Hain CEMMHAaAP: MaTeMaTHnIEeCKHue
CIO2KE€ThI

9KCTp€MaJIbeI€ PacCIIONOAKEHNA TOYEK Ha Ccpepe

H. H. Auapees B. A. 1O nun

BBEJIEHUE

NmeeTcs megbIl psiji XOPOIIO U3BECTHBIX 3a/4av: KaK pacnoJoknTh N To-
9eK Ha cepe, ITOOHI
a) CyMMa BCEBO3MOKHBIX PACCTOSHII MeX Iy HUMH CTAJI0 HaHOGOMBITHM?
6) HamMeHbIllee PACCTOSHHE MeXKJY TOYKAaMH CTalo HamboJblINM (3aj]ada o
JIuKTaTOpax)?
B) NpOU3Be/eHne PACCTOSHUE GBLIO HANGOMBIIHM?
B nacTosen ctaThe MBI pacCCMOTPHM BOIIPOC O PACTOJOKEHHN TOYEK, MUH-
MU3UPYIONINX NOTEHIHAILHYIO DHEPrHi0 B3aUMOIENCTBHUA CHCTEMBI 3aps[0B.
[Manee gepes ab 6yaeT 0603Ha9aTHCA CKaIgpHOE MPON3BeIeHNe BEKTOPOB a, b
13 TPeXMepHOTro eBKIN0Ba npocTpancTsa R?, [a| = \/aa — gruna BexTopa a;
S={(z,y.2) eR?| 22 + y?> + 22 = 1} — eauununas chepa uz R3.

3AnAY9A. Ilyems na cepe «npubumer 2603damur N noaoxcumeabusbls 3a-
PAA0G 1, ....qN 6 MOUKAL a, .. .,a(N)

IHEP2UA CUCTEMBL 3a4PAA06 PAGHA

B 44
W= ; 2@ — O]’
i#]

. Ilo 3axony Kysona nomenyuaipras

20e |a') — aW)| — pacemosnue mencdy mouxamu o) u a9, m. e. dauna

K

ompesxa, coedungouezo amu mouku. dmo npousoiidem c zapadamu, ecau
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«26030u 6b1depuymby ? K Kakum pacnosodcenusm oydym cmpemumsbcs 2aps-
dbl, CMPEMACH MUNHUMUSUPOEAMD NOMEHYUAABHYIO IHEP2UIO CUCTNEMBL?

B panpHelitiieM orpaHUYuMCcS pacCMOTpeHHeM paBHBIX 3apsigoB. B nada-
ge Beka [/Ixk. /Ixx. Tomcon [1] mpoBoguI DKCIepUMEHT MO HAXOXKIEHHIO HAW-
JYYIIHX PACTOJOXKEHUH s HeGOJBINX KoJandecTB 3apsanoB. Tak, npu N =
= 4,6, 12 moayyuauch Kiaccuieckne KOH(MUTYpalUu: TeTpasJp, OKTadJp u
nKocasap. VuTepecHo oTMeTnTh, 9TO npn HeKoTOpeix N (Hampnvep N = 5)
DKCMEePUMEHTHI MPUBOJUIN K PAa3JUYHbIM KOH(MUTYPAINAM.

Bygem paccmMaTpnBaTh 3aaqy pacnojoykeHus Ha enHndHOn cpepe N To-

N)

qex alV), .. .,aN), s xoTophix vHeprus

w=>" _
et |a(2) — a(])l
iF]
NpUHNMaeT HanMeHblee 3uadenne. O6o3nadnm ee W(N). Kak pemats Takmne
saga4u’ B obiiem ciydae — nponsBoapHoro N — oTBeT HeusBecTeH. [lisg Ma-
auix N: N = 2,3, 4 HeTpyAHO AOTAJaThCA, H C MOMOIILIO XOPOIIIO W3BECTHRIX
HEPaBEHCTB O CpeHeM apudpMeTHIecKOM, CpelHeM TeoMeTpPHIecKOM W Cpef-
HeM TapMOHHYECKOM [0Ka3aTh HKCTPEMaJbHOCTh KOHCTPYKIHM:
N = 2 — nBe MPOW3BOJLHEIE TPOTHBOMOMOKHEIE TOYKA Ha cepe;
N = 3 — TpHl BepIINHH NPaBAJILHOTO TPEYTOJbHWKA, PACIOJOKEHHBIEe Ha
MPOU3BOJABHON TyTe GOMBINOTO KPyra cephr;
N =4 — 4eTHIpe BepIINHE MPAaBUILHOTO TeTPadApa, BINCAHHOTO B cdepy.
31eck MBI Jgokaxkem, 9To mias N = 6,12 skcTpeMaibHBle KOHCTPYKIHK
3a4aI0TCA BepIInHAME OKTadIpa W MKOCadIpa, BIUCAHHLIX B cdepy. Jag mo-
Ka3aTeJbCTBA HAM MOTPeGyIOTCA CBeleHNsA O MHOTodUiIeHax Jlexkanapa w mH-
TePHOJASTHOHHBIX MHOTOYJIeHaX JPMUTA.

MHOTOYJEHBI JIEXKAHIIPA

Omupegennm MHOTOWIEHB P,, roe n — HAaTypalibHOE YHCJIO, C TOMOIIBIO
PEKYPPEHTHBIX (QOPMYI:

1 1
Py=1, P =t, P2:§(3t2—1), P3:§(5t3—3t),...,

(n+1)Pp1=02n+ 1)tP, — nP,_4.

Muorownenst Py, P, P, ..., K&K IBIH 03 KOTOPLIX HMEET CTelelb, YKa3aHnHyio
ero WHIEKCOM, Ha3LIBalOTCA MHOToYIeHaMn Jlexkanapa.
Muorounens Jlexkxangpa 061aat0T psAIOM 3aMedaTeqbHBIX cBONCTB. Hawm

noHaJJo0buTCA
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CBOIICTBO NOJOXKUTEJBHOW ONPEJAEJIEHHOCTH. /11 T1060T0 HOJTOKAT ML
HOTO YHUCJa N 0 JI0O0TO0 KOHeYHOTr 0 MHOYKeCTBa M TOYEeK quepm BBITNIOJHAETCA
HepaBeHCTBO

> Palab) 2 0. (*)

a,beM

B nocaiemame roapr ncnob30BaHNe HepaBeHCTBA (*) 7 eT0 AHaJOT OB IPUBEIN K
TOYHOMY pellIeHnio psAla U3BEeCTHLEIX 3a a1 r,'_[I/ICer'l'HOI'/JI reoMeTpuun m TeoOpun
KON POBaHNUA.

Beujy BaxHOCTH (*) IpUBEEM €r0 [0Ka3aTelbCTBO. B MaTeMaTH9eCcKol (H3HKe XOPO-
1o m3BecTHa [2, cTp. 484] bopmyna Jlamnaca. B wacTHOM ciy9ae oHa MIPUBOANT K PABEHCTBY

Py(ab) = 2k4+ ! / Py(ar)Pr(br)ydr, r=(z.y.2), k=0,1,2,....
T s
Jlas mo6oro k= 0,1,2, ..., ckiagsBad 3TO paBeHCTBO aadA a,b € M, Haugem:
o 2k+1 . .
Z Pk(ab) = ir /S Z Pk(aT)Pk(br) dr =
a,beM a,beM
2k +1 ’
+ ‘
= T/s Z Pr(ar)| dr > 0.
aEM

HepagercTBo (*) gokasaHo.

WMHTEPIIOJALUOHHBIE MHOTI' OY4JIEHbI

49 —

Mycts {t;}7_, C (a,b), t1 < ty < -+ < iy, ¢ Pa3sIWIHBIX TOYEK
u3 nHTepBana (a,b). Anrebpandecknit MHOrOUIeH h,_1(t) cTemenn ¢ — 1 Ha-
3BIBAETCS MHTEPHOMSINOHHBIM MHOTO4IeHoM Jlarpanxka gis ¢pynkunu y(t) B
ToYKax ty,..., t,, Ha3BIBAEMBIX TOYKAMH HHTEPIONANNN, €CIH

h(tl) = y(tl), .. h(tq) = y(tq)

Ecan e cTenens Mrorodnena paBua 2¢— 1 u B Toukax {f;}._, BHIIOMIHEHD
JTOMONHATEIbHEIE YCJIOBISA COBIAJeHNA 3HAUE€HUH TPON3BOTHBIX

h/(tl) = y/(tl)v .- '7h/(tq) = y/(tq)v

TO OH HA3KIBAeTCH NHTEPNOJANNOHHBIM MHOTOWIeHOM JpmuTa. A. A. MapkoB
Halen GOpMy.Iy Ais YKJIOHEHHS MHOTOUIeHa DpMATa OT GyHKunn y(t).

TeEOPEMA. [lyemob y(t) — nenpepvisnas gynxyus na ompesxe [ty,t,] —
umeem npoudeodnyio nopadka 2q na unmepease (t1,t,). Toeda natidemes
mouxa T, T € (t1,t,), maxas, umo

y(2q)(7_)

T(D!(t —t)r (=t

y(t) = hag-1(t) =
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W3 5>Toil TeopeMbl B YaCTHOCTH BBITEKAET, ITO €CJaH y(Qq)(T) >0, <
<7<ty TO
y(t) 2 h?q—l(t)7 tl < t < tqv
T. €. I‘padf')I/IK MHTEPHNOJAINOHHOT O MHOT'O1J€eHa QPMI/ITa BCera pacCloJOozKeH
ke rpaduka ¢ynkunu y(t). [rs mHammx mesei monaTo6mTCs HeGOIBIIOE
B JOU3MEHEeHHne DTOHU TeOpeMBEI.

TEOPEMA. ITycmw
1) Dynxyus y(t) nenpepvisna na [to, h], to < t; < -+ < t, < h, u umneem
npoudeodnyio nopadka 2q + 1 na (to, h);
2) aazebpauueckuii muoeouren hy, cmenenu 2q maxos, umo
h?q(ti) = y(tz) 1=0,1,....¢; /Qq(tl) = y/(tz) 1=1,2,....¢q.

Tozda na (to, h) naiidemes mouxa T maxas, wmo

(29+1)
Y () 2 2
1) — hoy(t) = =——L(t —to)(t —t1)" ... (t —t,)".
y(t) — hay(t) 1) (t—to)(t —t1)"...(t —t5) (%)
JIOKABATEJBCTBO. 3adukcupyem ¢ Takoe, 9to t # t;, ¢ = 0,1,...,q.

PaccmoTpnm dyuknmio

£17) = y1r) = hr) - Ll
rae w(t) = (7 —to) (7 — t1)%... (7 — t,)?. TlousTHo, 9TO

z(t)=0; =z(t;)=0,7=0,1,...q.
3HA4nT, 10 TeopeMe Pojis, yTBepXK 1afolell, 9T0 MeX 1y IByMs HYJISMH Tud-
(depeHINpyeMOll (GYHKIHN JeKAT HOMb ee MPON3BO[HOM, CYIIeCTBYeT MO Kpail-

Hell Mepe ¢+ 1 ToYKa, HE OJ{HA U3 KOTOPBIX He COBIIAJaeT C TOYKAMH o, . . ., t,,
B KOTOpHIX z'(T) obpamaeTcs B HOMb. Kpome Toro, m3 BTOPOTO yCIOBHS Te-
opeMbl 1 BHJa (yHKNnH w(T) 3akiiodaeM, 9To 2'(f) = --- = 2/(t,) = 0. B

HTOre HMeeM, 9TO NPon3Bo/IHas 2z’ (7) obpalnaeTcs B HOJIb MO KpaliHell Mepe B
2¢ + 1 pasmuvnon Touke u3 (tg, h). [Ipnmenss Teopemy Pouas emme pas, Haxo-
auM, 9To 2’ (7) obpalnaeTcs B HOMb 110 KpaliHell Mepe B 2¢ Pa3JHYHBIX TOYKaX
naTepBana (fo, h). [Ipumenss Teopemy Poans emie 2¢ — 1 pas, moaydaem, 9710
HangeTcs ToYka T, T € (fo, h), B KOTOpOH z(2q+1)(r) = 0. Tak xak cTemenb
mrorounena ho,(t) pasua 2¢, To hy,?9t1)(t) = 0. Crenens MurOrOTIeHa W(T)
paBHa 2¢+1, kKoopuunent npn 722+ papen 1, u 3maunT w(2q+1)(r) = (2¢+1)".
YauTHIBas 5TO, MOJyTaeM

0 = 22040) () = y2at1) () _ YD) = P2g(8) ;(f)?q(t) (2¢+ 1)1,

OTKYda cjaenyeT yTBepxKIeHne TeoOpeMbl.
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S3AMEYAHUE. [lycth o > 0, K > 0, ¢ — npou3BOIbHOE HATypalbHOE
gucao. Torga mis aoboro —1 <t < 1

y(t) = K(1= 1) > hy (1)

rie hy, — MHOTO4JEH yJOBJIeTBOPAIONNN ycroBuAM TeopeMbl 1. [leiicTBH-
TelbHO, BO3bMEM MPOH3BOJBbHBE —1 =ty <t < --- < t, < h < 1. Dynknng
y(t) abcomoTHO MOHOTOHHA Ha (—1,1), T. e. ee MPOW3BOHEIE JMIOGOTO TO-
pfjgka HeoTpnuaTesbHbl Ha WHTepBate (—1,1). Torga m3 (k) Haxoamm, 49TO
y(t) — hay(t) > 0 pan =1 <t < h.

Wcnoab3ysa npuBeeHHLIe BEIIIE CBeJCHES, IepelfeM K TOYHOMY PeIIeHHIo
Halllel DKCTpeMaJbHOH 3a1ati.

OUEHKA CHU3Y

Teneps mpemRIoKUM METOI, TO3BOASIONINT HAXOAUTH ONEHKY CHU3Y BeJIH-
anubel W(N) — moTeHumaabHOHW dHeprum cucTeMbl m3 N pPaBHBIX 3aps OB,
pPacmoMoKeHHBIX Ha eIHHUYIHOU cdepe.

TEOPEMA 1. [lycmb arzebpauueckuii muozouen hy, (t) maxos, umo
1) Koadduyuenmor pazaoxncenus hy, (t) no muozourenan Jlemrcandpa neompu-
YaAMmeabHbl, M. €.

hm (t) = coPo(t) + 1 Pr(t) + -+ -+ e P (2), 2de ¢; 2 0, ¢g > 0.

2) Cnpasedaueo Hepasencmeo

To2da dasn awboz2o namypaavruozo N, N > 2

N
WN) > 5 (Neo = h(1))

JIOKABATEJLCTBO. PaccmoTrpuMm mpomsBoabHbIH Habop m3 N Totuek
{a(l) f\il, JeKalmx na egmamanoi cpepe S. Tak xak al) € S, o

12D — aD| = 1/]a®) — ad)|2 = VadDal) — 2aDali) + alD)ali) =

:\/§V1_t7 I‘r[[et:a(i)a(j)7
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I U3 BTOPOTrO YCIOBHS T€OPEMbI HaXOMUM, YTO JJIs § # J

1 1 N 1 N
 — (dWe)y > — (1) ¢ (9)
|a(i) _ a(]‘)l - ﬂy(a a ) 2 ﬂh’m(a a )

Ha6op Todvek GBI MPON3BOIBHBIM, CleOBATENbHO, Mas Beandnuabsl W (N) mo-
JydaeM ONeHKY CHH3Y:

Tak kak npu ¢ = j alVqli) = 1, 10

N N
1 N
W(N) = 72 (Co E 1+¢ g Py (aPaDy 4 ..

1,5=1 t,5=1

N

1,5=1

BCJIG,,'_{CTBI/IG MOJO2KUTEJIBbHOCTH KOBdef')I/IHI/IGHTOB c; MOJOXKUTEILHON onpe-
JeJeHHOCTH MHOTOY1JeHOB JIG)KaH,T_[pa nMeeM

1 2,
W(N) > % (N2co — NA(1)),

9TO U JaeT ONeHKYy CHH3Y.

Ouenka cBepxy 6y/eT JaBaThCAd KOHKPETHRIME TTPHMEPAMU PAaCTONOKEeH
3apanoB. B cayvae N = 6, 12 oneHKH CBepxXy COBNAAYT C ONEHKAMU CHU3Y, U
3HAYNT, DHEPTUA B 9THUX CAy4asXx OyJeT B TOYHOCTH PaBHATHCA MPUBeIeHHBIM
BelMYUHAM.

BorauciaeHuE W(6)

ITomecTnM 11€CTH 3apA 0B B BEpIINHLI OKTadApa, ABJAAIONINECS Mepecetde-
HHEeM KOOPANHATHHIX OCell ¢ enHNTHON cepoi: B Toukn +(1,0,0); £(0, 1,0);
+(0,0,1). HemocpeicTBeHHBIN MOACYET MOKA3BIBAET, ITO /IS DTOTO PACTONO-
JKeHNUd 3apA 0B DHeprud paBHA 3412v/2. D10 ABIgETCH ONEHKOM W (6) cBepxy.
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[Monyaum onenky cansy. C 5TOH neabio MHOTOWIeH hg(t), OyreM CTPOUTh TaK,
9TOOBI

ha(—1) = y(=1), ha(0) = y(0), hy(0) =y'(0); rae y(t) = (1—t)~/%
BTI/I COOTHOIIIEeHUd MNO3BOJASAIOT HaﬁTH HBHHﬁ BI/IrH MHOT O4JI€eHa BTOpOFO IIo-
pH,L[Ka n pa3J10>KI/I’Ib ero 1o MHOro4YJjeHaM JIe)KaH,L[pa:

ha(t) = ; (% - %) Py(t) + %Pl(t) 4 (g + ﬁ) Polt).

Bce Tpm kodddunnenTa cg, €1, ¢y noaoxkuTeNbHH. [lo Teopeme 1 BhIOJSHE-
HO W BTOpOe YCJIOBHE TeOPeMBl 2, YTO TO3BOJsSeT HaM BOCIOJB30BATHLCA €fo.
Boraucasas hg(l) =1+ % HAXOUM, ITO

W(6)>%(6(%+$)—1—%):3—|-12\/§.

Taknm obpaszom jgokasano, ato W(6) = 3 + 12V2.

BeraucaeHuE W (12)

B mamnom caydae 5KCTpeMaJbHBEIM PacloOJOKeHUeM TOYeK 6YIeT paclofo-
JKeHne WX B BepIImHax mkocadapa. Mkocadap ABIAeTCS OMHUM U3 TMATH TIpa-
BUJIBHKEIX MHOTOTPAaHHUKOB U uMeeT 12 Bepuin, 20 rpanen u 30 pebep. Kax
B 3TOU CUTyalnuu cTpouTh MHOrouwien? Tak kak maas Todek a,b € S mpo-
u3BejieHe ab paBHO KOCHHYCY yTia MexKIy BEKTOpaMHi € KOHIAMH B TOYKaxX
a,b, To mpenBapuTeIbHO HYXKHO pa3obpaThes B yriax Mexay 12 Bepurmna-
Mu uKocasapa. Hepes a 0603HAYNM 30J0TOE cedeHne — HaubGOMbIINNT KOPEHb
ypasuenna a? = a + 1. Torga a = 1‘;—\/5 JIBeHa IMaTh BEpIINH WKOCAdIPa
nMeoT KoopanHaTh: £(a, 1,0), +(0,a,1), £(1,0, a), £(a, —1,0), £(0, a, —1),
+(—1,0,a). YT06HI OHN MpHHA IJT€XKATN e TAHHIHON cdepe, MOTeINM BCe KOOp-
quHaTH Ha v a? + 1. HeTpyano mocanTaTh, 9TO BCEBO3ZMOKHBIE CKAAAPHDLIE
Ipou3BeleHNsT BEKTOPOB, HANPABICHHBX W3 Hadala KOOPAWHAT B BepPIINHLI
IKOCadIpa, JA0T TUCTa :l:l/\/g u £1. ITo mo/ickazbpiBaeT HaM €oco6 BHIGO-
pa MHOTOUJIeHa B TeopeMe 2: OH JOJKEeH VI0BJICTBOPATH COOTHOIICHUAM

1 1 1 1
h(=1) =y(-1), h(+—=) = y(+—=), b (+—=) =¥ (£—).
(=1) = y(=1), hE—2) =y(E). HiE2) =y (E )
9’II/I COOTHOIIIeHnA onpeneqastoT yzKe MHOTOYJeH YeTBepTOro mopsigka. ,Z[JIH
rE[aJHgHeI?ILHeI“O HY?KHO MMOBTOPHUTHL pacCCyzKIeHUsd, MPpOBeIeHHbIe HaM®W IS Cay-

qag N = 67 HO BBHIY I'POMO3IKHNX BBIKJIA JOK MBI HX OIIYCTHUM. Hanumewm aums

OTBeT:
W(12) = 64 154/10 — 2v/54 154/ 10 + 2V/5.
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JN3ANHBL

B cBasu ¢ pemrenmeMm psja 3aja¥ U3 PasaiHYHLBIX pa3geloB MaTeMaTHKH
BO3HUKJIO IOHATHe nu3aina. [locTapaemcsa nosmakoMuTs Bac ¢ oTuMm nmonaTu-
eM.

B kakux ciaydagx ONHMCaHHBIH BEIIIe METOJ JdaeT TOYHLIN oTser? Ilpm
NOJYYeHNN ONEeHKH CHU3Y MBI WCIOJb3yeM [Ba HepaBeHcTBa: y(t) > h(t) u
Za,bEM Pr(ab) > 0. 3ra4nT, TOIHBII OTBET BO3MOXKEH JHIIb B CIydae, KOT1a
oHn obparmaioTcsa B paBencTBo. /lias obpallienns B paBeHCTBO MEPBOTO Hepa-
BEHCTBAa MBI CIENNaJbHBIM 00pa3oM BHIOMpaanm TOYKH mETepnoasunn. Hamo
ellle Tak BRIOMpaTh MHOXKeCTBO M, 9TOOLI I BTOpOe HepaBeHCTBO obpalia-
JOCH B PaBeHCTBO. Tak MBI eCcTeCTBeHHBIM 006pasoM IPHXOAUM K IOHATHIO
au3aima.

ONPEAENEHUE 1. Muoncecmeo mouer D = {dD}N . D C S nazwisa-
emea Ju3ainoMm NopAdKa ¢, ECAU 6LINOAHEHBL PA6EHCTNEA

N B
ZPk(:Cd(Z)) =0, k=1,...,q,
=1

das aw0botl mouku ¢ € S.
OKBHBAJCHTHEIM €My fABILETCA CJAefyloliee

ONPEIEAEHUE 2. Muoxcecmeo mouex D = {d) N.. D C S nasviea-
emesa Ju3atinom nopadKa ¢, €CAl 6bINOANENB PA6EHCNEE

N . .
Y p(dDdiy =0, k=1,....q.

2,9=1
1#]

Jluzaiin mopsjiKa ¢ Ha3KIBAETCH MUHUMAABHBLM, €CAU OH COJEeP:KUT HaWMeHb-
1ree KOMM9eCcTBO TOYEK, HeOOXOMMMBIX 15 BEIMOTHEHNS YKa3aHHBIX TOXK T€CTB.
K coxanennio, 0 MUHIMaJbHKEIX [MH3alHAX W3BECTHO O4YeHb MaJjo. U3BecTen
JUITh WX KOHeYHBIN Habop. JliobGble nBe AMaMeTpalbHO NPOTHBOMOJOXKHEIE
TOYKH Ha cepe ABISIOTCA [U3AHNHOM MEePBOro mopsaka. BepinHbl BoncanHO-
ro B cepy TeTpadjapa ABISIOTCS IPAMEPOM MUHUMAJTBLHOTO [H3allHA BTOPOT O
HOPSTKA, BEPIINHEl BIHCAHHOTO B cepy OKTadjApa — [IH3alH TPEThero mo-
panKa, a 12 To4eKk — BepIINH BIUCAHHOTO B cepy MKOCadIpa — ABIAIOTCA
QU3aHHOM MATOTO MOPATKA.

[enbcapT Hamren HIKHIOI rpannny jgis koamdectBa N = N(q) Todek
MUHUMAJBHOTO [HU3aliHa TOPSIKa (:

(k+1)(k+2), ¢g=2k+1,
2

N2 g2, g = 2%.
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SameTum, 4To mias ¢ = 1,2.3,5 5Ta oleHKa TO4YHA, T. €. KOJHIECTBO TO-
YeK, JaBaeMBIX TPUBEJeHHON OIEHKOI, COBMAfaeT ¢ KOJHIECTBOM TOYeK MH-
HUMaJbHBIX [H3AaHHOB COOTBETCTBYIOINX HopsiakoB. QTHAKO DTO He BCerja
Tak.

B cBa3m ¢ pazamvHLIME 3a7avaMi, B MPOILIOM BeKe CTapalnch HAaNHCATh

TOoXKIeCTBa
N

P TRCR S I
k=1
n HO,E{OGHLIG UM C HaMMEHBIINM KOJUYIeCTBOM CJaraeMbIX, BepHBI€ T/ BCeX
qucen z, y, z. Tak, manpnmep, B 1859 roxy JInyBuaab fokaszana cpaBeianBOCThb
paBeHCTBa

24(27 + 23+ 25 +23)% = 1627 + 1625 + 1623 + 1625 + X8(21 £ 29+ 23 £ 24)%,

rje 3naK X% o3HavaeT CyMMHpPOBaHHe aHAJOTHIHLIX WICHOB.

NuTepecHo, 9To mo06HBIe TOXK IeCTBAa OKa3aaiCh TeCHO CBA3AHHLIMA C T10-
HATHeM Ju3aliHa. B gaibmellleM orpaHMYmMcS MUHAMAJALHBIMA AX3ailHaMK
HedeTHOro mopaka. /lokasano, 9TO ecan AW3ailH HEYeTHOTO MOPAAKA MUHH-
MaJleH, TO OH ABJSETCA CaMOJABONCTBeHHBIM. MBI chopMyanpyem 6e3 mokaza-
TeJbCTBA TEOPEMY, KOTOpas MOMOXKeT HaM 0606IINTEL NoHATHe au3anna. Te-
neph HaMm 6yJeT yAo6Hee 3aNCBIBaThH TOTKA MOCPeICTBOM X KOOpJAWHAT, T. e.
k-1 Touka GygeT 0603HAIATHLCS (a(lk), a(Qk), ag’k))7 a 3amnch {j:(a(lk),a(?k)7 agk))}
6y/eT 3HAYATH, 9TO B HallleM HaGope COAepPKATCA KaK TOIKa (a(lk), a(Qk), agk)),

(k) (k))‘

TaK I TOYKa (—a(k) —ay ', —a
124y a3

TEOPEMA. Cucmema 2N mouex {j:(a(lk),a(zk),agk))}ivzl C S seasemes

dusaiinom Heuemnozo nopadka ¢ mozda U MoAbKO moz2da (KOHEUNO IHCE, ¢
MOuHOCMbIO O 6PAUWENUS), KO2DA 6EPHO PA6EHCNEO

N
2 2 2y =1 (k (k (k)yq—1
(z"+y +27)2 =c ($a1)+ya2)—}—za3))q ;
k=1
20€ ¢ — HEKOMOPOE UUCAO, BAGUCAULEE MOADKO OM UCLOOHOT CUCTEMBL MO-
wek. Hpu amom ecau duzaiin munumaibubili, mo 6 NPA6ol YACMU CYMMUPYEM-
CA HOUMEHDULEE 603MONCHOE OAS MAKO20 NPEFCMAGAEHUA UUCAO CAA2AEMBLL.

HpI/IMepOM MOZKeT CAYZXKHUTH CHCTeMa TOYeK — BepPIINH HKOCadIpa — SABJA-
IOIIafACs rl[I/I?oaI‘/JIHOM NATOTO MOpATKa. A NMEHHO, PaBeHCTBO

> @e+aly+ a2

6
($2+y2+22)2 — %
k=1
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(k) (k) (k)

BEpHO TOTJa W TOJIBKO TOTJa, Korga Toukn {£(a; . a; , a; )}%:1 ABAAIOTCA
BeplInHaAMU HKOCad/pa, BINCAHHOTO B eITMHUYHYIO C(pepy ¢ NIEHTPOM B HadaJe
KOOpINHAT.

DTU paccykJeHus MO3BOASI0T 0606IINTh NOHATHE TU3allHA HEYeTHOT O MO~
pfAKa Ha caydail MPOM3BOJBHOTO KOJHYIeCTBA MEePEMEHHBIX.

OnPEAEJAEHUE. Cucmema u3 2N nabopoe uucea {:l:(a(lk),...,agk)) N

YJ06.1€M6 0PAIOWAA YCAOE UAM
) @24 @)+ @) =1, 1<RCN;
-1
9) (@i 4ad++2)T =T (e +alas+ ol
¢ nexomopot xkoncmanmotd C, nazvieaemea Judainom nopadka ¢ pazmepro-
cmu d.

Tem cambiM B 5THX 0603HAYEHUAX MUKOCABAP — DTO AW3ANH H-TO MOpsIKa
pasMmeprocTH 3. PaccMOTpuM HECKOJABKO MPUMEPOB TaKWX AU3alHOB. PaBen-

CTBO
(2%s!)? st

2 s _ ) a(k):n a(k) 2s

BEpHO B TOM W TOJbKO B TOM CJy4ae, KOT 2 TOYKH {:l:(a(lk), a(zk)) Z":'II ABIAIOT-
S BepIIMHAMA TPaBIIBHOTO (25 + 2)-yroAbHUKA, BINCAHHOTO B €IMNHATHYIO
OKPY:KHOCTH C MEHTPOM B HyJe. DTa CHCTeMa TO4YeK MMeeT HarJsIHYIo (Qu-
BUYECKYI0 HHTEPHPETANNI0: eCal NOMeCTHTh Ha OKPY:KHOCTH k OTMHAKOBHIX
3apA0B U Pa3pelliuTh UM JBUTATHCSA MO OKPYKHOCTH, TO OHU PACHON0KATCA
B BepIIINHAX MPaBUIBHOTO k—yTOMBHUKA.

Jlpyroil HArJASIHBIE TpUMep TaeTCHd PaBEHCTBOM

d
ittt = Z(a(lk)m taPag 4 aPay)?,
k=1

rje d — MPOU3BOIBHOE HATYpPAAbHOE YHCIO, @ MOCAEIOBATEALHOCTH
{0 )i
YIOBJIETBOPAIOT PaBeHCTBAM
(@24 (@) 4+ (@) =1 a1 <k < d,
a(li)a(lj) + a(;)a(j) + -+ a((j)agj) =0 mus ¢ # .

HaHpI/IMep B KadecTBe k-To Ha60pa MOXKHO B3ATDH NOCJIeTOBATEIBHOCTH THCET,
B KOTOpOfI Ha k-M MecTe CTOHUT 17 a Ha BCeX OCTaJbHBIX MeCTaX — HYJH.
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[Ipu n = 3 »ra gopmyna 6yaeT TaBaTh y:Ke U3BECTHBIN HAM [U3allH: 1MI€CTh
nabopos {+(1,0,0), +(0,1,0), £(0,0, 1)} aBasoTCA KOOpANHATAMH BEPIINH
OKTadapa, BOUCAHHOTO B eINHAIHYIO chepy.

A pekopHBIM MO KOJAWYECTBY TO4UeK sB/AseTcs am3ainH 11 mopsjaka pas-
MeprOCTH 24, coctosmui u3 98280 HaboOpoB dHces, MAOIINX AHAJIOTUIHOE
OpeABI IVIIAM TIpeJCTaBICHNE A BHIpAKeHUS

(274 423"

Jn3aiiiel OKa3BKIBAIOTCA pellleHneM W JIPYTHUX 3aJaqd INCKPETHOHW TeoMe-
Tpuu. Kpome Toro, 5To monsTHe 0Ka3kIBaeTCA BaYKHBIM B BO MHOTHX JIPYTHX
ob6gacTax MaTeMaTukd. [losToOMy OThICKaHe HOBHIX MUHHMAABHBIX TH3aHHOB
SAIBASETCA W MHTEPECHON, N BayKHOWU 3agaten.
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