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I. BBEIEHUE

OHOU U3 BAXHLIX U WHTEPECHBIX 3a1a49 (PU3UKU, & TOUYHEE, KHHETUIECKOU TEeO-
PUU UIEATBLHLIX Ta30B, ABMACTCA UCCICIOBAHNE IBUKEHUA MOMEKYJT I'a3a B COCYIe WK
mpocTpancTBe. [Ipr 5TOM MOJEKYIBI MOKHO MPEACTABIATE Ce0e KaK YIPyTHe MapuKu
OMHAKOBOU MACCHI (€CJIU ra3 0JHOPOIHBIN) WK PA3IAIHBIX MACC (€CAM COCY [ 3AMOI-
HEH Pa3HLIMU BUAAMU ['a3a); OTU MIAPUKY JETAIT C MOCTOSHHBIME, HO KaK [IPABUIIO,
PA3IUIHBIMEA CKOPOCTAMH BAOIE TPAMBIX, 4 TPA CTOTKHOBEHUAX MIHOBEHHO MEHSIIOT
CBOU CKOPOCTHU COMIACHO 3aKOHAM YIIPYTOT'0 CTOMKHOBEHUS, TIOCTE Y€r0 PO JOTKAIOT
IBUTATHCA ITO HOBEIM MPAMBIM, TIOKA HE IPOM3OUIYT OYEPETHEIE CTOIKHOBEHMA. B pe-
3Y/IbTATE MHOTOKPATHBIX COYTAPEHUN MOJEKY.TBI (IIEPEMENIAI0TCAY, ¥ €CITH WX MHOTO,
TO TOCTE TPOLOMKUTEILHOTO BPEMEHU UX ABUKEHUE OyIeT Ka3aThCsA XAOTUIECKUM,
JaBIeHue B cocyae BeipaBHsaeTcs (akoH [lackanmy), B rase yCTAHOBUTCS OIIPeNeIeH-
Has «TeMIepaTypay (CpeqHsas KUHeTUIECKAs SHEPrUs MOJEKYJBI), (LIOTHOCTbY I'a3a
OyneT mocToAHHOU u T. . Bee omucamubie (a Takke TMPOMYIIEHHLIE 30€Ch) XapaKTe-
PUCTUKN UIEATHHOTO T'a3a XOPOIIO U3BECTHH B (PU3UKE, MHOTHE U3 HUX UCCAEIOBAHBI
TAKXKe IMCTO MATEMATHIECKH, KAK MPABUIO, C IIPUBICIEHUEM TEOPUU BEPOATHOCTEN
u ee Moguon (¢ cepenunnt 50-x romqos XX BEKa U MO HACTOAIIEE BPEMs) BETBU — 3P-
rogudeckon Teopuu. ['pysbo TOBOPS, «(MATEMATUICCKOE UCCICIOBAHUE) T'a3a COCTOUT
B TOYHOM ONPEAeJeHUN (PU3NIECKUX MNOHATUN ((IABIEHUE», «(TEMIEPATYPay, «Iepe-
MEIIUBAHUE) U T. [.), & 3aT€M B CTPOrOM DEIIEHUN MATEMATUIECKUX 3a4ad, CBA3AH-
HBIX C DTUMU TOHATUAME, B CO3MAHUNA COOTBETCTBYIOUIEN MATEMATUICCKON TEOPUM,
B MATEMATHICCKOM TOKA3ATETHCTBE M3BECTHLIX (POPMY.I U TIOMYyI€HUN HOBLIX, U T. IT.
B »ToM mampasienum cemdac paGoTAIOT TECATKH, €CIA HE COTHH, MATEMATHUKOB W3
Pa3HLIX CTpaH Mupa. KIHOUeBEIMU CIOBAMU B WX UCCICIOBAHUAX ABIAIOTCA «Xa0CH
(M3y9aeMbIll 5ProaUYecKOr TeOpuen) u «Oummmapay (FeOMeTPUIeCKas IacTh TOU Ke
Teopun). 34eCh CIEAYET 3AMETUTD, 9TO «(Xa0C» U «OULINAD ) — B3AUMOIPOHUKAOIINE
U TEPEILIeTAIOIINECA TOHATHAA: OWLIMAD I U3Yy9aeT NeTEPMUHUPOBAHHOE MTOBEICHUE
CUCTEMBI; 3TO MOBEAEHNE C TEICHNEM BPEMEHU CTAHOBUTCA TIOYTU HEOTIUIUMEIM OT
Xa0TUYECKOr0, U TOT/Ia, Ha MOCAEIHEM DTare, MOXHO 3a0LITh PO IeTEPMUHIPOBAH-
HOCTBb W MCCJAENOBATH OJMH TOJBKO «Xa0C». «Xa0C» O9E€HDb CJIOKHAA BEIlb, U 3M€CH MBI
3aTPOHEM TOJBKO «JeTEPMUHUPOBAHHYIO» YACTH MOBEICHUSI CUCTEMEL.

Ileas macToamen crarbm — OOBACHUTDL, KAK 331498 O CTOJKHOBEHUN LIAPUKOB
CBOIUTCSA K OWITHAPIY, T. €. K 3a4a1e O PABHOMEDHOM IBUKEHUY 00HOT TACTUILI U €€
OUITIAPIHOMY OTPAKEHUIO OT PA3JIUIHBIX TIOBEPXHOCTEHN (MpaBa, B MHOTOMEPHOM
npocrparcTse). Ilocre sToro Mt pacckaxem o 3amedarensbuon 3agade f. . Cunas —
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0 YUCJe COyIapeHnN MEX Ay MOJEKYJIAMU Ma3a U ee OWITHAD IHLIX MOIU(MUKAIUAX, 1
OTUIIIEM PA3JNYIHBIE TOAXOIB K €€ PelIeHuIo.

II. HEMHOI'O UCTOPUU: HOCTAHOBKA 3AJAY U PE3YJIbTATHI

1. TP MPOCTPAHCTBA: KOH®UTYPAIIMOHHOE, «CKOPOCTHOE» 1 ®A30BOE

N nesa 3aMeHATH MOBEIEHUE CJIOXKHOU MEXAHWIECKOW CHCTEMBI IBUKCHHEM OJHON
TOYKM XOTS U OYeHb HETPUBMUAILHA, HO JOBOJBLHO CTAPA — €€ UCIONL30BAT B CBOUX
uccrenoBaHuax Benuku pusuk Jlronsur Borbivan ceoime cra Jger Hazan (B 1872r.
BonbnMan Hammcan cBoe 3HAMEHUTOE «ypaBHeHue BoabliMaHay, CBA3LIBAIOIIEE Ma-
BJIEHUE ['a3a U TEMIEPaTypy € MOMOMIbI KOHCTaHThl Bombnmana kp (cMm., Hanpu-
mep, [6])).

PaccmoTpum mpocTou mpumep: 1 YaCTHUIl IBUKYTCA KAKUM-TO O6pa3oM (Ioka
9TO 6€3 BCAKOrO 3aKOHA) B TPEXMEPHOM MPOCTPAHCTBE R3. Kax1as qacTuia nMeeT
TPU KOOPIUMHATHL (L, Yi, %), ¢ = 1,...,n, MEHAIOIINECA BO BPEMEHU f. SAMEHUM DTU
N 9ACTUI] HA OJHY (MHOTOMEDPHYIO» TOUKY

x = (T1,Y1,21;22,Y2, 225 - - . Tny Yny Zn)

IBIGKYIIYIOCA B mpocTpaHcTBe R3”. JIBMKeHMe TOUYKH & COCTOUT B TOM, UTO B Ka-
KB MOMEHT BPEMEHHU | U3BECTHBI BCE ee 3N KOOPAUHAT (OHU OMPEeTAI0TCA KO-
OpVHATAMY UCXOIHLIX YACTUIl B MOMEHT BPEMEHHU f), TaK YTO U3BECTHA U BCA TPa-
exTopua ToUkE € € R3”, A ecin M3BECTHHI KOHKPETHBLIE 3aKOHEI IBUKCHUA TACTHII,
T.e. dyakuun x;(t), y;(t), z;(t), TO U3BECTEH U 3aKOH IBUKEHUS (MHOI'OMEDHOI) Ta-
crunst (t). Bo MEHOrUX CIydasx ClequThb 33 TOYKOU & (t) Jerde, 4eM cpasy 3a 60ab-
MIAM 9UCIOM UCXOMHBIX YacTull. O THAKO 5Ta MPOCTOTA KAKYIIAACA — YMEHBIIAA A~
CJI0 IACTHUI] 10 OTHOH, HAM IPAXOMATCA YBEIUINBATE «(BLICOKOMEPHE) TIPOCTPAHCTBA.
[IpocTparcTeo R3™, B KOTOpOM ABMKeTCA TOUKa T(t), HABBIBACTCA KOMPUYPAYUOH-
nowm. OJHAKO U €ro MOXHO PACHIMPUTD, 3AMEHUB KOH(PUIYPAIUOHHYIO TOUKY (i)
Ha (Paz06yi0 TOUKy z(t), KOOPAMHATE KOTOPOM — HE TOJBKO MOJOKEHWUs IaCTUL B
npocrpanctee R?, HO 1 ux ckopoctn v; = (Vig, Viy, Viz), i = 1,2,...,n:

Z(t) = (w(t),v(t)) = (w1,y1, Z15---3TnyYny Zns Vg, Vy, Viz; - - -;'Unxa'Unyavnz)-

Taxum o6paszom BosHEKaeT dazoBoe npocTpaHcTBo R®™, dazoas TodKa KOTOPOro
OTIMCHLIBAET IBUKEHME (TPACKTOPHUIO) UCXOMHOM cucTeMEl B R? MeIMKOM 1 TOTHOCThLIO
(B OTTIYME OT KOHMUTYPATMOHHON TOUKY (1), OMUCHIBAIONIEH JUTH TPOCTPAHCTBEH-
HOE TOJIOKEeHUe IacTul — 6e3 ux ckopocreir). PaszoBoe MPOCTPAHCTBO €CTh MPAMAs
CyMMa IBYX TMOAMPOCTPAHCTE — KOHMUIypammoraoro R3® u mpocTpamcTBa CKOpO-
crerr R37: RS" = R3" @ R3". Muorga 6GerBaeT mpolme n HATVIATHEE WCCICIOBATH MPO-
exnmio Toukn 2(t) ma R3™ u/mmm va R3™ no oraemsrOCTH, BMECTO TOTO, ITOGE! OTH-
CBIBATH HAMHOTO GOee CI0KHOe ToBegerue (hazosoit Touku z(t) Bo Beem RO™.

CaefyeT OTMETHTD, YTO, KAK IPABUIO, ABMKeHHNe (asoBol (a Takxke KOHMUTYpa-
IUOHHON U (CKOPOCTHOW») TOYKH OCYMIECTBIACTCA HE BO BCEM (IIyCTOM» MPOCTPAH-
cree RS™ — orpanmuenns, naknaIbIBaeMble Ha CUCTEMY DA3TIUTHBIMI (GU3UTECKUME
3aKOHAMMY, MHIYIUPYIOT TeoMeTpUIecKue mpenaTcTeusa (B Buje mosepxuocTeir) B RS”
(paBHO Kax m B R3", u 8 R3", cooTBeTCTBEHHO).

Hanpumep, eci uCXoAHBIE 9aCTUIEL B TpocTpancTBe R? nMetor oaunakoByo mac-
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cy 1 u ux IBUMXKEHUE MOTIMHAETCA 3aKOHY COXPAHEHU DHEPIUM:
2 2 2 _ 2 2 2 2 2 2 _
v] +vy+...+ v, =const < i, +vi, +oi, +... .+ U, + U, + U, = const,

TO TMpOeKIMa TpaekTopun Touku z € RS™ ma mpocrpancTeo R3™ mpencrasaseT co-
601 KpUBYIO, Jexalywo Ha (3n — 1)-mepHou cdepe paguyca +/const. dra cdepa u
OrpAaHTIWBAET ABUKCHUE TOIKE z € RE™,

Jpyroil BaxKHBIM 1A HAC IOPUMEp: IBA OIMHAKOBBIX IIAapa B IpocTpaHcTBe R3.
Kax b map 3a1aeTcsa KOOpANHATAMYA CBOETO LEHTPA W pagnycoM 7. Ecam 65l mra-
PHI OLLIA TTPO3PAMHBIMU W TPOXOIWIA APYT CKBO3b APYTa 63 MpenaTCTBUN, TO UX
KOH(UTYPAITMOEHLIM TTPOCTPAHCTBOM OKa3aioch OB BCe mpocTpancTeo R32 = RS,
O gHAKO MIAPET HEMTPO3PAYHEI U PACCTOSHUE MEXKAY UX IMEHTPAMU BCEr1a GOMBIIE U
paBHO 271

(z1 —22) + (Y1 —y2)° + (21 — 22)” = (2r)°. (1)

HepasencTro (1) 3amaeT BHEMHIOKL YacTh MUIXHAPA I] B 6-MEPHOM MPOCTPAHCTBE,
HAKJIOHEHHOrO nox yrioM 45° x ropusontanu. (Ecau orpanmaurses caesa B Gop-
myze (1) TOJBKO MEePBBIM CIAraeMbIM U 3AMEHUTDH 3HAK HEPABEHCTBA 3HAKOM DABEH-
CTBa, TO MBI MOJYYUM MOJOCY HA MIOCKOCTU O] To MEXIY NPAMBIMA Ty = Ty — T 1
To = X1 + 2r — OJHOMEPHBIN UWIMHID, CM. puc. 1).

T2

LA
\&y 2r Ty

Puc. 1. Ogaomepub quaaagp L]

TaxuM 06pa3oM, KOH(MUTYPAIMOHHAS TOYKA T MOXKET IABUTATHCSA TOJIBKO JIUIIb
B wacTu mpocTpaHcTBa RS — Bme mummuapa I]. Tonaganwe TOYKM T HA ITNHID
03HAYAET CTOJIKHOBEHUE IIAPOB.

B panbuenmeMm mox KOH(MUIYPAIMOHHBIM, «CKOPOCTHBIMY U (DA3OBBIM MPOCTPAH-
CTBaM¥ MBI OYI€M UMETH B BUAY TOJHKO MHOXKECTBO 803MONCHIT TIOMOKEHUN COOT-
BeTcTRyMOMmel Touky B RE", R3" wm RS™. Omucanne »Tux mpocTpaHCTB A1 CreIm-
AJIBHBIX cucTeM OyaeT NAaHO B CJAEeLyIOIIeM Pa3aere.

2. Bunnmaprn
ITycTs TOYKA T IBUKETCA PABHOMEPHO U MPAMOJUHENHO B TPOCTPaHcTBe R™; mo-
. dx n
JOXKUM CKOPOCTH €e JBMXKEHWs pasHou 1: |[v]| = il = 1. Ecmm B R™ nmeercs

mwiockocTs Il pazmepuocTu n — 1, TO MyCTh TOYKA & OTPAKAELTCSI OT HEE IO 3AKOHY
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TEOMETPUIECKOU OITUKIYL: Y204 OMPANCEHUSL pasen yzay nadenus. Vinu naade: pasmo-
JKUM CKOPOCTb ¥~ TOYKM T IO OTPaxKEHUsA Ha IBE COCTABJAIONINE, ONHA U3 KOTOPHIX,
v, mepueHguKy/IapHa mwiockoctu II, a BTOpas eil mapaJuienbHa: v[ =v —v].
ITpm orpaxenun ot Il mapamrenbHas COCTABIAIONIAL v[ HE MEHAETCA, & MepIeHIn-
KyJdspHasA MEHSAeT 3HaK: vﬁ = v[, vi = —v . HoBas cxopocTh wacTuus! (mociae
OTpaXKEHUA) paBHA,

vt = ] = —vl

Wnu, HAKOHEI, 3aKOH OTPAXKEHUA MOXKET ObLIThH 3aMUCAH B BUIE BEKTOPHOU (hOp-

MYJIBI

vt =v" -2 (v7",n) n, (2)
rae (-, ) 03HAYAeT CKAJAPHOE TPOU3BENeHIe BEKTOPOB B R™, a 1 — BEKTOp HOpMaJIu
x mwrockoctu II.

Bosepamasace k mepBOHAYAILHOMY 3aKOHY MeéOMETPIUIECKON ONTUKY, OIUIIIEM €0
9yTh Gosmee moapo6Ho. BozbMeM magarommi yd cBeTa (TOUKA & MPUOIMKACTCA K
IT) u orpaxennbm (Touka x ypaasercsa ot II). Uepes HUX NPOXOAUT €qUHCTBEHHAS
IBYMEpHAasa TIOCKOCTh T (€CIU pasMepHOCTH MpOoCTpancTea R™ Goabine 2; B caydae
n = 2 »TO caMa WIOCKOCTb R™). B 5T0M ke MIOCKOCTH PACTIOIOKEH TAKKE U BEKTOD
n HOpMauu K oTpaxaromen (n — 1)-mepron miockoctu II (koTopein GepeTcs B TOUKe
orpaxenus). Torga yeos nadewus o — 3TO yroa Mex Ay MaJAIOMUM JIy<IOM CBETA U
BEKTOPOM 7 (WIM MHAYE, yTOl MEeXIY BEKTOPaMUu (—v ™) U M), & Y204 0MPAHCEHUA
B — 2TO yron Mexmy OTPaKEHHBIM JYYOM U BEKTOPOM 7 (T.€. YrOa MEXIY BeK-

Topamu v u n). 3akon omnTuku raacut: |a = (3| (puc. 2). OH TakKe Ha3BIBAETCA
OUAAUGPOHBLM 3AKOHOM.

Jlerko BUAETDH, YTO BCE TPU OMUCAHUA OUILTUADIHOTO OTOOPAKEHUSA TOUKU & OT
mIoCcKOCTH 1] SKBUBAICHTHEL

OnumeM Temeps GUITHAPIHOE OTPAXKEHWE TOIKM & OT TIAIKOU MOBEPXHOCTH
S C R™. [IpoBegem k S B TOUKe OTPaKEHUs KACATEIbHYIO (n — 1)-MEpHYIO IIOCKOCTh
IT u 6Gygem cauTaTh, 9TO TOYKA & OTpaxkaercda or Il mo onmucaHHOMY BEIIE IPABULLY.
DTO U €CTh OULTUAP THBIN 3aKOH OTpaxeHusa oT S. Eciu Touka & oTpaxaeTcs mo 3To-
MY BaKOHY OT HECKOJBKUX MAIKUX (n — 1)-MepHBIX moBepxHOCTEH (10 OTAeTLHOCTH)
B npocTparcTBe R™, TO MBI OyIeM FOBOPUTD, IYTO ABUKEHUE X OWLIAAPIHOE, a CaMa
TOYKA & IBMKETCA [0 OWLINAPIHOU TPAeKTOPUU B obmacTu npocTpancTsa R™, orpa-

Puc. 2. bunmapiapi 3akoH: o = 3
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~aLl—

Puc. 3. BunmapfHeld ¢TOI U OWLIAADFHAI TPACKTOPUA

HUYEHHOW DTUMU TIOBEPXHOCTAMU. [IOBEPXHOCTH OTPAXKEHUA AJIA KPATKOCTU OyIeM
HA3BIBATH CMEHKAMU, 0OJACTh, B KOTOPOU ABUKETCS TOUKA &, — (MHOMOMEPHBIM)
OUAAUAPOHBIM CTNOAOM, 8 BCE ABUMXKeHUHE T — Outauvapdom (puc. 3). Camy TOUKy &
Ha30BeM 6Ouaduapdnoti wacmuyed.

HamoMHuMM, 9TO MO OMPEIeTeHUI0 CKOPOCTh OWLTAADIHON YACTUILI BCETIA PAB-
Ha 1: ||| = 1. OTMeTnM Takxe, ITO eCIU OULIMAP JHAT TACTHUIA IONAJACT HA Iepece-
YeHUE ABYX WX HOMBIIETO YUCIA CTEHOK, TO €€ IBUKEHUE IMIOCJAe DTOr0 He OMPEIeJeHO
(Tak Kak pasMEepHOCTb IIEPEeCeveHnsl CTEHOK < N — 2, u KacaTeabHas (n — 1)-mepHas
mwIockocTh I He onpeaenreHa OqHO3HAYHO). MBI 6yIeM CIATATL B 3TOM CIydae, ITO
TPAEKTOPUA YACTUIBLI B TAKON TOYKE 0OpBIBaeTCa. Mepa MHOXKECTBA HATAJIbHEBIX MO~
JIOXKEHUU JaCTHULLL, IJ1 KOTOPBIX TPAEKTOPUs HE onpejeaeHa (00puBaeTcs), pasHa 0,
U TAKUMU TPAECKTOPUAMU MBI OymeM mpeHeOperaTh. Takum o6paszoM, OWITHADTHLIE
TPAEKTOPUA — TOJBKO T€, TOYKU U3JI0Ma KOTOPHIX HE TIPUHAIIEKAT CPA3y HECKOIb-
KM CTEHKAM OWLIMAPIHOTO CTOJA.

3. 3A1AYA CHUHAA O CTOJKHOBEHUM OJUHAKOBBLIX IIIAPOB

IMpumepro B cepenuue 1960-x rogos fI.T'. Cunau, 3anuMascs [0Ka3aTeabCTBOM
SPrOAVYHOCTH OTHOPOLHOTO I'a3a B COCYIE, MOCTABUI CACAYIOIIE BOMPOCH. IIycTh
MOJEKYJIbI F'a3a, (IIapUKY) JeTAIOT B HEOIPAHUIEHHOM MyCTOM IPOCTPAHCTBE U YIIPY-
ro craakupaiorcsa mex ay cobou. [llapuxu npeanosaraoTcesa oguHaKOBEIMY (OIHOPOI-
HBIA ra3), UX 9UCJI0 — KOHEYHBIM, a YIPYroe COyJAapPeHUe O3HAIAET, ITO B MOMEHT
yIapa CKOPOCTU CTOJKHYBIIUXCA IIAPUKOB TEPEPACTPEICIAITCA CONIACHO 3aKOHY
COXPAHEHUs UMITYJIbCa (KOIUIECTBA JBUKEHU) U dHePrun (TOIHBIE GOPMYIbL Oy Ay T
BLINUCAHLL B CIEAYIOLIEM Da3iele).

1) MoryT Ju CTOJKHOBEHU B TAKOU CUCTEME IIPOJOIKATHCI HEOMDAHUIEHHO [0
ro?

2) MoxeT 1 9ucio yoapoB B CUCTEME 3a KOHEUHbll IPOMEKYTOK BPEMEHU OKa-
3aTbCA OECKOHEIHBIM !

3) Kakoe Haubobliee IUCIO yAAPOB MOXKET IPOU3OUTH MEXKY MOJEKYJIAMHU, €C-
JU Pa3pPeIIaeTCs NIPOM3BOILHO MEHATh UX HAYAIBHBIE MOJOXKEHUSI U CKOPOCTH (Ipu
YCIOBUM, 9TO OTBETHL HA 062 MPEILIAYIINX BOMPOCA OTPULATEILHEI)?

Otu Bompockl Bo3uukan y fI. . Cunas ecTecTBEHHBIM 00Pa30M TIPU UCCASJOBAHUT
CTOXACTUYIECKUX CBOUCTB T'a3a U CO3MAHUA UM TEOPUN TUTIEPOOMTICCKUX OUILIAAP 0B
(KOTOpBIE HABLIBAIOTCA TAKKE PACCeusaowumy nid ouianapoamy Cunas, cM. QyH-
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gaMeHTanbHy0 padoTy f.T. Cunas [8]). [leno B ToM, 9TO, KaK MBI TOKAXKEM B Cle-
OYIOIIEH YaCTH, KOH(PUIYPAIMOHHBLIM TPOCTPAHCTBOM CUCTEMBI IMAPUKOB ABJIAETCA
MHOT'OMEPHOE €BKJIUI0BO IPOCTPAHCTBO, U3 KOTOPOr'0 BEIKMHYTO MHOIO NIIAHIPOB
tuna (1), Tae 3HAK HEPABEHCTBA > 3AMEHEH HA MPOTUBOMOJOXKHEIA 3HAK < (T.e.
U3 MPOCTPAHCTBA BHIKUHYTHI [UJIVHIPL U UX BHYTPEHHOCTH), & IBUKEHUE KOHDU-
CyPaLUOHHOU TOYKH ¥ (t) mOAIuHAeTCA OuimapgHoMy 3akony (2). Mabivu croBamu,
ra3s B ICXOJIHOM TPEXMEPHOM MPOCTPAHCTBE, COCTOAIIMN W3 O TMHAKOBEIX CPEPUIECKA
CUMMETPUYHBEIX MOJEKYJ, €CTh He 9TO MHOe, Kak Omamnapn CuHas B MpOCTPAHCTBE
GOMBIION PA3MEPHOCTU: CTEHKU OMIIAAPAA (MOBEPXHOCTY BBIKUHYTHIX IUJIMHIDPOB)
(BIABJIECHLD BHYTPh MHOI'OMEPHOT'O GULTEAP JTHOT'O CTOJIA — a BTO OTHO W3 TPehOBa-
Huu Ha reomerpuio Owutnapaa Cunas.

Caemaem oroBopky: 6-mepubiit mumraap (1) 3azaer Bo Bcem mpocrpancTse R3™ apyroun
mamagp C = IT x R®™7° mo rpanuna y C yxe B OCHOBHOM ILIOCKAS, JIHIIE IO HEKOTO-
PBIM HAIIPABIEHUAM €€ KPUBU3HA OTIMYHA OT HYJA. TaK 9TO BO3HUKAIOIIUA OUILIAAD T — HE
CTPOr0 PaCcCenBaoLmi, a norypaccensaromyit. Oguaxo B pabore [8] Bce TpyAHOCTH, CBA3AH-
HBIE C (TTOTyPACCemBaHUEM» (T. €. C IMIOCKAME yIACTKAMU TPAHNIEI), TAKXKE OBLIN C YCIEXOM
IPEOI0JCHBL.

Nrak, ras ceogurca k 6uwumnapay Cunas onucas-
F HOT'O BBIIIE THUMA. 3AYEM K€ HYKHO 3HATH, KOHETHO
\\ UM GECKOHEYHO YMCJI0 COYAAPEHUN B CUCTEME IIapu-
KOB, WK, YTO TO XK€ CaMOe, B M30MOP(MHOM 3TOU CH-
creme Omuinapae?
3mech MBI MOXEM AaTh OTBET HA 3TOT BOIPOC
JIUIIb OYeHb MPUOIMKEHHO, OCTAB/ISAA OCHOBHEIE UAEU
F Teopuy runepOoInIecKnX OWLINAP 0B, KPOME OIHOMH,
38 CKOOKaMU. A 5Ty ONHY MIEH MPOJEMOHCTPUPYEM
IJIST IBYMEPHOT'O CJIY9asd.
Korma napamiegsHbil my 9ok «Omumap [HBX (1im
CBETOBLIX) Jy9eH MaJaeT Ha, IVIOCKAN YIACTOK MPAHU-
Ry IbI, OH IMOCJHEe OTPAKEHUsI OCTAETCS MapALIeTbHBIM.
Ho ecau y49acTok rpaHunbl BHITYKJIBIA (IO OTHOLIE-
HUIO K MAPALIEILHOMY IIy9IKy CBETA), TO DTOT IIy9I0K
TOCTE OTPAXKEHUA PACCEETCA W BOTHOBOU GpoHT F
rpaHAIA (HOBerHOCTb, NEePHNEeH TUKYAIPHAsI OTPaXKEHHBIM JY-
gam) Oyger kpusoiusenusMm (puc. 4). (o sTon mpu-
R_ YMHEe OULTAAP U HA3BIBACTCA PACCEUBAIOLIAM ).
Kax Menserca kpuBusna dppouTa F mpu ero nBu-
JKEHUM B MPOCTPAHCTBE MOCIE KAXKIOTO OTPAKEHUS
OT BBIMYKJOrO YyIaCTKA MPAHUIIBI?
O6paTum Bpems, T. e. 3amyctuM GpouT F (BmecTe
¢ myukoM) B 06paTHy0 cTopoHy (cMm. puc. 5). Ilycts
z € F u nycts ¢pout F aBumxkeTcs 10 CPAHULLL OT-
paxenus Bpem t1. Torzma

Puc. 4. BouaoBOH (PpOHT
OTPaKEHHBIX JyIeH

Puc. 5. K BeiBogy R(z) =t1+ R, (3)

YPaBHEHHUA 3€PKaIbHOIO rae R(r) — paauyc xpuBu3HBI GPOHTA B TOYUKE I,
OTPAaXkKeHuA t1 — paccTosaHUe, KOTOPOe MPOXOIUT TOYKA X 10 I'pa-
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HULLI, R_ — panuyc KpUBMU3HLL (PPOHTA B TOUYKE OTPAKEHUA (A0 OTPAKEHUA MyIKA,
OT rpanulkl), Ry — paanyc KpUBU3HEL (DPOHTA B TOYKE OTPAKEHUA (HOCHE OTPA-
KEHUA MydKka). V3 reoMeTpruIecKoll ONTUKY U3BECTHA CJIELYIOMAA JIEMAHTHAL CBI3b
pagunycoB R_, Ry un Ry:
Lt _ 1,1 2 (4)
R_ R+ R1 COS 1 ’
rie (o1 — yTroa OTPAKEHUA B TOYKE OTPaKeHusa, Ry — paanyc KpUBU3HEI CTEHKH; 2TA,
bopMyIa HABLIBACTCA YPABHEHUEM 3EPKAAbHO20 0mpaxcenus. OOPATHBIC BEIMINHBL
K pagmycaM — DTO KPHUBU3HBI, TaK UTO KOPO4e DaBeHCTBO (4) mepemucbiBaeTcs B
rTepmuHax KpususH X+ = 1/Ry, Ky = 1/Ry:

2
Xﬁ_X++K1'cos<p1 : (5)
M3 (3) nmonyuaem x(z) = L _ L = ! OTKyaa, ucnoab3ys (5)
y X _R(I)_tl-l-Rf_ 1: YJIa y I
1+ —
X—-
HAXO UM
1
) = ————. (6)
t1 + 721(1
oS 1 X+

Nrax, popmyna (6) gaer mHam xpuBum3Hy GpoHTa B TOUke £ € F mocae odnoeo
OTPAKEHUA OT TpaHUIBl. EcIm xe OTpaxkeHuni 6LLI0 ABA, TO MBI JOJKHBI TPUHATH
KPUBU3HY X4 = )(Sf) 3a KpUBU3HY (PPOHTA B HEKOTOPOU APYTOM €ro TOYKE Y U 3a-
MEHUTD €€ aHAJOTMIHBIM BhIpaxkeHueM 1o ¢opmyae (6), TOIbKO Tenepsb BCe WHIEKCHI

cmensaTca ¢ 1 va 2. B pesyabrare 6ygem umers dopmyay (7):

x(x) = 1 . ™)

b+ =R 1
€os 1 1
+ - @
2 2K> (2)
COS P2 +

[Ipogomxas uTepupoBaTh, HOIYIUM LETHYIO IPOOH

2K 1

T P—
TJe MHOTOTOUME CJIeAyeT 3aMEHUTHh Ha AHAJOTUYHBLIE BBIPDAXKEHUS CTOMBKO pa3,
CKOJILKO UMEETCA OTPAXKEHUN TOIKY TIPU €€ TPAMOM IBUKEHUYM BO BPEMEHHU, MTPEXK 1€
YeM OHA MOMALET B Z. 3AMETHUM, 9TO Mbl HAYUHAIU C MAPAUIEIBHOrO IIyYKa, KOTO-
pomy otBedaeT x4+ = 0. [omycTum Temeps, 4TO X$) — 0 mpu ¢ — 00, T.e€. ITO JyIn
CTAHOBATCA MOYTHU TMAPALICTHLHLIMYA MOCTE OECKOHEYHOrO Yncaa oTpaxkenun. Torma

moaydaeM GeCKOHEUHYIO IenHylo 1pobb. B paccyxkaenusax f. T. Cunas BaxkHO, 9TO6BD
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»Ta Apobb cxoaumIach — Torga OyneT ompeneneHa KpususHa X (x) B Touke z. B Teo-
PUU LEMHLIX IPOOEN XOPOIINO U3BECTEH KPUTEPUNA CXOAUMOCTYU OECKOHETHOU IETTHON
apobu.

KPUTEPUIT CXOAMMOCTH IEMHOW APOBU (SEIDEL — STERNE). Beckomeunas
yennas 0pooby

T , a;>0,1=1,2,...,

1
as + ...
crodumes mozada u moavko mozada, Ko2da

o]
E a; = OQ.
i=1

a1 +
as +

(Cwm., mampuwmep, [11].)
Urax, nasa cymectBoBanus KpUBU3HLL X (T) He00T00umo, 9TOOBL

> 2K,
Z <ti + = ) = 00.
oS p;

i=1

A xna sroro docmamouno, 9TOOH Y .o t; = oo (mockombky 2K;/cosy; > 0 mpm
BCEX 1). AHATOrMYIHEIE PACCY K I€HUSA, TOIBKO HAMHOIO 60JI6e TEXHUIECKUE, PAGOTAIOT
7 B MHOI'OMEPHOM CIy9ae.

Ecnu qucio ynapoe B cucTeMe IMapoB HA JHOOOM KOHEYHOM WHTEPBAJIE BPEMEHU
KOHEYHO, TO 3TOr0 ZOCTATOYHO AL PACXOIUMOCTH PAA Y .o, t; M, TEM CAMBIM, IS
cxoaumocTu uenson apobu (8). BoT movemy 10CTATOYHO OTBETUTE TOJIBKO HA BTOPOU
Bompoc fI.['. Cunas; HO MEPBHIN W TPETHU BOMPOCH MHTEPECHHI caMu mo cebe, u,
KpOMe TOT'0, OTBETUB Ha, JIOOOU W3 HUX, MBI OJHOBPEMEHHO CMODIU OBl OTBETUTH
TaK¥XkKe U Ha BTOPOHU BOIPOC.

A.T. Cusan mocTaBUI U PEnma 3agady O CTOJIKHOBEHUAX 00UHAKOBLIL IIAPOB B
cBoenl (K COXKAIEHMIO, TaK U HE OMyOIMKOBaHHOM) pykomucu [9]. A mmeHHO, OH gO-
Ka3aJ, 9T0 eCIM 9HUCI0 MApoB (PUKCHPOBAHO, TO CYIIECTBYeT Takaa KoHcranTa (',
9TO YUCIO COYyAAPEHUN MEXKIY STAMU IIAPAMHA B IIyCTOM MPOCTPAHCTBE MeHbe
HEe3G6UCUMO OT HATATBLHOIO COCTOSHUA CUCTEMEI, T.€. OT IMOJIOXKEHUN U CKOPOCTEn
IIAPOB B HYJEBOU MOMEHT BPEMEHU.

W3 sToro pesyabrara BEITEKAET OTPULATEIBHBIA OTBET HA BOIPOC 2), UCPAIOIIAN
(DYHIAMEHTATBLHYIO POJIb B CXOMMMOCTY LEMHOU Apo6u (8). DTOT OTBET CTAI OIHUM
73 KIIOYEBLIX MOMEHTOB B fokasarenbcTse fl. . Cunas a3proguaHoCT OTHOPOIHOTO
rasa B COCye.

4. CTOJKHOBEHUA TPEX OJUHAKOBBIX IIIAPOB

ITpueeneM TIOOOMBITHEIN W JOBOJILHO TOHKWU PE3yJbTAT O CTOJKHOBCHUAX MpeT
OJMHAKOBLIX IIAPOB B IIPOCTPAHCTBE, M3BECTHLIN KaK (TUIOTe3a YaeHbekar. B padore
amepukanckux ¢usnkos (Sandri, Sullivan, Norem [18]) 1964-ro roga 6r1a IUCIEHHO
IPOCUYMTAHA CHCTEMa U3 TPEX OLUHAKOBEIX IIAPOB, I OKA3aJ0Ch, IYTO IIPU PACCMO-
TPEHHBLIX UMM HAYATbHBIX MOJOXKEHHAX M CKOPOCTAX IIAPOB, YUCIO CTOJIKHOBEHWH
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MEXK Ty IAPAMU He MPEBOCXOMUT 4: 9eTHIpe CTONKHOBEHUA MOT'YT IIPOM3OUTH, & MATH
7 GOJIbIIIE — HE MOTYT!

ODTOT pe3yabTaT OBLT TAKXKEe HE3ABUCUMO aHOHCHPOBaH B 1964 . B pabore Thur-
ston’a u Sandri [19]. CTtporoe ero nokasaTembCTBO MOABUIOCH HE OYEHb NABHO: B
1993 r. amepuxanckue xumuk T.J.Murphy u ¢usux E.G.D.Cohen B comecTHOU
pabore [16] tokazanu, 9TO 803MONHCHBL MOALKO CIEAYIOMINE CTOJIKHOBEHUSI B CUCTEME
O/UHAKOBLIX IIAapoB 1, 2 u 3:

. a) (12) (oguHApHBIN yaap)
b)  (12)(23) (aBa yrapa)
cl)  (12)(23)(31) (Tpu yrapa)
c2)  (12)(23)(12) (Tpm yxapa)
d1l) (12)(23)(12)(13) (4erspe yzapa)
d2) (12)(23)(13)(23) (uerspe yzapa)
U HEB03MONCHb, TAKAE TEOPETUICCKH MBICIUMBIE CTOJKHOBEHWIA:
II. el) (12)(23)(12)(23) (deTBIpe yzapa)
e2) (12)(23)(13)(12) (deTwIpe yaapa)
f1) (12)(23)(12)(13)(12) (mars yzapos)

£2)  (12)(23)(13)(23)(12) (maTe yzapos).

OrmeTnM, 9TO MONOOPATH HAYATLHBIE YCIOBUA B CUCTEME C YETHLIPHMSA yIapamu
dl) mmm d2) oyens HENpoOCTO; & IOKA3ATEILCTBO HEBO3MOXKHOCTY YETHIPEX CTOJIKHO-
Benuu el) u e2), a Takxe matu croikHoBenul f1) u £2) merko BiaedeT 10KA3aTEILCTBO
HEeBO3MOXHOCTH 6, 7, 8,... yIapoOB B CUCTEME U3 TPEX OJUHAKOBBLIX MIAPOB (IIOCKOIb-
Ky 10625 TOCIeOBATETLHOCTD 13 6 yIapOB COAEPKUT OMHY U3 TIOCAEIOBATEILHOCTEN
el), e2), f1), £2)). T. Murphy u E. Cohen oTme4aioT, 9T0 10Ka3aTEILCTBO HEBO3MOXK-
mocTu yaapos tuna Il B odens kparkom Bujge Ovbuiu panee nambl E. Cohen’om B pa-
6ote [14] 1966 roga, m 4TO yTBepkAeHUE MPO < 4 CTOIKHOBEHWN BEPHO TaKXKe B
MIPOCTPAHCTBE JMIOO0T0 YUCIA U3MEPEHU: 1 > 3.

3agada npo TOUYHYIO BEPXHIOI OIEHKY YUCJIA CTOIKHOBEHUU B CUCTEME U3 IeTHIPEX
win 6Gosee OAUHAKOBBIX IIIAPOB HUKEM He UCCJIEN0BANACD.

5. «MAJAsI» U «BOJILIIAST» BUJIMAPIHBLIE 3A0AYN fI.IT'. CuHAA

Hanpammsatommeecs o6obimenue 3agaqu f. 1. Cunas o6 ynpyrom CTOIKHOBEHUM
00UHAKOBHIL TAPOB COCTOUT B PACCMOTDPEHUU IIAPOB NPOU3EOALHBIL DATUYCOB T1,
T2, ..., N U IPOU3BOIBHBIX MACC M1, M3, .- ., N, JETAIOIINX U YIPYTO CTATKUBAIO-
IUXCA B IycTOM mpocTpancTse R™, raen = 1,2,3,. ... JTa 3aga4a ObLIa TOCTABIEHA,
A.T. Cunaem B cepemuue 1970-x romos Ha HaydHoMm cemumuape MI'Y mo mumamude-
cKuUM cucTeMaM mon pykoogcteoM B. M. Anekceesa u fI.T'. Cunas.

Nmeercs cymecTBeHHOE OTIMYIME «OFHOMEPHOTO ra3zay (n = 1) 0T «MHOrOMepHOro
rasza» (n > 2): B TO BpeMs Kak B OJHOMEPHOU CUCTEME IIap Fi MOXKET CTaJKUBATHCI
TOoABKO ¢ mapamu #(i — 1) u #(i + 1), B MHOrOMEpHOM rase anpuoph HET Or'DAHU-
YeHWN [JIS CTOTKHOBEHUS 1IApoB #i u #k ¢ |i — k| > 2. (Takne orpaHudeHus MOTyT
MOSIBUTHCS JIUIIb B PE3YJAbTATE CKPYILYJIE3HOI'O M3YYEHUs CUCTEMbI, KOILa, KAK 3TO
OBLIO B CIYYae TPEX OIUHAKOBLIX IIIAPOB, 0OHAPYKUBAETCS, YTO HE BCAKUE MOCIEI0BA~
TEILHOCTH yAapOB ocymecTBuMbl.) O 1HOMEpHAA CUCTeMa MAapoB (BepHee, CTepKHen
HA MIPsAMOU) MOXKET ObITh PeIyLUUPOBAHA K CACTEME TOUYEYHBIX YIPYTHUX 4aCMuYy Ha
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npaMon (Korga Bce paauycel 7; = 0), B TO BpeMa KaK B CIydae IUCKOB Ha MIOCKOCTH
(n = 2) win mwapoe B mpocTpancTse (N > 3) TAKOU PELYKIVA CIETATH HEIb3A.

HamoMHUM, ¥TO MBI MCKTIOYMAEM W3 PACCMOTPEHUA TaKue COOBITUA, Kak Oosee
YeM IBOUHEIE CTOMKHOBEHUA (YACTHUI, TUCKOB WM IIAPOB), 8 TAKKE OTHOBDEMEHHEIE
IBOWHEIE CTOJIKHOBEHUS GOJEe 9eM ABYX IIAPOB: 3TU COOLITHUA MPOUCXOIAT C BEPOIT-
HOCThIO (.

B caenyromenm pasgerne 6y 1y T OnucaHbl KOH(DUIY DALMOHHBIE IPOCTPAHCTBA (a) CHu-
crembr N wactun Ha npavoir R u (b) cucremsr N auckos #a miockoctu R? mwmn N
mapos B mpocTpancTee R™, n > 3. OHM KaveCTBEHHO PA3NUYIHLL €CId B Crydae (a)
KOH(UTYPAIMOHHBEIM [TPOCTPAHCTBOM ABISAETCA MHOTCOT'PAHHBIN YIOJM CHENUATHLHOTO
Bu1a B mpoctpancTee RV, 1o B ciyuae (b) KOHGUIypaMOHHOE TPOCTPAHCTBO —
570 mpocTparcTBo RV, M3 KOTOPOTO BHIKMHYTa JOBOTHHO 3AMBICIOBATAS CHCTE-
Ma U3 (;’) MUWIVHADPOB (M UX BHYTPEHHOCTEN), TPUYEM BCE IWIXHIPE UMET 06-
mee HemycToe mepecedenre. B obimem ciydae, KOrga paguycel 11,7y, ..., N 1 MACCHL
M1, M, ..., My PA3THIHEL, KOHQUTypanunonHas Touka x(t) € RN" memxerca mexry
CTOMKHOBEHUAMHI CO CTEHKAMU — T'PAHAME YIVIA, WM MUIMHIPAMYA — BJIOIb MPAMBIX
(xak >T0 1 OGBUIO paHbINE, KOMIa BCE MIAPH OBLIA OJMHAKOBEIMU), HO €€ OTPAKEHUA
OT CTEHOK Y€ BOBCE He OmiimapaHbie!

Tem He MeHee, CleTaB JOBOJBLHO MPOCTOE — JuHEenHOoe! — mpeoGpa3oBaHue mpo-
crpauctea RV?, f1.T. Cumait cymenr cBeCTH 3a,1a4y ABUKEeHHS TOUIKH (1) K 3a1ate o
OUILIUAPIHOM JBUKEHUM HOBOU TOYKH Z(t) B IPeoOPa3OBAHHOM KOH(MUI'YDALMOHHOM
IIPOCTPAHCTBE.

Taxum o6pazoM, o0mAa 3agada O MIAPAX PA3HBIX PA3MEPOB M MACC TAKKE CBO-
OUTCA K OWIINapLy.

ITocne rakoro ceenéuus f. ['. Cunan caenan aBa eCTECTBEHHLIX IOIYIIEHUA: B 3a-
nadge (a) MpoO YACTHUIBI OH OTKA3AMCA OT CHEIUAJLHOIO BUIA MHOTOTDAHHOIO YIIa,
U paccMOTpes GUITHAP B MPOM3BOIBHOM MHOTOTPAHHOM yrile B mpocTpaHcTBe RV
a B 3agade (b) OH 3aMEHWI UMIUHAPHEL B MHOTOMEDHOM IPOCTPAHCTBE HA KOHETHOE
MHOKECTBO IPOU3BOIBHAIX BHITYKIEX Tex B RE (rge K me o6ssarensso pasxo nN)
C TaKUM CBOWCTBOM: TDAHUIILI T TVIALKUE U 6CE IMU MEAG UMEIOM HENYCMoe ne-
peceuenue, a KOHMPUIYPALMUOHHASA TOUKA 2(t) OTPakKAETCsA OT CPAHUL DTUX TeX (CTe-
HOK) 1o OmmnuapnaHoMmy 3akoHy. Oramuanme 3aga«u (a) or (b) B ToMm, 4TO B 3ajgade
(a) TaxUMU BBITYKIBLIMA TEJIAMU CIyXKAT MOJLYIPOCTPAHCTBA, U OUILIAADIHOE JBU-
JKeHIe MOYXHO HCCJIeNOBAaThH O0Tee WM MeHee DIeMeHTapPHBIMI MEeTOJaMu, a B 3a1ate
(b) y CTEHOK UMEIOTCA KPUBU3HEI, KOTOPHIE CO34AI0T PACCEAHUE IPU OTPAKEHUM OT
HUX, ¥ UCCIEJOBAHUE CTAHOBUTCS HAMHOIO Oosee CJIOXKHBIM. 3agady (b) Toxe MOxHO
paccMaTpUBaTh KaK OWILIXAP B MHOCOTDAHHOM YTUIe, HO CO «BAABICHHBIMU BHYTDb)
creakamu (puc. 6). I Hassax 3agaau (a) u (b) «anom u «GOMBIIONY CULIMAD JTHEIMY
3aJadaMyu MOTOMY, ITO DTO (PAKTUYECKU OTHA M Ta XKe 3a1ada — O OwuImapie B
yIVIe, TOJBKO B «(MaJOW» 3aa9€ YOOI 3TOT — OOBIYHLIM MHOTOTDAHHLIN, C TIOCKUMU
TPaHAMHU, & B «OOJBIION 3a4ade T'PAHU-CTEHKM MHOT'OIPAHHOTO YIVIA — BBIMYKJIEL
BHYTDPb HErO, U 3TO OOCTOATEIBCTBO (BBIIYKIOCTh CTEHOK) CO3AET (HEeJIUHETHBIE)
TPYAHOCTHU TpU ee perneHuu. [IpuBegeM TOYHBIE (POPMYJUPOBKU OWIIUADIHBIX 3a-
pa4a f.T. Cunas.

«MAJIAA» 3ATAYA CUHAA. [0Ka3aTh WK ONPOBEPTHY Th, YTO B JIOOOM MHOT'OT'DAH-
HOM yriie B R” ¢ IUIOCKUMU CTEHKAMU YUCJIO OTPAKEHUN OULIHAP JHOU YACTUILL OT



Bumnmmap ger u ynpyrue CTOJIKHOBEHHUSA 9ACTHII U IIADOB 75

n=2 4 n=2 T
T T
/
/
n>3 - n>3
\

(a) (b)

Puc. 6. «Manas» (a) u «Gonpmasy (b) sagaun Cunas

ero creHoK (i) koHewHo, u (ii) 5TO YMCI0 HE MPEBOCXOANT HEKOTOPOU KOHCTAHTH (1,
3aBUCAIIEH TOIBKO OT FEOMETPHH yIVIA, HO HE OT HATATBHBIX YCIOBUI — MOJOKEHAA
U HATPABJICHUA CKOPOCTHU YacTUILl (puc. 6a).

«BosbmAAy 3ATA9A CUHAA. [[oka3aTh WIN ONPOBEPTHYThH, UTO B JHOOOM (KPUBO-
JVHENHOM» yTUIe C MVIAJKUMU CTEHKAMMU, BBITYKJIBIMA BHYTPb yria (CTEHKH — CPAaHU-
BT BEIMYKJIBIX TEJ, AMEIONIAX B COBOKYITHOCTHU HEMYCTOE MEPECEUCHUE) TUCI0 OTPAKE-
HUHI OT ero cTeHOK (i) koHewHo, u (ii) mpM HEKOTOPHIX OMPAHUIEHMAX HA TEOMETDHIO
yIVia HEe TPEeBOCXOIUT HEKOTOPOU KOHCTAHTHI (o, 3ABUCAILIEN TOJBKO OT TeOMETPUN
yTia, HO He OT HAYAJIbHBIX YCJAOBUU, HAKIAJLIBAEMBIX HA OMILIHAPAHYIO dacTully (Ha-
YATBHOTO MOJOKEHUA U CKOPOCTH).

Ilon «HEKOTOPHIMU OTpPAHUYEHUAMN HA TEOMETPUI0 KPUBOJUHEUHOTO YTJa»
A.T. Cungan nMen B BULY IOXO0XKECTb €0 Ha (ILIOCKWI» YOI, a UMEHHO: IpaHu KPu-
BOJMIMHENHOT'O YA TOMKHLI OLITH TPAHCBEPCAMLHLIMHE, T.€. HE MMETh OOIIEH Kaca-
TETLHOMU.

6. 3ATAYA CUHASA O CTOJKHOBEHUAX MPOU3BOJILHBIX IAPOB B
NMPOCTPAHCTBE

O THOBPEMEHHO ¢ (hPOPMYMUPOBKAMHA (MAMONM» U «BGOJBIION GULTHAD THBEIX 38149
A.T. Cunan copMyaupoBal 1 UX «IMHAMAIECCKAE» AHAJOIM.

3ATAYA O YACTULAX HA TPAMON. [[0Ka3aTh WK ONPOBEPTHYTh, 9YTO YUCIO CTOJK-
HOBeHUU B cucTeMe N IacTull MpOu3BOIBHEIX MACC My, . . . , My, IBAKYIIAXCA HA HGec-
KOHEYHOU mpsMoH, (1) koHewuHo, 1 (ii) 5TO IMCI0 HE IPEBOCXOAUT HEKOTOPOU KOHCTAH-
a1 Oy = Ci(ma, ..., mN), 32aBUCAIIECH TOJIBKO OT MACC, HO HE OT HAYAILHBIX TIOJ0XKE-
HUU YaCTUL U UX CKOpocTen. Bericauts xapaxkrep ¢yuxuuu C; = Cy(my,...,my).



76 I'. A. I'anpmepun

3ATAYA O MMAPAX. JoKa3aTh WX OMPOBEPTHYTh, YTO YUCJIO CTOIKHOBeHUN N 1mia-
poB (N IUCKOB B CIy4dae TUIOCKOCTHU) TMPOU3BOIBHLIX HEHYJIEBLIX PAIUYCOB I'1, . .., TN
U Macc my, . .., My, CTAIKABAIOLMXCA B ipocTpancTee R™ (n > 2), (i) xoneuno u (ii)
DTO YUCJIO HE MIPEBOCXOIUT HEKOTOPOU KOHCTAHTEL Cy = Co(r1, ..., "N, M1, ..., MN),
3ABUCAIIEN TOJIBLKO OT PAJAYCOB M MACC IIAPOB, HO HE OT HAYAMLHBEIX MOJOKEHUN 1A~
poB u ux ckopocren. Beiicaurs xapakrep pyaxmuua Co =Co(ry, ..., PN, M1, ..., MN).

Bunmunapausie 3agauu f.T. Cunas u ero 3aga4m 0 9aCTUNAX U IMIAPAX IIPUBIE-
KJIM BHUMAHME MHOI'MX MATEMATUKOB; X PEIIeHNE 3AHI0 IOYTH TPUIIATE JeT — C
cepenunbl 1970-x rogoB u 10 KoHIA XX BeKa.

7. PE3YJILTATLI UCCJAELOBAHUINT

7.1. «MAJAs» 3ATAYA CUHASA

«Manasy 3amada ObLIA PEIIeHa TOMOKUTEIHHO HE3ABUCUMO U PA3HBIMU METONAMUI
Tpemsa MaremMarukamu. [lepBbiM ee moaHOCTHIO pemmit B 1978 . cam f.T'. Cunan B
patore [10], 10ka3aB MHAYKUMEN O Pa3MEPHOCTU KOH(MUI'YDALUOHHOI'O MPOCTPAH-
CTBa CyNIECTBOBAHMNE paBHOMepHOU omnenkn C s uncaa yaapos. PakTUIECKN 5TO
JIOKA3aTeIbCTBO HEABHO COAEPKANOCH yXKe B €ro HeomyOIMKOBAHHOU pykomucu [9]
O CTONKHOBEHUAX 00UHAKO6bIL MWAPOB. B 3TON pyKOmucu, IOMAMO GOIBIIOTO UUCIA
TOHKWUX PACCY¥KIEHUN, BBOAUTCA OTHO BAXKHOE MOHATHUE: «OMKPLIMAL MOUKE KPAAY.
I'py60 TOBOPS, €CIN TOUKA ¢ TPUHALICKUT CPA3Y HECKOABLKUM CTEHKAM MHOT'OMED-
HOI'0 OWLIMApAa, IPUIeM CTEHKU 8bINYK.4bl 6HYMPb CTOJA, KaK Ha puc. 6b), u B oTy
TOYKY MOXHO — B KaKOH-HHOYAb ee MaIou OKpecTHOCTH Uy — BCTAaBUTH ILIOCKHA
HEHYJEeBOU MHOTOT'PAHHBLIN yroa (Kak Ha puc. 6a) ¢ BepmmHOn ¢ (TOYHEE — OKpeCcT-
HOCTb BEPIIVHEI MHOMOI'PAHHOIO YIVIA), TO TOYKA ¢ HA3BIBACTCA OTKPLITOU TOYKON
kpas. Tounee, Mis OTKPBLITOU TOYKYU KPas ¢ MHOTOT'PAHHBLIN YT'OJI

Qq={eeR"|Vi(e,n;) >0} (9)

He JexkuT B (n — 1)-MepHOU IUIOCKOCTH; 314€Ch My, ..., T}, — €IUHUIHBIE BEKTODLL
HOpMaJiell KO BCEM CTEeHKaM OWLINApa B WX OOIIEeN TOYKe ¢, HATIPABICHHBIE BHY TPD
oummmapauoro crona. Ha puc. 7a) ykazaHa OTKDBITAA TOYKA Kpad ¢ — BEPIIAHA
KPUBOIMHENHOrO yIa, B KOTOPBIN (B Majol okpecTHOCTH Ug) BCTABIEH HEHYJIEBOU
IIOCKUY MHOTOT'PAHHBIN yToa. OTKPBITHIME TOUYKAME KPas ABIAIOTCA TAKKE TOUKA
g2, q3 1 g4 TOCKOro «bummtuapaa Cunasy Ha puc. 7b), a BEPIIUHLI ¢ U g5 TOTO XKe OUI-
Juapaa OTKPHITHIMEU Toukamu He ABIIoTcA. Unes f. . Cunas cocrosna B TOM, 9TO
€CIM MAKCUMATBHOE YUCJI0 yAAPOB OWLIMAPAHON YaCTUILI B IJIOCKOM MHOTOTDAHHOM
yIVIe C BEPIIMHOU ¢ HEe TMPEBOCXOIUT KOHCTAHTHI C, TO B MHOTOTDAHHOM KPUBOAU-
Helinom YTIIe C TOU Ke BEPIINHOU @, TIOIYIEHHOM U3 TLIOCKOTO YTUIa, «BIABIUBAHUEM)
€ro rpaHed BHYTPb (IPU DTOM CTEHKH yIJIa CTAHOBATCA IVIAAKUMU IOBEPXHOCTAMU B
PEryJpHBIX TOUYKAX) 9UCIO yAapoB He Oy neT mpesocxoauts kC, rae k > 1, nockomns-
Ky BJABICHHBIC BHYTPb CTEHKU MOT'YT JUIIh MO0 YMEHBIUTEL O0IIee IUCIO0 yIapoB,
MO0 YBEIWYUTH, HO He 06oJee, 9eM B HEKOTOpOe ducio k pas. O IHAKO TeXHUYecKue
TPYAHOCTHU, BO3HUKAOMIKE IPU 0OOCHOBAHWA >TOU HAEM, HACTOJIBKO BeaWKHU (OHU B
OCHOBHOM CBSI3QHBLI C MOYTH KACATENLHBLIMA OTPAKEHUAMU OT KPUBOJUHEUHBLIX CTE-
HOK), 9TO pelIeHune «OOTbIION 330391 He OBLIO JOBEIEHO B pykomucu n0 Kouma. (O
pelieHnn «0OMbIION 3a1aMU CM. HUXKE.)
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q2

q3
q1

q4

g5

a) OTKpbITas TOYKa Kpasd ¢ b) ¢2,q3,4s — OTKpHITHI®, ¢1,q5 — HEOT-
KDBITBIE TOYKHU Kpasd

Pwuc. 7.

[pyrue npa pemeHusa «Magon» 3anady HoaBuwinch mocuae pemenns f1.I'. Cunas c
IBYMs Pa3pBIBAMU MpuUMepHO B 10 JeT Kax IbIn.

Bropoe pemenne, nonyuennoe I'. A. Tansnepunsiv B 1986 1., 0ny6InKOBAHO B KHU-
re [3]. Kak u pemenue fI.T". Cunas, oHO IPOBOAWTCS MHAYKIMEN O PA3MEPHOCTH
KOH(DUTYPALIMOHHOTO TPOCTPAHCTBA, OMHAKO B PACCY XK JEHUSI BOBJIEKAECTCA OUILIMAP
Ha (n — 1)-MepHOU cdepe U HANIATHEE TeOMETPUIECKIE COOOPAKEHU.

Tperse pemterne noaydeno M. B. Cespokom B [7]. OHO 0CHOBaHO Ha CleAyOIIEN
JEMME: eCIM KaKasg-TO TOIKa B R™ 0TpaxaeTcs OTHOCUTEIBHO KOHEIHOTO YUCAA TLIOC-
KocTen pasmepHocTu (n — 1) u mpu 3>TOM HEKOTOpasA JuHEeNHAs (PYHKIUA OT DTOU
TOYKHU CTPOrO BO3PACTACT MPU KAXKIOM OTPAKEHUN, TO IUCIO TAKUX OTPAKECHUN KO-
HEYHO U He MPEBOCXOMUT YHUBEPCATLHON KOHCTAHTHL, 3ABUCAIIEN TOJBKO OT (OyHKIINA
U OT PACHOJONKEHUs IIOCKOCTEUN B MPOCTPAHCTBE, HO HE 3ABUCUT OT BHIOOPaA OTpa-
kaemon Touku. Teopema CUHAS TOTYYIAETCA TOCTE DTOTO € TTIOMOIILIO PACCMOTPEHUA
TOBOJLHO TMPOCTON CHENUATILHON TUHEMHON (DYHKIIUH.

7.2. 3AIAYA O YACTUIIAX HA IIPAMOR

IMosoxuTeasHoe pelenne 3a1a49u O YACTUIAX €CTh MPAMOE CIeICTBUE MOJOKU-
TEILHOT'O PEIeHus «Maaom 3agadun CUHag: IBUKEHUE N IaCTUI] MOJCIUPYETCA OUI-
JIMAPTHLIM [BUXKEHUEM OTHOU YACTHUIILI B CIIEIUATLHOM MHOMOIDAHHOM yriie (C TLIOC-
kuMu crekamu) B R™. Ero MOXHO paccMaTpuBaTh Kak 2€0MemMpPuueckoe PEeHne
3402491 O JaCTUIAX.

B crarbe T'. A.Tansnepuna [1], mossusmencsa B 1978 . oqHOBpeMeHHO ¢ pabo-
ron [10], 6BLIO MPENIOKEHO APYLOe, AHAAUMUUECKOE NOKAZATEILCTBO KOHETHOCTU
9UCIa CTOJKHOBEHWM YIPYTHX YaCTHUI[ HA MPAMOM — HO 6e3 PaBHOMEDPHOH IO Ha-
YATBHLIM YCIOBUAM OLIEHKU. TeM caMbIM, OBLIO MOJYYEHO HE3aBUCUMOE PEIeHne 3a-
paau (i). TlomHoe aHamMTHYecKoe AOKA3aTETbCTBO YacTh (i) OBLTO BIEPBLIE JAHO
I'. A.Tansnepunsiv B padore [2, [Ipunoxenue 1], rae npuseeHo aBHOE 3HAYEHUE [
kouctauTel C1(my,...,mn):

Mmin

Ci(my,...,my)=2- <8N2(N1)M)N2, (10)

31eChb Mpmax — MAKCAMAJIbHAA, & Mpyin — MUHAMAIbHAA U3 MAaCC My, ..., M.
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llpyroe, monyaHaIUTUUIECKOE-TOAYTeOMEeTPUIECKOe perreHne maa B 1992r.
M. B. CeBpiok B yHOMSHYTOU BEIIE paGoTe [7]. B HEM OH paccMOTpPEN «CKOPOCTHOE»
MIPOCTPAHCTBO CUCTEMBI BMECTO KOH(DUTYPAIMOHHOT'O, K KOTOPOMY 3aTE€M MPUMEHMI
CBOIO UI€0 00 OTPAXKEHUN TOUYKU B MUIEPILIOCKOCTAX DTOTO MPOCTPAHCTBa. B pe-
3yJbTATE MOIYYMIOCH HOBOE MOKA3aTEeIbLCTBO CYIIECTBOBAHUA PABHOMEPHOU OIEHKN
IUIA UG YIAPOB B CUCTEME YACTHII.

NuTepecHo, 9To 4JIA TPEX YaCTHIl My, M, M3 HA MPAMOU MOXKHO SBHO BBHIMACATD
BEPXHIO OIEHKY YNCIA YIAPOB MEXIY HUMM, TPUUEM DTA OIEHKA, B OTIUYIUE OT
o6wen ouenku (10), Touna:

™
C’l(ml,mg,mg) = (11)
mims
arccos
\/(m1 + ma)(ma + m3)
(3mecy [z| — HaumMeHbIIee meaoOe YUCIO, Ooablnee win pasHOe x). Koudurypanu-

OHHBIM TTPOCTPAHCTBOM CHUCTeMBI {my,ma, M3} ABIAETCA TBYTPAHHBIR yrom B R3,

S Mo\ 1 my\ L
JUHEUHBIN YIOJA KOTOPOT'O PABEH (@ = arccos 1+ — 1+ — , & TIUCIO
my m3

OULIMAD IHBIX YIapOB B IIOCKOM yrie « Beeraa < [7/a) (cM. Teopemy 2, pazmen I11).

7.3. «BOJBIASAY 3ATAYA CUHAA W 3AJJAYA O MTAPAX, 9ACTH (1)

Ee perienue, Kak 1 pelenne «Maaom 3a,1a491, OBLIO TAKKE MOIYIeHO TPEMs MaTe-
MaTUKaMI, OJHAKO, B OTIMIKNE OT «MAJOW» 3a1a4u, He coBceM Hezasucumo. JI. H. Bac-
cepmrens u I'. A. Tansnepun B 1978 - 1979 rr. uccieqoBat COBMECTHO ABA TUIMA CHU-
CTeM YaCTUI[ B TMPOCTPAHCTBE: (&) IeHTpaibHO oTTankusaromuxca u (b) JokaibHo
B3anMonercTByommx. [[Ja TAKMX CUCTEM OHM IOCTPOWIA AKCHOMATHIECKYIO TEOPHIO

BBaHMO,ELefICTBPIﬂ 1 OOKa3aJu CyIeCTBOBAHUE TaK Ha3bIBACMBIX «JIE€BBIX» WU «IIPDABBIX»

" . As
CKOpOCTeN (HEKOTOPHIX CIEIUAIBHLIX JEBLIX U TPABHIX MPEIETOB BUAA lim E)’ a

TaKXKe TeopeMy O pacmajgeHuu cucreMmbl (b) Ha HEB3AUMOAEMCTBYIOWIME C HEKOTOPO-
0 MOMEHTA BPEMEHHU PYIIIBI OCPAHUIEHHOIO padMepa (KIaCTepsl). DTU Pe3yabTaThl
COCTABIIM HEPBYIO IacTh cTaren [20] u [2].

BTopeie wacTu >TuX CTATEN NOCBAMIEHBI JOKA3ATEILCTBY KOHEIHOCTY TUCAA, YA~
POB OWIMAPTHOW IACTHULI B KPUBOJIMHEMHOM MHOTOTDAHHOM yTUIE HA JIOOOM KO-
HEYHOM MHTEPBAIE BPEMEHU, a 3aTeM TOKA3ATETLCTBY KOHEYHOCTH YUCIA, YIAPOB B
CUCTeMe TBEPALIX LIAPOB Ha BCeM GecKOHeIHOM uHTepBaje BpeMenu [0, +00). [Joka-
3aTENLCTBA ATUX yTBEPKIEHUN B O0EMX CTATHLAX COBEPIIEHHO HEIOXOXKU M OCHOBHI-
BaIOTCA HA PA3HBIX TMeoMeTpudeckux (1 (pusnmieckux!) upeax.

Emme oas0 anpTepHATHBHOE TOKA3ATENILCTBO 330241 O mapax ga1 B 1990 r. kanar-
ckun maremaruk R.Illner [15], ynpocrusmun nokasareasctso JI. H. Bacceprenna.

7.4. «BOJNbIIAS 3ATAYA CUHAA U 3AMAYA O IMAPAX, YACTD (I1)

Ormerum, uTo oTBer Ha Bompoc (ii) B «Gombimon 3agade Cunas OymeT 3aBego-
MO OTPUIATENBLHBIM, €CIU OMYCTUTL CAOBA (TPU HEKOTOPLIX ONPAHUYCHUAX HA, TEO-
METpPHUIO yIiiay B ee (popMyIupoBKe. [ercTBUTEILHO, PACCMOTPUM KPUBOJMHENHLIN
YTOJ Ha TIOCKOCTU, CTOPOHBI KOTOPOT'O §1 U S BHEIMYKJIBI HABCTPEUY APYT APYTY, HO
uMeroT O0IIyIo Kacareabuyto ¢ (puc. 8). Ecin sanycTuTh OWLIMApAHYIO YACTUILY Ma-
PALTESBHO t, TO OHA MOCJE KOHEUH020 TUCAA YAAPOB CO CTOPOHAME S1 U Sz, COMVIACHO
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S1

q._/Vﬂ t
52

Puc. 8. HeorpaunieHHOCTHb KOJIHMIECTBA YAAPOB B «HYJIEBOM» yIVIE LA TPACKTODHH,
IPUOIKAIOICHCA K OOIer KacaTeILHOU K CTOPOHAM

Teopeme Baccepmrenna — lNanbnepuna — Unnaepa, 6yaeT IBUNaTHLCA CBOOOIHO BIOIEL
TIPAMOMN, YAAMAACH OT BEPIIUHEI ¢ U GOIBINE HE COYAAPAACH cO cTopoHamu yrua. O -
HAKO, 9eM OJIKe K KACATEJIBHOHN t MBI 3AIlyCTHM YACTHILYy, TeM OOJbIIe COyIapeHun
CO CTOPOHAME YTJIA OHA COBEPIIUT, M ATO 9UCJAO OyAeT CTPEMUTHLCA K OO IPHU MPH-
ommxenuu TpaekTopun K t. Takum 06pa3oM, ITOOBI HALEATHCA HA MOJOKUTEILHBIN
orser Ha Bompoc (ii) B «Gombony 3agade CuHas, COBEPIIEHHO HEOOXO JUMBL (HEKOTO-
pBIE OrPAHWYEHNA HA TEOMETPHIO yIyiay. B IBYMEPHOM CIydae KPUBOJMHETHBIT yT O
NOMKEH OLITH HEeHYAEe6blM, T.€. KACATETbHEIE t; U ty K CTOPOHAM S| W Sy B BEPIIA-
HE ¢ JOKHBI OBITH PA3IUYIHEL, TOTAd Ltits = a # 0. MOXHO MOKa3aTh, 9TO KaK
7 B CIy9ae INOCKOTO YIVIa, IJIA KPUBOJUHENHOrO yIvIa HA IMIOCKOCTH MAKCHAMATILHOE
YUCI0 COYAapeHud YacTUUbl o cropoHamu yria < [m/a] (cm. pasgea III, Yree-
pxaerve 1). B MHOMOMEPHOM CIydae «OrDAHUYEHUEM Ha DEOMETDPUIO YIIa» MOKET
CJAyXUTb OTKPBITOCTH BCEX TOUEK Kpasd (cM. dopmyay (9) u puc. 7) mim moxoxee
ycaoBme. MBI yike OTMedaau BEIME, YTO UCHOIb30BAHUE TOHATHA «OTKPBITON TOIKH
Kpas» B TIPAMOM BHU[E BEAET K HACTOMLKO OOJBIIMM TEXHUIECKAM TPYIHOCTAM, UTO
MPAKTUIECKN HE MO3BOMAECT aKKYPATHO TOKA3aTh BEPXHIOK PABHOMEPHYIO OLIEHKY Ha
9UCI0 yOAPOB.

Hamuoro 6onee mpoCTBHIM U CYIIECTBEHHO 6o/ee >(hHEeKTUBHBIM 0Ka3aa0Ch MPY-
roe OrpaHMWYEHNe HA MeOMETPUI0 KPUBOJIMHENHOrO yIia, TaK HaskiBaeMas «d/C-61n-
3ocThy, BBegenHas /. Byparo, C. @epaerepom u A. Kanonenko B padore [12].

3adukcupyem koacTanTy C' > 0 u 171 TPOU3BOMBLHON TOYKYU Y BHYTPU KPUBOJIU-
HEHHOIO yIVIa HAIAEM BCe PACCTOSHUA OT Hee A0 cTeHOK yrua dist(y, W}), paccro-
suume dist(y, ﬂfcvzl Wy) = dist(y,q) or y 10 BepumHE yria ¢ (T.e. 0O TOYKHA Tepe-
CeYeHMsT BCeX CTEHOK), 3aTeM HamgeMm Bce oTHommeHus pp = dist(y, Wy)/ dist(y, q),
k=1,...,N. KpuBoIuHeNHLI yrOJ HA3LIBAETCA HEBbIPOHCOEHHbIM C KOHCTAHMOT
C > 0 wim C-HEeBBIPpOXKIEHHBIM, €CIu I1d Kaxgoro k = 1,..., N u gua a060u TOY-
k1 y BeIMONHEHO pi(y) > C. Ipome roBops, 3TO 03HAYAET, UTO €CIU TOYKA Y d-
6im3ka ko BceM crenkam Wi, ..., Wy (T.e. HaxoguTcs Ha paccToanun < d OT KaxX [OK

d T
CTEHKM), TO OHA —-0JIM3Ka K MepeceveHno STUX cTeHoK (puc. 9). KpuBoamHenHbIM

C

YIOJI HA3BIBAETCA IIPOCTO HEBbIPOHCOCHHbIM, €CAN HAULYTCA TaKNe KOHCTAHTEL § > 0
u C > 0, 9TO mepecedeHme ATOr0 yria ¢ IPOUM3BOILHOM O-mapom sasaserca C-
HEBLIPOXK JCHHBIM.

OCHOBBLIBASICH HA TAKOM, «apPU(PMETHICCKOM» ONPENEJEHUN HEBLIPOK IEHHOCTH
yTIa, KOTOPOE, OTMETUM, DKBUBATEHTHO HEBLIPOXKAEHHOCTH B cMbicae Cunas, aBTo-
pHI cTaThu [12] qOKa3aTM CYyIIECTBOBAHNE YHUBEDCATLHON KOHCTAHTE Cy, TpeGyeMon
B «bosbmon» 3anade Cunas, (ii).
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Puc. 9. HeBbipox geHHOCTS yTiia ¢ KoHCTaHTOH C'

IIpumenss 5ToT pe3yapTaT K KOH(QUrYPALMOHHOMY MPOCTPAHCTBY CACTEMEI IIIa-
POB, OHI MOMYYWIN B [12] CIeAYIOUIyI0 PABHOMEDHYIO OLEHKY [/ IUCAa YAAPOB MEXK-
Iy HMIapaMu BO BCEM IIPOCTPAHCTBE:

N2
Ca(ri,y ..., rN;My, ..., mMN) = <16 /%.%.NB’/?) . (12)

ITo3anee, B pa6ore [13], aBTOpaM yaamoch M36aBUTHLCA OT COOTHOIIEHMS MEXKIY Da-
muycavu. OHEM TOKA3aIM, YTO TPU JIOOLIX PAIAyCax MAPOB YUCIO0 CTOJKHOBEHUU B
cuCTeMe MIAPOB BO BCEM IIPOCTPAHCTBE HE IMPEBOCXOAUT YHUBEPCAILHON KOHCTAHTLI
Cy = Cy(my, ..., my), KOTOpasa He 3aBUCUT OT HAYATBHBLIX MOJOKEHUN U CKOPOCTEN
IapoB, & 3aBUCUT TOJBKO OT MX MaCC:

2N*
Cy(my,...,my) = <400N2 . M) : (13)
Mmin
3TI/IMI/I UCCIeI0BaAHUAMN OBLIa IIOCTABICHA OKOHYATEILHAS TOYKA B pemeHnn 3agavl
A.T. Cunasa. B ganbHenmeM 5T pe3yIbTaThl OB UCTOIL30BAHBL I U3YICHUSA CU-
CTEMEI IIapPOB B COCydaX C «BOABJICHHBIMI» BHYTPBb U ILIOCKNMHU CTEHKAMM.

I1I. KPATKUE UOEN JOKA3ATEJILCTB

B sTom pasgene Mbl, mpex e BCero, ChOpMyInpPyeM TOYHOE MPABUIO IIEPEeCcIeTa
CKOPOCTEH YaCTHI ¥ MIAPOB MOCIE UX CTOIKHOBEHHA. 3aTeM MaJUM OMUCAHUE KOH-
GuUrypanroEHOro NPOCTPAHCTBA s IACTULl HA IPAMOU U IIAPOB B MPOCTPAHCTBE.
Haxkonen, caeraem penykiuio K OWLIHapIaM W CBEIEM 330a9M PO IACTHUILI U IIIa-
pul k OmmmuapaueM 3agadam Cunas. Tlocie >TOrO MPUCTYNUM K U3IOKEHUIO UACH
IOKa3aTeIbLCTB TEOPeM, O KOTOPHIX MBI pacckasbiBaau B dactu I1.

A. MOIEJL YIAPA

Ecau my, ms — Macchl 9aCcTHUIl HA TPAMOU, U1, Vs — WX CKOPOCTHU IO yAapa, a
U1, Uy — CKOPOCTU TOCTE YIapa, TO U W Uy HAXOMATCA U3 IBYX YPABHEHUU, TIEPBOE
13 KOTOPBIX BEIPAXKAET 3aKOH COXPAHEHUA UMITYIbCA, & BTOPOE — 3aKOH COXPAHEHUS
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SHEPTUN:

miu1 + maus = m1v1 + msovy = consty ,
(14)

2 2 2 2
miuy | MUy _ MIvy | Moy
+ = +

5 5 =5 5 = consts .

g mapoB, ABMXKYIIMXCA OO CTOJKHOBEHHUA CO CKOPOCTAMHU Ui U Uz, a IOCIEe
CTOJKHOBEHHA — CO CKOPOCTAME U1 U Uz, CIELyeT MOCTYIUThL Tak. CHadaIa Kax 1y
CKOPOCTbH V; HAJO PA3NOKUTH B BEKTOPHYIO CYMMY IBYX: CKOPOCTH U, BIOIb JIUHIN
1eaTpoB 01 Oy 1 NepreH IUKYIIPHON €U CKOPOCTH
v;,1 (i =1,2), Tak 910 v;,, — HTO OPTOrOHAIBHAS
mpoekiua v Ha npamyio 0102, a v; 1 = v — v,
(puc 10). Hocne 3Toro maps BAOIL HATPABICHUA
0105 caenyeT pacCMOTPETh KaK CTAIKUBAIOIINE-
Cs YACTUIEL, IPUMEHUTD A UX CKOPOCTE! V1, U
V2, hopMysl (14), BHIMUCIATL BEINUNHEL HOBBIX
CKOPOCTEN DTUX YACTHI[ Ui, U U3, TOCIE Iero
Puc. 10. Coyjapenme mapos HAUTH CKOPOCTH IOCIE yAAPA:

U = Uy, + V1,1, Uy =us, +v2,. (15)

Urak, mepepacnpenenenune CKOPOCTER TapOB TPOUCXOIUT JUIIL BIONL TUHUY [I€H-
TPOB, & OPTOrOHAJIBHBIE COCTABJAIOIINE CKOPOCTH HE MeHsIoTcsa. Hukakoro 3akpy«u-
BAHUA IIAPOB TAaKXKe He mpoucxoauT. WHbIMEU ciaoBaMu, MBI PACCMATPUBAEM IIAPHI,
Kak «pacmyximmey dacTuipl. (KoHevHo, CTOMKHOBEHUIO pealbHBIX MIAPOB HA OUILIN-
apIHOM CTOJIE COITy TCTBYET BPAllleHNe, HO DTO IPOUCXOANT B OCHOBHOM M3-32 HAJTU YN
Tpenus. be3 TpeHus BpaleHre OTCYTCTBYET, U MBI HE JOJKHBI IPUHUMATEL B PACIeT
B HAIIEH MOIEIN MOMEHTH WHEPIUH IAPOB. )

NuTepecHo, 9TO ecau mapel UMEIOT OAMHAKOBYIO MACCY, IPAYEM OQUH IIap MOKO-
UTCA, TO IPU HEHTPATLHOM yaape (Broab muauu O Oy) HAJETEBIINN AP TOJHOCTHIO
OCTaHABIMBACTCS, 8 MOKOAIIMNACA HAUMHACT TBUTCATHCA CO CKOPOCTHIO HAMETEBIIETO;
[IeJI0 TIPOMCXO JUT TAaK, Oy ATO MEPBBIM MIAP MPOIIE] CKBO3b BTOPOU U OHU TIPOCTO 006-
MeHsuIuCh HoMepamu. [Ipy HemeHTpanrbHOM yaape Takas ke KapTHHA HaOJII0naeTCs
I CKOPOCTH 1, ¥ MOSTOMY OJUHAKOBEIE MIAPHI pasneTarorcs (mo Teopeme Iuda-
ropa) mog yrviom 90°. s mapoB pa3HbIX MAcC KAPTUHA PA3JIETa HAMHOIO CIOXKHEE.

B. KOH®UTI'YPAIIMOHHOE ITPOCTPAHCTBO YACTHUI] HA MPAMOM

IIycte 21 < 22 < 23 < ... < TN — KOOPAMHATHI YACTHUI[ C MACCAMH M1, M3,
ms,..., MmN, CTATKUBAIOIIAXCA HA TPAMON COMNIACHO 3akoHaM coxpanenus (14). Kon-
durypammonsas Touka € = (1,...,zy) € RV 1BmKeTca paBHOMEPHO MEXKIY COYIa-
PEHUAMEI JACTUIL U MEHAECT CBOIO TPACKTOPHUIO, CJAN KAKAE-TO IBE COCETHUE TACTUIIHI
m; U M;jy] CTAIKUBAIOTCA. B 5TOT MOMEHT T; = T;41, & BCé OCTAJIbHBIE KOODIUHA~
THI Pa3IuIHbl (60OMee YeM MBOWHBIE CTOJKHOBEHWUA MBI U TIPOCTOTHL OTOPOCHUM).
YpaBHeHUE T; = T;yi 3aJaeT IUIEPILIOCKOCTH 1I; B RY; Takum 06pasoMm, TOUKA &
Kak-TO oTpaxaercs ot mwiockoctu II;. flcuo, uro eciam m; = m;41, TO 3TO OTpaKe-
Hue OmIIuapiHoe, HO MPU Mm; 7 M1 DTO yxke He Tak. Ilaockoctm IIy, ..., IIn_1
o6pasytor crenku (N — 1)-rpammoro yrma 8 RN (mampumep, B R® 510 aByrpan-
HBEIT yrouT, M. puc. 11), a wacts @ mpocrpanctsa RV, 3araBaemas mepapeHcTBaME
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I, ¢

Puc. 11. KougurypanquoHHOE MPOCTPAHCTBO () CUCTEMBbI 9aCTHI] HA, TPAMOU — MHO-
rorpaHHbH yrort, < s < ... < zy B RN

71 <23 < ... < TN — caM MHOIOIDAHHLIN yroia. OH U ABIAETCS KOHMDUTY DAITNOHHBIM
mpoctparcTBoM @ C RY cucrembr N wacTm.

C. KOH®UTYPAIIMOHHOE TTIPOCTPAHCTBO IIAPOB
IIycTh maphl PAguUycoB r'| U r's CTOIKHYJINCH B IIpocTpaHcTBe R™, Torma,
(1 — 1) + (2 — )’ + ..+ (Tn —yn)? = (11 +72)7, (16)

rge O; = (21,...,2,) 1 O2 = (Y1,...,Yn) — KOOPAUHATHL HEHTPOB IIAPOB B MOMEHT
cronkroBeHnA. Pasenctso (16) zagaer (2n — 1)-mepreit mammaap I B R2". Ecmn
3aMEHUTh paBeHCTBO B (16) HA HEPABEHCTBO <, TO MOJYUUTCA HEGOZMONCHOE DAC-
nosoxenue mwapos B R” u u300paxaiomas To9Ka (T, ..., Ty, Y1, - - - , Yn) IOITOMY HE
MOXKET OKa3aThCA BHyTpu mminaapa I]. O 1HAKO OHA MOXKET MONACTD Ha MOBEPXHOCTD
muvHapa I], 9T0 0TBEYAeT CTOJKHOBEHHUIO MIAPOB, 8 TAKKE JeTATh BHE IUIUHIPA —
Torga paseHcTBo (16) 3aMeHAETCA HA HEPABEHCTBO >, U IIAPHI HAXOIATCA HA HEKO-
TOPOM PACCTOAHUU OPYT OT APyTa.

Paccmorpum Temeps N mapos B mpocTpaHcTBe R, M mycTh mapel #i u #k
cTONKHYIuCh. [l HUX TOorga BEIIOJAHAETCA paBeHCTBO (16) (B KOTOPOM KO BCeM KO-
OpaVHATAM T HAJ0 HOOABATH WHIEKC i, KO BCEM Yy — WMHIEKC Kk, & r1,Ts 3aMEHUTD
HA T;,T})), & LI BCEX OCTATBHBIX MApOB — HEPABEHCTBO >. B pe3yabrare Mbl mOJIy-
JaeM KOH(UIYPAIMOHHYI0 TOUKY & B HpocTpancTse RY", IekaInyio B MHOKECTBE

Cij = Lij x R™N2", (17)

C;; — 2TO TOXKe NWIMHJIDP, HO yxe B mpocTparcTse R™Y, u y mero rpammmna B Ha-
HPaBIEHNAX, OPTONOHAILHEIX IO ATPOCTPAHCTRY R2”, B KOTOPOM JeKUT IuiuHp 1],
miockas. [lonoxurensHyo kpuenmsHy mmamagap C;; UMeET TOIBKO BIOTbL IWIWH-
apa I;;.
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Puc. 12. Koudurypaunonsaoe npocrparcrso mapos Q C R™N

Touxa @ He MOXeT MexaTh BHyTpH HuanHIpa Cj, MOCKOIBKY NIaphl HEMPO3Pat-

Ny _ N(N-1)
Hbl. Tak 9TO & JEXUT BHE BCEX IIIMHAPOB, YUCJIO KOTOPHIX PABHO (2) = —5,
I HOSTOMY KOH(UIYPAIMOHHBIM IIPOCTPAHCTBOM () cucTeMsl mapos apagerca R™Y ¢

BLIKAHYTHIMYA BHYTPEHHOCTAMY IUIAHAPOB (17):

Q=R" — | | JGntCy) . (18)
i#£]
Baxk#o oT™MeTHTE, YTO BHYTPEHHOCTHU BCEX LIWJINHIPOB C’ij — BBIIYKJIBIE TeJja, 1
9TO

((int Cy) # @. (19)

i
[elcTBUTENLHO, HEBO3MOXKHOE MOMOKEHNE I KOH(MUI'YPALMOHHON TOYKH & TAKOE,
KOT'JIa OJIMH WU HECKOJbKO IIAPOB MPOHUKIN APYT B Apyra. B WacTHOCTH, ecau BCe
MIApLl UMEIOT HEmyCcToe mepecederue B R™, TO UM OTBEYAET HEBO3MOXKHAA TOYIKA
B R"V | examasn B nepecevennn BHyTpeHHOCTeH Beex muueapos int Cjj. TloaTomy
mepecedenne BHYTPEHHOCTEN MUWIMHIPOB HEIyCTO U SABJIAETCA BBILYKIBIM MHOXKECT-
BOM (KaK MEpeCevueHne BEIMYKILIX MHOXKECTB).

B pesyabraTe momydaem, 9TO KOHGUIYPALIUOHHOE MPOCTPAHCTBO () — KPUBO-
JIMHENHBIN MHOrOTpaHHbIM yroa (B cuny (19)), y KOTOpOro BCe CTEHKW «BIABIEHBI
BHYTDPB» () (Tak Kak BCe IUINHAPEL — BBIMYKIbl). OIHAKO, KAK U B CIAydae 9acTUll Ha
IpAMOH, ABUKeHHe Toukn € B (Q C R™Y 6yner 6mmmmap IHEIM TOIBKO eCIn m; = mj,
u He OyAeT TAKOBLIM Opu m; # m; (puc. 12).

D. PEaAyKINA K BUJIIUAPIY

PaceMoTpum KoHdUTypanmorHoe mpocTpaHcTso @ C R™Y (wactum ma mpamoi
npu n = 1, wim mapos B npocrpauctse R™). CrenaeM crenympolee JUHETHOE TIPE-
o6pasopanue mpoctpascTsa R™Y | KoTopoMy TakiKe MOJBEPrHETCA KAK MHONOIDAH-
HBIU yTOI (), TaK U TPACKTOPUA KOHMUTYPAIUOHHON TOIKU L'

F; = /mi - wi, t=1,...,nN. (20)
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WNHpIMT cIoBaM#, MATpUIa A JIMHEMHOIO OMepaTOpa — JUATOHAIBLHASL, C IUCAAMEA

Vmi,...,/my no muaronamu: A = diag(y/m1, ..., /MmN ). 3aMETUM, IYTO CKOPOCTh

IBUXKEHUA KOHMUTYPAIMOHHON TOYKHK TIOABEPTHETCI TOMY ke MPeoOpa30OBAHMIO:

- dz; dz;
0 = =+ = m——+ = /mv;. (21)

dt dt
Bri6paB cOOTBETCTBYIONIYIO €IWHUILY M3MEPEHUA, MOXKHO CIATATE, ITO MOJHAA KU-
HETUIeCKas >Heprus Bcex mapos (wim dactun npu n = 1) pasaa E = 1/2. Torga

cxkopocTh v(t) = (vVmivi(t),...,v/myun(t)) = (01(t), ..., Uun(t)) xoHGUNYpaATTHOH-
HOU TOYKA T = (Z1,...,TyN) UMEET MOAYIDL 1:

Nn
@) =Y 5t =2E =1. (22)
i=1
CrenoBaTenbHO, IMHA BeKTOPa v(t) Beerga MOCTOAHHA U paBHA 1. 3aKOH COXpAaHEHU
nmMmyabca (14) MOXkeT OBITH MEpenucaH B BUIE

/ v —
miv1 + Mats = /m101 + /Moy = (%) . <1~}1) = |m|-|?| - cosy = const, (23)

V2

o _(Vvmi) Z_ (0 S
rae m = <\/n72>’ v = (172)’ a ¢ — yroa Mexnay BekTopamu m u ¥ . Paccmarpu-
Basl CTOIKHOBEHUE TOMBKO ABYX IMIAPOB, #1 U #2, 1 He MeHssA CKOPOCTEN OCTATBHBIX
MIAPOB, MOIYYAEM, ITO |5>| =1, || = consty, Tax 4TO paBeHCTBO (23) yTBEpKIA-
eT: CKAAAPHOE NPOU3BEIEHUE DBYT NOCTNOAHKYIT N0 OAUKE BEKMOPOS HE MENACTNCA
nocae ydapa. SHAMUT, COS Y = consts, a TaK KAK yrol ¢ NOLKEH U3MEHUTHCA IOCIe
OTPaKeHUs, TO OH MPOCTO MEHFAET 3HAK. JTO W O3HAUAET, UTO TOYKA & OTpaxka-
eTCs1 OT COOTBETCTBYIOLIEN CTEHKN yrva () Mo GWLINapIHOMY 3aKOHY (MOAPOOHOE
JIOKa3aTeJIbCTBO CM. B [2, ¢. 164-165]). Pegykuus k Guniuapny 3aBepiieHa.
Temeps MBI MOXKEM IPUCTYNATH K KPATKOMY U3JIOXKEHWIO HIEH JOKA3ATEIbCTS.

1. «MAJAA» 3ATAYA CUHAA

TEOPEMA 1. Yucao ompasxcenutii 41060% O6usisuaponotc mpaexkmopul 6 MHo20-
epannom yeae ¢ naockumy cmenkamy, 8 R™ Koneuno; ono 02panuueno ceepry me-
xomopot koncmanmot C1, 3a6ucAwet, moabko om 2eomempuy yeia.

MOKABATEJHLCTBO. IlpuBegem HarAsgHOE TeOMETPUIECKOE TOKA3aTEIbLCTBO,
crexys [3]. Pacemorpum egquananyio chepy S C R™ ¢ neHTpoM B BepIImHe ¢ MHO-
COTPAHHOTO YTVIA U CIPOEKTUPYEM 3TOT Yroa Ha chepy u3 meHTpa q (cMm. puc. 13a).
[onyuuM BLITYKILIN cdepudeckmii MEOrorpasrunk P C S”~!. [Ipu meHTpaIbHOIM
MPOEKIMY OUIIUAP THAS TPACKTOPHUA 7Y YACTHULLL L B yTJIE MEPenieT B OWLIuap IHyO
TPAEKTOPUIO J MPOEKUUN & B MHOrorpanuuke P (B chepudeckon Merpuke). Brimps-
MUM TPAEKTOPUIO ¥ B R™, oTpaxkas CUMMETPUIHO yroa () BMECTE C TPACKTOPUen 7y
OTHOCUTENBLHO TEX ero I'PAHEN, OT KOTOPHIX OTPaXKAETCsA OWIIHADIHAA JYaCTUIA &,
OBIKYIIAACA BAOAL <. [lomyamm mpamyio £ B mpocTpancTee R"; ee mpoeknusa Ha
cdepy — TOJOBUHA OGOMBIION OKPYKHOCTH U uMeeT aauHy 7 (cMm. puc. 13b). Cue-
IOBATEIBLHO, OWLINAPIHAA TPAEKTOPUA 7y IACTUIEL & B P MMeeT KOHEIHYIO [JINHY,
PaBHYIO .
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a) b) c)

Puc. 13. a) Ilenrpanbuas npoekuua (Q — P; b) IIpoexnus BBIIPAMICHHOH TPACK-
Topun Ha S"!; ¢) TpaexTopnua ¥ B P

[lokazaTeasCTBO KOHETHOCTHU YUCIa OTPAKEHUN B () TPOBEIEM UHIYKIIMEN MO Pa3-
meprocTu. PaccmorpuM (cuM. puc. 13¢) o6beauHenne e-0KpecTHOCTER BCex rpaHen P,
KOPa3MepPHOCTU KOTOPHIX He MeHee 2 (T.e. BepIIuHbl, pedpa U T. [., 00 IPAaHel pas-
MepHOCTH 1 — 2). BHYyTpE Kaxk 101 Takon £-0KpECTHOCTU OWLINAD THAA TPACKTOPU
OTPAKAETCA OT yIla MEHBIIEN, YeM 7, pa3MepHOCTH. [[0DTOMY IMCI0 OTpaKEHNN Ta-
CTUIBL &, TIOKA OHA HAXOAUTCA B OJHOU U3 £-OKPECTHOCTEN, PABHOMEPHO OTDAHUYIEHO
IO MPETIONOKEHUIO UHIYKIUK. Y0epeM 00beIMHEHNE BCeX dTUX £-OKPECTHOCTEN; TO-
raa oObeIVHEHNEe OCTABIINXCA YACTeN rpaHen P xopasMmepHocTH 1 OyIeT HECBI3HO
(oHO cocTOUT U3 0OBEUHEHUA KOHETHOT'O YUCIA KYCKOB (1 — 1)-MEPHBIX IpaHen), Tak
YTO PACCTOSHUE MEXKIY JIOOBIMU ABYMS TAKAMEU IACTAMI OTAEAEHO CHU3Y OT HYJIs
umexkoropou koucrautou C. Koucranta C 3aBUCAT TOJILKO OT MHOTOTPAHHUKA, P 1
uncia €. CregoBaTeNbHO, YaCTUIA & MOXKET TMOOLIBATE B KAXKIOU U3 £-OKPECTHOCTEN
He Gosee [w/C] pa3, HOCKOIBKY OOIIAsA IJIMHA TPACKTOPUU 7 PABHA 7.

Ce10BATEMBHO, YACTUNA & OTPA3UTCA OT TPAHEN MHOTOTDAHHUKA P KOHEYHOE
YUCIO pa3, He MPEBOCXOIAMIEe HEKOTOPOU KOHCTAHTHI (', 3aBUCAIIEN TOILKO OT I'e0-
MeTpun chHePUIecKOro MHOTOMPAHHUKA P. SHAYAT, ¥ YUCIO0 OTPAKEHAN JACTULEL T
B MHOTOrpaHHOM yriie () Takxe He mpeBocxoqut Cp, npudeMm (| 3aBUCUT TOJBKO OT
reomerpun yria (). Teopema 1 moxasana.

3AMEYAHUE. B paGore f.T. Cunas [10] noxasareibCTBO BeLeTCs UHIYKIUEN IO
Pa3MEpPHOCTH ¥ OT IPOTUBHOI'O — ABHO BBEIMNCEIBAETCA HEKOTOPASA KOHCTAHTA, IPE/I-
MOTATaeTCs, 9TO IACIO yAAPOB MOXKET €€ MPEB30UTH, a 3aTEeM MOJYIaeTC TTPOTURO-
peune.

B moxasarenncre M.B. CeBproka B kaduecTBe (DyHKIUU, KOTOPasA (pUrypupyer
B ero aemme (cm. II, 7.1), Gepercsa CKalApHOE NPOU3BELEHUE CKOPOCTH YaCTUILL C

(PUKCUPOBAHHBIM BEKTOPOM BHYTpH yrua ) (puc. 14).
— —
Iycts O — Bepmmma yraa @, OA = v~ u OB = v, F — Qukcupopannas

Touka BHyTpu yria. Tak kax ZAOT = ZBOT (vt nonyuaeTcsa ua v~ oTpaskeHUeM
—_— —

oTHOCUTenbHO mwiockoctu II), to ZAOF > /BOF, nostomy f(B) = (OF,0B) =

— — — — — — .

= |OF| - |OB|cos ZBOF > |OF| - |OA|cos ZAOF = (OF,0A) = f(A), n nmunen-

Hasg QYHKIMA [ BO3PACTAET MOCJAe KaKIOT0 OTPAKEHUSA TOIKN OTHOCUTEIBHO TDAHI

yraa Q. B cury memmer CeBproka, Takoe BO3PACTAHME MOXKET IPOUCXOLUTH JIMIIb
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0

B

—

Puc. 14. Oyuxuns f(z) = (5)?, F') Bospacraer npu orpaxennu ot rpasu: f(B) >

> f(A)

KOHEIHOE YUCIO Pa3, PABHOMEPHO (M0 HAYAIBHLIM YCIOBUAM) OPAHUIEHHOE HEKOTO-
pou koucTanTou C, 3aBUCAIIEN TOJBKO OT ().

2. YACTHUIBI HA IPAMOU

TEOPEMA 2. (a) Makcumasvbroe wucao yoapos 6 cucmeme mpex wacmuy mi,ms,
m3 3adaemcs Popmyaot (11).
(b) Hucao ydapos 6 cucmeme 4acmuy, ¢ NPOU3EOALHLIMY MACCAMYU KOHEUHO.
(¢) Qucao ydapos 6 cucmeme 4acmuy, ¢ NPOU3EOALHBIMU MACCAMU PABHOMEPHO 02Da-
nuueno Kowemauwmot Cy(my,...,my,) no gopmyae (10).

UnEM NOKA3ATEILCTBA. (a) Ilpexge Bcero, makcumanbuoe qucao N(«) oT-
pakeHMil GULIMADIHOM YACTUILI B yIVIE BEIWHIMHBI (@ HA ILIOCKOCTU PaBHO |7/,
ecn w/a ¢ 7, n paBHO T/a, ecmu w/a € Z (puc. 15). Kondurypammoraoe mpo-
CTPAHCTBO CHCTEMEI TPEX YACTHUI, — BTO AByrpaHHEM yroa @ = {(z1,z3,23) €
€ R® | 2; < 9 < 23}, wm, mocie mpeoGpasoBanua A = diag(y/m1, /mz,/m3),
rq xro r3
i S Y S Vi
00pa30BaHHAA TPACKTOPUA 7 — OWLINAp JHAA. JIMHENHBIN YT'OI (v DTOTO ABYTPAHHO-
ro yria paBeH yrIy MexXIy eIMHHIHBEIME HopMamamu n; = (1/y/mi,—1/\/m2,0) n

aByrpamssiit yrox Q = {(&1, T2, T3) € R? | }, B koTOpOM TIpe-

S\

Puc. 15. Bempsavieane 6uiimapHOR TPAEKTOpUH B yIiie & u HepaBeHcTBO N (a) <
<ZI+1
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ny = (0,—1/,/may,—1/,/m3) x ero rpauam (cM. puc. 11). TosTomy

_ (n1,m2) 1/my
= arccos ————— = arccos

[ni|- 2] 1 1 1 1
— ) —+ —
mi;  mo\ ms  mg3

OpTororasbHaAs IPOESKINA OMLIMAPIHON TPACKTOPUHU 7 HA MIOCKOCTH, OPTOTOHATb-
HYIO CPaHAM yria (), Tak:xke GULTAAPIHAA B IIOCKOM yrie «. ClieoBaTeIhHO, MaKCH-
MaJbHOE IMCJIO0 ee oTpaxkenui pasHo [7/a| = Cy(my,ms2, m3), /e KOHCTaHTa CIPABA
B3saTa u3 ¢popmyasl (11). Eciu my = me = mg = m, nonyaaem Cy(my, ma, m3) = 3,
KaK W JOMKHO OBITH IJIS PABHBIX MacC.

(b) KomeunocTs umcaa yoqapoB B cucTeMe dacTul] (6€3 NOKa3aTeIbCTBA PABHO-
MEPHOU OLIEHKHU) MOKAYKEeM OT MPOTUBHOrO, MHAYKIUEN Mo ducry Jactui. [las n = 3
YTBEPKAEHUE TOKA3AHO B IMyHKTE (a).

IIpegnomoxum, 9TO YUCIO yOApoB B cucTeMe ¢ N > 4 gacTmnamu GecKoHed-
HO. [lomycTuM, UTO KaKWe-TO YACTUILI ¢ U ¢ + 1 CTATKWUBAIOTCA JUIIL KOHETHOE
YUCAO0 pa3; TOrAA ¢ KAKOTO-TO MOMEHTA ty CTOJKHOBEHUSA MEXIy HUMU TIPEKpPa-
MIAIOTCA, U BCA CACTEMA PAa30MBAETCA HA JBE HEB3AUMOIEHUCTBYIOIIUE ITOICUCTEMEL:
I = wactuuw (1,2,...,4) u II = gactunst (i + 1,7 + 2,...,n). [lo npeanonoxenuto
MHIYKIWA IUCTO CTOJKHOBEHUN B Kaxnou m3 mogcuctem I u IT koHeUHO, Tak 9TO 1
Bo Bcen cucteme [UII us n wacTur 4ucio cToTKHOBeHUN KOHEIHO. [lomyumim mpoTu-
BOpPEYne C MPeqIONOKEHAEM.

CrenoBaTenbHo, a0bbie dee wacmuybt i u i + 1 68 ucxodnoli cucmeme 0643aHb
CTNAAKUBATNLCA OECKOHEURO MH020 Pa3d Mexcdy coboti. QoHAKO yITeM, 9TO KaXIad
YACTUIA TOTYIAET OT TACTUIET CIEBA, MOJOKUTETLHLIA UMITYILC, & OT YACTHALLI CIIPa-
Ba — oTpunarenbHe. Camas mpaBasd 9acTUIA CUCTEMBI #£N IMOMTYy9aeT HMITYJIbC
TOMBKO CJIEBA, IOITOMY €€ UMILYJIbC Pp(t) = m,v,(t) yBeauduBaeTcs mocae KaxIo-
ro ymapa. OIHAKO CKOPOCTb YacTHULLI Uy, (t) orpanmvena ceepxy (3To creayer u3
mpv2 < 2E, rne E — oueprusa Bceit cucremer). llosTomy dyrKkima p,(t) Bospa-
cramomasn u orpaamdernas. CreqosaTensHo, o Teopeme Bemepmrpacca cymecTsyeT
npener p, = lim p,(t).

t—oo

Ecau paccmorpers cucremy wacturn (#(n — 1), #n), To mnpuMepHO TeM XKe CIO-
coO0M MOXKHO MOKA3aTh, YTO UMILYJILC €€ IEHTPa MACC — BO3PACTAIOMAA U OTDAHU-
YeHHAA TIO0 BPEMeHW (DYHKINA, & TOTOMY y Hee TaKXKe CymIeCTBYET TPeIeT. SHAYAT,
CYLIECTBYET Tpenet u y QyHKIWMU pp_1(t) = Mpy_10p—1(t) — UMIyIbCA YACTUIED
#n—1): pp_1 = tlggo Pn—1(t). Touno Tax xke, paccMaTpuBas IO OYepeLu IOACUCTE-

mer vactun (#k, #(k+ 1), #(k +2),...,#n —1),#n), tae k =n—2,n—3,...,1,
MOXKHO JOKA3aTh CyLIECTBOBAHUE BCEX IIPENENOB Pj = tlim pr(t) = tlim mgvg ().

B cuy ToOro, 1TO MeX 1y MIOOEIMU ABYMs COCETHUMU YaCTUIAMHU IPOUCXOINT Gec-
KOHEYHO MHOT'O ¥IapOB, HETPYIHO JOKA3aTh, UTO MpeIeIbHbIe CKOPOCTH BCEX YaCTHI]
JOJLKHBI OBITH PABHBIMU: tlim v(t)y=---= tlim vp (t) = v. BHAYUT, CKOPOCTH LEHTPA

— 00 — 00

macc Bcen cucreMsr, (myvy (0)+...+mpvn(0))/(my+. ..+ my) JOTKHA PABHATHCA U:
cxopocmy ka0l YACTUYLL CMPEMUMCA K CKOPOCINU YEHMPA MACC BCET CUCTIEMbL.

Ilepengem B MHEpUMAILHYIO CHCTEMY KOOPIUHAT LEHTPaA MACC; B HEH CKOPOCTD
IIEHTPa MaCC paBHA HYJHO, TAK IYTO CKOPOCTH Ka)K,E[OfI TaCTUIOBI CTPEMUTCA K HYJIIO B
cucTeMe IEHTPa Mace. PaccMOTPUM SHEPIUIO BCEU CUCTEMbI — OHA, TaKkKe CTPEMUT-
ca x myao! B cuiy 3akona coxpaHeHWs DHEPruu, HadalbHas DHEPrusa Tak:xKe PaBHa
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HYJIO; HO Kaxk1o0e ee craraemoe m;v; (0)/2 meorpunaremsno; nosromy v;(0) = 0 gusa
kaxgoro: = 1,...,n. Mul mOQyYmin, 9T0 B CUCTEME IACTHUI] BOOOIIE He OBLIO yIapos!

YTBepxgeHne 06 OTCYTCTBUU YAAPOB MBI IOJIYIUIN, UCXOAA U3 IPEIIOI0KECHIL
0 6€CKOHEYIHOCTH 9UCIa yAapoB. [[oqydeHroe IPOTUBOPEdne JOKA3EIBACT, ITO TUCIO
yAapOB KOHEYHO.

(c) 3zech MBI OmUIIEM TOJBKO IIATU JOKA3aTEAbCTBA, OMyCKasd geraau (Ioapos-
HOCTH CM. B [2, 3]).

Ilepengem B cucTeMy HEHTPA MACC, KOTOPHIN TOMECTAM B HAYATO KOOPIWHAT, T. €.
OyaeM CIMTATh, IYTO

mizy + ... +mpx, =0, miv1 + ...+ muv, =0,

3aKOH COXpaHEHWs DHEPIUU 3ANMIIETCA B Buge » . m;v; = 2E, rae E — nomHas
sHeprus. CHoBa o6o3HaMMM depe3 p;(t) = m,;v;(t) UMIYIBC YACTHULEL i.

Ilpw k-M CTOTKHOBEHWE IBYX TACTHUIL UMITYJILC JEBOU TACTHUIEI YMEHBIIACTCA HA
seauunny Apg > 0, a mpaBou — ysenmuuuBaeTca Ha Apy. Yucao yogapos B cucreme
o6osnaunm uepes K (oHO koHewHO B cuay (b)), Tak uto 1 < k < K.

ITAN 1. Ap; + Apy + ...+ Apk < 2Pmax, 7A€ Prax = maxogt<oo P(t)a u

PH)=1-p1(t) +2-p2(t) + ...+ n-pn(t) :Zi~pi(t).

def

Jlerxo nokaswiBaercs, uto APy = Pt + 0) — P(tx — 0) = Apg, rae tp — Mo-
meHT k-ro ygapa. [Tostomy > Apr < Pmax — Pmin- CIONB3ys IPaBUIO MHOXKUTETIEN
Jlarpas:xa, MOXHO JOKa3aTh, YTO

2
Pmax = 2FE <M2 - %) ; (24)

_ n _ n . _ n 4
rae M =3 iy mi, My =35y i-ma, My =355 i - m.

IOTAI 2. Ha sToMm sTame BCa 0Cb BpeMeHn pa3buBaeTcsa Ha «OLICTPBIE IPOMEXKY TKI
B KaXX[IOM U3 KOTOPHIX KAaKWe-TO IBAa COCEIHUX IIAPA HU PA3y HE CTAIKUBAIOTCI U
UMEIOT OOJBIIYI0 OTHOCUTENHHYIO CKOPOCTh:

wi(t) —vi—1 ()] = e
IJISI BCEX t M3 COOTBETCTBYIOLIETO MIPOMEKYTKA, [t1, ta].
JlokaspBaeTcsa, 9TO CYMECTBYET YHUBEPCAILHLIA HAOOP MOCTOAHHLIX Ci,...,Cp

(3aBUCAIMX TOJBKO OT MACC IACTUI U MOMHON SHEPIUM CACTEMEL), 1 KOTOPBIX BCS
OCb BPEMEHU MOKPLIBAETCA OLICTPLIMU TPOMEKYTKAMU 110 BeeM mapam (i — 1,7).

IATAM 3. Yucao GLICTPLIX TPOMENKYTKOB OIEHUBACTCSA CBEPXY IUCIOM

n

K=8(3 ) /M-

i=1
OTAI 4. Ha »ToM sTame 9mMcio CTOTKHOBEHUN OLEHUBAETCA HEPABEHCTBOM
n—2
Ol(mlaamn)<2(2K) ’

rge K — xoHCTaHTa U3 drana 3, Iocje 9ero MoLy4aeTca OKOHdaTenbHasd oneska (10).
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3. «BOJbIMAA» 3ATAYA CUHAA W 3AJAYA O TAPAX; JACTH (T)

TEOPEMA 3. (a) Hucao ompasxcenutdi 6utiuaponot mpaexkmopuu y 6 Muo2omep-
HOM MHO202DAHHOM Yeae @ ¢ 60aBAEHHbBIMY BHYMPL cmenKamy ((KPUBOAUHETHOM
yeaer) Komeuno na scem uwmepsane epemenu (0, +00).

(b) Yucao ydapos 6 cucmeme N npouzsosvubis meepovir uLapos 6 npocmpa-
cmee R™ xoneuno.

NNEM NTOKA3ATEJBLCTBA. (al) Ipexmge BCEro, m 3TO CAMBIM BAYKHBI MOMEHT
B IOKA3aTeIbCTBE, MBI IOKAXKEM, UTO OMPANCEHUA HE MOYM HAKANAUSAMbBCA HA
KOHEUHOM UNMEPBAAE BPEMENU, WU, UHEIMKA CIOBAMEI, MHOXKECTBO OTPAKEHUU OT
CTEHOK yIVIa TUCKPeTHO. MEI clefyeM IoKa3aTenbCcTBy [2].

Pwuc. 16. Paccrosauune OT BepUIMHEl yIVIa ¢ 4O OPAMOH i MEHBIIE PACCTOAHHUA OT
A0 IpAMo ly: p1 < pa

[lenCTBATETLHO, IIyCTh MOMEHTHI YIAPOB HAKAILIMBAIOTCA, TOTAA U TOYKH, B KO-
TOPBLIX TPOUCXOAAT OTPAKEHUA B TH MOMEHTHI, TAKXKe HAKAILIMBAIOTCA. [IycTh ¢ —
TOYKA HAKOILUIEHWs yJIapOB; Ha30BeM ee BepmmHOu yria (puc. 16). (3amerum, uro
MHOT'OTPAHHBIA YO MOXKET MMETh MHOTO BEPIIMH — OOMINX TOYEK CTEHOK; HAIPH-
Mep, IBe TPAHCBEPCATLHLIE CTeHKHN B R mMeroT menyio KpuByio Bepimua. Ha pucynke
[JISL HATVIAJHOCTY U300pakeHa IByMepHAas KapTUHKA KPUBOJMHETHOTO YIUIa C OTHOU
BEPIINHOM. )

IMosromy mas mroboro € > 0 HamgeTcs Takon MOMeHT ¢, uro dist(x(t),q) < £. Mu
Cernvac MoJLyIMM IPOTUBOPEINE C TUM HEPABEHCTBOM, J0oKa3as, 9To dist(x(t), g) Bce-
raa 60JbIIe HEKOTOPOU KOHCTAHTHI I (3aBUCALIEH OT HAYAIBHOIO JBUKEHUA TOUKH).

IlycTs wacTuma T JeTena BIOAL JAyda [; OO CBOErO MEPBOrO CTOJKHOBEHUA CO
CTEHKOU w1 B TOUKe M;. 3aTeM OHa OTPa3WIACh OT CTEHKU wi U MOJETENa IO Jy-
9y ls K CTEHKE W3. BEKTOp CKOPOCTH MBMKEHUA TOYKHA L OTPABWICA CAMMETPHIHO
OTHOCHTEIBHO KACATETbHON mIockocTn I1; K cremke w; B Touke Mi, m 9acTh Jayda
[y mocme Touku M; oTpasmiach B «3epkanes I} u mepenrta B ayd [o. 3amMeTum, 4TO
BCA CTEHKA, W] — PAHUNA BHITYKioro Tera. CregoBaTenbHo, neprnediukyaap qHq,
OIYILIEHHBIN U3 g Ha lj, KOpoue nepueHauKywipa qHsy, onymennoro us g va l» (Beanb
oTpe3ok qH» nepecekaer «3epkano» I1;!):

\qH,| < |qH:|, wm p1 < ps. (25)
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Touno Tak e, MOCTE BTOPOrO OTPAXKEHUs — B TOUKe My OT CTEHKHN wz — YaCThb
ay4a [y mepenierT B CUMMETPUYHBIN OTHOCUTENLHO TIOCKOCTU Il myd I3, u Mur Oy-
IeM MMETb [0 TOU XK€ HMPUUUWHE py < pP3, U T.[I.. PACCMOAHUE OM BePULUHbL ¢ A0
ayueth dsurcenus Ouaiuaponot wacmuybt (t) nocae Ka®cdo2o OMPANCEHUA CMPO2O
sozpacmaem: r = p; < pa < p3 < .... lIOCKOTBLKY HAKTOHHAA NJIUHHEE MEPICH TUKY-
aspa, dist(x(t),q) > p1. CaegoBarensHo, mpu € < p; MBI HOLYIAEM IPOTUBOPEINE.
OTMeTuM, 9TO NIPU JOKA3ATEALCTBE MBI UCIOAB30OBAIN TOT (PAKT, 9TO TOIKA X TPU-
OmmxkaeTcs K q.

Urak, MBI DOKa3aIm, ITO Ha A0O0M KOHEUHOM UHMEPBALE BPEMEHU UUCAO OM-
paxcenuti xKoneuno. (Boaee Toro, MoxHO mokazars (cM. [2, ¢. 168-169]), uro x(t)
OyneT mpubIMKATHCA K BEPIIMHE ¢ BPEMs, MEHbIIee pi.) Kak Mbl OTMEJaIN BHIIE
(pasmen I1.3), uMeHHO >TOT (HAKT UCPAET KIOUEBYH POJIb B JOKA3ATEILCTBE 3PIo-
OUIHOCTY CHCTEMBI MOJIEKYJ I'a3a.

(a2) MuTepecHo, 9TO HA MIOCKOCTHU HaxKe MJIA HYJIEBOT'O YIVIA MOXKHO JATh BEPX-
HIOIO OIIEHKY YUCJIa OTPAXKEHUN (3aBUCAIILYIO OT HAYAILHOTO MOJOXKEHUA TOUKHA L),
cM. puc. 17.

YTBEPXKAEHUE 1. ITycmb ¢ — Y204 nepeo2o ompaxcenus Ouiiuaponot mouku
x(t) om cmopombl KPUBoAUKENEH020 Yeaa ¢ 8ePUUROT q U O — Yeoa MeHcdy Kaca-
MeALHBLMYU K CMOPporam yeaa 8 mouxar A u B nepeceuenus oxpyxrcnocmu paduyca
r = p1 ¢ uewmpom q (cm. puc. 17). Toeda wucao ompaxceruts wacmuuysbt 0m cmMopor
yaaa

N(p,a) < 2. (26)

[e%

Puc. 17. Yy =p —w,w > «
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CIEACTBUE. Ecau kpusoaunetinbiii yeoa — nenytes0t u emeuaem 6 ceba yzon
T
Q, Mo HauboAbULEE UUCAO OMPAHCEHULT 0M CMOPOH 3Mo20 yeaa < — + 1.
Q

™
W3 puc. 17 Bugso, uTo nBa BHyTpeHHux yriaa aM; KM, paBub 5 pm P, a
o ™
BHEIIHUU yroa B Bepimue K pasen 5w (w — yrom Mexay KacareabHbiME 1) u

[T, B Toukax M; u Ms). CaegoBarensHo, g —w= (g — cp) + 1, oTkyma ¥ = @ — w.

Ho w > a, mosTomy ¢ < ¢ — a.

SHHHI/IT, yroJa OoTpaXKeHusa K&)KI[BII?I pa3 YMEHBIIaeTCA 10 Kpaf’IHeﬁ MeEpe Ha «:

ViSe—a; Yo <P —a<p—205 .05 Y <@ —noy

Orcroga, mockoabky 0 < ¥, < Yp—1 < ... < Y TUpu TPUOIMKEHUU TOIKU T K
BEpIINHE ¢, MOTydaeM, 9To na < ¢ u n < ¢/a. UTak, 9acTuna oTpaxkaercs He 6omee
¢/« pa3 npu ee nIpuOIMKEHAN K BEPIIUHE (.

3areMm OHa ygaafeTcsa oT . MOXHO cuuTaTh, B CUIYy OOPATUMOCTHU IBUKEHU BO
BpPEMEHU, UTO MIPHU yIATEHUU OT ¢ TOYKA I OTPA3UTCA OT CTOPOH wi W wy He OoJee
TOrO 4YUCIa pa3, KOTOPOe OHA OTpa3miIachk mpu npubmmxenun K q. [looTomy obriee
qrcIo oTpaxenun < 2¢/q.

™ ™
Tak Kak @ < 55 TO N(p,a) < —, u cIeIcTBUE BLITEKAET HEMEIICHHO.
(6%

(a3) Ham ocTanoch JOKa3aTh, ITO B MOCIEIOBATEILHOCTH OTPAKEHUN OT CTOPOH
MHO2OMEPHO20 KPUBOIUHENHOrO YIUIa HACTYIUT NOCJAEAHEE OTpakenue. Mul crexyem
OZHOMY U3 IIyHKTOB JOKa3aTenbcTsa B [20].

Mycts tg < t1 <tz < ... <t <...— MOMEHTHI OTpaxkeHuu. PaccMoTpuM Tpe-
yroapHukn Ay = x(tg)qx(t1), As = x(t1)qx(ts),. .., Ay = x(tp—1)qx(ty), .. ., BHIpe-
KEM UX HOXKHUIIAMHI U3 OyMaru U PACIOJ0KUM Ha (IByMepHOU!) IIIOCKOCTH TaK, 4TO-
661 Ap 1 A4 IPUMBIKAIK [0 O0LIEN CTOPOHE X (ty) U He mepekpoiBaauch (puc. 18).
MupiMu coBaMH, CIeTaeM IIOCKYIO PA3BEPTKY «MapMOIIKMy TPEyroabHUKOB { Ay }$°,
PACIIONIOXKEHHBIX B IPOCTPAHCTBE R’ U NPUMBIKAIOMIAX 110 OOIIUM CTOpOHAM G (ty).

OxaswbiBaercs, mia kaxgoro k > 1 yroa Zx(tg)gx(ty) cTporo menwime 7: v +
+ 92 + ... <7 (puc. 18). DTO BbITEKAET U3 BBHIIYKIOCTU CTEHOK YIJIA.

cBOOOTHOE MBUXKEHUE

Puc. 18. PasBepTka memodxku TPEYyroJIbHUKOB Ha ILTOCKOCTH



92 I'. A. l'anenepun

Puc. 19. JIyaV BRoIb € JIEXUT B mepecedeHnn Bcex cTeHok W = (\W; u Jactuma
T OpUOIMKAETCA K HEMY

OTciona creyer CymecTBOBAHUE MPENEJbHOT0 IUHITHOTO BEKTOPA

= lim 20 =4 _ y, =) (27)

€CJIU IPEATONOKUTD, ITO UCIO YIApOB O6eckoHewHO. Bo3bMem onny crenky yrua W,
—

YaCTULA OTPABUTCA OT Hee GECKOHETHO MHOT'O Pa3, a Tak Kak |q(t)| — 0o, MBI moJLy-
vaeM, 9TO CTeHKa W COOepKUT meauKoM Jyd V| BEIXOJAIIAYA U3 ¢ B HATIPABICHUA €.
. N
Tak Kak 5TO BEpHO I JTIOO0U CTeHKM yriia (Q, 1y V aexut B nepecedennn (|,_; W;
Bcex cTeHok yrua (puc. 19). PassepTka TpeyroabHUKOB TO3BOIAET TAKKE JOKA3ATDH
ToT dakT, 9To dyukuusa d(t) = dist(x(t), (| W;) eeinyxnia no . MbI XOTUM T0KA3aTh,
49TO cymecTByer Takoe 1o, aro d(t) — junennas gyakuus npu Beex t > Ty, Ecan
YUCIO0 YAAPOB OECKOHEYHO, TO HAUIYTCA TAKUe MOJOKUTEIHHEIE KOHCTAHTH € > 0 u
c> 0, aTo
d(t) > et — ¢ npu Beex t.
dist(x(t),V
[Manee, % — 0 mpu t — oo. O gHaxo
lqz(t)]

dist(z(t), V) > dist(ax(t),[ |Wi) = d(t) > et —c,

gz (1)] < |qz(0)] + [2(0)2(t)| < |qz(0)| + ¢

_
(mer samenmnn |z(0)x(t)| Ha ¢, Tak KaK YACTULA IBMKETCS BIOML TPAEKTOPUM OT
x(0) mo z(t) co ckopoctsio 1). IToaTomy

ist t -
dls@)’v)> 6_t,c — >0 mnput — oo,
lgz(t)] lqz(0)| +¢

1 JI€Basd IaCTh HEPABEHCTBa HE CTPEMUTCA K 0 — IOpOTUBOpPEYINE.

Iepexonum K nokazareabcTBy myHKTa, (b).

(b). Beimie MBI ¢ e1a1 PEIYKIMIO CUCTEMBL IIAPOB K OWLIUAPAY B KPUBOJIUHETHOM
yrue. [losTomy yTBepkAeHNE O Mapax eCTh CIeNCTBUE MyHKTa (a).

Ipusegem eme oqHy UAEI0, OIM3KYIO K UAee JOKA3aTETLCTRA PO YACTHUIILL (CM. TTO-
apo6rocTu B [2]). U3 (al) crenyer, 9T0 B IIO60M KOHEUHOM UHTEPBATE BPEMEHN TMCIO0
yAApOB B cucTeMe mapoB KonewdHo. Kak u npu gokasareasctse Teopemsr 2(b), 3akon-
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YUTH JOKA3ATEILCTBO TIPO CUCTEMY MIapOB MOXKHO Tak. Ecau ma unrepsate (0, +00)
YUCI0 YIAPOB B CUCTEME OECKOHETHO, TO BCA CUCTEMA C KAKOrO-TO MOMeHTa T pas-
O6uBaeTCsA Ha I'PYHNbl (KIACTEPHI), B KaXKIOM U3 KOTOPHIX JIOOOU IIAP WCIBITHIBAET
6ECKOHEYHOE YNCIO YIAPOB OT IIAPOB TOI'O XKe KIACTEpa, & CAMU KIACTEPHl HUKAK
HE B3aMMOJEUCTBYIOT APYT C APYTOM: WX LEHTPHI MACC IBUKYTCA B MPOCTPAHCTRE
PABHOMEPHO UM MPAMOJUHENHO. PaccMOTpuM OfUH KJIACTED U MEepeuseM B CUCTEMY
ero meHTpa Macc.

Kak u B cayvae 9acTull, MOXHO TOKA3aTh, YTO CKOPOCTH BCEX IIAPOB CTPEMSITCSA
K CKOPOCTU LEHTpa Macc, T.e. K 0. A rorma sueprusa E(t) kracTepa Takxke CTpe-
mutcs kK 0. Ho ona mocrosuna Bo Bpemenu npu ¢ > Tp, Tak uro E(t) = 0. 3uadur,
IAapHL B KJIACTEPE BOOOIIE HE IBUTAIUCHL ¢ MOMEHTa 1y. [lonyummu npoTuBopedne ¢
6ECKOHETHOCTHIO YUCIA YIAPOB B KJIACTEPE.

CaeqoBaTENIBbHO, YUCIO YAAPOB B CUCTEME MOXKET ObITh TOJBKO KOHEYHBIM, 9TO U
TpeOGOBAIOCH MOKA3ATh.

4. «BOoJbIIAA» 3ANAYA CUHAA U 3ATAYA O NIAPAX; YACTB (II)

TEOPEMA 4. (a) Hucao ompasxcenuti 6usiuaponot mpaexkmopuu y 6 Muo2omep-
HOM KPUBOAUHETHOM MHO202DAHKOM Y2ae () ¢ 80aB8ACHHBIMU BHYMPL CMEHKAMU, Ha
KOmopwiii nasoxceno ycaosue nesuiporcdenwocmu (em. IL.7.4 u puc. 9), ne npesocxo-
dum wexomopoti koncmarwmut Co, 3a8uciueti moapbko om 2eomempuy yeaa Q.

(b) ucao ydapos 6 cucmeme N wapos 6 R™ ¢ maccamu my, ..., My HE NPEBOCLO-
dum xoncmawmpt Ca(my, ..., my), onpedeasemoti pasencmeom (13), xaxumu 0bt Hu
ObLAY HAUAALHBLE NOAOHCENUA U CKOPOCTIU ULGPOS, O MAKHCE UT PAOUYCHL T1,. .., TN.

VIEV MOKA3ATEJLCTB. (a) JOKa3aTenbCTBO CYLUIECTBOBAHUA PABHOMEDHOU IO
HAYATLHBIM yCIOBUAM KOHCTAHTHI Co BENETCA MHIYKIMEH IO YUCAY CTEHOK B yTue (.
OnO OCHOBaHO HA JeMMAaX, CPOPMYJUPOBAHHLIX HUKE.

Cuauana onpegesenre. OOG03HAYUM KOHEIHBIN KYCOK OUAAULAPIHOT TPAEKTOPUH,
BLIXOAANIEN U3 TOUYKM X U 3akaHumBaromencsa B Touke Y, yepes ['(X,Y). Hazosem
K0JOM DTOr0 KyCKa MOCJAEIOBATEILHOCTH CTEHOK Wi, ..., W;, , OT KOTOPHIX IPOUC-
xogumu orpaxenus tpaexkropun ['(X,Y). Ml ckaxem, 9yro apyras gomanas 7(t),
0 < t < 1, Haunnatomascs B Touke X = y(0) u xoHuatomascs B Touke Y = (1),
UMEeT TOT XKe CAMBIA KoMOUHAMOPHblt TUM, 9T0 n ouwwmrapauas somanas ['(X,Y),
€CJI OHA OTPAKAETCA OT TEX JKE CTEHOK B TOM K€ MOPAAKE, T.€. CYMECTBYIOT MO-
meHnTH 0 < ¢ <ty <... <t < 1, B koTopste y(t;) € Wj.

BAYKHOE 3AMEYAHUE: yKa3aHHbIE HEPABEHCTBA — HECTPOTHE, TAK ITO BMECTO
oTpaxKeHNd oT cTeHkn W;, a moTom ot W;, 1oMaHad MOXKeT IONACTH CPA3y HA IIepece-
N
genne W; NW;. B gacTHOCTH, eciin B3ATE KaKyo-HUOY Ib BepumHy yriaa g € (),_; W;
(T.e. OMHY W3 TOYEK HA TEPECEICHUM BCEX CTEHOK yIJia), TO NBY3BEHHAA JOMAHAA
X qY umeer TOT ke KOMOUHATOPHBIN Tul, 4T0 U TpaekTopus ['(X, V).

JIEMMA 1 (COMPARISON LEMMA). Busauaponas mpaexmopus T'(X,Y) xopoue
11060t aomanot y(t) mozo gce xombumamopnozo muna 6 yeae Q c GLINYKABIMU
BHYMPL CMENKAMIU.

HamoMuuM, Kak OOBLIMHO JOKA3LIBAETCA 3Ta JeMMAa AJI MHOTOMPAHHOTO yIia C
mwiockuMu creakamu. CM. puc. 15: MBI BBIIPAMIAEM TPACKTOPHUIO, OTPaXas yroa
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OTHOCUTEILHO TPAHEN OTPAKEHUA TPACKTOPUY, U MTOLYIAEM OTPE3OK MPAMOU MEXK Iy
HAYATBLHON U KOHETHOU TOYKAMU. A OH, KOHETHO XK€, KOPOUe JTHOO0U JOMAHOU C TeMU
Xe KoHmamu. [[JIa KPUBOMIMHENHOTO yINIa WAEA Ta XKE: SbINPAMACHUE MPAEKMOPUL.
TOMBKO OCYIIECTBUTD €€ CIeAYeT IyTh UHAYE.

Bo3bMeM CTOMBKO KOMWU KPUBOIMHENHOTO yIvia (), CKOMBLKO MUMEETCA 3BEHBEB Y
rpaekTopuu ['(X,Y) (T.e. Ha 2 Gomiblie YUCIa TOYEK W3IOMA TPACKTODPUM), W Ha-
YHeM uX HIPUKJICUBATH OJHY K APYTOHU IOCIeIOBATENBHO IO cTeHKaM Wi, oT KoTo-
PBIX TPOMCXOMUIN OTpaKeHus, ciexysa koxy adomanon ['(X,Y). Torga na paseeprke
WA («TapMOIIKey KO (1, (s, ..., TOLYIEHHON B PE3yJbTATe TAKOrO CKICUBAHUA
(B «BBLICOKOI» MATEMATHKE (MaPMOIIKA» HA3BIBAETCA OOOOIMIEHHBIM PUMAHOBBIM, WA
AJIeKCaHIPOBCKUM, IpOocTpancTBoM ), Tpaekropus ['(X,Y") «pacupamisercsay u 6yger
xpamuatiwet; (Pre0Ie3NIECKON) KPUBOU MEXK Ty AByMs (PUKCUPOBAHHBLIMA TOUKAMUA —
X (B mepeon komuu rapmoinku) u Y (B mocaenuen konuu). OTCIOAa U CIEAYET JeM-
ma 1: arobas Apyras JOMaHas IIUHHEE reofe3mdeckon (cMm. mogpobuocTu B [12]).

IIpuBeneM yIuBUTENLHOE, HA TMEPBLIA B3TUIAL, yTBEPK ICHUE.

JIEMMA 2. ITycmbv q — sepwuna xpusoaunelinozo yeaa Q (g € ﬂiil W), u
['(X,Y) — xoneunnrii kycox 6uasuapdnot mpaexmopuu obwet daunet |T'(X,Y)|. To-

eda |[gX |+ |qY] > |T(X,Y)| (puc. 20).

Kak v ma mocregneM srame JOKa3aTeILCTBA «BOMbIony TeopeMbl CuHas, BLIpe-
KeM u3 OyMaru TPeyroJIbHUKU AQX L1, AQT1%2, AQT2X3, ..., AQTLY U CKICHUM UX
mo o6muM cTopoHaM Ge3 mepekpuITUd. [loayduM MWIOCKYI0 PA3BEPTKY «TapMOIITKI)
TexX e TPEyTOJbHUKOB, PACTIOJIOKEHHBIX B MpocTpancTse R™ (puc. 18).

B cuny BemyxiaocTu crenok W; u 3aKOHA, «yTOJI MAEHUS PABEH YIUIy OTPAKEHU)
JErKO MOKa3aThb, 4o JomaHas Y(XY) = Xzyzexs ...z, Y Ha mwIockocTu 8uinykaa:
mobas npaMas X2y, £1To, ..., Y OEIUT IIOCKOCTb HA IBE MOIYILIOCKOCTH, B Of-
HOU U3 KOTOPBIX HaxoauTcsa Bed gomanasa (X, YY), a B apyrou — Touka q. [Ipu sTom
narHa, wiockon aomanon (X, Y') paBHa nuuHe MPOCTPAHCTBEHHOU OULTAAPIHOU TPa-
exropun: |Y(X,Y)| = |T'(X,Y)|. (das yrua ¢ miockumu creakamu Jomanas y(X,Y)
OPENCTABIACT COOOU OTPE3OK TIPAMOMN).

Coeauuum orpeskom Touku X u Y gomanou v(X,Y) (¢purypa cupasa ua puc. 20).
Torga maoroyroabuuk M = X a1 . .. 21 Y — BBINYKILIN, U OH HAXO JUTCS BHYTPU TPE-

T

T3

$2$4

Puc. 20. /lokazaresbcTBO JIeMMBI 2: IEPUMETD MHOTOYTOMBHUKA M MeHbIe mepu-
merpa A XqY
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yroabHUKA A X @Y, KOTOPBIN TaKkKe BLIMyKIaa (pUrypa Ha mIoCKocTu. 110 masecTHOM
TEopeMe DIEMEHTAPHOU TeOMETPUU O BIOXKEHHBLIX BHIMYKJIBIX MHOTOYTOJLHUKAX 3a-
KJII09aeM, ITO mepuMeTp AXqY OGonbine nepuverpa M. Borauras minHy oTpeska
XY, nonyuaem |gX |+ |qY| > |y(X,Y)|. JIemma 2 nokaszaHa.

JIEMMA 3 (TEXHUYECKAA JEMMA). Jas aobbix wembiper mouex A, B,C,D €
dist(C, AB)
|CD

(IAD| + |DB|) — (JAC| + |CB]|
[AC| + |CB| - |AB]
oKa3aTeasCTBO JEMMEL 3 OCHOBHIBAETCA HA PACCMOTPEHUN PABIAIHLIX CIyIaeB
pacmosnoxkenus Touex B R™ (cm. [12]) u MBI ero omyckaew.

e R”, ecau =>c>0, mo

1 2
<K = K(¢), 2de K(c) = 16 (Z“) :

HokazareascTBO TeopeMbl 4(a) OCHOBBIBAETCS HA TAK HA3LIBAEMOU (IPOLELYDE
yKOpauuBaHuUsa TpaekTopun [» ¢ npusaedenuem jgemm 1, 2 u 3. Ona cocTout u3 mo-
MEePEeMEHHOU 3aMeHbl Kycka Ommmuapauaon Tpaexktopun (X, Xa), roe X u Xy —
TOYKHU OTPAXKEHUsA OT OTHOU U TOU Ke cTeHku W; yraa (), Ha
(1) nBysBeHHYIO TOMaHYIO — 00BeAUHEeHNE AByX 0Tpe3koB X1 DUD X5, roe D — Tou-
Ka Ha IePeCcevYeHny BCEX CTEHOK ﬂiil W;, bamxkanimas K 3apaHee BEIOPAHHOU TOYKe 7
Tpaexkropuu I['; win
(2) orpesok X X5.

IIpu »>Tom Touka Z Tpaekropuu I mpemmecTrByeT Touke Xo M CAEIyeT 33 TOU-
xou X Ha [', 1 BLINOJIHEHO COOTHOIIEHME

dist(Z, W;
_ AW o (28)
dist(Z, (L, W)
rae xoHcranTa C B3ATa U3 ONPEIENEHUs HEBLIPOXKIEHHOrO yria (@ (cM. yciaoBue
d/C-6mm3octu u puc. 9).

(1) 3ameny I'(X1, X5) va X1 D U DX, HasoBeMm «pacTsaxeHueM» Tpaekropuu I (B
CUIY JIEMMEL 2) U 0603HAYNM

(IX1D[ +[DX3) — (|X1 2] +[Z2X4]) = s;
S BABUCUT OT TO4YEK X1, Xo U 7.
(2) 3ameny I'(Xy, X3) Ha X; X2 HA30BEM «CIKATHEM» TPAEKTOPUA U 0GO3HATIM
| X1Z| 4+ |ZXs| — | X1 X2] =p.

Torma no memme 3
1 2
s<K(c)-p, K(c)=16 (E + 1) . (29)

JIEMMA 4. YQucao nonapno paziuunbiz xoneunviz xyckos mpaexmopui I'(A, B)
buanuapdnoti mpaexmopuu T', ompasxcarwuzrca om acexr N cmenox yeaa @ u ne
UMENUWUT 00UWUT MOoUeK (KPOME, 803MONCHO, 00WUTL KORHYU0E), He npesocrodum L =
= 2K (c) + 4, 2de K(c) — xoncmanma u3 asemmvi 3. Taxue wycxu asmopwr [12] na-
3618AI0M, YUKAGMI.

JlokazaTeabcTBO TeMMBI 4 aBTOPHI MOIYYA0OT OT MTPOTUBHOTO — MPOTUBOPEUNEM
caemMmamu 1 m 2.
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Maaum Tenepb KpaTKoe I0KA3aTelbCTBO TeopeMmul 4(a). Ilycrs mpu Beex k < N
JI00as TPACKTOPUS, OTpakaomaica oT < k crenok W, umeer < M), oTpaxkeHun B
yriae @. Ilo mpenmosoXennio MHAYKINNA, KaX LI KyCOK TPAGKTOPUHU, CONEPKAIIAN
< Mpy_1 OTpaKeHun, COAEPKUT NUKI. 110 Jemme 4 9ucio HukIoB < Lj; CIieJoBaTeILHO
BCEr0O OTPAXKEHUN B yriie () MoxeT 6u1Th < My, rne My = L(My_1+1) < 2LMy_;.
Mockonbky M; = 1 (0gHO OTpaKeHUE OT CTEHKH), HOLYIAEM

9 N-1
My < QL)™' = (22K (C)+4))¥ ! = 4K (C)+8))N " = <4~ 16 (é + 1) + 8> <

<fos(Z+2)] =BG @

Taxum o6paszoM, koucTauTy Co B TeopeMe 4 MOXKHO TOJOXKUTEH PABHOU

1 2(N-1)
Cy=[8(5+2)] , (31)
rae C — KOHCTAHTA B YCJOBUM HEBBIPOXKIEHHOCTH yriaa () u N — 9uUCIO CTEHOK

yria.

(b) Ina noxa3aTenbCTBA CYIMIECTBOBAHUA PABHOMEDHON OLEHKY [JIA YACIA Y IAPOB

N mapoB HATO TIpeXae BCErO MPOBEPUTH YCJAOBUA HEBLIPOXK IEHHOCTH OWLIMADIA,
N N(N-1)

06pa3oBaHHOTO BEIKHUAbIBaHMeM u3 R —=— mumuapos Cj; (cm. dpopmy.er (17)

u (18)). Honoxum Mmuyin = 1, rmin = 1.

N nea coctonT B TOM, 9TOOBI CIEAUTD 33 TBUKEHAAME IIAPOB B R™, ecIM IBATATDH
KOH(UIYPALMOHHY0 TOUKY & K Kax 1ou u3 creHoK W;; = C}; crenmanbHBIM 06pa3oM,
a TaKXe eCIM OBUrATH & K MEPECeICHNI0 BCEX CTEHOK CHeIuaTbHLIM o6paszom. Oxa-

aeBaercs, paccrosune oT ® € R™ 1o Cy; B metpuxke |{z;;}||> = 35 2oi mixy; =

1
=355 D m;le;|?, rae ¢; = {z;;} € R® — nentpsl mapos, E — sHeprusa cucrems,
He [IPEBOCXOAUT HEKOTOPOU KOHCTAHTHI (3aBUCAIIEN OT dHepruu F cucTeMbl 1apos),
YMHOXEHHOU HA PACCTOAHUE MEXKIY mapaMu ¢ u j B R"”. A uMeHHO, BO3bMEM KaKyIO-
HUOY AL Tpynmy mapoB I, Bce maphl MIAPOB U3 T'PYNNBI [, I COOTBETCTBYIOIINE UM
muuaapsl Cfj.

IIycte d;; — paccrosHme MexX Iy LeHTpaMu LIapoB i U §, I';, T — UX PASUYChL 1
J » Ty T
dij = dij —ri —r; > 0. PaccmorpuM makcumyM Bcex 0;; 1 0603HaMuM 0 = 0;,j, =

é
2V2E

= max; jer 0;j. MOXHO MOKa3aTh, uT0 maxc,, s dist(x, Cjj) >

N - Tmaxé\/m
V2E ’

IMosToMy OTHOIIEHUE JTEBHIX YACTEN NAET 3HAYEHWE KOHCTAHTHI HEBBIPOXK IEHHOCTHU
I TPYIIsL 1:

, I 9TO

diSt({B, ﬂ C“) <

i,jel

1
> .
- 2rmax - NvVmmaxNV

CI,]R"N (x)
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Tak xak mpaBas 9aCTh HEPABEHCTBA HE 3aBUCUT HU OT &, HU OT T'PYNNEL I, mOayIaeM
VHUBEPCATHHYIO KOHCTAHTY HEBBIPOXK TEHHOCTHU
1
C=——"—"7"———¥7/—. (32)

3/2 1/2
2rmaxN / mm/ax

Moxacrasnsaa ee B popmyay (31), HAXOMUM, YTO UUCJIO YAAPOB B CUCTEME LIAPOB HE
TIPEBOCXOIUT
N(N-1)

(8 ) 2rmaxN3/2\/m)2~(72 —1) < (16Tmax ) N3/2\/m>

IMoka 4ro momyuunacek ouerka (12), BKIIOYAOLAL PALUYCHL IAPOB (HAIOMHUM, 9TO

Mmin = 1 ¥ rmin = 1, Tak 9TO, ec1um 0TOPOCUTEL DTHU YCIOBUSA, MBI MOJKHBI MUCATH
Mmax T'max
Be3/le OTHOIIEHNS ——— U —— ).
min Tmin
OaHAKO IMIAapBI MOXKHO ABATATEH B R™ HECKOTHLKO XuTpee. BeibepeM OmaThL HEKOTO-

poOe MHOXKeCTBO CTeHOK .

N2

BosbmeMm TOuKy g € Q = R™V\ (U(ij)ef C’ij) U HAUJEM MAKCUMAJIbHOE PACCTOSA-

mue B R™Y ot 20 10 cTenok (mmmEapos) m3 MEoxectsa I: § = max(;j) e dist(xo, Cij).
OuenvM Temepb pacCTOTHUE dist(mg,ﬂ(ij)ef C;j) 1epes 0. Haunem nBuraThb TOUKy

z(0) 8 R"™™ rak. O6ozmaaum Iy = {i | C;; € I}. Bosemem kaxoe-To iy € Iy u Bee
mapsl ¢ HoMepamu k € Iy \ {i} 3amycTuM OZHOBPEMEHHO C MOCTOAHHON CKOPOCTBIO
BJOMb MPAMBIX, COSIMHAIOIINX WX HEHTPHl C IMEHTPOM IApa i1, MOKA KaxXAas mapa
mapos (k,i;) HE CONPUKOCHETCS (KaK TOIBKO COMPUKOCHOBEHUE IPOU3ONAET, KOHDU-
rypauuoHHAsA TOYKa nomager Ha uumeap Cy, k). B MomentT, korga map #k kocuercs
mapa #i1, map #k mpekpaiaeT IBUKEHNE, & OCTAJBLHEIE €IIe He COMPUKOCHYBIITHECS
MIAPEL TPOIOMKAIOT PABHOMEPHO IBUTATLCA K APy #i1. Takum o6paszom, KOHDuUry-
panuoHHas ToUKa &(t) CHaYAJA HONATAeT Ha OAUH U3 NuIneApos Buia Cj, j,, HOTOM
JBUTaeTCsa MO HeMy U MONAJaeT Ha apyrou muiuuip rpynmet I Buga Cj,;, (Temepsb
OHA HA MEPEeCeYeHUM IBYX IWIXHIPOB), TIOTOM IBUCAETCA U MOMALAET HA TPETUR
mumueap rpynnst [ Buga Cj, j,, 4 T. I., IOKA IOCIEIHUN Iap U3 rPymner | He OCTaHo-
BUTCA, COMPUKOCHYBIIACH C MAPOM Fi1. B 5TOT MOMEHT KOHpUrypammoHHAS TOIKA
HaXOAUTCA B HEKOTOPOH Touke 1 € R™V. Tak kax mpw KaxkIOM IBIKEHUM Xo(t)
OPOMCXOAWI CABUT HA < 0, a aBmkeHud O0buio < N (N — 4uciao mapos B cucTe-
Me), To dist(xg, 1) < Mmax - N6. Hamomunm, 9ro Gummapanasy merpuka B RV
3a0A€TCSA PABEHCTBOM

N
dist ((z1,.--,2n), W1,---,Yn)) = Zmi - dist(z;,9;)?,
i=1
OTKYyJa 1 TIOABIACTCA MHOKUATETD Mmax.

Tak Kak BCe MAapBl ABUTATACH PAGHOMEPHO BIOIL IPAMBEIX B R, HAIPaBICHHLIX
B OJHY TOYKY — IEHTp IIapa #i1, PACCTOSHAE MEXKy KAk IOU HAPOH MIApOB yMEHb-
ITA0Ch; CIeJOBATETBHO, IIA HOBOM TOYKM &1 max(; jer dist(x1, Cij) < 6.

Teneps BosbMeM apyrou HoMmep i2 € Iy \ {i1} u, HauaB c &1, TeMm ke cmocoGom
HaltIeM HOBYIO TOUKy €o € R™N | makyto, uro dist(21, £2) < Mmax-N§; 3aTeM TpeThio
TOYKY €3 C TeM K€ CBOMCTBOM U T. ., TOKA He MCYEPHaeM BCEX ITapOB M3 MHOXKE-
crsa Ip. Ilo mocTpoenmo, mocesHaa KOHGUIYPAIMOHHAS TOTKA, &|f,| IPUHA KT
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TIepecesIeHno ﬂ(ij)el C;; BCEX IMIMIMHIPOB M3 MHOXecTBa /. 3HAUNT,

[Io|—1
. . 2
dist (o, x|7,|) < E dist(zs, ;1) < Mmax - N70. (33)
i=1
o . 1
SHAYUT, 6bLINOAKEHO C60licmeo Hesbipodcdennocmu ¢ Koucmanmot C = —
Mmax

(@A 5TOrO HALO MOJEMUTL § HA MPABYIO YaCThb HEPABEHCTBA (33) U MOMEHATH 3HAK
HEPABEHCTBA HA (», KAK U JOKHO OBITh B ONPEICTCHAW HEBLIPOXKICHHOCTH: CM.
puc. 9).

OrmeTnv Taxxke, uTO GmwummapIEe crom Q = RV \ (U#j Ci~) COCTOUT 13

GOJBILIOrO YUC/Ia KPUBOIMHENHBIX MHOIOrpaHHBIX yruioB {Q,} (¢ gByms, Tpems, ...,
N(N-1 .
% CTEHKAMU), U MbI JOJKHEL OlleHKY (31), cipaBeqIuByIO B NEACTBATELHOCTH
JUIIb B IIape OIpereJeHHO'0 Paguyca, BHYTPU KOTOPOI'O OTPaXKEHUA IPOUCXOLAT
TOIBLKO OT CTEHOK OZHOIO u3 yriioB {Qs}, IPEBPATUTH B MIOGAIBHYIO OLEHKY HA
BceM cTone (). ABTOpHI [12] HAXOOAT TaKyoo MIOGATHHYIO OLEHKY: YUCIO YAAPOB B ()

HE TMPEBOCXOIUT

1 2N*
(200 (6 + 2)) , (34)
IO CTABJIAA C = %, TIOJy'IaeM 3aB€IOMO 3aBBIMIEHHYIO OIICHKY
Mmax
4 4
(200(mumaxN? +2))*" < (400N mpmar) ™ (35)

KoTOpasa comagaeT ¢ (13), eciu BCOOMHUTH, 9TO ¥ HAC Mmin = 1. Teopema 4 moka-
3aHa.

B zakmatouenue npusegeM Teopemy O rase B COCy/e.

TEOPEMA 5. Jaa 4106020 neevipoxcdenno2o noaypacceusaue2o busauapda (c
BLINYKALIMY BHYMPL CMERKAMU) cyuecmsyem makxas xonemawma C > 0, 3asuca-
UWas MOALKO OM 2EOMEMPUN, CMOAL, UMO OUAAUAPINAL UACNUYA 30 8pema T ompa-
aumes om ez2o cmenox < Ct paz. B wacmuocmu, sma sxce oyenxa cnpasediusa 0as
PABPANCERHOTE CUCTIEMbL CUCTREMbL Moaekya (Wapuros) 6 cocyde, cmenKy KOmMopozo
NAOCKUE UAU BBINYKALL BHYMPL COCYIa.

Jloka3aTeabCTBO DTOM TEOPEMEL CJAeAyeT U3 TeOPEMEL 4.
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