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OTa 3aMeTKAa MOCBSAIICHA PeleHuto 3ana4u 8.5 us 3agadnuka «(MaTeMaTuaeckoro
npocsernenusy. HamoMaum ee popMyIupOBKY.

[ns wppanuosaasHOro yucaa « > 1 o6osnadum N(a) = {[na] | n €
N}. [Ina xakux HATYPaJAbHBIX k HAWAYTCA GUCAA (U, ..., Qf, TAKUE, ITO
muoxkecTBa N(aq),. .., N(ag) o6pasyoT pasbueHne HATYPAIbLHOT'O PAIA.

Cpagzy mpusegem otrBer: k = 2. CymmecTBOBaHUNE UCKOMBIX YUCEN I k = 2 BHITE-
KaeT U3 meopemvt 0 640Te U Ky3neuukre, TOKA3AHHOU M3BECTHLIM (DU3UKOM U MaTe-
MAaTHUKOM JIOpIOM Pameem.

TEOPEMA. Muoxectsa N(«a), N (/) sagaior pasbueHune HATYPAIBLHOIO PALA TO-
rIa ¥ TOMBLKO TOTAA, KOTAA 9ACIA & ¥ 3 YIOBIETBOPAIOT PABEHCTBY

1 1

—+—=-=1 1
S5 (1
Heo6xoqumocts yeaosusa (1) mouru oueBuana. [JeUCTBUTENLHO, N4 JOG0TO 71 KO-
JMYIECTBO dIeMeHTOB MHOxecTBa N (@), He IPEBOCXOANINX N, PABHO ["TH] IIpex-
1 1
TONIOKUM, ITO — + 3 > 1. Torga mpu n — 00
n+1 n+1 1 1
— —+=--1)-1
[a}_'_{ﬁ] n>n(a+ﬂ ) —1—= o0,

T.€. CymeCTBYeT GECKOHEUHO MHOrO 4ucea, Bxoaammx kak B N(«), Tak u B N(f).
1 1

Amnanoruano, npu — + 5 < 1 cymecTByeT 6€CKOHEIHO MHOT'O IHMCE, HE BXOIAIMX HA
«

B OJHO U3 IBYX MHOXKECTB.
HMoxaxem mnocrarognoctsb ycmosua (1). Ilpenmonoxum cHadatza, 9TO HEKOTOPOE
qucio n € N(a) N N(B). ITo 03HAUAET, 9TO HAUAYTCA HATYPATbHBIE &, I, TAKUE,
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4T0 [za] = [yf] = n, T.e. BLIIOTHEHH HEPABEHCTBA

n<za<n+l,
n<ypf<n+l.

[IpeobpaszoBaB 5Ty cucTeMy K BUIY
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U CIOXKWB HEPABCHCTBA, MOMYIIM
r+vy
n+1

wmn < +y <n-+ 1, 9T0 HEBO3MOXKHO, TaK Kak =,y € N.

Awnanoruuno, ecau vexkoropoe n & N(a) U N (), To mHaungyTcs , y, yIOBIETBOPA-

IOIAE CUCTEMe HEPABEHCTB

<1<£L‘—+y,
n

ra < n,
(x+Da>n+1,
yB <m,
y+1)B>n+1,

13 KOTOPOU TIOCTEe TPEOoOPa30BAHUN BHITEKACT N — 1 < &+ y < n.
Teopema Pases umeer odeBugnoe

CHENCTBUE. Ecau qucna o u f yIoBIeTBOPSIOT PABEHCTBY

m n
E+E:1 (2)

[T HEKOTOPHIX HATYPAIbHLIX m u n, To N(a) N N(8) = &.

HencrBurensho, ducna o' = a/m, ' = §/n yposrersopsior (1), creqoBaTeasHo,
N )NN(B')=@,u80 N(a) C N(a'), N(B) C N(8').

OcCHOBHOU Hamen Lenbio OyIeT NOKAa3aTeabCTBO OOPATHOTO yTBEPKIEHUS: I/
mobLIX @, 3, Takux, ato N(a) N N(f) = &, Hangyrcsa HATYypAJIbHLIE M, N, yIOBJIe-

TBOPAIOIINE DABEHCTBY (2).

1 1
IIycTes v — umcno, GOMOTHUTEIBHOE K (v (E + 5 = 1). Torga mo Teopeme Pames

/s mo6oro HaTypaasHoro n Mexay [nf] u [(n + 1)8] Hangercs umcio, kpaTHOe 7,
r.e. {[nB]/v} >1—1/y wm

{nB/7} = {nB}/y € (1-1/7,1) (mod 1). (3)

Paccmorpum Top 0 < £ < 1, 0 € y < 1 u 6yzem oTMedaTs HA HEM TOYKU BUIA

Zn = ({nB/v},{nB}). B cuny (3) Bce Z,, 1exar BHe napawienrorpamma P, orpanuden-
Horo mpaMbiMu y = 0,y = 1, y = vz, y — 1 = y(x—1). 3amoauum sx3eMIIApamMu TOpa,

{8}
{8/}

KO2(DMUIMEHT DTON MPSIMOU UPPALNOHATEH, TOUKY 2, BCIOAY ILIOTHO 3aMOTHAIT TOD,
u (3) He BEIMOMHAETCA. [eNCTBUTENBHO, B 5TOM caydae uucta {3/}, {8} u 1 monapao

BCIO ILIOCKOCTB, TOI'Ia BCE TOUKU Z,, TTONALYT HA MIPAMYIO Y = x. Eciu yruoson
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HECOM3MEPUMEL, U IO TeopeMe 06 0OMOTKE TPEXMEPHOT'0 TOPa MHOKECTBO TOYEK BHU-
na ({8/~vt},{Bt}, {t}),t € R mnorro B Tope 0 < x,y,2z < 1. COOTBETCTBEHHO, TOYKH
7, BCIOAY IIOTHO 3AMOMHAIOT I'PaHb 3TOr0 Topa z = (. AHATOrMYHO TOKA3EIBACTCA,
YTO eCJIH YIIOBOU KOA(DMDUIIMEHT paluoHAJeH, HO IpAMad IepeceKaeT KaKou-Huby Ib
u3 mapanrerorpammos P, (3) Takxe He MOXeT BRIIOAHATHCA. U3 puc. 1 BuaHO, 9TO
IJIST TOTO, YTOOKI IpAMAas He mepecekana P, OHa JOMKHA IPOUTH depe3 KaKyIo-TO 13
rouek (m,m — 1), roe m > (m — 1)7.
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Pwuc. 1.

Takum ob6pazom, umeem {(m — 1)3} = {mfB/y} nwmu (m — 1) = mfB/v + n, aro
PABHOCWIBHO UCKOMOMY YTBEPKICHUIO.

Temepsb yxKe COBCEM MPOCTO YCTAHOBUTDL, YTO k = 2 IUHCTBEHHLI OTBET K 3a-
nade 8.5. [[eNCTBUTENBHO, MPEATIONOKAM, ITO HATYPATILHLIA PAL MOXKHO Pa3OUTh HA,
k > 2 muoxects Buga N(«). Torga cymecTByoT Tpu 4ducia «, [, 7y, Takue, 9TO
muoxectBa N(a), N(8), N(7v) nonapHo He mepeceKalTcs, 1 [0 T0KA3AHHOMY yTBEpP-
KICHUIO HAUAYTCA HATypPaIbHBIE M1, M3, M3, N1, N, N3, TAKAE, ITO BLITOJHEHLI
pPaBeHCTBA,

m, n
Bty =0
n m
n3 M 1,
a Y
m n
_2 + _1 = 1_
a B
OTU PABEHCTBA MOXKHO PACCMATPUBATE, KAK CUCTEMY JUHEUHBIX yPABHEHUN OTHO-

1
cuTeabHo — , — , — . [lockoMbKY onpenenuTenb CUCTEMBL PABEH M1MamMms3 + Ninaong >
@ ¥

B
> 0, oHa MOMXKHA UMETHb eIMHCTBEHHOE, U TIPUYEM PAIMOHAJIBLHOE, PElleHre, YTO He-
BO3MOXKHO.

W3 npusenéHHOrO paccyX)IeHus clieqyer Takxke, 9T0 HUKakoe MHOx)ecTBO N («)
HEe MOXeT OLITHL Pa3buTo Ha 2 WM OOJbIIE MHOXKECTB TAKOr'O K€ BUIA.
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