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‘You mean. ..’ he would say, and then he would rephrase
what I had said in some completely simple and concrete
way, which sometimes illuminated it enormously, and
sometimes made nonsense of it completely.

I. Murdoch, Under the Net.!)

§1. BBEIEHUE

Teopus NpPenATCTBAN ABIAETCA (DPYHIAMEHTAILHON YaCThbi0 alrebpamtde-
CKOM TOIIOJOTMY W MMEET MHOTOYUCICHHBIE NPUMEHEHWUS 33 €€ IPeIeTaMu.
K coxanenunio, B CymeCTBYIOIUX U3I0KEHUAX U3YIEHUE TEOPUN TIPEIATCTBUN
HAYMHAETCA C [IATEILHOTO OCBOEHUA HEMOTUBUPOBAHHBIX A0CTPAKTHBLIX IO-
HATUR U Teopud. OMAHAKO OCHOBHBIE MIEW DTOU TEOPUM MOXKHO TJOCTYITHO
U3JOXUTH YEJ0BEKY, HE MMCIOIICMY I'JIy6OKI/IX CIICIIAJIBHBIX HOBHa.HI/Iﬁ B TO-
nosoruu. TaKOMy WM3JI0XKEHWIO W MOCBANICHA HACTOAMIAA 3aMETKA, A€ WIEH

*E-mail: dusan.repos@uni-1j.si
Pab6ora wacTuuno moagepxaHa mccrenoBaTeabsCKUM IpaHTOM MuHucrepcTBa 00pa3oBaHus,
Hayku u cnopra pecunybauku Caosermsa Ne101-500.

TE-mail: skopenko@mccme .ru
Pab6ora wactuano noxnepxana rpanrom PDODU Ne99-01-00009.

) (BBl XOTHTE CKA3aTh. . .» — HAUMHAL OH I I€PECKA3bIBAL MOM CIOBA KOHKPETHO ¥ IIPO-
CTO, IOCJE Yero MOS MBICIb Ju0O0 OKAa3bIBAJACH MHOI'O IOHATHEE U riayOxe, aubo o6opadu-
Baaach noanenmen gemyxou. (A. Mepaoxk, «Iloxg cersior, mep. ¢ anra. M. Jlopue)

MaTemaTuyeckoe npoceewenue, cep. 3, eoin. 6, 2002(60-77)
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TEOPUM MPEMATCTBANA TPOJAEMOHCTPAPOBAHBI HA MPOCTEUIINX TACTHBIX CIY-
vyanx. B Hem cymecTBeHHO ynpomeH u nopaboran marepuan uz [RS00, §3].
OcnoBubM npenmymecrsom nepen [RS00, §3] apiasercsa Bo3aMOXHOCT HANIA -
HO u306paHcamb TMPEmATCTBU.

Teopua HOpenATCTBUN OCHOBAHA Ha CICAYIOUEN OPOCTOM HIEe, IACTO
BCTPEYAIOMENCA TIPU PENIEHUN IIKOJIBHBIX (B 9aCTHOCTH, OIUMIIMAJHBIX) 3a-
AT HEBO3MONCHOCTD HEKOTOPOU KOHCTPYKIMYA MOXHO NOKA3aTh IMyTEM IIO-
CTPOEHUs AIreGpamvdecKoro npensmcmeud, Wi uHeapuarnma (HAIpUMEp, U3
coobpaxenunt 9eTHOCTH). TOTHO TaK XKe HEIKEUBAACHMHOCMb KOHCTPYKIAN
9aCTO JOKA3BIBACTCA IMYyTEM IMOCTPOCHUS ANreOPAMTIECKOrO UHBGPUGHMAE, TX
Pa3IMYAONIEro (3TOT UHBAPUAHT ABIACTCA NPENAMCMEUEM K DKBUBAJICHTHO-
crm). MHOrme HENmOXOXuWe APYT HA APYTra 3aJa<dd TOMOJOTUA AHATIOTUIHBIM
06pa3oM €CTECTBEHHO IPUBOAAT K MOXOXKUM IAPYT HA APYTa NPenAmcmeu-
am. B HacTOMmen 3aMeTKe BTOT IMPOLECC MPOAEeMOHCTPUPOBAH HA MPUMEPE
HAMGOJIeE HATVIAMHBIX TOMOJOTUYIECKUX 3a,1a.

Hacrosamas 3ameTka OCHOBaHA HA MUKJE JEKIUU, TPOYATAHHBIX BTOPHIM
aBTOpoM B JeTHed mmkoae «COBpEMEHHAs MATEMATHKA», OPTaHU30BAHHOU
Poccunckon Axanemmen Hayk m Mockosckum IlenTpom Hempeprisroro Ma-
TemaTudeckoro Ob6pasosanus mon [youon B miose 2001 r. Bripaxaem 6ia-
rogapuaocts M. H. Bsaomy 3a MmuOrOUmncaenuse 06Cy Xk qeHus, criocoO6CTBOBAB-
e yJaydIieHnio U3M0KEHN, 8 TaKXKe 33 MOATOTOBKY PUCYHKOB.

§2. COBETBI YUTATEJIIO

Hacrosamas 3amMeTka npeqHa3HaYeHa B TIEPBYIO OY€PeIb M IUTATEICH, HE
BJIAICIOMIUX TOMOJOTMEN, HO MBI CMEEM HaIeAThCA, ITO OHa OyJeT WHTEPEeCcHa
U CenuaaucTaM. B 5ToM maparpadge Mbl IPUBEIEM HECKOABLKO COBETOB [JIA
YUTATENEN-HETOIOJIOTOB (IUTATEN0, YXKE 3HAKOMOMY C aarefpamdeckon To-
HOMOTUEN, JOCTATOYHO NPOYUTATH ABA NOCAeAHUX a03ana). [lasa nonmManus
§3 — §6 mOCTATOIHO OOBITHOM MeOMETPUIECKON MHTYWINH, & NJIA HOHUMAHUA
6OIbIIEN IACTH §7 NOCTATOYHO HHTYUTUBHOTO MPEACTABICHAA O TPEXMEPHBIX
mHOr006pasumsax. B wacTaHoCTH, BCe HEOOXOAMMEBIE anrebpamtdeckue O0OBEKTH
(CO CTpalIHBIME HA3BAHWAMU (TPYIILI TOMOJOTUI) U (XaPAKTEPUCTUIECKHE
KJIACCBD)) CTECTBEHHO BOZHUKAIOT U CTPOTO 0Npededsiomcs B MPOLEcce N0-
KazaTeabCTBa TeopeM. Mbel He TpefyeM OT duTaTens 3HAKOMCTBa, ¢ aaredpa-
MYECKAM TOHATUEM TPYIIBL, B TEKCTE MOXHO BOCOIPUHUMATH 3TO CIOBO KaK
CHMHOHMM CJIOBA (MHOXECTBOY.

HamomuuM mnonATHE AByMepHOrO MHOrooGpasus. Jlo6oe (koMmakTHOe
CBA3HOE) ABYMEPHOE MHOrooOpasme (2-mmoroobpasume) N moxeT ObITH II0-
Jy9eHO u3 Cepbl, TPOEKTUBHON mI0CcKocTu mim OyTebuiku Kraenna (puc. 1)
OPUKJIEUBAHUEM ¢ PyYeK ¥ BbIpesaHueM h AbIpoK (puc. 2). 3xeck g = g(N)
(pod mmoroobpasus N) mu h = h(N) — HeEKOTOpBIE ¥HCIa, OTHO3HATHO
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5.0 @2 A0

cdepa 52 MIPOEKTUBHAA INIOCKOCTD OyTeLIKa Kiernna
Puc. 1.
BbIDE3aHUE NBIPKA IPUKJICUBAHUE PDyIKHA
Puc. 2.

onpeneasemble o nosepxuoctu N. /IBymepHoe (KOMmakTHOE) MHOTOOGpa3me
HA3BIBAETCA 3AMKHYMbIM, €CIU B HEM HET NBIPOK.

Paszbuenuem deymepnozo muoeoo6pasus N HA3BIBAETCA TaKOe ero pa3bu-
€HUE Ha MHOT'OYT'OJIbHUKW, ITO JIIO6I)I€ ABa M3 HUX MOT'yT II€PECEKATHCA JUIIH
o oO6benuHenuio mx pebep m BepumH. [Ipu 5TOM BHYTPEHHOCTH KaXIOT'0
7“3 MHOTOYTOJBHUKOB [ONXKHA OBITH TOIIOJIO-
TMYeCKNA SKBUBAJICHTHA [ABYMEDHOMY JUCKY,
T.e. JOMXKHA pPa3bMBATBHCA Ha 4YacTu JHOO0U
3aMKHYTOM HECAMOIEPECEKAIOMENCA KPUBOM.
Hanpuwmep, npencrasiernas Ha puc. 3 curya-
s He sABasgeTcsa pasbumenuemM. [Ipumepnr pas-
OneHnu M300paXKeHsl Ha, puc. 1.

KoauuecTBa Bepumn, pebep u rpanen
BeIOpaHHOrO pas3buenus obosunavatorcsa V, B

Puc. 3. u F, coorBeTcTBeHHO. Jlaeposol rapaxme-

pucmurotli pa3bueHns HA3BIBAETCA UUCIO Y =

=V — E+ F. OT0 4ucio He 3aBUCAT OT pa3OueHus JaHHOIO MHOr000pa3us

u paBHO 2 — 2g9, 1 — 29 U —2g COOTBETCTBEHHO MIA C(ephl, MPOEKTUBHOU
miockocTu win OyTeuiku Kienna ¢ g pydIkamu.

Herpymao npoBepuTs, uT0 11060€ n1ByMepHOE MHOr00Opasue umeet pa3bu-
enue (P OIPUHATOM HAMW ONpPENEJICHUN ABYMEPHOro MHOroo6pasus). OgHO
7 TO Xe ABYMEPHOE MHOr00OOpasue MOXeT UMeTh pasHble pazbuenusa. O qHaKo
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MHOT'H€ BCTDEYAIOUMecs B TEKCTe OOBEKTHI (KaK, HAIPUMEp, SWIEPOBa Xa-
PAKTEPUCTUKA) HE 3ABUCAT OT BBIOOpaA pasbumenus T [aHHOTO MHOr00OpA3UA
N. B Takux ciaydasx MbI MOJIYAIMBO YKA3bIBAEM B MX O0O3HAYEHUAX MHO-
roo6pasue N BmecTo pasbuenus T (mampumep, numem X (V) smecro x(T)),
OCTaBJAA UUTATENIO OO JOKA3aTh HE3ABUCUMOCTH OT BBHIOOpa pa3bueHus,
au60 3amenuTs Bclogy N Ha T

Boapmas wacTs MaTepmana (HaIpuMmep, O CBA3M XAaPAKTEPUCTUIECKUX
KIaCcCOB ¢ (pOpMOU mepecedenuit) chOpMyaupoBaHa B BUAE 3ajaad, 0003HA-
Ta€MBbIX XKWPHBIMUA YUCIAMMU. BOCHOJIHeHHe r[[eTa,JIeIl/)I IPpUBOAMMBIX B TEKCTE
HabpocKkos JoKA3GMEAbCTNG MOXKET TAKXKe CIYyXUTh MAaTEPUAIOM ML CaMO-
crosTenbaon paboTel. Crenyer mOAYEPKHYTH, YTO 334394 HE UCIOAb3YIOTCA
B OCTaJBbHOM TEKCTE. pr)KO‘IKOM OTMEYCHBI 3a a9, OJIs1 IIOHUMaHWUI U Pe-
IIEHUSA KOTOPBIX JOCTATOYHO 3HAKOMCTBA C DTOU 3aMeTKOM. B HEKOTOPBIX
OPYTZX 33Ja9aX MOT'YT BCTPETUTHCS HE3HAKOMBbIE BaM TEDMUHBI; TaKWe 3a-
Jadqu caeqyeT MpOCTO UrHOPUPOBaTh. OTMETHM TakXke, 9TO IS PEleHUs
3a4a9 JOCTATOYHO MOHUMAHUA UX (HDOPMYIUPOBOK U HE Mpebyemcs HUKAKAX
JOIOMHUTENBHBIX HOHATUYN U Teopui. Ecau ycioBue 3anatu aBiageTcsa GopMy-
JUPOBKOU YyTBEDXK JEHWSA, TO MOAPA3yMEBACTCs, 9TO 3TO yTBEPXK aeHue Tpedy-
ercs gokaszarb. Marepuan us [RS00, §§1,2,3.D] u sagaau us [RS00, §3.A,B,C]
[OYTHU HE MOBTOPSIOTCA 31€Ch, HO MBI DEKOMEHIYeM 3auHTePEeCOBABIIEMYCs
IUTATEIIO O6paTI/ITI)Cf-I K 9TOMY MaT€pUaJIy U IIOPEUIATH YKa3aHHBIE 3a0a'IU.
[Tocae sroro unrarens cMoxeT paszobpars 6olee IPOABUHY THI MATEPUAAT U3
[FF89, §18, §19, MST74].

st auraTens, yxe 3HAKOMOTO € aarebpanvecKor TOMOJIOTUEN, OTMETHM,
9TO MBI HE UCIOJB3YEM CTAHAAPTHYIO TEPMUHOJOTUI0 TEOPUU MPENATCTBUN
TaM, e MBI CIMTaeM, 9TO OHa HeynoOHa Aiid HadwmHarouero. Kpome Toro,
B DTOU 3aMeTKe NPENATCTBUA JeKAT B I'PYIIAX 20MO402Ull, & HE B I'PYIIAX
K020m0a02ull (M30MOPPHBIX TOMOJIOTMAM BBUAY ABOMCTBeHHOCTH [lyankape).
VmenHo 5Ta TOYKA 3peHus (ABOMCTBEHHAS CTAHAAPTHON ) IO3BOIAET HA2AAOHO
u300paHcamb MPEIATCTBUA.

§3. OPUEHTUPYEMOCTb

Opuenmayus IByMEPHOTO ILIOCKOIO MHOT'O-
yFOJIbHHKa. 3agaeTca JIe)Ka.H_Ieﬁ B HEM Opr)KHO—
CTBIO €O cTpeakon. [IBymepHOE MHOroo6Gpasme
HABBIBACTCA OPUCHIMUPYEMbIM, €CIA MOXKHO TaK
BBECTHU OPUEHTAIUM Ha BCEX I'PAHAX HEKOTOPO-
ro ero pasOmeHwus, 9TO OHU CO2AGCOBAHbL A
COCeHUX TPaHen, T. €. 3aJal0T Ha UX 00meM pe-
6pe npomueonosoxcrvie Hanpasienus (puc. 4). Puc. 4.
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Takoir HAGOpP OPUEHTAIME HA I'PAHAX Pa30MEHMA HABLIBAETCA OPUEHIMAYUET
MHOT'000pa3usi.

B sTux ompenereHmsax BMECTO CJIOB «HEKOTOPOr'O pa3bmeHms» MOXKHO IIO-
CTaBUTH IIOO0TO pa3OmeHms (KTO HE XOUET DTOr0 NOKA3BIBATEH, MOXET C9Iu-
TATh, 9TO HUXE BE3/le PACCMATPUBAIOTCA 2-MHOI000pa3ua ¢ (PUKCHPOBAHHBIM
pasbuenuem). Hanpumep, Top (puc. 5) opuentupyewm, a muct Mébuyca (puc. 5)
HeopueHTHPYyeM (gokaxwre!).

1
1

u/\w

TOp auct Meébuyca

Puc. 5.

TEOPEMA OPUEHTUPYEMOCTHU. Kaocdoe uz caedyrowur ycaosull na 3a-
mrHymoe deymeproe mno2oobpasue N PasHOCUALHO €20 OPUEHIMUPYEMOCTIU:

(W) nepsem kracc Hltudens - Yuran wi(N) € Hi(N) nyaesot.

(M) N ne codepacum aucma Mébuyca.

Kpurepun (W) sBaseTcsa mo cyTu Jaunib mnepedOpMyIapOBKON ONpegene-
HUA OPUEHTUPYEMOCTHU Ha aarebpam<ecKoM a3bike. Ho OH BaXeH He TOIBKO
cam no ceGe, HO M KaK WLTIOCTPAIUA METOJa TEOPUM NPEnATCTBUU (CM., B
YaCTHOCTH, HUXKeCAeAyouyo 3anady 1). Kpome Toro, u3 mero merko momy4a-
ercsa 6onee mpocrou Kpurepuu (M) (yopaxuenue).

ONPEAENEHUE H(N), wi(N) 1 TOKA3ATEJILCTBO KPUTEPUSA (W). Pe-
KOMEHyeM YUTATEN0 pa300paTh 3TO AOKA3aTEJbCTBO CHAYAJNA, [NJIA CIydad,

- korga N — Oyreuka Kienna (puc. 6). Bosbmem nekoTopoe
O pasbuenne mMHOroo6pasusa N u 3amaguM HAOOP O OPpUEHTAIUN
Ha I'paHAX pas3OueHusa. Pe6po pa3bueHns HOKPACUM B KPACHBIN

O OBET, €CaU OPUCHTAIUY HA IIPUMBIKAIOIMINX K HEMY I'DAHAX pac-

. coeaacosanv (T. €. 334a0T HA 5TOM pebpe 0dunaKkoebie HAIIPA-
Puc. 6 BreHus). O6beArHEHNE KPACHBIX pe6ep HA3BIBACTCS Npenim-

emsywum Yyukaom w(o). Janael HAOOP 0 OPUEHTAIUE TpPa-
HEU OIpefeiseT OPUEHTANNI0 MHOT00OPA3UA TOTJA W TOIBKO TOTAA, KOrAa
w(o) = @. Ha puc. 1, 5 u 6 XKupHBIMU JUHAAMEA U300PAKEHBI HEKOTODBIE
npencraBuTean w nepsoro kaacca lltudens — Yurau (T. e. npenarcTayiomme
nukibl). Jlerko nposepuTs, 9TO B rpade w(0) U3 Kax 40U BEPUIMHBI BBIXOJUT
YeTHOE YMCI0 KpacHBIX pebep. [loarpadsl BHIOPAHHOTO pa3OuMeHua ¢ TaKUM
YCJIOBUEM HA3BIBAIOTCA YUKAGMU. 1TOOBI HE MyTATh WX C IUKIAMHU B CMBbI-
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cie Teopuu TpadOB, UX MOKHO HA3BLIBATH TOMOJOTMIECKUMY ITUKIAMY, HO MBI
3TOro fenaThb He OymeMm.

Ecan w(o) # @, TO 0 He onpepenseT OPUEHTAIUN MHOTO0OPA3UsA, HO €IIe
HE BCE MOTEPSIHO: MOXHO HONBITATHCA U3MEHUTb 0, TAK ITOOBI MPEIATCTBY-
IO KA CTaX myCThiM. s 5Toro BesicHAM, Kak w(0) 3asucut ot 0. [lpu
U3MEHEHUV OPUEHTAIUY OJHOU rpaHu K w(o) mpubasisgeTcs (mo Mopyio 2)
rpaHuna >Tou rpanu. [Ipu n3aMeHeHN OpUEHTAINY HECKOABKIX Ipanel K w(0)
nprOABAAETCA CAMMETPUIECKAA PA3HOCTD (CyMMa, 110 MOAYJIIO 2) TPAHUL] DTUX
rpaden. BygeMm HA3BIBATL TakXke epanuyet CyMMy TPAHUI HECKOJILKUX T'Pa-
HeH.

PaccMoTpuM omeparuio CEMMETPUYECKOM DPA3HOCTH (MHBIME CIOBAMH,
CYMMBI 110 MOZYJIIO 2) Ha MHOXECTBE BCEX IUKJIOB. HazoBeM HUMKIbI wy 1 wy 20-
MOAORUYHBLMU, ECIA W] — Wy €CTH rpaHuna. HeTpyaHo noHATH, 9T0 ecau w(0)
ABJIAETCA TPAHWUIEN, TO MOXHO M3MEHUTH 0 Ha 0, TaK ITOOBI MOIYIHAIOCH
w(0') = @. HeTpyaHO TaKXe MOHATH, 9TO [IPU U3MEHEHUN HAGOPA O OPUEHTA-
U IPENATCTBYOMUA TUKI w(0) 3aMEHAETCA HA TOMOJOTUIHBIA UK.

AcHO, ITO TOMOJOTUIHOCTD ABIACTCA OTHOIICHUEM DKBUBAJEHTHOCTH HA
mMHOXecTBe nukaoB. ['pynna Hi(N) K1accoB S5KBUBATEHTHOCTH (T.€. IUKJIOB C
TOYHOCTBIO [0 TOMOJOTUYHOCTY) HA3BIBAETCA 00HOMEPHOT 2pYnnot 20moa0-
euti nosepzrocmu N (¢ xKosdduyuenmanmu 6 Zg). MOXKHO JOKA3ATH, ITO OHA
3aBUCUT UMEHHO OT NN, a He 0T BbIOpaHHOro pa3buenus. Kiace romonoruaso-
cTm npenaTcTByomero mukaa w(o) 8 Hy(N) aBraeTca noanbim IpeniTcTBIEM
K opueHTHpyeMocTr MHOroo6pasma N. OH ¥ HA3BLIBAETCA MEPBBIM KJIACCOM
MTudens — Yutunu. U

IIpu paccyxkaeHuAX ¢ TOMOJOTHYIECKAMU KJIACCAMU OOBITHO CHAYAJIA Pa-
60TalOT ¢ MPENCTABIAIOIINMYA UX IMUKIAMH, & IIOTOM [OKA3BIBAIOT HE3ABUCH-
MOCTb OT BHIOOPA IUKJIA B JAHHOM KJIACCE TOMOJIOTHUH.

B »tux 3agavax gepe3 [N o603HaUaeTCA 2-MHOT000pas3ue.

1°. Muoroo6pasue N — w OpHEHTHPYEMO AIA T0G0r0 IPEICTABUTENI W KIACCA, w1 (N).

20, CpopmymupyHTe U JOKAKUTE AHAIOT TEOPEMBI OPUEHTHPYEMOCTH [JIA MHOI006pa-
3um ¢ kpaeM (o6o3nadenue: wi(N) € Hi(N,0N)). Hapucynre npeacraBurels IepBOro KIac-
ca lltupens — Yurau (T. €. IPENATCTBYIOMMI IUKI) Ha JaucTe Mébmyca.

3%, a) Hy(N) = 22>,

b) Hecamomnepecekaromuecs NukiIsl nopoxgaior Hi(N).

4. Ilepecevenuem a Nb IBYX rOMOJIOTHIECKUX KIACCOB a,b € H1(IN) Ha3BIBa€TCA IMCIO
TOYEK IIePECedeHNs 0 MOAYII0 2 IPENCTABIAIIINX UX LUKJIOB OOLIEr0 IOMOKEHUA. 3aMe-
THM, 9TO Jaxe eCId JaHHble MOMOJOIMYECKUE KIACCHl COBIAJAIOT, IPENCTABIAIOLINE KX
IUKIBI MOT'YT OBITH DA3JIMIHBL.

a) /IoKaxXuTe KOPPEKTHOCTD DTOTO OIPEICICHU.

b) wi(N)Na = aNa gaa mo6oro a € Hy(N). [l1s1 TOMOIOrIYECKOr0 MUKIA @, IPEACTa-
BIAEMOT0 3aMKHYTOHN HECAaMOIIEDeCEKAIOWENCA KPUBOU, 3TO BBIPAKEHUE PABHO 1, €Cau Ipu
006x0/€ BIOIb STOU KPUBOU MEHAETCsA OPUEHTAUnsA, U paBHO 0, €CIu He MEHAETCA.

¢) wi(N)Nwi(N) =x(N) mod 2.

d) Ilepeceuenue onpeneaser 6mmuennyo ¢dopmy Hi(N)x Hi(N) — Zs parra 2—x(N).
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e) ITo nnanere Tonmomora, umeoomen ¢opmy Topa, TekyT pexn Mepuauan u Ilapamiens.
[IBa MaJIeHBKUX MPUHILA IPOILIA 110 IIJAHETE ¥ BEPHYINCH B UCXOAHYIO TOYKY, IPUIEM OJUH
n3 Hux nepexogur Mepuaman 10 pas, a [Tapamrens 17 pa3s (TparcBepcambHO), a APYrod —
9 pas m 12 pas, cooTBeTCTBEHHO. [JOKaXWTe, ITO OAUH MAJEHbLKUU IPWHI[ BUIEA CJICIBI

OPYTOTO.

f)* Ucnompsyure dopmy mepecedeHUy Ausi HOCTPOEHW AIrOPUTMA HAXOXKAEHUSI POaa
rpada.

5. ChopMymupynTe U JOKAXUTE QHAJIOTU TEOPEM M 33]a4 3TOro maparpadga Aai MHO-
roo6pa3ull MPOU3BOJILHON PAa3MEPHOCTH.

§4. KIIACCUDUKALIMSA PACCJOEHUN

Ucmoassyembie B 3TOM maparpad€e OCHOBHBIE HOHATHUA Teopuu I'padoB
kpaTko HanomueHbl B [RS00]. Ilycts manm rpad K. Packpacum ero pebpa B
Pa3HBIC IIBETA. BO3I)M€M JEHTOYKMN TEX XK€ IIBETOB U IIOCTAaBUM B COOTBETCTBUE
KOHIIAM KaX JOUW JEHTOYKM BEPIIUHBI, NHIUIEHTHBIE COOTBETCTBYIOIIEMY Pe-
6py. CkiIenM KOHIIBI JJEHTOYEK, COOTBETCTBYIOIINE OMHOU U TOU XK€ BEPIIUHE.
3aMeTuM, 9TO Mg Kaxaou k — BaaeHTHOCTH BepmmHbL (puc. 7). [oxyven-
HBIA PACKPAIIEHHBIA IBYMEDHBIN O0BEKT HABBIBAETCA PACCAOEHUECM CO CAOEM
ompesor (uau I-paccaoenuem) nad epagom K. IIpuMepsl: MUWIMHID AU IUCT
Mébuyca HaJ OKPYKHOCTBIO (puc. 5).

/‘

Puc. 7.

Ecau paccraBuTh CTPENIOYKYM HA OTPE3KAX CKICUKM, TO KAXK A JEHTOYKA
b0 nepekpyuena (CTPEIKY Ha ee KOHIIAX POTUBOHAIIPABICHB), 1U60 He ne-
pekpyuena (CTPEIKU Ha KOHIIAX COHAIIPABICHHI). /[Ba pacCIOeHUs HA3BIBAIOTCA
IKEUBGAEHMHLMU, €CIU TTPU MOAXOAANIEN PACCTAHOBKE CTPEJIOYEK JIO0BIE [Be
JEHTOYKW ORHOT'0O IIBETa OJHOBPEMEHHO IIepeKPYUIeHbl Ui OJHOBPEMEHHO He
IepeKpyIeHbl.

3aMeTuMm, 9TO eCIn PACCMATPUBATE PACCIOEHUS HAJI HEKOTOPBIM I€PEBOM,
TO BCe OHM OKA3LIBAIOTCS SKBUBAJICHTHLIMU. HesKBUBATEHTHBIE PACCIOEHUS
MOABAAIOTCA TOJIBKO IIPU HAIMYIUYU ITUKINIeCKUX 00X00B B rpade.

TEOPEMA KJACCUDUKAIINA PACCJIOEHUN HAJI TPADOM. Mmnoxcecmso
Kaaccos sxsusasenmuocmu I-paccaoenuti nad K nazodumcsa 60 63aummo 00-
nozuaunom coomeememeuu ¢ Hi(K).

HABPOCOK NOKA3ATEJBLCTBA. PaccmoTpum pacciaoenue N Han rpadgpom
K. Bribepem Ha0Op 0 CTpeJOUEK Ha OTpe3kax ckienkwu. [locTaBum Ha pedpe
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rpada K enmHMIly, €CIM COOTBETCTBYIOMAA JEHTOYKA OKA3AIACH MEPEKpPY-
YEHHOW, U HONb, €CIM HemepeKkpyIeHHou. Ha3oBeM TOMyIeHHY 0 PACCTAHOBKY
npenamemeyowet m 0603aaMMM w(0) (MOACHEHWE K HA3BAHUIO, HE WCIIOAb3Y-
eMO€e B TaJbHEHIIEM: 2Ta PACCTAHOBKA MPEIATCTBYET OPUEHTHPYEMOCTH Pac-
CJOEHUs, ONPENeIeHAe KOTOPOTO IMTATENb MOXET AaTh caM). | pymna nukiIoB
B rpade K onpeneaserca anamormauo §3, o6osuagaerca Hy(K) u maszbsaet-
ca oonomepnoti 2pynnoti 2omoaozuti rpada K. [ia moboro muaa g cymma
w(0) - g 3HAYeHNN w(0) WO BceM peGpam moarpada g He 3aBUCAT OT HAGOPA 0
crpenouek. [losromy dopmyna wi (N, K)[g] = w(o) - g koppekTHO 3aaeT 1u-
Hennyo ¢yuxnmio wi(N): Hi(K) — Zg. OHa HA3BIBAETCA NEPBbIM KAACCOM
HImugean — Yumnu paccaoernus. [JokaszaTeaibCTBO TOT0, 9TO COOTBETCTBUE
[N] — w1 (N) aBasercs Gueknuen, OCTaBIsgeM B Ka4eCTBe ynpaxHeHus. [

[IycTs Teneps gana TpuaHryadanua 1 moBepxaoctu N. Packpacum ee rpa-
HE, peOpa U BEPIIUHBI B PA3HbIE BETA. BO3bMEM IPU3MOYKHU TEX XK€ I[BETOB,
aT0 u rpanu Tpuanryminuu 1. Packpacum 60koBbe rpanu u 60KOBBIE pPebpa
KaXJOU MPU3MOYKHA B T€ XKe [[BETa, 9TO COOTBETCTBYIOIINE UM pebpa U Bep-
IIMHBL COOTBETCTBYIOMEN rpann. OTOXIeCTBUM GOKOBLIE I'PAHU MPU3MOUEK,
OKPAIIIEHHBIE B OJIMH U TOT XK€ UBET (IPU 3TOM OTOX JECTBIAIOTCA OOKOBHIE Pe-
6pa, OKpAILIEHHbIE B OUH U TOT XK€ [BeT). 3aMEeTUM, ITO I KaXK JOU 60KOBOM
FDaHU IPU3MOYKE 5TO MOXHO CIelaTh aByMs cnocobamu (puc. 8). Ilomyqen-
HBIA PACKPAIIEHHBIN TPEXMEDPHBIN 00BEKT HABBIBACTCA PACCAOEHUEM CO CAOEM
ompesor (uau I-paccaoenuem) nad noseprnocmuio N. Hanpumep, perymnsap-
Hasg OKPECTHOCTH (T. €. MaJeHbKasg OKPECTHOCTH 6€3 WINIIHUX» IBID) ABYMep-
HOT'O MHOr000pa3usa B TPEXMEPHOM ABIACTCA MPOCTPAHCTBOM [-paccioeHus
(T.e. aBasercsa [-paccaoeHneM Py HEKOTOPOU PACKPaCKe).

[lBa paccioeHus HA3BIBAIOTCA 9KBUBAACHINMHbIMU, €CIU HA TPU3MOIKAX
MOXHO TaK PaCCTaBUATh CTPEIOIKH, COHAIIPABICHHBIC IPYT C APYT'OM U IapaJl-
JerbHBIE O0KOBBIM PebpaM, YTO CTPEIOYKHN B OMHOIBETHBIX OOKOBBIX I'DAHAX

Puc. 8.
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MPU3MOYEK DTUX [IBYX PACCIOCHUU OTHOBPEMEHHO COHAIPABICHBI WIU OTHO-
BPEMEHHO IIPOTUBOHAIIPAB/IECHHL.

TEOPEMA KJIACCUDUKAILIAN PACCJIOEHU HA [ IIOBEPXHOCTBIO. Mno-
acecmeo I-paccaoenuti nad samrnymuvin 2-muo2006pasuem N ¢ Mounocmuvio
00 IKEUBAACHMHOCTNY HATOOUMCA 60 B3AUMHO 0OHOHAUHOM COOMBEEMCMEUU

C Hl(N)

JoKa3aTeIbCTBO TEOPEMBI U KIACCUDPUKAIIAIO PACCIOCHUN HAJ HE3AMKHY-
TBHIMU 2-MHOT000Pa3uAMU OCTABIAEM UATATENO B KadecTBe ympaxuaeaus. O

6IM3KOM MOHATHUM YTOMIEHAN, X OPUEHTHPYEMOCTH U KIACCA(DUKAIMEA CM.
[RS00, 3anaau k §3].

§5. IIOCTPOEHUE HEHYJIEBBIX BEKTOPHBIX TOJIEN

Hamomuum HE(pOpPMATHLHO TOHATHE KACATEIHLHOI'0 BEKTOPHOrO mous. [lycTs
AByMepHOE MHOr006pasue N JIeXWUT B €BKINJ0BOM IIPOCTPAHCTBE (I0601 pas-
MEPHOCTH) TaK, 9TO B JIOO0U TOYKE MHOTOOOPA3MA MOXKHO IIPOBECTU K HEMY
KaCcaTeIbHYI0 INIOCKOCTH (TaKOe BIOXKEHUE HA3BIBACTCA 2aadkum). Kacamenn-
HBILM 6EKMOPHBIM Nosem HA ToaMHOXecTBe K C N Ha3BIBAETCA CEMEUCTBO Ka-
caTenbHBIX K N BeKTOPOB v(x) B ToUKax € K, HEIPEPBHIBHO 3aBUCAIIMX OT
Touku & € K. Ecain muoroobpasue N 3agaH0 aOCTPAKTHO, a HE KaK TV JTKOE
BJIOXEHHOE MHOT000pa3ue B eBKANIOBO MPOCTPAHCTBO, TO BMECTO CEMEUCTBA
KacaTeIbHBIX BEKTOPOB HYXHO 6paTh ceMencTBO ToueK y(z), € K, Haxo-
OAIIAXCSA HA MAJOM PACCTOAHUU OT TOUYKH r. KacaTembHOE BEKTODHOE II0JE
HA3BIBAETCA MEHYAELBbIM, €CTH BCE €r0 BEKTOPBI HEHYJEBBIE (WIM, 9TO TO XKe
camoe, y(x) # x pasa moboro z € K).

UccnenoBanue BekTOpHBIX mosien Obuio HadaTo Aupu Ilyamkape B kade-
cTBeHHOU Teopunu auddepeHnualbHbEX ypaBHeHnn. B aTom maparpade, cie-
oy uaeaMm Xauwama Xomda, MBI MOCTPOUM MPENATCTBUE K CYIIeCTBOBAHUIO
HEHYJIEBOI'0 KaCATEJbHOIO BEKTOPHOI'O IOJA HA JAHHOM IVIATKOM MHOT000pa-
3uu. AHATOTWYHBIE PE3YIBTATHI JJIA HOPMAAbHBIL TTOJEH TPUBEIEHBI B BUIE
3aga4d. [IpuBoamMoe HEXKe pacCyXJeHue MHTEPECHO TeM, ITO OHO JAeT SIB-
HBIA CIIOCO0 NOCMPOEHUS BEKTOPHOTO TOJA A CAydas, KOTAa MPEenaTCTBUEe
PaBHO HY.JIIO.

1. BopoueMm, mOJE3HO JAOKA3aTh HE3ABHCUMO OT OOLIEr0 PACCyXAEHHUA, ITO HA TOpPE U
Ha Jq000M CBSA3HOM ABYMEDPHOM MHOIOO0DA3mm C HEIYCTHIM KpaeM (He 0013aTeIbHO OPUeH-
TUPyEeMOM) CYIIECTBYET HEHYJIEBOE KaCATEAbHOE BEKTODPHOE HMOJe.

TEOPEMA OWJIEPA — IIYAHKAPE. Kaocdoe u3 caedyouwus ycaosuti ma
cepy ¢ pyukamu N pPasHOCUALHO CYWECMBOBAHUIO €OUHUUHOZO KACAMENb-
HO20 8eKMOPHO20 NOoas Ha N:

(E) umcao (xmacc) Dunepa e(N) € Ho(N,Z) pasro nyao;

(T) N ecmv mop.
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Kpurepun (E) Baxen He Tobko caMm mo ceGe, HO W KAK MILTIOCTDAIUIL
METO/Ia TEOPUM IPENATCTBAN (CM., B 94CTHOCTY, HUXECJAEAYIOULYIO 3313y 2).
Kpowme Toro, u3 mero nmoxygaercsa 6onee npocron kpurepun (T).

Poab Teopum mpenATCTBAUA COCTOUT B C68edeHUy TOMOJIOTUIECKAX 3a,1a¢
HA NPOU3604bHOM MHOTOOODA3UA K ITOXOXKUM 33a9aM A Npocmetwus, mo-
deavnbiz MEOT00Opas3un. Hampumep, Teopemy duepa — [lyarnkape mbl cBegem
K 3a7a%e O MPOOJKEHNN BEKTOPHOT'O IO, 33, IaHHOTO HA TPAHUIE AUCKA, HA,
BeChb MUCK. BaXxwHO, ITO [IA TPUMEHEHUS TEOPUM MPEISITCTBAU MOXHO BOC-
HOJBb30BATHCA PE3YAbMAMOM PEIIEHNs STAX TPOCTENIINX 3324, He BHUKASI B
€ro JOKAa3aTeIbCTBO. YKA3AHHBIE MPOCTEUIINE 3a0a9M MOTYT PEIIAThCA KaK
crenuduIeCKIMA METOJAMH, TaK U CPEICTBAMY TEOPUU IPENATCTBUR. B sTon
3aMeTKe Mbl IIPUBOAMUM IPOCTEUIINE 3a0a9U ¥ UX PelleHus 0e3 NoKa3aTelb-
CTBa.

ONPEAENEHUE Hy(N,Z), e(N) M LTOKA3ATEJIbCTBO TEOPEMBI DWJIE-
PA — [IYAHKAPE. Pekomernayem dmrarento pa3obpaTh 5TO AOKA3ATEIBCTBO
cHavana aas caydad, korga N — cdepa (cm. puc. 9). Caoso «momer Gyger
O3HAYATH (CAUHUIHOE KACATEIHLHOE BEKTOPHOE ToJer. Bo3bMeM HEKOTOpOe
pasbuenne MHOro0o6Opasus IN. BoiOepeM B KaxX 01 IPAHU TOYKY UM 0003HATUM
MOy YeHHOE MHOXeCTBO TOo4ek 4epe3 Uy. O4ueBuaHO, 9TO MOXKHO MOCTPOUTH
noxe Ha Uy (puc. 10). fcro, 9T0 9TO mMOCTpOEHNE OJHO3HAMHO (C TOYHOCTHIO
[0 HETIPEPBIBHON e OPMANNY B KIACCE eIUHNTHBIX KACATEIBHBIX BEKTOPHBIX
nonen). [Tosromy cymecrBoBanue moas Ha N PABHOCUIBHO IIPOIOIKUMOCTH
nocTpoenHoro nojs ¢ Uy vHa N.

[TocTpoum moamuoxectBo Uy C N pobaBrenueMm K Uy OTPE3KOB-IIEPEMBI-
9eK MeXJy TOYKaMmwu, nepecekaromumx pebpa (pumc. 10). Manas okpecTHOCTH
KaXIOM MEPEMbIYKU JKBUBAJEHTHA, (MBI HE yTOYHAEM, B KAKOM CMBIC/IE) Ta-
CTHU TWIOCKOCTU. EcayM Ha MIOCKOCTH JEeXUT OTPE30K, W HA €ro KOHIAX 33/1a-
HO TIOJIE, TO DTO TOJE MOXHO MPOJOIKUTHL HA BeCh 0Tpe3ok (pumc. 11). To-
2TOMY MOCTpOeHHOe Ha Uy mose MOXHO NPOAOMKUTH Ha Up. 3aMeTum, 9To
TaKoe MPONOIKEeHNe HeOMHO3HATHO. O603HAMUM nonydeHHoe Ha U moae |e-
pes v.

S s e

Pwuc. 9. Puc. 10. Puc. 11.
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[Tonpobyem Teneps TpOgOMXKUTE IOJE v, 3aganHoe HA Uy, HA Bce N. Duk-
cupyeM HEeKOTOPYIO OPHEHTANmIO mIoCKocTr R? um MuOroo6pasmsa N. 3aMer-
kaaue A a060ro u3 auckoB B N — U] DKBUBAJIEHTHO 4aCcTH IWIOCKocTH. «Pas-
BepHeM» AuCK A (BMecTe ¢ mojeM Ha HeM) Ha IIOCKOCTb COIVIACOBAHHO C OpH-
earamuavu. OprenTanusa qucka A (KOTOPBI MBI YK€ CIATAEM JIEXKAIMM Ha,
IJIOCKOCTY) MOPOXKAA€T HAMPABIEHUE HA, €r0 TPAHUYHOU OKPYXHOCTH. Ilpm
06X0/e 3TON OKPYRHOCTH BJOJb 3TOr0 HAMPABICHWA BEKTOP HAIIETO IOJA
MOBEPHETCA HA HEKOTOpoe Ienoe uucao o6oporoB. lloctaBum 510 wmcao B
BEPIINHY UCXOAHOrO pasbuenwus, gexainyio B gucke A. [Ipogomxernue moss ¢
OA Ha A BO3MOXHO TOTJIa M TOJBKO TOT/A, KOTJA DTO YUCJIO PABHO HYJIIO
(moxaxure!). Ilomygennas paccraHoBka €(v) meNBIX 9YHWCET B BepUIXHAX HA-
3BIBAETCA Npensmcmeyowet. PacCcTaHOBKU MOXHO CKJIAABIBATH: [ 3TOCO
OPOCTO CKIAABIBAIOTCA IUMCIA, CTOANIME HA KaXA0M pebpe (Takoe CaoxkeHume
HA3BIBAETCA NOKOMNOHEHMHbIM). I'DYIIY BCEX PACCTAHOBOK IEJIBIX YHCEN B
BEPIIMHAX C ONEPAIell MOKOMIIOHEHTHOIO CIOXKEHUA 06o3HaunM depes 7,
rae V — gucio BepuuH BRIOPAHHOIO pa3OueHwus.

Pasmmaue mexay momavum v u v’ ma Uy, coBnanatommm Ha Uy, MOXHO U3-
MepATh (U 3a7aBaTh) Tak. Ha kaxaoMm pebpe HOCTABUM 9UCIO MOBOPOTOB
BEKTODPa IIpX NOCAEA0BATCJABHOM ABUXECHUN BEKTOPA IEPBOro moJs OT HpaBOﬁ
Touky u3 Uy OTHOCUTEILHO (OPMEHTHPOBAHHOIO) pebpa € BIOIb IePEMBIYKY
K JIEBOU TOYKE, M BEKTOPA BTOPOTO MOJAA OOPATHO. 37€Ch MBI BHOBD MOJIb3Y-
eMCA TeM, ITO MAJasA OKPECTHOCTH KX [OU MMEPEMBIYKY DKBUBAJCHTHA, IaCTU
mwiockocTu. [lonydennyio pacCTaHOBKY HA30BEM pa34uuaioweti u 0603HaAIUM
d(v,v"): ecim d(v,v") = 0, To mose v Ha U; MOXHO HENPEPHIBHO NpOAedhOPMU-
posarhk B nose v’ (06paTHOE TakXke CIpaBeaauBo). I pynmy BCcex pacCTAHOBOK
LeJIbIX 9uce] Ha pebpax BhIOPAHHOrO pa3OueHus C Onepanred IMOKOMIIOHEHT-
HOTO cloxeHma o6o3Ha<mM uepes ZY rne E — kommdecTBo pebep BLIOpaH-
HOT'O pa3bueHns.

Ecmm e(v) # 0, To v me mpogonxkaerca Ha N, HO eme HE BCe IOTEPAHO:
MOXHO TOIBITATHCSA TAK U3MEHUTH mosie v Ha U, 9TOOBI NPEnATCTBYIOMAL
pPaCCTAHOBKA CTANa PAaBHOUM HyJo. [l 5TOro BBIACHUM, KakK £(v) 3aBUCAT
ot v. Ilpy usMeHeHun oA HA OMHOM IEPEMBIYKE, Iepecekalomen pebpo e,
«Ha 01MH 060pOT» K (V) mpmbaBIseTCa paccTaHOBKA +1 B Hagane peGpa e u
—1 B ero konne (1 0 Ha BCeX OCTAIBHBIX BEPUIMHAX). JTa PACCTAHOBKA Ha-
3BIBACTCA 2panuyeti pebpa e m obosnataercsa de. Kaxnomy pebpy e orBedaer
(XapPAKTEPUCTUIECKAM PACCTAHOBKA e € ZF enmuuuer na pebpe e u myrs ua
OCTaJBHBIX pebpax.

HasoBeMm paccTaHOBKHY €1, €9 € zVv 20MOA0RUUHBIMU, ECITA £1—E9 = N10a1+
4+ -+ 4+ ngdas AId HEKOTOPHIX pPebep aGi,...,0s W UEIBIX GUCET 71{,. .., 7M.
I'pynna Hy(N,Z) paccTaHOBOK ¢ TOYHOCTBIO 0 TOMOJOTUIHOCTY HA3BIBACTCA
HYAbMEPHOT 2pynnoti 2omosozuti nogeprnocmu N ¢ xosdduyuenmamu 6 Z.
Ecam d(v,v") = niay + -+ + nsas, 10 €(v) — e(v') = n1day + -+ + ngdag,
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OTKyAa crexyer, 910 kaacc Jlaepa e(N) = [e(v)] € Ho(N,Z) ue 3aBucut oT
v. 3HaunT, e(N) ABIAETCA TPENATCTBAEM K CyIECTBOBAHUIO oA Ha N.
Jloka3aTeabCTBO HE3ABUCUMOCTHY T'PYIIIBI TOMOJOTUT U KIACCa, DWIepa, OT
pa30ueHns MBI OCTABIAEM YATATENI0 B KadecTBe 3anaqdu. Tak kak d(v,v’)
MOXeT IPUHUMATD 41000€ 3HATYEeHNEe BUAA N1a] ++ - - +Nsas, TO B cIydae £(v) =

=n10a1 + - - - +nsdas MOXHO M3MEHUTH v Ha v, 9T06BI noxyaunocs £(v') = 0.
3uaunt, npenarcreue e(N) asraerca nomaeim n kpurepun (E) nokazam.
PasuocmisrocTs yeaosun (E) u (T) Beirekaer u3s 3agaan 2. O

2. Ha muoOroo6pasum N — supp e ects noae A ao6oro npeacrasurens € kaacca e(N).

3. Hy(N,Z) =2 Zue(N) = x(N) =2 —2g(N) (ykasanue: 511 noas v, n306pakeHHOIO
Ha puc. b, e(v) = 1+ 1 = 2; pasbepurecs, noaemy me 1 —1 =0).

4. Onpegemnre xaacc Dumrepa e(N) Kak TOTHOE MPEIATCTBHE K IOCTPOCHUIO HEHYIEBOTO
KaCaTeIbHOI'0 BEKTOPHOI'O IOJA Ha 3aMKHYTOM HEOPUEHMUPYEMOM JBYMEPHOM MHOIr006pa-
sun N. Ha Kakux 3aMKHYTBIX HEOPUEHTUDPYEMBIX NBYMEDHBIX MHOI00GPA3UAX CYIIECTBYET
€AMHUYIHOE KACATENbHOE BEKTOPHOE moue?

5. S'-paccroenns Hal AByMEPHBIME MHOTOOODA3WMAME M UX DKBUBAJCHTHOCTDH OMpee-
JSIIOTCS AHAJOTWIHO [-DACCIOEHMAM € 3aMEHOU NPU3MOYEK HA IOJHOTOPUSI, SABILAIOLAECST
IPAMBIME TPOU3BEIEHUAME OKpPYXHOCTH S’ Ha rpann pasbwmenns. Hampumep, rpanmma pe-
I'yIAPHON OKPECTHOCTH ABYMEPHOrO MHOr00Gpasua B R* asrserca mpocrpamcrsom S'-pac-
croerns. Joxaxure, aro S° aBrserca mpocrpancTBoM S'-paccimoenns man S2. Joxaxure,
9TO MHOXKECTBO S'-paCCIOeHMH HAJ 3AMKHY THIM OPHEHTHUPYEMBIM CBA3HBIM 2-MHOI0006pasn-
eM N € TOYHOCTBIO O SKBUBAJIEHTHOCTH HAX0AUTCA BO B3AUMHO OJHO3HAYHOM COOTBETCTBUN
¢ Z (yxa3aHue: OIpPEAEINTE IUCIO WiIn Kaace Jurepa I-paccaoenusn). Kak mameHnTCA OTBET
1A IPOU3BOJBHBIX 2-MHOr006pasui?

6. Jlro6oe 2-MHOro06pasye rIagko BIoKIMO B RY.

7. IlycTh pUKCHPOBAHO IIAJKOE BIOXKEHNE ODUEHTUPYEMOr0 ABYMEPHOI'0 MHOI'000Da3us
N B R*. Hopmasvnoim sexmoproim nosem Ha mogmuoxectse K C N C R* maswBaerca
HEmpepEIBHOE CeMEUCTBO HOPMaIbHBIX K [N BekTOpoB v(z) B Toukax ¥ € K, HEempepeIBHO
saBucamux oT Touku r € K. Oupenenenue nepecevenus gaHo B 3agade 4 §3; HeoO6xoquMbIu
HIDKEe aHAJOT A HEeJbIX KO3(IUINeHTOB YuTaTedb JeT'KO ChOPMYIUPYeT CaM.

a) [Tocrpoure npenarcreue e(N) € Ho(N,Z) (nopmaabroe wucao Itisepa) K CymecTBO-
BAHUIO HEHYJIEBOI'0 HOPMAJIBHOI'O BEKTOPHOI'O IIOJA.

b) Hopmansroe wmcio durepa pasao N N N.

¢) Hopmaaproe 1mcao Durepa paBHO Hy.IIO.

d) CymecTByeT mapa OpTOTOHAIBHBIX BEKTODHBIX IOJEU, HOPMAIBHBIX K MHOr00Gpa-
3uio N.

8. [na neopuenmupyemozo 2-MHOTOOOpa3ma N

a) Pemmre anamnor 3aga«m 5 (qmcao Dunepa 6y €T LEIBIM, a HE BBITETOM 110 MOAY.IO 2!).

b) &(N) = e(N) mod 2.

9. a) (Teopema Xomda) Ha 3amMkHyTOM OpmeHTHpPYyeMOM n-MHOr0oOpasmu N CymectT-
ByeT eAMHUYIHOE KacaTeJIbHOE BEKTODHOE II0Je TOrAa U TOJIBKO TOrJA, KOrga Kaacc Jiaepa
e(N) € Ho(N,Z) nyneson.

b) Eciur N ceszno, 10 Ho(N,Z) = Zu e(N) = x(N). Taree, e(N* 1) = 0 m e(S?*) = 2.

¢) Ecmu N CBA3HO m mMeeT HEmyCTOU Kpall, TO Kaacc Juiaepa aexut B Ho(N,0N,Z) = 0
u, 3na4ut, e(N) = 0.

d) Onpegemnre xaacc Isepa e(N) Kaxk MOTHOE MPENATCTBAE K MOCTPOECHUIO €IMHUT-
HOI'O KaCaTEeIbHOI'O BEKTODHOI'O IOJIA HA HEOPUEHTHPYEMOM N-MHOroo6pasuu N.

10. e(N) = diag N diag, rge diag C N X N ecTb AUaroHAIb.
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§6. KJIIACCUDPUKAILINA HEHYJIEBBIX BEKTOPHBIX IIOJIEN

[IycTb Ha aByMepHOM MHOTO0Opasuu N CyUIECTBYET HEHYIEBOE KaCaTe b
HOE BEKTOPHOE MOoJe. B HEKOTOPBIX MPUWIOKEHUIX BCTPEIAETCA CIEAYIOMIAN
BOIIPOC: CKOAbKO CYIECTBYET TAKWX MOJMEN (C TOYHOCTHIO [0 DKBUBAJECHTHO-
cTy) Ha >TOM MHOroo6pasuu?! IIpm 5TOM ABa BEKTOPHBIX HOJA HA3LIBAIOT-
CA IKBUBAACHMHbIMY (AT 20MOMONHBIMY), €CIA OJHO MOXKHO HOIYYATH U3
IPYTOro HEMPEPBIBHOU AedopMaluren, B MPOIecce KOTOPOU BEKTOPHOE IOJe
OCTAaCTCA KAaCATCIBbHBIM U HCHYJICBBIM.

TEOPEMA XON®A — YUTHU. Muoxcecmeo V(N) menyaesnir kacamens-
HUIZ 6eKMOPHBIT noaet Ha mope N ¢ mounocmpio do 20MOMONKOCTNU HG-
Todumces 60 83aUMHO 00HO3HAUHOM coomeemcmeuy ¢ epynnot Hi(N,7Z) =
27 @ 7 odnomepnniz 2omoa02uti mopa N ¢ yeavimu xosdduyuenmamu. bo-
aee mozo, cywecmeyem maroe omobpasxcenue d: V(N)xV(N) — H1(N,Z),
umo d(u,-) asasemes ouexyuetd u d(u,v) + d(v,w) = d(u,w) das arobvix
u,v,w € V(N).

YacTe «Gonee Toroy (o3Hadaomee, 9ro coorsercrsue V(N) — Hi(N,Z)
B HEKOTOPOM CMBICJIE «ECTECTBEHHOE)) AenaeT Teopemy Xomda — YUTHU UH-
TepecHor. Benp ecau 661 5TOro cBOMCTBA HE OBLIO, TEOPEMa YyTBEPXKAaIa OB
7B TO, ITO MHOXecTBO V (NN) cueTHO.

OnPENENEHUE H;(N,7Z) 1 HABPOCOK JOKA3ATEJIBCTBA. Paccmorpum
HeKOTOpOe pas3buenme MHOT006pasus N. Bocnonssyemcesa muOXecTBamu Uy u
U,, onpeneneHHbIMY B TIpeAbIAyIneM naparpade. PukcupyeMm HEKOTOPOE IO
v "Ha MHOroobOpasuu N. [locTpoerHoe B maibHEUIIEM COOTBETCTBUE MEX Iy
V(N) u Hi(N,Z) 6yger 3aBuceTb 0T BbIGOpa mouas v. Jlooboe apyroe mose
14 TOMOTOIIHO TakoMy, KoTopoe coBmagaeT ¢ v Ha Uy. [loaTomy mocraTodno
KJIaCCU(PUIIMPOBATE BEKTOPHBIE 1I0MA, coBIagamooume ¢ v Ha Uy, ¢ TOITHOCTHIO
10 romoTonuu (mpaBaa, dTa TOMOTONUA MOXET MEHATH mote aaxe Ha Up).
WTak, 6ygeMm cuamTaTh, 9TO u coBuagaeT ¢ v Ha Uy.

Ddukcrpyem TIpOU3BOJILHO HAIIPABJICHUE HA Kax 10M pebpe pasbuenwus. [lo-
CKOJIBKY TOpP OPUEHTHUPYEM, TO TEM CAMBIM I Kaxaou JeaTouku us Uy — Uy,
coequuAONMen nBa Aucka u3 Uy, MOXKHO BHIOPATH HAUGAbHbIY U KOHEUHbIT U3
2TUX AUCKOB. IlycTh TOYKA 2 ABUXKETCA O MEPEMBIUKE, MEPECEKAOIEn pe-
6po e, OT ee HAYAIHLHOW TOYKK K €€ KOHETHOU TOYKe, & TOTOM 00paTHO. [Ipu
JBYKEHUN «TyAa» OyIeM OTKIAIBIBATH OT TOUKU T BEKTOD u(Z), a IpH ABU-
xKeHun «00paTHO» — BeKTOp v(z). IIOCKOIBKY mepeMbluKa TONONOrMYEeCKH
SKBUBAJEHTHA YaCTU IVIOCKOCTH, TO KOPPEKTHO OIPEAETeHO IUCI0 000POTOB
oTkmaabiBaeMoro BekTopa. lloctaBum Ha pe6pe e 310 umcao. [loaydernyro
paccTaHoBKy 0003Ha4MM 7y (u).

[Tockoabky mosne u mpogoaxaercsa Ha N — Uy, To u3 mpeabIAyIIero napa-
rpada BBITEKAET, YTO JsA JIOOOU BEPIIMHBI TPUAHTYIANUA CYMMa IUCET HA
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BXOAIIMX B Hee peOpax paBHA CyMMe HUUCe] Ha BBIXOIAIIAX U3 Hee pebpax.
Takue pacCTAHOBKU HA3BIBAIOTCA YUKAGMU (IPUIYMANTE, KAK MX MOXKHO Ha-
rusaHo m300paxaTs!). MHOXECTBO BCex PaCcCTAHOBOK HEMBIX YUCET Ha PeOpax
pas3bueHns ¢ omepamuer IOKOMIOHEHTHOTO CIOXKeHHS o60o3HaumM 1epes 7.
Ecmu u coBmagaer ¢ v ma Uy m y(u) = 0, To mons v u v romoronust. O6paTHOE
HEBEPHO, KaK MOKA3LIBAET MPUMEDP caenyiomer romoronuu. s rpanu ¢ pas-
OveHVs M3MEHUM ToJe U TaK, YTOOBI BEKTOP B a CAexad oauH 060pOT MPOTUB
9aCOBOM CTPENKHU, BEKTOPA B MAJEHBKOU OKPECTHOCTHU I'PAHU @, (IIOTAHYJIUCH)
3a BEKTOPOM B @, a BHE DTOU MAJEHBKOU OKPECTHOCTH TIOJE OCTAIOCH MTPEX-
HuM. B pesyabrare moayuum mose v. [loraTHOo, 9TO 7v(4) €cTh paccTaHOBKA
+1 (B 3aBUCHMOCTH OT OpHeHTanWu) HA pebpax, OrPDAHMIUBAIOIINX I'PAHb G,
U HyJel Ha BCEX OCTAJBHBIX pebpax. DTa PACCTAHOBKA HA3BIBACTCA 2PaAHUYET
epanu ¢ u ob6o3uagaeTcs Ja.

B 0OKpecTHOCTAX TpaHen aq, . . . , s CAEIAEM OMUCAHHYIO BBIIIE TOMOTOIUIO
HOMA U, MOBOPAYMBAA BEKTOPA B DTUX IPAHAX HA N1, ...,MNs 000POTOB, COOT-
BETCTBEHHO. DTy TOMOTONUI0 MOXHO 330aTh PACCTAHOBKOU YUCEN N1, . .., T
HA I'PAHAX G, ..., 0s, COOTBETCTBEHHO (M HyJIeU Ha OCTAIBHBIX rpaHsx). O6o-
3HAYUM TIOLY9IEHHYI0 DACCTAHOBKY [epe3 [, a IOLy<YeHHOEe Toxe [epes uy.
Torga y(u) — y(ur) = n1day + - - - + nsdas. HazoBem nukast v1,yy € Z1 20-
MOAO2UYHBLMU, €CTT Y] — Y2 = n10a] + -+ + ngdag A14 HEKOTOPLIX I'DAaHEH
aj,...,0as A TEIBIX TUCENX N, ...,Ns. I pynna Hi(N,7Z) QUKIOB ¢ TOYHOCTHIO
O TOMOJOTUYHOCTYU HA3BIBAETCA 00HOMEPHOT 2pynnot Ko2omoao2ut 2pagda
K ¢ xoadduyuenmanu 6 Z. Obosuaaum d(u) = [y(u)] € Hi(N,Z).

Teneps pacCMOTPUM TOMOTOIUIO Uy MEXAY MOJAMHA Uy U U], COBIATAIO-
My Ha, Up. TlocTaBuM HA KaX [OW IpAHU ¢ 9UCI0 000POTOB MPU U3MEHEHUT
t or 0 go 1 BekTopa wui(x), rge £ — HeKOTOpas TOYKA B @ (IUCIO 060POTOB
HE 3aBUCUT OT BBIOOpa TOUKHU Z € a). [lonydeHHyI0 paccTaHOBKY 0603HAYUM
I'({u¢}). Jlerko mposepurs, aro y(ug) — y(u1) = n1day + - -+ + nsdas. 3ua-
qut, d(ug) = d(u1). Hosromy orobpaxenue d: V(N) — H;(N,Z) koppekTHO
OIIPEIETEHO.

Ecan d(ug) = d(u1) Ansa HEKOTOPBIX HOJEN Uy ¥ U1, coBuagaomumx Ha Up,
T0o Y(ug) — y(u1) = n1dag + - -+ + nyday AIA HEKOTOPBIX TUCET N, ..., Ny €
€ Z. O6o3nadas 1epes I' € ZY paccTaHOBKY <mCel 11, ...,Nn}y B BEpPIIXHAX
ai,...,ay, AMeeM Uy =~ ug,r =~ u1. lloaromy orobpaxenue d MHBEKTUBHO.

Yro6bI [0KA3aTh CIOPBEKTUBHOCTH OTOOpaXeHusa d, BO3bMEM IIPOU3BOIb-
HBIU UK . BosbMem mose v paBubiM v Ha Uy. Ha senTovke, nepecekatornen
pe6po e, BozbMeM 7¥(e)-KpaTHYI0 MOAKPYTKY IO ¥ (CM. OmpegeJeHwe -
kia y(u)). [Jdas mocrpoennoro nous u umeem 7y(u) = vy, moaromy d(u) = [v].
[loKa3aTeIbCTBO UHBEKTUBHOCTH OCTABAAEM IMTATEN0 B KAYECTBE yIPaXKHe-
HUA. U

1. Kraccupunupyure HeHyJeBbIe KACATEIbHBIE BEKTOPHBIE HOIA ¢ TOIHOCTHIO 40 TOMO-
TOMHOCTHY HA APYTUX 2-MHOT000pa3nAX.
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§7. IIOCTPOEHUE OPTOHOPMUPOBAHHBIX CUCTEM BEKTOPHBIX
[IOJIEN

Ipyrre xapakTepUCTUIECKUE KIACCHI MOXHO «yBUIETHY» TOJIHKO HA, MHO-
roo6pas3uax pa3sMepHOCTH TPHU U BhIME. 1 permeprbim MH02000pa3uem HA3bIBa-
erca (xopomee) TpOCTPAHCTBO, JOKATHHO TOMEOMOP(HOE TPEXMEPHOMY MIa-
py. IIpumepamu 3-MHOT00OpA3UYN ABIAIOTCA MTPOU3BEACHUI 2-MHOT000pa3un
HA OTPE30K WIN OKPYXHOCTH (cM. Takxke §4 u 3azady b K §5).

Yuenuk Xonda Iayapa llTuders paccMoTpern 3aady 0 IOCTPOEHUH Na-
pbl, MPOUKY U M. 0. OPMOHOPMUPOEAHHBIL KACATEALHBIX BEKTOPHBIX ITOJEN HA,
JaHHOM MHOI000pas3uu (BBUAY KaHOHUIHOCTH mporecca ['pama — HImuara op-
TOTOHAJIU3AIUA OP TOHOPMUPOBAHHOCTEH MOXHO 3aMEHUTD HA JUHENHYIO HE3a-
BuCHMOCTS). Passusas ngen Xonda, okoao 1934 r. on npumen K onpeneneHnio
XapPaKTEPUCTUIECKAX KIACCOB (OKOHUYATETbHAA (hopMaam3anus Oblia 3aBep-
mena Hopmarnom Ctuaponom). Jlxo6ousrrao, uro HlTudens Hagar ¢ gacTHo-
IO CIydYas OPUEHTUPYEMBIX 3-MHOTOOOPA3UU U MBITAJICA TOCTPOUTH IIPUMED
TAKOrO MHOr000pa3us, HA KOTOPOM HE CyIeCTBYET Mapbl (< TPOUKM) Op-
TOHOPMUPOBAHHBIX KACATEIbHBIX BEKTOPHBIX MOJMEH. 3aTE€M, UCIONb3YA CBOIO
TEOPHUI0, OH [OKA3aJ, ITO TaKoro MHOoroobpasus uetT. [lo3zxke 6bumo mpogena-
HO MHOT'O APYT'X KOHKPETHBIX BbI‘IPIC.TIeHHﬁ, MAIOIINX MHTEPECHBIC CIeaCTBUA
(mampumep, HecyuecTBOBaHUE aare6p c gerenueM Ha R mus n # 2’“). B sTom
maparpadge Mbl TpuBoAuM 6€3 TOKA3ATEIbCTBA PE3YIbTAT BbIUUCAEHUA TIPE-
HﬂTCTBHﬁ, ,qafommﬁ YKa3aHHBbIC MHTEPECHBIC CICOCTBUA.

1. Ecan 3-muOroo6pasue N opueHTHPYeEMO, TO JIOOYIO Nnapy OPTOHOPMIPOBAHHBIX BEK-
TOPHBIX TOJEN MOXKHO JOMOJIHUTH A0 MPoliky OPTOHOPMUAPOBAHHBIX BEKTOPHBIX IIOJEH.

TEOPEMA IIITU®ENA (TPEXMEPHAA). Ha 3amknymom 3-muozoo6pazuu
N cywecmeyem napa opmoHOPMUPOBAHHBIL KACAMEALHIL 8EKMOPHBIL ToAeT
mozda u moavko mozda, kozda emopoti xaacc Mmugean — Yumnu we(N) €
€ H1(N) nyaesoti.

BBIYACTIEHUE. wy(N) = 0 das opuenmupyemozo 3-mnozoobpasus N.

CHELCTBUE. Jloboe opuenmupyemoe 3-m102000pasue umeem mpotixy op-
MOHOPMUPOBGHHBIL KACHTNEADHBIE BEKMOPHLIT NOoAel.

HABPOCOK ONPENEJEHUA H(N), wa(N) 1 TOKA3ATEIBLCTBA. Byzem
HA3LIBATH MAPY OPTOHOPMHUPOBAHHBIX KACATEIBHBIX BEKTOPHBIX TOJIEH IIPOCTO
napou mosen. BodpMeM HeKOTOpOE pasbuerune MEOr006pasusa N (ompenenenue
pa3bueHus TPEXMEPHOT'0 MHOT000pa3usa YMTaTEelh MOXET AATh CaM 1O aHa-
JOTHU C JBYMEDHBIM ciIydaeM). BeibepeM IO TOUYKE B KaXJAOM TPEXMEPHOM
MHOTOrpaHHUKe pasbuenus. [locTpoum mapy mosien B 5Tux TOUKax (puc. 12).
[Ipogonxum mapy moed Ha MEPEMBIYKY, COSIUHAIONYIO ABE TAKUE TOYKU U
OPOTHIKAIILY IO ABYMEPHYIO IpaHb Tpuanryaanuu (puc. 12). g aToro 3ame-
TUM, ITO OKPECTHOCTH 3TOU MEPEMBIUKN SKBUBAJCHTHA MOAMHOXECTBY MPO-
crparcTBa R?. Torga Kax ol mape BEKTOPOB B TOUKE T HA DTOU HEePEMbITKe
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E

Puc. 12. Muororpanauku pasbuenua: ADEF, ABEF, BCEF, CDEF

COTIOCTABUTCA Mapa BEKTOPOB B R®, a BCel mepeMbIuKe — OTOGPaXKeHue ee B
npocrpancTBo SO3 OPTOHOPMUPOBAHHEIX pernepos B R . DTo mpoCTpPaHCTBO
DKBUBAJEHTHO

IPOCTPAHCTBY ABUKEHUN IPOCTPAHCTBA R, 0CTABIAIOMINX HAYAIO KOOD-
IUHAT HEMOABUKHBIM;

IPOCTPAHCTBY BpAIICHUE TPOCTpaHCTBa R? OTHOCHTEILHO HPAMBIX, IPO-
XOAIIMX Yepe3 HAYAI0 KOODAMHAT;

IIPOCTPAHCTBY HPAMBIX B R*, mpoxogamux Tepe3 (PUKCHPOBAHHYIO TOUKY;

3aMKHYTOMY TPEXMEPHOMY LIAPY, HA TPAHUIE KOTOPOrO CKJICCHBI [AAMe-
TPAJbHO TPOTUBONOJIOKHBIE TOYKH.

Bce 5Tu 5KBUBAIEHTHOCTH MBI OCTABIAEM 0€3 JOKA3aTEIbCTBA, (CM. 3aMe-
gaHue nocae GopMyIupOBKU TeopeMbl Junepa — [lyankape), a B qaabHenmem
HCIOJB3YEM MOCAETHION U3 MEPEeUnCIeHHBIX «MOJedeny mnpocTpancTsa SOs.
s >TOM MOmenu 09eBUAHO, 9TO MPOCTpancTBo SO3 ca3Ho. OTCooma caery-
€T, ITO MOCTPOCHHAA IaPa BEKTOPHBIX MOJIEN IPOJONKACTCA HA 00beUHEHNE
MePEMBITeK.

[IpogonxuM mapy moJen Ha IJEHKY, HATAHYTYIO HA TOYKA W ME€PEMBIUKA
U IPOTHIKaEMyIo pebpom Tpuanryasuua (puc. 12). OTobpaxkeHue rpaHUTHON
okpyxHOCTH meHku B SO3 coorBeTcTByeT dneMenty w3 rpynmsl 1 (SO3)
HEIPEPBLIBHLIX OTOOpaXeHW OKpYyXRHOCTH B S(O3 C TOYHOCTHIO [0 HEmpe-
puiBHOU AedopMmanuu. BygeM MCIoOab30BaThL 6€3 MOKA3ATEIHCTBA PABEHCTBO
m1(S03) 2 Zsy. TloacHUM JWmIb, 9TO €IUHWIA STOU T'PYIIBI MPEACTABIAET-
CA IUAMETPOM TPEXMEPHOrO Mmapa, u3 KoToporo S5 MmodyvdaeTcsa CKICHKOU.
Ecau nonyuennnin siaement rpynnst 71 (S03) = Zg HEHYIEBOU, IIOKPACUM Pe-
O0po, IPOTHIKAIOIIEE TUIEHKY, B KDACHBIN I[BeT. Takum 06pa3oM, 33 JaHAIO MaPh
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W OPTOHOPMUPOBAHHBIX BEKTOPHBLIX IOJEM HA OOBLEJUHEHUU IIEPEMBIUEK CO-
OTBETCTBYeT KpacHbI noarpad ¢(w) manHoro pazbuenus. B mamewm ciygae
YUCI0 KPACHBIX Pe6ep, BHIXOAIMX 3 KX O BEPIIUHBL, 1€THO (gokaxuTe!).
[Moarpadsl ¢ TaKUM yCI0BAEM HA3HIBAIOTCA (0dHomepubimu) yukaamu. aree
QHAJOTWYHO MPENBIAYIIEMY OIPEAEIICTCA OMOJOIMYHOCTD LIUWKJOB, I'PYIIIA
H{(N) u emopoti kaacc HImugeas — Yumnu we(N) = [e(w)] € Hi(N). Ana-
JIOTUYHO TpeaBIAyIeMy IpoBepaeTcs, 9To wy(N) = ( Torga u ToIbKo Toraa,
KOTIa 1w MOXHO IPONOIKUTEL Ha 00benuuenue Uy MepeMbIdek U ILIEHOK.
[Tapy w opTOHOPMUPOBAHHBIX BEKTOPHBIX osed Ha Uy BCerga MOXHO po-
JIOJKUTH Ha BCe MHOroo6pasme N. DTO JOKA3LIBAETCA AHAJOTHIHO MPOJE-
JAHHOMY IOCTPOEHHUIO € UCIOAb30BAHUEM TOrO (paKTa, 9To I1060€e 0TOOpaXKe-
HUE [BYMEPHOrO NUCKA, ABJIAIOMIErOCS IPAHUIEN TPEXMEPHOro mapa, B SOs
MOXHO IPOJOMKUTE HA BECh WAD. DTOT (HAKT MBI HE NOKA3BIBAEM ([IJI CIIe-
IUATACTOB OTMETHM, ITO OH CleAyeT m3 paseHCTB m2(SO03) = mo(RP?) =
= m5(S3) = 0). IlosTomy mpenarcTeue wy(N) ABIATCA TOMHBIM. O

2. a) Hapucynre kakor-auGyap npeacrasurens Broporo kiaacca llrudert — Yurau g
RP? u gia RP? x S' (u gns gpyrux m3BeCTHEIX BaM IPUMEPOB 3-MHOr000DA3MH).

b) [na 060U TPHAHTYIAIUM TPOW3BOILHOIO TPEXMEPHOrO MHOroo6pasua N o6wenm-
HeHue pebep ee 6APUIEHTPUIECKOrO HOAPA3AEICHAA ABAACTCA LUKJIOM, IPENCTAB/IAIOLIIM
xrace wa (V).

3. (cpaBumre c 3agaten 4 m3 §3). IIyctb N — 3aMKHyTO€ CBI3HOE OPHEHTHPYEMOE
qeThIpeXMepHOe MHOroobpasue.

a) Ompegemure Ho(N) m w2(N) € Ho(N) xax IpenaTcTBrE K CYIIECTBOBAHUIO MpoliKy
OPTOHOPMEPOBAHHBEIX BEKTOPHBIX IOJAEH (3TO HPENATCTBUE yKe He OyAeT MOIHBIM).

b) To xe kKax no4noe IPENATCTBHUE K CYIIECTBOBAHUIO CIMHOPHOU CTPYKTYphl HA IV (T. €.
K BO3MOXHOCTH H3BJIEIb KOPDEHBb U3 Jai060r0 Tenzopa Ha N; asropsl 6xarogapar FO. II. Co-
JOBBEBA 32 YKa3aHWE HA DTy MHTepHpeTanumio). [Jokaxmre, 9TO BHE 0600 NWKIA, IPEI-
crasaaromero wz(N), MOXKHO BBECTH COMHOPHYIO CTPYKTYDY -

¢) Onpegeanre dopmy mepecedenut N : Hy(N) X Ha(N) — Z2 n goxaxnre, 9410 aNa =
= w2(N) Na gua ao6oro a € Ha(N) (3T0 BeIpaxkeHMe PaBHO HYJI TOLAA U TOIBKO TO-
raa, KOrga B OKPECTHOCTH JII000r0 MUKIA, IPENCTABIAIOWErO (, MOXKXHO BBECTH CIMHODHYIO
CTPYKTYDY).

d) w2 (N) Nw2(N) = x(N) mod 2.

e) Coopmymnpyure m goxaxure anamoru 3agad (a)-(d) Aas HEOPHMEHTHPYEMBIX WIX
HE3aMKHY THIX 4-MHOT000pa3UiL.

f) Onpeaemnre wucao Honwmpazuna p1(N) € Ho(N,Z) = 7 xak mOTHOE NPENATCTBHUE K
CyLIeCTBOBAHWIO Y€TBEPKHU BEKTOPHBIX IOJEH, UMEIOUIEH PAHT HE MEHee 3 B KaXKJOU TOIKE.

g)* Yucao [lonTpAruHA PAaBHO YTPOEHHOU CUTHATYPE (GOPMBI IEPECETeHNU MHOT000pa-
3ua N.

h)* Ecoiu N opuentupyemo u rmaaxo Baoxmmo B R®, 1o wa(N) = 0 u pi(N) = 0.
Hanpumep, CP? mesroxummo B RE.

TEOPEMA IITU®ENA (MHOTOMEPHAA). Ecau na 3aMKHYMOM 0PUEHMU-
pyemom n-mno2006pasuu N cywecmeyem k opmonopmuposannblt Kacamensb-
noiz sexmopnviz noset (1 < k < n), mo (n — k + 1)-i xaacc MImudgeasn —
Yummu Wy 11(N) € Hg 1(N,Z—k)) nyaesoti. Uepes Z(;y obosnauaemcs
2pynng Z 0aa uemno2o i u Lo 044 HEUEMHO20 1.
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[IPUMEP BBIYUCJEHUA. Oboznauwum uepez wi(N) € Hy,_;(N,Zs) npu-
sedenue no modyaro 2 npensmemeus Wi(N) (ono aecue sviuucasemcs). B
wacmuocmu, w;(RP" 1) = C? mod 2.

CHEACTBUE. Ecau na R" umeemca cmpyxmypa aszebpul ¢ deaenuem, mo
n ecmv cmenens 060K,

HABPOCOK ONPEJEJEHUA Hk,l(N,Z(n_k)), Whn—k+1(N) U DOKA3A-
TEJLCTBA. Ilycte V, x — mHOroo6pasme IllTudens opToHOPMUPOBAHHBIX
k-penepos B R". Amarormuno npegsigymemy, u3 coornomennin m;(Vy,p) =
=0 gna i < n — k, cienyer, 9To k momen GeCHpenATCTBEHHO CTPOATCA HA
(n — k)-ocrose. Hockombky (Vi) = Zn—p) ama 1 < k < n, To mpm
npogomxkenun moas Ha (n — k + 1)-ocTos nossaserca npenarcrsue Wy, g1 €
€ Hp—1(N,Z(p_p)). ITO NpenaTcTsue yxe He 00A3ATENLHO ABIACTCA TOM-
HBIM. U

4.a) Ecim C) = 0 mod 2 gua mo6oro i = 1,2,...,m — 1, TO N €CTh CTEIeHb IBOHKM.

b) Bemeaure crencTeue w3 NpUMEpa BHIMACACHUA.

5. OnmcaEHOE BBIIE ONpeeJeHre KIACCa W] PABHOCHIBHO AaHHOMY B §1.

6. [aa m06G0M TPUAHTYIANUA MPOU3BOJIBHOTO 3aMKHYTOTO N-MEPHOTO MHOT000pDa3ua
N o6benuHerue k-MEpHBIX CHMILIEKCOB €€ OapUIeHTPUYIECKOTO MOAPA3ACTeHUA ABIACTCA
LYKJIOM II0 MOAYIIO 2, IPEACTABIAIOMNM KIACC Wy—k (V).
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