOMY perienuio 3agauu D1). TTostomy panru
ancesn fi, ..., f(p—1)/2 ONMHAKOBBI.

(Bamerum, uto k(e +e71) =1ke — 1.)

(e) Iycre r := rk f;. BHauuT, I HEKOTOPOI NENOYKU KBaJpaTHIHBIX
pacmupenuit

fs:as"i‘ﬁs\/aa rae oy, Bs,a € Qr_1, \/&gQrfl Hﬁs#o
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Torma uncio f, = a5 — Bsy/a TakKe SBISETCS KOPHEM PacCMaTPUBAEMOIO
MHOTO4JIeHa (110 JIeMMe O ConpsizkeHnn ). [T0CKOIbKY

Bs #0, To O‘s_ﬁs\/a#as“‘ﬁs\/aa T.e. Ts#fs-

Urax, xopru fi,..., f(,—1)/2 PasbuBaioTcs Ha Mapbl CONPS?KEHHBIX. 3HATUT,
(p — 1)/2 gerno — nmporuBopeUne.

Yrazanus x D3. (a) HokazkeMm nepByio domyity (ocTajbHbIE JOKA3BIBAIOT-
cs1 amajgornyno). 3amernm, uto g% = —1. TlosTomy

A= (9 4 e (7 4792 =
—oq et p e ot p et Lo 4 e9) (e ) = 4+ Ay + 24,
[TocyieHee paBeHCTBO BEPHO, MOCKOJILKY
(890 + Sgﬁ)(€g3 + Sgg) _ 590+93 + €g3+g6 + E964’»‘99 + EgnggO _
= Ego+g3A0 = €g8A0 = AQ.

(B obenx dopmynax mpeocieHne paBeHCTBa BEPHBI, ITOCKOILKY ¢ = 2.)

(b) Hoxaxure, uto Ag + Ay + A, A%+ A2 + A%, A3+ A3 + A3 parm-
OHAJIBHBL.

(c) Momb3ysick myrkToM (a) u Tem, uro Ag + A; + As = —1, nokaxure,
4TO0 I060€e A; panmoHaJbHO BRIparkaeTcs uepes Jjioboe Aj.

(d) Pemenne momygaercs n3 myHKTOB (b) U (€) aHAJOIMYIHO PENICHUIO 3a-
nagu D2e.

Bor ujest gpyroro pemnienusi, He UCIoJb3ytoiiero nyHkT (c). Ilycrs auncio
Ay nmeer panr r. CompsizkeM ero OTHOCUTENbHO (Qr_1. Iloaydennoe uwmciio
6yner ogunm u3 uncen A; (mosicuure). Teneph J1erko MOHATH, 9TO “HCIa A;
pasbUBAIOTCA Ha IAPHI CONPSIKEHHBIX, T. €. HX YeTHOe HHCJIO0, 9TO HEBEPHO.

Yrasanua x D4. (a) Anamormano 3amade D3.
2

(b) Tpemnomnoxkure, uro aas p = 2Fr + 1 umcio cos T nocrpomnmo (rae
p

r > 1 — HedeTHOe uncJi0). BoiBeure U3 91010, 4T0 YMNCIa

A= 469 4o e

@2k —1yr+i .
9 , 0<ig<r—1

HMMEIOT OJMHAKOBLIHA PAHI' U sBJIAIOTCS KOPHSIMU MHIOYJIEHA CTEIEHU I C Palll-
OHAJILHBIMHI KO3 DUITHEHTAMA.
(c¢) Pacemorpure uncia

0 17 272
Ag=¢Y +e9 +---+ev
1 18 273
Ay=¢Y +e9 +- e,

288

16 33
A16:Eg +€g +"‘+€g
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BTOPOE JOKA3ATEJILCTBO HEBO3MOYKHOCTH B TEOPEME ['AVCCA

Hoes amozo dokasameavcmea svipaxcaemcsa NOHAMUAMU NOAA U PA3SMED-
HocMUu NOASA.

E1. IHosem (amuciioBbiM) HasbIBaeTCsl IOIMHOXKeCTBO MHOXKecTBa C KOM-
IJIGKCHBIX YUCEJI, 3AMKHYTOE OTHOCUTEILHO CJIOXKEHUsSI, BBIYUTAHHUSA, YMHOMKE-
HUST U JICJICHHS.

(a) Cremyromue MHOXKeCTBa ABISIOTCA HOIAMI: (Q, MHOXKeCTBO MOCTPO-
MMBIX 9HCeJl, MHOYKECTBO BemecTsennbix uncest, Q[v2] := {a+ V2 | o, 3 €
Q}, kaxmoe Qf B IENOYKE KBaJIPATHIHBIX PACIIMPEHUN U

2 L. 2
Qle] := {ap + a1e + age® + - - - + a12e'? | a; € Q}, Fﬂe€=COS£+181DT§-

(b) JTro6oe moste comepxut nose Q.
(c) JToboe mose, comepxxatee /2, conepxut Q[v/2].
(d) JTroboe moste, comepxarree €, cogepxur Qe

E2. Pasmeprocmoro dim F' ions F' naszbpiBaeTcst HamMenbItee k, s KO-

TOPOTO CyIIECTBYIOT Takue bo, b3 ..., b € F, aro
F = {a1+06252+043()3+"'+06kbk | o E@},

ec/iin Takoe k CyIIeCTBYET.

(a) dimQ = 1.

(b) dim Q[v/2] = 2.

(¢) B nenouke KBajpaTuIHbIX PACIIUPEHUI

dimQr =2dim Q1 npm k > 1.

(d) B nernouke kpajaparuunpx pacmupennii dim Qp = 2871,
(e)* Eciim G C F — nogist, To dim F' gesurest va dim G.
2£
13
(b) Ecm dim Q]cos % + isin %r] < 12, o P(e) = 0 151 HEKOTOPOIO MHO-

E3. (a) dimQeos =% +isin 27 <12,

rouwrena P ¢ panuoHasbHbIME KObUIMEHTaMH CTelleHn MeHbIe 12,
(c) Muorounen ®(z) := 22 + 21 + ... + 2 + 1 menpusonum may Q.
Ykasanue: ecam He mostydaercs, To ucnosbayiite semmy Laycca n npusHak
Ditzentreiina (CM. HIXKe).
. 27 ..
(d) dim QJcos 13 Tisin

2

7] =12
(e) Yucno cos(27/13) He mocTponmo.

E4. (a) Jlemma Taycca. Eciun MHOrOWIEH € IesibiMu K03 HIIeHTaMI
HEIPUBOAUM HaJ{ Z, T0 OH HenpuBouM u Haj Q [14].
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(b) ITpusnax Duserwmetina. Ilycrs p nupocroe. Eciau st MHOrOWIEHA €
eJbIMU Kod(pPUIUEeHTaMI CTAPIIAY KO3(MMUITUEHT He JIeJIUTCST Ha P, OCTa b
HbIe JeJIATCA Ha P, 8 CBOOOIHBII U/IeH HE JEJUTCS Ha P>, TO STOT MHOTOHUJIEH
HenpusoauM HaJ 7 [14].

. 27 .. 27
E5. (a) dim QJcos g T isin %] = 272.

(b) BbiBe/ure M3 mpebLAyIIUX IIYHKTOB, 4T0 4ncyo cos(27/289) ue mo-
CTPOMMO.

(c) Jokarkure HEBO3MOXKHOCTEL B Teopeme ['aycca.

Yrasanue x E2. (c) Jdokaxkure, 4ro
Qr ={a1 + agb | a1, a0 € Qp_1} st moboro b € Q — Qp—1.

(d) Cnexnyer u3 (a) u (c).
(e) Pasmeprocmovro dim(F : G) mons F majx mosieM (G Ha3BIBAETCS Hal-
MeHbIee k, 77 KOTOPOro CyIIecTBYIOT Takue by, ba, ..., by € F, aro

F = {a1b1 + aoba + asbs + - - - + oy | o € G},

ecain takoe k cymecryer. Jokaxkure, uro dim F' = dim G dim(F' : G).

Vkasarua x E3. (a) 1+e+¢e2---+e2=0.
(b) ITo onpeseseHno pa3sMEPHOCTH CYIIECTBYIOT TaKue

2 L. 2
bi,...,b11 € Q[COS% —i—zsm%] u oy € Q, gro
et = ajiby + ajobs + -+ ajibin aa = 1,2, 12,

[TosToMy cyTIecTBYIOT Takue paruoHaIbHBIE dg, 1, - - - , 12, He Bee paBHbie 0,
q9T0 Gg + 1€ + -+ + anan = 0. /g noka3areabCcTBa MOCJIEIHETO YTBEPXK Ie-
HIA MOJCTAaBbTE BBHIPAXKEHHs /I €' B HOC/eHee PABEHCTBO, IPUpPaBHSATe K
HY/II0 KO3 PUIUEHTHI IpH b1, ...,b11 U JOKAXKATE, UTO MOJyIeHHAsT CHCTEMA
ypaBHEHUI NMeeT HETPUBHATILHOE PAIMOHAIBLHOE PEIleHIe.

(c) Hpumennre npusnak Diizenmreiina K maorowieny ((z + 1)1 —1)/x n
semmy laycca.

(d) Caemyer uz (a), (b) u (c).

(e) Caemyer u3 (d) u E2d.

Vrazanue x E4b. Tlpeamonoxure MpOTUBHOE W BOCIIOJIB3YHATECH METOIOM
HEOIIPE/IEJIEHHBIX KOI(MDDUITNEHTOB.

Vxaszanue x Eba. Anamornuno pemternio 3amaun E3d. okaxkwnre Henpu-
BoytIMocTh Muorowtena ®(z) = 1+ 217 4+ 234 + 251 + ... + 2272 5 Bocrob3yit-
TeCh eil.
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