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DyHKIIMOHATBHBIE KOPHI

Baag Bukoa Amocror AnocTosos

dyukunonanrbHoe ypaBHeHue f o f = g, rge g — cTporo yObIBaoias, He-
IpepBIBHAA (GDYHKINA, HE UMEET HENPEPLIBHBIX PEIIeHN, ONPeNeJeHHBIX Ha BCEU
IHCIOBOU IPAMOU. B cTaThe mccrenyerca cCHTyaunus, KOrga NOILYCKAeTCA KOHET-
HOE WM CIeTHOE IUCJIO PA3PBIBOB. B 4aCTHOCTH, MOKA3aHO, UTO €CIN PA3PEIINTh
f MMeThb JUIIBL KOHEYHOE YMCIO PAa3PHIBOB, TO YPABHEHUE He MMEET PEIIeHUN Ha
YHCIOBOHN MIPAMOM.

1. BBEIEHUE
k pas

——N—

Bcem xopomro 3uakomo o6osHaderme fF)(z) = fofo---o f(zx). Dyuxmma
f%®) () masemaercs k-it mwrepammenn dymkmuu f. Ipum srom f(—D(z) obosmazaer
obparayo dyuxmmo, a f(~F)(z) ects (f-D)R) (). fAcmo, uro (f)M)(z) =
= fmn)(z). Ecrecrsenno ompegemnts fU/?)(z) xax ¢yHkmmo g, Takymo €TO
g(9(z)) = f(z) (amamormuano onpegersercs f(1/F) (z) u ganee f(7/9 (z)). Takyio pyuk-
LU0 MBI HA30BEM (YHKUYUOHAADHBIM UL UMEPAUUOHHBIM KoPHeMm. DYHKIMOHATBHEIE
KODHU ABIAIOTCA BAXKHBIM MHCTPYMEHTOM AHAIN3A TMHAMAYECKUX CUCTEM, TaK KAK
OHU [IeTAI0T BO3MOXHBIM €CTECTBEHHBIN [E€PEX0] OT NUCKPETHOO BPEMEHM K Helpe-
PHIBHOMY. [IeMCTBUTENBHO, MYCTh MMEETCA MOCTeIOBATEILHOCTH MOMEHTOB BpeMe-
HE ...,—1,0,1,... u cocrosHue cucTeMbl MeHseTca M0 3akoHY w(t + 1) = g(w(t)).
Ecim MBI mepexoimM K HEOPEepLIBHOMY BPEMEHW, TO, HATPUMED, MPeoGpa3OBaHue
w(t) = w(t + 1/2) pomxuo omnpenenstbesa Takon pyuxuuen f, aro f(f(z)) = g(z).

MaTtemaruieckue npuioxkenus (HyHKIMOHATLHEIX KOPHEM BKIIOYAIOT TAKKE IU-
CJIEHHEBIE METOIET, AHAIN3 JAHHLIX B XAOTUIECKAX CUCTEMAX U MHOTOe Apyroe. Urepu-
POBAHME UTPAET BAXKHYIO POJIb U IIPY OMUCAHUY SBOTIOLNN CUCTEM B IPYTUX HAYIHBIX
06JaCTSAX, KAK HAIIPUMED, B DKOJIOTUN, SIUIEMIOIOT AN, ONTUMU3AUA WHIYCTPUAT-
HBIX IIPOIIECCOB, TEOPUM ABTOMATOB U Teopuu TypOyaeHTHOCTH. Bosee moapo6uo 06
»TuX Bompocax cM. [1-10].

Hac waTepecyeT Bonpoc o CymecTBOBaHNN QYyHKINOHATLHOTO KOPHA BTOPOU CTe-
neHy, T. €. 0 QYHKIUOHATLHOM YPABHEHUN

fof=y (1)

Jlerko BugeTh, 9TO €CaM g MOHOTOHHO yOBIBAaeT, TO ypaBHeHue (1) He uMeeT perueHun
B KJIACCE HEMPEPBIBHLIX (byHKIMEA. B camMoMm mere, MOHOTOHHO yOBIBAIOMIAA (DYHKIIUA
OPUHUMAET KaXKIO€ CBOE 3HAYUEHUE MO pasy, T.e. paBeHCTBO ¢(z) = g¢(y) Breder

MaTemaTu4eckoe npocsewyeHune, cep. 3, soin. 9, 2005(194-202)
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pasercTBo © = y. Ilockonbky us f(z) = f(y) cnienyer f(f(x)) = f(f(y)), 1o paBHO-
cubhO () = ¢(y), IPUXOAUM K BBIBOAY, YTO f MPUHUMAET KAXKIOE CBOE 3HAICHUE

POBHO OJWH pa3. BMecTe ¢ HENMPEPLIBHOCTHLIO f TO BICYET €€ MOHOTOHHOCTH, T.e€.
f 1mmbo MOHOTOHHO BO3pacTaeT, JubOO MOHOTOHHO yObIBaeT. B oboux ciydasx f o f
MOHOTOHHO BO3PACTAET, ITO IPOTUBOPEIUT BEIOOPY (.

C mpyrou CTOPOHEL, ecau pa3pernTh GyHKIun f OBITH PA3PLIBHOU, TO YPABHEHUE

(1) wacTro umeer pemenue, Hanpumep npu ¢(r) = —x. ITOT CAYIaU UHTEPECEH TEM,
YTO MHOXKECTBO (PYHKIWHU f, yIOBJETBOPSIONIAX YPABHEHUIO
f(f(@)) = —=, (2)

— DTO B MOUKOCMU MHOXKECTBO (PYHKINU, MPAPUKN KOTOPHIX MEPEXOAAT B CeOI Ipu
moBopoTe Ha 90° OTHOCUTENBHO HAYAIA KOODAWHAT.

SATAYN

1. IIposepbTe 5TO CBOKCTBO IPapUKOB pelIeHul ypasHeHus (2).

2. HoctpouTe GyHKIMIO f CO CIETHBHIM YUCIOM TOYEK Pa3PHIBA, YIOBIETBOPAIO-
Iy YPABHEHUIO (2) U ONPEIENEHHYIO HA BCEU IUCIOBOU TIPAMOU.

YKA3AHUE. Hoaoxum f(0) = 0, z9p = 0. Beibepem mocrenoBareasHOCTD T,

k=1,..., rakyio uro x > 0, xx — oo. [Ipescrasum R \ {0} B Buge 06beauue-

HUs HENepeCeKaolUXCsa map NoayuHTepBaioB Dy = (zp_1, x| U [k, —Tg—1).

Tp—1 + Tk
2

¢ obmacteio ompenenenus Dy, HepecTaB/goOmIee TOLYUHTEPBAILL (Tg_1, Yk,

(ykaxk]v [_mka _yk)7 [_yka _mk—l)'

IIycTs 4y, = . llocTpoum KycovuHo-IUHENHOE pelienne ypaBpHeHus (2)

3. Ilocrpoure peuenue ypasrenus (2) ¢ obaactbio onpegenenus (—1,1). A rak-
ke HaiaunTe GyHKIMOHAIbHBIE KOpHH ao6on crenenn f(2¥) = —z co caerHBIM
YUCIOM TOYEK paspwiBa. IIposepbTe, uTo Beerga f(0) = 0, u, kpome TOro, 0TO-
6paxenue f OGMEKTUBHO.

2. DDPDPEKTHL UETHOCTHU

NuTepecubie 5OdEKTH BOZHUKAIOT, KOMQa PACCMATPUBAECTCA DPelleHne (hyHKIIO-
HaubHOTO ypasHenus f(f(z)) = g(x), rie g — HenpepbIBHAA MOHOTOHHO YOBIBAIOIIAS
dyHKUIUA, B K1acce gynkyut ¢ Koneunvim (@ He CUEMHBIM) YUCAOM MOUEK PA3PBIBA.

Ha 53-u Mockorckon maremaTudeckon onummuaae A. fI. Berosbim 6nuta mpemio-
KeHa CIeIYMAd 3a1a4a.

3ANAYA. Cywecmsyem au Gywkyus f ¢ KOHEUHDLM YUCAOM MOUEK PA3PLIEA, YIO-
gaemsopatowas ycaosuro f(f(x)) = —x, obaacmev onpedesenus xomopol ecmov a)
ompesox [—1,1]; 6) omxpeimbiii unmepeas (—1,1)7

OTBeTHl B IyHKTaX a) U 0) HEOXKUTAHHO OKA3HIBAIOTCA pasHEIMK. B myHKTE a)
OTBET «CYIECTBYET», B IyHKTE 6) OTBET «HET»!
HanoMHuM, ITO 0p6umoti mouky o HABEIBAETCA MHOXKECTBO

orb(zo) = {f™ (o) | n € N}.
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Ananoruano, opbumot muoxcecmea I IBAAETCS CEMENCTBO MHOXKECTB
orb(I) = { {f" (D)} | n € N}.

PEWEHUE TYHKTA a). [loctpoum ¢yukuumio f: [—-1,1] — [—1,1] ¢ xomeunbM
YUCJAOM TOYEK pa3phiBa, Takyio, 4To f(f(z)) = —z. Momoxnm f(0) = 0, u mycrs
dyukuus f gewrcreyer mo mpasuay 1/2 — —1 — —1/2 — 1+ 1/2. Ha ocrasmuxcs
OTKDBITHIX MHTEpBaJax (PYHKOUSA NEUCTBYyeT KaK U300DaxkeHo Ha puc. 1,
T.e. f((_1/27 0)) = (_17 _1/2)7 f((07 1/2)) = (1/27 1)7 f((1/27 1)) = (_1/27 0)7
f((-1,-1/2)) = (0,1/2). CpaBrure ¢ puc. 2, rge n3obpaxkena opbura Touku r. O

1/2

—1/2

Puc. 1. I'pagux f Puc. 2. Opbura x

PEMEHUE TYHKTA 6). [Mokaxewm, uto ne cywecmeyem dynwxyuu f: (—1,1) —
(—1,1) ¢ KOHEUHBIM YMCIOM TOUEK pas3phBa, Aust kotopou f(f(z)) = —x.

Ecnn takas gyrkumsa cymecrsyer, TO f OuexTusHA, 8 ) — eIMHCTBEHHAA HEIO-
JBIKHAA TOUKA.

B camom gene, f(z) = f(y) = f(f(x)) = f(f(y) = -2z = —y = = = y;
z=—(=2) = f(f(=2)) = f(s), rae s = f(=2); f(z) =2 = f(x) = f(f(z)) = =,
oTkyga x = —x, T.e. £ = 0.

ITokaxeM, 9TO OpOMTA KAXKAOM TOYKM, KPOME HyJd, COAEPKUAT 6 MOuKocmu 4
DJIEMEHTA.

B camom mene, f(f(f(f(x)))) = —(—2) = z. Ecim © # 0, TO, Kax MBI BULEIH,
f@) #x, f(f(@)) = —z # zmwecm x = f(f(f(2))), To f(z) = f(f(f(f(2))) = =,
T.e. z = 0.

Paccmorpum muEOXecTBO A = {aj,as,...,a,} TOYeK paspeiBa GyHKIMN f U TO-
JIOXKAM

A* ={0}U U orb(a).
a€A
ITO MHOXKECTBO 6N0AKE UHBAPUAHMHO OTHOCUTEIBLHO f, T. €.

fly) e A" <= ye A"
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Ilycts by, bo, . .., by — DIEMEHTHI MHOXKECTBA, A*, TIepeYnCIeHHbIe B TIOPAIKE BO3Pa-
cranus. [lockoabKy opOuTa MI0O00U TOYKEA U3 A*) KpoMe HyJsa, conepkuT 4 saeMeH-
Ta, TO
m=4k+1, keN (3)
Homoxum It = (—1,b1), Ijg1 = (b, 1), m gma 2 < j < m oyers I; = (bj—1,bj).
Ipumenss aemmy 2, npusegénnyo Huxke, K I = (—1,1) u M = A*, noryuaem,
uTo f-op6uTa KaxkIoro mHTepBana I; coctont u3 4 saemenTos. [losTtomy m+1 = 4p
nast Hekoroporo p € N. Ho sTo nporusopedur ypasaeruio (3), T.e. CyILECTBOBAHUIO
dyuxuuu f ¢ KOHEYHBIM YUCJIOM TOYEK PA3PHIBA. O

31ech MBI HAOTIO aeM KoMOunamopubli acnexm 3agaqu. Mul mokasanu, 9To 1am-
HA OPOUTHI KAaXKJIOU TOYKH, KPOME HEMOIBUKHOUN, PABHA 4 U TOTOMY KOJUYIECTBO UH-
TEPBAJIOB MTOMYIEHHOrO pas3buenus umeeT Bul 4k + 1. Ho okaswiBaercs, 9To u qiuHa,
OpOUTHI KaxX OO0 MHTEPBAIA TOXE PaBHA 4, OTKYIa MOJyTIaeM IPOTUBODEIHE.

3. OCHOBHASI TEOPEMA

EcTecTBenno BosHukaeT Gonee OOMMU BOIPOC: daka cMpPo2o yobiaow,as wenpe-
PoI8HaA PYHKUUA §, ONpedesennas na 8cetl wuca08ot npamoti. Moxcem au cywecmso-
8amb PyrHKYUL [ ¢ KOHEUHBIM YUCAOM TOYEK Pa3pbiea, makad umo fo f = g?

OTBeT Ha >TOT BOMPOC TaeT

OCHOBHASA TEOPEMA. Ilyemb g: R — R — cmpoeo monomonno ybvisaowasn
nenpepvisnas ynryus. Tozda ne cywecmseyem wmepayuorno20 KopHra 6mopot cme-
Neny U3 g ¢ KOHEUHbIM YUCAOM MOUEK PA3PHIBA.

Buaganre JOKaXKeM HECKOJbKO BCIIOMOT'aTEIBbHBIX yTBep)I(,E[eHPII;’I.

JIEMMA 1. ITycmv wa mexomopom unmepsase 3adamwbt Gynkuuu [ w g, npuuem
g HeNpepuiena U 63aumno 00no3nauna. ycms f u g xommymupyiom, m.e. fog =
= go f. Toeda nenpepvisnocmy dynrxuuu f 6 nexomopoli mouwke To PABHOCUALHA €€
nenpepvisnocmu 6 mouxe g(xo).

[MIOKA3ATEJBCTBO. 3aMeTuUM, 9TO 13 OUEKTUBHOCTYU U HEMPEPHIBHOCTU (DYHK-
UK ¢ CIeyeT GHeKTHBHOCTD U HempepuiBHOCTD dyrkmun g\~ 1. TlosTomy gocrarod-
HO JOKA3ATh TOJBKO OHY MMILTAKAIMIO, & IOTOM 3aMeHnTsb g Ha g1,

Ilycre f mempepwiBHA B TOUke Tg. IlomoxuMm yo = g(Tp) U paccMOTpUM IPOU3-
BOJTBHYIO TIOCIEIOBATEILHOCTE (Y, ), TAKYIO UTO Y — Yo. Homoxum z, = ¢(~1) (y,,).
Torga ,, — o, nockoabky g~ — mempepsiBaas Qyukmusa. Tak Kak f HeIpepLIBHA
B TOYKE Ty, TO

flyn) = f(g(zn)) = g(f(2n)) = 9(f(20)) = f(g(20)),
9TO 1 TPEOOBATOCH. O
IIycts fo f =g. B aTom ciygae f u g KOMMYTHPYIOT, 1 MBI [TOIydIaeM

CaencTBUE 1. Ipu ycaosuu (1) opbuma mouxu paspwisa dynkyuu f nod deii-
CMBUEM g COCTNOUM U3 MOUEK Pa3pbiea. Fcau mnoxrcecmeo mouer paspoviea KoHewHo,
mo u opbuma 40601 U3 HUT KOHEUNA.



198 Buran Bukoa, Anoctonr AnocToioB

o0
CAEACTBUE 2. ITyems I = () g™ (R), 2de g — cmpozo ybvisarowan Gynryus,
k=0

) (z) = g(x). Ecau Pynryua [ umeem Komeunoe Muo*cecmeo mouex paspuisa, mo
sce onu npunadasexcam I.

MOKA3ATEJILCTBO. Jlwobasa Touka Bue I umeeT 6Geckoneyunyio opoury. Ocraercs
TIPUMEHUTH caeacTBue 1. |

3AanA4A 4. Ilycte g — cTporo yowiBatomas HenpepbiBHas Gyuakuus, g(R) — or-
kperThiit ay4. Torga mus moboro s > 1 ypasaenue f(¥)(x) = g(x) He nmeer pemrermit
B K/1acce PYyHKIUA ¢ KOHEIHBIM YUCIOM TOYEK Pa3pPHIBA.

YKABAHUE. C noMOmpio CAeACTBHA 2 MOXKHO MOKA3aTh, 9TO [ HENPEPHIBHA U
youiBaeT Ha R\ g(R). Ecin ¢ — rpaununa g(R), To f(c) # ¢, nnade 6su10 611 g(c) =
= ¢. Ilo menpepuBrOCTH f(C) € g(R), orxyza f(R\ ¢g(R)) C ¢g(R). B To xe Bpems
f(g(R)) = g(f(R)) C g(R), T.e. f(R) C g(R). Tak kax f B3aMMHO OJHO3HAYHA, TO
9(R) € g(R) — nporusopeuue.

OTmeruMm, 9TO OTCIOAA BEITeKaeT pemenue 3agadn K. Maabkosa, omyOinkoBaH-
mou B cOoopuuke «Maremaruieckoe mpocsernenuner, Ne3, 1999, c. 232, mog mHomepom
3.3; pemernne K. ManbkoBa omybaukoBano B «MaTemMaTuaeckoM mpocBerneHumy, Neb,

2001, c. 227-228.

JIEMMA 2. ITyemv I C R — omxpoimuii unmepsaa, o f: I — I — buexmusnas
Pynryus. Paccmompum muoxcecmeo mouex M C I, | M| = m, enoane unsapuanm-
m+1
noe omuocumeavno f. Iycmo {Ij}j:1 — paszouenue I ma omxpvimbie uwmepsa.svl
moukamu muoxcecmea M. Toeda:

(i) Ecau f nenpepvisna na xagcdom uwmepsane I;, mo f(I;) = I, daa nexomopoeo
1<k<m+1.

(i) Ecau, donoanumeavno % (i), fo f empoeo y6usaem, mo f4(I;) = I; das scex
1<j<m+1.

(iii) Ecau, donosnumesvrno x (i) u (ii), nexomopas mouka xo npunadaescum M u
f(f(z0)) = z0, mo opbuma xasxicdozo unmepsasa I; umeem 4 asemenma.

[JOKABATENBLCTBO. (i) 3amymepyeMm uHTEpBaJIbL Pa30UEHN CIEBA HAIIPABO U PAC-
cmoTpuM HekoTophin mHTepBal [;. @ymkumsa f orobpaxaer I; ma f(I;) Hempe-
peiBHO U OumexrusHO, mostomy f(I;) = (¢,d) mus mexoropsix c¢,d € I. Ilockoabky
I; "M = @, a M BnomHe uHBApUAHTHO OTHOCUTEILHO f, TO (c,d) C Ij, nuas Heko-
toporo 1 < k < m + 1. Ucmonsaysa f(~ u paccyx1as aHATOMMYHO, MOTyYaeM, 9TO
f(I;) = I.

(ii) Tax xak @ crporo y6emaer, To f*) crporo Bospacraer. Mmeercs posno
j — 1 urrepBanos caesa or [;. IlpuMensas yreepxaenue (i) k | moxyuaaem, aTo
CYIIIECTBYET Po6#0 j — | MHTEPBAJIOB CJIEBA OT f(4)(lj). CaenoBaTensHo, f(4)(lj) =1

(iii) Ws (i) crmexyer, uTo opbuTa Kaxoro marepsata I; cocroumt m3 1, 2 mmm
4 snementos. Ilpexnonoxum, uro f(f(I;)) = I;. Tak xak Qpyukmus f o f cTporo
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yOBIBaET M HENpEPHIBHA HA [j, TO MO TeopeMe O MPOMEXKYTOYHOM 3HAYEHUN CYIIec-
Byer ¢ € I;, mua koroporo f(f(x)) = z. Ho cTporo yObiBatomas GpyHKIMA MOXKET
VMETh JUIIb OJHY HENOIBIMKHYI TOUKY. SHAUUT, T = xg € M, — mpoTruBopedne.
CaenoBarenbHo, OpOUTA KAXKIOIO UHTEPBAIA UMeeT IuHy 4. (I

JIEMMA 3. ITycmb g — cmpozo y6usaou,an nenpepuiénas Gynkyui 1 6binoaneno
ypasnenue f o f = g. Toeda dynwxyuu f v g umerom eduncmsennyio Henodeurcuyio
MoUKY, NPUUEM 06ULYIO.

[JOKABATEJNBCTBO. O4¥eBUIHO, 9YTO CTPOro yOLIBAOLIAL (DYHKIUA MOKET NUMETh
JIMIIb OJHY HENOJBUKHYO TOUKY. Ecau npu 5ToM (QyHKINS HENpepPHIBHA, TO IO TEO-
peMe O MPOMEXYTOYHOM 3HAYEHMM Takas TOuka o cymectByer. Torma f(zg) =
= f(g(z0)) = g(f(x0)), T.e. f(xo) TakxKe ABIACTCA HENOABUKHON TOUKOU (DYHKIIAU
g. 3uauur, f(xg) = zo. ObparHo, ectu f(z) = z, To g(z) = f(f(z)) = z, oTkyza
T = xg. O

JIEMMA 4. ITyemy I C R — omxpuumuiii unmepsaa, a f,g: I — I maxossl, wmo
fof = g, npuuem g nenpepvisna u OUEKMUBHA, G [ UMEEM KOMEUHOE UUCAO TO-
wex paspvisa. To2da kaxncdas u3 amMuz mouex AUO0 ABAAEMCA HENOISUNHCHOT MOUKOT
dynryuu g, aubo umeem f-opbumy uz 4 saemenmos.

[MOKA3ATEJILCTBO. Ilycts A — MHOXecTBO ToOuek paspbiBa yukiuu f. Io-
ckobKy ¢ u f koMMmyTupyior, To mo creacrsuio 1 memmer 1 g(A) C A. Tak kak A
KOHEYHO, a ¢yukuusa g uabekTusHa, T0 g(A) = A. lycrs a € A u g(a) # a. Ilo-
CKOBKY g o g cTporo Bospactaer u g(g(A)) = A, 1o g(g(a)) = a, T.e. f*(a) = a.
Tak kax g(a) # a, To f(a) #a n f®(a) = f~Y(a) # a, T.e. a nveer opGuty u3 4
TOYeK. |

[JOKA3ATEJLCTBO OCHOBHOW TEOPEMBIL. [lomycTuM, YTO CYIIECTBYET (DYHK-
musa f, obrajaiomas cBOECTBaME U3 ycaosua Teopemer. Owuesmgmo, ¢ tD(R) C
C g™ (R) maa Bcex n € N. I[OCKOIBKY ¢ HENPEPHIBHA M CTPOrO MOHOTOHHA, TO

g (R) — orkperreii uarepsan B R. omoxum
1= ¢ (m).
k=0

[MockonbKy g HenpepwIBHA U CTPOro yOBIBaeT, TO ypaBHeHUE ¢(r) = & uMeeT POBHO
oaro pemesnne zo. Torma g*)(xzy) = xo ama Beex k € N, orkyna zo € I, T.e. I # @.

ITockonbky I — cyeTHOe mepecedeHrne OTKPBITHIX UHTEPBAIOB, TO I cBsa3HO. [Ipn
srom g(I) = I. Jlerko BugeThb, 9T0 I HE MOXET OLITH MOJYUHTEPBAJIOM B CUIY MOHO-
rorHOCTH ¢. [Ipegnonoxum, uro I = [a,b] gna HexoTopwix a < b. Tak Kax g cTPOro
youiBaet, 1o g(a) = b, g(b) = a. Ho KOHIBI IPOMEXKYTKA He BAUAIT Ha HAIIU PACCY-
JK IEHVS, TAK ITO MOXKHO CUMTATL | OTKPBITHIM MHTEPBAJIOM.

IIycTs MHOXKECTBO Aeyxy COCTOUT U3 BCEX TOYEK PA3PhIBA PYHKIUU f U TOUKA
zo. U3 caegcrua 2 jgemmbl 1 BoiTekaeT, 9TO Aexy C I. Ilpumenus jgemmbr 3 u 4
x f,g: I — I, norydaeMm, 9T0 MHOXKECTBO Aexy cocTrouT u3 4p + 1 saemenToB 414
umexkotoporo p € N. CooTBercTByiomee paszbuenue uHTepBaia I JOMXKHO COCTOATH U3
4p + 2 oTKpHITEHIX UHTEpBAIOB. [Ipumenus k I memmy 2(iii) ¢ M = Aeyg, momydaem,
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ITO OpOUTA KAXKJOT0 MHTEpBata [; COCTOUT U3 eTHIpeX DJIeMEHTOB U MOTOMY “HC/IO
WHTEPBAJTIOB JOJKHO TeTUTHCA Ha 4, TOraa Kak oHO uMmeeT Buf 4p+2. Takum o6pasow,
TIPENIOJOKEHNE O CYIIEeCTBOBAHUY (DYHKIUU [ BEOET K MPOTUBOPEUUIO. |

4. TIONBITKA ITAJBHERIIEIO OBOBIIEHUS

EcrecTBenno monelTarhbes 0600MNUTL OCHOBHYIO TeopeMy. A 4To ecim QpyHKIuUA
g: R — R moHOTOHHO yOBIBaeT, HO He 00A3aTENbHO HempepbiBHA? fICHO, YTO ecan
g nMeeT GEeCKOHETHOE YUCIO TOYEK Pa3phiBa, TO (PYHKIMOHAILHLIM KOPEHb f, 1A
xoToporo f o f = g, Toxe umeeT OECKOHEYHOE UMUCIO TOYEK pas3pbiBa. [lodToMmMy
nmorpebyeM, YTOOBL PYHKUYUSL § UMEAL KOKEUHOE YUCAO MOUEK PA3PLIBA.

OxasbiBaeTcs, B 5TOM caydae ypasHenue (1) MOXET UMETh PEIIeHus, OpeneIeH-
HbIE Ha BCEU IUCJIOBOU TPAMON.

IIPENJIOXKEHUE 1. Cywecmsyem omxpumeri uwmepsas I C R u dynxyuu
fog9: I = I ¢ Koneunbim wucA0M MOUEK PA3PbIBA, MAKUE 4MO g CMPo2o Yyovisaem
u f(f(z)) = g(x) das ecex z € I.

[TOKABATEJTBCTBO. 3IeCh MBI HAYMHAEM HE C BLIOOPA (PYHKIUU § C IMOCAETYIO-
UM [IOCTpOoeHueM f, a ¢ mocTpoerusa camon gpyakimu f. [Jaa obaerdenus BLIMUCIe-
uun paccmorpum I = (—16,16), Bmecto (—1,1).

g +2 mpuaze (16, -8),
—g+10 npu z € (—8,0),
—g—l() npu z € (0,8),
llyere f:(-16,16) = R, f(z) = g —2 npuz € (8,16),

—2 mpumx = -8,

—10 mpu z =0,

2 nopmax =8.

Jlerko npoBeputs, 9To f uMeeT 3 TOUKHU pas3puiBa U uTO ¢ := fo f cTporo yOeiBaeT
U TOXEe UMeeT 3 TOYKU Pa3pbiBa. UTOOLI Jydille YBUAETH MOLYYUBIIYIOCA KAPTUHY,
cM. puc. 3 u puc. 4. a

3AMEYAHUE 1. OTmerum, uTo rpadux GyHkuuu f cumMmerpudeH (3a UCKIOTe-
HUEM OJHOU TOYKU) OTHOCUTEIBLHO IOBOPOTA IIockocTu Ha 180° (cM. Taxxe puc. 1).

BJIArTOZIAPHOCTHT

Mzur xoTuMm nobaarogaputhk Anekces Benosa u I'érua Ilpangepa, koTropere mo3ua-
KOMIIN HAC ¢ PYHKIMOHATBHBLIM ypaBHeHumeM f o f = —id, a Ttakxke Amexcangpa
BydeToBa 3a noresusie 3amedanusa u bopuca PpeHKrHA 3a PETaAKIINOHHYIO MPABKY.
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M=er ocobenno Gaarogapust Amekcero BenoBy, KOTOPBIM MOMIepKaT HAIIA TOMBITKA
0600 T 3TO (PYHKIIMOHATHFHOE YDABHEHNUE.
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