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O HpO6JIeMaX BBLIUICIITCILHON CI0KHOCTI

C. Cmertn

3amuck Jeknnn, mpodanTanHon B Beiciiem Koanenxe Martemaruku He-
3aBucnMoro MockoBckoro YuupepcuTeTa 20 masg 1999 rona.

Mul ceiivac obcyauM OJHY 3ajJady, KOTopas B dJAeMeHTapHONl (opmMe M-
JIOCTPUPYET OCHOBHBLIE TPYAHOCTH TEOPUH BHITHCANTENbHON caoxuocT. [as
nosnuoMa f € Z[t] onpenennm qncao 7(f) caeryomnm 06paszom. DaccMOTPHM
nocaeroBaTebHOCTh (1, t, U1, ... Uy = f), B KOTOPOI KayKIBIH MOCKETYIO-
UHI IeH MOXY9aeTCs U3 HEKOTOPHIX IBYX MpPeJUIeCTBYIOMINX: U = U; O Uj,
i,J < k; mox onepamuein o 31ech 0Apa3yMeBaeTCs OTHA U3 TPEX apu(MeTIae-
CKHUX omepaluii (clokeHne, Bel4nTanue, yMuokenne). MuBapuant 7(f) paBen
Ha¥MeHbIIeMY BO3MOKHOMY 7.

Nmeetcs caeayiomasn runoresa [lyba — CMelaa: KoAuUYeECN60 PA3AUUHBLE
yeaviz kopreti mnozoutena [ wne npesocrodum 7(f)°, 2de ¢ — nexomopas

abCoMOMHASL KOHCTNAHMA.
2 k k
[IPUMEP. DociaegoBaTenbnocTs 1, ¢, 2, 127, ... 12" t?

k o
aro 7(t¥ — 1) < k+ 1. Do npu 5TOM KOIMYECTBO PasziUdHbIX KOPHEl MHO-

— 1 mokaswiBaeT,

k o
roarena t2 — 1 paBro 2F. DosToMy IS pasImTHBIX KOMILIEKCHBIX KOpPHEIl
aHaJOrMYHad I'UnoTe3a HeBepHa.

AHAJOTUYHBIN IPUMED MOXKHO MOCTPOUTH € MOMOIbI0 MHOT'OWYIeHOB Ye-
onieBa. Muorowienb YebbilieBa BEIYHCASIOTCS € TTOMOIIIBIO TPOCTON PEKYP-
perTHOU opmyabl. OHU TOXKe Tal0T MpuMep MHOTOYJIEHOB BRICOKOU CTeNeH I
€ MaJbIiM T. DPHU 3TOM BCe KOpHU MHOTO4iIeHOB YebHIllleBa BellleCTBEHHbBI U
HOTapHO paziuydnbl. /s pasiudHbIX BellleCTBEHHBIX KOPHEH aHaJoTHYHad T'H-
noTe3a TOXKe HeBepHA.

TeoreEMA 1 (Illve — CMENT). H3 eunomeswr lllyoa — Cuetina caedyem,
umo P # NP/c.

Temnepsb HyKHO OOBACHUTD, 9TO O3HadaeT P # NP/c.

Dpex e Bcero OTMeTHM, 9TO § ajJreGpaucToB HeTPUBHAAbHEIE TTPOGIEMbI
OOBIYHO HAYUHAKTCSA ¢ MUOPAHTOBLHIX YPABHEHUU, COOTBETCTBYIONINX aJdre-
OpamyecKuM KPUBBIM, T.€. ABYM MepeMeHHbIM. ¥ Hac NpoOJeMbl HauHHAIOTCH
yiKe B cIydae OJHON IepeMeHHON.

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(115—119)
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Ecan 3abwire npo C, To npobiema P # NP — 510 ogHa n3 KiIo04eBBIX
mpobieM KOMIbIOTEPHOU MaTeMaTHKH. BMecTe ¢ runoreso dyankape u I'i-
MOTe30i O HYJISX J3eTa~-PYHKIUN JUMaHa OHA SIBASETCH OMHOW U3 BaKHEHIITHX
mpobieM MaTeMaTHKH — 3TO MOAapoK OoT computer science.

DacCMOTPUM MHOTOYIEHBL f1(21,.. ., 20), -, fu(z1, ..., 2,) HaL C. Cropa-
[MINBAETCSA, UMET JU 3TH MHOTOWIEHH OGN HYJh? DTO — 3ajada pac-
MO3HABaHUA CBONCTBA: B Ka4eCTBe YCJAOBUSA 3aMal0TCS MHOMOYACHBI f1, ..., [k
(ToTHEe TOBOPS, 32 1a8TCS HECKOIBKO KOMILIEKCHBIX THCeT — KOd(PQUIHEeHTOB
MHOT'OUJIEHOB), & Pe3yIbTATOM paGOTH NOMKeH OLITh OMNH U3 IBYX OTBETOB:
«ra» (ecTh OBMINH HYJIh) HIN «HeT» (0OIIero HyJIs HeT).

Teopema I'mabbepTa 0 HyJAAX AaéT CJACIYIOMNNE OTBET: OOLIEro HYJIS He
CYIIeCTBYET TOTjia i TOJBKO TOTJa, KOIJa CYIeCTBYIOT TaKie MHOIOYICHbI
g1y - -5 9k, 1TO Zngz =1.

Teopema 'manbepra o Hyasx — KpuTepnil, Ho He MeTon. OHa He TaéT
HIKAKOTO alropiuTMa. Do npuMepro 10 meT Hazas Dpayasert!) moxasar, €10
B TeopeMe ['mibbepTa o HYAIX MOXKHO CIHTATh, 9TO

deg g; < max(3, maxdeg f;)",

OPUIEM DTOT Pe3yaAbTAT HEYJAYUIIaeM.
Teopema DpayHBeia JTaéT aJrOPUTM: BCE CBOMUTCS K PEIIEHUI0 CHCTEMBI
JUHENHBIX YPaBHEHUN [ KO3PMUIUEHTOB MHOIOYJIEHOB ¢;.

SaiiMémMcs Temepb BOMIPOCOM O CKOPOCTH DTOT'O aJrOPUTMa: CKOIBKO apug-
METHYECKHX ONepaliil HY:KHO BHIOJHUTE, 9TOOB OTBETUTH Ha MOCTABJICH-
HBII BOMPOC. Da30BEM PU3MEPOM BXOMTHBIX JTAHHBIX KOJHYECTBO KODPMUIIU-
€HTOB MHOT'OWIEHOB f;, a épesmenesm pabOThl AITOPHTMa HA30BEM KOJAUYECTBO
apupMeTHYeCKUX Oollepaluil. JyjieM HA3BIBATh JaHHBIU aJlOPUTM GA20PUI-
MOM € NOAUHOMUGALHBIM 6PEMENEM, eCIN

bpews < (pastep) 1)

rie C' — HeKOTOpas KOHCTaHTA.

AJTOPUTMEI ¢ TOANHOMAAJTBLHBIM BpEeMeHeM — 3TO KaK pa3 Te alTOPHUTMHI,
KOTOPBIE IMEET CMBICT MPAKTHIeCKN PeaIn30BLIBATH Ha BRITHCANTEILHON Ma-
muHe. Ecan, ckaykeM, BpeMs 3aBUCHT OT pasMepa dKCIOHEHIHAJbHO, TO TPH
YBEAUHMEHUN pasMepa BXOAHLIX JaHHBIX BpeMs GHICTPO BHIXOANT 34 Pa3yMHBIe
mpejieabl. AdropuTM ODpayHBeMIa SBASETCS aJlOPUTMOM € 3KCIHOHEHIHAdb-
HBIM BpeMeHeM. JKCIOHeHINaJbHAs BEPXHAA OlEHKa IJsf 3TOT0 ajJl'OpUTMa
JETKO BBHIBOUTCS, HATPAMED, U3 MayCccoBa METOIa NCKATOMEHUS A PerleHus
CHCTEeMBI JHHEHHLIX YpaBHEHNN.

Y Brownawell W. Bounds for the degrees in the Nullstellensatz /| Annals of Math., 1987.
Vol. 126. P. 577-591.
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'mmoTesa TakoBa: 3agata HN/c (cymecTByer au OGUINT HYJIb CHCTEMBI
NOJMHOMUAIBHEIX ypaBHeHn# Hag C) TpyIHOpaspelmma, T.e. He CYyIeCTBYeT
AJICOPUTMA ¢ HOJHHOMHAJIbHEIM BpeMeHeM s pellleHus DTOU 3aTadu.

3jech uMeeTCs B BUIY AJl'OPUTM He B CMBICJe MalluHbl [blOpUHDa, a aj-
roputm Hajg C B ciemgyiomieM cMmbicae. AJDOPUTM — HTO OPHEHTHPOBAHHEBIN
rpady ¢ OJHON BepUINHON, B KOTOPYIO He BeneT HU OJHOTO pebpa (6zxodom).
I'padp moxer umerh nuxibl. OH 3a1aéT paboTy BHIYHCAUTENBHOW MAIllUHbI
CAeIYIOMUM 06pa3oM. Ja BXOJ Mopaéres GeckoHedyHas B 06e CTOPOHBI TOC/Ie-
TOBATEIbHOCTh KOMILIEKCHBIX ducen (...,0,21,...,2,,0,...), cpenu KOTOpHIX
TOABKO 21, ..., 2, OTIHYHBEL OT HYJd, HIKAKUX OT'DAHUYEHHH Ha BEJUYUHY 7
He TpejlnofaraeTcs, Tak 4TO TakKad MOAeNb BEIYUCIUTENBHOU MAITUHBI MO-
XKeT paboTaTh CO CKOJAb YIOAHO JNAWHHBIMU HOCJAETOBATENbHOCTAMEU HUCE.
Bepmunnr Toro rpada oTHOCATCA K OJHOMY W3 TpeX THIIOB:

> Bbixoabl. W3 HEX He BeleT HU OAHOrO pebpa. D0 JOCTHKEHHH TaKOH
BepIINHE paboTa 3aKaHINBaETCH.

> BBIYUCAUTEIBHBIA Y3EJA. B BEYUCAUTENABHBIN Y3€1 BXOJIUT OJHO Pe-
OpO U U3 HEro BHIXOJUT TOXKe OJHO pebpo. B BeiduciunTenbHOM y3ie
OPOU3BOJIUTCH apu(pMeTHYecKas onepalis ¢ KAKEMUI-TO YIeHAME TOCae-
TOBATEABHOCTU W OMUH U3 YIEHOB TOCIENOBATEIbHOCTH 3aMeHseTCs Ha
pe3yabTaT BeducAeHni. KpomMe TOro, MOXKHO BCe WIeHbI MOCAe[0BATEN b
HOCTH YMHOXKUTb Ha OJTHO U TO K€ YHCIO0 WIH NTPOU3BECTH CABUD HOCIe-
TOBATEIBHOCTH.

> Y3EJ BETBJEHUA. B y3en BeTBJeHUs BXOINT OTHO pebpo, a BHIXOAAT
3 Hero 1Ba pebpa, Ha KOTOPLIX CTOAT TMOMETKH «Tay W «HeT». B yare
BeTBJAEHNUA BLIACHAETCSH, BepHO Jau 4TO z; = 0. Ecan z; = 0, To MBI ngém
Tagbliie o peGpy ¢ MOMETKOW «Iay, a ecin z; 7 0, TO MBI HIEM TaJjbliie 0
pebpy ¢ nomeTkon «HeTy. (/s Beramcaennit Hag R BMecTo 5TOT0 MOKHO
BBECTH NPOBepKy Tnma x; > 0 min z; > 0.)

Da BBIXOJe AJlOpUTMa TOXKe MoJyyYaeTcs MocieloBaTeJbHOCTh Yncen. B
nHTepecyolleM Hac aaroputve H N/¢ Ha BBIXOAe TOJHKO OTUH HEHYJIEBON
DAEMEHT, KOTOPHIH MOXKET MPUHUMATh POBHO JBa 3HAYEHUT, COOTBETCTBYIO-
e OTBeTaM «Iay U «HeT».

Taxkoe onpejeaenue aaropurMa 66110 gano JI. datom, C. Cymeitaom u M. Hly-
6oM B KoHie 80-wix rogoB. CTpaHHO, YTO paHbIlle HUKTO HE TOIYMAJCH 0
BTOT'0 COBEPIINEHHO eCTEeCTBEHHOI'O OMpejieeHusi. DOAPOOHO OBHAKOMUTHCH €
TeopHell TaKux airopuTMoB MoxkHO 10 KHure Blum L., Cucker F.; Shub M.,
Smale S. Complexity and Real Computation. Springer Verlag, 1997.

C onucaHHBIM BHIIIE aITOPUTMOM €CTECTBEHHBEIM 06Pa30M CBSi3aHa (PYHK-
s «Bxogaa — Bhixogay. OHa ompejielera Ha HEKOTOPOM MHOXKECTBe BXOMHBIX
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TAHHBIX (HAIpuUMep, MallliHa He MOYKeT MPOM3BONUTH [efeHne Ha HYyJb, [HO-
5TOMY NPH HEKOTOPHIX BXOTHBIX JAHHBIX OHA OCTAHABINBAETCH).

Da3zMepOM BXOIHBIX JaHHBIX Ha30BeM 9YHCAO N, a BpeMeHeM paboThl MpH
TaHHOM BXOfe — JINHY MyTH OT BXOAa K BHIXOAY (Ha PA3HBIX BXOJaX DTH
OyTH MOT'YT OBITH PA3MNIHBIME). ATTOPHTMEL C TOINHOMHUAJIBHBIM BpeMeHeM
YIOBIETBOPSAIOT HepaBeHCTBY (1) 11st HEKOTOPOH KOHCTaHTH C' PN BCEX BXO-
rax. Kiace Taknx aaropurMoB obosnadaercs P/c.

Docie >TOTo ONpe/ieJeHls BOIPOC O TOM, CYIIeCTBYET AU MOJINHOMAAb-
HBIT aaropuTw™ aas sagadun H N /¢, npnobperaer CTpOruil MaTeMaTHYeCKIi
CMBICI. 3aMeTHM, 9TO yTBeP:KJIeHIe O TOM, YTO TaKOr'o alropuTMa He cylie-
CTBYeT, B TOYHOCTH SKBHUBaJeHTHO yTBepxaernio P # NP /¢ (onpenenenne
NP /¢ moka He gaBajgoch m Ha 5TOH JeKnnn He OyAeT JAHO).

Buecro moas € MOXKHO B3ATh NPOH3BOALHOE Tode K 1 onpejeinTh Bbl-
YUCANTENbHYI0 MAlllUHY Haj NPOH3BOALHLIM MoJeM. Danpumep, noie K = Z,
COOTBETCTBYET ONpefeJeHnio alropuT™Ma, IPUHATOMY B JOTHKe I computer
science.

MozKHO TaKKe TOCTaBHThH BONPOC 06 OBIINX HYAIX MHOTOWICHOB HaT Zo.
I'mnoTesa o ToM, 9TO He CyIIECTBYeT MOJINHOMUAILHOIO aJlOPUTMa A pe-
LIeHHsT DTOW 3aja4d, DKBUBajdeHTHa runorese P # NP B eé kaaccumueckom
BapuaHTe.

[Mast aucna m € Z MOXKHO ONpefelnTbh WHBAPHAHT T(m) MO aHAJOTHU C
HHBAPHAHTOM T [ MHOTOWICHOB. A HMEHHO, PACCMOTPUM aHAJOTMIHYIO MO~
clIeoBaTenbHOCTh (1, my,...,m = m) u onpegeaum 7(m) KaK MIHIMAIb-
Hoe BozMmoxkHoe k. C nomolbio GpopMyabl CTHPIHHIa MOXKHO J0Ka3aTh, YTO
7(m!) < (Inm)Y. EcTb mpemonoxeniie, 9To BepHa I TPOTHBOMOIOAKHAS OTH-
Kka Takoro xe suga: (Inm)C < 7(m!); >Ta mpobiema cBf3aHA C pa3IOKEHTEM
Ha MPOCThIe MHOKNUTENN.

Da mepBHIll B3MVIAL 5TH jABe MpobieMbl (06 WHBApHAHTe T [/ MOJNHOMOB
W IS IHCeN) APYT ¢ IPYTOM He CBA3aHBI.

Bepuémcs k npobaeme P # NP/x. Mbr He GyneMm onpeensTh, 9TO TaKoe
NP/, BMecTo sTOr0 6yjeM ToBOpUTH 06 BKBUBaJeHTHOU mpobieme ['mib-
6epTa 0 HyaaX Haj mpon3BoibHbIM noneM K: HN/x ¢ P/k. (Ecan none ne
alrebpaldeckn 3aMKHYTO, TO TeopeMa ['mabbepTa o HyAAX HeBepHa, HO 3 /a-
4a, 06 OOUINX HYJIAX CUCTEMbl MHOTOYICHOB HMeeT CMBICA Haj MPOU3BOMbHBIM
noJIeM; 37leCh MMeeTCsi B BIIY HMEHHO DTa 3ajJada.)

B caydae He airebGpamyeckn 3aMKHYTOIO TOJAs JOKa3aHO Clegylollee yT-
BepK IeHne.

TEOPEMA 2. Feau nose K ne aszebpauuecku 2amxnymo u char K = 0,

mo P # NP /.

Nlns mons Zsg, KoTOpoe TOXe He aarebpanvieckn 3aMKHYTO, BOMPOC OCTa-
eTCsi OTKPHITHIM (XapaKTepHCTHKa STOTO MO OTANYHA OT HYJIS).
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Bepuémcst k aarebpandeckn 3aMKHYThIM moqasm. s aareGpandecku 3a-
vkHyTOro noas K (char K = 0) npo6aema P # NP/ skBuBansenTHa mpobire-
me P # NP/¢. Dosromy Bcé cBognTCsi K OJHOMY Todfio, Hampumep, noao C
nim nomo Q (Tak o6o3naTaeTcs agarebpanieckoe 3aMbikanie noas Q). DTo —
OJIH U3 OCHOBHBIX Pe3yJbTAaTOB YIOMSHYTOU Bhillle KHuru. /[JoxazaTenbcTBoO
HCIOJb3yeT MOHATHE BEICOTH aldrebpandeckoro ducia.

DpeacTaBiIseTcs BecbMa MpaBronogoouuiM, 9to P/ = P/p, mis ao6o-
ro KoHedHoro nojsi K. Do s nojedl KOHEYHOU XapaKTePHCTUKH BOIPOCOB
BoJIbllle, YeM OTBETOB.

DaccMoTpHM Bonpoc 06 sKBuBateHTHOCTH npobirem Has Cu vag Q. Ogua
I3 OCHOBHEIX NPOGJeM NpHU Mepexoje 0T KOMILIEKCHBIX dHces K aarebpante-
CKHM CBf3aHa € Te€M, YTO HYKHO U36aBUTHCS OT KOMILIEKCHBIX KOHCTAHT, KO-
TOPBIE MODYT HCIOJAB30BAThCS PU BhiducaeHusix. Boobiie roBopst, OHM MODJIH
OBl CHJIBHO YIPOCTHTH Bhiducierus. O HAKO TOKa3aHO, 4TO TaKOT'O yIpOIile-
HUS HE TTPOUCXOMUT.

B ymomsinyToll BEIllle KHHIe He PacCMaTPHBAJICA BOIPOC O CBS3H NpobieM
P # NP/z, n P # NP/c. llmenno nepBast 3 HIX OTHOCHTCSH K KJIACCHIECKON
computer science. B nmperucioBun k spTon kuure /[nx Kapn Bbickasaa mpen-
MOJOYXKeHe, 4TO 3TH TpoOJeMbl HUKAK APYD € APYIOM He CBS3aHBL. DO yikKe
mocje TOro Kak KHUra Oblia Hanucana, CMeiJ 3aMeTul cleryiolee.

DAINOMHUM, 4TO WHTEpec K ajJropuTMaM ¢ MOJUHOMHAJbHBIM BpeMeHeM
CBSI3aH C TeM, YTO HMEHHO HX MOXKHO 3(P(PeKTUBHO pPeaqTH30BHIBATH HA KOM-
mbloTepax. )0 celidac HCHOJAb3YeTCS elllé OTUH BayKHBI KJIACC alTOPUTMOB —
Tak HazkiBaeMble BPP-anmropuTMbl. B >Tux aqropuTMax paspeliaeTcs «Ho/I-
OpachblBaTh MOHETKY» W B 3aBUCHMOCTH OT HOJYYEHHOI'O pe3yibTaTa MpOous-
BOMUTH T€ WIH UHbIE BhIYHCIeHusi. Tpebyercs, 4TOOR MPaBUJIbLHBII OTBET 10~
AyYAICHd B «KBaJH(UINPOBAHHOM GOIbIIHHCTBe) caydaes®). Toria, IOBTOPHB
BBIYHCJICHUS MHOIO pa3, MOXKHO MOJYYUTE Pe3yJbTaT, KOTOPHIH 6yIeT mnpa-
BHJIBHBIM € O4eHb GOJBILION BEPOATHOCTHIO. JalpUMep, eCJi MPABMIbHEIN pe-
3yJAbTAT MOAYIAETCSA € BePOITHOCTHIO 3/4, To moce 50 TOBTOpeHIH BhIYHCIe-
HUI BEPOSTHOCTH OIIUOKHN OyIeT paBHA eUHUIE, TeJEHHON HA YUCIO ATOMOB
Bo Bcenennoii.

C mareMmaTudeckoll Touku 3penus ycioBue BPP nakaanbiBaer menblie
orpaHHYeHul, deM ycioBue P, HO ¢ mpakTudeckon To4Yku spenuss BPP-airo-
PHTMBI CTOJb YK€ XOPOIIH, KaK i P-ajJropuTMel.

TeoPEMA 3 (CMEIN). Fcau BPP 2 NP, mo P # NP/c.

C Touku 3penus coBpemennoil computer science BPP 2 NP — 1o nedro
odeHb moxoxee Ha P # NP.

Y Bonee dopmanbHoe ompegerenne Kiaacca BPP cm. B crarbe M. Bsamoro ma c. 106. —

IIpum. pern.



