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O6 omHOM MOKa3aTeqbCTBE TeopeMbl [ mrbbepTa
0 HYJIAX

B. Jomuenko

Teopema 'mabbepTa 0 Hyaax (Takxke m3BecTHas Kak Teopema ['minbepra
o kopuax u Nullstellensatz!)), gokasammas B 1893 r. (cm. [3]), urpaer dynga-
MEHTAJbHYIO POJb B KOMMYTATUBHOU aire0pe u aare0pandecKor reOMeTPUN.
Ona yTBepXgaeT, 49TO €CIM KaXAbll OOIMNU KOpeHb cucTeMsl {fi,..., fr}
MHOTOJIEHOB HaJ aireOpamdecKu 3aMKHYTHIM IIOJEM SABJAAETCA KOPDHEM MHO-
rowiera F', To cymecrByeT Takoe m, aro F'" mpencTaBiseTcsa B BULE CYMMBI
Z;ﬂ:l figi, TIe g; — HEKOTOpBIE MHOT'OWICHHI.

[IpuBoaMMOE 3M€CH MOKA3ATEIHCTBO DTOU TEOPEMBI JUIA CIydasd, KOTJa
OCHOBHO€ IIOJIE €CTh II0JI€ KOMILIEKCHBIX Incen?), ABIAETCA JOCTOSHIEM MATe-
MaATHUIECCKOI'O (pOJIbKJIOpa.; XO0TsA OHO MMeeTCA B PAAE PYCCKOA3BITHBIX UCTOTHU-
KOB (U, IO-BUAMMOMY, BO MHOXKECTBE AHIVIOA3BIYHBIX ), OOBITHO O HEM y3HAKOT
38 HEMPUHY X IEHHOU Gecenon — win He y3HaoT BoBce. C6opuuk «MaTemaTu-
qeckoe [IpocBenienner naearsHO TPUCIOCOOIEH MJIsT TOTO, 9TOOBI UCIPABIATH
TaKUE CUTyalluu, Aejaasg KPaCUBBIE NOKA3aTECIbCTBA 6OJIee AOCTYIIHBIMMA. Ha—
CKOIBKO MHE HM3BECTHOS), aBTOPOM KIIOHUEBOIO IIAIA HTONO JOKA3ATEIbCTBA
(mleMMa 2 B caemylomeMm Aalee TEKCTE) ABIAETCA W3PAWIBCKAN MATEMAaTHUK
A. Amunyp [4]. OgHO U3 nEpBBIX ynOMUHAHUY 00 5TOM UAEe HA PYCCKOM A3bI-
Ke CONepXKUTCA B cTaThe [1].

A 6marogapen M. ®unkensbepry 3a TO, YTO OH HO3HAKOMUJI MEHA C DTUM
nokazaTenbCcTBOM, M. Bamomy 3a mpemioxeHue HANUCATH TAHHBIA TEKCT U
MOMM 3HAKOMBIM, Y3HABIIUM 9TO JOKA3ATEJABCTBO OT MEHA, PEAKIINA KOTOPBIX
ybenmia MeHs B IOJE3HOCTH TAKOro TekcTa. S Takxe 6aarogapen B. M. Tuxo-
MEpOBY, IPeIOKIBIIEMY CHA0ANTH BCTYILIEHRE o6menocTynHonY) ¢popmymn-

YM. Pug B xuure «Aare6panueckas reomeTpusa AaA Beex» numeT: «COBETYIO BaM IpH-
[JEePXKUBATHCA HEMEIKOI'0 HA3BAHWA, €CIM BBl HE JKeJaeTe NMPOCIbITH HeBexpamm». SI Bcé
JKe PUCKHY IPEeIOJOXHUTH, UYTO Ha3BaHUE «TeopeMa [mibbepTa 0 HyIAX» HECKOIBKO 0oaee
IIPUBBITHO.

Q)KOHe‘{HO, OHO (€3 M3MEHEHUU MPOXOAUT A IPOU3BOJIBHOTO HeCuémuozo aireGpamde-
CKJ 3aMKHYTOI'O IIOJIA.

D910 u clefyiollee yTBepXKAeHre He IPeTeHAYIOT Ha OKOHYATEeIbHOCTD; A OyAy Npu3Ha-
TeJeH 32 JI00ble yTOTHEHHA.

4)Pm1136ep'r TOBOPHI, YTO MAaTEMATUIECKUN PE3YIbTAT MO-HACTOALIEMY XOPOIL, €CJAN €ro

MaTemaTuyeckoe npocsewenne, cep. 3, sbin. 6, 2002(116-118)
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POBKOU T€OpPEMBI ! CCHLLIKON Ha, CTaThio ['minbepTa, rae 3Ta TeopeMa BIEPBLIE
ObLIa JOKA3aHA B IIOJHOU OOIIHOCTM.

Urak, nycts R = C[z,. .., Zy] — KOIBIIO MHOIOYIEHOB OT 7 IEPEMEHHBIX,
fi=filzr,...,zn), fo,..., fx € R, I — upgean, nOpoXA€HHBINA f1, ..., fi, T.€.
MHOXECTBO CyMM Buaa fi1g91 + -+ -+ frxgk, vaoe gi, - .., gr € R; uHOrAa mius Hero
yno6uo o6ozuaqenue (fi,..., fr).

TEOPEMA ['MJBBEPTA O HYJIAX. [as 4106020 muozousena F € R, das
womopozo (V1 <i <k fi(yr,--.,yn) = 0) = (F(y1,--,yn) = 0) cywecmey-
em maxoe m, umo F™ € I.

HOpﬂAOK MU3JI0XKECHUA MPDOANKTOBAH XCIAHNEM NOKA3BIBATH B Ka)qubIIjl MO-
MEHT TO U3 €lIé He JOKA3AHHBIX YTBEPXK ICHUN, BAXHOCTH KOTOPOT'O yXKe ACHA
(camTas TEOpeMy O HyIAX yTBEPXKAEHWEM, PO KOTOPOE DTO MOHATHO a Pri-
ori). Oka3bIBaeTCs, TEOPEMY O HYJIAX MOXKHO BBHIBECTHU U3 €€ IaCTHOTO CJLydasd.
JTa JaCcTh JOKA3ATEIbCTBA ABIAETCA JOCTATOYHO OOIEIPUHATOM, CM. HAIIPA-
Mep, [2, c. 468-469]. (Ilocae BbIXOZa KHUIW [2] MHOTWE CTAIN HCIOIL30BATH
AJIA IPUBOAMMOIO PACCYXKI€HUA Ha3BaHWE «TPIOK PabuHOBH4A.)

JIEMMA 1 (Cay4aAll F' = 1). Ecau 6 ycaosusr meopemvi fi,..., fr ne
umetom obwux nyaet, mo I = R.

Oco6eHHOCTRIO MPEeAIaraeMoro OKa3aTeIbCTBA ABIAETCA KaK pa3 criocob ro-
Ka3aTelabCTBa dTOU JeMMbl. [l aToro Ham morpebyercs

JIEMMA 2. IIycmb nose K sasasemcs ne 6oaee uem CUEMHOMEPHDIM NPO-
cmpancmeom nad C. Tozda K = C.

Buisod meopembr u3 aemmvr 1. Paccmorpum «6émbmieer xoabro R =
= C[z1,...,Zn, z]. B aTOM KONBIE NEKAT MHOTOWIEHH! f1, ..., fi (MHOrOWwIeHBI
OT 1, ..., Ty ABIAIOTCA U MHOTOWIEHAMY OT X1, ...,Ln,2) 1 1—2zF. B ycaoBu-
AX TEOPEMEI 9TU MHOIMOWIEHE HE MMEIOT OOLIUX HYJEH, IO3TOMY CYIIECTBYIOT
MHOTOYIEHBL §1 = §1(Z1,. .., Tn, 2)s G2y -« - yJnt+1 TAKHE, TTO

1:flgl+"'+fngn+(1_zF)gn+1-

1
IloncTaHOBKA B 3TO TOXAECTBO Z = 7 1 TIPUBEJIEHNE K o01reMy 3HaMEHATENIO

(KOTOPBIN, O9EBUAHO, €CTH CTENneHb F') naioT TO, 9TO HyXHO.

Bui6od aemmvr 1 uz aemmer 2. Ilpemgmomoxum mporusmoe. [lycts I # R.
fcro, uTO CymecTByeT MakcumanbHBIN (10 BKAOUeHWIO) maeanx J # R, co-
nepxammit [ (3TO MOXHO BBIBECTH U3 AKCUOMBI BHIOOPA WJIM XK€ WCHOMB30-
BaTh IPUHIUI OOPHIBA BO3PACTAIOMUX IENOYEK UIEAIOB, T.€. HEMEPOBOCMb
konbna R — cm. [2]). Bygem reneps umers geno ¢ J.

CyThb MOXHO Pa3biACHUTH YEIOBEKY «C YJIALBD. DTO YyTBEPKJAEHHUE JOCTATOYHO CIOPHO, HO
TeopeMa 0 HyJAX ABHO MOAXOIUT MOJ DTOT KPUTEPUN.
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dPakropkoasuo R/J ects HOJIe5), Opy STOM DTO moie ABIgeTcsa (He 6o-

Jee 9eM CI6THOMEDHBIM — BEIb TAKOBO KOJBIO MHOTOWIECHOB!) BEKTODHBIM
npocrparcrsoMm Hag C (oueBmgno). U3 nemmbr 2 caepyer, aro R/J = C.
Teneps yxe Jerko MOHATH, KAK MOXET OBITH ycTpoeH uaean J. [leucTsu-
TeIbHO, ycTh upu npoekumu R — R/J = C obpasyoume zy, ..., Ty KOIb-
na R nepexogart B (wmcaa) aq,...,a, COOTBETCTBEHHO. TOrga MHOrOWIEHBI
T1—Ql,..., Ty — Gy TEPEXOIAT B HYJAb U TO>TOMY JexaT B ugeate J. Ho daxk-
Topkoabuo R/(zy —aq,...,z, —ay) yxe ects C (IpuauHy 5TOr0 MBI TOIBKO
aT0 00Ccyammum: o6pasyromue koabna R nocne dakropusanum nopox gaior C),
smaunr, J = (z1 — a1,...,Zy — ay). [looTOMY Bce MmHOrOUWwIeHBl U3 J (a 3HA-
quT, w3 M060ro Uaeaxa, COAEPKAMErocs B J) MMEIT OOMME HYJdb: TOUKY
(ai,...,ay). [IpoTuBOpeune.

Aoxazameavcmeo aemmvr 2. fcno, aro K D C. llpegmomoxum npoTus-
1
noe: nycts z € K \ C. Torga muoxectso {—— | @ € C} umeer momHOCTD
zZ—Q

KOHTUHYyM (Tak Kax 0HO paBHOMOITHO C), MOSTOMY 5TO MHOXECTBO HE MOXKET
COCTOATD U3 JUHEWHO He3aBUCUMBIX Ha C nr1eMeHTOB. 3HAYUT, CYIIECTBYIOT

KOMILIEKCHBIE THCIA (1, . . . 5 Qs Cls - - + 5 Cy, TAKHE, ITO
C1 Cm
- - + . + - = 0'
Z— Z—

Ocranock mpuBecTu >TH APOOM K OOIEMY 3HAMEHATENI0, YTOOBI MOMYYIUTD
(0UeBMAHO, HETPUBUAILHOE) YPABHEHNE HA z € KOMIUIEKCHBIMU KOD(M UIIMEH-
Tamu. Ilockorpky moe C anrebpam<vecku 3aMKHYTO, BCE KOPHU DTOrO YpPaB-
HEHUA — KOMILICKCHBIEC YUCJIA. HpOTI/IBOpe‘II/Ie.
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5 MOXHO IPOYMTATH AOKA3ATEILCTBO B [2], & MOXKHO IPOAYMATEH TAKYIO NACIO: HAMTIIE
HeHyJIeBbIX ujealtoB B R/J (He coBmajgaromux co BceM koabnoMm R/J) mporusopedmno Gbl
MaKCUMAIbHOCTH J, & ecim TakuX (Kak FOBOPAT, «<HETPUBUAIBLHBIX) ) UAaI0B HeT, To R/J —
OJIE, TTIOCKOJIBKY J000M HEHYJIEBOU DJIEMEHT UMeeT 0ODATHBIN: BEAb B UACATE, TOPOXK AEHHOM
3TUM JJEMEHTOM, eCTh 1.



