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SKCTp E€MaJbHBIE PACIIOJOXKEHUA IIPAaBUIBHBIX
MHOT'OI'DaHHMKOB

A. Ckonenkos* A. Taram6yma

He looked at the snail. Can it see me? he wondered.
Then he felt, how little I know,

and how little it is possible to know; and with this
thought he experienced a moment of joy.

I. Murdoch, The Flight From the Enchanter

BBEJIEHUE

Onuna u3 Hambosee aKTUBHO PA3BUBAIOIIUXCA Pa3IeJoB KOMOMHATOPHOU
FeOMETPHUH CBA3AH C 3aJa9aMU 00 ONMUMAAbHBIT YnaKoskar. B 5TuxX 3anadax
TpebyeTcs PACIOJOXUThL B JAHHOU (PUType OJHOTO THUIMA HAUOOJBIIYIO BO3-
MOXHYIO (bUTypPy BTOPOro Tuna (Wi HaubGOJbIIee KOAMIeCTBO (hbUryp BTOPO-
r'0 THUIA JAHHOTO pasMepa). HacTosmas cTaThba moCBAMEeHa HEKOTOPBIM Upe3-
BBEIYAMHO KPACHBLIM PACIOIOXEHUAM OJHUX MPABAILHBLIX MHOIMOIPAHHUKOB B
OPYTUX U NOKA3ATEILCTBY PKCTPEMATBHOCTU DTUX PACIONOKEHUN (B CMBICTE,
9eTKO C(HOPMYIUpOBAHHOM HUXKe). OCHOBHBIE UEM WILTIOCTPUPYIOTCA HA TPU-
Méepe MPaBWILHOTO TeTpasapa, Kyba W mpaBwibHOro okTasapa (puc. 1 u 1').
[lpyrue nmpaBuIbHBIE MHOTOTNDAHHWKY (MPABWIBHBIE JOAEKAAP W WKOCADAP)
YIOMUHAIOTCA TOJABKO B KOHIIE CTAaThbU, '€ W NMPUBOAUTCA UX OIIPpEACICHUEC.
B sTon cTaThe HpaBUILHLIM TETPasdAp U MPABUILHBIA OKTA3ADP COKPAIIEHHO
HA3BIBAIOTCA TETPA3APOM U OKTADIPOM.

[TpuBOAUMBIE PACTIONOKEHUA M3BECTHBI CIENAATACTAM (HO, K COXAIEHUIO,
He mupokon myouuke). /[0ka3aTh ONTUMAIBHOCTD HEKOTOPBIX U3 HUX MIPeIa-
rajoch paHee Ha oauMIuagax. HacToAmas cTaThd HAIMCAHA HA OCHOBE IIAKJIA,
3agad [3], npegnarasmerocs Ha 13-1 rerHen koudepenuuu Typuaupa ['oponos,
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Puc. 1. Pwuc. 1'.

npoxogusiien B arycte 2000 r. mox r. Mamospocaasinem Kamyxckon obmaa-
cru. B qaHHOW CTAaThe MBI MPELIAraeM 1A UCCICIOBAHUS HECKOIBKO 3a0ad,
pelIeHnsa KOTOPBIX HAM HEW3BECTHHL.

MHuorue mpuBOAUMBIE PE3YIbTATHI JBOUCTBEHHEBI APYT APYTY. MBI HCTIOIE-
3yeM B HyMepalluy MITPUX 11 YKA3AHUA JBOUCTBEHHOTI'O yTBEPX IEHU, HO HE
006CyX 1aeM TBOMCTBEHHOCTH MOAPOOHO, OTChuIas dutaTend K [1, §9.2].

ONUCAHUE MHTEPECHBIX PACIIOJIOYKEHUI TETPADIPA, KYBA U
OKTADIPA

Ha pucynre 1 mokasano, Kak BEIOPATH 9€THIPE BEPIIXHBI Ky6a TaK, ITOOBI
OHU OBLTU BEPIIMHAMHE TeTpasapa. PackpacuM BepmmHbI Ky6a ¢ pebpom 1 B
YepHBIN U GEJBIU [BETA B (IIAXMATHOM) MOpALKe (T.e. Tak, 9TOOBI COCEIHUE
BEPUIMHBI OBLIM PACKPAIIEHBI B Pa3HbIE IBETA). TOra BEPIIMHBL O THOTO IBETA,
3a]aI0T TETPAdAp ¢ pebpom v/2.

3aMeTuM, ITO MepeceveHre TETPAdAPOB C YEPHBIMU U OEIBIMU BEpIIH-
HAMW eCTb OKTAad[P, BEPUIMHBI KOTOPOrO ABIAIOTCA CepeawmHaMu pedep sTux
TETPadIPOB.

Ha pucynxe 1 1erko BugeTs u HEMOCPEACTBEHHO, ITO CEPEIUHLI pebep Te-
Tpasapa ¢ pe6poM 1 ABIAIOTCA BepUIMHAMEI OKTasApa ¢ pebpom 1/2. U3 sToro
BBITEKAET TAKXKe, 9TO MOXHO BHIOPATH YETHIPE MIOCKOCTU T'PAHEN OKTAdAPA,
TaK, ITOOLI OHM OBUTN TIOCKOCTAMY TPaHEN TeTPasapa.

Ha pucynxazr 2a, 2b mokasamo, Kak BHIOpaTh HA pebpax OKTa’apa BO-
CeMb TOYEK, ABIAIONMXCA BepmmaaMu Kyba. Bepmmasr okrasapa ¢ pebpom 1
ob6osuauum qepes A, B,C, D, Sy, So, 4T00bI BeIIeAUTL OCHOBaHUEeYy ABCD 1
«BepimHbl S1 1 So. Ha BocbMmu pebpax, COEIUHSAIONNX BEPUINHBI OCHOBAHUS
¢ ToukaMu S7 1 S, BO3BMEM BOCEMb «KpacHbIX» Touek A;B;C;D;, menammux
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COOTBeTCTByIOIIMEe pebpa B OAMHAKOBBIX OTHOIIEHWSIX. JIErKO BUAETDH, ITO
«KPACHBIE» TOYKU ABIAIOTCA BEPIIMHAMEI MPIMOYTOIHLHOTO MAPAJLICICIIUIe A,
Ero rpanu, mapamtenbHble OCHOBAHUIO, ABIAIOTCA KBagpaTamu. «KpacHBINY
MPAMOYTOILHBIA TAPAJIETCTUTIE] ABIAETCA KyOOM TOTIa U TOJBKO TOTA, KO-
roa A1As : AiBy = AA1V2 : SA; = 1. CTopoHa «KpacHOrO» ky0a paBHA TIpH

2TOM AlBl = % :2—\/5.

Ha pucynxazr 2'a,b nokazano, kak BeIOpaTh Ha pebpax Kyba MecTh TOYCK,
ABIAOMINAXCA BEpIIHHAMY OKTanapa. BepmuHbl Ky6a ¢ pe6poMm 1 0603HAYEHBI
HECTaHJAPTHO, HO UMEHHO Takoe 00o3HadeHWe ynqoOHO MJIsA HAIIEro MmoCTPO-
enws. deTwipe BepmwmHBI Tpex pebep kyba, mmeromux OOIIyI TOUKY, 000-
3HAYEHBI YeTHIPHMSA PA3HBIMU OYKBAMU C HEKOTOPBIMEU mHAeKcamu. Ha Tpex
pebpax D1 Ay, D1 By u D1Cy, Buixogammx u3 BepuuHbl D1, B3ATH TPU TOIKA
Ay, By, Cy, mensmue 5T pebpa B OAMHAKOBBIX OTHOMEHUAX 3 : 1 (K oOmen
BepumHe ] NPUMBIKAET 604bwutli OTPE30K neneHus). PaccMoTpuMm Takxke
Trouku A, B_,C_, cHMMeTpUYIHBIE UM OTHOCHTEILHO IEHTpa KyOa. VMmeem

A B_=\[A A} + A\B} + B,B? = % —V3A, D, = A, B, .
Amanoruvno momydaem, 4TO BCe BoceMb TpeyroabHukoB AL BiCy — mpa-
BUJIBHEBIE C pPebpom % Taxum obpasom, P = A B,C,A_B_C_ — mnpa-
BUILHBIA OKTa3Ap C peOpoOM ——

22

OO6BITHO TPUBOAATCA PACIIONOXKEHUA Ha pucyHKax 2a m 2'b, m3 KOTOpBIX
HE COBCEM IOHATHO, YTO OHU IBOUCTBEHHBI IPYT APYTY.

3akoH4MM >TOT maparpad mHTepecHbIM 3amedanueMm B. [lorpHukosa. Bo-
IIPOC O TOM, KOT'JIa CPEIU BEPIIMH N-MEPHOr0o Kyba MOXHO BBIOpATH TOYKH,
ABIAIOIIUECA BEPINMHAMUA IIPABUJIBHOTO T-MEPHOT'O CUMILICKCA, OYI€Hb MHTEPEe-
ceH, HO He perreH 6onee 100 aet. He Bce 3HAIOT, X0T4 32 mocaexaue 70 JeT 5T0
HEOTHOKPATHO NEPEOTKPHIBAIOCH, UTO 3TO MOXHO CAEIaTh TOrJa M TOJBKO
TOra, KOraa cymectsyet marpuna A namapa nopagka n+1. (Mampuuyet Ada-
M@PG HA3BIBAETCA OPTOTOHAIBHAS MATPUIA, COCTOAMAS U3 €IWHUIl U MUHYC
epuuui.) [lo cux mop He AOKa3aHa TMIOTE3a O TOM, YTO IpH N > 4 MaTpuua
A mramapa cymecTByeT B TOYHOCTH TOT[A, KOTAA 1) HEIUTCA Ha 4.

ONTUMAJILHOCTB IIPUBEJEHHBIX PACIHOJIOXKEHUNA

CdopmymupyeMm mpobaeMy, TIpU PEMIeHuN KOTOPOU TOABIAIOTCA YKA3AH-
HBIE KPDACUBBIE PACIIONIOXEHUA.

ITPOBJNEMA (P, Q). Janbl nBa BRIMykaAbrx MHOTOrpanEmka P um Q. Ipn
kakoM HamboabumeM p = p(P, Q) B MHOrOorpanuuke ¢ pe6pom 1, romorermd-
HOM (), MOXHO TOMECTUTH MHOTONPAHHUK C PeOpOM p, rOMOTETUYIHbIA P7?
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[Ipo6aema (P, () B caydae mMpaBUILHBIX MHOTONpAHHUKOB P u () GyneT B
JATbHENIeM 0003HAYATHCA C UCTOMB30BAHUEM MTUKTOIPAMM IS TTPABUILHBIX
MHOrOrpaaaukoB. CM., HanpuMep, pOPMYIUPOBKY CAETYIONIUX TEOPEM.

TeoPEMEL: 1. p( (), () = V2. V. p(&, &) =1/2.

OnTumanbabie pacnonoxenus a1 Teopem 1 u 1’ yxe mocrpoensr (puc. 1
u 1'). [okazaTenrsCTBO UX ONTUMAILHOCTHU HECIOXHO W Kpacuso. OHO OCHO-
BAHO HA CIEAYOIMUX OOIIEM3BECTHBIX (PAKTAX.

- Cdepa, onucanmnas 0xoa0 mMempasdpa, uMeem MuHUMaALHLIL paduyc
cpedu gcex cep, 8 KOMOPbIE €20 MONCHO NOMECTNUMD.

- Bnucawmnas 6 8binykAblli MHO202DaHHUK cPepa umeem MaKxCcuMaibHbLT
paduyc cpedu ecexr cdep, KOMopvie MONCHO NOMECTIUMD 8 JaHHbIE MHO20-
2PAHHUK.

3aMeTHM, 9TO MEPBLIX W3 >TUX (PAKTOB HEBEPEH A NPOU38OAbHbIL Te-
TPas’IpOB.

Urak, nokaxem, 9To B Kybe () ¢ pe6poM 1 HEBO3ZMOXHO PACIOJIOXUTDL Te-
Tpasap ¢ pebpom, 6éabmmm /2. IlycTs B () pacmonoxer Terpasgp P. Toraa
P copepxurca B cdepe S, omucannon BokpyT (. Ilo mepsomy u3 chopmynun-
poBauHbIX (hakTOB, pebpo Terpasapa P He npeBocxomuT pebpa TeTpasapa,
Brucanuoro B S. Kak pas Takou reTpasgp nzobpaxes Ha puc. la, u ero pebpo
paBHO /2.

Temeps mokaxem, 9To B TeTpasdape () ¢ pebpoM 1 HEBO3MOXHO PACIIOJIO-
XKUTH OKTadAp ¢ pebpom, 6éabmmm 1/2. [Iycts B ) pacnonoxen okrasap P.
Torga () comepxur chepy Sp, Buucanuyio B P. [lo sropomy u3 chopmyau-
POBaHHBIX (DAKTOB, paguyc chepsl Sp He IPeBOCXOAUT paamyca chepsl Sq,
BOuCaHHOU B (). 3Ha4uT, pebpo okTasapa P He mpeBocXoauT pedpa OKTadapa,
OIHMCaHHOTO BOKPYT Sg. Kak pas Takon okTasap m3obpaxeHn Ha puc. lb, u
ero pe6po pasuo 1/2.

TrEOPEMBL 2. p((7), &) =2— V2. 2'.p(@,®):%ﬁ.

OnTuMatbHbIE PACTIONOXEHUA A TeopeM 2 u 2' yxe mocTpoeHsr (puc. 2
u 2'). [loka3aTeabCTBO WX ONTUMAILHOCTH TAaKke HEeCAOKHO U Kpacuso. OHO
OCHOBAHO HA, CACTYIOIIEN JEeMMe.

JIEMMA O HEHTPAX CUMMETPUN. Ecau 8binykabit 4ewmpaibHo-Ccumme-
MPUUHBLT MHOZ0ZDAHHUK P MONCHO Pacnosodcums suympu dpy2020 8bINYKAO-
20 YEHMPAALHO-CUMMEMPUUHO20 MHO202PAHNUKA (), TO MO MONCHO COesamb
U maxum 06pa3om, umobbl YEHMPLL CUMMEMPUL MHO202PAHHUKOE COBNAAY.

[na doxazamesbcmea meopembl 2 MOCTATOYHO MOKA3aTh, ITO Ky6 P Ha
pucyHKe 2 mMeeT HamboJdbIee peOpo Cpear BCEBO3MOXHBIX KyOOB, TTOMeIIa-
IOIIAXCA B €IUHUIHOM OKTadape. [Ipeamosoxum, HATPOTUB, ITO B OKTADIPE
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cymecTByeT Ky6 P’ 66apmero pasmepa, dem P. Ilo qemMMme 0 HeHTpax CHM-
METPUU MOXHO CIMTATh, ITO HeHTP Kyba P’ cosmamaer ¢ meaTpom O Ok-
tanapa. Torga Bce Bepmmubl Kyba P’ nexat BHe cdepsl ¢ neaTpom O, onu-
cagaon okomo kKyb6a P. Ilycte K m L — Touku mepecedeHua 3Tou cephl C
pebpamu AB u AD, coorBercTBenHO, Onuxkaunmme k A. Paccmorpum mupa-
vugy AKLA{As n ATH AaHATOTUYHBIX MUPAMU, COOTBETCTBYIOIINX OCTATh-
HBIM BEPIIXHAM OKTadApa. KCaum HEKOTOpas TOYKA JeXUT B OKTa’Ape, HO He
CONEPXKUTCA HA B ONHOW W3 DTUX MIECTU TUPAMUL, TO OHA JEKUT BHYTPU
paccmaTpuBaeMon chepbl. Takum o6pasom, BepmmHbI KyOa P’ pacmonoxennb
B OOBEIUHEHUU TOCTPOEHHBIX MecTH mupaMmui. 1lo mpunamuny upuxie xo-
Ta ObI ABEe BepIIMHBI KyOa P’ momxHBI JexaTh B ogHou mupammae. OmgHAKO
IMAMETDP KaXIoU mupamMuabl (T.e. HAMOOMbIIEE PACCTOAHUE MEXIY TOTKA-
mu mupavuael) paser Ay As, aTo paBHO pebpy kyba P m mo mamemy mpe-
HOMOXEHWI0 MeHbIe pebpa Kyba P’. IloqydeHHOE IPOTHBOpETNE 3aBEPIIACT
IOKA3aTETHCTBO.

Mna doxazameavcmea meopemvt 2’ TOCTATOTHO MOKA3ATH, ITO OKTADAP
P ma pucynke 2’ umeeT HambosbIIee pe6po Cpeau BCEBO3MOXHBIX OKTadAPOB,
MIOMEIIAIOIMNXCA B equHUIHOM KyOe. [Ipeamomoxum, HAIpPOTHUB, ITO B Kybe
cymecTByeT okTasap P’, 66apmmui, sem P. Ilo remMe o meHTpax CUMMeTPUR
MOXHO CIATATE, ITO HNEeHTp oKTasapa P’ cosnagaer ¢ mearpom O ky6a. Toraa
BCe BepIIMHEI OKTasapa P’ nexat BHE cepsl ¢ meHTpoM O, ONMICAHHOUN OKOJIO
okTapapa P. Jra cdepa mepecekaeT pebpa Kyda B TOIKAX HA PACCTOSHUN
1/4 ot ero Bepmuna. PaccMOTpuM 8 4eTHIPEXYTONIbHBIX MUPAMU, KaXKAadA U3
KOTOPLIX 00pa30oBaHa BepIIXHAMA KyOa 1 TpeMsa OIMXKAWIIAMYA K HeH TOIKAa-
Mu niepecedenna cdepsr ¢ pebpamu Kyba (IeXamyuMn Ha, BHIXOIANIAX U3 DTOU
BepumHbl pebpax). Ecim Touka mexut B KyOe, HO BHE OOBEAMHEHUA DTUX 8
MAPAMU, TO OHA JEeXUT BHYTPHU paccMaTpuBaemon chepsl. Takum oGpazom,
BEpPIMHBI OKTasapa P’ pacnonokenbl B 00beIUHEHNN 8 NAHHBIX MUPAMUL.
ITO O3HAYAET, ITO JBE W3 BEPIIMH OKTasapa P’ MomXHbI IpuHAIICKATE JI1-
60 OMHOU THUpaMuige, TUO0 JeXKATb B ABYX MUPAMUIAX, OTBEYAIOUIAX ABYM
cocequuM BepumaaM KybHa. O THAKO PACCTOSHUE MEX Y ABYMA TOIKAMU O0H-
CAVHCHUSA NMUPpaMMN, OTHOCAIINXCA K COCEAJHUMM BEpUIMHAM, HE IIPEBOCXOAUT

V124 (1/2)2 + (1/2)2 = % , 9TO PaBHO pebpy okTasapa P m MeHbIe pe-

6pa okTasapa P’. IloryvdeHHOE MPOTHBOpEYME 3aBEPUIACT AOKA3ATEILCTBO.
Hemuoro apyroe mokasaTenbCTBO TeopeMbl 2, a Takxke OIM3KAE WHTEPECHBIE
daxTel IpuBeeHHl B [2, 3agada 415].

Ocranocwk dokazame aemmy o yenmpaz cummempuu. Mot OGygem ucnonas3o-
BaTh GOPMY.Iy 1A KOMIOSUIUHA [EHTPAIbHBIX cuMMeTpuit: Z4 0 Zp = Topy.

IIycts Og m Op — HIeHTPHI CUMMETPUHM MHOTOTPaHHUKOB () m P. Mmuoro-
rpanHuK Zo,, (P) Taxxe cogepxurca B Q. Umeem: So, (P) = So, (S0, (P)) =
=T

ZTOQ(P) (cM. puc. 3, Ha KOTOpPOM mM300paxeH mwIockuu anajior). Toraga
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Puc. 3.

MHOrorpagauk P’ = Tm(P) paBeH P, mMmeeT IEHTDP CAMMETPUHU B TOUKE
Ogq u cogepxurca BayTpu (). [locrenee cregyeT u3 BEIIYKIOCTA MHOTOTDaH-
HUKA (), TIOCKOIBKY Kaxaad Touka £ € P’ 1exuT Ha oTpeske, COeIUHAIONEM
TOYKZ Tm(x) n Toq—op(:ﬁ).

Mbr npeanaraeM 3amHTEPECOBABIIEMYCA YUTATENO PENUTH IIPOOIEMbI
(&, &) m( @ , {{)) mmm x0TA GBI MOMYINTH OLEHKM A COOTBETCTBYIO-
wux p(P, Q) (Bugumo, 5Ty Opo6IeMBL ABIAIOTCA HepelneHHbIME). Hanpuwmep,
paccMaTpuBas pucyHOK 1) MOXHO mokazaThb, 9To p( @ , @ ) > 1 (mockoms-
Ky TeTpasap, CAMMETPUIHBIA (BEPXHEMY» TETPAdAPY OTHOCUTETHHO (HYIXK-
HEW» TPAHU MOCIENHETO, JEKUT B OKTAAPE).

ONTUMAJILHBIE PACIIOJIOXKEHUSA HECKOJILKUX TETPADIPOB

ITPOBJEMA (Q,n). Jam Bemmykaem muOrorpanauk (). [Ipm xaxom Ham-
6oabmem p = p(Q,n) B MEHOrOrpaHHUKE ¢ pe6poM 1, roMOTETUIHOM (), MOXKHO
HOMECTUTD 7 HEMEPECEKAIOINXCA TEeTPadApOB ¢ pebpom p?

TEOPEMA 3. p(@ﬂ):% up(@,2)2§.

[TocTpouM onTUMAIBHBIE PACIONOXKEHUA A TeopeMbl 3 (puc. 4a). Pac-
CMOTPHUM [Be MIPOTHUBOMOIOXKHBIE BEPIIMHBL S1 1 S9 KyOa. Paccedem ky6 mioc-
KOCTbIO, paBHOyHadeHHOW OT S; m So. B cedenumm momy<um TpaBUIbLHBIN
MIECTUYTOILHUK CO CTOPOHOM 1/4/2. B 5TO cedeHme MOXHO HOMECTHTD Ipa-
BUILHBEIA TPEYTOMBHUK CO CTOPOHOM p < v/3/1/2 Tax, 9To HeHTp Tpeyrors-
HUKa COBIAJET C MEHTPOM cevdeHnda. TeTpasapel ¢ BepmmHamu S1 1 So, 0CHO-
BAaHMUAMEI KOTOPBIX CIYXAT YKA3aHHBIE TPEYTOJIbHUKMA, — UCKOMBIE. BBICOTHI
IIOCTPOEHHBIX TETPA3IPOB PABHEI pajuycy R = /3 /2 onucaHHOU OKOJIO Ky6a
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S
a) b) c)

Puc. 4.

cdepor. Tak kak R = py/2/3, To sTu TeTpasapsl npasuibabe. OnruMans-
HOCTH MOCTPOEHHBIX PACIOJOXKEHUN BHITEKAET U3 CJASTYIOUEN JEMMEI.

JIEMMA O IBYX TETPADAPAX. Ecau muozoepannuk QQ naxodumes 8 che-
V3
N R

ITa JeMMa, JOKA3bIBAETCA O9E€Hb MPOCTO. Ecam B MEOrOrpamamke () pac-
HOMOXKEHBI [Ba TeTpadapa ¢ pebpom p = p(Q,2), He uMeromue OOMUX BHY-
TPEHHUX TO4YeK, TO meHTp cdepbl O HE TEXUT B OAHOM M3 HuX. [Ipoemem
gepes IpaHn STOro Terpasapa mrockoctu. O fHOM 13 HUX MOXHO oTAeauTh O
oT BepumHBL A TeTpasapa, He Jexaiien B »Tou mwiockoctu (puc. 4c). Torga
d/2 > AO > h = p\/2/\/3, rae h — pIuHA BHICOTHI TETPAdIpA.

PaccmaTpusas Temeps (puc. 4b) nBe MPOTUBOMOMOXHBIE BEPIIUHBEL S U
Sy oxmasdpa 1 paccekas OKTas>Ip PABHOYIAICHHON OT 3TUX BEPUIMH ILIOCKO-
CTBIO, TIOJIYYUM B CEYEHUM KBAJPAT CO CTOPOHOU 1. Brmiem B HEro okpyx-
HOCTB pajauyca 1/2, a B Hee — IPaBWILHBIN TPEYTOJIbHUK CO CTOPOHOU V3 /2.
TeTpasapsl ¢ Bepumaamu S1 1 So, OCHOBAHUAMEI KOTOPBIX CIYXKAT YKA3AHHBIE
TPEYrOJbHUKY, — UCKOMBIE. [[0Ka3aTeIbCTBO AHAJOTMYHO CIYYalo Kyoa.

MBI npenraraeM 3auHTEPEeCOBABIIEMYCA IUTATEIIO MOJAYIUTH OICHKU TU-
cra p(Q,n) mna ocrasmuxca map (Q,n). Ha pucynke 5 npexcrasieno same-
YATEIbHOE PACIONOXEHNE, MOKA3BIBaoIee, ITo p( @ ,3) > 1.

pe duamempa d, mo p(Q,2) < d

PA3BUEHUE TETPASIPA HA TETPADIPHI I OKTADIPHI

s pucynka 1’ u mepasencrsa p( (|, <» ) > 1 urrekaer, arop( (] ,5) >

> 1/2. llpusegem KpacuBoe KIaCCHYECKOE PaCIOIOXKeHue, 06obmaromee pac-
3

n +n) > 1

2 n

nonoxenue Ha pucynke 1’ u naromee onenky p( @ , (amamormaaOE
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Puc. 5.

MOCTPOEHNE MOXKHO IIPOBECTH U A OKTasapa). Cum. puc. 1’ gua n = 2 u puc. 6
o n = 3.

TEOPEMA 4. /Jas wanxcdoti svicomvr mempasdpa ¢ peopom 1 nposedem

n — 1 nepnenduryaspnuiz et naockocmed, Jeasuwusr ee Ha N PABHHIL Yacmed.
3

n° +2n
Toeda nposedennbie naockocmu pazbusaom mempasdp Ha —y mempa-

n®—n 1
20dpos u — oxmas’dpos ¢ pebpom —.
n

Teopemy 4 merko mokasaThb MO WHAYKIMU. Basza n = 2 cirenyeT u3 pu-
cyaka 1’. [Jokaxewm mar mHIYKIAU cHadada 14 n = 3. IIpoBeJeHHBIC TLIOC-
KOCTH pas3buBaioT TeTpasap Ha kycku. Cpemum TPOBENEHHBIX ILIOCKOCTEN
PACCMOTPUM Te YeThIpe INIOCKOCTH, KaXAaA U3 KOTOPHIX OTCEKAET OT UCXOT-
HOT'O TeTpasapa maabiti TeTpasap ¢ pedpom 2/3. Kycku B Manbix TeTpasapax
ABIAIOTCSA TETPAdAPAMEA U OKTADIPAMU IO MPEAIOJOKEeHWIO nHAyKnwn. Kasa-
JOCH OBbI, UCXOMHBIA TETPAAP ABIAETCA OOBEIMHEHUEM MAILIX TETPAdIPOB.
B mencTBUTENBLHOCTH, DTO HE TAK: MEHTP UCXOM-
HOT'O TeTPa’APa HE JEXUT B dTOM O0BbequHeHun!
(Cwm. puc. 6.) ITO caegyeT u3 TOro, ITO UEHTP UC-
XOJHOT'O TETPadApa MEIUT BLICOTY B OTHOIIECHUU
1: 3, a xkaxmaa U3 YeThIpeX BBIOPAHHBIX ILIOCKO-
crer — 1 : 2. Ho B 00bequHEHNN MATBIX TETPaA-
SIPOB HE JeXKUT JUIb oquH Kycok. OH orpanunyiexn
9eTBHIPbMsA T'PAHAMHI MAJBIX TETPAdAPOB, HE CO-
BIATAONIIAMY C TPAHAMEI UCXOMTHOTO TETPadIpa, u
HODTOMY SBIAETCA TETPadapoM ¢ pebpom 1/3
(ero BepmIMHAMY ABAAITCI MEHTPHI TpaHER
UCXOMHOTO «OOJMBIIOrOY TETPAdApa). SHAYUT, MO MPEAIONOKEHUIO WHIYKIUN
BCe KyCKU ABIAIOTCS TeTpadapamu u okradapamu ¢ pe6pom 1/3. ITockonbky

Puc. 6.



62 A. Cxomenkos, A. TamamoOya

MAJIBIX TETPA3APOB IETHIPE, TO POBHO YETHIPE KYCKA ABIAIOTCA OKTADIPAMU.
[Iycte T xyckoB aBastoTcs TeTpasapamvu. [lis sHaxox gerus 1’ BOCIOIb3yeMCs
coobpaxeruavu mogobua. O6wéM Terpasapa ¢ pebpom 1/3 B 33 = 27 pas
MeHbIIe 00beMa UCXOJHOTO TETPadaApa U B 4 pasa MeHbIIe 00beMa OKTAdIPa,
co croponon 1/3. Cregosarensno, 4 -4 +T = 27, orkyga T = 11.

[lokaxeM Temepb, ITO TeopeMa 4 BepHa I Ipou3BoIsHOro 1 > 3. Cpeau
MIPOBEAEHHBIX TUIOCKOCTEN PACCMOTPHUM T€ YeThIPE TIOCKOCTH, KaX [asd U3 KO-
TOPBIX OTCEKAET OT UCXOAHOTO TeTPAdAPa Maabll TeTpasap ¢ pebpom 1—1/n.
Tak kax n > 3, TO 00bEIUHEHNE YETHIPEX MAJILIX TETPADAPOB yKEe ABIAECT-
CA UCXOOHBIM TETPa3IPOM. 3Ha‘II/IT, IO IPEAITOJMOXKEHNIO MHAYKIINN BCE KYCKU
ABIAIOTCA TeTpadApaMu U okTasapamu ¢ pebpom 1/n. Ioncauraem Teneps
koamdecTBa 1, TeTpasapos u O, OKTasApoB B pas3buenuu. O6beuHeHnEe IBYX
MAJIBIX TETPAdAPOB ABIACTCA UCXOTHBIM TETPA3APOM, M3 KOTOPOT'O BBIPE3a-
HBI KYCKWU, IPUIEXKAINIE K OqHOMY u3 pebep. Cpeau 5Tux KyCKOB 1, OKTadAPOB
¢ pe6pom 1/n. IlepecedenneM ABYX MAJIBIX TETPA3APOB SABIAETCA TETPAIP
¢ pebpom 1 — 2/n. Hosromy Optq1 = n + 20, — O,—1 upu n > 3. Ucnomns-

3
n —n
3yas Oy = 1 uw O3 = 4, 10 MHAYKIWU JErKO MOKa3aTh, 4To O, = 5
Naxee, u3 coobpaxenuir mogobma moayumm, uro 40, + T, = n’, oTKyia
3
n° +2n
T, = —

ONTUMAJBHBIE PACIOJJOXKEHUSA C YIACTUEM TOJEKADIPA U
NKOCADPA

[Mpuemem aHATOTWYHBIE PE3YJABLTATHI A APYTUX TPABUILHBIX MHOTO-
TPAHHUKOB — MOAEKA3NPA U UKOCADIPA. BBIMTYKILIN MHOTOTPAHHUK HA3HIBA-
eTCA NPABUALHLIM, €CITU €r0 T'PAHU — OJUHAKOBLIE MPABUIBLHBIE MHOTOYTOMb-
HUKW U ABYTPAHHBIE YIVIBI IPU BCeX pebpax paBHbL. /lanee Bce MHOTOTPDAHHUKHT
HOAPAa3yMeBAIOTCA HPABWIbHBIME. Vcmombdys puc. 7, MOXHO AOKa3aTh |1,
§9.1], 9TO IEUCTBUTEIBHO CYIIECTBYET

— npasuabublli dodexasdp, m. e. MHOR02PARKUK, KANCIAA 2PAHb KOMOPO-
20 — NAMUY20AbHUK;

— NPABUALHBIT UKOCAIIP, M. €. MHOZOZDAHHUK, 8 KaNcA0l sepuiune Komo-
poeo crodumes b pebep.

He cymecTByeT Apyrux THIOB MPABIILHBIX MHOT'OT'PDAHHAKOB, KPOME TATH
nocTpoeHHbx [1, §9]. DToT dakT He UCIIOAB3YyeTCA B JAHHOU CTATHE.

TEOPEMA 5. p( (), @) = 1+\/_ p(, ©)= 1+\/_.
TeoPEMA 5. p(&D, &) = 5_1 (D, &)= 5_1)
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Puc. 7.

OnTuMantbHbIC PACTONOXEHH JJId TeopeM b 1 5’ mpeacTaBIeHbl Ha puc. b
u 8. Ix onTHMAIBHOCTE JOKA3BIBACTCA aHAJIOTHMIHO Teopemam 1 u 1'. B go-
Ka3aTeIbCTBE UCIOAB3YETCA, 9TO A AOAEKADIPA U UKOCABAPA CYIIECTBYET:

- cepa, npoxodswas uepesz éce ez2o sepuunb (onucannas chepa);

~ cepa, Kacarwwascs cex e2o 2paneti (6nucannas cfepa).

Mu1 mpegiaraeM 3amHTEPECOBABIIEMYCA YUTATENIO PEIIUThH OCTABIIECT
npobaemer (P,(Q) mmm xoTa GBI TOMYYATH OUEHKH Mg COOTBETCTBYIOUIMX
p(P, Q). llpusegem umerommuecs y HAC BEPXHUE OIECHKMU:

(D, @) > \/52_1 (puc. Ta);

- p( @ , @ ) ModcHo ouenumsb u3 puc. Tb: dodexaadp, 2omomemuunbiii
QAHHOMY C YEHMPOM 8 Uewmpe Kyba, codeprcumcs 6 Kyoe;

V5 +1
- p( @ , @) = Vol puc. Ta: cepedumnbl pebep uKocasdpa, AeH aUUE

HG 2PARAT KYOa, ABAAIOMCA BEPUURAMY OKMAIIPA;

-p( @ , @ ) ModHcHO ouenumpb u3 puc. Ta: cepedunvt pebep dodexasdpa,
ACHCAUUE HAO 2PAHAMY KYOQ, ABAAIOMCA BEPUUHAMY OKMAIIPA;

- p( @ , @ ) MOKHCHO oyeHumb u3 puc. 8: uewmpwvl epaneti okmas’dpa
ABAAOMCA BEPUWUHAMY KYOa;

- p( @ , @ ) ModCHO ouenumb u3 puc. 8: yeHMPyl 2paneti UKocas0pa
ABAAOMCA SEPUUHAMU dodeKasdpa.

3(v5 + 1) V306 +V5)

TEOPEMA 6. 2)=———mu 2) = ——
(.2 =1 up( @,y =Y

OnTuMaibHBIE PACIONOKEHUS A TeopeMbl 6 m3o6paxensl Ha puc. 9. /o-

Ka3aTeIbCTBO UX ONTUMAJBHOCTU AHAJOTUTHO MOKA3AaTEABCTBY TEOPEMBI 3
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Puc. 8.

Puc. 9.
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Heob6xoaumebl crenyiomue BeIMucaeHuda. [lad gogexasapa mMOCTPOEHHOE aHAJO-
TUYHO JOKA3ATEILCTBY TEOPEMBI 3 CEYEHUE €CTh MPABWILHBIA IIECTUYTOMb-

. 3 o
HUK CO CTOPOHOU ¥ PaglyCOM BIMCAHHOU OKPYXKHOCTH

V33 +V5) S V3(1+V5)

8 42
[l uKOCcapaApa MOCTPOEHHOE CEUEHNE €CTh MPABWIBLHBIN AECATUYTOILHUK CO
cTopoHou 1/2 w pagmycoM BOUCAHHOU OKPYKHOCTHU

1, 2m V5 V545
r=—-tg— = > .

4 75 4v/5 —2v/5 4

Mz 61arogapum M. Bsanoro, B. [lorbaukoBa, M. EBnokumosa u U. D. Illa-
PBICUHA 33 TOJE3HbIE 06CY XK [eHUS.
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