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Kraccudukanma MHOTOrpaHHIKOB KokcTepa,

B. O. Byraenko

Mmuororpanauku KokcTepa — 5T0 MHOTOTPAHHUKY, BCE [BYTPAHHBIE YTJIbI
KOTODBIX ABIAIOTCA meabvu dacTamu’) 7. Kak 610 06bACHeHO B cTaThe [5],
STU MHOTOTDAHHWKY CBSA3aHBI ¢ QUCKPETHLIMU T'PYIIAMA OTPAKEHUN, KOTO-
pBI€ UT'PAIOT BAXHYIO POJIb B PA3IUYIHBIX 06JACTAX MaTeMaTuku. HacTosamasn
CTAThs HOCBAILIEHA KIACCU(UKAINN TAKUX MHOT'OT'DAHHUKOB.

Bompoc o knaccudukannu MEOrOrpaHHNKOB Kokcrepa MoxeT OBITH ecTe-
CTBEHHBIM 06pPa30M MTOCTABIEH B TI060M U3 TPEX TUMOB TPOCTPAHCTB TOCTOTH-
HOU KpUBM3HLL: chepudeckoMm S™, eskauaosom E" u Jlo6adesckoro L™. Tlep-
BBIM HAYaJ U3Y4YaTh DTU MHOTOTPAHHUKU BBIAAIOIIMUCA reoMeTp XX BeKa
I'. C. M. Kokcrep, mo nMenu KOoToporo oHu u Obuim HaszBaubl. B 1934 roxy
OH TOJIY YU TOMHYO KIACCU(PUKAIINIO MHOTOTPAHHUKOB KokcTepa B cepute-
CKUX ¥ eBKIXIOBBIX mpocrpaHcTBax [10]. Bee onn saBasiorces ambo cuMiiex-
camu Ha, cepax, b0 TPAMBIMA TPOUIBEACHUAMA CAMILIEKCOB W CAMILIUIA-
ATBHBIX KOHYCOB B €BKJUJOBBLIX MPOCTPAHCTBAX.

3amada wm3ydeHus MHOrOrpaHHuUKOB Kokcrepa B mpocrtpamcTBax Jloba-
9eBCKOro OblIa BIepBble nocrasieHa O.B. Buubeprom B 1967 roay [3]. Ta-
KVe MHOTOUPAHHUKN MOT'YT UMEThb CJIOXHOEe KOMOMHATOPHOE CTPOEHUE, W WX
KJIaccupukanusa, ToA00HAA €BKIUAOBOMY U C(HEpPUIECKOMY CIydasaMm, HEBO3-
MOXHA.

B macTosmen craTbe MbI Oy1eM CregoBaTh Xpornoaoruu cobsrrun. CHadana
pPACCMOTPUM CPEPUIECKUN U EBKIUJOB CIYUIAU, MPU STOM TOJYIUM KOKCTE-
poBcKkyo kiaaccupukanuio. B maparpadge 5 MBI mepengéM K CIydaio Mpo-
crpaucTB Jlobadesckoro. BynyT nmpuBemenbr cmocob OnNuCaHUA W IPUMEPHI
mHOrOrpanamkoB Kokcrepa B L", a Takxke 0630p HEKOTOPBHIX PE3yJIbTATOB
0 UX KJIACCU(PUKAIINN.

1. BBINIYKJBIE MHOI'OI'PAHHUKN B EBKJIUAOBBIX I COEPUYECKUX
NMPOCTPAHCTBAX

ONPENEJEHUE. Koneunbim 6binykabim MHO202pannuKrom (B T060M U3
TPEX TUMOB MPOCTPAHCTB MOCTOAHHON KPWUBU3HBI) HA3BIBAETCA TEPECETCHNE

UKak u B crarse [5], mog He0ll YacTBIO T MBI IOHHMaeM 4ucIo Buga w/k, rae k —
HATYPATLHOE THUCTO.

MaTemaTu4eckoe npocsewenne, cep. 3, suin. 7, 2003(82-106)
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KOHETHOT'O CEeMEMCTBa TOIYIPOCTPAHCTB, COMEPKAIIEE HEIMYCTOEe OTKPBITOE
MHOXECTBO.

[as mpocTOTHI MBI OyJeM TOBOPATH MPOCTO (MHOTOTDAHHUKH, OMYCKAS
CJIOBaQ «KOHe‘IHI)II‘/)I)) n ((BI)IH}’KJH)IEI)), ITOCKOJIBKY 6eCKOHe‘IHBIX VI HEBBINY KJIBIX
MHOTOTPAHHUKOB MBI PACCMATPUBATHL HE Oya1eM.

Bymem mnpemmomarath, 9TO HUKAKOE MOJYTPOCTPAHCTBO CEMEUCTBA HE
COMEPKUT IEPECEICHUsI OCTAIBHBIX (B MPOTUBHOM CIy4dae €ro MOXKHO WC-
KIIOYATH U3 CEMEUCTBA, He W3MEHWB BCEro Iepecedenus). Torga ceMencTBo
MOMYIPOCTPAHCTB OJHO3HAYHO OMPENENAeTCsa M0 MHOTOrpaHHUKY. [lomxympo-
CTPAHCTBA, BXOMAANIAE B 3TO CEMEUCTBO, OyAeM HA3BIBATEL ONPEIeAMOUUMU
MHOZO2PAHHUK.

I'paHUIBI TOTYIPOCTPAHCTB, ONPEAEAAIONNX MHOTOTPAHHUK, HA3BIBAIOT-
CA 2UNEPNAOCKOCTNAMY 2PaHeti, & UX TePeCeueHns ¢ MHOTOTDAHHUKOM — ero
epanamu cmapwet pazmeprocmu (AT «CPAHAMEI KOPa3MepHOCTH 1»).

lunepmiockocTu rpanen ABIAOTCA (1 — 1)-MepHBIME TIPOCTPAHCTBAMHY, A
IpaHu — MHOTOT'PAHHUKAMY B HUX. VX rpaHu cTapiier pasMepHOCTH ABIAIOT-
CA A UCXOMHOT'O MHOTOTDAHHWKA TPAHAMHA PasMepHOCTH 1 — 2 (mim Kopas-
mepuocTH 2). [Ipogonxkas 5T0 IOCTPOEHUE O WHIYKIUY, TIOLY IUM OIIPeIee-
HIe CpaHu 10001 pasMepHOCTH. ['pann pasMepHOCTH 1 HA3LIBAIOTCA pEOpAMU,
a pasmepHocTu ) — 8epuLunamu.

[TockonbKy MHOTOTpaHHUK MOXET OBITH 3aJaH HAOOPOM OMPENeAIONnX
€ro MOJYyIPOCTPAHCTB, HAMHEM C U3YUIEHUSI BOIPOCA, KAKUM 06pPa30OM MOXKHO
3aJaBaTh DOIYOPOCTPAHCTBA B €BKINAOBBIX U C(pepUICCKUX NPOCTPAHCTBAX.
Jlto6oe momympocTpauncTBo B K™ 3amaéTCA B BUAE JUHEUHOTO HEPABEHCTBA

a121 + a2z + -+ - + apTy <, (1)
rae KoappuuueHTs a1, a2, ..., Gp ABIAIOTCA KOOPAMHATAME BEKTOpPa HOD-
MaJn K T'MIEPIVIOCKOCTU — T'PAHUIE ITOJAYIIPDOCTPAHCTBA. B BEKTOPHOM BHUE
HepaseHcTBO (1) 3anummercsa B Buge (e, 1) < c.

[Mapa, cocrosmas w3 HEHYJEBOTO BEKTOPA € M AEUCTBUTEIHLHOTO YUCTA
¢, 3aMa0IMAas HEKOTOpPOe (PUKCHPOBAHHOE MOIYIPOCTPAHCTBO, ONPEAEIeHA C
TOYHOCTBIO [0 YMHOXEHUA HA TOJOXUTEIbHYI0 KOHCTAHTY. llosTomy ecam
JOTIOMHUTENBHO TTOTPEGOBATH, ITOOBI BEKTOP € OBLT HOPpMUPOSanHbim (T.e.
(e,e) = 1), To Takme mapel OyayT HAXOAUTHCA BO B3AUMHO OTHO3HATHOM
COOTBETCTBUU C MOAYIPOCTpPAHCTBAMU TpocTpancTBa E". BekTop e Gymem
HA3BIBATH HOPMAALIO K NOAYNPOCMPAHCMEY. 3AMETHUM, 9TO BEKTOP HOPMAJIN
HAIPABJIEH HAPYXY MOTYyIPOCTPAHCTBA (puc. 1).

[Tpm mepecevennn nByX rUNEpIiocKocTer B K™ 06pasyoTcs 9eThIpe pas-
JUYHBIX MBYTPAHHBIX YTV, BEIUYWHBI KOTOPBIX MOMapHO OO0 paBHBI, OO
IOTIONHAKT APYT Apyra A0 7. Kcam xe MbI BHIGEpEM [ KaXOOU W3 I'H-
MEPILIOCKOCTEN OMHO M3 [BYX OTPAHUYUUBAEMBIX €10 IMOJYIPOCTPAHCTB, TO
MOXHO OJHO3HAYHO BBHIOPATH OMUH W3 DTUX TETHIPEX MABYTPAHHBIX YTJOB.
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Puc. 1.

A wmmenno, 5TO OygeT ABYIPAHHBIU YyroJ, OOPA30BAHHBIN B MEPECEYECHUN BhI-
OpaHHBIX MOMYIPOCTPAHCTB. ByneM HAa3BIBATHL STOT ABYTPAHHBIA YTOI Y2.40M
MeHcIY NOAYNPOCMPAHCMEaMY. BEIUUIMHY DTOrO Yria MOXHO ONpEIeIuTh
KaK BEIMYWHY ILIOCKOTO yIUIa, MOJYyYaeMOT'0 B MEPECEYECHUM DTUX MOIYIIPO-
CTPAHCTB C ABYMEPHOU ILIOCKOCTBIO, TMEPIEHANKYJIAPHON UX TpaHunaMm. Ta-
KM O6Gpa3oM ONMpPEReTEHHBI YOl MEXAY MOMYIPOCTPAHCTBAMHI MOTOJIHIET
IO 7 YyrOJ MeXIy HOPMAJIAMU K HUM.

YrioM Mexay TPaHAMU MHOTOTPAHHUKA HA3BIBAETCA YTOJ MEXIY COOT-
BETCTBYIOIIAMU 3>TUM T'PAHAM TOIYIPOCTPAHCTBAMU. FKciau nBe rpaHu cTap-
[IEeH PA3MEPHOCTH TEPECEKAIOTCA M0 MPAHU KOPAZMEPHOCTH 2, TO OHU HA3ZHIBA-
FOTCA CMEHCHBLMU, & YTOI MEXKTY HUMI — 08Y2PAHHbIM Y2A0M MHO202DAHHUKA.

Cepa S™ MoxeT GBITH eCTeCTBEHHBIM 06pa3oM Biaoxena B E7T1:

S" ={z € E"" : (z,z) = 1}.

Kaxgoe momynpocTpascTBO ceprudeckoro mpocTpancTBa S” ABIAETCA IPU
TAKOM BJOXEHUU €ro MepecevdeHmeM C HEKOTOPBIM IMOJIYIPOCTPAHCTBOM B
E™! rpammia KoTOpOro IpOXOJUT depe3 Hy.Ib. BeKTOop HOpMATH K IOIy-
npocrpanctey B E"! Gynem Takxe Ha3BIBATH BEKTOPOM HOPMATH K COOT-
BETCTBYIOIIEMY MOJYIPOCTPAHCTBY B S™.

Takum 06pa3omM, MBI TOJIY IUIXA B3AUMHO OJHO3HAYHOE COOTBETCTBUE MEX-
Iy HOpDMUPOBAHHBIMUA BEKTOPaMu B (n+1)-MepHOM eBKIMJOBOM IPOCTPAHCTBE
7 TOJYIPOCTPAHCTBAMU N-MEPHOU cdephl, 3agaBaeMoe (hOpMyaIon

ec B (ee) =1 +— H,E{zeE"":(z,z)=1, (e,z) <0}

TakuMm xe 06pa3oM MOJYyHaeTCI COOTBETCTBUE MEX Y MHOTOTPAHHUKAMU
B S” u MEOrorpaHEKamu B £"1! | Bce rpaHM KOTOPHIX TPOXOAT Uepe3 OfHy
TOoUKy. Takue MHOTOrPAHHUKY HA3BIBAIOTCA MHO202DAHHLLMY KOHYCAMU.

C KaX[IBIM MHOTOCDAHHUKOM CBSIXEM CUCMEMY HOPMAAEY, — MHOXKECT-
BO HOpMAJEN K OMPEAeNAINIIM ero moIynpocTpaucTsaM. s MEHOrOrpaHHT-
k0B B K" cucrema HOpMaNen MPUHANIEKUT STOMY XK€ MPOCTPAHCTBY, a I
MHOTOTPAHHEKOB 13 S™ cucTema HOpMateh npuragmexnt B, Yror mex 1y
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HOPMAJIAME AOMOJHAET A0 T YT'OJ MEXAY COOTBETCTBYIOIIMMU TOJYIIPOCTPAH-
CTBaMMU.

B cBoto ovepens, koHEWMHAS CHCTEMA BEKTOPOB B €BKJIUIOBOM IPOCTPAH-
CTBE MOXET OBITH 33JaHA MATPUIEH, COCTABICHHON W3 TOMAPHBIX CKAIAPHBIX
IpOM3BENEHNN BEKTOPOB M HasbiBaeMoun mampuueti I'pama. Marpumy ['pama
CUCTEMBI HOpMaJIefI KOHEYTHOI'O MHOT'OI'DaHHUKA MbI 6y,qu Ha3bIBATh MAMpPU-
yetd I'pama mHozo02parnuKa.

3 onpenenenns marpunsl I'pama G = (gi;) cregyer, 9TO OHA HOMKHA
VAOBJIETBOPATD CIACAYIOUIAM YCIOBUAM:

> gij = gji (CMMMETPUYHOCTS);
> gii = 1 (HOpMUPOBAHHOCTS);

> BCe TJaBHBIE MHWHOPBI MaTpPUIIbL G HEOTpPHUIIATEIbHBI (HOJIO)KI/ITeJII)Ha.E[
HOMYONPEAENIEHHOCTE). B 9acTHOCTH, BBIMIOIHEHO HepaBeHCTBO Ko —
Bynaxosckoro: |g;;| < 1.

O6paTHO, BCAKasA MATPUIA, YAOBIETBOPAIOWAL STUM YCIOBUAAM, ABIAETCA Ma-
Tpunen ['paMa HEKOTOPOX HOPMUPOBAHHOU CUCTEMBI BEKTOPOB B €BKJINJOBOM
OPOCTPAHCTBE (COMIACHO M3BECTHOU TEOpPeMe M3 JMHEMHOU aareGphl), U, TeM
CaMBbIM, ManHHeﬁ FpaMa HEKOTOPOr'0O KOHETHOI'O €BKJINJ0BAa MHOT'OT'DaAHHUKA..
[ledcTBUTENBHO, TIO CUCTEME HOPMAJEN MOXHO MOCTPOUTH CEMEUCTBO IONIY-
MPOCTPAHCTB TAaK, ITOOLI BCE OHU COAEPXKAIN OKPECTHOCTH Hyda. Torma me-
pecedeHue 3TUX MOIYIPOCTPAHCTB OyJeT BBIMYKJIBIM MHOTOTPAHHUKOM. Kpo-
M€ TOro, MOXHO IIOCTPOUTH CACTEMY HNOJAYIPOCTPAHCTB TakK, ‘ITO6I)I BCE UX
TPAHUILI IPOXOAWIN Yepe3 Hydb. KCIu U B 5TOM ClIydae TepecedeHue moIy-
MPOCTPAHCTB GyIeT COMNEPEKATEL HEIMYCTOE OTKPHITOE MHOXECTBO, TO MATPHUIIE
I'pama cooTBeTCTBYeT TakX)e MHOTOTPAHHUK Ha, cdepe. [lonyydarommncs mpu
DTOM €BKJINI0B MHOTOT'DAHHUK HABBIBACTCI MHO202DAHHBIM KOHYCOM.

Pawneom cucTeMbl BEKTOPOB HA3LIBAETCA PA3MEPHOCTDL €€ JTUHETHOU 060-
Jouku. PaHT cucTeMBI BEKTOPOB COBIIAJAET C PAHTOM €€ MaTpuIbl ['paMma.
Panr cucrembl BeKTOPOB He GOJIBINE, 9€M UX KOJUIECTBO, IPUIEM PABEHCTBO
TOCTUTAETCS TOTAA W TOABKO TOT[A, KOUAA CACTEMA JUHEHHO HE3ABUCUMA.

Ecau cucrema HOpMaien mMeeT paHT MEHBIIWN N, TO BCE HOPMAJIU COAEP-
XKATCA B HEKOTOPOM COGCTBEHHOM MOAIIPOCTPAHCTBE MpocTpancTsa K™, Muo-
TOI'PAaHHUK B 3TOM CJIy'vae ABAACTCA TUIVNHOIPOM HaO MHOTOI'DAHHUKOM MEHb-
mern pa3sMepHOCTH. Takme MHOTOTPAHHUKYA Gy €M HABBIBATD GblPOHCOCHHbIMU.
Muororpasauk B S™ HA30BEM BBIPDOXKIEHHBIM, €CJIU BBIPOXKIEH COOTBETCTBY-
IOIII €My MHOTOTpaHHBIM KoryC B E"TL T.e. cucrema HOpMaIeh mmeeT pasr
MensbIre n + 1.

Haxomemn, ecmu cucrema BEKTOPOB TIPEACTABIACTCA B BUAE OOHEIMHEHUA
HECKONBKUX TMOMAPHO OPTOTOHAJIBHBIX TOACUCTEM, TO COOTBETCTBYIOIINAN
MHOT'OT'DaHHUK ABJAACTCA NPAMBIM IIPDOU3BEAECHUEM COOTBETCTBYIOINIUX UM
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MHOT'OTPAHHUKOB, a MATpuna ['pama mMeeT KIeTOYIHO-IUATOHAILHLIA BHJ, B
KOTOPOM KJIE€TKH ABIAIOTCA MaTpunamu | 'pama moxcucrem. MHOrOrpaHamk,
cuCcTeMa HOPMAJEH W MATPHUIEA, [ paMa B DTOM CIy9dae HA3BIBAIOTCA Pa340MHCU-
MBLMUL.

CaMBIil IPOCTOU C TOYKHU 3PEHNA KOMOMHATOPHOI'O CTPOEHNA MHOTOI'DAH-
Huk — cumnaexc. Ox mmeer n + 1 rpass crapmen pasmeproctu. O6paTHO,
ecam mepecedenue N + 1 MOTyIpPOCTPAHCTEA, ABIACTCA OTPAHUIEHHBIM MHOTO-
FPAHHUKOM, TO DTOT MHOTOTPAHHHK — CHMILICKC. KOMM9IecTBO rpaHen CuM-
IJIEKCA HA eUHUILY OOMBIIEe PA3MEPHOCTH IIPOCTPAHCTBA, 4 €r0 CHCTeMa HOpP-
MaJIefI CBA3aHa €IMHCTBECHHBIM JIHHeﬁHbIM COOTHOIIIEHUEM.

Konyc B eBKIMIOBOM TPOCTPAHCTBE, COOTBETCTBYIOUIUN CUMILIEKCY Ha,
chepe, HABBIBACTCA CUMNAUYUAALHBIM KoHycom. CUCTeMa HOPMAJICH CAMILIA-
OHAILHOIO KOHYCA JMHEMHO He3ABUCHUMA.

2. OCTPOYTOJIbHBIE MHOT'OI'PAHHUKY
Mgbr maguM gBa OmpeneneHus OCTPOYTOJBHOT'O MHOTOTPDAHHUKA.

ONPEJAEJIEHUE. MHOTOTPDAHHUK HA3BIBAETCA OCMPOY20.4bHbLM, €CIA BBI-
MOJHEHO OJTHO U3 ABYX CAEAYIOmuX (PABHOCWIBHBIX) YCJAOBUM:

I. Bce ero gByrpaHube yIibl HE TYIIBIE;

II. Bce yrabl Mex Iy ompeneisiouuMu ero HOJYyIPOCTPAHCTBAMYU He TYIILIE.

Ha nepBbIn B3rIag BTOPOE ONpeeleHME Ka)XeTca 0oJee CUIbHBIM, IIO-
CKOJIBKY OHO HAKJAABIBAET OrPDAHUYEHUE HA YIVIBI MEX Y JIOOBIMU, 8 HE TOMb-
Ko cMexHbiMEu rpaHavu. Ogaako B 1970 rogy E. M. Augpees [2] moxasau,
9TO 'AIIEePINIOCKOCTA HECMEXHBIX PpaHeﬁ MHOT'OT'PaHHUKA, YIOBICTBOPDAIOIIEC-
o yCaoBuiO I, HE mepeceKaroTes, a 3HAUAT, TAKUE MHOTOTPAHHUKHA Y OBIETBO-
psiot Takxe ycaoBuio I1. Mer He 6yqeM IpUBOAUTE HOKA3ATEILCTBA TEOPEMBI
Augpeesa, a mis TOro, 9TOOBI U3JI0KEHUE COXPAHUIO CTPOrOCTh, OyaeM CYu-
TaTh ONpENeIeHNeM OCTPOYTOILHOrO MHOTOTPAHHUKA ycaosue 1.

yI‘JH:»I MEX Oy HOPpMaJAMU OCTPOYTI'OJABHOI'O MHOT'OT'DAHHUKA ABJAAOTCA HE
OCTPBIMU; TAKYIO CUCTEMY BEKTODPOB Oy[eM HA3BIBATEH Mynoy204bHot.

3AMEYAHUE. [IpamMon yroa mOMyCKAeTCA KAK MEXIY TPAHAMEA OCTPO-
yLCOJMBHOIO MHOTOTPAHHWKA, TAK U MEXIY BEKTOPAMU TYMOYTOJAbLHOU
CHACTEMBI.

Oxa3bIBAE€TCA, 9TO B €BKIANIOBOM MPOCTPAHCTBE MOMEMAETCA JOCTATOU-
HO MaJIO BEKTOPOB C MOMapPHO HE OCTPBIMU yIVIAMU, TO3TOMY OCTPOYTOJbHBIE
MHOT'OTPAHHUKY UMEIOT JOCTATOTHO IPOCTOe KOMOMHATOPHOE cTpoeHue. Bo-
Jaee ToYHAA POPMYIUPOBKA COMAEPKUTCA B CAEAVIONIEN JEMME.
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JIEMMA 1. Jhobas Hepasaorcumas mynoy204bras CUCMEMa BEKMOPO6 8
E™ codepacum wne b6oace n+ 1 sexmopa.

[JOKA3ATEJBLCTBO. [lokazaTelsCcTBO OyAeM IpPOBOAUTL MHAYKIWEHW II0
Pa3MepHOCTH HTPOCTPAHCTBA. ba3a OvYeBMIHA: MAKCAMAJILHAS TYIOYTOJIbHAIL
CUCTEMA BEKTOPOB Ha MPAMOU COCTOUT U3 ABYX IMPOTUBOIOIOXHO HATIPABIEH-
HBIX BEKTOPOB.

PaccmoTpum HEPA3MOXKUMYIO TYMOYyTOJIBHYIO CHCTEMY W OIWH U3 €€ BeK-
TOPOB .

Eciu BekTOp — Takxke NpUHAIIERKUT CUCTEME, TO BCE €€ BEKTOPHI, KPO-
Me T U —%, M0 YCIOBUIO O6pA3yloT C HUMU HEOCTPBIE YIJIBI, a DTO MOXKET
OBITH TOJHKO B CIyYae, KOT/[a OHM OPTOTOHAIBHBI UM OOOUM. SHAMUT, APY-
IUX BEKTOPOB HET, MHAYE CUCTeMa Oblia Obl pazmoxumoun. [lopTomy cucTema
COMEPXKUT BCET'O [IBA BEKTOPA, W [JIA DTOCO CAyUasd JeMMa MOKA3AHA.

[MycTs Teneps cucrema uHe cogepxuT BeKTopa —r. CIpoeKTUpyeM Bce BEK-
TOPBI CUCTEMBI, KPOME &, Ha TUIEPILIOCKOCTD 11, opToronansuyio emy. [loay-
YeHHASA CUCTEMA COAEPKUT HA OJWH BEKTOP MEHBIIE UCXOMAHOU U COMEPKUTCA
B MPOCTPAHCTBE HA €IWHUILY MEHbIIeN pa3MepHocTH. [l1sa 3aBeplieHus ToKa-
3aTEIBCTBA TOCTATOYHO IPOBEPUTH, ITO OHA, TYIOYTOJbHAA U HEPABIOKUMAS,
7 COCJIATHCA HA MPEIION0KEHNE UHIYKIUA.

[lns mokas3aTenrbCTBa TYMOYTOJABHOCTH PACCMOTPHUM IBA BEKTOPA U U U
cuctembl u ux npoeknun v’ u v’ Ha II. Torga u = v’ + Az, v = v’ + ux, rae
A<0mp <0, orkyma (u,v) = (u',v") + Au(z, ), sraauT

(', v") < (u,v). (2)

MbI BUAWM, 9TO CKAMAPHBIE MPOU3BEACHUA IIPU MPOCKTUPOBAHWA HE yBEJIW-
9UBAIOTCA; CIENOBATENBHO, YIVIBI MEX MY BEKTOPAMU OCTAIOTCA HE OCTPBHIMU.
[TosToMy moay<eHHAsS IPpU TPOEKTUPOBAHUY CUCTEMA, TYIOYTOJbHA.

[las moKa3aTerhCTBA HEPA3IOKUMOCTYU 3aMETHUM, ITO TYILIE YIVIBI HE MO-
I'yT IPOEKTUPOBATHCA B IPAMBIE, IOSTOMY HEPABIOKUMAA CACTEMA, TPOEKTH-
pPyeTca B HepasIoXumylo. VCXOMHYI CHCTEMYy BEKTOPOB MBI BHIOMpPAIHA He-
PA3IOKUMON, OJHAKO MPU YAAJCHUA BEKTOPA & OHA MOTJIA PACIACThCA Ha
HECKOJBKO OPTOTOHAIBHBIX KOMMIOHEHT. [Ipu DTOM BEeKTOp T JOmXeH obpa-
30BLIBATH HE MPAMOHU YTOJA XOTA OBI ¢ OJHUM U3 BEKTOPOB KaXIOU KOMIIO-
HEeHTHL [[pM MPOEKTMPOBAHWE TM BEKTOPHI CTAHYT OOPA30BBIBATL MEXITY
coGOM MOMAPHO TYIBIE YIVIbI, TAK KAaK CKAIAPHBIE MPOU3BEIEHUA BEKTOPOB,
06pa3yomux TYIBE YL ¢ Z, CTPOTO YMEHBIIAITCA (3TO JErKO MPOBEPUTD,
UCCIEeOBAB CIYYad BBIMOIHEHUA PABEHCTBA B HepaBeHCTBE (2)). 3HAYWUT, mO-
JYYCHHAsd NPU MPOCKTUPOBAHUN CUCTEMa HEPA3JIOXKUMaA.

CJEACTBUE. Koauuecmeo 8eKmopo6 HePa3AoHCUMOT Mmynoy204bHoti cu-
cmembl aub0o pasno €€ paney, aubo na edunuyy Goavuie.
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B mepBoM u3 5>TUX ABYX CIyYaeB CHCTEMa JUHEMHO HE3aBUCHUMA, a 331aBa-
€MbIM TAKOU CUCTEMOM HOPMAJEU MHOT'OIDAHHUK ABAACTCA CAMILIUIAAILHBIM
koHyCOM. Bo BTOpOM ciIydae cucTeMa CBA3aHA €IUHCTBEHHBIM JUHEUHBIM CO-
orHomenueM. (HeTpyano nokasaTh BeCbMa MONE3HOE CBOMCTBO HTOTO JWHEH-
HOT'O COOTHOIIEHUA, YTO BCE ero KOX(PPUIMEHTH UMEIOT OJUHAKOBLIU 3HAK.
Opmraxo HAM OHO He moHAMOOUTCA.) [loKaXeM, ITO COOTBETCTBYIOIMUN CACTE-
Me HOPMAaJel MHOTOIPDAHHUK B 3TOM CIyUae ABIAETCA CAMILIEKCOM.

JIEMMA 2. Jhobasa nepazaodncumas mynoy2oavras cucmema 8 E™, cocmo-
awas uz n+ 1 gexkmopa, asasemcea cucmemots HOPMALEl HEKOMOPO2O CUM-
nAeKca.

[JOKA3ATEALCTBO. Ilycts ey, €9, ..., €p41 — AAHHAA CUCTEMA BEKTOPOB.
Hokaxewm, aro muororpanauk M = N{z : (z,e;) < 1} aABasgeTcsa cumiuiekcom.
2

Hocrarouno nokasars orpanuienrocTs M. [Ipeqnonoxum nporusaoe. Torma
HEKOTOPBIN Iyd ¢ HAYAIOM B HyJe (HyJab — BHYTpPEHHAA TOUKa M) mearmkom
JeXUT BHYTpU M. DTO 3HAUMAT, 9TO CYyIIECTBYET TAKOU BEKTOP €, U9TO MIJIA
moboro i mpu awob6om A > 0 BemmonHeHO ycioBue (Ae,e;) < 1. DTo Moxer
BBIMIOJMHATHCA TOIBKO, ecan (e,e;) < 0 mma Beex i. Ho Torma mammyio Tyto-
YTOJBHYIO CHCTEMY BEKTOPOB MOXHO PACIIUPHUTH, T00ABUB BEKTOP €. A 53TO
MIPOTUBOPEYUT JeMme 1.

Tenepb MBI MOXEM ONUCATH CTPOEHUE OCTPOYTOJIHLHBIX MHOIOT'DAHHUKOB
B €BKJIMJOBBIX IPOCTPAHCTBaX U Ha cdepax.

TEOPEMA 1. Hesuvipodscdennubie 0cmpoy204brble MHOZ02PAHHUKY 6 €8KAU-
d0BOM MPOCMPAHCNEE ABAAOMCA NPAMBIMU NPOUZEEICHUAMY CUMNACKCOS U
CUMNAUYUGADHBIT KOHYCOB.

[TOKA3ATEJLCTBO. Cucrema HOpMAaJEd OCTPOYTOIHLHOTO MHOTOT'DAHHU-
Ka ABIAETCA Tynoyroabaoun. COrIacHo CAeNCTBUIO, OHA TMPEICTABIAETCA B BU-
ne O0beIUHEHUS MOMAPHO OPTOTOHANBHBIX MOACUCTEM, KaXIad U3 KOTOPBIX
au60 TUHEWHO HE3aBUCUMA, JU0O0 CBA3AHA €IWHCTBEHHBIM JUHEUHBIM COOTHO-
[MIEHUEM, a 3HAYUT ABIAETCA CUCTEMOU HOPMAJEH CAMILIAIUIATLHOTO KOHYCA
WM CUMILIEKCA. [[09TOMYy pacCMATPUBAEMBIA MHOTOTPAHHUK SABIAETCS IIPSI-
MBIM TIPOU3BEEHNEM MHOTOIDAHHUKOB DTUX ABYX THUIIOB. 3AMETUM, ITO MPA-
MO€ TIPOU3BEICHNE CUMILTATAATBLHBIX KOHYCOB TAKKE ABIAETCS CUMILTATIAAT -
HBIM KOHYCOM.

TEOPEMA 2. Hesviposcdennbie 0Cmpoy20abtble MHO202PAHHUKY Ha cdepe
ABAAIOMCA CUMNACKCAMU.

TOKA3BATEJLCTBO. Paccmorpum B E"! cucremy mOpMmazenr HeBbI-
POX IEHHOT'O OCTPOYTOJBLHOIO MHOrOrpanuuka B S”. [lo6aBuM K HEUW BEKTOD,
JIEXKANAU CTPOTO BHYTPHU CAMILIUIUAILHOTO KOHYCA, COOTBETCTBYIOIIETO DTO-
My MHOTOIDAHHWKY (TaKOW BEKTOP CYMIECTBYET, MOCKOIBbKY MHOTOTDAHHUK
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COIEPKUT HEMYCTOe OTKPLITOE MHOXKECTBO). DTOT BEKTOP COCTABIAET TYIBIE
YILJIBL CO BCEMU BEKTOPAMU CUCTEMBI HOPMAJEH, MODTOMY MOIYIUBIIAACA MO-
cie n0OABIEHUA CUCTEMa, ABIAETCA TYMOYTrOJabLHOU U Hepasmoxumon. Cormac-
HO JeMMe, OHa COAepXkuT He 6oxee n + 1 BekTopa. CiregoBaTenbHO, UCXOLHASL
CUCTEMa HOPMAJEU CoAepXkalaa He 0ojee n BEKTOPOB. V3 HEBBIPOX JEHHOCTHU
MHOTOTPDAHHUKA, CIEAYET, 9TO OHA, COAEPKANA POBHO 7 JTUHENHO HE3ABUCUMBIX
BEKTOPOB. 3HAYAT, MHOTOT'DAHHUK SABJIAETCA CAUMILIEKCOM.

3. MHOTOIrPAHHUKU KOKCTEPA U CXEMBI KOKCTEPA

ONPEAEJEHUE. Mnoz2oepannurxom Koxcmepa Ha3BIBAETCA MHOIODAH-
HIK, BCE€ OBYIPAHHBIE YIILI KOTOPOrO ABIAIOTCA HEIBIMA IaCTAMU 7.

B crarpe [5] gokasbIBaeTCA, YTO, MHOOKPATHO OTPAXKasd MHOTOTPAHHUK
Kokcrepa 0THOCHTENHHO TUIEPILIOCKOCTEN €r0 TPAHEN, MBI MOMYYIUM 3aMO-
[IeHVE TPOCTPAHCTBA «KAMEPAMM», PABHBIMU UCXOJHOMY MHOTOTDAHHUKY. U3
DTOTO CJIEAYyeT, UTO €CIN ABE TUMEPILNIOCKOCTH HECMEXHBIX I'PAHEN TaHHOTO
MHOTOTPDAHHUKA, TIEPECEKAIOTCA, TO OHU OOPA3yIOT ABYTPAHHBIA YTOJ APYTON
KAMephbl. HAYAT, yroJd MEeXAy HUMHU TAaKXe AOMXKEH OLITh PABEH IEJOU Ta-
cru .2

B pmomonnenwe k ABYM yXe WM3BECTHBIM HAM CIOCO0aM 3aJaHUA MHOTO-
CPAHHUKOB — CHCTEMOU HOpMaJen u MmaTpunen ['pama — a1 MHODOTpaH-
unkoB Kokcrepa cymectrByet eme ogua — cxemoun Kokcrepa. [linsa Beemgenus
DTOTO MOHATHA HAM MOHAAOOUTCA A3bIK Teopuu rpados. HanmomuuM KOpOTKO
OCHOBHbBIE OTIPE/IeICHUS.

I'pad, pébpa KOTOPOro MOTYyT UMETH PA3IUIHYI0 KPATHOCTH, OyaeM Ha-
3BIBATEL cremoti. Cmenenvio 8epustunbl CXeMbI HA3BIBAETCA KOIUIECTBO BBIXO-
aammx w3 Heé pedbep. BepuHer cTeneHn HyIb HA3BIBAIOTCA U304UPO B AHHHIMU,
CTENEH’ OUH — BUCAUUMU, CTETIEHN NBA — 06bIuHbIMU, & OOTBIIEN CTEIeHN —
yaaamu. PEO6pa KpaTHOCTH 1 HA30BEM NpPOoCMbLMU, 8 OCTATBHBIC — KPAMHbLMU.
[TyTe HasBIBaeTCA NPOCMbIM, €CIU OH MPOXOAUT TOJIHKO IO MPOCTHIM PEGpaMm.
Byaem HaswBaTh 0c06EHHOCMbIO CXEMBI KPAaTHOE PEOPO win y3er, a npocmot
ocobennocmuvlo — pebpo KpaTHOCTH 2 win y3en crenenu 3. CBasHAA cxema,
HE COMepXKAallas IMUKIOB, HA3BIBAETCA depedom. [lepeBo, He comepxaliee 0co-
OeHHOCTeN, — DTO JUHEWHAA CXeMa U3 MPOCTHIX PEGep.

Kax gomy muororpamauky Kokcrepa cooTBeTcTByeT cxema, Ha3bIBAEMAas
ero cxemou Kokcrepa. Ona omnpenenserca caegyiommm o6pa3oM. Bepruab

D Muororparrnkn KokcTepa ABILIOTCA OCTPOYTONLHBIMM, TOSTOMY M3 YIOMUHABIIEHCS
pamee Teopembl AHApeeBa [2] cregyeT, 9TO MUIEPILIOCKOCTH HECMEXHBIX IDAHEN HE Iepe-
cexkatorca. Ham nma xaaccudukanmm maOororpanankoB Kokcrepa morpebyercs aumb GakT,
9TO yroa MeXay MOOLIMEA HemapalIe bHBIMA TPAHAMEA PAaBeH meaon Jactu m. Mbl mpusemn
IOKa3aTeIbCTBO 3TOro 6ojee caaboro yTBEpP:XKAeHUA, YTOOBI HAIIX PACCYXIEHUA He IOoTe-
PAIA CTPOTOCTH B OTCYTCTBUM NOKA3ATEILCTBA TEOPeMbl AHIpeesa.
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cxembl KOKcTepa COOTBETCTBYIOT T'PAHAM CTAPIIEA PA3MEPHOCTH MHOT'OTPAH-
uwka Kokcrepa. Ecam nBe rpanu meprneHIuKyIsSPHBI, TO COOTBETCTBYIOINE
BepmwHLI cxeMbl KokcTepa He coenuuaioTca pebpom. Ecau yrorx mexay rpa-
HaAME paseH 7/m (m > 3), TO COOTBETCTBYIOUINE BEPIIMHLI CXEMbI COEIUHS-
0TCA PEGPOM KPATHOCTH 1M, — 2 miu OOGBIMHBIM PEGPOM € OTMETKOM 1, (2T aBa,
0003HAYEHN PABHOCWILHBL, UCIOAB30BATH PEOPO ¢ OTMETKON yA0OHO B CIy-
Jae, eClu M BeIuKO). Ecau rpaHu mapamienabHsl, TO BepuHel cxeMbl Kokcere-
pa COAMHAITCA KUPHLIM peGpoM (miu pebpoM ¢ OTMETKOU 00).

Hodczemoti cxembr Kokcrepa HazbIiBaeTCA mOATpad, MOIYyIAeMbIA yIaae-
HUEM HEKOTOPBIX BEPIINH BMECTE CO BCEMW BBIXOMANIMME W3 HUX pEOGpamu.

Acro, aTo Mo cxeme KokcTepa OTHO3ZHATHO BOCCTAHABIWBAETCA MAaTPU-
ma I'pama u cucrema mHopMmageu. Ilogcxemam cxemul Kokcrepa cooTBETCTBY-
0T TOACUCTEMBI CUCTEM HOPMAJEN U TIABHBIE MUHOPHI MATpUIbl I 'pama. Mbt
Oymem rosopuTh 06 onpedesumene u panee cxembl Kokcrepa, uves B BUIY
OIIpeNeNuTeNb U PAHT COOTBETCTBYIOMEN MAaTPHUIEI [ paMa.

Jlerxo mpoBepuUTH, ITO CBA3HOCTE cXeMbl KoKcTepa paBHOCUILHA HEPA3JIO-
KUMOCTU COOTBETCTBYIOMUX € MaTpuilsl ['paMa, CucTeMbl BEKTOPOB U MHO-
rorpanHuKa Kokcrepa.

Omnpenenntens cxembl KokcTepa paBeH MPOU3BENCHUIO OMPEACIUTEICN €€
CBA3HBIX KOMIOHEHT. Qnpenenurens CXeMbl, COCTOAMEN U3 OTHOU U30JUPO-
BaHHOU Bepinuubl, pased 1. [l yno6cTBa OyieM cIuTaTh, 9TO OMPEIEIUTEh
MyCTOU CXEMBI TaKXKe PABEH CIUHUIIE.

[lna mpumepa paccmoTpuMm cxemy KokcTepa, MpeacTaBIAoIIylo cO60U
onuH npocTon mmka (puc. 2), m eé marpumy ['pama:

1 I 9 0 -1
2 2
O R 0 0
2 2
o -+ 1 -1 0 0
2 2
0 0 -1 1 0 0
2
O 0 0 0 T
2
X9 0o o ... L 4
2 2

CyMMa CTPOK 3TOU MATPUILI PABHA, HYJEBOU CTPOKE, IODTOMY MATPHUIA BhI-
POXEHHA, 3HAMUT OMPENEIUTENb CXeMbl KOKcTepa paBeH HYJIO.
CuuTaTh OOpeneruTead IOMOTaeT CASAYIOMAd JeMMA..

JIEMMA 3. ITyemb v — sucauasn sepuwuna cremvr Koxemepa S, coedunén-
nas ¢ eepuunoti w pebpom ¢ ommemxot m. Obosnavum uepes S’ nodcremy
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\ m
" Te)
S . w v
. SI
: S
Puc. 2. Puc. 3.
czembl S, noayuaemyio yoasenuem sepuiunbl v, a ueped S” — noayuaemyo

yoaaenuem napvi sepwun v u w (puc. 3). Toeda

det S = det 8" — cos? % det S”.

[IOKA3ATEJLCTBO. Marpuia ['pama cxembr S umeeT Buj

s
1 —cos— 0 --- 0
m
s
—cos — 1 * *
m
0 * * x|,
0 * X ... %

rae 3Bé3AOqKaMH 3aMEHEHBI MATPUYIHBIC 3JEMEHThI, 3HAYCHUA KOTOPBIX HaM
B JAHHBIA MOMEHT He CymecTBeHHB. Marpuma ['pama cxemer S’ momydaercsa
BLIEPKWBAHMEM IEPBLIX CTPOKHU U CTOIONA, a maTpumna ['pama cxembr S” —
BBIIEPKWBAHUEM IMEPBBIX MBYX CTPOK W CTOJONOB. [lokaswpiBaemas (popmyaa
MOy 9YAeTCA PA3I0KEHUEM OINPEIeIUTENA 0 MEePBOMY CTOJOILY, & 3aTeM II0
IIEPBOX CTPOKE.

[lokazaHHasg JeMMa, TO3BOIAET JErKO HAXOMUTHL onpeneauntenu cxem Kok-
cTepa, IPeACTABIAIOIIAX COO0U TePeBbA.

[na yno6cTBa caéTa MBI MHOTAA OyIeM pacCMATPUBATHL TaKXKe OMpefe-
JUTENh yIBOEHHOU MaTpuisl ['pama. HazoséM ero boavwum onpedesumenem
u OygeM 0603Ha4aThL Det B OTaAMYHE OT MPOCTO ONPEAETUTENA (WM MaL020
onpedeaumens, ob6o3uHaaemoro det). OUeBUAHO, ITO GOMBIION ¥ MAIBIN OIIPe-
JeIuTenn CBA3AHb mpocThiM cooTHomerneM Det § = 219! det S, rae |S| — ko-
JUYECTBO BepiuH cxeMbl S. B TepMmunax Gombimux onpegenauTenein popMyaa
73 JEMMBI 3 TIEPEMUCHIBACTCA CASTYIOUIM OOPa3oM:

Det S = 2Det 8" — ADet 8",
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\\
So H —o—o0

Puc. 4.

rae A = 4cos? m/m. B wacTHOCTH, ecim m = 3, 4, 6 mim 0o, TO KoddUITEHT
A paser 1, 2, 3 wiu 4 COOTBETCTBEHHO.

CHIEACTBUE. Ilycmv Sy — cxema Koxemepa. Obo3nauum uepes Ski1 cre-
MY, Noayuaemyo npucoeduneruem ¥ Sy sunetinoti cremvr, cocmosuweti us k
BePUUH, COCOUREHHBIT Npocmuimy pébpamu (Kak nokasano na puc. 4). Tozda
nocaedosamesvnocmsv boavwur onpedeaumeneti D = Det Sy obpazyem
aPUPMEMUUECKYIO NPORPECCUIO.

JOKA3ATEJILCTBO. Jlemma 3 maér mam dopmynay Dyy1 = 2Dg — Dy,
KoTopasa nepenuckiBaeTca B Buge D1 — Dy = Dy — Dg_1, a 5TO 1 03HAYAET,
qaro D — apudmeTudeckas IpOrpeCcCus.

[MpumenUM TIOMYyYEHHBIN PE3YIBLTAT K HECKOILKUM CEPUAM CXeM. Pe3yib-
TATHI BBIYUCICHUN OmpenennTenen ceefensl B Tabmumy 1 (c. 93). Bo BTopom
croabue TabauIbl TPUBEAEH OOMIUN BAL CXeMBI Si, & B TPETHEM — CXeMa, S1 C
OTMEYEHHOU BEPIIUHON, IPU YAAJEHUM KOTOPOU moxydaercs cxema Sy. amee
YKAa3aHO KOJIWYIECTBO BEPIIUH CXEeMBI Si, GOJBIINE ONpeNeluTeau cxeMm Sy u
S1, passocTb d = Det S — Det Sy moaygaemon apudMeTUIECKON IPOTPECCUN,
a TaKXe 3HAYCHUA K, IPU KOTOPBIX OMPEAEJUTENb CXeMbl PABEH HYJIIO W IIPHU
KOTOPBIX OH HOJbIIe HYJIA.

3aMeTUM, ITO CPeIu DTUX CXeM HMMEIOTCA MoBTOopsmolnuecs. Hampumep,
cxema 2 nipu k = 4 cosmagaer co cxemou 4 nipu k = 2.

Te u3 cxeMm, onpeneauTeNs KOTOPBIX MOIOXUTENEH, 3aIUlIeM B TabauIly 2
(c. 95), cHaGaUB cTAHIAPTHBLIME 00O3HAMEHUAMEA. HUXHUN UHIEKC BCeraa pa-
BEH KOIUIECTBY BEPIIMH CXeMbl. Auanorwano, B Tabaumy 3 (c. 95) sanmwmmem
CXeMBbI C HyJIeBBIM omnpeferuTeneM. Kpome cxeM, BCTPETUBIIAXCA HAM B Ta0-
mume 1, Tam GyAyT IPUCYTCTBOBATH IeTHIpe GeckoHednele cepun A, By, Cp
u D,,. IlepBasg u3 HuX mpencTaBageT COOOU MPOCTOU IUKI, U MBI yXKe Ha-
uum e€ onpegeruTeab paHee B >ToM maparpade. Onpemenurenu cxeM TPEX
OCTANBHBIX CEPUU MOXKHO JIETKO HAUTU, UCIOAL3YA JeMMy 3. MOXHO Takxke
yOEeIUTHCA, 9TO OH PABEH HYJII0, M APYTUM CIOCOGOM — HAUIA JUHEHHYIO
3aBUCAMOCTH MEXIYy CTpOKamu MaTpumbl ['pama (COBETyeM BBIMOIHUTEH DTO
HECTOXKHOE ynpaxueHue). HmxHul nHIeKC B 0003HAYEHAN CXEMBI U3 Ta0JIm-
ubl 1 HA eIWHUIly MEHbIIE KOJIUYIECTBA €€ BEpIIWH. 3aMETHUM, ITO KaXIyIO
cxemy m3 TabIuIBl 2 MOXHO MOMYYATH W3 OJHOUMEHHOU (T.e. 0603HAIEHHON
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TOU ¥Xe OYKBOW, C TEM XK€ UHAEKCOM, HO 6e3 THIbJALI) CXeMBbI U3 TaOIUIbL 3
MOCPEACTBOM yIAJEHUA HEKOTOPOUW BepuIuHBL. [[BE CXEMBI ¢ OTPUIATEIbLHBI-
MU ONIPENEeNUTENIMU, KOTOPBIE MOHATOOATCA HaM Yy Th MO3XKe, IPUBEIEHBI HA,
puc. b.

o0—c===—0> =—0—0—0

Puc. 5.

OnPEAENEHUE. Cxema KokcTepa HA3BIBAETCA 344UNMUUECKOT, €CIA OHA
ABIAETCA CXeMOU MHOrorpanuuka Kokcrepa B cdhepuvdeckoM MpOCTPAHCTBE,
7 napadosuneckot, ecim OHA ABIAETCA CXeMOW MHOrorpanamka Kokcrepa B
€BKJIUIOBOM IIPOCTPAHCTBE.

W3 pesyabTaToB maparpados 1 u 2 cregyeT, ITO CBA3HAA CXeMa, ABIAETCI
DIIUIITUIECKON TOTA W TOJILKO TOTA, KOTIA OHA TOJOXUTEILHO OMPeaeTcH-
Ha, U MapabOIMYeCKON TOTAa W TOJBLKO TOTAA, KOUAa OHA BBIPOXKAEHHA, A
a06aa €€ co6CTBEeHHAA MOACXEMa TOJOXUTENbHO OMpEaeTEeHHA.

Herpyano ybequThcsa, ITO BCe CXeMBI U3 TAOMUILI 2 ABIAIOTCA DIIANTHU-
9eCKUMU, a M3 TAaOIuIb 3 — mapaboandeckumu. s >TOro JOCTATOYHO MPO-
BEpUTH, ITO BCe MX COOCTBEHHBIE MOACXeMbI comepxkarcsa B Tabaume 2. Kak
CIEICTBUE 3aMETHUM, UTO HUXHUU UHIEKC B OGO3HAUEHUU JIOOOU CXEMBI W3
Tabaur; 2 1 3 paBeH e€ paHry.

B cmemyromem maparpade MbI TOKaX)eM, ITO BCE CBI3HBIC DJUIAMITHUYIE-
CK7e 1 mapaboandecKue CXeMbl NCIePILIBAIOTCA IPUBEIEHHBIMY B TAOIUIAX 2
u 3. Tem cambiM, 6ymeT MOTydYeHA MOJHASA KIACCUMPUKAINA MHOTOI'DAHHUKOB
Kokcrepa B S™ u E".

Ham momanobutca BcnoMoraTeabHOEe YTBEpXKACHUE U3 TEOPUU MATPHII.

JIEMMA 4. ITycmo xsadpamuas mampuyae M = (a;j) nopadka n > 2 ydo-
BACMBOPAET, CACOYIOUUM YCAOBUAM:

> 8HE JUAZOHAAU CTNOAT HENOAOHCUMEADHBLE yucaa,
> HYAU CTNOAM CUMMEMPUUYHO OMHOCUMEALHO é‘uaaoua.xzu;

> 8ce cobcmeenmnble 2408HbLE MUHOPLL NOAOHCUINEADHDL.

Toeda aﬂaeépauuecwue donoanenus Ko cem eé HEHYAEBDIM IAEMEHMAM TO-
AOHCUM EAbHDI.

JOKA3ATEJILCTBO. YTBepXIeHUE JeMMBI TOCTATOYHO IPOBEPUTEL TOIb-
KO I anre6pandecKux JOMOMHEHNY K HeUATOHATLHBIM DIEMEHTAM, TOCKOIhb-
Ky anrebpanmdeckue AOMOJHEHUA K JUATOHAJBHBIM DIEMEHTAM ABIAIOTCA TVIaB-
HBIMZ MWHOPAMU, 8 OHU MOJOXWUTEIbHEI 10 yCJIOBUIO. Kpome Toro, 3ameTrum,
9TO IWATOHAJBHBIE DIeMEHTHI MATPUILL M MOMOXUTETHHBI IO YCIOBUIO, TaK
KAaK ABIAIOTCA IVIABHBIMU MUHODAMU MOPAIKa, 1.
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Tabua. 2. Cpasable samunTudeckne cxembl Kokcrepa
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Ta6a. 3. Csasaple napaboauieckue cxembl Kokcrepa
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[lokazaTeasCcTBO OyneM BECTH WHAYKIWER 1Mo n. [IpoBepka MCTUHHOCTH
YTBEPXKIEHUA M N = 2 HEe NPEACTABIACT TPYIA.

[MycTes Teneps ans maTpun mopagka n — 1 semma gokasana. PaccMoTpum
marpuny M = (a;;) mopagka n. AnreGpamdeckoe pomonHeHume A;; K He-
AMArOHAJILHOMY DJIEMEHTY G;; (6€3 orpaHmYeHusA OOIIHOCTH MOXHO CYATATh,
9T0 | < j) PABHO MUHOPY, MOTYy9IaEMOMY BBIIEDKUBAHWEM i-U CTPOKHU W j-T'O
croabia, ymEOXeHHOMY Ha (—1)"1/. BBHIYECIEM >TOT MEHHOD pasloXeHWEeM
1o 4-My CTOJOIy. Bee BIeMeHTHI 5TOro CTOAOIA HEMOMOKUATEIBHBL (IOCKOIb-
KY €IVWHCTBEHHBIN TIOJOXUTETLHBIA €r0 DIEMEHT ;i BBIMEPKHYT), TPUIEM IO
KpalHe} Mepe OJUH dIeMeHT aj; CTPOro oTpumaTeneH. Anrebpamdeckme 10-
HOMHEHUA K DTUM DIEMEHTaM C TOYHOCTbIO 10 MHOXuUTens (—1)/~" cosma-
AI0T C arreOpamIecKuMu JOTMOTHEHUAMEA K dnaemeaTaMm (j — 1)-ro croabma
TTOAMATPUIILI, ITOJYIAEMON BBEIYEPKUBAHUEM {-BIX CTPOKU M CTOAOmA. A >Tm
aIrebpanvIecKue MOMOJHEHUA TOJTOXUATENbHBL IO MPENTOJOKEHAI0 UHIYKITUH.
Mockorsky mpousseserme muoxuTeren (—1)+ m (—1)7~¢ papmo egmmmme,
paccMaTpuBaeMoe aarebpamdecKoe NOIOIHeHne A;; MOM0KUTEILHO.

3AMEYAHUE 1. B ycaoBuum mHe TpeGyercs, 9TOOBI OIPEeIATENb BCEH Ma-
TpUIBI OBLT MOTOXUTENEH.

3AMEYAHUE 2. Eciu MaTpuiia HEBHIPOX JEHHA, TO YTBEpXJEHNE TeOope-
MBI MOXHO ITepedOpMyIupoBaTh TaK: BCE DIEMEHTHI 06PATHON MATPUIIHI MMe-
0T OJWHAKOBBIM 3HAK (TAKOU XKe, KAK Y €6 OIPEIeTuTeN).

HazoBéMm omepanuio yMeHBIIEHUA KPATHOCTH J0O0T0 pebpa cxembl Kok-
crepa (B 9aCTHOCTH, CTHpaHUE Pe6pa), & TAKKE KOMIIO3UINIO TAKUX OMEPAIIAN
YNPOWEHUEM CTEMYL.

TEOPEMA 3. IIpu ynpowernut napabosuueckas ual dA4UNMuUeckas cre-
ma Koxemepa nepexodum 8 344unmuueckyio.

HOKA3ATEJABCTBO. [Ipu ynpomenwun cxemsr Kokcrepa B marpume ['pa-
Ma, MEHAETCA Tapa DIEMEHTOB, CUMMETPUYIHBIX OTHOCUTEIHLHO NIABHOU TUA-
roHAMM (OHM YMEHBIIAIOTCA IO MOAYJII, OCTABAACH HEMOJOXUTEILHBIMN).
BoiacHuM, 9TO TPOMCXOAUT MPHU 3TOM C VMIABHBIMU MUHOPAMU MATpUIsl ['pa-
ma. Paccmorpum Takon mMunOp Kak dyHkumio f(gj,gj;) OT OBYyX HepeMeH-
HBIX — CAMMETPHUYHBIX MATPUIHBIX DJIEMEHTOB, CIUTAA BCE OCTAILHBIE De-
MEHTHI KOHCTAHTaAMU. ByleM M3MeHATH 3HAYMEHUsA MEPEMEHHBIX M0 OYepe[u,
BPEMEHHO 3a0bIB, 9TO OHM JOMXHBI OBITH 00A3ATEIHLHO PABHBI MEXIY COOOMU.
Pasnoxus onpegerurens mo j-My (i-My) cTOAGIy, moLydaeM, 9T0 GyHKIUI f
ABJISAETCSA JUHEVHOU IO IEePBOU (BTOPOU) MEPEMEHHOU, MPUIEM KOd(pdunmeHT
JMHEWHOUN 3aBUCAMOCTY PABEH AIreOpanIecKOMy MOMOJHEHWIO K COOTBETCTBY-
IOIEMy MATPAIHOMY DIEMEHTY, a OH 1o JeMMme 4 nonoxurenen (Tpebyer 060-
CHOBAHUA TO, ITO IPU PACCMATPUBAEMOM W3MEHEHUN MATPUIHBIX HJIEMEHTOB
COXPAHACTCS MOCIETHEE YCIOBAE DTOU JEMMBI; [[JI 3TOr0, (POPMAIBLHO T'OBOPA,
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HYXHO IPUMEHATH HHAYKIWIO). 3HAIUT, GYHKIUA [ MOHOTOHHO BO3PACTAET
10 06enM epeMeHHBIM B 061aCTH OTPUIATENbHBIX ducel. [ToaTtomy dyHKIUISA
omuou nepemennon d(x) = f(x, ) Takke MOHOTOHHO BO3PACTAET B 00JACTH
z < 0. U3 menpepwiBHOCTU (pyHKIMU d ClaegyeT, ITO 3aMbikanue © < 0 oT-
KpBITOro ay4a ¢ < () Takxke ABIIeTCA €€ 06JaCTHI0O MOHOTOHHOCTH.

IIpm ymporennu cxeMbl BCe TVIABHBIE MUHOPHI €€ MaTpuibl ['pamMa auH0
HE M3MEHAITCA (€CaM MUHOD HE CONEPXKUT CTPOKHU W CTOAOIA, COMEPKAIIMX
M3MEHEHHBIN MATPATHBIN DIEMEHT ), TH00 YBEIUINBAIOTCA (B TPOTUBHOM CJIy-
4ae). [lockonabKy BCe OHU OBLIU TOMOXUTEIBHBIME, TO MOJIOKUTEILHBIMA U
ocratorcsa. Ompegeaurens Bcen MaTpuubl ['pama (KOTOPBIM A0 YHOPOIIEHUA
ObLT HEOTPUIATENBHBIM) CTPOT0 YBEIUINBACTCA (TIOCKONBKY 00A3aTENBHO CO-
JIEePXKUT M3MEHEHHBIM MATDPUYHBIU DIEMEHT), 3HAYUT, CTAHOBUTCS MOMOXKU-
TenbHBIM. ClIeJOBATEIBLHO, CXeMa CTAHOBUTCA SJLIUTTUYIECKON.

4. KJIACCUDPUKAILIUS EBKJIAJOBBIX U COEPUYECKUX
MHOT'OI'PAHHUKOB KOKCTEPA

TEOPEMA 4. Bce sasunmuueckue c8a3nbie cremvl Kokcmepa ucuepnbi-
8a10OMCA NPusedénnbimy 8 mabauye 2. Bee napabosuueckue C6A3HbIE CTEMbl
Kokxemepa ucuepnvigatomces npusedénnbimy 6 mabauye 3.

[IOKA3ATEJLCTBO. Bymnem mommzoBaThcsa Teopemon 3. [lokaxem, 9TO
KaXIyI0 CBA3HYIO CXEMY, HE COAEPXKAIIYIOCA B Tabaumax 2 u 3, MOXHO yIIpoO-
CTUTH TaK, 9YTOOBI OHA (MU OJHA U3 €6 CBA3HBIX KOMIIOHEHT) OKA3aJIaCh CPean
NPUBEIEHHBIX B TAOAAIE 3 WK HA PUC. D.

Urak, mycTh MBI ©M€EM CBA3HYIO DUIANTUICCKYIO WM MAPAOOIHIECKYIO
cxemy S. [Ipeamonoxum, 9T0 OHA HE COMEPKUTCA B Tabaumax 2 u 3.

Ecau S cogepXxuT muki, TO MOXKHO CTepeThb Bce pEGpa, He BXOIAIINE B He-
ro, a KpaTHOCTH OCTABIIMXCA pebep yMeHbIUTh 10 eguHubl. [lorywum mapa-
6ommeckyio cxemy A, (#, GBITH MOXET, HECKOJIBKO M30JIUPOBAHHBIX BEPIIIVH).
SHAMUT, BCE OCTAJbHBIE HIIANTUIECKUE U MAPAOOIAICCKAE CXEMbBI ABIAIOTCA
EPEBbAMU.

Ecm cxema S cofepXuT IO KparHen Mepe ABe 0COOCHHOCTH, TO €€ MOXHO
YIOPOCTUTL MO OnHOU u3 mapabomudeckux cxem D, C, wiu B,. Ilag sToro
HYXKHO BHAMAJe CTepeTh Bce pebpa, KpoMme yIacTBYIOMUX B ABYX OCOOEHHO-
CTAX U B COEIUHAIONEM WX MyTH. A 3aTeM yIPOCTUTH OCOOEHHOCTH U COEIU-
HAIOIYA WX MYThb, CASIAB UX MPOCTHIMHU.

OcTanock pacCMOTPeTh CXeMBI ¢ He Gosee, IeM OJHOU 0COOEHHOCTBIO: JIU-
HeMHBIE CXEMEI, coaepxkainnue He 6olee 0QHOr0 KPATHOI'O pedpa, U CXeMbl 6e3
KPATHBIX PEGED C eMUHCTBEHHBIM Y3J0M.

Ecau S cogepxut pebpo kpaTtaHocTu > 4, TO >TUM pe6pPOM BCSI CXEMA WC-
YEPIBIBATHLCA HE MOXET, MIOCKOJIBKY TOTAa S ObLIa, OBI DA THIECKON CXEMOU
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Ggm) WK TApabOITIECKON CXEMOT gl. Ho Torga cxemy S MOXHO yIpOCTUTH
0 apabOIMIeCKON CXEMbI 62.

Ecau S nunenna u comepxut peGpo KpaTHOCTH 3, TO (yIUTHIBadL, 9TO S
HE COBHAMAET C dmmmnTuaeckumu cxemamu Hy u Hy) ona mu6o asageTcs, mmbo
YIPOLAETCA 0 OTHOU W3 CXeM, W300paKEHHBIX HA PUC. D.

Ecmn S nmuerna m cogepxuT ogHO ABOMHOE pe6po, TO, € yIETOM TOTO,
9TO OHA He cOoBMamaeT ¢ By, Fy nau H4, eé MOXHO ympocTuTh 10 Hy.

Hakonen, S #He mMoxeT ObITh JMHEUMHOU CXeMOU 0e3 KpaTHBIX pébep, Io-
CKOJBKY BCE TaKWe CXeMBI A, ABIAIOTCA DITATTAYCCKAME.

Temepsb ycTh S — cXeMa, ¢ eIMHCTBEHHOU 0COOEHHOCTHI0O — y3aoM. Ecaun
ero cTemeHb > 4, TO COTPEM Bce pebpa, KpoMme BBIXOAANIAX W3 y3Ja, a 3a-
TeM U3 OCTaBUINXCA COTPEM Bce, KpoMme deThIpex. [lomyunm mapabonmieckyro
cxemy Dy.

Temepsb ycTh eqUHCTBEHHAA 0COOEHHOCTE CXeMbl S — mpocTon y3enr. Ta-
Kyl cxemy Ha30BéM T-obpasuou. OHa XapaKTepusyeTcs IIUHOU TPEX «OT-
POCTKOB», OTXOIAMMUX OT y3aa. [lyCcTh UX NIMHBI 06Pa3yIOT TPOUKY FTUCET G,
b, ¢, KOTOPYIO MBI OyeM CauTaTh yrnopsagodeHuon: ¢ < b < c¢. Ecam a > 2, To
CXeMy MOXHO yIPOCTUTB JO TapabOIMIecKOu CXeMBI Eﬁ, ecm g = 1, b > 3,
To — 10 cxembl F7. Ecm a = 1, b = 2, To ¢ > 6 (B mpoTuBHOM caydae OHA
coBmaga GbI OO0 C OMHOUW W3 HIIUNTUYECKUX cxeM S = Fg, Fy, Eg, mu6o ¢
mapaGoITIECKON CXEMOU Eg), 7 Torjga S MOXHO YyIPOCTHUTH [0 Eg. Haxomerr,
ecm ¢ =b=1, To S = D, — spmunrudeckas cxema.

5. 'MOIEPBOJIMYECKUE MHOTOIPAHHUKN KOKCTEPA

[Mepenmgém kK pacCMOTpPEHUIO MHOTOrPaHHUKOB KOKCTEpa B IPOCTPAHCTBAX
Jlo6axesckoro. [l Hawaga OnpemseanM MOIeIb IPOCTPAHCTBA JIo0arieBCKOro,
KOTOpYIO OyAeM HCIOIb30BaTh. PaccMorpuMm mas sToro (n + 1)-mMepHOoe Bek-
TopHOe mpocTpaHcTBO E™!, cHAGKEHHOE ICeBOCKATAPHLIM IIPOU3BECHACM
curaTypst (n, 1):

(z,2) = —x5 + o] + 25 + - + a7 (3)

Torga n-mepubiM npocTpancTBoM JlobadeBckoro L™ HA3BIBAETCI MHOXECTBO
BEKTOPOB = € E™! | yI0BICTBOPAIOMIX YCIOBHAM

(x,z) =—1, x5>0.

B Takou momenm L™ mpencraBiageT co6OU ONHY U3 ABYX CBA3HBIX KOMIIO-
HEHT [BYMOJOCTHOTO TUMEpHOMONIA, TTOPTOMY OHA HABBIBAETCA MOJEAbIO MG
2unepboaoude. Ecau cipoekTpoBaTh runepOomon ] n3 Hadaaa KOOPIUHAT Ha,
TUMEPIUIOCKOCTL Ty = 1, TO ero o6pa3zoM OyJeT BHYTPEHHOCTH N-MEPHOrO
AVHUTHOTO IMAPa; TIPU 3TOM TOAydaeTca modeab Kaetlina mpocTpaucTsa Jlo-
6a9eBCKOTO.
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[TonympocrpaucTBamu B L™ ABIAIOTCA MHOXECTBA Te€X BEKTOPOB & € L™,
KOTODPBIE yAOBIETBOPAIOT ycaoBmio (e,z) < 0 ama HEKOTOPOro BEKTOpPa
e € E™! Takoro, uto (e,e) > 0 (B obbemmomeM npocTpascTse E™! muO-
xecTBO {7 : (e,z) < 0} ABIgETCA MOXYIPOCTPAHCTBOM, a ycaosue (e,e) > 0
O3HAYAET, ITO €ro TPAHUIA MepeceKaeTca ¢ runepbomongom). [lo aramorun
C €BKJUJOBBIM U C(PEPUUECKUM CIydaaMuU BEKTODP e OyJaeM Ha3bIBATbL HOPMa-
Ab10 K noaynpocmpancmay. HopMaiasb K 3aJaHHOMY MOJIYIPOCTPAHCTBY OMpe-
IeJIAeTCA ¢ TOIHOCTBIO 10 YMHOXEHUA Ha MOMOXUTEIbHYI KoHCTaHTy. [lna
ynobcTBa GyaeM cauTaTh €€ wopmuposannot, T.e. (e,e) = 1. Tormga HOpMath
OTIPENEIAETCA TI0 MOLYIPOCTPAHCTBY OTHO3HATHO.

OmnpegeneHns BBLIIYKJIONO MHOTOIDAHHUKA B L™ W €ro rpaHed IOCJIOBHO
MOBTOPSAIOT COOTBETCTBYIOIINE OMPENENCHUA A1 €BKINA0BA U CHEPAIECKOrO
ciyuae. Kak m B oTUX CIydasx, MHOTOTDAHHUK 3agaéTca marpuien ['pa-
Ma CBOEH CHCTEMBI HOpMaJen. AHAJIOrMYHO eBKANAOBY ciaydaio (maparpad 1),
MaTpuna I'pama rumnepOboIrmIecKoro MEHOTOIPDAHHUKA, JOMKHA YIOBICTBOPATE
yciaoBuAM CUMMETPUIHOCTU U HOPMHUPOBAHHOCTH. yCJIOBI/Ie HOJIO)KI/ITGJII)HOEI
OIPENeNEHHOCTH 3aMEHAETCA YCJIOBMEM: CUTHATYDA MaTpuibl pasHa (n,1).

MHOTOrpAHHUK HA3BBIBAETCA HEBLIPOHCOCHHbIM, €CIA €r0 CACTEMa HOPMa-
Jel mopoxJaeT Bcé mpocTpancTBo E™!. Cucrema HOpMalIe# Ii060T0 BHIPO-
XK IEHHOI'0 MHOTOTPAHHUKA, ABIAECTCA TAKXE CUCTEMOU HOPMAJIEN HEKOTOPO-
I'0 HEBLIPOXK JEHHOTIO MHOT'OTPAHHUKA MEHbBIIE PA3MEPHOCTHU B IPOCTPAHCTBE
JI06aeBCKOr0, eBKIUIOBOM WK CHEePUIECKOM (B 3aBUCUMOCTH OT CUTHATYPHI
eé maTpuusl ['pama).

Ecau e; u eg — wopmanu kx moxympocrpauacream 11 u Ils, To B3ammmuOE
PACIIONOXEHUE TOLYIPOCTPAHCTB ONPENeIAeTCA CASAYIOIMAM 00pa3oM.

> Ecanm |(e1,e2)| > 1, TO rpaHAOBI MOIYIPOCTPAHCTB PACXOAATCA, IPUIEM
PACCTOAHTE p MEXIy HUMH 3aJaéTCa (hopMyIoin

chp =|(e1,e2)]-
> Ecanm |(e1,e2)| = 1, To rpaHuubl HOIyIPOCTPAHCTE NAPALIEILHEL.

> Ecim xe |(e1,e2)] < 1, TO rpaHUIBI HOIYIPOCTPAHCTB MEPECEKAIOTCA,
OpUYIEM YIOT ¢ MEXIy TOTyIPOCTPAHCTBAME 3a4a6TCA TOM Xe, 9TO U B
eBKJIMOBOM CIy4ae, (popMyJIon

cos o = (e1,e2).

B mepBBIX ABYX CIydasix, eCAM PACCMATPUABAEMOE CKAIAPHOE IIPOU3BEICHIE
OTPHUIATENLHO, TO OJHO W3 MOIYIPOCTPAHCTB COAEPKUT apyroe (puc. 6a), a
€CJIM TIOJOKUTENHHO, TO MOTYyTIPOCTPAHCTBA 00 He mepecekaioTcs (puc. 66),
160 B 00BequHEEeHNM 06Pa3yI0T BCE TPOCTPAHCTBO (puc. 68). /11 momapHO-
O B3aMMHOI'0 PACIOIOXEHHUA TOAYIPOCTPAHCTB, OMPENEIAIONINX BhILYKJILII
MHOT'OTDAHHWK, BO3MOXEH TONBKO CIy9Iad B).
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6)

Puc. 6.

YnomuuaBmaica B nmaparpade 2 TeopeMma AHApeeBa OCTAETCA CIpPaBE[-
JUBOU B CIefyiolien (popMyIUpPOBKe. ['MIEPILIOCKOCTH HECMEXHBLIX IpaHen
OCTPOYTOIBHOI'O MHOTOIDAHHUKA HE MEPECeKaloTCsa (mapalelbHbl WIN Pac-
xoaaTca). Bomee Toro, BepHO G0J€€ CHIBHOE yTBEpXAeHUE. KCam HECKOTBKO
CUIEPILIOCKOCTEN I'PAHEl MMePECeKAIoTCA MO k-MEPHOU IIOCKOCTH, TO COOT-
BETCTBYIOIIAE TPAHU MEPECEKATCA Mo k-MepHOUW rpanu. WHbIMEU caoBamu,
HEMyCTOE TMEPECEYEHNE TUNEPTUIOCKOCTEN TPAHEN BCErJa ABIACTCA TLIOCKO-
CTBI0O HEKOTOPOU T'PAHMU.

Cremvr Koxcmepa 2unepboiusueckus Muo202paHuuKkos OTPEeReITIOTCA TaK
XK€, KaK M €BKJINIOBBIX, C OMHUM JUIITHb NOIIOJJHECHUEM. ECJII/I TUIIEPILIOCKOCTH!
FpaHeﬁ MHOT'OT'DaHHUKA PAaCXogATCsAa, TO COOTBETCTBYIONIME BECPUINHBI CXEMBI
COEIMHAIOTCA TYHKTUPHBIM PEOPOM.

OnpPEAEJNEHUE. Cxema Kokcrepa HaswbBaeTca 2unepboauueckoli, ecin
OHA, ABIAETCA CXEMON HEBBIPDOXIEHHOI'0O MHOrOrpaHHMKa KokcTepa B Ipo-
crpancTse Jlo6adeBcKOro.

Cxema Kokcrepa saBmgerca rumepOOIMYeCKOM TOTAa W TOJABKO TOTIA,
Korja eé curaatypa pasHa (n,1). YToOBI 3aJaTh MHOTOMDAHHUK IIO CXEMeE
Koxkcrepa, HyXHO, KAK ¥ B €BKIUAOBOM U CHEPUIECKOM CIYIaIX, IOCTPOUTH
CHCTEMY BEKTOPOB C COOTBETCTBYyIOIIen Mmarpuren ['pama, a 3arem — cu-
CTeMy MOMYIPOCTPAHCTB, 33JaBAEMBIX STUMHU BeKTOopamu. llepeceuerue sTux
MOMYIPOCTPAHCTB U OyAeT ABIATHCA WCKOMBIM MHOTOrpanaukoMm. O mHAako,
I OOOCHOBAHUA 3TOU KOHCTPYKIIMU HYXHO NOKA3aTh: BO-TIEPBLIX, 9TO DTO
repecedenne COAEPKUT HEMYCTOe OTKPBLITOE MHOXECTBO, U BO-BTOPBIX, UTO
KaX[0oe U3 MOCTPOEHHBIX MOJIYIPOCTPAHCTB ABIACTCA OMPEEIAIONUM I
MHOTOTPpAHHUKA,. MBI OIyCKAaeM DTH NOKA3aTEILCTBA, X MOXHO HAUTHU B Pa-
6ore [4].

B oTauvme ot eBkan0Ba U chEPUIECKOTO CIYIaeB TUIEPOOTHIECKTE MHO-
rorpanarku KokcTepa MOTyT MMETh AOCTATOYHO CJIOXKHOE KOMOWHATOPHOE
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crpoerre. OcTpoyroabHBIe cucTeMbl B E™! MoryT cogepxaTh gaxe Gecko-
HEYIHO MHOT'O BEKTOPOB, IIO3TOMY I‘I/IHep6OJII/I‘IeCKI/Ie OCTPOYTOJBbHBIE MHOT'O-
rpaHHVWKH (B 9aCTHOCTHU, MHOrOrpanHuKE KokcTepa) MoryT umMeTsh 6eCKOHe -
HOE 9YUCJIO IpaHed (Takue MHOTOTDAHHUKU HA3BIBAIOTCA Oeckoneunbimu). Mol
Xe, KaK U yCJIOBUINCH B maparpade 1, orpaHrnYIMMCa pacCMOTPEHUEM TOIBKO
KOHEYIHBIX MHOT'OT'DAHHUKOB.

[Ipencrasiser uaTEpec KIacCuPUKAINA OrPAHTIEHHBIX MHOTOTPAHHUKOB
(ABIAIOMIUXCS BBITYKJION OGOJOYKON KOHEIHOT'O YHMCIA TOYEK) wid, 6omee 06-
[0, MHOT'OTPDAHHUKOB KOHEYHOTO O0BEMa (ABIAIOIMIMXCA BBITYKIOH 000M0Y-
HOU KOHEYHOT'O 9UUCJIA TOYEK, IaCTh KOTOPBIX MOXET JeXKATh Ha a0COII0TE).
[TpoBepka TOro, ABIAETCA JU MHOTOTPDAHHUK OTPAHUYIEHHBIM WIN KOHETHOT'O
06BEMa, CBOJIUTCA, TEM CAMBIM, K ONPEIEICHUI0 ero KOMOMHATOPHOrO THIIA
(mampuMep, TOCTATOTHO MPOBEPUTD, ITO JIOO0E €ro Pe6pPO COMEPKUAT B TOU-
HOCTY [[B€ BEPIIUHBI), & KOMOMHATOPHBIA THUI MHOT'OCDAHHUKA, B CBOKO Ode-
pennb, MoxeT OLITH onpenereH mo cxeme Kokcrepa.

[lenicTBUTENBHO, AIA OMpeIeNeHnss KOMOMHATOPHOTO TUIIA, HYXHO YMETh
BBIACHATHL A KAXJOTO0 HAOOpa TpaHel CTApIIed Pa3MEPHOCTH, SABIAECTCA
JU WX TepecedeHre T'PaHbI0 MHOTOTpPAHHUKA. A BTO, B CBOIO oYepenb,
(cormacro Teopeme AHapeeBa) PaAaBHOCHIBHO TOMY, UTO THIEPILIOCKOCTH CO-
OTBETCTBYIOIUX T'PAHEN MEPECEKAITCA MO0 HEKOTOpou miockoctu B L". Ka-
XKIad TUNEPIVIOCKOCTh €CTh OPTOTOHAJBLHOE MOMOMHEHWE K CBOEU HOPMAJM,
a UX MepecedeHne — OPTOTOHAJILHOE AOMOTHEHWE K MOAIPOCTPAHCTBY, IO-
POXJAEHHOMY STUMHU HOPMAJAMU. JTO OPTOCOHAIBHOE [TOMOTHEHWE Iepece-
KaeT TUnepOoOIOn] TOTAA W TOJILKO TOTAA, KOTA OTPDAHWYEHUE 3aJaf0len
TICeB JOCKAIAPHOE Mpou3BefeHne B mpocTpaHcTse E™! kBagparwanon dhop-
MBI (3) Ha HErO ABIAETCA HEONPENENEHHBIM. A DTO yCIOBHE DABHOCUILHO
TOMY, ITO OTPAHUYEHUE KBAIPATUIHON (POPMBI HA MOATPOCTPAHCTBO, TOPO-
XK JI6HHOE CUCTEMOU HOPMAJEH, ABIAETCA MOMOKUTEIBHO ONPEAeNSHHBIM (er-
CTBUTEIBHO, CUTHATyPa (POPMBI COAEPXKUAT TOIBKO OAMH MUHYC, IO3TOMY He-
OTMPEeeaCHHOCTE (POPMBI HA HEKOTOPOM MOANPOCTPAHCTBE PABHOCUIBHA €€
HOMOXUTEIHHON OMPENeIEHHOCTH Ha OPTOTOHAJIBLHOM JONOJMHEHWH). SHAMUT,
k-MEpHBIM T'DAaHAM OCTPOYTOJBHOTO MHOTOTPAHHWKA COOTBETCTBYIOT IIOJO-
XKUTEIHLHO OMpeNeJCHHBIE MOAMATPUIbl ['pama panra k, a Takume MaTPUIBI
ABIAIOTCA MATPUIAME 1'paMa OCTPOYrOIbHEIX MHOTOIpAHHHKOB B SF. T.e.
CUMILIEKCOB. [109TOMY OKPECTHOCTS MI000U BEPUINHBI YCTPOEHA, KAK OKPECT-
HOCTBH BEPHINMHBI CHUMILICKCA. B “TaCTHOCTHU, OCTPOYTOJbHBIE MHOT'OI'DAaHHU-
KU SBIAIOTCA NPOCMbIMY — U3 JIOOOU WX BEPIIUHBI BLIXOAAT B TOYHOCTHU
n pebdep.

Awnamoruvso, eciu HAGOp rpaHEN OCTPOYTOJIBLHONO MHOTOI'DAHHUKA, 00pa-
3yeT B IIePECEeYeHNN BEPIINHY HA abCOMI0TE, TO COOTBETCTBYIOMAA 110 IMATPH-
1a ['paMa OMOXUTETHHO TONyonpeaeacHHa. [[03ToMy OKPEeCTHOCTD BEPIIWHEI
Ha a0COMI0TE OCTPOYTOABHOrO MHOrOrpananka Kokcrepa KoHEIHOro 06BbeMa
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KOMOMHATOPHO YCTPOEHA KAK BEPIIMHA TUPAMUILI HAJ €BKIUJOBBIM OCTPO-
YrOMbHBIM MHOTOT'DAHHUKOM — HIPOU3BEACHUEM CUMIIICKCOB.

TakuMm 06pa3zom, KOMOMHATOPHOE CTpPOeHWEe TUnepOHOJUIECKOr0 MHOTO-
rpamauka B L" ompenensercsa mo cxeme Kokcrepa creaymooumMm 06pa3oM.
OILIUNTHYECKHE TIOACXEMBI PAHTA, HAXOAATCA BO B3AUMHO OJHO3HATHOM COOT-
BeTcTBUE C (N —k)-MEPHBIME rPaHAME (B YACTHOCTY, BEPITXTHAM COOTBETCTBY-
0T DIUIUNTAYECKHE IOACXEMBI DAHTa 7). Bepumubl Ha a6COMI0Te HAXOAATCA BO
B3aUMHO OJHO3HAYHOM COOTBETCTBHUU C TMAPAGOIMIECKUMU MOACXEMAMU PAaH-
ra n.

CBa3b CTPOEHUA OKPECTHOCTEN BEPIIMH TUIEPOOTMIECKOTO OCTPOYTOMb-
HOT'O MHOT'OT'PDAHHUKA CO CTPOEHUEM C(PEPUIECKUX U eBKJIUJOBBIX MHOTOPAH-
HUKOB MOXET TaKXe 6I)ITI) OPOMIITIOCTPUPOBaAHA Ha OCHOBE T'€eOMETPUICCKUX
coobpaxenuu. OnuimeM MaleHBKYIO cdepy BOKPYT BEPIIUHBI TUNEPOOJIU-
eCKOT0 MHOTOIpaHHWKA. VM3BecTHO, uTo cdepa B L™ msomerpumama S”7!.
[TosToMy BBICEKaEMBIA HA 3TOU Chepe MHOTOTPAHHUK OyIeT ABIATHCA Cde-
PUIECKNM MHOT'OI'DaHHUKOM TOI'O Xe€ KOM6I/IH3,TOPHOFO THUIIa 1 C TEMHU XK€
IBYTDAHHBIMEA YIVIAMEU. AHAJOTUYIHO, OMUCAB BOKPYT BEPIIMHBI MUIEpGOIA-
YECKOT'0 MHOTOTDAHHWKA, JEXKAIIEH Ha abCOTIoTe, MAJICHLKYIO Opucdepy
(koTOpas m3omeTpuIHA Enfl), MBI TIOJTYYWM €BKJIWJI0B MHOT'OTDAHHUK, KOM-
OWHATOPHLIA THUI U ABYTPAHHBIE YIVIBI KOTOPOTO COBMATAIOT ¢ KOMOMHATOD-
HBIM THUNOM U ABYTPAHHBIME YTUIAMHU OKPECTHOCTY BEpIUIUHBI TUepboante-
CKOT'0 MHOT'OT'DAHHUKA.

[ns cymecTBoBanusa k-yroasauka Kokcrepa Ha miockoctu JlobadeBckoro
HEOOXOAUMO M JOCTATOYHO, YTOOBI CyMMa ero yriaos Obuta Menbine 7(k — 2).
[Ipu BBIMOMHEHWM STOrO YCJAOBUA CYIIECTBYeT OECKOHEYHO MHOTO MHOT'O-
YT'OTBHUKOB KOKCTepa C 3a1aHHBIM Ha60pOM yraosB. Bce TaKe MHOT'OYT'OJIb-
HUKYW MOTYT OBITH TapaMeTpU30BaHBI k — 3 HEIPEpPBIBHLIMU MapPAMETPAMU.
IJTO MOXHO MOSCHUTDH CACAYIOMIAM PACCYXACHUEM, KOTOPOEe HETPYIHO NOBe-
CTH [0 CTpOroro maokasarenscrBa. Marpuna 'pama k-yroabrumka 3amaércs
k(k — 1)/2 mapamerpamMu — MaTpudIHBIMEU diaeMeHTamu. U3 Hux k mapame-
TPOB ONPEAEIAIOT YIIBI MHOTOYTOJIBHAKA, a OCTAIbHBIE — PACCTOIHUAA MEX-
Iy HECMEXHBIMU CTOPOHAMHU (WJIW WX MPONOTKEHWAMH). YCJIOBHUE, ITO PAHT
marpunst ['pama pasen 3, nakaagssaer (K — 2)(k — 3)/2 cooTHOmenun Ha
5T mapamMeTpbl. VX MOXHO 3aJaTh HANPUMED TAaK: BCE MHUHOPHI MOPAIKA
4, OKaUMIIAIOIINE HEKOTOPHIA (PUKCUPOBAHHBIN HEHYJIEBOU MUHOP TOPAIKA 3,
paBHbl Hymo. [losToMmy B obmem ciydae mmeerca 2k — 3 cBOGOAHBIX mapa-
MeTpa; MpU 3aJaHHBIX k yriax y Hac ocTaéTcsa emé k — 3 cBOOOAHBIX Tapa-
MeTpa.

B cayiae TpéxMepHBIX OrPAHUYEHHBIX MPOCTHIX MHOT'OIPAHHUKOB (PUKCH-
POBaHHOT'O KOMOMHATOPHOT'O THUIA KOJIUYECTBO CBOOOTHBIX APAMETPOB PaB-
HO KOJIMYECTBY pé6Gep. DTO MOXKHO NOKA3ATH, UCIOIL3YS HOPMYIy DUIEpa.
EcrecTBeHHo mpeamnoioxuTh, UTO 3aJaHWE NBYTPAHHBIX YTJIOB OJHO3HATHO
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Tabua. 4.

omnpeneasaeT MHOT'O'DAHHUK. ,D;JI}I Cay4dasd OCTPOYI'OJBHBIX MHOTI'OT'DAHHUKOB
TaKOe MPEATNONIOKEHNE OKA3BIBAETCA BEPHBIM; 3T0 ObL10 nokaszauno K. M. Aua-
peesbM [1]. [I1a cymecTBOBaHUA OCTPOYTOMALHOIO MHOTOTPDAHHUKA 32, TAHHOTO
KOMOWHATOPHOT'O THUIIA HA €ro ABYTPAHHBIE YIVIBI HAKJIAILIBAIOTCSI OTPAHU-
YeHWs B BH/eE HEPABEHCTB, KOTODHIE IPUBEAEHBI B cTaThe [5| B HacTosAmeM
cOopHUKe.

KoaugecTBo cBOGOMHBIX MapamMeTpPOB OCPAHUYEHHOI'O MPOCTOrO MHOTO-
T'paHHUKA B mpocTpaHcTBe Jlo6adeBCKOro pazmMepHOCTH HOJIbIIE TPEX, BOOO-
e roBOpPsA, MEHBIIEC KOJIUYIECTBA €ro ABYI'DAHHBIX YTIVIOB. HOBTOMy B O6HIeM
cIydae 3aJaHue KOMOWMHATOPHOIO TUIIA W ABYI'PAHHBLIX YIVIOB TAKOT'O MHOTO-
T'PAHHUKA MPOTUBOPEYIUBHI. €M He MeHee, IPUMEPHI TAKUX MHOTOI'DAHHUKOB
Koxcrepa m3BeCTHBI, XOTA UX U AOCTATOYHO MAJO.

IlepenméM K paccMOTpeHHI0O HpEMepOB. HadHEéM ¢ OorpaHMYEHHBIX MHO-
rorpanankoB Kokcrepa. Cambie mpocThie runepOoInvdecKne MHOTOTDAHHU-
ku KokcTepa — orpanutveHHbe CUMILIEKCH — Obuin onucausr PD. Jlamaepom
[11]. Cxembr KokcTepa CUMILIEKCOB B IPOCTpaHCTBE JI06AIEBCKOrO HA3BIBA-
oTca Aanneposcrumy. OTUCAHUE JAHHEPOBCKUX CXEM SABIAETCA MOCTATOUHO
HECJIOXHOU KOMOMHATOpHOU 3anadern. OHU XapaKTEpPU3YIOTCA TeM, YTO HE
SABISIOTCA HU DIIUNTUAICCKAMY, HUA MapaboInIecKuMu, a Jaiobasd uxX co6CTBEH-
Hasdg TMOACXEeMa, DIMUNTUYHA. Hampumep, TaKOBLIMU ABIAIOTCA 006€ CXeMbI HA,
puc 5. Orpanuvenssie cuMmiiekcsl B L™ cymectsyior aumbs npu n < 4. [ox-
HBIA WX TEpeveHb npusefcH B Tabauie 4. OrpaHUYeHHBIE CUMILIUITUATHHBIE
MPU3MBI CYMIECTBYIOT B MTPOCTPAHCTBAX JI0GAMEBCKOTO pa3MEPHOCTEN He BhI-
we 5 u nepevncieHs B [8].
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Puc. 7.

Ha puc. 7 uzo6paxena cxema orpaEnvdeHHOro MmuHororpananka Kokcrepa B
JeTBHIpEXMEPHOM mpocTpaHcTBe JlobateBckoro. [lokaxem sTo. [lomoxuTens-
HBIA WHIEKC MHEPIUY CXEMbBI HE MEHBIIIE YeTHIPEX, TAK KAK BHIKUHYB BEPIITUHBI
¢ 7 d, MBI Oy MM DILIATTHIECKYIO toacxemy (a, b, e, f) panra 4 (Mbr 0603HA-
YaeM MOJACXEMY IEPEeTMCACHUEeM BXOAAMUX B Heé BepumH). OTpUIaTersHbIN
MH/IEKC WHEPIUU CXeMbl HE MEHBIIE eIWHHUIBI, MOCKOALKY moacxeMa (a,b,c)
ABIAETCA JAHHEPOBCKOU. HakoHel, camoe yIUBUTENBLHOE, 9TO €€ ONpeneiu-
Telb OKA3LIBAETCA PABHBIM HYJIO (9TO HETPYAHO BHIYUACAUTD, UCIOIb3YS JEM-
My 3), a 3HAYUAT paHr He Gomabire 5. CregoBaTeIbHO, CATHATYDA CXEMbBI DABHA
(4,1), moaromy OHa mBIZETCA cXemon MHOrorpaxumka Kokcrepa B L*.

Cxema comepXuT ABe JAHHEPOBCKHUE mojacxeMul: (a,b,c) u (d,e, f). Jler-
KO ybenuThes, 9To Jr0basd MOACXeMa, HE COAEPKAIIAA [EeTMKOM HU OJHOU U3
DTUX JAHHEPOBCKUX MOACXEM, ABIACTCA DILIUNTUIECKOU. Hecaoxubin koMbu-
HATOPHBIA TOACIET MOKA3BIBAET, ITO MHOTOTDAHHUWK CONEPRUT 6 Tpeéxmep-
HBIX U 15 nByMepHBIX rpanen, 18 pébep u 9 Bepmma. Bee TpéxmepHbie rpaHu
ABIAIOTCA TPEYTOJbHBIMUA MPU3MAMU, 8 CPEAU IBYMEPHBIX 'DAHEN MMEIOTCS
6 TPeyroILbHUKOB U 9 Y€ THIPEXYTOMLHUKOB. KOMOMHATOPHBIN TUII MHOT'OTPAH-
mnka Kokcrepa, 3a1aBaeMOro 3TOM CXeMOM, IPENCTABIAET COO0U MIPAMOE IIPO-
M3BENEHUE IBYX TPEYTOIbHUKOB. DTO CAMBIA TPOCTON OTIAUIHBIN OT CUMILICK-
Ca MHOT'OT'DAHHUK, BCE T'PAHU KOTOPOrO MOMAPHO CMEXHHI.

[Tpumepsl OrpaHUYEHHBIX MHOTOTPAHHUKOB KOKCTEpa B MPOCTPaHCTBAX
JlobadeBckoro pasmeprocTen 6, 7 u 8, HAWAEeHHBIE ABTOPOM CTATHU, IPUBEIE-
HbI Ha, puc. 8. [Tocaequuu npuMep ABIAETCA PEKOPIHBIM 0 PA3MEPHOCTH Cpe-
[ ©3BECTHBIX OT'PDAHUIEHHBIX MUIEPO0IUTeCKAX MHOTOTPAHHUKOB KokcTepa.

[Teperaém Temepsb K MpUMEpPaM HEOTPAHUUEHHBIX MHOTOTPAHHUKOB
Koxkcrepa koHEIHOTO 06BEMa. AHAIOIMYHO JAHHEPOBCKOU KIACCUDUKAIIN
MOXHO TMEPEYUCIUTL BCE CUMILIEKCH KoKcTepa KoHedHOro o0béma. Ux cxe-
Mbl KokcTepa XxapakTepusyloTcs TeM, 9TO He ABIAITCA HUA MapadoaudeCcKu-
MW, HU DIIUOTAYECKUME, 3 BCE UX COOCTBEHHBIE MOACXEMbBI ABIAIOTCA JUGO

_ . (]

Puc. 8.
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a) 6)
B)
Puc. 9.
Puc. 10.

DILTUITAYECKUME, U000 CBA3HBIME mapaboauydeckumu. OHU CYyIIECTBYIOT B
IpoCTpaHCTBaX paszMmepHocTu He Goaee 9. CxeMbl BCeX AEBATUMEPHBIX CUM-
miekcoB Kokcrepa koHedHOro 00béMa mpusegeHsl Ha puc. 9. Cummiekc, 3a-
MaBAEMBIN CXEMOU a), COAEPXKWUT OAHY BEPIIMHY Ha abComoTe, cxemon 6) —
IBe, a CXeMOU B) — TPH.

Ha pwmc. 10 nmpuBeaén npumep cXeMbl HEOT'DAHMIEHHOT'O MHOT'OT'DAHHUKA
Kokcrepa koueunoro o6séma B L7, TIpu yaateHny BePIIMHEL ¥ CXEMBI TIOIY-
JaeTca mapaboamIecKas MoACXeMa, COCTOAIAA U3 JIBYX CBA3HBIX KOMITOHEHT
Tuna Fg. DTa mogcxeMa COOTBETCTBYET BEPUINHE MHOTOTPAHHUKA, JEKAIICH
Ha abCoMI0Te, OKPECTHOCTh KOTOPOU MMEET KOMOMHATOPHBIM THUIT MPAMOTO
NpOU3BEIEHUA ABYX 8-MEpHBIX cuMILIeKCOB. Muororpanauk Kokcrepa, 3ama-
BaeMBLII PACCMATPUBAEMOM CXEMOM, MMEeT KOMOMHATOPHLIM THII IIXPAMUILI
HAJ TAKUM TPAMBIM MPOU3BENeHNEM. BepImHa v COOTBETCTBYET OCHOBAHUIO
IIpaMuIbI.

MaxkcumanbHas pa3sMepHOCTH HTpocTpancTBa Jlo6adeBCKOro, B KOTOPOM
M3BECTHO CYIIECTBOBAHNE MHOTOTpaHHUKA KoKcTepa KOHeIHOr0 06bEMa, paB-
Ha 21.

B mpoctparcTBax JIo6a1eBCKOr0 HOCTATOIHO GOJBUION PA3MEPHOCTH HE
CyIIECTBYe€T HU OTPAHWYIEHHBIX MHOTOrpaHHWKOB KokcTepa, HU qaxe MHO-
rorpanaukoB KokcTepa koHedHOro 06béMa. OTCYyTCTBHE OrpAHWYIEHHBIX
MHOTOTPaHHUKOB KOKCTEepa B MpPOCTPaHCTBAX JIOGATIEBCKOTO PasMEpPHOCTH
> 30 6bu0 gokasaHo . B.Burbeprom [6], a oTcyTcTBHE MHOMOrDAHHUKOB
Koxkcrepa xomednoro o6wemMa B mpocTpaHcTBax JI06a9eBCKOr0 pasMepHOCTHI
> 996 — M. H. IIpoxoposbiM [9)].

[Mogpo6uee o kraccumpuranuu MHOTOTpAHHUKOB KokcTepa B mpocTpaH-
crBax JIo6adeBCKOro MOXHO y3HATH U3 paboT [4, 7]
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