136

O HeckoIbKIX TeopeMmax PauHa,
006 Junpoce, /[lancoune
1 00 YIIYIIEHHEIX BO3MOXKHOCTAX!

U. TTak*

BBEAEHUE

Hcropus HUKOTAA HE YCTPOEHA B COOTBETCTBUU C HAIIUME MPEACTABIE-
HUAMHI O TOM, KaK BCE JOJKHO OBLIO TPOUCXOAUTH, OCOOEHHO €CIU CYIUTh O
COOBITUAX, MOKPHITHIX MBLILIO BEKOB. T0O Xe caMoe BEPHO U B MaTeMaTuke. V3-
BECTHO MHOT'O CIy9aeB, KOT/Ia PelleHne 3a1a91 He ObLIO HAWJIEHO COBEPIIEHHO
CIy9aWHO, TIPOCTO M3-33 HEYNATHOTO CTEIeHUS OOCTOATENLCTB. B 3HAMEHU-
tou cratbe [15] @pumen [aitcon ommcan HEKOTOPHIE «YIYIIEHHBIE BO3MOXK-
HOCTI'), B 9ACTHOCTH, HCTOPUIO TOrO, KAK OH He OTKPBLT TOXAecTBa Mak-
IOHATbAA LI 7)-GyHKIUA. B claegyomeM gajgee TEKCTE pAcCKa3aHa UCTOPUA
reopem PaiHa 0 pa3sOMEHUAX W KOMOWHATOPHBIX NOKA3ATEIBCTB DTUX TEO-
pem. Bugno, 9T0 5TH TeopeMbl MOIIU (M, BO3ZMOXHO, NOMXKHBI OBLIN) OBITH
NOKA3aHO 3HAYATENLHO PAHbIIE, €CIU Obl He MPECIOBYTHIE (YIIYIIEHHBIE BO3-
MOXHOCTH) .

Baxwueniiee coObITHE, TIOIOXUBIIEE HAYATIO BCEU HAIIEH MUCTOPUU, — IIy-
6mukanus 3amerku [18] Haranom Pamnom. Cregys [5], MOXHO cKa3aTb, ITO
DarH (AHOHCHPOBAJI HECKOIBKO DJIETAHTHBIX U HHTPHUTYIOMIAX TEOPEM O Pa3-
6mennax. Pe3ymbTaThl OTIMIaInCs COIeTAHIEM TPOCTOTHI (hOPMYTAPOBOK W
[...] ray6unbl gokazarerscTsy. He mocsaras Ha riayOuHy U KPAacoTy STHX TEO-
peM, MBI IMOKaXeM, UTO MHOTHE W3 HHUX UMEIT yAUBUTEILHO MPOCTHIE
KOMOWHATODPHBIE NOKA3aTEIbCTBA B CTHIE KIACCUIECKAX TOKA3ATEILCTB
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UYyraress MOXET mOZyMaTh, YTO ZEPXKAT B PYKaX BTOPYIO CTATHIO, B HA3BAHMI KO-
TOPON BCTPEIAIOTCA CIOBA (YIYIIEHHBIE BO3MOXHOCTW). B NEHCTBATEIBHOCTH 3TA CTATHA
TpeThs, u60o 1mo cregam craTeu lancona B xypHate «KBanT» mossuracek crarss [27], mpume-
JATEIbHAT HE TOIBKO CXOAHBIM GPOCKMM HA3BAHMEM, HO M T€M, ITO OHA CONEPKUT HAPALY C
HAyIHO-NOILY IAPHBIM H3JI0KEHUEM UCTOPHUZ TOXAeCTB Mak [oHAIb 12 OMICAHME PACCMATPH-
Baemou Hmke mHBOMonME Ppankmuua ... —I[Ipum. nepes.
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TeopeM O pa3bueHusx. BO3ZMOXHO, ¢ BAXHBLIMA PEe3yIbTATAMA TAK W JOJKHO
OBITS . . .

Teopembr Partra MOXHO Pa3buTh Ha ABE (MEPEKPBIBAIOIINECA) TPYIIIHE:
AMEIOIINE Je10 ¢ Pa3OUeHuAMY HA PA3IUYIHbIE W HEUYEeTHBLIE CIATaeMbIe — B
ayxe DWiepa — U UMEONIUE [eJ0 ¢ PAHTOM Pa3OueHus — BEIUIUHOU, OIpe-
nmenersnon PD. [lacornom HeMHOrUM Gosee moayBeka Ha3am. [l0CKOIBKY CXOTHEL
DTHU CIOXETHI B OCHOBHOM Te€M, KAK PA3BUBAIUACH COOLITUA, MBI PACCKAXKEM O
HUX TI0 OTAEILHOCTH.

B ynomunasmencs samerke Danna He OBLIO JOKA3ATENLCTB U JaXe yKa-
3aHUU K JOKA3ATEILCTBY HETPUBUAILHBEIX (POPMYJI, UCIOMB3OBAHHBIX A BhI-
BOJIa OMYOAMKOBAHHBIX TaM TEOPEM. 3aMeTKa ObLIa HAMEIATAHA B KYypPHAJE
Hamumonansuon Axamemun Hayk CIIA, moceamensoMm cpasdy BceM o06macTaM
HAyKW. JDTOr0 OKA3aJI0Ch AOCTATOYIHO IJIA TOTO, 9TOOBI pesyabTaTel DanHa
HE TOMAJAIACH HA TVIA3a NPAKTUIECKN HUKOMY B TEUEHNE HECKOABLKUX MeCA-
TureTu nocae nybaukanuu. XoTda 3amMeTka PanHa U cogepKkana oOemaHue
OHy6JII/IKOBa,TI) MDOMTHOCTBIO NOKA3aTEIbCTBA B XYPHaJE, «(ITOCBAIICHHOM JUIIHb
MaTEeMATHKE», 9TO O0eIIanne HUKOT A He ObLI0 BhImoaHeHo. Kak xanb!

[laTbHENIIAsS UCTOPUA PA3BATHUA COOBITUN OTHOCUTCA K IIECTUIECATHIM ['O-
naM, Korga [xopax OJHAPIOC, B TO BPEMA ACHUPAHT B yHUBEPCUTETE
[MercuasBanum, mpocaymai Kypc Panna mo 6a3uCHBIM TUTTEPTEOMETPAIECKIAM
pagam. Kak on mumer B aBro6morpaduaeckom ouepke [7], «ero [Pamna —
Ilepes.] kypc GbLT OCHOBaH Ha PYKONHCH, KOTOPYIO OH COBEDIIEHCTBOBAJ Jje-
CATH JeT, BoocaecTBun u3ganaor B Buge [19]». Kuura [19] soumwra 8 1988 ro-
Iy, POBHO 9¥epe3 COPOK JeT mocae 3ameTku [18]. OHa, B 9aCTHOCTH, CONEPKUT
MOKa3aTEAbCTBA BCEX 3aABJJCHHBIX B 3aMETKE DE3YyJAbTaTOB. rZ[() Hy6JII/IKa,III/II/I
kauru [19] Dugpioc xpaHun y cebs PYKONUCH W WMCIOJIb30BATL €€ OT CIydasd
K caydaro. KpoMme mpouero, oH OTKPBUT HOBLIE AHAIATHYIECKAE NOKA3ZATETh-
CTBa pAa PEe3yIbTaTOB, MPOAEMOHCTPUPOBAI CBA3L pe3yabTaToB dDanHa ¢
IeATenbHOCTBIO B myxe Pomxkepca—Pamanynxana u, 9T0 I HAC BAXHO, 00-
HAPYXWI KOMOMHATOPHBIE JOKA3ATEIbCTBA HEKOTOPBIX TeopeM. Muorue He
myOIMKOBABIIMECA B TEUEHUE TOITOr0 BPEMEHU pe3yabTaThl DanHa 06a3aHbI
CBOEU M3BECTHOCTBHIO YCUIUAM JHIPIOCA.

B »ToMm mecre ucropusa geaurcs Ha ase. OcTaBlagca 9acTb CTATbU B
MEHBIIIE CTENEeHN HAYYHO-TIONYJIApHad. Fe OCHOBHOE COmepXaHme — HOBBIE
KOMOMHATOPHBIE 0Ka3aTenbcTBa Teopem Danna. VMes B BUAY HEKYIO JIO-
T'MKY NOBECTBOBAHMWA, MBI U3MEHWIN MOPANOK, B KOTOPOM OHM OOCYXTAI0TCA
B [18], 1 ucHOAB30BAIM HEMHOTO APYrue OGO3HAMEHUS. 3aBEPIIACTCA CTATHI
HECKOMLKUMY 3aMEUAHUAMEA OOMIET0 XapaKTepa.

Heckompko o6mmx cioB mpo o6osradenus. To, ato A = (A1 = -+ = Ny)
ABIAETCA pa3bueHMeM 4ucia n, obo3Hadaerca A F n wim |\| = n. Hauboasmee
craraeMoe A pas3sOMeHMsS \ M IUCIO CAAraeMbIX £ B DTOM pas3bmeHnn 0603HA-
qaorca a(A) u £(A\) coorBercTeenno. Uepes N 0603HATACTCA COMPAKEHHOE
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pasbuenne. g nzobpaxeHusa pa3OneHN Ha IIOCKOCTU MBI UCIIOIB3YEeM A~
rpammbl FOura. Bee cTamgapTHBIE CCBHUIKM, ONPENETCHUS U IETAIA MOXKHO
HauTH B [2].

1. PA3BUEHUS HA PA3JIMYHBLIE CJATAEMBIE U WHBOJIIOLIUAS
DPAHKJINHA

Haumem ¢ ¢popMyaupoBku 0gHOrO u3 pesyabTaTos [18].

TEOPEMA 1 (DATH). [Tycms D° u D) — mmoncecmea pazbuenuti wucaa
N HE PABAUUHBIE CAGRAEMBIE C YETMHBIM U HEUCTHBIM HAUOOALULUM CAGRACMBIM
coomeemcmsenno. Tozda

k(3k+1
1, ecaun = %
0 1
_ — -1
Dnl = 1D —1, ecaun= %
0, unaue.

ITY TEOPEMY eCTECTBEHHO COMOCTABATD C BHEIIHE ITOXOXEN NeHMa20HAb-
ot meopemoti Fdaepa, KOTOPYIO MbI A BAIIErO CXOACTBA CHOPMYIUDPYEM
TaK:

TEOPEMA 2 (DUaEP). Iyemy Q0 u QL — mmoscecmea pazbuenuti wu-
CAG N HA DPABAUNHBLE CAARAEMBIE C UETNHBIM U HEUCTIHBIM YUCAOM CAARAEMbIL
coomeemcmsenno. Tozda
k(3k +1)

(=1)*, ecaun = 5

Ol = 1Qnl =

0, unaue.

Koneduno, 5To ¢XoAcTBO He OCTATOCH 663 BHUMaHUA. DalH OTMETHWI, ITO
TeopeMa, | «BHEIIIHE MOX0Xa HA 3HAMEHUTYIO HEHTATOHAJIBHYIO TEOPEMY DUIe-
pa, HO MBI HE CMOTVIA OOHADY XKUTH HIKAKOU BHY TDEHHEH CBA3U STUX TEOPEM).
B o63ope [23] Jlemep oTMedaeT: «ITOT pE3yIbTAT MAPAJLICICH U3BECTHOH Te-
opeme Duaepas.

Huxe MBI TpogeMoOHCTPUPYEM, ITO y Te€OpeMbl 1 eCTh I0Ka3aTeabCTBO,
KOTOpO€ MPAKTUIECKN UACHTUIHO 3HAMEHUTOMY NOKA3aTEIHLCTBY DpaHKIN-
ua Teopembr 2. @pankaun B nepumo oby<uenus B yuusepcurere [[xona [om-
kuHCa Obt cTygerToM CribBecTpa 1 oIy GIMKOBaI CBOE T0KA3aTeabCTBO B [20)]
HE3a0Ir0 [0 MOABICHUA W3BecTHOro o63opa Cuibsectpa [25]. BozmoxwHo,
YTO DTU [BA TEKCTa OOBACHAIOT, MOUYEMY «KOHCTPYKTHUBHASA Teopud pa3bue-
HUW» BCE eIlle CyIECTBYET.

Bpsan mu moxuo BuHUTE PanHa B TOM, 9TO CBA3b MEXAY DTUMU TEOpe-
MaMmu He 6bLIa TOraa oOHapyXeHa. B Te mHU GUEKIIUU MAaJo MCIONbB30BAJIUCH
B [OKA3aTEeIbCTBAX. JIWIIb B KOHIE MIECTUAECATHIX TOMOB 3TOT METO/ BHOBb
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CTAJ TOMYJIAPHBIM, O €M CBUIETEILCTBYIOT MHOTHME CTATHU, TN TEOPEMBI O
pasOMeHnax JOKa3bIBAIOTCA C IIOMOIIBIO IMOCTPOEHUA ABHLIX Omekmuu. Hamura,
HOBBIC TIPDUMEHCHUA W WHBOJIOIUA (Dpa,HKJII/IHa,, UCIIOJNBb30BaHHAA KaK OIS O0-
Ka3aTeIbCTBA PALA YTOIYHEHUN IEHTATOHAILHON TeopeMbl Junepa [22], Tak u
IJIS [OKA3aTeIbCTBA HOBOrO KOMOMHATOPHOrO ToxaecTsa [11]. 2Kaas, aro ee
NpUMEHEHNE I TOKA3aTeIbCTBa TeopeMbl (DalHa, 0CTaBAIOCH HEU3BECTHBIM
TaK [OJTO.

JTOKABATEILCTBO. O6oznaumum wepes D, = DIUD]} muoxecTso pas6ue-
HUI 9MCIA N HA PA3IMIHBLE caaraeMble. OIUIIeM THBOTIONIIO?) Ha MHOXECTBE
D,,. Paccmorpum pasomenme \ € D,. O6o3mauum vepes $()\) Hamvenbiee
craraeMoe pasbmenus A, a depe3 b(\) mambombiee b < £(A), mas KOTOpoOro
A = A1 —b+ 1. T'eomerpudeckn s(A\) u b(A\) — FIUHBI HUHCHE20 OCHOBAHUA T
nobounoti duaeonasu amarpamvsl FOura paséuenus A (puc. 1). Mbr onumiem
oTobpaxenune kak pas B Tepmuaax guarpammel FQura. Ecamr s(\) < b(N), yaa-
UM HUXXHEEe OCHOBAaHUWE U J06ABUAM IMOGOUHYIO AUAroHAML MauHBL S(\). Ecam
s(A) > b()\), ynamum moGoYHYIO AMATOHATL W NOOABMM HVKHEE OCHOBAHUE
nmwebl b(A). Ecim B 0fHOM #3 OMUCAHHBIX CTy9aeB MPEJNUCAHHBIE EHCTBUA
OpUBOAAT He K auarpamme FOHra, To Hudero geraTh He Hago. OmpeneneH-
Hoe HaMu oToOpaxenne « : D, — D, HaszbBaeTCAa MHBOMONMEeN DpaHKINHA.

Puc. 1. /[lmarpamma FOnra [\], coorBercTByMOmas pa30ueHUIO
A= (9,8,7,6,4,3). [na sroro pazbmenna s(A\) = 3, b(A) =4 un
a(A) = (10,9,8,6,4)

3aMeTuM, 9TO ecau paszbueHue \ He ABIAETCSI HENOIBUKHOU TOIKOU, TO
oroOpaxeHrne (@ M3MEHsAET YeTHOCTH THUCIa CAaraeMbix. Kpome Toro, Hemo-
IBUXKHBIE TOYKM COOTBETCTBYIOT IUATPAMMAM, ¥ KOTOPBIX HUXHEE OCHOBAHUE
7 m060YHAA AMATOHAIL UMEIT O0Lyo KieTKy u $(\) — b(\) paBHO HyIIO Win
enurune (puc. 2). Yucao kBaapaTuKoOB B Takon Auarpamme ects k(3k+1)/2 —
aenTaronarbaoe mcaon®) . IlosTomy |Q0| — |QL| = 0, ecim n me aprserca
MEeHTArOHAJIBHBIM YUCIOM, & WHAYE dTa PA3HOCTh PABHA €IUHUIE WIA MUHYC

DaBomonya Ha MHEOKecTBe A — 5>T0 6umexmma f : A — A ¢ TeM LOIOIHUTEILHBIM yCIO-
BueM, ¥T0 f o f =id, T.e. oro6paxkenue f coBmagaer co cBouM obpaTHBIM. —IIpum. nepes.

3T, e. maTuyroasnoe. [JpeBHME DKV yMeIN BEIKIAJHBATH IPABAIBHBIL AT OMbHIK
713 TAKOr0 KOIUYECTBA KAMYIIKOB. —IIpum. nepes.
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2m —1 2m

m m—+1

Pwuc. 2. HenoaBuxabie TOYKH uHBOIONUA PpaHKINHA

eIUHUIE: C TOMOIILIO MOCTPOEHHOW WHBOIIONUYN BCE Pa3OUeHus, KpOMe HETo-
IBVXXHBIX TOYEK, TPYNNUPYIOTCA B Mapbl, TPUIEM Da3OUEHUA, BXONAIIAE B
OJHY mapy, BHOCAT OAMHAKOBBIU BKIaL — N0 equnHune — B |Qy| u | Q1 |, Bkaas
XK€ HEMOABUKHBIX TOYEK JETKO BBIMHACAAETCA. DTO JOKA3BIBAET TEopemy 2.

AHATOrMIHO MOXHO 3aMETHTB, ITO OTOOPAXKEHUE (v U3MEHAET IeTHOCTH
HambomBIero craraemoro. llostomy |DY| — [DL| = 0, ecmu n me asagerca
NEHTATOHATBHBIM YUCJIOM, 3 WHAYE DTa PA3HOCTH PABHA €UHWIE WIA MUHYC
enquaune. Teopema 1 mokasaHa.

2. PA3BBUEHUA HA HEYETHBIE YACTU U BUEKIUA CUJILBECTPA

[pyras TeopemMa DWIepa IIACUT, ITO KOIXIECTBO PA3OMEHNN IHUCIA 7 HA
Pa3IMYHbIE CIATAEMBIE PABHO KOAMYECTBY DA3OMEHUM IUCAA 7 HA HEIETHBIE
craraembie. B [18] aTa Teopema yTouHeHA Tak:

TEOPEMA 3 (DAUH). ITycmb Of u O3 — mmoxcecmesa pazbuenuii wucaa
n na neuemuwie cagzaemvie ¢ a(A) =1 u 3 (mod 4) coomeememeenno. Toada

On] = D5l |O3] =Dy, ecaun wemmo,

|OL| =D}, 0% =|DY|, ecau n newemmo.

Kak MBI ceitqac yBuguM, 5Ta TeopeMma CJIeAyeT U3 APYrOro Pe3y/IbTaTa
Dayna [19]:

TEOPEMA 4 (DAUH). Koauuecmeo pazbuenud p - n wa pazavunvie caa-
eaempie ¢ a(p) = k pasno koauuecmsy pasbuenuti A F n wa weuemmuvie cagea-

emvie ¢ a(A) +20(N) =2k + 1.

B ognon m3 cBomx paHHUX cTaTen [1] DHAPIOC OMyOIMKOBAI KOMOUHATOD-
HOE [0Ka3aTelbCTBO TeopeMbl 4, HO He 3aMeTW/], ITO W3 Hee CIeAyeT Teo-
pema 3. Bosmoxwo, mesno B Tom, 4To B [18] Teopema 3 GbuLia 00beAmHEHA C
TeopeMou 1, B TO BpeMs KaK MOKA3aTEIbLCTBA HUCIOAL3YIOT IBA COBEPIIEH-
HO PA3HBIX KIACCUIECKUX KOMOWMHATOPHBIX paccyxpenus. lTeopembr 3 u 4
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MOXHO [OKa3aTh C IOMOIIBI0 KiIaccmieckoro orobpaxenus «fish-hook con-
structiom®. Dra Gueknusa MeX Iy pa3OuMeHuAMU HA PA3IUYHBbIE U HEYETHBIE
craraemble, JOKasblBalolas TeopeMmy Ourepa (cum. [1,2]), msobperena Cuab-
BECTPOM.

Bueknua CunbBecTpa, Kak n mwHBOMOUAA DpaHKINHA, ABIACTCA XPECTO-
MATHUHBIM IPAMEPOM JT0KA3ATENLCTBA U3 KOHCTPYKTUBHOU TEOPUM pa3Ome-
aun. Ona 6bura mepedOpMyIMPOBAHA MHOTUME CIOCOOaMu (B TOM 9UCTE 11
koopauaaT Ppobermyca HA MHOXECTBE pa3OMEeHU 1 MOAYIAPHOTO MPEACTA-
BJIEHUA pa3buernu mo Moaymo 2) B [5,10,24] u 6b11a MCIOMB30BAHA I JOKA3A-
TEILCTBA APYTUX yTOUYHEHUN TeopeMbl Duepa [21]. Ecau 661 0 Teopeme 3 Ob1-
JIO BOBPEMsI PACCKa3aHO IIMPOKOU obmecTBeHHOCTH (Hanmpumep, B [23] ona He
YIOMAHYTA), IPUBOSUMOE JOKA3ATEILCTBO MOMVIO OBITH TABHO OOHADYKEHO.

TOKABATEILCTBO. O6osmasmm wepes O, = O} U O3 mmoxecTso pas-
OMeHnN 9ucaa 1 Ha HedeTHbIe caaraembie. Oupegenum 6uexyuio Cuabsecmpa
¢: Op — D,, xax noka3aHo Ha puc. 3. 3ameTum, 9to ecmu i = @(A), TO
a(p) = (a(A) —1)/2+ £()). [lockoabKy 5T0 MOXHO mepenucaTsh B Buge a(A) +
+20(N\) = 2a(p) + 1, Teopema 4 noxazaHa.

E_?I:i—ﬂ o

Puc. 3. Bueknuna Curbsecrpa ¢: (7,5,3,3) — (7,6,4,1)

3amernm, uro npu A € O, BomoaHeHo cpaBreHme £(A) = n (mod 2).
OTcroga BUAHO, ITO ( B JEUCTBATEILHOCTH OCYLUIECTBIACT OHEKINIO MEX Iy
MHOXECTBAMU U3 TEOPEMBI 3, YTO TOKA3LIBAET DTY TEOPEMY.

3. PAHTr PABBUEHUA U OTOBPAYKEHUE [[ATCOHA

dra wucropusa Hadaxach ¢ nybmukanuu crarbu [lavcona [12] B cGopHum-
ke pabor crygentos KembGpumxka. B sTou pabore [lancon ompemenma pane
pa3buenus u chOpMyIAPOBAT HECKOABLKO TUIIOTE3 O KOJUUIECTBE PA3OUeHUN C
3aJaHHBIM DAaHIT'OM. I/IX HEMOCPpEeACTBEHHBIM CJACACTBUEM ABIAAOTCA, B 9aCTHO-
cTH, TeopeMbl PaMaHy1XaHa 0 IeTUMOCTH (DYHKIUU PA3OueHu, He MMEBIITAE
IO DTOT'0 KOMOMHATOPHOU MHTepHpeTanuu. [[aicoH Toraa He CMOr JOKa3aTh
cBou runoreswl. Ux pokaszamu Arkuu u Cyuwnnepron-/lauep [8] mecars et
CITyCTA.

Ymage rosops, KOHCTDYKIHUA C PEIGOJOBHBIMA KPIOIKAMUA. B PYCCKOAZLIMHON JUTEPATY-
pe 5T0 >ddeKTHOEe HA3BaHMUE IMOKA HE BCTPEYAIOCh. —IIpum. nepes.
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K cuacrteio, [lancon, mepeexas B CIITA, omy6aukoBaia ¢CBOM MUMIOTE3HI B BU-
ne 3agaqau B xypHate «American Mathematical Monthly» [13]. Drou 3anagen
samnTepecosancs Haran dann, gokaszasmmu B [18] Tpu Teopemsr o mepe«n-
clIeHUU pa3OMeHun ¢ 3aJaHHBIM paHroM (cM. Huxke). Torga 5Tu pesyabTaThi
NPeCTAB/INCH COBEPIIEHHO 3aragodubivMu. V3 kuuru [19] cramm u3BecTHBI
ujeu, cToABIIMe 33 HoKazaTeabcTBoM Panna (BaTcoHOBCKmE [26] TOoXmECTBA
Ha (pAIBIIMBEIE TeTa-QyHKIMA®), HCIOML30BAHHEIE 1 B [8]). 31eCh ke MbI Ipu-
BOJMM KOMOMHATOPHBIE NOKA3aTEALCTBA TeopeM DarHa ¢ TOMOIIbI 0TOo6pa-
xenus, omucansoro [Jaiconom B [14]. Dra crarea [Jancona (cm. Takxe [17])
cofiepXaja MPOCTOe MOKA3ATEALCTBO (hOPMYJIBI I IPOU3BOAAIICH (DYHKITAA
qUCeN pa3OWeHuy ¢ 3aJaHHBIM PAHTOM. OJTa (POPMYJa, BIEPBLIE OIIYOINKO-
BaHHAA B YIOMWHABIIENCA CTyaeHdYeckou pabore [lamcona, ObLia HOKa3aHA
(aeanemenTapuo) B [8]. He 3nas o gearensrocTu Panna, [lancon nepeoTkpbLl
ofHy 3 ero (Toraa HeOmyOGIMKOBAHHBIX) TEOPEM U Al ed GHEKTUBHOE JOKa-
3aTEIbCTBO. JTO MOMOTJIO €My A0Ka3aTh (POPMYJIY I TPOU3BOAAIIEH (YH-
K U IIOJNYIUTH HOBOE NOKaA3aTEILCTBO HeHTaFOHaJIBHOEI TEeOpEeMbI 3ﬁﬂepa.
Mer oTcbiraeM duraTens K pacckasy camoro Jancona [16] 06 5Tux coOBITHAX.

K coxanenmio, To, 9T0 oToOpaxenne /JancoHa, MHOT A HA3LIBAEMOE «Ial-
COHOBCKOE IIPUCOeANHEHHOE pa3buenues [9], mo3BoaseT NOLyIUThH OMEKTUBHOE
IOKA3aTeIbCTBO pe3yabTaroB ParHa, OLLIO MCIOIL30BAHO JIUIIL B 3aMETKE
Suapioca [4]. Mul emme ckaxeM mIpo 5TO B caeayiomeM pasgere. OTHAKO gaxe
ODHIPIOC, TO-BUAAMOMY, HE 3aMETWI, 9T0 0ToOpaxenue /JancoHa qOKa3HIBAET
cpa3y Tpu Teopembl DaliHa 0 PAHTax.

Ounpegemum pawe pasbumenums A paseHcTBoM 7(A) = a(A) — £(A). Iycrs
Pp, — MHOXECTBO BCex paszbuenuit A = n ¢ r(A) = r, a p(n,r) = |Pp,|
Eme mam monagobarca muoxectBa My, (Gpn,y) pasbuenuit A - n c r(X) <r
(r(A) > r). lIycts h(n,r) = [Hn,l, 9(n,7) = |Gpr|. fAcHO, aTO P(N,T) =
= h(n,r)—h(n,r—1) u g(n,r) = h(n, —r). Kpome toro, h(n,r)+g(n,r+1) =
= p(n), rge p(n) = h(n,n —1) = > p(n,r) — KoImIecTBO BCeX pa3bueHMR
TUCTA M.

TEOPEMA 5 (DAVH). Jas ecex n > 0 eepno pasewcmso h(n,r) =
=h(n+r1—r).

[TOKA3BATEJIBLCTBO. /[locTaTOYHO HNOCTPOUTH Omeknmio : Hpyri1 —
— Gparyr—1. Paccmorpum guarpammy FOnra pasbuenma . YjgamruM mepBbi
croaber (cocrosamuu u3 £ = £(\) kreTodek) u 106aBUM BepXHUU pAf u3 £+ T
kaerouek. [lomyuusmeeca pas6uenue o6o3HaxmMm g (cm. puc. 4). OTobpaxe-
HUE 1P = Yy : A — [ HA3BIBACTCA omobpaxcenuem aticorna.

ITo npeamonoxennto pazbmenme \ TakoBo, aTo r(A) = a(A) — £ < r + 1,
nosromy £ + 7 > a(A) — 1 u BepxXHUE DA NEUCTBUTEALHO CAMBIU IIWHHBIN,

) HOr 12 NCHOIB3yeTCA 601ee BEICOKOIAPHBIN IEPEBO «TeTa-II0A00HEE (QYHKIHA», HO OH
NMpPEACTABIAETCA HEJOCTATOYHO aJeKBATHLIM aHTIUUCKOMY caoBy “mock”. —ITpum. nepes.
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Puc. 4. Orobpaxenne [ancona : X — p g A= (9,7,6,6,3,1) € Hz ri1,
1= (8,8,6,5,5,2)

T.e. monyumaack auarpamma HOura. Kpome toro, |u| = |A| =42+ (L +7r) =
= n +r. Hakoren, r(u) = a(p) —€(p) = (X)) +r— (A, +1) > r — 1. Hosromy
Pr(X) € Gpgrr—1. Teopema goxazana.

Cregyiomue YeThIpe COOTHOILICHNUA O0BEeJUHEHBI B OTHY TeopeMmy u B [18].

TEOPEMA 6 (DAWH). Hmerom mecmo pasencmea:

1) p(n+1,0) +p(n,0) +2p(n — 1,3) =p(n + 1) —p(n) npun > 1,
2) p(n—1,0) —p(n,1) +p(n —2,3) —p(n —3,4) =0 npun > 3,
3) p(n,0) —p(n—1,1) —p(n —1,2) + p(n —2,3) =0 npun > 2,
4) p(n,r+1)—pn—1,r) —pn—r—2,r+3)+p(n—r—3,r+4) =0 npu
n>r+3.
HOKA3ATEILCTBO. Ilomaras » = 0 u r = —1 B mocjegHEeM PaBEeHCTBE U

UCIONb3Ys cooTHOmenue p(m,r) = p(m,—r), Mbl 6€3 Tpyaa yOexgaeMmcsa B
CIIPABEIIUBOCTU BTOPOT'O W TPETHEr0 PABEHCTB. IlepBoe M3 PaBEHCTB JErKO
BBIBECTU U3 TEOPEMBI 5 ¢ TIOMOIIBI0 HECKOJIbKUX OYEBUIHBIX MIEPEXOI0B:

p(n+1) —p(n) =
= (h(n+1,0)+g(n+1,1)) = (h(n,0)+g(n,1)) = (h(n+1,0)+h(n+1,-1))—
— (h(n,0) + h(n,—-1)) = (h(n + 1,0) — h(n +1,-1)) + (h(n,0) — h(n,—1))+
+2(h(n+1,-1)—h(n,0)) = p(n+1,0)+p(n,0)+2(h(n—1,3) —h(n—1,2)) =
=p(n+1,0) + p(n,0) + 2p(n — 1, 3).
TeMm xe ctoco60M MBI 6€3 TpyAa AOKAKEM U TOCJETHEe PABEHCTBO:
p(n—r—=3,r+4)—pn—r—2,r+3) =
= (h(n—r—3,r+4)—h(n—r—3,r+3))—(h(n—r—2,r+3)—h(n—r—2,r+2)) =
=h(n,—r—2)—h(n—1,—r—1)—h(n,—r—1)+h(n—1,—r) =
=p(n—1,-r) =p(n,—r — 1),

orkyga p(n,r+1) —p(n—1,r) —p(n—r—2,7+3) +p(n—r —3,7r+4) =0,
9T0 U TPebOOBATIOCH.
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OTMEeTHM,9TO MOKA3aHHBLIE PABEHCTBA HEMEMIICHHO CICAYIOT W3 COOTHO-
mennu Ha wwmcaa h(n,r). [losToMy HETPYAHO TONYYUTH W KOMOMHATODHBIE
JNOKAa3aTeqbCTBA, MEPEHECA CIaraeMble 13 OJHOUW 9aCTh B APYTYIO TaK, ITOOBI
HAZO OBLIO MOKA3BIBATH PABEHCTBO MIBYX HEOTPUNATENLHBIX YGUCET, W IIPU-
MeHAd oTobOpaxeHnue [alcoHa K MOAXOIAIIMM MHOXECTBaM pasbuennu. Mbr
npuBeneM 31eCh TAKOe J0Ka3aTeIbCTBO I APYrod TeopeMsl u3 [18].

TEOPEMA 7 (DAUH). Ipur > n—3 sepno pasencmso p(n) —p(n—1) =
=pn+r+1,r).

[IOKA3ATEJLCTBO. O6Go3uadum 1depe3 F, MHOXECTBO paszbuenunr A F n
¢ HamMeHbIIEW 4YacTbio s(A) > 2. 3amermm, uro |F,| = p(n) — p(n — 1).
[lecTBUTENRHO, B pa3bueHne IuCIa N eqUHANA Tuh0 HE BXOAUT (M TOTAA DTO
paszbuenme u3 F,), mmb60 BxOAUT (M TOTAAa MOXHO €€ BHIODOCHUTD, MONYYUB
pasbuenue umcaa n — 1).

Bosbmem mpowusBoabHOE paszbuenuwe A € F,, u IpUMEHUM K HEMy OTOOpa-
xenue [laricona 1,1 (coorBeTcTBymee panry r + 1), pesyabraT 0603HATAM
3a p. Bugwo, uto puy = ¢(A) +r+1>14+n—-3+1=n—-1 C gpy-
TOU CTOPOHHL, iy = A\p — 1 < n — 1, mockoabky A F n. [lostomy 1 = po,
T. €. TOAyIma0Ch pasbmenme. [lockomrbky A € F,, MBI MOXEM BBIMUCIUTE T (1)
r(p) = (€(X) +7r+1) — (€(X) + 1) = r. Hosromy p € Ppyri1,- Haure orobpa-
XKeHMe, KOHETHO, 0O6paTUMO, TOITOMY TeOpeMa TOKa3aHa.

4. UTEPALIMA OTOBPAXKEHUA [[ANCOHA

B zamerke [4] DuAPIOC OIyGIXKOBAI KOMOGUHATOPHOE TOKA3ATEILCTBO CJIe-
IYIOUIEr0 yTBEPXK ACHUs, TOKa3aHHOro B [18].

TEOPEMA 8 (DAH). ITycmov Dy, — muoxicecmso pasbuenutl wucia n
Ha pasavunbie wacmu, umerowur pane v (m.e. Dy, =Dy N Pp,), Opoky1 —
MHONCECTNBO PABOUEHUT, WUCAG T KA HEUEMHBIE YACTNY C HAUOOALWET YACTNBIO
2k + 1. Tozda

|On,2r+1| = |Dn,2r+1| + |Dn,2r|-

OTY TeOpeMy MOXHO PACCMATPUBATH KAK 0YEPEIHOE YTOTHEHNE TEOPEMbI
Ounepa 0 pa3OMeHUAX HA PA3IUIHBIC M HEUETHHIE CiaaraeMbre. [[oKasaTerb-
CTBO OCHOBAHO HA M3YYEHUU CBOUCTB oTOoOpaxenus [lancona 1,. 2Kamab, 910
OKAa3aTeIHLCTBO JHAPIOCA OBLIO OMyOINKOBAHO B MAJOM3BECTHOM XKYPHATE U,
TO-BUAUMOMY, OBLTO OCTaBaeHO 6e3 BHUMAaHUA. [[penbasiernoe HUXe 0TO6pa-
xeune — Oueknua mexay O, u D), otiuvHas kak oT Ouekmuu CuabeecTpa,
OIMCAHHOU BbIIe, Tak u OT OGueknuu [momepa [2]. Ee npeumymmectso B TOM,
9TO OHA JAOKa3bIBaeT TeopeMy 8. EcTecTBeHHO, HAIIA KOHCTPYKIUA MOTUBU-
poBaHa 3aMeTKon [4].
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IIycts A = (A1, A, ..., ) € O, — pasOueHVe HA HEYETHBIE CIATAEMBIE.
PaccMoTpuM nocaegoBaTensHocTh pasbumennin vi,v2, ... vt rae v¢ cocront
U3 OJHON 9acTu \g, a npw i < £ pasGuenme v’ moxyuaerca us 17! npumene-
HueM oTobpaxenusa [laucona 1),. [lomoxum p = v'. HazoBeMm oToGpaxeHme

& X —= o umepayuett omobpaxcenus Jaticona (puc. 5).

[ [T ]1—

| —

T

D/"

Puc. 5. Urepanusa oro6paxenna /[ayicona (: X — p gma A = (5,5,3,3,1) €
€ 017,57 m = (83 63 23 1) € 017,4

TEOPEMA 9. Umepayus omobpaxcenus Haticona & — oOuexyus mexncdy
muoxncecmeamu Opn, u Dy,. Boaee mozo, (O 2r+1) = Dpor U Dy 2p41.

AcHo, 9T0 M3 »TOU TeopeMbl caenyeT Teopema 8. BwuIO 6bI MHTEpPECHO
OOHAPYKUTH KAKNE-In00 APYrue IpUMEHEHNs OTOOpaxeHus & B TEOPUN Pa3-
OueHun.

TOKABATEJILCTBO. Bo-mepsoix, [Vf| = \; + \iy1 + ... + A, oTkyma |p| =
= [v!] = |A| = n. [lokaxem Temeps WHAYKIMEH 0 § CIEAYIONIEe yTBEPXK TCHUe:

Bce craraemsie paszbueHnd V' pasJIddHBI, & €r0 PAHT PaBeH \; widm \; — 1.

Basza unnykmun: ¢ = £. YTBepXK JeHNe OYEBUITHO U3 OIPENETCHUI L.

[IycTs Halle yTBep:JeHWe BBIIOAHEHO AXA Viyq, T.e. a(vtl) — £(vith)
paBHO W60 Aij1, 160 Ay — 1. Hockomsky a(v') = (1) + \;, umeer
MECTO LENOYKA HEPABEHCTB

) =a(’) = (a(@™) = Xig1) + X > a(' ) — L= (1),

OTKyJa clIegyer, 9To ' — pa3bueHwe Ha pa3audHble caaraeMble. [[oHATHO,
aro sermmaa /(') pasaa £(v' ) wim £(v' ) — 1. SmamT,

r(v') = a(W) — €)= (L) + X)) — 60 € {h, xi — 1,

9TO JOKA3BIBAET BO3MOXHOCTH WHIYKTUBHOI'O IEPEX0a.

IToka MBI HE HCIOONB30OBAIM TO, 9TO A\ — pasbueHune HA HEYETHBIE CJIa-
raeMble. JTO BAaXHO MPU HOCTpOeHUH o6paTHOro orobpaxenns. Oupeneanm
oTobpaxenue { ' MHIYKTUBHO, HAYMHAAL C [t = V| U IpUMEHAA KaXIBIA pa3
oTobpaxenue, 06paTHOE K 0TOOpaxenuio [lancona 1. [las Toro, 9To6bI KOH-
CTPYKIHA OBLIA OIpeneleHa, HAJT0 OrOBOPUTH, KAK MMEHHO MBI BHIOMPAEM T
Ho MOCKOTBKY JOMKHO BEIMOTHATHCA OAHO m3 pameHcTs r = a(v') — L(V7),
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r=a(') — (V) + 1, m r TOMKHO GBITH HEIETHBIM, I' MOXKHO BEIODATD IMH-
crBerHbiM crocobom. [TopTomy Harme ompenenernre KOPPEKTHO, U OTOOpaxe-
uue £ apasgeTca Ouekimen. Bropoe yTBepXk JeHNE TEOPEMBI TOXE MOMEHTAIBLHO
crenyeT M3 MOKAa3aHHOTO BHINE. TeopeMa 9 m0Ka3aHa MOTHOCTHIO.

5. 3AMEYAHUSA

Opxna Teopema Panna u3 [18] ewe He nOLyIMIA TPOCTOrO KOMOMHATOPHO-
ro noKa3aTerbCTBa. A mMmenHO, 0603HAMIM vepe3 L, MHOXECTBO pa30meHuin
A 4mcIa n ¢ HedeTHOM HawMeHbInen dacTbio $(A). Teopema rmacut, 9to |L,|
YEeTHO I BCEX T, HE ABJAAIOIMINXCA IMOJHBIMU KBaAPpaTaMu, 1 HEICTHO UHA'IE.
Mpebr npeamonaraem, 9To CymeCTBYET WHBOJIIONUA, NOKA3BIBAIOMAL DTO yTBED-
x gerned)

DopmyaupoBku TeopeM 6, 7 cilerka m3MeHeHBI [T0 CPABHEHUIO C MCXOTHBI-
mu dopmyauposkamu PalHa ¢ TUETbI0 UX yTOYHEHWA W yIPOUICHUA (HAPH-
Mep, ITOOHL He onpeaenats p(n,r) npu n < 0). Tpaaunuornuoe oTo6paxenune
[lacoHa MOMIy9IaeTCA W3 HAIIEro CONPAXKEHHEM. JTa HE3HAYUTENLHAS MOIU-
dukanusa mpegcrapaaeTca Goaee yIOOHOU A HAIIUX IEJEH.

Nrepaumsa orobpaxenus [ancona, Cyas no BCEMy, ABIAETCA HOBOU CyITHO-
CTbI0. B OCHOBHOM, 5TO MaTepUaIU3alusa PEKyPPEHTHOrO COOTHOIIEHUA JH-
apioca Ha aucaa |Op op 41| 1 |Dy | (cm. [4]). Bre 3aBucumocTn ot Toro, Hamer
au orobpaxenue ¢ TPpUMEHEHUA B TEOPUU Pa3OMEHUU WIM HET, DTO 0TOOpa-
XKEeHMe NAaeT CTONb XK€ eCTeCTBEHHOE MOKA3ATEIbCTBO TEOPEMHI 8, CKOIb €C-
TECTBEHHO MOKA3aTEIbCTBO TEOPEMBI H € MOMOIILID OTOOpaxeHusa /larcoHa.
K coxamnenuto, orobpaxenue £, mMO-BUIUMOMY, 110 CBOEU TPUPOIE UTEPATUB-
HO ¥ He JOmycKaeT Goiee pocToro onucanuia. Kak ckasan ogHax bl Kcasbe
BbeHHO aBTOpY DTOr0 TEKCTA, (MHOT[A PEKYDCUBHAA OUEKIIAA — HAXOOJIBIIIEE,
9€r0 MOXHO JOCTHUIB).

B megasuen crarse [9] Obuia ompeneneHa MOAYJAPHAS BEPCHUS MO MOLYIIO
2 orobpaxenusa [Jamcona. Vcmoab3ysa alCOHOBCKUU METOX AOKA3ATEILCTBA
[EeHTArOHATLHOU TeopeMbl Durepa (cm. [14,17]), aBTOpBI cTaThu HpPUMEHU-
JIM IOCTPOEHHOE 0TOOpaXKeHue 111 KOMOMHATOPHOIO T0KA3aTEIbCTBA TOX I6-
crBa [aycca. JIIOGOMBITHO U3YYIATH CBOMCTBA UTEPAIMEA DTOI'0 OTOOPAKEHUA
1 BLIACHATD, KAKUE TEOPEMBI O pa30MeHnAX MOXHO JOKA3aTh TAKUM 00Pa30OM.

MoOTHBUPOBKOI [ DTOrO TEKCTa IOCIYyXWIO 3aMedaHue u3 crarbu [9):
«Ilo-BuguMOMY, €AUHCTBEHHOE HU3BECTHOE IPUMEHEHHE IpeoOpa3oBanud /lan-
cona cogepxurca B [4]». Bosamoxuo, uTo eciu Gbi mpenpuHT [9] He OBLI

6)BepHo naxe 6oJee TOYHOE yTBEPXKIEHUE, HATOMUHAMoUEe TeopeMbl 1, 2. A umenwno,
IyCThb L?L n Lyll — MHOXECTBAa TAaKUX Pa3OUMEHMU Ha YEeTHOE W HEIETHOE YUCIO YaCTen
COOTBETCTBEHHO. TeopeMa yTBepXKAaeT, 9TO eCIU 7 He ABIAETCA MOJHBIM KBAAPATOM, TO
|£%] — |£L| =0, a umane >ra pasmocTs pasua (—1)". —ITpum. nepes.
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momenieH B VIHTepHET, TOT TEKCT He ObLI ObI HAMMCAH. JTO CTAJIO OBI O4e-
PEOHOU «YIYIIEHHOU BO3MOXHOCTBIO) . . .
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