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BOprF MOHI'OJIBCKOI'O HEPABEHCTBa

A. . Xpabpos

HepasencTBo, 0 KOTOPOM 31€Ch MOUAET Pedb, ObLIO TpenIoXeno B. A k-
AaCYpIHOM Ha 31 MOHTOIbLCKOM omuMmmuaje (B 3aJaHUAX A YIUTEXEn).

Las noAOHCUMEADHBIT YUCEA A1, A2, ..., Up, YOOBALMBOPAOUWUL YCAOBUIO
a1 =2 a9 = ... 2 Qp, UMEEM MECMO HEPABEHCMBO

a1 +as as+asg an + ai
. <
2 2 2
a1 +as +a as +asz +a an +a1 +a
< 1 2 3 02 3 4 . 0n 1 2‘ (1)

3 3 3

Peurenwe, mamevaransoe B COOPHWKE OMMMIMATHBIX 333, OKA3aJIOCh,
VBBI, HEBEPHBIM.

W3z-3a cBoen mpocronr GOPMYJIUPOBKU HEPABEHCTBO OBICTPO PACIPOCTPA-
HUIOCh. KaX b, KTO y3HABAI O HEM, OOBIMHO TOBOPWI, YTO OHO HE MOXKET
OBITH OY€Hb TPYAHBIM, IPOCTO BCE HEJOCTATOYHO XOPOIIO cTapaauch. OgHa-
KO, 33 HECKOJIBKO JIeT HePaBEeHCTBO YAAJOCH IPOBEPUTH JUIIL B HEKOTOPBIX
9aCTHBIX CIyYadx, HAIpuUMep, mid n = 4 win mua n = 5, nocrequee naxe 6e3
npeanonoxenus o6 ynopsagodennoctu (cm. §4.2). Kpome Toro, 6suta nokasa-
Ha CIPaBEIIUBOCTL 3TOI0 HEPABEHCTBA IPU JOMOTHUTEILHLIX OTDAHUIEHUAX
HA TUCTA G1, 42, ..., Gp. [JOKA32TH HEPABEHCTBO B O0IIEM CIywae HUKAK HE
MOy 9aI0Ch. BO3HUKIO HaXe MPEeIIoJOXKeHre O TOM, 9T0, KAK U HEPABEHCTBO
[MTanupo (cm. §4.5), mepasencTso (1) cupaBemIMBO HE NMPU BCEX HATYDAIb-
HBIX N. OQHAKO KOMIBIOTEPHOE MOCTPOEHUE KOHTPIPUMEPaA, NP OOILIIIX 7
TakXke He mpuBoAWIO K ycmnexy. Hakoner, B 1999 rogy mpousomren mpophIB:

. C. Yenkak mpuayMaJ A0Ka3aTeIbCTBO HTOI'0 HEPABEHCTBA, OCHOBAHHOE HA,
b

npeacrasrernn Inb—Ina = | de (omo mpuBoguTcsa Huxe B §4). Yepes ron mis
T

BBIBOJIA ®TOr0 HepaBeHcTBa C. K. Pykmna npemioxun ncnoab30BaTh HEpaBeH-
ctBo Kapamatsi. A yxe B 2001 rogy Ha JeTHUX cO0pax MO TOATOTOBKE KOMAH-
el Poccuu k Mex myHapogHon omuMmuage mo maremaruke M. . [Iparycesuq
BBIJAJ DTO HEPABEHCTBO B KAYeCTBE YIPAXHEHUA K 3aHATUAM, HA KOTOPBIX
pPacCKa3bIBAJIACH TEOPUA MAXOPU3AIUU U [0KA3aTEThCTBO HEPABEHCTB C IO-
mombio BeinykiaocTu no lllypy. HepaBercTBO OKkasanoch creacTBmeM LOCTA-
TOYHO COJUITHO Pa3pabOTAHHOU TEOPUM — TEOPUU Maxkopusanuu. [Ipudaem
DTO e[WHCTBEHHOE M3BECTHOE ABTOPY HEPABEHCTBO, M3 IPEIIAraBIINXCSI HA,

MaTemaTuueckoe npocsewenne, cep. 3, soin. 7, 2003(149-162)
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OMAMIONAIAX, KOTOPOE HE YAAIOCH NOKA3aTh 6e3 »Tou Teopuu. IMEeHHO >TuM
7 00yCIaBIMBACTCA TOT (PAKT, ITO TEOPHUA MAaKOPUAIWK YCKOIb3HYJId, OT
BHUMAHUA JIOOUTETE MATeMATUICCKUX oaummuaj. VI3 HepaBeHCTB, WMMeo-
UM OTHONIEHWE K TEOPUY MaXOPU3AIUY, JUIIL HepaBeHCTBo Moopxena (cum.,
Hanpumep, [6, §11] win [7, §2.18]) mupoko ucnonszyercs y4acTHEKAMY MaTe-
MATHICCKUX OJUMITAA.

HacToamasa cTaTba OBITAETCA B HEKOTOPOU CTENEHM BOCIOJHATH ATOT
npo6en. B Henm MBI pacckaxeM 0 Hamboaee IMPOCTOM U IPHU TOM O¥€Hb MOII-
HOM CPEACTBE TEOPUU MaXOPWU3AIMU — HepaBeHCTBe KapaMaTbl, mpuBegem
IBa TOKA3aTEIbCTBA MOHTOMBLCKOTO HEPABEHCTBA, & TAKKE HECKOTbKUX O3~
KIX HEPABEHCTB.

§1. HEPABEHCTBO KAPAMATEI

ONPEAEJEHUE 1. HepospacTamomun HaGOp BEIIECTBEHHBIX Unmcen X =
= (x1,%2,...,%y) MaKHCOPUPYEM HEBO3PACTAOUMNA HAGOD BEIIECTBEHHBIX “IH-
cen Y = (y1,Y2,..-,Yn), ecim ipu k ot 1 10 n — 1 BuImOAHEHEBI yCaoBua T +
+ro+.. .tz 2y +y2+ ... Ftyp a1+ 22+ Ty, =y1 Y2+ ...+ Yp.
Ecmu X maxopupyet Y, Mbl Oynem mucats X = Y mwmm Y < X.

B cayuae, korga X = (£1,29,...,2p) 1Y = (Y1,Y2,- -+, Yn) — TPOU3BOID-
HbIe HAOOPHI BEIIECTBEHHBIX 9MCEJ, MBI Oy/1eM TOBOPUATH, ITO X MaXopupyeT
Y moucates X > Y wim Y < X, ecin 1719 X HEBO3PACTAIOUINX IIEePECTAHOBOK
X* u Y* pomoareno X* = Y.

11 11 1
ITpumeP 1. (1,0,...,0) > (5,5,0,...,0> e (;,;,...,;),HBOOG
me, eciu %1, L2, ..., £p HEOTPUIATEIbHBIE YUCIA, CYMMa KOTOPHIX pPaBHA 1,
11 1
TO (=, —...,— ) < (21,%2,...,2n) < (1,0,...,0).
n n n

ITpuMmEP 2. Habopsr (5,5,0) u (6,2,2) HECDABHUMEL, T. €. HU OJWH U3 HUX
HE MaXXOPUPYET APYLOM.

[IPUMEP 3. Ecau Bce 4ucaa y; paBHBI CPeJHEMY apA(PMETHIECKOMY TUCET

X1y L2y vy Ty TO (L1, Tn) = (Y1,Y2s -« Yn)-

HEPABEHCTBO KAPAMATHL. Ilycts f: (a,b) — R — Boimykaas dyHK-
oud, Ti, T2, ---y Tpy Y1, Y2, -+, Yn € (a‘vb) u ($17"'7xn) - (yla"'ayn)'
Torga

flzy) + flzo) +.. 4 f@n) = flyr) + fly2) + .o 4 fyn) - (2)

Ecmu f(z) — Bormyras dyHKI®A, TO

fla) + fl@2) + .. 4 flon) < flyr) + fly2) + ..o+ fyn)

3AMEYAHME. Hassanme HepaserncTBa (2) B decTs KapamaThl HOBOIBHO
copro. B 1923 r. Hlyp [15] mokasan mepaseHCTBO (2), HECKOIBKO MHATE
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copmyaupoBaB ycaoBue Maxopusanuu. B 1929 r. Xapau, JlutTasyg u Ilo-
ama [12] chopmyaupoBanym >TO HEPABEHCTBO W NOKA3AMM €r0 HElpepbIBHBLIN
ananor. Yepes Tpu roga Kapamara [13] Takxke ycTaHOBWI HEpaBeHCTBO (2) u
IOKa3aJ HEKOTOpoe ero o06o0bimeHue.

[OKA3ATEJBCTBO HEPABEHCTBA KAPAMATEI. [leHTpaJbHBIM MOMEH-
TOM JOKAa3aTeIbLCTBa ABIAETCA mpeobpasopanue AbGeus:

n n—1
> arby =Y Ap(br — brs1) + Apb,
k=1 k=1

rae Ay = a1 + a2 + ... + ap. MoxHO cauTaTh, 9TO T) F# Yk, B IPOTUBHOM
CIydae COKpaTuM mpasylo u JeByio dactu Ha f(zx) = f(yg). [lomoxmm
Dy = flzr) — fyw)
Tk = Yk
Yenosue X = Y osmauaer, uto X = Yy upu k <n—1u X, =Y,,. Uz remmbr
0 Tpex xopaax ciaeayetr, aTo Dy > Dyyi. Cramno 6bITh,

, Xg=x1+...+zcpuYy=vy1+...+ yg.

n—1
> (Xy — Yi)(Dg = Dys1) + (X — Yy) Dy 2 0.
k=1
[Ipumenum K geBou dacTu mpeobpasoBanme Abensa (ap = T — Yk, by = D),

IOy IUM:
n

> (@k — yr) Dk > 0.

k=1
CrenoBaTeabHo,
S (Flow) = Flw) = 3G — ) - LI NP gDy >0 O
k=1 k=1 kT Yk k=1

3AMEYAHUE 1. [Ipyrue mokasaTeabCTBa HepaBeHCTBa KapaMaThl MOXHO
y3HaTh w3 KHUr Xapau, Jlurrasyna u [loawma [7, §3.17] uiu Bexkenbaxa u
Bennimana [1, rmasa 1, §28].

3AMEYAHUE 2. YciaoBue X > Y ABAAETCA HE TOMBKO HOCTATOTHBIM /A
BBITIOJHEHUA HEPABEHCTBA (2), HO W HEOOXOAMMBIM. A WMEHHO, €CIu I, T2,
oy Ty Y1y Y2, ---y Yn € (a,b), a maboper wmcenr X = (z1,T9,...,%,) 7
Y = (y1,92,...,Yn) TAKOBBI, 9TO HEPABEHCTBO (2) MMeeT MeCTO AiA JH060u
Buiykiaon dyukuun f: (a,b) = R, To X > Y.

Anamornansie PacCyX 1€HHUsA IIO3BOJAIOT NOKa3aThb U

HEPABEHCTBO DYKCA (CM. [11]). Hycrs f(z) — Bhimykaas gyHKuus,
D1y P2y -« -, Pp — MOMOXUTENbHBIE UUCAA, L] 2 L2 2 ... 2 Tn, Y1 2 Y2 = ... =
> yna
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k k n n
dopiwi=> piyi mpm 1<k<n—1 w Y pwi=> piyi
i=1 i=1 i=1 i=1

Torga

pif(z1) +pof(x2) + ...+ ouf(zn) Zpif(y1) +p2f(y2) + ...+ 0uf(Yn)-

S3AMEYAHUE. Ecimu nomoxuts py +pe+...+p, =1y =... =y, =
= p1T1 + ... + PpZp, TO HepaBeHCTBO PyKca MPEBPATUTCA B HEPABEHCTBO
Uencena.

§2. [IPUIOXKEHUA HEPABEHCTBA KAPAMATEHI

[TPuMEP 1. [lasa a00BIX TOJOXWTENBHBIX YUCIAX (4, b U ¢ mMeeT MecTo
HEPABEHCTBO

1 1 1 1 1 1
< — .
a+b b+c c+a 2a 2b 2¢

[Ipumenum mepasencTBo KapamaTsr qas Beinykiaon dbyakuuu 1/z u Habo-
pos (2a,2b,2¢) = (a +b,a+ ¢, b+ ¢).

[TPuMEP 2. (Asmarcko-Tuxookeanckas omumnuaga, 1996.) Ilycrs a, b u
C — [IJIWHBI CTOPOH TPEYrOJbHUKA. 10T1a MMeeT MECTO HEPABEHCTBO

Va+b—c+vVb+rc—a+vVeta—-b<Va+Vbh+e.

[TpumennM HEpaBeHCTBO KapamaThsl qia BOrHYTOU (GyHKIWME /T 1 HAGO-
poB (a+b—c,c+a—bb+c—a)> (a,b,c).

ITpuMmEP 3. (Mexayrapomnas omummmana, 2000.) [Tuas wucen a, b, ¢ > 0,
VIOBJIETBOPAIOIMINX YCIOBUIO abc = 1, cipaBemanBO HEPABEHCTBO

(a=1+3) (b=1+2) (e=1+2) <1

W3 ycmosus abe = 1 crepyer, uto a = z/y, b = y/z u ¢ = z/x. B HOBBIX
0603HAYMEHNAX HEPABEHCTBO npuMeT Buj (z—y+2)(y—z+z)(z—x+y) < zyz
WK, TIOCTE JOTapudbMUPOBAHU,

In(z—y+2)+In(y—z+2)+In(z—2+y) <lnzx+Iny+1Inz.

[Mocnenuee caenyer s mepaBeHcTBa KapaMaTsl ana BorHyToun GpyHKOUEA In
u HAOOPOB (£ —y+ 2,y — 2+, 2 —x +y) = (2,9, 2).

ITpuMEP 4. (Hepasenctso Ceré, [18].) IIycts p(z) — Bbimykias ¢yHK-
v, a1 = a2 2> ... 2= Gop—1 = 0, TOorma

w(ar) —plaz) + plaz) — ... + p(am—1) = (a1 —az + a3 — ... + agp—1).
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[TonoxuMm mad KpaTKOCTHA @ = G — A2+ a3 — a4 +...— a9, 1. HepaBeHCTBO
Ceré MOXHO MepenucaTh B BUE

plar) +p(az) + ...+ @lagm—1) = @(a) + p(az) + ... + p(az, 2).

Takum 06pa3oM, AOCTATOTHO YCTAHOBHTH, ITO (G1,a3,...,02,—3,G2p—1) =
= (az,a4,...,09n_4,Q2,—9,a0), ITO OYEBUTHO, MOCKOIbKY CYMMBI YUCET B Ha-
60pax paBHBI U Ao | > G TIPH Beex k.

ITpuMEP 5. (Hepasenctso Isennepa, [16].) Eciu M > ax > m upn k =
=1,2,...,n, 1O

11 1Y) men?

(a1 +ag+...+ap) (a1 + = +...+ ) < o

as an

Hecnoxuo mokasars, 9T0 HAUAYTCA Takue qucia k € Z u p € [m, M), aTo

(a1,a2,...,a,) < (my...,m,pu, M,..., M), roe aucao m Bemucano k pas, a
qucio M — n — k — 1 pa3. Crano 6bITh, HyXHO TPOBEPUTH HEPABEHCTBO
[Iseunepa mas mabopa m, ..., m, p, M, ..., M. C moMompbio HEPABEHCTBA
Uencena »to cBoguTca K sremeHTapHoMy HepaBeHCTBY (0 < av < n)
a n—a o (m + M)?
am+(n—a)M)|(—4+ — ) < n"———.
(om + ( ) )<m+ M)\ 4mM

[IBa mokasaTenhCTBa HepaBeHCTBa llIBennepa, He UCIOIL3YIOIIEE HEPABEH-
cTBo KapamaTsl, MOXHO IpOYUTATh B CTAThe aBTOpPa [8].

I[TPUMEP 6. (Mexaynapoguas omummuana, 1999.) Ilycts n > 2. Oupene-
JUTE HAMMEHBIIYIO KOHCTAHTY C' Takywo, 9TO HEPABEHCTBO

4
n

Z zirp(z? + z2) < C Zxk .
k=1

1<i<k<n
BBINOJAHAETCA I BCEX NEUCTBUTEIbHBIX YUCET L1, L2, - .., Ly = 0.

ITockoabKy HEpaBEHCTBO OJHOPOMHO, MOXHO CIATATDH, 9TO L1 + L2 + ...+
+ x, = 1. B 5TOM cay4dae HEpaBEHCTBO MOXET OLITH MEPENNCAHO B BHUE

23 (1 —zy) +a3(l—zo) +...+22(1 —xz,) < C.

Ddynxmasa f(r) = 3(1 — z) Bumykaa ma orpeske [0,1/2]. Ilycts 71 — man-
Gonbiee u3 umcen. Torga wmcna o, I3, ..., T, HE OpeBOCXOAT 1/2 u
(1 —21,0,...,0) = (22,23, ...,2,). CregoBaTersuo,

@)+ + flan) < fla)+f(1—21) +(n=2)(0) = f(z1) + f(1 —z1) <

[TpuMEP 7. IlycTs v, f U v yriasl Tpeyroabauka. Torma

o | =

(g, g, g) < (a,8,7) < (m,0,0)  ama BCeX TPEYTOILHUKOB,

T T T T T
3303) = (o, B,7) < 205 0) ATa OCTPOYTOMBHBIX TPEyTOTLHUKOB,
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™ T T
(5, 7 Z) =< (e, B,7) < (m,0,0) 1A TYHOYTOTbHBIX TPEyrOJbHUKOB.

[Moacrasasas >Tu HAOOPHI B HEPABEHCTBO KapaMaThl I KOHKPETHBIX BhI-
IOYKJIBIX ¥ BOCHYTHIX Ha oTpe3ke [0, | GyHKIMU MBI TIOLY IUM PA3HOOOPa3HBIe
HEPABEHCTBA HA YIUILI TPEYToJbHUKA. HampuMep, Bce HEpABEHCTBA U3 3a0ad-
nuka [Ipaconosa ( [5], wacTs 1, rmasa 19, §5) MOryT GbITH HOLYyYEeHBI TAKUM
obpa3om.

MHOXeCTBO NMPUIOKEHUN HEPABEHCTBA KapaMaThl MOXHO HAUTYH B KHUTE
Mapmamia u Oaxuna [4]. Tam xe 06Cy X JAIOTCA CIOCOOBI IPOBEPKY Y CJIOBUSA
X =Y, ycranaBmuaeTca, 4ia KakuxX GyHKOUN F' 0T n mepeMeHHBIX YCIOBUE
X =Y Biaeder HEpABEHCTBO

F(xlaan"'axn) > F(yl,y?,--- ayn)
Hampumep, 5T0 BEpHO I BCEX BBIMYKIBIX CUMMETPUYECKUX (PyHKIUNA F wim
s aobon quddepeHnupyemMon cummMeTpudeckon Gpyuknuu F, nis koropon
oF OF
(1 — x2) (— ——) >0 mpwu BCex x1, To, ..., Ly = 0.
8931 aiL'z
§3 ,Z[OKABATEJIBCTBO MOHT'OJILCKOI'O HEPABEHCTBA

ITonoxum oA KPpaTKOCTH

a1 + a2 ap—1+an an +ay
T == s ﬁUn—lz%, Tn = —5—
a1+az+as ap—1+an+ag an+ay+as
y1:7’ et yn_lzni’ yn:7'
3 3 3
Ham TpebGyerca pokasaTk, 9TO T1L2 ... Tp < Y1Y2 * - .. * Yp WIA, TIOCTE
JorapudMmupOBAHAA,
Inz; +Inzo+ ... +Inzp, <lnyy +Inys + ... + Iny,. (3)
[Mockoabky Inx — BormyTas ¢yuknusa, yauTeiBad HepaBeHCTBO Kapamarsr,
JDOCTATOYHO YCTAHOBUTH, 9T0 X = (%1,Z9,...,Zn) = Y = (Y1,Y2,---,Yn)-
O6osmaunm gepes X* = (z3,z5,...,25) u Y*= (y],v3, ...,y ) HEBO3pacTalo-

e nepectanoBku Ha60poB X u Y. Cremyomme COOTHOIMIEHUS JETKO CASTYIOT
73 OIPEeNeNTeHnus TuCel Ti 1 Yk:

1+ 20+ ... trp=a1+a+...tap=y1 +y2+ ...+ yn, (4)

TIZY Z2T22Y22 0. 2 T2 2 Yn—2 2 Tn—1, (5)
. Tn 2 Tn-1 A Yn > Yn—1 > Yn2 > Tn, (6)
Z(mi—yi):%(a1+2a2—ak+1—2ak+2) mpu k< n—2. (7)

=1

Monoxum (a)+ = max{e,0}. Jaa nposepku maxopusanuu X > Y cpaBHUM
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k k
* * _
cyMMmBlL » .z} u ) y;. PaBencrBo mpu k = n cregyer ms cooTHomeHus (4),
i=1 i=1
HEPaBEeHCTBO pu k = n — | momydaeTcs ¢ MOMOWBIO BhIYuTaHusA u3 (4) He-
PaBEHCTBA Tp—1 < Yp—2. [IOCKOABKY 9UCIA 1, T2, ..., Ln_1 UAYT B HEBO3DA-
CTAIOIIEM MOPALKE, TO cpeau k HAMOOIBUINX IUCET 00A3ATENALHO Oy YT TUCIA,

T1, T2, --., Th—_1, & OCTABIIMMCS IUCIOM OymeT OOJbllee W3 STUCET Ty U Tp.

CremoBaTeabHo, i i
me:in—F(mn—mk)Jr. (8)
i=1 i=1

Anamormaao YCTaHABJIUBAECTCA PABEHCTBO

k k
ny = Z?Ji + Wn = )+ + Yn—1 — Yb—1)+ - (9)
i=1 i=1

k
Nrak, Ham 0CTAIOCH IPOBEPUTH K Beex k < n — 1 HepaBeHCTBA » | ) >
k i=1

> > yf upu zp_9 < Yp—o. Vim, yunrsiBas coornomenus (8) u (9),
=1

k k
in + (zn — z)4 2 Zyi + (Yn = Ye)+ + (Yn—1— Yb-1)+ -
i=1 i=1

MomHOXWMM Ha 6, IEPEHECEM CYyMMY Y, ¥; B IEBYIO 9aCTh, BOCTIOAL3YEMCA COOT-
HomenueM (7) U 3amuimeM PasHOCTHA Tk — Tn, Yk — Yn W Yk—1 — Yn—1 C TOMOIIBIO
qmucen a;. POBHO K TaKOMy Xe pPe3yIbTaTy MOXHO IPUUATH, €CIA CIOKATH TPH
HEPAaBEHCTBA, JIETKO [OIYYaeMbIX U3 CBOUCTB ((v)4:
2(ag — ags2) +2(a1 + ap — ap — ap41)4 =
> 2(ap + a1 + a2 — ag — Qg1 — Ag42)+
ap — agq1 = (@1 — agq1) + (@1 +ap —ap1 —ag)y >
> (ap—1+ ap + a1 — ag—1 — QG — Qft1)+
(an + a1 — ak — ag41)+ = (an+a1—ag—ag4+1)+ + (@n—1—ak—1)+
> (ap—1 +ap+ a1 —ag—1 — A — Ag1)+ -

MoHTronIBCKOE HEPABEHCTBO TOKA3AHO. [l

[IPUMEP 1. AHAIOTMYHO AJa BOTHYTOU (PyHKIWHA /T U3 HepaBeHCTBA Ka-
paMaThl AJdA HOJOXUTEIbHBIX IUCEI (1, (2, ..., (p, YAOBICTBOPAKIINX yCJIO-
BUIO Q] 2> G2 2> ... 2= Qp, CIeNyeT HEPABEHCTBO

a1 +a as + a an +a
1 2_|_ 2 3++ n 1<
2 2 2
a1 +a2 +as az + a3z + a4 an + a1 + as
<\/ 3 +\/ 3 +...+,/%.
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I[TPUMEP 2. Tak Xe MOXHO TMOKAa3aTh, UYTO AJA MOJOXKUTETbHBIX HUCET ¢,
b u c mmeeT MecTO HEPABEHCTBO

Va2 +4b+ Vb2 +dc+ /e +4da > Va2 +da + Vb2 + 4b+ /2 + 4e.

§4.IlHTEFPAHbHOE,HOKABATEHBCTBO MOHI'OJIBCKOI'O HEPABEHCTBA

Bynem ucmons3zoBaTs ob6o3HadMeHua npembigyinero maparpada. Ham Tpe-
OyeTcs mOKa3aTh, ITO

Iny; +lnys+...+Iny, >Inxy +Inze + ... +Inz,.

[Tepenecem Inzp B J€ByI0 YaCTh W BOCHOMB3YyEeMCA MHTETPAJBHBIM MIPEICTA-

BreHueM Jorapudma Inb —Inag = ( d—m:
a
Y1 Yn
(Inyy —lnzy) +...+ (Iny, —Inz,) = d—;+...+ %20. (10)
1 Tn
b de ¢ dz b de
31ech, B CIydae, KOraa a > b, MBI HOJaraeMm af— = — bf — NuTerpar af;

PABEH ILIOMIAAN, 3AKIOUEHHON MEXIY BEPTUKATLHBIMU NPAMBIMA Y = G U
y = b, pacnonoxennoun Mexay rumnepboson y = 1/x u ocsio Ox. Ha pucynke,
IUIOWIA, W, CIUTAEMBIE CO 3HAKOM «+», 3aIITPUXOBAHBI CBEPXY-HATPaRo Y, a
CIMTaeMble CO 3HAKOM «—» 3alITPUXOBAHBI CBEPXY-HATEBO 7. laa KpaTko-
CTU B IEPBOM CIydae OTPe30K [a,b] GyneM HA3BIBATH MOJOKUTEILHBIM, & BO
BTOPOM CJIyYae — OTPULATETHHBIM.

Tn—1 Ys Yn—1 T3 Y2 T2 Y1 x1
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3aMeruM, 9To u3 ycaoBusa (4) caegyer, ITO CyMMAapHAsS [IIWHA TOMOXKU-
TETbHBIX OTPE3KOB PaBHA CyMMAapPHOW [IJIWHE OTPULNATENLHBIX. VI3 HEPABEHCTB
(5) u (6) 3akmo9aem, 9TO OTPE3K™ [y1,Z1], [y2,%2], ..., [Yn—2,Tn_2] OTPT-
IATEIbHBI ¥ He mepecekatoTca. CTano GbITh, MOJOXUTEILHBIMA MOTYT OBITH
TOJIBKO OTPE3KH [Tp—_1,Yn—1] A [Tpn,Yn|. 3HAUUT, Ux oOlee [Uucao paBHO 1
niu 2.

1. IlycTh MOMOXUTENBHBIN OTPE30K POBHO OAWH. JIEBBIM KOHEI MOJIOXKU-
TEIBHOI'0 OTPE3Ka PACIONOXKEH JeBee OCTAIBHBIX OTPE3KOB, MO0 Tj > Ty 1 U
Yk = Tp—1 upu Beex k < n. [Mockoapky dyHkuma 1/z MOHOTOHHO yOBIBaeT,
TO JBUXEHUWE OTPHUIATEILHOTO OTPE3KA [y, Ti| BIEBO TOIBLKO YBEIMUUBAELT

xkd

xr o

mHETerpal | —, KOTOPHI MBI 6€peM O 3HAKOM «—». [[05TOMy HpH TaxoM
ye ©

JMBVDKEHUM MBI JUIIL yMEHbIIAEM JeByI0 9acTh HepasencTsa (10). Korga mbr

CABHHEM BCE OTPUIATEIbHBEIE OTPE3KH BIPABO, OHA B TOTIHOCTH YMECTATCA
6€3 HANOXEHUN B MOMOXUTEILHOM OTPE3KE [Ty 1,Yn_1], MO0 IIXHA TOIOKUA-
TEILHOTO OTPE3KA PABHA CYMMAapPHOU [JIUHE OTpUIaTenbHbX. ClenoBaTensHo,
CyMMa, MHTETPAJOB IO CABUHYTHIM OTPE3KAM pPABHA HYJIO W, 3HAYHAT, CyMMa,
MCXOMHBIX MHTETPAJIOB HEOTPUIATEIbHA.

2. IlycTh MONOXKUTEIBHBIX OTPE3KOB POBHO aABa. I[loCKOABKY oTpumaTers-
HbIE OTPE3KM He TMEePEeceKaloTCA, HaM MAOCTATOYHO TOKAa3aTh, 9TO, ABHATAA
OTPHUIATEILHLIE OTPE3KH BJICBO, MBI CMOXEM YMECTUThb UX B ABYX MOJOXKW-
TenbHBIX. [[IA 5TOro BCe OTPe3Ku, yMeIAIInecs B OTPE3Ke [Ty, Yp], MBI O-
MECTVM B HEro, a OCTAIbHBIE [I0IBUHEM €Ille JeBee B OTPE30K (L1, Yn—1]. IIpu
5TOM, BO3MOXHO, OJWH W3 OTPUINATEIbHBIX OTPE3KOB MPUIECTCA Pa3IeIuThb
HA JBE JaCTU. Bce OTpHMIATENbHBIE OTPE3KHU JEXKAT MPABEE Ty 1, MODTOMY
AOCTATOYIHO OPOBEPUTH, ITO CYMMapHad MAJIWHA OTPUINATEIBHBIX OTPE3KOB,
JeXAIAX TIPABEE Ty, He MEHbIIE YeM JIAHA OTPe3Ka [Ip,Yy,]. B »ToMm cry-
Jae CABUTAMHU BIEBO OTPUIATENBHBIX OTPE3KOB, JEXKAIWX IPaBee TOUKA Ty,
YOACTCA HAKPBITH OTPE30K [Tp,Yn| «6€3 mMycTOT», a B CUIy PaBEHCTBA CyMM
JJIVH IMOMOXUTENBbHBIX W OTPULATEABHBIX OTPE3KOB OCTAaBHINECA OTPUIIATEIb-
HBIE OTPE3KU B TOYHOCTU YMECTATCA B OTPE3KE [Ty _1,Yn—1].

____________ -— - ————— - - -
In-1 Yn—-1 Yr T Tn Ye—1  Yn Tk—1 Y2 T2 Y1 Tq
e Ee———*" € t——————>_ _ _ _———— R -

Tp-1 Yn—1 Yk Tp Tk Yn Y—1 Tk-1 Y2 T2 Y1 1

Mycrs yi < T < Yk—1, B OTOM Caydae BCe OTPe3Ku [y1, z1), [y2, T2, - ..,
[Yk—1, Tk—1] TEKAT OPaBEE TOUKU Ty. Takke, BO3MOKHO, IPABEE TOUKH Ty, J€-
XKUT IaCTh OTPE3KA [Yk, Tk |, AIWHA STOU IACTU PABHA (T —Tp )+ (MBI CIMTaEM
[UIAHY PABHOW HYJIO, ECIA TAKOW IaCTU HET). YOEAMMCA B TOM, 9TO, CIBUTAA
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BJIEBO DTHU OTPE3KU, MBI CMOXEM HAKDPLITH OTPE3OK [y, Yp . [Jast sToro mocra-
TOYHO IIPOBEPUTH, ITO

(1 —y1) + (22 —y2) + o+ (Th—1 —Yr—1) + (T — Tn) 4 = Yn — Tn-

[Mocrepuee momydaeTcs ¢ MOMOUIBIO MPUMEHEHUs COOTHOIeHua (7) K CyMMe
HEPABEHCTB

(a’k - a’n)+ > 03
k+ Qk+1 — G — ay,

a1 — a1 + (@ + Qg1 — ap —a1)4 =
(ak + agy1 —ap —a1)+ >
(ar + apr1 —an —a1)4 >

Taxum 006pa3oM, ¥ B CIyUae, KOUQa HIMEeTCA ABA MOJOXUTEILHLIX OTPE3Ka,
CIBUTAA BJIEBO OTPUIATEIHLHBIE OTPE3KM, MOXHO YMECTUTH mX 0e3 HaJoXKe-
HHﬁ B IIOJIOKUTEIBHBIX OTPE3KaX. CyMMa UHTErpaJoB 110 CABHHyTI:IM oTpes-
KaM paBHa HYJIIO W, 3HAYAT, CYMMa MCXOAHLIX MHTECPAIOB HEOTPHUIATEILHA.
HepasencTBo mokasamo. O

3AMEYAHUE. Hemuoro mMogudunuposas paccyxgeHue C ILIOINAJAMM,
MOXHO JOKA3aTh U HEepaBeHCTBO KapaMaThl i BeIyKIou auddepeHnupye-
MOH (PYHKITUX.

§5. HE TOJIbKO MOHT'OJIbLCKOE HEPABEHCTBO

HepaseHcTBO, ¢ KOTOPOTO MBI HAYMAJIN W3JI0XKEHUE, TTOPOXK AT PSIL BOIPO-
coB. Hampumep, npu Kaxux 1n MOXHO 000UTUCH 6€3 YCIOBUA YIOPATOIEHHOCTH
TUCeT a1, (9, - .., Gy WIX HACKOIBKO HYXKHO YBEAXUUTH MPABYIO 9aCTh, 9TOOBI
HepaseHCTBO (1) umeno mecto 6e3 ycaoBusa ynopsagodennoctu. [lompobyem B
HEKOTOPBIX CIyYadX OTBETUTH HA DTHU BOmPOCHL. [las ymobcTsa Oyaem moaa-
raTh Gpik = Q-

1. [Ipu n = 3 HepaBeHCTBO CleAyeT W3 HEPABEHCTBA O CPEIHUX [ TUCET

1 1 1
§(a1 + as), 5(@2 +a3) m 5(@3 +ay).

2. [lokaxeM HEPABEHCTBO MPHU 1. = H. 3aMETHUM, UTO I MOJIOXUTEILHBIX
T U Y, YAOBJIETBOPAIOIINX YCIOBUIO T + Yy < 1 mMeeT MeCTO HEpaBeHCTBO

(z-1) (§_1>>(wiy_l>' -

B wactaOCTH, DyHkuma f(z) = In (l — 1) BuImyKJa Ha oTpeske (0,1/2].
xr

[Tomoxum S = a1 +as+...+as. Torga nokaspiBaeMoe HEPABEHCTBO MOXKHO
nepenmcaTsb B BUAC

5
(=G )G 6)
a1 + as as + as as + aq 2
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ap +0g41 | Op42 +apy3

S
K mapaMm CKOOOK, UAYIINM depe3 OJTHY:

S NV (s ) s
ap + 41 k42 + Q43

25 2 25 2
> -1 =— 1] .
ap +apy1 +aggo +agys S—ap_1

Taxum 06pa3zoM, JOCTATOYHO MIPOBEPUTH HEPABEHCTBO

2 2 2 5
R el B e R O
S —ay S —as S —as 2
ABIAIOMIEECA CIEJCTBAEM HepaBeHCTBa VeHcena mua dymxmmm f(x) m amcen
S — af
25
3. [lepenuuiem mepasencTso (1) B Buge

IMockombky < 1, mepasencTio (11) MOXHO TPUMEHUTH

a1 taz+az axtaztas an + a1 + a2 >>\n’ (12)
a1 + az as + as an + a1
rge A = 3/2.
IIpu n, ormuarom ot 3 u 5, HepaBeHcTBo (12) ¢ A = 3/2 He umeeT mecTa.
[Mokaxem sTo. Ilpenmonoxum cuadana, aTo n = 2m. Bosbmem a; = a3 =
ce.=a9ym-1 =1umay =a4 =... = agy, = a. B aTom cayuae uepasenctso (12)

].+a 1+a 2

UsBnedem kopeub m-1 cTeneHu u nepengeM K mpeaeay mpu ¢ — 0, moxyaum

9
2:1> )\ = 7+ ITO HEBEpHO. CrieoBaTeaBHO, IPU Y€ THBIX 1 HepaBeHCTBO (12)

¢ A > /2 He MOXeT GbIThH BHITOMHEHO A BeeX HAGOPOB {ay }.
IIycTe nanee n =2m + 1. BospMeM a1 = a3 = ... = agm-1 = @omy1 =11
as = a4 =...= agy = a. B ToM ciaydae HepasencTso (12) mpumer Bug

<2+a>m (1+2a)m <2+a) S y2m (§)2m
l14+a 14+a 2 )7 2 '
Mepexoasa x mpegery npu a — 0, momyaum 2L . 1™ > A\2m — (3/2)2™  qro

HeBepHO npu M > 2. CreoBaTensHO, MPU HEYETHBIX N > H HepaBeHCTBO (12)
¢ A = 3/2 He MOXeT GLITH BHIIOJIHEHO.

4. MokaxeM, 9TO mpu A = \/2 HEPABEHCTBO (12) BBIDOMHEHO A BCEX N.
BosBegem HepaBeHCTBO B KBAAPAT. 3AMETUM, UTO
(ak—1 + ag + agy1)(ar + arp1 + apro) =
> (ak + apg1)(ap—1 + ar + ap1 + apq2) >

> 2\/ak—1 + ai (ak + ak41)\/Ckt1 + Qpt2
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(mms mOKa3aTenbCTBA MEPBOI'O HEPABEHCTBA NOCTATOYHO PACKPHITH CKOOKH,
BTOPO€ HEPABEHCTBO — DTO HEPABEHCTBO O CPEIHUX MaA AByX umcen). [Ipu-
MeHAA DTO HEPABEHCTBO /A Bcex k, moaydaeMm Tpebyemoe.

Kak MBI yCTAHOBWLIN, IPU WeTHBIX 1 HepaBeHcTBO (12) mma A > /2 me
MIMeeT MeCTa, MOITOMY HAMOOIbIIee BOSMOXKHOE A paBHO /2. J[1a HedeTHBIX
n HamOOIbIIee A, I KOTOPOTO BBIMOJHEHO HepaBeHCTBO (12), aBTopy Hewms-
BECTHO.

5. Eciu nepenucats HepaBencTBo (12) B BHAE
(1+“—3)(1+“—4)...(1+L)>A", (13)
ai1 + as as + as an + ai
TO OHO CTAaHET MyJbTUILIMKATUBHBIM aHAToroM HepasencTsa [lamupo [17]:

(14)

as a4 ao n
+ 2 > 2
a1 + as a2 + as an + a1 2
WcTopus 5TOro HepaBeHCTBA MOMYAAPHO PACCKA3aHA B cTaThe KypaaHmaun-
ka u Panbycosuda [3], a MCIEPOLIBAIOUIYI0O MHMOPMAIMIO MOXHO HAUTU B
crarbiax Kmayswmara [9] uw @urka [10]. OTMeTnM, 9TO CXOLCTBO MEXIYy He-
pasencrsamu (13) u (14) e Tonbko BHemnee. Hepasencrso Ilanupo rakxe
CIIPABEIJINBO TOJHKO MPHU YCIOBUM MOHOTOHHOCTH THCET G, G2, ..., Un. DE3
TMPEANONOKEHNS MOHOTOHHOCTHU HepaBeHCTBO lllanmupo oka3bIBaeTCS BEpHBIM
aums tpu n = 3, 4, ..., 13, 15, 17, 19, 21 u 23, maaa ocTamibHBIX 7 OHO He-
BepHO. [Ipuadens [2] ycTaHOBWI, 9TO HEPABEHCTBO OyneT CHPABENIUBO IIPH
BCEX N, ecau B aeBou wactu n/2 3amenuts Ha 0,494 /n. [onubm cnucok mn,
I KOTOPLIX HEPABEHCTBO BHIIOIHEHO, YAAJIOCH YCTAHOBUTH TOJILKO depes 35
ngeT mocae nossaerus 3amaan B “The American Mathematical Monthly”. 3a
5T0 BpeMs BHIILIO Gosee 30 cTaTeu, MOCBAIMIEHHBIX STOMY HepaBeHCTBY. Ho u
3[I€CD €Ille He MOCTABJICHBI BCE TOYKYU HAT i.
3amHTEPECOBABUINMCA YATATENAM MPEIIaraeM MOPa3MBIILIATE HA L Hepa-
BEHCTBOM

<1+“—3t) <1+L“)...(1+“—2t) > (1+ )2,
ai] + az as + as an + ai

WNuTepecHO yCTAHOBUTD, IPU KAKUX N ¥ ¢ OHO BBIIOJTHEHO A YIOPIJOYIEHHBIX
HAOOPOB G1 > G2 2> ... = Gy U IPU KAKUX N ¥ { JJIA IPOU3BOJBHBIX HAOOPOB
a1, Gz, ..., ap. OT™MeTuM, aTo pm ¢ = 1 510 HepasencTro (13) ¢ A = /2, a
Ko>(pPunumeHT npu t — HepaBeHcTBo Illamupo.

§6. SAKIIOYEHUE

Bce mepaBeHCTBa, 0 KOTOPBIX ILIA P€Yb, ABIAIOTCA MUKINICCKUMHU, T. €.
OHM HE U3MEHAIOTCA NPU OUKINICCKOU MEPECTAHOBKE MEPEMEHHBIX. Takue
HEPABEHCTBA OOLIYHO ABIAIOTCA NOCTATOYHO IPOCTHIMU, €CIM KaXI0€ Cla-
raeMoe Wi¥ MHOXWTENb 3aBUCHAT JUIIbL OT OfHOU mnepeMenHon. QcraibHbIE
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MUKJIMIECKAE HEPABEHCTBA B OOJBIIMHCTBE CIYy9aeB OKA3BIBAIOTCA <IPE3BBI-
9aHO CAOXHBIMEA. [JOBOTBHO MOIIHBIE METOABI UX JOKA3ATEILCTBA AT Te-
OpUA MaXXOPU3allMW W, B 9aCTHOCTH, HEPABEHCTBO KapaMaTbl, HO 9acTO 1
STHUX METOAOB OKA3BIBACTCA HENOCTATOIHO. HeKOTOpbIe ApyTHe CnoCoOBI I0-
Ka3aTeabCTBa, TUKINICCKAX HEPABEHCTB MOXHO HAUTH B O9YCHb PEIKON KHUTE
IOrOCIaBCKUX MaTeMaTnkoB Murpuaosuua u [leqapuda [14].
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