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CpaBHUTETBHAA TeOMETPUA TPEYTOIbLHIKA 1
TeTpasIpa

A. A. BacraBckun

IIOCTAHOBKA 3AIAYU

OTa CTAThA MOCBAILIEHA 33a4e, KOTOPas ObLIA MPENIOKeHa, MIKOILHUKAM
ma XV merHen koudepennuu Typuupa ['opomos B aBrycre 2003 roga. [Tocra-
HOBKA 33,IaYN ABISAETCA COBEPIIEHHO 6CTECTBEHHOU. [[eNCTBUTENBLHO, 6OMBIIAL
TaCTh INIQHUMETPUU COCTOUT B U3YICHUN CBOﬁCTB TPpEYTOJbHUKA. TpeXMep—
HBIM aHAJOT'OM TPEYT'OJABHUKA ABJAACTCA TE€TPpa3ApP, HO3TOMY BIIOJHE JOTUYTHO
MOCTABATD BOMPOC, JJIA KAKUX CBOUCTB TPEYTOJLHUKA CYIIECTBYIOT TPEXMEp-
HBIE AHAJIOTW. Brpodem, B mOIHOM OOBbeMe 5Ta 331393 abCOMIOTHO HEIO [HEM-
Ha. [0CTATOYHO CKa3aTh, YTO B DIEKTPOHHON dHUMKIOIEe M [1] 9ucio cBa3aH-
HBIX C IPOU3BOJBHBIM TPEYTOIHHAKOM 3aMEYATEIbHBIX TOYEK MPUOINKACTCI
yxe k 2000. 3mech MBI PACCMOTPUM BOIPOCHI, CBA3AHHBIE IPUMEPHO C JAeCIT-
KOM 5THUX TOYEK, KOTOPBbIE 6yrﬂ;yT nepevIucCaeHbl HUXE.

1. Hewmp mascecmu M — ToUka mepecedeHus MeIuaH TPEYroJbHUKA.

2. Ilenmp onucannoti oxpysrcrocmuy () — TOUKA MEPECETCHUA CePEIMHHBIX
MEPIEHIUKYIIPOB K €r0 CTOPOHAM.

3. IIenmp enucannotli okpyscnocmuy I — TOUKA TepeceveHnus ero 6uccek-
Tpuc. Hamomuaum, 910 mis 1106000 TPEYyroAbHUKA, CYIIECTBYIOT elle TP BHE-
BIIUCAHHBIE OKPYXHOCTY, KAXIasA U3 KOTOPBIX KACAETCA OJHOU U3 €ro CTOPOH
7 TPOJOIKEHUU ABYX APYTHUX.

4. Opmoyenmp H — To4Ka mepeceveHus BEICOT Tpeyroibanka. OTMeTum,
aro Touku O, M w H nexart wa omHOu npamon (mpamas Junepa) u HM =
= 2MO. Kpome Toro, Toukn O n H M30roHATHHO CONPsAKEHbIY.

5. Touxa XKepeouna G — TOUKA MEpPeCEUCHUSI OTPE3KOB, COETUHAIONINX
BEpUINHBI TPEYTrOJILHAKA C TOYKAMU KACAHUA MPOTUBOMOIOXHBIX CTOPOH U
BIIMCAHHON OKPYXHOCTH.

6. Touxa Hazceas N — TOUYKA TepecedeHnsI OTPE3KOB, COETUHAIOMNX BEP-
[IWHBI TPEYTOJBHUKA U TOUYKY KACAHUA ITPOTUBOIOIOKHBIX CTOPOH C COOTBET-

DEcn naubl Tpeyroasauk ABC u touka P, To mpsambie, cuMMeTpudHbe TpaMbiM AP,
BP, CP oTHOCUTETBHO OGUCCEKTPUC COOTBeTCTBY0muX yraos ABC, mepecekaioTcsa B 0HOT
Touke P’ KOTOpas Ha3BIBAETCA U3020HaAAbHO conpadcennot P ornocurersno ABC.

MaTemaTu4eckoe npoceewenne, cep. 3, sbin. 8, 2004(78-92)
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CTBYIOIIEN BHEBIMCAHHON OKPYXHOCTLIO. IIpu sToMm Touku N, M, I rexat Ha
oguon npamon 1 NM = 2M1. Ormerum Takxe, 9To Touku G u N u3oTo-
MIHIECKH CONPAKEHBIZ) IPYT APYTY, 4 M30TOHAIBHO CONPAKEHHBIE UM TOYKM
ABIAIOTCA MEeHTPAMU TOMOTETUN ONUCAHHON M BIMCAHHON OKPYXHOCTEH.

7. Touxa Jlemyana L — m3oronaabHO compsxenHas Touke M. Touka L
00JaIaeT TaKXKe TEeM CBOUCTBOM, YTO CyMMa, KBaAPATOB PACCTOAHUU OT HEe
IO CTOPOH TPEYTOJILHUKA, MEHBIIE, 9eM [JIA JI000U IPYTON TOYKU IIOCKOCTH.

8. Touru Toppuuessu — Toukm nepecedenna npameix AA', BB' uw CC/,
rae ABC', BCA', CAB' — mupaBmibHBIE TPEyTOJILHUKH, HOCTPOEHHBLIE HA,
croponax Tpeyroabauka ABC. [Ipu 5ToM, eciu TpEyroabHUKEA CTPOATCA BO
BHEILIHIOI CTOPOHY, MOIy4YaeTcsa mepBas Todka Toppudemru 17, a ecam BO
BHYTPEHHIO0, — BTOpas Touka Toppudemnu T5. Kcau Bce yriabl TpeyroabsHUKA,
menbine 120°, To Touka 1) JeXKUT BHYTPU TPEYTOILHUKA U U3 HEEe BCE CTOPOHBI
TpeyroabHuKa BuaHbI mox yrmamu 120°. B srom caydae ona obaamaeT emne
OJIHVM BaXXHBIM CBOMCTBOM: CYMMa, PACCTOSHUMN OT BEPUINH TPEYTOILHUKA, IO
To4YKU T MeHbIe, YeM 10 JI000U APYTrOW TOYKU ILIOCKOCTH.

9. Touku Anoasonus — TOYKHU MEPECEIEHUA TPEX OKPYKHOCTEN, KAXK Ias
7“3 KOTOPBIX MPOXOAUT 4Yepe3 OAHY BEPIINHY TPEYrOJIbHUKA W TOYKU Iepe-
cedeHna OMCCEKTPUC BHYTPEHHErO W BHEIIHErO YIVIOB MPU BTOU BEPIIUHE C
MPOTUBOIMOJOXKHOU CTOPOHOU. Toukm Amomnonusa 06IaqaI0T TEM CBOUCTBOM,
9TO PACCTOAHUA OT HUX IO BEPIINH TPEYTOJLHUKA 00PATHO MPOMOPIAOHATE-
HBI COOTBETCTBYIOIIUM CTOPOHAM, & UX MPOEKIIUN HA CTOPOHBI TPEYTOIbHUKA,
06pa3yIoT MpaBWIbHLIE TPEYyroAbHUKA. KpoMe TOro, TOYKu AMOMIOHUA W30~
TOHAJBHO COMPAXEHBI TOYKaM 1oppudesin, m03TOMy MbI OyaeM 0603HAYATH
ux kak 17, Tj.

Msgr 6ygeM MCCAeqOBATH BOMPOC, CYIIECTBYIOT JU AHAJOTUIHBIE TOUKA B
MpPOU3BOIBHOM TETPadpe, W, €CIN HET, TO KaK OMUCATH COOTBETCTBYIOIIAE
KJIACCHI TETPAdAPOB, 8 TAKXKe CYIIECTBYIOT JU MEX Y TPEXMEPHBIMU 3aMeda-
TeIbHBIMIA TOYKAMU TAKWE XK€ CBA3U, KAK MEXJy UX [IOCKUMU AHAIOTAMU.
[TpuBemem cHavaga pe3yabTaThl, KOTOPhIE MOXHO CIATATH MIUPOKO W3BECT-
HBIMU.

W3BECTHBIE ®AKTHI TEOMETPUU TETPASIPA

1. OTpeskn, COEQUHAIOIINE BEPIIMHBI TETPASAPA C HMEHTPAMU TAXKECTHU
MPOTUBOMOMOKHLIX TPAHEN, IEPECEKAIOTCA B OTHOU TOYKE — IIEHTPE TAKECTH
reTpadapa M. Ouu geaaT apyr apyra B oTHoOueHuu 3 : 1.

DEcm mpsamveie AP, BP, C'P mepecekaioT NPOTHUBOMOIOXKHBEIE CTOPOHBI TPEYTOIbHUKA
ABC B Toukax A1, Bi, Ci, a Touku As, B2, Cs cummerpuaner A;, Bi, C1 oTHOCHTEIBLHO
cepeauH COOTBETCTBYIOUMX CTOPOH, TO mpambie AAs, BBs, CCy mepecekaoTca B 0JHOU
Touke P’, KOTOpas HA3BIBAETCA uU30MOMUUECKY conpadxcennot, P orrocurersno ABC.
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2. Bokpyr m060r0 TeTpasapa MOXHO onucaThk chepy. Ee nenTp — Touka
O mnepecevyeHUs MEPIEHAUKYIAPOB K TPAHAM TETPadapa, MPOXOAAIIAX Uepe3
OEHTPBI OINCAHHBIX OKOJO HUX Opr)KHOCTeI‘/)I.

3. B mo6ou Terpasap MoxHO BmmcaTh cdepy. Ee meaTrpom I Gyger ToU-
Ka TepeceveHus OUCCeKTOPHBIX IMIOCKOCTEN ero AByrpaHHbIX yriaos. CroxHee
BBIACHUTDB, CKOIBKO CYIIECTBYeT Cdep, KACAIIUXCA ILIOCKOCTEN BCEX TIpa-
Heu TeTpasapa. [Ipexme BCEro OTMETHM, ITO WX HE MOXET ObITh Gouablie 8.
[leACTBUTEILHO, TAK KAK IEHTP TaKOW C(pephl paBHOYAAJEH OT ILIOCKOCTEN
ABC u ABD, ou nexuT B GUCCEKTOPHOU MIOCKOCTUA OJHOTO W3 ABYX CMEXK-
HBIX ABYTI'PDAHHBIX YIVIOB MEXOY 9TUMU IIJIOCKOCTAMU. AHaJIOI"H‘IHI:»I yCaIoBUA
pasHOoynagennocTu oT mwiockocten ABC u ACD; ABC u BCD. Tak kak Ka-
XKAYIO TUNIOCKOCTH MOXHO BHIOPATH 2 ¢ocOo6aMu, MJIA TPEX ILIOCKOCTEN UMeeM
8 BosmoxHOCTEN. B Kax oM u3 oTux 8 CIydaeB IJIOCKOCTH UMEIOT He (oJee
OZHOM OOIIeN TOYKM (B MPOTHUBHOM CIydae, HAIPUMED, OUCCEKTOPHAS ILIOC-
KOCTb yrua npu pebpe AB mpoxoamia 6bl depe3 Touky C, 9TO HEBO3ZMOXHO),
KOTOpasg OJHO3HAYHO ONpenenseT chepy.

OcTanoch MOHATD, JEUCTBATEILHO JU TH 8 ¢cdep CymecTByoT. [ 3Toro
MOCMOTPHUM, HA KAKWE YACTU Pa3OUBAIOT MPOCTPAHCTBO ITIOCKOCTH TPAHEN
Terpasapa. O9eBraHO, 9TO >TUX JacTen 15:

a) BHYTPEHHOCTH TETPadaAPa,

6) 4 TpeXrpaHHBLIX yTJA C BEPIIMHAMUI B BEPIIXHAX TETPadAPA,

B) 4 9aCTH, IPUMBIKAIOMNUX K CPAHAM TETPAdAPA,

r) 6 «KOpBITE), MPUMBIKAIOINUX K peOpaM TeTpadapa.

O4eBunO, 9TO B wacTu Tuna 6) cdepa BOUCaHA OBITH HE MOXET, TaK KAK
KaXJIad U3 TAKUX JaCTEH He MEePEeCeKACTCA IIOCKOCTHIO UeTBEPTOU TPAHMU.
[okaxeM, 9TO s YACTH TUIA B) BHEBIUCAHHAA cdepa CyMIECTBYeT BCEr[a.
[l >TOro MOCTPOUM BIUCAHHYIO B TETPAdAP Chepy W MpoBeleM K Hel Ka-
CATENBbHYIO TIOCKOCTh, HAPUMED, TMapauieabuyo miockoctua ABC. Ona ot-
CEKAEeT OT TeTpasApa FOMOTETUYHBLIN (¢ MeHTpoM romorerun D) TeTpasap
A'B'C'D. CooTseTcTByomas rOMOTETHA IEPEBOANT BIUCAHHYIO cepy B UC-
KOMYIO BHEBIUCAHHYIO.

Haxkomemn, uccregyem gactu tuna r). IlycTs B TaKy0 9acTh, IPUIEKAIILYIO
k pebpy CD, MOXHO TOMECTUTD CPepy, KACAIOIMIYIOCA IIOCKOCTEN BCEX I'pa-
wen, ¢ mearpom K u paguycom r. Torga

Vabep = Vaek +Vaspk — Vacok — Veepk =
r
= g(SABC’ + Sapp — Sacp — Secp)-
Orcroma cregyeT, 9TO HEOOXOAUMBIM YCJIOBUEM CYIIECTBOBAHUA UCKOMOU
cepwr OyaeT HepaBeHCTBO SApc + Sapp > Sacp + Spep- [na nokasarens-

CTBA €ro AJOCTATOIHOCTHU 3aMETHUM, UTO A JIOO0U TOYKA PACCMATPABAEMOTO
«KOPBITIIA» ee paccTosuua a,b,c,d mo mrockocreu BCD,CDA, DAB, ABC
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YOOBJICTBOPAIOT COOTHOLICHUIO

dSapc + ¢Sapp — bSacp —aSpep = 3V.
3V

ITostomy, miast Touku K ca = b =c =1r =
’ SaBc +SaBp — Sacp — SBcp

BBIIOJIHACTCA d = 7.

Takum obpasom, ecitu Sapc + Sapp = Sacp + Spep, TO HE B OLHO u3
«KOpBITEI, Tpuieraiomux K pebpam AB u C' D, BnucaTh cepy HETB3s, a ec-
ma Sapo + Sap # Sacp + SBep, TO chepy MOXHO BOUCATH POBHO B OIHO
73 DTUX ABYX «KOpbITely. COOTBETCTBEHHO, B 3ABUCAMOCTH OT TOT'0, CKOIBKO
u3 paBeHCTB SABc +SaBp = Sacp + SBep, Sapc +Sacp = Sapp — SBeD
Sapc+SBcp = Sacp + SABD BBIIOIHAIOTCA, KOTAIECTBO CheEp, KACAIOIIUX-
CA BCEX ILUIOCKOCTEUW TpaHeW TeTpasapa, MoxeT ObiTh oT b mo 8. Herpymmo
MOCTPOUTDH MPUMEPHI TETPAAPOB, PEATUIYIOMINX YKAZAHHBIE BO3MOXHOCTH.

Kpacuomapckunn mikonsuuk U. [[laypHUKOB Hamen Apyroe yclaoBue s
OTIpE/IeNeHNS TUCIA BHEBIUCAHHBIX Chep.

YTBEPXKAEHUE 1. Ecim ,ADB+,ACB = ,CAD+ ,CBD, T0o HA B OHO
73 «KOpBITEIy, npuierafonmx K pebpam AB u C'D, mens3s Boucats chepy, a
eciu ,/ADB+ JACB # ,CAD + ,CBD, To cdepy MOXHO BOUCATH POBHO B
OOHO U3 9TUX ABYX «KOPBITEIL).

JIEMMA 1. Ilycrs mam gerwipexrpauubir yron OABC D u cdepa, kacaio-
mascs wsnyTpu ero rpanen OAB, OBC u OCD. Torga

—ecmu ,AOB + ,COD = ,BOC + ,AOD, To nmockocts OAD Takxe
KacaeTca chepsr;

—ecm ,AOB+ ,COD > ,BOC + ,AOD, to mrockocts OAD ne mepe-
cekaeT coeph;

—ecmn 4/ AOB+,COD < ,BOC+ ,AOD, To mnockocts O AD mepecekaer
cdepy.

HokazaTeabcTBO JeMMBI 1 TTOMHOCTBIO MTOBTOPAET JOKA3ATETHCTBO AHAMO-
TUIHOT'O yTBEPXKIeHUI 00 OMMCAHHOM YeThIPEXYTOTbHUKE.

[IOKA3ATEJBLCTBO YTBEPXK/JIEHUA 1. Hangem reneps meoOxomgmmoe u
IOCTATOYHOE YCIOBHUE CYMECTBOBAHUA ChEpPHI, BIUCAHHON B «(KOPBITIIE), TIPHU-
aerampotiee K pebpy C'D. Ilycts ayuun DP u D() TpOTHBONOIOXHBEI COOTBET-
creerrno DA w DB, a nysu DR u DS napamnensust aygam BC u AC (puc. 1).
Paccmorpum mo6yio cdepy, kacarouryocs Becex rparen yriua DPQRS, kpowe,
Bo3MoxHO, DRS. Ecin mrockocts D RS mepecekaer cdepy, TO MeHsA ee pa-
IIyC, MOXHO TOOUTHCI MCKOMOTO KacaHua ¢ mIockocThio ABC, a ecin HeT —
To Henb3s. [lo memme 1 cooTBeTCTBYyMOLIEE YCIOBAE MMEET BU[

+ADB + ,ACB > ,CAD + ,CBD.
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Puc. 1.

Amanoruano, mia pebpa AB HEOGXOAUMBIM U AOCTATOYHLIM YCIOBHEM OyaeT
IIPOTUBOIIOJIOXKHOE HEPABEHCTBO.

Bropouewm, y6emuthca B paBHOCHIbHOCTH yeaosuu ,ADB + ACB >
> CAD+,CBDu Sxpc+Sapp > Sacp~+SBcp MOXHO HEOCPEICTBEHHO,
paspesas Terpasap no pebpam AC, BC, AD u BD Ha 1Ba 9eTHIPeXyTOIbHA-
Ka C PaBHBIMU CTOPOHAaM®, HO Pa3HBIMU yIVIaMU U CPABHUB WX IJIOIIAIW.

OrMmeruMm Takxke creaymmun BaXHbN (pakT. [Ilycts I — nenTp Bnucas-
HOU cdepul TeTpasapa, X, Y — ero mpoekmuu Ha pebpa AC, BC, D' —
Touka Kacanua cdepwl ¢ rpaasio ABC (puc. 2). Torma mo Teopeme o Tpex

AC BC
nepreraukyaapax D'X = rctg - D'Y =rctg -

Takxum 06pa3oM, PACCTOAHUA OT TOYKYM KACAHUA 1O CTOPOH OCHOBAHUA OT-
HOCATCA KAK KOTAHTEHCHI TTOJOBUH ABYTPAHHBIX yTIIOB TP COOTBETCTBYIOLIAX

D

LAy '

X

)

C

Puc. 2.
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pebpax. AHAIOTWYHO, €CaU PACCMOTPETh BHEBIUCAHHYIO Chepy, KACAIOIIYIO-
ca rpaau ABC v IpOmOIKEeHUN OCTATBHBIX TPAHEN, TO PACCTOAHUSL OT TOIKHU
D" ee xacarusa ¢ ABC 10 peGep OCHOBaHUA OTHOCATCA KaK TAHTEHCHI TeX ke
yraos. OTcona cienyer, 9To

,D'CA=,D"CB, ,D'AC=,D"AB, ,D'BC = ,D"BA,
T. €. TOKa3aHO

YTBEPXKAEHUE 2. Touku KACAHWA BIMCAHHOU W BHEBIUCAHHOU chep U30-
TOHAJILHO COMPAKEHBI OTHOCUTEIBHO COOTBETCTBYIONEN TPAHM.

Paccmorpum Teneps Touky kacanusa maockoctu ABC ¢ BHeBIUCAHHOU
chepon, kacawomenca rpaan ABD 1 IpoIodXeHnn oCTalIbHLIX rpanen. Pac-
AC

AB o 2
th. CrenoBaTelbHO, MIA M30COHAILHO CONPAXKEHHOU TOYKH OTHOIIEHHE

. BC AC AB
STUX PACCTOAHUU PABHO tg - ¢ tg 5 ctg - Nwmenno Taxoe oTHOIIEHME

nony4aerca mias Touku kacaHua ABC co chepou, BIUCAHHOU B «KOPBITIEY,
npureraiomee kK pebpy C'D (wm AB). Takum 06pa3om, 8 TOYEK KaCaHUA MLIOC-
koctu ABC co cdhepamu, KACAIOIIAMUCA TIOCKOCTEN BCEX IPaHEer TeTpasapa,
pazbusatorca Ha 4 TApBI M30TOHAMBLHO CONPAKECHHBIX.

o BC
crosausa ot >rou Touku 10 BC, CA u AB oTHOCATCA Kak ctg - ctg

IMongem manwme. Kak uzsecrro, ecmu Sapc + Sapp = Sacp + Sep, TO
HU B OJIHO U3 «KOPBITEI), npuieratoumx K pebpam AB u C'D, Henb3sa BOUCATH
chepy. DTO CBAZAHO C TEM, ITO TOUYKA KACAHUA CPEPHI € INIOCKOCTAMU TpaHen
yXOmAT B 6ECKOHEIHOCTh. HO TOrja M30TOHAJBHO COMPSIXKEHHBIE WM TOYKH
JeXaT Ha OMUCAHHBIX OKPYXHOCTAX rpanen. OTCioqa u u3 paHee JOKA3AHHBIX
YTBEPXK JEHUN CICTYeT

TEOPEMA 1. Cuenyiomue ycaoBus paBHOCHILHEL.

a) Hu B ogHO u3 «xopeiTemy, mpuwreraonmx K pebpam AB u C'D, Henbss
BIUCATH cdepy.

6) Sapc + Sap = Sacp + Secbp-

B) +ACB+ ADB = ,CAD + ,CBD.

r) Touka kacarus mwiockoctu ABC' ¢ BHEBIUCAHHOU C(hEPOU, KacaIomen-
ca rpaan ABD u npoJodXKeHHN OCTAILHLIX I'PAHeN, JeXUT Ha OKPYXHOCTH,
omucanuou okono ABC.

1) Touka kacanus miockoctu ABD ¢ BHeBIUCAHHOU CHEpPOU, KACAIOIIEH-
ca rpaau ABC' v mpOmOIKeHNN OCTANbHBIX TPAHEH, JeXUT HA OKPYKHOCTH,
omucanHou 0Komo ABD.

e) Touka xacanma mnockoctu AC'D ¢ BHeBIUCAHHOU C(hEPOU, KaCAIOIMEn-
ca rpaau BCD u npogomkeHu OCTAIBHBIX TPAHEN, JEXUT HA OKPYXKHOCTH,
omucanuou okono ACD.
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k) Touka kacauus maockoctu BC'D ¢ BHeBIUCAHHOU CHEPON, KACAIOIIEH-
ca rpaau AC'D u mpooIKeHu OCTAIBHBIX IPAHEN, JeXUT Ha OKPYKHOCTH,
omucanuou okono BCD.

3) llenTp BnucaHHOU CEPHI IEXUT B ILMIOCKOCTH, TPOXOIAMEN IepPE3 Ce-
pemunst pebep AC, BC, AD, BD.

[Mocnenuee ycaosue mangeno C. JI. BepaosbiM. Ero paBHOCHILHOCTE yCI0O-
BUIO 6) CJAELyeT W3 TOTO, YTO IMEHTD BIUCAHHOU CGEPHI ABIACTCA BBITYKJION
JUHEXHON KOMOWHAIIMEN BEPIIMH TeTPasapa ¢ Kod(GUIMEHTAME, IPOIOPIIN-
OHAJNBHBIMHU TUIOIMIAIAM TPOTUBONOIOKHLIX TDAHEH.

U3 Teopembr 1 MOXHO TOIYYUTH MHOXECTBO KPACUBBIX CAeqCTBUU. BoT
OIHO M3 HUX.

Ecan ToUku KacaHWA OLHOU M3 BHEBIUCAHHBIX CHEp C IIOCKOCTAMMU TPEX
rpaHen TeTpasapa JeXaT Ha OMUCAHHLIX OKPYXHOCTAX ATUX TPAHEH, TO TO Xe
BEPHO I TPEX APYTWX BHEBNUCAHHBIX Cep (COOTBETCTBYIOIME TETPAdAD
HA3BIBACTCA PABHO2PAMHbLM, TAK KAK BCE €r0 TPAHU — PABHBIE TPEYTOMLHUKMY.
O paBHOrpaHHBIX TETPa’APAX MOXKHO IPOYECTH B CTaThe [2]).

MO)KeT BO3BHUKHYTBH BOIIPDOC: IIOYEMY B Ka9I€CTBE€ aHAJIOT'a BHI/IC&HHOEI OK-
PYXHOCTH TPEYTOILHUKA MBI PEIIAIN B3ATE CepPy, KACAIOIIYIOCA BCEX IPAHEN
TeTpanapa, a He Bcex ero pebep. [lemo B ToMm, uTO mocienusas cgepa cyiiec-
TByeT He Bcerga. /elcTBUTENBbHO, MYCTh Cdepa KacaeTca pebGep TeTpasapa
B roukax X,Y, Z, U, V,W (puc. 3). Torna AX = AU = AW = a, xax Kaca-
TelbHBIE, POBEeHHbIE K cdepe u3 ogHou Touku. Auamroruduo, BY = BU =
=BV =b,CZ =CV =CW =¢, DX = DY = DZ = d. CiregoBarens-
no, AB+ CD = AC + BD = AD + BC = a + b+ ¢ + d, T.e. Heobxoqu-
MBIM YCJIOBHEM CYIIECTBOBAHUA UCKOMOU ChEpPHI ABIACTCA PABEHCTBO CYMM

D
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IPOTHUBOMOMOKHLIX pebep Terpasapa. Kak mokasano B [2], 5To ycioBue Gyger
7 TOCTATOYHBIM.

TeTpasapsl, 11 KOTOPHIX CYMIECTBYET Cdepa, KACAIOMAICA BCeX ero pe-
6€ep, HABBIBAIOTCA KapKacHbiMmu. B [2] IpUBOAUTCA CIEAYOMUN HePeIeHb PAB-
HOCUJIBHBIX KAPKACHOCTYU CBOUCTB:

a) TeTpasap ABIAETCSI KAPKACHBIM;

6) CyMMBI TPOTUBOMONOXHBIX PeGEP PABHEL;

B) CyMMBbI IPOTUBOMOMOXHBIX JBYI'PAHHLIX YIVIOB DABHBL;

r') OKPYXHOCTH, BIUCAHHBIE B TPAHM, MMOMAPHO KACAIOTCH;

1) 060U YeTHIPEXyTONbHUK, 0OPA30BAHHBIN HA DPa3BEPTKE TETPAdAPaA
IBYMS €r0 TPAHAMU, ONUACAHHBIN;

) MepIeHUKYIADPLL K TPAHAM, BOCCTABICHHBIE U3 IMEHTPOB BIUCAHHLIX B
HUX OKPYXHOCTEU, IEPECEKAIOTCA B OJHOU TOUKE.

Huxe 6ygeT mokasaHo, ITO 5TOT COIUCOK MOXHO TOTOJTHUTD.

4. BBICOTHI IEPECEKAIOTCA B OHOU TOYKE HE [ BCEX TETPAdAPOB, & JUIIIh
OIS HEKOTOPOTO CIEIMUATHHOTO KJIACCA — OPMOUEHMPUUECKUL TETPADIPOB.
B [3] mokasbIBaIOTCA CAEAYIONME YCJIOBUA, SKBABAJICHTHBIE OPTOIEHTPUTHO-
cru:

a) MPOTUBOIOJIOKHBIE pe6pa TeTpasapa MepIeH UK IADHEL;

6) CyMMBI KBAJPATOB IIPOTHUBOMOIOKHEIX PEGEP PABHEL

B) OCHOBaHZE JIOOOU BBICOTHI TETPAdAPA COBHALAET C OPTOLEHTPOM IIPO-
TUBOMOJOKHOU T'PAHMU.

OTMmeTuM Tak¥ke, ITO [IA OPTOUEHTPUIECKUX TETPAdAPOB CYUIECTBYET
AHAJOT TPAMOU JWIEpa: TOYKA Mmepecedenus BeICOT H, nenTp Taxectu M u
meHTp onucanuou cdepul O mexar Ha oguou npamon u OM = OH.

B [3] omucan eme oguu Kaacc TeTpasApoB. TeTpasAp HA3BIBACTCA UHUEH-
MPUYECKUM, €CIN OTPE3KU, COTUHAIONINE €r0 BEPIINHEI C EHTPAMEI BIUCAH-
HBIX OKPYXHOCTEN MPOTUBOMOJOXHBIX TPAHEN, TEPECEKAIOTCA B O JHOU TOYKE.
[ >Toro HeO6XOAMMO U JOCTATOYHO, ITOOBI MPOU3BEIEHUA TPOTUBOIOMOXK-
HBIX pebep ObLIN PABHBI.

HOBBIE ®AKTHI

BoiicauMm Teneps, B KaKUX TETPAdAPaAX CYyMIECTBYIOT AaHAJOT W TOYEK 2Kep-
rouna u Harens. [lns sToro GygeT moJe3HOU CJIeqyIOoIas

JIEMMA 2. Ilycts Touka C' mexurt B rpanu ABD Terpasapa ABCD, a
touka D' — B rpamm ABC. Otpesku CC’' m DD' mepecekarorca Torma u
TOJILKO TOrAa, Koraa Sacp' Sppcr = SBop'SAapc:.

[TOKA3BATEJNBCTBO. [laa Toro, atober CC’' u DD’ nepecekamucs, HEO6XO-
IUMO U focTaTo4uHO, 9To6bl Touku C, D, C' u D' nexanu B 0HOM MIOCKOCTH.
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[Iyctes X — Touka mepecedeHns >TOU INIOCKOCTH ¢ oTpeskoM AB. Torga ot-
pesxku C D' u DC' nepecekatorca B Touke X, ¥ 3HATAT
Sacp _ Sacx —Sapx _ AX _ Sapc
- - - 9
Specpr  Spocx —Sepx  BX  Spper
9TO PaBHOCUJIBHO yTBep)KrZ[eHI/IIO JEMMHBI.

Tenepb ompeneInM yCIOBAA MEPECeIeHUA NBYX OTPE3KOB, COEIMHAIOUIMX
BEPUIMHLI TETPA3APA W TOUKA KACAHUA IIPOTHUBOMIOIOKHBEIX IPAHEN ¢ BIUCAH-
HOU cepoit, Hampumep orpeskos CC' u DD'. Uz puc. 2 sugno, 9T0 Socp =

AC
= AC x D'X = AC x r/tg - Brinucas aHATOrMYHBIE COOTHOUICHUA MU
mromaen tpeyroabaunkos BC D', ADC', BDC' w npuMmeHuB JjeMMy 2, TOLy-
IMM YCJIOBHE TEPECeTCHH.
AC, BD AD BC

OTO yCIOBUE MOXHO YIIPOCTUTH, BOCIIOIB30BABIINCH TEM, YTO B TPEXTPAH-
HOM YDV CHHYCHI ILIOCKHUX yIJIOB OTHOCATCA TaK Xe, KAK CUHYChl IPOTUBOJIE-
Kamux uM IByrpaHHbix. COOTBETCTBEHHO, UMEEM

AC x BD sinXB\Csinﬁ i sin AC'sin BD
AD x BC sinWsin@ sin BC'sin AD '

7 TOCTe MPpeoOpa3OBAHUN YCAOBUE TIEPECETCHUA TPUHUMAET BU/

AC __ BD AD _ BC
COS — COS —— = COS —— COS —— .
2 2 2 2

Orcrofa, 09eBUIHO, CAEAYIOT IBA YTBEPXK JCHU.

YTBEPXKAEHUE 3. I[lycTs Boumcanuas cdepa KacaeTca TPAHEN TeTpadapa
B roukax A', B', C', D'. Eciu orpesku AA' u BB’ nepecekaioTcs, To OTpe3Kn
CC' u DD’ Takxe mepecekarTCA.

HasoBem TeTpasap scep20nH06biM, €CIU OTPE3KU, COAUHAIONINE €r0 Bep-
[IUHBI TETPADAPA C TOYKAME KACAHUA TPOTUBOMOJOKHBIX I'PAHEN C BITUCAHHON
chepon, mepecekaroTCsa B OJHOM TOUKE.

YTBEPXKIEHUE 4. TeTpasap ABIAeTCA XEPrOHHOBLIM TOTAA W TOJIBLKO
TOr'JJa, KOI'Ja IPOU3BEJCHUA KOCUHYCOB IIOJIOBUH €r'0 IPOTUBOIOJOXHBIX ABY-
T'DAaHHBIX YIVIOB DABHBI.

Paccyx mas aHATOTMYHO, HAUIEM YCJIOBUA, TTPU KOTOPHIX BBHIMIOJHEH aHAJOT
ceoucTBa 6. Takume TeTpasapsl OyieM Ha3BIBATH TeTpadapamu Harens.

YTBEPXKAEHUE 5. [lycTh BHeBnucaHHBIE CEpPBI KACAIOTCA TPAHEN Te-
tpasapa B Toukax A’', B', C', D'. Ecmm orpesku AA’ mu BB' nepecekarorcsa,
to orpesku CC' mw DD’ Takxe mepecekaTCs.
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YTBEPXKIEHUE 6. TeTpasap sABIdeTCA HAreleBHIM TOTAA W TOJBKO TO-
raa, KOraa IIpoOu3BE€ACHUA CUHYCOB IIOJOBUH €I'0 IIPDOTUBOIIOJIOXHBIX ABYI'DAaH-
HBIX YTVIOB DaBHHBI.

YrBepxaeaus 3—6 ObLIM MOKA3aHBI yIEHWKOM aBTOPA, IIKOIHHAKOM MO-
ckoBckou rumuazuu 1543 /1. Kocosoim. Ha XV JleTHen KoH(pepeHIMY TYPHADA,
ropogos mkoasauKu M. Vcaes (Bapuayn) u B. ®umumonos (Exarepuntypr)
OOHAPYXWIU elle OJHO CBOUCTBO TeTpasapos 2Keprouua.

YTBEPXK/IEHUE 7. TeTpasap ABIAeTCA XEPrOHHOBLIM TOTAA W TOJIBLKO
TOrAa, KOraa Jioboe ero pe6po BUAHO U3 TOYKU KACAHUA BIUCAHHOU CHEpPHI
¢ comepxkaren 3To pebpo rpaubio mog yraoMm 120°. Takum obpaszom, B xep-
TOHHOBOM TeTPasape TOYKK TOppUUIesin BceX TPAHEeN COBMAIAI0T C TOIYKAMEI
KaCaHNA I'PAHEN U BIUCAHHOU C(EpHL.

[JOKA3ATEJLCTBO. [lokaxeM cHadaga, 9TO €CIX IJsd OTHOM TPAHU Te-
TpasApa TOUKA €€ KACAHWA C BIMCAHHOUX Cepou COBIALAET C TOIKOU Top-
pUYeLIN, TO DTO BEPHO W i ocTadbHBIX Tpanen. llycts A',B',C', D' —
TOYKM KacaHusA BOucanuou cgepwl ¢ rpamavu BCD,CDA,DAB,ABC, u
+AD'B = /BD'C = ,CD'A = 120°. Tak xak kacaTeIlbHBIE K chepe u3
ogHon Toukm pasubi, AD' = AC', BD' = BC’, To rpeyromsauku ABD' u
ABC' pasasi u ,AC'B = ,AD'B = 120°. Ananoruuno, ,BA'C = ,CB'A =
= 120°. ,Z[aJIee, 4AB,D = 4AC,D, LBC,D = LBAID, 4CA,D = LCBID n
4ABID + 4CBID = LBC,D + LAC,D = LCA,D + LBA,D = 240°, orkyaa
ciemyeT, ITO BCe DTU yriabl paBHbr 120°.

ITycTs Teneps Touku kacauua C' m D' — Touku Toppuyenmn cooTBeT-
creytomux rpanei. Tax kak npavbie CD' u DC' apraorca 6uccekTpucaMu
yrios AD'B u AC'B, oum nepecekaroT peb6po AB B Touke X, Takou 9TO
AX AC' i AD'
BX BC' BD
CDX, u orpeskn CC’' mw DD’ mepecekatorca. Jliobsle npyrme aBa OTPE3Ka
TaKXe TePeCceKalTCA, a TaK KaK 9eThIPe OTPE3Ka He JeXAT B OJHOU ILIOCKO-
CcTH, TOYKa mepecedeHuda ogHa u Ta xke. O6paTHOe yTBEpXJeHWE NOKA3BIBA-
eTCA AHAJOTHYIHO.

. Caegosarensno, Touku C,D,C’, D' nexat B MI0CKOCTHU

Od4eBuaAHO, yTBEpXIAEHHE 7 MOXHO Meped@OpMyIUPOBATEL CJICTYIONIM
06pa3oM: TeTpasap ABIAETCA XEPTrOHHOBBIM TOTJA M TOJBKO TOTAa, KOTIA
OTPE3KM, COeIUHSAIOIINE BEPIITUHBI C TOUYKAMU TOPPUHELIn TPOTUBOMOJOXHBIX
rpaHed, IePeceKaloTCsa B OQHOU TOYKe. Bce MpuBeIeHHBIE BHINIE PE3YIbTATHI
o6beIMHAET CIAeyIOmas

TEOPEMA 2. Cregyiomue yCIOBUAS DKBUBAJICHTHEL:

a) OTpesku, COENUHAIONINE BEPIIUHBLI TETPASAPA U TOYKHA KACAHUA IIPO-
THUBOIMOJIOXHBIX I'DAHEN C BIMCAHHOU CHEPOH, IMEPECEKAIOTCA B OJHOM TOYKE.
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6) IIpomsBegeHMa KOCMHYCOB MOJOBUH MPOTUBOMOIOKHBIX [BYTPAHHBIX
yIJIOB PaBHBI.

B) Tovka KacaHWA OHOW U3 TPAHEN TETPadAPa ¢ BIUCAHHON ChHEPON ABIA-
eTcA TOUKOX ToppUYe/In 5Tol IPAHM.

r) Toukm KacaHUA BCEX IPAHEN TeTPasdApa C BIUCAHHOU C(HEPOr ABIAIOTCA
ToYKaMu TOPpUYELIN >TUX TPAHEN.

1) OTpesku, COeUHAIINE BEPIIXHEL TETPadApa ¢ TOUKaMu Topputentn
MPOTUBOMOMOKHBIX TPAHEN, TIEPECEKAIOTCA B OJHON TOIKE.

e) IIpoeknum neRTpa BHEBOUCAHHON Chepbl Ha pedpa COOTBETCTBYIOMIEH
rpaHu 06pa3yT PABHOCTOPOHHUU TPEYTOILHUK.

x) Terpasap, 06pa3OBAHHBIN TOYKAMN KACAHWA BIMCAHHOW C(hEPHI ¢ Tpa-
HAMUA, HHHeHTpH‘IeCKHﬁ.

PaBHOCHIBLHOCTD yCIOBUM €) U T') CAEAyeT U3 TOr0, 9TO TOYKUA KACAHWS
CPAHU C BOMCAHHOW M BHEBIUCAHHOU CepaMé COMPAKEHHI, a TOUKa Toppu-
YeJIIA U30TOHAJIBHO COMPSKEHA ¢ TOUYKON AMOIOHUA; yCaoBUU 0) U XK) — U3

CD
toro, 1Tto, Hanpumep, A'B’ = 2r cos -

BeisicuuM Temeps, UeM aBageTca Touka 2Keprouna Tetpasapa ABCD mua
retpanapa A'B'C'D’'. Tlockonbky orpesku CC' u DD’ nepecekaroTcs, mps-
meie CD u C'D’ nexat B ognoMt miockoctu. Pacemorpum maockocts A'B'C'.
Oma nepecekaer soucanuyio chepy ABC D 1o OKpyXHOCTH, OMACAHHOK OKOJIO
rpeyroasauka A'B'C’, mnockoctn BCD u AC'D — 1o IpAMBIM, KACAIOIIAMCA
aTol oKpyx)HOCTH B Toukax A’ m B’ m mepecekarommmcsa B HEKOTOPOR TOY-
ke ), a mockocts CDC'D’' — mo mpamon C’'Q). Herpyaro mokasaTs, 9TO
rorga npamaa C'Q Gyner cumenuanou tpeyroabiuka A'B'C’' (T.e. npamon,
CUMMETPUYHON MefuaHe, poBeeHHoN u3 Bepumuabl O/, OTHOCHTETHHO GUC-
CEeKTPUCHI, TPOBEICHHON u3 Tou xe Bepumubl). Cregosarensno, npamaa DD’
nepecekaet rpanb A’ B'C' B Touke, nexamen Ha cuMearaHe. AHAIOTTIHO TOY-
Ka TepeceveHns JeXUT Ha JAByX APYTHUX CAMeIMaHaX, T.e. ABIICTCA TOIKOU
Jlemyana Tpeyronbauka A'B'C’. Touno Tak Xe JOKa3bIBAETCA, UTO MPAMBIC
AA', BB', CC' npoxogat 4epes touku Jlemyanma rpameun B'C'D', C'D'A’,
D'A'B'. OrmeTnm, 9T0 1O JeMMe 2 TpAMbIE, COSAMHAIONAE BEPITTHBI TETPa-
pApa m ToUKku JleMyaHa IPOTUBOMOIOXKHBLIX T'PAHEN, MEePECeKAIOTCA TOTAa 1
TOMLKO TOT/A, KOTAA TeTPadap ABIACTCA WHIECHTPAICCKUM. TakuM 06pas3oMm,
TOKa3aHA,

TEOPEMA 3. Ecau terpasap ABC D xeprounos, To Terpasap A'B'C'D’,
00pa30BAHHBIN TOYKAMU KACAHWA €r0 TPDAHEN C BOUCAHHOU Chepou, WHIIEH-
Tpudeckuit, u To4uka 2Keprouna ABCD coBmagaeT ¢ TOYKOU MEPECEUCHUS
npamerx, coequaatommx sepmuabsl A’ B'C'D’ ¢ Toukamu Jlemyasa mpoTHBOIIO-
JIOXKHBIX T'PAHEN.
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Teopema 3 ABIAETCA aHAJIOIOM ILIAHAMETPUIECKOTO YTBEDXKACHHUA O
coBmageHnM TOYKK 2KeproHHa TPeyroJibHUKA W TOYKHU JleMyaHa Tpeyroib-
HUKA, O0PA30BAHHOIO TOYKAMU KACAHUA €ro CTOPOH C BIUCAHHOU OKPYX-
HOCTBIO.

[lns rerpasapos Harens moka He HAWIEHO HUKAKUX YCJIOBUM, OTJIUIHBIX
OT 3aJaBaeMbIX yTBepx)aeHuem 6. HemsBecTHO Takke, JEXUT JU TOYUKA,
IepecevdeHnsa OTPE3KOB, COSAWHAIONMX BEPIIMHLI TETPasApa W TOYKM Kaca-
HUA €ro IPaHeld C BHEBIUCAHHBIMU CepaMm, Ha MPAMOHU, MPOXOLAIIEN Iepes
[EHTP TAKECTU TETPaAdAPa U HEHTP ero Bnucanuon cdepsbl. BoamMoxwHo, Bpo-
TeM, ITO KAKOU-TO aHAJOT 3TOr'0 CBOMCTBA BBIMOMHAETCA IIA APYTOrO KIACCA
TeTpPas’apPOB.

B sakmiouenue ormerum caegyiomee. MoxeT MOKa3aTbCA, ITO ele OIUuH
KJIACC TEeTPa’ApOB 3aJaeT YCIOBHE IEPEeCetueHuA B OTHOM TOUYKE OTPE3KOB,
COENUHAIONNX BEPIINHBI TETPasapa U TOUKU 2KeproHHa IPOTUBOIOIOKHEIX
rpauer. QO THAKO, TPUMEHUB JEMMY 2, HETPYIHO YOEIUTHCA, ITO DTO YCIOBUE
3aaeT KapKaCHble TeTpadAphl. [[edCTBUTENBHO, B 3TOM CIyvae, HAIIPUMED,
Sacpr _ AB+ AC - BC
Spcp:  AB+ BC — AC
My, ocae npeobpazosauun noayuum AC+ BD = AD+ BC. To xe noxyaunTcs
u mpu 3aMeHe Touek Keprouma Toukamu Harens.

. HO,Z[CT&BI/IB 9TO U aHAJOT'MIHBIC BBEIDAXEHUA B JIEM-

IIpexge “em mbrTaThCsa CTPOUTH TpexMmepHble TOUkm Jlemyana, Toppwm-
YeLIU U ATIO/IOHUA, ONIPEAESUM A TETPAAPOB AHAJOTY U30TOMUIECKOTO U
M30TOHATHLHOTO CONpsKeHud. [[JId N30 TOMIIECKOTO CONPAXKEHUA CAETATH DTO
HECJIOXHO.

YTBEPXKAEHUE 8. Ilycts gam Terpasap ABCD u touka P. Ay, By, C,
D1 — mouku nepecedennus npambix AP, BP, CP, DP ¢ mpOTUBOMOIOXHBIMA
rpaHaMu TeTpasapa, As, By, Co, Dy — TOUYKYM, M30TOMUYIECKY COMPAKECHHBIE
Ay, By, C1, Dy orHOocuTensuo rpanen. Torga npaveie AAs, BBy, CCy, DDy
IIePECeKAIOTCA B OJHOM TOYKE,

OJTO yTBepXIeHume cpa3y caenyeT w3 JeMmMmbl 2. [lonydenHyio TOUYKy ec-
TECTBEHHO HA3BaTh U30MoMuuecky conpaxcennoti k P. Bupodem, nszoromu-
9eCKOe CONPAXEHWe MaXe Ha IIOCKOCTH He o0mamaeT 0co60 MHTEPECHBIMU
CBOUCTBAMU, TAK ITO U B MPOCTPAHCTBE TPYAHO OXUAATE MOMYICHUA KAKUX-
JII/I6O IOEHHBIX PE3YyJabTaTOB.

Onpemennm Tenepb U30TOHAILHOE COMPIXKEHNE B MPOCTPAHCTBE OTHOCH-
TenbHO TeTpasapa ABCD. Ilpexme Bcero 0TMETHM CAETYIOUAN (DAKT.

YTBEPXKAEHUE 9. [lyctes gam Terpasagp ABCD u Touka P. Torma 6
IIOCKOCTEN, cuMMeTpudHbix miockoctam ABP, ACP, BCP, ADP, BDP,
C'DP oTHOCHTENBHO BUCCEKTOPHBIX IIOCKOCTEN COOTBETCTBYIOMINX NBYTDAH-
HBIX YIVIOB, MEPECEKAIOTCA B OJHOU TOYKE.
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[na moxazaTeabcTBa AOCTATOYHO 3aMETHUTDH, UTO €CIU PAacCTOAHUA oT P

IO TPAHEUN TeTpadapa OTHOCATCA KakK a : b: ¢ : d, TO Kaxgas u3 paccMaTpu-

BAEMBIX ILUIOCKOCTEN MPOXOIUT YEPEe3 TOYKY, PACCTOSHUA OT KOTOPOU OO TEX
1 1 1

o 1
XK€ I'PaHEU OTHOCATCA KaK — : E P 3 .
a &

Onpegenernyio TakuM o6pa3oM TOUKy P’ Haz0BeM U3020HaAbHO CONPA-
acennoti P oraocurensao ABCD. TlokaxeMm Temneph, 9TO, KAK M B TLIOCKOM
caydae, CymecTBYeT NPYTOU CIOCO6 ee OmpenereHu.

YTBEPXKAEHUE 10. Ilycrs A', B/, C', D' — npoexnuu Touku P Ha mioc-
xoctu BCD, CDA, DAB, ABC. Torga nepnesHquKyasphl, ONyIleHHbe u3 A
Ha B'C'D', w3 Bua C'D'A’, w3 C ma D'A’B’, u3 D' ma A' B'C’ nepecekarorca
B M30TOHAIBHO compsxenHon P Touke P’.

ITpexme BCEro mOKaXeM CJACTYIOUN, WMEIONIAN CAMOCTOATEILHYIO IeH-
HOCTH (PaKT.

JIEMMA 3. Ilyctes gamer gsa Terpasapa ABCD u A'B'C'D’. Tlepnenau-
KyJ1apsl, onymennase u3 A’ wa BCD, n3 B’ ua CDA, w3 C' sa DAB, uz D'
Ha ABC mepecekaoTcsa B OQHOU TOYKE TOTAa W TOJBKO TOT[A, KOUAA «AHTHU-
COOTBETCTBEHHEBISY pebpa pTux Terpasdapos (manpumep, A'B’ u C'D) nepnen-
MWKYJIAPHEL.

HOKA3ATEJBCTBO. [lyctes P — TOtKa mepeceveHus MePIeHIuKYIAPOB.
Tax xaxk PA' | BCD u PB' 1. CDA, to PA' 1 CD u PB' 1 CD. Crenosa-
rersro, CD | PA'B'u CD 1 A'B'.

O6paTHO, MYCTh «AHTUCOOTBETCTBEHHBISY PeOpa TMEePHeHIUKYIIPHBL. To-
raa neprnesaukyaapb u3 A’ ma BC'D u uz B’ na ACD nexat B ILIOCKOCTH,
npoxoaamen depes A’ B’ u nepnenaukyaapuon C' D, u, 3BHAIAT, IEPECEKAIOTCA.
AnanmoruvaHo mepecekaTca ABa JIOOBIX IPYTUX MEPHEHAUKYIAPA, U TAK KAK
YeTHIPE MEPHEHIUKYIIPa HE JeXAT B OJHOU TUIOCKOCTHU, BCE OHU ITPOXOIAT
9epes3 OJHY TOYKY.

HOKA3ATEJBCTBO YTBEPXKAEHUA 10. U3 memmur 3 cpa3y cremyer, ITO
ec/Ii TIepIeH UKy ISphl 13 BePUIMH OJHOT0 TeTpaspa Ha TPaHU APYToro mepe-
CeKaITCA, TO U IEePIeH UKy IAPLI 13 BEPHIXH BTOPOTO HA TPAHH IIEPBOTO TOXKE
nepecekarTca. [[03ToMy OCTATOCh M0Ka3aTh, 9TO B YCIOBUAX yTBEDXK ICHUA
TOYKOU Tiepecedenus Oyaer umenno P’

[Lnockocts PC'D' nepnenauxynapra pe6py AB. IloaTomy, ecau oHa me-
pecekaetr AB B Touke Q, To C'QD’ — mumennbn yrox yraa AB. Ilepnenan-
KyJap, onymenas u3 A wa B'C'D’, nepnenaukyrapen C' D', suaauT, murnsa
nepecevdeHns IWIOCKOCTH T, TIPOXOAANICH 9epe3 dTOT TeprneHaukyaap u AB, ¢
C'D'X raxxe nepnergukyaspaa C' D' o Teopeme o Tpex meprueHANKYIIpax.
OTcroma 1 w3 ¢cBOUCTBA | MIOCKOT0 M30TNOHATBHOTO COMPAXKEHAA, CIEAYET, ITO
7 npoxoauT depes P'. YTeepxaeHue gokasaHo.
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Uccnenyem Temepb CBOMCTBA M30TOHAIBLHOTO conpaxeHusa. OUeBUIHO, ITO
KaK ¥ HA [WIOCKOCTHU, IEHTPHI BIIUCAHHOU U BHEBIUCAHHBIX ChEp COMPAKEHBI
camu cebe. He mpencrasiaser Takxe Tpyaa J0Ka3aTh, ITO HeHTP TaxecTu M
M30TOHAIBHO CONPSAXKEH TOYKe L, MIA KOTOPOU CyMMa KBaJIpaTOB PaCCTOSM-
HUU 0O IPaHed TeTPadApa MUHAMAIBHA. DTY TOYKY MOXHO CIATATH TOIKOU
Jlemyana Terpasapa. C Apyrou CTOPOHBI, TOYKU, U30TOHAIHLHO COMPAKEHHBIE
GECKOHEYHO yIAJCHHBIM, JEeXAT HE Ha OMUCAHHOU cdepe, a Ha HEKOTOPOU IO~
BEPXHOCTH TPETHErO MOPAAKA. BOmpoc 06 M30TOHAILHOU COMPAXEHHOCTH TO-
9eK O n H, OYIeBUIHO, MMEET CMBICJA CTaBUTH JUINb OJA OPTOOCHTPUYICCKUX
TeTpa’ApoB. Brupodem, ¢ momommbio yTBepxkaerus 10 Jerko mOKa3bIBaeTCA,
ITO JaXe A HUX OTBET OymeT MOMOKUTENEH, TOABKO €CIU TEeTPa’dAp Ipa-
BWIbHBIA. KakuMu cBoucTBaMm 00JIaaeT TOYKA, M30MOHAIBHO COIPAXKEHHAAL
O, B 001[eM Caydae, HEMOHATHO.

Haxowner, mompoGyem pa3obpaTbca ¢ ToYKaMu Toppuyenin u AmomioHus,.
Cyna mo BceMy, eMMHCTBEHHBIN MEPCIEKTUBHBIN MyTh — HAUTU TOYKY, MU-
HAMU3UPYIONLYIO CYMMY PACCTOSHUU A0 BEPIIMH TeTpasapa. [[ad 3Toro mpo-
BeeM MEXaHUYIECKOe PACCYXJAEHUE, AHAJOTUIHOE TLIOCKOMY .

[TpomycTum wepes BepIIMHBI TETPASAPA IETHIPE BEPEBKU, CBAXKEM UX BHY-
TPpEHHUE KOHIIBI B y3€/1, a 3a BHEIIHUE 6y,u;eM TAHYTH B OJHOM HAIIPDABJICHUU C
paBHBIME cuiaMu. Kciu y3en He MIPOCKOYAT Uepe3 OHY W3 BEPIIWH, TO OCTa-
HOBUTCSA B UICKOMOU TOUKe T', MpUieM CyMMa, TeUCTBYIOMUX HA, HETO CII Oy AeT
paBHa Hy 0. MccreqyeM CBOMCTBA DTOM TOUKM.

ITycTs e1, ez, e3, €4 — eIMHUIHBIE BEKTOPLI, HAMPaBJIeHHbE u3 T B Ha-
npasreanu A, B, C, D. lmeem

e1+ez+e3 = —eq
(e1+ex+e3 e +ex+e3)=1
(e1,e2) + (e1,e3) + (e2,e3) = —1,

T. €. Ui JIOOBIX TPeX BEKTOPOB €; CYMMa KOCUHYCOB YIVIOB MEX Iy HUIMU PDABHA,
—1. amee

(e1,e4) = —(e1,e1 +ex +e3) = —1 — (e1,e2) — (e1,e3) = (e2, e3).

IJTO 03HAYAET, UTO U3 TOUYKM 1 TPOTUBOMOJOXKHLIE pebpa TeTpasapa BHU/-
HBI IO paBHBIME yriiamu. OTcoofia crenyer, 9To Tpexrpanubie yrist TABC,
TCDA, TBAD u TDCB pasubl. Tak kak ux 00beIUHEHNE COBOATAET CO
BCEM MIPOCTPAHCTBOM, KAXKABIA M3 HUX BBICEKAET HA eJUHUIHOU cdepe ¢ IeH-
TpoM T’ 06MaCTh WIOMA MY T, U, 3HATUT, CYMMa, €70 IBYTI'DAHHBIX YIVIOB PABHA
2m. COOTBETCTBEHHO, N TOT'O ITOOBI y3€l1 HE NMPOBAIWICI B BEPUINHY Te-
Tpasapa, HYyXKHO YTOOBI CyMMa, ABYT'PAHHBIX YTJIOB B JIOOOUW BEPIIUHE OBLIA
MeHbIIe 27 (WM CyMMa KOCHHYCOB ILIOCKUX yriuoB Goabme —1). IloaBemxem
UTOT HAIINM PACCY XK TCHUAM.
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TEOPEMA 4. Ecam B mo6Gou sepumae Terpasapa ABCD cymma nByrpas-
HBIX VIJIOB MeHbIIEe 27, TO BHYTPHM TeTpalsapa CyIIeCTByeT Touka 1', u3
KOTOPOU MPOTUBOMOJIOXKHBIE peOpa TeTPadaApa BUAHLI IO PABHLIMU YIIAMMA.
[Ipu >TOM cymMMa pPaCCTOAHWM OT BEPIIMH TETPA’>Apa M0 TOUKM 1 MeHbIIe,
9eM [0 000U APYTroW TOYKHU MPOCTPAHCTBRA.

Hangermyio Touky T MOXHO CIATATEH TPEXMEPHLIM AHAJIOT'OM IEPBOX TOU-
kn Toppudemmn. AHAJIOIMYIHO ILIOCKOMY CIyYal0 AOKA3BIBAETCA, ITO MPOEK-
Y W30TOHATLHO COMPAXEHHOU eil Touku T’ Ha rpaHu TeTpasapa o0pasyioT
PABHOTPAHHBIN TeTpasap. lloaToMmy Touky T MOXHO CIATATEH AHAJIOTOM TOY-
kn Amomtonus. HeBBIACHEHHBIMU OCTAIOTCA CAEAYIONINE BOIPOCHL.

1. Kak onpegenuts Touky Toppudvemmu mis TeTpasapa, CYMMa ABYTPaH-
HBIX YIVIOB MPU OMHOU U3 BEPIIUH KOTOPOTO Gouablie 277

2. CKOIBKO CYIIECTBYET TOYEK, MPOEKINNA KOTOPBIX HA TPAHU TETPadApa
00pa3yoT PABHOIPAHHBIA TETPADAP, M KAKAMEU CBOUCTBAMU 00JaTAI0T COMPSI-
XeHHBbIE K HAM! (DTH TOYKH 3a0AI0TCA CACTEMOU TPEX yPABHEHWN BTOPON
CTeleHu, CIeIoBaTeIbHo, uX He Gomee 8. Ho He MCKIOUEHO, ITO UMCIO HEH-
CTBUTEIBHBIX ¥ KOHEYHBIX CPEJU HUX BCETJa MEHbIIE. )

3. O6aagaroT au TOUYKM ATONIOHUA €lle KAKUMU-IA00 CBOUCTBAMU, aHA-
JOTMYIHBIMYA ILIOCKUAM?

Bo3MOXHO, OTBETHI Ha DTU BOIPOCHL YAACTCA HAUTHU TUTATEIAM.
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