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['eomeTpuieckaa 3amada, CBA3aHHAA
¢ 0000MIEHHBIMY OUILIAAP JAMU

JI. 1. IlycTeLIBHUKOB®

B paboTe pemaeTca mpocTas reoMeTpuIeckas 3a1a4a (0600marman 3a1ady
lepona) m QAIOTCA IPUIOKEHUA €€ PEmeHnsa K 0000MEeHHBIM OMLIAap 1aM.

1. OBOBIIEHHAS 3AJAYA ['EPOHA

PaccMoTpuM IBYMEPHYIO IUIOCKOCTD C MPAMOYTOJBLHBIMEA KOOpAUHATAME (T, 1) U
CJAEMYIONIYIO 329y MUHUMU3AIUAU BHIMYKION (PYHKIMU OTHOU MEPEMEHHOU Ha MOJY-
ocu:

f(z):\/(xl—z)2+yf+\/($2—z)2+y§+kz—>min, 220, (k>0). (1)

[Ipeamonaraercs, aro y; > 0. 3agada (1) ma Bcen npsavon npu k = 0 u3BeCcTHA, Kax
3agada [epona.

Pemenue z zagauu (1) oveBmanbiM oOpasom cymectByeT (u60 f(z) — oo mpm
Z — 00) U €IUHCTBEHHO (B CUIy CTPOrou BHIMYKIOCTH f). VI3 HEOOXOQUMBIX YCIOBUM
MUHUMYyMa 1A GYHKIUI OTHOTO MEPEMEHHOr0, moay4aeM, uto ecau 2 = 0, o f/(0) >
>0,aecmu zZ >0, ro f'(0) = 0. B cuny BBIIyKI0CTH, 5TU yCIOBASA U TOCTATOYIHEL.
Takum obpasom, ecian

x T
k> ! + 2 = coS 1 + €oS Y2, (2)
Vet tut a3
To Z = 0, ecn xe
I o

k< = cos (1 + cos P2, (3)

+
Vil +ul o\ Ja3 4

TO z > 0, ¥ 5TO YNUCIO ABMACTCA SQUHCTBEHHLIM PEIICHNEM YDPABHEHA

k= o + 22 ¢ = cos s (2) — cosy (2). (4)
Ve—m24u Jz—22)2 443
B (2) u (3) ¢; 0603HAUAET MOMAPHBIN YTOI TOYKNA (&, Y;) HA INIOCKOCTH C AeKap-
TOBBIMU KOOPAWHATAMY I, Y;; YIVIBL 1); m300pakensr Ha puc. 4, c¢. 90.

*Pabora gacTuvHo nojuaepxana PDODPU, npoekt 02-01-01067.

MaTemaTu4eckoe npoceewerue, cep. 3, Bein. 9, 2005(86-92)
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Puc. 1.

Ecau k > 2, To BhIONHAETCA HEPABEHCTBO (2) M PEIIeHreM 3a,1a4u BCerqa sABJsi-
erca 2 = 0.

IMycts 0 < k < 2. Paccmorpum Geckorednsinn cekTop () ¢ Bepiumuou B Touke O,
UMEIOLIUI Yyrou ¥, cosy = k/2, ogHa cCTOPOHA KOTOPOr'O €CTh KOOD JUHATHASA HOLYOCh
x >0,y =0, a gpyras cropoHa JaexuT BHyTpu kBaapanra ¢ > 0, y > 0 (puc. 1).

Bo3MmoxkHBL cregyiomupe ciydan pacuoioxenus Touek (z1,y;) u (T2,y2) OTHOCH-
TeJIBHO ceKTopa (.

1. Touku pacnoNOKeHBl BHY TPY WK HA TPAHUIIE CEKTOPA, (), TpUieM XOTs Obl O1HA
JIEXKUT BHYTPU CEKTOpa. Torga BLIIOIHAETCA HEPABEHCTBO (3), Tak Kak cos p; > k/2,
IpwIeM XOTS OBl OTHO HEPABEHCTBO — CTPOTOE.

2. Toukm pacmomoxkeHb BHE wau Ha rpanune cektopa (. Torma BomommseTcs
HEPABEHCTBO (2) M0 aHAJOTMYHBIM IPUIAHAM.

3. Ecau ogHa TOYKA JEKUT BHYTPU CEKTOPA, & IPYTad — BHE CEKTOPA, TO MOXKET
BBIIONHATHCS JI060€ 13 HepaBeHCTB (2), (3).

2. 'EOMETPUYECKUM CMBICJI OBOBIIEHHON 3ATAYM ['EPOHA

HanmomuurM u3BecTHyIO 3amady o mepexone depes peky. Hyx#Ho mocTpouTs MOCT
Yepes peKy € mapaielbHBIMU GeperamMu Tak, 9TOOLI OyTh MeX 1y Toukamu A u B,
PACIOJOKEHHBIMUI TI0 PA3HBIE CTOPOHBI PeKW, ObLI KpaTdanmmmM. MocT HyXHO pac-
TIOJIOXKUTH TMEPIEHINKYAAPHO OeperaM. Pemrenne 3agatdu 0 mepexone Iepe3 peKy Imo-
JYYIAEeTCsA ¢ TOMOIIBIO MTapaIeJbHOTO MEPEHOCa, KaK MOKA3aHO Ha Puc. 2.

A

Puc. 2.
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Puc. 3.

[Ipu pemenun 3a1a9m O MEPEXOIE IEPE3 PEKY C HENAPAAALALHbIMY OEPETaMu MO~
aBageTca oboOmenHas 3anada ['epona.

IIycre peka mpencraBiseT cCOOOU ILIOCKUH YI'OJM BEJMYUHON (v, & MOCT HYXKHO
CTPOUTDH MEPIEHIUKYIAPHO OuccekTpuce m >Toro yria (puc. 3). Beegem koopauua-
THI, KAK TOKA3aHO HA PUC. 3: 0Ch aBCIKCC HATIPABUAM BIOJIb OMHOTO GEpera peKu, pexa
npu 3ToM JeKUT B morymiockocTa y < 0. Touxu (x1,y1) u (r3,y3), KOTOPHE HYKHO
COENVHUTD IIyTEM, JEXKAT II0 PA3HbIE CTOPOHBL OT peku. Touka (T2, y2) cuMMeTpUIHa
Touke (Z3,Y3) OTHOCUTEILHO OUCCEKTPUCHL YA (V.

Ecnu xomen mocTa Ha Gepery, MpOXOAAmEM M0 OCH abCIUCC, UMEET KOOPIMHATEL
(2,0), To mmuua MocTa paBHa 2z sin(a/2). O6osnauum k = 2sin(a/2). [loaywaem, aTo
OTBET B 33Ja4e O Iepexoe 9epes3 PeKy u3 TOIKU (T1,Y1) B TOUKY (I3, Ys) NOLyIaeTCA
u3 oTBeTa B 0600menHon 3agade [epona musa Touex (x1,yr) u (z2,y2) (1erko BugeTh,
9YTO mepBHE Ba ciaraeMbix B (1) — »To paccrosuua mexnay (z1,y1) u (z,0), (z,0)
u (x3,Y3) COOTBETCTBEHHO, & TPEThHE PABHO JJIWHE MOCTa C KOHIOM (z,0)).

SAMEYAHUE. [ToCTpOUTEH KPATIAUIIYIO JOMAHYIO IIUPKYJIEM U JUHEUKOU B OOIIEM
CIydae HeBO3MOKHO HU IiA 0GOOIIEHHON 3a 134K [ epoHa, HU IIA 3a0a494 O [MEpexoIe
gepe3 PeKy ¢ HemapammeabHeiMu Geperamu. OIHAKO, IS CIETHOTO MHOXKECTBA Iap
rouek (z1,y1) u (T2,y2) BHyTPHU CEKTOPa () MOKHO C HOMOLIBIO UUPKYJISA U JTUHEUKA
HAUTHU TaKyo TOUKY (2z,0) Ha MOTOKUTENLHOU TOLYOCH abCIUCC, UTO 2 €CTh MUHU-
MyM B 0000menHou 3anade [epona. 31ech MOMTOKEHNE TAKOE K€, KAK B 3HAMEHUTOU
3aad9e O TPUCEKIUN YIVa: Pa3JeJUTh MAHHBIA YIOJ HA TPU PABHBIE YACTU C MOMO-
MIBIO DUPKYIA U JAHEUKHU. /[ IPOM3BOMIBLHOrO YIVIa 3TO CAeIaTh HEBO3MIKHO, HO [
CYETHOT'O MHOXKECTBA YIVIOB TAKOE IIOCTPOEHUE OCYIIECTBUAMO.

3. OBOBIIEHHBLIE BUJJJIAAP IbI

Kaaccuaeckuu 6uimmaps — 5TO AUHAMUYECKAS CACTEMa, B KOTOPOU MACCUBHAA
TOYKA IBUTAETCA C TIOCTOAHHOU CKOPOCTBIO BHYTPU 3aMKHYTOU obmacTu B ¢ Kycod-
HO-TVIAKOU TpaHuiedn ', a B pe3yabTaTe ee OTPaXKEHUA OT I'PAHUIIBI HOPpMATbHASIL
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KOMIIOHEHTA CKOPOCTH TOYKU MEHAET 3HAK, COXPAHAA AOCOMOTHYIO BEIUINHY, 8 TAH-
TeHIMATLHAS KOMIIOHEHTa CKOPOCTU TOYKY He MeHseTcs [6].

O600mmenasle OWLINAP LI, PACCMATPUBAEMEIE B DTOU paboTe, OBLIM BBEICHLI B
obuiem caydae B [1], a B crydae, korga o61acTsb ecth napamutenenunen — B [2]. C ¢u-
3UYECKON TOYKU 3PEHUA OOOOIICHHBIM OWILIMAP[, COCTOAIIMU W3 MHOTUX YACTHUIIL,
ONKCHLIBAET I'a3 B COCYAE, KOTOPBIA MOXET HArPEBATHCA WIN OXJAXKIATHCA OT CTe-
HOK cocyna. [losTomy cTenku 0600MmEHHOr0 OuLInapaa «[POXKATY, ITO ONUCHIBACTCS
dbyrkmmen g(v,t), ompexerenron Ha mpamoM mpomseenerun ' x RY) (R — npamas
mumma, ¥ € [' — mouxa rpamumer I', a pemmamna t € R' o6osmaaer Bpems). O1-
pPaXkeHWe OT TAaKOUW APOKAIIEN CTEHKU MPOUCXOTUT COTVIACHO CIACAYIOMIEMY 3aKOHY.
[Ipegnonoxum, 9TO TPAEKTOPUA TOYKH, KOTOPAS ABUKETCS CO CKOPOCTHIO U, IIepece-
xaer ' B Touke v € [' B MomenT Bpemenu t*. Torga B 3ToT MOMEHT Bpemenu t* Todxa
nprobpeTaeT Takyl CKOPOCTh v*, Kak ecau OBl OHA MOABEPIVIACH YIPYTOMY yAapy C
OECKOHEYHO TSXKEMOU MIOCKOCThI0 [ Kacarwmenca [' B ToUke 7, KOTOpasa IBUTAETCA
B MOMEHT BpeMeHU t* BJoIb HOpMaau K I' B Touke v co ckopocThio (0g/0t)(y,t*).
31ech B KQ4eCTBE MOJOKUTENILHOIO HAMPABICHUs IBUKEHUA TIOCKOoCcTH [ BEIOUpa-
€TCs1 HAIIpaBJIeHNE BHYTPL obaactu B.

Ecau ckopocTh v*, KOTOPYIO TOUYKa IpuoOpena B pe3yaIbTaTe YKa3aHHOTO 3aKOHA,
OTpaKeHUs, HAIPaBIeHa BHYTPb obaactu B, TO mocie MOMeHTa BpeMeHHu t* Todka
ocraputT [' u OGyaer ABUraThbcsa BHyTpu B 1o Onmkanimen TOYKK mepecedenus c L.
Ecan xe ckopocTh v* HampaBieHa BO BHe obaacTu B, TO mocjie MOMEHTa BpeMeHu t*
TOYKA OCTALTCA HEMOABMKHOU Ha [ 10 TexX mop, MOKa B HEKOTOPLIM MOMEHT BPEMEHU
t > t* B3aMMOJEHCTRUE C ILIOCKOCTHIO ['* He 3aCTABUT TOUKY U3MEHUTH HAMPABIE-
HI€ HOPMAJBLHOUM COCTABIAIOMIEN ee ckopocTu. [locaemnuy ciayday BO3MOXKEH, €CJu
dbyrkmsa (0g/0t)(7y,t) npu t = t yBeImIMBACTCA CKAMKOM:

99

Bt (7, t) > 0.

i+0

B wacrroM ciyuae, korga ckopocts (0g/0t)(7y,t*) nukenus miockoctu [* pas-
ua 0, 06OOUIEHHLIN OULINAP CBOLUTCA K KIACCUYECKOMY OWLIMAPAY, B KOTOPOM
HOpMAaJIbHAsA COCTABIAMOINIAA CKOPOCTHA TOYKM B MOMEHT BpeMeHU ¢ = t* TONBKO Me-
HAET CBOE HAIIPABICHNE, HO ee aOCOMIOTHAI BEIUYNHA, 10 yIapa TaKasd XKe, KaK U TOCTIe
yaapa.

B onpeneneruu 0600UIEHHLIX OWITAAD OB YIPYTUHA yAap TOYKYU U LIOCKOCTH [*
MOXKET PACCMATPUBATBLCA KAK B PAMKAX KJIACCUIECKOU (HBIOTOHOBCKOW) MEXAHUKM,
TaK U B PAMKaX DEIATUBUCTCKOM MEXaHUKU (TeOpuu OTHOCUTEeALHOCTH). B mepsom
caydae MbI 6y1eM Ha3bIBAThL 0000IIEeHHBIEe OMILIHAP Bl — HBIOTOHOBCKUMU, 8 BO BTO-
poMm caydae — peaaTuBucTckuMmu. [laa xkmaccuideckux OmanuapaoB Bupkroda mer
HUKAKOU PA3HUIILI MEXK Y STUMU ABYM CAYIAAMU: DTO OJHA U T JKe TUMHAMUICCKA
cucteMa. [[1s1 0600OIIEHHBIX XKe OWLINAP 0B CYIIECTBYET OTPOMHASA U MPUHITNITHAb-
Had PasHUIA MEXK Iy STUMU CIyJIasMu: OOOOIIEHHEIN HbIOTOHOBCKAN OMLINAP I — 3TO
KOHCEDBATUBHAS [UHAMHUYECKAs CACTEMA, TO €CThb CYIIECTBYeT Mepa, SKBUBAJCHT-
Has $az3oBoMy 0O6BEMY, KOTOPAsS NHBAPDUAHTHA OTHOCUTENIHHO TUHAMUKY OWLINADIA
(cum. [2]), B TO Bpems, Kak OGOOIIEHHBIN PETATUBACTCKUN GUIIAAP] — DTO JUCCHATIA-
TUBHAA CUCTEMA, TO €CTh TAKOU WHBAPUAHTHOU MEPHI HE CYIIECTBYET.
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(z1,91)

Puc. 4.

DTa NPUHUUANIVAIBHAA PA3HULA IPUBOAUT B YACTHOCTH K TOMY, 9TO B HBIOTOHOB-
cKOM ciay4ae sHTponusa ['m66ca — NOCTOSHHASA, TOrJa KAK B DEIATUBUCTCKOM CJLydae
suTponua ['ub6ca U TEpMOAUHAMUIECKAA SHTPOMUA (TO €CTh PHTPOMUS, TOCTPOEH-
HASA OTHOCUTEIBLHO a30BOr0 06bEMa) MpK OOUIUX €CTECTBEHHBIX YCAOBUAX HATUHAECT
BoapacTtaTh ([2]). O600meHHbIe PETATUBACTCKIE GMLTHAD IBI OBLTN U3YYIeHBl B Pabo-
rax [1]-[5], a 0600LmeHHEIe HBIOTOHOBCKYE GuLIap sl — B padorax [1] u [2].

4. OCHOBHOH 3AKOH U DKCTPEMAJILHOE CBOWCTBO
OBOBIIEHHBIX HBIOTOHOBCKUX BUJIJIMAPIOB

ITokaxem cBa3b 0600mWeHHON 3a1a4u ['epoHa ¢ 0GOOIIEHHLIMA HLIOTOHOBCKAMI
OmLIIAp [aMU.

IIpeqnomoxum, 9T0 061aCTE B, B KOTOPOU IBUTAeTCA MATEPUATLHASL TOIKA, €CTh
MOIYIIOCKOCTD Y > 0 IIIOCKOCTH € MPAMOYTOMBLHBLIME KOOP IMHATAME I, Y, U, TOSTOMY
rpanuna ' o6aactu B ects ock y = 0. [Ipegmoaoxum Takxe, 9T0 IeUCTBUE MPAHUIIEL
[ samaerca dynkmuen g(z,t), rae z — xoopausara Touku (z,0) € T') ¢ — Bpemsa
(cM. m. 3).

Buimmap aabie TpaeKTOpUT KIACCHIeCKOT0 OMLIAAP A 0014, AT SKCTPEeMATLHBIM
CBOMCTBOM: KyCOK OWLIMAD JHOU TPACKTOPUH, COCIUHAIOMNYA TOYKN (L1, Y1) U (T2, Y2)
U IPOXOAAIINK YEPE3 MPAHUILY, ABIAETCA KpATIANIIe IBY3BEHHON JOMAHON, COeIU-
HAOmWen TOYKU (T1,Y1) U (Z2,Y2) U IPOXOAALIEN Yepe3 IPAHMUILY.

Amamornaaoe SKCTpeMaIbHOE CBOMCTBO MOXKHO C(POPMYIUPOBATE U 11 0O0OIIEH-
HBIX OWLIAAPIOB.

PaccmoTpum Kycok GuimumapiHOR TPAeKTOPUY, IPOXOAAuen depes Touky (c,0),
HAYaJI0 KOTOPOU eCcTh TOYKa (Z1,¥1), & KOHEN, — TOYKa (T2,y2) (puc. 4). pexno-
JIOXKUM TAK¥XKe, 9TO T1 < T2, (¢,0) — eIUHCTBEHHASA TOYKA MPAHUILI, PACTIOIOKEHHAA
HA TPACKTOPUU MEXK Y TOUYKaMmu (T1,y1) 1 (X2, y2), BEKTOP CKOPOCTH B TOUKE (L1, Y1)
ectb (u1,v1), & BEKTOP CKOPOCTU B TOYKE (T2,Y2) €cThb (ua,vs). Torga coraacuo 3a-
KOHAM KJACCHYIECKOU MEXAHWKU IMIPEAMNOJOKEHUA 00 yIpyrocTu ynapa TOYKE ¢ Gec-
KOHEYHO TSKEMOU CTEHKOU, 3aJaHHOU ypaBHeHueM y = 0, © 0 TOM, UTO NEUCTBUE
STOU CTEHKW HA TOYKY HAIPABICHO BIOJbL HOPMAJU K CAMOU CTEHKE, MPUBOIAT K
CEIYIOIINM PABEHCTBAM:

UL = U, V2 = —Up + 2%(c,t), (5)
rge ¢ — MOMEHT BPEMEHH, B KOTOPOM TOYKA HAXOMUTCA B momoxenun (c,0).
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B wactHOM ciydae, korjga u; = us = 1, BTOpOe paBeHCTBO B (5) OIPUBOLUT K CJAELY-
IOIIEMY PABEHCTBY:

tg ¢2 (C) - tg ¢1 (C) = H(C, t)7 (6)
rae
dg
H(e,t) = 255 (e, 1), (7)

a 11 (c), ¥2(c) — abCOMOTHBIE BEIMYUHLI YIVIOB, MOKA3AHHEIX HA puc. 4.
Beegem dpynknmo G(z), yIOBIETBOPSIONIYIO CIEIYIOMEMY yCIOBHIO:

9E(2) = costin(2) — cos a (2). (8)
W3 (6) nonyuaem ypasuenue Ha G(2):
dG 1 Z—T1
1) = - , )
’ \/1+(Z31$1 +H(Z,Z—£L‘1))2 \/($1—Z)2+y%

rge H(z,t) — Qyuxuus, eegennasn B (7).

O6osuaunm wepes p{(z1,y1), (z2,y2)} €BKIMOOBO PACCTOSHME MEXIy TOIKAME
(z1,y1) u (x2,y2). Kax m3BecTHO, HEOOXOAUMBEIM YCJIOBUEM DKCTPEMyMa (DyHKIUM
f: R = R apageTcsa paBeHCTBO Hy.I0 npomssogHon f'. OTcloga momydaeMm MCKOMOE
DKCTPEMAILHOE CBOUCTBO OOOOIIEHHOrO OMLIMAapa: KyCOK OWLIMAPIHOU TPAEKTO-
puM, OPOXOIAIIMN epe3 CPAHMILY, HepeceKaeT DPAHUIy B TOYKe, B KOTOPOH oOpa-
maerca B 0 mpousBogHas (DYyHKINU

F(z) = p{(z1,51), (2,00} + p{(22,12), (2,0)} + G(2). (10)

Paccmorpum Temeps B kadectse dyukmui G(z) u F(z) B (10) cooTBeTcTBEHHO
dyukunn G(z) = kz u F(z) = f(z), rae f(z) — dyuxuus, seegennas B (1). IIpex-
nonoxuM Takke, 9to 0 < k < 2, a Touku (x1,y1) u (Z2,y2) PACIOTOKEHBI BHYTPU
Wz Ha IpaHune cekTopa (), m3obpaxennoro Ha puc. 1. Torga MOXHO yTBEpPXKAATH,
aro (10) gocTHraeT MUHUMYMA B TOUKE €, TAKOM ITO JOMAHAM, COENUHIOMAA TOT-
ku (1,41), (¢,0), (x2,y2), ABALETCS KyCKOM OOGOOIIEHHON OWLINAD JHON TPAEKTOPUHU.

®yukuun G u H cBaszanb caoxkubiM cooTHommenueM (9). Ipenaaraem qurarento
HOAYMATH HAJ CAEIYIOUIMY 33 Ja9aMU.

3AnA4A 1. Iycts G(z) = kz. Cymectsyet au Taxas dyuxmus H (z,t), 970 ypas-
uenue (9) BHIMOIHACTCA IJIA BCEX TOYEK (X1,Yy1) BEPXHEN MOIYILIOCKOCTHA?

3AMAYA 2. [lan o6obuennoro 6uwimmapaa ¢yuxuus H(z,t) npomopuumoHambHa
CKOPOCTHU JPOXKAHUA CTeHKHU. [[03TOMY €CTEeCTBEHHO HAJOXKUTHL Ha H (z,t) momoanu-
TeIbHOE yeaoBue — QyHKIUA g(z,t), ONpemeseHHas KaK

g@ﬁzAH@ﬂ%

orpaHnveHa Kak QyHKIua oT AByx aprymentos. Cymecrsyer au H(z,t), y10BIeTBO-
PAOIIAA YCIOBUIO MPEILIAYIINCH 32149 U 3TOMY JTOTOTHUTEILHOMY YCIOBUIO?
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