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Teopema Henmana o MunuMakce —
0O0Illen3BeCTHASI 1 He3BeCTHAA

B. P. ®penkun

Teopema Hemmana 0 MUHMMAaKCE MO MpPaBy CUUTAETCA KIIOYUYEBBIM PE3yIbTa-
TOM TEOpPHUH UTCP, HO PaCIpPOCTPAHEHO MHeHme, 9To HenMaH gOKa3al ee JIHIIb
0 OWIMHEMHOT'O CIy4asd, TMPUIeM CIOXHBIM CIoco60M. B nemcTBUTEILHOCTH
Heuman mokasan »Ty TeOopeMy A UIMPOKOTO KJIACCA (PYHKIWHA, C €M U CBA-
3aH ero MeTOJ — OPO3PAdHBIA IO UAe€e, POACTBEHHLIA NOKAa3aTEIbLCTBAM IIeJIO0-
ro pAga MOCAeAYIOIIX OO0OLIEHUEA U TO CYTH CBOEU TOMoJOrmdeckuu. 110 Tou
Xe TPUHIUNUAILHOU CXeMe MOKa3bIBaeTCA U Teopema XaHa— Bamaxa. Kak us-
BECTHO, APYTOU MOAXOM K TeOPeMe 0 MIUHUMAKCe CBA3aH ¢ Teopemon Kakyranm,
NEePBOHAMAIBHO TAKXKe MOMyIeHHOU (B Apyrux TepMmuuax) HermanoM; B 3aMeTKe
MPUBOAUTCA HaubOJIee TPOCTOE €€ JOKA3ATEeILCTBO, NpuHaAIexkamee KakyTasu.

1.
28 nmexabpsa 2003 r. ucmoanmnock 100 met co gua poxaenus [Txona (fxoma,
Woranna) ¢pou Heimanma — ognHoro u3 pemmuanmmux mMareMaTukoB XX Beka. Emy

MPUHALIEKAT OCHOBOMOJATAIONME PE3yIbTATEI BO MHOIMX OOJACTAX, U OTHUM W3
MEPBLIX CTAJA TEOpeMa 0 MUHMMAKCe, TOKA3aHHAs B ero crarbe ,Zur Theorie der
Gesellschaftsspiele”, Mathematische Annalen, 100 (1928), 295-320 (pycckun nepe-
Bog [3]). HosBnenue >Ton paGOTHI CINTAETCSI MOMEHTOM POXKAEHUS TEOPUU UTD KAK
CaMOCTOATEILHON MaTeMaTUIeCKOn aucuuMiuinanl. Herman chopMyampoBa OCHOB-
HbIE MOHATHUSA TEOPUU UI'P U MOCTAHOBKY €e 3ajad, NOKA3AJI €€ KIIUYEBYI0 TEOpPeMY,
KOTOPAs 3aTeM MOJIYUMIa PA3HOOOpa3HbIe IpuMeHeHus U 0600mernsa. O [HAKO UMeH-
HO MPUHIUNUAILHAA HOBU3HA DTOC0 PE3YILTATA MPUBEIA K TOMY, YTO HEPEIKO OH HE
BOCIIPUHUMAJCA B TIOTHOM O0BEME — DTO OTHOCUTCA U K OOIIHOCTYU (POPMYIUPOBKM,
U K METOLY MOKa3aTeIbCTBA.

MOXHO BCTPETUTDL yTBEPK IEHUs, 9TO MIEPBOHAYANBHOE TOKA3ATEILCTBO Hetmana
U3JUIIHE YCIOXKHEHO. VICTOYHUKOM TAKOU OIEHKU CIYKUT HE UTO WHOE, KAK KHUTA
Henmama u Moprenmrepra [4], rae ua c. 178 rosopurcs crenymwoimee: «/JoxazaTensb-
CTBO HAIIEN TeOPeMBI, IPUBEJEHHOE B IEPBON cTaThe [T.e. ctaTrbe 1928 .|, 10BOIBHO
3aMyTaHHBIM 00PA30M UCTIOIB3YET ANMapaT TOMOMOrun U Teopun pyukiuny. Naorga
MOJAral0T TaKXKe, 9TO pe3yabTar HermMaHa OTHOCUTCA TOJBKO K OWINHENHBIM (DYHK-
M. (OJHAKO HEOOXOAUMO OTMETUTH, UTO, HanpuMmep, Kakyranu [9] ¢popmyaupy-
eT — U JOKa3BIBaeT CBOMM MeTonoM — reopemy Henmana B nomson obmmoctu.) Jis
OWIMHENHOTO CIYYas BIOCICACTBUN TOABAINCH GOIEE DIEMEHTAPHBIE TOKA3ATEILCTBA,
YeM B [EUCTBUTEIHLHOCTU U BLI3BAHO IUTUPOBAHHOE 3aMEUAHUE.

MaTemaTu4eckoe npoceewerue, cep. 3, Bein. 9, 2005(78-85)



Teopema Hermvana 0 MuUHEMAKCEe — OOIICU3BECTHAA U HEU3BECTHAA 79

Ha camom nere Hemman mokasan TeopeMy 0 MUHMMAKCE B I'OPa31o GOJIbIIeR OOII-
HOCTHU: I PYHKIINU, KOTOPHIE HEMPEPHIBHLI HA TIPAMOM TIPOU3BEICHUYN CUMILIEKCOB,
KBAa3UBOTHYTHI HA, OJHOM U3 HUX W KBA3UBHIMTYKJILI HA, IPYTOM, IPUYEM CUMILIEKCHI B
STOM IOKA3ATEILCTBE MOXKHO 3aMEHUTDL MPOU3BOILHLIMY BEITYKILIMA KOMIIAKTAME B
KOHEIHOMEPHOM BermecTseHHoM mpocTpanctse (cu. m. 3)Y). Teopemon Heitmama oxsa-
THIBAETCSA, B YACTHOCTH, MOMYIAPHBIN BIOCJASICTBUY CIyIal HETPEPHIBHLEIX BOTHYTO-
BBIMYKJIBIX (PYHKIAN.

Nmenno ¢ 06GMHOCTBLIO pe3yabTaTa W CBA3aH MeTon Henmmama, MpO3PadHBIA IO
ujee U POACTBEHHBIN NOKA3ATEILCTBAM PALA MO3JHEUIIX 06001meHnn (M. . 3, 4).
C Opyrou CTOpOHBI, 6OTEE DICMEHTAPHBE [OKA3ATEMLCTBA 1A OUIMHENHOTO CIydasa
(cMm., mampumep, [4, c¢. 163-167, 178-179]) ommpatoTca HA TeopeMy O Pa3IeIAoIIer
(uu OMOPHOW) TUNIEPILIOCKOCTH, TECHO CBA3AHHYIO ¢ Teopemon Xana—Bamaxa. Oa-
HAKO aHAIN3 MTOKA3aTENIbCTBA TEOPEMBI XaHa— BaHaxa MOKAa3BIBAeT, 9TO OHO CAMO
CTPOUTCA MO TOU Ke NPUHIUTUAILHOU CXeMe, UTO U JoKasarerbcTBo Hemmana (cM.
nm. 4, 5). IHTepecHo OTMETUTh, 9TO 00€ TEOPEMbl OLLIM TMOSYYEHBI MPAKTUIECKN
omHOBpeMeHHO (paboTa Xaua nossunack B 1927, Henmana B 1928 u Banaxa B 1929),
HO B COBEPIIEHHO PA3HOM KOHTEKCTE, I X CBA3b BHAYAJE HE OCO3HABAIACK.

2.

Yro ke B IeUCTBATEILHOCTH AOKas3aa HemMan um B 9eM COCTOUT €ro METOL?
B cratwe [1] popmyaupyercs caeyromasn

TEOPEMA O MUHUMAKCE IJI1 BUJMHENHBIX ®YHKUUNA. ycrs h(€,n) — Be-
[IeCTBEeHHAA OuanHenHas PyHKINSA OT BEKTOPOB & U 1) B KOHETHOMEPHEBIX BEIIECTBEH-
HBIX NIPOCTPAHCTBAX, MPUYEM S3THU BEKTODPHI NIPOOETal0T CUMILIEKCH, HATAHYTHIE HA
HYJIEBOU BEKTOP M KOOPAMHATHLIE OPTHL. Toraa

mg,xmin h(¢,m) = minmax h(§,n) - (%)
n n £

Pasmmaaee TeOpeMbl 0 MUHUMAKCE OTIMYIAIOTCA OT BLIIIENPUBEIECHHON, BO-IIED-
BEIX, KJIACCOM PACCMATPHUBAEMBLIX (DYHKINU, & BO-BTOPBIX, XapaKTEPOM MX OOIACTH
OTIpENeNICHUA. SAKIIOUCHNE TEOPEMBI OOBLIMHO UMEET BU[ «(MAKCMUH DABEH MUHUMAK-
cy». (B pasencTse (*) MAKCMUH WM MAKCUMUH — 3TO JEBAA 9aCTh, 8 MAHUMAKC —
npasag. PazymeeTcs, B [0KA3aTEIbCTBE HY K IA€TCA JUIIb TO, 9TO MAKCMUH HE MEHb-
me MuHUMakca. O6paTHOEe HEPABEHCTBO BCEr[a CIPABENIUBO: «CAMBIA [INHHBIA
Cpeu CAMBLIX KOPOTKHX IO IIEPEHraM He [IMHHEE, €M CAMBII KOPOTKUU CPEemu Ca-
MBIX JJIWHHBIX 110 KOJOHHAM).)

B nanprenmeMm moaBWIKCHL BADUAHTEL TEOPEMEI, TA€ PEYb MAET O CYNIPEMyMaXx H
napuMyMax. Ecim ke MUHMMAKC 1 MAKCMUH TeMCTBATEILHO NOCTUTAIOTCA, TO, KAK
JIEFKO TIPOBEPUTHL, UX PABEHCTBO SKBUBAJIECHTHO CYIIECTBOBAHUIO CEJA0601 MOUKU,
rlie OJHOBPEMEHHO NOCTUTAETCA MAKCUMYM M0 & U MUHUMYM 10 7). J[eCTBUTEILHO,

1) Ormerinm, o o aToMy MORBOY B 3aMeTKe [8] 4OMyIeHa HETOYHOCTR: fOKa3aTenbcTRo Heimarma,
Tpe6yeT NUMEHHO HEeNPEPHIBHOCTY HA MPOM3BEJEHAN KOMIAKTOB, & HE TOJIBLKO IIOTYyHENPEPLIBHOCTHA C
COOTBETCTBYIOIEN CTOPOHBI HA Kax oM n3 Hux. OG00menne Ha CIy<all HOLyHENPEPHIBHOCTH (U
KBA3WBOTHY TO-KBA3UBHIMYKIbIX (DYHKIMA, IPM BO3ZMOXKHOU HEKOMIIAKTHOCTH OJHOTO W3 ABYX MHO-
x®ecTB onpenenenns) npuragrexut M. Canony (cm. [1, c. 259-260]).
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MyCTh MUHUMAKC JOCTUCAETCA B TOYKE (I,Yg), & MAKCMUH — B TOuke (Lg,y). To-
raa f(z,y0) = f(zo,y0) = f(xo,y). Ecim MuHUMAKC paBeH MAKCMUHY, TO IBOUHOE
HEPABEHCTBO O0OPAIAeTCA B PABEHCTBO U TOYKA (T, Yo) — cemtoBad. OOGpaTHO, ecau
cemIoBas TOYKA CYIIECTBYET, TO 3HAYEHUE (PYHKIWKA B HEU HE MEHBIIEe MUHUMAKCA
7 He GOJBIIE MAKCMUHA. TaK KAK MUHUMAKC HE MOXKET OBITH MEHBIEe MAKCMUHA, TO
OHU DABHHL.

Henmvan gopmyaupyer cBoe yTBepxK IeHue I OMINHENHON (PYHKINM, HO IHUIIET,
YTO NP JOKA3ATEALCTBE TPEOYIOTCS JUIIL HEKOTOPHE U3 ee CBOUCTB (BUAMMO, C
oTou (HPOPMYJUPOBKOU U CBA3AHA WLIIO3UA, ITO €r'0 TEOPEMA NOKA3AHA TOIBKO A
OUIUHENHOrO Ciy4dasn). Poib OUIMHENHBIX (QYHKIUA OMPENeIaeTCa TeM, 9TO B UTpe
IBYX YIACTHUKOB C KOHEIHBEIM IUCIOM BADUAHTOB XONOB (4ucmulx cmpame2uti) urpo-
KU MOT'YT BLIOMPATH UX ¢ HEKOTOPLIMA BEPOATHOCTAME — UCIOAL30BATE CMEULGHHBLE
cmpame2uu; TOrAA BEIUIPLIN UIPOKA (M IPOUTPHILL €r0 IPOTUBHUKA) SABJIAETCI OU-
JUHENHON (PYHKIUEN OT DTUX BEPOATHOCTEU. /g TaKOU CUTyaluyu TEOPeMa O MUHU-
MAaKCe O3HAYAET, UTO CYIMIECTBYET PEUEHUE u2pbl — TAKAA Iapa CMEIIAHHEIX CTPaTe-
PUI, KOT I KaXK IbI UCPOK TTOMYIaeT PE3YIbTAT, HAWIY YA TPU JAHHLIX JeNCTBUAX
MIPOTUBHUKA.

PassuTue Teopun urp 3aCTABMIO PACCMATPUBATE U APYTHE (DYHKIIMYA BEIUTPHIIIA.
Hawano stomy nmonoxkun Henman B cratse [10], rae npumMensercs Teopema Bpayspa
O HENOBMXKHOU TOYKE M MOKA3AHO €€ O0OOIEHWEe, KOTOPOEe MO3XKEe MOLYIWI APY-
rum cnocobom Kaxyranu (cM. m. 6). 3arem ObLI IOKa3aH psAl BAPUAHTOB TEOPE-
MBI O MUHUMAKCE, OPUEHTUPOBAHHBIX HA MAKCUMAJBHYIO OOIIHOCTE b0, HA0O0POT,
Ha KOHKpeTHbIe mpuioxkenusa (cM. [1, c¢. 238-267, 362]). B 1959 Y Boub-13108b (cM.
[1, c. 258-259]) BepBLIE OMYGIMKOBAL YUCTO TOMOIOTUIECKAN BAPUAHT TEOPEMBI —
HEmpoCTOU 10 (GOPMYIUPOBKE U (KAK CJAEICTBUE) MO NOKA3ATEILCTBY, HO 3aTO OXBa-
TUBIIAY MHOXKECTBO U3BECTHBLIX BAPDUAHTOB. DTy Teopemy o606umi Xoaur Tyu (cM.
[1, c. 253-258]), a mo3AHEE U APYrUE ABTOPHL.

3.

Bepuemcsa k crarbe Heumana. O oTMedaeT, 9TO B QOKA3aTEIbCTBE TpeGyeTcs
He OWIMHENHOCTb (PYyHKIuM, a (B COBPEMEHHOU TEPMUHOJIOIMHA) €€ KBA3UBOIHYTOCTh
110 &, KBA3UBHIMYKJIOCTB I10 7) U HEIIPEPBIBHOCTH IO COBOKYITHOCTH ITepeMeHHbIx. KBa-
3UBOTHYTOCTD (COOTBETCTBEHHO KBA3UBLIMYKJIOCTh) O3HAYAET, YTO €CIu (PyHKIIUA HA,
060UX KOHIIAX OTPE3Ka HE MEHbIIE (COOTBETCTBEHHO HE GOJMBINE) HEKOTOPOr'O 3HAME-
HILSI, TO DTO BEPHO HA BCEM oTpe3ske. Takum cBOUCTBOM 00aagaeT J00as BOrHy Tast (Co-
OTBETCTBEHHO BBINyKIasa) QyHKuusa. Ho KIacChl KBa3MBOIHYTHIX ¥ KBA3UBBILYKIbIX
byHKIIIU TOPa3 10 MUpe; HATTPUMED, UM TIPUHAILICKUT JH00aA MOHOTOHHAA (DYHKITUA.

Kak ormeueno B m. 1, cuMmImiekcer, ciayxariue o0IaCThi0 H3MEHEHUS IePeMeHHbIX
& m 1, MOXHO 3aMEHUTH JIOOBIMI BHITYKIBIMA KOMIAKTAMY B KOHEYHOMEPHBIX BEIIe-
CTBEHHBIX IPOCTPAHCTBAX. ITO XKe KacaeTCs «3allyTAaHHOI'O» TOKA3ATEeIbCTBA Teope-
mer HeriMaHa, TO OHO COCTOUT B CAEAYIOMIEM (HEKOTOPHIE OOO3HAYMEHMA OTINIAIOTCA
OT aBTOPCKUX).

HOKA3ATEJIBCTBO TEOPEMBI HEWUMAHA 1A KBA3UBOTHYTO-KBA3UBBIMNY-
KJIBIX HEIPEPBIBHBIX ®YHKIUN. Beibepem B mpOCTPAHCTBAX MEPEMEHHBIX £ U 7
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O OOHOU KOOpAWHATE & U 1)y U PAcCMOTPUM (QYHKIUU (OT OCTAILHBEIX KOODIU-
HAT) rr1£ax min f(&,7n) 1 min néax f(&,7), Toe nepeMeHHbIE MEHAIOTCA B Ipeaetax obia-
r Ns Ns ”

ctu onpepencuus pyuxuuu f(£, 7). HemocpencTBeHHO POBEPAETCSA, YTO BBEICHHLIE
yHKIME 061a1AI0T TEPEIUCICHHEIMY BBIIIE CBONCTBAMY (HENPEPLIBHOCTHIO, KBA3U-
BOTHYTOCTBIO ¥ KBA3WBLITYKJIOCTBIO IO COOTBETCTBYIOMUM T'PYIIIAM TEPEMEHHEIX ).
Eciu MBI moKaxkeM, 9TO TH ABE (PYHKIUM TOXKIECTBEHHO COBIAJAIOT, TO TEOPEMa
OyIeT ClIeNoBaTh U3 OUEBUIHOU UHIYKIIUA.

3aduKcupyeM 3HAYCHUA BCEX IMEPEMEHHBIX, KpoMe &. U 1)s, U OyoeM CIUTaTb f
dyHKIIMER 0T ABYX mocaenHux. [amee, sapuKcupyeM HEKOTOPOe 3HAMEHHE T Hepe-
MEHHOTO &, M PACCMOTPUM MHOXKECTBO TEX 3HAYEHWH 7)s, TIPU KOTOPBIX f(Z,7s) H0-
cTuraetT MEUHEMyMa. 3 HeMpepHBHOCTU (GYHKIUA f BEITEKAET, YTO DTO MHOKECTBO
HEMyCTO U 3aMKHYTO, & U3 €€ KBA3WBHILYKJIOCTH IO 7)s — 9UTO OHO BHIMTYKJI0. Kpo-
Me TOTr0, OHO OTPAHUICHHO, TAK KAK OTPAHUICHHA O0JACTH ONpeIeaeHus (pyHKIAN.
3HAYUT, 5TO HEKOTOPHIN OTPE30K (BO3BMOXKHO, cBogamunct k Touke) [K'(x), K" (x)].

3adukcupyeM 3HAYEHHE § IEPEMEHHOrO 7)s U PACCMOTPUM MHOXKECTBO TeX 3Ha-
YEeHUN [epeMeHHOro ., npu KOTopux f(&.,y) gocTuraer MakCuMyMa. AHAJIOTUIHO
IpeIBIIyIIEMY [OJLy<IaeM, 9T0 5T0 HeKoTopbi orpe3ok [L'(y), L" (y)]. 3 menpepois-
HocTu GyHkuumu f BeITekaeT, 9To pyskimuu K'(,), L'(ns) mOLyHENPEPHIBHLL CHU-
3y, a K"(&),L"(n,) momymenpepsiBEEI cBepxy?. [leHCTBUTEILHO, MyCTh &, — T,
K'(¢&) — y. Torma f(&,K'(&)) — f(z,y), mockoabky (yHKIMA f HENpepbIBHA.
Ho Bmecre ¢ men menpepuiBaa u (&, K'(§,)) = min,, f(&,ns); swauur, f(z,y) =
= f(z,K'(z)), orxyna y > K'(x), T.e. pynkuua K' monyumenpeprisaa cuusy. Iloxy-
menpepeiBHOCTL K| L' L' moxasbiBaeTCa aHATOTMYHO.

Paccmorpum o6benunenue Bcex orpeskoB [L'(ns),L"(ns)], rme ms mnpoberaer
[K'(x), K" (x)]. Ha sToM oTpeske momyrenpepuBHas cuusy dyukuua L'(ng) moctu-
raer munumyma H'(x), a monymenpepwisHas ceepxy dyukmua L' (ns) — makcumy-
ma H'"(x). Ilpeqnonoxum, 9T0 HEKOTOPOE IUCIO &', IpoMexyTounoe mexny H'(x)
u H'"(x), He NPUHALIEKUT yKA3AHHOMY OOBEIUHEHWIO. TOrma KaXKIBU OTPE30K
[L'(ns), L"(ns)] uemuxom pacmosoxen aubo cieBa, mubo cupaBa OT ', mpudeM Cylie-
CTBYIOT OTPE3KM 000uX BUAOB (Hampumep, Te, koropeie cogepxkar H'(zx) u H"(x)
coorBercrBenHo). Ha orpeske [K'(z), K"(x)] manmercs 3HadeHue ns = y, B JiO-
6011 OKPECTHOCTU KOTOPOI'0 BCTPEYArOTCA 0062 caydad. Tak kax Qyukmua L'(ns)
(coorBercTBenno L'(1s)) monyHempepbiBHa CHu3Y (COOTBETCTBEHHO CBEDXY), TO
L'(y) < 2/, L"(y) > z', v.e. ¢’ npunagmexur orpesxy [L'(y),L"(y)], B uporu-
BOPEUNH C MPEITIONOKEHIEM. SHAMUT, B AeHCTBATEILHOCTH OOBEIMHEHIE OTPE3KOB
[L'(ns),L"(ns)] samonmser secw orpesok [H'(z), H" (z)].

W3 mosyHEIpepEIBHOCTH C COOTBETCTBYIOmEN cTOoponer ¢pyrkumn K', K", L', L"
HETPYIHO HOAYIUTh, 4TO pyukuus H'(,) noryuenpepeiBua cuusy, a H'" (£,.) — csep-
xy. Paccyxk gas kak B mpeasLaymeM ad3alie, yOexX 1aeMcs B CYyIIeCTBOBAHUN TaKOr'O T,
aro H'(z) < x < H"(z). 9T0 03Ha¥aeT CyMIECTBOBAHIE TAKOTO Y, 9YTO (,y) ABIAECT-
CA TOYKOU MUHUMYMA, TIO 1)y U TOUYKOU MAKCUMYMA MO &, T.€e. CAJIOBON TOUKOU I/
f. Kax oTMe49eHO BHIMIE, OTCIOa BLITEKACT PABEHCTBO MUHUMAKCA W MAKCMUHA. L[]

2)Gyuknua f(z) MOIyHEIpepLIBHA CHE3Y B TOYKE Lo, €CIH U3 & — o, f(z) — y cremyer
y > f(x0). HomyHENpEepEIBHOCTE CBEPXY ONPEIENAETCA AHAIOTHIHO.
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4.

[IpuHIUNUATBEHYIO CXeMy, JeXAIIyId B OCHOBE M3JIOXKEHHOI'O [I0KA3ATEAbCTBA,
MOXKHO COPMyIUPOBATH caeayommM obpasom (cMm. [8], rae mo »Tou cxeme OOKa-
3aHO OIHO TomoJormyIeckoe o606menue TeopeMbl Henmana). IlycTs Tonosoruueckoe
npocTpacTBO S (B JaHHOM CJIydYae 3TO OTPE3OK C BHIKOJIOTOU TOYKOU x') cocTouT
U3 IBYX OTKPHITHLIX Hemepecekaiomuxcs MHoxecTs ST u S~. Umeercs cemercTso
{M, | & € I} cBA3HBIX IOAMHOXKECTB IPOCTPAHCTBA S; B JAHHOM CIydae 3TO OTPEe3-
ku [L'(ns)], L" (ns)] — B upeanonoxenuu, 9To ' He NPUHALIEKUAT UX OOHEIUHEHUIO.
ITpu >TOM MHOXKECTBO UHIEKCOB I ABAAETCSA CBA3HBIM TOMOJOTMYCCKUM ITPOCTPAHCT-
BOM (B JaHHOM caydae — OTpeskoMm). Ilycte I u I~ — MHOXKECTBA TeX HHIEKCOB
a € I, gna xKoToperx M, He ImepeceKaeTcsa COOTBETCTBeHHO ¢ ST m ¢ S~. Byayum
cea3EbIME, M, He MOT'yT mepecekaTscs ogaoBpeMernHo ¢ ST u S~ . IloaTomy o6benn-
merne MEOkecTs IT n I~ coBmagaer ¢ I. 14 KOHKPETHON CUTYAINN TOKA3LIBACTCH,
4TO 062 MHOXKECTBA 3AMKHYTHL. BBUAY CBA3HOCTU NMPOCTPAHCTBA | OTCIOLA BHITEKA-
eT, 97O Jrb0 ONHO M3 HUX IIYCTO, TUOO OHU MEPECEeKAIOTCA, U TOrJa IOMXKHO OLITH
MyCTBIM XOTA Okl 0nHO U3 M,. (B maHHOM CciIydae moaydaeM IpOTUBOPEUUE, KOTO-
pO€ MOKA3HIBAET, UTO TOYKM &' HE CYIIECTBYET. 3aTEM DT CXeMa MPUMEHAETCA eIIe
pa3 — k orpeskam [H'(z), H" (z)].)

Onucanuoe paccyX IeHue JeKUT B OCHOBE NOKA3ATEILCTB Y BoHb-11310Hsa, X0aHD
Tys, a Tak:ke BCeX TOKA3aTETbCTB TEOPEM O MUHIMAKCe, KOTODHIE OMUPAIOTCSA HA
TEOPEMY O pPa3Ie/IAoen MIIePIIOCKOCTH. /€10 B TOM, ITO OHA ABMAETCA MOIU(U-
Kanuen TeopeMbl XaHa — Banaxa, a B [oKa3aTeabCTBE MOCICIHEN MBI HAXOIUM TY K€
cxemy! Tax uro mo cymectBy Teopema Hemmana — He ciaegcrBue (B OHINHEMHOM
caydae), a aHanor TeopeMbl XaHa — Banaxa.

5.

YuraTeno, 3HAKOMOMY CO CTAaHIAPTHLIM MOKA3aTeIhCTBOM TeopeMbl XaHa—ba-
Haxa, [OCJeJHEE YTBEPKIEHIE MOXET MMOKA3aThCsA CTPAHHBIM. B 3TOM mokasarenb-
CTBE pedb UIeT O (PYHKIUOHAJIAX B JUHEUHOM HOPMUPOBAHHOM IPOCTPAHCTBE, HAJ
KOTOPBLIMH BBINOJHAIOTCA atrebpandeckue omnepaiun. Ha caMom gese, Kak MBI cendac
YBUINM, 3TO IOKA3ATEIbCTBO AOIYCKAET IPO3PATHOE U3TOXKEHNEe HA OCHOBE OMUCAH-
HOM BHIIIIE TOMOJOIMYECKON cXeMbl. MbI crenyeM 3amerke [8].

Bynmem mokaswiBarTh Teopemy B caenyooimen hpOpMyJIUPOBKE.

TEOPEMA XAHA — BAHAXA. [lycTh Ha BEIIECTBEHHOM JUHEWHOM MPOCTPAHCTBE
N sagan Bumykabin pyuknuonan P(x), a Ha HEKOTOpOM ero moanpocTpancTee M —
JVHENHBN GyHKIMOHAT F'(1), MO IYMHEHHBIN YCIOBIIO

F(z) < P(z) (%x)

(oba pynxnmonana — BemecTBenube). Torga F(z) mpogoakaeTcs A0 JUHEXHOTO
(YHKIMOHATA Ha BCEM IPOCTPAHCTBE, YIOBICTBOPSIOMIErO YCIOBUIO (k).

MOKABATEJIBCTBO. [[ocTaTOYHO pacCMOTPETH Caydau, Korga M — rumepinioc-
KOCTb: fajiee MpoBOAUTCA (TpaHCHUHUTHAA) MHAYKINAA 10 PA3MEPHOCTU. BriGepeM
Touky a € N, me npuHamiexamryo M. IIpogomkenue dpyukumonana F(x) ¢ M Ha
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N MOXeT NpUHUMATH JI000€ 3HAYEHUE B TOYKE ¢ U ONPEIEIACTCA UM OTHO3HAIHO.
Touxku, B KOTOPBEIX TAHHOE MPONONKEHUE HAPYIIAET (*%), HA30BEM HeJONYCMUMbl-
mu. Benencrsue Boimykinoctu P(2) MHOXKECTBO TaKUX TOYEK BHIMYKJIO. [[05TOMY OHO
JIEXUT TI0 OAHYy cTOpory oT M am6o mycto. C xax nou cTopons: ot M Kakoe-To mpo-
JOJLKEHUE UMEET HEIOMyCTUMBIE TOUKY (1 MOTOMY HE UMEET UX C APYT'OU CTOPOHBI):
JIOCTATOYHO MOMOXKWUTHL B OfHOM ciydae F(a) > P(a), B apyrom F(a) < —P(—a).

IIycts Teneps I u I~ - MHOXKECTBA 3HAMEHUN B TOUKE ¢ TEX IPOIOMIKEHNN (DyHK-
unonana F(z), y KoTOPBEIX HET HENOIyCTUMBIX TOYEK COOTBETCTBEHHO IO OLHY U IIO
opyryto ctopory or M. B cmiy cka3zsaHHOrO 5T MHOXECTBA HEILYCTHI U UX O0Benu-
HeHUeM CIyXKUT BellecTBeHHas npsamad. HeTpyauo BugeTs, aTo IT u [~ 3aMKHYTHI.
[MosTOMY OHU MEPECEKAIOTCA; TOUKM MEPECEIeHUA COOTBETCTBYIOT UCKOMBIM PO T0JI-
KeHuaMm QyHKIuonana F(x). O

Mur BUAuM, 9TO B CBA3UM C TEOPEMOU O MUHUMAKCe HerMaH coesan CyIeCcTBeHHO
6oubiie, yeM Hepenko cumrtaercsa. OH I0Kasam 3Ty TEOpeMy s MIMPOKOTO KIAcCa,
CATYaLIl ¥ CO3JaJ METOJ, BaKHeNmul B n0106HkIX Bonpocax. (TyT ymecTHO BCoo-
MHUTB CI0Ba, ckazauubie C. B. CTeYKuHBIM M0 TMOBOAY TEOPETUKO-IUCJIOBHIX MPOO6-
meM B 1970 r. Ha 3aceganuu MOCKOBCKOTO MaTEMaTHIECKOTO OOIIECTBA: «Y KIACCUKOB
BCEr[[a HAIMCAHO HECKOIBKO OOJBINE, YeM y TeX, KTO UX mepenuchiBam.) CoszgzaBas
TEOPUIO [ OMUCAHUA HOBOIO KIACCA CATyamun, HemMaH He CTpPeMWICI TOCTUYH
MAKCUMAJIBHOU (IPUBA3KU K MECTHOCTHY, K HATUIHLIM npumepam. Hao6opoT, oH Xo-
TeN BBIABUATH MPUHIUNAAIBHYIO CYyThb ABJIEHUU, UX JOIMIECKyio cxemy. VI mpu sTom
0OHAPYKMUIOCH POACTBO C CYIIECTBEHHBIMU (PAKTAMUI U3 PAIUIHLIX PA3AEIOB MaTe-
matuku. Harnsguo nogrsepammuck ciaosa Ilyauxape [7, ¢.388]: « .. MaremaTuka —
5TO UCKYCCTBO MaBaTh OMHO U TO YK€ HA3BAHUE PA3IUTHBIM BEIIAM.»

6.

ITocne ckazanHOrO Oy AeT HETUITHE [T0 TIEPKHY Th, ITO PA3IUIHLIE METOIBI TOKA3a-
TEJIBCTBA TEOPEM O MUHUMAKCE MMEIOT CBOU IPENMYIIeCTBa. B JacTHOCTH, TeopemMa
Henmana serko ciaegyer u3 TeopeMbl KakyTann o HemoasmkHOU Todke. [locienmun
pesyabTar mmeeT OOJBIIOE 3HAYEHWE U B APYIHX BOMPOCAX — HAIPUMED, B CBA3U
¢ mpobreMaMu SKOHOMUYIecKoro paBHoBecus. OIHAKO HA PYCCKOM S3LIKE B TEUEHUE
IOJITOr0 BPEMEHH J0KA3ATeIbCTBO Teopembl KaxyTanu (He caMoe Ipo3padHoe) uMe-
JIOCH JIMIIB B OJHOM OOIIELOCTYIIHOM UCTOYHUKE, a UMeHHO [5, ¢. 97-99]. Jlums coBcem
HEJABHO IePBOHAYAILHOE, O0Jee MPOCTOe A0Ka3aTenbcTBO KakyTaHu ObLIO H3I0KEeHO
B kHure [6, c. 96-97]. [losToMy npeacTABIAETCA MOIE3HBIM JOMOIHUTD 3TY 3aMETKY
IOKA3aTeIHLCTBOM TeopeMbl KakyTanu, BKIIOYNB BHIBOI U3 Hee TeopeMbl HenmmaHa.
Kaxk u [6], MBI B OCHOBHOM CJIefyeM NMepBOUCTOYHUKY [9].

TEOPEMA KAKYTAHU. IlycTh B r-MepHOM BelmIeCTBEHHOM IPOCTPAHCTBE MaH BhI-
MYKJIBI KOMITAKT S U KaX[IOU €ro TOYKe I MOCTABIEHO B COOTBETCTBUE BBITYKJOE
nogmuoxectso ®(z) C S, npuuem orobpaxenue ¢ zamrxnymo (B MHOU TEPMUHOIO-
CUU NOAYHENPEPLIBHO C8EPTY): €CIu T; — X, y; — y u y; € P(x;) upu BCcex i, TO
y € ®(x) («aipenen 06pas3oB comepxKUTCA B 006pase mpegeaay). Torga y oTobpakeHus
® uMeeTCa HENnodBUNCHAA MOUKE — TAKad TOYKA &, 9T0 & € P(x).
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[MOKABATEALCTBO. ITomectum S BHYTpE r-MepHOTO cuMmILtekca S'. Kax masect-
HO, CyIIECTBYeT HempepeiBHOe oTobpaxkenue ¢ : S' — S, mpu xoropom ¢(r) = x
o Beex x € S (pempaxyus cummiekca S’ wa S). Hoaoxus ®(z) = ®(¢(z)) nma
Beex & € S', MBI mpomomxkuM oTobpaxenne P Ha BECH CUMILIEKC, IPUYEM 3AMKHY-
TOCTB OTOOPAKEHNA U BLITYKJIOCTE OOPA30B COXPAHUTCA. Teneps oCTATOYHO HANTH
HEMONBIKHYI TOUKy Ha S’: oHa OymeT npunamtexars S, mockoabky ®(S’) C S.

Pazobbem S’ ma manenbkue cuMiniekcer. Ecium v — BepmmHa OQHOTO U3 HUX, TO
BeIOepeM Touky v’ € ®(v) u momoxkum ;(v) = v'. CgenraeM Tak LA BCEX BEPIIMH
Pa3bueHn U TPOIOMIKAM OTOOPAKEHNE 1 HA OCTANTBHBIE TOYKM KAXKJOT0 MAJCHBKO-
0O CUMILIEKCA TI0 JJUHEMHOCTU. MBI TOMyInuM HEPEPHEIBHOE OTOOPAKEHNE CUMILICKCA,
S’ B ce6s. Cormacuo Teopeme Bpayspa (cm., Hampumep, [2, ¢. 502-507]) oHO nmeer
HENOABMIKHYIO TOUKY T = A1,0Z1,0 + - + A1 »T1,, TO€ T1,0,...,2L1,, — BEPIIAHL
OJHOI'O U3 CUMILTEKCOB Pa3bueHusd, A\jo+---+ A1, =1, A1 0>0,...,A,, > 0. IIpn
aTOM 1 = ¢1(Z1) = A1,0p1(Z1,0) + -+ - + A1 ro1(@1,0).

Basas 6osee menkoe pazbreHne CUMILIEKCA, TOCTPOUM AHAJIOIMIHOE OTOOPAKEHIE
(2 C HEHOABIKHOM TOYKOU Ty = A20T20 + --- + A2 ,Z2,. [Ipogomxum mpouece,
YCTPEMUB IMAMETpP pasbueHnmsa K Hy 0. MOXHO BEIOPATH TAKyO TOAMOCIEIOBATETh-
HOCTb HOMEpPOB 4, [IJf KOTOPOU: &; CXOMATCA K HEKOTOPOU TO4YKe % (KaK CJIeACTBUE,
Ti05- - -5 Tip CXOLATCA K TOU KE TOUKE); A0, - - -, Aj,r CXOLATCA COOTBETCTBEHHO K He-
KOTOPBIM )‘07 te )‘Ta rne A0 + -+ Ar = ]-7 )‘0 2 07 tery Ar 2 0; Qpi(xi,())a tery Soi('ri,r)
CXOIATCA K HEKOTOPBIM ¥, ..., Yr. lOrga x = AoYo + - -+ + Ay, U3 3amMKHyTOCTH
orobpaxenus ® caenyer, 4TO Yo, .., Y, onpudagaexar P(x). Tak kax 510 MHOKe-
CTBO BBIMYKJIO, TO T TAKXKe €My TPUHAIIEKNAT, T.€. ABIACTCA HEOABMKHON TOTKON
otoOpaxenus P. O

BuiBO TEOPEMBI HEMMAHA 13 TEOPEMbI KAKYTAHU. IlycTh HA mpsmom mpo-
U3BEOCHUN BBINTYKJ/IBIX KOMIIAKTOB K n L B KOHETHOMEPDHOM BE€IIECTBEHHOM IIPDOCTPAaH-
CTBe 3aJaHa HENpepHhIBHAA (DYHKIIUA f(a:, y), KBA3WBOTHYTasA HA K TpU KaxkIoM y U
KBas3uBBINyKJIaa Ha L mpu kaxaoMm x. [[asa Bcex x € K moaoxum

! ! . .
L. ={y" € L| f(z,y') = min f(z,y")};
y'eL
! ! " R
Ky:{l' €K|f(l',y): maxf(a: 7y)})
t"eK
®(z,y) = Ky x L,.

JIerko mpoBepuTh, 9TO TOYETHO-MHOKECTBEHHOE 0TOOpakeHue ® yaoBmeTBOpsAET yc-
a0BuaM Teopembl KakyTann u, 3HAYUT, nMeeT HemoABMKHy0 Touky. OHa aBraeTcs
cemioBonl Toukon yukuuu f(x,y), orkyga (CM. . 2) BHITEKAET DABEHCTBO MUHU-
MaKCca 1 MAaKCMUHA. (]

AsTop Gmarogapen B. M. TuxoMupoBy 3a BHUMAHUE K Pa0OTE U TOJE3HLIE 3aMe-
TaHUA.
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