93

Anropurm EBkimpa, nenuble npobu, dmcia
PdubdonaTIM 1 KBaIPUPOBAHIE MTPAMOYTOJNLHIKOB

C.B. l'amxkos

1. Aroput™M EBKINIA U KBAIPUPOBAHUE IIPAMOYI'OJLHUKOB

CBOU 3HAMEHUTHIN AJITOPUTM EBKIMI IPUAYMAJ IS PEIIeHUs 3a1a9U O
comsMepuMOCTH ABYX oTpe3koBl). OGmel Mepoil OTPe3KoB ¢ AruHaMH | 1 I
HA3BIBAETCA TAKOU OTPE3OK IMHBI [, KOTOPBIM MOXHO YIOXUTEL 0663 OCTATKA
KaK B IIEPBOM OTpe3ke (04eBUHO, poBHO 1/l pa3), Tak u BO BTOpoM (COOT-
BETCTBEHHO lg /] pa3s).

Kaxk usBecTHO, airopurm 3aKka04aeTcsa B ciaeqyiomemM. MeHbmmi oTpe3ok
(pmuEbL l9) ykaagsiBaeTcsa B GoabiieM (AauHbL []) MAKCUMAILHO BO3MOXHOE
YUCI0, CKAXEM G1, Pa3, MOCIAE Fero OCTAETCA OTPE30K IIWHBL [; — a1ly, KO-
TOPYI0 0003HaIMM [3 (Ha aareGpamvIecKOM A3BIKE DTO HABBIBAETCA NEJCHUEM
¢ ocratkom). OTPE30K I3 yKIAABIBAETCA, CKAXEM, 2 Pa3 B OTPE3Ke lg, U T10-
JydaeTca B OCTATKe OTPe3oK ly. [loToM oTpesok [y yKIAMBIBAETCA a3 pa3 B
OoTpe3Ke [3, ¥ IOIyIaeTCaA B OCTATKE OTPE3OK 5 U T. 1.

KcraTu, cam EBkaug vHAYKIIUIO HE TPOBOAWI, & TOBTOPHII IIAT AJATOPATMA
TPHU pasa, # MBI TOXE TMOCIEAYEM €My B 3TOM. PaboTy aaropuTM 3aKaHIABAET
HA TOM IIare, CKaXXeMm ¢ HOMePOM k, KOrIa MOy YeHHBIN Ha MPEAbIAYIIEM [Iare
OTPE30K lf 41 YKIAABIBAETCA HAa OTPe3Ke Iy poBHO ay = li/l4+1 pa3. Torna B
KadecTBe 00mern Mephl [ OTpe3koB [y u lo 6epeTcs OTPe3oK i 1.

B coBpemenHOU TEpMUHOIOrMM AJIUHY OTPE3KA lr+] — OOLWEH MepBI OT-
pe3koB [ u ly — HasbBaroT HanboabmuM o6muM geaurenem (HO/M) Iy u ly u
o6osuagaior (I1,[s).

O6o3uaaum e(m,n) 9IucIo Wwaros arropuTMa EBKIMAA, TPUMEHEHHOTO K
HATYPAJIBHBIM IUCIAM 1M U M. JCHO,9TO BBeIeHHAA (PYHKINUA CUMMETPUIHA,
T.€. HC MEHACTCA IIPU NIEPECTAHOBKE CBOUX APTyMEHTOB, U 3aBUCHUT TOJBKO
OT OTHOUIEHUA 1M /7.

YCam ou csoit MeTO[ alrOPUTMOM KOHEYHO He Ha3BbIBAJI, TEPMUH DTOT CTaJ MOMYJIAPEH
B HallleM BEKE M IPOUCXOAUT OT UCKAXKEHUsA uMeHU Aub XOpPe3MU — XKUBLIETO THICATY JeT
Hazaj B XOpe3Me BBEIAAOIIEr0CA MATEMATHKa, HA3BAHUE OTHON U3 KHUT KOTOPOrO a0 UM
LeJoMy pas3felry MaTeMaTuKu — aarebpe.

MaTemaTuyeckoe npoceewenne, cep. 3, sbin. 6, 2002(93-115)



94 C. B. I'amukoB

Anropurm EBkmuga — ogun u3 Hamboaee 9acTO yOOTPEOIAEMBIX B MATe-
mMaTuke u ar0as nadgopmanua 0 GyHKumu e(m,n), ONeHUBAIMWEN CKOPOCTH
ero paboTsl, maTEepecHa. O IHAKO, HECMOTPA HA MPOCTOTY ONPeNeJeHu, (DyH-
kuua e(m,n) BegeT cebs OYeHb HEPEryJSAPHO U C TPYAOM HOAAACTCA UCCIe-
noBaruio. [lo cux mop HamboJee M3BECTHBIM PE3YyJbTATOM O HEW OCTAaeTCA
HallJeHHAd B mepBoil moaoBnee 19-T0 Beka?) onenka

e(m,n) < [logy(V5(max(m,n) +1/2))] — 1,

rae ¢ = (v/5 + 1)/2 — mak HaseBaeMoOe 30J0TOE ceveHue, a |a| — memas
9aCcTh YMCIa . [[pyruMu croBaMm, 9ucio gereHud B anroputMe EBKiaumga Ha-
XOXIeHUs (1m,n) He IPEBOCXOJUT

[log, (\/g(max (m,n)+1/2))| —1,

OpUYIEM OIEHKA TOYHAS, B 9€M MBI CKOPO yOeammces.

Pabory amropmrma EBkampa MOXHO HPEICTABUTH TAKXe CICAYIOMIAM
06pa3oM: B IPAMOYTOIBHUK pas3Mepa l1 X lo yKIAABIBAEM (1 KBAJIPATOB pPa3-
Mepa, l9 X l9, B OCTABIIMUCA TPAMOYTOIBHUK pasMepa lo X 3 yKIanbIBaeM ag
KBaIpaTOB pasmepa l3 X [3 u T. ., TOKA HE MOKPOEM IPAMOYTOJBHUK Pa3Mepa
Iy X lo xBagpaTamu k pasHBIX pa3sMepOB B 0OIIEM KOAUYIECTBE a1 + ... + Gk
ITYK.

O6o3uaaum F(m,n) HaMMeHbIIEE TUCIO0 KBAJPATOB B MOLYy9IEHHOM C IIO-
MOUIBI0 ATropuTMa EBKINIA HOKPHITUU NPAMOYTOIBHUKA PA3MeEpPa 1 X N.

B pomosnuenue kx BepxHeU omeHKe pyHKIuU e(m,n) gasee 6ygeT JOKA3aHA

TaKke MBOUCTBEHHAA K HEU B HEKOTOPOM CMBICJE HUXKHAA ONEHKA (DYyHKIAH
E(m,n)

E(m,n) > [log,(V5(max(m,n) — 1/2))],

CIpaBeqIuBasA IPU JIOOBIX B3AMMHO IPOCTHIX M, N. ByaeT mokazaHo Takxe,
9TO YKA3aHHAA OIEHKA TOYHAS], T.€. OHA NOCTUCAETCA A OECKOHETHO MHO-
TUX 1M, 7.

Bompoc o ee mocTuXUMOCTEH XOTA OBl MO MOPAAKY IS HIPOU3BOIBLHOTO
3HaveHna max(m,n) He aceH. Bam3ko K 3TOMy BONPOCY CTOWT MOCTABIEHHAA
H. M. Kopo6osem® npo6aema o CYUIECTBOBAHUU [Jisl JIOOOrO 71 TAKOU Ipa-
BUILHOU APOGH M/, 9TO B €€ PA3JOKEHUU B LENHYI0 APOOHL BCE DIEMEHTHI
OyayT OFDAHUYEHBI, U TOLA

E(m,n) < Clogn, e(m,n)< clogn,

rae ¢, C' — HEeKOTOpbIe KOHCTAHTHL

D UsBecTHBIM dpaHIy3CcKIM MaTeMaTHKOM Jlame.
3B mpomwtom mo6euTerem mepsoil MOCKOBCKOI MATeMATHIECKOH OIMMIIAA, I, HBIHE H3-
BECTHBIM CIIENUATACTOM II0 TEOPUU TUCEI U BEIMACINTEILHON MATEMATHUKE.
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Eciu camraTh membioo aaropuTMma EBKAWAA MOKPBITHE MPAMOYTOILHUKA
KBaIpATaMM, TO OH AEUCTBYET KAK «XKaJHBIN a.JII"OpI/ITM»4)I HA KAaXOM IIare
IIOMENIIAET B MPAMOYTOJBHUK HA CBOOOMHOE MECTO KBAIPAT MAKCUMAJIbHBIX
pasmepoB. Ha mepBLIU B3TIAL KaXeTCA, 9TO OH CTPOUT MUHUMAJIBHOE TI0 Y-
CJIy MCIOAB3YEMBIX KBAAPATOB MOKphITHE. O MHAKO DTO HE TAK U B 3TOM MBI
ckopo yb6eammcs. [losromy mmeer cmbica o6o3uatuTs K (m,n) HamMeHnbuiee
YUCIO0 KBAJAPATOB B MOKPBITAU MPAMOYTOJIbHUKA pPasMepa m X 1 U PacCMo-
TPeTh 3a4a9y O BEIYUCICHUM 3TOU BEJUIMHBI. B 001eM ciydae OHA OKa3bIBa-
€TCsA YPE3BLIYANHO TPYIHOU.

3A1A4A 1. okaxwure, aro K (5,6) =5, E(5,6) = 6.

BosHukaeT BOIpOC: a moveMy MbI IPEATIONAraeM, ITO 17, 7 — HATYPaTb-
HbIe, MOXET OBITH UMEET CMBICA TAKXKe PACCMOTPETH 3a4ady O pa3OueHun Ha
KBaJPATHl MPAMOYTOILHAKOB U C HECOM3MepuMbIMu cTOpoHaMu? OTBeT Ha
DTOT BONPOC AaeT AokaszaHHad B Hadase 20-r0 BeKa M3BECTHBIM HEMEIKUM
maTemaTukoM M. [leHOM Teopema O TOM, 9TO €Cau NPAMOYTOJLHUK paspe-
3aH IPOU3BOIBLHLIM 06pPa30M Ha KBAJAPATHI, TO €r0 CTOPOHBI COM3MEPUMEI CO
CTOPOHAMM BCEX DTHX KBAAPATOB U APYT C APYTOM.

PaccmoTpuM Temeps caeayommi Kaac¢e MOKPHLITHA (B APYrOM TEPMUHO-
Joruu — pa3sOMeHuy Wi Pa3pe3aHuu) OPAMOYLOJIbHUKA. Paspexem mpamo-
YTOJIbHUK Ha ABa OPAMOYTOJIBHUKA, IOTOM KAKOU-HUOYIb U3 HUX Pa3pexeM
HA [Ba NMPAMOYTOJBLHUKA W TAK Jajee [0 TeX IOP, MOKa He MOLy<duM pas3Om-
€HMe MCXOJHOr0 MPAMOYTOIBHMKA Ha KBaApaThl. Takue pazOueHus Ha30BEM
CUILOTUHHBIMY Pa3OUeHUAMY (MOKPHITAAME) U 0003HAYUM MUHAMAIBLHOE H-
CJI0 KBAJPATOB B TAKOM Da3bueHUu mpAMOyroabHUKa m X n aepes H(m,n).

Jlerko mpoBepuTH,9TO BCE BBENEHHBIE (DYHKIIUY CUMMETPUIHBI M 3aBUCAT
TOIBKO OT OTHOWIEHUS M /N, MOITOMY jajlee MbI OyIeM MpPEANoIaraTh, ITO
™M W N B3aUMHO IPOCTHL, T.€. HE UMEIOT OOIIEro AEIUTeNA, OTIAIHOrO OT 1.
Manee OygeT mokaszaHO, 9TO BO3MOXHBI HepaBeHcTBa, K(m,n) < H(m,n) u
H(m,n) < E(m,n).

Mpur Bepremcs k pyukumam K (m,n) u H(m,n) mo3gnHee, a cenmdac moKa-
xeM, Kak Gysxkuun F(m,n) u e(m,n) CBA3aHBI ¢ BAXHBIM MOHATHEM [EITHOU
apobn.

2. AgrorutM EBKJUIA U IENHBIE IPOBHU.

[MousaTre menHON APOOGU OMHO U3 BAKHEUIINX B MATEMATHUKE, €My IOCBI-
meHsbl neasle kHuru (Hanpumep «lemnbie apo6m» A. f. Xununnaa) m MHOTHE
cratbn B xypHane «Kpanm (manpumep E. M. Hukummna u 1O. B. Hecrepenko

DTepMun «KaIHBI AIOPUTM» YIOTPEOIACTCA B CEPHLE3HOM CMBICIE A OGO3HATCHNA
MOAOOHOTO THUIA AITOPUTMOB.
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B NeNe5. 6 3a 1983 r.). [lamee MbI paccka)eM O HEKOTOPBIX MAJIOU3BECTHBIX 3a-
Jad9ax, CBA3AHHBIX C HEMHbIME APOGAMEU u aucaamu PuboHaTIm (0 HUX TOXKE
manucanbl kauru, Hanpumep H.H. Bopo6neBriM, k0TOpas Tak m HA3BIBAET-
e — «ducaa Pubonaq4my).

3aMeTuM, 4TO €CIU B MPOIEcce MPUMEHEHU aIropurMa EBkiuga K 4u-
craMm [ u lg B pe3yapTaTe NOCIE[OBATENIBHBIX HEJICHAN C OCTATKOM MOy IaeTCs
HOCIEI0BATEILHOCTD YaCTHBIX A, . . ., 4k, TO APOOL 1 /lo paBHA Tak Ha3BIBA-
€MOU LEMHOU APoOu

oot —
ag

ITO JErKO M0KAa3aTh, IPOBEPAS MOCIE0BATENHHO, ITO

l; 1
i =a; +

a1+

i=k, ... 1.
lit1
1
ak

[TosTOoMy sICHO, 9TO IPOM3BOIBHYIO (KAK MPABUILHYIO, TAK ¥ HEIPABUILHYIO)
MOJOXUTEIBHYI0 APOOh MOXHO IPEICTABATEL B BUJE IEIMHOU APOOU C HATY-
PATBLHBIMY JJIEMEHTAMU @

oot —
ag

rae Bo3MOXHO ¢ = (. 3ammch 4uciaa B BHUe IMEMHOU Apo6M HEOmTHO3HAYTHA,

TaK KaK
1 1

ag (ak—l)—}-%

YTo6bI cHeraTh ee OMHO3HATHON, JaJee UCIOIb3YEeM TOIBKO 3AMUCh, B KOTO-
pOU mocaenqHUM daeMeHT a; 7 1. Bygem mcnonas3oBaTh Takke COKPAIIEHHYTO
3aIUCh TEMHON Apoou:
1 1 1

ot ot Tar

C oObsBiIeHNEM OMHO3HAYHOCTY 3AIUCH YUCAA B BUAE MEMHOU APOOM MBI MO-
TOPOMUINCH, TAK KAK MOXHO PACCMATPUBATH IEMHBIE TPOOU ¢ HEIETBIMU DI~
MenTamu. Ho aas npo6en ¢ HATYpaJbHBIME DIEMEHTAMu STO BepHO. /lencTBu-
TEIbHO, U3 PABEHCTBA

ay +

A 1
— =q .
I 1+ I
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CIefyeT, 9TO a] PABHO LeJou JacTu npobu I /ly, Tak Kak Apobb

1
o+ —
2+ 1
et —
aj
OYEBUTHO MeHbIIE 1, ¥ MO3TOMY ONpERensieTcs OJHO3HATHO, OTKY A CIEYeT,
9T0 U APOOb

az +
a3 + — 1
ak
ONIPENeNACTCA ONHO3HATHO, 3HAYAT AHAJOTHIHBIM OOPA30OM MOJYdaeM, UTO
DIEMEHT (9 ONPENEeNAeTCA OMHO3HATHO, U T. I.

[Tosromy must 000U HOJMOKUTEIBHOU APOOU T = M /M ¢ HATYPAIbHBIMU
YUCAUTENEM U 3HAMEHATEIEM OJHO3HAYTHO OIPEIeIeHa KAK BBICOTA (HCI0 DTa-
xen) e(r) Tak u cymma snemenTos E(r) mzobpaxaromen ee nenHoun apobu ¢
HATYPaJIbHBIMU 3JEMECHTAMMU. HCHO, 9ITO YKA3aHHBIC BEJIUIUHBI COBIIQAAX0T C
BBe/[EHHbIMU paHee ¢yukumamu e(m,n), E(m,n).

Pasymeercs, arropurm EBkiauga 3akamauBaeT pabOTy HE BCEra, a JUIIb
KOra OTpe3Ku l; u lp comsmepuMmbl, TO eCTh Korga oTHowenue [ /ls — pa-
[OUOHAJBHOE UCJIO ¥ TOJBKO B DTOM CIydYae COOTBETCTBYIOMIAA IEMHAA 1POOb
OymeT koHedHOU. Kcam xe yrmoMaHyTOoe OTHOIIEHWE UPPAIUOHAIBLHO, HAIPHU-
Mep oTHoUIeHre GOKOBOU CTOPOHBI PABHOOEIPEHHOIO TPEYTOJIBHUKA, C YIVIOM
72 rpagyca mpu OCHOBAHUY K DTOMY OCHOBAHUIO, TO ajdroputMm EBkiaumga 6ymxer
paboTaTh 6€CKOHETHO U MOPOAUT OECKOHEYIHYIO IIEMHYI0 Ap00b, B pacCMaTpHU-
BAEMOM CJIydae BECbMA 3aMeYIaTeNbHYIO

1
1+

1+

1
1+...

3AJIAYA 2. Haugure reoMeTpudecKu, 9eMy PaBHO OTHOIIEHUE GOKOBOU
CTOPOHBI K OCHOBAHWIO B YIIOMWHABHIEMCA BBIIIEC TPEYTOJNbHUKE U TOKAXUTE
€ro UPPANUOHAIHHOCTD, HE MOIB3YACh aaropuTmMoMm EBkiaunma.

Msr He OyzeM KacaThbCs 34€Ch BOIPOCA O CXOAUMOCTH O€CKOHEYHBIX I[EIl-
HBIX ,qpo6eﬁ5), HO BCe Xe 3aMeTHuM, ITO B PACCMaTPUBAEMOM CIydae 3Ta IPoOb
paBHA Mperery MOCAe[OBATEILHOCTY KOHEYHBIX IEHBIX Ap0o6en

1 1
71 9 sy ]. +
1+ —— 1+...+

11
t1

1
1, 1+%, 1+ ——, 1+

1
1+

1’
1 1

%) Cu. 06 2TOM, HAIPUMEp, YIOMUHABLIYIOCA KHUKKY A. . Xununua.
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TaKXke BEChbMa 3aMeYATEeNbHBIX. Ecam 0603HAYMUTE n-10 ApOOh B 3TOU MOCTE-
IOBATEIHHOCTH YePe3 ¢, 1 mpeobpa3oBaTh €€ OT N-ITAKHOTO BUIA K OOBIK-
HOBEHHOMY, TO mnoiayduMm apobb G, /F, = ¢,. CpaBuusas cocegnue apobwu,
3aMevaeM, ITO
1
n:1+¢ s Fp=Gno1, Gp=Fy1+ Gp1.

n—1

Ilocnenuee cooTHOmEHWE MOXHO Ipeobpa3oBaTh K BUAY F41 = Fj_1 + Fy,
U 3aMEeTUTh, 9TO ¢ = Fp 1/ F),.

3. HucaA ®PUBOHAYYU

[MocrepoBarensuocts {F,}, onpegenennas pasencrsamu Fy = 0, F; = 1,
F,=F, 1+F, o,n=23,..., — 5TO U €CTb 3HAMEHUTAA TOCJEIOBATENb-
nocts PuGonaaan’).

O6o3Ha9as mpegen moCaeq0BATEILHOCTH Py 9€Pe3 ¢ U MePEXOIs K IPeIery
B 060MX 9aCTAX PABEHCTBA

1

¢n—1 ’

¢n =1+
MOJLy9aeM yYPaBHEHHE
1
g )
Yy KOTOPOrO Ha POJIb ¢ TOAUTCA TOJLKO MOMOXUTEIbLHBIA KOPEHb

¢=(V5+1)/2

p=1+

— 30JI0TO€ Ce'IeHue. 7)

Cpeau orpomuOro wuciaa pakToB 0 unciax PuboHATIN HAM MTOHALOOATCA
TOJNBKO TPU, KOTOPHIE MBI CEUYAC U AOKa,)KeM.S) Heckoabko yTBEpX aeHun,
KOTOpBbIe He Oy1yT UCIOIL30BATHCA fajee, MBI IpuBegeM 0e3 10Ka3aTelbCTBA
B BHJe 3a1at, B TOM ducjie 1 000CHOBaHUE IIPOBEJEHHOT'O BhIIIE IIPeJeIbHOTI0
rnepexoja.

JIEMMA 1. Jas uuces Pubonaguuu cnpasediusbl MorcIecmeso

Fn+m:Fan+1+mean

% Oma mossmracs B 13 Beke B xumre Jleonap 1o Ilusamckoro, mo npospuiy Pubonavuyu, B
3aja4Ie, B KOTOPOU IILIa PedYb O PA3MHOXEHUN KPOIUKOB.

O poam >TOro 9MCIA B MATEMATHKE I B UCKYCCTBE CM., HAIIPEMED, 3aMeIaTeIbHbIe KHUIH
[.1Iuno «'eomerpusa u uckyccro» u kuury I'. Kokcerepa «BBenenue B reoMeTpuion.

®) lokasaTebCTBA MEPBEIX ABYX (PAKTOB, TAKKE KAK ¥ PEIICHHA GOJIBIIMHCTBA CIELy-
OMUX Jagee 3a4ad, MOXHO Hautu B ynomumHasmenca kuure H.H.BopoOvesa, a Tperun
daxkT — B BomEeqmen B cepuu «Bubimoreuka Ksanta» xuaure P. Xoncbeprepa «3agadnm ¢
U3IOMUHKOWY .
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U HEPABEHCINBO

Fn+m < Fn+1Fm+1 < Fn+m+17
8 KOMOPOM A€B0E HEPABEHCMEO 00pawaemcs 8 pasencmeo npu m = 1 uau
n =1, a npasoe — npu m =0 uau n = 0.

[loka3aTeabCTBO TOXKAECTBA MPOBEAEM WHIYKIIUEN O M. ba3a MHIyKIun
apu m = 1,2 049eBUAHO CIPABEIINBA, & [JIA BBIMTOJIHEHWA WIAra WHIYKIWQ
MTOCTATOYHO MPOBEPUTH PABEHCTBO
Fn+m+1 = Fn—l—m + Fn+m—1 = (Fan+1+Fm—1Fn) + (Fm—an+1+Fm—2Fn) =

= (Fm + Fm—l)Fn—l—l + (Fm—l + Fm—Q)Fn = m—HFn—H + Fin By
HepaBeHCTBO crenyeT M3 TOXAECTBa TaK KaK
Fn+m+1 = Fm—HFn—H + Fi P,
Fn+m = Fan—l—l + Fi—1Fp < Fan—H + Fm—an—H = Fn—l—lFm—i—l-

Caenyromas JeMMa JOBOJIBHO YAWUBATENBHA: B HEU IEJO€ TUCIO BHIPAXKA-
eTcd depe3 UppalroHaJIbHOE.

JIEMMA 2. Cnpasedausa $opmyaa Bune?)
_ "= (=9)™"
F, = NG .

Joka3aTeabCcTBO TakXke IPOBEIEM IO MHAYKIWHN. Ba3a MHAYKIUA TP N =
= 0,1 oueBUIHO CIIPaBEqINBA, TAK KaK

1+v5 1—+5
p—(-=¢)' T3 T3 _1
NG NG ’
a rZUMI BBIIIOJITHEHUA 1IIar'a I/IHrlIyKHI/II/I AOCT&TO‘IHO HpOBepI/ITI) pa.BeHCTBa

¢2 :¢+17 (_¢)72 = (_¢)71+17

"3 HUX BBIBECTU MOICHHBIM YMHOXECHUEM DABEHCTBA

P =g g (<) = () T ()

1 3aME€TUTDH, ITO TOr'fa

il ) BNl o) N )
NG NG NG '

JIEMMA 3. Hepasencmso F,, < m cnpasedauso mozda u moavko moada,
Ko2da

Fn+1:Fn+Fn—1:

n < [log, (V3(m +1/2))).

Hepasencmeo F,, > m cnpasedauso mozada u moavko mozda, kozda
n > [log, (V5(m —1/2))] + 1.

) Bune — ¢dparnysckun maremaTuk 19 Bexa.
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[1a moxasaTenrbcTBa HEpeluieM HepaBeHCTBO Fj, < m ¢ momompio Gop-
Myl Bune B Buge

n __ (__ —n
¢ \(/5@ <m,
9TO PAaBHOCUIHLHO HEPABEHCTBY
n _\—n 1
¢—\/5 <m—+ ( 3)5_) <m—+ 5 s
TaK KaK eCiu
L L
NG <m-+ 5
TO
no_(_\—n _\—n
Fn:7¢ \(/;5) <m+%—( 3)5 <m+1,
u s3uaqanT F, < m. HepasencTso
L L
NG <m-+ 2
PABHOCHIBHO

n < log, (V5(m +1/2)),

a 3HAYUT U HEPABEHCTBY
n < logy (V5(m +1/2))],

Tax Kak log, (v/5(m +1/2)) He MOXeT 6BITH TEMBLIM THUCIOM, BEIb B IPOTHB-
HOM CIIydae

¢b 1
%_m—i-Q,
OTKYZIa
ko ok —d)"
Fk:%:m—i_%_(% =m+a 0O0<a<l,

9TO HEBO3MOXHO, TaK Kak Fj — menoe 9ucio.
Bropoe yTBepX geHUE JEMMBI OYEBUIHO PABHOCUILHO IIEPBOMY.

OTMmeTuM, ITO U3 JEMMBI 3 BEITEKAET, UTO MOCIEI0BATEIbHOCTD
®(m) = [log, (V5(m + 1/2))]
o6paTHa K nocaegoBaTeabHOCTH PuboHawam F),, B TOM CMBICTE, ITO
O(F,) = n.
3AMAYA 3. Ilposepbre, uTo F), — Oauxauuiee meioe K GUCILy ¢”/\/5
3AAYA 4. [lokaxure, 9TO

Fm—HFn - Fan—H = (_l)an—m-
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JIEMMA 4. Cnpagedausbr moxcdecmea
anl/Fn + anl/FnJrl = (FnFn+1 + (_1)n)/FnFn+1a
Foo/Fo+ FuFopy = (FuFoyy + (—1)") /B, Fy s,
anl/Fn + Fn/Fn+2 = (FnFn+2 + (_1)n)/FnFn+27
Fo 9/Fp+ Fuy1/Fpyo = (FuFpyo + (—1)") /F Fryps.
[l MOKa3aTenbCTBA MEPBOTO W3 HUX MEPENUIIeM ero B B
Fy, 1Fh1+ Fy, \F, = F,F,11 + (-1)",
MMOTOM B BH/IE
Fy 1Fyy1 — F?=F, 1Fyy1 + (Fu1 — Foy1)Fy = (-1)7,
7 3aMETHM, 9TO TOXJAECTBO
Fy 1Fp 1 — F? = (-1)"

ABJIAETCA IACTHBIM CIy9IaeM TOXAeCTBA MPEeAbIAYIIeH 33,1291,
[lnia moxaszaTerbCTBa BTOPOrO TEPENUIIeM ero B BUIE

Fo 9F, 1 +F? = F,F oy + (—1)",
u npeoOpa3yeM K yXKe 3HAKOMOMY BUIY
F? _F, \Fp = (—-1)""
Jist toKa3aTensCTBA TPETHErO MEPENUIeM ero B BUIE
FryoFp1+ F} = FyFyyn + (—1)",
u npeobpa3yeM K BUAY
Fooly | — FuFyy = (—1)",

KOTOPBIN ABIAETCS IACTHBIM CIYIAEM IIPEABIAYIIEN 3aaM.
[asa moxaszaTeabCTBa MOCAETHErO TOXIECTBA MEPENUIIEM ero B BUE

Fn—QFn—l—Q + FnFn—l—l = FnFn+2 + (_l)n-&—l’
u Ipeobpa3yeM K yKe 3HAKOMOMY BHUIY
FyFpp1 — FogoFpy = (-1

3ATAYA 5. BuiBegure u3 mpeabIayInen 3aIa9d TOX IECTBA

o (="
¢n+1 ¢n - FnFpi ) ¢n+2 ()bn - FuFpis )

_1)n+1

a M3 HUX — MOHOTOHHOCTH IOAIOCAEA0BATEILHOCTEN {Poy } U { oy 11 }. Omum-
pasiCh Ha NOKA3AHHBIE YTBEPXKJIECHUA, TOKAXKUATE CXOTUMOCTD IOCIENOBATENb-

HOCTH {¢bp, }

3AIAYA 6. Jokaxwure, aro (Fy, Fpi1) = 1.
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3ATAYA 7. Ecau npogorXuTh HOCAEI0BATEILHOCTE PUOOHATYIN B «OTPH-
LATEeJbHYIO» CTOPOHY C cOXpaHeHueM paBeHcTBa Fj, + Fy 11 = Fj o, TO 6yayT
BBINOJHATHCA paBeHcTBa F_j_1 = (—l)kF k U COXPAHATCA BCe (POPMYJBI IIpe-
OBITYIIAX 33,034

Cuenyromas 3amada 06006maeT 06e mpeabiIyiume.
3ANAYA 8. (Jhoxa.) Noxaxure, 910 (Fp, Fin) = Fpy -

3AIAYA 9. [oxaxure, 9To pasnoxenue uuciaa F, 3/F, B nenunyo apobb
uMeeT BA[J
1 1
44 Hatay)
rae k =1+ m; ar =0, eciu n = 3m; ap = 1/3, eciu n = 3m + 1; a, = 1/5,
ecau n = 3m + 2.

4. IIEOHBIE APOBU U YUCJTA PUBOHAYYIN

Henuyo apobb

e —

an
MOXHO paCCMaTpuUBAaThb C IIPOU3BOJNBHBIMHU, & HE TOJBKO HATYPAJBHBIMHU 3JI€-
MeHTaMu. ECIu BBIMOAHUTH BCE MEUCTBUA, YKA3aHHBIE B HEU, TO €€ MOXHO
HpeO6paBOBaTI) B O6bIKHOBeHHyIO; BBIDAXCHUEC €€ IUCANUTENI U 3HAMECHATEIA

qepes ag, a1, - - - , Gy 0003HAIUM

[0, ... ap) U [a1,. .., ap].
HAcuo, uro BeIpaxkenue [ag, ..., a,] OpencTaBiseT u3 ce61 MHOTOWIEH OT
HepeMeHHBIX dg, . . . , Op. HEmoCpeaCcTBeHHO IIPOBEPACTCA, YTO
[, ... an] = aglay,...,an] + [az, ..., ay].

MoxHO cauTaTh, YTO HTO PABEHCTBO CIPABENINBO U NPU N = 1, ecan mocCIe-
HEU CKOOKEe B DTOM CJIydae MPUNUCATH 3HadeHue 1.
[Ipumensas aaroputm EBKiIuAa K IuciuTeno u 3HAMEHATEIIO Ipoou

[ag, - --,an]
7
[a1,...,an]
P,qe qucia a; — Ha,Typa,JIbeIe, 33,Me‘{a.eM7 9TO OHAa HeCOKpaTI/IMa, TaK KaK B

pe3yabTaTe ero paboThI MOLYyYaeTCAa KAaK Pa3 HenHad apobb

1
ap +

a1 +
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u
([ag, ... anl,[a1,. .. an]) = ([an-1,anl, [an]) = ([an],1) = 1.

JIEMMA 5. Yucao odnousenos 6 mmozousene [ai,...,an| pasno Fpii u

NPpU A0O0LIL HEMYPAALHVIE A1, . . ., Gp CNPABEJAUBO HEPABEHCNEO
Fn+1 < [al, P ,an],
KOTOPOE 00PAWGEMCS 8 PABEHCINEO AUWD NPU A1 = ... = Gy = 1, U HEPABEH-
cmeo
[alu cee 7an] < F1+a1+...+an7

KOTMOPOE 00PAWAEMCA 8 PABEHCTNEO NPU A1 < 2, Up L 2,09 = ... =ap_1 = 1,

a maxace npun =1, a; = 3.

JOKA3ATEJBCTBO. IlepBoe yTBepxkaeHUE JeMMBI CI€IyeT U3 BTOPOTO,
MOTOMY MOCTATOYHO MOKA3ATh WHAYKIUEN TIO 7, ITO

Fn+1 < [ala cee aan] < F1+a1+...+an7
IIpUYIeM PABEHCTBO
Fn+1 = [al, . ,an]
CIIPABEIUBO JUIIb IPU 0] = ... = G, = 1, a PABEHCTBO
[ala cee aan] = F1+a1+...—|—an
— JIUMIb IPA @] = ... =CGp_1 =1, Ay K2, mmm a1 =2, @3 = ... = ap_1 = 1,

ap <2mwmn=1,a =3.

Y nobHo HaUYMHATE MHAYKIUO ¢ nn = 0, morarasa ¢GopMaIbHO KaK U PAHbIIE
[a1,. .. an) =1, Fiiq,+. +a, = F1 = 1 npun = 0, Torga sepaBeHCcTBA JEMMbI
0YeBUIHO 00PAIIAIOTCA B PABEHCTBA. 3ameTuM, 4T0 F, = k—1upu k = 2, 3,4,
a motoMm Fj > k — 1, Tak kak

Foon=F+F12k—1+k—-2>k

(31€Ch B HEABHOM BU/I€ TOXE MPOBOAATCA WHIYKIIUA).
Basa wnayknum (n = 0,1) Teneps o4eBHAHA, TaK KaK

Fo=1<a1 < Fiyiq-
IIpoBegeM MHAYKIHOHHBIA epexos. CorlacHO paBeHCTBY
[a1,...,an) = a1]ag, ..., an] + [a3, ..., ap]
7 TIPEANOJOXKEHWIO UHAYKIUY CIPABEIINBEI HEPABEHCTBA,

F, < [az, e aan] < Fiiatotan, Fno1 < [a?n cee aan] < Flyast.tans
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CIEJOBATEILHO,
Foii=Fy+ Fy 1 <ag,...,ax] +[a3,...,a,] <a1,...,6,] =
= al[aQ, e aan] + [a'37 ce 7an] <a1Fiiat.tan T Fliast.tan <
< Foyt1F1vast.tan + Foy Fltas+..+ans
u paBeHcTBO Fj 1 = [ay,...,a,] COPABENIUBO JUUb IPA G = ... = a, = 1.

Corunacuo gemme 1 nmeem
Fu—l—v =Fy1F, +Fqu+1-
Orcroga caenyer, ITO

[a1,... 0n] < Foy41F14a0+..4an + For Fast.tan = Fitai+..+ans

U HEPABEHCTBO J0Ka3aHO. PaBeHCTBO BO3MOXKHO JMIIL KOI'JIa
Fal+1 = ar, Fa1 =1, Fa2+..~+an = F1+as+...+an7
ulag,...,an] = Fiiay+.. +a,, T-€. TOIBKO B CIydae, KOIJa
al < 2) ag = 17 [GQ, e 70'71] = Fl—l—ag—l—...—l—an) n 2 3

WK KOTAA 61 < 2, a2 < 2, n = 2 u, cIe0BaTEIbHO, COMVIACHO IIPENIOJOXEHUTO
VHIYKIAY JUIIb KOU' A

ar =2, a=...=ap_1=1, a, <2,

WA ] =09 = ... = p_1 = 1,0, < 2. Tem camMbIM ar WHAYKIIAYU CAETAH U
JEMMA, JOKA3AHA.

B zakmiodenue pasjena mpeaiaraeM YUTaTeq0 HECKOIBKO BaXHBIX YTBED-
XKJEHUN O HMENHBIX APOOAX B KA4eCTBE 334a49. DTU yTBEPKICHUA Hajee HaM,
OTHAKO, He TTOHAMOOATCA.

3AMAYA 10. (IIpasuao Itaepa). [Jokaxmre MHAYKIUEN 1O 7N, ITO MHO-
COWIEH

[ag, - .. ,an]

MOXHO HOJYy9IATh CIEAYIOmMM 00pa3oMm: 6epeM MpPOM3BEACHHE BCEX DICMEH-
TOB, 3aTEeM BCEBO3MOXHEIE IIPOU3BEICHNA, KOTOPLIE MOXHO IOLYYUTH, OILy-
CTUB KaKylO-HUOYIb Mapy COCEIHUX DAEMEHTOB, 3ATEM U3 DTUX MPOU3BEICHUN
[OJTy9aeM HOBBIE, BHIOPACHIBAA IIPOU3BOIBLHBIM 00Pa30M Hapbl COCETHUX DJIe-
MEHTOB ¢ TaK Jajee, I HAKOHEI] CyMMUPYEM BCE PA3IMIHEBIE U3 IOLY IABIINXCA
npousBegenuin (ecau n + 1 9€THO, TO HA MOCAEAHEM IIATE TIOLYIAETCA (ITy-
CTOE» IPOU3BEJCHNE, HE cojepkKaliee BOOOIIe COMHOXUTENCH; KaK IPUHATO,
ero 3HAYEHNe 0 ONPEIEIeHNIO IOJIANaeM PABHBIM 1).

3AMAYA 11. okaxure, 9TO

[ag, ..., an]) = [an, ..., a0l
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T.e. IPU U3MEHEHUHU IOPALKA SJIEMEHTOB Ha MIPOTHUBOMONOXHBIA IUCAUTEID
apobu HE MEHIETCA.

3AMAYA 12. [lokaxure, 9TO
[0, -y, an] = anlag,...,an—1] + [ao, ..., an—a].

[ pobb, 06pa3zoBaHHAA HEPBLIME K >TaxXaMu, HA3BIBAETCA k-U IO IXO0JAIIEN
OpoObI0 miaA UcXOomHOUW apobu. Ee Beamumba m3o0paxaeTcsas OOLIKHOBEHHON
IpobbIo

[ao,-..,ak]
[a1,...,a]’
KOTOPYIO A1 KPATKOCTH fajtee 0Go3HauaeM L&
Hpobn o
[@kt1s---,an]
[aks2y---yan]’

HA3BIBAETCA k-M OCTATKOM M 0003HATAETCA T'k.

3AAYA 13. IlposepwTe, ITO

[ao,...,an] _ [ao,...,ak_l,rk]

[a17"'7an] [a’17"'7ak717rk]'

3ANAYA 14. Jokaxure, 9T0 pu k > 2 CHpaBeIIUBHI PABEHCTBA,

Pk = QkPk—1 + Pk—2, Gk = QkqGk—1 + Gk—2-
JlokaxeM HAKOHEII, ITO CIPABEIINBA
TEOPEMA. /asa 41066l HOMYPGALHLIE M U N
e(m,n) < Uogd)(\/g(max(m,n) +1/2))] -1,
Ipy2umu cao8amu, 8vicoma yennot dpobu das uucaa m/n me 6oavuie
|log, (\/g(max(m,n) +1/2))] —1,
u npu (m,n) =1
E(m,n) > [logy (V5(max(m,n) —1/2))],

OPY2UMU CAOBAMU, CYMMA IALMENMOB UENHOT IPOOU OAf UUCAG T[TV, HE MEHD-
we

[log, (V/5(max(m,n) — 1/2))].
Ob6a nepasencmea AOCMUNCUMbL, G UMEHHO, CPABEIAUBO CACIYOUEE IKC-
mpemasbroe ceoticmeo wuces Dubonauuu: cpedu 8cexr HeCOKPAMUMBIL NPa-
suAbHbIL Ipobeti 6uda s/ F HaUMEHbWYIO CYMMY FAEMENMOB COOMBEMCMBYI0-

wet yenwoti dpobu umerom moavko dpoou Fi_o/Fy, u Fi,_1/Fy, a nauboavwyio
no evicome yenwyto dpobv umeem Fj_1 [ Fy,.
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[LOKABATENBLCTBO. IlycTs m/n — HecokpaTuMmas npaBuibHasg ApOOb U
m 1 1 1

n a1+a2+'”+ak'

Torga n = [ai,...,a| 1 U3 JOKA3AHHBIX B JeMMe 4 HEDABEHCTB MMeeM

Fk+1 < n < F1+a1+...+ak )

OTKY[la U U3 JIEMMbI 3 HEMEJIEHHO CJIeqyeT HEPABEHCTBO TeopeMbl. OcTaibHOe
BBEITCKAET U3 PABCHCTB

1 1 1 1 1 1 Fy,
E...E_{_—%:E...E_{_—L:Flﬁ_l,
ko1 k
111111 11 B B
2+ 1+ 4142 2414+ T 41 +1 N
k2 ko1

Teopema moka3saHa.

5. OPMVYJIbL 1 BETBAIINECSA LEIHBIE APOBHA

Hanee paccMOTpUM HEKOTOPHIE KJIACCH apupMeTHIECKAX (POPMYJI, Ipen-
CTABIAOIMINX, UIN, KaK ellle I'OBOPAT, PeaIu3yOIUX paluoHAJbHBIE HUCIA.
Byaem paccmaTpuBaTh caeqyiomme MHOXECTBA ONEPAIUT

Bi={z+y,a 41}, Bo={z+y, (e ' +y ) L1},

KOTOpBIe HazoBeM Oazucamu. OnpenennM WHIYKTUBHO MOHATHE GOPMYJILI HA
6asucoM B; u peanm3yeMoro € 4Uucia cieqyomumM 06pa3om.

KoncrauTer 1 o6baBirasem dpopmynamvu. Eciu @1 u P — dopmyast B 6a-
suce B, u r1,ry — peaimsyeMble uMu UUCIA, & W € B — niobas GasucHas
onepamus, 10 ® = w(Py, P2) mo onpegeneHNo ABAAETCA HOPMYIOH, PEATHIY-
fomen wmcao w(ry,r2). Ecam oneparus w(z) ecTs omepamua obpamenns 7,
10 w(Pq) aBaserca popmyaon, peammsyomen GyHKIuO W(f1).

C0XHOCTBIO (POPMYJIBI HA30BEM YHUCIO CHMBOJIOB KOHCTAHT 1 B (popMmy-
je. CIOXHOCTBIO 9UCAA 7' HA30BEM MUHUMAJBHYIO CIOXKHOCTH PEATU3YIONIEN
ero dopmyast u obosuaduMm ee Lp(r). OGoznadum 4epes L(r) snamenarens
OOBIMHOM HECOKPATUMOU APOOU, PABHOU 7.

Hampuwmep,
1+ +a+1+)™H 1+@ ettt

— ¢dopmyanbt B 6asuce Bg, peamusyromme wucao 6/5 co croxHOCTBIO b u 6
coorBercTBeHHO. OTCIOMA BUIHO, 9TO

LBg < 57
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HO PaBEHCTBO
Lp, =5

(ma camMoM gene BHITEKawmee u3 3a4a49u 1) TpebyeT JOKa3aTeIbCTBa. 3aMe-
THM, 9T0, HAIIPDUMED, 3alIUCh

(@~ +@)™H™

B CMBICJIE HAIIErO onpeaenceHus GpOopMyaon He ABIACTCA.

[TouaTue popmyanl B 6asuce B IO CYIIECTBY PABHOCUILHO IMOHATHUIO Be-
TBAMmEnca mnemHon apo6u. OmnpemenuM NOCIeAHEe MOHATHE [0 WHIYKIUW.
O6bI‘IHbIe IICIIHBIC rleO6I/I CIATAEM TaCTHBIM CIyYdaeM BETBAMNINXC IIECITHBIX
npoben. Ecim R;, i = 1,...,n, — BeTBAMUECS IEMHLIE IPOOU, ¢ — HATYPAIb-
HOE YUCJI0, TO APOOb

1
a+Ri+...+ Rn
TOXE HA30BEM BETBALIEUCA, & BCE DIEMEHTHI aApoben R; m 4ucio a — ee die-
MernTaMu. CyMMy BETBAIIMXCA HEMHBIX NPOOEH W MPOM3BOJIBHOIO IEJIOTO d
TOXE CINTAEM BETBAIIEUCA IEIHOU APOObIO, a ee dIeMEHTaMI — BCe DJIEMeH-
ThI CJIara€MbIX WU YUCJIO a.

3AILAYA 15. [lns mobon gpobu r aucao Lp, (1) paBHO HaMMeHbIIEN CyMMe
DIEMEHTOB B BETBAIINXCA IEOHBLIX APOOAX, MPEACTABIAIONINAX T .

JokaxeM, 9TO s JOOOK ApOOH T
LB1 (’I“) = LBz (’f‘)

[lecTBUTENBHO, TAK KAK (DPYHKIUA (m’l + y’l)71 BBIpaxaercsa B 6asuce By B
Bujie GECIIOBTOPHON CyNepHno3unuu, To Ji0yo ¢popmyay B Hazuce By MOXHO
6€e3 W3MEHEHUA CJIOXKHOCTH TMpeobpa3oBaThb B (opmyay B 6aszuce B, OoTKy-
ma Lp,(r) > Lp,(r). Jwbas nondpopmyra suga @1 dopmyrsr B 6asuce B
NpEeACTaBAMA B BUJIE (<I>1_1 +...+®, )L rre ®; — noadopmyabr MerBIEH
CI0XHOCTH uin KoHCTaHTH 1. Torga ¢popmyaa ¢ skpuBaseHTHA HOPMYJIE TOU
XK€ CIOXHOCTHU

((___((‘1)1714—‘1)271)71)71+(I)?j1)71)71...+‘1);1)71 —
=7(Y( -y (y(@1, D2), @3) ... ), Br),

rae y(z,y) = (z7!' +y~1) 7!, mocTpoennon B 6asuce By U By, u conepxkameit
Ha OJUH CUMBOI ' Mesbimre. [IoBTOpAA BTO Mpeo6pa3oBaHme, MOSYTUM s
a000u popMydsl B 6asuce B DKBUBAIEHTHYIO €d (DOPMYIY TOU XK€ CJAOKHOCTHI
B 6asuce By. 3uauur, Lp,(r) < Lp,(r), orkyga Lp,(r) = Lp, ().

3ADAYA 16. [lna mobou apobu r
LBi(T) = LBi(l/T)'
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Ompeneanm Tenepb MOHATHUE TOCAENOBATEILHO-APAICALHON DIEKTPUTe-
CKOU LEMU U3 eIUHAIHBIX Pe3ucTOPoB. OIUH eMHCTBEHHBIN PE3UCTOD CUUTA-
eMm Il-menvio ¢ conporuBrennem eqmuuia. BEcan Ry u Ry — Il-mientm ¢ compo-
TUBJICHUAMHY 7] U 79 COOTBETCTBEHHO, TO MEMb, KOTOPAA IMOMYIACTCA U3 [eren
R; napanienbHbIM COEAUHEHAEM, IMEET CONPOTUBICHUE (1] ! +ry -1, a nens,
MOy YAIOMIAACA U3 TeX XKe Ienen R; mociaeoBaTeIbHBIM COEIUHEHNEM, UMEET
COTIPOTHUBJIEHUE T1 + ro. HavMeHbIllee IUCIO €IMHUTHBIX COMPOTUBICHUN, U3
KOTOPBIX MOXHO IOCTPOUTH lI-miens ¢ conporusienuem r o603uaxum Lip(r).

3AIAYA 17. [okaxwure, aro Ly (r) = Lp,(r).

3AAYA 18. YcTaHOBUTE B3AUMHO OHO3HAYMHOE COOTBETCTBUE MeX 1y H-
pa30ueHusaM IpPAMOYTOABHUKA M X 1 U ll-mensamu ¢ compoTusieHueM m/n u
BeiBeguTe orciona, uro H(n,m) = H(m,n) = Ly(m/n) = Lp,(n/m).

Ormernm, aT0 3aada 0 Beraucaeanu pysakumu Lyj(r) daxTmaeckn pac-
CMATPUBAIACH B KHUTE «HeThIpecTa m30paHHBIX 33429 U3 KypHaga American
Mathematical Monthly», HO cmesaHHBIE TaM yTBEpPXIEHWS HEBEPHBLI, B €M
MBI IIpeaIaraeM InuTaTEeaIO y6erlII/ITI)CJI CaMOCTOATEJIBbHO.

[IpocTenime OEeHKN BBEJEHHBLIX (PYHKIUU AAIOT CJAEAYIOIIAE YTBEPXKIe-
uusi. Ecau 1po6s 7 = m/n, To nonaraem E(r) = E(n,m).

TEOPEMA 2. fasn ar060t dpobu r
Lp;(r) < E(r) < max{L(r), L(1/r)},

npuuem pasencmeo docmuzaemcs avwny das dpobet suda 1/q, u das dpobet
suda 1—1/g=1/(141/(q—1)).

HJOKABATEILCTBO. O4eBUAHO, 9TO A0y KOHEYHYIO IETHYIO APOOb C
HATYPAIHHBIME SIEMEHTAME MOXHO Ipeobpa3oBaTh B ¢popMyay B Gasuce B
CJOKHOCTY PABHOU CyMMe DJIEMEHTOB IEMHOU APO0H (3aMEHAA KaXKAbIA DJe-
MeHT a Ha dopmyry 14 ...+ 1). llostomy Lp, (r) < E(r).

Hepasencrso E(r) < L(r) nokasbBaeTCsa MHAYKIWEH IO BBHICOTE IEIHOU
Apobm Aas 7, KOTOPYIO MOXHO CIMTATh NpaBUIbHOU. Basa (n = 1) oueBnana.

MTar nagykiuu. Tak xax

1

r=—7¥
1
ay + E
rge r1 = [ag, ..., ay], TO cormacHo npeanonoxenuio naaykumu F(ry) < L(ry),

3HAIUT

E(r) = E(r1) + a1 < E(r1) + a1 + (E(r1) — 1)(a1 — 1) = E(r1)a; +1 <
< L(1/r)a; + 1 < L(r).

PasencrBo Bo3MOXHO, auumb korga F(r1) = 1 wm a; = 1 u ogHOBpEMEHHO
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71 — HaTypaxbHOe, T.e. 6o korga r = 1/(a; + 1), am60 korga
= 1/(1 + l/az) = G,Q/(l + a2).
TEOPEMA 3. Cnpasedauso coomuouienue

H(p,q) = Lg,(p/q) > max(p, q)/ min(p, q).
Pasencmeo docmuzaemea moavko na dpobaz euda 1/q.

Hokaxem uaayknuen, aro 1/Lp, (r) < r. [lycts ® — dpopmyaa croxuocTn
L(r) B 6asuce By, peamusyiomas r. Moxuo cumrars, uro ¢ He comepxur
noadopmya suga ((®1) ') 1. Paccmorpum oba BO3MOXKHBIX crydad. IlycTs
& = ) + Py, ®; peanusyer r; u umeer caoxuocts L; = L(r;). Torga L(r) =
= Ly + Ly, 7 = 11 + 9. CormacHo mpeamnoioxeHuto uHAyKuma r; > 1/L;,
OTKy 2

r=r1+12 2> 1/L1 + 1/L2 > 1/L.
Ecmn xe ® = (&1 + ®3)7!, To B cury mpeamonoxenua WHAYKIASA
1/r; > 1/L;,
OTKY 2
1/7’:T1+T2 <L1+L2:L,
OpUYeM PABEHCTBO BO3MOXKHO Jullb Korjga r; = L;, T.e. r = 1/L.

Crenyromas TeopeMa MOKa3bIBaeT, B 4HacTHOCTH, 4T0 H(n,m) moxer
6bITH ropa3 a0 Menbine F(n,m) 1 ycTaHABIMBAET TOTHOE HEPABEHCTBO MEX Y
HUMM.

TEOPEMA 4. Cnpasedaugvi coOmuowenus
E(m,n) > H(m,n) = Ly, (m/n) > |logy(v/5(max(m,n) —1/2))] >
> [logy(V5(E(m,n) —1/2))],
a dasa q=F,F,11 vau F,F 19, n > 2,
H(q+1,9) = Lp,(1 +1/q) = [log,(V5(E(g + 1,9) = 1/2))] =
= [logy(V5(q+1/2))].

JOKA3ATEJBCTBO. IlepBoe HEpaBEHCTBO yXe€ MTOKAa3aHO B Teopeme 2.
Bropoe mepaBencTBO OyaeT MOKA3aHO B CIAEAYIOIIEM pa3sfeie B Teopeme 6.
[locnenree HEpaBEHCTBO BHITEKAET U3 MPEABIAYIIETO0 U BTOPOT'O0 HEPABEHCTBA
TEOPEMHI 2.

Hokaxewm nociaenuue yrepxaenus. llycrs q = F, Fy (1. [lpumenss B 3a-
BUCUMOCTH OT Y€THOCTHU 71 OJHO U3 PABEHCTB

Fn—l/Fn + Fn—l/Fn—l—l = (FnFn—i—l + (_l)n)/FnFn—l—la
Fn—2/Fn + Fn/Fn—H = (FnFn—H + (_1)n+1)/FnFn+la



110 C. B. I'amukoB

7 TOJB3YICh MOKA3AHHBIMU B TeopeMme | paBeHCTBaMU
E(Fp-1/Fp) = E(Fp—2/Fp) =n—1,
IOy Ia€M, ITO
Lp,(1+1/q) < Lp,(Fn—1/Fn) + Lp,(Fp—1/Fpt1) <Kn—14+n=2n-1
AIn
Lp,(1+1/q) < Lp,(Fr—2/Fy) + Lp,(Fp/Fpy1) <n—1+n=2n—1.
IIpumeHsas HEpaBEHCTBO JeMMHBI 1
Foik < Fpp1Fipr < Foggv1, nk 22,
3aMedvaeM, YTO Ipu 1 < 2
Fon—1 <q=FpnFni1 < Fop,
3Ha9UT q + 1 < Fy,, OTKyga coriacHo JeMMme 3
logs (V5(g +1/2))] = 2n—1,
a COIVIACHO TeopeMme 2
Lp,(1+1/q) > |logs(V5(g +1/2))] = 2n -1,
3HAYIUT
Lp,(1+1/q) =2n—1 = [log,(V5(q +1/2))].

ITycts Teneps q = F,Fy, 2. Ilpumensas B 3aBUCHMOCTU OT UE€THOCTHU N
OJIHO U3 PABEHCTB

Fn—l/Fn + Fn/Fn+2 = (FnFn+2 + (_1)n)/FnFn+2a

Fu_s/Fn + Foi1/Fria = (FoFopa + (1)) /FyFos
MOy IaeM AHAJOTHYIHO TMPEILIAYIIEMY, ITO
Lp,(1+1/q) < 2n.
Onsare nprMeHss HEPABEHCTBO JeMMBI 1 3aMedaeM, ITO npu 1 < 2
Fop < q=FyFpio < Fapia,
OTKY/la OIATH COTJIACHO JeMMe J
[log, (v5(q +1/2))] = 2n,
¥ COTVIACHO TeopeMe 2

Ly, (1+1/q) = 2n = [logy(V5(q + 1/2)) .
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6. BTOPOE NOKA3ATEJLCTBO

Hepasencrsa, noka3aHHbBIE B TIOCJAEIHEN TEOPEME, MOKA3BIBAIOT B IaCTHO-
cTy, 9To Jaobasd HUXHAA oueHka mias H(m,n) = Lp,(m,n) aBromaTudecku
Gymer u onenkou gua E(m,n), oqHAKO MOTyYeHHBIE B MPEABIAYIIEM Da3Ielre
OLEHKU HE TIO3BOJIAIOT BHIBECTHU OneHKy miast F(m,n). Herpusnanrbuyo Hux-
u1010 onenky ana H(m,n) noxyamr O. M. Kacum-3aze.

[anee npusoauTCca 6omee TPOCTOE MOKA3ZATEALCTBO HECKOMBLKO O0aee Caa-
60r0 yTBEpXK JEHUA, U3 KOTOPOTO OJHAKO MOXHO BBIBECTH TAKYIO XK€ HUKHIOK
ouernky nas H(m,n), aro u gua E(m,n), naB TeM caMbIM 15 TOCJAEIHEN BTO-
poe aokazaTeabcTBO. [lna >TOro Ham moTpedylTCs ABE JEMMbI, UMEOIINe U
CaMOCTOATEILHBIA WHTEPEC.

JIEMMA 6. Ecau 0 < YisPir Qi S Ti U pi+q < Ti +Yi, © = 1,2, mo
pip2 + q1qe < 122 + y1y2, npuuem npu 0 < y; < x;, 1 = 1,2, pasencmeo
B03MONCHO AUWDL Ko20a D; = Tj, @i = Y;i uAu Ko02da p; = Vi, ¢; = Li, 1 = 1,2.

[as moxaszaTeabCTBA CHAYMAAA 3aMETHM, ITO IpHU yCaoBuax p < 2,0 < b <
< aup+q < x+ Yy copaBemIuBO HEPABEHCTBO pa + qb < xa + yb. [leucTBu-
TEeJIHHO,

pa+gb—za—yb=(x—p)b—a)+bp+q—z—y)<O0.
B cu1y cuMMeTPUYIHOCTH yCIOBHA, MOXHO CIMTATh, 9TO P > ¢p. lorga,
OprUMeHAs 1Ba pasa cOPMyIIPOBAHHOE BBIIE HEPABEHCTBO, HOLYIaeM, ITO
p1p2 + q1q2 < p122 + q1yY2 < 7172 + Y1Y2.

IIpu p1 > ¢1 > 0 paBeHCTBO BO3MOXKHO JUINL KOTAA P; = L, G = Yi,
1 =1,2. [Ipu q; = 0 paBeHCTBO HEBO3MOXHO, n60 TOoraa p1+¢q; < x1+y;. llpum
p1 = q1 > 0 paBeHCTBO ONATH HEBO3MOXHO, MO0 TOTIa PABEHCTBA P + q| =
=1 + Y1, P1 = 1 HECOBMECTHHIL.

JIEMMA 7. B ycaosusazr npedvidyuweti aemmbl cnpa8edauso Hepasercmeso

P1g2 + P2q1 + G192 < T1Y2 + Loyl + T1T2.

Ipu 0 < y; < i, 1= 1,2, pasencmeo 803MOHCHO AUWDd K020 P; = Vs, ¢ = Tj,
1=1,2.

[as moxasaTenbCTBa, 3aMETHM, 9TO IPU P + ¢1 < L1 CIPABEMJIUBO HEPA-
BEHCTBO

P1g2 + p2qi + 12 < (P1 + q1) (P2 + @2) < 21(22 + y2) < T1Y2 + To2y1 + 132,
1, AHAJOTMIHO, TAKOE XK€ CTPOroe HEPABEHCTBO CIPABEIINBO IIPK Po+qo <K I9.
Cuuras manee, 9TO p; + ¢; > T;, IMEEM:
P1g2 +P2q1 + q1g2 = (p1 + ¢1) (P2 + @2) — p1p2 =
=Pt a)p2t+a)—Pr+a—a)p2+ae—q) <
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<(pr+aq)(p2e +q2) — (p1 +q1 — 21)(p2 + g2 — 22) =
=(p1+q)ze +z1(p2 + @2) — z122 < (21 +y1)z2 + (T2 + y2)21 — T 122 =
= x1Yy2 + Toy1 + T1x2.

TEOPEMA 5. (0. M. Kacum-3ade). Ilycmo p/q — necoxpamumasn dpobo,
D,q — yeavie wucaa, Lp,(p/q) = L. Tozda

Ipl, gl < Fry1, Ipl+ g < Fryo.

O6a mepaseHcTBa gokaxeM 1o wmHAyKumu. baza waaykumu (L = 1) oge-
BUIHA.

[Mar wagykmuu. IIycte ® — dopmyna caoxuaoctu L B 6asuce Bi. Toraa
wim ® = @) + Py, rre Y; — Popmyasr croxuoctu L;, Ly + Ly = L, niu
P = CIJI_I, rae ®; mmeer croxmocts L. B mocmemmem cayvae ob6ocHOBaHME
mara MHAYKIAA O9E€BUITHO.

Paccmorpum nepsoin crydan. CormacHo TpeanoaoXeHuo HAyKiuu ¢hop-
myasl ®; peanusyior apobu p;/q;, Takme, ITO

Ipil s 1¢il < Fri+1,  |pil + |¢i] < Fri42,

Pi, ¢i — neasle uucaa. Torga dpopmyna ¢ peammsyer gpobb p/q, Takyio, 9TO
4 = q1g2, u p = p1g2 + qip2. lpumenas nemmy 6 npu z; = Fp, 11, yi = Fi, n
HCIOAB3YsA JeMMy 1, moay<IaeM HEPABEHCTBO

Ip| < Ip1llge| + @1l Ip2] < Fro+1Fry41 + Fr,Fro = Fri41041-

TakXke TOKa3BbIBAETCS HEPABEHCTBO MM |¢|.
Ouenum reneps |q| + |p|. [Ipumenss nemmy 7 upw z; = Fr,41, y; = Fr, n
UCTIONB3YA JeMMy 1 ToIydaeM HEpaBEHCTBO

gl + |pl < Ip1flg2l + g1l [p2l + a1l lg2] <
< FL1+1FL2+1 + FL1+1FL2 + FLlFL2+1 = FL1+1FL2+2 + FLlFL2+1 =
= FpL 41,42

O6emannas HUXKHAA ONEHKA, TAeTCA CIAYIOMEN TEOPEMO.

TEOPEMA 6. Jas w060t necoxpamumoti dpobu p/q, 2de p, ¢ — namy-
DAALHBIE YUCAL, CNPABEIAUBDL HEPABEHCNBG

H(p,q) = Lp,(p/q) > |log,s(v5(max(q,p) — 1/2))] ,
H(p,q) = Lp,(p/q) > |logs(V5(p+q—1/2))] — 1.
JlokaxeM HEpaBEHCTBO
Lp(p/q) > |log,(V5(max(p,q) —1/2))].

O6osrauus Lp(p/q) 4epe3 L u npuMeHUB IPEALIAYLUIYIO TEOPEMY, [IOLY9aeM,
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aro max(p,q) < Fry1. Orciona u u3 nemmel 3 moydaeM, 9To

L+1 > [log,(V5(max(p, q) — 1/2))] + 1,
a 3HAYUT UM HaIle HepaBeHCTBO. HepaBeHCTBO

Ly (p/a) = [logy(V5(p + ¢ —1/2))] — 1

IOKa3bIBAETCA AHAJOTUIHO, TOIHLKO BMECTO IIEPBOI'O HEPABEHCTBA IPEAbIAY-
e TeOPEMBI UCIOAb3yeM HEPABEHCTBO P+ q < Frio.

7. KBAIPUPOBAHUE IIPAMOYTOJBHUKOB U DJEKTPUYECKUE IEINA

3aMeHMB B IIPOIECCe MOCTPOeHusA npomsBoibHOU Il-menu = Ha Kaxgom
mare mapaieJbHOE COEIMHEHWE MOAIENeN Ha MOCASJOBATEABHOE, & MOCIEI0-
BATEJbHOE COEIWHEHWE MOANENeN Ha MapALIeIbHOE, MOJYy9IaeM HOBYIO IEMb
E* KOTOPYIO HA30BEM ABOUCTBEHHOU K menu =. O4YeBMOAHO, 9TO ABOUCTBEH-

Had UEelb A Helu Z° COBHAJAeT C LENbI =.

3AIAYA 19. [lokaxuTe, 9TO TBOUCTBEHHLIE APYT APYTY LEMN UMEIOT B3a-
“MHO OOpaTHBIE CONPOTHUBICHUS U BBIBEJUTE OTCIONA TOCIEIHEE DPABEHCTBO
NpeabIIYIIen 3a/1a93.

BepremMcs k npou3BOAbHBIM pa3OueHUAM MPIMOYTOJIBHUKA HA KBAAPATHL.
VM MOXHO CONOCTABUTHL INIOCKWE DIEKTPUYIECKUE IIENW, COCTOAIINE U3 €IU-
HUIHBIX COHpOTI/IBJIGHI/IfI.lO) [as >Toro BHIZEINM B IPAMOYTOJLHUKE BCE TO-
PU3OHTAJIbLHBIE OTPE3KM, COCTOANINE U3 CTOPOH KBAIPATOB DPa30ueHUA u He
yAJIUHAEMBIE ¢ COXPAHEHUEM DTOT'0 CBOUCTBA (B MX YUCJO BXOAAT U 00€ ropu-
30HTAJIbHBIE CTOPOHBI IPAMOYTOIbHUKA). B cepequHe KaxI0ro u3 BBIJEICH-
HBIX OTPE3KOB BO3bMEM TOUKY. [[Beé TOUKM COeIUHAEM OTPE3KOM, €CJIU HEKOTO-
PBIZ KBaApaT pas3OueHus KacaeTcsa 000UX OTPE3KOB, Ha KOTOPHIX BHIOUPAIUCH
3THU TOYKM.

Ecar or mepBoHAYMAJBHOIO EPTEXKA OCTABUTH TOJBKO BBIODAHHBIE TOU-
KU U COeJUHAIONINE UX OTPE3KH, TO MOLYIUTCA IIOCKOoe u3obpaxenue rpada.
I'padom HA3BIBAETCA OOBEKT, COCTOAMIANA U3 HEKOTOPOTO MHOXKECTBA, BEPIINH
7 HEKOTOPOr'0 MHOXECTBa, pedep, COeNUHAIONINX TU BEPUIMHBI TOmapHO. K-
J¥ BEpHITHAM Ipada COMOCTABUTH TOYKM HA, IIOCKOCTH, a pebpam — OTpe3-
KU, COeJUHAIONINE COOTBETCTBYIONINE BePIINHEL, TO IOy IaeTca u3o0paxeHue
rpada. N3o06paxenne HA3BIBACTCA IIOCKUM, €CAW OTPE3KM B HEM IIEPECEKA-
IOTCA TOJBKO B BepIIHaX. |’ pad, MMEIUI II0CKOe n300paXeHne, Ha3bIBAEeT-
¢ TaKXe IIOCKUM. Ecim opueHTHpOBaThH KaxXA0e pebpo paccMaTpUBAEMOTO
rpada B HAPABIEHUY OT OJHOU MOPU3OHTAILHON CTOPOHBI MPAMOYTOJbLHUKA

19310 6pL10 CIeJaHO IeTHIPbMA AHTVIMUCKIMYU MATEMATUKAMY [JIA PEIIEHUA 3a0aTh Pas-
OmeHMsa KBagpaTa Ha IMOIAPHO HE PAaBHBLIE KBAaApPAaThHl. MHTEpecHas HCTOPUA MOUCKA PELIeHUs
sToM 334a4u onmcaHa B kHmxkKe V. M. fArmoma «Kak paspesaTs KBagpar.
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K IPYrOd M HAIMCATH HA KaXJOM pefpe IIMHY CTOPOHBI KBaJApaTa, m306pa-
KAEMOT0 3TUM PeGPOM, TO MOLYYUM OPUEHTUPOBAHHBIN IPad ¢ HATPY KEHHBI-
MU pebpaMu, HA3BIBAEMBIN [BYXIOMOCHOU CETHIO (IIOIIOCAMY ABAAIOTCA BEP-
MIUHBL, ©300PaXKao0MUe TOPU3OHTAIBHBIE CTOPOHBL MIPAMOYTOIBHUKA).

3aMeTuM, 9TO CyMMa, YUCEN, TPUNUCAHHBIX BCeM pebpaM, BHIXOIAIIUM U3
OJHOI'0 IIOJIOCA, PaBHA CyMMe Yucel, IPUIUCAHHBIX BceM peOpaM, BXOAAIIUM
B APYrOU MOMIOC, 1 006 OHU PABHBI [UIMHE TOPU30HTAIHLHOU CTOPOHBI IMTPAMO-
yroabHUKa. Kciam 3aMeHnTh Kaxgoe pebpo rpada Ha eIUHUYHBIA PE3UCTOp,
TO MOIYIUM IEKTPUAIECKYIO CXeMY, COOTBETCTBYIOIIYIO HallleMy pa3OueHuIo.
Ecau cauraTh, 9TO cuiIa TOKa B KaXJOM PE3UCTOPE PABHA TUCIY, IPUINCAH-
HOMY COOTBETCTBYIOIIEMY Pebpy, TO s KaXJOW BEPIIMHBI CyMMa BTEKAIO-
X B Hee TOKOB OyJeT paBHA CyMMe BHITEKAMUX. [[encTBUTEIbLHO, 06e 5THh
CYMMBI PaBHBI JJINHE TOPU30HTAILHOI'O OTPEe3Ka, B IIEHTPE KOTOPOr'o BHIOU-
paJjachk paccMaTpUBaeMas BEPIIWHA.

HaszoseMm rpanbio m06yi0 9aCcThb INIOCKOCTH, OTPAHUYIEHHYIO [BYMS OPUEH-
TUPOBAHHBIMU merssMu pebep rpada ¢ OOMUMHU HAYAIOM U KOHIIOM. TMCI0
BepiuH rpada 00603HauuM b, a ducao rpanedn — 7. [l Kaxgou rpaHd CyM-
MBI IUCeJ, TPUIUCAHHBIX pebpaM 060uX Ternen, paBHbl ApyT apyry. JleucTsu-
TEIHHO, KaXK JOU I'PAHU MOXHO CONOCTABUTH BEPTUKAIBHBIN OTPE30K BHYTPHU
NPAMOYTOJIbHUKA, COCTOAIMA U3 CTOPOH KBAaAPATOB PAa30MEHUs W OrDAHU-
YeHHBIN CBEPXY W CHU3Y MOJOOHBIMU XK€ TOPU3OHTAILHBIMEU OTPE3KAMU, TO-
raga o6e paccMaTpUBaeMble CYMMBI PABHBI [IMHE DTOr0 OTpeska. Kaxmyio
73 DTUX CyMM MOXHO WHTEPIPETUPOBATH KAK CYMMY HaJACHUN HAPIKEHUSIL
Ha KaXJOU M3 PacCMAaTPUBAEMBIX Iemed. B mTore moaydmm b + r ypaBHe-
uun Kupxroda mia paccMaTpuBaeMou cxeMbl. [lageHme HATDAKEHUS MEX-
Iy TOMIOCAME CXEMbI PABHO [IMHE BEPTUKAJIHLHOU CTOPOHBI MPAMOYTOJBHUKA,
a ee CONPOTUBIEHNE — OTHOIIEHUIO BEPTUKAIHLHOU M TOPU3OHTAIBLHOU CTO-
pOH.

DJIEKTPUIECKYIO CXEMY MOXHO COMOCTABATDL HAIIEMY Pa3OUeHUIO U APY-
UM CIIOCOGOM, a MMEHHO, MOBEPHYB NPAMOYToabHEUK HA 90°. OTy cxemy Ha-
30BE€M [[BOMCTBEHHOU K MEPBOHAYAIBHOU CXEME.

3AMAYA 20. IIposepwsTe, uro s Il-nement BBeAeHHOE MOHATHE IBOU-
CTBEHHOCTH COBIAJAET CO CTAPBLIM.

B Teopun rpadoB nBoUCTBEHHBIM Ipad)OM K JAaHHOMY ILIOCKOMY rpady Ha-
3bpIBaeTCAa rpad, Y KOTOPOT'0 BepUIMHAMHU ABAAIOTCA I'DAHU UCXOLHOT'O I'pada,
a pebpa, cCoeIUHAIOIMNE BEPUINHLI, COOTBETCTBYIOT pebpaM, IpUHALICKAITAM
OJHOBPEMEHHO O000MM LenAM, OIPAHUYMUBAIONIAM T'DAHU, COOTBETCTBYIOUINE
O9TUM BepuUIMHAM. 1UCI0 BEPIIMH B JBOUCTBEHHOM T'pade PABHO UUCIY I'pa-
HE B MCXOMAHOM M Hao00poT, a 4mcio pebep B ob6oumx rpadax OTUHAKOBO.
O6o3uadum gucao pebep p.
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SATAYA 21. YcTaHOBHTE CBA3L MEXIY MOHATHEM ABOUCTBEHHOCTM MIJIA
IUIOCKUX DICKTPUIECKUX [ENeN U ABOUCTBEHHOCTBIO I MIOCKUX rpadOB.

[Ipu pemenun ciaegyiomen 3a4a<dy ITOJE3HO HCIOIL30BATH 3HAMEHUTYIO
dopmyay dunepa: s a060ro miockoro rpada b —p+r = 1.

3AIAYA 22. IlepeuucauTe Bce rpadnl He Oojee €M C AeBATHIO pebpamu,
coorBercTByomue He [I-paszbuenuam.

3AIAYA 23. (Mockosckasn oaumnuada 1940 20da). Jokaxure, 9TO npsa-
MOYTOMBbHUK HeIb3A pasOuTh He Goaee deM Ha, 6 pasHBIX KBaJAPATOB.

SAIDAYA 24. [lokaxuTe, 9TO MMEIOTCA TOJLKO ABA Pa3HBIX pa3bueHus
IPAMOYTOJIbHUKA He 60jiee €M Ha AeBATH PA3HBLIX KBAIPATOB U IOKAXUTE,

aro L(61,69) = 9.

Teneps Mbl MOXeMm yOemuTbesa, 910 K (m,n) umHOrZa OBIBAET MEHBIIE
H(n,m). [eucrBurensHo, u3 TeopeMsl 5 cregyer, aro Li(61,69) > 10.

MoxHO maxe MOKa3aTh, YTO A HEKOTOPBIX MOCIEIOBATEILHOCTEN M)
u ng

K (mg,ng)/H (mg,ng) < 0,89.

[uas aTOr0 paccMoTpuTe HIEKTPUUECKYIO Ienb ¢ Bepummaavu 1,2,...,8 u
eJUHUYHBIMA PE3UCTOpaMu, coeguHsiomumMu napsl sepmus (1,2), (1,3), (2,3),
(2.6), (3.4), (3.5), (4,5), (4,7), (5,6), (5.7), (6.8), (7.8). LposepsTe, 110 MPH
HAIPsAXeHUn Mexay mnonocamu 1 m 8, paaom 377, o pe3ucTopaM MOUIET
TOK (B HAIPABIEHWM OT MEHBUIMX HOMEPOB K Oombmmm) cuabr 123, 138, 10,
113, 68, 75, 7, 61, 28, 54, 141, 115 coorBeTcTBerno. [locTpounTe mo sTou Menu
pas3buenwme npsMmoyroabauka 256 X 377 Ha 12 xBagpaToB cO cropoHamu 123,
138, 10, 113, 68, 75, 7, 61, 28, 54, 141, 115. PaccmoTpuTe moOCIeg0BATEND-
HOCTBH TPAMOYTOJBHUKOB Pa3sMePa Pp X (n, ONPEIIAEMYI0 PEKYPPEHTHBIMA
dopMmyramMu

Pnt1l = P2+ G2, Gni1 =DPnGn, Po = 377,q0 = 256,

U NOKaXwuTe 1m0 mHAYKIuH, 970 (Pn,qn) = 1 1 L(pp,q,) < 2" - 12 (B goxa-
3aTENbCTBE HEPABEHCTBA IIAr WHAYKINHA OOOCHOBBIBAETCA TEM, 9TO HMPAMO-
YTOIBHUK Pp, X G, Pa3bUBAETCA HA NBA MPAMOYTOJbHMUKA, MOMOOHBIX IPAMO-
YTOIBHUKY Pp 1 X ¢p—1). OTCrOA caegyer, 9T0

L(pn, an)/ logy pn < 12/log, 377 < 0,89.

[anee mpumeHUTE TEOPEMY 5.
OrmeTum B 3akaodeHue 6e3 JOKa3aTeabCTBA, ITO

K(m,n) > logy(m + n).



