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Pazbuennsa Ha JOMIHO

K.II. Koxacp*

Meur npuBeieM HECKOIBKO (PaKTOB O PA30MEHUU KIeTIATHIX (PUCYP HA TOMUHO U
IaauM KOMOMHATOPHBIE TOKA3ATEILCTBA DTUX (PAKTOB. BoJbIle Bcero Hac uHTEpecy-
0T KOIMYECTBA PA30UEHNU HA JOMUHO IPAMOYTOJBHUKOB U AITEKCKAX AUAMAHTOB.
AnTexkckun IMaMaHT PAHra N — 3TO «KJIETYATLIM POMOUK» CO cTOpoHOHU n. Ha pu-
CYHKe HUXKe M300pPaKEHBI AllTeKCKIE TUaMaHThI paHra 1, 2 u 3. Aurekckun quaManT
panra 4 MoxHO yBUAeTH Ha puc. 6a, c. 140.

H BH B

KonndecTpo pasbuenun janHou pUrypsl Ha JOMUHO OygeM n300paKaTh MUKTOrPaM-
MOU TaHHOU (PUTYPHL, C CUMBOJIOM «#» mepen meu. Hampuwmep, #EE‘ =2.

Crarbsa manucana Bo MuoroMm Omarogapsa XVI JlerHen kondepeHmuu TypHEpa
rOpOJOB, I'Jie aBTOP MPENCTABIAIL 33434y O PAa3sOUeHUAX KIETIATHIX GUryp Ha L0-
muuo Bmecte ¢ C. Bepaoseiv, U. Borgamoeemm u K. KyroMikusas, KOTOpbIM OH O4UeHb
6marogapeH 3a APY:KEeCKHUe COBETHI U IIeHHBIE 3aMeUaHUA.

1. TEOPUA NETAJIEN

ONPEJAEJEHUE 1. ByneMm HA3LIBATL n-0demaabio KBAIPAT 1 X N, y KOTOPOTO, BO3-
MOXHO, BBEIPE3aHBI HEKOTOPBIE KJIETKU BEPXHErO WM MPaBoro xpas. IIpomymepyem
CTPOKHU N-AeTaau quciaamu 1, 2, ..., n CHU3Y BBEPX, a CTOJOLBI — CJIeBa HAIPABO.
KrneTtky 6ymem 0603HaYAThL Mapoud HOMEPOB €€ CTPOKHU u cToaba. Bygem Ha3wBaTh
N-IeTalb NPasuAbHOT, eCIU U3 TMaphbl KIeToK (n,1) u (i,n) npu i < n BEIPE3aHa POBHO
OllHA, & TAKXKE BHIPE3aHa, KIeTKa (1, n).

Ha pucyuxe B xadecTBe mpumepa m300pakeHa HempaBWiIbHas 9-meTans u mpa-
BUILHASA 8- meTanb.

*Toxnepxkano rpanrom HIM-2251.2003.1

MaTemaTu4eckoe npocselyeHune, cep. 3, sbin. 9, 2005(143-163)
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KaeTku mpaBoro cTomOma U BEPXHEN CTPOKU KBAAPATA 1 X N HA30BEM KAEMKOU.
Bce xmeTku kaeMKu, KpoMe MPABOr0 BEPXHErO yriia (Ha30BEM ero yIVIOBOU KJIETKOM ),
MOYXHO pa3bUTh HA Maphl CUMMETPUYIHBIX OTHOCUTENBHO AMATOHAIN KBAIPATA.

TEOPEMA 1. Koauuecmeo pazbuenuii n-demast ua 0omMuno mewemmo moz20a u
moavko moezda, Koeda demasb — NPABUALHASL.

HOKABATEJBLCTBO. Unayknua no n. Baza n = 2 oueBugna. /fokaxeMm mepexon.

PaccmoTpum crauana npasuabayio (n + 1)-gerams D. BoipexeMm u3 Hee TOMUHO-
KV, MOKPBIBAOILINE KIETKH KaeMKU. B pe3ysibpTare HOLy4uTCs N-IeTalb, KOTOPAas
OyJeT MPABUIBHOU TOJBKO B TOM CIy4ae, €CIM KAaXIasg U3 BBIPE3AHHBIX JOMUHO-
[IeK COJepKaia POBHO OTHY KJIETKY KAEMKHU. 3AMETUM, 9TO TAKOU CIOCOO MOKPHITH
KIETKM KaeMku peranu D noMmMuHomkamu eguwHCTBeHeH. WTak, cpemim BCEX CIIOCO-
OOB MOKPBHITUS KAEMKHU AeTaau [) TOMWHOIIKAMU TOJIBKO ONUH CIOCOO TPUBOIUT
(mocae ypameHus STUX NOMUHOIIEK) K IPABWILHOU N-IE€TAIU, & OCTAILHBIE CIIOCO-
OBl IPUBOAAT K HENPABWIBLHBEIM N-TeTAMAM. 1IPUMEHss MPEennoN0KeHne WHIYKIIH,
3AKJIOYAEM, UTO IUCIO CIOCOO0B pa3buTh npaBuwibHyio (n + 1)-meTans Ha JOMUHO
HEYETHO.

IIycte Temeps D — uenpaswibHaa (n + 1)-merans. W3 mpegsiymmx paccyxkie-
HUI CTeAyeT, 9TO KOIUIeCTBO pasbuenun (n + 1)-meraiu HA JOMUHO HEYETHO TOTIA
¥ TOJBKO TOTJa, KOTJA yIaJeHHEM NOMUHOIIEK, JEeXKAIINX 6HYMPU KAEMKHU, U3 Hee
MOXKHO TIOJLY9UTh HEUETHOE KOIMIECTBO NPAaBWIBHLIX (n + 1)-geranen. Paccmorpum
HECKOMBKO NOMUHOIIEK, MEJIUKOM JeKAIUX BHYTPU KAEMKU HEMPABUILHOU NETATIN
D. IlycTe nocne ux ynaneHus m3 geranu D moayduTcs npaBuiabHasg. Torga, Tak Kak
MPABUWIbLHAA AETATb COAEPKUT POBHO OTHY KJICTKY U3 KaXK JOU MaPHI KI€TOK, CUMME-
TPUYIHBIX OTHOCUTEIBHO AMATOHAIN KBAAPATa, KAeMKa netatun D conepXKuT KIeTKu,
CIMMETPUYHBIE BCEM BBIPE3AHHBIM U3 Hee goMuHOmKAaM. Ho TOorga MOXKHO BBIpe-
3aTh #3 KaeMku ) TOMUHOIIKN, CUMMETDPUYHBIE BBIPE3aHHLIM B IIEPBOM CIOCO0E,
U TOIYYIUTCA 0pyeas TIPABIWILHAA TeTalb. TakuM 06pa3oM, BHIPE3as U3 KAEMKU He-
MPABWILHON JETATA JOMUHOIIKU, MOXKHO TIOIYIUThH YeTHOE KOIMIECTBO MPABIILHEIX
JgeTajlel. SHAIUT, KOIUIEeCTBO pa30ueHull HempaBuwibHOU (n + 1)-geraau Ha JOMUHO
4eTHO. MHAYKIMOHHBIN EPEXO] TOKA3AH. O

Onpegenenue qeTanu U KPUTEPUU YETHOCTU UUCIA PA3OUEHUN NETAIA HA [OMU-
Ho m3o6pen [I. B. Kapmos B 1997 r. B HeonmyGamkoBaHHOU padore [2] (dacTudHO ee
pesynbTaThl omy6aukoBaHsl B [1]). EMy Xe mpuHaITeXUT I0KA3aTEIBCTBO KPUTE-
pUs 9€THOCTY YUCJAa Pa3OMEHUU HPAMOYTOJbHUKA HA JOMUHO (TeopeMa 2 Huke) C
nomombio geraten. CaM 3TOT KPUTEPUU, BUAUMO, CTAJI U3BECTEH HE3AM0JC0 A0 pa-
6orer [I. B. Kapnosa, nanpumep, on ymomunaercs B [10], kak npobaeMa, oxugaromas
KOMOMHATOPHOTO JOKA3aTEIbCTBA.

TEOPEMA 2. Koauuecmso pa3buenuti npamMoy2oabruKka m X n wa doMuno neuem-
HO moz2da u moabko moeda, ko2da wucae m+ 1 un + 1 83aummno npocmut.

MOKABATEJLCTBO. Muayknus, peanusyomasa atroput™ Eskiauga. Ilycts m >
> n. PaccMoTpuM JMHMIO CETKH — «OCh», KOTOPas OTCEKALT OT MPAMOYLOJIbHUKA
KBAApAT N X n. Y IaJIUM BCE TOMUHOIIKU, KOTOPLIE OHA mepecekaeT. Torma ocTasmia-
SICSL 9AaCThb KBAApaTa m X 7, OYEBUIHO, ABIAETCA HeTanbio. [locraToyno pasobpaTh
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caydan, KOrga 3Ta JeTalb MPAaBUIbHAAL. B 3TOM CIydae OCh MEPECeKaeT POBHO 1. I0-
MUHOIIEK, HAIIA JeTalb — DTO IPAMOYTOIbHUK 1 X (n — 1), a BTOpas 9acTh — 3TO
OPAMOYTOIBHUK (m — 1 — 1) X n, 118 KOTOPOrO BBLIMOJIHEHO WHIYKIIMOHHOE IIPEAIIO-
JIOXKEHUE. O

2. TEOPUSA «DJIUIIOB»

MEI HAYHEM C HECJIOXKHOU JEMMHBI.

JIEMMA 1 (O IMATOHAJM). ITycmv dawa dueypa, xomopas codeprcum @Ppae-
MEHM, COCTOoAUWUT U3 MPET (UA2OHAALHBIT PAJ0S KAEMOK, KUK NOKAZAHO KA PUCYHKE,
npuueM KACMKL, NOMEUECHHbIE KPECTUKALMUL, He npunadsiexcam duaype.
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Toz0da Koauuwecmso pasbuenuli maxot Guaypvl Ha JOMUHOUKY YEMHO.

MOKABATEJIBCTBO. PaccmMoTpuM cpeiHuyt 13 3TUX JUArOHAILHLIX pAnos. [oka-
JKeM, 9YTO HaWJeTcsa KBaApaT 2 X 2, COCTOANMEA U3 IBYX JOMUHOIIEK 3aMOIICHUS 1
COMEP!KALIMA BE KJICTKU DTOT'O JAUATOHAIBLHOTO pANa (epecTaBiasd JOMUHOIIKA B
TaKOM KBAJIPaTe, MBI JEI'KO Pa300beM MHOXKECTBO pa3bueHuu Ha mapsl). [lencTBu-
TEeJIBHO, €CJAM TAKOr'O KBaIpaTa He HAUIeTCS, TO, IPOCMATPUBAA DTOT PAL KIETOK,
HAYUHASA C BEPXHErO JIEBO'O yIVIA, MBI BUAWM, UTO KAaXKIAd OUEPEIHAs TOMUHOIII-
Ka, HAKPLIBAOIIAA TUATOHAJBHYIO KIETKY, HOMKHA HAKPLIBATH TAKKE JTUOO KIETKY
cmpaBa, b0 KIeTKy cHu3y. [ouga oo mpaBOro HUKHETO yIVia, MOIYYaeM MPOTUBO-
peune. O

B kadecTBe MPUIOKEHUA TOKAXKEM, HATIPUMED, UTO KOJUIECTBO Pa3OUEHUN KBa-
opata 2n X 2n Ha TOMUHO neauTcs Ha 4. [JencTBUTENBLHO, OTMETUM B KaXKIOM Pa3-
OVEHUU HA JOMUHO CAMBIM HUXKXHUU NUATOHATLHBIN KBaapaT 2 X 2. [[1a Kaxmoro
BO3MOXKHOTI'O MOJOXKEHUS AUATOHAIBHOT'O KBAAPATA, KOIUIECTBO PA3OUEHUU, COMEp-
KAIUX KaK Pa3 Ha 5TOM MECTe OTMEYEHHBIN [UATOHATBHBIN KBAIPAT 2 X 2, YeTHO —
OCeBas CUMMETPUA OTHOCUTEIBLHO BCE TOU Ke MUArOHAIM Pa3bUBaeT MHOXKECTBO Ta-
KUX pa3buennn Ha napbl. Kpome TOro MBI MOXEM BEIOUPATEH, KAKAM U3 ABYX CITOCOOOB
pa3buUT Ha TOMUHOIIKK TUATOHATLHBIN KBaApaT. [losToMy oO6Iee Iucio pa3bueHun
neauTcsa Ha 4.

[okaxxeM emie OqHY MONE3HYIO JIEMMY.

JIEMMA 2 (O MOJYAUATOHANN). [Tycmv dawna dueypa, xomopas codepicum
Ppaemenm, cocmoswutlt u3 mper OUGZOHAALHLIL PAJ0S KAECMOK, NOKAZAHHLIT KA DU-
CYHKE, NPUUEM KACTVKU, TIOMEUEHHbIE KPECTNUKAMY, He npunadiexcam @uaype.
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Ecau ydasums u3 maxot guaypbl 0oMUHOWKY, NOMEUEHHYIO HCUPHOLMU KPYHCOUK MU,
mo y ocmaswetcs Puaypvl KoAuuecmeo pazbuenuti na domuno 6ydem umemyv my e
YEMHOCTb, UMO U Y UCTOOHOT.

MOKABATEJIBCTBO. PaccmMoTpuM cpenHuy 3 >TUX IUArOHAJBLHLIX panos. Pac-
CyX)Jasg KaK U B JleMMe O JUATOHAIN, MBI JUOO0 HauJeM AMarOHAMbLHLIN KBAIApaT 2 X 2
(MHOX€ECTBO pa3bUEHUN, CONEPKAIINX TAKOU KBAIPAT, ABTOMATUICCKA PACIAIACTCA
Ha Haphl), 1ub0 yOegquMcs, ITO IOCIeLHAA JTOMAHOIIKA B DTOM DALY KAaK Pa3 HAKPHI-
BAeT [ABE OTMEYEHHLIE KJIETKU. O

Jlemma 2 mpemcraBaseT co60UM ¢ BUAY OECXUTPOCTHBIM, HO TOBOJBHO MOIIHBIN
UHCTPYMEHT 7 U3YUEHUSA I€THOCTU KOMUIECTBA PA3OUEHUN Ha, JOMUHO.

JIEMMA 3 ([10]). IIyemb damna nocaedosameavbrnocms xaemuamuvis Guzyp

H, =00, Hy=11_, H3= -

]

Dueypa H,, noayuaemcs uz H, 1 dobasaenuem caesa 8epmMUKEAbHOZO NPAMOY204b-
nuka 2% (2n—1). Tozda ece gueypvr H,, pasbusaiomcs mwa 00Mumo Heuemublm YUcioMm
cnoco6os.

MOKA3BATEJLCTBO. PaccMoTpuM AmaroHanib, UAVIIYIO U3 JEBOT'O BEPXHErO YIVIa,
durypsr. Paccyxgas kak B JeMMe O HOJSYAMATOHAIN, MBI MOXKEM OCJIEI0BATENLHO
yaamuTh u3 Gurypsl (CHU3y BBEpX) BCe M300PAKEHHBIE JOMUHOLIIKMY.

| [

B sToMm caytae He3aMoleHHASA YacTh eCTh nepeBepuyTas durypa H,_1 1 yTBepKIe-
HUE CTeNyeT [0 WHIYKIINN. O

C moMoIIL0 JJeMMEL 2 MBI MOXKEM [aTh €IIe OJHO JOKA3aTeJLCTBO TEOPEMEL 2.

BTOPOE MOKA3ATEJLCTBO TEOPEMBI 2. MHAyKIUA, peanusyomas aIrOpuTM
Erkauga. PaccMOoTpuM IMATOHANBHBIU PN KIETOK, BHIXOAAMIMU w3 yrua. 1lo mem-
M€ O IIOJyAuarOHaJH, JOCTATOYTHO OIPDAHUYIUTBHCA U3YICHUEM YEeTHOCTHU KOJUIeCTBa

pa3bueHuu, coaepKAIMUX OTMEIEHHYIO JOMUHOIIKY .
X
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Tenepb MBI MOXKEM B3ATH QUATOHATBHLIN PAT KIETOK CHU3Y OT TOJBKO UTO PACCMOT-
PEHHOI'O U, MPOCMATPUBAA €r0 CHU3Y BBEPX, CHOBA IIPUMEHUTH JEeMMY O IOy Iuaro-
HAJIA.

'>-<><
IIpogomxas onyckaTs paccMaTPUBAEMYIO NUATOHAIL, HE M3MEHSS YETHOCTH <UCIA
pa3bueHnit, MBI CMOXKEM yOpaTh BCe KJIETKH MEPBOrO CTOJONA, a TAKXKe BCE KIeTKA
HIUKHEN CTPOKH, JEKAIINE JeBeE OTMEICHHON JOMUHONIKY. [[ocae 3TOro OnAThL MOXKHO
TIPUMEHUTH JTEMMY O TOIYANArOHAJIM.

e

Ipomomkas manbiie, MBE yOepeM KJICTKA BTOPOTO CTOAONA U BTOPOU CTPOKHU (Je-
XKalue JeBee HauIeHHOU moMuHOKY). [lencTBys Takum oOpa3oM, Mbl yOepeM B
KOHIIE KOHIIOB U3 HAIIEroO IPAMOYTOJBLHUKA 1 X N IPAMOYTOJBbHYIO 9aCTh Pa3sMepa
(n+1) xn. Ocrasacs 9actb (m—n— 1) X n, KOTOPas yIOBAETBOPSET [IPEAIOI0KEHIIO
VHIYKIIIN. |

AnBanornyHo MOXKHO ITOKa3aTh u TeopeMmy 1.

ONPEAEJEHUE 2. IlycTts maHo nBa pasbueHus HA JOMUHO HEKOTODPOU (PUTYPHI.
[omycTum, 9TO TOMUHOIIKY, HAKPBIBAIOIINE HEKOTOPYIO KaeTKy A sroun ¢purypsr, e
coBmagaior. Ilenouxoi ¢ nauasom 6 kaemxe A; = A Ha30BEM MOCIEIOBATEIBHOCTD
JOMUHOIIIEK D1 = {Al,AQ}, E1 = {AQ,A3}, DQ = {A3,A4}, E2 = {A4,A5}, ey
rae gomuHOmKY Dq, Do, ... mpuHaITeKAT MEPBOMY Pa3dbUEHUIO, a JOMUHOMKYN F',
E,, ... — BTOpOMY. JTa UENOYKA ECTECTBEHHBIM 00PA30M MPOMOMKAETCI OO TEeX
II0p, ITOKa B HEH CHOBA HE BCTPETUTCA KIeTKa Aj.

Mok HO TakX)e paCCMATPUBATH LEMOYKY, TOCTPOEHHEIE I10 Pa3OUEeHUIM Ha, JOMUHO
IBYX mepecekarommxcsa ¢uryp. B sToMm crydae memouka MoxkeT 060pBAThCA, KOI'Aa
MBI BEIAJEM 33 TPENENLI OQHOU U3 PUryp.

ua2onaavnoti npamoti 6yneM HA3LIBATH MPAMYIO C YIVIOBBIM KOd(pduimeHTom 1,
IIPOXOJAIIYIO Yepe3 IEeHTPHI KIeTOK.

JIEMMA 4. ITyemp dana xaemuamas guaypa, Cummempuunas 0muocumesbro ne-
Komopot duaeonasvnoti npamoti. Tozda, ecaw na 0CU CUMMEMPUU AEHCUM 21, KALMOK
Pueypel, Mo wucao paszduenuts wa domunowry marxot duaypvr deaumes wa 2m.

OTMeTuM, YTO ecau HA OCU CUMMETPUH (PUTYPHI JEKUT HEIETHOE YUCIO KIETOK,
TO 1 BCcA PUrypa COCTOUT M3 HEUETHOI'O YUCIa KJIETOK U ee Heab3s pa3pe3aTh Ha
JTOMUHO.

[MOKABATEJBLCTBO. [uaroHatbHYI OCh cuMMeTpuu (GUTYpPHl OyAeM B JaTbHEen-
IIeM Ha3BIBATH IIPOCTO OCBIO, & OCEBYI0 CUMMETPUIO OTHOCUTEILHO OCA — IPOCTO



148 K. II. Koxacse

cummMeTpuer. PackpacuM KJIeTKM QUACOHAIA MOTEPEMEHHO B YePHBIN U OEIBIN [[BETA.
Ilycts A — omHa U3 YEpPHBLIX KJIETOK. BO3bMeM MpOou3BOJILHOE pasbuenue. Hammem
B HEM (MUHAMAJTBLHOE» MHOXKECTBO JOMUHOIIEK, COAEpKAllee KICTKY A U mpu >ToM
CUMMETPUIHOE OTHOCUTEJBHO OCH. JTO MHOXKECTBO MOXKHO IMOCTPOUTH CJIEAYOIIAM
o6pasom. Paccmorpum ucxonuoe pasbuenue, pazbueHne CUMMETPUIHOE €My OTHO-
CUTEIBHO OCHU, U TIOCTPOUM TIO DTUM DPA3OUEHUAM IEMOYKY C HAYAIOM B KiIeTke A.
HerpyaHo cO06pa3uTh, 9TO, KpOMe KIETKA A, 3Ta [MemovYka uMeeT eIle POBHO OJHY
KIETKY, JEXKAIIyI0 Ha OCH, IPUYEM 3Ta KIETKA 6etad (B IPOTUBHOM CAydae MOCTPO-
€HHAs [EMIOYKa JOMUHOIIEK OXBATBHIBAET CUMMETPUIHYIO 00JaCTh, pa3bUTyIo Ha I0-
MUHOIIKY, HO [IPKU 3TOM COEPXKAILYI0 HeYeTHOe IUCIO0 KJIeTOK). SIcHO, 4To ecau B
kadecTBe A B3ATH IPYTYIO YEPHYIO KJIETKY OCH, TO MOJYIEHHOE MHOXKECTBO HE OyaeT
IEPECEeKATHCA C TOCTPOEHHBIM PAHEe. SHAUUT, MBI MOXKEM MOCTPOUTE 7l HEMEPECEKa-
IOIINXCS MHOXKECTB, fafee Tak u OyJeM HAa3bIBATh UX MUHUMATBLHBIMU. [[OMUHOIIKY,
He INpUHALJIEKAIINEe HA OTHOMY U3 dTUX MHOXKECTB, OyJeM HAa3BIBATH CTAOUILHBIMIU.

3aMeTuM Temnepb, YTO eCau J0O0e U3 N MUHUMAJIBHLIX MHOXECTB OTPA3UTh OTHO-
CUTEJIBLHO OCH, & OCTAJIbHBIE TOMUHOIIKY PAa30UeHNUs He TPOraTh, TO HOJYIUTCA HOBOE
pasbuenue Ha TOMUHO. Toraa MBI MOXEM Pa30UTh BCE MHOXKECTBO Pa30OUEHUN HA I0-
MWHO Ha, 6JOKY 1O 2" mMITYK — A1 KaXK I0r0 pa3bueHms BO3bMEM BCe €ro CTaOUILHLIE
TOMUHOIIIKY, 8 OCTABIIYIOCA IACTh (PUTYPHI 3AMOCTUM, TIOTL3YACH MJIA KaXKIOTO U3 N
MUHUMAJIBbHBIX MHOXECTB BEIOOPOM — OTPAXKATh €r0 OTHOCUTEIHLHO OCU WIN OCTa-
BUTBH KaK €CThb. BMecTe ¢ Kax)IbIM 13 2" BAPUAHTOB 3TOI'0 BEIOOPA MBI HOJYYIUM CBOE
pas3buenne Ha TOMUHO — BCero 2" mryk. O

Caenyromas JeMMa yTOIHAET TOJBKO ITO NOKA3AHHBEIN PE3YJILTAT, IPUBHOCA HE-
KOTODPYIO CTPYKTYPy BO MHOXKECTBO pa3bmeHMi Ha AOMHUHO. [IJI allTeKCKOro Iua-
MaHTa >TO yTBepkKJeHue Toka3aHo B [13] (HeKOMOMHATOPHO), a AIA MPOU3BOILHON
durypst — B [5] (MBI IPUBOIMM 34ECH DTO TOKA3ATEIBCTBO).

JIEMMA 5. ITyemp dana xaemuamasn Guaypa, CuMMEMPUUHAL OMHOCUMEABHO He-
Komopoti ua2onasuot NPaAmots, U NYCMb Ha 0CU CUMMEMPUL ALHCUM, 21, KAEMOK PUu-
2ypvl. OmMmemum n u3 IMUL KAEMOK YePE3 00HY U NOMECTIUM 8 OMMEUEHHbIE KACTNKY
nPou3soabrviM 00pazom wucaa 0 u 1. Pacemompum maxue pazbuenus guzypol wa do-
MUNO, KOMOPbIE CO2AACOBAHL CO COCAGHHOT PA3MEMKOT CALOYOUWUM 0OPA3OM: 6 HUT
044 KaHcA0T OMUNOWKY, HAKPBIBAIOWET Kaemky ¢ yudpot, emopas Kiemra Jomu-
HOWKYU PACNOAONCENG NPABEE UL HuMCe, ecal Ima yudpa — 0, u sesee uau biute —
ecau 1. Tozda das Kancdol paccmanosky 6 OMMEUEHHVIT KAEMKAT HYydet U edunuy
KOAUNECTNBO CO2AACOBANNLIL ¢ Hell pasbuenuti dueypvl na JoMuMo 00HO u MO e
(m. e. me 3a6ucum om paccmarnosry).

MOKA3BATEJILCTBO. Bcio TexHuveckyio pabOTy MBI yKe MPOXEIAId B MOKA3a-
TEIbCTBE MPEABIIYIIEN JeMMbL. ByaemM cauTarh, 9To KIeTKYU AUATOHAIN MONEePEeMEeH-
HO PACKPAINEHBI B YEPHBLIM U Oeabln [BeTa u 9To wucia 0 u 1 paccTaBigioTcsa Ha
YepHLIX KJIETKaX. PaccMOTpuM JII00yI0 YepHYI0 KJIETKy. [lycTh Ha Hen cTouT, Ha-
npumep, qucio 0. Bosemem npoumssosbHOe paszbueHue Ha JOMUHOIIKY, COMVIACOBAHHOE
¢ pasmerkon. Hama depHas KIeTKa NPUHAIICKUT MUHAMAJLHOMY CAMMETPUIHO-
My MHOXECTBY B 5TOM pa36I/IeHI/II/I. ECJII/I CIMMETPUYIHO OTPa3UTh 3TO MHOXKECTBO,
TOJMYYUTCSA HOBOE pPa30UeHue, COTVIACOBAHHOE C HOBOU Pa3METKOU — TOU, KOTOPasd
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B HAOMIOA€MOU YEPHOU KIETKE COAEPKUT 1, a B OCTATLHBIX Y€PHBIX KJIETKAX — TO
XKe, 94TO OBLUIO 10 CUMMeTpuu. [oMb3ysACh TAKUMU CAMMETPUAMEU, MBI CMOYXKEM IIO-
CTPOUTH B3aUMHO OJHO3HAYHOE COOTBETCTBUAE MEXKIY JIOOBIMU IBYMsA MHOXKECTBAMU
COIIACOBAHHLIX Pa30ueHu. O

Temepb MBI MOXeM JOKa3aTh OCHOBHYIO TEOPEMY O Pa3OUeHNM KBAaApaTa Ha J10-
MEHO. JTa TeopeMa CHadala ObLIa JOKA3aHA HEKOMOMHATODHBIME MeTOxaMu (C uc-
noas3oarueM dopmyasr (1) Ha c. 129) (cm. [8]). KombunaTopHoe goKa3aTeibCTBO,
npuBoguMOe Huxke, npuHagiexut J1. laarepy [10].

TEOPEMA 3. Koauuwecmeo pazbuenut xsadpama 2n X 2n wa doMUuno — 4ucao
suda 2"(2k + 1)2.

[MOKA3ATEILCTBO. Byngem monb30BaThCsa pa3sMeTKOU U3 yTBEPK JEHU JEMMBIL 5.
Torga MBI MOXKEM OTPAHUYUTHCA MOACYETOM Pa30OUEHUU, B KOTOPHIX TOMUHOIIKH,
3aKpBIBAOIINE OTMEUEHHLIE KJIETKU, 3aKPBIBAIOT TaKXke KISTKY Jub0 CIpaBa, Jub0
CHU3Y OT OTMEYEHHOU, — TAKNE PA3OUEHNs HA30BEM PeIyIIUPOBAHHEIMUA. BOT mpuMep
DPACIONOXKEHUA TOMUHOIIEK, HAKPHIBAOIINX PAa3MeUIeHHbIE KIETKU B PEIYINPOBAHHOM
pa3buenuu.

OueBuIHO, KOIMIECTBO PEAYLUUPOBAHHLIX PA3OUEHUN KBaIpaTa Ha JOMUHO B 2" pa3
MEHBIIE KOJUIECTBA BCEX PA3OUCHUN.

Ecnu B maxMaTHOU pacKpacke pacCMaTpUBAEMas JUATOHATL COCTOUT U3 IePHBIX
KJIETOK, TO OOJACTh HAJ MUATCOHATBIO COMEPXKUT OEIbIX KIETOK Ha N OOJbIIe, YeM
gepHBIX. [[o3TOMY npy nanbHEnIIeM pa3OUeHWM Ha JOMUHO BCE OCTANbHLIE KIETKN
MUACOHAIN HAKPHITH JOMUHONIKAMU U3 BepXHen dacTtu. Takum 06pa3oM, mociae pas-
OVEHUA HA TOMUHOIIKY BECh KBAAPAT OyAeT PasOUT HA ABE YaCTU — KJIETKU OIHOU
U3 HUX MOMEYEHbI KPECTUKAMU, KJIETKU APYTon — He moMedeHwl. Kaxmas w3 >Tux
JaCTen eCTh B TOYHOCTH durypa H,, uz mremmer 3. I TeM caMBIM KOTUYIECTBO PEIYIU-
POBaHHBEIX Pa3OUEHWI HA JOMUHOIIKA BCero kBaaparta pasHo (# H,)?2, a kommaecTso
Beex pazbuennit — 2" (# H,,)?. OcTanocs BCIOMHATE, 9TO TI0 yTBEPIK ACHHIO JeMMbL 3
qucao # H, HedeTHO. O

3. AITEKCKUE IUAMAHTBHI

Mbr HAYHEM BTOT Pasmen ¢ I0KA3aTeabCTBA OQHOTO COOTHOmeHus (Teopema 2.1
u3 [9]), KoTopoe obranaeT HECOMHEHHOU NPUTACATENLHOCTBIO U HAIPABIAET MBICIM
B HYXHYIO CTOPOHY.

JIEMMA 6. Koauuecmso pazbuenuii na domuno npamoy2oabrukae 2n X 2m u @u-
2YP, NOAYUGOUULCA YOaAEHUEM U3 HE20 8YT UAU YEMBIPET Y2A08bIL KAECMOK, CBA3A-
Hbl COOMHOULEHUEM
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i | m i | i
# i | = 7 A +  # A g

[MOKA3ATEJILCTBO. PaccMoTpuM pasbuenue Ha TOMUHO BCETO TIPAMOYTOTLHU-
Ka U emle OMHO pa3OueHne Ha JOMUHO MPAMOYTOJIBHUKA 0e3 yrios. Bospmem onny m3
YIVIOBBIX KJIETOK U MOCTPOUM [EMOYKY C HAYAJIOM B DTOU KJIETKE. JTa HEMOIKA KIETOK
MOXKET 3aKOHYUTLCS TONBKO YIVIOBOU KJETKOHU Ha CTOPOHE, MPUJIEraloeln K Hadalb-
HOU YTVIOBOU KJETKE. AHAMOTMYHAA IEMOYKa, MTOCTPOEHHAA U3 MPOTUBOIMOIOKHOTO
yIUla, 3aKOHYUTCA B YETBEPTON YIVIOBOU KJIETKE U HE OyAeT MepeceKaThCa C MepBOU
nernoukor. COBUHYB JOMUHOIIKA B EPBOU HEMoYKe (B 000MX pa3OUEHUAX), MBI MO~
Jy9UM W3 MCXOMHOU Maphl pa3bueHud napy pa3OMeHHy OJHOI'O U3 TUIIOB B IPABOU
9ACTH.

Apamornyso ompegenserca oOpaTHOEe OTOOpaxkeHue. PaccMOTpUM, HAIIpUMeEp,
pa3bueHre Ha TOMUHO BCETO MPAMOYTOJbBHUKA 0€3 IBYX BEPXHUX YIVIOB U pa3bueHume
HA TOMUHO MPAMOYTOJIBHUKA (€3 IBYX HIKHMUX yIVIOB. IIOCTPOMM HEmOYKy NOMUHO-
IEK, HAYMHAOILYIOCA B HUXKHEH JEBOI YIVIOBYIO KIETKe (IIyCTh Ta KIETKA Y€PHOrO
usera). JoKaxeM, 9TO 5Ta [EenovIKa MOXKET 3aKOHIUTHCA TOMBLKO B IPABOM HUKHEM
yriy. [[encTBUTENBHO, OHA HE MOXKET 3aKOHUUTLCA B IPABOM BEPXHEM YTUIY, TOCKOIh-
Ky TOT[a Apyras Iemouka (U3 JeBOr0 BEPXHEro yria) BOOOIIE HE CMOXKET HUTIE 3a-
KOHUIMTBLCA — LEMOYKMA HE MOTYT MEPECEKATHCA, a MyThb K MPABOMY HIKHEMY yTUIy
«OTPE3aH» MePBOM HEMOYKON. TakKe He MOXKET HAIA HEeMOYKa KIETOK 3aKOHIUTHCA
B JIEBOM BepxXHEM yriy. [JerCcTBUTENbHO, eCar OBI 3TO IPOU3OILIO, TO JEBLI BEPXHUN
yroa (6enas kKaeTka) 6bLT OB BTOPOU KJIETKOU B TOCAEIHEN TOMUHOMIKE mernouku. Ho
B HAIIEW [IEMOYKe TOJBKO y JOMUHOIIEK U3 MEPBOTO PA3OUEHUA «(BTOPAA» KIETKA —
6enan (a y QOMUHOIIEK BTOPOrO Pa3OUEHUa «BTOpaM» KJIeTKa — depHas). Ho geBas
BEPXHAA YyIVIOBAA KJIETKA HE MPUHALICKAT IEPBOMY Pa3OneHMIO.

Urak, MOCTpOEHHAA IEMOYKA KICTOK 3aKAHIMBACTCA B TPABOM HUKHEM YIUIY.
AnanmoruvHo, MenovYka KIeTOK, MOCTPOCHHAA U3 BEPXHEU JEBOU YIVIOBOU KJIETKU, 3a-
KAHYUBAETCSA B TPABOM BepxHeM yriay. [[OMeHAR B IEPBOU IIEMOYKE TOMUHOIITKY, TPU-
HAIEXKAIINE MePBOMY Pa3OUeHuto, 1 TOMUHOIIKYA, TPUHA,IJIEKAIIE BTOPOMY, MOJYy-
UM Pa3OUeHne MOJHOTO MPAMOYTOJLHUKA U PA30MEHNEe MPAMOYTOJIBHUKA 6€3 IeThI-
pex yrioB. JTO u eCTh Tpebyemoe ob6paTHoe cooTBeTcTBUEe. CaeqoBaTEILHO, TOCTPO-
€HHOe OTOOpaXKeHue ABIACTCA B3AUMHO OTHO3HAMHBIM. O

JIEMMA 7. ITycmb dana npousdsoavhas ceasnas (£odom aadvu) kaemuamasn Pu-
eypa D. U nycmov npu o6zode ee epanuybl 6cmpevaromcea (ne 0043ameavbrno noopao)
Kaemxu a, b, ¢, d, npuuem 6 WATMamMnol packpacke KAEMKY a U C uepPHuble, 6 KACMKU
bud— beavie. Tozda

#(D)#(D \{a,b,c,d}) =
= #(D \{a,b)#(D \ {c,d}) + #(D \ {a,d})#(D \ {b,c}). (1)
MOKABATEJBCTBO. AHaJIOrMIHO NOKA3aTEILCTBY MPEILIIYIIEN JEMMEI.

Oo6ozuauumM vepes T, KOTUIECTBO PA30OUEHUN aIlTEKCKOTO TUAMAHTA PAHTa 7 HA,
TOMUHO.
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TEOPEMA 4. Ilocaedosameavnocmb T, ydosaemeopaem pekyppenmmomy coom-
HOULEHUIO

Tpi1Tno1 = 2T2. (2)

Orciona crenyer, 4TO

Tn — 2n(n+1)/2

KonmiecTBo pa3sOueHNI anTeKCKOro JUAMAaHTa Ha JOMUHO BIEPBLIE MOIyUeHO B [6]
HEDJIEMEHTAPHBIMY CpeacTBaMu. MBI mpUBeqeM TOKa3aTelbCTBO TeopeMbl 4, omupa-
IOIIeecs Ha JeMMy 7. DTO fokasareabcTBo npuHagiexut U. Borganosy. Ilocte sToro
MBI QUM eIle OLHO JOKA3aTeIbCTBO, pakTudecku caenys [9], u eme oqHO KOMOUHA~
TOPHOE MOKA3aTEIHLCTBO, B KOTOPOM HU NOMUHOIIKY, HU COOTHOIIEHNE 2 HE UCIOIb-
3YIOTCA.

MOKABATEJILCTBO. /loKaeM «OPUEHTUPOBAHHYIO» BEPCUIO COOTHOIICHUA 2:

[Iycte dpurypa D u3 geMMbl 7 — 5TO AUTEKCKUN [AAMAHT
parra n + 1. OTmerum B HEM BOJU3U «BEPIIUHY KIETKU G,
b, ¢, d (cm. puc. cupasa). Takoe HazHAUEHUE KIETOK @, b,
¢, d IOIyCTUMO, TOCKOMBKY B [OKA3ATEIbCTBE JEMMBL 7 OT
5TUX KJIeTOK (KpoMe 1Bera) TPeOyeTcsa B AeHCTBUATEILHO-
CTU JUIIb OMHO: YTOOBI CYIIECTBOBAHUE HEMOYKN JOMUHO-
€K, BEAYLIEN U3 @ B ¢, IPENITCTBOBAJIO CYIIECTBOBAHUIO
1ernovku, Beaymen us b 8 d. OCTasocs 3aMeTUTh, 9TO yIa-
JIEHVE TOMEYEHHBIX KJIETOK MPUBOAUT K MOABICHUIO 0OJIb-
[IOr0 YUCJAa TOMUHOIIEK, PACIOJOXKEHNE KOTOPBIX OMpee-
Jasgercsa ogHosHadHo. Hampumep,

#D \ {a,b} = #[
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Ananorwano #D \ {a,b,c,d} = # T,,_1. CregosarensHo, cooTHOIIEHNE (3), KOTOPOE
MBI TOKA3bIBAEM, €CTh B JAHHOM CIydae B TOUHOCTH cooTHOomenue (1) us semmur 7. O

IIpex ne 9em IpUBOAUTHL BTOPOE JOKA3ATEILCTBO TEOPEMEL 4, MBI B KAYECTBE MO/I-
FOTOBKU PACCMOTPHUM €0 «OTHOMEDPHYIO» BEPCHIO, a 3a0JHO Y3HAEM HEKOTOPHIE HO-
OPOOHOCTH O (PYHKIMOHATHHEIX COOTHOIICHUAX.

PaccmoTpum umciaoBon Tpeyronbuuk [Ipomma [11]

a c e g
b d f
h k (4)

00pPa30BAHHLIN 110 IPABUIILY: 1A JIOOLIX Y€TBEIPEX IUCEeT, 00Pa3yIomnX «POMOUK», BEI-

HOJIHEHO COOTHOIICHTE
w
T v wz=zy+1. (5)
Hanpumep, mycTs mepBas CTPOKa DTOCO TPEYrONbHUKA COCTOMT M3 €IWHUI, A
BTOpas — 3 ABOeK. TOr1a 09eBuAHO, 9TO IPU BCEX N TUCIA B N-I CTPOKE OJUHAKOBHL,

0603HAUM UX fa,_2, U BBIIOTHEHO COOTHOIICHVE
fons2fon—2 = f3, + 1. (6)
Orcoga fo =1, fo =2, f41 =5, fo = 13, ... ¥Yauaere? Iro uuciaa Pubonadyn.
JIEMMA 8. Hucaa Dubonauuu ydosaemsopsiom coommouwenuio (6).

MOKABATEJILCTBO 1. B camom mene, dnciao Pubonaddu f,, — 3TO KOJIUIECTBO
pPa30bueHn MPAMOYTOJBHUKA 2 X 1 Ha, JOMUHO, TOTOMY UTO DTU KOJIMIECTBA TIOIIU-
HEHBI OYEBUIHOMY PEKYPPEHTHOMY COOTHOIIECHUIO

#HHH = #HHH0 + #HH-H-

A rTorga Bomoanenue ToxaecTBa (6) mua uucen PuOGOHAYYIN CPA3y CAEAYET U3 TO-
xnectsa (1): gocraTodno B semMe 7 B KadecTse Gurypsl D B3ATH 10Ky 2 X (2n + 2)
U PACCMOTPETh KIETKM, YKA3AHHBIE HA PUCYHKE.

Mur gagum apyroe, ewe 6oaee dOMUROULHOE TOKABATEALCTBO DTOU (POPMYIHL.

MIOKA3ATEJBLCTBO 2. PaccMOTpUM BCEBO3MOKHEIE (YIOPATOUYEHHBIE) MAPHL Pa3-
OMEeHNN MPAMOYTOJLHIAKA 2 X 21 Ha TOMUHO, a TaKXKe [Iaphl, COCTOAIINE U3 Pa3OueHus
OPAMOYTOIbHUKA 2 X (2n 4 2) u pasbuenus npamoyroubHuka 2 X (2n — 2). Ilpumep
TAKUX Map U yAOOHBIU CIOCOO B3AaUMOPACIOJIOKEHUS DJIEMEHTOB Maphl MOKA3AHBL HA

PUCYHKE.
=1 HITH
[HH [

OnuriieM B3auMHO OJHO3HAYHOE COOTBETCTBUE MEXK IV STUMU MHOX)ecTBaMu nap. [Ipu
DTOM HAM MOTPEeOyeTCs JOOABUTHL B MEPBOE MHOXKECTBO OIUH JUNTHUN 3JEMEHT.
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CooTBeTCTBIE YCTPOEHO OYEHB MPOCTO. FCIM B HIKHEM MpAMOYTOJBHUKE TIep-
BOU MAPHI €CTh IIOB», OTPE3AIOMIAN MPABEIU O6JI0K 2 X 2 (T.e. ecau 3TOT GJIOK 3aMO-
[IEH IBYMA LEIBLIMA JOMUHOIIKAME), MBI IEPEIBUHEM DTOT OJOK BBEDX, (IPUKJICUB)
K BEPXHEMY MPAMOYTOJBHUKY. DTOT CIy9Iadl U300PaKkeH BEIIIE.

Ecmm xe mBa HET, T.e. IPOLOTKEHUE BHU3 MPABOM CTOPOHBI BEPXHErO MPAMO-
YTOMBHUKA Pa3pe3aeT B HEM KAKyHO-TO TOMUHONIKY, MBI OyZeM MpOCMATPUBATE BCE
BEPTUKAILHEIC JUHUYA CIPaBa HAJICBO B BEPXHEM NPAMOYTOJbLHUKE OO TeX MOp, MO-
Ka HE HalJeM TaKOH IIOB, MPONOMKEHHE KOTOPOrO BHU3 OOpasyeT IIOB U B HUXK-
HeM OpAMOYTo/IbHuKE. HeTpyIHO IpOBEpUTh, 9TO TAKOU IIOB 00A3aTEIBHO HAUICTCA
(B KpamHeM Caydae OH MOXKET MPOXONUTH IO JE€BOU CTOPOHE HUKHErO MPAMOYTOIb-
HuKa). Halas mos, MBI OTpe3aeM 1Mo HeMy 9acTd MPAMOYTOJbLHUKOB, PACTIOI0KEHHEIE
mpaBee, U MEHAEM WX MECTaMM.

-7 ;

SAcHO, 9TO MOCTPOEHHOE COOTBETCTBUE PA3HLIM MapaM 3aMOIIEHUUN MPAMOYTOJLHU-
KOB 2 X 2n COHNOCTABJSAET PA3HBIE HAaPHI 3AMOIIEHUN IPAMOYTOIBHUKOB 2 X (2n + 2)
u 2 X (2n — 2), HOCKOJIBKY OYEBUAHO, KAK yCTPOEHO OOPATHOE COOTBETCTBUE: MBI
IPOCMATPUBAEM HIKHUN IPAMOYTONBHUK 2 X (21 — 2), HAYMHAA C TPABOX CTOPOHLI 1
IBUCAACH BIEBO, B TIOUCKAX MEPBOTO XKe IIBA, KOTOPHIU Pas3pe3aeT 06a MPAMOYTOIh-
HUKA, TOCJE Yer0 MEHSEM MEeCTAMU OTPE3aHHBbIE YACTU. JTOrO IIBA HE CYIIECTBYET
JIUIIb B €IUHCTBEHHOM CJIy4ae, MOKA3aHHOM HA PUCYHKE.

(=]
=

[lna >TOro crydas moTpebyeTcsa B IepBOe MHOXKECTBO JOOABUTH JUITHUN >JaeMeHT. [

Bor sameuarenbHoe yrBepxkaenue u3 [11]. CHOBa paccMOTpUM TPEYrONBHUK
[Iponma (4). Bygem cauraTh, 9TO DIeMEHTHL IEPBHIX ABYX CTPOK — 3TO HE3aBUCUMBbIE
MEPEMEHHBIE, & BIEMEHTHI BCEX OCTAIBHBIX CTPOK — 3TO PAIMOHAILHBIE (DYHKIUA OT
HUX, 3aJaHHBEe Tpu nomomu cooTHomernus (5). Herpyaso nogcuurars, HampuMep,
9TO »1eMeHT { B TpeyroibHuke (4) umeer Buj

bd+1 df+1
_hk+1 ¢ e
T4 d
=bclde 'f+ctetfretd et b tet +dt. (7)

+1

14

Temepsb BLINUINIEM BCEe PA3OUEHUA TPAMOYTOILHUKA, 2 X 4 HA, JOMUHO U TPOIETaeM
CIEAYIOUe NeUCTBUS:

1) mo6aBuM K Kax I0M KOPOTKOU CTOPOHE MPAMOYTOIBHUKA, TOPU3OHTAILHBIN OT-
PE30K;
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2) masa KaxIOro y3fia KIeTIYATON GyMaru, HaXOAMEroCA Ha, CPEqHeN JUHAY TIPA-
MOYTOJBbHUKA, HAIIUIIEM €0 PEeIYIINPOBAHHYO BAJECHTHOCTH: KOMTUYIECTBO € TMHUTHBIX
OTPE3KOB Pa3OUEHNsA, CXOMAIIMXCA B 3TOM y371€e, MUHYC 3;

3) BO3bMEM ITOTYYEHHBIE YIIOPALOICHHBIE HAOOPHI U3 5 IUCET B KAIECTBE MOKA3a-
TeJed CTeleHer y IepeMeHHEIX b, ¢, d, e, f B mpouseemenuu b*c*d*e* f*.

1-11-11 0-10-11 0—-1-1-10 1-10-10 00-100
bctde™t f c et cld et bele™ ! d=!
CpaBHUTE TO, 9TO HOLYIMIOCH, C IPABON JacThio (7).

JIEMMA 9. Habmodenus, npodesanmnvie 6viuie, A6A410McA 00wum Gaxmom, a
UMEHHO:

1) payuonasvnvie Pynryuu uz mpeyeosvrura (4) cymo cymmvt 00HOUAEHOB, KadHC-
Ovitl U3 KOMOPLIT — Mo Npoussedenue UCLOORLIL nepemenubit 6 cmenewy +1 uau 0.
Bce odnounenvi 8xodam 6 cymmy c xospduyuenmonm 1.

2) Odnousenwvt, cocmasaarwue Gynkyuio uz (n + 2)-i cmporu, naxodames 60
B3GUMHO 0O0HOZHAUKOM COOMBEMCMEUY € PA3OUEHUAMY NPAMOY2OALHUKG 2 X 21 Ha
QOMUNOUKY NO ONUCAGHHOMY BLIULE AAZOPUMMY.

DTO COBEPLIEHHO yauBUTEeAbHBIN (dakT. [mans ma coornomenue (5), y HAC HeT
OCHOBAHUU IyMaTb, 9TO OHO HE MPUBOIUT K MOABICHUIO TPOMO3AKAX PAIMOHAILHBIX
apoben, a aJrOpUTM IMOCTPOEHMA OMTHOWICHOB IO pa3bueHuAM Ha JOMMHO BOOOLIE
BRITVIIAUT KaK MUCTUKA.

MOKABATEJIBCTBO. Paccmorpum GyHKIMOHAILHLI TPEYTOJIbHUK,
A b d f

a ¢ e g
h k 14
p q
r
COCTOAIINN U3 PAIMOHATBHLIX (DYHKIIUU OT TEPEeMEeHHBIX a, b, ¢, d, e, f, g, ..., 3a-

QAHHBLIX HE TPU TOMOIIU COOTHOMmEHUA (5), a C MOMOIIBI0 OMUCAHHOTO BHIIIE KOMOU-
HATOPHOrO aIropuTMa. MBI OrpAaHUYIUMCS PACCMOTPEHMEM YACTHOrO ciaydas n = 4.
[lokazkeM, 9TO BHEIIIOJIHEHO COOTHOIIEHNE «poMOuKay kr = pq+ 1. Il 5TOro BOCIONb-
3yeMCS B3AMMHO O JTHO3HAYHBIM COOTBETCTBUEM U3 BTOPOr'O TOKA3ATEILCTBA JEMMEI 8.
Kaxgas GpyHKIUS B 5TOM COOTHOIIEHUM — CYMMa OTHOWIEHOB, COOTBETCTBYIOIINX
pPa3bUeHUAM OMPEIEJEHHBIX MPIMOYTOJbHUKOB HA, JOMUHO. ITOOBI MOJYyIUTEH TPOU3-
Benenue kr, MbI MOXEM IepedbpaTh Bee Maphl pa3bueHnn Ha JOMUHO MPAMOYTOJIbHUKOB
2 X4, 11s Kax JOU TAKOU Maphl MEPEMHOKUTH COOTBETCTBEHHBIE OHOWIEHH], 8 IIOTOM
CJIOXKUTD BCE, YTO MONYIUIOCH. AHAJOTUYIHO MOXKHO TOIYIUTh npousBegenue pg. Or-
METHUM, 9TO [MPUA TAKOM BBIUUCICHUU MBI JOJKHEI OPATH IEPEMEHHBIE, COCTABIIIONIAE
OJHOWIEHEI, B COOTBETCTBUU C MOJOKEHUEM TEPEMHOKAEMEIX (DYHKIUUA B TPEYTOThb-
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uuke. Ha pucyHke CHU3y TMpUBEIEHBI TPUMEPHI Map pa3OUeHun, & CHU3Y MO MUCAHBI
TIepeMeHHBIe, «OTBEeYAIOINe) 33 KaX IyI0 BEPTUKATD.

abcdefyg abcdeifyg

3aMeTuM Ternephb, YTO B3AUMHO OJHO3HAYHOE COOTBETCTBUE U3 JEMMBI 8 COMOCTA~
BIAET APYT APYTY Mapbl PA30UEeHuu, MOPOXK JAIOIINE PABHBIE OJHOWIEHEL. JTO OUe-
BUHO: IIPX COOTBETCTBUM MBI BCEI'O JIHUIIL MeHsaeM MecTamu 10 Beprukanu (!) Kycku
pa3bueHuy; Ipu >TOM CYMMEBI PEIYIUPOBAHHLIX BAJEHTHOCTEN KOHTPOJIUPYEMBIX Y3~
JIOB Ha OJHOU BEPTUKAJIM HE MEHAIOTCS (B TOM 9UCIe, HA IIBE), & TOJbKO DTUM U
OTIIPENEAIOTCS CTEMEHN MEPEMEHHBIX B OTHOMICHE.

ITorHOEe mOKA3ATETHLCTBO MPOBOAUTCA TO MHAYKINY. [IpuBemeHHOE pacCyXkIeHue
O0OCHOBLIBAET MHIYKIMOHHBIA [IEPEXO/. (I

4. JIPYTOE TOKA3ATEJILCTBO TEOPEMBI OB AIITEKCKOM
IVAMAHTE

Tenepb MBI Ja,IUM BTOPO€ I0KA3aTEIBCTBO TEOPEMBL 4, OIATH HPOBEPAA COOTHO-
menne (3).

ONPEJEJNEHUE 3. PaccMOTpUM alTEeKCKUU IUAMaHT paHra n + 1. Yiaxaa nsa
IUATOHATBHBIX PALA KJIETOK, UAYIIUX BIOJHL €r0 MPABOM BEPXHEUN U JEBOU BEPXHEN
CTOPOH, MBI MOXEM TOJIYYIUTh U3 HErO aIlTEKCKUN MO IAAMAHT PAHTA, 1.

HaszoseMm »>TOT mMOAIMAMAHT PAHTA N HUNCHUM. AHATOTUIHO MOXKHO TOIYIUTH GepL-
nul, se6bili M npasviti mogauaMaHThl. [lepecedenremM >TUX MO IMAMAHTOBR SBIAETCSA
YEHMPaAbHLLY TOIINAMAHT paHra n — 1.

Paccmorpum MHOXKECTBO A, COCTOsMIIEE U3 MAp HE3ABUCUMBIX PA3OUEHNN AITeK-
CKOr'O TWMAMaHTA PAHTa M U ero MeHTPATbLHOIO MOLAMaMaHTa paHra n — 2. Pacemo-
TPUM MHOXKECTBO B, KOTOpO€e COXepPKUT maphl, COCTOSAIINE U3 HE3ABUCUMEBIX Pa3bu-
€HUU BEPXHErO M HUXKHErO MOAAMAMAHTOB AIITEKCKOTO IUAMAHTA PAHTA 1, a TAKKe
MaphI, COCTOAIINE U3 HE3ABUCUMBIX PA3OUEHNUN JJEBOTO M IPABOrO MO IUAMAHTOB. YT-
BEPXKIEHUE TEOPEMEI CPa3y CIeAyeT U3 CJIeAYIOMIEN JTeMMHEL.

JIEMMA 10. Cywecmsyem 63aummo 00HO3ZHAUHOE COOMBEMCMEUE MEHCIY MHO-
ascecmeamu A u B.

TOKA3ATEJBCTBO. ITocTpoum orobpazxkenue n3 MHOXKecTBa A B MHOXeCTBO B.
BosbMeM saeMeHT MHOXKeCTBA A, T.e. pasOMeHMe alTeKCKOr'o AMAMAaHTa paHra n U
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pasbueHue ero MeHTPAILHOrO MO IuaMaHTa paHra n — 2. PaccmoTpum cragana ciy-
Yal, KO3 K JEBOW WM MPABOU (BEPUIMHE» TUAMAHTA ([IJA ONPENeJeHHOCTH — K
JIEBOU ) IPWJIETAET OJOK pa3OUeHUs B, E| B sToM cryvuae Bce JOMUHOIIKY, TPUIE-
raole K JeBOMY KPa AMAMaHTAa, PACIOJIOXKEHBI FOPU30HTAILHO. Toraa mocTpoum
CJAEeIYIONIYI0 Mapy Pa3sOUeHUuu JEeBOTO U MPABOrO MO IUAMAHTOB. OTOIBUHEM B CTO-
POHY BCEe TOMUHOIIKY, MPUJIETAONIINe K JeBOMY KPAaio, & CAMYyI0 BEPXHIOI U CAMYIO
HIKHIOIO U3 HUX BOOOIIE yaaauM. Y HAC OCTAHETCSI pa3bueHne mpaBoro Mo InaMaHTa,
pauran — 1. A oTOABUHYTHIN PPATMEHT OOBLEIUHUM C HEHTPATLHBEIM MO INaMAHTOM
paHra n — 2, mory4IuTcsa pa3bueHue JEeBOro mojgIraMaHTa panra n — 1.

{}@ -

Anamorungno ompenenruMm oTobpaxkeHue B CIydae, KOraa K BePXHEU WM HUXKHE! Bep-
muHe GOJIBIIOrO AMAMAHTAa IPUIeraeT OJ0K D]

B o6mmem crydae, KOTOPBIA IeTaJbHO OMUCAH HUKE, OTOOPAKEHUE YCTPOEHO TaK:
yAalIuM IB€ TOMUHOIIKY, IPUIETAIONIME K IBYM TPOTUBOIOIOKHEIM BEPIIUHAM O0Ib-
moro guaMaHTa (CKaxKeM, K JEBOU U IIPABOM; IIPU >TOM BBIOOD MEX Iy JEBOU-TIPABOU
U BEPXHEV—HUXKHEU BEPIINHAMU 3ABUCAT OT MCXOJHBIX PA3OUEHUN), HATOKUM JUa-
MAHT ¥ €r0 HeHTPAJbHLIN TOAIAAMaHT APYT Ha APYyra W paspexem o6a IMaMaHTa,
Ha, 1Be 9aCTU (YCJIOBHO OBOPSA, BEPXHIOK U HUKHIOK) TAKUM 00DPa3oM, YTOOLI pa3pes
MIPOXO AT TOJABKO IO CTOPOHAM JAOMUHOIIEK B 000UX Pa3ObueHnsIX, mocae Iero o6benm-
HUM HUXKHIOIO 9aCTh OOIBIIOrO IMAMAHTA C BEPXHEHN YaCThI0 MATEHBKOIO (IIOJLY YU TCA
pa30ueHre HIKHErO IO JUAMaHTa) U BEPXHIOK YaCTh OOJIBIIOrO UAMAHTA, C HUXKHEH
YACTBI0 MAJEHBKOTO (MOTYyYUTCA Pa3OueHne BEPXHEro MOqIUaMaHTa).

Ilepengem k geTamaM, HY TO €CTh HE K IeTaJAM, KOHEUHO, a K MOAPOOHOCTAM.
[onyctuMm, 9TO pa3bueHre GOJBIIOTO AMAMAHTA HE OTHOCUTCS K yXKe pa3oOpaHHO-
My THIY, T.€. CBEPXY U CHU3Y PACIOJOKEHBI TOPU30OHTAIBHEIE, & CJAEBA U CIPABA —

BEPTUKAJBHBIE JOMUHOIIKA. B 3TOM ciaydae Ha KaxkJIOU CTOPO-

j_ly_;l; HE QUAMAHTa MOXKHO YKA3aTh Pa30eistouyio KIeTKY, TAKYI 9TO

o L 0 OQHY CTOPOHY OT HEe JOMUHOIIKYA OPUEHTUPOBAHLI TOPU3OH-

[IE TAJBHO, & M0 IPYT'YI0 CTOPOHY — BepTUKAILHO. Ha pucynke >tu
™ ] KJIETKU TMOMEYEHBI KPECTUKAMU.

| IIycte K1 — mo6as u3 pasaensionmx KaeTok. IllocTpoum e-

Llir MOYKY JAOMUHOIIEK, HAYMHAIONULYIOCA ¢ kaeTku K. DrTa menodka
KJIETOK 3aKOHUUATCS, KOTa B HEM BCTPETUTCS €IIe OTHA PA3Ie/IIOnasa KIeTKa, CKa-
xeM, K,,. Knerku K; nu K,, He MOT'yT HaXOIUTHLCSI HA MPOTUBOIOJOXKHBIX CTOPO-
HaX QUAMAHTa, 9TO JErKO BUAETh, HANPUMED, U3 COOOPAKEHUN MAXMATHON PACKPAC-
xu. Takum 06pa3oM, MBI IOCTPOMIN LEMOYKY KIETOK, COEIUHAIONIYIO Pa3IesIomme
KJIETKM HA IBYX COCETHUX CTOPOHAX OOJBIIOrO IMAMAHTA, IYCTh IS ONPENeJIeHHO-
CTH DTO JIEBas U NPABAs HUXKHUE CTOPOHBI. TOrga OYEeBUIAHO, YITO BEPXHSIA IDAHULA
MIOCTPOEHHOI'0 MHOMXKECTBA KJIETOK €CTh JIOMAHAsA, KOTOPas He PACCEKALT HU OTHOU
TOMUHOIIIKYA B 060UX Pa3OUEHUAX U MPU DTOM IEIAT MATHIU IMAMAHT HA IBE TaCTH.



Pazbuenns Ha JOMUHO 157

Paspesom manoro quamMasTa Ha30BEM YACTh DTOU JOMAHOM, JIEKAIILY IO BHYTPU MAJIOT0

IUaMaHTA.

K7 Kg K7|Ks
L] K>|K3|Kg|Ko Ko K3|Kg|Kg
K1 |K4|K5K10K 11 ] .K1|K4K5K10K11

K19 IK12.

Y6epem u3 60JBLUIOTO UAMAHTA CAMYIO JEBYIO K caMylo IpaByio gomuHomKku. [[omom-
HUM Pa3pe3 MAJIOro TUAMAHTA, NOOLOOAUUMY OMPEKAMU 2PAHUYbL MAA020 OUAMAN-
ma, ITOOBI MOTYIUICA pa3pe3 OOMLIIOTO IMAMAHTA, CJIEBA, HATIPABO.

3aMeTuM, 9TO OJHOBPEMEHHO C DTUM Pa3dpe3oM HE MOXET CYIIeCTBOBATH Pa3pesa
GOJIBIIOTO [UAMAHTA, UAYIIErO CBEPXY BHU3, MOCKOJILKY TAKOU pa3pes mepecekal Obl
IIOCTPOEHHYO LEeNoYKy Ki1eTOK K; u, ciieqoBaTeabHO, padpe3au Obl JOMUHOIIKY B OX-
moM u3 paszbuenunn. C IPyrou CTOPOHEBI, PA3PE30B, UAYIIAX CJIEBA, HAMPABO, MOXKET
OBITH HECKOMBLKO. /71 0 THOBHAYHOCTY KOHCTPYKIIUU BEIOEPEM CPEIN HUX CAMBIA HU3-
xuu. Temeps MBI MOXEM pa3pe3aTh 00a IMaMAHTa U MOMEHATHL OTPE3AHHBLIC HUKHUIE
vactu. MbI nosty4unM pasOueHus BEPXHErO U HUXKHErO JMaMAaHTOB.

1 ] [ [ L

TH Eil TH HHh

|
T ;[D]E -l

Nrak, MBI omucaan OTOOpaKeHMe U3 MHOxKecTBa A B MHOXecTBO B. OueBuj-
HO, 9TO 5TO OTOOPaKEHME COMOCTABIACT PA3HLIM DIEMEHTAM MHOXeCTBa A pasHble
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DaeMeHTH MHOXeCTBA B. OHO ABIAETCSA B3AUMHO OJHO3HAYHBIM, IOCKOJIBKY HETPYIHO
co00pa3nTh, KaK yCTPOEHO 0OpaTHOoe oTobpaxkeune. OHO ycTpoeHo Tak. [Lis npous-
BOJILHOU Taphl Pa3OUEHUN, CKaXKeM, JEBONO U MPABOT0 MO IAAMAHTOB PACCMOTPUM
MaJILII IMAMAHT, ABIAIONMICA X IePecedeHreM.

Ecir x HUXHEN BEpIIMHE HUXKHETO MOJIMAMAHTA MPUIETaeT OJ0K D], MBI UMe-
eM [eJIo CO ciydaeM, obpaTHeiM K cay4aio (8). Ecau xe Takoro 6/10ka HET, HAYHEM
CTPOUTH LENOYKYy KJIeTOK, aHanorum4uyio memnoduke K;. IlepeiM paszbuenumem 6yaem
HA3BIBATH PAa30MeHUe HUXKHErO AMAMAHTA, BTOPHIM — BepxHero. Paccmorpum pas-
IETAIINE KICTKA, IPUIEraillne K HUKHUM CTOPOHAM HUXKHErO IHaMaHTa (ecan
BCe MTOMUHOIIKY, MPUIETAIIINE K HIKHEMY KPA0, OPUEHTUPOBAHLI MOPU30HTAIBHO,
Pa3IeIAIONEeN HA3HAYAM BEPXHIOK U3 ABYX KJIETOK B CAMOM JEBOM M B CAMOM IIpa-
BOM Dsfy), mycTb K; — paspgessiomas KJIeTKa Ha JEBOM HUKHEU CTOPOHE, U IMyCThb
oHa OyaeT 4epHOro usera (Ipy MaxMaTHOU packpacke). llenouka KaeTok ¢ HAYaIOM
K 3aK0oHYATCA, KOTIa HA OYEPEIHOM IIare MBI OKAYKEMCs BHE MepecedeHus mepBoro
U BTOPOT'O IUAMAHTOB, MPUYEM TOCIEIHAA KJIETKA B DTOU MEMOYKe OYyAEeT «BTOPOW»
KJIeTKOU MOCJAeTHEeN AOMUHOIIKU. Ecau 5Ta NJOMUHOIIKA U3 BTOPOrO pas3bueHus, TO
ee BTOpas KJIETKA YepPHAsd, U 3HAYUT, MBI OKA3AIUCH HA MPOTUBOMOIOKHOU CTOPO-
He OOBEIUHEHUs AUAMAHTOB. DTOrO HE MOXET OBITH, MOCKOJIBKY OOJACTH CHU3Y OT
MTOCTPOEHHOU IIEMOYKU CONEPKUT HEIETHOE UUCIO KIETOK, XOTA TPU DTOM pa3bu-
Ta HA JOMWHOIIKY MEPBLIM crocoboM. CrenoBaTenbHO, 5T JOMUHOIIKY, U3 MEPBOTO
pa30ueHnsa U TTPUBEIA OHA HAC HA Pa3AeIAIONIYI0 KICTKY MPABOU HUKHEN CTOPOHHI,
4T0, cobcTBeHHO, u Tpebyercs. [laabmie pexem, mepecTrapiseM U roroeo. Jlemma
IOKa3aHa. O

U3 nokaszamuon JdeMMbl 10 MOXKHO TOJYYIATH TPOCTOE KOMOWHATOPHOE IOKa3a-
TEABLCTBO yTBEPXK JeHNs, 06001aoIero jeMMy 9, o nupamuie u3 GyHKIUN, 33 TAHHOU
MIPU MOMOIIU COOTHOIIEHUS OKTAAPA, U CBA3U DTUX (PYHKIUYA C PA3OUECHUAMEI ALlTEK-
cKOro AmamaHTa (Tak HasbBaeMbIN >hdeKT JopaHosoctH, cM. [11], [7]). Eme oxxo
DMEeMEHTAapHOe TOKa3aTeTbCTBO TeOpPeMBI 00 aITEeKCKOM IUAaMaHTe, OCHOBAHHOE HA
PaCCMOTPEHNUN B3BEIIEHHBIX CYMM ¥ OCTPOYMHOU MHAYKINW, MOXKHO TIPOYecTh B [12].

5. IIOACYET KOJUYECTBA PA3BUEHUN HA JOMUHO

IMoxaxkeM, Kak, UCTIONBL3YA TOIYYCHHBIE PE3YIbTATHl, MOXKHO MOACINTATEH KOIAIE-
CTBO pa3bueHun kiaerdaron Gurypsl Ha goMuHo [3]. HaMm Bce-Taxku npumercs mepen-
THU Ha IJBOUCTBEHHLIN A3LIK I'PadgOB U COBEPIIEHHLIX TapocovYeTaHun. [|BONCTBEHHLIN
rpad anTeKCKOro guaMaHTa u3obpaxkeH Ha puc. 66, c. 140 (mam He morpebyercs
paCKpacka BEpIIMH U OpueHTanusa pebep 5Toro rpada, IOKA3aHHBIE Ha DYTOM PUCYH-
ke). PaccMoTpuM cHAMAIA BOIPOC O MOICIETE B3BEIICHHBIX CYyMM MapOCOYeTAHUN I
AllTeKCKOrO AMAMAHTa. JTO CACAYIOMAa 3a1ada. [lyCcTh B IBOUCTBEHHOM rpade m1sa
AlITEKCKOrO TUAMAHTA KAk IOMy peGpy COMOCTABIEHO HEKOTOPOE IUCI0 — «BeCy. Be-
COM COBEPIIEHHOT'O MapOCOYETAHNUA HA30BEM MPOU3BENEHUE BECOB BCEX BXOAAIINX B
uero pebep. CyMMy BECOB BCEX BO3MOXKHBIX MAPOCOYETAHUU AINTEKCKOO TUAMAHTA
paura n o6osznaunMm depes W, u OyjJeM HA3LIBATH B3BEIIEHHOW CYMMOU HTapOCOYe-
TAHUN.
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Hanpuwmep, ecmu Bce Beca paBubl 1, To W, = T),. A ecmu Bec kakoro-To peépa
paBeH HY.TI0, TO MBI MOXKeM BOCIPHUHUMATH 3TO KaK 3aIpeT Ha ydacTHe 3TOro pedpa
B MIAPOCOYETAHUAX. Y TBEPKIEHUE TEOPEMEI 4 U TOXIeCTBO (3) MIHOBEHHO 06006IIA-
IOTCs Ha CIydal B3BEIICHHLIX [IapPOCOYeTAHNUMN.

TEOPEMA 5. ITycmu dan deoticmsennbiii 2pad aumercroeo duamanma panaa n.
Anano2uuno onpedesenuto 3 paccmompum 8eprnut, wurcnutl, seevil, npasvil U UueH-
mpaavubil nodouamanmsl, 0603nawum coomsememeenno uepea Wy, Wy, Wy, W, W,
836eUWeEHHbIE CYMMbL Napocouemanuti das amux nodduamanmos. Iycmy u, d, £, r —
8€CA COOMBEMCMBERHO CAMOZ0 BEPTHER0, CAMO20 HUNCHE20, CAMOZ0 ALB020, CAMOZ0
npasoeo pebpa 6 ucrodwom epagde. Tozda evinoarneno coommowenue.

Wanzg"'Wqu'i'UdW[Wr (9)

[loxa3aTeasLCTBO 3TON TEOPEMBI MOMYIAETCA AHAJOTMYHO BTOPOMY NOKA3ATETh-
CTBY TEOPEMHI 4, €CU BMECTE C TepPeKIaILIBAHNEM JacTed B Oueknuu u3 aeMMbr 10
paccMaTpUBATh TaKXKe IPOU3BEJEHUA BECOB JOMUHOIIEK, COCTABIAIONINX DTH JACTH.

Bynem Temepn cumTaTh, UTO Beca pebep MPUHUMAT TOJbKO 3HadeHus (0 m 1.
Torga MOACYET B3BEIIEHHOU CyMMBI TAPOCOYETAHUN AIITEKCKOTO TMAMAHTA MOXKHO
OPraHU30BATH CICAYIOMMUM 00pa3oM. [[Ia Kaxk IoU 3aKPAIIIEHHON HA, PUCYHKE KICTKU
MOACIUTAEM CYMMY IMIPOU3BEEHUN BECOB €€ MOPU3OHTANBHEIX PeOep U BePTUKAIBbHBIX
pebep.

W/%/ 7.

[ToBepuem mmaMaHT Ha 45° W 3amuIIeM BCe HMOACUUTAHHBLIE MUCAA B BUJE MATPUIILI
n x n, o6osmaunm ee A(™ . Begem Takxke BCIIOMOT'ATEIbHYIO MATPUILY Aln+1)) y
KOTOPOU BCE DIEMEHTHI PABHBI equHUIE. [lanblie BLUMUCINM TOCAEJOBATEILHO MAT-
puist A=Y A o caegyomemy npasury. Marpuna A% umeer pasmep k x k
u Berancasercs mo marpumam AR D g AR+2) npy momormm cooTHOmEHMIT

(k+1) ,(k+1) (k+1) 4(k+1)
AT AL T AL A

(k+2)
A

) _
AP =

Toraa marpuna A1) cogepXuT eAMHCTBEHHOE 9MCIO, KOTOPOE I ECTh MCKOMAS B3BE-
ImeHHasa cyMMa. lIpuBeneHHOe MPAaBUIO IPAMO CAEAYeT U3 PEKYPPEHTHOI'O COOTHOIIe-
Hus (9) Mo MHAYKIUU.

Paccmorpum Teneps npousBoibHyo0 10cKy. [loMecTuM ee B AlITEKCKUN TUAMAHT,
Tak, ITOOBI NOMOJHEHNE 3>TOU JOCKUA IO BCErO0 IUAMAHTA MOXKHO OBLIO 3aMOCTUTH
nomuuo. Pukcupyem samouienue nomnogaHenus Gurypsl. B gBoucTBeHHOM rpade ai-
TEKCKOI'O AUAMAHTA PEGPaM, MPUHA,IJIEKAIIIM TBOUCTBEHHOMY I'pady TOCKHU, COIO-
craBuM Bec 1. Kpome Toro comoctaBum Bec 1 pébpam, u300paxKaiommM JTOMUHOIIKY
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u3 JOomoJaHeHusa nocku. BeceM octambHbIM péGpam comocTaBuM Bec (. Burmosnus omum-
CAHHYIO BHIIIE TIPOIEAYPY, MBI HAUJEM KOJUIECTBO PA3OUEHUN JOCKU HA TOMUHOIIKHA.
EnuucTBennoe, 4To TpedyeTca Qs KOPPEKTHOCTU PAOOTHI 3TOT0 aIrOPUTMA, — DTO
4TOObI «(BHYTPEHHIE» d1eMeHTH Marpunbl A(™ 6bum me pasubr 0. Hampumep, s
OpAMOYroabHUKA 4 X 5 mosrydaem

-

—>[ —
0 1 1 0

— 1221%232411 1612 — 95
2 2 21 6 6 1 42 16 '
1 2 10

6. EME OMHO MJOKA3ATEJHLCTBO TEOPEMBI OB AIITEKCKOM
IUAMAHTE

B sakimrodenne Mbr opuBeneM eme OqJHO JOKa3aTeJIbCTBO TEOPEMEI O ,zmaMaHTel),

OCHOBAaHHOE Ha OCTPOYMHOU neped)OpMyIUpPOBKEe, KOTOPas OCTABIACT HAIEXKAY HAl-
TH «COBCEM YK DIEMEHTAPHOe» JOKa3aTelbcTBO. B [14] moxoxkas nmepedopMyampoBKa
IPUMEHAETCS K TIPAMOYTOIBHBIM TOCKAM.
3 wazmamuoii docku (n+1) x (n+ 1) supesana xaemxa al. Ha ecex
OCMAALHBIT KAEMKAT 8EPMUKAAY G CMOAM (TPOMBIEY ULATMATMHBIE KOPO-
aw. 3a 00un T00d TPOMOU KOPOAL MOKHCEM COBUHYMbCA 6NMPABO, BHU3 UAU
6npaso-enuz na 0wy xaemwy. Toeda cywecmeyem 2™"H1/2 yenepece-
KQIOWULCA HaOOPO8 MAPULPYMOB, J8ULAACHL NO KOMOPLIM, 6Ce N KOposet
MORYM Nepelimu wa Kiemru nuxcrwed 20puzonwmant (nopadox £0dos wecy-
wecmeenen, BaHCER MOALKO 6u0 MPAEKMOput).
Hamex Ha TO, KaK 5TO OTHOCUTCA K IUAMAHTaM, IPUBEAEH HA KADTUHKE.

|lT ]
V+\V§ —I‘——|
= *

[ TOro ITO6LI HAUTY KOMUIECTBO HAGOPOB MAPIIPYTOB BOCHIOMBL3YEMCA CACTY-
fomen Teopemon Kapauuna—Max-I'peropa—Jlungcrpoma (cum. [4]).

Dloka crarhs roToRMIACH K TEYATH, B CETH MOABMIOCH AHAIOTHYHOE [OKA3ATEIhCTRO, CM. Sen-
Peng Eu, Tung Shan Fu. A simple proof of Aztec diamond theorem.
http://www.arxiv.org/math.CO/0412041.
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TEOPEMA. Ilycmb dan ayukiuueckuts opuenmuposarwnbil epagd, umerouut n 8xo-
006 U N 8LIL0D06, NPOHYMEPOBARNBIT WuCAaMU oM 1 do n, npuuem 6 awbom Habope u3
N HENEPECEKAOUULCA MAPUPYMOS8, 8e0YUUT 0M BL0J08 K BLILOOAM, KaHcIbIT MAPUL-
pym. coedunsem 6x0d u 6u1iz0d ¢ 00HuUM U mem KHce nomepom. Ob6o3navum weped Agp,
wucao nymet, sedywuxr om k-2o0 8xoda x m-my svixody. To2da wucao nabopos uz n
HENePeCerOUULCA MAPWPYMO8, 8edYWUT 0m 6T0008 K 6uirodam, pasno det A.

BorapcanM MaTpUIly, ONUCHIBAOILYIO IBUXKeHNe Koposer. ['pad BO3MOXKHBIX mepe-
MEIIEHN KOPOIen n300paKeH HiKe. MBI MOXeM CINTATh, ITO HA Y IATEHHOU YIVIOBOK
KJIETKe JOCKM TAKXKe CTOUT KOPO/JIb, KOTOPOMY IPOCTO HE HyXKHO IBUraThCA. Torga
saementsr Marpumsl A = (Ap,,) (mamomunu, 9To0 510 MaTpmma (n + 1) x (n + 1))
MOXKHO BBIMUC/IATE HOCJIEI0BATEIBHO [0 IPABUILY , CXOTHOMY C IIPABUJIOM BBIUUCICHU
OGUHOMMAIBHBIX KOD(DPUIMEHTOB B Tpeyroabuuke [lackams:

Apm = Ap—im + Apm—1 + Ap—im—1 -

Tak, nis mocku 5 X 5 mmeem

AN 11 1 1 1
13 5 7 9
:::::::: AB =11 5 13 25 41
1 7 25 63 129
RVANANAN 1 9 41 129 321

3aMeTuM, 9TO TO K€ CaMOe KOJIMYECTBO MAPIIPYTOB MBI MOIYYUM, €CIU ONATHL yoe-
PEM YTJIOBOT'O KOPOJA W 3AMpPETUM ABUKEHUE KOPOTIEU BIONL MEPBOU BEPTUKAIN U
BJIOJIBb TIEpBOI TopusoHTam. Pacemorpum mMarpuny B(™) | omucHBaoOIIyO IBUKEHIE
KOPOJIE B 3TOU CUTYaIiu.

NI 9 9 9 9

NN 206 10 14

BSASASAN “l2 10 26 50

.\\\\ 2 14 50 126
Kak Buanm, B®) = 244,

JIEMMA 11. O6o3nauum by, — Koauuecmeo cnocobos, KOMOpwvLMu TPOMOL KO-
poab moxcem npotimu ¢ kaemxu (1,p) na xaemxy (q,1), ne 3ax004 no nymu wa Huxc-
nue p— 1 xaemox nepeoti sepmuraiy (m. e. na xaemxu (1,1), (1,2), ..., (1,p— 1))
u Ha aesbie ¢ — 1 Kaemox nepeoli 20pU3OHMAAY; 4 UEPE3 Ap; — KOAUUECTNBO BCET

cnoco608, KOmMopwvimu TPOMOT KOPoab moxcem npotimu c kaemxu (1,p) na xaemxy
(¢,1). Toeda
bpg =2ap-14-1 .
MOKABATEJILCTBO. PaccMoTpuM MapmipyThl KOPOJA HA AOCKE P X ¢ U3 JIEBOT'O
BEPXHEr0 yIvia B IPABLIU HUKHUU, IPU KOTOPBIX OH HE 3aXOMUT HA TEPBYIO BEPTUKAID
U TEPBYIO TMOPU3OHTANb. ECIu nepBLIN XOA KOPOIA — TCOPU3OHTAIBHBIA, TO KOPOJIb

MOXKET (p_1 ¢g—1 CIOCOOAMHE TOOPATHCA K KICTKE HaJ IPABLIM HIDKHUM YIVIOM 1 JaJIee
chenaTh X0 BHU3. FKCau e MepBhIN X0 — QUATOHAILHBIN, TO U MOCJIE DTOTO KOPOJIhb
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HMEET Ap_1 ¢—1 BAPUAHTOB IBIKEHIA K IPABOMY HrkHeMmy yriay. HekoTopsle 3 Hux,
IpaBia, IPUBOIAT €0 HA MEPBYIO TOPU3OHTAL (1 Y DTUX MAPIIPYTOB MOCIEIHAN X0
COPU3OHTANBHBIN) — TAK U3MEHUM D>TU MApIIPYTHI, MEPEIBUHYB BCIO UX CPEIHION
YaCThb HA OJHY KJIETKY BBEPX M 3aMEHUB CAMBIU [EPBLIA (IMAarOHAIBHBIN) XOJ HA
COPU3OHTANBHBIN, & CAMBIA MOCIEAHUN (COPU3OHTAJILHEIN) XOJ HA AUATOHAJLHBIN.
HeTpymHo BuaeTh, ITO 3TO OMEKITHA. |

Hucra apq, bpg — 3TO MATPHUYIHBIE DJIEMEHTHI MATPHII A B Y3 remmer caexy-
er, uro B(™ = 24(=1) A rax xax sermaunst det B(™ u det A Bripaxator ogHO 1
TO e KOJTUIEeCTBO HAGOPOB MAPIIPYTOB, MBI TIOIYYIAE€M PEKYPPEHTHOE COOTHOIICHUE

det A™ =27 . det A1)

73 KOTOPOI'O CPa3y CIeqyeT yTBEPKAeHWE TeOPEMEl O JUAMAaHTe.
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