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1. ®OPMVYJIMPOBKA PE3VJIbTATOB

/lepesom HazbIBaeTCs CBA3HBIN rpady, He mMmeromunii ukioB. Ha pucynke 1
n306pazKeHbl BCE JIEPEeBbsl C YMCIOM BepIIuH, He npeBocxousimM 5. (Tounbrii
CMBICJI 3TOTO yTBEPXKIEHUsT 3aKJI0YAeTCsI B TOM, 9TO JI000Oe JIepEeBO, MMEIO-
mee He OoJiee D BEPIINH, U30MOPEHHO OTHOMY W3 JIePeBbeB, HAPUCOBAHHBIX HA
KapTHHKE, & HUKaKUe JIBa U3 9THUX JIePEBbEB He N30MOPMHBI JIPYT JIPYTY.)

SAOAYA 1. JlokaxkuTe, 9TO CBA3HBIN rpad SBISETCS IEPEBOM TOTIA U
TOJIBKO TOTJ[A, KOIJIa THCJIO ero pedep Ha eUHUILY MEHbIIe YUCJIa BEPIIUH.

3ajiavua mepednc/ieHusl JIePeBbeB, T. €. HAXOXKJIEHUs (DOPMYyJI JJIsl Jucia ty,
Pa3JIMYHBIX JIEPEBBEB C 1 BEPIIMHAMU — OJIHA U3 OCHOBHBIX, U IIPUTOM CAMBIX
KPACHUBBIX, 33/iad IIEPEUNC/INTEbHON KOMOMHATOPpUKN. BriepBoie 3Ty 3ajat1y

*B Tekcre crarbu HAOJIONAETCS HEKOTOPLIH YKJIOH B XMUMWIO. [IpUYuHA 3TOrO B TOM,
YTO CTAThs MPEICTABISAET COOON 0OpabOTKY YacTh Kypca JEKIUA, TPOUMTAHHBIX aBTOPOM B
MockOBCKOM BBICITIEM XUMUYECKOM KOJLIeKe BecHoi 1993 roza.

MaTemaTuueckoe npocsetyerue, cep. 3, Bbin. 16, 2012(14-24)
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Puc. 1. /lepeBbst ¢ aucjaoMm BepmuH < 5

[OCTaBHJI 3HAMEHUTHII anrymiickuil maremaTuk Apryp Kasm (cwm. [1]) B cBsizu ¢
3aj1aueii orpeIe/IeHUsl YUC/Ia M30MEPOB MPEJIEJIbHBIX YIIeBOI0poaoB Cy Hoy yo.
Kazkiplii Takoil m30Mep ONMUCHIBAETCS CIIOCOOOM COEJIMHEHUs ATOMOB YIJIEPO-
Jla, T.e. JePeBOM C M BEPIIMHAMHU BAJIEHTHOCTH, He mpeocxopameit 4. Hamo
ckazarh, 9To A. Kam, Haiiis ussmmoe peKyppeHTHOe COOTHOIIEHUE JIJIs THC-
JIa BCEX JIEPEBbEB, He HAIe/I CKOJbLKO-HUOY/Ib YIOBIETBOPUTEILHONH (hOPMYJIbI
JUTST IUCTIa TIPEIETbHBIX aJKaHOB — Takas (opMysia Oblia BIEPBBIE MOy IeHa
BenrepckuM Maremarukom /1. IToiia B pabore [2].

3AAYA 2. IlonpobyiiTe BBIBECTH 3Ty (POPMYJTY, JOUUTAB ITOT TEKCT JI0
KOHI[a U UCIOJIb3Ysl U3JI0YKEHHBIE 3/1eCh METOIbI.

Bce uzBecTHbIe HAayKe CIOCOOLI IEPEUUCIEHNS JIEPEBLEB OCHOBLIBAIOTCS HA,
[IpeJBapUTEIbHOM II€PEUYUCIEHUN TaK Ha3bIBAEMbIX KOPHEGHIT JI€PEBLEB.

KopHeBbIM 7epeBoM HaA3BIBaeTCs JePeBO, B KOTOPOM OTMeYeHA OJIHa BeEp-
MHA, HA3bIBaeMasi KOPHEM.

A SRV SRV

Puc. 2. KopHeBble 1epeBbsT ¢ IUCJI0M BepinnH < 4

3AIAYA 3. [lepeBbs U KOPHEBBIE JIEPEBbsl €CTECTBEHHO BO3ZHUKAIOT B Pa3-
JINYHBIX, UHOIJIA BECbMa OTJIAJIEHHBIX JIPYT OT JAPyra O0/IaCTAX MATEMATHKH.
Bor npumep, HegaHo ucnosnbzoBanbiii E. B. Badaesbim (MI'Y) B ero Tomosio-
TUYeCKO TEOpUH CTPYKTYPHI XUMUUIECKUX MojeKy/I. [IpoBepbre, uTo pazind-
HbIE, C TOYHOCTBIO JI0 TOMEOMOPdU3Ma, PACIOJJIOKEHUS T HEIEPECEKAIOIINX-
cs OKPY2KHOCTEll Ha cdepe MMepedaucysiorcs AepeBbaMu ¢ . + 1 BepmuHOoi, a
pa3JIMYHbIE PACIIOJIOZKEHUS 1 HEIIEPECEKAIONINXCS OKPY2KHOCTEN Ha IIJIOCKOCTH
[EPEYNCIISIOTCS KOPHEBBIMHU JIepeBbsiMu ¢ 1 + 1 BepuHoit. (YKazaHue: 00Jia-
CTU, HA KOTOPbIE OKPYKHOCTH JIEJIAT IOBEPXHOCTH, COOTBETCTBYIOT BEPIINHAM
JiepeBa; IpKU 3TOM HEOIPDAHUIEHHAsl YACTh IJIOCKOCTH OTBEYAET KOPHIO. )
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KopueBbie JepeBbsi CIUTAIOTCS OJUHAKOBLIMHU (H30MOPMOHBIMIE), €cJn
MEXKJy HUMH CYyIIECTBYeT M30MOPdU3M, Ipu KOTOPOM KOPEHb IEPEXOJIUT B
kKopeHb. CKOJIBKO €CTh PA3JIMIHBIX CIIOCOOOB OTMETHUTH KOPEHb B JAHHOM JIe-
pese? CTOJIBKO, CKOJIBKO Yy JIAHHOTO JI€PEeBa HEMOMOOHBIX (CYIIECTBEHHO pa3-
JIMYHBIX) BEPIIKH, T.€. BEPIIUH, HE [IEPEBOUMBIX JPYT B JIPYra IIOCPEICTBOM
aBToMOp(hU3MOB JiepeBa Kak rpada. TouHoe orpejiesieHne 9uc/ia HemoI00HbIX
BEPIIMH — 9TO 9YUCJI0 opbuT B MHOXKecTBe BepiuH V (G) mannoro jepesa I
upu Jeiicreun rpynnsl apromopdusmon Aut(T).

IIycTp t, — uncso Hen3oMOp@HBIX JEPEBHEB C N BEPIIMHAMU, & T, — THUCIIO
HEM30MOP(QHBIX KOPHEBBIX JIEPEBBEB C 7 BEPIIUHAMU. SHAUYEHUS t, u 1), s
MaJIbIX 1 PUBEJIEHBI B HUXKECJIEyIoIeil Tabiiure:

n 123456 |7
th, |1 (111 (2|3] 6 |11
T, |1]1(2]4|19]|20 |48

Insans ma o1y Tabauily, TPYIHO yrajgaTb KaKylo-InOO 3aKOHOMEDPHOCT,
VIIPABJIAIONIYIO TIOBeIeHneM ducest t, u 1,. YTobbl HAfiTH TaKy 3aKOHOMEp-
HOCTb, OKA3BIBAETCS YPE3BBIYANHO IMOJIE3HBIM U3ydarh ducjia t, u 1, He 110
OTAEIBHOCTH, & 00bEIMHEHHBIMU B (hOPMAJIbHBIE CTEIICHHBIC PSIBI ( «TPOM3BO-

Jstipe (PYHKIHN» )

(o]
tz) =Y tha" =zt +2% + 220+ .

n=1

o0
T(z)=> Twa"=z+a"+2° + 42" + ..

n=1

B TepmmHax mpomsBoAdnux (GyHKIUA peKypPpPEeHTHBIE COOTHOIIEHMS MEXK-
ny xkoaddurmentamu T, u t, JOMYCKAIOT CJAEIYIONIYI0 KOMIIAKTHYIO 3aIHCh.

0 k
TEOPEMA 1. T(z) = xeXpZ T(Z )|
k=1

TEOPEMA 2. t(z) = T(z) — = (T(x)* — T(2?)).

BA1AYA 4. Cyurasi U3BECTHBIM JIIIb HAYAIBHBIA OTPE30K PA3JIOXKEHUsI
T(x) = z + 2% + 22% + ..., maitmure 1o Teopeme 1 3mauenne Ty, a 3aTeM 110
TeopeMe 2 3HaYeHusd t; s ¢ < 4.

st mokasarebCTBa TeOpeMbl 1 MBI BOCIIOJIB3YEMCS TEOPHUEil Iepeducie-
uug [loita. IlpenBapuTe/ibHO HATOMHUM €€ OCHOBHBIE ITOJIOXKEHU.
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2. TEOPUY NEPEUYUCJTIEHUYA [TOoNA

Teopusi niepeunciienusi [loita mmeeT Me/IbI0 HAXOXKIEHUE UUCIA CJIOYKHBIX
KOMOMHATOPHBIX KOHMUTYpAIUl B YCJIOBUSAX JE€HCTBUS IPYIIIBI TOJCTAHOBOK.
OHa pa3BUBaeTCs B CJIEIYIOIINX IPEIIOCHIIKAX.

Nmeercst HeKOTOPOE KOHEYHOE MHOXKECTBO M, 3/71eMEHThI KOTOPOTO HA3bI-
BalOTCS «Io3urusIMu». Ha MHOXKecTBe MO3UIMi 3aJ1aHO JAefCTBHE KOHEYHON
rpymmnsl G.

[Tosuruu MOXKHO 3aIOJHATH «(DUTYpAMU», T.€. JIEeMEHTAMU HEKOTOPOro,
BOBMOXKHO Oeckoneunoro, muoxkecrsa ®. Kaxxmoit dpurype m3 muoxecrsa @
IIPUIIMCAH HEKOTOPBII «BeC», ABJIAIONINNCA HEOTPUIATE/IBHBIM II€JIbIM YHUCJIOM,
u st Kaxkjgoro n > 0 wsectHo umciio F,, duryp Beca n. llpouspojsiias
byukius F(z) =Y 07 F,z" HasblBaeTcs «psijl, HEPEINCIISIONUI Uy PLI 10
X BeCaM».

B HekoTOpBIX cuUTyalusix BMECTO MO3UINN yI00HEe TOBOPUTH 00 «00beK-
Tax», 8 BMECTO (PUT'YpP — O CBOHCTBAaX 9TUX OOBEKTOB.

Konguzypayueti Ha3bIBaeTCsSl pACCTAHOBKA, (DUTYD IO MO3UIIUASIM, T. €. 0TOD-
paxenne f: M — ®. Bec KoHpUI'Ypalnd — 3TO CyMMa BECOB BCEX PacCTaB-
JIEHHBIX PUryp:

w(f) =Y w(f(u),

pneM
rjie depe3 w obo3HadeHa (DYHKIIUS BECA.

eiictBue rpynmnsl G Ha MHOXKeCTBe M eCTECTBEHHBIM 00Pa30M IMOPOXKIa-
er ee JieficTBUe Ha MHOXKeCTBe KoHbwurypaiwmii ((urypsl, paccraBieHHbIE 10
HOBUIHSIM, TIEPECTABJIAIOTC BMecTe ¢ nosunusivMu). Kouduryparmu, s5KBuBa-
JIEHTHBIE OTHOCUTEJILHO JleficTBus rpynnbl (G, UMEIOT paBHbIe Beca. [lycts K, —
YUCI0O KOH(UTYpAIUil Beca 1, Pa3jIndHBIX ¢ TOYKH 3PEHUsl JEHCTBUS IPYIIIIbI
G, 1. e. yncjao G-opbUT B MHOXKECTBe KOHMDUTYPAIHUil, UMEIOIINX BEC 7.

Teopust mepeunciaenus Iloita obbsicHsieT, Kak HaliTh wuciaa K,, 3Has dnc-
aa F,.

OKa3bpIBaeTCs, 9TO 9Ty CBsA3b yJ00HEe BCErO ChOPMYINPOBATH B BHUJIE CO-
OTHOIIEeHUsT MeXK/ly npousBoismumu Gyukuuamu F(x) u K(z), ucnonb3ys
CIEIUAJIBHBI MHOTOYJIEH Z OT HECKOJIbKUX IMEPEMEHHBIX, KOTOPBIN oIpe/ie-
Jstercst Tpynnoit G u ee JeficrBueM Ha MHOXKecTBe M U Ha3BIBAETCST YUKAOGOT]
undexc rpynnsl G.

ITo ompenenennto,

b
Za(y1, Y2, Ym) = €] Z l(g @, ym( ),
geG
rae b; (g) — YHCJIO LIUKJIOB JIJIMHBI ¢, BXOJSIINUX B Pa3JI0XKEHUE IIOACTAHOB-

K1 MHOXKecTBa M, KoTopoe oTBedaeT 3jemeHTy rpynnbl g. (Takum obpazowm,
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KazK/JIbIiI MOHOM ylln(g )y?(g) e yfz,;" @ BOIJIET B CYMMY C KO3MDMUITMEHTOM, PaB-

HBIM YMCJIy 3JIEMEHTOB I'DYIIIBL G, AeﬁCTBHe KOTOPBIX Ha MHOXKECTBe M nMeerT
OJIHO U TO K€ Pa3JIOKEHUE Ha MUKJIbL. ) HUCIIO IepeMEeHHBIX, OT KOTOPBIX 3aBH-
CUT MHOTOWIEH Z¢, OMPEIEsIeTCsT HanbOIbIel JUTMHONW MUK/ CPeN BCTPe-
HaIONUXCA IIPA PACCMAaTPUBAEMOM JICHCTBUN I'PYIIIBLI; BO BCAKOM CJydae, OHO
HE IIPpEeBOCXOAUT YHCJ/Ia 3JIEMEHTOB MHO2KECTBaA M

Hy BoT, MBI a0 Bee ompe/ieiennst, HeOOXOMMMBIE JIJTsT TOTO, 9TOOBI BBITH-
caTh, HAKOHEII, OCHOBHYO (popMyity Teopun nepeunciienust [loita. [Tocse Takux
TUTAHMYECKUX YCUJIHH (hOPMyJia BBINJISIAT OUY€Hb KOPOTKO M IPOCTO (TPY/IHO
B yUeHbe — JIerKo B 6010, ropopusi CyBOpOB).

TEOPEMA 3 (DOPMVYJIA IEPEUYMCJ/IEHUA TTOMA).
K(z) = Zg(F(x), F(z?),...,F(z™)).

Hau crosamu: nepenucasrouyuts pad 0as Kon@uaypayut NoAYHaemcs npu noo-
CMAHOBKE MEPEUUCAAIOWE20 PAOA OAL GU2YD 6 YUKA0B0T UHIEKC 2DYNNbL.

O6parnTe BHUMaHNE Ha C1I0c00 1mojcTaHoBKY dyHKImN F () B MHOrOUYIeH
ZG: Kaxk/as HepeMeHHas i 3aMenseTcs Ha sbipaxenue F(zF) (me myrars c

CraHIapTHBIM TPUMEPOM KOH(PUTYPAIIUN SBJISIETCS OXKEpeabe U3 1 6ycu-
HOK J[BYX I[BETOB, CKayKeM OeJIbIX M KPACHBIX, PACCMATPUBAEMOE C TOTHOCTHIO
JI0 CAMOCOBMEIIEHN B MIPOCTpaHCcTBe. B 3ToM ciiydyae MHOXKeCTBO (pUryp co-
CTOWT W3 JIByX 9JIeMeHTOB (KpacHas u OeJiasi 6yCHHKA), KOTOPBIM MOXKHO [TPH-
mucath Beca 0 m 1 cooTBeTcTBeHHO. MHOTOYIEH, TEPEINCTAIONIH DUTYPHI,
umeeT Buj 1 + x. MHOXKeCTBO mo3uIuil MpeicTaBasgeT coboit HAOOp BEPITUH
MPABUJILHOTO M-YIOJbHUKA, Ha KOTOPOM JEHCTBYET TpyIIa BCEX €ro JIBUKe-
auit D,,.

SAJAYA 5. YToOBI HAOUTDH PYKY, HAIUIIUTE MHOTOUJIEH, I€PEIUCISTFOIIIHI
JIBYIIBETHBIE OKepeJibst 3 4 u 5 OycuHok. OTBeT MPOBEPHTE IIPH TIOMOIIA 3IPa-
BOI'O CMBICJIA.

Jlpyroii, 0cobeHHO BarKHBIA [jI1 XUMUKOB IPUMEP BO3HHUKAET B CJIEIY-
foleil cuTyanusi. MHOXKECTBO MO3UIMI €CTh HEKOTOPOE MHOXKECTBO TOYEK B
[POCTPAHCTBE, 00Pa3yIoliee IPOCTPAHCTBEHHYIO (DOPMY MOJIEKYJIbl (HAIPH-
Mep, BepIIUHBI HEKOTOPOro Muororpanunka M). G — rpymima BpaleHuii 9Toro
MHOTOIpaHHUKA. QUTYPBI — 3TO ATOMBI WJIM IPYIIIILI ATOMOB, KOTOPbIE UMEIOT
OJIMHAKOBYIO BAJIEHTHOCTH M MOI'YT PaCIOIaraThbCsl B BEPIINHAX MHOI'OIDaHHU-
ka M. B sToMm ciiydae KOH(MUIYpalUd — 3TO H30MepPbl 3aMelleHUs TAHHOTO
coCTaBa.

EnuHcTBeHHAS TPYIHOCTH, KOTOpas BO3HMKAET B 9TOH XMMHYECKOH CH-
TYaIy, 3aKJI09aeTcss B TOM, UTO JJIsl ITOJIHOIO IIEPEYMCJIEHUsT MOJIEKYJI I10
KOJIMIECTBY BXOIAIIMX B HUX aTOMOB pa3HOrO BHa HEOOXOIMMO, BOOOIIE
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rOBOPsI, BBOJIUTH BEKTOPHDLIE Beca U MPOU3BOJsIINE (DYHKIIUA MHOTUX IIepe-
MeHHBIX. Hampumep, eciin m3y4aloTcs MOJIEKYJIbI, COCTOSIINE U3 ATOMOB TPEX
THIIOB, TO HEPEYUCIAOMMNA MHOrOWIeH g puryp oyaer r + y + z, a Ko-
s dunment npu monome xPyiz" B mepedncsonmeM psijie st KOHQUTyparumit
€CTh YIUCJI0 KOH(MUTYPAIWil, COCTOAIIX U3 P aTOMOB IIEPBOI0 THUIIA, ¢ ATOMOB
BTOPOI'O THUIIA U 7" ATOMOB TPETLErO THIIA.

3AJAYA 6. Hamurmmre MHOTOUJIEH, KOTOPBIH [IEPEIHUCIISIET H30MEPHI, TME-
forue (GOpMy OKTasdpa U COCTOSIIHE U3 IIECTH YeThIPEXBAJCHTHBIX aTOMOB
tunia A, B u C.

3. JIOKABATEJ/ILCTBA

Jl1st 1oKa3aTe/IbCcTBa TeOPpEeMbl 1 3aMEeTHM, YTO IpU OTOPACHIBAHUN KOPHS
KOPHEBOE JIEPEBO € N+ 1 BepIuHO# paciagaeTcsa Ha HECKOJIbKO KOPHEBBIX JIepe-
BbEB C CyYMMapHBIM YUCJIOM BEPHINH 71. STI/I JaCTU OJHO3HAYHO, C TOYHOCTBHIO
JIO TIEPECTAHOBKH, OIPEJIEJIeHbI JAHHBIM jepeBoM. OOpaTHO, U3 HECKOJIBKUX
KOPHEBBIX JIEPEBBEB BCErJla MOYKHO COCTABUTH HOBOE DOJIBIIIOE KOPHEBOE JIepe-
Bo. IIpu sTOM nmepeBo ¢ 1 BepHIMHON IOIYyYAETCs, €CJIM COCTaBUTL BMecTe ()
JIEPEBBEB.

[Tocrapaemcs mepedopMyIMPOBATL ITO MIPOCTOE HADJIIOMEHNE KAK HEKOTO-
poe cBoiicTBO npousBosniei (dynkiun T'(x), UCHOB3ysl TEOPUIO TIEPEIUC/Ie-
uus Iloiia.

B kauecTBe mMHOXKecTBa uUryp y Hac OYIeT BBICTYIaTh MHOXKECTBO BCEX
KOPHEBBIX JIepeBbeB. BecoM JiepeBa MbI Oy/ieM CUNTATH YUCJIO BEPIIUH B HEM.
Torma mepeduncstronuii psi 410 GUTYP €CTh B TOYHOCTH TTPOU3BOISIIA (DYyHK-
Ut JIJisl IUCJIa KOPHEBBIX JiepeBbeB 1 ().

PaccmoTpumM cocraBiieHre HOBOIO KOPHEBOI'O JiepeBa CO CTEIEHBIO KOPHS
r Kak obpazoBanme KoHduryparmu u3 r duryp. MHOKECTBO TO3UIUI €CTh
MHOXKECTBO pebep, BBIXOISINNX U3 KOPHS HOJIBIIOrO JepeBa. DTO MHOXKECTBO
COCTOWT W3 T 9JIEMEHTOB, U Ha HEM JEHCTBYyeT MOJIHASA T'PYIIIa MOACTAHOBOK S;..
Bec nmepeBa, cocTaBIeHHOI0 U3 KOMIIOHEHT, PACCMATPUBAEMOT0 KaK KOHQUIY-
pAIfsi, eCThb 110 OIPEEJIEHII0 CyMMa BECOB COCTABJISIIONIUX €10 (PUryp, T. €. Ha

1 MenbIte 4mciia BepiuH B HeM. Takum o0pasoM, MEPEUUCTISIONINI DSl JJIs
" oo p(r)  n (r)

Kondwuryparmit mo secam ectb y_° (T, x", tae T, | ecTh 9UCIO0 KOPHEBBIX

JIepeBbEeB C JTaHHoil crenenbio kKopus 7. [lo dopmyste [oita

oo S 1
S That = 26, (T(2), T(@?),...).
n=0

Yr0o6bI TOJyIUTH COOTHOIIEHHE I YNCJIa BCEX KOPHEBBIX JIEPEBLEB, HAJ0
IPOCYMMHPOBATD IOJIy9IEeHHOE PABEHCTBO MO BceM 7 0T 0 10 6ECKOHEYHOCTH.
(3uavenuto 0 oTBeUaeT, KAK MbI YK€ FOBOPHJIU, JIEPEBO ¢ 1 BEPIIUHOMN; TP 3TOM
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rpymnmna Sy ecTh eIuHIIHAS TPYIIIIa, AeHCTBYIONAas Ha IyCTOM MHOXKECTBE, a ee
LUKJIOBOM MHJIEKC €CTh KOHCTAHTa 1 — B OTJIMYME OT I'PYIIILL S1, KOTOPAas TOXKE
eIUHUIHAS, HO HefiCTBYeT Ha OJHO3IEMEHTHOM MHOXKECTBE U MMEeT LMKJIOBOI
HH/JIEKC, DABHBIIT Y] .)

CyMMUupOBaHUE JaeT:

0o . >
ZTn+lx = ZEZST(T(x)’T(:L‘2)7>
n=0 r=0

JLJ1st CyMMBI IIMKJIOBBIX MHIEKCOB BCEX CHMMETPUIECKUX I'PYIII CYIIIECTBYET
dopmysia, KOTopast JTIOKa3bIBAETCsT CpaBHEeHHEM KO(MDDUIIMEHTOB TP OINHAKO-
BbIX MOHOMAaX B JIEBOI U IIPaBOil YaCTU paBEHCTBA.

SAAYA 7. [Hokaxkure dpopmyiry

o0

[e.e]
1 _ Yk
EZST(?JL?J% )= expz o
r=0 k=1

Teopema 1 HermocpeaCTBEHHO BHITEKAET U3 YTBEPIKIEHUS 330241 7 U TPEIbI-
JyIIEro COOTHOILIECHUS.

CJHEACTBUE 1. Hmeem mecmo caedyrowas peKyppeRmmnas Gopmyaa Ors
YUCAA KOPHEBHLT depesbes:
n

e S (S

m=1 " plm

( Bhympennan cymma pacnpocmpaHAemes Ha 6Ce 0eAUMEU P HUCAG . )

JIOKABATEJIbCTBO CJIEACTBUA. Psan T'(x) moxuo npopuddepernupo-
BaTb IIOYJICHHO:

00 00
T/(JZ) = ZnTnInil = Z(n -+ 1)Tn+1$n
n=1 n=0

Tenepb BO3bMeM NPOU3BOJIHYIO OT 00€MX JacTell yKe JIOKA3aHHOI'O PaBEHCTBA
oo
k
T(x
T(x) = xexp E % ,
k=1

T k
3aMeHsisl TaM, TJIe HaJI0, BBIPAXKEHUe eXp Y oo (Z ) xa T(x)/z. Momyanm:

oT'(z) = T(z) = T(x) Y a*T'(z*).
k=1
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IMoscTaBuBs ciojia HaiiJeHHoe BbIlIe BhIpaskenue i 1", Haxo/mM:

[e.e]

Z(nflTx ZT:U‘] Zx ZpTxP l)k)

n=1

Memnsas 31€Chb IIOPAJOK CYMMUPOBaHUsA, MO2KHO II€pEIINCaTb 9TO COOTHOIIECHUE
KaK

oo o
Z(n - )Tz" = Z T Tyxd™ = Z Z pTpyTyx™
n=1 k.p,q n=1 g+kp=n

(TTocsieiamit 3HAK CyMMBI O3HAYAET, Jisi JAHHOIO 7, CYMMHUPOBAHHUE 10 BCEM
TPOMKaM IeJIBIX 9ucea k, P, ¢, YAOBJIETBOPSIOMMM COOTHOIIEHUIO q + kp =
= n.) Hakonen, npupasusem Ko3hDdUIMEHTE 1P 2" B JIEBOI 1 IPABOil 4acTH
[IOCJIE/THETO PABEHCTBA:

(n—1T,= > pLT,= Zn:(szp)Tn_m,

q+kp=n m=1 p|m

[Jie HOBBIN MHIIEKC CYMMHUPOBAHUS 1M COOTBETCTBYeT ctapoMmy kp. Crencrsue
JIOKa3aHo.

SATAUYA 8. BanporpaMMupyHTe MOIyIeHHY0 HOPMYIY HA KOMIBIOTEPE 1
HajiauTe qucaa 1, misas n < 15.

3A0AYA 9. IlonpobyiiTe HaiiTH MpsiMOe KOMOMHATOPHOE JOKA3aTEIbCTBO
9T0i1 hOpMyJIBI, T. €. cMbIca pasbuenus auciaa (n — 1)7T), Ha ciaraemble, yKa-
3aHHDbIE B MIPABOI YacTu (pOPMYIIBI.

SAIAYA 10. IIpu momoIyu TOXKIECTBEHHBIX IPEoOpa30BAHUI CO CTEIeH-
HBIMH PsIJIAMU IOKaXKUTE, YTO TeopeMa 1 SKBUBaJEHTHA, CJeayrolieil popmyiie

A. Ksnn:

[TepeitmeM K JOKa3aTebCTBY TEOPEMBI 2, KOTOpasl YCTAHABJIMBAET CBSI3b
MeXJly YHCJOM JE€PEBbEB U KOPHEBBIX JIepeBbeB. JloKazaTeabCTBO, KOTOpPOe
OyzZeT IJaHO, UCIOJb3YeT IOHATHE CUMMEMPUYH020 pebpa rpada U IIOHSTUE
pebepro-KopHeso20 depesa, U Mbl BHAYAJIE UX OObICHUM.

Pebpo e nexkoroporo rpada I' Ha3bIBaeTCs CUMMETPUIHBIM, €CJIU CYIIECT-
ByeT aBTOMOpP(hU3M rpada, MEHSIOMI MeCTaMi KOHIIEBLIE BEPIIUHBL €.

3A0AYA 11. okakure, 9TO JIEPEBO HE MOXKET UMETh HOJiee OIIHOIO CHM-
METPUIHOrO pebpa.

Takum obpazoM, Bce JIepeBbs JeJISITCS Ha ABa TUIA: MMEIOIIe OLHO CUM-
MeTpuIHOe peOpo U He MMEIOIIIe HU OTHOrO CHMMETPHIHOTO pebpa. (YKazKuTe
IPUMEDBI TEX U JIPYTHX ).
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OxasbiBaeTcsi, Takoe pas3Je/IeHne UTPAeT BarkKHYIO POJIb B IMOJCYETe YhC-
JIa CYIECTBEHHO Da3/InIHbIX (Hernojo0HbIX) BepmuH 1 pebep gepesa. (B . 1
MbI TOBOPHJIM, 9TO CBA3b MEXKJLY YUCJIOM JEPEBbEB U KOPHEBBIX JIEPEBbEB OCY-
IIECTBJISIETCS Ty TeM [OJCUeTa YUC/Ia HelOJMO0OHBIX BEPIIIHH. )

A MMeHHO, UMeeT MeCTO CJIeYIoNas JeMMA.

JIEMMA (TEOPEMA O XAPAKTEPUCTHUKE HEIIOAOBUA IJIA ,ZLEPEBbEB).
[Iycts p — uncsio HEMMOAOOHBIX BEPINH, & ¢ — YUCI0 HEMOJ00HBIX pedbep HeKO-
TOPOTO JiepeBa. DTU JHCJ/Ia CBSI3aHbI MEXKJIy COOOI Tak:

P = ¢, ecyiu IepeBO 00JIATAET CUMMETPUIHBIM PEOPOM,

p = q+ 1, eciiu jepeBo He 00JIa AT CUMMETPUIHBIM PEOPOM.

JOKABATENBLCTBO. Ilo dpopmyne Bepucaiiga st uncia opouT mnpu Jeii-
crBun rpymibl apromopdusmos rpada A = Aut(l') Ha MHOKeCTBe BEpIIUH:

p=ji§:ﬁ®,

a€A

rje v(q) — YUCI0 BEPINUH, HEMOIBUKHBIX 0] JefCTBIEM aBTOMOPMU3Ma (.
AmnaJjiornuno, ajs geiicreus A Ha MHOXKecTBe pebep:

qziHEZdM,

rie e(a) — aucsio pebep, HEMOJABUKHBIX MO JEHCTBIEM (.
VTBepKIeHne JeMMbl BBITEKAET U3 CJICIYIOMIX HaOIOMCHUI.

(i) Ecam nepeBo He obuajiaeT CUMMETPUYHBIM PeOPOM, TO PEOPO MOXKeT
OCTaTbCS HA MeCTe HOJ JeiicTBIeM aBTOMOPGU3Ma, TOJIBKO eCiu 00a ero KOH-
na ocraiorcs Ha Mmecre. ClieoBaTeIbHO, YUCI0 pebep, KOTOPhIE CIBUIAIOTCS,
PABHO YKCJIy BEPINUH, KOTOPbIE CJABUIAIOTCsI. A MOCKOJIbKY OOIIee Yucjio Bep-
muH Ha 1 Gosbiie, Mbl noaydaeMm v(a) = e(a) + 1 guist oboro a.

(ii) Ecau mepeso umeer cummerpuaHoe pebpo, TO rpylina aBTOMOPGU3MOB
paciiajiaercst Ha JiBe paBHbIe YacTh: aBTOMOP(MU3MbBI, COXPAHIONue 06a KOHIA
CHUMMETPHUIHOTO pebpa, U aBTOMOP(MU3MBI, TePEeCTABJISIONINE 3TH KOHIEI. Jst
aBroMopdu3MoB nepporo tuma oyaer v(a) = e(a) + 1, a qsa aBromopdusMos
Broporo Ttuna, Haodbopor, v(a) = e(a) — 1 (Ha camoMm Jese, Kak HETPY/HO
poBepuTh, B 3toM ciaydae v(a) = 0, e(a) = 1). CregoBarenbHo, CyMMBI B
obeux dopmynax BepHcaiiza coBnamyT.

JlemmMma jokazana.

VYIIPAKHEHUE. IIpoBepbTe yTBep:KJeHNE JIEMMBI JIJIs JIEPEBBEB, N300pa-
JKeHHBIX Ha PHUCYHKe 1.

Yr06bl BBIBECTH TEOPEMY 2 M3 JIOKA3aHHOI JIEMMbI, IEPEIUIIEM ee yTBEP-
JKJIeHUEe B BUE TOXKIECTBA

l=p—(q-9),
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re, KaK 1 BBIIIe, p 1 ¢ 0003HATAIOT, COOTBETCTBEHHO, UHMCJIO HEIMOJOOHBIX BEP-
H 1 pebep HEKOTOPOTO JAEPEBA, & S €CTh YUCI0 CUMMETPUIHBIX pebep B 3TOM
JiepeBe.

Temeps mpocyMMupyeM 06e 9aCTH ITOTO TOXKJECTBA 10 BCEM JIEPEBBSIIM C
JIAaHHBIM YHUCJIOM BepHiuH n. UTo MbI pu 9ToM mosyunM? B jieBoit wactu pa-
BEHCTBA IOJIYIUTCS, OUYEBUIHO, IIPOCTO UNCJIO BCEX JIEPEBBEB C N BEPITNHAMUI
t,. IlepBoe ciaraemoe mpaBoOil 9acTW JACT B TOYHOCTH YHCJIO BCEX KOPHEBBIX
nepeBbeB 1,.

A KaKoB I'HOCEOJIOTMIECKUI CMBICJT CYyMMBI IHCET § — S, T. €. TUCE]T HECUM-
MeMpuynblr pebep, 10 BCEM JepeBbsM C JAHHBIM YKUCJIOM BepiiuH? YTobb
€ro yCTaHOBHUTH, HAM KaK pa3 U IOTpeOdyeTcsl 3asBJIEHHOE pPAaHbIle MOHSTHE
pebepHO-KOpHEBOro jiepesa. [1o anajorun ¢ 0ObLIMHBIMU KOPHEBLIMU (WU BEp-
[IUHHO-KOPHEBBIMU) JIEPEBbSIME, PEOEPHO-KOPHEBOE JIEPEBO — 3TO JIEPEBO, B
KOTOPOM OTMEYEHO OJHO pebpo, HA3BIBAEMOE, €CTECTBEHHO, KOPHEBBIM pe6-
pom. (IIposepbre it pasMUHKHU, 9TO YHCIO pEOEPHO-KOPHEBBIX JIEPEBHEB C
4 BepiIMHAME DPABHO 3, YTO KOPEHHBIM OOPa30M OTJIMYAETCS OT YUC/Ia Bep-
IIMHHO-KOPHEBBIX JIEPEBbEB C 4 BepIINHAMU. )

Terepb MbI FOTOBBI K TOMY, YTOOBI OGbSICHITB CMbICT CYMMBI » (g — S), KO-
TOpas HAC TaK 3aMHTPUTOBAJIA. DTO YUCIO L, peOEepHO-KOPHEBLIX JEPEBLEB C
N BEPIIUHAMH, y KOTOPBIX 3alPEIaeTcs OpaTh B KAIeCTBE KOPHSA CHMMETPHU-
Hoe pebpo. lasaiite nx nepeaucaum. s 3Toro nogymMaem: K 9eMy HPUBOUAT
yaasenue KopaeBoro pebpa? IIpaBuiibHO, K paciaieHuro Jepesa Ha JiBe (POBHO
Ha siBe!) 9acTh ¢ TAaKMM YKe OOIINM YUCJIOM BEPIIUH. DTH 9aCTH, KAK HETPY/IHO
[OHSITh, €CTECTBEHHBIM 00Pa30M CHAGXKEeHbI CTPYKTYPOil KOPHEBOIO (MMEHHO
BepIMHHO-KOPHEBOro!) nepesa. Ecim 1pu 3ToM He Tporarh CUMMETPUYHBIX
pebep (He 6paTh UX B KAU4ECTBE KOPHEH — COIIACHO YIOBOPY, KOTOPBI J0POXKe
JIeHer ), TO MbI [OJIyIMM TaKoe BbIpakenue uucia L, depes uncia Tj:

Ln= Y Tl

k+l=n
k<l
(cymMupoBaHue TOJILKO 1O apaM HepaBHbIX unced!). Tor ke ¢pakT MOKHO BbI-
Pa3UTh Ha SI3bIKE IPOU3BO/ISIINX (DYHKIHI, JJIsT 9€ro JJOCTATOYHO PACCMOTPETh
npousseienne psga 1'(x) cam Ha cebst B KomaecTse (TOIBKO!) ABYX 9K3eMILIs-
pos. Hemmoro mopasmMbIC/IuB, BbI MoiiMeTe, 9TO (bopMmyia

KaK pa3 ’ BBIparkKaeT HeobXoammoe cooTHomrenue (pbramramme 1'(x?) — at0
3alper Ha OJWHAKOBBbIE MHAEKCHI k 1 [, T.e. 3alperT Ha CUMMETPUIHbIE KOPHU;
JBOITKa B 3HAMEHATEJIe — JIaHb TOMY (PaKTy, UYTO [IEPECTAaHOBKA JacTell mpu co-
cTaBJIeHUU PeOEPHO-KOPHEBOTO JIEPEBA HE MEHSIET PEe3YJIbTAT ITOrO JeHCTBHS ).



24 C. B. Hyxun

SAAYA 12. Hcmosb3yst JOKa3aHHYIO TEOPEMY U Pe3YJIbTaT 3aja4u 8, Haii-
nauTe 3HaYeHusd t, g n < 15.
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