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2.10. YCJIOBUE. BuyTpu BhITyKaoro derwipexyroabauka ABCD B3ara
Takaa Touka O, aro LAOP = ,COQ, rae P u () — ToYKu mepeceveHns
ayden BA, CD u BC, AD coorBeTcTBenHo. [lokaxwure, 9T0 GUCCEKTPUCHI
yraoB AOC u BOD nepneHanKyIapHBL APYT IPYTY.

PEmEHUE. O603nauum 6uccekTpucy yraa AOC depes £, Touky mepece-
wenusa npameix PB u OQ) gepe3 R. IlycTh, Kak mOKa3aHO HA PUCYHKE, TOIKU
B', P! u R' cummerpuanast orHOCUTenbHO £ Toukam B, P u R coOTBeTCTBeH-
Ho. Eme mam morpebytorca Touku B” u ", xoTopble ABIAIOTCA TOYKAMM
nepecedenna npamoin OB’ ¢ npameiva BQ u P() cOOTBETCTBEHHO.

Paccmorpum oTobpaxenuwe f = fy o0 f3 0 fy o f1, rne fi — orpaxennme
oTHOCUTENbHO ¥; fo — mpoekuus u3 Touku O Ha mpaMyo BQ); f3 — npoekuus
u3 Touku P Ha npamyio OB’; f4 — npoeknua us Touku () Ha npamyo PB.

W3 ompenenenna AcHO, 9TO [ — IPOEKTUBHOE OTOOpaxeHnne npamvoun PB
ua cebsa. okaxem, 9T0 T0 oTOOpaxeHme TOXaecTBeHHOE. [l 5TOro yka-
XEM TpHU €ro HEeIIOJABUXHBIC TOYIKN:
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Orcroona cregyer, ITO
_D = f3 o f2 o fl(A) S (OBI)

Ocranocs 3aMeTuTh, 9TO TOUKM B 1 D jexar mo ogHy CTOPOHY OT OHCCEeK-
rpucset yraa AOC. (M. Baawiii)

4.11. YCJIOBUE. Ha HEKOTOPBIX KIeTKaX OECKOHEYHOU JOCKU CTOAT (PUIII-
ku (HEe Gomee OTHOU Ha, KaX JOU KJIETKE), HEKOTOPBIE KIETKHU IyCcThie. HazoBem
PACCTAHOBKY NOUMU NOAHOT, €CIU HAUAETCI Takoe 9ucao C', IT0 MOXKHO CIBU-
HYTb KaXIyI0 (PUIIKY Ha PACCTOAHUE, He npesbimatomee C' (MHOrqa HyIeBOE)
TaK, ITOOBI MYCTHIX KJIETOK HE OCTaI0Ch. Ha30BeM pacCTAHOBKY He CAUULKOM
nycmoti, eCIM HAUAETCA TAKOe FIUCIO0 [, 9TO KOIMIEeCTBO MYyCTHIX KIETOK B
aoboM kBagpaTe He mpeBocxonuT DP, rme P — mepumeTrp kBampata. [lo-
KaXWUTe, 9TO MOYTH MOJHBIE PACCTAHOBKU — DTO B TOYHOCTHU HE CJIUIIKOM
MIyCTHIE.

PeEmEHUE. Ham Oyger ymoOmee mepedopMyampoBAaTH OIpENETICHUE HE
CIUIIKOM TIYCTOU PACCTAHOBKY: MBI CIXTAEM, ITO HAUAETCA TAKOe TIuCio D,
YTO KOMMYECTBO IYCTHIX KIETOK B JII000M KBajgpaTe He npeocxonuT DN,
rae N — cTOpOHA KBaApaTa. JKBUBAIEHTHOCTE ONPEAETCHUN OIEBUIHA. 3a-
METUM ellle, 9TO MBI MoxeM npefanorarats C u D HATYpaIbHBIMU.

[MycTs paccranoBka movTu momHas. PaccMoTpum Jg060U KBaIpaT CO CTO-
poumou N. Torga, ecaum Bce (PUIIKKM TEPEIBUHYTHL HA PACCTOAHUE HE GOJIb-
mee, veM N, TO B DTOM KBaJpPaTe MOTYT MOABUTHCA TOABKO (PUIIKM, KOTO-
peie m3HaIanLHO crosmu B kBaapare (N + 2C) x (N 4 2C), nmeromem ToT
xe 1meHTp. Takum o6pasoM, B UCXOMHOM KBAAPATE MYCTHIX KIETOK OLLIO HE
0OJIbIIe, YeM KOAMIEeCTBO KIETOK B «6opaoopey mupuabl C' BOKPYT HEro, T.e.
(N +20)? — N2 = 4CN + 4C? < N(4C + 4C?). Takum 06pasoM, MBI MOKeEM
nonoxuts D = 4C + 4C?.

OcTaTok peleHns MOCBAMIEH A0KA3ATEILCTBY 006paTHOro. MBI qokaxem,
aTo MOoxHO momoxuth C = 4D. CdhopmyrupyeM cHadama ABE W3BECTHBIX
JIEMMBI.

JIEMMA 1 (TEMMA KEHUTA). [ano xopreBoe gepeBo. V3BecTHO, 9TO
CTeNeHb KAXOU BEPIIMHBEI KOHEYHA, 4 KOIMIECTBO BepHIMH GecKOHedIHO. To-
rIa B HEM HAUAETCA OECKOHEYHBIN IIYTh.

JIEMMA 2 (TEOPEMA MEHI'EPA, BEPIIMHHAS ®OPMA). [aH KOHEUHBIN
rpad C BBIJETEHHBIMYU BepmuHaMu B u F, HeCOeIUHEHHBIMU IPYT C APY-
rom. U3BecTHO, 9TO TpU BHIKAABIBAHUU JIOOBIX k — 1 BepiwH, OTIXTHBIX
or B u E, B ocraBuiemca rpade cymecrsyer nyTh or B mo F. Torga cy-
mecTByeT k myTern or B no E, He uMeomux O6IMUX BEPUIAH, OTIXIHBIX OT
BuFE.
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Ceemem 3amady K komedHou. [lokaxkem, ITO AOCTATOYHO MOKA3ATH CJIe-
aytomuu gaxT: Jas 4100020 keadpama 2N X 2N modxHcno cI8unyms xarcdyio
Puwry na paccmoanue, ne 6oavwee C mar, 4mo 6ce Kaemru Yewmpasbro2o
keadpama (2N — 2C) x (2N — 2C) (manee MbI ero GyJeM Ha3BIBATH IPOCTO
HEHTPATLHBIM KBAAPATOM) OYJYm 3aN0AHEHD.

[Myctes paxT gokasan. [TocTpoum caenyrommu rpad. Jlrobas ero sepumua
ecThb keadpam 2N X 2N ¢ yenmpom 6 nauade Koopounam BMECTE CO CNnoco-
6om nepedsuncenus Puuier amoz0 Keadpama Ha PACCMOANUE, HE NPEBOCLO-
dauwee C Tak, 9TO BCE KIETKM IEHTPAILHOTO KBAaAPATa 3AMOJHEHBI; PeGpo
Xe OymeT COeIWHATL BEPIIMHY, COOTBETCTByMomYylo kKBaapaty 2N X 2N, c
BEPILIMHOU, COOTBETCTBYOMmEN KBaapaTy (2N + 2) X (2N + 2), ecan dumikn,
MIPUWHA IEXKAIINE MEHBIIEMY KBAAPATy, IBATAIOTCA OOUHAKOBO. KopHeM 3>TO-
ro gepesa Oyaer BepmmHa, ob6o3Ha4vawman kBagpar 0 X 0. OueBugHO, 9TO K
sToMy rpady mpuMeHuMa JeMMa KEHUra; 0 fHAKO GECKOHEIHBIN MyTh B DTOM
rpade ecTh crmocob mepeaBuKeHus 8cer (PUIeK TaK, ITO 8CE KIETKU OKa3bI-
BAIOTCA 3AIOJTHEHHBIMU.

Hoxaxem Temeps Ham GakT. /11 sToro cHoBa moctpouM rpad. Ero sep-
MITHAMYT Oy YT ABAATHCA KIETKU Hallero kpagpaTta 2N X 2N u emie aBe Bep-
[IWHBL «HAYAIbHAAY BepmmHa, B u «koneunas» Bepmmuaa F. Kaxnyoo kireTky
COEVHUM CO BCEMU KIETKAMU, HAXOQAIIUMUCA OT Hee Ha PACCTOSHUAN HE 6OMb-
weM, uem C. Kpome Toro, coequaum B €O BCEMU IIyCTHIME KIETKAMU, a JIOOYIO
KJIETKY, HAXOJAILYI0CA BHE HMEHTPaTbHOro kBaapara (2N — 2C) x (2N — 20
coemuuuM ¢ F. Ilycts B namem kBagpare P < 2D N nyctbix kaeTok. Mubr xo-
TUM, TIPUMEHUB TeopeMy MeHrepa, mOoCTpouThL P HemepeceKaomuxcsa myTen
u3 B B E. fIcHo, 9T0 5TU iy Ty NPpOUAYT Y€pe3 BCE MYCThIE BEPIINHBI, TAK KAK
¥X BEPIIUHBI, caeqyiomue 3a B, pasnuanasl. Torga, eciu BAgA1 Ay ... Ay E —
oauH M3 Takux myTen (Ay — ImycTas), TO MOXHO IPOBECTH TAKOE MEPEe/IBU-
xemme: A1 — Ay, Ay — Ay, ..., A, = A, _1; IpH DTOM IyCTOU OKAKETCA
KIeTKA Aj, HAXOOAAACA BHE EHTPAIHLHOTO KBAAPATA, U TAKNAE [IEMOYKH, O~
CTPOEHHBIE I PA3HBIX My TeH, He OyIyT MepeceKaThbCA; MOITOMY Tpebyemoe
OymeT BBITIOTHEHO.

Ocranochk NPOBEPUTH BHIOJAHEHUE ycaoBusa Teopembl Menrepa. Mmenno,
HYXHO JOKa3aTh CAEAYIOIIee: eClu BHIOPOCUTL MeHee P BepuiuH, TO HAWAETCS
nyTs u3 B B E. [Ipeanonoxum npotusBHoe. [IycTs BriGpomens: P — 1 Bepiu-
Ha, U3 KOTOPLIX P — I COOTBETCTBYIOT MyCTHIM KJeTKaM. TOT[a BepuimHa
B ocTanach COEIWHEHHOU ¢ % MyCTHIMHU. [[0KpacuM KpaCHBIM BCE BEPIIUHBI
ocrasurerocs rpada, 10 KOTOPLIX Ternepb MOXHO nobpartbca u3 B, u cuHUM —
BCe BLIOPOIIEHHBIE HEMYCThIE BEPIIUHBL (MX KomudecTBo paBuo x — 1). Torga
M00as KpacHas BEPIINHA B UCXOAHOM rpade ObLIa COEIUHEHA, TOIBKO C KPaC-
HBIMU, CAHUMU U TyCTHIMU BEPIIXHAMU.

PaccMoTpuM mHAYIUPOBAHHBIN rpad HA KPACHLIX BepuimHaxX. 11ocie BbI-
KUABIBAHWUA BEPIIVHBI B OH PacnagaeTcsa Ha HECKOJIBKO KOMIOHEHT CBA3HOCTH
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S1, ..., Se. PaccmoTpuMm ofHy m3 HuX, ckaxeM, Sj. OHa IOMHOCTBIO TEXUT B
[EHTPAILHOM KBagpaTe, u0o wHade OHa cBa3aHa ¢ F. [lycTh MUHMUMATLHBIT
NPAMOYTOIBHUAK, B KOTOPBIX €€ MOXHO 3aKJIYATh, uMmeeT paszMepsr U X V
(ana ompegenennoctu U > V); Torga B S; me Goree UD mycTHIX KIETOK.
OTmeTuMm Bce HEKpaCHBIC KICTKH, yJaleHHBIE OT KaKOU-TO M3 KIETOK S; He
6onee, 1em Ha (/2. 3amMeTuMm, UTO BCe OTMEYEHHBIE KIETKW ObLIA CUHUMMU
i myctbivu. [lokaxkeM, 4To cunux cpenu Hux He Menbiue, dem U(C' — D) /2.

Pacemorpum crpouku mpamoyroasauka (U + C) x (V + C), B menTpe
KOTOPOTO JeXUT Harl mpamoyroasuuk U X V. HazoseMm cTpoOUKy i-CTPOIKONU,
ecmu OmMIXaMmag K Hed CTPOUKA, CoAepkKamad KIeTKy u3 S;, HaXOJUTCA Ha
paccroanuu He Goubiie i 0T Hee. (B wacTHOCTH, 0-CTPOYKA CONEPKUAT KIETKY
3 S;.) 3aMeTuM, ITO B -CTPOUKe HAXOAUTCA He MeHbIIe, deM 2 (C/2 — i)
OTMEYEHHBIX KJETOK.

O-cTpoukm mayT He pexe, 9eMm depe3 C' apyr or gpyra, mb6o S; cBA3HA;
mosroMmy ux He Menbine, deM (U + C/2) /C (3mech y4uTeHO, ITO HEpBHIE U
nocaegaue C'/2 cTpodek mycToie). AHAIOTMYIHO, i-KJIETKYU PACIOMOXKEHBI «OJI0-
KaMm» X0Ta 0661 o 2¢ + 1 cTpodek, pacCTOAHUA MEX Yy KOTOPLIMU He OObIIe,
gem C' — 2i — 1, nosromy nx He menbure, dem (U + C/2) (2i + 1)/C. Tlycrs
§; — KOJIMIECTBO i-cTpouek. Torma

C
571

S (0 (2 %) (049
1=0
C mpyrou CTOpPOHBI, €CIU CTPOYKA MOCUYATAHA B DTOU CymMMe j pa3, TO OHA
asaserca (C/2 — 1)-crpouxon, ..., (C/2 — j)-CcTPOUKOM, HO3TOMY B HEH XO-
T GBI 2j OTMEYEHHBIX KIETOK; OTCIOA KOIUIECTBO OTMEYEHHBIX KJICTOK HE
mensbie, dem (2U + C)C/4.
3ameTuMm, 9TO BCe »TH KaeTku Jexar B keaapare (U 4+ C) x (U + O),
nosromy cpeau aux He 6onee D (U +C) nycreix. [losToMy cunus cpeam Hammx
OTMEYEHHBIX HE MEHbIIEe, IeM

2 - D - D
o( U+C)4 (U +0C) >U02 ,

9T0 U TPeOHOBAIOCH.

Takum o6pa3om, eciu S cofepkuT k mycToix K1etok, To U > k/D, u cu-
HUX OTMEYeHHBIX KIeTOK He Menblue, ueM k(C' — D)/(2D). 3amerum, 9To oT-
MeYeHHBIE KICTKU 044 PA3HLIT KOMNOKEH CB8A3HOCTNY PA3INIHLL [lencTBu-
TelIbHO, ecIr KIeTKa A ABrdeTca oTMedeHHOM A4 S; u S, T. e. yAaleHa OT
Kakux-TO K1eTok X; u X; He Gonee, yem Ha C/2, To X;X; < C, n KOMIOHEH-
Th1 S; m S} cBA3aHEl — mpoTuBopetue. Takum 06pa3oM, BCEro CHHIX KIeTOK
He Menbine, ueM z(C' — D)/(2D) > z, HO MBI OpeAmoIarain, ITo ux r — 1.
[IporuBopeune, JOKA3BIBAOIIEE 33,14y .
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3AMEYAHUE. HemMHOTO TOYMHEE MPOBEAs PACCY XK ACHUA, MOXHO MOKA3ATh,
Hanpumep, uTo npu D = 1 mbr moxem nomoxuts C = 1.

(A. Bozdanos, I'. Heanoros)

5.5. YCJOBHUE. [lokaxuTe, aTo nepecetenre 10 mpaBUIbLHBIX TETPAdIPOB,
BIIMCAHHBIX B NOAEKAdAD (BEPUIMHBI TETPadAPOB ABIATCA BEPIIMHAMHA 10 e-
Kapapa), eCTh WKOCADP.

PEmMEHUE. Kak w3BecTHO, B AOAEKa’>Ap MOXHO BIUCATH KyO, BEPIITHBI
KOTOPOT'0 JEeXaT B BEePIIMHAX moxekasapa. ¥ kyba 12 pebep, a y momexa-
sapa 12 rpamen, kaxgoe pe6po Ky6a JeXKUT Ha CBOEU TPAHU, ABIAACH €€ TUa-
TOHAJBIO.

[TockoabKy y KaxA0U CpaHu b AUMATOHAIEN, UMEETCA b PA3IMIHBIX KyOOB,
BIMCAHHBIX B NOEKAdAD, K KaXJIOW BEpIIMHE MPUMBIKAIOT nBa Kyba (160
CXOMATCA 3 TPAHM NOAEKadaApa u 6 AMmaroHasen rpaHer — IO ABE OT KaXKIOM).

Jlroboe aBUXKEHWE MOMEKADAPA MEPeCTaBIACT DT KyObl, a IEHTPAJIbHAS
CHUMMETPUS — TMEPECTABIAET TOXIECTBEHHO. [[0CKOIBKY TI00yI0 T'DaHb [10-
MEKA3[pa MOXHO MEPEeBeCTH B J00yI0, a MyTeM MOBOPOTA BIOJIL OCH, IEp-
MeHIUKYJIAPHON TIape MPOTUBOMOJOXHBIX TpaHen, J06ad TUATOHAIL TPAHU
MEPEBOAUTCA B JIOOYIO IPYTYIO, BCE QUATOHAINM BCEX IPAHEN APYT B APYTra Iie-
peBogarca. [losTomy m060u Ky6 MOXHO mepesecT B aobou apyrou. (MoxHO
MOKAa3aTh, ITO TPYIINa CAMMETPUN I0AEKAdpa TMEPBOr0 pOaa — T. €. COXpa-
HSIOIIAX OPUEHTAINI0 — U30MOpQHA rpynmne As wiu rpyime YeTHBIX mepe-
CTAHOBOK IIATUSJEMEHTHOI'O MHOXECTBA: 9TUX Ky6OB.)

B cBoio owepens, B ky6 ¢ pe6poM ¢ MOXHO AByMs CHOCOOAME BIUCATH
TeTpasAp ¢ peGpoM ay/2, BEepIIMHBI KOTOPOTO I€XAT B BEpIIMHAX KyOa, a
pebpa — numaroHanu rpaHen. [Ipy IEHTPAILHON CUMMETPHUU KyHa 3TU ABA
TEeTPadAPa MEPEXOAAT APYT B APYTra, a WX MePECedeHrne eCTh OKTad P — TeJo,
IBOUCTBEHHOE K KyOy. YTBEPX AEHUE 330291 5.5 eCTh aHAJIOT 2TOr0 (PaKTa, A
JOJEKADIPaA C UKOCADIPOM.

Uroro umetorcsa 10 mpaBUIBHBIX TETPAdApPOB, BOIUCAHHLIX B MOIEKADIDP.
Bce onm cogepxaT ero meHTp U KaXAasd UPaHb Tena B, ABIAIOMEroca UX Ie-
pecedenueM, 00pa30BaHa IIOCKOCTBIO IPAHEN OJHOrO U3 DTUX TETPADAPOB.
TeTpasapsl pa3buBalOTCA Ha Maphl MEHTPAJILHO CUMMETPUYHBIX TETPAdIPOB,
BIUCAHHBIX B OJWH Ky0, U [MEHTpAIbHAS CUMMETPHUA MOJAEKADIPA MEHIET Me-
CcTaMu TeTpadAphl B mapax. [lepecedenne Kax qou mapbl €CTh OKTAdAP U yT-
BepXJeHue O TOM, €UTO MepecedeHue H OKTADAPOB €CTb UKOCADIAP, ABJIIET-
CA MBOUCTBEHHBIM AHAJOTOM YTBEPXKICHUA O MATH KyOaxX, BIMCAHHBIX B J0-
IEKABP.

ITockoapKy mo6ou Ky6 MOXHO IEPEBECTH B JIOOOM, U3 3TOr0 CIEAYET, ITO
TG0 TETPASAP MOXHO MEPEBECTH B JIOOOU IBUKEHUEM 0MEKADTPA.

Boaee Toro. IloBopor Ha 27/3 OTHOCHTENIBHO TVIABHOM AUATOHAIA KyOa
(koTOpas COBHANAET C TIABHOW JUATOHATBIO MOMEKAdAPA) MEPEBOAUT B cebs
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OOMEeKasap, DTOT KybO M KaXOLIH TeTPasAp, BIUCAHHLIA B Hocaequuu. IIpm
DTOM OJHA W3 T'PAHEN TeTPadapa MEPEXOAUT B cebs, a TPU APYTUX MEPEXOMAT
Ipyr B Apyra mo mukiay. [IOCKOABKY IIOCKOCTb IpaHu B JeXHUT B ILIOCKO-
CTHU I'PAHU OJHOTO U3 TETPAdAPOB, U3 DTOTO TAKXKE CIEAYET, ITO KOIUIECTBO
cTOpOH y aiobou rpanu B menurca Ha 3.

CyMMupysa ckKa3zaHHOe, MOIydaeM, ITO Jbasd TpaHb JO0r0 TeTpasapa
MepeBOAUTCA B JMIOOYI0 TpaHb JIO00T0 TEeTPajdapa ABUKEHUEM I0AEKADIPA.
CoorBeTcTBeHHO, JI06asd rpaHb Teaa B Takke MepeBOAUTCA B JIOOYIO IPYTyIo
CpaHb ¥ BCe TpaHU B MMeT paBHOE YUCJIO CTOPOH, AeJAIleecsa Ha 3.

[MockonbKy OfHA M3 T'paHEd BBIMYKJIOTO MHOTOTDAHHUWKA OOS3aHA UMETH
Mernee 6 cTOPOH (PTO JMErko BHIBOAUTCA W3 (GOPMYJIBI DWIEpa), TO BCE Tpa-
Hu B — TpeyroabHuku. A pas oig KaXkIOU T'PAHU €CTh MOBOPOT OTHOCHU-
TeILHO HEKOTOPOU OCH, MEPEBOAAIIAN €€ B CeOdI, TO BCE BTU TPEYTOJILHUKY
paBUIbHBIE.

Bepmnny kaxmon rpaHz B MOXHO IepeBecTH ABHXeHMeM B B 1o0yio
OPYTYIO BEPIIMHY TOU XK€ T'PaHu, & KaXAyio rpadb B — B a100yH0 APYryiO
rpaab. U3 sToro cremyer, wro m aobas BepummHa B nepeBoguTca B i00yIO
npyrywo Bepiumay. [TosToMy B — IpaBWIBHBIM MHOTOTPAHHUK.

Ucxopubn nonexkasap (a sHauur, u B) mepexoguT B ceOs IpU MOBOPOTE
OTHOCUTEIBLHO HEKOTOPOU OCHU (CEpeUHHOrO MEePIEH UKYIAPA K Tape IPOTHU-
BOTIOMOXKHBIX Tpanen). [I0CKoabKy BCe rparu B — TpeyroapHWKHU, IPU TaKOM
MIOBOPOTE HU OAHA W3 rpaHed B B ce0sa HE MEePEXOIUT U MOTOMY KOJUYIECTBO
rparen B meruTcsa Ha 5.

[IpaBUIbHBIME MHOTOTPAHHUKAMY SABIAIOTCA: TETPAdAP, KyO, OKTadap,
UKOCaIp U goxexkasap. Kyb u qogekasap He MOAXOIAT, TOTOMY ITO UX TPDAHI
HE TPEYTrOILHUKN, 8 y TETPAdAPa U OKTAAPA KOJUIECTBO TPAHEN HE NETUTCA
Ha 5. [losTomy B mkocaszap. 3agada perieHa.

3AMEYAHUE. ['panu mkocasapa MOXHO PACKDPACUTDH (ABYMs CIHOCOOAMM)
B b I[BETOB TaK, YTOOLI OMHOIBETHBIE TPAHU HE MMETH ObI OOMEer BEPIIUHEI.
Torga mpomoMKeHUsA TPAHEN OAHOTO IBeTa 00pPa3yIT MPABWILHBIU TETpa-
51p. [IByM cmoco6aM pacKpacKu TpAHEd OTBEYAET NBE MATEPKU MPABUILHBIX
TEeTPa’>APOB, OMUCAHHBLIX OKOJO WKocasapa. Bce 10 Bmmcanel B momekasap u
o6pa3yroT oaHy U3 3Be3a49aThIX GOopM nKocasapa. [pyraa 3se3guaras popma
ecThb 00BeIMHEeHnEe b OKTA’POB, KAXKIBIM M3 KOTOPHIX 06PAa30BaH mepecede-
HUEM Taphl TETPAdIPOB U3 DTUX TECATH.

Cedenne qomeKadpa MIOCKOCTHIO TPAHU HAIIMX TETPAdAPOB €CTh HEmpa-
BWIHHBLIU TEHTPATLHO CUMMETPUIHBIA MIECTUYTOMILHUK, BEPIIMHBI KOTOPOT'O
O6pa,30Ba,HI)I BEPHIMHAMU OBYX MPABUJIBHBIX TPEYTOJbHUKOB, IIOBEPHYTHIX HA
HEKOTOPBIU yTOJl OTHOCUTEIBLHO OOIIEro MEHTPaA. OTO MHOXECTBO BEPIIWH [0~
IeKadapa, KOTOPhIE MOXHO COEIUHUTL C JAHHOU BEPIIWHOU IMYTeM W3 IBYX
pe6ep. [lauHbl CTOPOH TOr0 MIECTAYTOJBHUKA I€PENYIOTCSI U PABHBI CTOPOHE
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AOoAeKasapa U AUAarOHAJU €r'o I'paHru COOTBETCTBEHHO. Ecan IpoBeCTH BCE Ta-
KUe CE€ICHUdA, TO NOJYIUTCA MHOT'OI'DAHHUK, TaKXe ﬂBJIiIIOIIIGfICfI 3B63rI[‘IaTOIZ

dopmMou mKoCaszapa. (A. A. Kaneav)

5.10. YCnIOBUE. Caydauubie Beauyaunbl X, Y, 7 paBHOMEPHO pacmpeene-
HBI Ha equEmIHOM oTpeske. JlokaxuTe, aro Bemmmaa (XY)? Takxe pasmo-
MEpHO pacIpeeneHa.

PEmMEHUE. Beegem noBbie mepemennnie U = X,V = XY. CosmecTHOE
pacupegenenne nepemenssx U, V umeer mmoraocts dUdV /U, OCKOIBKY AKO-
6uan mepexoxa paser 1/U. Ilpu stom P(V < U) = P(XY < X) =1 (mo-
ckombky Y < 1); ecmm 0 < w < 1, To

PV <w)=PV <w,U>V)=PXY <

/dV/ d / (—InV)d

U TWIOTHOCTH pacrnpegenenus seamaunabl V pasHa fi (w) = — Inw. Homoxum
n=—InV. Torga

1
Pn<w) =PV >e™%) = /w(—ln V)dV.

[Ipomnddpepennimpyem JaeByi0 U IpaByo0 IaCTh MO W:

fn(w) = —(—ln(efw))dz;w =we ", 0<w< oo

Hanee,
A Int
P(V2 <t)=P(Zn>—Int) =P (_T < Z) ,
npuieM Z < 1. Takum obpasom, mpu maHHOM t HmepeMeHHOe 1) mpoberaet
3HaUeHudA OT — Int 10 GECKOHEYHOCTH, W MPU KAaXKAOM ero 3HAYeHWW Z PaB-
HOMEPHO pacupefeaeHo Ha orpeske [— Int/n, 1]. CregoBarensHo,

Int o —w L
P|——<KZ)= we It A2 | dw =
n —Int -

w

o Int o0 —w
= (1 + —) dw = we” Ydw+
71nt —1Int

o

+lnt/ e Ydw=—tlnt+t+tlnt =1t
—Int

Suasmr, P(VZ <t) =t (0<t<1),asTo o3masuaer, aro sernauna (XY)Z
pacipeenena paBHOMEDHO.

(M. Keavbepm, nepesedeno u ompedakmuposano B. P. Dpenrunbim)
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6.1. YcaoBUE. Ha nup cobpanucy 100 mr010€10B, 1 OHU CTAIA €CTH IPYT
apyra. Okazanock, 9To u3 1o0brx 10 HANZETCS OMUH, OKA3ABIIUNACA B XKEIY TKE
y apyroro. [lokaxwure, 9TO HAUAETCA MEMOYKA U3 12 BIOXKEHHBIX JIOL0EI0B.

PEMEHUE. HazoseMm momoena dobpvim, eCcin OH HUKOTO He ea. Hazobem
a0 goena, dobpuim NEPBoTi CMENEHU, CIN OH HUKOT'O He ell, KPOMe KaK JOOPBIX
mogoenos. HazoseM mogoena dobpvim emopoti cmenenu, eCId OH HUKOTO He
eI, KpoMe KaK JOOPLIX JI0J0€NOB U JIOA0€q0B IePBOK CTEIeH: TOOPOTHI U T. 1.

W3 ycaoBus 3amatu caeqyeT, 9TO A KaX JOU CTENeHn J0OPOTH HAlAeTCs
e 6omee 9 momoenos, a Tak Kak Jiogoenos 100, To cremeHen HOGPOTHI HE
menee 12.

Jliomoen 12 crtenenu mo6pOTHI 06I3aTEIbHO chel Jdogoena 11 cremenu,
TOT — 10 CTEeIIeH! 1 T. 0. MI)I Oy IUIN IMETTOYIKY BJIOXKEHHBIX JIOO0CT0B.

3ajada [IOIyCKAET ABOMCTBEHHOE pelleHue (HA30BEM JIOJ0€Ia HCUBLIM,
€CIW er0 HUKTO He CHENI, HA30BEeM JMI0M0eNa HCusblM Nepsoti cmenewi, eClau
€r0 eI’ TOJBKO KWBBIE JIOTOEHL. . . ).

3AMEYAHUE. O6muu ¢akt dopMmyaupyerca Tak. Vmeerca YaCTUIHO
YIOPAJOYEHHOE MHOXECTBO u3 mn + 1 sremenTa. Torma B Hem HangeTcs aubo
uens u3 n+ 1 sreMenTa, 160 aHTUIENs U3 M+ 1 saemenTa (yensio HA3HIBALT-
CA TIOIMHOXECTBO YACTUIHO YIOPSILOTEHHOTO MHOXECTBA, B KOTOPOM JIO0OBIE
[IBA BJIEMEHTA CPABHUMEL, 3 GHMUYENbIO — MOAMHOXKECTBO, B KOTOPOM JIOOBIE
IBa BIeMeHTa HecpaBHUMBIL). [logyManTe HAl TAKOU M3BECTHOU OMUMIIAAJHON
sagaden. B pany croat mn+ 1 pazauuasoe qucao. Torna MOXHO BHIGPATH TGO
n + 1 gucno, ugymee B mopAaake Bo3pacTtaHusd, anb6o m + 1 damcao B mopsamnke
yObIBaHUA.

(A. A. Beaos)

6.6. YCJIOBUE. t; — 6eCKOHEeYHad MOCIETOBATEILHOCTD MOJMOXUATETHHBIX
aucen. [lokaxwure, aro pag » (1 + tx11)/(kty) pacxogures.

1
PEmEHRUE. Ilycts S = P HyxHO moka3aTh, 9T0 ABa paga » . Sp #
k
Sk

Y ) 7o HE MOI'YT CXOAWTHCA OLHOBPEMEHHO. SICHO, 9TO CXOAMMOCTH
(k +1)Sk41
K

AMa P —
PRI Dk )5
kE+1

1<T<2Hpmk:1,...,oo.

Sk
PABHOCH/IBHA CXOAUMOCTH PAIA Y. kS—k’ MOCKOJIBKY
k1

[peamonoxum, aro Y., S < oco. Torga limy_,o Sy = 0. Iokaxem, aro
[ TI000T0 N TIPU BCEX MOCTATOYHO OOMBIIUX 171, 1M > 2N, BBITOIHEHO

m
St 1
yo s o
ESk+1 2
k=n
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Torga ocrarodnsm 4meH Ry = Y o kSk He OyeT CTPEMUTHLCA K HY.JIIO,
k+1
Sk
970 06€CHeYInT PACXOAUMOCTE PALA Y. S
k1

. o S
Mockonbky limg_, o S = 0, HageTca Takoe m > 2n, 9TO mtl < 1. Ho
TOr A

Zm s 1 Zm s 41 1 s 1
k k m—-mn E k
- r > — . fry . > )
kSk41 m Sk+1 m 2
m-—n+1 1 m Sk

nbo —— > =, a MOCKOJbK _

m 2’ y kan Sk+1

1 S
k _
> m—n-+1
m—mn+1 Z Sk+1

k=n

B CWIy HepaBeHCTBa Korm.

3AMEYAHUE. OJTa 3a1adva ObLIa MPENIOXeHa Ha BCeconsHOU oamMmua,ne
mo MaTemMaTuke «CTYIeHT U HAYIHO-TEXHUIECKUAU TPOTPECC) MJIA TMeIUHCTH-
TyToB B 1982 r. (r. YepHUroB), B KOTOPOU ABTOP PEUICHUSI TPWHAT JUITHOE

ydJacrue. (A. A. Beaos)

6.8. YCIOBUE. Anamurudeckas GyHKIUA (T.e. KOTOPAsA Pa3iIaraeTcs B
KaXI0W TOYKE BO BCIOAY CXOAAMMUCA pan Temnopa) MpWHUMAET B PaImo-
HAJIBLHBIX TOYKAX PAIMOHAILHBIE 3HAYCHNA. BepHO /1, 9T0 0HA — MHOT'OWIEH?

PEmMEHUE. OTBeT Ha Bompoc: BOOOIIE rOBOpS, HET.

MHOXeCTBO PAIMOHAIBHBIX YUCEN CUYETHO, 3aHyMepyeM UX U 0003HATUM
1-€ B DTOM HYMEPAIINY PAIOHAILHOE TUCIO Yepe3 T;.

PaccmoTpum cymmy

ao(x—xzo)+ar(z—xzo)(x—z1)+ - Far(x—zo)(x—21) . . .- (T —2)+. .., (1)

Tae ; — HEKOTOPBIE PAIMOHATbLHBIE KOX(DPUIUEHTHI, 3HAYECHNUI KOTOPLIX OY-
IYT TONOOPAHBI HAXKE.

Ecmm x € QQ, To £ = z; npu HEKOTOPOM ¢ M HAaHHAA CyMMa OOODPBETCS; B
CIIY PAIMOHATBLHOCTU KO PUIIMEHTOB «v; €€ 3HadeHre OyIeT paluOHAILHO.

MHorowien, IPUHAMAIOIINKA BO BCEX PAIMOHAILHBIX TOYKAX PAIIMOHAIL-
HbIE 3HAYEHUSA, UMEET PAIMOHAJIbLHBIE KoddduumeHTs. [[03TOMYy MHOXECTBO
TaKUX MHOT'OYJIEHOB CYETHO. OCTa.JIOCI) IOKa3aTh, 9TO €CTh KOHTUHYYM IIO-
clegoBaTerbHOCTEN {; )50, A KOTOPHIX HANMCAHHBIN BBIIIE PAJ CXOAUTCA
K aHATUTUIECKOU PYHKIUHA. [[I1 3TOr0 JOKaXeM JeMMYy.

JIEMMA 1. 1 mo60u moCIeq0BATeISHOCTH MHOTOWIEHOB Ry, (%), masa ko-
topeix deg Ry () = k+ 1, cymecTByeT Takas moCaeI0BaATETBHOCTh HEOTPUIIA-
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TEeIbHBIX IUCEI T, ITO AI1 J000U MOCIefOBATEILHOCTH (v, YAOBICTBOPIIO-
wen HepasencTBaM 0 < ay, < 7, pag . apRi(2) cxoqures K aHATMTHYECKON
dyHKIIANA.

[OKABATEALCTBO. O6o3mavanm wepes M, makcmmym |R,(Cj)(x)| npm
yenosusax |z| < n,k < n, 3geck fU)(z) o6o3magaer j-10 mpomsBogHyo. DTOT
maxcumym cymectsyer, w60 RU)(z) =0 npu j > k + 1.

Bosbmem mocaegoBaTerbHOCTD T = M, il /(n 4+ 1)! m paccmorpum mro-
6y1o HOCJIG,Z[OB&T((%;;EHOCTB ap, Takywo, 910 0 < ap < rg. Jlerko BugeTh, ITO

paget y oo o ap Ry’ () paBHOMEPHO CXOAATCA HA OrPAHMICHHBIX MHOXECTBAX.
[MosTomy cymma

@) =3 apRi(e)
k=0

ecTb OeckoHEYHO mudpdepeHnmpyeMas (PyHKIAA U €€ j-1 TPOU3BOIHAA PABHA
o0
f9() =Y onlt)(x)
k=0

B CWIy CTaHJAPTHOU TEOPEMBI W3 KypPCa MaTaHAIM3A.

Mokaxewm, aro pag Temwropa dyuxuun f(z) cxogures k f(r) B Kaxg0u
TOYKE (PTO W €CTh AHATUTUYHOCTE). SAIUIIEM OCTATOYHBIA WIEH B (hOpMe
Jlarpamxa:

m

@) (g (m+1)
(@) = fla) =S L@ T O e g

j! (m+1)!

J=0
HOCJIerZ[Hee BBIDAXKEHUE CTPEMUTCA K HYJIO IPX M — OO HOCKOJIBbKY, B CHILY

BBIGOPA (v, IMEEM PABHOMEPHYIO CXOAUMOCTH f () (z) x HymI0 IPE M — 00
Ha JTI0O00M OrpaHUYEHHOM MHOXECTBE. (|

[Ipumensas meMMy, MOXHO BBIODATH KOHTHUHYYM DAa3IUTIHBIX MOCIENOBA-
TETBHOCTEN (Y PAIMOHANBHBIX YUCENT, 1A KOTOPbIX pax (1) cxommres k ana-
JUTUIECKON (PYHKIUN.

KOMMEHTAPUI. AHATOTUYIHBIM CIIOCOGOM MOXHO HOCTPOUTH KOHTUHY-
VM PA3IUYIHBIX AHATATAYECKUX (YHKIUA, TPUHAMAIOIAX B aarebpandecKux
TOYKaxX aarebpanvecKne 3HAIeHUA BMECTE CO BCEMU TIPOM3BOHBIMU (& TaKkKe
B PaVOHAJBbHBIX TOYKAX PaOVWOHAJBHBIC 3HAYICHUA U T. ;[)

MoxHO TakX)e 06€CIeInTh, YTOOBI (PYHKITAA OCYIIECTBIATA, OUEKITNIO MHO-
XKECTBA PAIMOHATBHBIX (arrebpamaeckux) qucen Ha ceba. Kpome Toro, MoxHO
crpouts byukuun f(z1,...,~T,), AHATATAIECKAE OTHOCUTENHLHO HECKOIBKAX
TIepeMeHHBIX, KOTOPBIe He ABIAIOTCA MHOTOYIEHAMU, HO BCE WX OT'DAHUIEHU,
MOy YaeMbI€ TOACTAHOBKOU &; = G, ¢ € (Q, — MHOrowIeHbI.

(A. A. Beaos)
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6.12. YCJIOBHUE. [lokaxuTte, 9TO infO Sn(2) =6, rae
€xr;>

n
Sn(2)zzw; z; > 0; Ty, =z n > 6.
i: T+ T3
PEMEHAE. Bosbmem Habop wmcen z, =af 'mpuk=1,2,...,n—2u
Tp—1 = T, = 1, rIe ¢ — TOMOXUTETHLHOE UCI0, Menbinee 1. B srom crywae
Sn(2) < 64 2(n — 3)a, n6o xkaxgoe u3 mEPBLIX (N — 4)-ex CIaraeMbIX MEHbIIe
2a, a M3 OCTABIIMXCA YETHLIPEX MBA MEHbINE 2 U ABa MeHbIne 1 + a. YcTpemus
a K HyIo morxyduM, 91o Sy, (2) < 6.
IMokaxem Tenepsb, aTo Sp(2) > 6. [ma sToro mocrarodHo ybemguTbea B
TOM, 9ITO

X = Z _ Te41 > 3.

T+ Thys

Bocnoassyemcs mHepaBeHCTBOM Komn — Byusakosckoro mis HabOpOB Fucen

_ T2 s _ T ) U
a:1+m4’ m2+a:5’ » a:n,1+a:2’ ITn + T3
xo(r1 + 24), m3(x2 + T5), cery Zp(Tp_1 +x2),  x1(TH + T3),

IOy IMM

(z1 +$2+...+xn)2
i (r123 + 2223 + ...+ Tpr1) + (123 + 224 + ... + TnT2)

TaxuM 06pa3oM, JOCTATOYHO IMOKA3aTh, ITO
S? > 3(x129 + xows + ... + Tpx1) + 3(x123 + Tows + ... + Tpwo) = 3Y,

roe S = x1 + 29 + ... + z,. llomoxum gma xkparkoctu Ag = 3 + 26 + ...,
Al = z1+24+... m Ao = 29+ 25+ .... Torga S = Ay + A1 + Ay un
A3 + A? + A3 > S?/3. llepensunyB, ecim HYKHO, THCIA TO IUKIY, MOXKHO
IOOGUTHCA TOrO, YTOOBL T3 > £1 U T3 = To. JAMETHUM, UTO
§2> 2P - AF— AT - A7) =3 Y mm =37
i—k /3

Ecau n = 0 (mod 3), To Bce craraembie u3 CyMMBI Y COAEPKATCA U B CyMMe
Z.Ecmn =1 (mod 3), To B cymme Y HEZOCTAET CAATAEMOTO Ly 11, KOTOPOE
He MPEBOCXOAWT COAEPXKAIIErOCA B HEW CAAaraeMoro I,xrs. Hcam xe n = 2
(mod 3), To B cymme Y HemoCTAET CIATaeMBIX T, 1T] U LpT2, KOTOPHIE HE

IPEBOCXOIAT COOTBETCTBEHHO CIATAEMBIX Ty_1%3 U TpL3. CTamno 66T, 52 >
> 3Y > 37 u ucxomHOE HEPABEHCTBO JOKA3AHO.

3AMEYAHUE. VcnoabzoBanue HepaserncTBa Komm — ByHAKOBCKOro 9acTo
IOMOTaeT TP [0KA3ATEIHLCTBE MONOOHBIX HepaBeHCTB. C ero moMomb0 MOX-
HO noxyauTh HepaseHCTBO [[lanupo (Shapiro H. S.; Amer. Math. Monthly, 61,
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1954, P. 571-572, Problem 4603)

n

S

Thal + Tha2
1 k+ k+

opu n = 3, 4, 5, u 6 win HepaseuctBo (A. [Ipokombes, Ksaur, Ne6, 1982,
sagaaa M749)

n
Z _ Tkl 59
e T+ Thyo
MHorovucieHHble TpUMepPhl UCIOAb30BaHUA HepaBeHcTBa Komm — Bymakos-
CKOr'O B MOAOOCHLIX CIydYasdX IpHUBeNeHLI B cTaThe Xpabpos A. H. okasza-
TEILCTBO HEPABEHCTB IIPK oMoy KBasuinHeapusanuu // 3anaau Cankr-Ile-
TepOypPrcKON OMMMIMATHI MIKOIBLHUKOB MO0 MaTemaTuke, 1999 rox. Msn-so

CIIeI'y, 1999, C. 81-87.
’ ’ (A. A. Xpabpos)

7.2. YCJIOBUE. [lonycTtuMm, 4TO JTIO6YI0 KOHEYHYIO KAPTY HA INIOCKOCTH
MOXHO MPABUILHO PACKPACUTDH B 4 1BeTa. [JoKax)uTe, ITO TOrAa MIPOU3BOIH-
HYIO KapTy HA IIOCKOCTHU TAKX€ MOXHO MPABWILHO PacKpacuTh B 4 1mBera.
(CTpaHbl MOXHO CIATATH MHOTOYTOJIbHUKAMU. PACKpAaCKa HA3BLIBAETCA Npa-
8UAbHOM, ecn TI00BbIe IBe CTPAHBI C OOIIMM yIACTKOM TPAHUIBI PACKPAIIEHB
B Pa3HBIE [IBETA.)

IIEPBOE PENEHUE. HazoBeM NpaBUIBbHYIO PacKpacKy P MHOXecTBa
cTpaH S HE02PAHUUEHHO NPOJOANCAEMOT, eCTr I TI0O0T0 KOHETHOr'O MHO-
xectBa S’ oma mpogomxaerca Ha, SUS’. Ecmm P He ABageTca HEOrDAHUYIEHHO
IPOJOMKAEMOM, TO CYMECTBYET KOHETHOE MHONCECTE0 HEeNnpoJoAHCAEMOCTNU
S’ rakoe, aro P me mpogomxaerca Ha S U S’

Ecimm P ecTh HEOrpaHUICHHO MPOAOIKAEMAA PACKPACKA MHOXECTBA, S,
C' — cTpaHa, TO CyMeCTByeT HEOTPaHWYIEHHO MpoJomKaeMas packpacka P’
muOoXkecTBa S = SU{C}, mpogonxatomas P. [[edCTBATENILHO, CYyIIECTBYET HE
6oaee 4 MPaBUILHLIX PACKPAcoK S', mpogomxaonmx P, 1 ecium OHI HEpO0JI-
XaeMbl, TO 06’be,Z|;I/IHeHI/Ie COOTBeTCTByIOHIHX MHOXECTB HEIPOOOMXKaeMOCTHU
€CTh MHOXECTBO HEIPOIOIKaeMocTu mis P.

MmuoxecTBO cTpaH cieTHO. 3anymepyem crpaubt C1, ..., Chp, . ... 1o ycao-
BUIO, PACKpacKa IMyCTOr'0 MHOXECTBA HEOTPAHMICHHO MPOAOIKAEMa U OHA
HOCAEIOBATEILHO TPOAOIKACTCA A0 HEOTPAHUICHO TIPOJOIKACMON PACKPAC-
KU TIEPBBIX 1 CTPaH A 1o60ro n. O6beInHeHnE BCEX TAKAX PACKPACOK TaCT
HCKOMYIO PACKPacKy BCeX CTPaH.

3AMEYAHUE. C momoinsio deMMbl llopHa MOXHO M0KAa3aTh CIeAyIOIIee
0600meHe 3aga4uu: OOMYCTUM, KaXALIM KOHedHbn moarpad rpada G
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MOXHO TPABUIBHO pacKpacuThb B k mBeToB. Torga Beck rpad G Takke MOXHO
MPABUWIHLHO PACKPACUATH B k I[BETOB. (A. A. Beaos)

BTOPOE PENIEHUE. 3aHyMepyeM CTPAHBI HATYPAJIbHBIMUA TUCAAMU. 3a-
HyMepyeM 1BeTa ducaamu 1,2, 3,4. ComocTaBuM pacKkpacke MEPBBIX 7. CTPAH
pecaTuanyio npobs 0,a1as .. .6y, ... , TOe a; — HOMEp IBETA i-U CTPaHbL. [lo-
CKOJBKY TI€PBLIE 1l CTPAH MOXHO MPABUAILHO PACKPACUTD, CYMECTBYET MOCTE-
poBaTeabHOCTH wucer {z,} C [0,1] Takas, 9To WeH T, KOAUPYET IPABUIb-
HYI0 PACKPACKy MEPBBIX 7, CTPAH.

U3 mro6ou mocmemoBaTEIbHOCTH TOYEK OTPE3KA MOXHO U3BJICTH CXO/Is-
LIYIOCA [oATocienoBaTensHocTs. [lycts X — npegenbras Touka {zn}, T.e.
Tpeea HEKOTOPOU TOATOCAeI0BATEILHOCTH. JIErKO BUAETH, ITO AECATHIHOE

pasnoxenwne aucaa X KOAWPYeT NPABUIBHYIO PACKPACKY BCEX CTDAH.
(B. Hotizem)



