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[Iporpamma « MaTIIKOIEHIKY

Ppemraracmas BHEMaHIIO TATaTENCH IporpaMMa, 10 MHEHHIO €6 aB-
Topos (A. BaitaTpo6 npu yaactun A. llens n apyrux), cogepxuT MuHU-
MYM CBeJIeHHIIT, KOTOPHIE JO/KEH 3HATh IIPH OKOHTaHIH IITKOIBI XOPOIINIT
MIKOILHIK XOPOILIEr 0 MaTeMaTHIeCKOro Kaacca. B Heé He BXOJAT CTaH-
JapTHBIE CBEJIHHSA W3 IKOJIBHON MPOrpaMMBl (pelllenne ypaBHeHNH, Ipa-
$UKE, eBKINAOBA T€OMETPHA W T. 1.). MBI cTapasmuch OrpaHmInBATHCH
MUHHMYMOM HOBBIX MOHATHH (CKaxeM, o0IIee TOHATHE IPYIIIBI OTCYT-
CTBYeET).

PazyMeeTcs, 5Ta OporpaMMa OTpakKaeT JUIIb TOYKY 3PEHHA €& aB-
TOPOB, N BO3MOXKHBI APYTHe BADHAHTHI (HANPHMED, MOXKHO CTapaThCs
YMEHBIINTE €6 IIepecedeHne ¢ MpOorpaMMOIl IEPBOro Kypca 3a CUeT CBe-
JeHUN 1o aHaau3sy). TeM He MeHee, Kak HaM KaXkKeTCsd, 5Ta MPOTPAMMa
COOTBETCTBYET TPaJNINH HEKOTOPHIX MaTEMaTHICCKIX KAACCOB I IIKOJI
(B IIEpPBYIO Ovepeh TeX, rae 00yvIeHne Pa3eleHo Ha (IIKOMBHYIO) H «J10-
MOJHUTENLHYIO) MATEMATHKY ).

Ypoeenb TpeboBaHUE MO KaX Aol TeMe 3adaéTca obpasnaMu 3ajad.
CaegyeT mMeTh B BUAY, 9TO CpeAH 3aaad yCTHOIO SK3aMeHa eCTh CHJMb-
HO TIPEBOCXO/SAIINe MUHIMAILHBIN yPOBEHb TpeGOBaHNN (OHH JaBAINCh
HHAUBHAYAIbHO CHABHBIM MIKOALHEKAM, JeMKO CHPaBHBIINMCA ¢ o6A3a-
TeMLHBIM MUHIMYMOM ).

1. APU®PMETHUKA U AJTEBPA

1.1. KOJblO UEJBIX YUCEJ. KOJbIA U 11OJA BBIYETOB
JlenuMocTh MeaBx Thuced.
ApudmeTnka 0CTaTKOB.
DauMeHbllee 00lllee KPAaTHOE U HAUOOJBIINT OOIIUE TeJuTelb.
Bsanmuo mpocThie qncaa.
Anroputm EBkinia.
DellleHlie ypaBHeHUH Buga ax + by = c.
OcHoBHast TeopeMa apudMeTUKn 1 €€ CJIencTBUs.
DeCKOHEYHOCTh MHOYKECTBA MPOCTHIX YHCel.

Teopema Depma—Iiiepa.

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(193—215)
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10.
. Dpou3BoOHAs U KpaTHbIE KODHH.
12.

OBPA3IBI 3ATAY

HNokasaThk, 910 ecan ad + bc geawTcsa Ha a + ¢, To U ab + cd geanTca Ha a + c.
P atitu mammenbinee 60-3na4nOe qncao, geisieecs wa 101.

- 18 32
Paimu POJT (212 — 1, 2°% — 1).

CytecTByeT Ju 4mcao, mafoliee Ipu gedenun Ha 2, 3,5, 7, 11 ocraTku 1, 2, 3,
4,5 cOOTBETCTBEHHO?

Ppn xakux meawix a ypauenme 12x + 20y 4+ 30z = a uMeeT memodInCIeHHBIE
peleHns?

. Hucao p npocroe, we pasuo 2 u 5. Jokasarh, uTo apobb 1/p mepuoautna u

MHCTO 3HAKOB TEPHO/Ia ABASeTCA feuTeaeMm p — 1.
Cwm. sagady 1 gacTu | nuceMeHHOTO sK3aMeHa 3a 1984 ron (crp. 203).

CKOBKO CYIIECTBYET YHCEd, KOTOPBIE MOTYT OBITH OCTATKAMU TIPH AeJeHUH
TOYHBIX KBagpaToB Ha 1017

1.2. KoJbllO MHOI'OYJEHOB

Jlefenne MHOTOMIEHOB € OCTATKOM.

Teopema Desy.

KopHuu MHOTOYIEHOB W pasfoKeHne Ha MHOKHTEN.
KoneunocTh qnciaa xkopmef.

Muorouaensr, copnanaolnne Kak GyHKINAN, TMeOT paBHLIe KOd(PPUIT-
€HTHhI.

WuTepnoasuus: cyliecTBOBaHe U e TMHCTBEHHOCTb.
Ksagparuoin Tpéxien. PopMyaa KOpHEN.

DalHoHAJbHBIE KODHH MHOI'OYJIEHA € MeAbIMU KOD(P(pUIIneHTAMU.
D0/ u DOK muorowrenos. Airopurm EBkinia.

O/HO3HAYHOCTD pas3iokKeHus Ha HempuBognMmere (s R[z]).

CI/IMMeTpI/I‘ieCKI/Ie MHOI'OYJIeHBbI.

OBPA3IBI 3ATAY

Ppu genernn muorowaena P(x) Ha £ — | moaydaeTcs 0CTATOK 2, & IPH JleIeHIH
Ha & — 3 — ocrarok 1. Paiitu ocrarox npn nexennn P(xz) ma (z — 1)(z — 3).

. okazare, aro PO (2™ — 1, 2" — 1) = GHOAm ) _ (Cm. Takxke 3ama-

4y 4 qactu 1 muceMeHHOTO 5K3aMeHa 3a 1984 rox Ha cTp. 203.)

. Uzectno, uro P(z) < 5(z? + 1) 4+ 1000 npu Becex z. YTo MOKHO cKazaThb O

crenenu P7
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4.

11.

S R

. Berancauts (1 + 9)

[okazaTh, 9TO cucTeMa

r4+y+z+i=a
z+2y+3z+4t=15%
r4+4y+ 92+ 16t =c
r+8y+2724+ 64t =d

npu abuX @, b, ¢, d IMeeT eINHCTBEHHOE DeIeHIE.

. PapucoBaTh MHOXKeCTBO Tex nap (p, ¢), TpW KOTOPHIX KBaJPaTHBIN TPEXHIEH

22 + pr 4+ ¢ UMeeT 2 TMONOKUTEILHEIX KOPHS.

. [lokazaTh, 9TO ecam 9uca0 /4 PAUMOHATBLHO (A HATYPAAbHBIX ¢ W 1), TO

OHO — IeJoe.

Paiitu MHOTOUeH P () cTenenn 3, Aus KOTOPOTO

P(1)=1, P(2) =5, P(3) =0, P(4) + P(5) = 8.

. Muorowen crenenu 4 mmeer 3 rZ[CI‘/,ICTBI/ITeJII)HbIX KOpHA. Moxet 1m ero opo-

M3BOJHAA UMETH POBHO | MENCTBUTENBLHBIA KOPEHD?

1000

1
. Palitm _—
712:31 nn+1)(n+2)

10.

MNasecTHO, wTO * + Yy + 2, *Yy + Yz + vz, vyz — Ueable unucaa. MoxHO Ju
YTBEPXKAaTh, YTO YUCIO 3+ y3 + 23 — memoe?

MokazaTh, 9To uncaa 1 + \/5 + \/§ n \e/i + \/5 ABJIAIOTCA KOPHAMU HEHYJIEBBIX
MHOT'OYJICHOB C IIEJBIMH KO3 PUAIIeHTaMN.

1.3. IIoJE KOMIJEKCHBIX YUCEJ

KouMnnexkcubie dncia u onepalun Hal HAMHA.
Bo3MoxHOCTD U 0THO3HAYHOCTL JeleHus.
ComnpsKénnble ducia.

OcHoBHas TeopeMa anre6psl (popmyanposka). CirencTBue: BCIKAI MHO-
roaied n3 R[z] pasnaraercs Ha JuHelHBe I KBaIpaTHbIE MHOKHTEIN

B R[z].

. TpI/IFOHOMeTpI/I‘{eCKaﬂ q)opMa KOMIIJIEKCHOT'O 9ncja.

. FeOMeTpI/I‘ieCKI/IfI CMBICJ YMHOZKeHNS.

OBPA3IBI 3ATAY
1001

. Palitu nmpousBefiennie n cyMMy BCeX KODHEN CTENEHN N U3 9HUCIA «.

. Kakoil aprymenT MoxeT UMeThb Hucio z, ecan |z — i < 0,57
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4. Pailmu MHOIOWIeH MUHUMAJABHOU cTenenn uz R[z], nas koroporo 4ducaa 1+ 1,
2m 3 — ¢ 6blu OB KOPHAMU.

5. MokazaTh, 9T0 MHOXKECTBO TeX z, 11 KOTOPHIX Re(1/z) = 1, ecTh OKpyKHOCTH
6e3 TOYKH.

6. Kakme 3raveHns MOXeT IPUHIMATE MIPOU3Be/IeHIEe BCEX PACCTOSHII OT TOYKH
(2,0) g0 BepUINH TPABHIBHOT'O CEMHYTOJBHIKA, BIUCAHHOIO B OKDYKHOCTH
eTMHIYIHOTO pajuyca ¢ meHTpom B 07

7. Pa KOMIUIEKCHON MIOCKOCTH JaHbl TOYKH ¢ u b. T'e HaxoaaTea Te z, Jad Ko-
TophX (z — a)/(z — b) — "mcTo MHEMOE dncaI0?

1.4. KOMBUHATOPHUKA. ['PYIIIA NEPECTAHOBOK

DepecTaHOBKH.

DazMelleHus ¢ MTOBTOPEHUSIMH.
Da3MellleHn.

Coueranusi.

DUHOM JBIOTOHA.

Tpeyronbuuk Dackads.

Dopmyia BKIOIEHIT I NCKIIOYEHNN.
YMHOXKeHIe HepecTaHOBOK.

YeTHEIe T HeUETHBIE epecTaHOBKH.

jeoBNo e RS T =R GRS VR

—_

Das3jloKeHnne nepecTaHOBOK B IIpOU3BeleHle NUKJOB.

OBPA3IBI 3ATAY

1. CkoabKO NATH3HAYHBIX TICEN COoAepkKaT B CBOEH 3ammncu mudpy 8 u He comep-
xat 07

2. CKOJBKO pelleHn B HATYPAJbHBIX UHCIaX UMeeT ypaBHEHIe
ryz=2-3-5-7-117

3. CKOJBKO CYIIeCTBYeT NATH3HAYHBIX HYHCENT, COCTaBIeHHbIX n3 nudp 1, 2, 3, 4,
5 (kaxgad BXOAUT 1O OHOMY pa3sy), B KOTOPHIX OHdpa b He CTOUT Ha MATOM
MecTe?

4. CKoaABKO DEIIeHnl UMeeT ypaBHeHWe X1 + &g + -+ -+ & = | B IeIBIX HEOTPH-
MaTEeMbHBIX TUCIAX T

5. Palitu cyMMy Bcex dHCeJd N-OW CTPOKH TPEYTOAbHUKA PacKads ¢ ETHBIMI
HOMEpaMH.

6. PaiiTu 3HAKONEPEMEHHYIO CYMMY BCEX WHCEX N-0f CTPOKN TPeyrodbHuKa Pa-
ckaag ¢ uérnbiMu Homepamu (C) — C2 + C 4+ .. ).
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,HOKaBaTb, 9TO YHUCI0 pa36HeHHI>i eJaoro IMoJOXKHUTEAbHOI'O YUC/la 1 Ha HeJeT-
HBIE TEABIE IMOJOXKUTEJNBHBIE ClaracMble paBHO YHUCIY €r'0 pa36HeHHI>i Ha pas-
JUYIHBIE TEJAbIEe ITOJOXKUTEJALHBIE Clal'acMble. (POpH,Z[OK cjJaracMbIX CHIHUTaETCsA
HecyIHeCTBeHHbIM.)

CylilecTByeT JH MEPECTAHOBKA 7-2JEMEHTHOT'O MHOXKECTBaA, MMEOIIas MOPS-
nok 347

JlokazaTh, 9TO BCAKas HE€THAd MEPECTAHOBKA MOXKeT OBITH NPENCTABICHA B
BILJl€ TIPOM3BEEHNA MePECTAHOBOK BUAa (4, §, k), IpW KOTOPHIX @ — j, j — k,
k — 1, a ocTadbHBIE YUCAA OCTAIOTCA HA MECTE.

2. AHAJN3
2.1. Teorusg MHO>KECTB

CuéTHble MHOKECTBA.

DpousBejieHlie U CyMMa CIETHBIX MHOYXKECTB.

Ecan A 6eckonewno, a B cuérno, To o0beannenne A n B paBHomoIruo A.
Teopema Kantopa—JepuinTeiina (popMyImpoBKa).

Dpumep HECYETHOTO MHOKECTBA.

Teopema KanTopa (s BCAKOro MHOXKECTBa CYLIECTBYeT MHOMKECTBO
6OJIbIIeN MOIIHOCTH).

QaBHOMOHlHOCTb HpﬂMOfI 1 IIJOCKOCTH.

OBPA3IBI 3ATAY
Kakyio MoITHOCTH MMeeT MHOXKECTBO BCEX HEMPEPBIBHBIX (PYHKIMH Ha OTpPe3-

Ke?

NokasaTh, 9To A X A paHoMomHO A, ecan A — MHOXKeCTBO BCeX 66CKOHETHBIX
MOCJAeI0BATEIBHOCTEN HyMeH U e IWHMIII.

JokazaTh, 9T0 KpyT U KBajpaT (C BHYTPEHHOCTAMN) DaBHOMOIIHBI.

,HOKaBaTb, ITO MHOXXECTBO rZ[eIk/,ICTBI/ITeJII)HbIX qucel paBHOMOIIHO MHOXKECTBY
UPPpaluOHAJBHBIX THUCEJ.

2.2. TIOCJAEAOBATEJLHOCTH U MPEIEILI
Dpejies nocjaer0BaTelEHOCTH.
ErnncTBenHOCTSL Tpeena.
TeopeMa o IBYX MUJTHIHOHEPAX.
Dpejiel CyMMbI, PA3HOCTH, TPOU3BENEHNsS U YaCTHOIO.

Dpejiesl OTHOIIEHHUS TOKa3aTeNhHOW U CTENeHHON (PYHKIIHMU.
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OBPA3IBI 3ATAY
NokaszaThb, 9To ecan 2 + y2 — 0, To T, + yn — 0.

[okazaTh, 9TO eCan MOCAeTOBATEALHOCTE CXOAUTCA K MOMOKNTETHHOMY TUCTY
@, TO MOCTEeOBATENLHOCTD KBaJPATHEIX KODHell 3 €6 WIeHOB CXOMUTCA K +/a.

o 1/n
Paiiru npegeast 1007 /n!, n'/™ n?/27 (2" 4 37 4+ 47) /(5" 4 67)) /n
JokazaTh, 9TO BeAKad MOCAEJOBATEILHOCTD HMEET MOHOTOHHYIO MO NIIOCTE0-
BaTEILHOCTD.

NmeeT am mocaegoBaTenbHOCTD sin 1, sin 2, sin 3, ... mpemgea?

2.3. CBOWUCTBA NENCTBUTEJLHBIX YUCEJ

To4unas BepXHSsA TpaHb.

Broxenutie oTpeskn.

Dpejiell MOHOTOHHOU OTpaHUYEHHOH MOCJIe[0BATEIBHOCTH.
Kpurepun Ko,

DOKPHITHE OTPe3Ka HHTePBaJTaMu.

CylecTBOBaHue HPPANNOHAMBHBIX YHCE.

DeCcYTHOCTh MHOXKECTBA JeHCTBUTENbHBIX YHCE.

OBPA3IBI 3ATAY

Ecin M — 6eckomednoe MHOXKECTBO TOYEK OTPE3Ka, TO CYIIeCTBYET Takas
TOYKA &, ITO JIOOOH HHTEPBAI, COAEPKAIIIN &, COTEPKUT GECKOHETHO MHOTO
TO4YeK U3 MHOXKecTBa M.

JlokazaTh, 9TO ec/u B MHOXKECTBE OTPE3KOB JAI00bIe ABa UMEIOT OBIIYI0 TOYKY,
TO CyIIeCTBYeT TOYKa, IpUHAIIeXKalIad BCeM OTpe3KaM >TOr0 MHOXKECTBA.

Ecan ¢yukuus f TakoBa, 9To Add AIO60H TOYKH OTPe3Ka CYIIECTBYET COfep-
JKAIIIU €€ WHTEepBaJjd, Ha KoTopoM f orpanmdena, To f orpaHmtdeHa Ha BCEM
oTpesKe.

JlokazaTh, 9TO ecal Pa3HOCTEH MEKAY N-M U k-M SIEHAMHN MOCAETOBATENLHOCTH
He MpeBocxoauT 1o Moy 1/n+1/k; To sTa mocieoBaTeALHOCTD CXO MU TCA.
ITo MOXKHO CKa3aTh, €CIN 5Ta PA3HOCTh HE MPEBOCXOANT 1o Moy 1/(nk)?

2.4. YUCJIOBBIE Ps/bLI

CxoumMocThb 1 abCOJTHAS CXOTUMOCTb.
CyMMa u mpousBejieHue psIoB.
DpuzHak CpaBHEHUS.

WNuTerpaibhbiil Tpu3HaK.
TeomeTpuyeckas mporpeccus.
Tapmonuyeckuit psi.
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. llokazaTh, 9TO eCau PAALI C UJIeHAMU L

OBPA3IBI 3ATAY

? 1 y? cxXomaTed, TO U PAJ ¢ WICHAMI

ZTpYn CXOMUTCA.

. Ppu xakmx z cxoamrea paj ¢ wieHaMm nZz”?

. [lokazarh, aro pyuknusa f(x), paBHas cymme pajga x” /n!, n — 1emoe HeoTpH-
) y » P Y pan ) p

HaTeabHOe, onpejeneHa npn Beex « u f(x 4+ y) = f(2) f(y).

Ppu xaxkux p cxogurca paj ¢ aieHamu 1/(n? 4+ n)?

. BeraucinTs cymmy paga y 1/n3 ¢ TounocTrio g0 0,01.

2.5. IIENPEPBLIBHOCTL HA IPAMOMN
DazjluYdHbIe ONpeleleHnsi HeIPEePbIBHOU (DYHKIUE Ha TPAMOM.
,HOCTH)KGHHG MaKCUMyMa.
D POXOXK IeHIe HY.JIS.
DaBHOMEpHasA HEIPEPBIBHOCTb.

DenpepLBHOCTH 3JeMEeHTAPHBIX (PYHKINH (MHOTOWIEHBI, TPHTOHOMET-
pudeckune QYHKINN, JOTapudM).

OBPA3IBI 3ATAY

. JlokazaTk, 9T0 ecanm f — HempepbiBHas (QYHKINA, OTOGpaKAIIAs OTPE30K

[0;1] B cebs1, To cymecTBYeT Takoe x, aTo f(r) = x.

. PocTpouts pyHKIINO HA NeNCTBUTETHHON MPAMON, MHOXKECTBO TOYEK Pa3PHIBA

KOTOpOf/i COCTOUT M3 BCE€X TOYEK BHUOa 1/71 opn OeJablX IMOJOXKUTEIBHBIX 7.

. dynkuua f onpeneneHa npu HeoTpuuaTeabHbix r Tak: f(z) = (1 + x3)/27.

PymeT au ona paBHOMEPHO HETIPEPHIBHON T

. Kakwue mmoxecTna MOryT OBLITH MHOXKeCTBaMU 3HAYeHII HEMNPEPBIBHBIX Ha WH-

Teppade (0; 1) gyuxumit?

. lokazaTh HenmpepwBHOCTH hynkmun f(z) = > n’z" ma orpesxe [0;0,5].

. PepBrIll 4ieH mOCIeOBATEILHOCTH PaBeH |, a KaXKIBIH CAeTVIOUINN — KBa-

IpaTHOMY KODHIO W3 CYMMBI TpeAbIAyINero wieHa u umcaa 2. UmeeT am sTa
MOCAENOBATENBHOCTD MpeIea’

2.6. /UPPEPEHINPOBAHUE HA TTPAMON
Omnpejenenne TpoOU3BOTHOMN.
DPOU3BOIHBIE CYMMEI, IPOU3BEJIeHNS, YaCTHOTO.
DPpOU3BOIHAS CAOKHOU PYHKIIHH.

DPOU3BOIHEIE DIEMEHTAPHBIX (PYHKIIHIH.
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. PaiTu 9mcio perennii ypaBHeHHUA T

Teopembr Doais u Jlarpanxa.

MOHOTOHHOCTb U NepBasi HPOU3BOTHAS.

BrinykaocTb u BTOpas npoOu3BOIHAS.

DpuMeHeHle BEIMYKJIOCTH K [OKa3aTelbCTBY HEPABEHCTB.

Dopmy.aa Tenropa.

OBPA3IBI 3ATAY

. MaBecTro, uTO ypapHeHne f(#) = a uMeeT n peinennil. Kakoe 9HCIO pellleHnH

MOXKeT HMeTh ypasHenue f'(z) = 07

. MoxkeT an npomzBoaHas Bcrony audpepeHmpyeMon pyHKINN He 6BITH Hepe-

PBIBHOT?

. Uzeectno, uro |f(y) — f(z)] < (y — #)?. NokazaTh, uyTo f — KOHCTaHTa.

MssectHo, uto h(x) = f(f(x)), f(2) = 2, npoussonnas h'(2) pasra 3. Temy
MOXKeT OBITH paBHO f/(2)7

3 _ r+a= 0 B 3aBHCEMOCTH OT d.

. Paiitn xacareabnyto x kpusoli 23 + x + y® + y = 2 B Touxe (1, 0).

MokazaTh, 9TO cpelHee TeOMeTpHUYeCcKOe He GOJBITE CpeIHero apudMeTHIe-
CKOT'O, TIOJB3YACH BBITYKJIOCTBIO JoTapudma.

. Paiitn npenea ornowenus (sinz — tgz)/23 npu x — 0.

2.7. NHTEIPAJ
WNuTerpan HenpephIBHON PYHKIUH O OTPE3KY.
DepBooOpazHad HEIPEPLIBHON (DYHKIIHH.
Teopema Ibiorona—JlenbHua.

I/IHTerI/IpOBaHI/Ie 10 9acTAM U 3aMeHa HepeMeHHOfI.

OBPA3IBI 3ATAY

2

. Paiitn ¢'(1) n ¢'(2), ecim g(x) = f; (sint)/t dt

o 1
. PaiTu ToUHYIO BEPXHIO T'DaHb YNCET fo zf(x) de 1o BceM HeTpEPHIBHBIM Ha

[0; 1] pyHKUMAM, MIA KOTOPBIX fol flx)de < 2.

. ®ynkuus f HenpepwiBia Ha [0;1]. Jokasarh, uTo fol f(z)sinnede — 0

npu n — oo.

Broraucauts f zlnzdx.

. HokazarThb, 4To nocaegoBareibiocts 1 + 1/2 4 -+ 1/n — Inn mMonoTonHa u

OrpaHMYcHa.
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3. 'EOMETPUS

3.1. I'PyOObBl IPEOBPA3OBAHUN NJIOCKOCTHU U UX KOMILJIEKCHBIN

10.

11.

A S e

CMBICJI

JIBIKeHusA: mepeHoc, IOBOPOT, CHMMETPHIL.

Borincienne KOMIOBUNNN pas3iuIHbIX BUJIOB IBUKEHHH.
Dopmyauposka Teopembl Hlans o kraccupukanum IBUKEHAN.
DpeobpazoBanus 10g1006us.

KoMmnosunun roMoTeTHi U IBHKCHNH.

Jlpobro-n1nHenHbe Tpeobpa30BaHnsd KOMILIEKCHOH IJIOCKOCTH.

NuBepcus.

OBPA3IBI 3ATAY

Ecan durypa mmeeT aBa 1eHTpa CHMMETPHH, TO OHA MMEET M TPETHH.

Bo 9To0 nepexoanT TpeyroabHuK ¢ BepmmHaMu 1+, 2 — 3¢, 4 — ¢ Tpu MOBOPOTE
una 120° Bokpyr 2 — 2¢7

PatiTu Bce nBUMIKeHWs, epecTaHOBOYHBIE ¢ MOBOpOoTOM Ha 90° BOKpYTr HaHHOM
TOYKH.

Ppu xkaxux a, b npeobpazoBanmne z — az + b ABAsIeTCA CHUMMETpHER?
Ppu xkaxkux a, b npeobpazoBanne z — az + b ABIAETCI TOMOTETHER?

JlBe KapThHI OMHOW MECTHOCTH Pa3HBIX MAcCIITabOB MOJOKEHBI APYT Ha APYTa.
JlokazaTh, 9TO WX MOXKHO MPOKOJOTH UTJIOW, OTMETUB Ha 00enX KapTax OJIHY
U TY e TOYKY MEeCTHOCTH.

[laHBI TpU OKPYKHOCTH PAa3HBIX pagnycoB. K Kax 0l mape MpoBeeHbI BHEIII-
HHe KacaTelbHble W B3fATa TOYKa WX TepecedeHus. J/lokazaTh, 9ToO TpHU 5THX
TOYKH JeKAT Ha OJHOU HPAMOIL.

JokasaTh, 9T0 KOMILIEKCHBIE 9ucaa @, b, ¢, d JexaT Ha OJHOW MPAMOH WIN
a—c b—c
—— NEHCTBUTENBHO.

a—d b—d

OKPY2KHOCTH, €C/Iu

P atitu Bce apobHO-auHelHBIE TPeo6pazoBaHtiisa, OTOOPAKAIOIINE BEPXHIOK O~
JAYTIOCKOCTH Ha cebd.

JlokazaTh, YTO MeHTPHLI TPABUABHBIX TPEYTOJLHIKOB, MOCTPOEHHBIX HA CTOPO-
HaX MPOM3BOJBLHOTO TPEYTOMBHUKA, 0OPa3yIOT TPABIILHBIA TPEYT OMbHUK.

Mana Touka 1 NBe OKPYXKHOCTH. POCTpONTH OKPYKHOCTD, TPOXOAAIYIO depes
JAaHHYIO TOYKY M KaCaIOMIYICs TaHHBIX OKPYXKHOCTEH.
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3.2. 'EOMETPUA BEKTOPHBLIX IIPOCTPAHCTB

1. KoopannaTHoe TpOCTPAHCTBO W €0 MOANPOCTPAHCTBA.

2. CucreMbl JUHEHHBIX YPABHEHUN U WX MeOMeTPUYECKHH CMBICI.

w

Teopema: ogHOpOIHAS CHCTEMA, B KOTOPOU HEM3BECTHBIX OOJbIIE, YeM
YpaBHEHUI, UMeeT HeHYJeBOe pellleHle.

JluHellHast 3aBUCUMOCTb.

Da3uChl. Ja3MepPHOCTh.

DepecedeHne U CYMMa MOAIPOCTPAHCTB: COOTHOIIEHHE Pa3MepHOCTEN.
CkaJisipHOe TIpOu3BeeHIe.

DepaBeHcTBO Koln—2JyHAKOBCKOTO.

DepaBeHCTBO TPEYTrONBHUKA.

SN A

YToa MexX Ty BeKTOpaMu.

OBPA3IBI 3ATAY

1. PaiTn pasMepHOCTH MEUHHMAJBHOT'O MOAMPOCTPAHCTBA B IATHMEDHOM IMIPO-
CTPaHCTBE, COJEPKAIIEr0 BEKTOPa

(1,1,5,1,1), (0,2,4,2,1), (0,3,3,3,1), (0,4,2,4,1), (0,5,1,6,2).

2. NokazaTh, uTo BekTophl (1,2, n) (12,22 p?) ... (1" 2" . n") auneiino
HE3aBICHMEL.

3. [oxazaTh, 4To J106as MOCAEOBATENBHOCTD, Y IOBAETBOPSAIONIAA COOTHOIIEHIIO
dpt2 = dnt1 + 2a,, uMeeT BUF an, = A2" + B(—1)" npn HexoTophix A u B.

4. Ppu Kakux ycloBHAX Ha 9Hcaa a, b, ¢, d MOXKHO HaliTH BEKTOpa u M v B IIPO-
CTPaHCTBE, JiA KOTOPHIX (4, u) = a, (u,v) = b, (v,u) = ¢, (v,v) =d?

5. Pailitu nuomnia b TpeyrodbHUKA, 3aJaHHOTO KOOPANHATAME €0 BEPIINH B ITPO-
CTpaHCTBe.

6. Paiitu paccTodgHme 0T TOYKH MPOCTPAHCTBA, 3aTaHHON €€ KOOpAWHATAMH, 1O
MJIOCKOCTH, 3aJaHHON KO3(PPUIMEHTAMI OTPEIEISAIONEr0 e€ JHHEHHOTO YPaB-
HEHUA.

7. JlaumHa KaXJI0ro m3 TPEX BEKTOPOB MPOCTPAaHCTBa paBHA 1, a CKaJdspHOE TPO-
u3BeeHne 0601 mapel BekTOpoB paBHo —0,5. /lokazaTk, 9T0 5TH BeKTOpa
JUHETHO 3aBUCHMEL.

4. IIUCbMEHHBIA 5K3AMEH 1984 roaa

DUCBMEHHBIH dK3aMeH 10 nporpamme «MaTHIKOABHUKY, TPOXOMUBIIHNT B
koHie 1983/84 y4ebHOro rofma, COCTOSA U3 ABYX 9YacTell: MO apudMeTHKe
ajqrebpe u Mo aHau3y. Da ob6e 4acT BMecTe ObLIO MperocTaBieHo 6 4acoB.
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10.

11.

12.

YacTb 1. APUDPMETHUKA U AJTEBPA

DellNThL B OeJqblX MOJOKUTEeJNbHBIX Y1C/HIaX YpaBHEeHNe
1 7

t+ —

CyIecTByeT 1 9UCA0, 3AMACEBAEMOe N eINHATAMI TOAPST W JesIiee-
cs Ha 49, ecain 0 < n < 457

Da MIOCKOCTH H300paKeHbl MPABUALHBIN M-YTOALHUK U TPABUILHBIT
n-yroabunk. JlokazaTh, 9TO ecam m W N B3aWMHO TPOCTHI, TO MOKHO
MOCTPONUTH € TTOMOIIBIO TUPKYAS 1 INHEHKN MPaBUALHBIN MN-YTOIbHUK.
DaliTn HanGOIBIINI OGN TednTelb MEOrodteHoB 2480 — 1 1 236 4 1.
Muorounen P(z) ymosrerBopsier ToxgectBy P(z) = P(1 — ). /loka-
3aTh, 9TO ecTh Takoii MEHorowien M (y), ato P(z) = M((z — 0,5)?).
NzBecTHO, 9TO 2 + 1/2 = 2cosa. /[lokazaTh, 910 2™ + 1/2” = 2cosnda.
DalThH cyMMy KBaIpaTOB CTOPOH W AHAroHaded TpaBUIbHOTO 7-yTOdb-
HIKa, BONCAHHOTO B eUHUIHYIO OKPYKHOCTH Ha, KOMTJIEKCHON TJIOCKO-
CTH.

DalThH Pa3zMepHOCTh MUHNMAJILHOTO MOATPOCTPAHCTBA, COMEPKAIIETO
crpokn (1,a,—1,2),(2,—1,a,5),(1,10,—-6,1) (a — mapameTp).
Matpumy 2 X 2 6yjeM 3alHCHIBATH CTPOIKON M3 TeTHIPEX BXOIAMINX
B Heé umcen. [lokazaTh, 9To oToGpakenne, nepeBogainiee MaTpuny X
B MaTpuily AX sBAfeTCA JUHEHHBIM ONEPATOPOM U HAUTH €r0o MaTph-
ny (pasmepa 4 X 4). 3mech A — HekoTOpas (PUKCHPOBAHHAS MaTpHIa
pasMepa 2 X 2.

[Dpumedanne. B BapuaHT mporpaMMbl, IO KOTOPOI TMPOBOIUICS DK3a-
MeH, BXO/IIIO MOHSATIE MATPUIBI U JUHEHHOTO OmepaTopa. |

KakoBa BeposTHOCTL yragaTh poBHO 4 HoMmepa B urpe «CnopTaoTo
6 u3 49»7 [B ool urpe Hago BeIGpaTh 6 Wncen cpean 1,2,...,49; Bo
BpeMS PO3BITPHIIA BHIGUPAIOTCA APYTHE MIECTh TNCea N CINTaeTCA KO-
JUYeCTBO OGIINX 9HCEeJ B DTHX JIBYX IIECTEPKaX.]

CKoJIbKO pellieHHIl uMeeT ypaBHeHue i + zg + -+ + 210 = 100, rje
nepeMeHHble MPAHNMAOT HAaTYpalbHbie 3HATeHNsA, Goabime 27
JlokazaTh, 9TO HeAb3s, MOBOPAtdNBasa MpaHn KyOnka Jy6HuKa, TOOUTHCS
TOro, YTOOHI

(a) omun pébepHbIil (Ha cepenHe pebpa) KyOUK NePeBePHY.ICH, a OCTANb-
HBIE OCTAJINCh B MPEKHEM MOJOKEHUN U MO-CTAPOMY OPUEHTHPOBAHHBI-
MT;
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10.

(6) yruaoBble KyOHKH OHOU U3 I'paHeH IHKINYECKH epecTaBHINCH, &
OCTalbHBEE OCTAINCh HA CBOUX MecTaX (OpHeHTANs KyOUKOB MOXKET
TOMEHSATHCH).

YHacTb 2. MATEMATUYECKHNI AHAJU3

DauTn npenea nmocjieqoBaTeJlbHOCTH, Sa,Z[aHHOfI COOTHOLIEHUAMHA A1 = 17
Apy1 = 0,5(an + Q/Qn)

. [lokazaTh, YTO MOYXKHO BHI6PATh 3HAKH TaK, ITOOLI paBeHCTBO 1 + % +

:I:% 4 ... =5 cTano BepHHIM.

. SBasleTcs au paBHOMEpPHO HEMPEPLIBHOU HA, [eUCTBUTEIBHOU OCU (PYHK-

unsi (a) e”*; (6) 1—|——962?

MokazaTh, uTo sinz > x — 2°/6 npn 0 < x < 7/2.

. JokazaTb, 9TO MHOXKECTBO TOYeK pazpblBa MOHOTOHHOU (PYHKIHH He

6oJiee, 9eM CYETHO.

P(z) — MHOro4IeH, pa3/iaraolInics Ha JNHeHHbe MHOKITENN ¢ [efi-
CTBHTEIbHBIME Kod(duunentamu, npuiem F/(0) = P”(0) = 0. [Joxa-
3aTh, uTo P(0) = 0.

Cxomures au pag » . 1/(nlnn)?

. JokazaTb, 4TO Hpejes HHTErPAJOB MO JHOOMY OTPE3KY OT (PYHKIUY

xr

2
e’ cosnx npu n, cTpeMilleMca K 6eckoHedHOCTH, paBeH (.

Dyukuus onpepeneHa Ha BCell YHCAOBOU OCH, IPUYEM Y KaXKI0W TOYKH
€CTh OKPECTHOCTh, B KOTOPOU (PYHKIUS MOHOTOHHO BozpacTaeT. /[Joka-
3aTh, 4TO (DYHKIUA MOHOTOHHO BO3PACTaeT Ha BCEH YUCJIOBOU OCH.

CyiecTByeT Ju (PYHKIUS, HEMpePLIBHAS BO BCEX UPPANHOHAIBHBIX TOY-
KaX U pa3pbIBHAs BO BCEX PalMOHATBHBIX?

5. IIUCbMEHHBIN 3K3AMEH, MAW 1985
HacTh 1. APUGMETUKA U AJTEBPA

(a) Yucaa p u ¢ npocthie. JlokazaTh, 4To ecau 2P — 1 geaurcs Ha ¢, TO
q — 1 meaurcs ma 2p; (6) npocro au wucao 213 — 17

. Yucjao = HasniBaeTcs KBaApaTUIHBIM BbI9€TOM IIO IIPOCTOMY MOIOYJIIO

P, €CIH OHO CPABHEMO ¢ HEKOTOPBIM TOYHBIM KBAJPAaTOM IO DTOMY MO-
ayao. [lokazaTh, 9TO IpoH3BeleHNe BEIYETa, He [IeIALIErOci Ha p, |
HeBLIYeTa ABISETCS HEBEIYETOM IO MOIYIIO P.

Detuth ypashenue (z + iy)® = 2 — iy.

(a) Dairu cymmy sin(mk/2n) mo Bcem k = 1,...,2n; (6) DaliTu npons-
Benenwe sin(wk/2n) mo Bcem k=1,...,n.
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DaiTn cyMmmy KoxhdunmenToB Muorodiena (z2 — z + 1)109,
YMMY

Jpu KaKOM n MHOro4wieH a” + a" b+ ...+ ab™ ! + b geamres na
a® + ab + b2 (xak mMuHOTOUIeH Haxy C)7

7. DalTH MaKCHMaJbHBIH TOPATOK epecTaHoBKH 10-3/1eMeHTHOT'O MHOYKe-
CTBA.

YacTb 2. AHATIN3
Danrn nperen cymmsr 1/n+1/(n+1)+---+1/2n npn n — oo.
2. DailT TOYHYIO BEPXHIO I'Palb BCEX THCe] BH A Sin & + cos 1/T Mo Beem
TeHCTBATENBHBIM X.
3. Yro 6oubiie: 7° win "7

4. Kax B CIeIyoNni 1Ied Tocaef0BaTeIEHOCTH PaBeH CUHYCY TPeIbl-

IYIIero. DauTH eé mpered.

DaliTn nepBoo6pasuyio (pyukinm 1/sin x.

Jlana orpanndennas BRMyKaas purypa mioma n S. JokasaTh, 1T0 MOXK-
HO TIPOBECTH [Be MepleHIuKYIIpHEe MpAMble, JTelAllne eé Ha dacTh
notmaan S/4.

7. JBaxan1 aupdepernupyeMas Ha TOMOKATETHHON TOAYOCH PYHKIASA P
x — oo crpemuTcs K 0 u uMeeT OrpaHUYEHHYIO BTOPYIO TPOUBBOAHYIO.
JlokazaTh, 9TO eé TepBas MPOU3BOAHAS CTpeMuTes K 0.

8. HokazaTb, 9TO MHOXKECTBO 3HAYeHHU JTeUCTBUTENbHOU (PYHKIHH Teil-
CTBHTEIBHOT'O aPIYMEHTA B TOYKaX (HECTPOTHX) MAaKCHMyMOB He GoJee,

9eM CIETHO.

9. Cxomures aun pag y, n(sinn)/2"7?

YacTb 3. 'EOMETPUSA

1. Owln IIATHYTOJNBbHUK. Da ero CTOPOHaX MOCTPOWJM BOBHE€ IIpaBHUJbHBIE
TpeyroJbHUKN U OTMeTHJN UX OeHTPbI, a BCE OCTaJbLHOE crepJn. Boc-
CTaHOBUTH IIATHYTI'OJNBbHUK.

2. DaillTh Bce Mpeobpa3oBaHus NOJOOUSA, MePECTAHOBOYHBIE ¢ OCEBON CHM-
MeTpHel.

3. Onna OKPYKHOCTH Je:KUT BHYTpH Apyroi. /JlokazaThk, 9TO cylIecTByeT
HHBEpCHs, TTepeBoAAllas OKPYKHOCTH B KOHIEHTpHYeCKHe.

4. Dpu KaKnX KOMILUIEKCHHIX &, b, ¢, d npeobpaszoBanme z — (az+b)/(cz+d)
— unBepcus’

5. Cymma Tpéx yrioB paBHa 27. /lokazaTh, 94TO cyMMa UX KOCHHYCOB He
MeHble —3/2.
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6. B 4eThIpéxMepHOM MPOCTPAHCTBE PACCMOTPHM JHHEHHYIO 060J0YKY Bek-
topoB (1,2,0,1) u (1,1,1,0), a Tak:Ke JNHENHYIO 06OJOUKY BEKTOPOB
(1,0,1,0) m (1, 3,0, 1). DaiiTH pa3sMepHOCTH CYMMBEI I IepecevdeHns STHX
IO POCTPAHCTB.

6. 3AJAYN YCTHBIX DK3AMEHOB

6.1. AJITEBPA

1. (a) PafiTn MakCHMaJbHBIA MOPALOK YE€THON MepecTaHOBKEM MHOXKeCTBa W3 12
s1eMeHTOB. (6) CKOIBKO CYIIECTBYeT YETHBIX MEPECTAHOBOK HTOT'0 MHOXKECT-
Ba? (B) To xe pas muOXKecTB 13 30 n 10 saeMeHTOB.

2. Paitrtu koacpbumment mpu 170 B (1 — z + 2*)59(1 4+ = + 24)50.

3. CoronomoTaM XoAUT MO 6€CKOHETHON MIAXMAaTHOU JOCKe, KAK KOHb, TOJIBKO He
Ha (1,2), a Ha (m,n). Ppu Kakux m W n CIOHOTIOTAM MOXKET MONACTh W3 Ha-
HaJbHON KJIETKH B COCETHION?

4. (a) Ypasnennsa x> —a = yp u x? — b = yp (a, b, p bukcupopanwl, p — npocroe

YUCI0) Hepa3pelIIMbl B LeabIX Ynciax. /JokazaTh, 4To ypaBHenue 2 —ab = yp
paspemmMo B Uedbix quciaax. (6) CKOIbKO BBIYETOB TTO MOJYJI P ABIATCH
KBapaTaMmn !

5. (a) JlokazaTh, 9TO MHOT O'JIeH, SBIAIOMINNCS HEMPUBOANMBIM B KOJbIIE MHOTO-
JIEHOB C PAlMOHATBLHBIME KO3(MPUIHEHTAME, He IMeeT KPATHBIX KOPHEN.
(6) NokazaTh HeIpUBOANUMOCTE Ha g () MHOTOWIeHA e+ e+ .+ 1.

6. Paiitn Z:ffl (cosnx)/2".

7. (a) Mlokasarhb, uTo MHOrouwneH P(z) = (# —a1)(z —as)...(x — as) — 1 He
pasaraeTcd Ha MHOXITEIN ¢ PAIHOHAILHBEIMI KO3 (QUIHEHTAMIE.
(6) ToT xe BompoOC AAd MHOTOUIEHA (¥ — a1)® (x —az)*? ... (r —a,)* — 1, T e
«v; B3AMMHO IPOCTHL.

8. MHorowien ¢ nedcTBHTENLHLIME KO>(p(pUIHEHTAMI TPUHAMAET B HEALIX TOY-
Kax Ieable 3HadeHnA. /JJoKkazaTh, 9TO OH NPeNCTABIACTCA B BHAE CYMMBI MHO-
roanenos ¢;(¢) = x(x —1)(x —2) ... (x —i+1)/i! c yenbiMu Ko PUITEHTAMI.

o -1 .
9. Pautn Zle i* mod p paa npousBOABLHOrO k M IPOCTOrO p.

10. (a) Kaxjaa n3 rpaHeil Kyba packpallleHa B OWH 13 9eTHIPEX BeToB. CKOMBKO
CYIIECTBYET PasamvHBIX packpacok? (Packpackm, oTamvaiommecs MOBOPOTOM
KyGa, canratorcsa oanHakoBeiMu.) (6) ToT ke Bompoc aas 6 musetos. (B) Tor
JKe BOTIPOC IS 3 IIBETOB.

11. (a) Paiirn 1985190 no monyaio 77. (6) Paiitu e mocaeguue undpbi Hic-
Ja 771000,



Ilporpamma «MaTIHIKOIBHTKY 207

12.

13.

14.

15.
16.

17.

18.

19.
20.

21.

22.
23.

(a) [oxasaTh, 9TO KOPHH NMPOM3BOIHON KOMIUIEKCHOT'O MHOTOJICHA J€KAT B
M060IT BBITYKJION (pHUrype, coflepiKallell KOPHHI HCXOJHOI'O MHOTOW/ICHA.

(6) MlokasaTh, 9TO eCau dy,...,d, W Z — KOMIUIEKCHBIE 9HCAA, MPHIEM
> 1/(#—a;) =0, To z 1exKUT B m060H BHIIYKIOH (PUIYPe, CONePIKAIIEH BCE d;.

JokazaTh, 9T0 114 JOOLIX ABYX MHOTOIeHOB P(t) n (1) cyllecTBYeT HeHYIe-
BOI MHOTOH/IEH OT ABYX mepeMeHHBIX R(#,y), Aas koTtoporo R(P(1),Q(t)) =0
npu Bcex ¢.

Pycte z + 1/z = 2cosy. Paiitu 2" + 1/2". (Cm. Takxke zagadqy 6 gactn 1
MUCBMEHHOTO dK3aMeHa 3a 1984 rox.)

Paiiti ocTaTok oT mefenus 22 4% 42?7 4 2% 4+ 2% 4+ max? — 1.

MoxXHO 1 33 HEIETHOE YHCIO TEPECTAHOBOK [BYX COCETHUX THCE TOIY 9N Th I3
nmocaegoBaTeabrocTn 1,2, 3, ..., 101 mocregopaTeasrocTs 101,100,99, ... ,2,17

(a) CKOJIBKO CYIIECTBYeT diced, B3aUMHO MpocTHX ¢ 2400 n Menbimx 24007
. Qq o L
(O6oznadenne: ¢(2400).) (6) To ke paa wmcaa pi* - ... p&™ (p; — TPOCTHIE).
(B) Mlokaszatrh, 410 @(ab) = ¢(a)e(b) nasa BzauMHO MPOCTHIX a 1 b.
(a) JlokasaTh, 9TO MHOTOWIEH, HHBAPHAHTHHIN OTHOCHTENBHO YETHHIX IHepe-
CTaHOBOK NMEPEMEHHDIX, ABAAETCA CYMMON CHMMETPHIECKOT'O N KOCOCHMMETPH-
geckoro. (6) PailTn pasMepHOCTH MPOCTPAHCTBA KOCOCHMMETPHYECKIX MHO-
TOYIEHOB CTENMEHH 5 OT 3 NepeMeHHBIX. (B) PaiTn pasMepHOCTE IPOCTPaHCTBA
MHOTO4/eHOB 0T 10 TepeMeHHEIX, BCe OJHOWIEHBI KOTOPHIX NMEIOT CyMMAapHYIO
crenets 4. (1) Joka3aTh OCHOBHYIO TEOPEMY O CHMMETPHYECKIX MHOTOUIEHAX.
(m) JokazaTk, 9T0 eCIl X1, ..., &, — CHUCOK KOPHEH MHOTOU/IeHA P cTemeHn
n, To npousseenne [[; . (; — z;) noIMHOMHANLHO BEIDAaXKaeTCA depes Kood-
dunuenTer MHOTOUIEHA P.

(a) Pafitn gauny mepnojga B gecatmyanon sammcu 1/41. (6) Cwm. zagagy 1.1.6.

(a) /lokazaTh, 9TO 3HAYEHNE KOMILIEKCHOIO MHOTOWIEHA CTENeHH MEeHBIIe 7l
B IeHTpe IPaBUILHOIO N-yrOJIbHIKA PABHO CPeJHEMY AapH(PMETHIECKOMY €ro
3HAYEHWH B BepumHax. (6) /lokazaTh, 9TO ecin KOPHM MHOTOWJICHA CTENeHN
7 paclloJokKeHbl B BepIIHHAX IPaBIILHOIO N-yTOJIBHIKA, TO €r0 IPOU3BOIHAA
B ueHTpe papra 0. Paifitu sToT MHOrouaeH. (B) JlokasaTh €IMHCTBEHHOCTH
pasaoxkenus gpobu 1/P(z), rage P(x) nMeeT aWlb AeACTBHTEABHBIE KOPHH, HA
npocTeiimme Apo6u.

11

CKONBKO pellleHn MMeeT CpaBHEHUE & 23 (mod 23) (cpean umncen ot 0

1o 22)7
Hoxazath, ato (p — 1)! 4+ 1 geanTea Ha p IpH IPOCTOM p.

(a) BripasuTh cos 77z 4depes cosz. (6) PaliTn MHOTOWIEH ¢ HeabIME Koadh -
[UEeHTaMN, y KoToporo dncaa sin(r/99), sin(27/99), ... ,sin(987/99) asastorcs
KOPHAMIL.
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24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.
36.

(a) 1+1/241/3+ ...+ 1/(p—1) = m/n, vae p npoctoe. [JokazaTh, 9TO m
geantca Ha p. (6) /lokazaTh, 9TO 9aCTHBIE CYyMMBI MapMOHHYECKOTO pAja He
ABAAIOTCA TEJLIMI THCIaMH.

(a) Ecim cpasmrenne z2 + 1 = () pazpemmMo 1o TPOCTOMY MOTYJIO p, TO p AadT
ocraTok 1 npu geaenun Ha 4. (6) [JokasaTh, 9TO BepHO W 0GpaTHOE.

(B) MlokasaThb, uTo cpaphenue r’> — 1 = 0 (mod p) Beerjja umeeT poBHO 2 pe-
wennd (cpean gmncen 0,...,p—1).

Moxuo am, Bpamias kKy6uxk Pybuka, mOBepHYTH yIVIOBOU Ky6WK, OCTaBUB OC-
TaJbHBIE B MCXOJTHOM TIOJOXKEHUIH !

(a) Yucao p — mpoctoe. [lokazaTh, 9TO HAIyTCA TPH TUCAA T,Y, Z, HE BCe
JeJAUINeCs Ha P, CyMMa KBaApaTOB KOTOPBIX gAeanTcda Ha p. (6) MHOrowien
P(z,y,z) — cyMMa OIHOYIEHOB CyMMApDHOW CTeNmeHH 2 C UeJbIMH Kodhu-
nueAaTaMu. JJoKazaTh, 9TO CYMIECTBYIOT Z,Y,Z, He BCe NEIAIIHECA Ha P, MpH
KoTOpHIX P(x,y, z) nemurcs Ha p. (Hucao p — mpocroe.)

MoXHO /i BEpHYTH B MCXO THOE TIOJOKEHNE (PUITKN UTPH B 15, TpeaBapuTeabHO
mepectaBuB 14 u 157

(a) /lokasaTh, 9TO ecanm pacummpenue moid () KOHETHOMEPHO KaK BEKTODHOE
npocTpancTso Haj (), To BCce bIeMEHTHl paclIpeHnd — aareSpandecKe.

3
(6) Mokazate KoneanomeprocTh Q(V/2,1/5). (B) TokazaTh, 9T0 cymMMa, Mpo-
H3BeJeHHe W 9acTHOE aareSpalvdecKnX 9ucel — alrebpamdecKne.

PazqoxnTs Ha MEOXHTean £P~! — 1 B Ioe BEIYETOB II0 IPOCTOMY MOJIYJIIO P.

Pafitu cymmy ), |M A2, ectt M — To4YKa OKPYKHOCTH eIHHUIHOTO Pajii-
yca, a A; — BepIINMHBI BOUCAHHOTO B HEE MPABUIBLHOTO N-yTOJBHUKA.
Yucaa p1, ..., pn — PA3IUYHBIE IPOCTHIE, A1, . .. ,d; — IPOM3BOJbHBIE TETHIE.

JokazaTh, 9TO CYHMIECTBYET IEM0€ THCAO ¢, CPABHUMOE C d; 110 MOIYIIO p; I
J1000T0 1.

[okazaTh, 9TO cucTeMa

1+ X+ ...+ ri0=a1
x1—|—21‘2—|—...—|—10x10:a2

1+ 29l‘2 + ...+ 1099010 = a1o

paspelMa pu TOCHX a1, d, . .. , a1g. (CM. Takxe 3agaqy 1.2.4.)
Muorounensr P(xz,y) u Q(z,y) TakoBsl, uro P(ab,a 4+ b) = Q(ab,a + b) ans
Bcex a u b. [lokaszaTh, 110 P = ().

Pa’f/iTH (a’) ZZ:O(Cﬁ)z’ (6) ZZ:O kcﬁ

Cemb 6eabIX min YEPHBIX OYCHHOK HAHM3BIBAIOT Ha OKPYKHOCTE. CKOIBKO pas-
JUYIHBIX OXKePEeTni MOXKHO MOMYIUTh |
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

CymrectByeT am MHOTOWIeH P ¢ meabiMu Kos(UUmeHTAMI, IS KOTOPOro

P(5) =13, P(10) = 8, P(13) = 217

PazjgoxuTh Ha HENPUBOAUMBIE METOTNCAEHHBIE MHOKUTEMN MHOT OXICHBI
22— 1, 2+ 4.

Ppu xKakux JeHCTBHTEJIBHEIX p U ¢ MHOTOWICH ° + px + ¢ HMeeT POBHO IBa
Pa3JUYIHBIX BEIeCTBEHHBIX KODPHSA?!

Paittun makcumym |z| npu |(z + 1)/z] = a.

Pynkuus P(x,y) ABYX BElIECTBEHHBEIX MEPEMEHHBIX C BEIECTBEHHBIME 3Hade-
HUAMU — MHOTOWJIeH OT & NpH M1060M (GUKCUPOBAHHOM Y U MHOTOHICH OT Y
nipu Jai060oM GuKcupoBanHoM z. JlokazaTk, 9T0 P — MHOT OMJIEH.

(a) JoxazaTk, 9T0 Bee KodppuumeHTH MHOTOIeHa (2 — 1)(x — 2) - ... (x—
—99)(x — 100) geaarcs Ha 101 (kpome crapiero KosdduuneHTa, paBHOTO 1, I
cBoboHOTO wieHa). (6) PaliTn ocTaTok 0T fAefeHus cBOGOAHOTO daeHa Ha 101.

MHuorotiaen ¢ QelCTBUTEMBHBEIME KO3(OUIIMeHTAMI HEOTPUIIATENEH TPH BCEX
JeACTBUTENBHBIX apryMenTax. [lokazaTh, 9TO ero MOXKHO MPEICTABUTE B BH/IE
CYMMBI KBaJIpaTOB ABYX MHOTOWJIEHOB C MeHCTBUTEMALHBIMEI KO3 QUImeHTaMN.

JlokazaThk, 1TO rpynna BpallleHni Kyba m3oMopgHa TPYIITe TTepeCTaHOBOK MHO-
KecTBa M3 4 dJeMEHTOB.

Paittu cymmy ¢(d) mo Bcem gemutensam d TaHHOTO HATypajibHOTO n. (31ech
(k) — KommgecTBO wHCcen oT 1 10 k, B3aNMHO TIPOCTHIX ¢ k.)

Yucao p — mpocToe, oTantdnoe oT 2 1 5. /lokasaTh, 9TO CYIIECTBYET JelslIeecs
Ha p 4UCIO, NeCATUYHAA 3aIUCh KOTOPOI'O COCTOUT U3 OMHUX €TUHMUI.

JlokazaTh, 9TO eCJAN HEYETHOE HATYPaJbHOE WHCJAO €INHCTBEHHBIM 00pazoM
pasJjaraeTca B CYMMY ABYX KBaIpPaTOB, TO OHO IIPOCTOE.

Muorowien c rZ[CI‘/,ICTBI/ITeJII)HbIMI/I KOBdI’)dI’)I/IHI/IeHTaMI/I OpUHNMAaET LeJble 3Ha9e-
HHA B OeJAbIX TOYKaX. MOFyT JI BCe >TU 3HaYeHUA OBITH HpOCTbIMI/I?

6.2. AHAJIW3
PepBrbinn wien mocae10BaTENBHOCTH ¢, PaBeH 1, a KaX BN CASTYIONMA — CH-
HyCy mpeiplayiiero. Pafitu Takoe A, wro mpeger limnta, cylmecTByeT u me
paBen 0.

(a) Pycre M — MakCHUMyM MOJYJA TPOW3BOJHON (PYHKUHE f Ha OTpe3Ke

[0; 27]. JokasaTh, 4TO fozﬂ f(x) cos nx dx‘ < 2rM/n.

(a) ®Pynxums f HempepbIBHA Ha TpaAMONW. M3BecTHO, 9TO TpH JM1060M T Tpe-
Jea mocaegoBaTelbHOCTN dy, = f(nz) paBen 0. MoXHO JH yTBEpXK AaTh, 4TO
f(z) = 0 opu & = oo? (6) Tor ke Bonpoc gasa f(n + x) BMecTo f(nz).

Cxogures au pag y ., (cosn)/n?
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11.

12.

13.

14.

15.
16.

(a) Pafitn mpegen nociegoBaTeabHocT ap = 1/(1+ 1/(1+...(14+1/1)...))
(n npobeit). (6) lokasaTh CyIeCTBOBAaHHUE MPeea MOCAeJOBATENBHOCTH Gy =
=1/(e1+ /(w24 ... (xn_1+ 1/2n)...)) (#; — mr06as mocie 0BaTEIBHOCTD
MOJOKNTENBHBIX TEIBIX THCE).

MseectHo, uTo f(2) = o(2”) npn # — 0 (7. e. mpegen f(z)/x™ npn z — 0
pasen 0). Caegyer au otciofa, aro f)(0) cymectsyer n pasuo 07 (6) Tor xe
BOIIPOC, €C/IH W3BECTHO, YTO BCEe NPON3BOAHBIE B Tokke (), BILIOTH 10 (n— 1)-o0i1,
cymecTByioT. (B) ToT e BONpOC, €cau 5>TH MPOU3BOAHBIE HEMPEDPBIBHEL.

Pynkuun f, HenpepwiBabl Ha [0; 1] w aaa moboro x ma [0;1] npegen f,(x)
paser f(x). Moxer iu ¢yukims f GBITH (&) paspBIBHOH XOTdA GBI B OJTHOMN
Touke? (6) paspbiBHON BCIOAY? (B) paspbIBHON XOTA GBI B OHON TOYKE, €CIAN
CXOUMOCTDH paBHOMepHa?

Dyuxuus f : R — R 6eckonedno auddepeHnpyeMa, n B KaXk I0H TOYKE XOTS
6Bl oHA W3 Mpom3BOAHEIXK paBHa 0. (a) JokazaTh, 9TO CYHIECTBYET OTPE3OK,
Ha KoTopoM f — MHOro4IeH. (6) JokasaTk, 9To f — MHOTOWIEH.

HokazaTh, uro & > sina > 2z /7 npu 0 < 2 < 7/2.

Psag ua melicTBUTEABHBIX 9HceN cXOAuTCA. MoxeT qu pag u3 ux Ky6oB pacxo-
OUTHCA?!

Pynkima f Ha oTpesKe [a; b] HazbIBaeTCA XOPOIIel, eCan MHOXKECTBO CyMM BHIa
ST1f(xig1) — f(2i)] (#; — BozpacTaiomas KOHeYHadA MOCIENOBATEILHOCTE TO-
ek oTpeska [a;b]) orpanndeno. (a) Beakad au anddepenuupyemasn (QyHKIHA
— xopoman? (6) /lokazaTh, 9To nuddepenunpyemas GYHKINA C OrpaHTTeH-
HOW Mpom3BoAHON — xopomasd. (B) /[okasaTh, ITO XOPOUINMHA ABIAOTCA T U
TOJIBKO Te (PYHKINH, KOTOPLIE MOI'YT OBITH IpeJCTaBAeHbl B BHIe Pa3HOCTH
IBYX HeyOLIBAIOMINX (pyHKIIAI.

(a) PriBaeT am Ha npAMoi He paHas 0 GeckoredHo anddepeHiupyemas (yHK-
A, paBHad 0 BHe HekoTOporo oTpeska? (6) CyimecTByeT u GeCKOHETHO And-
epennmpyeMad (GpyHKINA [ Ha IpAMOI, He paBHAd TOXAECTBEHHO 1, MIA Ko-
Topoit f(f(x)) = 1 npu Beex x?

(a) JokazaTk, aro ecan lima, = a, 70 s, = (a1 +. ..+ ap)/n TakKe CXOAUTCH
K a. (6) BepHo au obparHoe?

(a) MoxeT an Q 6BITE MHOXKECTBOM TOYEK HEMPEPHIBHOCTH HEKOTOPON (PyHK-
mnu f?7 (6) JokasaTk, 9T0 M060e 3aMKHYTOE MHOXKECTBO ABIAETCA MHOXKECT-
BOM TOYeK pa3pbiBa HEKOTOPOU (PYyHKIUH.

Moxet jqu R\ @ 6bITh 06beuHEHTEM CHETHOIO YUCAA 3aAMKHY THIX MHOXKECTB?

(a) /TokasaTh, 9TO BCAKYIO (DYHKINIO, HEMPEPHIBHYIO Ha 3aMKHYTOM MOJIMHO-
JKeCTBe BEIIECTBEHHOW MPAMON, MOXKHO TPOJOIKUTH 10 BCIOAY HEMPEPHIBHON
dysakunn. (6) MuoxecTBa X H Y — 3aMKHYTEE HElEPECEKAOIINECA TOIMHO-
xKectBa R. [lokazaTh, 9T0 cyiiecTByeT auddepeHIupyeMas Ha IPAMON (PYHK-
uust, s koropon X m Y saBasioTcsa npoobpazamu 0 m 1.
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17.

18.

19.

20.

21.

22.

23.
24.
25.

26.

27.
28.

29.
30.

31.
32.

33.

34.

PaccmoTpum MHOXecTBo M Bcex gBaxabl AuddepeHNUpyeMEIX (GYHKIII [
g koropwix f(0) = f(1) = 0m |f(x)] < C gas awboro z. Pairu sup{|f(z)|}
noeceM # € {0, 1} u f € M.

(a) Mokasark, 9to n! > (n/3)". (6) Mokasark, ato In(n!)/In((n/e)”) — 1
npu 7 — oo.

JlokazaTh, 9T0 QYyHKIUA, HMEOIIAs CIETHOE YHCA0 TOYEK Pa3pBIBa HA OTPE3KE,
WHTeTpupyeMa o Pumany.

JloKazaTh, 9TO MIA MOOHIX A1, . . .,y Wby, ... b, ypaBHerne >, _, (a cos kz+
+ bisinkx) = 0 mMeeT perneHme.

Moxet an psag Teiaopa GyHKOIUE CXOAUTHCA B HEKOTOPOHW TOYKE K SHCIY,
OTIMYHOMY OT 3HAYEHUsT (PYHKIWH B 3TOH TOYKe?

JlokazaThk, 1To mpon3BoaHas AuddepeHINpPYEeMON Ha HHTepBae QYHKINHT BMe-
cTe ¢ JI0OBIMU IBYMA 3HAYEHUAMU IMPUHUMAET U BCe MPOMEXKYTOYHHIE.

Pyctb g(x) = # +sin z. Paiiru npegen g(g(g...¢(x)...)) (n pas) npu n — co.
Bceakoe /M 3aMKHYTOE MHOXKECTBO MOITHOCTH KOHTHHYYM COJEPKAT HHTEPBAL’?

Pynkuua f : R — R venpepoisaa un f(f(z)) = # npu Beex z. /lokazaTh, 4T0
cylecTByeT Takoe &, 9To f(x) = .

,HOKaBaTb, 970 Jrobasd IOCJAE1OBATEABHOCTDE CONEPKUT MOHOTOHHYIO ITOAITIOC/IE-
AOBATEJIBHOCTD.

Ppu xakux & cxoaurcs psnm 220:1 n3gn?

(a) JokaszaTh, 9TO paBHOMEPHO HEMPEPHIBHAA HAa HHTepBale (GYHKINA OTPAHH-
veHa. (6) BepHo m o6paTHoe?

Pynkuua f auddepennupyema Ha (0;1) u f/ = f. Paiitn Bce Taxue f.

(a) Pafitn Bce HenpepriBHEEe f : R — R naa koropwix f(a +b) = f(a) + f(b)
u f(ab) = f(a)f(b). (6) Ta xe 3agada 6e3 TpeGOBaHHA HETIPEPHIBHOCTI.

Jlist Kakux & MocaejoBaTeNbHOCTS sin na cxoquresa? (CM. Takxke zagady 2.2.5.)

PocaegoBarenprocTh 3a1ata hopMyaamu ¢y = | 0 ant1 = (an +2/ay)/2. Jo-
Ka3aTh, 9TO Tpejel MOCIefoBaTeILHOCTH paBeH /2. OUeHNTh CKOPOCTE CXO-
aumoctr. (CM. Takxke 3ajgady | 9acTh 2 MHCbMEHHOTO sKzaMeHa 3a 1984 ron
Ha cTp. 204.)

POCTpOI/ITb B3aMMHOOTHO3HATHOE COOTBETCTBHE MEXK Y MHOXKECTBOM Q pann-
OHAJBHBIX 9HUCEJ U MHOXKECTBOM HYHCEJ BHIA m/2” A DeJbIX m U n, coXpa-
HiOmIee mops oK.

Pocrpouth dpyEKINIO f, ABAAONYIOCA OTHOIIEHUEM [BYX MHOTOYJIEHOB C Pa-
MUOHATBHBIME KO3(PPUIMEHTAMHT, I KOTOPOU MOCAEI0BATENBHOCT &1 = 1,

Tyt = fl2n) cxomures x /2.
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35

36.

37.

38.
39.
40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.
52.

M3BecTHO, 9TO Zpys = Zn + Znt1, €1 = D, @2 = 7. Palitu 21001/21000 ¢
To4urocThIO 7o (,001.

Ppu xakux «, 3,y Toukn ({an}, {fn}, {yn}) (opu n = 1,2,3,...) mioTHH B
eMHIIHOM Ky6e? ({s} — apoGHasd 4acTh s.)

Paittu Bce HenpepriBHBIe Ha (0; +00) Gyukunn f, gua koropuix f(2z) = 2f(z),
f(3z) = 3f(x) upn Bcex MOMOKNTENBLHBIX .

PailTi TOYHYIO BEPXHIOW0 [paHb MHOKECTBA 3HAYeHNUI (PyHKINN sin 24-sin /22
Pepuoanuna au GyHKUNA sin  + sin v/2x7

JokazaTh, 9TO MHOKECTBO TOYEK pasphiBa MEPBOro pofa (Korja cylecTBYIOT
ONIHOCTOPOHHIE TIPeIentl) 060N (PYHKINN He Golee, 9eM CIETHO.

Patitu pyHKUMIO, TPUHUMAIOIIYIO BCe PAIlMOHAJBHBIE 3HAYEHNA Ha MIO00M MH-
TepBaJe ¢ pallOHAJIBHBIMI KOHIIAMU.

JokazaTh, 9T0 BHIIyKAad QYHKINA (¥ KOTOPOI M0G0 KyCOK T'DaduKa JEKIT
MO/ CTATHBAOIIEN €r0 XOPI0i) HelpepHIBHA.

Pynxmusa [ : R — R apaxabl muddepernmupyeMa BCOAy, TOJOKUTENbHA Ha
uaTepBade (a;b); fla) = f(b) =0, f(x)+ f'(x) < 0npu a < & < b. JoxazaTs,
gro |b—a| < 7.

Paittu npouspognyto gyukunn f(z) = z*.

NoxazaTh, aTo bynxmus f(r) = x — z?/2+ 2%/3 — x*/4+ ... onpenerena u
audgdepennnpyema Ha uHTepBate (—1;1). Painrtn f/.

Paiitn 6eckoneuHo gudpepeRmEpyeMble (GYHKINA f, g Ha MPAMOI, MJIA KOTO-
PBIX MHOXKeCTBO Beex Todek (f(t), ¢(t)) ecTh rpanHnma TpeyroabHUKA.

Pomoxnrenbuas HenpepbiBHO AnddepennupyemMas Ha NpAMol GyHKIuA [ Ta-
koBa, uto |f'(z)] < |f(z)]. dokasats, aro |f(100)| < €% F(0)].

Peckonedno muddepenunpyemas pyuxumsa f Ha npAMoll Takosa, uTo f(z) +
f(2z) + f(3z) = 0 npu Bcex x. MOXHO I yTBEPK AaTh, 9TO f TOXKJECTBEHHO
pasua 07

Pynkupa f nBaxIbl HelpepbiBHO AuddepeHnupyemMa Ha mpAMoil. /JokaszaTh,
aro npegen limy_o[f(x+h)+ f(z —h)—2f(x)]/h? cymecTByeT u pasen f'(z).
MoxeT n 6ecKoHeqHO muddepeHInpyeMad Ha OpAMOH (DYHKIHA HMeTh Gec-

KOHEYHO MHOTO KopHell Ha naTepBade (0; 1) u He paBHATHCA 0 TOXK TeCTBEHHO?
ToT e BOMPOC A CYMMBI CTENIEHHOTO pAa (CXONAMETOCH IPH BCEX ).

Paiitu nepsoo6pasubie dbynkunii 1/(2+ 3z), 1/(z? + 3z + 2), Inz.

Peckonedno guddepennupyemMad Ha OpaMoll ¢pyHKInA uMmeeT nepuod 1. [o-
Ka3aThb, 9TO Ipejea CpeJHEro apiupMeTHIeCKOr o 3HadeHnl (GyHKINA f B TOY-
kax 0,1/n,2/n,...,(n—1)/n paBen fol f(t) dt. OueHUTBH CKOPOCTH CXOANMOCTH
(oTBeT: o(1/n*) npu mo6om k).
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53.

54.

55.

56.

57.

58.

59.

60.
61.

62.

PocTpouTh mocienoBaTenbHOCTE GecKOHETHO AUMPGEPEHIUPYEMBIX (PYHKIHT
Ji ma [—1; 1] Takyro, 9To pas 110600 HEMPEPLIBHON HA 3TOM OTpe3Ke (pyHKINK

¢ BEIOMHAETCA paBeHcTBO ¢(0) = limg o0 f_ll Tu()g(t) dt.

Psaa ) a; ¢ MOMOKATENABEHBIMNI SIEHAME PACXOJUTCA, S; — TOCIE0BATENBHOCTD
ero 9acTHYHEIX cyMM. (a) Jlokasarsk, 9To pax » . a;/S; pacxoaurcs. (6) loka-
3aTh, 4TO pAl Y a;/S? cxoguTes.

Koneuna au cymma 1/n 110 BceM HaTYpPAJIbHBIM N, JeCATHYHAA 3AMHCH KOTOPBIX
He COAEPKUT BOCHMEPOK?

inenHbl pAga Y | a; HEOTPHUATEIBHEL U yObIBatOT. [JoKa3aTh, ITO OH CXOAHTCA
WIN PACXOAUTCA OTHOBPEMEHHO C PAJAOM a1 + 2as + 4a4 + 8ag + . ..

Koneunsr au cymmbt (a) 1/(m? 4+ n?), (6) 1/POK(m,n) mo Bcem napam HaTy-
PAIbHEIX 9HCeT M, N7

HokazaTk, 4ro cymwecrsyior Takue A, B,C' aro 1 +1/24+1/3+ ...+ 1/n=
=C+Inn+ A/n+ B/n?+ o(1/n?). Paiitu A, B.

Konewna au cymma 1/p no Bcem npocTbiM p?
NokazaThk, 9T0 f;“ sint?dt < 2/x npu x > 0.

Ecan f((z + y)/2) < (f(z) + f(y))/2 nna HenpepwiBHOH QyHKUmIH f, TO 5Ta
(PYHKIHIA BHIIYKIIA.

JlokazaThk, 9T0 BhIIYKIasg hyHKINA HruddepeHInpyeMa BCIOIY, KPOMe CIETHO-
'O MHOXeCTBa TOYeEK.

6.3. 'EOMETPUSA

JlokazaTh, 9TO B3aNMHOOTHO3HAYHOE OTOOPaKeHE KOOP INHATHON MIOCKOCTH
B cebs JUHEWHO TOTa W TOABKO TOrja, Koraa oHo nepesoauT 0 B 0 u a06yio
IPAMYIO — B IPAMYIO.

Pa kakme oTpe3kn geqsaT AmaroHaJdb N-MEPHOTO Ky6a MPOEKINH €TI0 BEPIINH?

B R* nmeroTca n BEKTOPOB, BCe yTJIbl MeXK Ty KOTOPBIME — Tymhie. /lokazaTh,
gyron < k+ 1.

Cdepa crepeorpaduyeckn MPOEKTUPYETCA HA IIOCKOCTH U MPH 3TOM MOXKET
BpalllaThCA BOKPYT HEMOJABUKHOTO IeHTpa. Bo3ANKaioT 0To6pakeHNs MIOCKO-
ctu B cebsa. JlokazaTh, 9TO 3TO — APOOHO-INHENHBIE TPeo6Pa3OBAHNA.

Ecan y orpanmdentroll GpUrypel €CTh HECKOJABKO OCEHl CHMMETPHH, TO BCe OHHU
MePeceKaoTCsA B OHOW TOYKeE.

Onucatk Bce KOHEYHBIE TOATPYINEl TPYINBL MTO06UH TLIOCKOCTH.

Patitu saBuyto popmyay aas ducea Pubonaddn.
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10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

BekToptl €1, ..., e, 06pa3yloT 6a3lC eBKJINA0Ba IPOCTPAHCTBA, 1, . .. , oy —
OpousBoabHLIe 4ucaa. JoKazaTh, 9TO CYHIECTBYeT BEKTOD I, MIf KOTOPOTO
(z,€) = a;.

JokazaThk, 9TO B TPEYrOAbLHIKE CO CTOPOHAME &, b, ¢ H pajiycoM ONHCAHHOI
OKpyX)HOCTH R paccTosiHne MeXay IeHTPOM ONMCAHHON OKPYKHOCTH W OPTO-
eHTpoM paBHO VIRZ — a2 — b2 — 2.

B mocaemoBaTeqbHOCTH BEKTOPOB CKAJSAPHBIN KBaJpaT KaXJgoro paBeH 2, a
CKaJAPHOE TPOU3BEJEHNE COCEMHMX, a TakXkKe IEPBOTO M IMOCACTHErO, PAaBHO
—1. MoryT a1 BeKTOPHI OBITH IHHENHO HE3ABUCHMEBI?

Ppu xakmx ycJIoBHAX KOMIIOZUINS TPEX MOBOPOTOB IIOCKOCTHU C 3aJaHHBIMI
[MEHTPAMU U yIJIaMH PaBHA TOXKIECTBEHHOMY MpeoGpa3oBaHmio?

PocTponTh OKpYyKHOCTD, MPOXOAANIYIO Uepe3 Be NaHHbIe TOYKN W TepeceKa-
OUIYIO JaHHYIO OKPYXKHOCTB TOJ JaHHBIM YTJIOM.

Pa xaTeTax TpeyroabHUKa TOCTPOeHHI KBaApaThl. /lokazaTh, 9TO HeHTPHI
3THUX KBaIPaTOB U cepeIHa IMIOTEHY3bl ABIAIOTCA BEPIINHAMHI TIPAMOYT OJlb-
HOI'O paBHOOENPEHHOI'O TPEYTOJbHUKA.

PatiTu paccTosinme OT TOYKH N-MEPHOT'O MPOCTPAHCTBA [0 THIEPILIOCKOCTH B
3TOM NMPOCTPAHCTBE, €CIN TOYKA 3a/aHa KOOPANHATAMHU, & TUIEPIVIOCKOCTD —
ypaBHEHHUEM.

JokazaTh, 9TO cyMMa KOCHHYCOB IBYTDAHHBIX YTJIOB TeTpadapa He 6oablie 2.

(a) Pairtu Bce gpoGHO-TMHENHBIE TPE0OPa3OBaHusA, 0TOOPAKAIOUINE €MHE -
HBIH KpYT |2| < 1 Ha ceba. (6) To ke mas noaymaockoctn Im z > 0.

az+b
cz+d

CormocTaBuM Kax oMy ApOGHO-IUHEHHOMY MpPeoGpa3oBaHIIo z — MaT-

a b "
puy 4l JlokazaTh, 9T0 KOMIO3UINHA Ipeobpa3oBaHiil COOTBETCTBYET
c

pousBeleHNe MaTPHII.

MokazaTh, 9TO ecan HEKOTOPOe MOAIPOCTPAaHCTBO B R”™ MpencTaBIeHO B BUe
06beIUHEHNA KOHEYTHOI'O YHc/Aa MOANPOCTPAHCTB, TO OHO COBHAjaeT C OJTHUM
U3 HUX.

,HOKaBaTb, 9TO BBITYKJIAaA o60om049Ka JI060r0 KOHEIHOI O MHOXKecTBa B R™ Mo-
KeT OBITH opeacTaBJcHa KaK IIEpeCECICHNE KOHETHOT'O YUCaa FI/IHCpHJIOCKOCTCﬁ.

JokazaTh, 9T0 NpH Npeobpa3soBaHnu MIOCKOCTH (X, y) — (& + y,y) Kpyr me-
PEXOAUT B (PUTYPY, HMEIOIIYIO OCH CHMMETPHH, I HAUTH HX.

P afiT opTOr OHAIBHYIO IPOEKINIO BEKTOPa, f 1 & — & B IPOCTPAHCTBe (DYHK-
. 1

umit co ckaxApHbIM npomssegerne (f, g) = [, f(x)g(x) dz ma miockocTs, mo-

POXAEHHYIO BEKTOPaMHI &, SN &.
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22.

23.

24.

25.

26.

27.

28.

29.

30.

Boxpyr maHHOTO 3JAAWNCOMIA ONMUCHIBAIOTCA BCEBO3MOXKHBIE TPAMOYTOJbLHLIE
napaigesenunedtl. /lokaszaTh, 9TO NUATOHAIN BCEX DTUX TAPAIIeTeNUIenoB
PaBHBEL.

P aliTn mocrefoBaTeEHOCTE MHOT OIeHOB cTenenn 0, 1, ..., n, OpTOroHATBHBIX
1

OTHOCHTEIBHO CKATAPHOTO IponsBeaernd {(f, ¢) = fo f(x)g(z) dx

(a) mpu n = 4; (6) IpH TPOU3BOIBLHOM 7.

Ppu xakmx ycaoBmsAX 3ajaHHBIA DJINIC MOXET OBITH MOAYyYeH KaK CedeHIe
3aJaHHOT O BILIUIICON [a”

,HOKaBaTb, 9TO IIATadA 110 BEJIUYINHE (C‘H/IT&H oT MaKCHMaJIbHOﬁ) OCh N-MEPHOT'O
DJIHUIICON Oa €CTh MaKCHUMYM MAaJIOl OCH BCexX IATHUMEPHBIX SJIJIUIICOU 0B, ABJIA-
IOIINXCA €0 CEYCHUAMU.

leHTPH TPaBUABLHBIX TPEYTOMLHUKOB, TIOCTPOEHHLIX HA CTOPOHAX TTPON3BOIb-
HOT'O TPEYTOMbHUKA, 0OPa3yIOT TPABIILHBIA TPEYT OMbHUK.

[lokazaTh, 9TO MIOMIATE TPEYTOJBHOTO CEYEHNA TeTpadApa He MPEeBOCXOJUT
TJIOITA T HEKOTOPOR M3 ero IpaHel.

Tpu KopHSA KyObUdeCcKOT 0 MHOT OW/IeHA C KOMIIJIEKCHBIME Ko3hdunmenTamMu o6pa-
3yIOT TPeyToabHuK. /loka3aTh, 9TO B 3TOT TPEYTOJbHUK MOXKHO BIUCATH -
aunc, POKYCH KOTOPOT O HAXOAATCA B KOPHAX MIPOW3BO THONW 3TOT0 MHOT OHJIEHA.

Tpu BekTOpa B IpocTpaHcTBe 06pa3yloT apyT ¢ Apyrom yrisl A, B, C. loxa-
3aTh, 9T0 cos A + cos B+ cos C' > —3/2.

NokazaTh, 9To paccTogume d MeXAy MeHTpaMH BIHCAHHOW B TPEyrOJLHUK
OKPYXKHOCTH U OMUCAHHOW OKOJO HEr0 OKPYXKHOCTH CBA3AHO C UX paJHyCcaMu
r u R coorromennem d? = R? — 2Rr.



