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Kak MaTemMaTuku N3YyYIaT Xa0C

Axanemux PAH fI.T. Cunan

B arrycre 2000 roga s moxydmn mpuUrIalleHNe BHICTYIUTh C DUKIOM XeIpu-
KOBCKHUX JeKIuil Ha 3acemanum Maremarmieckon acconmamymm Amepukm. Aynm-
TOPUA COCTOANA M3 MATEMATHKOB, IPENOJAIOUINX B PA3IMIHBIX YHUBEPCUTETAX
CIITA, mpodeccroHATbHBIE MHTEPECHl KOTOPHIX PA3HOPOAHBI U, KAK TIPABUATIO, Ja-
JEKV OT TeMATHUKW NAHHBIX JEKIWZ. DTOT TEKCT IPEACTABIACT COOON BBEIECHUE
B MaTEeMAaTHIECKYIO TEOPUIO Xa0ca 1 60lee MIM MeHee COOTBETCTBYET (haKTUdIe-
CKOMY COJEPKAHUIO MPOIYNTAHHBIX JEKIINN.

JIEKIINA 1. XAOC U BECHOPAAOK. I'MIIEPBOJNYHOCTD

B Tevenne mocaeiHMX TPUALATUA — COPOKA JIET TEOPUA XA0Ca CTaJa BECbMa IIO-
myaapHoun. B M060M KHUXKHOM MaraswHe, DOe eCTh HAYIHBIN OTAET, CErOMHA MOXK-
HO HAUTKH MHOXECTBO KHUI, B KOTOPBLIX OOBACHAETCA, 9TO TAKOE Xa0C. ITO CBUIE-
TEJILCTBYET O TOM, 9TO Xa0C — MHTEPECHOE U COAEPKATEILHOE ABICHUE, IPAIEM He
TOJBKO I MATEMATHUKA, HO W [ (PU3NKA, UHKEHEPA, SKOHOMUCTA, CICIUATUCTA,
pPabOTAIOIIETO B PA3HEIX 00JACTAX TPUIOKEHUN HAYKHN.

Ha camowm mene TO, 9TO HLIHE 30BETCS XaOCOM, CYIIECTBOBAIO B MATEMATHUKE 3a-
JOJCO 00 HAINMX IHEX O] MMEHeM >proamdeckon reopun. O IHAKO PU3NKN HE MOLVIA
UCTIONB30BATE 3THU CJIOBA, MO0 TEPMUH PTOINIHOCTLY HATTOMUHA UM 3P0 IUIECKYIO
TUMOTE3y W OCHOBAHUA CTATUCTUICCKOU MeXaHuku. COmIacHO MUPOKO PACIpPOCTpa-
HEHHOU B TEOPETUIECKON (PUBUKE TOUKE 3PEHUA, KU3HL JEI0BEIECKAs CAMIIKOM KO-
POTKa, 9TOOKI TPATUTEL €€ Ha 060CHOBaHUA. HACKOIBKO 5 3HAI0, CTOBA, «(I€TEPMUHUDO-
BAHHBIA Xa0C» OLLTN BIEPBBIE MTPOU3HECEHBI 00IeE TPUIIATH JET HA3AL POCCAUCKUAM
usukom UMpUKOBLIM 1 MOKOUHLIM mpodeccopoM Poprom — ¢pusukom u3 Texnoso-
IU9IeCKOr0 MHCTUTYTA TaTa [XKOpIKUA. DTOT TEPMUH MOHALOOWICA IIOTOMY, ITO
B T€ TOMBI TOABUIOCH MHOT'O PE3yIbTATOB, OTHOCAIINXCA K dPTOIUIECKON TEOPUH 1
€€ MPUIOKEHUSM.

Teopus BEpOATHOCTEN TAKXKe U3ydaeT Xaoc. Ka3snHo, asapTHLIE UTDBL, KAPTLEL —
KIACCUYIECKUE MPUMEPHI Xa0Ca, HO DTO — HeIeTePMUHUPOBAHHBIN Xaoc. Teopus xa-
0Ca, UCMOIB3YET METOILI U OCHOBHBLIE PE3YILTATH TEOPUM BEPOATHOCTEN, HE ABIAACH,
OJHAKO, €e JYaCThbio. B Teopunm BepOATHOCTEH BCerga MPEAIoJaraloT, YTO MMEeTC S
CIyYaMHBIA MEXaHU3M, IEIAONMA NCX0 bl CTATUCTAIECKIX SKCIEPUMEHTOB HEIpe-
CKa3yeMbIMU, U [IE&Th TEOPUM — U3Y4YaTh CTATUCTUKY OYIYIIErO Pa3BUTUA U JEIaTh
Pa3yMHBIE TIPOTHO3HI.

B Teopun xaoca HeT cIydanHOroO MexaHusMa. HaoOGopoT, mpeanoaaraeTcsa Halu-
qne NeTEePMUHUPOBAHHON TUHAMUKY, TETEPMUHUPOBAHHBIX 3AKOHOB IBUKEHUA U T. II.
B 5TOM cMEICTE TEOpUA Xa0Ca MOXKET PACCMATPUBATHLCA KAK 9aCTh TEOPUU TUHAMU-
Jeckux cucreM. Majble myMbBl, KOTOPEIE HeM30€XKHO MPUCYTCTBYIOT B KOHKPETHBIX
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CUTYALUAX, TPUBOIAT JUITHL K 3pdexTaM 60Jee BHICOKOTO MOPAIKA MATOCTH. 3aKO-
HBl IUHAMWKHU OTPEIEIA0T WHIUBALYATLHEIE TPACKTOPUN TBUXKEHUA; TEOPUI XaoCa
M3y9aeT CTATUCTUIECKNE CBOMCTBA DTUX TPACKTOPUM.

Ecau 3amana TpaeKTOPUA, MOXKHO MMOCTABUTL BOMPOC, UMEETCS JU Y HEe HEKOTO-
pO€e YCPEemHeHHOE MO BPEMEHU MOBEIeHne. BOT THIWYHLIE BOMPOCH TEOPUM XA0CA!

a) CYIIECTBYIOT JU CPeqHsAa IacToTa 3arMenuu B Hamen Coanednon cucreme?

b) sBasercs au CoaHedHas cUCTEMa yCTOUYUBOU, WHAYE T'OBOPsA, OCTAHYTCSA JIX
PACCTOAHUA MEXIY MLIAHETAMYU OT'PAHUYICHHLIMEA B Oy AyImeM?

C) MOXKHO JIM NPEJCKA3BIBATE OrOLy !

IMocne Toro, Kak y JaHHOU TUHAMUYIECKOUN CUCTEMEBI YCTAHOBICHO CYIIECTBOBAHUE
BPEMEHHEIX CPEIHUX, [ TUMUIHBIX B OMPEICIEHHOM CMBICIE TPACKTOPUU MOKHO
MOCTABUTH BONPOC 00 YKIOHEHUAX TPACKTOPUN OT UX cpenuero nosegenus. C ToUku
3PEHUA TEOPUN BEPOATHOCTEN DTO BOMPOC O CIPABEIIUBOCTY EHTPATLHON MPEIeTh-
HOU TEOPEeMbI B CUTYAIUAX, KOTAA CIYyIaMHOCTH (B OOBIYHOM CMBICJIE CJIOBA) OTCYT-
CTBYyET.

Yxke 5T0O mpocToe 00CYK IeHNe MOKA3LIBAET, 9YTO B TEOPUM XA0CA MMeeTCs OOIb-
IIIOU mapamMeTp t — BpeMs, U HaC UHTEPECYIOT PA3JUIHEIE BOTPOCHT, (hOPMYIUPYEMBIE
B BUJE IPEIETLHBIX TEOpEeM Tpu t — 00. Y IUBUTENbHBIM OTKPBHITUEM MATUIECATHIX —
[IECTU IECATHIX I'0J0B OBLIO OCO3BHAHKE TOT'O, YTO MHOT'UE SIBJICHUS U UIeU, CBA3AHHBIE
C Xa0COM, MOT'YyT OTHOCHTBCS K CJIyYal0, KOrga ¢pa3oBoe MPOCTPAHCTBO MAJOMEDHO
¥ 3aKOHBI TUHAMUKHU BHIVIAIAT BECHMa, MPOCTO. COOTBETCTBYIOIIYIO TEOPUIO WHOT'IA,
HA3LIBAIOT MAJOPasMepHBIM XaocoM. C IPYyroll CTOPOHBI, UMEETCA MHOXKECTBO BAaXK-
HBIX MPOOIEM, KACAIOMUXCA CACTEM CTATUCTUIECKON MEXAHUKN C GOJBIIMM GUCIOM
crerneHen cBOGOARI. B »Tux cucremax aBa mapamerpa: t — BpeMsa u N — YUCIO CTe-
TeHen CBOGOMIRL, U 00a CTPeMATCA K 6eckoHedHOCTr. O IUH U3 BaXKHEHUIITNX BOMTPOCOB
30ech — O cTpese BpeMeHu u HeoOpaTrumocTu. Ecau BcTaTs HA TOUKy 3penus [lemo-
KPHUTA, COMIACHO KOTOPOU OKPYKAKIIAA CPEIa COCTOUT U3 J1ab0 CBA3AHHBIX MEXKIY
COOOU OMHAKOBHIX IACTHUI], TO MOXKHO 33aThCS BOIPOCOM, B KAKOU MEpe OCHOBAH-
HbIE HA DTOU KApTUHE MOIEIN OTPAKAIT HAMPABICHHOCTL BpeMmenu. Koneuno, aTo
OY€Hb TPYIHBIM BOIIPOC, 10 CUX MOP OCTAIOMMUCA OTKPHITEIM. [IpuBegem mpumep. Ec-
JII B HEKOTOPOM O0BEME UMEETCsA T'a3, cogepxammui 10 9acTuil, TO B IPOILECCe DBOIIO-
MY MOXKHO OOHAPYXUTH MOMEHTHI BpEMEHU, KOTJa a3 3aHUMAeT TOJBLKO TOJOBUHY
o6wema. s 100 gacTur BEpOSTHOCTE 3TOrO COOBITUS I'OPA3 a0 MEHBIIE, XOT U II0-
goxureabHa. Heo6xoqumo HAOMO[ATH TUHAMUKY CYIIECTBEHHO NOJBIIE, IIPEXK € IeM
MOIO6HOE COOBITHE TPOU3OUAET. MBI MOXKEM BLIOPATHL HEKOTOPHIU MOPOT U CUUTATD,
YTO COOBITHE, BEPOATHOCTH KOTOPOT'O MEHBIIE DTOTO MOPOTa, HUKOT A, HE CIYIaeTCA.
Ha camoMm geme 5T0 — 04eHb CephEe3HLIN IAr; HO TEOPUA OMUCHIBAET PE3YIbTATHI DKC-
TIEPUMEHTA TOJBKO MOCJIE TOr0, KAK DTOT MOPOT BHIOPAH. 3IeCh CAEIyeT BCIOMHUTH
3HAMEHUTHIN YucaeHubn skcnepumenT Pepvu — IMacta — Yaama. Ouu o6HAPYKUIUA
MOJEIb, B KOTOPOU 3IPABBIA CMBICJ MPEICKA3LIBAL MOTEPIO MAMATH O MPENLITYIIIX
COCTOSHUSX M CXOAUMOCTB K PABHOBECHUIO, & PEATBHOE IMOBEAEHNE 0KA3AJIOCh COBCEM
WHBIM.

Ecan cucrema co MHOrmMEU cremneHsMu CBOOOILI HAXOIUTCSI B TEPMOIAHAMUIE-
CKOM PaBHOBECHUU, TO 3TO — COCTOSHUE IPOCTPAHCTBEHHOI'O OECIOPA KA, TTOCKOIBKY
JOKATbHBIE KOH(MDUTYPAIINN YACTUIl He TIOTINHAIOTCA HUKAKUM TETEPMUHUCTCKUAM 3a-
KOHAM, & WMEIOT YCTOUYUBYIO MPEIeJbHyI0 cTaTucTuky mpu N — oo. Omgaum u3
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DIABHBIX TOCTVKEHUN TEOPUU XA0CA CTATO OTKPLITHE, UYTO GOJBIION MapameTp t B
IVHAMUKE UT'PAET Ty K€ POJb, ITO U OOJABIION mapaMeTp N B CTATUCTUYECKON MeXa-
HEKe. B 5TOM CMBICIC TeTEPMUHUPOBAHHBLIM XA0C €CTh AUHAMUICCKAN GECTIOPATOK.
CoOTBeTCTBYOIIAA TEOPUA HA3LIBAETCA B IUHAMUKE TEPMOIUHAMUIECKUAM (HOPMa-
auamMoM. Huke MBI IpUBOAMM TpUMEpP TEOPEMbI U3 DTOU TEOPUU, OTHOCAIUUCH K
OpeaMeTy HAIIero o6Cy X IeHu.

ycte z = (z1,...,24) — TOYKA d-MEPHOU pEUIETKW, 2; — Leible ducaa. [lasa
OGOMBIIMHCTBA, HAIMX 33039 TOCTATOYHO paccmarpuBarhk d = 1. Ho Baxkmo, ogHako,
UMeTb OOIIYI0 KaPpTUHY I IPou3BOIbHOrO d. IIpenmonoxum, aro z € V, rme V. —
OrpaHUYeHHAA 00IaCTh, U B KaXKJOU TOUKe 2 € V ecTb nepeMeHHas o (z), IPUHUMAIO-
MasA KOHEIHOE YUCIO 3HadeHud. Tunuaneiv npumepoM aeiasgercsa o(z) = +1, korga B
KA IOM TOYKE BEIOUPAETCA CIydanHbii 3uak. Paccmorpum dyuximo U(o(z); o(z'),
|z — 2’| < r), KOTOpyIO HA30BEM MOTEHIMAJIOM B3aMMOLEUCTBUA IEPEMEHHOU o (2) ¢
eé cocegamu B paguyce r. 3apukcupyem koupurypamuio 6(0V) = {o(z) | z ¢ V,
dist(z,V) < r}. Cymma

Y Ulo(2); o(2'), |2 = 2| <7) =U(0(2),2 € V | 5(AV))
zeV

HA3BIBAETCA SHepruen Koudurypammu o(z),z € V npu rpanuwdaom yciaosuu 7 (0V).
IToTom Takne koHUrypauuy 6y YT UCIOIL3OBATHCA IS KOAUPOBAHUA TPAEKTOPUN
IMHAMAYECKUX CUCTeM. TWIWYIHBIM MpUMep — TaK HasbiBaeMas (HeppOMArHUTHASL
mogens Usunra, rae o(z) =+1,r=1u

Ulo(z); a(2'), |z —2'| < 1) = Z (0(2) —a(2')? + ho(z).
z'tz—2'|=1
Hocrenusas cymva mpu h = 0 ecTh ANCKPETHHIN BapUAHT M3BECTHOTO WHTETPAIa

[Mupuxie

/V(VU, Vo) dz.

OnHako BO MHOI'MX OTHOIIEHHAX MOAEIL V3uHra nageka oT €€ HEeIpepLIBHOI'O aHa-
Jora.

Buipaxenne
m5(0(2), 2z € V;5(0V)) = e BUe(2),2€VIZ(OV)

HA3BIBAETCA CTATUCTUYECKUM BecoM Koudurypamuu o(z),z € V. Ilapamerp 8 —
obpaTHas Temmeparypa. Beexem o6o3uaeHnne

EVIB,60V)= Y mlo(z),z € V;5(dV).

{o(2),z€V}
Pacupegenenve T'u66ca B o6veme V' npu rpanmanom ycaosum 7(0V) um obparHon
TeMmeparype [ — DTO BEPOATHOCTHOE paCIpefeleHne Ha KOHpUrypauuax o(z),
z €V, rme
1

plo(z),z€V) = m(0(z),z € V;5(0V)).

E(V[B,5(0V))

Moxuo 6e3 Tpyga 0600IUTE BCE IPEALLIYIIIe MOHATUA Ha CIyIal, KO [a MHOXKECTBO
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3HaYeHnN 0(z) GECKOHETHO WM ajKe KOHTWHYATBHO, a moTeHnuan U nMeeT Gecko-
HEYHBIA PAAUYC B3AUMOMEUCTBUA 7. Takue BHIPAKEHUA JYaCTO BO3HUKAIOT U3 JIUHA-
MUKH.

IepBLi BOMPOC — O Tpenene ru66COBCKOTO pacIpeneteHus mpu V. — oo u 3a-
BUCHMOCTH TOTO MPEIeIa OT MPAHUIHBIX YCIOBUU. [Ipenessl, moryYaiommecs TAKIM
€10co60M, MOI'YT OBITH OIIPEIEJEHEL C IIOMOIILIO TaK Ha3LIBaeMbIX ypasuenun [Jo6py-
mmHa, — JIbadopaa — Prosaa. O curyamuax, KOrga 3T Npeneisl 3aBUCAT OT TPAHUY-
HBIX YCJAOBUU, TOBOPAT KAK O CATYAIUAX, UMEIOIINX JaTLHUN TOPAIOK; OH CBA3AH C
dazoBbiMu EpexogqaMu mepBoro poga. Cendac ecTh pa3sHOOOPA3HBIE METOIBL [JOKA3A-
TEIbCTBA CYyMIECTBOBAHUSA JAJBHEr0 MOPAIKA. B 9aCTHOCTH, TAJBHUAU MOPALOK €CTh B
yrnoManyTon Beiie mogeau Wauura pu d > 1, h = 0 u goctarouno 6oasmux [. O1-
HAKO 33124y 0 (pa30BBIX Mepexoqax JOCTATOYHO JAJeKU OT Teopun xaoca. Ilpuyanza
B TOM, YTO TAJIBHErO MOPAIKA 3aBEIOMO HET npu d = 1, MOTOMY 9TO B BTOM CIydae
pacmpenenenus [ub6ca — MapKOBCKUE IENU € KOHEYHOW TMaMATHI0. Bmpodem, Koe-
YTO MHTEPECHOE MOXKET MPOUCXOAUTh, €CAU T = 00. PACCMOTPUM MPUMED TEOPEMHI,
UMEIOIIEN TIPUIOKEHUA B JUHAMUKE U TEOPUM Xa0Ca.

Mpegnonoxum, uro 3anana dyukius p(o(0) | o(—1),0(-2),...,0(-n),...), yzo-
BJIETBOPSIIONIAS YCIOBUSM:

a) p(a(0) | o(—1),0(-2),0(=3),...,0(—n),...) > const > 0;

b) Zp(J(O) |o(=1),0(-2),0(=3),...,0(—n),...)=1.

a(0)
Torga p(c(0) | 0(=1),0(=2),...,0(—n),...) MOXHO paccCMaTPUBAThL KaK YCIOBHYIO
BeposaTHOCTH o(0) mpu 3aganuon npegsicropun o(—1),0(-2),...,0(—n),... 3aga-

IVMCA BOIPOCOM: KAK MHOT'O BEPOATHOCTHLIX PACHpeneJeHus P COBMECTUMEL C 3TON
ycaosHOU BeposTHOCTEIO? Ilocaennee o3Hadaer, 4T0

. P(o(0),0(-1),...,0(=n)) _
7111_{20 Plo(—D)... o(—n) =p(o(0) | o(=1),...,0(—n),...).

Ecnu p 3aBucuT TOIBKO OT KOHEYHOI'O YUCIA epeMeHHEBIX, T.e. p = p(o(0) | o(—1),
o0(—=2),0(-3),...,0(—n)), To o6braHAs Teopus uenern Mapkosa rosopur, uro P equn-
cTBeHHO. /I TOro, 9TOOHl €IUHCTBEHHOCTh MMEIA MECTO U TPU N = 00, (PYHKIUA
P DOKHA NOCTATOYHO XOPOMIO MPUOIMKATECA (PYHKIMAMEA KOHEIHOrO YHCIA Hmepe-
meHHBIX. [Tomoxum

_ pEO) |o(=1),,. . a(=n).0/(=n=1),...) _,
o p@®) [o(=1),, - a(=n),

TEOPEMA. Ecau ), an < 00, mo P eduncmesenno.

Ecmz ), @, = 00, TO, BEPOATHO, MOXKET MPOABUTHCA DHMEKT JaTbHEr0 MOPAIKA
un P MoxkeT cTaTh HeeINHCTBEHHBIM.

B sagagax Teopum xaoca P o6vrusO eguHcTBeHHO. Ciegyiomiee, 9TO HaM HyX-
HO, — DTO TaK HA3BIBAEMEBIE BpeMEHHEIE Koppeaauonnse Gyukunu E,(o(0)o(z)) n
CKOPOCTB UX CXOZUMOCTHU K NIPEIEILy IPH 2 — OO.

Teopusa xaoca COCTOUT U3 IBYX OCHOBHBLIX YacTen. B meprou u3 HUX TiaBHAA 3214~
Ya — J0Ka3aTh, ITO HEKOTODAsA JUHAMUYUECKAs CHCTeMa (WIM KIACC TUMHAMUIECKUX
cHCTeM) HEYCTOMYMBA WM TUIEPOOIMIHA. BTOpas — 5TO Teopms, MOKA3BIBAIOMIAL,
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YTO HEYCTOWYIUBLIE TUHAMUYICCKUE CUCTEMEBI UMEIOT OCOOBIE CBOUCTBA, KOTOPLIE MOXK-
HO a4CCOLUUPOBATL C XAa0COM.

Nnes o cBA3M HEYCTOUYUBOCTU U XA0CA MPOCICKUBACTCA YKE B CTATHAX U KHU-
rax Ilyamkape (ocoGeHHO B ero y4eGHUKE IO TEOPUU BEPOATHOCTEH, Ije OH 00-
CyXIaeT MPOUCXOXKAEHUE CAYIaNHLIX cOObITHUR), B paborax Amamapa, Bupkroda,
Mopca.

B Gosee Gimskme Kk HaM BpeMeHa (TPUALATHL — COPOK JET HA3al) 5>Ta TeMa
6buta nenTpansHou B paborax ¢usukos H. C. Kpeuosa, B. Yupukosa, I'. 3acaascko-
ro, [Ix. Popaa u ap. B MaremaTuke TOMOIOTAYIECKNE ACTIEKTHI DTON UIEN PA3BUBA-
auck C. Cmemnom, [I. Auocosoim, M. lly6om, Mx.entucom u ap. Maremarudeckas
Teopusa xaoca nosBmiaack B paborax [I. Prosmas, P.Boysua, B. Ocenenua, f. Hecuna,
MOUX U JP.

BRIBO OCHOBHBIX CBOUCTB Xa0Ca U3 HEYCTOWYUBOCTU ABIACTCA CEMYIAC XOPOIIO
paspaboTaHHOU MaTeMAaTUIeCKOU Teopuen. Mur o6cynum ee B jekiuu 3. Bo Mmuorux
CJy9asX OCHOBHAA TPYIHOCTB COCTOUT B TOM, YTOOBI [Js JAHHOU AMHAMUYECKOU CH-
CTEeMBI JOKA3aTh JOCTATOYHO CIILHYIO HEYCTONIUBOCTD. B DTON JIEKIINU MBI 06CY IUM
o0IIee TOHATNE TUHAMAIECKON HEYCTOUIUBOCTH.

IIycTs MBI UMeeM cucTeMy OOBIKHOBEHHBIX NU(PEPEeHINATBHLIX YPABHEHUN

%:fi(xla"'axd)a 1<Z<d, (]-)
3pecs d — pa3MepHOCTD (ha3oBoro npocrpancrsa. Pynknuu f; gocraTodno riaskue
U peryJapHee, 9To0bl 1 Jarodoro HadansHoro yciaoeusa x(0) = (21(0),...,24(0))
cucrema (1) umena eguucrsennoe pemenne z(t) = (z1(t),...,z4(t)), onpemesennoe
I BCex t, —oo < t < oo.

Paccmorpum manoe Bo3MymneHue HadalbHbX yeaosun ' (0) = (24(0),...,2%(0)),

z;(0) = 2;(0) + 6x;(0). Bekrop dz(0) = (dz1(0),...,0x4(0)) xapakTepusyer pas-
Mep BO3MyIIeHUA. BosmymienHoe pemienue z'(f) OTKIOHAETCA OT HAYAILHOTO pe-
menus z(f) # MOXKHO 3aJaTh BOOPOC: HACKOJIBKO BEJIWKO BPEMA f, MPHU KOTOPOM
|2'(t) — z(t)|| = O(1), T.e. '(t) — 2(t) DO IOPAAKY CPABHEMO C XapaKTEPHBIM Da3-
mMepoM dazoBoro npoctpancTsa’? (B KOHKPETHEIX CHUTYAIMAX OOLIMHO JETKO OTpe/e-
JUTH TOYHOE 3HAYMEHUE DTOU BEAMIMHBL) eM MeHbIne Bpems t, TeM 60omee HeyCTOu-
ymBa guHamwuka. IIpexnonoxum, aTo 02(0) — 0 BOOIL HEKOTOPOTO HANDPABICHUA 1
t ~ An [|62(0)|| mas mexoroporo A > 0. KoHeuHO, A 3aBUCHT OT BEIGPAHHOT'O HANPAa-
BIEHUS, KOTOPOe HA3LIBAETCA B DTOM CIydae HEycToWduBhIM. IlocaenHsas dpopmyna
osragaer, aro |dz(t)| < e*||dz(0)||. Oxmako mpaBas 4acTe 3HAMMMA TOJTBKO TPH
taxux t u 6x(0), aTo Bermamma e*||dz(0)|| cpaBEEMA MO MOPAAKY ¢ XapaKTepPHLIM
pasMepoM (HazoBOro mpocTpaHcTBa. Ecim ¢ — —0o0, TO COOTBETCTBYIOIIEE HAMPa-
BJICHNE HA3BIBAETCA YCTOMIMBLIM (TepMuHOIOrnA npeanoxena Cumeimom). Hucto A B
STOM BEIDAKEHUN HA3HIBAETCA TOKazaTeneM Jiamyrosa. MHOKECTBO BCEX BO3MOKHEIX
A\ HA3BIBAETCSA JAMYHOBCKAM CHEKTPOM (TAHHOU TPACKTOPWH).

Touxa z(0) HaswBaeTca rumepbommueckoi, ecmn RY = R'(z(0)) + E™ (z(0)) +
+ E®)(2(0)), rae R'(x(0)) — oaHOMEpHOE TOAMPOCTPAHCTRO, TOPOXK IEHHOE BEKTO-
pom f(2(0)) = (f1(z(0)),..., fa(z(0))), E™ u E®) — noxnpocrpascTsa, mopoxié-
HBIE HEYCTOMIMBLIMY U yCTONIMBLIMY HATPABJICHUAME COOTBETCTBEHHO. [[0HATHA T'H-
HepOOMMIECKON HEMOABUAKHON TOYKA W MEPUOJAIECKON OPOUTEI XOPOMIO M3BECTHHI
B aHAIN3E, TUAPOIVHAMUKE, IPUKIATHON MaTeMaTuke. Teopusa Xaoca IMEET IeI0 ¢
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obmmMu runepbomudeckumu TpaekTopuamu. Cucrema (1) HassiBaeTCA rumepboIue-
ckol, ecau Kax gas Touka z(0) — runepboandeckas. [unepOoInIHOCTD MOKET OLITh
paBHOMEpHOU u HepaBHOMepHOU. COBpEMEHHOE MOHATHE TUNePOOJUIHOCTY BBEIEHO
Anocosbiv u Cmenmom.

Mycts dim EM (z(0)) = k, dim E®)(2(0)) = [ u >Tu pasMepHOCTH He 3aBUCAT
ot #(0). C'-mogmuorootpasme T'(W) (z) HA3EIBACTCA HEYCTONYHBLIM MHOTOOOPA3IEM
toukn ¢ = 2(0), e dim T (z) = k, kacaremsaas miockocts k [ (z) B Touke o
cosmagaer ¢ B (z) u I (z) = {y : dist(z(t),y(t)) — 0 mpum t — —oo}. Anamorm-
"o, [-meproe C''-mogvmuOr006pasme I'(®) () HasbIBaeTCA YCTONIMBLIM MHOT006pa3TeM
toukn ¥ = z(0), ecmn dim I'®) () = [, xacarersuas miockocts k ['*)(z) B Touke z
cosmanaer ¢ E)(z) u T (z) = {y : dist(x(t),y(t)) — 0 mpm t — oco}. Amamormi-
HEIE OMPEICTEHUS MOXKHO JaTh B 6oee OOIIeM CIydae TVIAIKAX BEKTOPHBIX TIOJICH Ha,
DIAJKAX MHOTO0OPa3UAX WM TVIATKUX UTEPAldd Ha MIAJIKAX MHOrooOpasuax. Bo
BCEX DTUX CIyIagx UMEeTCA OTHOMAPAMETPUIECKAA T'PYINa IPeoOpa3oBaHui haso-
BOI'O MPOCTPAHCTBA, OOPA30BAHHAA CIBUMAMHI BIOIL TpaekTopuil. Taxue Cpynnsr u
HA3BIBAIOTCA QUHAMUICCKAMY CUCTEMAMU.

YrBepxkaeHue, 9TO NPU HEKOTOPLIX TOMOJHUTENBLHLIX YCAOBAAX TUIEPOOTMIeCKTe
TOYKM UMEIOT yCTOMYMBELIE U HEYyCTOMYMBEIE MHOIOOODPa3usA, HA3LIBAETCA TEOPEMOU
A namapa — Ileppona wim TeopeMon 06 NHBAPUAHTHLIX MHOIOOOPABUSIX.

Huxe maMm moTpebyeTcs Takke MOHATHE WHBAPUAHTHOU Mephl. HopMupoBanHasa
Mepa 4 HABBIBACTCS WHBAPUAHTHOU MJsA JAHHOU TUHAMUYECKOU CUCTEMBI, 8CJIU MIJIA
MO0 OTPAHUYIEHHON U3MEPUMOU (DYHKINU QO

/ (2(0)) du(z(0)) = / o ((1)) dia(z(0)).

Mepa p abcoarorHo HempepwiBHA (O oTHOmeHuIO K Mepe JleGera), ecau du(zr) =
= p(z)dz; - ... dry. B sToM caydae pyHKIMA p HA3BIBAETCA IIOTHOCTHIO MepHI. Mbl
06Cy UM pOTh MHBAPUAHTHBLIX MEp B JEKIWW 3.

JIEKIIA 2. OCHOBHBIE NPUMEPHI TUIIEPBOJINYECKNX
OJUHAMUWYECKUX CUCTEM

1. OTHOMEPHBIE OTOBPAYKEHUA. Ilycts f — ompenerennas ua [0, 1] kycourno C2-
rmagkas gyukuus, nas koropoun f(x) € [0,1] mpu 0 < z < 1. Takas gpyukuusa no-
pox aer utepamun 17: Ty(z) = f(z), T} (z) = f(T;’fl(:U)). Orobpaxenne Ty —
runep6oamaeckoe, ecau f'(xz) > 1 npu Bcex . DTO HEPABEHCTBO MOXKET BLIIOJHATD-
€Sl TOMBLKO IS PA3PLIBHBEIX [, TPUYEM B TOYKAX Pa3pbIBA WUMEIOTCA B BUIY JEBAad
7 TpaBas MPOW3BOAHLIC. NHTEPECHO OTMETUTh, 9TO B OTOM W APYTHUX CIYYaAX pas-
PLIBHOCTH AMHAMUKN HE MPENCTABIACT CEPLE3HOW TPyaHOCTH. IIpocTemmas cuTya-
Uy BO3HUMKAET, Korga f obiagaeT MapKOBCKUM CBOMCTBOM: oTpe3ok [0, 1] moxnO
pa3bUTh HA KOHEYHOE HUCJIO MOAWHTEPBAIOB [T;, Liy1] TAK, ITOOLI HA KaXKIOM WH-
repBane f(z;) =0, f(zip1) = 1, T.e. Ty[zi, xi41] = [0,1]. Y runepbonuaeckoro T’y
BCETa €CTh aOCOMIOTHO HENPEPLIBHAS WHBAPUAHTHAA MEPa. B MapKOBCKOM CIydae
5TO — Teopema PeHbH, OHA MOXKET OBITH TOKA3aHA TIPU IIOMOIIN TEOPEMEI U3 Mep-
Bou gekimu. O0mee yTrepxkaeHue mpokasano Jlegpamwe, Kemrepom, Xodoayspom u
OPYTHMA.
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CaMbIll U3BECTHRIU CAYyYall B TEOPUU OTHOMEPHBIX OTOOPAKEHUN — KBAAPATUY-
uee otobpaxkenus x — rz(l —x), 0 <z < 1. 3gecs r — mapamerp, 0 < r < 4. Ot
OTOOPAXKEHUS U3YIATUCH B TOJIOMOP(MHOU TUHAMUKE, UMEIOIIEN 610 C UTEePAIUAMA
roaomopubrx dpyukuuu (Dary, 2Kwaua, Kaprecon, Munuop, JIlrobud, MakmromieH,
Nyanu, Xa66apa u muorue apyrue). OHE OKA3aIUCh BAXKHEL [T TAK HA3BIBAEMOU
yHUBepcaTbHOCTH PenrenbayMa, OMUCHIBAKOIIEN BOSHUKHOBEHNE XA0CA.

[l xaoca BayKHO, YTOOBI y OTOOpaKeHuA ObLIa aGCOMIOTHO HEMPEPLIBHASA MHBA-
puanTHaA Mepa. leHTpaIbHBIM Pe3yIbTATOM 3[eCh SABIAETCS CAEAYIOUAsd TEOpeMa
Axobcona.

TEOPEMA. Muoxcecmeo 3nauenutd v, npu xomopvix y Ty ecmv abcomommuo ne-
NPEPLIBHAL UHBAPUAHTNHAA MEPQ, UMeem NosoHcumesbnylo mepy Jebeza.

Hepasuo Jlio6ua nokaszau, aro [0,4] = C; U Cy U Cs, rae I(Ch) =0,1(C3) >0 n
anascex r € Co mpeobpasoBanue Ty nMeeT aGCOMOTHO HEIIPEPEIBHY 0 NHBAPUAHTHYIO
Mepy, a mus Beex r € C3 y Ty ecTh nepuogudeckas TPAeKTOPUS, MPUTACABAIOMIAS 10
T Bee Touku orpeska [0, 1]. Muoxectro C3 OTKPHITO 1 BCIOy WIOTHO. MHOXKECTBO
3HAYEHUH 7', IPK KOTOPBIX T rUmepOOIITHO, IMEET MOIHYI0 Mepy.

2. [IBYMEPHBIE OTOBPAYKEHUA. IIpocTennmu mpuMep IBYMEPHOTO TUTEPOOITIe-
CKOr'0 OTOOpaXKeHUs — TPYIIOBOM aBTOMOPGU3M ABYMEPHOrO Topa, 1 (r1,Ts) =
= (amy + bra,cxy + dxs), Tae x = (r1,72) — Touka T?, KOOpAUHATEI GEPyTCA TIO
momayaio 1, kosdduimenTsr a, b, ¢, d — ueasie u ad—bc = 1. OTobpaxenne T’ rumep60-
JIMYHO, €CIU COOCTBEHHBIE THCIA A1, Ay MATPUIILL H a ZH TaKOBEL, 9TO |A1]| > 1> |Ag].
Heycromausbie u ycroiansee Maorooopasms ['(W (z), T'(*)(z) — npamsre, mrymme
BIOJIb HATIPABICHAN COOCTBEHHLIX BEKTOPOB, COOTBETCTBYIOIIAX A1 U \o.

3. CTAHJAPTHLIE OTOBPAKEHUA. PaccMOTpuM IepuoIudecKyio TIAIKy (yHK-
o V(z) mepuoga 1, uMeromnyio aBe HEBBIPOXKIEHHBIE KpuTwdeckue Todku. OTo-
6paxkenusa gsymepHoro topa T'(z1,x2) = (x,x)), rge ] = z1 + kV(z) (mod 1),
xh = x2+2) (mod 1), k — napameTp, HA3LIBAIOTCSA CTAH AP THEIMYA OTOODAKEHAAMMU.
Ownn 6bwtn BBegensl b. B. Yupukosoim u 6putanckum GusnkoM TeraopoM u mmmpoko
UCTIOMB3YIOTCSA B (QU3UKE ILTA3MBI, HEIMHENHBIX KOJAeOAHUAX U T. . CTaHgap THEIE OTO-
OpaKeHUs IPU MATBIX 3HAUYEHUAX k MAIOT MPOCTEMIINE IPUMEDHI IPUMEHEHUA TEOPUN
KAM (Koamoropos — Apuoasa — Moszep). B mekoTopom cMmeicae crangapTHBIE OTO-
OpaXKeHUs ABIAIOTCA IBYMEPHBIMU AHAIONAMHU KBAAPATUYHBIX OToOpaxkenuu. Kax
TOJBKO CTAHIAPTHLIE OTOOPAXKEHNs CTATNA MOMYIAPHBIMU, OABAIACH TUIIOTE3A, ITO
MHOXKECTBO TUMEPOOINIECKNX TOUEK MMEET MOJOKUTENbHYI0 Mepy Jlebera masa Bcex
k > 0. DTa ovenb TpyaHAS MPOOJIEMa BCE €Ie OCTAETCA OTKPBITOM.

4. TEOJAE3MYECKUE MOTOKN HA MOBEPXHOCTAX IMOCTOSHHON OTPULATEJILHOMI
KPUBU3HBI U JPYTUX MHOTOOBPA3UAX. IDTU TUHAMUIECKUE CUCTEMBI SBJSIOTCS
€CTEeCTBEHHBIME AHAJIOTAMU MPYIIOBEIX aBToMOpduaMos Tor?. 3arajuM Ha BepxXHEH
nonymiockoctu H = {z : Imz > (0} KOMIUIEKCHON IIOCKOCTU PUMAHOBY METPUKY
ds® = (dz® + dy?) Jy*.

Xoporo n3BecTHO, 9T0 H ¢ TAKOU METPUKON UMeeT rayccoBy Kpususny — 1. Hro-
OLI MOCTPOUTEL MPUMEP T'eOME3WIECKOr0 MOTOKA, BO3bMeM Tpymmy [' = {H ZZH}v
a,b,c,d — menvie u ad — bc = 1. MoxHO BEIOpaThL (PyHIAMEHTAILHYIO O0JACTH
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6

Puc. 1.

@ = H/T, xax m3obpaxeHo Ha pucyHke 1. Jlerko mogcauTarh, YTO MIOIALL ()
KOHETHA.

s mocTpoeHus APYyrux MPUMEPOB HYKHO OPATH PA3IUIHBIE TUCKPETHBIE TIO-
rpymnst rpynnsl SL(2,R) neiicreurensusix Matpur || 2 Y ||, 2w — zy = 1.

O6aacTs () UrpaeT BAXHYIO POJIb B TEOPUM TUCEN, TEOPUU TPEACTABICHUN, KBAH-
ToBoM xaoce. Pazosoe mpocTpancTBO M reone3snIeckoro moToKa — 3TO TPEXMEPHOE
MHOT000pa3ne eAMHNYIHLIX KACATETLHLIX BEKTOPOB K (). ['eonesndeckur moTOK — 5TO
IUHAMAYECKaa cucTeMa B M, mepeMeInaroman Kaxk s BeKTOP ¢ eIUHUTHON CKOPO-
CTBIO BJOJb ONPEIENseMONd STUM BEKTOPOM I'€01e3MIeCKOMN.

Teomesmveckne MOTOKM MOXKHO BBECTU Ha, JTIOOOM PUMAHOBOM MHOT0OGpasuu. B
cIydae MHODOOOPa3ni OTPULATEIFHON KPUBU3HLI OHU UMEIOT OCOOBIE CBOMCTRA, PAB-
HOMEPHO CUIBHOU MUMEPOOIUIHOCTH. Y CTONYIUBLIE U HEYCTONIUBLIE MHOTOOOPA3UA —
XOPOIIO U3BECTHLIE B TUMEPOOIMICCKON NeOMETPUN OOHEKTHI, Ha3EIBaEMEBIE opucde-
pamu. B IByMepHOM CIydae yCTOUYUBLIE W HEYCTOUUIUBLIE MHOTOOOPA3UA — BTO
OJHOMEDHBLIE CEMENCTBA BEKTOPOB, OPTOTOHAIBHBIX K OKPYXKHOCTAM, KACAIOUIMMCA
mpsaMont Im z = 0, win eIUHUIHBIE BEKTOPHI, OPTOTOHAJIBHBIE K NOPU30HTAILHBIM
npaMbiM. Opucdeps (B IByMEPHOM CIydae — OPUIMKILI) MOXKHO HOMYIATh KAK TIPe-
JeJIBl OKpYKHOCTEN (CM. puc. 3).

Pwuc. 2. Pwuc. 3.

5. CUCTEMBI AHOCOBA. J[IuHaMUYECKHE CACTEMBI ¢ OJHOPOJHOU THIIEPOOJIUIHO-
CTBIO BCEX TPAEKTOPUU HA3BIBAIOTCS cucTeMaMu AHOCOBaA (B 9€CTb POCCUUCKOTO Ma-
TeMaTuka AHOCOBA, KOTOPHI ux BBen). OHU BKIIOYAIOT B Ce6S IPYIIIOBLIE ABTOMOP-
(pU3MBI TOPOB U UX HETVHEUHBIE BO3MYIICHUS, TEOIE3NICCKIE TOTOKN HA, KOMITAKT-
HBLIX MHOrOOGPA3WAX OTPUNATENHLHON KPUBU3HEL M HEKOTOPLIE APYTHE CACTEMEL.



40 A.I'. Cugan

6. PACCEMBAIONINE, NN TUNEPBOJNYECKUE BUJLIMAPABI. Bumtuapast — 3To
IUHAMAYIECKNAE CUCTEMEI, COOTBETCTBYIOIINE PABHOMEPHOMY IBUKEHUIO TOYKU TOIO-
JKUTEJLHON MacChl BHYTpU HeKoTopou obaactu (). Touka oTpaxkaerca OT IpaHUILI
TaK, YTO yrOJI MAJEHUsA PABEH YOIy OTpaxkeHus. [MHAMUKA TAKOTO IBUKEHUA Pas-
puiBHA. CBOMCTBA OWLINADAA 3aBUCAT OT CBOUCTB ero rpaHunsl Q). Burmapg ma-
3LIBAETCA IUIEPOOINIECKIM WM PACCEUBAIOIINM, €CIM €r0 Mpannna 0() — BOrHyTa
(cm. puc. 4).

O

Puc. 4.

Kaxk u B cryuae reofieam4eckux mOTOKOB Ha MHOT'OOOPA3UAX OTPULATEIBHON KPH-
BU3HBI, TUMAYHAA TOIKA UMEET YCTOMIUBOE U HEYCTOMIMBOE MHOr000pasus. [Ipume-
PHL IJA ABYMEPHOT'O CJAydas MPUBEIEHBI HA puc. 5. OCOObIE TOYKM HA DTUX MHOT'O-
00pa3uax, UMelore B KJII0BA, COOTBETCTBYIOT TPAEKTOPUAM, KOTOPLIE B HEKOTO-
PBIT MOMEHT KACAIOTCA DPAHUIBL. B 5TUX TOUYKAX IMHAMUKA PA3PBIBHA. SHAMEHUTAA
CHCTEMa YIPYTro CTATKNBAIOIINXCSA TBEPIBIX IAPOB MOXKET TaKXKe ObITh IIpeICcTaBIe-
Ha Kak OWLIMapaHas CUCTeMa. BYHUMOBMY MOKa3aa TUMIepOOIMIHOCTL OWIIMAPIA
BHyTpU cTaaunoHa (craguon Bynumosuua). [aszy us Teepasix cdep u apyrum Ouiim-
apaM TOCBAIIeHa Goabinas Kuura non pegakiuen /. Caca, kKoTopas HeTABHO BBIIILIA
B u3gareabcTBe Hlnmpunrep.

Pwuc. 5.

7. CucTEMBI CMEMJIA ¢ AKCUOMO# A. ATTPAKTOP JIOPEHIIA. C.Cwmewr npea-
JIOXKWI PACCMATPUBATE TUHAMUYIECKUE CUCTEMEI, ¥ KOTOPBIX CUILHAS OJHOPOTHAS T'H-
epOOMUIHOCTE TOCTUTAETCA HA MPEIeTHHOM MHOXKECTBE, IPUTATUBAIOIIEM BCE TPa-
exktopun. CMeI Ha3BaI TAKUE CUCTEMBI CUCTEMAMH, Y JOBJIETBOPAIOIIMMY aKCHOMe A.
Onu urpaioT GOJBIIYI0 POJIb B TOMOJOTMIECKOU TEOPUN TUHAMUIECKUAX CHCTEM.

B 1962 rony E..JlopeHI nmpusen mpuMep CUCTEMBI U3 TpeX OOBIKHOBEHHBIX Mud-
(pepeHnraATbHBIX yPABHEHUN, KOTOPasd 00Ia1aeT MHOTUMHU CBOUCTBAMU CUCTEM C aK-
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cuomon A. OHa UMeeT OUYeHb MTPOCTOUN BU

da:l
—= = —0ox1 + 0%
dt 1+ 2,
dm2
—= =rx; — 2y — 1T 2
a 1 2 173, (2)
dxs
—= = —bx3 + x122.
a 3+ T1T2
3nech o,r,b — uucaosee napaMmeTpol. E. JIOpeHI] OTKPBLI BTy CUCTEMy NPU UCCIe-

IOBAHUY 3HAMEHUTOU TMpobrembl Benapa B rugpoaunamuke. OH OOHAPYKUI TIPU T~
CJEHHBIX PAcCIeTax, 4To cuCTeMa (2) Mpu HEKOTOPHIX 3HAYEHUAX O,T,b MPOABIAET
CIWIBHBIE CBOUCTBA TUOEPOOAUIHOCTH. [[eCATHIO TMOJaMU MO3XKEe dTA CUCTEMA CTAJIA
BECHMA TOMYJIAPHON, U UAEH Xa0Ca HAYAIN TPOHUKATDL B pusuky. [IpumepHo B 5TO Ke
Bpems Proanb u Taxenc (PT) mpengoxuiu NOHATHE CTPAHHOT'O ATTPAKTOPA TPUMEHH-
TeIbHO K Ipobaeme TypOyaeaTHOCTU. CTPOro roBops, cucreMa (2) He yIOBIETBOPAET
ompenerenuto PT, ogaako ovens 6iuska k nemy. O6bsacHenue runepbonuanoctu (2)
66110 nano P. BuabamcoM u (HECKOABKO uHBEIM crtocoboMm) AdpamosudeM, BEIKOBEIM,
MursaukoseiM. Hegasno Taxep mpu MOMOIIN KOMTBIOTEPHBEIX BLIYUCICHUU HAIIET
JOKA3aTeJbCTBO MMIEPOOIUIHOCTH cucTeMbl Jlopenna (2).

8. OTOBPAXKEHUE DHO U ATTPAKTOP DHO. Bpoxuosrenuwin paGorou E.Jlopen-
113, PPAHIY3CKUU acTPOHOM M. DHO NpPesIoXuiI AUCKPETHYI BEpCUo cucTeMbl Jlo-
perna (2), B YUCACHHBIX SKCIEPUMEHTAX JeMOHCTPUPYIOIIYI0 AHAJOTMIHEIE CBOUCTBA.
Owna mveet Busg (z1,2) — (142 —ax?,bxy), rae a,b — napameTprr. M. Bereaux u
JI. Kapiecon pokasanu 3amMedaTeIbHBIE PE3YIbTATHL O FUIEPOOJNIHOCTE OTOOpaKe-
HUH JHO.

9. IIoAKOBA CMEﬂJ’IA, TOMOKJ/JIMHUYECKHNE N 'ETEPOKJIMHNUYECKNE TPAEKTO-
pun. Bcé 5To0 — MexXaHU3MBI, TOPOXK JAIOIINE MHBAPUAHTHELIE MHOXKECTBA, COCTOSIITIE
u3 TAnepOOInIecKuX TpaeKTopui. OOBIYHO TaKMe MHOXKECTBA UMEIOT MEpPy HyJIb 1
B HEKOTOPOM CMBICJE ACKIIOYUTENbHEL. €M HE MeHee, TPACKTOPUM HA 3TUX MHOMXKEe-
CTBAaX MPOABIAIOT XaoTU4Ieckoe nosegenue. [Ipeumyinectso moakossr Cmenna, roMo-
KIVMHUYIECKUX U TeTEePOKINHNICCKUX TPACKTOPUN B TOM, ITO BO MHOTUX CIyJasaX UX
ropaso Jerde OOHAPYXKUTH AHAIATUIECKAMY WX ACIEHHBIMUA METOJAMU.

JIEKIUA 3. MATEMATUKA YCTOSABIIEIOCA XAOCA

3 runep60ImIHOCTY 1 HEy CTOMIMBOCTY TPACKTOPUN JETKO CIEAYeT, 9TO B TAKAX
CUCTEMAaX YUCIO BO3MOXKHBLIX TUMOB TPACKTOPUHA PACTET DKCIOHEHIMAILHO. MuOorme
X HUX — XAOTHIECKHE, MOTOMY 9TO OOIIEe IUCIO HEXAOTUIECKIX TPACKTOPHUN Pa-
CTET MENIECHHEE, 9€M SKCIOHEHIMATLHO. TOIHAA (POPMYIMPOBKA TEPMUHOB ¥ IIOHS-
TUU, OTHOCAIIUXCA K 3TOMY BOTPOCY, CBA3AHA, C TEOPUEN CAOKHOCTU JUHAMUIECKUX
cucteM. Mur He 6ymeM 31eCh €€ 00CYy XK IaTh.

[leTepMUHUPOBAHHAA TUHAMUKA XAOTHIHA, €CIA OHA OOJATAET CBOUCTBAMMU CJIy-
YAMHBIX COOBITUU WU CIyIANHBIX DKCIEPUMEHTOB U3 TEOPUN BeposaTHOCTen. [lepson
OCHOBHOW TEOPEMOU TEOPUU BEPOATHOCTEN ABMACTCA 3aKOH OOMBINTUX YUCET O CYIIEe-
CTBOBAHUU ¥ YCTOUIUBOCTU BPEMEHHEIX cpeauunX. OH UMEeT eCTECTBEHHBIN AHAJIOT
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B IUHAMHUKE. A MMEHHO, OTMpemeIuM IJs JHOOU OTPAHUYEHHOU (DYHKIUU €€ Bpe-
MeHHOE cpegHee
1 u+t
lim — p(z(s)) ds = p(x(0))

t—oo t w

MpY yCJAOBUM, YTO DTOT Tpeaen cymectByeT. OH HE 3aBUCAT OT ©, HO MOXKET 3aBU-
cets ot 2(0). dproauyeckas Teopema Bupkroda yTBepxIa€T, YTO €CIU i — UHBA-
pUAaHTHAs Mepa, TO BpeMeHHOe CpegHee CyIeCTByeT MaA i-modtu Beex Todek z(0).
Taxum 06pazoM, MEPBEI AT B AHAIU3E Xa0CA COCTOMT B BEIOOPE MHBAPUAHTHON
Mephl 1. OBEITHO TUHAMWYECKUE CUCTEMBI MMEIOT MHOTO THUIOB TPACKTOPWMA: MEepPUo-
IWIECKAE TPACKTOPUN, ACUMITOTUICCKAE TPACKTOPUY, TPAHINCHTHEIC TPACKTOPUN
u T. 1. Ecin Mb1 pukcupyem pi, TO MBI (pUKCAPYEM HEKOTOPOE MHOXKECTBO TPACKTOPHUH
C OMHOPOIHBIM PEKUMOM.

EcTb 00mue TeopeMel 0 CymecTBOBAHNY [I0 KpalHel Mepe OJHOU WHBAPUAHTHON
Mepel (OQMH U3 IpuMepoB — Teopema Boromo6osa — KpbuioBa 1 quHAMUIECKIX
CUCTEM C KOMIAKTHBIM (ha30BBLIM MPOCTPAHCTBOM ). BO MHOIUX CIydasx CyIIeCTBOBA-
HUE €CTECTBEHHBEIX WHBAPUAHTHEIX MEP CAENyeT W3 3aKOHOB mWHAMuUKu. Hampummep,
TAK HA3LIBAEMEIE TAMUILTOHOBEI CUCTEMBI, FPYIIIOBLIE ABTOMOP(MU3MEL, T€ONE3nIe-
CK7e TTOTOKY Ha, KOMITAKTHLIX PUMAHOBEIX MHOT000DA3UAX, OWIINAPIE UMEIOT abCo-
JIFOTHO HEMPEPLIBHEIE NHBAPUAHTHLIE MEPHI.

WsBecTeH o6muK CIOCO0 BHEIOOPA €CTECTBEHHOU MHBAPUAHTHOU MEpPhI, HA3LIBAE-
MBI WHOTIA TpuHOUnoM Prosaa. BosbMém m06yi0 HOPMHUPOBAHHYIO IIOTHOCTH
p(z;0), [p(x;0)deydes - ... dzg = 1. OHa DOpOXKZAET MepPy [lg, AIA KOTOPOW
dpo

= p(z;0). Maa mo6oro ¢ > 0 u OrpaHUIEHHON

/ (@ (t)) duo (2(0)) = / (@ () pla:0) dr = / o()ply; 1) dy.
IlnorrOCTH p(y;t) yooBreTBOpsAET ypasHeHuo JluyBumiia

% +div(p, f) =0, f(y)=(fiy),-.., f2¥))

WK ero aHAJOTY s CAydas urepanui. Kcam cylmecTByer npemea

lim | @(z(t)) duo(z(0)) = / o(y) dpso (y),

t—o0

TIE [loo — TPENeTbHAS MEPA U [loo HE BABUCHT OT [lg, TO [loo — €CTECTBEHHAS MEPA.
Teopema fAxo6Gcona u pesynbraT Benemukca — KapmecoHa, ymoMaHyThIE B IPEILI-
OYIIeN JEeKIWU, TapaHTUPYIOT CYIIECTBOBAHUE [loo IJA COOTBETCTBYIOIIAX CHACTEM.
[lna TAMUILTOHOBEIX CHCTEM W APYTUX CACTEM, HA3BAHHLIX BLINIE, TPYIHOU 3a1a-
9el ABIAETCA NOKA3ATEALCTBO TOTO, UTO [lso COBIATAET C €CTECTBEHHON a0COMOTHO
HEMpPEepPLIBHON MEpPOU. JTa 3aJa¥a CBOAATCA K NOKA3ATEILCTBY MEPEMEIINBAIOLIIETO
CBOICTBA IUHAMUKY 1 OyaIeT 00CYKIAThCA HIKE.

Tereps TPEATIONOXKIM, UTO OIA JAHHON AWHAMUIECKON CHCTEMBbI BLIODAHA, WH-
BapuanTHag mepa u. Teopema Bupkroda mossoaser epemenuriv cpearum @(z(0))
sapucetsb oT 2(0). Mepa p maspBaercs sproamieckol, ecan @(z(0)) = [ o(y) du(y).
B sTOM ciaydae sprogudeckas T€OpeMa MPUHUMAET BUJ OOBLITHOTO 3aKOHA OOJBIINAX
qucen. TepMUHOMOTAA TPOUCXOIUT U3 CTATHCTHICCKON MEXAHUKMW, 4 TMOHATHAE DPro-
OWIHOCTY B HEMHOT'O MHOM Buae ObLI0 mpenmtoxeno JI. Borsumanrom.
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OO6LIYHO O¥eHb TPYOHO NOKA3aTh, YTO NAHHAS WHBAPUAHTHAA MEPA DPrOIUIHA.
Hampumep, Mur cenvac 3uaem Gaarogapsa KAM Teopuwm, 9T0 MHOrME TaMUJILTOHO-
BBl CUCTEMEI, ONMUCHIBAIOIINE TMHAMUKY B3aUMOIEMCTBYIOMNX YACTHIL, HEIPrOAWd-
uel. OMHAKO AT rUnepOOMUIeCKUX AUHAMUYIECKUX CUCTEM UMEETCS OOIIee paccy-
xkperre . Xormda, KOTOpOe yCTAHABINBALT 3PTOAUIHOCTE. MBI OMUMIIIEM 3TO Paccy-
XKIEHNE, HO, KOHETHO, ATO HE OyOeT MOJHBIM CTPOCMM NOKA3ATEILCTBOM. [aa mpo-
CTOTEI OTPAHWYUMCS CIyIaeM KOMIAKTHOTO (Pa3oBOro mpocTpancTsa. JocTaTodno
PACCMOTPETh HENmpephIBHBIE (DYHKIUU . PACCMOTPUM [ TOUKE & €€ JOKATLHOE
yeroirunBoe MuOrooGpasue (%) (x), T.e. MaTyi0 OKPECTHOCTH &, TPUHALICKAIILYIO
yerorausomy MuOrootpasmio I'®) (), v(*)(z) ¢ T)(z). Ecmr cymecteyer 3(z), To
u @(y), y € ¥ rakxke cymecrsyer, mpuuém @(y) = @(x). Takum 06pasom, moKa
2 IBUXKETCA BIOTb JOKATLHBIX YCTOUIUBLIX MHOTOOOPA3NN, BPEMEHHEIE CPEIHUE B
MOJOXATENLHOM HAIIPABICHAN BPEMEHM OCTAIOTCA TEMU K€ CAMBIMHA. [Ipy IBrKeHnn
2 BIOMbL TPAEKTOPUU BPEMEHHEIE CPETHUE COXPAHAIOTCA MO OYEBUIHLIM MPUIMHAM.
OO U3 CIeqCTBUN HProgUIeCKON TeopeMsl Bupkroda yTBEpX) IaeT, YTO A1 MOYTH
BCEX ¥

lim 1 p(z(s))ds = lim 1 p(z(s))ds
t—oo t t—oo t
i 0

u 0b6a mpenena CymecTBYIOT. DTO MOKA3BIBAET, IYTO BPEMEHHEIE CPEIHUe OTHU U T€
Ke [ TOYTH BCEX TOYEK JOKATLHBIX HEYCTOMYUBEIX MHOTOOOpasuu. B rumep6o-
JUYECKUX CUCTEMAX MOYXKHO MEPEUTH OT HAYATHLHOW TOYKHU K JTIOOOUW TOYKE B MAIOU
OKPECTHOCTHU HAYAJIBHOU, NBUCaiACh BIOAL TpaekTopull (1) u JOKAJIBHBIX yCTONYU-
BLIX U HEyCTOUYMBLIX MHOrooGpasuil. [Tosromy Bpemenude cpenuee @(y) moCTOAHHO
B MaJON OKpeCTHOCTH x. Kak MpaBmio, He CAUMIKOM TPYIHO MEPEUTH OT JOKATLHON
DPrOAVIHOCTY K TJIOOATHLHOM.

9. Xond HCIOIB30BAT ATO PACCYXKACHUE, ITOOBI TOKA3ATH DPrOAUIHOCTH TEO-
IEe3NIECKUX MOTOKOB HAa KOMIIAKTHBIX MHOIOOOPa3WAX OTPULATEIHLHOU KPUBUIHEL.
TozaHee OHO MPUMEHATOCH K cucTeMaM AHOCOBA, cuCTeMaM ¢ akcuomou A u T. 1.
OHaKo OKA3aM0Ch, YTO MPUMEHEHNE PACCY XK AeHUA XOmda K PACCENBAOIINM TUIeD-
6ommaeckuM Oumtuapgam — tpyaHas 3agada (Byuumosud, Yepuos, Cunan, [Muma-
uu, Cac u 1p.).

ODProJuIecKas TEOPeMa, 11 MAPKOBCKUX IETIeN YTBEPK JAET, ITO MTPU €CTECTBEH-
HBIX YCJIOBUAX JTI000€ HAYAIBHOE PACIPEIEICHUE CXOIUTCA K € IUHCTBEHHOMY CTaIllO-
HAPHOMY PaCIpenereHno. AHAIOrOM B TUHAMUKE ABIAETCA YIOMSAHY THIA BHLIIIE TPUH-
mun Prosias. B cayyae abCcom0THO HEMPEPHIBHOM NHBAPUAHTHON MEPHI C TLIOTHOCTBIO p
DTO O3HAYAET, UTO

/ o(@)plz, 1) dr — / o(@)p(e) de, - 0. 3)

B o61men proguvieckon TeOpuu MOCAeIHEe CBOMCTBO HA3LIBACTCS TIEPEMEITNBAHNEM.
Koueuno, oTcioga He cieqyeT moTouedHas cXoauMocThb p(x,t) k¥ p(z). IIpocTeie npu-
MepHBI [MOKa3bIBAIOT, ITO GyHKUus1 p(-,t) npu 6OIbMUX ¢ CTAHOBUTCA OYE€Hb HEPEry-
JAPHOU U (3) BBIMOJHAETCA BCJACACTBUE TOTO, UYTO COAEPKUT HEKOTOPOE YCPETHEHUE.
Bo MHOrMX BaXXHBIX CAyYasX MpeNeIbHAs MePa [ioo CUHTYIAPHA MO OTHOIIEHUIO K
mepe Jlebera.
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[lns runep6ONMIECKIX CUCTEM JOKA3aTENbCTBO (3) U CXOQUMOCTH K TPEIETy CO-
CTOAT U3 IBYX IIATNOB, 1 002 MIAra MOXKHO €CTECTBEHHO HHTEPIPETUPOBATE HA A3LIKE
TEPMOIUHAMIIECKOTO (POPMAIN3IMA, YIOMAHYTOrO B Jekumu 1. [lepsomr mar — xo-
KAa3aTeIhCTBO TOrO, UTO JUHAMIKA TOPOXIaeT Ha kaxgoMm D% (z(0)) mexoropyo
MHBAPMAHTHYIO, HO HE HOPMUPOBAHHYIO Mepy. MeXaHusM OMAThL-TaK:’ MpOCT. Bepém
mepy JleGera ma T'("™ (z(—t)) u eé o6pas ma T (2(0)), sagasaeveni gumamuxon. He
OY€HB TPYAHO TOKA3ATh, 9TO BO3HUKAIOIINE LIOTHOCTU CXOAATCA. B rmagkux cucre-
MaxX C CUIBHOU TUMIEPOOIMIHOCTRIO CXOIUMOCTD SKCIIOHCHIMAILHA.

BTOpO# mar COCTOMT B TOM, YTOOH! MOKA3ATE, 9TO cpeHee Ha tooom (%) (z) mo
MIOCTPOEHHOU MEPE UMEET Impefet. DTOT mar Goaee Tpyaubi. OOBIMHO I/ HETO HY K-
HEI CTICIUATBHBIE Pa30ueHnsa (Pa30BOro MIPOCTPAHCTBA, TAK HAZLIBAEMbIE MAPKOBCKUE
pasbuenua. Mur oO6cyaum ux mospHee. BosHuKarolme TakuM TYyTEM Mephl MHOTIA
HaseBaoTca SRB-mepamu (B vects Cunas, Piosnsa, Boysua).

CremyromuM IeHTPATBHBIM PE3YIALTATOM TEOPUH BEPOATHOCTEH ABJIAETCA TIPE-
nenbHaA TeopeMa [aycca, OMUCHLIBAOIMIAA TOBEIEHNE (IyKTYAIUN

1 [etatns .
0

?(y) = [¢(z)du(z). Ecm sTa npeseapHas TeopeMa BBIIOIHACTCA, TO yKA3AHHASM

1 ..
Pa3HOCTL YOBIBAET KaK 0(75) Y Heé HeT HMKAKOr'O ACUMITOTHYECKOT'O PABIOKEHI

B OOBIYHOM CMBICJIE, HO HODMUPOBAHHAA PA3HOCTH
t

Vil 1 [ettnds -
0

UMeeT YHUBEPCAILHOE TayCCOBO PACIPEIETeHUe Npu ¢ — 00. YHUBEPCATLHOCTL B
TAHHOM KOHTEKCTE O3HAYAET, 9TO 3TO PACIHPEICNCHUE IIOYTH He 3aBUCUT OT (0 U OT
MepE! 1. Bosee ToUHO, Mepy ( MOXKHO 3aMEHUTE Ha IPOU3BOILHYI0 HEMHBAPUAHTHYIO
Mepy, aOCOMOTHO HEMTPEPHIBHYIO 110 OTHOMICHHIO K L.

B Teopunm BepoATHOCTEH HpeaerbHas TeopeMa laycca MOKA3LIBAETCA MPHU pas-
JWIHBEIX OPETIONOKEHAAX O HE3aBUCUMOCTH WM CIA00H 3ABUCUMOCTHU CIyIaMHBIX
BEIMYIH.

Oxa3eIBAETCSA, DTO CBOUCTBO TAKKE BBIOIHACTCA A CANEPOOMTICCKAX TMHAMUA-
YeCKUX cucTeM. [JaauM HEeKOTOPBIE IIOACHEHUA B CIydae JUCKPETHOTO BPEMEHM.

DTOT TMOAXO[ OCHOBBEIBAETCA HA UMCTO MEOMETPUICCKOM WIU, GOJEE TOTHO, Hh-
CTO AMHAMUIECKOM IIOHATHH MAPKOBCKOrO Pa30MeHmAa. 3aMKHYTOE€ II0IMHOXKECTBO
C' $a30BOro IPOCTPAHCTBA HA3LIBAETCA IIAPALIEJOTPAMMOM, €CIA OHO COCTOUT W3
JOKAMBbHLIX YCTOMYMBEIX 1 JOKATBLHEIX HEYCTOMYIMBEIX MHOTOOOPA3WI U KaXK 4O JO-
KAJTbHOE YCTOMYMBOE MHOT'000pA3Ne MEPeceKaeT KaxkKIoe JOKATLHOE HEYCTOMIMBOE
MHOroo6pasue B ogHou Touke. Habop mapamrensorpammos {C1, Cs, ..., C,} Ha3bBa-

”
ercsa pasbuenueym, ecan |J C; — Bcé dasosoe npocrparcteo u C; NC; = 0C; NIC;.

i=1
Pasouenne {Cy,Cy, ..., C,} Ha3BIBAETCA MAPKOBCKUM, ECJIH /I KAXK JOT'0 JIOKATLHOTO
meycroiransoro v(*) C C; mo6oe mepeceaenme Ty N C; ecTb JOKATBbHOE HEYCTOH-

4uBoe MHOroo6Gpasue B Cj U, aHATOIUYHO, NI KaXKIOI'O JOKAILHOI'O YCTOUMIHBOIO



Kakx maTemaTukm u3ydamoT Xaoc 45

~(8) € C; mo6oe mepecedenne T~ ($) N C; — noKaJIbHOE YCTONYMBOE MHOIOOOpa3ue
B Cj.

OOBLITHO HETPYIHO MOKA3ATH, YTO rUNEpOOIUIECKAS CUCTEMA, UMEET MAPKOBCKOE
pasbuenue. OIHO U3 MIABHBIX HOCTOUHCTB MAPKOBCKUX DA3OUEHUU 3aKIIOYIACTCA B
TOM, 9TO IIOPOXKTaeMbl€ UM TaK HAa3bIBACMbIEC CUMBOJIUIECCKNE IIPDEACTAaBJICHUA OTUHA-
MUKW OKA3BIBAIOTCA TOBOJLHO MPOCTHIME. [ MAPKOBCKUX Pa3OUeHnN OECKOHETHOE

+o0
nepecewernue (| T*C;, memycro, ecm
—0o0

Ci,NTC4,, #9 mpu — oo < k < +00

MapxkoBckue pa3bueHus MTO3BOJAIT MPEICTABUTH (Pa30BOE MPOCTPAHCTBO KAaK
MPOCTPAHCTBO PEATM3ANNN CTAIUOHAPHOT'O CAYIAUHOTO MPOIECCa U3 TEOPUU BEpO-
ATHOCTEN W TMPUMEHUTH BEPOATHOCTHBIE MeTOABL. Bo MHOrux cayvasx SRB-mepnt
MOXHO IPEICTABATH KaK rmOOCOBCKUE pacIpeaeTeHus B cMbIcae Jeknuu 1 .

Bot mpumMep pe3yanTaTa, KOTOPHIT MOXHO JOKa3aTh TAKUM METOIOM. [Ipenmoao-
JKUM, MBI UMEEM MEPUOIUIECKYI0 KOHDUTYPAIIMIO OKPYKHOCTEN HA TIOCKOCTU. Bhi-
Gepem CIydIaiiHOe HadaabHOe yctosue (q,v), rae ¢ = (q1,q2), v = (vi,v2), v? +v3 =
= 1, ¥ pacCMOTPUM IUHAMUKY OWLIMADTHOU IACTUILLI ¢ HAYAILHEIM YCIOBUEM (¢, V).
OxaswiBaercsa (Byuumosud, Cunan), 9T0 pacupeneseHue HOpMAPOBAHHOTO CMEIIEHUA

C)OO O O O

Qo Qo Qo

Puc. 6.

q(t)/ Vt cxonuTes k Mepe Bumepa, T.e. JeTepMUHMPOBAHHAA JUHAMNKA TIOPOXK IAET
muddysuonub mpoiecc. OObrdHAA KapTUHA OPOYHOBCKOT'O IBUWKEHUS — DTO Me-
pPEeMeIeHre MACCUBHON YACTUIBL O BO3IEUCTBUEM MHOTOYUCICHHBIX HE3ABUCUAMBIX
CTONKHOBEHUN C JETKUMU YaCTUIAMU OKDPYXKAIOUIET0 ra3a. B HalleM CIydae Jerkast
YACTUIA, JBUKETCSA O] BO3JENCTBUEM CTONKHOBEHUN C MACCUBHLIMU HETIOIBUKHBIMU
vacTunaMu U 1udPys3us BOZHUKAET U3-32 HEYCTOUIUBOCTU TUHAMUKU. IDTO, BOZMOXK-
HO, TIePECTAET OLITH BEPHLIM MPU 3aMEHE OKPYKHOCTEN Ha KBAIPATHL.

Muorux uaTEpecyeT, B 4éM COCTOSAT OCHOBHBIE JOCTUMKEHUS Teopuu xaoca. Bor
HECKOTHKO OTBETOB.

1. PesyabTaThl, HOKA3LIBAOMIKE, KAKIM OOPa3oM 0oOpaTUMas IeTePMUHUPOBAH-
Has QUHAMUKA MOXKET TOPOXK JATh HeOOPATUMOCTh. [IpuMep OBLLT TpUBEIEH BHIIIE.

2. Ananus mMpOCTHIX CUCTEM CO CTPAHHLIMU aTTPAKTOPAMU, HATIOAOOUE CUCTEMET
Jlopenna. Oka3biBaeTCs, CAOKHAA IMHAMAKA MOXKET BO3HUKATDL MPU TPOCTHIX yPAB-
HEHUAX [BUKECHVS.
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3. YuusepcanprocThs DenrendayMa MpyU BOZHUKHOBEHUN XA0CA U MOCTeI0BATE -
HoCTH OudypPKAIMA YIBOCHUA TEPUOLA. ITO 3aMEUATEILHOE OTKPLITUE TEOPUU Xa-
0ca, KOTOpoe HAOIIAAIOCH BO MHOIMX 3KCIEpUMEHTax. B Maremaruke 6Gaarogaps
€My BO3HUK TaK HA3LIBAEMLIN METOI PEHOPM-TPYTINEI B TEOPUU TUHAMUIECKUAX CU-
cTeM.

4. B npuioxkeHusax Teopun JUHAMUIECKUX CUCTEM UCIOJIb3YIOTCSA TaKUe MOHITHUA
TEOPUHU XA0CA, KAK TOMOJOIMIECKAA U METPUIECKAS DHTPOIUS, JATYHOBCKUN CIIEKTD
7 T.T. DTU MDapaMETPHl MOXKHO OIEHUTEH YUCICHHO C JOBOJBLHO GOJIBIIION TOYHOCTHIO,
U3 Yero YacTo YAAETCA 3AKMOUUTDL, YTO HA HTPOTAKEHUM OOIBIINX, HO KOHETHBLIX
WHTEPBAJIOB BPEMEHU CHUCTEMA BedeT cebs KaK TUmepOoIudecKas CUCTEeMa C XaOTH-
YECKUMU CBOUCTBAMHU.

5. f/I He mymaro, UTO TeopusA Xaoca Jaaa uITO-TMO0 MHTEPEeCHOe I TUIPOIUHA-
MUKHU, ¥, B YACTHOCTH, NI TyPOyJIeHTHOCTH. BEepoATHO, MBI IO CHX IIOP HE HMEeM
JOCTATOYHO XOPOIIEro MOHUMAHUA JAHAMUKA B 3TUX CJIYIaAX.

ODTOT TEKCT caenyeT Oonee winm MeHee OJU3KO XeIPUKOBCKUM JEKIUAM, TPO-
gnrauabiM B Jloc-Amxenece B aBrycre 2000 roga. MHOrue BaXXHBIE TE€MBI TEOPUU
xaoca B HéM npomymensl. [Ipex e Bcero s mmero B BUAy 3aMedaTelbHBIE PaOOTHI
. OpHCTeNHA U ero KOJMIEr 1O MPOobIeMe M30MOP(U3IMA, TAHAMUYECKUX CUCTEM U
croxHOCTH AuHaMuky, paboTs [x. Mesepa, I'. Kcua o meycronausocTu u quddysun
ApHONBAA B TaMIIBTOHOBHIX CUCTEMAX U T.I. Bce 5TU TeMbl TPeOYIT OTIEJBHOTO
WU3JI0XKEHUA.



