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ﬂI/IOCpaHTOBbI YpaBHEHUA A1 MHOI'OJICHOB

B. B. Ilpacosos

Muoro4ienb 06JaTal0T MHOTHMHI W3 CBOWCTB, KOTOPBIMHI 006/afaf0T Ha-
TypajbHBIe dncaa. Hampumep, misi MHOTOY/IeHA ONpefeNeHO Pa3Jo:KeHne Ha
MHOXKUTEJH, IJisi Taphl MHOT O4JIeHOB Ol pelefleH HauGoAbIni OGN [eTHTeab
u T. 1. B ¢BA3W ¢ 3TUM [ MHOTOYJIE€HOB MOYXKHO MOCTABUTH 3a/[a49l, aHAJIO-
FUYHBIE U3BECTHBIM 3ajladaM U mpobieMaM Teopunn duceda. Kak npaBmio, s
MHOT OYJIEHOB 3a/[ada pelllaeTcs CyllleCTBeHHO npoiite. Hanpumep, sHaMenuTasn
runoTe3a Pepma o ToMm, UTO Tpu n > 3 ypaBHenume z” 4 y” = 2" He mMmeeT
pellleHnil B HATYPaJbHBIX YHCIaX, OblIa fOKa3aHa JHIb COBCeM HeJaBHO. A eé
aHajor (HepaspeurnMocTh ypaBuenus f" + ¢" = A" n1s MHOTO4YIEHOB), KaK
MBI cefidac yBU/IUM, TOKA3bIBaeTCs CPAaBHUTENBHO MPOCTO.

Omnucanne Bcex TPOeK HATYPAABHBIX dHces &, (3, v, Ias KOTOPKX ypaBHe-
nne f® + ¢” = hY gas MuOrowneHOB f, ¢, h HMeeT HeTpHUBHAJIBLHOE PEIIeHHE,
OBLIO TOJAYYeHO B KOHIIE MPONLIOro Beka. Mbl mpuBegeM 6oJiee COBpeMeHHYTO
BEPCHIO DTON KJAACCHPUKATNH.

[Ipu mokazaTenbcTBe HEPA3PEITUMOCTH MHOTHX NUO(MAHTOBHIX ypaBHEHUH
[T MHOTO4YJeHOB BechMa >(P(PeKTHBHBEIM OKa3kIBaeTCH CleAyolllee VTBepK-
neHne.

TeoPEMA 1 (MEficOR). [Tycms a(z), b(z) u c¢(z) — nonapro 62aummo

K

NPOCMbIE MHO20UAEHDBI, C6AZAHHBIE COOTMHOULEHUEM
a(z)+ b(z) 4+ c(z) = 0.

To2da cmenensv Kancdozo U3 IMUL MHO2Z0UAEHOE HE NPEGOCLOIUM
no(abc) — 1, 2de ng — KoOAUUECTE60 PABAUUHBIE KOPHET MHO20UAEHA.

JTOKABATEJABLCTBO. [onoxum f=a/cu g=">b/c. Torga f u g — panno-
HaTbHbIe PYHKINH, CBA3anube cooTHomenneM f+ g+ 1 = 0. [Ipoanddepen-
IMPOBaB BTO paBeHCTBO, noaydum f' = —g’. TlooTomy

Nl

b_g_
S dlg

2



136 B. B. Ilpacoaos

Panmonanbuee dpyukunn f w ¢ uMmeioT cuenmaibHeN Bug [[(z — pi)™,
ri € Z. lns yuxuun R(z) = [[(z — p;)™ BEIMOIHSETCS PaBEHCTBO

fzzf—lml
Myers a(z) = [[(z - a;)*, b(z) = [1(z — )%, e(z) = [1(z — 7). Torga
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HOBTOMy nmocjge YMHOKeHUsI Ha MHOT OYJeH

No=[](z = ai) (e = 6))(x — )

ctemnenn ng(abe) paunonanrsusie yuxkunn f'/f n ¢'/g cranoBsTcs MHOTOIE-
HaMu cTenenn He Boiie ng(abe) — 1. Taknum o6pasom, 3 B3aHMHON TPOCTOTHI
MHOTO4TeHOB a(z) u b(z) n n3 paBeHCTBa

b Nof/f

a  Nog/g'

cirenyeT, 9TO CTeleHb KaXKJ0oro n3 MHOTOY1JeHOB a(:v) n b(.l’) He MTPeBOCXOINT

no(abe) — 1. /lag muorowiena ¢(z) JOKa3aTeILCTBO aHAIOTHTHO.

W3 Teopembl 1 MOXHO U3BJACYL HHTEPECHBIE CJIEICTBAA, KOTOPHLIE MBI chOp-
MyJupyeM KakK TeopeMbl 2—4.

TEOPEMA 2 (/I>BEHTOPT). [lyems f u g — 63aumno npocmwie MHo20-
ugenbl Henyae6ot cmenenu. Toeda

1
deg(f? —g%) > 5deg [ + 1.
JIOKABATEJILCTBO. Ecan deg f2 # deg g2, To
3 2 3 1
deg(f" —g%) > deg f* = 3deg f > S deg f + L.
[MosToMy MOKHO canTaTh, uTo deg f2 = deg g? = 6k.

PaccmoTpum mMuoroutens = f3, G =g’ u H =F - G = f3> — g%. $lcno,
yto deg H < 6k. Coranacuo Teopeme 1,

max(deg F,deg G,deg H) < no(FGH) — 1 < deg f+degg+degH — 1,
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6k < 2k+3k+degH — 1.
Takum o6pazom, deg H > k+ 1 = %degf + 1.
3AMEYAHUE. [las MHOTO4J€HOB
i) = 2,
g(t) = > +3t
HepaBeHCTBO /IpBeHnmopTa obpalilaeTcsi B paBeHCTBO.

TreoPEMA 3. Hycms f, g u h — 63aumHO NPOCMBIE MHO20UAEHDL, NPUUEM
zomsa 661 0dun u3 nur — wne xoucmanma. Toeda pascencmeo

n n n
49" =h
HE MONCEM 6BINOAHAMBCA NPU T = I.

JTOKABATEJILCTBO. CorsacHo Teopeme 1, cTemeHb KayKJOTO U3 MHOTO-
€1enoB f”, g" n h" He TPEBOCXOIUT

deg f +degg+ degh — 1.
CJI0:KWB 9TH TPH HEPABEHCTBaA, MOJYINM
n(deg f + deg g + deg) < 3(deg f + degg + degh — 1).
CaremoBaTenpno, n < 3.

Tuogantoso ypaBrenne f*+¢® = hY 11g MHOrO4IeHOB f, g, h HIMeeT OTeBH,I-
HOe pelllerne, eciu OJHO U3 ducen «, 3,7 pasuo 1. [looTomy 6yaeM ciuTaTh,
910 @, 3,7 > 2.

TeoPEMA 4. Iycms o, 3,y — namypasvuble wucaa, npuuem 2 < a <
< B < 7. Toeda ypasuenue
g’ =n
UMEEM 63AUMHO NPOCMBIE PEULEHUA AUUD OAf CAYUAL CAEIYIOUUL HAOOPOE
(o, B,7):(2,2,7), (2,3,3), (2,3,4) u (2,3,5).

JIOKABATEJLCTBO. Ilyctsh a, b m ¢ — cTenenn muorovienoB f, g u h.
Torga, cornacuo Teopeme 1,

aa < at+b+c—1, (1)
Bb < at+b+c—1, (2)
ve < a+b+c—1. (3)
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CaeoBaTelbHO,
ala+b+c) <aa+ pb+ve<3(a+b+c) -3,

n 3ua90T, o < 3. [lo ycaoBmio @ > 2, mostomy a = 2. [Ipn a = 2 mepasen-
cTBO 1 mpuHEIMaeT BHUT

a<b+c—1. (4)
CroxuB nepaBencTBa (4), (2) n (3), moryanm
Bb+vc<3(b+c)+a-3.
YanTwiBas, 9T0 § < 7y, U ellle pa3 npuMeHss HepaBeHCTBO (1), moxyvaem
Blb+c) < Alb+c) — 4,

a 3a4ynT, f < 4, 1. e. f =2 nau 3.
OcTaeTcst MokasaTh, 9To ecan f = 3, 10y < 5. [Ipn § = 3 nepasenctso (2)
MPUHUMAET BT

280 <a+c—1. (5)

CroxuB HepaBencTBa (4) n (5), moayanm

b<2c—2.
B Takom ciydae w3 HepaBencTBa (4) cregyet, 9TO

a < 3c—3.
U3 nByx mociefHUX HepaBEeHCTB N HepaBeHCTBa (3) caexyeT, 4TO

ve £ 6c — 6,
nosToMy v < 5.

MHOT O IeH I, y,IOBIeTBOpAIONINE cooTHOmerno f° + g% = h?, Tecno cBa-
3aHbl ¢ MPaBUJILHLIMA MHOTOrpanunkamu. [logpo6Ho 3Ta CBA3L OMMCana B
kanre P. KJIeI?IHal); TaM XKe yYKa3aH cloco0 MOCTpOoeHus dTHUX MHOTOYJEHOB.
Meur npuBejieM JUIIb KOHEYHBIH Pe3yabTaT.

DK neitn @. Jexyuu 06 ukocasdpe u pewenuu ypasrenuti namoti cmenenu. — M.: Hayka.
1989.
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Cayygait & = § = 2, ¥ = n CBfi3aH C BBIPOXK/JE€HHBIM HPaBUIBLHBIM MHOLO-
TPAaHHUKOM — IJIOCKUM n-yroabHukoM. Tpe6yemMoe cOOTHOUIeHNE HMeeT BHU [

" +1 2_ " -1 2_:6”
2 2 T

Cayuait o = 2, f = 3, v = 3 cBsizaH ¢ npaBuiabHEIM TeTpadapoM. CooTHO-
[eHne UMeeT BH/]T

12i\/§(:€5 — ;r)z + (:U4 — 2322 1+ 1)3 = (:U4 4 2iV322 4+ 1)3.

Caygant o = 2, § = 3, v = 4 cBf3aH ¢ KyOOM W MPaBUAbHEIM OKTadIpPOM.
CooTHollleHIEe UMeeT BH/

(z'? —332% — 332 + 1) +108(2° — 2)* = (2® + 142" + 1)°.

Caygait @« = 2, § = 3, v = b cBfizaH ¢ [00/IeKadIpOM H HKOCAdIPOM.
Cootromenne nmeet Bug 172 + h® = 1728 f5, rae
T = 294+ 14522(2%° - 2°) — 10005(z*° + 2'9),
H — (220 4+ 1) 4+ 228(2'° — 2°) — 49421,
f = z(@"%+112° - 1),

Teopema 3 mokasmBaeT, 9TO ypaBHenne z” +y" = 2", rjge x,y, 2 — HATY-
paJbHEIe YHCIa, HMeeT pellleHe TOr1a 1 TOABKO TOT/[a, KOT [a HMeeT pelllenne
TOYHO TaKoe YKe ypaBHeHWe [Ijisi MHOTO4JIeHOB. EcTeCcTBeHHO BO3HMKAeT BO-
npoc, He 6ygeT au ypaBHenne % + 137 = 27 UMeTh MOIMHOMIAIbLHBIE PellleHNs
B TOM U TOJBLKO TOM CJydae, KOr'/a OHO Oy/eT UMeTh HaTypaJbHBIE PEIlleHNs.

[lepBuIii mpuMep o6Hage:KnBaeT — ypaBHeHme z2 + y° = z? mmeeT xax
NOJMHOMHUATBHEIE, TAK U HATypaJbHEIE pelleHns. A WMeHHO, GECKOHEYHYIO
CEpHUI0 pellleHnil DTOTO YPpaBHEHHS B HATYPAJTbHBIX YHCJAaX MOYKHO MOCTPOUTH
caegytomum obpasom. [oaoknm z = n(n — 1)/2, y = n u 22 = n(n+ 1)/2.
TpebyeTrcs mogo6paTh 9UCa0 N TaK, YTOOH YHCJAO 2 OBLIO MeTBIM. PaBeHCTBO
222 = n(n + 1) MOXKHO 3allicaTh B BHJe

(2n 4+ 1)* = 2(22)* = 1.

OJT10 — 3HameHnuToe ypaBHenune Pepma—Ilenns, koTopoe nmeeT GeCKOHETHO
MHOTO pettennii. Hanpumep, npu n = 8 noaydaem z = 28, y = 8, z = 6.
[Tomumo >Tolt GecKOHEYHON Cepul pellieHnll eCTh U JIPYTHe pellieHus.

Ho ypasnenne z? + y* = 26 onposepraer wammn nagex s, Y oToro ypas-
HEeHUsl HeT MOJNMHOMHAJBHBIX PElIeHll, HO eCTh HaTypadabHbie petierus. O THO
U3 ero pellennii nuMeeT Bug z = 37 -57.7-29%, y = 2.33.5°.294, » = 32.53.293,



