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AJII‘OpI/ITMI/I‘IeCKI/Ie HpO6JI€MbI TEOPpUN IncesI

FO. B. Hectepenxko

DTa cTaThs MOCBSAIIEHA alTOpHTMaM Teopuu ducen. Bompoc «kak cocyn-
TaTh?» BCErJa COMYTCTBOBAJA TEOPETHKO-YHCAOBBIM HCCAeTOBaHUAM. Tpy bl
Erkauma u /luodganta, Pepma u Dinepa, L'aycca, HeboitieBa u dpMuTa cojiep-
JKAT OCTPOYMHBIE U BechbMa (PEKTHBHBIE AJITOPUTMBI pellleHus THO(aHTO-
BBIX YPaBHEHHH, BEISICHEHHS PAa3PEIINMOCTH CPAaBHEHHH, TOCTPOEHUS OOJIBIITHX
MO0 TeM BpeMeHaM MPOCTHIX YHCeJd, HaXOXKJeHUs HAWIYUIINX TPHOJINKeHu’
u T.71. bes npeyBefnvenusi MOYXKHO CKa3aTh, 9TO BCA TEOPHS YUCEN TTPOHU3AHA
asroputmamu. B nociennue nBa jgecsTuieTus, 6jarojaps B NepBYO odepejb
3alpocaM KpUnTorpaduu u MHPOKOMY pacnpocTpanernio DBM, ucciaemgoBa-
HIS MO JCOPHTMHUYECKHM BOIPOCAM TEOPUHU YHCEN TePeKnBaT nepuos 6yp-
HOT'O U BeChbMa IIOJOTBOPHOTO Pa3BHTHA. ME KpaTKO 3aTPOHEM 3eCh JHIITh
Te alTOPUTMUYECKHe aCHeKThl TEOPHH 4YHCEeT, KOTOPhie CBA3AHBI ¢ KPHITO-
rpaudecKuMyu NPUMEHEHHSMH. 3a paMKaMH CTaTbH OCTAHYTCS TPOOJIeMBI
HaXOXK/IeHUsl pellieHnll MuO(pAHTOBHIX YPaBHEHUN, BBIYHCJIEHUH B TOMSAX aJ-
rebpandecknx 4uCeN, BEIYUCJIEHUH C peniéTKaMi, HaX0XK JeHus TuoaHTOBBIX
OpUGAMKEHUH U PsAL APYTHX BOMPOCOB.

BerdncanTenbHble MAalIMHE W JeKTPOHHBIE CPEACTBAa CBA3UM MPOHUKIH
HpaKTHYeCKH BO Bce cdepbl deloBedeckoll mesitesbHocTH. Hembicaumma 6e3
HUX U coBpeMeHHas kpunTorpadus. ludporanue n gemmndpoBanme TeKCTOB
MOXKHO MPeICTaBAAThH cebe KaK Nponecchl nepepaboTKu MedBIX Ince] TpH Mo-
motun IBM, a cnocobrl, KOTOPEIME BHIMOJHSIOTCS DTH ONEpPANN, KaK HEKO-
Tophle QYHKINN, ONpeTeJéHABIe HA MHOXKECTBe MeNbIX dncet. Beé oTo gemaeT
eCTEeCTBEHHKIM TOSBJICHHE B KPUNTOrpaduu MeTOJ0B Teopuu ducens. Kpowme
TOTO, CTOWKOCTH Psfi/[a COBPEMEHHBIX KPHIITOCHCTEM 0OOCHOBHRIBA€TCH TOJNBKO
CJIOKHOCTHIO HEKOTOPHIX TEOPEeTHKO-IHCIOBHIX 3a4a4 (cM. [24]).

Ho BoszmoxuocTn DBM nmeroT onpenenénnbie rpanuisl. [IpuxoguTtcs pas-
OWBAThH MINHHYIO MH(POBYIO MOCTEIOBATEIBHOCTh Ha OJOKH OTpaHHYeHHOU
IJAUHBEL U MHGPOBATh KaxXK B TaKoW GJ0K OTAenbHO. MBI 6yjieM cYNTaTh B
JTaJbHeHIeM, 9TO Bce MHdpyeMble mefbie 9icaa HeOTPHIATeNbHE I MO BeJi-
4HHEe MeHbllle HEKOTOPOTO 3aJaHHOr 0O (CKayKeM, TeXHUIeCKUMHI OT pAaHMYeHH-
amn) ancaa m. Takum e ycaoBusM 6y IyT yIOBIETBOPATE W IHCIA, TOTydae-
MBIe B Ipoliecce MHGPOBaHUS. DTO MO3BOIAET CYINTAThH U Te, U JAPYyrHe 4uciaa

MaTemaTu4eckoe npoceeujeHue, cep. 3, Bbin. 2, 1998(87—114)
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pleMeHTaMu Ko/blia BerdeToB Z /mZ. llludgpytoinas GyHKIHS TP 3TOM MOKET
paccMaTpuBaThCA KaK B3aWMHOOTHO3HATHOE OTOOpaxKeHne KOJell BLIYeTOB

f1Z/mZ—Z/mZ,

a qucao f(z) npegcraBiaseT coGoll cOOOIIeHNe & B 3alINPOBAHHOM BH €.

[Ipocrenmni mmdp Takoro poma — mmudp 3amens (cM. [1]), coorBeTCTBY-
et otobpaxkenuio f : z — = + k (mod m) npu HEKOTOPOM (PUKCHPOBAHHOM
nenom k. [omo6uwii mndp ucnoapsoBan emé FQaui llesaps. Konedno, ne
Kaykjjoe oTobpaxkenne f MOAXOMIUT IS TeJed HaAeKHOTO COKPHITHS HHPOP-
mannu, cM. [1].

B 1978 r., cm. [2], amepukanusr P. Pusect, A. Hlamup n JI. Agreman
(R.L.Rivest, A.Shamir, L.Adleman) npexroxuin npumep dpyukunu f, obaa-
Jarolen psgIoM 3aMedaTelbHBIX JOCTONHCTB. Ha €€ ocHOBe GBLIa mocTpoeHa
peasbHO HCIOAb3yeMas CHCTeMa MNMPOBAaHNA, TOJYYHBIIAs Ha3BaHUe 1O Tep-
BEIM OYKBaM HMeH aBTOpoB — cucteMa RSA. Dra pyHknms TakoBa, 9T0

a) CyHUIeCTBYET MOCTATOYHO GBICTPHIN ANTOPNTM BEIYNCIEHNS 3HaTeHni f(z);

6) cymecTByeT TOCTATOYHO OBICTPHIN AATOPUTM BHIYACIEHUS 3HAYEHHH 06-
patnoil gpynkmuu 1 (z);

B) Qyuknns f(z) obragaeT HEKOTOPHIM «CEKPETOMy, 3HAHNE KOTOPOTO MO3BO-
AfeT 6BLICTPO BLEIYACAATE 3Hadenus f~!(z); B IDOTHBHOM 3Ke Clydae BEIYHC/Ie-
une f~1(z) cTaHOBATCA TPYAHO Pa3pelInMOil B BHIYHCJAATENLHOM OTHOLICHHH
3aaveil, TpeGyIONIen s CBOET O pelleHusi CTONb MHOTO BpeMeHH, 9TO MO ero
NpolIeCTBUN 3allu(ppoBaHHad WH(POPMANNA TepecTaeT NMPeJACTaBAAThL HHTe-
pec s Jull, HCTONB3YIoNINX oTobpaKenne f B KadecTBe mmdpa.

IToapobuee 06 0TO6paKeHNAX TAKOTO COPTA W BO3MOXKHOCTAX WX HCIONb-
30BaHms B KpunTorpaduu pacckazano B [1,9].

Eme 1o Beixoga m3 medatu ctaThn [2] konus nokraga B MaccadyceTckom
TexnonmorudeckoM WHCTHTYTe, MOCBAMIERHOTO cucTemMe RSA, 6wia mocriana
H3BECTHOMY monyaspusatopy matematuku M. [apauepy, kotopsii B 1977 .
B JKypHate Scientific American ony6aukoBas cTaThio [3], TOCBSUIEHHYIO DTON
cucTeMe mudpoBanui. B pycckoMm mepeBofe 3araaBue cTaThu [apaHepa 3By-
gnT Tak: Hoewvii 6ud wugdpa, na pacwudpoery xomopo2o nompebylOmMcs M-
Auonbl aem. IMeHHO cTaThs [3] chIrpada BayKHEHIIYIO POJIb B paclpoCTpaHe-
wun nHpopmannn o6 RSA, npuBiekia Kk kpunTorpaduu BHIMaHHe IHPOKHX
KPYTOB HECTENNAIUCTOB 1 PaKTHIeCKN CIIOCO6CTBOBaJTa 6YpHOMY TPOT peccy
5Tol 06JacTH, MPOU3OIIEAIIeMy B nocienoBasiine 20 jgeT.
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1. CUCTEMA MU®POBAHUSI RSA

B paabreiiiiiem MBI 6y €M mpeAnoaaraTh, 9TO YHTATENh 3HAKOM C DJIeMEH-
TapHLIME (paKTaMu Teopnu 4ucena. Tex e, KTO XOTel OLI O3HAKOMATHCA C
HUMI WIN HAMOMHHUTE cebe DTH (AKThl, MBI OTChLIaeM K KHUTe [4].

[Mycts m u € HaTypanabubie uncita. Oyuknus f, peaaunsyiorias cxemy RSA,
yCTpoeHa cJaelyiolnM o6pa3oM

[z — 2z° (mod m). (1)
s pacingposku coobuenus ¢ = f() JOCTAaTOYHO PEIINTEH CPAaBHEHHE
z° = a (mod m). (2)

[Ipn HEKOTOPHIX YCJIOBHAX Ha M M € DTO CpaBHeHMe MMeeT eJIHHCTBeHHOe pe-
HeHne .

[las Toro, 9TO6LI OMUCATh DTH YCIOBHA N OOBACHATH, KAK MOKHO HAlTH
pellienne, HaM MOTpebyeTcs OJHA TEOPEeTHKO-IHCIOBasf (PYHKINA, TaK HA3HI-
BaeMas (QyHKIUsA Dijaepa. DTa PYHKIHI HATYpPaibHOT 0O apryMenTa m o603Ha-
qaeTcs ¢(m) n paBHAETCS KOIMYeCTBY HeJBIX 4HceN Ha OTpe3ke oT 1 1mo m,
B3anMuo npocThix ¢ m. Tak ¢(1) = 1 n ¢(p") = p"~H(p — 1) aas mo6oro
IPOCTOro YHCaAa p u HaTypaibHoro r. Kpome toro, ¢(ab) = ¢(a)g(b) mus ato-
OBIX HATYPAJbHBIX B3aNMHO NPOCTHIX @& U b. DTH CBOWCTBA MO3BOJAIOT JET'KO
BEIYHCJANTD 3HAYEHNE (M), €C N3BECTHO Pa3loKeHne Yicaa m Ha MPOCThie
COMHOKHUTOJH.

Ecin nokaszaTenb cTenenu € B cpaBHeHHN (2) B3aHMHO NPOCT ¢ ¢(m), TO
cpaBHenne (2) uMeeT eJMHCTBeHHOe pelienne. [Iis TOro, 49TOOL HAUTH ero,
onpegeNnuM 1efoe 9ucaIo d, yIoBJIeTBOPSAIONIee YCIOBUAM

de =1 (mod ¢(m)), 1<d< ¢(m). (3)

Takoe 4mcyo cyuecTByeT, HOCKOABKY (€,¢(m)) = 1, 0 IpHTOM eJINHCTBEH-
HO. 3/ech n jJajee CUMBOIOM (a,b) 6yeT 0603HATATHCS HANOOMBIINH 06N
geautens qucen a u b. Knaccndeckas TeopeMa Diepa, cM. [4], yTBepkaer,
9TO s KayKJOTO YHCIa £, B3AHMHO TPOCTOTO C 1M, BLIMOJHIETCS CpaBHEHIE
z¢m) = 1 (mod m) mn, cregoBaTenbHO,

a? = 2% =z (mod m). (4)

Takum o6paszom, B mpejnonokennn (a, m) = 1, e[HHCTBEHHOE pellleHne CPaB-
HeHHs (2) MOXKeT OBITH HAalI€HO B BH/Ie

z = a’ (mod m). (5)

Ecau 1ono1HnTe bHO TpeJIoN0KITh, 9TO YHCIO 7 COCTOUT U3 PA3IHIHBIX

MPOCTHIX COMHOXKHUTENEN, TO cpaBHerne (5) 6y/1eT BHINOTHATHCS I 6€3 Mpejno-
noxenns (a, m) = 1. lefictBurensro, o6osuadum r = (a, m) u s = m/r. Torga



90 FO. B. Hecrepernko

¢(m) meantes Ha ¢(S), a w3 (2) cregyert, ato (z,s) = 1. [logo6uo (4), Tenepn
aerko naxogum = = a? (mod s). A xpome Toro, mmeem z = 0 = a? (mod r).
[losryunBinecs cpaBuenns B cuay (r,s) = 1 gafor mam (5).

Pynknus (1), npuaaras B cucteMe RSA, MoKeT GBITH BBHIUHCICHA JOCTa-
ToyHO 6BIcTpo. Kak 5To cjenath, MBI o6cyuM 4yTh HiKe. [loka oTMeTHM
ammb, 9To obpatHas K f(z) dynkmms f~!:z — 2¢ (mod m) BEramcasercs
0 TeM )Ke NpaBHIaM, 9TO U f(z), JHLIb ¢ 3aMEHON NOKa3aTels CTeleHH €
na d. Takum o6pasom, qas dynknun (1) 6y1yT BEIIOJHEHB! yKa3aHHEE BEIIIE
CBOHCTBa a) n 6).

[Mas Boraucrenns ¢ynknnm (1) focTaToYHO 3HATDL JUINbL THCIA € H M.
VIMeHHO OHH COCTABISIOT OTKPHITHI KIIOY s MHMPOBAHUA. A BOT sl BEI-
qncienus o6paTHON QYHKINH TpeGyeTcs 3HATH THCIO d, OHO U ABILETCH «Ce-
KPETOM», O KOTOPOM pedb IAET B myHKTe B). Kazanoch 6bl, HIYero He CTOUT,
3Has YHCJO 1M, PA3JOKHTH €ro Ha IPOCTHIE COMHOXKUTENH, BEIYNCIUTH 3aTeM
¢ MOMOINBIO M3BECTHLIX NPaBH/I 3HaUeHNe ¢(m) U, HaKOHelN, ¢ TOMOIILIO (3)
onpeeInTh HyKHOe dncio d. Bee marn 5Toro BHIYHCIEHHS MOTYT 6BITH pea-
JM30BaHEL JOCTATOYHO GBICTPO, 3a HCKIOYEHNeM nepBoro. IMeHHO pasiioke-
HIIe 9HCIA ™M Ha NPOCThe MHOKITEIH H COCTAaBIsfeT Hanbolee TPYIO0EMKYIO
9acTh BBIYHCICHNN. B Teopuu 4ucesr HecCMOTpS Ha MHOTOJIETHIOI €€ HCTOPHIO
H Ha OYeHb NHTEHCHBHEIEC TOUCKH B Tedenne nocaenux 20 aetT, >pdeKTHBHEIT
aITOPHTM pa3IOXKeHHs HATYyPalbHEIX YHCEN HAa MHOXKITENN TaK I He Hall/eH.
KoHedHO, MOXHO, lepe6upas BCe MPOCTHE YHCIa 10 /m, U, Tels Ha HUX MM,
HallTH TpeGyeMmoe pasioxkenune. Ho, yqIuTHIBas, 9TO KOIHIECTBO MPOCTHIX B
DTOM MPOMeKYTKe, aCHMITOTHIecKH paBHo 2v/m - (Inm)~!, cm. [5], ra. 5, na-
XOJIUM, ITO IpH M, 3anucsiBaeMoM 100 gecaTnvnbIME HudpaMi, HAlETCH He
menee 4 -10*2 npocThIX Wnces, Ha KOTOpPBIE NPHIETCS AETHTh T IPH Pa3IoKe-
HIH ero Ha MEHOKHTeNn. Odenb rpy6ble IPHKH/IKN TOKa3LIBAIOT, ITO KOMIIBIO-
Tepy, BLIMOIHAIONIEMY MILIHOH JeJeHHN B CEKYH[Y, [IJIf Pa3/oXKeHHA THCIa
m > 10%? Takum cnoco6oM Ha TPOCTHIE COMHOKUTENH TOTpebyeTcs He MeHee,
qem 10%° aet. UsBecTHwn m Gosee dPpdeKTHBHBIE CNOCOOL Pa3IOKEHNs TeTbIX
qrcel Ha MHOXKHTENN, 9eM MPOCTOH mepeGop MPOCTHIX JelnTelell, HO I OHH
pa6oTaioT odeHb MerenHo. Takum o6pasom, HasBaune craTe M. Tapguepa
BIIOJIHE ONpPAaBJaHO.

ABTOpH! cxeMBl RSA npemioxuin BEIGHPATh HCJIO M B BHJE IPON3BeIe-
HAS JIBYX MPOCTHIX MHOXKATEAEH P U ¢, TPAMEPHO OJNHAKOBLIX 10 BeJHYHHE.
Tak kak

w(m) =¢(pg) = (p— 1)(q— 1), (6)

TO €¢IMHCTBEHHOE YCJOBHE Ha BbI60p IIOKa3aTeJd CTelleHu € B OTO6pa)KeHI/II/I
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(1) ectn

(ep—1)=(e,q—1)=1 (7)

WTak, muno, 3anHTepecOBaHHOE B OpPraHU3alliu MH(PPOBAHHON TTepenucKn
¢ noMortibio cxeMbl RSA, BoIGupaeT MBa JOCTATOYHO GOJBUINX TPOCTHIX YUCTA
pu q. [lepeMmHOXKasT UX, OHO HAXOMUT YHUCIO M = Pg. 3aTeM BEHIOHPAeTCH THCAO
€, YIOBIETBOPSIOIIee YCIOBUAM (7), BRIYACAAETCS ¢ MOMOIIEIO (6) Tncao ¢(m)
n ¢ nomotbio (3) — uncao d. Yucaa m n e nybaukyoTCs, 9ucao d ocTaeTcs
cekpeTHBIM. Tenepsb 10601 MOXKeT OTIPABAATE 3alINPPOBAHHEIE C TTOMOIIBIO
(1) coobiienns OpraEm3aTOPY DTOU CHCTEMBI, 3 OPTaHU3ATOP JETKO CMOKET
pacungpoBEBAThH NX ¢ MOMOIILIO (5).

Jlas mantoctpanuu cBoero metona Pupect, [llamup u A mieman 3atmudgpo-
Ball TakKUM CMOCOGOM HEKOTOPYI aHTIuHCKyo ¢paszy. CHavata OHA CTaH-
mapTHBIM obpaszom (a=01, b=02, ..., z=26, npo6es=00) 6i1a 3anncana B
BH/[e TeJOT0 YHCiHa &, a 3aTeM 3alndpoBaHa ¢ MOMOIIBI0 0To6paxenns (1)
npn

m =11438162575788886766932577997614661201021829672124236256256184293570

6935245733897830597123563958705058989075147599290026879543541

u e = 9007. DTu gBa 4YmcaIa OBLUIN ONYOGAMKOBAHEI, MPUYEM JOMOJHUTEIHHO
co006I1aJ0Ch, 9TO M = pg, TJe p U ¢ — NPOCThie YNCIa, 3aluChiBaeMble CO-
oTBeTcTBenHO 64 m 65 mecaTmunniMu 3Hakamu. [lepBomy, KTo pacmudpyeT
COOTBETCTRBYIOllee coobIIIeHne

f(z) =968696137546220614771409222543558829057599911245743198746951209308

16298225145708356931476622883989628013391990551829945157815154,

6bl1a obemana narpajga B 100$.
DTa WCTOpHsA 3aBepmimiach cmycts 17 get B 1994 r., cm. [6], xorma
D. Atkins, M. Graff, A. K. Lenstra u P. C. Leyland coo6imuin o pacuingpoBke
dpassl, npeproxkennoi B [2]. Ona') 6hL1a BEHeceHa B 3arof0BOK cTaThi [6],
a COOTBETCTBYIOIINE YHCIA P U ¢ OKA3aJUCh PABHBIMHE
p =3490529510847650949147849619903898133417764638493387843990820577,
q =32769132993266709549961988190834461413177642967992942539798288533.

NuTepecytommmecs MOTYT HalTH TeTalu BEYHCIeHHN B paboTe [6]. 31ech
JKe MBI OTMETHM, YTO DTOT 3aMevdaTelbHbI pe3yabTaT (pasJokKenne Ha MHO-
xKuTean 129-3HaYHOrO JTeCATHIHOrO 9HCJIA) OBLI JOCTHTHYT OGJaromaps Wc-
MOJb30BAHWIO ANTOPATMA PA3JOXKEHHS YHCel Ha MHOXKHTEJNH, Ha3hIBaeMOoT O

) The magic words are squeamish ossifrage. [lpuseiém TiepeBos ABYX MOCTeTHUX
CJIOB, BXOJANIAX B 3TY, 10 BCEW BUAMMOCTH, GeCCMBICTEHHYIO (ppasy:
squeamish — GpearJWBHIN, NPUBEPEIIUBHI, OGHIIABHIN;
o0ssifrage — ckona (B ITUIB THIIA BHIIN).
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METOMOM KBaJpPaTHYHOTO pelieTa. BrimofHeHne BBIYHCJIEHHH TOTpebOBAIO
KOJIOCCANBHEIX pecypcoB. B paboTe, BO3raaB/siBIIEHCS YeTHIPbMS aBTOpPaMu
MpoeKTa, U MPOJONKABIIEHCH MOCJAe MpelBAPUTENBLHON TeOpeTHYeCcKOUu Mo,I-
roToBkn npumepro 220 nHeilt, Ha TOGPOBONBHBIX HadaJaX y4aCTBOBAJIO OKOJIO
600 gemoBexk mw mpumepuo 1600 KoMmBIOTepoB, 06BeINHEHHKX ceThio Inter-
net. Hakonen, ormerum, 9to npemus B 100$ 6ni1a nepegana B Free Software
Foundation.

Onncannas Boiie cxeMa RSA ¢TaBUT psAjl BOIPOCOB, KOTOPLIE MBI H T10-
npobyeM ob6cyuTh HEXKe. HanpnMep, Kak NpoOBOAUTH BLIYHCACHUS ¢ GOJIBIIN-
MH 9HCIaMU, BeJb CTaHAapTHOe MaTeMaTH4Yeckoe obeclevdeHne He MO3BOJsSeT
nepeMHOKaTh YUcaa pasMepoM 1o 65 gecaATHIHbIX 3HakoB? Kak BBIYHCAATE
OTPOMHEBIE cTeleHn 6oabIuX ducen? ITo 3HaYUT GBICTPLIN aJTOPHTM BHIYH-
CICHUS W 9TO TaKoe CJAOKHas BHIYHCIHTENbHAS 3agada’ L'me B3aTh Goablime
npocTthie uncaa? Kak, Hanpumep, ocTpouTh NPOCTOE YHCAO B 65 JecATHIHBIX
anakoB? CyliecTBYIOT JH ApyrHe cnocobwl pemenns cpaBaenns (2)7 Bexb, ec-
JW MOYKHO HaWTH pelienue (2), He BEITHCISASA CEKPETHLIN MOKa3aTenb d nin He
pasjaras 9ucJa0o m Ha NPOCThie COMHOKHUTENN, Ja eIIé CIeJaTh 9TO JOCTATO-
HO 6BICTPO, Bes cucTeMa RSA pasBaamBaetcs. HaBephoe, YnTaTenio MOryT
NPUATH B FOJOBY H APYTHe BOMPOCH.

Havnem ¢ konuna. 3a 17 JeT, mpoiesimnx Mex y NyOAnKamusMu paboT
[2] m [6], HUKTO Tak W He cMOT pacndpoBaTh NpeIoKeHHy0 aBTopaMmu RSA
dpaszy. Konedno, 5To Bcero Juiib KOCBeHHOE MOATBEPKIeHNEe CTONKOCTH CH-
ctembl RSA, HO Bce ke jocTaTovno ybeanTtenabnoe. Huke MBI 06Cy UM Teo-
peTudeckne MPO6IeMBbI, BO3ZHUKAIOIINE NPH pPellleHuH TMOJINHOMAATbHBIX CPaB-
HEeHW.

Mur me 6ygeM 06CyKIaTh, KaK BLIOOAHATEL apH(pMeTHICCKHE NeHCTBULI C
OOJLUINMHE IeJILIMI YHCIAMH, PEKOMEHIyeM YHTATeNi0 06paTUTLCA K 3aMeda-
teabroll kamxkke [[. Kuyrta [7, ra. 4]. 3aMeTum TOIbKO, 9TO 6OJBIIOE THCIO
Bcerja MOXKHO pa3bUTh Ha MeHbIIHE GJOKH, ¢ KOTOPBIME KOMILIOTEP MOMKeT
OIIePHPOBATH TaK Ke, KaK ML OIepupyeM ¢ Hu(paMi, KOrja IPOBOIHM BLIYH-
cleHus Bpy4Hylo Ha 6ymare. Komedno, njis 5TOro HYKHEL COeNHAJbLHEIE NPO-
rpaMMbl. Co3albl # DOAYYUIE JOCTAaTOYHO IIHPOKOE PAaCIPOCTPAHeHHe JaKe
CHelNaJLHLIC A3LIKH IPOrPAaMMUPOBAHNA IJIA BEHIYHCICHHN ¢ GOJLIINME Y-
craMmu. YkaxeM 3gech 18a n3 anx — PARI u UBASIC. 91r a361kn ¢Bo601HO
pacnpocTpausiorca. UndopManuno o ToM, KakK X IOJIYYHTL B MOJL30OBaHUe,
MOXHO HalTH B Kuure [19].
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2. CIOYKHOCTb TEOPETHUKO-YHUCJOBBIX AJITOPUTMOB

CIoXKHOCTE aITOPATMOB TEOPUN THCEN OOBITHO MTPUHATO U3MEPSITEH KOJH-
4eCTBOM apu(MeTHIeCKHX Onepannil (CAOKEHUN, BEIMATaAHUH, YMHOKEHAN W
TeJeHUN ¢ OCTATKOM), HeOGXOANMBIX [ BHITIOJHEHNUS BCEX MEHCTBUM, Tpes-
MUCAHHBIX aJrOpHTMOM. BripoteM, 5To onpeenenne He y9IUTHBACT BEANTHHBT
YHCeN, YIaCTBYIOIINX B BRIYHCAEHUAX. SICHO, 9TO MEPEMHOXKUTH [Ba CTO3HAY-
HBIX 9HCIA 3HAYHTENHHO CIOXKHEee, TeM [Ba OJHO3HATHHIX, XOTA MPH DTOM H
B TOM, W B JPYTOM CJay¥ae BHITOJHACTCA JUIIL OJHA apupMeTHIecKas ome-
panus. [losToMy WHOra YYUTHIBAIOT eII€é W BEJHYHHY HHCEJ, CBOMAS TeJ0 K
TaK Ha3biBaeMbIM OHTOBBIM ONEepaluiM, T. €. ONEHHBAas KOJIHYEeCTBO HEOOXO-
MUMBIX onepanuil ¢ nndpavu 0 n 1, B IBOHYHOW 3aMUCH YUCET. JTO 3aBUCHT
OT paccMaTpUBaeMOU 3ajavn, OT lejell aBTOpa U T.J.

Ha mepBBITt B3MIA1 CTPAaHHBIM TaKyKe KayKeTCs, 9TO ONePANH YMHOKEHHS
n JeJeHns MPUPAaBHUBAIOTCA TO CAOKHOCTH K OTNEpPaluiIM CAOYKEHUSA N BHITH-
Tannsa. 2KUTeACKU# ONBIT TOCKA3KIBAET, ITO YMHOXKATEH IACAA 3HATATETHHO
cIo¥XKTee, 9eM CKAAIRBaTh UX. B IefCTBUTETHHOCTH Ke, BEITUCICHNA MOXKHO
OpraHm30BaTh TakK, 9TO Ha YMHOXKEHNE WIH [eJeHne GOJBIMTAX 9uceN MOHa 0
6UTCA He HAaMHOTO GOJbllle GUTOBHIX ONepalnil, YeM Ha caokenne. B kaure [8]
omuckiBaetcs anroputum llénxare — lllTpaccena, ocHOBaHHEIN Ha TaK Ha3hIBa-
eMoM GuicTpoMm mpeo6pasoBannu Pypwe, 1 Tpebyommit O(n In nlnln n) 6uto-
BBEIX OTMEPANUH A YMHOXKEHUSA ABYX N-PaspAAHLIX ABOMYHBIX dnced. Takum
JKe KOJMTIeCTBOM GUTOBHIX ONepalnii MOXKHO OGOUTHCH MPH BHIMOJHEHUH -
JeHUsS € OCTATKOM JBYX IBOWYHBIX THCEN, 3aMACHIBAaeMbIX He Gofee, 1eM n
undgpavu. [las cpaBHEHAS OTMETHM, UTO CIOKEHWE N-PaspsATHLIX TBOMTHEIX
ancen Tpebyet O(n) GNTOBHIX ONMEpaInil.

['oBops B 9ToOl cTaThe 0 CIOKHOCTH AATOPUTMOB, MBI 6y jIeM NMEThH B BH-
Iy KOIMIecTBO apnpMeTndecknx omepanni. [Ipn noctpoennn >dphekTUBHBIX
aITOPUTMOB M OOCYKJICHUN BePXHHUX ONEHOK CJIOKHOCTH OOKIMHO XBaTaeT MH-
TYUTHBHBIX MOHSTHH TOW 06JaCTH MaTEMaTHKN, KOTOPOH TPHHA IIEKUT aJaT0-
prutM. dDopMasnzanns ke >THX MOHATAN TpebyeTcs JUIML TOT A, KOTa petvh
nAET 06 OTCYTCTBUH AJTOPATMA HAN JOKA3aTeThCTBE HIKHAX OMEHOK CJIO0XK-
nocTn. Bornee getanbioe m gopManibHoe 06CYXKIACHNE D>THX BOMPOCOB CM. B
cTaThe [9].

[IpuBegeM Temeph MpUMepHI MOCTATOYHO GHICTPHIX AJTOPHTMOB C OTEH-
KaMW AX CIOXKHOCTH. 37ech 1 B JalbHeHneM MB He 6yAeM TPHAepKABATHCA
(hopMaTBLHOTO OMACAHHS AITOPATMOB, CTaPaACh B TEPBYIO 0Uepeb OOBICHUTD
CMBICJ BBHITIOJHSIEMBIX TE€UCTBHM.

Crenytommnit arroput™ BerauciseT a’ (mod m) 3a O(Inm) apndpwmeTn-
Jeckux onepanui. [Ipm »ToM, KoHewIHO, TpeANOIaraeTcs, 9TO HATYpalbHble
qnciaa @ n d He MPeBOCXOAAT MO BeIHIHHE M.
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1. AITOPUTM BBIYUCJEHUS a? (mod m).
1) llpedcmasum d 6 deouunoii cucmeme cuucaenus d = do2"+- - -+d,_12+
+d,, 2de d;, yugpst 6 d6éouunom npedemaesaenuu, pasuvt 0 uau 1, dog = 1.

2) Hoaoxcum ag = a u 3amem das i =1,...,7 6bluuciun
a; = a?_, -a% (mod m).
3) a, ecmp uckomwti 6vruem a® (mod m).

CHpaBe,f_{JII/IBOCTB OTOT'0 aJArOpUTMa BBITE€KaeT U3 CpaBHEHUSA

a; = a®? T Fd (mod m),

JeTKO JOKa3bIBaeMOro HHIYKIHeH 1O ?.

Tak Kak KakjJoe BHIMHC/IeHNEe Ha IIare 2 TpeGyeT He Gojlee TPEX yMHOMKe-
HOH 1O MOJYJIO m M DTOT IIar BeNOXHAeTCA 1 < log, m pa3s, TO CIOKHOCTH
aJlTOpHTMa MOXKeT OBITh onenena Beananuon O(Inm).

Bropoit arropuT™M — 5T0 KJl1accHiecKni alropnTM EBKIuTa BRYHCICHAS
HanboJIbIIIero o6IIIero JelInTelNs NelbX dncel. Mbl npegnosaraeM 3a 1aHHBIMA
JIBa HATYPaJbHBIX YHCIAa @ W b 1 BHMHCIAeM WX HaWOGONBIINH OOIINH Ken-
Tenb (a,b).

2. AJTOoPUTM EBKJNJA.

1) Botuucaum r — ocmamox om deaenus wucaa a va b, a = bg+r, 0 <
<r<b.

2) Ecaur =0, mo b ecmb uckomoe uuc.o.

3) Ecau r # 0, mo 3amenum napy wucea {a,b) napoii (b,r) u nepeiidem x
waa2y 1.

He ocTanaBiuBasich Ha OOBICHEHHUH, MTOYEMY aJATOPUTM JEeHCTBHTEIBHO Ha-
XomuT (@, b), 5T0 061IeN3BECTHO, TOKaKeM HEKOTOPYIO OIEHKY ero CIOKHOCTH.

TEOPEMA 1. [lpu eviuucaenuu nauboavuiezo obujezo deaumean (a,b) c
nomoupio arzopumma Fexauda 6ydem evinoaneno ne 6oaee 5p onepayuii de-
AEHUS € ocmamroM, 2de P ecmb Koduuecmeo yudp 6 decamuunotii 3anucu
MEHDULERO U3 UuCER a U b.

JIOKA3ATEJIBCTBO. [lonoxkum rg = a > b n OUPEeNenuM 11,79, ..., Iy —
MOCJAe[OBATENBHOCTD MeNuTeel, MOABISIONINXCH B MPOIEecce BHIIOJTHEHHS [I1a-
ra 1 arroputma EBkanga. Tormga

ri=b,...., 0<rip<ry 1=0,1,...n—1.

[Tycth Takxke ug = 1, uy = 1, ugps1 = ug + ug—1, k > 1, — mocaenoBaTe b
HocTh Pubonadan. Mugykumen mo ¢ ot ¢ = n—1 g0 7 = 0 1erko JjoxkasbIBaeTCsa
HEPABEHCTBO Tiy1 = Up—;. A TaK KakK U, > 10(”_1)/5, TO UMeeM HepaBeHCTBa
10°>b=ry > u, > 1005 5y n < 5p+1.
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Hewmmoro mognpasus aaroputM EBkAnTa, MOXKHO OCTATOTHO GLICTPO pe-
maTh cpaBHenns az = 1 (mod b) mpnm ycaoBunm, dTo (a,b) = 1. Dra 3ajma4a
paBHOCHJAbHA MOUCKY TEJBIX pellleHnil ypaBHenus az + by = 1.

3. AITOPUTM PENEHUS YPABHEHUSA az + by = 1.

0
0) Onpedeaum mampuyy F = 01
1) Buwucaum r — ocmamox om deaenus uucaa a wa b, a = bg+r, 0 <

<r<b.
2) Ecau r = 0, mo emopoii cmoabey mampuyvt F daém eexmop

PEWENUT YPa6HEHUA.

1
I —q
4) 3amenum napy wucea {a,b) napoi (b,r) u nepeiidem x wazy 1.

3) Ecau r # 0, mo 3amenum mampuyy E mampuyei F -

Ecan o6o3naquTh depes K maTpuny F, BOBHHKAWOIIYIO B mpolecce pabo-
THI AITOPATMa Tepe maroM 2 nocie k TeleHun ¢ octaTkoMm (mar 1), To B
0603HAYEHNAX W3 JOKA3aTelhCTBA TeOpPeMbl 1 B DTOT MOMEHT BBITIOMHAETCS
BEKTOpPHOE paBeHCTBO (a,b) - Ky = (ryp_1, 7). Ero Jerko gokasath nHgyKunen
no k. [lockoabKy Tnciaa ¢ n b B3aUMHO NPOCTHI, IMeeM 7, = 1, I DTO JOKa3Hl-
BaeT, ITO alTOPUTM JeNCTBUTENLHO JaéT pelllenne ypaBHenus axr + by = 1.
ByxBoit n MB 0603HATHIN KOJUTECTBO JEIeHUT ¢ OCTATKOM, KOTOPOE B TOY-
HOCTH TaKoe JKe, Kak 1 B aaropuTMme EBkanma.

Tpu npuBeJEHHEIX BHITIE aITOPUTMA OTHOCATCA K Pa3paIy Tak HasbiBae-
MBIX TOJHHOMHUAJBHEIX alTOPHTMOB. JTO Ha3BaHNe HOCAT AT OPUTMBEI, CIOXK-
HOCTH KOTOPBIX ONIEHHBAETCSA CBEPXY CTEMEeHHBIM 006pa3oM B 3aBHCHMOCTH OT
JUIMHBL 3aMACH BXOIAMHX ducen (cM. nogpo6roctu B [9]). Ecan manGoabinee
n3 MHceN, ToJaBaeMbIX Ha BXOJ alTOPHTMa, He MTPEBOCXOIUT 1M, TO CJIOKHOCTh
aJITOPUTMOB TOro THa onenuBaercs Beananaon O(In®m) , rae ¢ — HEKOTO-
pas abGconioTHas mocTosnaas. Bo Bcex mpuBeéHHBIX BHIIIE MpuMepax ¢ = 1.

[NoanHoMuaabLHBIE aATOPATMEl B TEOPHN THCEN — OOJBINaA pekocTh. [la
I ONEHKH CJ0XKHOCTH aJTOPHTMOB dallle BCEro ONMpanTcsd Ha KakKue-1ubo He
JMOKa3aHHEBIE, HO MPABIONOI06HEE THIOTE3k, OOBIYHO OTHOCAIIHECH K aHAJIN-
THYIeCKON TEOPHH THCel.

Jlisi HeKOTOPHIX 3aad >PeKTHBHBIE aJTOPUTMEI BOOOIIE He H3BECTHHI.
Wmorga B Takux caydagx Bce Ke MOXKHO TMPEIOKHTH MOCAETOBATEILHOCTD
JTeHCTBHUH, KOTOPAas, «eCAN MOBE3eTy, OBICTPO MPHBOAAT K TpebyeMoMy pe-
syabTaTy. CyllecTByeT Ki1acc TaK Ha3bIBAa€MBIX BEPOSATHOCTHBIX a1TOPHTMOB,
KOTOpHBIE MAal0T NPaBUIBHBIN PE3yJbTaT, HO HMEIOT BEPOSTHOCTHYIO OIEeH-
Ky BpemeHn pa6oThl. O6BYHO paboTa 3THX AJCOPHTMOB 3aBHCHT OT OJHOTO
I HECKOJBLKHX TapaMeTpoB. B xymineMm ciyvae oHn pabGoTaioT HOCTATOYHO
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noaro. Ho ynadnsiii BEIGOP mapamMeTpa onpejiejseT OBICTpOe 3aBepllieHne pa-
60TH. Takue alrOPUTMEL, €CTH MHOYXKECTBO «XOPOIINX» 3HAYEHUI TapaMeTpPOB
BeJHKO, Ha NpakKTuke paboTaloT TOCTAaTOYHO >(PMeKTUBHO, XOTH U He UMeT
XOPOIIUX OIEHOK CJIOKHOCTH.

Mg 6yieM HHOT A UCHOJb30BaTh CJIOBa [eTEePMHUHUPOBAHHBIN alTOPUTM,
4YTOOBI OTANYATH AJTOPUTMBI B OOBIYHOM CMBICAE OT BEPOATHOCTHBIX AT o-
PUTMOB.

Kak npumep, paccMOTpHM BEPOSTHOCTHBIN aJTOPUTM, TO3BOJISIOUIAN 3-
(peKTHBHO HAXO/NTh PellleHNns MOINHOMAANBHEIX CPaBHEHHUH MO TTPOCTOMY MO-

ayaio. IlycTs p — mpocToe 4mCIO, KOTOpOe HpeAmofaraeTcs GOABIINM, #
f(z) € Z[z] — mHOTOYIeH, cTeNeHb KOTOPOTO MPEeJNOMaraeTcsi OrpaHuYeH-
HOM. 3ajla¥a COCTOUT B OTHICKAHUHN PelleHnil CpaBHEHUS

f(z) =0 (mod p). (8)

Hanpumep, pedb MOXeT HJATH O pelIeHHH KBaJPAaTHYHBIX CPaBHEHHI, ecin
cTernenb MHOTOUIeHa f(2) paBHa 2. /[pyrUME CIOBaMH, MBI JOJZKHBI OTHICKATh
B noxe F, = Z /pZ Bce saeMenTsl, yroBireTBopsiolne ypasuennio f(z) = 0.

Coraacno Maqoit Teopeme depwma, Bee naements moas F, aBasiores on-
HOKPATHBIMH KOPHAME MHOTO4YIeHa 2P — 2. [fosTOMY, BEIYHCINB HAHGONBIINT
obumit geantens d(z) = (2P —z, f(z)), MBI HalifeM MEOTOUIEH d(2), MHOKECT-
BO KOpHell KOTOporo B mnoje F, coBnagaer ¢ MHOKeCTBOM KOpHEHl MHOTIOYIeHA
f(z), nprndem Bce 5TH KOPHH OJHOKPAaTHHL. Ecim okaxeTcs, 9TO MHOTOUIEH
d(z) nMeeT HylIeByIO CTeleHb, T. e. JekuT B moje F,, 5To 6yjgeT o3Ha4aTh,
4TO cpaBHenne (8) He HMeeT pelleHui.

Jlis BEI4uCIeHns MHOTO4IeHa d(2) y106HO cHaYala BEIYACINTH MHOT O9IeH
c(z) = 2P (mod f(z)), HOAB3YACH AATOPHTMOM, OTOOHEIM ONUCAHHOMY BHIIIIE
aITOPHTMY BO3BeJeHHS B CTENeHb (HAMOMHHM, 9TO YHCIO P MPEJIOoaraeTcs
GoapmnM). A 3aTeM ¢ MOMOIIBIO aHAaKOTa AIrOpHTMa EBKINJa BEMHCIATD
d(z) = (c(z)—=, f(z)). Bcé 5T0 BEIMONTHAETCS 32 MOMINHOMHATHHOE KOIMIECTBO
apugMeTHIeCKuxX Onepanni.

Takum o6pasom, obcyxas Talee 3a/1ady HAXOXKJEHHs DelIeHHil CpaBHe-
nns (8), MBI MOXKeM HmpeJrolaraTh, 9TO B KoJble MHoroduienoB F,[z] cmpa-
Be/[INBO PaBEHCTBO

fl@)=(z—a1) ...-(z —a,), a €Fpy a #qj.
4. AITOPUTM HAXOXKJEHUA AETUTEJIEN MHOTOYJIEHA f(z) B KOJb-
ue F,[z].
1) Buibepem waxum-aubo cnocobom saemenm § € F,,.

2) Buiuucaum nauboavwui obwui deaumean g(z) = (f(z), (;r—}—cS)pT_l -1).
3) Ecau mnoeouren g(x) oxancemesn cobemeennvin deaumenem f(z), mo



AaropurMudeckne mpoOJIeMbl TEOPHH THCEJ 97

MmHo2ouaen f(x) pacnadémes na d6a MHONCUMEAR U € KAHCOBLM U3 HUT HE3A6U-
cumo nyxncro 6ydem npodeaamsv 6Ce onepayul, NPEINUCHI6AEMbIE HACTNOAULUM
arzopummonm das muozouena f(x).

4) Ecau oxaxmcemesn, umo g(z) =1 uau g(z) = f(z), caedyem nepeimu x
wazy 1 u, 6616Pa6 HO60€ FHAUENUE §, NPOJOANCUMD 6BINOAHEHUE AA2OPUMMA.

KoamaecTBo onepaunii Ha mare 2 ounennBaetcs Beamanuon O(Inp), ec-
JI BBEIYUCAEHUS TPOBOANTEH TakK, KaK DTO YKA3BIBAJOCH BEIIE TPH HaXO¥XKIe-
unn d(z). BusicHEM Temepb, CKOJIb TOJATO MPHIETCS BHIONPATH dncaa §, MOKa

Ha mIare 2 He GyjeT HaleH COOCTBEHHBIN geauTens f(z).
o

u p=l
KoaugecTBO perieHnit ypaBHeHUS (t + al) 2 = (t + ag) 2 B 1oJie ]Fp He

-3
npeBocxo T Y5=. D10 o3navaer, 9To noamuoxkectso D C Fy,, cocTosmee n3

DIEMEHTOB &, YAOBACTBOPSIONINX YCIOBAAM

(6+a)T £ (0 +a)T, 6% -, §# —a,

-1 .
COCTOUT He MeHee, 9YeM U3 P DJEMEHTOB. YUUTEIBas Tenepb, 9TO KazKIbIA

2
HeHyJ/eBoll djaeMeHT b € F, ygoBieTBopseT oJHOMY W3 paBeHCTB biT = 1,
p=1
aubo b2 = —1, 3akaiodaem, 4To Aas 6 € D omHO W3 4ncen aj, ay 6ygeT
KOpHEM MHOTO4JIeHa (z + 5);;7_1 —1, a ipyroe — met. /a1 TaKuX 21€MeHTOB §
MHOTOU/IeH ¢(z), OmpeIeq€HHBIN Ha 1Iare 2 alropuTMa, 6yeT co6CTBEHHBIM
TeqnTeneM MHOTOYIeHA f(Z).

WTak, cymecTByeT He MeHee % «yJaIHBIX» BHIOOPOB DJAeMeHTa §, TpH
KOTOPHIX Ha IIare 2 airopuTMa MHOTOWIeH f(z) pacmamércs Ha JIBa cO6-
CTBeHHBIX MHOXuUTens. CilefoBaTeqbHO, IPU «CAYIalHOM» BHIGOpE DIeMeHTa
0 € F,, BepoATHOCTb TOTO, 9TO MHOTOYJEH He PA3NOKHTCA HA MHOKHTEIN
nocie k MOBTOpeHWil maros aaropuTtMa 1-4, me nmpepocxoanT 2%, Bepost-
HOCTh € pocTOM k yb6wiBaeT odeHb GbicTpo. U meidcTBUTENBbHO, HA MPAaKTHKe

DTOT AJTOPHTM paboTaeT MOCTATOYHO >(PHEKTHBHO.

3aMeTnM, 9TO TPH ONEHKe BEPOSTHOCTH MBI HCIOJb30BAIN TONBKO [TBa
KopHs MHOTOWIeHa f(z). [Ipn n > 2 5Ta BepOsSTHOCTD, KOHETHO, €IIé MEeHBIIe.
Bosee ToHKNT aHAMM3 ¢ MCmONb30BaHNeM oneHoK A. Beins mis cymm xapak-
TEpOB NMOKAa3biBA€T, YTO BEPOATHOCTH sl MHOTO4YJIeHA f(z) He pacmacThes
Ha MHOXKHTENW NMPH OJHOKPATHOM MPOXOJe IaroB airopuTMa 1-4, He mpe-
Bocxoqut 27" + O(p~'/?). 3pech noctosmnas B O(-) 3aBucut ot n. JeTarn
JIOKa3aTeabCTBa CM. B [26]. B macTosiee BpeMs M3BeCTHO BIeMEHTapHOE [0-
KazaTenbCcTBO onenkn A. Benas (cm. [11]).

B knnre [7] ommceiBaeTcs mpmHAgIeKammil bepreksMmy jgeTepMIHHPO-
BaHHBI alTOPUTM pelllenus cpabrenus (8), Tpebyiomuit O(pn?) apudpmern-
qecKnx omepanui. fIcHO, 9TO OH mpakTHYeckn Gecrnoje3eH Mpn GOABIINX P, a
BOT NPH MaJeHbKHX p U He OYeHb GOJBLINX N OH paboTaeT He OYeHb JOITO.
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Ecin B cpaBuennn (8) 3aMeHNTH NPOCTON MOMYJIb P COCTABHBIM MOZY-
JeM m, TO 3ajJlada HaXOX/JeHUs pellleHHll COOTBETCTBYOIIEr0 CPAaBHEHUS CTa-
HOBHUTCS HaMHOTO GoJee caoXkuol. U3BecTHRIe aJTOPUTMEL €€ pereHns 0CHO-
BaHBI Ha CBEJIEHHN CPaBHEHNS K COBOKYNHOCTH CpaBHeHMH (8) MO mMpoCTHIM
MOAYAAM — JeJUTeNAM M, U, CIeJOBATEIBHO, OHN TPeOYIOT PasiosKeHus Ti-
cJla m Ha MPOCTHIe COMHOXKHUTENN, 9TO, KaK yYKe YKa3hIBATOCh, ABIAETCS JT0-
CTATOYHO TPYIOEMKOH 3amaded.

3. KAK OTJINYUTHL COCTABHOE YHUCJO OT IMPOCTOTO

CyutecTByeT MOBOMBHO P PEKTHBHBEIN cOCO6 yHequThCs, YTO 3aJaHHOE
YHCJAO0 SIBASETCS COCTaBHBIM, HE pasJjaras 3TO 9HCJI0 Ha MHOXKHTean. CoraacHo
Majioln Teopeme Pepma, ecan ducao N mpocToe, TO Ais J11060TO MeJ0TOo a, He
mensimerocs Ha N, BHITIOJHAETCSA CpaBHEHNE

¥~ =1 (mod N). (9)

Ecan ke mpnm KakoM-TO @ DTO cpaBHEeHWe HApYIIAeTCA, MOXKHO YTBEPXKIaTh,
ato N — coctaBHoe. [IpoBepka (9) me TpeGyeT GONBIINX BEIYHCAEHUN, DTO
crexyeT u3 aaroputma 1. Bonpoc ToabKo B TOM, KaK HalTH s cocTaBHOTO N
nejioe 9NUCIIo a, He yaoBaeTBopsiomee (9). MoxHo, HanpnMep, THITATHCS HANTH
HeoOX0OMUMOe THUCJAO ¢, NICOHITHBAS BCe Nedble YNcaa ToapAa, Hadnnas ¢ 2. Nan
nonpo6oBaTh BEIOGHPATh 3TH YUCAa CAy4alHbBIM 06pa3oM Ha oTpeske 1 < a <
N.

K coxkanennio, TaKol mOIX0/ He BCerja AaéT TO, 9TO XOTeI0Ch Obl. Ume-
I0TCA cocTaBHble ducaa N, obuagafoiine cBoicTBoM (9) misi 1060ro memoro
a ¢ ycaoBuem (a, N) = 1. Takue 4mcra maszwiBatoTcs wncaamu Kapmaikia.
PaccmoTpum, manpumep, dncao 561 = 3 - 11 - 17. Tax xak 560 geamtcs na
kaxxgoe u3 ducea 2, 10, 16, To ¢ momotibio Majgoll Teopembl Pepma JTerko
mpoBepuTh, 4T0 561 ecTh uncao Kapmaiikia. Moxkuo nokazats (Carmichael,
1912), ato aw060e n3 ancenr Kapmankia umeetr Bug N = py-...-p,, 1 > 3,
re BCe MPOCTHIe p; PABAWIHL, TpudeM N — 1 JeluTcsa Ha KaXKIYI0 Pa3HoOCTh
p; — 1. Jlumb wemaBHO, cM. [12], 6bina pemerna npo6ieMa 0 6eCKOHEYHOCTH
MHOYXKeCTBa TaKWX THCE.

B 1976 r. Muaiep mpe oKt 3aMeRnTh TpoBepKy (9) MpoBepKoll HECKOb-
KO WHOTrO ycJoBus. /leTain mocaenyiomiero m3ioxeHus Moxuo Hautu B [10].
Eciu N — npoctoe uncao, N — 1 = 2° - ¢, rie ¢ He4E€THO, TO COTJIACHO Ma-
noi Teopeme Pepma mist Kaxkg0ro a ¢ ycaosuem (a, N) = 1 xoTs 66l 01HA 13
CKOGOK B POM3BEIEeHNT

(a' = 1)(a" + )(a® +1)-...- (aQS_lt +1)=d" 1 -1
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menutcs Ha N. O6pailieHne >TOro CBOUCTBA MOYXKHO HCIOJIB30BATh, YTOOH OT-
JUYaTh COCTaBHBIE YHUCJIA OT MPOCTHIX.

IIycte N — HedéTHOe cocTaBHOe qucao, N — 1 = 2° - ¢, rjge t HE4ETHO.
HazoBem meqoe wncio a, 1 < a < N, «xopommmy mas N, ecin HapyliaeTcs
OJTHO U3 JBYX yCJOBHIL:

a) N He gerutTcs HA a;
B) a® =1 (mod N) wau cymectnyet nenoe k, 0 < k < s, Takoe, 4To

=1 (mod N).

W3 ckazannoro panee caefyeT, ITO AJad TpocToro dncaa N He CyIIecTByeT
xXopomnx Jucen a. Ecam xxe N cocTaBHOe 9UCIO, TO, Kak qokasan Pabumu, ux
CyIIeCTBYeT He MeHee %(N -1).

Tenepb MOXKHO TOCTPOUTH BEPOSTHOCTHBIN AJTCOPUTM, OTJIHYIAIONIANA CO-

CTaBHBIE€ YHCJa OT NMPOCTHIX.

5. AJIFOPHTM, NOKABBIBAIOIINI HEOPOCTOTY YHUCJA.

1) Bwibepem cayuaiinoin obpazom wucao a, 1 < a < N, u nposepum dan
IMO20 UUCAA YKAZAHHbIE 6bIUE c60ticmea o) u 3).

2) Ecau xoms 6vl 00no u3 nur napywaemcs, mo uucao N cocmaeHoe.

3) Ecau evinoanenst 06a ycaosus o) u 3), 6036pawjaenca x wazy 1.

W3 ckazamHoro BHIIIE CAEYET, 9TO COCTaBHOE TNCA0 He 6y IeT ONpeIeqeHo
KaK COCTaBHOE TOCJe OMHOKPATHOTO BLITTOIHEHNSA MTAaTOB 1—3 ¢ BepOsSTHOCTHIO
He Goableil 471, A BeposATHOCTH He ONPEAENTDb ero mocte k MOBTOPEHHI He
npeBocxoauT 47F, T. e. yGRIBaeT 0UeHB GHICTpO.

Muinep mpeIoXKuI JeTepMIHEPOBAHHBIN aJTOPUTM OTPe/IeJeHNs COCTAaB-
HEIX qHcen, mMetonii croknocTs O(In® N), ofmaxo cnpaBeanBocTh ero pe-
3yJAbTAaTa 3aBUCAT OT HENOKa3aWHON B HACTOAIIEe BpeMsA TaK HasbIBaeMOMN
pactmpenton rumoTessl Pumana. CoraacHo DTOMY alrOpATMY HOCTATOYHO
MPOBEPHTE ycaoBhA a) W (3) Aas Beex merwix dmcen a, 2 < a < 70In* N,
Ecan mpn xaxoM-anbyah @ W3 YKasaHHOTO TMPOMEXKYTKa HapyIIaeTcs OIHO
n3 ycaoBnit ) wan ), gucao N coctaBHOoe. B mpoTuBHOM caydae oHO OyaeT
MPOCTHIM WJIH CTEMEeHbIo MTPOCTOTOo dncaa. [locie Hss BO3MOXKHOCTH, KOHETHO,
JIETKO TPOBEPSIETCS.

HamoMuuM HeKOTOpBIe MOHATHS, CM. [5], HeoGXOANMBIe M POPMYINPOB-
KN pacuimpenfnon runoTesbl Pumana. O monao61Tcs HaM U B JadbHEHIIIeM.
[lycts m > 2 — uenoe 4anciao. Oyukuns x : Z — C HasbIiBaeTCs XapakTe-
poM Jlmpuxje mo MOAYJIO M, WIX MPOCTO XapaKTEPOM, ecan dTa (PyHKIHSI
MepuoJNdHa ¢ TMePHOJOM M, OTJUYHA OT HYJAS TOABKO Ha YHCIaX, B3aNMHO
TPOCTHIX € M, N MYyJAbTHIINKATHBHA, T. €. IS JIOOKIX MeJBIX U, U BHITOJHA-
etcst paBencTBO X (uv) = x(u)x(v). [las kaxkgoro m cymecTByeT poBHO ¢(m)
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xapakTepoB /lupuxiae. Ouu 06pas3y0T rpynny no yMHOXKeHU0. EquHu9HBIM
DIEMEHTOM DTOW TPYIILI ABISETCS TaK HasbIBaeMbINl TVIABHBIN XapakKTep Yo,
paBHBIN 1 Ha BceX 4YHCJAaX, B3aUMHO HPOCTHIX ¢ M, u () Ha OCTAJbHBIX Ie-
A qmcaax. [lopsakoMm xapakTepa Ha3BIBaeTCs ero MOPAMOK KaK dIeMeHTa
MYyJdbTHIIAKATHBHON TPYNIBI XapaKTepoB.

C KaxK/IbIM XapaKTepoM MOxkKeT OBITh CBSi3aHA TakK HaszkiBaeMas L-pyHK-
nusg /Iupuxie — (GYHKINA KOMIJIEKCHOTO TEePEMEHHOTO S, OnpefeqéHuas ps-

oC
nom L(s,x) = Z X:Z) CyMmMa 5TOro psja aHaanTH4dHa B obaacTu Res >
n=1
> 1 u MOXKeT OGBITH aHAJUTHYICCKN MPOJOJIKeHa Ha BCIO KOMILIEKCHYIO TLIOC-
kocTh. Caenytomiee cootromenne L(s, xo) = ((s) H(l — p~°) cBaswiBaeT L-
plm

(PYHKIHIO, OTBeYaloIIyo IMIaBHOMY XapakKTepy, ¢ m3eTa-pyHKumen Pumana
oC

¢(s) = E — . Pacimipennas runoresa Pumana yTBepikK1aeT, 4TO KOMILIEKC-
n

n=0
Hble HyaH BcexX L-pyukuuii [upuxie, pacnonoxenubie B nojoce 0 < Res < 1,

JexaT Ha npsmon Res = % B nacTosiiee BpeMs He JOKa3aHa Jayke MPOCTeli-
mas popMa DTOHW THNOTE3bl — Kiaaccudeckas runoresa Pumana, yTBepkTa-
olas Takol Ke PakKT O HYJIAX A3eTa-PYHKIHH.

B 1952 r. AnkeHnu ¢ mOMOIIBIO paclInpeHHON THNOTe3k PuMana mokasad,
YTO [JIsi KaXKJIOTO MPOCTOr0 YHCAA ¢ CYIIeCTBYeT KBaIPAaTHYHBIN HEBHIYET d,
y1oBreTBOpsonmi HepapencTBaM 2 < a < 70In?¢. Koncranrta 70 6wl1a co-
cunTana mosgnee. VIMeHHO DTO yTBepkKAeHWE W JEXKAT B OCHOBE aiTOpHTMa
Munnepa. B 1957 r. Bepmxecc mokasan CylieCTBOBaHHE TaKOTO HEBHIUETa
6e3 HCIOMb30BAHNS PACIHIMPEHHON THHOTe3k PuMaHa, HO ¢ Xy/lIell OleHKOH

2<a< q# + £, cnpaBeIUBON TpH JI0OOM TMONOKUTETLHOM € U ¢, GOJAbIIIEM
HEKOTOPOU TPaHUIIKI, 3aBUCAIIEH OT &.

Asroputm Muiiepa NpUHOHNHAABHO OTJIHYAETCSs OT ajJropuTMa 5, Tak
KaK TOJy9YeHHOe C €ro MOMOIILI0 YTBepXKAeHne O ToM, 9To ducaio N — co-
CTaBHOE, ONMAPaeTCA Ha HeJOKA3aHHYIO PACHINpennyo runoTe3y PuMana n mo-
TOMY MOXeT ObITh HeBepHbIM. B TO BpeMsi KaK BEPOSITHOCTHBIH AT OpUTM 5
TaéT COBepIIeHHO MPaBUIBHBIN OTBET s COCTaBHEIX 4ncen. HecmoTps Ha
OTCYTCTBHE ONEHOK CJA0XKHOCTHU, Ha NMpaKTuKe OH paboTaeT BIOJHE YJIOBJe-
TBOPUTENBHO.

4. KAK CTPOUTH BOJIBIIUE MPOCTHE YUCJIA

Mur me 6yjgeM ONNCHLIBATH 3JeCh WCTOPHIO DTOH 3ajJadl, peKOMeHIyeM
obpatuThest K KHuTe [7] m o630pam [10, 11]. Koredno ke, 6oibliiine mpocThie
9HCAa MOKHO CTPOMThL CPaBHATENBbHO 6BICTpO. [Ipn 5ToM MOXHO 06ecnednTh
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nX caydaiiioe pacnpejeleHne B 3aJaHHOM Anana3one Bean+dni. B mpoTuBHOM
caydae Tepsjga Obl BCAKHN MPaKTUYECKHH CMBICA cucTeMa imndpoBanus RSA.
Hau6onee >pheKTUBHBIM CPEJCTBOM TOCTPOEHUS TMPOCTHIX THCEN ABASETCS
HECKOBKO MOH(UINpOBaHHad MaJas Teopema Pepma.

TrOPEMA 2. Hycms N, S — neuémuvie namypaabusie wucaa, N — 1 =
=S5 - R, npuuem das xaxcdo2o npocmozo deaumens q wucaa S cyuecmeyem
YEAOE YUCAO @ MAKOE, UMO

N-1 b=t

a =1 (mod N), (¢« —1,N)=1. (10)

To2da xaxncdviii npocmoti deaumeav p yucaa N ydo64emeopaem cpaéHEHUIO
p=1 (mod 25).

JIOKABATEJLCTBO. IlycTth p — mpocTon gerntenn ducaa N, a ¢ — He-
KOTOPBIH geantens S. U3 yenrosuit (10) cregyer, 1To B nose BurteToB K, cupa-
Be/ITUBBI COOTHOIIEHUS

N-—1
aNr=1,0a"7 #£1, a1 =1. (11)

O6o3nadnm GYKBOHW r MOPSAJOK DAeMeHTa @ B MYJbTHININKATHBHOW Tpylie
noas F,. [lepere 1Ba u3 coornomennit (11) o3mataioT, 4T0 ¢ BXOJHT B pas-
JOYKeHWe Ha MPOCThHIe MHOXKUTENN YHCIA ' B CTENeHn TaKOW JKe, KaK W B pas-
aoxeane N — 1, a mocaennee — 4To p — 1 meantca ma r. Takum obpasowm,
KaKIBI MPOCTON JTeluTelb 4ucia S BXOMHT B pasfioxkeHune p — | B cTemeHn
He MeHbIel, 4eM B S, Tak 410 p— 1 meautcs Ha S. Kpome Toro, p— 1 4éTHO.
Teopema 2 moxazamna.

CHEACTBUE. Fcau evinoanensvt ycaosus meopemsvt 2 u R < 45 + 2, mo
N — npocmoe uuc.ao.

JletictBuTebHO, TycTh N paBHsieTCS MPOU3BENEHNIO HE MeHee [BYX MpO-
cThiX dnces. Kaxmoe n3 HEX, COTVIACHO YTBEPXKIEHUIO TEOPEMBI 2, He MeHbIIIe,
dem 25 + 1. Ho Torma (25 + 1)2 < N=SR+1<45%425+1. [IpornBopedne
I JTOKa3kIBaeT CJejICTRIE.

[Tokaxkem Tenepb, KaK ¢ TOMOIIBIO TOCTEHET O YTBEPXK IeHNUS, UMes 6OJb-
[Ioe MPOCToe Yucao S, MOXKHO MOCTPOUTH CYIIECTBEHHO GOJbIllee MPOCTOe
gyucao N. Beibepem [ist 3TOro caydaiHbIM 06pa3oM 4éTHOe ducjao I Ha mpo-
mexyTke S < R < 4542 u nonoxum N = SR+ 1. 3atem npoBepum duciao N
Ha OTCYTCTBHE MaJbIX TPOCTHIX JeJUTeNel, pa3leJnB ero Ha Majbkie TPOCTHEe
gyucaa; ucneiTaeM N HEKOTOpOe KOJHYecTBO pa3 C MOMOIIbI0 aJropuTMa 5.
Ecan npu sToMm BeIsicHuTcs, 9T0 N — CcOCTaBHOEe YHCIO0, ClelyeT BHIGpaTh
HOBOe 3HadeHne K ¥ ONATh NOBTOPHUTH BeIYHCIeHus. Tak cienyer neiatsb 10
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Tex Top, NoKa He GyaeT HalijgeHo 4ducao N, BeAepiKaBiilee HCIBITaAHUS AJdrO0-
PUTMOM 5 JOCTATOYHO MHOTO pa3. B oToMm caydae mosBasgeTcs Hame:xkga Ha
TO, 4TO N — TpOCTOe 9YHCIO, U CleTyeT MONBITATLCA TOKa3aTh MPOCTOTY C
MOMOIITBIO TECTOB TEOPEMHBI 2.

JlJisi TOT0 MOXKHO CAy4alHBEIM 06pa3oM BeIOUpPaTh 4ucio a, 1 < a < N, u
HPOBEPATH /ISl HETO BHIMOTHUMOCTH COOTHOIIEHUH

a¥V"'=1 (mod N), (e —1,N)=1. (12)

Ecau npu BEIGpaHHOM @ DTH COOTHOIIEHNS BHIMOJHAOTCA, TO, COTJAACHO CJI€e/-
CTBUIO U3 TeopeMbl 2, MOXXHO yTBepXKjdaTh, 4To 4ncio N mpoctoe. Ecan xe
BTH YCJIOBHS HaPYIIAKTCA, HYKHO BRIOPATH [Pyroe 3Ha4YeHHe ¢ U NOBTOPATH
BTH OMepaluu [0 TeX MOop, MoKa Takoe YUca0 He 6yjeT 0GHAPYKEHO.

[Ipeanonoxknm, 9T0 MOCTpoeHHOe Yucao N [eNCTBUTENbHO SBASETCS MPO-
CTHIM. 3a,/laIUMCS BOTIPOCOM, CKOJIb MOJATO HPUAETCS mepebupaTh YuCIa @, MO-
Ka He 6yJeT HalJeHO Takoe, IS KOTOPOro 6YIyT BHIMOAHEHH ycaoBus (12).
3ameTnM, 9TO s mpocToro dncia N mepBoe ycioBne (12), coracHo Manon
Teopeme Depma, Oy eT BREIMOTHATHCH Beerfa. Te e 4unciaa a, Jjis KOTOPHIX Ha-
pymaeTcs BTopoe yciaosne (12), yrosaeTBopsior cpasrennio aff = 1 (mod N).
Kak m3BecTro, ypasuenne 27 = 1 B nose BurvetoB Fy nmeeT ne 6omee R pe-
menni. Oxno w3 aux ¢ = 1. [looTomy Ha mpoMexxyTke 1 < a < N uMmeeTcs He
6osee R — 1 dncedn, 1ist KOTOPHIX He BHIMOMHAIOTCS yeaoBus (12). DTo o3mada-
€T, 9TO, BEIOWpas caydaliHEIM 06pa3oM ducia a Ha npoMexyTke 1 < a < N,
npn npocToM N MOMKHO ¢ BepOATHOCTBIO Goabieit, em 1—O(S™1), naiitn wn-
CJI0 @, JUisEi KOTOPOTro 6y IYT BHINOJHEHBI YCJIOBHS TEOPEMBI 2, I TeM [T0Ka3aTh,
410 N [IelCTBUTENBHO SBJASETCH MPOCTHIM YHCIOM.

3aMeTHM, 4YTO HOCTPOEHHOE TaKuM crnocoboMm npoctoe 4ucao N 6Gyjger
yIOBIeTBOPATEL HepaBeHcTBY N > S2, T. e. 6y/IeT 3aNuCHBATLCA BABOE GOMb-
UM KOJHYeCTBOM THQP, 4eM HCXOAHOe MpOoCcToe 4ucio S. 3aMeHUB Temepb
qncao S Ha HaleHHOe mpocToe 4ncao N W TMOBTOPHUB C 3THM HOBHIM S Bce
yYKa3aHHBIe BHIIE MeHCTBUS, MOXKHO MOCTPOUTH €IIé HoJblliee TPOCTOe YUCJIO.
Hauas ¢ xakoro-aubyib TpoCTOrO 4Hncaa, cKaxeM, 3anucanuoro 10 gecaTud-
HBIMHI TH(paMi (IPOCTOTY €ro MOXKHO MPOBEPHTh, HANPUMED, JeleHueM Ha
MaJeHbKne TaGINIHbIe MPOCTHE 9NCIa), H MOBTOPNB YKa3aHHYIO MPOUETypy
JOCTATOYHOE YUCIO Pa3, MOXKHO MOCTPOUTH MPOCTHIE YUCAA HYKHOU BETHYH-
HBI.

O6cyiuM Temepb HEKOTOPhIE TEOpEeTHYECKHE BOMPOCH!, BO3HHKAIOIINE B
CBSI3W C HaXOxkjgeHueM vnciaa R, ygoBaeTBopsiolero HepaBeHcTBaM S < R <
45 4+ 2, u takoro, yto N = SR+ 1 — npoctoe uucio. Ilpexae Bcero, co-
raacHo Teopeme [lupuxie, mokazauuou emé B 1839 r., nporpeccust 25n + 1,
n=1,2,3,... cojiep:kuT 6eCKOHEYHOE KOJIUYEeCTBO NPOCTHIX dncen. Hac uuTe-
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pPecyIoT MpOCThie YHCJIA, JexKalllne HeJaleko OT Havata nporpeccun. OQuerka
HaWMeHbIIIero MPOCTOrO YHCIa B apu(MeTHYeCKON MTPOTpecCHH ObLIA MOJaY-
yerna B 1944 r. 0. B.J/lunankom. CooTBeTCTByWOIIIasi TeopeMa yTBepkK/IaeT,
YTO HaWMeHbIllee MPOCTOe YUCI0 B apudMmeTnyeckon mnporpeccuu 2S5n + 1
fie mpeBocxoant S, rae C' — HeKOTOpas JOCTATOTHO GOMbINAf aBGCOMOTHA
nocTosHHas. B npeqnonokeHnu cnpaBeinBOCTH PACIIHPEHHON THTOTe3bI Pu-
MaHa MOXKHO MOKa3aTh, [13, cTp. 272], 4TO HauMeHbIIlee TAKOe MPOCTOE TUCIO
He mpeBocxoAuT c(¢) - S*He npu M1060M MOMOKHUTETLHOM €.

Takum obpazom, B HacTOsIIIee BpeMsi HIKaKUX TEOPETHYECKUX FapaHTHH
[ast cyiecTBoBaHusg npoctoro yncaa N = SR+1, S < R < 45+ 2 ne cyec-
TByeT. Tem He MeHee onbIT BhIYHcAeHUl Ha JDBM mokaswiBaeT, 9T0O mpocTHe
YHCAa B apUPMeTHIeCKON MTPOTPecCuu BCTPEYAl0TCH JOCTATOYHO BIN3KO K eé
Hadaay. YIOMSHEM B DTOH CBA3HW THNOTE3y O CYIIECTBOBAHNN GECKOHEYHOTO
KOJMIeCTBA MPOCTHIX UHCEN ¢ C YCAOBHEM, UITO InCa0 2q + 1 TakXKe mpocToe,
T. e. IPOCTHIM ABJIAETCSA yKe TEePBBINl 4ieH MPOrPecCcui.

OdeHb BayKeH B CBfi3U C ONMHCHIBAEMBIM METO/JOM MOCTPOEHHS MPOCTHIX
quces TakKyKe BOMPOC O PACCTOSHUH MEXKIY COCETHUMHN TPOCTHIMU YHCIAMU
B apudMeTHdecKkoll mporpeccun. Benb yberuBIINCh, 9TO OpH HeKOTOpoM R
gucao N = SR+ 1 cocTaBHOe, MOXKHO clefyiolliee 3Ha4ene K B3ATh paBHEIM
R+ 2 u pmeiicTBOBAaTH Tak [Jaliee, MOKa He OyAeT HaljeHO MpocToe ducio V.
U ecam paccTosume MeXIy COCETHNMA TPOCTHIMI IUCIAMU B IPOTPECCUN Be-
JUKO, HeT HaMeXKIH OLICTPO MOCTpOuTh Hy:kKHOe 4mcio N. IlepeGop umcen
R 1o Toro MoMmMenTa, KaK MBl HaTKHeMcs Ha mpocToe 4ncio N okaxkeTcs
CJAWIITKOM TOATHM. B 60lee mMpoCTOM BONpPOCE O PACCTOAHUH MEXKIY COCETHMU-

MU IPOCTBIMHU YUCJIaMHU Py U Pp4q1 B HATYPAJBHOM psjfe NTOKa3aHO JUIIb, 1TO
38

S8 4 e v
Pnt1 — Pn = O | pi! , 9TO, KOHEYHO, He OYeHb XOPOIIO MJIf HAIIUX [eJen.

BumecTe ¢ Tem cymecTByeT Tak HaskiBaemas runoteza Kpamepa (1936 1.), 9T0
Prp1—Pn = O(In? Pr), Mafolnas BIOJHE MpueMaeMyio onenky. [[pnvmepro Takoi
JKe pe3yJabTaT clelyeT W U3 pacliupeHHOU rumoTesbl Pumana. Beraucienus
Ha JBM nokasbiBaioT, 9TO MPOCTHIE YUCAA B apHPMETHIECKHX TPOTPECCUuIX
PaCIOJOXKeHBl TOCTAaTOYHO MIAOTHO.

B kadecTBe uTOra 06Cy:XK/AeHNS B DTOM MNYHKTe MOMYEPKHEM CJlefyiolliee:
ecJqu NPUHATEH HAa Bepy, ITO HaMMeHbIllee MPOCTOe IUCA0, a TAK¥Ke PacCTOAHTE
MEXIYy COCEeTHUMH MPOCTHIMHU 4duciaMu B mporpeccun 25n + 1 npu S < n <
< 4S5 +2 onennatotes Bermaunoir O(In? S), To onmcanmas cxeMa MOCTPOCHUS
GOJBIINX MPOCTHIX YHCET UMeeT NOJNHOMHUAJIBHYIO OleHKY caoxkHOoCTH. Kpo-
Me TOT'O, HeCMOTPS Ha OTCYTCTBHE TEOPETHYECKHX ONEHOK BpeMeHH PabGoThI
AJTOPHTMOB, OTHICKUBAIOIINX MPOCTHE 4YHCIa B apupMeTHYECKHX MPOrpec-
CHAX CO CPABHATEABHO GOJBINION PasHOCTHIO, HA MPAKTHKE DTH AJATOPHTME
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paboTaT BHOJHE yIOBAeTBOPHTENLHO. Ha O6GBIYHOM MepCcOHATHLHOM KOMIIBIO-
Tepe 663 0COOBIX 3aTPAT BpeMeHN CTPOATCH TaKNM CITOCO6G0M MPOCTHIE YHCaa
nopsaxa 10390,

KoneuHo, c11oco6 KOHCTPYHPOBAHUSA MPOCTHIX YHCEN [ HCIIOJB30BAHUSA B
cxeme RSA nomxken 6BITH MacCOBBIM, a CaMU TPOCTHIE UNCAa JOMKHLI OLITH B
KaKOM-TO CMBICJI€ XOPOIIIO paclpefeéHHBIMEA. DTO BHOCHT P JOMOJHUTEIb-
HBIX OCJOXKHEHWH B paboTy airopuTMoB. Bmpotem, onncannas cxeMa JOIYcC-
KaeT Maccy Bapuanuii. Bce 5T BOmpockl paccMaTpuBaioTCs B cTaThe [14].

HaxkoHrel, oTMeTHM, YTO CYIIECTBYIOT METO/BI IOCTPOEHNS GOJBITNX MPO-
CTHIX YHNCeN, HCTOAB3YIOIINe He TOABKO TpocThie neanTenn N —1, Ho W TequTe-
am aucea N+1, N2y 1, N2+ N+1. B ocHoBe uX JeKAT HCTOAB3OBAHIE TOCTE-
MOBATEJILHOCTEHN MeILIX THCe, YIOBAETBOPIIONINX JHHEHNHBIM PEKYPPEHTHBIM
VpaBHEHUAM Pas3iuYIHbIX TMOpsagkoB. OTMeTHM, ITO MOCIeJOBaTEeAbHOCTEL a”,
YIeHBI KOTOPOH MPHCYTCTBYIOT B (pOPMY.INPOBKe MafJol TeopeMbl Pepma, co-
CTaBifeT pellleHne PeKyPPeHTHOI O YPaBHEHNSA NEPBOTO NOPAAKA Up41 = AUy,
Uy = 1.

5. KAK MPOBEPUTH BOJILIIOE YHUCJIO HA MPOCTOTY

EcTh nexkoTopoe oTanvme B MOCTAaHOBKAX 3aa¥ MPeILI IYVIIEro N HACTOs-
mero nyaEKToB. Korga Mul cTpouM mpocToe dncao N, MBI o612 1aeM HEKOTO-
POl TOMOJHUTENBHON HH(POPMANIHEN 0 HeM, BO3HIKAOIIEH B Ppoliecce MOCTPo-
enns. Hampumep, Takon napopMalnein fABIseTCs 3HaHHe TPOCTHIX MeuTeael
yucaa N — 1. DT1a nndopmarnus nHoOrjga objgerdaeT MOKa3aTeJbCTBO NPOCTO-
Tel N.

B oToMm myEKTe MBI mpegmonaraeM JUIb, YTO HaM 3aJaHO HEKOTOpPOE TH-
cio N, HanpuMep, BhIOpaHHOE CAYYaliHBEIM 06Pa3oM Ha KaKOM-TO MPOMeXKYT-
Ke, 1 TpebyeTcs YCTAHOBUTH €r0 MPOCTOTY, AN JOKa3aTh, YTO OHO ABIAECTCA
COCTABHBIM. DTy 3a/1a4y 3a MNOJHHOMHAIbHOE KOJNMYeCTBO OMNEpaluil pelaeT
yKa3aHHb B 1. 3 aaroputm Muiaepa. OqHako, cipaBe/INBOCTH MOy Y€HHOT O
€ ero NOMOIIbI0 YTBEPXK,IeHNT 3aBUCHT OT HeJOKa3aHHOU PACIIHPEHHON THIIO-
Te3nl Pumana. Ecan wncao N BHIep:Kano UCOHETAHUS asropuTMoM b5 aas 100
pa3INYHBIX 3HAYEHWH MapaMeTpa ¢, TO, MO-BHINMOMY, MOYKHO YTBEPKAATh,
4TO OHO ABISETCH TPOCTHIM € BEePOATHOCTHIO Goxbireil, wem 1 — 47190 Dta
BepOATHOCTH OYeHb OJMNW3Ka K e IMHATE, OTHAKO BCE YKe OCTABIAeT HEKOTOPYIO
TeHb COMHeHHs Ha mpocToTe 4dncia N. B gasbreniieM B DTOM MYHKTe MBI
6ymeM cUNTaTh, YTO 3aJanHoe Yncio [N ABIgeTCS NPOCTHIM, a HaM TpebyeTcs
JUIIL TOKa3aTh JTO.

B macTodAmee BpeMs M3BECTHHI IeTepPMIHUPOBAHHLIE AJTOPHTMEL Pa3Janmi-
HOW CJOKHOCTH [IJIsl TOKa3aTelhCTBA MPOCTOTH duces. MBI OCTAaHOBUMCS TIO-
npobHee HAa OMHOM W3 HUX, TpeljioKeHHOM B 1983 r. B coBMecTHONl paboTe
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Anemana, [lomepanuna n Pamenu [15]. /lis gokasaTeabCcTBa MPOCTOTHI WIN
HenpocToTh dncaa N »ToT aaroputm Tpebyet (In N)ClnlnlnN apudmMeTHIe-
CKUX Omepanuil. 31ech ¢ — HeKOTOpas MOJOXKHTelbHas abCOMIOTHAS TOCTO-
sunag. Oyuknus Inlnln NV x0Tk 1 MeljIeHHO, HO BCE e BO3pacTaeT C pOCTOM
N. no>ToMy aaropuTM He ABAAETCSA MOTMHOMHUAABHLIM. Ho Bcé ke ero mpak-
THYECKHE peaNu3alull MO3BOJAAIOT MTOCTATOYHO OBICTPO TECTHPOBATH THUCIA
Ha npocTtoTy. CylllecTBeHHBIE YCOBEPIIEHCTBOBAHUS W YNPOIIEHHS B MePBO-
Ha4vaJbHBIII BapHaHT aAropuTMa OBIN BHeceHHl B pabotax X. JleHcTpwl u
A. Koena [16, 17]. MbI 6y/1eM Ha3bIBaTh OMNCHIBAEMBIN HUYKE aITOPHTM airo-
putmoMm A mremana — JleHCTpHI.

B ocHoBe anropuTMa JeXHUT HCHOJb30BaHHE CPAaBHEHUU THIA MaJjol Te-
opembl depMa, HO B KOJbIAX MeJBIX YUCENT KPYTOBHEIX TOJEH, T. €. MmoJel,
NOPOK IEHHBIX HaJ nosem Q umcramu (, = €2mi/P — yopuamu u3 1. [ycrs
¢ — TPOCTOe HEeYETHOE YHCJI0 U € — MepBOOOPa3HBIN KOPeHb M0 MOV ¢,
T. e. 06pa3yIONINNl DJeMeHT MYJIbTHININKaTHBHON Tpynnsl nond F,, koTopas
nukandaa. /[ag KaXJIoTo neforo Yucia T, He AefAllerocs Ha ¢, MOXKHO OIpe-
IeIuTh ero unuekc, ind,z € Z/(q— 1)Z, na3niBaeMBIll Tak:Ke JUCKPEMMUbLM
Aozapugmon, ¢ momombio cpasrennsa ¢ = ¢ ® (mod ¢). PaccmoTpnm gagee
IBa MPOCTHIX YHWCAa P, ¢ C YCJIOBAEM, UTO ¢ — 1 meInTcs Ha p, HO He JeAUTCH
Ha p2.

Caenytomias QyHKINS, ONpeleJéHHAs HA MHOXKeCTBe MedbIX YHCe,

0, ecim gz,

X(.Z‘ = ind,
PZ % cenn (2.9) =1

ABISETCS XapaKTepoM IO MOAYJII ¢ U IOPAJOK >TOr0 XapakTepa paBeH p.
CymMma

o
|
—

T(x) == > x(@)¢5 € Z[(p, ()]
r=1
HazbBaeTcs cymmoit ['aycca. Dopmynupyemas HuKe TeopeMa 3 TpeacTaBIsieT
cobol anagor MaJjoi TeopeMbl PepMa, HCHOIB3YeMBIH B a1TopuTMe A lieMana
— JlencTphl.

TeEOPEMA 3. [lycmbv N — neuémmuoe npocmoe uucao, (N,pq) = 1. Toeda
6 Koavye Z[(y, (,] 6binoansemes cpacuenue

0N = x(N)™V - r(xN) (mod NZ[(,, ¢,)).

Ecanm npu xakux-1mbo Inciax p,q cpaBHeHHe W3 TeOpeMBl 3 HapylIaeTcs,
MOXHO YTBepXKJaTh, 9To N cocTaBHOe 4Ymncao. B mpoTuBHOM caydae, ecian
CpaBHEHWE BHIMOTHAETCA, OHO JAaéT HEKOTOPYIO WHMOPMANNIO O BO3MOXKHBLIX
npocThix jgeantensx ducia [N. CobpaB Takyo HHPOPMANHIO s PAa3JHIHBIX
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P, ¢, B KOHIIe KOHIIOB VIa€TCH YCTAHOBUTH, 4TO N HMeeT JHIllb OJUH TTPOCTON
neJuTenb U ABASEeTCA MPOCTHIM.

B caydae p = 2 gerxo mpoBepuTh, YTO CpaBHEHNE W3 TEOPEMEl 3 paBHO-
CHJIBHO XOPOIIO U3BECTHOMY B DJI€MEHTAPHON TEOPHH YHCeJ CPABHEHUIO

N-1
g2 = £ (mod N), (13)
LN
rie % — TakK Ha3bIBaeMbIl cuMBoa SIko6u. Xopolio n3BecTHO TakkKe, 1TO

nocJjejHee cpaBHeHNE BHIMOJHAETCS HE TOJABKO IS NPOCTHIX ¢, HO U [Js JIO-
OBIX MeJbIX ¢, B3AUMHO MPOCTHIX ¢ N. 3aMeTnM Tak:Ke, 9TO [Js BEIYUCJICHUS
cumBoJga Slkobu cyiecTByeT GRICTPHIN AJTOPUTM, OCHOBAHHBIN Ha 3aKOHe B3a-
umuOCTH [aycca u, B HEKOTOPOM CMBbICe, TOJOOHBIH anTopnTMy EBKINIa BHI-
YqucaeHns Hauboapliero obiero geantens. Ciaeqyolini IpuMep NOKa3kIBaeT,
KakKnmM 06pa30oM BBIOJHIMOCTH HECKONBKHX cpaBHeHHN Tnna (13) 1aét Heko-
TOpYIO NHQPOPMATAIO O BO3MOKHLIX MPOCTHIX AeduTendx dncaa N.

[Tpumep (X. JIEHCTPA). [lycts N — maTypaabnoe qncio, (N,6) = 1,
JJIS KOTOPOTO BHITIOJHEHBI CpaBHEHNS

T = % (mod N), mpuma=-1,2,3, (14)
a KpoMe TOrO ¢ HeKOTOPBIM NeJbIM IHCAOM b mMeeM
b7 = —1 (mod N). (15)

Kak yxke ykaswBaaock, npu npoctom N cpaBHenus (14) BRITOTHAIOTCS 115
no6oro a, B3anMuO mpoctoro ¢ N, a cpaBuenue (15) o3navaet, 4T0 b ecTh
nepBoo6pasHBIl KOpeHb mo Moxyaio N. KoindecTBO nepBoo6pasHBIX KOPHEN
paBuHo ¢(N — 1), T. e. 1ocTaTouHO Bennko. Taknm obpaszom, 4ncio b ¢ yciao-
BueM (15) mpn mpoctoM N MOKeT OBITH HaWJEHO TOCTATOYHO GBICTPO C TMO-
MOIIIBIO CAIYIaHOTO BHIOOpA W mocaenyomuein mpoBepkn (15).

[okaxeM, 9T0 U3 BEIIOTHIMOCTH (14-15) ciemyeT, 9T0 KayK/[bIH JeTHTENH
r anciaa N yJIOBIeTBOpSeT OMHOMY U3 CpaBHEHHH

r=1 (mod 24) wim r = N (mod 24). (16)

He ymenbIias 06UIHOCTH, MOYXKHO CYHTATh, YTO ' — NpPOCTOe 4uciao. Begem
Temepb o6osnavenns N —1 =u-2% r—1=0v-2", rae u u v — HEISTHBIC
qucaa. Us (15) u cpasrenns 6”1 = 1 (mod r) creayer, ato m > k. Jlaree,
coraacHo (14), BHIMOTHAIOTCS CJIeyIOIINe CpaBHEHNS

v Uu
L0 ( a a

N N mod r), )=1) =a

a a

_ uy2m—1 (

mod r),
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o3HadapIne (B CHIYy TOro, 9TO CHMBOJ SIKOGH MOXKeT paBHATHCA JHIL — 1
nin +1), 9To

2fm—k
a a
N r
a
[Ipu m > k »To paBeHcTBO O3HavaeT, uT0 |—] = 1 pw ¢ = —1,2,3, u,
r
a a
crefoBaTenbio, 1 = 1 (mod 24). Ecin xxe m = k, To nMmeem N =|—) m
r

r =N (mod 24). D1um (16) gokasamno.

NudopMannsa Takoro pofa TMOJYyIaeTcAd W B Caydae MPOW3BOJBHHEIX MPO-
CTHIX YHCET P U ¢ C YKA3aHHBIMH BBIIIIE CBOUCTBAMH.

Omnnuem (ovens rpy6o) cxemy aaropuTma A premana — JleHCTpHI mas po-
BepKHN MPOCTOTH V:

1) BEIGNpPAOTCS pa3JuvHbIe MPOCTHIE TNCAA Py, . . ., Pi W pa3JuvIHbBIE TPO-

CTHIEe HEUYETHBIE ¢, . .., (s TaKAe, ITO

a) A KaXK[IOTro j Bce MPOCTLIe JeIuTeNn 4dncia ¢; — 1 cogepxarcs
cpeiu pi,...,pr U ¢; — 1 He geraTcda Ha KBaJpaT NPOCTOrO THCIA;

2) mas KayKOW Maphl BHIOPAHHBIX UHCEN P, ¢ TPOBOJATCA TECTHI, MO T06-
Hble cpaBHEHNIO W3 TeopeMbl 3. Ecam N He yIoBIeTBOpseT KaKOMY-IuHo T3
DTHX TECTOB — OHO cocTaBHoe. B MNPOTUBHOM CJly'vae

3) onpeneaseTcda He O9€Hb 60 BIIIOe MHOXKECTBO qucesq, ¢ KOTOPBIMH TOJb-
KO T MOTYT 6BITH CPaBHAMEBI MPOCTEHIe geanTean N. A MMeHHO, KayKIBIH MpO-
CcTOHI JdeJunTe]Jb r Yucjga N MOJIZKEeH y TOBJI€TBOPATHL CPAaBHEHUIO BH A

r= N’ (mod S), 0<j<T =p1-... pr.

4) mpoBepsieTCs, COMEP:KUT JH HallfeHHOe MHOXKecTBO geauTenn N. Ec-
JU TPH DTOM JeluTenn He ob6HApPYKeHbI, YTBepXkKaaeTcsa, 9To N — TpOCcToe
YUCIIO.

Ecawm qucio N cocTaBHOe, OHO 06A3aTEALHO HMeET MPOCTON MeAUTeNb T,
Mmenbini /N < S, KOTOpBIU caM COJePKUTCA CPeil BO3MOXKHBIX OCTATKOB.
IMeHHO Ha 5TOM CBOWCTBE OCHOBAHO TMPHUMeHeHNe MyHKTa 4) aJropuTMa.

[TpuMEP. Ecam BHIO6paTh caeyiolIne MHOXKECTBA TPOCTHIX THCEN
{p} =1{2.3,5, 7} u {q} = {3.7,11,31,43,71,211},
TO TaKUM CNOCO60OM yAaeTcs MpoBepATh TpocToTy ducen N < 8,5- 1019,

OtMeTnM, 9T0 B pabore [15] 11s TecTHPOBAaHNUS NCHONB30OBAINCH HE CPaB-
HeHHs TeopeMbl 3, a 3aKOH B3aMMHOCTH [ CTelNeHHBIX BbIY€TOB M TakK
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HazbiBaeMbie cyMmMbl flko6u. Cymma Axobu

T x2) = =Y xi(@)x2(1 —2)

ompenenseTcs MIA IBYX XapaKTepoB Xi, X2 MO MOAyaio ¢. Ecam xapakTepn
IMeI0T MOPAJOK P, TO COOTBETCTBYIONIAA CyMMa KOO TpUHA ITeKAT KOABITY
Z[¢,). lockoabKy 4mcaa p, y1acTBYIOIINE B aITOPUTMe, CPABHATEILHO HEBEH-
KN, TO BBIYACICHUS ¢ cyMMaMu SIKo6W MPOW3BOAATCA B MOJAAX CYIIECTBEHHO
MEHbIIIEN CTeleHH, 9eM BBIYHCJAeHHs ¢ cymMmamu laycca. DTo raiaBHas mpu-
YHHa, MO0 KOTOPOHW cyMMbI SIko6u mpegnodTuTensbHee Misi Berducaenui. [Ipn
X1X2 7 Xo BHITIOJHSAETCS KIACCHIeCKOe COOTHOIIeH e

T(x1) - T(Xz).

J(Xl:X?) — T(Xl XQ)

CBA3BIBaloIIee cyMME ['aycca ¢ cymmamu SIko6u m mo3BoJfiolIee MepenucaTh
cpaBHeHHe TeopeMbl 3 B TepMnHax cymm flko6u (cm. [16]). Tak, npu p=3 u
g = 7 COOTBeTCTBYIOIlee CpaBHEHNE, CMIPaBeIInBOe I8 MPOCTHIX N, OTJINI-
HBIX OT 2, 3, 7, IpUHUMaeT BUJ

[5] %]

(=3¢-2)""-(3¢+1)

n £ — HeKOTOPHLIN KOpeHb Kybudeckui u3 1.

= ¢ (mod NZ[(]),

rie C — ¢2mi/3

B 1984 r. B pa6ore [17] 65110 BHECEHO CYIIECTBEHHOE YCOBEPIIEHCTBOBAHIE
B @JTOPHUTM, TIO3BOJUBIIEE OCBOGOINTHLCSA OT TpeGOBaHUSA HETCAIUMOCTH THCET
¢ — 1 Ha KBagpaTH MPOCTHIX Yucea. B pe3yabTaTe, HanpuMep, BHIOPAB INCIO
T =2%.32.5.7 = 5040 u B3aB S paBHBIM NPOU3BEJCHUIO MPOCTHIX THCEN ¢
¢ ycaoBueM, 9to T nenntcd Ha ¢ — 1, moaysum S > 1,5 - 10°2, 910 nosBoasger
[MOKa3bIBATh NPOCTOTY dunces [V, 3alUCEIBAEMBIX COTHEN TecATHYHBIX 3HAKOB.
[Tpu pToM BEIHCAeHTS 6YIYT TPOBOAUTHCA B TMOJIAX, TOPOKTEHHLIX KOPHAMA
u3 1 cremenen 16, 9, 5 u 7.

Mot mepcoHaAbHEIH KOMObIOTEp ¢ mponeccopom Pentium-150, moab3ysch
peaauzanuen >Toro airoputma Ha s3bike UBASIC, mokazan npoctoTy 3amu-
chIBaeMoro 65 TecATHYHLIMA 3HAKaMd, O6OJBIIET0 U3 NPOCTHIX YHCeT B TMPH-
mepe Puecta, lllamupa n A nremana (cm. myskT 1) 3a 8 cekyun. CpaBHerme
oTuX 8 cekyHa u 17 jgeT, noTpe6OBABINAXCA MJAA PA3JIOKEHUS Ha MHOXKATEIN
IpeIJIOXKEeHHOTO B MpAMepe IhCia, KOHEeTHO, BIedaTaseT.

OTMeTnM, 9TO OlleHKa CJIOKHOCTH DTOTO alTOpHTMa MPeJCTaBIAfeT CO-
601 TPYJHYIO 3a/a9y aHATUTHYECKOHW Teopun 4ucena. Kak yxe yKazuIBajloCh,
KOMWYecTBO onepanuii onennpaetcss seanaunoi (In N)ennnN -0 rpako coor-
BeTCTByMoIHe ducaa S u 1, BO3HHKAIOIINE B MpoIecce TOKa3aTelbCcTBa, He
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MOTYT GBITh IBHO YKa3aHbl B 3aBucumocT oT V. /lokazaHo JuIllb CyUIECTBO-
BaHume qucen S u T, 1ist KOTOPHIX JOCTHTaeTcs oleHKa. Bupoyem, ecTh Bepo-
SITHOCTHBRIM BapHAHT airOPUTMa, JOKa3kIBAOIINNA TPOCTOTY MPOCTOTO YUCIA
N ¢ BeposTHOCTBIO Goabiteir 1 —27% 3a O(k(In N)ClnlnlnN) apupMeTHIeCKnX
omepannii. A B mpeAnofoKeHN pacliipeHHol TunoTe3s PuMaHa »Ta oneHka
CJOKHOCTH MOXKeT OBITh Moy4deHa npu 3pPeKTuBHO yKazaHHBX S u T

6. KAK PACKJAJIBIBAIOT COCTABHBIE YHCJA HA MHOXKHUTEJNU

M1 auis KpaTKO KOCHEMCS DTON TeMbI, OTCHLIAS YNTaTeNel K KHUTaM [7,
18, 19]. Cpeqn MHOTHX aiTOPHTMOB Pa3JOKeHHsI MBI BHIOEPEM TY JHHHIO Pa3-
BHTHS, KOTOpasd NpuBeja K Pa3iokKeHUIO Yucaa, npenioxkennoro RSA.

ITonckoMm >PpPeKTUBHEIX CMOCOG0B Pa3NOKEHUS TMEAHX IHCeT Ha MHOXKHA-
TeNW 3aHUMAIOTCH YK€ OYeHb [JaBHO. JTa 3a/[ada HHTEePecOBaJa BhITAOIINX-
¢ y4éHBIX B oGnacTu Teopun 4uceda. BepositHo depma ObLI mepBBIH, KTO
OpeNJIOXKII MPeACTaBUThL pasaaraemMoe 4ducao N B BHJe Pa3sHOCTH KBajJpa-
toB N = 2% — y%, a saTewm, Borancass (N, z — y), NONBITATLCA HANTH HETPH-
BuaNbHBIN gesnTenb N. OH xKe UPeMIOKHA U CH0ocOb, MO3BOJAIONINT HAUTH
TpebyeMoe TpecTaBienne. Ecanm paszaaraeMoe IucJI0 UMeeT IBa He OUeHb OT-
JAUIATONINECS MO BeJNINHE MHOXKHUTENSA, DTOT CNoco6 MO3BOMAET ONpPeIeInTh
X GeICTpee, YeM MpocTol mepeGop geaunTenei. Jlexkauap o6paTuj BHIMaHUe
Ha TO, YTO IPH TAKOM TOAXO/e TOCTATOYHO MOJYIUTH CpaBHEHHE

2?2 = y* (mod N). (17)

Koneuno, me ka)kgas mapa qnucea, VIOBJICTBOPAIONIAX My, TO3BOAIET Pa3ao-
KuTh N Ha MHOXKHTeNH. Jijep u l'aycc mpegoxuninm HEKOTOPHE CIOCOOH
HAXOXKJeHNs 9ncel, CBA3aHHBIX cooTHomenneM (17). Jlexanap mcnoabzoBan
ISt DTOU TeJu HelpephIBHBIE TPOOH.

HanoMuuM, 9T0 KaXK,IOMy HppallHOHAIbHOMY 4ucay & MOXKeT OBITh MOCTa-
BIeHA B COOTBETCTBHE GeCKOHETHAS MOCAeI0BATENILHOCTD IedbIX dnced [by; by,
by, ...], Ha3BIBaeMas ero HempepLIBHOM IPO6bI0. DTO COMOCTABIEHHE CTPOUT-
cA caefyolnM 00pa3oM

!  =0,1, 2
Jlexkauap mokazala, 9TO HenpepbiBHasA ApoOb KBaApaTHIHON MPpalHOHATbHO-
cTu nepuognvna. Ecan packia uBaTh B HelpepeIBHYIO Apo6b qucto & = /N,

VN + P,
TO BO3HHKAIOIINE B Iponecce paldjJoxkKeHnuns 9ucja r; UIMeIOT Bul r; = ——————

Qs
¢ neapiMu P;, QQ;, npuiem Bcerga 0 < P < vN, 0 < Q; < 2y N. C xax o

HereprBHOfI rI[pO6]:IO MOXKHO CBSf3aThb IIOCJAeTOBATEJILHOCTL pPallMOHAJBLHBIX

ro=¢&, b =[], viq1 =
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Y
o 7 .
qncen, TaK Ha3bIBAeMBIX MOAXOMANINX Tpobel, B 1 > 0, BoIYHCASEMBIX TIO

7
IIpaBUJaM

Aig1 = b1 Ay + Ay, Bip1 = b1 Bi+ Biq, 120,
14():[)07 BOZA_lzl, B_1=0

7 CTPEMAIIAXCA K paszjaraeMoMy 4ducay. Ecanm B HempepuIBHYIO Npo6h passa-
raetcs quciao & = +/ N, To cipaBeIInBO COOTHOIIEHIE

A?—l - NBZ'Q—l = (—1)iQi: (18)
13 KOTOPOI'O CJleflyeT
A? | = (-1)'Q; (mod N). (19)

3aMeTuM, 4TO [JMHA MEPUO/Ia PABIOKEHNS B HEIPEPBIBHYIO ApO6h ducia & =
V/N MoxKeT GBITH GOXBIION U TOCTHTaTh BeAndnH mopagka v/ N.

B 1971 r. lllerkc npeanoxKui ncnoabp30BaTh cpaBrenns (19) mis KoHCTPY-
WpOBaHNUs wucesn, yroBreTBopsiiommx (17). Ecau BeIYucienus mpoBoAnTE 10
TeX Mop, MOKa NpH Y6THOM i He moaydnTcsa (; = R? npu mekoTopom menoM R,
To mapa wucen (A;_1, R) 6ygeT yaoBreTBopATh (17) I ¢ €€ MOMOIIBIO MOXKHO
HaMeAThCA MOJYIATH pasdioxkenne N HA MPOCTHIe MHOXKUTENMN.

B 1975 r. Moppucon n BpuiarxapT cTaninm nepeMHOXaTh cpaBHenus (19)
OpH PA3JUIHLIX ¢ C TeM, YTOOB TaKNM CMOCO60M MONYINTH KBAApaT IEI0TO
YHCaa B IPaBOHW 9acTH. DTOT MeTO/I, METO/[ HEPEPHIBHEIX Mpo6ell, MO3BOJMI
BIEpPBLIC Pa3loKHTh Ha MHOXKHTEIH ceabMmoe 4ducao Pdepma Iy = 2128 4 1,
Jlisi peasmsannm aJropuTMa BeIOUpaeTcs TaK Ha3biBaeMas 6a3a MHOXKHUTeIEH
{p1.p2,...,ps}. B HEE BXOIAT OTpaHUYeHHBIE MO BeANYNHEe HEKOTOPKIM Mapa-

MeTPOM TPOCThIe Yucaa Takue, YTO p_ = 1. [locrennee ycioBue cBA3aHO
k3

¢ TeM, 4TO, cornacHo (18), B pasjoikeHnme HA MPOCTHIE MHOXKHTENN ducen ();
MOTYT BXOIUThH JUIIL T€ TPOCTHE, NI KOTOPHX N ABAfAETCA KBAAPATHIHEIM
BBIYETOM.

Ha nepBoMm »Tame airopuTMa Kaxjgoe odepeHoe 9uciao (J; me1uTcs Ha Bce
qucaAa pi, P2, ..., Ps U, €CIN OHO He pasjaraeTcd MOJHOCTHIO B TpOU3BeAeHNe
cTemneHell 3THX MPOCTHIX, TO oTbpackiBaeTcs. VHave nogaydaeTcs pasiokKeHne

S

(—1)'Qi = (1) [ ». (20)

i=1

DTOMY HOMEpY i COMOCTABIAETCSA BEKTOP (dg,dq,...,as) (BeKTOp MOKa3aTe-

JIeﬁ). 3aTeM BBIYUCIACTCA cirenyioiiee 3Havenmne Qi—}—l; n C HUM IpoJgeabiBaeTCs
B TOYHOCTH TaKas Ke IIpouenaypa.
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DTHu BRIYHCJIEHUS] TPOBOAATCS [0 TeX MOp, MOKa He 6yeT NOCTPOeHo S+ 2
BeKTOpa MoKazaTejell. B moaydvmuBiieiicsi MaTpuile moka3zaTejel, OY9eBHIHO,
MOYXHO T006paTh BEKTOPa-CTPOKN TakK, 9TO HX CYMMa OyAeT BEeKTOPOM C
9éTHBEIMI KoopauuaaTamn 2(bg, by, . ..bs). Ecim A — MHOXKecTBO HOMEPOB Bek-
TOPOB, BOIIEAIINX B OTY CYMMY, TO, KaK JIeTKO MPOBePNThH ¢ MoMOIbio (19),
nMeeT MeCTO CpaBHEeHHe

2 s 2
H A1 ] = Hp?ﬂ (mod N).
1EA =1

Ecan ¢ moMo1ibio 5Toro cpaBHeHnS He YIAETCA pa3aokuTh N Ha MHOXKHATe-
JU, pa3JjoXKeHne B HENPEPLIBHYIO Ap0o6h MPOIOMKACTCA, TPOJodKaeTca Habop
BEKTOPOB MOKa3aTeJel U T. .

B 5TOT airopnTM GLIT BHECEH pA yCOBEPIICHCTROBaHWil: BMecTo VN
MOXKHO pacK.ajbBaTh B HENPEPHIBHYIO [pobb wncao VEkN, rie MaleHbKuil
MHOXUTENb k monbupaeTcs Tak, 9TOOK B 6a3y MHOXKUTEIEH BOILIH BCE Ma-
Jble TPOCThIe; 6BIIA MpelJokKeHa TaK HasdkiBaeMas CTPATerus paHHero o6pol-
Ba n T. j. CI0XKHOCTH DTOr0 airopuTMa Obvlia oneHera B 1982 r. BeqmduHOR
O(exp(yv/1,5-In N -Inln N)). [lpn BeIBOJE 5TOH ONEHKH HCHONB3OBAICH P

IpaBIOTNONOOHHIX, HO He JOKA3aHHLIX THNOTE3 O pacupefeleHu MPOCTHIX Ti-
cen. [lonyuuBuiasics B onerke (GpyHKIHS pacTeT Me[JeHHee M060H CTemeHHOH
PyHKIHE. AJITOPHTMBI, CIOKHOCTh KOTOPHIX OIEHHBAaeTCs MOMOOHBIM 06pa-
30M, TOJIYYNIN Ha3BaHMe CyGOKCIOHEHNNAABHEX (B 3aBucHMocTn oT In N).
B 1982 r. [lomepannmom 6LLT TpeIIoXKeH eIIé OANH CyGIKCTOHEHIHATE-
HBIIl aJiTOPHTM — JITOPHTM KBaPAaTHYHOTO pelieTa. Ero cioxkuOCTH Ole-
HIUBaeTCs TaKOW Ke (PYHKIHWEH, Kak U B MeTOj/e HEeNPEpPLIBHKIX ApoGel, HO

BMeCTO KOHCTaHTH 1,5 moaydena aydimas — 9/8. O6osznadnm m = {\/N},

Q(z) = (z + m)? — N u BuGepeM Ty Xe 6a3y MHOXKHTeJel, 9TO U B MeTO-
e HempepBIBHEIX apobefl. [Ipnm ManbixX menbx 3HaYeHHsX  BeamduHa Q(z)
OyeT cpaBHUTENBHO HeBeluKa. Caeayionmmil mar oObsicHIeT Ha3BaHUe aJro-
puTMa — KBajJpaTHdHOe pemeTo. BMecTo Toro, 9To6L mepebupaTh wHCIa
T WM pacKJIaThBaTh COOTBETCTBYIONINE 3HAYEHNA (J(Z) HA MHOXKWTENN, aiTo-
PUTM Cpa3y OTCenBaeT HETOHBIE 3HATEHUA T, OCTABMAAA AU T€, JIS KOTO-
pHIX (Q(z) MMeeT MenTeNn Cpean SIeMeHTOB 6a3bl MHOKHUTEEH.

3ajlaB HEKOTOPYIO TpaHUNy B, s KaXKI0TO MPOCTOro YHCIa P, BXOIAIIe-
ro B 6a3y MEOXKATENEH, 1 KayKIOro TToKasaTelsa CTeNenn a, ¢ ycaosneM p* < B
HAXONM pellleHns & KBajfpaTndHoro cpaBrenns ((z) = 0 (mod p?). Muoxe-
cTBO pemtenn# obosHadnMm O6ykBon A. UTak, mis xaxkgoro z € A maugércs
piAeMeHT Ga3bl MHOXKUTENEH, a MOXKeT ObITh W He OJUH, BXOJAIINN B HEKOTO-
POl CTENeHN B pa3/oXKeHNe Ha MPOCTHe COMHOXKHTenn qnciaa (Q(z). Te qncra
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T, IPN KOTOPHIX 3HAaYeHNs ((Z) OKa3BIBAIOTCS MOJHOCTHIO Pa3JOKEHHBIMI,
[Jal0T HaM BEKTOp TOKa3aTeflel, KaK U B airOPHUTMe HeNPEephIBHEIX Apo6ei.
Ecan Takux BeKTOPOB OKaxKeTCs MOCTATOYHO MHOTO, C HIMH MOXKHO TpOe-
JaTh Te Ke onepalnu, YTO U B aJITOPUTMe HEIPePHIBHBIX JIpobeii.

Mgl KkpaTKo ommcanm 3jech JUIIL OCHOBHYIO miaeio airopuTMa. [lommmo
BTOTO0, UCMOAB3YeTCs MHOTO APYTHX MOTOJHUTENBHBIX COOOPAKEHHH U pas-
JIUYHBIX TeXHUYecknx npnemoB. Hanpnumep, ananor cootrnomenns (20) nmeet
BH T

Q(z) = q1q2(—1)" HP;] (mod N). (21)

i=1

B mem momyckaeTcs Haliwdme ABYX JOTMOJHUTEILHLIX OOJBIINX TPOCTHIX MHO-
kuteaenn By < ¢; < By. DT MHOXKHTEJN BUOCTEICTBAN MPHU TePeMHOKEHNN
3HaveHnit ()(x) MCKIOIAIOTCS.

HekoTopere geTain peaim3annn aJropuTMa MOXKHO HaiTH B pabote [6].
OTMeTHM 3JIeCh TOJABKO, 9TO HAa MHOXKHTENN pacKiabiBaiock ducao 5N, 6a-
3a MHOXHUTejell coctosiia n3 —1 u 524338 mpocTHIX YHCea, MeHBIIHX, YeM
B; = 16333609. Ilpn »>Tom 6BLI0 mcmoab3oBano B, = 23°. B pesyasraTte
npocenBanns noxydurock 112011 coorromennit Bujga (21) 6e3 MHOKHTeTEH
¢;, 1431337 cooTHollennin ¢ ofuuM TakuM MHONKHTegseM u 6881138 cooTHO-
[IeHWH ¢ AByMsi MHOXKHTensiMu. VIMEHHO Ha MOWCK BCeX DTHX COOTHOIIEHHUH
nonagobmanck 220 mHell u GOJBIIOE KONMYeCTBO PabOTaBUINX MapaieqbHO
koMnbioTepoB. Ha BTopom mrare aaropuT™a, Korja m3 cooTHomenmin (21)
KOMOHHIPOBAJNNCH YETHBIE BEKTOPHI MOKa3aTelell cTeneHell, TpuXo[uioch pa-
60TaTh ¢ MATPHUIAMH, Pa3MepLl KOTOPLIX U3MEPAINCH COTHAME THICAT GUTOB.
ODTOT BTOpOI miar notTpeboBat 45 9acoB paboThl. YKe 4eTBEPTHIN BEKTOP C
JETHBEIMA MOKA3aTeNAMN MPABET K NCKOMOMY Pa3JoXKeHWI0 Ha MHOXKUTENN.

SAKJIIOYEHUE

MBI 3aTpOHYIH B 3TOH CTAThe JUIIb HEGOJABIIYIO YaCTh BOIPOCOB, CBSI3aH-
HBIX C TEOPEeTUKO-YUCIOBHIMH AJTOPUTMAMI W ONEHKAMH WX CJAOXKHOCTH. 3a
paMKaMH OCTAJUCh JayKe YPe3BbIYalHO BaKHBIE [Jisi KPUITOr Pa(Ui BOMPOCH
NUCKPETHOTO JOTapu(pMIpoOBaHusd, T. €. NOUCKa YUCe T, YAOBJIETBOPAIONINX
cpaBHennio a = b” (mod p) mpwW 3aTaHHBIX HeABX a, b, p, cM. HampuMep,
[20, 21]. MB1 He onmnchIBaIn NepCHeKTHBHBIE HCCAeTOBAHNS, CBA3AHHBIE C Pac-
MPOCTPaHeHNeM aJTOPATMOB pellleTa Ha MoJs aareGpandecKnx duces (perre-
TO YHCJIOBOTO TOJSA), I HCNOJb30BAHNE NX ISl PA3NOKEHHUS MeNbIX THcen Ha
MHOKUTENHN WM PEIeHus 3a/a491 TUCKPETHOTO JOTrapudMIpOBaHus, cM. [22,
20, 25]. UMeHHO ¢ TMOMOIIBIO 3THX AJITOPHTMOB TOCTUTHYTH TeOpeTHYeCKHe
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OTIeHKH CIOKHOCTH pasioxkenns na muoxkuTenn exp(c(In N)'/3(Inln N)?/3). He
OBLIN 3aTPOHYTHI DAIUNTHICCKAE KPUBLIE, T. €. ONpeJeléHHbe ¢ TOTHOCTHIO
[0 06paTHMOTO MHOXKHTE/IS TPONOPIHOHAILHOCTH MHOMKEeCTBa TOYeK

Eup={(2,9,2) € (Z/mZ)|y> = 2® + aws” 4 b:"),

ob6yaarolnme rpynmnoBoit cTpykTypoi. C UX MOMOIIBIO Y/IaJOCh MOCTPOUTH
BechbMa d(PeKTUBHBIE ANTOPHTMBI PA3I0OKEHUs YUCEN Ha MHOXKHTENH U MPO-
BEPKH MEJKIX 9HCe] Ha TPOCTOTY. B oTiindne oT MyJbTHILINKATHBHOW T PYIIEL
(Z/mZ)*, nopsajgox rpynnsl [, ; Ipu OTHOM I TOM XKe M MEHAETCA B 3aBHCH-
MOCTH OT HEeNKIX TapaMeTpoB d, b. DTO OKa3kIBaeTCHd BeCbMa CYIIECTBEHHBIM,
HampuMep, TPU PA3J0KEHNN YHCeN M Ha MHOXKHTean. MBI OTChbliaeM 9uTaTe-
Jiel 332 MoAPOGHOCTAMI HCTOJB30BAHIS DITHITHIECKUX KPUBEIX K cTaThe [23].
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