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O marpunax ['pama

B. A. FO 1un

PaccMoTpuM HECKONBKO M3BECTHBIX 3a1a4 U3 TUCKPETHOU reoMerpun. Pernenus
IPAKTUYIECKYN BCEX CErONHS HEU3BECTHHI.

Yepes zy = 21y1 + ... + TpY, 0O03HAMUM CKATSIPHBIE [IPOU3BEIEHUS BEKTODOB
T W Yy U3 N-MEPHOro eBKIMIOBOTO mpocTpaHcTBa R". /lag mpomsBoiabHOro Habopa

W = {e1,...,€q} PA3IMIHBIX €JUHUYIHLIX BEKTOPOB BHIIMIIEM UX Marpuiy I'pama
1 €ié2 ... €1€g
esel 1 ... ese
G(W) = I (1)
eqer egea ... 1

(B manpmenmeM GyneM OTOXKIECTBJATH €JUHAYIHBIE BEKTOPBL C TOYKAMHA €IUHUTHON
cheput S" ={z e R* : zz =1}).

1. BOCCTAHABJ/IIUBAEMbBIE KOH®UT'YPAIINNA

Bce pasmuubbie CkajgapHbIE TpOUW3BeneHusa, BecTpedarommecs B (1), samumem B
CTPOYIKY

S(W):{]_,tl,,ts}, ]‘>t1>>ts (2)

Hanpuwmep, ecmu W cocrout u3 (n + 1)-i1 BepUIMHEI IPABUILHOTO CUMILIEKCA, BITU-

canroro B S"~! To S(W) cocromr Bcero ms gByx umcen {1,—1/n}. Ecm W —
COBOKYIHOCTB BEPIIUH IPABUILHOTO 2¢-yTOJIbHUKA, TO

SW) = {1,cos§,cos 2Fﬂ,...,—l}.

IIycTh MBI 3HAEM BCIO CTPOUKY (2) Mg HEKOTOPOU CHEPUIECKON KOHMDUTYDAIAN
W. MoxeM a1 Mbl €IMHCTBEHHBIM 00pPa3oM BOCCTAaHOBUTL W7

Buagase onpeneaumcs ¢ eguacTBeHHOCTHIO. [IBe KoHpUrypamuu Wi, W, cunraem
OJMHAKOBLIME, €CJIN CYIIECTBYeT BpaiueHue p takoe, uro Wy = pWs. Ilox Bpamenn-
eM p TIOHUMAaeM JUHenHoe mpeobpasosanue R™ B R, ocymecTBageMoe mocpecTBOM
oproronansaon Mmatpunsl 1, TT' = T'T = E ¢ det T = +1. sMmeHeHne opueHTAIIINA
pomnyckaeTcs. OpTOroHaIbHAA MATPUIA «COXPAHAECT» CKAJIAPHLBIE TTPOU3BEICHUS

TzTy = 2T'Ty = xEy = zy,
CJIEI0BATENBHO, 1 «noBopoTay p crpouku S(W) u S(pW') onuHakoBEL
B o6men curyanum oTBET Ha BOIPOC, KOHEYHO, OTpUIATEAbHBIN. O IHAKO HEKO-

TOPBIM 3arafovHBIM 00pa3oM cdepuieckue KOHGUIypaln JeIATCS Ha IBa KIACCA:
BoccTanapauBaeMble 1o S(W) u HeBocCTaHABIMBaEMBIE.
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YTBEPXKIEHUE 1. Jlobas chepudeckas kouurypanusa W = {ej,eq,e3} us R”,
n > 2 mo S(W) BoCCTAHABIUBAETCA EQUHCTBEHHBIM 00DPA30M.

YTBEPXKAEHUE 2. Ilycts chepuueckas xondurypams W = {ej, ..., eg} mz R
TaKOBA, 9TO

ST N S
S(W) = {1, .~z 1}

Torma W — Bocemb BepiinH Kyba.

YTBEPKAEHUE 3. (Hantjes, 1948) Ilycre cdepudeckas xondurypauus W =
={e1,...,e12} w3 R® Taxosa, aT0
1 1
S
\/57 \/5 ) }
Torga W — aBeHAINATHL BepHIMH MKOCAApa. CKaMTApHBLIEC MPOU3BEAEHUA €O MOTHO-
CTBIO XapaKTEPU3yIOT.

S(W) = {17_

[lokazaTenbCTBa MEPBBIX ABYX YTBEPKICHUU HECJAOKHBI, OTHOCUTEJIHLHOO TpPe-
Tbero cM. [1], rae Takxke o6cyxgaercsa pajg 6auskux Bompocos. Hamia mens — mo-
Ka3aTb, YTO IPHU 7 > 3 HEBOCCTAHABIMBAEMAS KOH(MUTYDPAIUA CYIMIECTBYET yKE IPU
q = 4. Hocrarouno B R® mpueectu gBe pasmble xondurypamuun Wi, We ¢ oguna-

koBbIMI cTpoukamu (2). Ilycts W) cOCTOMT M3 BEKTODOB e; = {%, E,O}, e =
= {%,—%,0}, es = {—%,0,%}, ey = {—%,0,—%}, a Wo — u3 BekTOpOB
er = {1,0,0}, ex = {0,0,1}, e5 = {—%,?,0}, e4 = —%,—?,0}. Beraucamv ux
Marpuisl I'pama
r _1 17 1 1
S Lo -3 =
0 1 _% _% 0 1 0 0
G(Wl) = 1 1 ; G(WQ) = _l 0 1 _l )
-3 3 b0 2 2
11 _1 _L
-3 -z 0 1] : V73 !

u yBugum, uro S(Wy) = S(Ws) = {1,0,—1/2}. Ograko Wy u Wy — pasusle koHDU-
rypauuu, nockoabKy Hyaen B G(W;) gerwipe, a B G(Ws) — mecTs.
YcaoxuuMm Teneps Bonpoc. [loctaBum Habopy W B coorBeTcTBUHE TabIULy

Lt |t || ts
: 3
AR AR 3)
rae BepxHsasa cTpoka ectb S(WW), a HUKHAA ONpefeIseTCs KPATHOCTAMA
Ni= Y L Ni+..+N.=¢-q
z,yeW, zy=t;

[l KaKoro HAMMEHBIIIET0 ¢ MOYKHO MOCTPOUTH IBA pas3Hbx Habopa Wi, Wy, umero-
MUX ONHY U Ty X)e Tabmuiy (3).
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2. KOJIMYECTBO PA3JUYHLIX DJIEMEHTOB MATPUIIBI ['PAMA

CKOIBKO pasInIHbIX DJIeMEHTOB cogepxkutca B maTpuie (1)? Ecau ve yunTeBaTh
NIaBHYIO TMaroHATb, TO BepXH:AA rpanuma (¢° — q)/2 oueBugHA, U OHA JOCTUCAECTCA.
ITpr ¢ — 0O OTHOCUTETLHO HUKHEM TPAHUIIEI IPU 1 > 3 HEM3BECTEH JAKE €€ TTOPALOK
pocra. Caygau n = 2 mpocT.

YTBEPXKAEHUE 4. IlycTh HA € [UHUYIHON OKPYKHOCTHU PACIOIOKEHO ¢ PA3TUIHBIX
Touek. Torga KoJIMIecTBO § PA3IUYHBLIX PACCTOAHUU MEXKIY HUMHU yAOBICTBOPSET
HEPABEHCTBY

qg—1
5 4 HEUeTHO,
s> q (4)
3 q — IeTHO.

[lencTBATETLHO, BO3LMEM MPOM3BOJIBHYIO TOUKY 2 Hammen koHpurypanmu W m
mposegem depes mee nuamerp. OH pa3zobbeT OKPYKHOCTh Ha ABe ayru. HyxkHO pac-
cMoTpersb aBa caydas: Touka —x € W u —x & W. Eciu —z € W, To Ha ogHOUn u3
Iyr GyoeT pacmosaraThesa He MeHee deM (¢ — 2)/2 Tmouex W, ecim ¢ — 9€THO, U He
menee (¢ — 1)/2 Touek W, eciun ¢ — HedeTHO. ITOCKOIBKY BCE DACCTOSHUA OT & 1O
STHUX TOYEK PA3HEIE, TO MOLYIAETCA OUEHKA

q+1
e q — HEYeTHO,
Ep q
2 q — YeTHO.

Ananoruyno paccmaTpusaeTca u BTopou ciaydan. Huxkuas onenka (4) TodHa, OHA
NOCTUTAETCA IJIA ( BEPIIMH MPABUILHOTO ¢-yTOJIbHUKA.

Bocnoabsyemcs ogauM coobpaxkenueM I1. Spaéma [2] u gnsa pasmepHOCTH 1 = 3
DauM «Caa0yio» OLEHKY CHU3Y IJIUHBI CTPOUKY (2).

YTBEPYKAEHUE 5. Iyete W = {ey,...,e,} C S?. Toraa
s =s(q) > ¢'/”.
Bce omenku 6ymeM mpOBOAUTH, YUUTHIBAA JUIIL MOPAIOK. Bo3bMeM MpPOU3BOIL-

HyI0 TOUKYy & € W 1 coeInHIM ee CO BCeMU OCTANTbHBIMU. IlycThb Okasamrock m pas-
JIUIHLIX PACCTOAHUN, 3HAYUT UMEEM OLEHKY

5> m, (5)

HO OHA TUIOXA, €CJIU 1M, «MaJoy. B 3TOU CUTyalnu MpOIOIKIM PACCY XK IeHus. Bcero B

W umeercs q Touek, ¢ — 1 U3 HUX PACHOIATAIOTCA HA 1M OKPYXKHOCTAX. SHAUUT, HA,
qg—1

ONHOW W3 HUX DACIONOKEHO He MeHee deM [+——| Todek. W3 mpeabigyimero yTeep-
m

K TCHUA HAXO UM
5> q/m. (6)
N3 (5) u (6) moxyuum
s> max{m,q/m} > ¢'/%.
[MoaHIMAACH IO PA3MEPHOCTH, TOBTOPAEM DACCY K ICHUA W HAXOIUM, ITO Ipu n = 4
s> ¢t uron
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B eBKIMIOBBIX MPOCTPAHCTRAX HA PACCMATPUBAEMBIN BHIMIE BOMPOC CMOTPAT U C
npyrou croponsl. MuoxkecTro W n3 R Ha3zwIBaeTCA MHOXECTBOM C IBYMS PACCTOA-
HUSAMU, €CJIU BCEBO3MOXKHBIE PACCTOAHUA MEX Iy ToUukamMu W paBHBI TOABKO dy u da,
0 < d; < dp. KakoBo Hauboabiee xomudectBo Touek N = N(n) comzepxKurcs B Ta-
kux MHOKecTBax? To4HbIe 3HAMEHUA U3BECTHEI [3, 4] Wb /18 MAIBIX PA3MEPHOCTEN.
Hopsanok pocta N(n) mpu n — oo m3secTes, 570 n’. HukHAT OeHKa TeTaeTcs TaK:
B R*"! paccmorpum corokymrocTs n(n + 1)/2 Towex W = {12,0"~'} — nme mpo-
U3BOJBHBLIE KOODAWMHATHI PABHEL 1, & ocTaabHble N — 1 koopauHATH paBHEI 0. MoxHO
cunraTth, uto W C R”, Ttak kak kaxnmas Touka ¢ w3 W JeXdT HAa TUIEPILIOCKO-
CTH T1 + ...+ Tp41 = 2. W ecTb MHOXECTBO C ABYMSI pacCTOSHUAMU di = V2 u
dy = 2. Bepxuss ogenka N(n) < (n+ 1)(n+ 2)/2 (A. Blokhuis) sBeiBoguTcs TpynHee
(mogpoGuocTu B [4]).

3. MHOX>XECTBA C OJHUM PACCTOSIHUEM

B »ToM pasgeme MBI ocTaeMCsa B KOHEYHOMEPHOM OAHAXOBOM IPOCTPAHCTBE, HO
yKe He 00s3aTeThHO €BKINIOBOM. BymeM OIleHMBATH MOIIHOCTH MHOXKECTBA, V KO-
TOPOT'O BCE B3aUMHLIE PACCTOAHUA PABHLI OMHOMY U TOMY XKe uucay. Mcmonb3oBaTh
TEePMUHOIOTHIO0 (HYHKIMOHATLHOIO aHaau3a He xoderca. O6cyx nenue OyaeM BeCTH B
TEPMUHAX PA3HOCTHBIX MHOXKeCTB. MHOXecTBO

M ={z=z—-y : zeM, ye M, x #y}, M CR"?,
HA3BIBAETCA PA3HOCTHBEIM. B R™ paccMOTpUM BBHITYKIyIO, HEHTPATbHO-CUMMETPUT-

HYIO0 OTHOCUTEIBHO HyJA 061acTh D ¢ rpanumen [,

3ANAYA. [Tna samapson ' mantu B R” MmHOXecTBO M HamOOJBIIEN MOIIHOCTH
N = N(n), ynosaersopsiomee ycaosuto M* C T

Ecm T' = S™! — cdepa, To ouesugno, aro N(n) < n+1, n onesxa 1ocTAraeTcs Ha
BEPIIMHAX TPABUILHOTO cuminiekca. Ecau T’ — rpanuna ky6a, To N(n) < 2. Ouenka
TOYHAsdA, B KadecTBe M crexyer B3ATh 2" BepmuH Kyba. Ecin

F={zeR" : |z1|+...+|zn] =1}, (7)

TO 3aja4a PelleHa, JUllb TP pasMepHocTAX n = 1,2, 3, 4, mpudeM mOCIeTHUN CILIyIan

pasobpaH coBceM HenaBHO [5]. PaccmarpuBas B kadecTse M 2n TOUeK ¢ KOODIWHA-
1 1

Tavu { + 3 0,...,0},...,{0,0,...,0, i§} nory4daem ouenky cuusy N (n) > 2n. Ona

cayxuT ocHoBaHueM aus runoressl N(n) = 2n, n € N,

IMocTanoBKA 3a4a4MK JOBOABHO OIM3KA K AHAJOCUYHEIM U3 TEOPUA KOLWPOBAHWA.
onpoGyeM NCIOIb30BATE U3BECTHBIE METOABI TAPMOHIIECKOIO AHAIN3A, CBA3AHHBIE
C TOMOXUTENLHON OTIPEIEIeHHOCThIO.

YTBEPXK/JIEHUE 6. IlycTs Tpuronomerpudeckas CyMMa,

f(CU) = Z >\s€2ﬂ—ism, ST =81T1 + ...+ Spxy
S

yIOBIETBOPAET yeaoBuaMm 1) As = 0, Ag > 0; 2) f(z) <0,z €T.
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Torga
Ny < 1O (8)

Tencreurensro, mycrs M = {z(®}N u M* C T, rorga mo yciosmio 2

N
I=73 f® -2y =NfO0)+)_ fa® —20) <NF(0).

k=1 k#L
C gpyrou cTOpOHBI, IO yCaoBuio 1
N

T=F"0 3 et Z 5 )

s k=1

2
2 A0-]\[27

§ : e2ﬂ'isz

zeEM

OTKyza BeITEKaeT (8).
j— n . j—
Hua T = {z € R” : maxigrgn [Tx| = 1} HyxkHag TpuroHoMeTpIIecKas CyMMa
CTPOUTCSA MIHOBEHHO
n n
_ 2 ML _ 5—n i
flz) = Hcos - = 2 H(l + cos ;).
Jj=1 Jj=1
Nmveem f(z) = 0, ¢ € T; B cunty GopMysa TPUNOHOMETpPUM BCE KOD(DMUIMEHTEL Ag
HEOTPULATENbHEL, \g = 27 ". 3HauuT, u3 (8) Haxoaum Tpebyemyto onenky N (n) < 27.
[na pasauasex [ MOXKHO TOCTPOUTH COOTBETCTBYIOMIAE TPUTOHOMETPUIECKUE
CYMMBI, KOTOPBIE IPUBOAAT K Xoporum ouenkam N (n), Ho aaa ', onpegenennon (7),
HyXXKHAas TPUTOHOMETPUIECKASA CYyMMa CTPOUTHLCA MOYEMY-TO HE XO9UeT.
Paccmorpum eme ogua npumep. IlycTsb e1, €3, €3 — HOPMAIU K Pa3IAIHBIM CTO-
pPOHAM HPAaBWIBHOrO mecTuyroabuuka (cM. puc.) [omoxum

1
f(x) =cosejx coseyx cosesr = Z(l + cos 2e;z + cos 2e2x + cos esx).

Ha pucyHKe 3aIITPIXOBAHO MHOXKECTBO
F={zeR: f(z) <0}

Bribpas B kadecTse ' mpoussoasHOe moaMuoxkecTBO 13 F'| u3 HepasencTsa (8) momy-
qaeM, UTO MOIIHOCTE JTI060r0 MHOXKecTBa M Takoro, uro M* C I', He mpeBoCXOAUT
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qeTwIpex. I3 3Toro npumepa BUIHO, ITO «MIAIKOCTH [ 1 BEIMyKIOCTE D 0COOEHHO
U «HE IIPU IEM».
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