Anrebpa reomeTpHYecKnX IIOCTPOEHIIL

[TocTpoennst MupKyaeM n JIMHERKOI

A. T. XoBaHCKuit

JlpeBHue Ipeku pelmin MHOIO KPAaCHUBBLIX 33/l[ad Ha HOCTPOEHUE IUPKY-
JIeM U JIMHEHKOM U 0OHAPYKUJIN HECKOJBKO IIPO0/IeM, KOTOPbIE CTAJIA IPE3BbI-
JaflHO 3HAMEHUTBLIMU W3-33 MHOTOYUCJIEHHLIX O€3yCIIENHBIX MONBITOK UX pe-
IIeHNs, TPEeATPIHIMABIINXCS Ha MPOTSI?KEHNN MHOTUX BeKOB. /[peBHIE rpekn
IIOCTPOUJIA ITPABUJIbHBIE N-yTOJIBHUKU JJIsI N = 2k . 3, 2k . 4, 2k . 9, 2k . 15, rue
k — sroboe HeoTpuaTebHOE Ynca0. [locTponTh TPaBUILHBIN N-YTOTBHUAK It
KaKoro-jimbo Jpyroro n HUKOMY He YJAaBaJIOCh JI0 TeX Iop, moka [aycc He mo-
CTPOWJI TPABUJIBHBIN 17-yTOJBPHUK W He ONHCAJl ITOJTHOCTBIO YNCJIa 7, JJIS KO-
TOPBIX 3aJata MOCTPOEHUS pa3peninMa. ['aycc moIydua 3TOT 3aMevaTe/bHbIT
PEe3YJIBTAT ellle 10 BOSHNKHOBeHUs Teopuu L'anya. Ero ynusuTensHoe OTKpBITHE
OKA3aJI0 OTPOMHOE BJINSTHIE HA Pa3BUTHE Psijia 00IacTeil MATEMATHKH. 37eCh
MbI paccka3biBaeM 00 9TOH 3ajiade u O APYTUX 33/a4daX Ha IIOCTPOEHUE.

Bajiatu Ha TOCTPOEHIE — CAMBIE CTaphle 3391 O «PA3PENTIUMOCTHU B SBHOM
Bujie». MbI pazinyaeM Tpu Kjacca IMOCTpoeHuit. B mepBoM, caMoM MpocToM,
KJIACCE JOIMYCKAETCs JIUIIb IMOCTPOEHUE MPSMOI, IPOXOJIAIIEl depe3 nBe 3a-
JaHHbIE TOYKM, OKPY?KHOCTH JIAHHOTI'O PajJuyca C JAHHBIM IIEHTPOM U TOYKH
IlepeceveHnsl TAaHHBIX TPSIMBIX U OKPYZKHOCTEI.

B TperbeM, caMOM CIIO2KHOM, KJIAaCCE KPOME IE€PEYUCTEHHBIX HOCTPOEHU
JIOIYCKAETCsl BBIOOP ITPOM3BOJIBHBIX TOYEK, HO TpPeOyeTcs, ITOObI PE3yJIbTaT
[IOCTPOEHUsI He 3aBUCENT OT CJIEJIAHHBIX ITPOU3BOJIBHBIX BBIOOPOB.

Bo BTOpOM, IIpOMeEKYyTOUHOM, KJIacCe ITPOU3BOJILHBIN BHIOOD HE JIOIyCKa-
€TCsl, HO Pa3PeIIaloTcs JIBa MOCTPOEHMS, OCYIIECTBIIEMbIe [IPU TIOMOIIU JTOMN
OTIEpAIINH: TIOCTPOEHHE IEHTPA JTAaHHON OKPYXKHOCTH U ITOCTPOEHUE TEPIIEH TH-
KyJlspa K JaHHOU IPSMOI, TPOXOSIIETO Yepe3 JAHHYIO TOUKY, He JEXKAITyIo
Ha IPAMOil.

MaTemaTunyeckoe npocseluerue, cep. 3, Boin. 17, 2013(42-60)
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JlornaecKkn MOCTPOEHUSI TPETHEro KJIacca OTIMIAIOTCS OT ITOCTPOEHUH Oc-
TaJbHBIX KJ/IACCOB: IMPOMEXKYTOUYHbIE OOBEKTBHI, IMOJIYyYAIONINecs B IIPOIECce
ITIOCTPOEHUsI, MOT'YT 3aBUCETb OT ITPOU3BOJIBLHOIO BhibOpa. B aToMm ciyuae oHu
HE CYNTAIOTCS MOCTPOCHHBIMHU NUPKYyJIeM u JimHeiikoit. Mbl cTtapaemcss 00oii-
THCH, KOTIa 9TO BO3MOXKHO, O€3 omeparinn BbIOOpa MPON3BOJILHON TOUKH. MBbI
JIOKA3bIBAEM, YTO HUCIOJb30BaHUE TOH Olepamnuu B OOJILIIUHCTBE 33Jla9 Ha
[HOCTPOEHME He J00aBIsSeT HUYEro HOBOrO (BCE, YTO CTPOMTCS IMPH MTOMOIIN
9TOli oneparyn, MOKHO OCTPouTh U 6e3 Hee). HacTh KIacCcuIecKux 3a/ad Ha
ITIOCTPOEHUE BIIOJIHE yJIOBJIETBOPUTEIHHO (hOPMYJIUPYETCS U PEIIAeTCsl BHYTPU
EePBOro KJIacca IIOCTPOCHUI.

3ajiava 0 TPUCEKINH YIyIa HYKJIAETCS B OMEPAINHA BhIOOpPA IIPOU3BOJIBLHOMN
TOYKH: 110 ABYM JaHHBIM IIPAMBIM, IIPOXOIAIINAM Yepe3 JaHHYIO TOUKY, OCTAJIb-
HBIMU OIIEPAIUSAMU BOOOIIE HEJIL3sl MOCTPOUTH HU4Uero HoBoro. Mbl mokasbiBa-
€M, UTO €CJId K JBYM JAHHBIM HPSIMBIM J00ABUTH MPOU3BOJIGHO BBIOPAHHYIO
TOYKY Ha OJHOW M3 HHAX, TO II0 3THUM HOBBIM JAHHBIM OIIEPAIIAMHA IIEPBOTO
KJIacCa MOXKHO IIOCTPOUTH BCE, YTO CTPOUTCH OIlePAIlUAMU TPETHErO KJacca 110
JABYM JTAHHBIM IIPAMBIM.

Bropoit knacc mocTpoeHuit Hy»KeH, 9T00BI PACIITUPUTH UCXOIIHOE MHOXKECT-
BO HAYAJIBHBIX JAHHBIX. Hampumep, omeparun mepBoro Kracca OCTPOSHUH He
IIO3BOJIAIOT ITIOCTPOUTH HUYIETrO HOBOTI'O, €CJIM MHOXKE€CTBO HaYaJIbHbIX JaHHbIX —
HECKOJIBKO HEIIEPEeCEeKAIINXCsi OKpyKHocTeil. Ho ecin K okpy»kKHOCTSIM 71008~
BUTH WX IEHTPBI, TO IO TUM HOBBIM JaHHBIM OTEPAIUSIMHU TIEPBOTO KJIacca
MOYKHO IIOCTPOUTD BCE, UTO CTPOUTCST OLEPAIIUSIMEA TPETHETO KJIACCa 110 UCXO/I-
HBIM JIAHHBIM (€CJIU CPeJI OKPYZKHOCTE eCTh JiBe ¢ PA3HBIMU IEHTPAMHE).

B nepeom maparpade mMbr 00CyK1aeM 3a/1atdy O Pa3peIrmMocTy ajarebpan-
YeCKUX YPABHEHUIT MPU TIOMOIIN KBaIPATHBIX KOPHEl, HYKHYTO [T 33181 Ha,
nocrpoenue. Mbl jies1aeM 910 j1azke B 60sibIieii 06IHOCTH, 1eM Heo6X0MUMO (MbI
HE I[IPEJIITOJIAraeM, ITO OCHOBHOE I10JIe COBEPIIEHHO U UTO €r0 XapaKTePUCTHKA
He paBHA JByM). DTa 3aJada HHTEpPeCHa caMa 1o cebe, a JINIIHsAS OOIMIHOCTH
He n00aBJisieT OOJIBITNX XJIOMOT. BTopoit maparpad moCBAIeH 3a7adaM Ha 10-
CTpOEHHUe.

§1. PABPEIIMMOCTb YPABHEHUI B KBAJIPATHBIX KOPHSIX

B sTom maparpade Mbl 00CyK1a€M CJI€IYIONIAN BOIIPOC O PA3PEITNMOCTH
ypaBHEHMII B KOHEYHOM BHJE: KOT/a HEIIPUBOJIUIMOE aJredOpamdecKoe ypaBHe-
Hue HaJ moJjieM K perraeTcs IpU MOMOIMU apudMeTHIecKuX olepaluil u us-
BJIedeHUsT KOpHeit crenern jBa? Teopust ['ajya orBedaer Ha 3TOT BOIPOC, €CIU
mojie K COBEpIIEHHO M €ro XapaKTEePHCTHKa He paBHa IByM. lIpocTbie mo-
[TOJTHUTEJIbHBIE PACCYKIEHMS [TO3BOJISIIOT OTBETUTH Ha 3TOT BOIIPOC, HE Jejast
HUKaKUX IPEITojoxKennii o moje K.
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O pacnostoxkennu Marepuasia. B m. 1.1 cobpan HY>KHBII BCIIOMOTaTeIbHbIM
marepuasi. B . 1.2 mpuBoauTcs HeoOXOIUMOE U JOCTATOTHOE yCJIOBUE Pa3pe-
IIIMOCTH YPaBHEHUsI IIPU ITOMOIITN KBaJIPATHBIX KOPHEHl, eC/I XapaKTePUCTUKA
nonst K we paBHa AByM. B 1. 1.3 TOT 2Ke BOIIpoc perraeTcs I moJeil XxapakTe-
puctuku asa. B mm. 1.4-1.5 npuBoasaTcs pe3ysabTaTsl ['aycca 0 KOPHSIX CTEIeHN
n U3 e InHUNIbI (Hy)KHbIe JJIdd 3aa91 O ITPpaBUJIbHOM n-yFO.HbHI/IKe).

1.1. BCIIOMOT'ATEJIBHBII MATEPUAJI

HamoMuanM HECKOIBKO 3jieMeHTapHBIX yTBepKaennii. Ecan more K comep-
xutcd B nosie F', To F aBisercss BeKTOpHBIM mpocTpancTBoM Hana K. Ecan
dimg F' < 0o, To nojie F' HA3bIBaeTCS KoHeuHuM pacuwuperuem nosss K, pas-

MepHOCTH dimg F' HA3BIBAETCS CMeENeHsbl PACIIIPEHnst 1 0003HATAETCS CHM-
BosioM [F' : K.

TEOPEMA 1. Feau K C F u F C M — xonewnvie pacusuperus, mo:

1) K C M — xoneunoe pacwupenue;
2) [M: K]=[M: F|[F:K].

HOKABATEJIBCTBO. Ilyctb ui,...,u, — 6asuc F #vamg K u vi,...,0;, —
6asuc M nan F'. JIlerko BujieTh, 4To 31€MeHThI u;vj, rjie 1 <i < n, 1 < j <m,
obpazytor 6asuc M manm K. OTKyna BbITEKaIOT 00a yTBEPXKICHUSI TEOPEMBL.

YTBEPXKAEHUE 2. 1) Ecau [F: K] =n ua € F, mo cywecmeyem nosu-
Hom Q nad nosem K cmenenu, ne 6oavwets wem n, maxot, wmo Q(a) = 0.

2) Ecau Q — menpusodumwiti nad K noaunom u Q(a) = 0, mo
[K(a): K] =degQ.

JIOKABATEJBCTBO. 1) Tak kak dimg F' = n, 1o ssementst 1, a, ..., a”
3aBHCHMBI, T. €. HajfiayTcs \; € K, Takue, 910 Apa” + Ap_1a” 14+ 4+ X g =0,
mpuaeM Jjist HeKoToporo ¢ > 0 koadduimenT A; He paBeH HYJIIO.

2) Ione K(a) uzomopduo nomo Kz]/I, rae I — wupeas, HOPOXKIEHHBILIT
LOJIMHOMOM () CTEIeHH 1.

YTBEPXKJEHUE 3. Ecau cmenenb Henpugodumozo nosuHOMA Had Nosem
rapaxmepucmuxy p > 0 ve deaumcsa ma p, Mo 6Ce €20 KOPHU HEKDATHDL.

JOKA3ATEJIbCTBO. KparHblit KOpeHb MOJTHHOMA () SIBISETCS KOPHEM €0
npoussoHoit Q'. Henpusoumblil ojuHoM @ He MOXKeT UMeTh OOLIero KOpHsI
C HEHYJIEBBIM ITOJIMHOMOM MeHblreil crernenu. [losromy eciin () mmeeT KpaTHBII
kopenb, T0 @' = 0, T.e. Q(x) = R(2P), rne R mexoropslii mosmuaoMm. B aTom
ciaydae deg Q@ = p - deg R u, cienoBaresnbho, deg () geuTcs Ha p.
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1.2. 2-PAJIMKAJIBHBIE PACIIUPEHUSI.

Bepmemcst k Boripocy o pas3permMoCcTy ypaBHEHUI IPU ITOMOIIYM KBaIpaT-
HBIX KOpHEH.

ONPEAEJEHUE. Pacmmpenne K C F Ha3biBaeTCs 2-padukasbHolM, €CJINA
cymectByer Gamas moseit K = Fy C Fy C --- C F,,, takaga, aro F' C F,, n
F;, = Fi_1<az‘) mpu 1 < ¢ < n, re CL,L2 e F,_1uaq §é F;_q.

TEOPEMA 4. Ecau K C F — 2-paduxasvhoe pacwupenue, mo [F : K| =
=2k,

JOKABATENBLCTBO. s K = Fy C Fy C --- C F,, umeem [F, : K] =
=[F,: Fo1].. .- [F1: Fy)=2".Ecm K C F C F,,vo0 [F: K|-[F, : F] =2".
[Tostomy [F' : K| — creneHb TBOHKL.

CHEACTBUE 5. Ecau nenpusodumvit nad K nosurom P umeem xopens 6
nexomopom 2-padurarsrom pacuiuperuy noas K, mo deg P = 2F,

JJOKABATENBLCTBO. Ecim P(a) =0, to [K(a) : K| = deg P.

CHEACTBUE 6. I[ycmo xapaxmepucmuxa noss K wne pasna deym. Kybu-
yeckoe ypasrenue P = 0 nad nosem K pewaemces 6 k6adpammux KOPHAT, eCAl
U MOALKO ecau 00uH u3 KopHel ypasHerus codepocumes 6 noae K.

JJOKABATENBCTBO. Ecim a € K u P(a) =0, 10 P = (x — a)Q, rue Q €
K [z]. KBagparnoe ypasHenue ) = 0 peraeTcst B KBaJIpaTHBIX KOPHSIX, TaK Kak
xapakTepucTuka 1nojst K He paBHa jByM. Ecin KyOUYecKuii MOJTMHOM HE HMEET
KOpHA B K, TO OH HEIIPUBOAUM M MOXKHO BOCIIOJIB30BaTbHCA CJI€ICTBHEM 5

3AMEYAHUE. g K = Q ciaencreue 6 npuHUMAaeT ABHBIA BUI: JJIsT [TOJIH-
HoMa P € Q[z] MOXKHO sIBHO HaliTH BCe ero paloHalbHble KOPHE (B 9aCTHOCTH,
MOKHO $IBHO IIPOBEDPHUTH, YTO TAKUX KOpHeil Her). Eciau KopeHb a HaiijieH, TO
kBasipaTHoe ypasenue 0 = Q(z) = P/(x — a) pemaercst iBHO.

OboznaunMm 1yepe3 FEp nojie paszjoxkenus rnojguHoMa P Haj mojem K.

CHEACTBUE 7. Ecau nenpusodumvit nad K nosurom P umeem xopens 6
Hekomopom 2-padukanvrom pacwupenun noss K, mo [Ep : K| = 2™.

JIOKABATEJ/ILCTBO. Pacmupenne K C Ep B ycloBusX CIeACTBUS 2-pa-
JUKAJIBHO.

CrencrBue 7 JOIyCKaeT CJIELyIOIIee YaCTUIHOE ODpalleHe.

TEOPEMA 8. FEcau das nenpusodumozo nosuroma P nad norem K, xapax-
MEPUCTUKG KOMOPO20 HE PABHA 08YM, 6vinosnaemcs pasencmeo [Ep @ K| =
= 2" mo pacwupernue K C Ep asasemcs 2-padukasbHoim.
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JIOKA3ATENLCTBO. Crenens pacmmpenus [Ep : K| genurcs Ha creneHb
nosmaOMa, P, mosromy deg P = 2F. CireioBaresibHO, 110 yTBEPAKICHAIO 3, ypaB-
menne P = 0 cemapabejibHO M K HeMy IpuMeHuMa Teopus Lasya. Ilopsimok
rpymmsl Lanya G mosst Ep nan nonem K pasen uncity [Ep @ K] = 2™. Tak kak
MOPSIIOK TPYIIbl (G SIBJISIETCSI CTENEHBIO JBOWKM, TO CYIIECTBYET HOpMAaJibHAasI
Gamus noarpynn G = Gop O G1 D --- D Gy, = e, 1akas, uro G;/Gi_1 = Z»
mpu 1 < 7 < k. g 6amsum moneit K = Ko ¢ Ky € --- C K,,, = FEp,
cooTBeTcTByIOMIEll 9T0M Gamue noarpymi, umeem [K; : K;—1] = 2. Tak kak
xapakrepuctuka nojst K (a, snaunt, u nojsa K;) He pasHa JaByM, TO noje K;
oJiydaercsd u3 mojst K; 1 npucoeInHeHrneM KBaJIpaTHOIO KOPHSI.

1.3. 2-PAJIUKAJILHBIE PACIIUPEHUS MOJIEM XAPAKTEPUCTUKU JIBA

B stom mynkTe MBI OyzeMm 0603HaUATH CUMBOJIOM K HEKOTOPOE IO0JIe Xa-
PAaKTEPUCTHKU [Ba M CHMBOJOM K — ero ajsrebpamdeckoe 3aMblKanue. Hac
MHTEPECYIOT JINIIb ajaredpandeckue 3jeMeHThl Hajl mojieM K u ajredpante-
ckue pacrmmpennst mosst K. He orpammanBasi OGIITHOCTH, MOXKHO CIUTATD, ITO
9THU 3JIEMEHTDBI U PAaCHINPEHUsA COAePzKATCA B II0JIC F

JIEMMA 9. Munoowcecmeo aremenmos y, maxux, wmo y> € K, asasemca
NOAEM.

JIOKABATE/ILCTBO. Jlemma BBITeKaeT u3 pasenctsa (a + b)? = a® + b2,
CIIPABEJIJITBOrO B MOJISAX XapaKTEePUCTUKH JBA.

Onpenenum tenouky moamoneir K = Ko C Ky C --- C K, C ... HOHgf
IIpU TIOMOIIM cooTHOMeHns 3y € K; 1, ecam u Tobko ecmn y? € K;. Ione K =
= |J K; 6yaem Ha3biBaTh cosepuientbim 3amvikaruem nost K. Jlerko Bujers,
470 I0Te K SABISETCH MUHIMAITHHBIM COBEPILEHHBIM II0JIEM, COIEPKAIIIM I10-

ae K.

TEOPEMA 10. Koneunoe pacwuperue K C M noasa K acasemca 2-padu-
KANDHDBIM, ECAU U Moavko ecau M C K.

JOKABATEJIBCTBO. Ecmu gnst 6amuan nmoneit K = Fy C Fy C --- C F,
mveeM F; = Fi_q(a;), tie a? € Fj_1, o F; C K;.

[Mommuom P € K|[x] na3blBaeTcst MUHUMAALHOIM NOAUHOMOM aJTebpante-
ckoro aJieMenTa a HaJ K, ecm P(a) = 0, noauHoM P HENPUBOIUM M YHUMO-
Jasen (T.e. crapimmii KoadduipenT nosnHoMa P paBeH e/[MHHUIE).

TEOPEMA 11. Ioaunom P aessemca MUHUMAANOHOIM NOAUHOMOM HEKO-
n
mopoeo aaemenma a € K, \ K,_1, ecau u moavko ecau P(z) = 2" — b, 2de
be K ub#c? dns ecaxoeo c € K.

JIOKABATEJIbLCTBO. DieMenT a € K, sBISETCS €IMHCTBEHHBIM (KpaT-
HBIM) KOpHeM mojmHoMma 2 — b, rie b = a?" € K, mosToMy MUHUMAJLHBI
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mosimHOM P 371eMenTa a mMeeT eMHCTBEHHBIN KOpeHb a. Yucaa m, Takne, ITo

a™ € K, obpasytor ajyurusHyto noarpyuny B Z. Ecim a € K, \ K, —1, TO
n

a™ € K, Tonbko eciam m pemurca Ha 2", OTxyna suapo, uro P(z) = 22" — b.

CHEACTBUE 12. Ecau P € K[x] — ynumodarvhoili u nenpusodumvii Haod
K, mo ypasnenue P(x) = 0 paspeuumo 6 k6a0pammuvls KOPHAL, ECAU U MOAb-
ko ecau P(x) = %" —b, 2de b € K ub # ¢? dan 6canozo c € K. B wacmmocmu,
6CAKOE HENPUBOJUMOE YpasHeHUue cmenenu boavwel eduruybl Had cosepuieH-
nom noaem K ne pewaemces npu nomouwu xeadpammsix KopHed.

1.4. KOPHU U3 EJUHUIIBI

3J1ecb MBI HAITTOMUHAEM KJIACCUYECKHUE Pe3yJbTaThl L aycca, OTKPBITHIE €Ie
JI0 BO3HUKHOBeHusI Teopun [ajya.

ITycrs €2, C C — MHOXKECTBO 4nce1 x, Takux, 9ro 2’ = 1, n (2 — MHOXKecCT-
BO BCEX NPUMUMUCHHL KOPHET U3 eOUHUYb, CTETIEHU 1, T. €. MHOXKECTBO UHUCEJT
a € Qp, Takux, aro " # 1 upu 0 < m < n. Ecom w € QF, 10: 1) a € Q,,
€CJI U TOJBKO ecin a = wF s Hexoroporo mesoro k; 2) a € QF, ecin u
TOJIBKO ecm a = wF, ryie k B3amMHO IPOCTO ¢ M, T.e. BBIYET k 1O MOJYJIIO
N JIEKUT B MyJIbTHILTMKATUBHON Tpymne U(n) obpaTHMbIX 3JI€MEHTOB KOJIb-

na Z/nZ. Lukiomomuweckum noaunomMom CTEIIEHN 71 HA3BIBACTCS MOJHMHOM
P (x) = Haeﬂ;; (z —a).

JIEMMA 13. Chnpasedauso pasencmeo z™ — 1 =[], ®a(z), 2de npousse-
denue Gepemcea no 6cem deaumenam d wucaa n.

JIOKA3ATEJILCTBO. BhITeKaeT U3 COOTHOIIEHUH

O, = J u Q9 =2 pu dy # dy.
din

CneactBuE 14. Hoaunom P, ynumodarern u umeem yeavie koapduiu-
ENMbL.

JTOKABATENBLCTBO. Ecim P, Q € Z[r] — yHuMoaibHble TOJIUHOMBI, TO:
1) momuuom PQ yunmogmanen u PQ € Z[z]; 2) ecin T = P/} — nonusoM,
to mosmuoM T yaumogasen u 1 € Z[x]. Mbl ucnonb3yeM odeBuanbe (haxThl
1)-2) st MHIYKIMOHHOIO JOKa3aTeibeTBa cieactsus. s n = 1 ciaencrsue
BepHO, Tak Kak Pi(x) = x — 1. Homoxum ¥,, = [[ Py, rue upoussenenue
Gepercs 1o gesmTensiM d 9UCIa 1, MEHBIIUM 4YeM n. Ecau ciiecTere BepHo
s d < n, To, cornacuo 1), nomuaom ¥, yaumomanen u W, € Z[z]. Tlo
nemme 13 &, (z) = (2" — 1)/ ¥, (x). Cornacuo 2), ciaeacrsue BepHo Jyist d = n.

[MonuuaoMm f € Z[x] HasbiBaeTCst NPUMUMUSHLIM, €CIU ero Koadbduimen-
ThI HE UMEIOT 00Iero jgesnutess. [Ipoussedenue npumumueHss noAUHOMOS
ABAACMNCA NPUMUMUSHBIM Nosuromom. U3 sToro daxkta u Teopembl [aycca
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ABTOMATHYECKH BBITEKAET CJIEAYIOIIEE CE0UCMBO UEAOUUCAEHHOCTNU: €CIIA ]IS
fi = fafs, vne fi1, fo — yHuMopmasbHble nosuHOMBL, f1 € Zlx] u fo, f3 € Q[x],
TO IOJIMHOMEI [, f3 IMEIOT Le/ble KO3(MMUINEHTEI U IOJIUHOM f3 YHUMOIAJIECH.

HamoMuum Tak»ke, 9TO €Cjii p B3aUMHO IIPOCTO C 1, TO mojimaoM " — 1 €
Zp|z] me umeer KpaTHbIX KopHeil (Tak Kak n 7 0 mod p, To mpousBoiHast

nz" ! mommoma 2™ — 1 He MMeeT HeHyJIeBBIX KOpHeit).

TEOPEMA 15 (I'avce). Hoaunom @, nenpusodum nad Z.

JIEMMA 16 (T'avec). ITyemov w € ), f — MUHUMAAHBIG NOAUHOM HUCAG
W up — npocmoe wucao, 63aumno npocmoe ¢ n. Tozda f(wP) = 0.

JOKABATEJIBCTBO. Yuciio w — xopeub mnosmaoMa P,,. [losromy &, =
= fg, tne g € Qx]. CorylacHO CBOICTBY I1€JI0YUCIEHHOCTH, ¢ € Z[x] u no-
auHOM ¢ yHuMomasie. Jlonycrum, uro f(wP) # 0. Torma g(wP) = 0, Tak Kak
0=®,(wP) = f(wP)g(wP). B arom ciyuae w — Kopensb noaunoMma g(a?), mosro-
my g(zP) = fh, rue h € Q[z]. CornacHo cBoiicTBy 1esouncaenHoctu, h € Z[x]
u nojuHoM h yaumopasen. Ilycrs 7: Zx] — Zy[x] — romomopdusM, mpogosr-
JKalomuil Ha KOJIBIO IIOJIMHOMOB €CTeCTBeHHOoe oTobpakenue Z — Zy,. Vimeem
(rg)(2zP) = (7 f)(wh). B komblie Zy[x] 11s BCAKOTO HOJIMHOMA (0 CIPABEIINBO
roxzaectBo p(zP) = ¢P(z) (oo BeITeKaer u3 ToxAecTBa aP = a B Z, U U3
roxzaectsa (¢ + )P = P +YP B Zy[x]), nosromy (wg)? = (nf)(wh). Crenosa-
TesIbHO, noJuHOMBI 7(¢) 1 7(f) uMeroT obImuiit MHOXKHUTEIb, T09TOMY OJTHMHOM
7(f)m(g) umeer xparublii Kopenb. Ho momunom m(®,) = w(f)m(g) sBiser-
cst pesnresteM noymaoMa (z" — 1) = (2™ — 1) € Zy[z], koropslit He nMeer
KpaTHbIX KopHel. [IporuBopeune mokasbiBaeT jieMmy [aycca.

JIOKA3ATEJIbCTBO TEOPEMBI ['AVCCA. Ilycrs (w, f, p) Takume, Kak B
nemme laycca. dns Tpoiiku (w1, f, p2), tae w1 = WP, p1 = p u po n0b6oe
[IPOCTOE YHCJIO, B3AUMHO IIPOCTOE ¢ N, npuMmeHuma jgemma [aycca. [leiicTBu-
TresibHO, wy € OF u f(w1) = 0. Anamorngno f(wPrPm) = 0 st s060it
[IOCJIEIOBATEIBHOCTHU [IPOCTBIX YUCEJT P1, - - - , P, B3AUMHO IIPOCTHIX ¢ 1. Kaxk-
JIBIf 971eMeHT « € ()} TIpeJicTaBUM B BUJe o = W', Ile M — IPOU3BEIEHNE
[IPOCTBIX YUCEJ, B3aUMHO IPOCTBIX C 1. Y HUMOJAJbHBI moJuHOM D) mMeeT
Te YKe KOPHU, UYTO U YHUMOJAJIbHBIH nojuHoM f. [Tostomy @, = f u mosmaOM
®,, HerrpuBOIAM.

CJIEACTBUE 17. I'pynna Laaya G noas E, pasiroscenus nosuroma x™ —1
nad nosem Q usomoppna mysvmunaurkamuenot epynne U(n) xoavya Z/nZ.

JIOKA3ATEJIbCTBO. Jlerko BujeThb, uro rpyima G siBJISIETCsT TOAIPYIIION
rpyunst U(n). Kopan wenpusogumoro nojumaoMa P, jiezkar B 1oJie pasjioxe-
Hus nosimHOMa ' — 1 = 0, mosromy #G > deg ®,. Ho deg®,, = #U(n).
[Tosromy rpymmna G cosnagaer ¢ rpymmoii U(n).
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3AMEYAHUE. Ilycte Q C E pacmupenune lanya u nycrs £ C E,. To-
raa rpynmna lajmya G pacmumpenust Q C E kKomMMmyraTWBHa, Tak Kak G —
dakroprpynna rpynnst U(n). Cornacho smamenutoii Teopeme Kponekepa
— Bebepa, BepHO m obpaTHOe yTBEp:XKIEHWE: ecau 2pynna laaya pacusupe-
nua Q C E xommymamusna, mo E codeporcumesa 6 nose B, npu mexo-
MOoPoM N.

1.5. PA3BPEIIMMOCTb YPABHEHUA " —1 =0

3J1eChb OIUCHIBAIOTCS YHUCJA N, JJIS KOTOPBIX 2-pajMKaJIbHO PACIIHPEHUE

Q C E,.

YTBEPXKJEHUE 18. Ilycmo n = plfl S -p,’%m — pasaooicenue n 1a Npo-
cmwie mmosicumeny. Toeda U(n) = U(p)¥ x -+ x Ulpm)*™ u #U(n) =

=[IF —p" ).

JIOKABATEJILCTBO. BriTekaer u3 xkutaiickoii TeopeMbl 00 ocTaTkax U u3
Toro, uro B Kosble Z/pFZ ecrs posro pF! meoGpaTuMbIx s1eMeHTOB.

IIpocToe unciao p HA3BIBAETCS Npocmovim wucrom Pepma, ecam p = 2™ + 1.
Jnst medernoro m uuciao 2™ 4+ 1 nenmres wa 28 + 1 u aBiasiercss cocTaBHBIM.
[Tosromy mpoctsie unciaa Pepma npeacTaBuMbl B Buge p = 22° + 1. Yucna 3,
5, 17, 257, 65537 mocraBisitoT npuMephl TpocThix uncen Pepma. HemssecTHO,
SABJISIETCS JIM MHOXKeCTBO IpocThix unces Pepma beckoneunwim. [lesoe qmcio
n Gyzem HazpBaTh wucaom laycca, ecmm n = 2py - .. py, tae k > 0, a
Ply- .-, Pm — pa3mdHbIE TPOCTHIE Yucaa Pepma.

TeOPEMA 19 (I'avce). Pacwupenue Q C  E, 2-padukanvro, ecau u
moavko ecau N — wucao aycca.

JOKABATENBLCTBO. [HeiicrBurenbro, deg ®(n) = #U(n). 13 yrBepxie-
Hust 18 Bujno, uro #U(n) = 2% ecsm u TosbKO econ wncio n — uncio Laycca.

ITPUMEP. Pemmmm ypasnenue ®5(z) = 0. Mmeem
P5(z) =" - 1)/(z—1) =2 +23 + 22+ +1=0.
Hauee,
2 05(x) =P+ o+l et =w? tu—1,

rae u = x + 2~ !. UTo6k! HAfITH X, JOCTATOYHO CHAYAJIA PEIINTH KBaIPATHOC
ypasuenne u? +u—1 = 0 u 3aTeM PeIuTh KBaJIpaTHOe ypaBHeHne xu = 2+ 1.

SsHoe pemenne ypasaenust $17(z) = 0 6bw10 Haiineno [ayccom. OHo 110-
CIIY?KHUJIO OTIIPABHON TOYKOW W JIJIsl JIDYTUX €r0 3aMedaTeIbHBIX OTKPBITHIA.
U ceitaac, Biages Teopueii [amya, caMOCTOATEILHO PEITUTDL 3TO ypaBHEHHUE Ja-
neko He rpocto. Monwm crynentam FO. Bypaa u JI. Kazern aro ynanocs (cem. [1]).
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§2. YTO MOYKHO MMOCTPOUTDH LIUPKY/JIEM U JIMHENKOI?

DToT maparpad MOCBSAIIEH BOIPOCAM Pa3pPENIUMOCTH U HEPA3PEITUMOCTH
3ajad Ha noctpoenne. HeCcKOIBKO CI0B O PACIIONIOXKEHNN MAaTEPHUAJIA.

B nm. 2.1-2.2 onncan Kj1acc TOYEK, MPSAMBIX U OKPY2KHOCTeH, KOTOPhIE MO-
IyT OBITH TOCTPOEHBI IIPU MOMOIIHU OIEPAINI U3 MEPBOr0 KJIacca MOCTPOCHU
10 HAYAJbHBIM JTAHHBIM, SBJISIONTIMCS KOHETHBIM MHOYKECTBOM TOUeK: B II. 2.1
JaHbl HeOOXOIUMBbIE yCJIOBUS IPUHAJIEZKHOCTH 3TOMY KJaccCy, B II. 2.2 10ocTa-
TouHble. B 1. 2.3 MbI 00CyK1aeM HECKOJIBKO KJIACCHYECKUX 3aJ1ad Ha MOCTPO-
enne (BKJIOYas 3aJady O MOCTPOCHUH IPABUIBLHOTO M-YTOJBHUKA), KOTOPBIE
VKJIAJIBIBAIOTCA B KapTUHY, pazobpanuyio B . 2.1-2.2.

B 1. 2.4 BBIie/IeHBI J1Ba TOCTPOEHUST, UCIIOIB3YIOIIHE BHIOOP IIPOU3BOIBHBIX
TOYEK, KOTOPhIE 11032KE€ PACCMATPUBAIOTCH KaK JBe HOBbIe oreparuu. B 1. 2.6
OIMCAHO, YTO MOYKHO IIOCTPOUTH 110 JIOOBIM (KpOMe HECKOJIBKUX UCKIIIOUNTE b
HBIX THUIIOB) HAYAJBHBIM JIAHHBIM C MCIOJIb30BAHUEM OIEPAIlK BHIOOPA IIPOU3-
BOJIbHBIX TOUYeK. OKa3bIBAETCs, YTO BCE, UTO MOXKHO IIOCTPOUTH C €€ UCIOJIH30-
BaHMEM, MOYXKHO IIOCTPOUTDL U 0€3 Hee, MOJIb3yACh ABYMs HOBBLIMH OIEPAITHSIMU
U MIOCTPOEHUSAMU U3 mil. 2.1-2.2.

B 1. 2.7 MBI ontucbiBaeM, 9TO MOXKHO IIOCTPOUTD IO MHOXKECTBY HAYAJIBHDBIX
JAHHBIX OJTHOTO MCKJIFOUYUTEIBHOI'O THUIIA, CBI3aHHOTO C 33/la4eil O TPUCEKITUU
yIia, u mojipobHO 00CYKIaeM BOIIPOC O PA3PEIIMMOCTH TOH 33189,

B n. 2.8 noxkazana omaa Teopema u3 BeIeCTBeHHOM adduHHON reomeTpun,
CBsI3aHHAS C BBIIOJHUMOCTBIO apru(OMETUIeCKUX OlepaIuil Hal BEIECTBEHHbI-
MU 9HUCJIaMU IIPHU TOMOIIY T€OMEeTPUIECKUX ITOCTPOEHNH.

2.1. HEPABPEHIMMOCThH HEKOTOPBLIX 3AMAY HA ITOCTPOEHUE

IIpexxme deMm mOKa3bIBATh HEBO3MOYKHOCTH TOTO WJIM WHOTO ITOCTPOEHUSI,
HY2KHO TOYHO OIIPEIEeINTh, 9TO 93T0 Takoe. [lycts M — MHOXKeCTBO BCeX TOUEK,
IPSIMBIX M OKPYZKHOCTE Ha MJIOCKOCTH (TOJBKO TaKue 0O'beKThl MOKHO CTPO-
UTh IUPKYyJIeM u JHHEHKo ). MoxKHo 3a1aTh HEKOTODBI donycmumviil Kaacc
M C M u cka3arb, 4TO TOYKA, IPAMAasi WK OKPYKHOCTH MOT'YT ObITH [TOCTPO-
€HBbI, eC/IM OHM NpUHAJJIeXKaT ToMy Kiaccy. Kiracc M MOXKHO OIpeenTh,
3a/laB HavyaJbHbIE JIAHHBIE U JIOIIYCTUMbIE OIIE€PAITUU.

CHUCOK JONYCTUMBIX ONEPAIMI (HAYAJIO CIIMCKA)

1. Onepavyusa nocmpoerus npamoti COIOCTABIISIET MMape Pa3JUIHbIX TOUYEK
MPOXOJIAIILYIO Yepe3 HUX MPSIMYIO.

2. Onepayus nocmpoerus okpyacrocmu coroctapisier Toukam P, @, O,
riae P # @, okpyxkHOCTB ¢ nienTpoM O 1 pajumycoM, paBHbeiM [P, Q).

3. Onepayus nepecevenus COMOCTABISET ITape HECOBIAIAIONINX I€PECeKa-
fomuxcd KpuBbiX ['1, I's, e I'; — mubo mpsimasi, OO0 OKPY2KHOCTB,
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UX TOYKH IlepeceveHtsl (llepecedenne MOKET COJIEPKATh OJIHY WU J[Be
TOYKH).

OnPEAENEHUE. Kiacc M(D) C M Touek, NpsIMbIX U OKPY?KHOCTEH, KO-
TOPBIE CMPOAMCA NO HAMAALHOLM danmvim D C M, — 3T0 MUHUMAJILHBINR

Kjace, cogepxammii D M 3aMKHYTHI OTHOCUTENBHO JIONYCTHMBIX OI€pPa-
mii 1)-3).

BamkuyToCcTh Kitacca M (D) OTHOCHTETBHO IIepecetdeHnst O3HATAET, ITO €C-
m 'y, e € M(D), xpussbte I'1, 'y He coBnagator u P € T'1Nly, To P € M(D).
AHAJIOTUYIHO OIIPEJIEJISIeTCS 3aMKHYTOCTb OTHOCUTEJIBHO JPYTHUX OMEPAIIHIA.

TeopeMbl 0 HEBO3MOYXKHOCTH T€X WJIU MHBIX TIOCTPOCHUIT OCHOBAHBI HA (POP-
MYJIIPYEMO#i HUKE MPOCTOil ajirebpantieckoii Teopeme 20.

ONPEIEJEHUE. Kaacc Mp — 9TO KjIacc BCeX TOUYEK, HMPAMBIX U OKPYK-
HOCTel Ha KOOPJMHATHON IIOCKOCTHU, ONPEIEEHHBIX HA0 HEKOMOPbIM GEULe-
cmeernvim nosem T (Touka onpenesena Hag T, eciim 06e ee KOODIUHATHI Jie-
»kar B 1, mpsiMast WJIK OKPYXKHOCTD OIPeeseHbl Hall 1, eciii UX MOKHO 3a1aTh
ypasuernsayvu az + by +c¢ = 0 wm (z —a)? + (y —b)?> +¢c=0, rae a,b,c € T).

Ecmu sewecmeennoe noae T C R 3amrxnymo omuocumenvho udsieuenus
keadpammsix kopret, T.e. ecina € Rua? € T, 1o a € T, To Knacc Mp BMecre
C KayKJON OKPYKHOCTBIO COJIEPKUT €€ IEHTP U PACCTOSHUE MEXKJLY TOYKAME
P, Q) € Mr snexur B iosnie T

TEOPEMA 20. FEcau seuwecmsenroe nose T C R zamxnymo omnocumens-
HO U3BAECUEHUSA KEAOPAMMHHLL KOPHEL, MO Kaace Mr 3aMEHYM 0OMHOCUMEALHO
donycmumviz onepayut 1)-3).

JIOKABATE/IBCTBO. B koopiumarax miockoetu R? omeparum 1)-3) cBo-
JATCS K HAXOXK JEHUIO BEIMIECTBEHHBIX PEIICHNI TMHEIHBIX U KBAIPATHBIX yPaB-
Henuii. Pemenue Takux ypaBHEHHI He BBIBOAUT U3 moJsis 1) TaK KakK OHO 3a-
MKHYTO OTHOCHUTEJIbHO U3BJIEYECHN A BEIIECTBEHHBIX KBaJAPaTHBIX KOpHeﬁ.

IIycts Dy — HEeKOTOpOe MHOXKECTBO TOUEK Ha IJIOCKOCTH, cofepKalree He
MeHee JIByX TOUYeK. EBK/IMIOBBI IBUKEHUsT U TOMOTETUU IIEPEBOIAT IPIMYIO B
MIPSAMYI0, OKPY?KHOCTb C OTMEYEHHBIM IIEHTPOM B OKPY2KHOCTBH C OTMEYEHHBIM
nenTpoM. Takue NBUZKEHUs COTJIACOBAHBI € 33Ia9aMU ITOCTPOEHUS.

ONPEAEJIEHUE. [losem, coomeemcemsyrouum Dy, Ha30BEM HaWMeHbIIIee
BemecrBernoe nojie 1T'(Dy), 3aMKHYTOE OTHOCUTENHLHO M3BJIEYEHUsT KBAJIPAT-
HLIX KOpHEH U cozpepzKallee OTHOIIEHUsS IJIMH OTPE3KOB, KOHILI KOTOPBIX JIe-
xkar B Dy.

Boibepem aBe pasuble Toukun O, E2 € Dy u HOPMHpPYeM DPacCTOSHHE TaK,
qT06bl Ha orpeska (O, E| paBasiiach eaunuie. CkaykeM, 9TO OPTOHOPMI-
poBaHHast CHCTeMa KOOpAUHAT cozaacosana ¢ Dy, ecnn O = (0,0) u E = (0, 1).
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TEOPEMA 21. B coezaacosannoti ¢ Dy cucmeme xoopduram cnpaseoauso
sxamouernue M(Dg) C My, 2de T = T (Dy).

JlpyruMu cjioBaMU, €CIU TOYKa, IpsMasl UM OKPY>KHOCTh He OIpeIe/IeHb
Ha1 rosieM T, TO UX HEJIb3s1 MOCTPOUTD TIPU MOMOIIH ortepariuii 1)—3) mo Touram
13 MHOXKecTBa, Dy.

JIOKABATEJILCTBO. B ycioBusix TeopeMbl KOOPANHATHI TOUEK MHOYXKECTBA
Dy nexar B nosie T'(Dy). Tenepb Teopema BbiTekaer u3 reopembl 20.

2.2. HECKOJIBKO $IBHBIX IIOCTPOEHUI

JIJIsT BBITIOJIHEHUST TeX WJIM WHBIX [TOCTPOEHUN B Ka9eCTBE «CTPOUTEbHBIX
KUPIIMYUKOBY» HYKHBI PEIIEHUs] HECKOJIbKUX IITKOJbHBIX 38/1a1 Ha TOCTPOCHUS.
Hamomunm mx.

1) o moukam A, B nocmpoums mouxy, aescauyyro ene npamot AB, u
cepeduny P ompesra [A, B]. llycts @), R — To4YKM niepeceveHusi OKPYKHOCTeH
¢ nearpamu A u B u pammycamu, pasubivMu [A, B]. Kaxnas u3 Touek @, R
jiexkut BHe AB, u P — touka nepeceuenust AB n QR.

2) Boccmarosumo nepnendukysip k npamot | uz mowku P € L. B nameit
cutyaruu Tpedyercs mo Toukam A, P € [ moctpouth Toukn (), R, Taxue, 4TO
npssmbie AP u QR nepuengukyispasl u P € AQ. Ilycte B # A — Touka
nepecevennst pstMoii AP ¢ OKpY?KHOCTBIO ¢ TIEHTPOM P U ¢ PainycoM, paBHBIM
[P, A]. B kKauecTBe HCKOMBIX TOYEK MOYKHO B3sTh TOUYKU (), R U3 1pe/IblIynero
[IOCTPOEHUS.

3) Ha npamyro | onycmums nepnenduryasp us mowku P ¢ . B nameii cu-
Tyanun Tpedyercs 1mo Tpem Toukam A, B, P, He JiexKalmuM Ha OJIHOM MPsIMOii,
[IOCTPOUTH TOUKY (), TaKyio, 4To upsaMmbie AB u P(Q) nepueHauky/spHbl. B Ka-
gecTBe () MOXKHO B3SITh TOUKY IiepecedeHus () # P OKpy»KHOCTel ¢ IeHTpaMu
A u B, npoxopsimumu depe3 P.

4) nocmpoumv npamyio 11, Napastesvnyro npamot I u nporodawyro wepes
mouxy P ¢ 1. Jlocrarouno u3 Touku P onycTuTh nepnesukysp ly K IpsMOit
[ n 3aTeM BOCCTAHOBUTH NEPIEHIUKYJISP [ K IPAMOIi [o.

[Mycrs O # E — npe Touku. PaccMoTpuM cucTeMy KOOpJMHAT Ha ILJIOC-
KOCTH, coryacoBannyio ¢ muoxkecrsom Dy = {O, E'}. TlepBasi koopauHara Ha
IJIOCKOCTH 3aJ1aeT KOOpAuHATY Ha npsiMoii [j = OF. OToxX1ecTBUM TOUKY Ha
lo ¢ aucyom, paBabIM ee KoopauaaTe. [Ipu srom O u E oroxkgecrssitesi ¢ 0 u 1.

JIEMMA 22. Iycms a,b € lg N M(Dy). Toeda: 1) —a, a™', a +b, ab €
lo N M(My); 2) ecau ab > 0, mo (ab)'/? € Iy N M(Dy).
Orpann4yumcst KapTUHKAMM, HOSICHSAIONMMU JOKA3aTeJIbCTBO, CM. pHC. 1.

3AMEYAHUE. [lpu mocTpoenun mpsiMoii, mapaJsijiebHON JTaHHOW U ITPOXO0-
JIATIEN yepe3 JAHHYIO TOYKY, MbI [TOJIb30BAJIUCH ITUPKYJIEM U JUHEHKONH. D10
ITIOCTPOEHNE MOYKHO PacCMaTPUBAThH KaK €IMHYIO orepaluio. Takoil omepaun
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Puc. 1. Jluuuu 3aHyMepOBaHbBI B IMTOPSIAKE ITOCTPOCHUST

JIOCTATOYHO, ITOOBI, nMesd Touku 0 u 1, MOCTPOUTH TOYKU —a, a”l a+ b, ab
0 TOYKaM a, b Ha 9ucI0BO mpsiMoil (cMoTpu puc. 1, Touka () B 9TOM CiIy-
Jae BbIOMpaeTCs HpOI/ISBO.HbHO). DToT PaKT MMeeT KpPaCHBOe IPUMEHEHUE B
addunnoit reomerpun (cm. 1. 2.8).

TEOPEMA 23. B ycaosuax meopemw. 21 cnpasedauso pasencmeo M(Dy) =
= M.

JTOKABATEJBCTBO. [Hocrarouno nokazars, uro M(Dy) D My, t.e. aro
MOXKHO HOCTPOUTB JiI060it anement u3 M. Ecim P, Q € Dy, o kimacc M(Dp)
COJIEPXKUT TOUKY p € lg, ryie p — orHommenue Jyme orpe3kos [P, Q] u [0, EJ:
9TO OJ[HA M3 TOYEK MepecedeHrs IPsMoii [y ¢ OKPYKHOCTBIO ¢ TieHTpoM O U pa-
mycom, pasabiM [P, Q)]. CornacHo jemme 22, kaxkjast Touka (a,0), rue a € T,
nexur 8 M(Dy). Touka (0,b), tae b € T', Toxe nexkur 8 M(Dp): ee MOKHO 110~
CTPOUTD, TIEpeceKasi OCh Y ¢ OKPY’KHOCTBIO ¢ TieHTpoM O, TIPOXOJISINYI0 Yepes3
Touky (b,0). Crpost mpsMble, MEPIEHUKY/ISIPHBIE K 0CAM, ybOe:KaaeMcs, ITO
upu a,b € T rouka (a,b) nexur 8 M(Dy). [Ipsimast I, onpeznenennast nag T,
COJIEPKUT APy TOYEK, onpejeiaeHubix Haa 1', noaromy | € M(Dg). Okpyx-
HocThb S, orpejieniennas HaJ 1, colepXKuUT TOUKy, onpejesnennyo najg 1. Ee
HEeHTD ToXKe ompeiened Haj T, nosromy S € M(Dy).
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2.3. KIIACCUYECKUE 3AJIAYM HA ITIOCTPOEHUE

B HeckoJIbKEX KJIACCHYIECKUX 38JIavaX Ha IOCTPOEHNE HAYAJIbHBIM JTAHHBIM
SIBJISIETCS OTPE30K, WJIM, 9TO TO »Ke camoe, mapa ero koumos O, FE. B srtom
IIYHKTE CHUMBOJIOM 1 MbI OyIeM 00O3HAYATL NOAE KOHCMPYUPYEMDBIT “UCEN,
coorBercrByiomiee MHO)kecTBy Dy = {O, E'}. o Teopeme 23 B cucreme Koop-
JIMHAT, coriacoBanHoi ¢ Dy, cipasemino paerctso M (Dy) = M.

KBAIPATYPA KPYTA. Ilo mouxam O, E nocmpoums ompesox I maxod,
wmo naowads kpyza paduyca [OE] pasna naowadu keadpama co cmoponot 1.

TEOPEMA 24. /Jlas awobvx mouex P, QQ € My ompesox [PQ] ne pasen
ompesxy I. Jpyeumu crosamu, 6 xaacce My Kkeadpamypa Kpyza ne oCyuwie-
cMeuUMaQ.

JIOKA3ATEJIbCTBO. Paccrositane mexjy moukamu P, () € Mrp — KoH-

CTPYUPYEMOe 4HCIIO, a JUIMHA OTpe3Ka | — TPAHCICHIEHTHOe Y9iCiIo 71/2,

YIABOEHUE KVYBA. Ilo mouxam O, EE nocmpoums ompesox J maxot, umo
obsem Kkyba co cmoponot J 6 dsa pasa boavuwe obsema kyba co cmoporod 1.

TEOPEMA 25. Jlasa mobwx movex P, Q € My ompesox [PQ| ne pasen
ompesky J. HApyaumu crosamu, 6 xaacce M ydsoerue xyba ne ocywecmsumo.

JOKABATEJIbCTBO. Paccrosuue mexay Toukamu P, Q € Mg — kon-
CTPpYUPYEMOE YHCJIO, a JIINHA OTpe3Ka J paBHa 21/3, Vpasuenne 22 — 2 = 0
HernpuBoauMo Hayt (Q U He peraercs Mpu MOMOIIU KBaIPATHBIX KOPHEIA.

BAJAYA O [IPABUJILHOM n-YTOJBHUKE. ITocmpoums npasusbroli n-
yeorvnuk ¢ dannot cmoporot [OE].

TEOPEMA 26 (T'AvcC). IIpasusvhnuiil n-yzoivhuk MOHCHO NOCMPOUMD
(T.€e. ero BepIIMHBI JeKaT B Kjaacce Mr), ecau u moavko ecau n — “ucao
Taycca.

JOKABATEJILCTBO. HecmoxKHO BUIETH, ITO 33/1a9a SKBUBAJIEHTHA CJIETY-
IOITEli: TOCTPOUTD BEPITUHBI PABUILHOTO N-YTOJbHUKA ¢ TleHTpoM O, ofHa U3
BepIH KoToporo — Touka F. Ilpu oToXmecTBIeHNN I0OCKOCTU ¢ KOMILIEKC-
HO¥ TPSIMOI BEPIIMHBI 3TOTO N-yTOJbHUKA — KOPHU ypaBHeHus 2" = 1. 910
yPaBHEHUE PeltaeTcst PH MOMOIIN KBaJJIPATHBIX KOPHEHH (B 10J1e KOMILIEKCHBIX
qHCe), eCJIU U TOJIBKO ecyin n — 4duciao Laycca. Ocrasock 3aMeTHTb, 4TO KOM-
IJIEKCHOE YUCJI0 BhIpakaeTcs Hal rmojieM Q mpu moMorny KBaJIpaTHBIX KOPHEIT,
€CJIU U TOJIBKO €CJIM €r0 BEIeCTBEHHAs U MHUMAs YaCTU — KOHCTPYHUPYEMbIe
qucIa.

2.4. JIBA CIEIUAJIBHBIX [TIOCTPOEHUA

Boigesnm j1Ba IPOCTBHIX OCTPOEHUS, UCIIOJIB3YIONUE BBIOOD ITPOU3BOJIb-
HOMl TOYKM M3 KOHTHHYAJBHOTO MHOYKECTBa. DTHU IOCTPOEHUSI HEBO3MOXKHO
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OCYIIECTBUTH IIPH HOMOIIH orteparuii 1)—3), 1 X MOXKHO pacCMAaTPUBATH Kak
HOBBIE OIlepaluy (YTO [037Ke MBI U OyJIeM JIeJIaTh).

BAIAYA 1. Ilo npamoti | v mouke P ¢ | natimu mouxy E € 1, maxyo,
wmo npamoie | u EP nepnenduxyasspros.

Knace M(D), rje MHOKECTBO HAYAJIBHBIX JIAHHBIX D cOCTOUT U3 MpsiMOii |
u Toukn P ¢ [, coBnasaer ¢ MHOKeCTBOM D: IpUMEHEHHE JIOMYCTUMbIX Ollepa-
uii He yBesmmauBaeT MHOXKecTBa D. OMHAKO eC/id Ha MPSIMOIL | NpouseosvHviM
06pa3om BbIOPATH JiBe pa3IudHbie TOUKN A, B, TO Takoe MOCTPOeHUE JIETKO BbI-
noHUTh (eM. 11. 2.2). Ero pesyabrarom siBIsSIOTCST HEPHEHUKYIISAD [p 1 TOUKA
E =1Nlp, xoTopble He 3asucam om cleaanHozo npoussosbHo20 6uhopa.

ITo Toukam O = P u E MOXKHO IOCTPOUTH BCe 00beKTHI Kjacca Mrp. Pe-
3YJBTAT KayKJ0T0 U3 3TUX MOCTPOEHUH HE 3aBUCUT OT BHIOPAHHBIX TTPOU3BOJIBHO
touek A, B € I, A # B, KOTOpbIe HCIO0JIb30BAINCH B IIOCTPOEHHUH.

3AIAYA 2. Tlocmpoumsv yenmp dannoti okpystcrnocmu S.

Kmace M(D), tne D = {S}, coBnanaer ¢ muoxkecrsom D. OgHaKO eC/iu BbI-
Oparh 1Be pasHble Toukn A, B € S, To nepreHukysisip K upsimoit AB, jesisi-
muit orpe3ok [A, B] nomosiaM, mNpoxXoguT 4Yepes IeHTP OKpyzKHocTH. Haxosst
CepeJIHy MOCTPOEHHOTO JIUaMeTPa, MOIYIUM HeHTp oKpyzkHocTH O.

Yrobbl BKJIFOYATH TaKWe KOHCTPYKIIMU B HAIy CXeMy, HY?KHO JIOIYCTUTH
BBIOOD NPOU3BOALHBIT MOYEK, JIEXKAIIUX B OJJHOM M3 MHOXKECTB (CTPATOB), HA
KOTOpBIe pa3bMBAETCsI MJIOCKOCTDh YKe MOCTPOEHHBIMU TOYKAMU, MPSAMBIMUA M
OKpyKHOCTsSIMH. HO TIpM 9TOM CYNTATEH TIOCTPOESHHBIMY JIUITH OOBEKTHI, KOTO-
pbIe He 3aBUCST OT CJEJAHHBIX MPOU3BOJIBHBIX BBIOOPOB. Hizke MbI OKazKeM,
YTO TaKas paclliupeHHasi WHTEPIPETaIys MPOIECCa TTOCTPOCHUS TUPKYJIEM U
JINHEHKO He MEHSIET Y Ke MOIYIeHHBIX Pe3YIbTATOB U TMO3BOJISET PACCMATPH-
BaTh W JIpyTUe 3aJ[a4l, B YaCTHOCTHU, 3aJIa1y O TPUCEKIIUU yTJIa.

HauneMm ¢ paccmorpenusi cTparuduKaIuy MI0OCKOCTH, CBI3aAHHON ¢ KOHEU-
HBIM TIOJMHOXKECTBOM MHOXKecTBa M Bcex TOUYeK, MPSIMBIX U OKPYKHOCTEH.

2.5. CTPATUOUKALIS [IJIOCKOCTH

IIycts V' C M — koneunoe nogmuoxkectBo. C V cBazana cmpamudurayus
Yy IJIOCKOCTH, T. €. ee pasbueHne Ha cmpamot Sy, € 2y PA3HBIX PA3MEPHOCTEIA.
(Eciu Touku, npsiMble 1 OKPY?KHOCTU U3 V' HAPUCOBAHBI, TO CTPATU(MUKAIUS
Yy BHUJIHA HA KAPTHUHKE.)

Hyavmeproiti cmpam B 3y, — smrobast TOIKa MHOXKeCTBa V() BCeX TOYEK Tepe-
CeUeHUs PA3IUIHBIX IPAMBIX U OKPY2KHOCTEN n3 V' u j1ir060e n3 0[HOTOUETHBIX
MHOXKECTB, COJIEpPKAIUXC B V.

Odromeprnidi cmpam B Xy — Ji0basd KOMIIOHEHTa CBS3HOCTU MHOYKECTBA
i\ (T;NVy), toe T'; — srobast npsiMast Wiin OKpyzKHOCTD u3 V.



56 A. I'' XoBauckmnii

Heymeprnoiti cmpam B Xy — a00ast KOMIIOHEHTa CBSI3HOCTH JOTIOJTHEHUS
IUIOCKOCTHU K O0BbEIMHEHUIO BCEX TOYEK, IPAMBIX U OKpyXKHOCTel u3 V.

IIycre T — BemiecTBeHHOE II0JI€, 3aMKHYTOE OTHOCHUTEJIHLHO U3BJICUCHUS
KBaJIpaTHBIX KopHeil. 113 Teopembr 20 BhITEKAET CJIEAYIOIIEE CJIE/ICTBUE.

CJIEACTBUE 27. Ecau V. C My u P — nyavmepunti cmpam 6 Xy, mo
P cC Mrp.

YTBEPXKIEHUE 28. Touxu, onpedesernvie nad T, naomuv, na: 1) naocko-
cmu; 2) npamot, onpedesernots nad T 3) oxpyorcnocmu, onpedesernots nad T .

JOKABATENBCTBO. Ilyukrel 1) u 2) oueBuusl. [Ipsamble Buja y = ¢, rie
c € T, mnorasl B R?. OHE HepeceKaloT OKPYKHOCTb, OIpeJe/eHHyIo Haj T,
B TOYKaX, ONpee/ieHHbIX HaJl 1. MHOXKeCTBO TaKMX TOYEK BCIOJLy IIJIOTHO Ha
OKPY2KHOCTH.

CHEICTBUE 29. EcauV C My, mo mouxu, onpedesernwvie nad T, naom-
HbL 8 KAAHCIOM CTPAME NOAOAHCUMEALHOT PASMEPHOCTIY CMPAMUPUKAUUL Dy .

2.6. KJIACCHI [TOCTPOEHUM, JOIIYCKAIOIIUE ITPOU3BOJILHLIN BHIBOP

PesysbraT npuMeHeHHsT OLEPAIUK ePeCeTeHns 3aBICUT OT BBIOOPa OIHOMN
U3 TOYEK Iepecevuenusi JByX Kpubbix. Oupesennm onepanuio 4), 3aBUCSILYIO
HE TOJILKO OT JIMCKPETHOTO, HO M OT KOHTUHYAJIBHOIO BbIGOpa. I1pu ee momoru
MOKHO BBINOJIHUTH JIBa MPOCTBIX NMOCTpoeHust (¢M. 1. 2.4), KOTOpbIE MOXKHO
[PUHSITH 3a HOBBIE onepaiun 5) u 6).

I[TPOJOI?KEHUE CIIUCKA JOIIYCTUMBIX OIEPAIINI

4. Onepayus 6v60pa MouKY TPUMEHIMA, K KOHETHOMY MHOXKeCTBY V C M
U 3aKJII0OYaeTcsT B BIOOpe crpara S, € XNy MOJIOKUTEBHONH pasMepHO-
cTH ¥ TOYKM P u3 9TOro crpara.

5. Onepayus nocmpoenus 0CHOBAHUA NEPNERIUKYAADG COTIOCTABIISIET IIPSI-
Moii [ u rouke P ¢ [ Touky E € [ takyio, uro nupsivbie EP u [ nepues-
JIAKYJISTPHBI.

6. Onepauyua 60CCMAHOBACHUA UEHMPA COIIOCTABIACT OKPYXKHOCTH €€
HEeHTp.

Oupenenum kinace Mg(D) 3/1eMEHTOB, KOTOPBIE MOXKHO 6 0600W,eHHOM
cmvieae nocmpoums o KoneanoMmy MuoxkecTBy D. Craxkem, uro v € Mg(D),
€CJIN CYIIECTBYET KOHEUHBIH aaropuT™ (T.e. IIPaBUIIO, OMICHIBAOIIEE BCE JIUC-
KPETHBIE BBIOODHI), k-if 1Al KOTOPOrO — MEepPexXoJl OT OJHOTO KOHEYHOI'O MHO-
xecrBa Vi, C M k cnenytomemy Vi1 C M. Ipu srom: 1) Vi =D; 2) Vg =
= Vi U {a}, rme a nam nomydaercss mpuMeHEHHEM K HEKOTOPBIM 3JIEMEHTAM
MHOXKecTBa V), ofHoit u3 oneparmit 1)-3) (em. 1. 2.1), wim a = P u touka P
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HOJTyYeHa [IPU TOMOIIX OIlePAIlNH BBIOOpa U3 MHOXKeCTBaA Vj; 3) 9JIeMeHT v Co-
JEPKUTCS B HEKOTOPOM U3 MHOXKECTB Vv BHE 3aBUCUMOCTH OT KOHTHHYaJIbHBIX
BBIOOPOB, KOTOPbIE BCTPEUYAJIUCH Ha IPEILIAYIIUX [Iarax.

TEOPEMA 30. Ifycmv T — sewecmsennoe noae, 3aMKEHYMOE OMHOCUMEND-
HO u3saeuenua Keadpamuux xopueld u D C Mp — xoneunoe mHodcecmso.
Tozda Mg(D) C M.

JTOKABATENBLCTBO. Eciu v € Mg(D), To KOHTHHYaJbHBIM BBIGOPOM,
BCTPEYAIONIUMCS B IHPOIECCE MOCTPOEHUS U, MOYXKHO PaCIOPSIUTHCS [0 CBO-
emy yemorpenuio. Ilo yenosuo Vi =D C My u Vo = Vi |J{a}. Ecan nepssrit
IIar COCTOUT B MPUCOEIMHEHUN TOYKH @ U3 CTPATa IOJOXKUTEIHHON pasMep-
HOCTH B cTpaTuduKanum Xy, , To BbIOepeM TOUKY a, onpefesennyto Hazg 1. Ilo
cireicTBro 29 3TO MOXKHO ¢ienarh. [Ipu Takom Beibope Vo C Mp. Ecin Touka,
[psIMast UM OKPYZKHOCTD @ ITOJIYyYal0TCsI IPUMEHEHNEM K HEKOTOPBIM 3JIEMEH-
TaM MHOXKeCTBa V) ofHoii u3 oneparwmii 1)-3), To Vo C My no reopeme 20.
Bynewm nocsieioBaTesibHO Ha KaXKJOM IIare MOCTPOEHUsI, COCTOSIIEM B IIPUCO-
eJIMHEHUU TIPOU3BOJIBHO BBIOPAHHOW TOYKHU, BHIOMPATH TOUKY, OIPEIEIEHHYIO
wayg 1. Ilpu npumenerwnn 310 npasuia Beibopa Vi C My st oboro k > 0.

CHELCTBUE 31. Ecau Dy — xonewHoe MHOMHCECTNBO TOYEK, codepircalyee
ne menee deyx mouver, mo Ma(Dgy) = M(Dy). B wacmmocmu, onepayus 4) we
NOMORAEM Peuwums 3adavu o xKeadpamype kpyza u 06 ydeoenus xyba. C ee no-
MOUBIO MOIAHCHO NOCTPOUMD MOALKO MeE NPAEUALHBIE T-Y20AbHUKY, KOMODPHLE
cmpoamea u b6e3 Hee.

ONPEAEJNEHUE. Munumamnsusiii kiacc M, (D), conepxkaimumit D 1 3aMKHY-
TBIl OTHOCHTEIBHO oneparwit 1)-3) u 5), 6), OyieM Ha3BIBATH KJIACCOM OOBEK-
TOB, KOTOPBIE 8 PACUUPEHHOM CMBICAE CIMPOAMCA NO HAUGALHOM darhbim D.

CkaxxkeM, uro D — uckaouumensvhoe muootcecmeo muna R;, ecmu D co-
JIePIKUT:

Jutst tutia Ry — edunemsermyo mouxy;

it turna Ro — eduncmsennyro npamyio;

anst tuna Ry — k > 1 napaasresvrvs npamuir;

st turia Ry — k > 0 npamvix, nporodawuxr wepes mouky O;

s tuna Ry — k > 0 npamoir, npoxodawux weped mouky O, u mouky O;

qtst tutia Rg — k > 0 oxpyorcnocmedi ¢ obwum yenmpom O;

s tutia Ry — k > 0 oxpyotcrocmeti ¢ obuum yenmpom O u mouwky O.

VYTBEPXKAEHUE 32. /[AA KOHEUH020 HEUCKANOUUMENDHO20 MHOMHCECMEa D
cywecmeyem xkoneunoe muoocecmseo Dy C M, (D), codeporcawsee moavko mou-
Ku naockocmu, u maxoe, wmo D C M(Dy) (6osee Toro, qrs ganmnoro D muO-
)ectBa Dy MOXKHO IIPEJIbSIBUTH SIBHO).
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Hanpuwmep, miusa D = {5,1}, tae S — okpyxkHuocth ¢ nearpom O, | — mpsi-
mast u O ¢ [, nocrarouno nojoxurb Dy = {O, E, P}, rne E € | — ocHoBaHue
epHeHIuKyJisipa, omyiierroro u3 O va [, u P € S NI. ljst Apyrux HEUCKJIo-
YUTEIbLHBIX MHOXKECTB ) MHOXKECTBO Djy IPEeIbaBISIeTC CTOIb K€ ABHO.

CHENCTBUE 33. s KOHEWHO020 HEUCKANOUUMENLHO20 MHONCECEA Ha-
wanvhor dannoir D C M cnpasedausw, pasencmea Mag(D) = M, (D) =
= M(Dy) = My, 20e T — nose, cozaacosantoe ¢ Dy.

JOKABATEBLCTBO. CoracHo yrepzxkjeanto, D C M(Dy). Ho M(Dy) =
= My (cm. reopemy 23) u Mg(D) C Mg (cm. teopemy 30). CupaseiuBbt
sriiouennst Mq(D) D M, (D) D M(Dy). Crescrsue JJoKa3aHo.

Mper onmcanu kiaace Mg (D) st HeucKimounTeabHbIX D 1 10Ka3aJIH, 9To
sl IOCTPOEHHsI ero 06beKToB oneparys 4) He Tpedyercs: Mag(D) = M, (D).

2.7. TPUCEKIINA YTJIA

Cuiestyroriasi KJaccuieckast 3aj1a4a cBsizata ¢ kiaccom Mg (D) st uckiio-
qUTEeJBLHOro MHOXKecTBa D Tuna Ry.

3AJAYA O TPUCEKIIMU YIVIA. Pasdesums dannoili y2or Ha mpu pasHble
wacmu.

Onmnmem kinacc Mg (D) st muoxkecrBa D tuna Ry (kinacesl Mg(D) auist
UCKJTIOUATE/IbHBIX MHOXKECTB D JIpYyIruX THIIOB ONKMCBIBAIOTCH Takxke). MTak,
nycts D — sro k > 0 upsmbix, mpoxoxdanmux depe3 Touky O. Pukcupyem
JIIO0Y 10 OKPY2KHOCTB S ¢ meHTpoM O. Byaem mob30BaThCs CIeAyIOMuMu 000-
suadenusivMu: D' — MHOX«KeCTBO Touek, pasHoe | J;cp (S N1); T — mose, corma-
cosannoe ¢ D'; |y € D — dpukcupoBaHHas npsMasi.

TEOPEMA 34. Kaacc Ma(D) cocmoum u3 mouku O u u3 6cex npamovLs
I, npoxodswuz wepez O u maxuzx, wmo | cos(l,lp)| € T (3mecn (I,1y) — moboii
U U3 J[BYX YIVIOB, 0Opa30BaHHbBIX MpsiMbIMU [ 1 lp).

JIOKABATEJIbCTBO. Bribepewm Jiobyio rouky E € lp\ O, nosb3ysics onepa-
nueii 4). Tocrpoum okpyzxkuoCTh S ¢ earpom O u paguycom, pasabiv (O, E].
Bumecre ¢ S mocrpoum muoxkectso D', Kunace M(D') = My comepxkur Bce
upsiMble [, npoxojgiue depe3 O, rakue, uro |cos(l,lp)| € T, u He comepxuT
JPyTUX OpsMbIX, npoxosgmux depe3 0. Kitace M (D) npunajiexxut Kiaccy
M(T) u ToxKe HE CONEPKUT APYTUX MPSMBIX, TPOXoasdnux depes O.

O6bekTh MHOKECTBA D MHBAPUMAHTHBI OTHOCUTENBHO IpymIbl G TOMOTe-
tuii ¢ nerrpom O, 1109TOMY BCe 00beKThl Kiacca Mg (D) ToxKe MHBAPUAHTHBI
ornocurenbHo Go. JleficTBUTEIbHO, IPH MOMOTETHH HOCTPOCHHE IEPEXOIUT
B TOMOTETUYHOE MOCTPOEHUE, €CJIU MPOU3BOJBHBIE TOUYKU BBHIOMPATH IOMOTE-
TUYHBIME TOYKAM B MCXOMHOM mocrpoernu. Ho obbekTsl kiacca Mag(D) He
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3aBUCST OT IIPOU3BOJIBHBIX BBIOOPOB, CAEIAHHBIX IIPU UX ITOCTPOEHUH, T. €. OHU
MHBApUAHTHBI OTHOCUTEIBHO TPyIbl Go. TOIBKO MpsiMbIe, MPOXOISIIIUE Yepe3
O, u Touka O MHBAPUAHTHBI OTHOCUTE/ILHO 9TON I'PYIIILL.

PazpemmMocTs 3aa4n 0 TPHCEKIUH yIvIa CYIIECTBEHHO 3aBHCUT OT BeJIH-
YHHBI 9TOrO yriia (CM. cieacTBus 35-38).

CnEACTBUE 35. Ecau D = {lo,l1}, 2de ly, i — npamwve, npoxodsuyue
wepes O, u a = |cos(ly,l1)], mo xaacc Mg(D) cocmoum us O u u3 npamovix
I, maxuz, wmo O €l u |cos(l,lp)| € T, 20e T — munumasvroe 6ewecmeernoe
noae, codepicawsee a U 3aMKHYMOE OMHOCUMENDHO USBAEUEHUA KEAODATHLT
KxopHel.

CJEACTBUE 36. B ycaosuaxr caedemeus 35 MOHCHO NOCMPOUMd NPAMBLE,
deasugue yzon (lo,l1) Ha m pashwx wacmel, €cau U MOALKO ECAU YPABHEHUE
P,(z) = a, 20e P, — noaurnom Hebwwésa cmenenu n, paspewumo 6 2-padu-
xanax Had 1.

Ormernm, 9To ecau a — mpancyendenmmoe wucao, mo ypasherue Pp(x) =
= a nenpusodumo nad nosem Q(a). HeitcrBurensro, noie Q(a) uzomopdno
nostto panmonaabubix Gyaknuit Q(t) nax Q, a ypasuenne P,(x) = t Henpuso-
aumo nazke Hagt noseM C(t) (puMaHOBa MOBEPXHOCTH ajredbpandeckoii (yHK-
i z(t), onpeieIeHHOl STUM ypaBHenueM, — cdepa Puvana).

CHEIOCTBUE 37. Ecau 6 ycaosuax ciedemeus 36 wucao a mpancuyendenm-
HO, O Y204 MOICHO NOJEAUND HA T PAGHBLT Yacmel yupkysem u aunetixot,
ecau u moavko ecau n = 2. B wacmmocmu, mpucexyus makozo yeaa Heeos-
MOIHCHG.

JleficTBUTEILHO, €CIN HEITPUBOIMMOE YPaBHEHUE PEIIAeTC B 2-PaIUKAIAX,
TO ero cremenb pasua 28, C ApyToil CTOPOHBI, YIOJ MOYXKHO HOIETATH Ha 2F
JacTeil, Mocje[0BaTe/IbHO CTPOst OMCCEKTPUCHL.

CHEACTBUE 38. Ecau 6 ycaosuar caedcmsus 35 wucao a payuoHasbHo,
MO MPUCERUUA Y20 BO3MONCHA, ECAU U TMOABKO ecat ypasnerue 4z — 3z = a
uMeem PayUOHAALHLT KOPEHD.

CnencrBue 38 J10CTaBJIsI€T SIBHO NPOBEPSEMbIil KPUTEPHUil pa3peniuMOCTU 3a-
JIadl O TPUCEKIUH yIyIa, KOCUHYC KOTOPOTO palnoHnajeH. B gacraocTu, jierko
BHUJIETH, UYTO TpuceKims yria B 60° HeBo3moxkHa.

2.8. OIHA TEOPEMA U3 A®OUHHOW 'EOMETPUU

QopmynupyeMasi HIYKe TeOpeMa ITOKa3bIBaeT, UTO JJIsl ITIOCTPOEHUs Bellle-
cTBeHHON adPUHHOM reOMeTPUN Ha IJIOCKOCTHU HYKHBI JIUITb TOYKHA U [IPIMbIE,
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a IOHATHE HENPEPLIBHOCTH HE HYXKHO. Ee JI0Ka3aTesbcTBO OCHOBAHO Ha BO3-
MOXKHOCTH BBINIOJTHEHUsT apU(PMETHIECKUX ONEPAIMH ¢ TOMOIIBIO T1apaJlieib-
HBIX IPSMbIX (CM. 1. 2.2).

TEOPEMA 39. Iycmv F: R? — R? — e3aummno odnosnaqroe omobpadice-
Hue, nepesodauiee KaHcAyro npamyro 6 npamyro. Toeda F' — addunroe npeod-
PA30BAHUE.

JIEMMA 40. Ecau ¢: R — R asmomopgpusm noss R, mo ¢(x) = x npu
z e R.

JOKABATEILCTBO. Ecim z € Q, To oueBnano ¢(x) = z. Ecim x > 0, To

r=a%u p(r) = ¢*(a) >0, T.e. ¢ MorOTOHHO. 3HauWT, () = T TIpHE T € R,

JIEMMA 41. Ecau 6 yeaosuazr meopemor F(O) = O u F(E) = E, 2de O #
#+ E, mo ozpanuvenue F na npamyro OFE — mootcdecmeennoe omobpastcerue.

JIOKA3ATEJIbCTBO. Bsenem koopjunary Ha npsimoit O FE, OTOXIeCTB/Isist
O c nynem, a E ¢ eqununeit. Orobpazkenue F' HEpeBOJIUT HeIEPECEKAIOITI-
ecsl IpsIMble B HEIEPECEKAOIINecs: IpsIMble, T.€. OHO COXPAHSIeT COOTHOIIIE-
HUEe TapaIeJIbHOCTH MeXKy HpsMbIMU. VCIosib3yst mapaJuie/ibHbIe MPsIMbIe
u touku O = 0 u £ = 1, no toukam a,b € OF MOXHO MOCTPOUTH TOYKHU
—a,a”t,a + b,ab (cv. memmy 22). Tostomy orpammuenne F' na OF szamaer
aBTOMOpP(U3M YnCIOBOI HpstMoii. OcTaIoch BOCIONIL30BAThCs JteMMoii 40.

JIOKA3ATEJIbCTBO TEOPEMBI. OT0OOparKeHusI, yIOBJIETBOPSIOIINE YCJIO-
BHIO TeopeMbl, 00pa3ytoT rpyiiy G, comepxKalyo rpyuiny adh@uHHBIX Mpeod-
pasosanuii. [Tonrpynmna Gy, dpukcupyromast touku A, B, C, He Jjiexkarye Ha
OIHOIT U mpsiMOii, TpuBKaJbHa. leficrBurensro, ecan W € Gy, To mo memme 41
orpanndenne W Ha IPOJIOJIKEHUsT CTOPOH TpeyroyibHuKa ABC siBIsieTcst ToXK-
JIECTBEHHBIM IIpeobpazoBanueM (Tak kak WU (hUKCUpyeT BEpIIUHBL TPEYTOJIbHU-
ka). Yepes KaxK/yoo TOUKY P MOXKHO ITPOBECTH HPIMYIO [p, TEPECEKAIONLYIO
croponbl Tpeyrosbaika ABC B jiByX pasHbix Toukax (koropble ¥ dbukcupy-
er). [pumensist iemmy 41 k npsimoit [p, osyaum W(P) = P, . e. rpynna Gy
rpuBnasiibHa. CienoBareibHo, rpymmna G coJiepKuT He 6ojiee OJHOTO peobpa-
soBanusd, nepesojgamero A, B, C' B Toukn A’, B', C', ne nexamme Ha o1HO
npamoit. Ho cpemn Takux mnpeobpazoBannii ecTb adduHHOE TTpeodpasoBaHue.
Teopema mokazaHa.
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