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CTyIeHIeCKIT KOHKYPC PEIIeHnA 3a,1ad
B CankT-IleTepbypre
2001-2002 rr.*

O OPABUIAX KOHKYPCA

[loMaImHu KOHKYpPC PEIIeHuA 33089 MPOBOAUTCA maa cTymeHToB CaHkT-
[Terepbyprckoro yausepcuTera. [loqo6HBIE KOHKYPCHI IPOBOIWINCH HEOTHO-
kpaTuo B nponwiom. (Hanpumep, o korkypce 1987-1988 rr. moxuO mpoInTaTh
B A. M. Bepuuk, A. A. Jlogkuu. CTyneHdecKuil MaTeMaTHIECKUN KOHKYPC B
JleHUHrpaACKOM TrOCyIapCTBeHHOM yHuBepcuTeTe // MaremaTruka ceromgss.
Kues: Beima mkoara, 1990, c. 126-142.) Cpenu nx y9acTHUKOB €CThH KaK HEJAB-
HUE, TAK U OYeHb JaBHUE BBIMYCKHUKYA MaT-Mexa. Vnes kKoHkypca (B oTimame
OT OJMMIUAJ) B PELUIEHUM 3aJad, B OCHOBHOM, MCCIEIOBATEILCKOTO XapaKTe-
pa, KOTOpBIE HE PEUIAI0OTCA OJHUM IPUEMOM, & TPeOYIOT CEPhEe3HbIX U HECIIEIl-
HBIX paszaymun. Koukypc mposogurcsa nox srugou CamkTt-IleTepOyprcekoro
MareMaTuIeckoro oomectsa. ObmecTBo 06pa3yeT KIOPU U BLIAEIAET NeHEeX-
HBIE TMPU3LI I HATPAXK ACHUA TOOEIUTEICH.

B xoHKypCe MOryT NpUHUMATH yUacCTHE CTYILEHTHI BCeX Kypcos. MToru
Cpey MEePBOKYPCHUKOB MOIBOMATCA OTAEABHO. [JOMyCKAIOTCA KOJIEKTUBHBIE
(He Gosee Tpex YeIoBeK) paGOTHI.

Ha xoHKypC mpemamaraioTcsa 3aa<du PasinvdHOU TPYIHOCTHU, OT CPABHU-
TEILHO HECHOXKHBIX 0 HEDPENIEHHBIX TpPo0seM. YYaCTHUKYU MOTYT BHIOPATH
3a[[a49M 10 BKYCY W TIOJABATHL PEIICHUA 4100020 Habopa 3amad, daxce 00nol.
[IpuaIMAIOTCA pEIleHnA 9aCTeR 3a0a, COCTOAINX U3 HECKOILKUX MYHKTOB.

Uroram koHKypca m OGCYXIEHUIO PEMICHUN MOCBAMIAETCA CHEIUATLHOE
3aceqanue Ha daxkyabTeTe. Hambonree mHTEpECHBIE PEIIEHUS MOT'YT OBITH OITY-
OMUKOBAHEL.

[Mo6eaurensvu koukypca 2001-2002 roga cramu [Terpos Pemop (3 kypc) n
Conkuna Exarepuna (4 xypc). (Kypc ykasan Ha MOMEHT y9aTusa B KOHKyPCe. )

Huxe npusBogsaTcsa ycaoBus 3agad koakypca 2001-2002 rr. B ckobkax yka-
3aHbl HAMUWINY TEX, KTO MPEIIOKMAT 33 Ta4y.

*TIposenenue koHKypca moaaepxkano rpaarom DI «Aurerpamus NeB0029
© C.-Ilerep6yprckoe maremarudeckoe obmectso, IIOMU PAH, Mar-mex CII6IY, 2001

MaTemaTuueckoe npocsewenue, cep. 3, sbin. 7, 2003(177-181)
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YcJaoBUAg 3A0AY

SAIAYA 1. Ilepuoduueckoe payuonasbroe omoobpaicenue.

Paumonanbuoe oTobpaxenue mrockocTu B cebsa, 3amgaHHOe (HOPMYJION
f(z,y) = (1/y,z(1 + y)), umeer mepuox 5, T.e. €ro MATAA UTEPAIWI TOXK I€-
crerHa. CymecTByeT au (HETOXIECTBEHHOE) PAIMOHAIBHOE OTOGpaXKeHuUe

ILIOCKOCTH C UEIbIMI KOdhGUIUEHTAMN, UMEIOIIee Iepuos 77
(M. 3. lanupo — C. B. Ayaxcumn)

SATAYA 2. KopHuu KOMNACKCHOZ0 MHO2OUAEHA U €20 NPOU3BOIHOT.

[Iycte P — MHOTOWICH ¢ KOMILUIEKCHBIMA KO>(p(UIMEHTAME CTEHEHH 7 1
A = (ay,...,a,)T — BEKTOp-CTOAGEN, COCTOANMU W3 €ro KOpHEW (B mpo-
u3BOABHOM mopaake). [loctpoum mOBEIM BekTOp B = (by,...,b,—1,03)7, THE
bi, ..., bp—1 — xopHm npomssoguon P’, a f = > a;/n =3 bj/(n—1). Us-
BECTHO, ITO 1A JI0O0T0 MHOTOWICHA KOPHU MPOU3BOJHON JEXKAT B BBITYKJIOK
060J09Ke KOPHEH CAMOTO MHOTOWIEHA. [103TOMy CyIIeCTBYeT Takasd CTOXa-
crudeckas Matpuna M (T.e. MATPUIA U3 BENIECTBEHHBIX HEOTPUIATEILHBIX
9UCeT ¢ CyMMAaMM O CTPOKAM, PABHBIME 1), 9TO ee MOCAefHAA CTPOKA eCThb
(1/n,1/n,...,1/n) m B= MA. Jokaxwure, aTo MaTpuiy M MOXHO BEIGpATH
IBAXK IBI-CTOXACTHIECKOH, T. €. ¢ CyMMAMH IO CTOJAOIAM, TAKXKe PABHBIMHA 1:

(a) mna n = 3;

(6) pma n =4;

(B) A1A IPOU3BOIBLHOLO 7. (B. 3. Hlanupo)

SATAYA 3. Ilrockas npoexyus HadOPa CKPEUUBAIOUULCS NPAMBIL.

010 [ana Mmarpuna P pasMepa m X n, COCTOAIIAA W3 HyJIen 1
enuaun. HanTy HEoOXoaWMble M/Mau AOCTATOYHBIE YCIO-
bi, ..., b, BupocTpamcTse R, IpoeKIuu KOTOPHIX HA ILTOC-

| | KOCTh TY CYTh COOTBETCTBEHHO NpsAMbIe £ = 1, ..., & = m,
y =1, ..., y = n, npudem HAL TOYIKOU (i,j) mpaMad a;

— ‘ — ‘ —  BwIme npamou b;, ecmm Py = 1, m mmxe, ecmm Py = 0.
- Ha pucyske mpuBefeHB MATpULA W TEOMETPHUYIECKAS
| WILTIOCTPAIUA A Hee.

1 01
010 BUA, IPU KOTOPBIX CYUIECTBYET HAOOP MPAMBIX G1, - - ., Gy,

SAAYA 4. Pazaoxcumbie Kocvie Gynkyu.

dyukuna Tpex mepemeHnbix F: R? — R Ha3bBaeTCA Kococummempuueckot,
ecau OHA yaoBiaeTBopseT Toxaectsy F(z,y,z) = —F(y,z,z) = —F(z,2,y).
OnepaTop aabTEepHUPOBAHUSI

(A. B. Cronenkos)

Al (F)(z,y,2) =
= F(z,y,2) + F(y,z,z) + F(z,z,y) — F(y,z,2) — F(z,y,z) — F(z,2,y)

IIpEeBpaIEaeT A0y QPYHKIUIO B KOCOCUMMETPUYIECKYIO.
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KococummeTpudeckas (HyHKIUA HABBIBAETCA BNOAHE DA3AOHCUMOT, €CIA
OHA MOTy9aeTca arbrepHmpoBanumeM dynkuum Buga f(z)g(y)h(z) mna mexo-
TOPBIX (PYHKIUU OAHOU mepeMenHou f, g, h.

Kococummerpudeckas pyHKIUA HABBIBACTCA UGCMUUHO DA3AOHCUMOU, €C-
JM OHA TONY9AeTC ATbTepHUpOBaHUeM (yHKumu Buga f(z,y)g(z) A1 HeKo-
TOpOU (PYHKIUA ABYX IIEPEMEHHLIX [ ¥ HEKOTOPOH (pyHKIIAN OJHON IepeMeH-
HOH .

(a) [lokaxwure, 9T0 aHATMTHIECKAA PYHKIUA F' BIIOTHE PA3I0XKMMa TOT A,
7 TOABKO TOT/Ia, KOT/Ia, OHA yAOBIETBOPSET TOXIECTBY

F(z1,29,25)F (23,24, 25) — F (21,23, 25) F (22, 24, x5) +
+ F(z1,24,25)F (22, 23,25) = 0.

(6) TlpwBeguTe MpUMEP HEAHATUTUYECKON (PYHKIMU, KOTOPAA yIOBIETBO-
pAET DTOMY TOXIECTBY, HO HE ABIACTCA BIIOJHE PA3IOKUMOM.
(8) Chopmyampynure u AOKAKATE AHATOTUIHBIM KPUTEPUU Y%aACMUUHOU
A3M0XUMOCTH KOCOCAMMETPUIECKUX (PYHKITUN.
P P by (C. B. Jyarcun)

SAAYA 5. Bnoawne yrnumodasbrbie ncesdodyaesvl Gyrryu.

[IceB no-6ynesa pyukuma ([IBP) n nepemeHHBIX — 5TO 7 4
HyMepaluA BEPUINH N-MEPHOro Kyba, T. €. B3AUMHO O/I-
HosHauHoe oTobpaxenume {0,1}" — {1,2,...,2"}. Ha- 6 5

sopeM IIB® snoane ynumodasbroli, ecim OHA UMEET
€[MHCTBEHHBIN JOKAJBHBIA MUHUMYM Ha, KaXJIOU ABY- .
meprou rparu Kyba. (Hanpumep, dyuknusa, npuanma- 8 -
omasg B MOCIEIOBATEIbLHLIX BEPIIMHAX KBAIPATA 3HA- 1 2
genua 1234, stum cBoucTBOM O6magaeT, a (PYHKIUI

1324 — mer: aaa mee 1 m 2 ABAAIOTCA ABYMA JOKATHHBIMA MUHUMYMAMU).
Ha pucyuke mpusemen mpumep Broaue yHUMOgaigsHou [IBD pasmepmocTn 3.

(a) Hamgure wmcno BoomHe yHUMOJATBHBIX TICEBAO0YJIEBLIX (QYHKIUN by,
UL MAJIBIX 3HAYEHUM pasMepHocTH (ckaxem, n = 3,4,5).

(6) Hamaure acumMnToOTUKY (WIM KAKWE-TO — BEPXHUE/HUKHUAE — ACHM-
OTOTHYIECKUE OLEHKN) I IUCaa by, Tpu n — oo.

B o6oux ciry9asx paspemaeTca BECTHU MOACYET C yIeTOM Wi 0e3 ydera
CIMMETPpUn Ky6a, eCau CUMMETPUN YIUTHIBAIOTCA, TO UCIIOJAb3yEMYIO I'DYIITY
CIefyeT ABHO ONMUCATD. (C. T. Bopobves)

SAIAYA 6. Ilemas 6 npocmpancmee y3408.

Ha pucynke nmokasana HempepbIBHAsA HedOpPMAIA y3/1a «BOCbMepKay K B ero
3epkambHOe oTpaxerue K', T.e. mempepreHOE oTo6paxenue f: [0,1] x St —
R3, KOTOpOe U KPAWHUX 3HAMEHMAX IMepBoro aprymenta (0 u 1) gaeT cooT-
BeTCTBeHHO y3abl K u K'.
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O-Q-DDYF-C-

B3sas 3epkanbHbIe 06pPa3bl BCEX Y3JI0B, YIACTBYIOMAX B 5TOU AedOPMAIIAN,
MBI momyanm oTobpaxkerue f: [0,1] x ST — R3, ocymecTeasomee nedopma-
mno K' B K. O6weaunenne f u f' naeT 3aMKHYTBIM MyTh B MPOCTPAHCTBE
yam0B ¢ : S' x S' — R3. BepHo 11, 9TO 5TOT myTh MOXHO CTAHYThH B TOUKY:
CyIIeCTBYeT /i HempepeiBHOe oTobpaxenue G: D? x S' — R3, orpanumdenne

1 2
KOTOpOro Ha rpanuiy S gucka D cosnamaer ¢ g7 (B. A. Bacuaves)

SAITAYA 7. Muozcousenbt Had KOHEUHBIMU TLOALMU.
(a) Paznoxwure Ha mMuHOXUTenn Han Z/pZ (p — HEIETHOE IPOCTOE) MHO-

(p=1)/2
COWIEH (Qkk)xk
k=0
(6) IIycTb p — mpocroe, p =1 (mod 6). [lokaxure, 9T0O MHOTOWICH
(r—1)/3
G(z) = —(Sk)?: "
(kY
k=0

He uMeeT KOpHeu B Z/pZ.

(8) Bepro am, aro G(x) packnansBaeTCa HA KBAJPATUTHBIE MHOXUTEIN
van 7 /pZ? (M. B. Beemupnos)
SATAYA 8. Omuowenue 2aMMma-PyrKyut.

PaccmoTpum dysxmuio

I'(2—p)T'(3p)
I(p) = 2~ P)5P)
P ==y
(a) Hoxkaxwure, aTo I(p) — BBITyKIaA DYHKIUA.

(6) Bepuo au, uro murumym I (p) mocturaercsa upu p = 1/27
(A. FO. Huxumun)

, 0<p<l.

SATAYA 9. IIpumumusrvie MamMpuybl.
Hamomuuwm, uro GL(2,7Z) — rpynma MaTpuil BTOPOrO MOPALKA C LEIBIMA
saemenTamu u onpegernrenem +1. Marpuna M € GL(2,7) naseiBaerca npu-
Mmumuerot, eciu He cymecTByer n > 2 u matpuusl K € GL(2,7Z) Takux, 910
M = K"

(a) IIposepbTe, GyayT M CIEAYIOMUE MATPUILI TIPAMUATUBHBIMU:

5 3 33 10 27 5
2 1) 10 3 )° 11 2/)°

(6) Hamaure kakue-1u60 TOCTATOYHBIE U/ Wi HEOOXO JUMBIE YCIOBUS IIPU-
MUTHUBHOCTH. (H. A. Cudopos)
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SATAYA 10. Munumuzayus GyrHKEyuoHaLa.
Mg xaxgoro b > 1 4gepes () o603Ha4YUM MHOXECTBO Bcex QyHkmmu f €
C10,1], pas xkoropeix 1 < f(z) < b npu Beex z u3 [0, 1]. IIycTs
1 pz
G(b) = inf / b f®dt
f€Cy Jo f(z)
(a) Jua xaxgoro b > 1 Hangure oneHKH cBepxy u/miu cHusy gas G(b).

(6) Hamaure Tounoe 3uadenue G(b).
(Damuaus nPeosoNcUBWE20 HE COTPAHUALCD)



