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Gauss multiplication trick?

A. IIleun

Bnadumupy AHuOpeeguuy YcneHckomy

81. HEIOPA3SYMEHUE

B 2014 rozy B uzgarenbcrBe MIIHMO BbIies pyccKui mepeBof KHUTH [6];
nepeBoaun eé Anekcauzp Kymukos (IIOMUY PAH, Iletep6ypr), a s1 6bUI pefak-
TOPOM ITepeBo/a. B 3T0# KHUTe B KaueCTBE OJHOTO U3 IIEPBHIX IPUMEPOB OBICT-
PBIX aJITOPUTMOB U3J/IaraeTcs aITOPUTM OBICTPOrO YMHOXKEHUSA MHOTO3HAYHBIX
4yucesn. AJITOPUTM 3TOT CBOJWUT YMHOXKEHHE 2n-3HAYHBIX 4YHCeNl K YMHOXe-
HUIO N-3HAYHBIX. [IycTh HAM HA/IO YMHOXXUTH /IBA YHCIa U3 2n 6UTOB (MBI pac-
CcMaTpUBaeM JABOWYHBIE YUCJIA, HO 3TO He MPUHIUIHUAIBHO). Pa306bEéM ABOMY-
Hble 3amucy 2n-O6UTOBBIX COMHOXKUTEJIEH X U y Ha JiBe ITOJIOBUHBI 10 11 3HAKOB:

x=2"x1+x9, Yy=2"y1+y

(caBUr Ha N JBOUYHBIX Pa3psioB COOTBETCTBYET YMHOXKEHHIO Ha 2"; BCe YeThI-
pe TOJIOBUHKH X1, X, Y1, Yo COAEPKAT 1Mo n OUTOB Kaxkzas). Torga

xy = 2%"x1 1 + 2" (xo )1 + Yox1) + XoYo-

M&1 cBestu Hally 337249y K YMHOXKEHUIO YeTHIPEX Iap n-OUTOBBIX YHCeT X1 Y7,
XoY1, YoX1, X0Yo — K YETBIPEM 3aJja4aM MOJIOBUHHOTO pa3Mepa (YMHOXXeHHe
Ha CTelleHU JIBOMKH, T. €. IONUChIBaHKE HyJel, a TaKKe OIepaliy CIOKeHUA
MBI He CYMTaeM, TaK KaK OHM IIpollle — CPaBHUTE CJIOKEHHe U YMHO)KeHue
cTonbukom). [ToBTOpSAsA 3TO CBeAEHUE eIl pa3, MBI IOJIYYUM Ha CIeAYIOIEM
nrare 16 3a7a4 BUeTBEpPO MEHBIIEro pasMepa U Tak Jajee, IoKa He MpUJEM
K OZIHO3HAYHBIM YMCJIaM, IZe 33/a4a TpUBHAJIbHA.

HecyoXXHO NOHATH, YTO ITOT IOAXOZ caM I0 cebe He JAaéT BHIMIPHIIIA.
Ecnu Bcé moAcuuTaTh aKKypaTHO, TO OO0Ilee YMC/IO ONepalyil IpU yMHOXe-
HMU N-3HAYHBIX yHces 6yeT pacTy IPOHOPIMOHATILHO N2 — POBHO TaK e,
KaK IpU OOBIYHOM aJITOPUTMe YMHOXXEHUS CTOJIOUKOM, IZle MBI YMHOXKaeM

MaTtemaTnyeckoe npocselyeHue, cep. 3, Bbin. 24, 2019(19-33)
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KaKJBIN M3 N pa3psiIoB MEPBOTO YKC/IA HA KaXAbIM U3 N pas3psZioB BTOPOTO.
(YBesnmyeHune pasmepa BABOE COOTBETCTBYET YBEIMUYEHUIO YMC/IA ONEpaIyil
[IPU YMHOXKEHUU CTOJIOMKOM BYETBEPO.)

Ho MBI mosyyuM 6osiee GBICTPBIM aJrOPUTM, €CJIH 3aMETHUM, YTO MOXKHO
06OMTHCH Mpemst YMHOKEHUSMHU 11-OUTOBBIX YHCE BMECTO YETHIPEX. A MMEH-
HO, €CJIU 33 OZJHO YMHO)KEHUE BBIYUCIUTD (X1 +Xg) (7 + (), TO HIOTOM MOXHO
BBIYECTh X;); U XYy, KOTOPbIE BCE PABHO HY)KHO BBIYMC/IATH, U MOJYYUTD
Cpasy CyMMY X, Y; + YoX1, HE BEIYUCIAS KOK/J0E U3 TIPOU3BEAEHUH 110 OT/AE/b-
HocTH. Jleasi TaK Ha KaXkOM IIare PeKypCHH, MBI JOCTUTaeM CYIECTBEHHOMN
5KOHOMHM: BMECTO N’ IIOJIydaeTcs

nlog2 3 A n1,59’
YTO 3aMETHO JJaKe /11 He OYeHb OOJIbIINX 3HAUeHHUI n. DTOT 6oJiee GBICTPBIN
aJITOPUTM SBJISETCS CTAaHAAPTHHIM aJITOPUTMOM YMHOXKEHHS B OUOIHMOTEKAax
paBOTHI ¢ MHOTO3HAYHBIMH YHCIaMi .
Ero® npuzyman Anartomuii AnekceeBud Kapany6a (1937-2008) oceHbio
1960 roza; anroputm 6bUT omy6aMKOBaH B 1962 roay B [22]. [ToapobHOCTH
3TOU MCTOPUM paccKasan cam aBTop B [20]:

Ocenbio 1960 r. B MOCKOBCKOM yHUBepCUTETe Ha MeXaHUKO-Ma-
TeMaTU4eCKOM (aKy/IbTeTe Hadaa paboTaTh CeMHHApP [0 MaTeMaTuJe-
CKHMM BOIIpocaM KHOEpHETHKHU 1o/ pyKoBoacTBoM A. H. Kosimoropogsa,
rae A. H. KonmMoroposeiM 6bi1a chOpMyTHpOBaHa IMIOTe3a n? (Ipo
MOPSIZIOK POCTA YKC/Ia OUTOBBIX OTepaInii, HEOOXOAUMBIX TIPH YMHOXKe-
HIY N-3HAYHBIX 9HCET°) ) U OCTaBIEH Psiz 3a4a4 06 OIleHKe CJIOKHOCTH
pellleHUH JMHEWHBIX CUCTEM YPaBHEHUM U IPYTUX CXOAHBIX BBIYKCIIE-
HMiA. {1 aKTUBHO CTa/I Pa3MBIIUIATL HaJ TMIOTe30H n? ¥ POBHO depes
HeZet0 0OHAPYKWI, YTO aJTOPUTM, KOTOPBIM 51 HAZESICS MONTydUTh
HIDKHIOIO (TaK B CTaThe) OIEHKY BeMuduHbl M (n), 1aéT OLleHKy BUa

M(n) = 0(n'°%23), log,3 =1,5849...

D BriocseAcTBUM GBUIM IIPUAYMAHBL M IPYTHe aJTOPUTMEL, 60jee GHICTpEIe (aCHMITOTHYE-
CKH, T.e. /i JOCTATOYHO JUIMHHBIX 4Mces); O HeKOTOPHIX U3 HUX MOXHO IIPOYMTaTh B [19].
2 Ha camoM Jeste B cTathe [22] paccMaTpuBaeTca 3ajada O BO3BEJEHHU B KBaJpaT MHOIO-
3HAYHBIX 4HMces — YaCTHBIH CTy4ait yMHOKeHHUS, K KOTOPOMY JIETKO CBOAMTCS OBIIMIt ¢ TOMO-
b0 GOPMYJTBI
(a+b)? —a®—b>
ab=~—""—-"".
2
JInif 3TOTO 4acTHOTO CTydas cBefleHHe K TPEM 3ajadaM MeHbBIIero pasMepa BhIIAAUT HEMHOTO
uHave: yTo6bl BHMUCIUTL (27a + b)? = 22"q2 + 2" - 2ab + b2, AOCTATOYHO BO3BECTH a U b
B KBaJpar 1 noToM Haiitu 2ab = (a + b)? —a® — b?, caenas emé ofHO BO3BeieHNEe B KBaJpar.
%) 37ech U Jajee YIIOBBIMM CKOGKAMK OTMeYeHbI KOMMEHTApUH, He ABAIIINECT YaCThIO
IMTATHL
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[Toce oyepesHOro 3acesanus ceMuHapa s cooburwn A. H. Kommoropo-
By 0 HOBOM aJIFOPUTMe YMHOXEHHA ¥ 06 OIPOBEPKeHUHU TUTIOTEe3HI 1.
JTO cWIbHO B3BOMIHOBaNO0 A. H. KosiMmoroposa, Tak Kak IpOTUBOPEYMIIO
€ro ZIOBOJIbHO MpaBAoIoo0HOM runoTtese. Ha cieayromeM 3aceZlaHu
ceMrHapa MOW MeToJ] YMHOXKeHHsA ObUT pacckaszaH camuM A. H. Koi-
MOT'OPOBBIM, ¥ Ha 3TOM CEMWHAp IIPeKpaTWI CBOI paboty. [To3aHee,
B 1962 1., A. H. KosMoropoB Hamucasn (MOXeT ObITh, IIPU yYaCTHUU
1O.11. O(bMaHaAf)) HeOOJIBIIIYIO CTaThIO U OMybauKoBas e€ B Jlokaazax
AH CCCP. Crartba Ha3piBasach Tak: A. Kapaiy6a, 0. Odman, YmHO-
JKeHre MHOTO3Ha4YHBIX yrcesl Ha aBToMaTax (JAH CCCP, 1962, T. 145,
N2 2, c.293-294). O6 5Toii cTaTbe A y3HaJI TOJbKO TOT/a, KOra MHE
OBUTH ZIaHBI €€ OTTUCKU. HeoObIYHOCTh criocoba myOaIuKaluu moag4Ep-
KUBaeTCsA ¥ TeM, 4TO 06e cTatbu [5] u [8] (coorBeTcTBeHHO [24] 1 [22]
B HAIIIEM CIIMCKe) npezacTaBieHbl A. H. KoIMOropoBBIM K OIyOIMKOBa-
HUIO ofHOBpeMeHHO 13.11.1962.

YauBuTenbHbBIM 0Opa3oM (kak 3ameTw1 KymukoB) umsa KapairyObl BoBce
He YIOMHMHAJIOCh B ITIepEBOAVMOM KHUTE, a Hes O BO3MOXXHOCTU COKpallle-
HUS YMC/Ia YMHOXXEHUI C YeTHIPEX ZI0 TPEX MpUIKCchIBagack aycey [6, c. 45
(55 B 21ekTpOHHOM BapuaHTe)]:

The mathematician Carl Friedrich Gauss (1777-1855) once noticed
that although the product of two complex numbers

(a+ bi)(c+di) = ac—bd + (bc + ad)i

seems to involve four real-number multiplications, it can in fact be done
with just three: ac, bd, and (a + b)(c + d), since

bc+ad = (a+Db)(c+d)—ac—bd.

(...) this modest improvement becomes very significant when applied
recursively.

(3zecy peub MAET 06 YMHOXXEHHM KOMIUIEKCHBIX YHCEJ, HO Pa3HUIIA JIUIIb
B 3HaKe niepez bd.) Ml ¢ KyJTMKOBBIM MOATOTOBUIM COOTBETCTBYIOIIEE ITPHUMeE-
YaHUe: TIoCsIe CJIOB «BpeMsi pabOThI COOTBETCTBYIOIIETO aJITOPUTMAax» JOJDKHA
ObL1a caefoBaTh cHocka «Ero mpeamoxkut A. A. Kapamy6a (JJAH CCCP, 1962,
T. 145, c. 293-294). — IIpum. nepes.». K coxxaneHuto, B Ipoliecce MOATOTOBKH
OpUTHMHAJI-MaKeTa 3TO JobaBieHue OBUIO 3a0BITO (U Telepb JODKHO JOXKU-
JIAThCA ITepersAaHuAa”) , KOT/a U eC/I TaKoBoe GyzeT), Ha 4To oGpaTiia BHUMA-

4 10puii Ilerpoud Odman (poawrcsa B 1939 rogy), yueHuk Koamoroposa, 3aHUMACA TeO-
pHell CJIOXKHOCTU BBIYMCIEHUI U TeOpHel aBToMaToB. ABTOp KHUTH [25].
% Kuvra mepemsgana B 2019 r., omm6Ka HCIpaBieHa.
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HUe (B CBOEM ITMChMe B U3/IaTeIbCTBO, lTepeciaHHOM HaM ¢ KyIrKoBeIM 6 aB-
rycta 2016 roza) mous A. A. Kapairy6er, EkaTepua AHaTtonbeBHa Kapairy6a:

B u3gaHHOM BaMu nepeBofie KHUTU «AJroputMmel» C. Jlacrynra,
X. ITanagumutpuy, Y. Bazupanu cozepxutcs dakThdecKas OIIHMOKa.
T[TepBBIii B MUPE OBICTPHIN aJITOPUTM, AJITOPUTM OBICTPOTO YMHOXKEHUS,
OoTKpHBITHIH A. A. Kapaiyboii (3azaua 6buta mocrasieHa A. H. Koimmoro-
POBBIM), B 3TOM KHHMTe IpumnucaH 'ayccy, 6e30 BCAKUX CCHUIOK Ha Ka-
Kue-mib0 JOKyMeHTaIbHble UICTOYHUKYU U CBU/IETETHCTBA.

AMepurKaHCKUe aBTOPHI U paHbllle MBITATUCh IPUTUCATh UIel0 Me-
Toza Kapaiy6sl (HasBaHHyto [IIénxare «quBaiig sHA KOHKyp» (divide
and conquer, aHIVI.)) KOMy-TO APYyrOMY, TaK XK€ KakK U CO3/IaHHE IIep-
BOro 6micTporo ajroputMa. OZJHAKO Y HUX HET U He OBLIO HUKAKUX
TOATBEPKAAIONINX UX CTPACTHOE KeJlaHWe IIPUIIKUCATh 3TOT MeTO/ Ka-
KOMY-TO 6oJiee Jjisi HUX MPeANIOYUTaeEMOMY aBTOPY JOKYMEHTOB (JIUIITh
cioBecHble MUGBI). HeT HM OZHOrO OBICTPOrO aaropuTMa B KaKOM-
nubo TekcTe, M3gaHHOM paHbliie 1963 1. (A. A. Kapaiy6a co3zaan cBoOu
aJITOPUTM U paccKasaj ero Ha KOJIMOTOPOBCKOM ceMuHape B 1960 r.,
uszad B xxypHase «Jloknagsl AH CCCP» 1 mepeBeZiéH HA aHTTTUUCKUHN
B 1962 r., paccka3zaH KoJiIMOTOpOBBIM Ha MHOTHUX MEX/AYHaPOJAHBIX KOH-
depeHnmax, HaumHasa ¢ 1960 r., BKIOYass MEXAYHAPOIHBIA MaTeMa-
TU4YecKUi KoHrpecc B CTokronbMme B 1962 r., ony6nukoBaH B CIIA
OT/IEIbHO TI0 CTOKTOJIbMCKOM JieKIuy KosiMoropoBa B KHUTe-COOPHUKeE
JIEKIWH KoHTpecca B 1963 1.).

W3aaBaTh B Poccuu (6€30 BCAKUX KOMMEHTapUeB) KHUTY, B KOTO-
PO¥ BOpYyeTCs OCHOBHOE POCCHHCKOE OTKPBITUE B 00JIaCTU BBIYUCIIH-
TEeJIbHOU MaTeMaTHKU, aJlTOPUTM, BHEZIPEHHBIN B BUZIe COPT- U XapAB3P
B OCHOBHbIE KOMIIbIOTEPHI MHpPAa — 3TO KaK-TO He OYeHb IOPALOYHO.

A 9TO BBI 00 3TOM AymMaeTe?
C yBaxkenueM, E. A. Kapaiy6a

MHe Kak peflaKTopy IepeBoZa OCTaBaJIOCh TOJIbKO IIPUHECTU U3BUHEHUA
3a JIONYIIEHHYIO OIUIOIHOCTL®) — HO CTa/l0 MHTEPeCHO: YTO BOOGIIE MUIIYT
pa3Hble aBTOPBI 06 MCTOPUM Bompoca, 6butn i y KapairyOsl mpe/iiecTBeH-

®) BoT 0TBETHOE MUCHMO:

Zlo6peiii feHb, ExaTepriHa AHATOIbEBHA!

PepaxTop usparenbcTBa, FOpuit Hukonaesnu TopxoB, Iepecian MHe Batte muceMo, U 5 OT-
Bedalo Bam B kauecTBe pejakTopa mnepeBoga KHuru Jlacrymnra, [lanaguMmurpuy u BasupaHu
«ANTOpUTMBI». Jla, pasyMeeTcs, aITOPUTM YMHOXKEHUSA IO TIOJIOBMHAM ObLT peyioxeH A. A. Ka-
paiy6oii, ¥ MBI C IEPEBOAYMKOM Jake TIOATOTOBWIN COOTBETCTBYIOIEe IpUMEeUYaHUe: TOCTe
cJ10B «BpeMs paboOTHl COOTBETCTBYIOLIETO AITOPUTMa» JOJDKHA ObUIA CIeZ0BaTh CHOCKA «Ero
npemioxui A. A. Kapauy6a (JAH CCCP, 1962, T. 145, c. 293-294). —IIpum. nepes.». K coxare-
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HUKU, 1 0OHAPY>XWJIOCh MHOTI'O JIFOOOIBITHBIX Belllel, MILTIOCTPUPYIOIINX, 110~
MUMO IIPOYETO, IyTH pacIpocTpaHeHNa HHopManuu U omrbok B Heil. K co-
’KaJIeHUIO, 3TO «paccje/JoBaHNe» OCTAIOCh HE3aKOHUYEHHBIM — MOXKET OBITb,
KTO-TO U3 TeX, KTO YBUJUT 3TOT TEKCT, CMOXXET JOBECTU ero 10 KOHIIA.

8 2. IToyemy l'aycc?

[TepeBoAivMast KHUATA He ZjaBajla HUKAKUX CChLIOK HA UCTOYHUKHY, H 5 TIOIIBI-
TaJICS BBIICHUTD, YTO IHUIIIYT Ha 3Ty TEMY APyrHe aBTOPHI. [IOMCK B MHTEpHETE
MOKa3bIBaeT, 4To ['aycc Kak n3o0peTaTesb Criocoba YMHOKEHUSA KOMILIEKCHBIX
YHCEJI C TIOMOIINBI0 TPEX YMHOXKEHUHN AEeHACTBUTENbHBIX YHCET YIIOMUHAETCS
pasHeIMM aBTOpamu. Hampumep, Myp u MepTeHC B CBOel M3BECTHON KHU-
re [12, c.37] (2011) mumryT:

The first O(n'°¢23) algorithm for multiplying n-digit integers was
found in 1962 by Karatsuba and Ofman [447]. However, the fact that
we can reduce the number of multiplications from four to three goes
back to Gauss! He noticed that in order to calculate the product of two
complex numbers, (a+ bi)(c+di) = (ac—bd) + (ad + bc)i we only need
three real multiplications, such as ac, bd, and (a+c)(b+d), since we
can get the real and imaginary parts by adding and substracting these
products. The idea of [447] is then to replace i with 10"/, and to apply
this trick recursively.

3mech «[447]» — 3TO cChbUIKa Ha OPUTHHANBHYIO CTaThio [22]; B Heil O6buH
chopmyIMpoBaHbI ZiBa pe3ysabTaTta ¢ ykazaHuem aBtopctBa (0. IT. Odpman

HUIO, TI0 MO€e¥ BUHE B TIpoliecce MOATOTOBKY OpUTMHAI-MaKeTa 3To ZobaBieHre ObLIO 3a0bITO.
Ecnu 6yzer nepeunsaHuie, 3Ty OIIHUOKY MBI HCIIPABYM.

Bcero xopomero,

Anexcanzp Illens

P.S. [Nporny npoiueHus 3a 3aiep:KKy ¢ OTBETOM: MHE CTaJI0 MHTEPECHO, KAKOBA UCTOPHUSA
BOIIpPOCa ¥ OTKyZa B3sIoCh HazBaHMe «Gauss trick». He 6yayuu crenuaarcToM Mo UCTOPUH
HAYKHY, sI TEM He MeHee MPEJIPUHSI HEKOTOPBIE JIOOUTENBCKUE PA3BICKAHUSA, HO K YCIIEXY
OHM He IPUBENIH: JeHCTBUTENbHO, Ha3BaHue Gauss trick Bo MHOrMX MecTax BCTpeYaer-
¢ B NMPUMEHEHUU K YMHOKEHHWIO KOMIUIEKCHBIX YKCEJN 34 TPU BEIIeCTBEHHBIX YMHOXeE-
HUS, HO aBTOPHl HE MPHUBOJAT COOTBETCTBYIOIIUX CCHUIOK, a IPUBEAEHHAA B BUKUNEIUU
cceuika Ha Kayra (Knuth D., The Art of Computer programming, vol. 2, 1998, pp. 519,
706, cM. https://en.wikipedia.org/wiki/Multiplication algorithm#Karatsuba multiplication
mo cocTosiHUo Ha 9 wuions 2016) BBoguT B 3abimyxkzeHue: 'aycc BooOIe B 3TOM TOMeE
B CBsI3U C OBICTPHIM YMHOXKEHHEM HE YIIOMUHAETCs, a B CBA3HU C 00CYK/AaEMBIM alIlOPUTMOM
YMHOXeHUs JaéTcs CChUIKa Ha paboTy A. A. Kapaiy6sl (ecTecTBeHHO). CaMO YMHOXEHUE
KOMIUIEKCHBIX YHCeJI 32 TP BEIECTBEHHBIX YMHOXEHUS 06CyKAaeTcsl, HO 6€3 yIIOMUHAHUS
Taycca. (Kower muchma.)
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ZUIs1 ofHOTO M3 HuX, A. A. Kapaiy6a jia BTOPOTo, TOrO CAMOTO aJrOPUTMa
OBICTPOTO YMHOKEHHUsI MHOTO3HAYHBIX yncen). Ho cchiiok Ha aycca cHOBa
He MpUBOAUTCA. HeT X U B pyro# mybauKalyu, yioMuHarolIei I'aycca kak
npeaniectBeHHKa Kapairy6sr [16]:

Indeed, when it comes to multiplying two numbers, the best (or
fastest) way to do it is often far from obvious.

One particularly intriguing and efficient multiplication algorithm
was developed in the late 1950s by Anatolii Alexeevich Karatsuba, now
at the Steklov Institute of Mathematics in Moscow.

Karatsuba’s “divide-and-conquer” multiplication algorithm has its
roots in a method that Carl Friedrich Gauss (1777-1855) introduced
involving the multiplication of complex numbers.

(0bBsICHSIETCSA, KAK COKOHOMUTD OJHO YMHOKEHHE)

So, Gauss optimization saves one multiplication out of four.

Karatsuba’s divide-and-conquer multiplication algorithm takes ad-
vantage of this saving. (...)

Karatsuba’s insight was to apply Gauss optimization to this divide-
conquer-and-glue approach, replacing some multiplications with extra
additions. For large numbers, decimal or binary, Karatsuba’s algorithm
is remarkably efficient.

Ccbuika Ha laycca (Hapsily ¢ KOPPEKTHOM CCBLIKOM Ha anroputm Kapa-
I[yOBl U €ro TepBylo My6GiuKaIuio) ObUla B aHIVIUHACKON Bukumeanu, Korga
g Tyga mocMoTpen (sHBapb 2017 — B TEKYyIIel BEPCUU 3TOTO HET, IIOCKOJIBKY
s1 BHEC COOTBETCTBYIOIIIME UCITPABIEHHUs B TEKCT), HO C HEl COBCEM CTpaHHas
uctopus. Tam roBopuioch [13]:

Gauss’s complex multiplication algorithm
Complex multiplication normally involves four multiplications and
two additions.
(a + bi)(c +di) = (ac—bd) + (bc + ad)i.

(...) By 1805 Gauss had discovered a way of reducing the number of
multiplications to three [11].

Cebuika «[11]» mracuna: “Knuth, Donald E. (1988), The Art of Computer
Programming, volume 2: Seminumerical algorithms, Addison-Wesley, pp. 519,
706”, u, cyZs 1o ONMMCaHUIO, UMeach B BUAY Kiaaccudeckas kuura Kayra [10].
Ho yxazanubiii rof (1988) He COOTBETCTBYeT HM BTOPOMY H3ZaHHIO (OKO-
710 1981), Hu TpeTheMy (okoso 1998). O6 anroputme Kapauy6r! B kHure Kuy-
Ta roBopuTcsa cieayioiee (Section 4.3.3, ¢. 294 TpeThero U3JaHusi, BO BTOPOM
M3ZIAHUY 5TOT TEKCT eCTh Ha ¢. 278):
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“4.3.3. How Fast Can We Multiply?

(...) let us consider the following question: Does every general com-
puter algorithm for multiplying two n-place numbers require an execution
time proportional to n?, as n increases?

(...) The answer to the question above is, rather surprisingly, “No,”
and, in fact, it is not very difficult to see why. (...) If we have two 2n-bit
numbers u = (uy,_q... U UG)5 and U = (Vy,_1. .. U11p) 9, We can write

u= 2nU1 + Uo, v = 2nV1 + VO (1)

where U; = (ug,_1...Uy)y is the “most significant half” of the num-
ber u and Uy = (u,,_;-..Ug), is the “least significant half”; similarly
Vi = (U9p—1.-.U,)9 and Vy = (v,_1. .. Uy)o. Now we have

uv = (22" 4+ 2MULV; + 2" (U — Up) (Vo — V) + (2" + DUpVp.  (2)

This formula reduces the problem of multiplying 2n-bit numbers to
three multiplications of n-bit numbers, namely, U, V;, (U; —U,) (V; —Vy),
and U,V,, plus some simple shifting and adding operations.

(...) the main advantage of (2) is that we can use it to define a re-
cursive process for multiplication that is significantly faster than the
familiar order-n® method when n is large: If T(n) is the time required
to perform multiplication of n-bit numbers, we have

T(2n) <3T(n)+cn 3

for some constant c. (...) the running time for multiplication can be
reduced from order n? to order n'83 ~ n!°%%, so the recursive method
is much faster than the traditional method when n is large.

(...) (A similar but slightly more complicated method for doing mul-
tiplication with running time of order n'¢2 was apparently first suggest-
ed by A. Karatsuba in Doklady Akad. Nauk SSSR, 145 (1962), 293-294.
(...) Curiously, this idea does not seem to have been discovered before
1962; none of the “calculating prodigies” who have become famous for
their ability to multiply large numbers mentally have been reported
to use any such method, although formula (2) adapted to decimal
notation would seem to lead to a reasonably easy way to multiply eight-
digit numbers in one’s head.)

Huo I"aycce, HH 00 YMHOXE€HHWHU KOMIVIEKCHBIX 9YHCEJI 34ECH HE I‘OBOPI/ITCH7) .

Ho Ha yka3aHHBIX B Bukuneauu crpanuiiax (519, 706) ymHOKeHHE KOMILIEKC-

7 [IpeameTHBIN yKasaTenb KHUTY KHyTa nepeuncisaeT ynomyuHaHusA ['aycca Ha crpaHunax 20,
101, 363, 417, 422, 449, 578, 679, 685, 688, 701. Hu ogHa U3 3TUX CTPaHUI] HE COAEPKUT
HUKAKUX YIIOMUHAHUH NPUIKCEIBAEMOro eMy Criocoba YMHOXKEeHUA KOMIUIEKCHBIX YHCel.
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HBIX YHMCEJT IeHCTBUTENBHO yIoMuHaeTcs. Ha c. 519 (Bo BTopom uszanuu c. 501)
nMeeTcs yrnpakHeHue (K paszeny 4.6.4):

41. [22] Show that real and imaginary parts of (a + bi)(c + di) can
be obtained by doing 3 multiplications and 5 additions of real numbers,
where two of the additions involve a and b only.

A Ha c. 706 (pa3zen «Answer to exercises»; BO BTOPOM U3/ZIaHUU Ha C. 647)
ZaéTcs OTBET K 3TOMY yIPayKHEHUIO:

41. a(c+d)— (a+b)d +i(a(c +d) + (b —a)c). (...) Without the
restriction on additions there are other possibilities. For example, the
symmetric formula ac —bd +i((a + b)(c + d) —ac — bd) was suggested
by Peter Ungar in 1963. (...) See I. Munro, STOC 3 (1971), 40-44;

S. Winograd, Linear Algebra and its Applications, 4 (1971), 381-388.

Ccputok Ha YHrapa y Kuyra Toxke HeT (4 B 1r060M ciydae aaroputm Ka-
parly6hI omy6IHKoBaH paHsiie 1963 roga)®. B crathax Buxorpaga u MyHpo,
CCBUIKM Ha KOTOpPBIE IPUBOAUT KHYT, IOKA3bIBAETCsA, YTO MEHBbIIIE TPEX YMHO-
’KeHUI He mony4duTcs. B crathe BuHorpaga [18] mpo 3To ckaszaHo Tak:

ABSTRACT

The two main results of this note are:

(i) The minimum number of multiplications required to multiply
two 2 X 2 matrices is seven.

(ii) The minimum number of multiplications/divisions required to
multiply two complex numbers is three.

(...) we note that it is possible to compute a complex product using
only three multiplications. For example,

ac—bd =ac—bd,
ad +bc= (a+Db)(c+d)—ac—bd.

So the three products which are formed are ac, bd, (a + b)(c + d).
CChUTIOK Ha MICTOYHUK (GOPMYJIbI Y HETO HET, KaK ¥ y MyHpO, KOTOPBIH muiieT [ 14]:

The Multiplication of Complex Numbers

If the number of multiplications required for a computation is re-
garded as a measure of its difficulty and these computations are per-
formed using complex numbers, it is natural to ask how many real
multiplications are necessary to evaluate the real and imaginary parts

8 Anaronuii Bopo6eii B mrone 2018 roga Hanucas YHrapy ¢ Hpock60ii IIPOACHUTE CHTYALHIO,
¥ OH B OTBETHOM IIHCbMe OOBSICHUI, YTO AEHCTBUTENIbHO TIPEAIOKWI Takoi cmocob B 1960-x
rogax (“I did have the idea in the mid-sixties and told a few people at New York University
and I think to Vinograd too, but I did not know Knuth credited me with it.”)
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of a complex product. The natural way of forming a complex product
requires four real multiplications. It may, however, be done in three but
not in two multiplications

(a + bi)(c +di) = (ac—bd) + (ad + be)i
a(c+d) — d(a+b)=ac—bd

(1) (2)
a(c+d) + c¢(b—a)=ad+bc

Theorem. The evaluation of the product of two complex numbers
requires three real multiplications, even if multiplication by real con-
stants is not counted.

YHrap yrnoMuHaeTcss U B HEKOTOPBIX Apyrux mybnukanusax. Hanpumep, B [8]
HAaIK1CaHoO:

1. Introduction. How many real multiplications are required to
multiply two complex numbers? In view of the familiar identity

2= (a+1ib)(c+1id) = ac—bd +i(ad + bc),

the answer may appear to be four. However, it is possible to make do
with three multiplications, because

g=ac—bd+i[(a+b)(c+d)—ac—bd]. (1.1)

This formula was suggested by Peter Ungar in 1963, according to Knuth
[14, p. 647].

Ccputka «[14]» ykassiBaeT Ha BTOpoe uzzaHue KHUTH KHyTa (T71e mporuTupo-
BaHHOE BBIIIE pellleHre YIpaKHeHUs 41 HaXOoAUTCA Ha C. 647), HO IPAMBIX
CCBUIOK Ha YHrapa Her.

Takum obpa3om, nosiBieHue I'aycca B BUKUIeann ocTaéres 3araZloYHbIM.
CoryiacHO JaHHBIM C CaiiTa, paszies PO YMHOXEHHE KOMIUIEKCHBIX YHCENT «II0
Tayccy» mossBWICA BIIEpBble B Bepcuu 22:55, 27 May 2009 (B Bepcuu 21:24,
22 May 2009 ero elié He ObLIO); COOTBETCTBYIOIIASA ITPaBKa — C TOM K€ CChUI-
Kol Ha KHyTa, 4To u ceiiuac — 6bUTa BHeceHa ydacTHUKOM Dmcq (https://
en.wikipedia.org/wiki/User talk:Dmcq; ceffyac (2017) mo aTomy azgpecy yka-
3piBaeTcs “Semi-retired. This user is no longer very active on Wikipedia.”).
Ccputka Ha anaroputM Kapairy6wl Tam 6buta 0 3TOro (¢ mepBoii JKe BepCHH
cratey, 15 mrons 2002).

[Toxorke, 4TO TeM He MeHee dTa 3alKch B Bukulieguu npuBesia K pacnpo-
cTpaHeHMIO HegopasyMeHuii. CkaxkeM, B [2] (2014) l'aycc Takke yIIOMHUHAETCS
co cceuikol Ha Kuyra:
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It is well known too, that the complex multiplication can be carried out
using only three real multiplications and five real additions, because (...)

(a+jb)(c+ jd) =ac—bd + j[(a+b)(c+d)—ac—bd]. 4)

Expression (4) is well known as Gauss’ trick for multiplication of com-
plex numbers [17].

3mech «[17]» — aT0 BTOpOe u3manue kuuru Kayra [10].
DTO «CIOBECHOE KBUIIPOKBO»®) OTOPYHTENBHO, TeM GoJiee KOraa Boobime
anroput™m Kapaiyow npumnuceiBaetcs Iayccy (kak, Hanpumep, B [17]).

§ 3. BoBBU/K, DIVIDE ET IMPERA

3aHMasiCh STUMH pa3bICKaHUAMH, 1 00HapyKu1 (6arozapst ccbuike B [12])
YAUBUTENbHYIO IUTATy 13 Ba66umka, paspabareiBasiiero (B XIX Beke!) mpo-
rPaMMHUPYEMYIO BHIYUCIUTENBHYIO MAIIUMHY (Tak ¥ He pealTu30BaHHYIO «B JKe-
ne3e»). OH Ha3bIBas eé «Analytical Engine». ToBopsi 06 YMHOXEHUU MHOTO-
3HAYHBIX YHCEN C e€ MoMoIlblo, ba366umk numier [1, c. 61; B myOGauKanuu
1864 roza c. 125]:

...Thus if a - 10°° + b and a’ - 10°° + b’ are two numbers each of
less than a hundred places of figures, then each can be expressed upon
two columns of fifty figures, and a, b, a’, b’ are less than fifty places of
figures (...) The product of two such numbers is

aa’10'° + (ab’ +a’b)10°° + bb'.

This expression contains four pairs of factors, aa’, ab’, a’b, bb’, each
factor of which has less than fifty places of figures. Each multiplication
can therefore be executed in the Engine. The time, however, of multi-
plying two numbers, each consisting of any number of digits between
fifty and one hundred, will be nearly four times as long as that of two
such numbers of less then fifty places of figures (...)

Thus it appears that whatever may be the number of digits the
Analytical Engine is capable of holding, if it is required to make all
the computations with k times that number of digits, then it can be
executed by the same Engine, but in an amount of time equal to k? the
former.

9 TepMuH, IpeyIOKEeHHBIN B [26, 27] Bragumupom AHzpeeBHYeM YCIIEHCKHMM, OOJIBLIMM
3HATOKOM IOZ0GHBIX MCTOPUI O HeZOopasyMeHHsX U omunbKax Bocrnpustusa [28, 29] — oH
0BHapYXW, CpeZiy TIPOYEro, YTO MaMSATHUK, BOCIIPUHUMAEeMblii MHOTUMU TTapiyKaHaMK Kak
MaMATHUK Horuobineli mpuHilecce /lvaHe, B JAeMCTBUTENPHOCTH He MMeeT K Hel HHKaKoOTo
OTHOLIEHHUs!
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IlepeBox;:

...TakuM o6pasoM, ecu aBa uucaa a - 10°° + b u a’ - 10°° + b’
COCTOAT MeHee 4YeM U3 cTa Hudp Kakgoe, To oba 4ucia MOTYT OBITh
pasbuThl Ha ZIBE YACTH IO MATHAECAT UGpP (OYKBAIbHO: 3aIIUCAHBI
B ZIBYX cTon6Uax u3 matugecaty nuép); uucia a,b,a’,b’ cogep:xar
JI0 TIATUAECATH Pa3psaoB... [IpousBeseHNEe ABYX TaKUX YHCET PABHO

aa’10'%° + (ab’ + a’b)10°° + bb'.

OTO BHIpaXKEHUE COAEPKUT YeThIpe Iaphl COMHOxkuTenel aa’, ab’, a’b,
bb’, ¥ KaXXABI COMHOXUTENb COAEPKUT 0 NATHAeCATH Hudp. Takum
obpaszom, MarlrHa CMOKeT BBITIOJTHUTD 3TH YMHOXKeHusA. OZfHaKO Bpe-
MsI YMHOXKEHUS JBYX YKCEJ, COAEPKAIINX OT ISATHAECATH 0 CTa IUdp
Kaxkzioe, OyZieT IpUMEPHO B YeTHIpe pa3a OoJibllle, YeM BpeMs YMHOXKe-
HUs YUCesT 0 TATuAecatu nudp...

[TonydaeTcss, YTO KaKOBO ObI HU OBUIO KOJUYECTBO IUdp B UHC-
JIax, TIOMEINAIINXCA B AHATUTHIECKYI0 MaIlrHy, IIpyU HEOOXOAMMO-
CTH Ta ke MalllrHa MO)XeT BHITIOJHATh BHIYUCIEHUS U C YUCIaMH, B KO-
TOpHIX B k pas Gomblre 1udp, HO aTo noTpebyeT B k2 pa3 6obIIero
BpPEMEHHU.

BugHo, 9yTo X0Ts1 y Ba66uMmKa coBepIIeHHO SICHO n3JiokeHa cxema divide et
impera (JlaTUHCKOE BhIpayKeHUe, T0-aHITMHACKY roBopAT «divide and conquer»,
MO-PYCCKHU OOBIYHO MEPEBOAAT 3TO KaK «pa3zesisiii U BIACTBYi» — B JaHHOM
cJTydae MBI IeJTUM YUC/Ia Ha IBe YacTU), HO OH He MOZ03PEBAET O BO3MOXKHO-
CTU 3aMeHBI YETHIPEX YMHOXKEHUI Ha TPU M COOTBETCTBEHHOT'O COKpAIleHUs
BpPEMEHHU BHIYMCIEHUA — TaK YTO Ja’Ke €CIU MPEIONOKUTD, YTO B KAKUX-TO
b6ymarax I'aycca u 6bu1a mogo0OHas uzes, TO BUAHO, YTO PaCIIpOCTPaHEeHU OHa
He TIOJTy4rIa.

OTMeTHM ellé KIacCUIECKUH MMPUMeDP aJrOpUTMa THIIA «pa3zesiai U BIacT-
BYii», KOTOPBIH TO)Ke ObUI MPUAYMAaH B JOKOMIIBIOTEPHYIO 3Py — aJITOPUTM
COPTUPOBKH CIUsAHMEM (ToAJIeKale COPTUPOBKE 0ObEKThI POU3BOIBHO Jle-
JIATCA Ha [IBe TPYIINbI; KakKAasd W3 TPYIIT OTAENIbHO COPTHUPYETCA, a IIOTOM
I'PYIIIbI CTMBAIOTCA C COXpaHeHHeM nopszka). Kak nmumet Kuyt [11, c. 385],

The idea of merging goes back to another card-walloping machine,
the collator, which was a much later (B cpaBHeHMH ¢ MaIlIMHAMU, COP-
TUPYIOIIUMM KapThl CHaya/ia 0 OJHOM KOJIOHKe, IIOTOM IO ApPYyToM
(radix-sort)) invention (1938). With its two feeding stations, it could
merge two sorted decks of cards into one, in only one pass; the tech-
nique for doing this was clearly explained in the first IBM collator man-
ual (April 1939). [See James W. Bruce, U. S. Patent 2189024 (1940).]
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Mogens «IBM 77 electric punched card collator», paspaborannas ¢upmoit IBM
B 1937 roay, onuchiBaeTcs Tak [9]:

As a filing machine, the Type 77 fed and compared simultaneously
two groups of punched cards: records already in file and records to be
filed. These two groups were merged in correct numerical or alphabet-
ical sequence. (...) Introduced in 1937, the IBM 77 collator rented for
$80 a month. It was capable of handling 240 cards a minute ...) IBM
withdrew the Type 77 from marketing on November 27, 1957.

§4. CHOBA 0 I'AVCCE

Bormpoc 0 ToM, OTKyZa B3sIach Bepcus 0 ['aycce ¥ TPEX YMHOKEHUAX, TaK
U OCTAETCs HEMOHATHBIM. MOXKHO MPEATIONI0XUTh, YTO BCE-TAaKU B KAKUX-TO
pykomucsx l'aycca Takoe 3amMeudaHuie uMeeTcs (UTo, pasymeeTcsi, HUKaK He OT-
MeHsieT 6eccriopHoro nproputeTa Kapaiyosl 1o YacTu airoputma 6bICcTpOro
ymHOeHus1). Ho 3To ceffvac KaykeTcss MHe MajIoIPaBAoIoA00HBIM, TOCKOIbKY
HUKaKUX NOATBEPKJAIIINX YIIOMUHAHUN HalTh He yzasnock. Jpyroi Bapu-
aHT, MOXXeT OBITb, 60Jiee MPaBJOMOA0OHBIN — YTO 3TO pe3y/IbTaT CMEIIeHUs
[IBYX UCTOPHIA: GBICTPOTO YMHOXKEHUA U OBICTPOTO mpeobpaszoBanusa Oypre.

[IpeobpasoBanrie Pyphe (B MHTEpeCyIOIeM HaC KOHEYHOM BapUaHTe) MOX-
HO OTMCaTh KaK BHIYMC/IEHME N 3HaYeHWM MHorouwieHa P(x) cTelleHu MeHb-
Ille N BO BCeX KOPHSX CTEIEHU N U3 eAUHUIEL. VHTepmoasaironHas Gopmyria
JlarpaHka TOBOPUT, YTO UMEETCSI B3AUMHO OZJHO3HAYHOE COOTBETCTBUE MEXK-
Ay Habopamu Ko3¢UIIMEHTOB M HabopaMu 3HAYEeHWH, U aJTOPUTM OBICT-
poro mpeobpaszoBanusi Oypbe MO3BOJSIET BBIYUCIUTh 3TO Mpeobpa3oBaHUe
(B nmobyto cropoHy) 3a O(nlogn) zericTBuii. DTOT aJrOPUTM TOXKE OCHOBaH
Ha CBeJIeHWU 3alau¥ K MEHBIIEH, eC/IU N eCTh CTeNeHb ABOMKU. A UMEHHO,
mycTh n = 2k u { — KOpeHb U3 eAUHUIIBI, IOPOXKAAOINH BCe OCTaIbHbIE. MBI
xotuM Berameauts P(1), P(Q), P(Z3), ..., P(¢*1), rae P(z) — MHOrOWIEH
cTerneHu MeHbIre 2k. Ecu crpynnupoBaTh B HEM YETHBIE Y HEYETHBIE WIEHBI
TIOPO3HB, TO Tonydutca P(z) = Py(22) + 2P, (2), rae Py u P} — MHOTOYIEHBI
cTeneHn MeHbIle k. TakuMm o6pa3oM, HaM AOCTATOYHO BBIYUCIUTh 3HAYEHUS
MHoOro4wieHoB Py 1 P; B TouKax

1’ gZ’ 4'4’ e ng—Z, CZk — 1, 52k+2 — C2, §2k+4 — 4'4’ e §4k—2 — ng—Z’

KOTOPBIE SBJISIIOTCA KBaJpaTaMy KOpHEH cTeneHu 2k, T. €. B KOPHAX CTETeHU k
(kakabIF BCTpevaeTcs ABaKAbl). MBI CBEIM 3aJavy K ABYM 3ajadaM BBOE
MeHbIIIero pasmepa u O (n) yMHOXEHUAM U CIOXKEHUAM (HY>KHBIM IS COEIH-
HEHUs pe3y/IbTaTOB). PeKypcHBHOE IPUMEHEHNE 3TOTO aJTOPUTMA JAET OIeH-



Gauss multiplication trick? 31

Ky B O(nlogn) apudpmeTudyecKkux onepaiuii Ajis n, SBIsSIOMIMXCSI CTENeHIMA
JIBOUKHU.

9roT anroputM 6bUT OIy6IMKOBaH B ctaThe Kynmu u Teioku [5] B 1965 rozy.
OH oKa3zajicsi OYeHb BXKHBIM C MPAKTUYECKOI TOYKU 3peHus (HermocpeCTBEH-
HBIM TIOBOZIOM K X paboTe ObUTa KOMIIbIOTEpHAs 00paboTKa CUTHAJIOB, B 4aCT-
HOCTH, JaHHBIX O BOJIHAX B 3eMHOM KOpe TI0C/Ie siIepHbIX UCIIBITaHuit). Beko-
pe mociie mybOauKanuyu OOHAPYKWIOCh, YTO 3TOT aJITOPUTM HEOAHOKPATHO
HCITOJIb30BAJICS M MyOJUKOBaJICA U paHbine [4]. Bosee Toro, BmocaeACTBUN
BBISICHIJIOCh, YTO TIO CYHIECTBY 3Ta JKe uzes cofepkasach (M HCIOIb30Ba-
J1ach) B 3amucsax aycca, BUAMMO, OTHOCANIUXCS K 1805 rozy u omy6IrMKoBaH-
HBIX B 1866 rozly — HO HammMcaHHBIX Ha COBpeMeHHOM ['ayccy Bepcuu JaThIHU,
cMm. [3, 7], u mOoTOMy MaJsio KOMY TIOHATHBIX B HaCTOSIIIIEEe BpeMs.

MoskeT OBbITh, 3TU ZIBE UCTOPUU CMENIAIHCh B YbEM-TO CO3HAHUU? Tem
6os1ee uTo nMpeobpasoBaHre Pypbe 0Ka3amI0Ch MOJE3HBIM JJIs1 OBICTPOTO YMHO-
’KEHUS MHOTOWIEHOB (BBIYMCIUM 3HAaUY€HUs B KOPHIX U3 €JUHUIIBI, TIEPEMHO-
*KuUM ux 3a O (n) AeicTBUl, a MOTOM c/iejlaeM 0OpaTHOe Ipeobpa3oBaHKe), 9YTO
B CBOIO OYepeib MIO3BOJIMIIO YIyUITUTD OlleHKYy Kapariry6rr (aaropurm IIéHxa-
re — IlITpacceHa, 1971: ABoMYHas 3amMuch YUCIA IO CyIIeCTBY eCTh 3HaUYeHUe
MHorowieHa ¢ KoadpdunreHtamu 0 u 1 B Touke 2 B KOHEYHOM TIOJIE).

B sr060M ciy4yae, XOpoIno ObI IO BO3MOXKHOCTH YMEHBIIUTh ITyTaHUILY
B 9TOM /[iejie, He3aBUCHUMO OT IMIPUYHMHBI, TI0 KOTOPOM OHA BO3HUKJIA. ..

8§ 5. IONOJIHEHUE

Asekcell YCTUHOB, WieH peAkoieruu «MaTeMaTUyecKoro IIpOCBelleHUs»,
3a7iay Bompoc mpo «Tpiok laycca» Ha caiite MathOverflow [23]. OTBeuas
Ha 3TOT Bompoc, Kapno BeHakep mpeanpuHsi 6ubnuorpadudeckre pasbic-
KaHUsA, KOTOpBIe TaKKe He NPUBEJH K LelH (BbIACHEHUIO TOTO, IOYEMY OIH-
CaHHBIN CIIOCOO YMHOXKEHUsI KOMIUIEKCHBIX YHCesT MIPUIUCHIBAIOT [ayccy) —
3aTO OH OOHApYXWI 4yTh Oosiee paHHUM TekcT [15], 3amucku sekuwmii [la-
IaKOHCTAHTHHY B yHHBepcuTeTe Mopka 2005 roga, Izie 3TOT CIOCO6 Takxke
npunuckiBaetcs l'ayccy (HO cHOBa 6e3 KOHKPETHOM CChLIKH).
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