Hain CEMMHAaAP: MaTeMaTHnIEeCKHue
CIO2KE€ThI

Besikoe 11 1eOBIIIEBCKOe MHOZKECTBO BbIHyKJIO?

A. P. Amumon*

IIycte M — HemycTOe 3aMKHYTOE MOAMHOXKECTBO MIAOCKOCTH U T — TOY-
Ka, He TpuHAmJIexKalas eMy. Tormga mid TOYKHW & BCerga CYyIIeCTBYeT TOY-
ka w3 M, 6amkaimas K Hell (3TO JOKa3bIBAeTCs HUXKe), T. €. Takas TOIKa
Yo € M, 9TO paccTosHme OT T MO Yo He GOJbIIe, YeM pPACCTOAHWE OT T MO
ao6on Toukn y € M. (Takux 6amkaiuimx K & TOYeK MOXKeT OBITh, BooOGIIe
rOBOpSI, MHOTO.)

Ecan M — 3aMKHYTHII KPYT W TOYKA & JeXUT BHe M, To Gamkaiias K
TOYKa Yo €MMHCTBEHHA, OHA JEeKUT Ha MepecevyeHNd OKPYKHOCTH, OT paHU1H-
Batoreln Kpyr M, m Aydva, HauNHAWOIIETOCH B EHTPe KPyra U MPOXOIAIIEeT 0
Jepe3 Touky z. Ho ecim M cocTomT Bcero m3 JABYX TOYEK Y W Yo, TO BO3-
MOYKHBI Ba cayyasd:

— TOYKa T He JeXNT Ha CepelnHHOM NepreHTuKyaspe [ K oTpesky [yi:ys].
OamKauiag K ¢ e[HHCTBeHHA — WIH Y1, WIH Yo

— TOYKA Z JeXKUT Ha [, 6amKaumuMn K & 6yayT o6€ TOUKH iy U Ys.

Touku, aast KOTOPHIX HJaMKAUIIAS TOYKA HEeTNHCTBEHHA, HATIOMUHAKT 00 n3-
BECTHOM 6ypudano6om ocie, KOTOPHIH CTOSAT MEXIY ABYX PaBHOYTATEHHBIX
OT HEero MeIIKOB C OBCOM W TOruG OT roJoja, TaK W He PelnB, Kakol u3
MeIIIKOB HaXOMUTCA K HeMy OamxKe.

Bosuukaer Bompoc: kak onucams 6ce samrnymole muodcecmea M, das
komopwuix auncatiwas u3 M x 1060t mouxe x eduncmeenna?

*PaboTa BHIIIOJHEHA TIpU TIOAAepKKe Poccuiickoro ¢hoHga GpyHAAMEHTANBHBIX HCCIeL0-
Bauuit (npoekt Ne96-01-00212) u nporpavmul «Bejgymme Hay4HBle mKombn (npoekT N 96-
15-96102).

MaTemaTu4eckoe npocseujeHue, cep. 3, Bbin. 2, 1998(155—172)
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Bravaze MB pacCMOTpPHM DTOT BONPOC B eBKJIH0BOH mIockocTu R2?, a
3aTeM — B 6oJjee 06IIeM n-MepHOM eBKJHJI0BOM TpocTpancTBe R”.

Mas Todek z,y ¢ koopamHaTamMu T = (a1, a2) u y = (0, F2) Ha mwIoC-
koctu R? onpegenum 4uciao (z,y) = a1 + a2, Ha3BIBaEMOE CKAIAPHBLM
npouséedenuem BeKTOpoB = u y. W3 onpejenenns (-,-) cpasy cJeiyer, 4ToO
(z,y) = (y,z) u (ax + By, z) = alz,z) + By, z) upn «, § € R. [lox paccmos-
HUEM MEYKIYy HUMH MBI OyJeM IMOHHMaTh OOBITHOE eBKJIMIOBO PAacCTOAHNE

|z —yll = V{(z -y, —y) = V(a1 — B1)2 + (a2 — 2)°

O60611IeHneM pacCTOSHUS MEXIY TOTKAMHN ABIASETCS TOHATHE HAUAYUULE2O
npubauncenus nan paccmosnus p(z, M) om 3adannoii mouxu x do 3adannozo
Muoaxcecmea M

z,M)= inf ||z —y|.
pla, M) = inf Jlz -yl
Hon saemenmom nauayuwezo npubiuxcenus uwan baudcatwed mouxot Iia
3aJaHHON TOYKH & MBI 6yjJeM MOHHMATL Ty TOUKY Yo € M, 11s koTOpon
lz = yoll = p(z, M), T. e. ||z — yo|| < ||z — y|| A m06b1x y € M. Muox)ecTBO

BCcex OMMmKaNInX To4ek u3 M Jis 3aJaHHOM TOYKH x obo3HadaeTcs Px.

OnPEAEJEHUE. HenycToe MHOXKecTBO M Ha3BIBaeTCH ueOBIUES CKUM, €C-
Ju aobas ToOYKa & UMeeT TOYHO OfHy Oamxkaiuryio B M:

V& Pz coCTONT W3 OTHOUW TOYKH.

Ecan M — 4e6BIIEBCKOE MHOXKECTBO, TO 0To6paKenne P, comocTaBagioliee
TOUYKe T eé OamKaniyio Touky Pz us M, HasbiBaeTcsS MEMPUUECKOT NPOEK-
yuetd Ha MHOXKecTBO M.

[MpocThiMu mpuMepaMu 4YeGBIIEBCKAX MHOXKECTB CJAyXKAT 3aMKHYTHH
KPYT, OTPe30K IIN MpsMas Ha mIockocTn R2.

Wcnonb3ys BBeIEHHOE TOHATHE 4e0bIIIEBCKOTO MHOXKECTBa, lepe)OpMy.IH-
pyeM MOCTaBJeHHBIH BHIIIE BOMPOC: ONUCAMb 6CE UEOBIUIEG CKUE MHONCECTNGEA
6 R? (B R™).

[lepBhie 3HaYUTEIbHBIE PE3YABTATH, OTHOCAIINECS K 4eORIIIEBCKHM MHO-
JKecTBaM, OBLIH TOJMYYeHBl B TEOPUH NPUOAMKeHNs (PYHKIANA OJHUM U3 OCHO-
Batesnem >1oi Teopun Il. JI. Yebrméprim. HazBauue «qeGhIIEBCKOE MHONKE-
cTBO» 6BLI0 gaHo no3aHee C. b. CTeukunbiM B YecTh Yebriinéna.

[TepBEIME, KTO HCCAETOBAT T€OMeTpUYECKHEe CBOUCTBA YeOBIIEBCKHX MHO-
xkecTB, 6wm JI. Bynt u T. Moukun. B cepeaunne 30-x rogoB ByHT oTBeTHA
Ha TMOCTaBIEHHBIN Bompoc s ciydas R” (em. o63opwr [2] n [3]) n mamén reo-
MeTpHUYecKoe CBONCTBO, XapaKTepusyloliee 4ebrINIEBCKIE MHOXKecTBa. Takum
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reoMeTpHYeCKHM CBONCTBOM OKa3aflach BEIMYKJIOCTh. MHOXecTBO M HazbIBa-
eTCA 6bINYKAbLM, eCAU A JI06KX ToueK z,y € M muoxecTBo M comep:KuT
OTpe30K [z; y|, ux coemunsioninii. Hanpumep, Kpyr Ha MIOCKOCTH — BBIMYKJIOE
MHOXKECTBO, a OKPYKHOCTh — HeT.

TeoPEMA (JI. BYHT). Muoxcecmeo 6 e6xaudoeoii naockocmu (6 npo-
cmpancmee R™) ae6asemen uebviwéeckum mozda u moavko moada, xo2da oHo
3AMKHYMO U 6BINYKAO.

3aMKHYTOCTH 9eOHIIEBCKOTO MHOXKECTBa OYeBHAHA. Ecinm 66 0HO GBLIO
HE3AMKHYTBHIM, TO Hallach ObI MpefeqbHas TOYKAa MHOXKeCTBa (T. e. TOUYKa,
pacoJoKeHHas Ha HYJIeBOM PAcCTOSHUN OT MHOXKECTBA), eMy He NMpHHA ITe-
JKatas, HO 3TO TPOTHBOPEYRIO GBI 4eOHIIIIEBOCTH MHOKecTBa. [lopToMy manee
BCe paccMaTpHBaeMble MHOXKeCTBa Oy IyT MpeJnoJaraThCs 3aMKHY THIMH.

ocmamounocms B TeopeMe IOYTH O4YeBHAHA W OLLIa W3BeCTHA OYeHD
nasuo. CylecTBenHo 60jee TPYIHO JOKa3aTh HEOOLOIUMOCMDb BLIIYKIOCTH.
MpI IpEBOIIM HECKOJIBKO NOKa3aTeJlbCTB DTOrO 3aMeYaTelbHOT O yTBEPXK Ie-
Hnsg. /JokasaTelbCcTBO JOCTATOTHOCTH U MEPBBHIE [Ba MOKa3aTelbCTBa HE0O-
XOJIUMOCTH ISl HATJAATHOCTH 6y IyT TPOBEIeHBI IJf MHOXKECTB B €BKJIMTOBON
mrockocTn R2.

Beeném neckonbko ob6osnadennit. Ecan 2 € R? u r > 0, To nonoxum
B(z,r)=A{y € RQ‘ ||z —y|| < r} — Kpyr ¢ UEHTpOM Z W paTHyCcOM T,
B(m r)={y¢€ RQ‘ ||z —y|| < r} — OTKPBITHIN KPYT € HEHTPOM T 1
pajgnycom 7, («BHyTpeHHOCTHY Kpyra B(z,r)),
S(z,r)={y € R? ‘ ||z — y|| = r} — OKpPY:KHOCTH C HEHTPOM Z W PATUYCOM T

ﬂOKASATEJIbCTBO JOCTATOYHOCTH.

[Tycth MuOXKecTBO M, pacmnofokenHoe B eBKJIN-

JOBOW MJIOCKOCTH, BRIYKJO W 3aMKHYTO U TOY-

ka z #e dexuT B M. [okaxkem, 9TO  nMeeT B

TOYHOCTH OJHY GJAMKAUITYIO TOYKY u3 M. w
Aoxazameabcmeo cyuecmeosanus 6anKam-

[Iero dJeMeHTa H3BJe4éM U3 TeopeMmbl Beitep-

[ITPACCa: HENPEPBI6HAA PYHKYUL Ha komnaxme")

docmuzaem ceoezo munumyma. BosbMém 1i06y10 Puc. 1.

Touky & € M u nonoxum r = ||z — ¢||. Torga

(cm. puc. 1) muoxkectBo M’ = M N B(z, r) BEOYKIO, 3aMKHYTO (Kak mepece-

deHme ABYX BBINYKJIBIX I 3aMKHYTHIX MHOJKECTB) M OTpaHHIeHO (MO JeXKNT
B Kpyre pajgnyca r). CrefoBaTeqbHO, OHO KOMTAKTHO.

1 2
)B R*nu B R™ KkOMIIAaKT — 3TO B TOYHOCTH 3aMKHYTO€ OI'PaHUYI€HHOE€ MHOZKECTBO.
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" z Y2

Puc. 2. Puc. 3.

Dynxunsa f(y) = ||z — y|| = /(a1 — B1)2 + (a2 — B2)? nenpepriBua. 3ua-
40T, OHA JOCTHraeT MHHEMyMa Ha M’ B HekoTOpON TOUKe ¥, T. €. ||z — g|| <
< ||z — || gasz Becex n € M'. A Bue M’ n106as ToIKa OTCTONT OT T HA PaccTo-
anue, 6oapiiee ||z — ||, 3naunT, § — Gamkanuas Touka K ¢ B M.

Aoxazameavemeo eduncmeennocmu. [lycts M — BHITyKIOE 3aMKHYTOE
MHOKecTBO. [lonycTnm, 9TO A1s HeKOTOpoill Todku = ¢ M maigyTcs aBe
GuKanmne ToUKn Yy, Yy € M. Ilockonbky M BeIMyKJO, TO TOYKa 2z = (y; +
+ y2)/2 — cepenuna oTpeska [yi;yz] — npuHamIexRnT M.

B (HeBBIpOKEHHOM) PpaBHOOGEIPEHHOM TpPEYTOMbHUKE C BepIImHAME
T, Y1, Y2 (CM. pHuC. 2) TOUKA 2 SBASETCSH OCHOBAHWEM BBHICOTHI, OMYIIEHHON U3 T
HA CTOPOHY [y1; Y2, T. €. € MINHA MeHbULE TIUHBI GOKOBON CTOPOHEl — 9HCIA
|z —y1|| = ||z — y2||. UTak, M Hauun Touky z € M, Goee 6IN3KYIO K &, 9eM
Y1 U Yo, 9TO NPOTHBOPEYHUT BHIOOPY TodeK Y1 u Y3. CieoBaTeNbHO, HCXO,I-
HOe MPeJION0KEeHne O HAJINYNN ¥ & JABYX OJMMKAUIINX TOYeK ObLIO HEBEPHO,
no3ToMy M — YeGHIIIEBCKOE MHOXKECTBO. O

1. /IOKABATEJILCTBO JI. BYHTA

(Cwm. [4].) JomycTnMm, 9T0 YebuiéBcKoe MEOKecTBO M HeBwInmyki0. Torga
HAWAYTCS TOYKH T1,xo € M m To4ka y Ha oTpeske [x;x3] Takue, 9TO Yy He
aexnt B M. [lockoabky M 3amkuyTo u y ¢ M, To maigércs ducio € > 0
Takoe, 9T0 Kpyr B(y,€) He mepecekaetcs ¢ M.

PaceMoTpnM cOBOKYTHOCTE £ 6C€x 3aMKHYTHIX KpyroB B(z, p), KaXk LN
13 KOTOPHIX COepKuT Kpyr B(y,e) n He mepecekaeTcsi BHYTPeHHOCTHIO ¢ M
(B(y.e) C B(z,p) é(z,p) N M = @). fcno, ato Q 3amkuyTO. [lokaxkewm,
YTO PaUyCHl p BTUX KPYTOB OT pAaHHYEHHI.

[MeficTBuTensro, nycth B(z,p) € 2 mepecekaeT OTPe30K [1;Z32] B ABYX
TOYKAX 7)1 M 7)2, PACCTOSIHHE MeXKJTy KOTOphiMH 2a (cM. puc. 3). O6o3nadnm
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depe3 b paccTosiHEE OT z [0 XOPABL [171; 7). fcHo, 910 b+ £ < p = Va? + b2,
otkyga b2+ 2be +e? < a®> +b* u b < (a? — €?)/(2¢), snaunt, p? = a® + b* <
<a?+ ((a® - 52)/(25))2, 49TO U TPeGOBAIOCH.

Ecim B(z,p) € Q, To 115 ero neATpa z BHINOJIHEHE [Ba YCJIOBHS:
— MPOEKINSA Ha OTPE3OK [T1; To] JEKUT MEXKAY T1 U To;
— paccTosHHe OT 2 [0 TPAMOWN, COeIMHAIONICH Ti W o, He OOJbIIe, YeM
(- £2)/(22).

[Mory9mnnock, 9T0 COBOKYMHOCTH (z, p), cooTBeTcTBylommx B(z,p) € Q,
ecTh KOMNAKT. 3HA4YuT, no Teopeme Beiepurrpacca B {2 Haugércss Kpyr
B(zo, po) MakcnManpHOTO pajgnyca. [Ipn sTom 06s3aTenbHO

B(Zo7p0)ﬂM7£®7

nnade B Q Haugércs kpyr B(zg, p1) 6oavwezo, uen po, pajguyca (10CTaTOIHO
NOJIOKATH p1 = Minyeps ||V — 20| > po, Torma B(zg,p1) "M =2 u B(y,e) C
C B(z0,po0) C B(zo,p1)). llycts Teneps yg € M — Touka, 6imKkanias K 2o,
Torga p(zo, M) = ||z0 — yoll = po.

[Mockonwky B(y,e) C B(zo, po), TO
rpaHnmdHas OKPYKHOCTEH S(zo, po) KPy-
ra B(zo, po) nin ne nmeet ¢ B(y,€) Hn
OJTHOU OOIllell TOYKH, WJIH HMEeT OIHY
oburyio Touky w (puc. 4), KoTopas, Tak
kak B(y,e)NM = @, otan1aa oOT TOYKN
{yo} = M N S(zo, po). Ecin mb1 Teneps
caBureM Kpyr B(zg, po) Ha Mma.i0€e pac-
CTOSIHME B HANpaBICHUH BEKTOPA igZ{
(B cryqae S(zo, po) N B(y,e) = @) nim
B HampaBJeHHN BeKTopa o (B ciydae
S(z0, po) N B(y,e) = {w}), To kacanme
cABHHYTOTO Kpyra B(zg,po) 1 MHOXKe-
cTBa M mncve3meT.

[eficTBUTENBHO, pacCMOTpUM BTOpoO# cayvai (puc. 4). [IycTs Toukn p, ¢ €
€ S(z0, po) BEIOpAaHBI TaK, ITO AHAMETP [p; ¢] HepHeH THKYIspeH Xope [w; yo].
Muametp [p; ¢] pasbuBaeT kpyr Ha aBa moaykpyra: [Iy u Iy, npu sTom canTa-
eM, uTo w € IIy, yg € II,. [Tockoarky M 3aMkuyTO W He mepecekaetcs ¢ Iy,
TO paccTOfHUe OT JI0O0H ToUKH moaykpyra Il; 1o MuoxkectBa M Goabliie He-

Puc. 4.

koToporo dnciaa a > 0. [lootomy mangércs qucao b > 0, 4To jguas aw06oro c,
0 < e < b, casur I(e) = I} + ¢ - o6 noaykpyra Il; ma BekTOp € - Yo
He mepecekaetca ¢ M. Jlamee, mpn caBuTe Ha BeKTOp b - o M06ad TOU-
Ka mpaBoro noaykpyra ll; mepeinér B mHekoTopyio Touky moaykpyra lli(c)
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st HekoToporo ¢ € [0;b] u, mo gokazauHOMY BHIlIE, He OygeT JexaTh B M.
Utaxk, casunyToiii kpyr B(z4, po) = B(z0, po) + ¢ - Joib ne mepecexaetcss ¢ M
(26 = 20 + ¢ o), T. e.

B(y,e) C B(2.po), B(zh,po) "M = @.

3uaunt, B(z), po) € Q. Ho Torma B(z), p2) € Q 11 pa = mingepnr ||v — 2|,
9TO BBHIY P2 > po IPOTHBOPETHT MaKCHMAaJIbHOCTH pg. JTO MOKA3bIBaeT, 9TO
JOIyIIeHNe HeBBINYKJIOCTH M BeJéT K NpOTHBOPEYNHIo.

[lepBLIil ciyvail paccMaTpUBaeTCd aHATOTHYHO. O

2. NOKABATEJILCTBO B. Kiu — B. 1. BEpaumEBA — JI.II. BiAcoBa

(Cwm. [3, 8].) KuaoueByio posb B 9TOM JOKa3aTelbCTBe HNTPaeT TeopeMma
Bpayspa?) o cyliecTBOBaHNN HEOABHKHON TOYKH IPH HENPEPHIBHOM OTOGpa-
KeHnn Kpyra B cebs (cm. [5], [6]): npu nenpepvienom omobpaxcenuu f xpyza
B(z,r) 6 ceba cywecmeyem nenodeudcnas mouka; m. €. Hatidémesa moura
zg € B(z,r) maxas, umo f(z9) = zp. DTa BaxKkHAs TeopeMa TaK:Ke BepHA U
IpH HEMPEPEIBHOM OTOOPaYKEeHNH MTPOU3BOJBHOT O BEITYKJIOT 0 KOMTIakTa u3 R”
B cebd.

YcioBne BHINYKJIOCTH B Teopeme bpayspa Baxuo. Hampumep, no6oi no-
BOPOT OKPYXKHOCTH Ha yrod, oTamdnsiii oT 360n°, n € N, ne umeer Hemno-
JBUKHOW TOYKH.

w ONPEAEJEHNE. YebbIéBckoe MHOXKE-
cTBOo M Ha3bIBaeTCd UEOBIUESCKUM COAH-
yem, ecan (cM. puc. 5) mus 10607 TOIKH T,

T
He Jexaielr B M, 1robast ToOUKa w U3 Jayda,
Y
HavmHaAOIIerocs B ¥ = Pz u mpoxoagiinero
qepes x, HMeeT TOYKY Y CBOeH OJAMKauiien
n3 M.
Puc. 5.

Mur nokaxkeM TeopeMy DyHTa, mokasaB, YTO BCAKOe YeOLIMIEBCKOE MHO-
JKeCTBO ABIAETCS TeOLITIEBCKUM COTHIIEM W ITO BCAKOE TeGHIIIIEBCKOE COMHIIE
BBITTYKJIO.

JIEMMA 1. Yebbrwéecroe mnoxncecmeo na naockocmu (B R™) seanemes
YEOBIUES CRUM COAHYEM.

?) Bepablies ncnoasayeT Gomee caaboe, deM TeopeMa Bpayspa, yTeepx germe. Ero goka-
PA Y : 1 payspa, yTBEPKI A

3aTedbCTBO B 1960 r. MOAYyYIHIO 30J0TYIO Melalb HAa KOHKYpCE CTYAeH9IeCKNX paboT.
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ﬂOKASATE.HbCTBO JEMMBI 1.
[Tycte M — 4e6BITIIEBCKOE MHOXKECTBO U
z ¢ M. llocpencTBoM £ 06o3HAYNM JyH,
HAaYHHAIIIHACSK B y = P2 1 nNpoxXo/siini
depes z. [lomoxum r = ||z — y|| n 06o-
snaunM B = B(z, ||z — y||). Oupegerum
oTobpaxkenne g : B — B mo ¢opMyne

llz - yl|
g(2) =24+ ——F—(z— Pz), 2€ B
lz — Pz
¢ (Touka g(z) JeKUT HA epecedeHnn ayqa,
HCXOJAIIIero U3 T B HampaBleHun Pz T, ¢
Puc. 6. okpyxkHOCTBIO S(2,7)) (cM. puc. 6)).

Jokaxewm, 9To oTob6paykenne ¢ HempepwiBHO. /s >TOro mokaykem, 9TO
MeTpudeckas mpoeknus I’ Ha 9eGBIIIEBCKOe MHOXKECTBO HEIPEpHIBHA.
Cuavana saMeTnM, 9To ecan u,v € R? (u,v € R"), To

p(UM)<||u_U||+p(UM) |p(UM)_p(’UM)|< ||U—U|| (1)

[eficTBUTENBHO, 118 M11060T0 S € M B CHIy HepaBeHCTBa TPEyTONbHIKA HMe-
em ||[u — s|| < |Jlu— ||+ |[v— s|. Bosbmém HmxHOIO Tpanb no s € M cHa-
dajla B JIeBOH YacTH HEPABEHCTBA, a 3aTeM — B npasoil. [loxyaum p(u, M) <
< lu = v|| 4+ p(v, M). TlomensB MecTaMi u U v B IPEJBIAYIIEM PAacCyXK IeHNN,
noxyanm p(v, M) < ||[u — v|| + p(u, M). llosTomy

|p(’lJ,M) - p(UM)| < ||u - U”

Tenepnb MpeANoNoKUM, 9TO MeTpUiecKas Npoekins P pa3spbiBHa B HEKO-
TOPOH TOYKEe U, T. €. HAHAYTCA 9ucao € > 0 U mMoCae[0BaTeNbHOCTD { Uy, FneN,
U, — u, Takme, 970 ||v, — v|| > € mag Bcex n € N, rae Pu, = v,, Pu=v
(MoxkeMm cumTaTh, 9TO u # v). B cuny (1) mocaenoBaTerbHOCTH {v, fnen
orpaundena. [lycte © — eé mpegenpras Touka. flcro, 4to 0 # v. [lo (1)
l|lu — || = limpec ||un — vn|] = p(u, M). Tak kax M 3samknyTO, TO 0 € M,
T. e. 06e TOYKH v, O ABAATOTCA OAMKANMINMIA K % — TPOTHBOPEUNE C YCJIOBHEM,
970 M — 4ebBIIIEBCKOe MHOXKECTBO.

Nrak, MeTpudeckas npoekuus P uenpepbiBHa. [TooToMy oTobpakenue g
Tak:Ke HenpepbiBHO. [IpuMennm TeopeMmy Bpayspa o HenoJBHKHON TOYKe K
BLIIYKJIOMY KOMNakTy B # oTOOGpaykeHWIo ¢: HaWgéTcA Todka zg € B Ta-
Kas, 9T0 g(z0) = zo. U3 onpegenenns g(zg) cregyer, 9TO TOYKa T JEXKHT Ha
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OTpe3Ke, COeTMHSAIONIEM 2o ¢ e€ GamKaninM dreMmenToM Pzg. [Ipn sTom (kak
JIETKO cJe[yeT W3 HepaBeHCTBa TPEYTOAbHUKA W TOTO, 9T0 M — 9e6HIIEBCKOe
MHOXKECTBO), OJHKANIINM 2IeMEHTOM K JI0601 TOYKe 0Tpe3Ka [zo; Pzg| OyaeT
Touka Pzg. Ho mis x 6amxkanuias Touka y = Pz, n OHa eJIHHCTBeHHA. SHAYUT,
Pzy = y. CieioBaTeabHO, I BCeX TOYeK OTPe3Ka [y; zg] GamKamiien TOIKoM
n3 M sBiseTcs ToUKa ¥.

[IpumMenss mpegbIIyiine paccy:KaeHNs, TPOBeIEHHRIe Iaf T, K TOYKe Zg,
MBI eIIé fajee caBuueMcs mo aydy £. B utore pns mioboit Toukn w € £ Todka
y OyneT exmucTBennon Oamxaniien n3 M. Jlemma 1 gokasama. O

JIEMMA 2. Beaxoe uebviuiéeckoe coanye 6 R? (B R™) 6vinyr.o.

Mubr taguM JBa TOKa3aTeabCTBA 3TOTO (PaKTa.

/TOKA3BATEABCTBO. Cnocosb | (anaantnaecknn) [8]. [lycts 2,y € M u
z=X+ (1= ANy € [z;y], rme 0 < A < 1. [lockoabky M — debuiméBckoe
coante, To npn z ¢ M xaxmas touka z + 6(z — Pz) mas 8 > 0 umeer TOUKY
Pz croett 6amxkaiien uz M.

[Mockoabky Pz — 6amkainmas Todka qis z + 0(z — Pz), To

2+ 6(: — P2) — 2l > || + 6(= — P2) — P2,
W, MOAB3YACh CBONCTBAMI CKAISPHOTO MPOU3BEIEHHs, MBI OXYIaeM
|z — z||*/0 +2(z — Pz,2 — 2) > ||z — P2||*/0 + 2(z — Pz, 2 — Pz).
Yerpemasis § — oc B 9TOM HepaBeHCTBe, MBI MOy TaeM
(z — Pz,z —z) > ||z — Pz|]%.
Amanornvno, MOICTaBIAAA B IPEIBIIYIINX PACCYXKACHAAX Y BMECTO T, IMeeM
(5= P2z —y) > || — PalP”.

YMHOXKas TBa NOCTIeTHAX HepaBeHCTBa Ha A 1 (1 — A) COOTBETCTBEHHO, CKia-
JBIBas UX WM y9UTHBasf, 9T0 2 = Az + (1 — )y, Haxoanm, 49T0

0> ||z — Pzl

Utak, ||z — Pz|| =0, otkyga 2 = Pz € M, 1. e. M — BHIIyKiIO.

Crnocos Il (reomerpuueckun). Ilyctes 2 ¢ M, y = Pz. [locpeacTBom
I' o6o3navyum kacaterpuyo K kpyry B(z,||z — y||) B Touke y. be3 orpaun-
deHnsi OGITHOCTH (CHTyalus He W3MEHNTCS MPH OJHOBPEMEHHOM CJBHUTE WJIH
MOBOPOTE PacCMaTpPHBaeMBIX OOBEKTOB), canTaeM, 9To npsimvas |' coBmagaer
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¢ ocpio abeunee, a Touka ¢ = (0,&) aexnt Ha ocm opamaat u & > 0. Torma
y = (0, 0)'

[lo cBolicTBY coanednocTn Jaobas Todka w ayda £ = {Az |A > 0} umeer
cBoell 6amkanien To9ky y. [lootomy npsamas [ 6ygeT kacaTeabHON K 1I060MY
kpyry B(w, ||w —y||), w € L.

Pacemorpum 11 = Uy B(w, ||wl]) —
06heTHHEANEe OTKPBITHIX KPYTOB C TeH-
Tpamn na £. OTmerm, aTo B(w, ||w|))N
M = @ nas w € L. llycths 2 — mpous-
BOJNBLHAS TOYKA B BepXHEH MOJIYILIOCKO-
ctu. [lockoapky I’ — eanncTBenHas Ka-
caTeapHas K aiobomy kpyry B(w,||w]]),
w € {, To nHTepBan (z;y) 06sA3aH Te-
pecekaThes ¢ BHYTPEHHOCTHIO HEKOTO-
poro Iapa B(ch) € II. Ho Torpma, ec-
JU TOYKAa W WMeeT JOCTAaTOIHO GOJb-
Iyio OpJANHATY, TO TOYKa z OyJeT Je-
xatb B B(w, ||w|]) (»T0 Brinoaneno, ec-

Puc. 7. amw > (G +¢23)/(2¢), rae z = ((1,¢2),
(2 >0, w=(0,w)). CrenoBaTenbno, z € Il 1 BepxHss TOAYIIOCKOCTH COBMA-
naet ¢ Il u He cojep:KuT Tovyek u3 M.

Nrak, 1106yi0 Touky = ¢ M MOXHO OTAeIUTHh OT MHOXKecTBa M mpsMoi,
He comepxkaien z. CregoBaTenbro, M BHTYKJIO (JIeHCTBUTENIBHO, €CIH OBI
HAULINCH TBe TOYKH u,v € M Ttakme, 9to € [u;v] w ¢ ¢ M, TOo TOUKy
& 6bLI0 6Bl HEBO3MOXKHO OTgeanTh 0T M upsivoit). [lostomy debwimésckoe
cornne M Buimykao. Jlemma 2 moka3zama. O

Tenepw neobrodumocms B TeopeMe ByHTa HeMeITeHHO CleIyeT W3 ABYX
MOKA3aHHBEIX JeMM: 1o JeMMe 1 KaKJoe YeOBLITIIEBCKOe MHOXKECTBO fABIACTCA
JeOHIIIEBCKAM COJHIIEM, a MO JeMMe 2 BCAKOEe COJNHIIE BHITYKJO.

* ok x * ok x

Caemyioline [Ba TOKa3aTelhCTBA TeOpeMbl ByHTa MBI fauM B KOHEYHO-
MEePHOM €6KAUdO60M npocmpancmee R™. DIeMeHT DTOTO TMPOCTPAHCTBA —
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Mast mobbix z = (01,...,04), y = (B1,...,0,) € R" onpegenum cxaraproe
npou3eedenue BeKTOPOB T W Y MO (opMmy.e:

<xy> = O‘lﬁl + .. +Oénﬁn

DTOo onpejenenne 0606IIaeT N3BECTHYIO (POPMYAY BLIPaKeHHs CKaJgipHOTO
NIPOM3Be/IeHNs B TPEXMEePHOM MPOCTPaHCTBEe Yepe3 KOOPAMHATHI COMHOKHTe-
Jeil B OPTOTOHANBHON CHCTeMe KoopamHaT. Jlerko BmaeTh, 91O (-, -) yAOBIe-
TBOpseT caeayommm TpeboBanusm: (z,y) = (y, z), (¢, y+2) = (z,y) + (z, 2),
Az, y) =Nz, y), (z,2) >0npun 2 #0 n (z,2) =0 npn =z = 0.

aunoti BeKTOpa T B eBKJIHOBOM NPOCTPaHCTBe R” HazbpIBaeTCA THCIO

[zl = y/ai+-+af = /(e 2).

3. JIOKA3BATEJBLCTBO ACIJIYHJA — PUKKEHA

DTO [0Ka3aTelbCTBO, KaK W JOKAa3aTelbCTBO U3 caefyioiero 1. 4 (¢ mo-
MOIITBIO IEMMBI 06 O9nCTKe), 6y 16T ONUPATHCA HA CBOHCTBA MHOXKECTB C €THH-
CTBeHHON HamboJee yTaléHHON TOYKOH U CBONCTBA HHBEPCHH eTHHIYIHON cde-
PBI, Jafolnecs HUXKe.

[Iycts 2 € R®u M C R". Touka yp € M nasniBaeTcs naubo.nee yoai€nnoi
mouxot w3 M nas x, ecan

|z — yoll =sup{|lz — y|| |[y € M}, T.e. |z —yoll > |z —y|| Vye M.

CkaxeM, 9To MHOKecTBO M obnagaeT CBONCTBOM edunCméeHHOCMU HAUOO-
aee ydaaénnot mouxu, ecan aas aioboro z € R” B M cymrecTByeT B TOTHOCTH
0JHA TOYKA Yo, Hambodee yraténnas oT x. Takne MHOXKeCTBa B KAKOM-TO CMEI-
cie «obpaTHB K 4ebhIIEBCKUM MHOXKecTBaM. OToGpaxKeHne, CONOCTABIAIO-

Imee TOUKe T e€ Hanbodee yaadénnyo ToUky u3 M, 0603HaInM mMOCpeaCcTBOM
F:R" - M. Utak,

Fle)e M, |lz = F(2)|| = sup{[lz -yl [y € M}.

Jlerko BHAeTH, 9TO NPHMEPOM MHOXKECTBA CO CBOMNCTBOM eJUHCTBEHHOCTH
nHaubogee yIaJEHHON TOYKH CIYKAT OJHOTOYETHOe MHOKeCTBO. /Ipyrue mpu-
Mepbl TAKHX MHOKECTB HEAb3A TTOCTPOUTD, 9TO MOKa3bIBaeT CJICIYIONIas BaK-
Hasg TeopeMma (cM., Hamp., [8]).

TeoPEMA (UECCEH). Toavko odnomoueunvie muoxncecmea 6 R" ob.aa-
darom ceoticmeom eduncmeennocmu naubosce YoaAEnnol mouruy.
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/IOKABATEJIBCTBO. bByieMm [10Ka3kBaTh TEOPEMY TOJBKO [JIsi BaMKHY THIX
muOXkecTB. [lycts M C R” — 3aMKHyTOe MHOXKECTBO CO CBOUCTBOM €JIHH-
CTBEHHOCTH Hambodee ygaiéuuon Touku. flcio, ato M orpauudeno. [lycts F :
R” — M — oTobpakenne, CONMOCTaBAAIONIee TOUKe & €€ HanboJaee yIaJIeHAYIO
Touky u3 M. [lokaxewm, 910 oTo6paxkenne F HenpepwIBHO U fajee TPUMEHUM
TeopeMy bBpayspa o HemoIBHKHON TOYke K Tpom3BoJIbHOMY mmapy B(zg, 7o),
comepxkatremy M.

[Mpeanonoxknm, 9To oTobpaxkenne F ue sBaseTcs HempepbBHEIM. Torma
HaleTCH MOCAeOBATEIBHOCTD X1, ...,Zk, ... Todek u3 R”", cxoxsmascsa K

TOYKe Z, N Takas, 4TO MOCIeJOBaTeIbHOCTH ['(21),..., F(zg),... He cXo-
autesi kK Touke ['(z). [lockoabky M orpanmdeno, To HauAETCA MOAIOCTENO-
BaTeNbHOCTD Ty, ..., L, ;... OCIEIOBATEIbHOCTH L1, ..., L, ... TaKad, ITO
nocrefoBaTenbuocTh F(z;, ), ..., F'(z;,),... CXOIATCSA K HEKOTOPOH TOYKe ¥,
omauunot ot I'(z). [lockorbky M samknyTo, T0 y € M. Toukn F(z) n y
Haubojee yIajdeHkl OT & — npoTuBopedne c onpenesennem M. [TosTomy oTo-
O6pakeHue I’ HeNpepHIBHO.

Cyxenue oTobpaxennus I’ Ha HeNycToe KOMIAKTHOE BHIMYKJI0€ MHOXKECT-
BO — TpOM3BOJBHEIN comep:kammni M tmap B(zg,rg) — oTo6paxkaeT ero B
ce6s. [lo Teopeme Bpayospa cymecTByeT HemomBm:KHas ToUka Yo € B(zg, o)
oTobpaxkenns F, 1. e. F(yg) = yo. [losTomy yo € M. Urak, yo — Hauboxee
yaaléHHas TOYKa W3 MHOXKecTBa M [Iis TOYKW Yo, U, 3HAYNT, MHOXKecTBO M

COCTOHT M3 OJHON TOYKH. O
Oto6paxenne ¢ : R"\ {0} — R”", onpeneasemoe kak o(z) = z/||z||?
HA3BIBAeTCSA uH6€epcueti edunuunot cgepul. OHO HEMPEPHIBHO B J1I060H TOUKe

x obaacTu onpefenenns, T. e. npn ¢ # 0. Ciegytoias jeMMa OMRCHIBaeT 06pa3
N PONU3BOJHLHOTO 1Iapa Wian cepbl TPH WHBEPCUN O.

JIEMMA 3. Cnpaéedausebt caedyioujue coOOMHOULEHUA:

1) o(S(z,r) = S(z/(* = r?),r/[ll]* = r?]). ll=]l # 7,

2) o(S(x, l|lzll)) = {z| (2, x) = 1/2},

3) o(Bx,r)) = B(z/(|l2]1* = r2),r/(2]]* = r*)), ecau |jz]| > r,

4) o (B(z, 1)\ {0}) =R"\ B(a/(||z||* = ), r/[llz]|* = *[), ecau |Jz]| <r,
5) o(B(z,|lz])\ {0}) = {z e R*|(z,2) > 1/2}.

[Mepexognm cobeTBenno K dokazameabemey meopemvt Bynma. [pegmono-
KuM, 9T0 B R”™ cymecTByeT HeBHINYKJIOe TeOLINNIEBCKOe MHOXKecTBO M. bes
orpanudenus obiHocTn cyntaem, 9to 0 ¢ M, 0 € conv M (4epes conv M
MBI 0603HaYaeM 6bINYKAYI0 000.40uKy MHONKecTBa M, T. e. MUHUMaJ/AbHOE BhHI-
nyKJI0oe MHOXKeCTBO, cogepxaimee M). Hampnvep, Boinykaas 060109Ka OK-
PYKHOCTH — DTO KPYT, a BEIMYKJaas 060J049Ka IBYX Pa3iudHBIX TOYEK — DTO
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OTpPe30K, UX coegnusomui. OTMeTHM, ITO MHOXKeCTBO M BBIMYKJIO TOTIa
TOJBKO TOT/a, KOT/[a OHO COBINAaeT CO CBOeH BHIMYKJIOH 060oa09koil conv M.

Unpepcust o : x — z/||z]|? (z # 0) exunuanoii ceps nepesogut M B
OrpaHnYeHHOe MHOKECTBO

G = o(M) = {a/|l2]*| = € M}.

Kax bt map B(z,r), conepxaumni (G, 06s13aH comepkaTh HATaI0 KOO THHAT
B CBOeNl BHYTPEHHOCTH, T. €. TOJJKHO BHIMOJHATHCS HEPABEHCTBO ||z| < r
(nHave MHOKeCTBO M comep:Kanoch 6bI B 3aMKHYTOM TOJNYTIPOCTPAHCTRE, HE
co/lepsKallleM HavYajla KOOpJIMHAT, 9TO NPOTHBOpednT ycaoBuio 0 € conv M).

st Toukn z € R™ nangércs Takoll MuHIMaIbHb wap B(z, t(z)), comep-
xamni G, 9to G ¢ B(z,r) mus Bcex r < t(z). [lox meiicTBieM mHBepcun map
B(z,t(z)) mepexoant B monoanenne R™\ V k oTkpeITOMY 1mI1apy

VZE(WWMF—ﬂW”ﬁG%%EF)’

KOTOPHIN, B CBOIO OYepeb, SIBASETCA MAKCHMAJAbHBIM [IAPOM C IEHTPOM
z/ (||z]|? — ¢*(z)) Takum, 9TO 3aMBIKanne ero gonoanenus cogepxut M. [lo-
CKOMBKY M — 4eGBINIEBCKOE MHOXKECTBO, DTOT miap nmepecekaetT M B enuH-
creennoit Touke P(z/(||z||* — t*(z))). CaegosaTenbno, Gpynkuus

s o) = Pla/lz])* - ()
= gq(z) 1P (z/(||=||2 — t2(z))|’

nmeiictByforas u3 R”™ B (G, obaafaeT CBONCTBOM

|z =yl < ||z —q(z)||, ecimy € Guy#qz).

Nrak, (G obrajaeT CBOMNCTBOM €JHHCTBEHHOCTH Hambojee yAaléHHON TOTKI.
[TosToMy O Teopeme Meccena OHO, a, CIeJOBaTelbHO, B MHOXKecTBO M oxHO-
tovyeuno. [losTomy ucxomnoe npexnonokenne 0 ¢ M, 0 € conv M He MoxeT
BHIIOTHATHCA M08 TaKoro ogHoTodednoro M. Utak, M — BeImyKJIO. O

4. JTOKABATEJBLCTBO C.B. KOHATHHA NPU MOMONIN JEMMBI OB
O4YUCTKE

YacTo sBaseTcs MOJAE3HON cleayolias jeMMa «o6 o9ucTKey m1is cybaudde-
peHNnaaoB (cM. [9], MBI TPUBOIUM €€ YIPOIEHHKIN BapuaHT). B Hell yMeHbIITa-
eTcs KOJAMYeCTBO MepebupaeMbIX DIeMeHTOB, TPOUCXOMNT «OUYNCTKay OT «He-
HYKHBIX» TOYEK.
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JIEMMA (OB OYUCTKE, [7]). ycmbv T — xomnaxmmuoe mHoMCECTNEO
6 R", : T xR®™ -5 R* — gyuxyus, evinykaas no r npu ecixom t €
€T u Henpepbwmm no cosoxynnocmu nepemennvir (t,z). Hoaoxwcun ¢(z) =
= max¢er g(t, z). To2da, ecau & — mouxa munumyma ¢, mo natidymcs no-
AONHCUMEABHBIE YUCACQ O, ..., 0p, &1 + -+, = 1, 7 < n+ 1 u mouxu
Yoot Ui € D9(ri,)(8) (0 i € Told) = {t € T|g(t,3) = 9(8)} u
dg(1i,) (&) ={y e R | g(ri,2)—g(7:,%) 2 (x—%,y;), Ve e R"}, i =1,...,7),

maxue, umo 0 = 2:21 (e 737/

JTOKA3BATEJBCTBO TEOPEMBHI. IlycTth M — HeBBIYKJIOe 4eGHIIIEBCKOE
muoxkecTBo B R™ 1 mycts G = {z/||z]|* | € M} — ero o6pas npu unBepcun
z +— z/||z]|*. MuoxectBo G C R"™ orpanndeno n 3aMKHYTO, T. €. KOMIaKT-
Ho. Buie Mur mokazann Takxke, 9To (G 06713 /1aeT CBONCTBOM €[HHCTBEHHOCTH
Hanbogee yaaiéHHOTO diaeMenTa. [IpuMennm JeMMy 06 O9HCTKe I MHOXKE-
ctBa T'= G, pynkunu g(t,z) = ||t — z||, t € G. IlycTh & — TOYKa MUHEMYMa
GYHKINE ¢ W MyCTh 4nCIa &g, TOYKN 7;, y; (¢ = 1,...,n) n mHOKecTBO 1)
Takme, Kak B JeMMe.

IIpeanoaoxkum, ato r > 1. Torga mo omnpenerennto Ty TOUKH Ty,...,T,
ABAATOTCA Hanmbodee yIATEHHLIMI TOTKaMI W3 MHOXKecTBa G I TOYKN & —
MPOTHBOpEtNe, MOCKOABKY (G — MHOXKECTBO CO CBONCTBOM €JUHCMEEHHOCTU
Hanbogee yIadéHHON TOTKH.

[lycts Teneps r = 1. Torga Ty = {m} u no semme 06 ounctke 0 = ayy;.
[Tockorbky a1 = 1, To y; = 0. C apyroit ctopousr, y; € 9¢(71,-)(Z). D10
IO ONpeJeleHnio 03HavaeT, 410 ||7p — z|| — |7 — &|| > 0 mas Becex z € R”,
q9T0 BIedéT |1y — Z|| = 0, 1. e. 7y = &. Ho 71 — wanbosee ynanénnas ToIka
w3 G mas 2. [ovTomy mo Teopeme Meccena muoxkectBo (G, a, ClefoBaTeNb-
HO, W MHOXecTBO M, cOCTOAT m3 ofHOW TOYKH, OTKyga M He MOxeT GHITH
HeBHIMYKABIM. [IpoTHBOpedne ¢ HaYaIbHBEIM TPEITON0KEHTEM. O

5. NOKABATEJILCTBO JI. II. B1AcoBA

JIEMMA 4. [Tycms M — uebviwésckoe muoncecmeo® . Tozda dan aoboii
mouku ¢ ¢ M u das w0601 nocaedosameavrnocmu {x,tnen, T € (z,; Px)
(n € N), z,, = z, 6vinoaneno

p(ng) B p(‘rM)

|z, — |

— 1. (2)

3 “
) Temma BepHa m B 6omee obmieM ciaydae 6aHAXOBBIX NMPOCTPAHCTB AJdA TeOBIIEBCKUX
MHOXKECTB C HEIIPEPHIBHON METPUYECKOU MPOEKITHEN.
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JIOKABATEJAbCTBO JEMMBI 4. [lyctes z € R"\ M, y = Pz u uycth
nmocJjJeToBaTeIbHOCTh {Jﬁn}neN TakoBa, 4TO T € (ajny) u z, — x. lloroxum

Ecan y = y, mas mekotoporo n € N, To mis xo6on Touku & € [y,;x]
BeITIONIHEHO P =y, 9TO M TpebyeTcs B (2).

[TpeanonoxkuM Temephb, 9TO Yy # Y, M1 Bcex n. B miockocTn, omnpejens-
eMOH TOYKaMU I, Ty, Y, Yp, HALJIEM TOUKY 2z MepecedeHns MPAMOH T,z, Ha-
palLIeIbHON L1Y,, C IPAMON YY,. U3 mogo6us TpeyroabHUKOB AZYY, U AT Y2
HaXOIuM

12=ynll/ll2n =2l = llyn —znall/lle=yll:  l2n=yll/llzn =zl = llz=yll/ll2=yal|-
(3)

CooTHolrenus Yy = Prn Yn = P$n JaloT COOTBETCTBCHHO

Iz =yl <llz = ynll, Nlzn = ynll < ll2n = yll- (4)

U3 (3) n (4) BeITekaeT
lzn = yll < llzn — 2| (5)

[IpnmMenss mocienoBaTenbHO paBeHCTBO ||z, — y|| = ||z, — || + ||z — y||, Hepa-
BerctBa (4) u (5) u ||z, — 2|| < ||zn — Ynll + |lyn — 2||, a 3aTeM HepaBencTBO
(3), moxyanm

o<y P M) —ple M) o llon =yl —lle —yll _
h lzn — || lzn — =l
_ Nzn =yl = [l2n = ynll < lzn — 2]| = llzn — yall <
lzn — 2| |z, — ||
Nyn =2l Nyn =yl yn — vl
= = — 0,
S e -zl fle—yll o ple, M)

HOCKOABKY 4, — Y 1O JOKa3aHHOW B JeMMe | HEMpPEPHIBHOCTH MeTPUYECKON
NpOeKInH. O

JTOKABATEJABCTBO TEOPEMBI BYHTA. Ilycth M — d4e6BIIIEBCKOE MHO-
xkecTBo. [lo 1emme 4 ono yroBreTBopsieT yeaosnio (2). [lycts zg € R"\ M,
d>0um R=p(xo, M). lns & € R" nonoxknwm f(&) = (1—28)||€ —zo|| —p(&, M).
HenpepoiBras ¢gyHuKIins f 1ocTHraeT CBOEro MUHHMyMa Ha 3aMKHYTOM OTpa-
HUYeHHOM MHOXecTBe B(zg, R) B HekoTopon Toduke z. [lokaxkewm, 9To z €
€ S(.ro, R)

[Ipexnonokum mpoTnBHOe, T. €. ||z — z¢|| < R. Torga mo cBoucTBy (2)
HalA&Tca TOIKa i € B(m R) Takas, ato p(y, M) — p(z, M) > (1= 46)||lz — y||.
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Torga

f(y)

(1= 28)||ly — zo|| — p(y. M) <
< (1=28)(|ly = z|[ + ||z = zol|) = p(z, M) = (1 = )|z — y|| =
(1= 29)||zo — z[| — p(z, M) = ]|z — y|| = f(z) — &[]z — yl|.

[Tonryvennoe HepaBeHcTBO mpoTnBopednT HepaBeHcTBY f(z) < f(y). Creno-
BaTeNbHO, Tpeanonokenne r € B(zg, R) 6BUI0 HEeBEpHO W, OKOHYATEIBHO,
l|lzo — ]| = R.

[Mockoawsky f(z) < f(zg), TO

[ycts 6, — 0. Dyuxuns f,(§) = (1 — 25,)[|€ — zo|| — p(§, M) mocturaet
muEIMyMa Ha B(zg, R) B Touke z,. [lo mokasanuomy Bhme ||zg — z,|| = R
(n=1,2,...)n

p(mn,M) >p(x07M)+(1_25n)R' (6)

[onoxum yo = Pzo, s = (20 — yo)/||lzo — voll m s, = (20 — z0)/||2n — 20l|-
[Mockonwky ||z, —yol|| = ||2n — yn||, TO 3 (6) crexyeT HEpaBeHCcTBO ||, — Yo|| >
llzo—yol|+ R—2R4,, 910 MaéT ||s+s,|| > 2—24,. /l15 BeKTOPOB s, S, 3amuiem
paBeHCTBO MapaJelorpaMmma:

[l + sall® + [Is = sall* = 2(s]1* + l|sa 1) = 4. (7)

[Tockoabky 6, — 0, To n3 (7) ¢ yI€TOM IpeIbIIYIIero HepaBeHCTBA MOMydaeM
|ls = sn|]| = 0 mpu » — oc. U3 sToro cpasy caexyet, 910 z, — & = Yo — 2Z¢
npu n — oc (To4ka & AHaMeTpajlbHO MPOTHBOMOJIOKHA TOUYKE Yy Ha cdepe
S(zo, R)). llepexons k npegeny npn n — oc B (6) moxyaum

p(&. M) > p(zo. M) + R. (8)
C npyroi CTOPOHHI,
p(#, M) < 13 = yoll < 1I& — zoll + plwo, M) = R+ pleo, M), (9)

U3 (8) u (9) crenyet

qaT0 naét p(&, M) = 2R, otkyna Pi = yp.

Wrak, nas Toukn zg ¢ M Mbl mokasanu, 9TO ToUka & Jyda £, HadMHA-
olerocs B Yo = Pzrg 1 mpoxXofsdIiero iepes g, UMeeT TOYKY Yo CBOel OJu-
Kaiteli. HamoManM, 9T0 29 — cepennna oTpeska [yo; Z]. CaemoBaTenbho, n
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Jrobas Ipyras TodKa OTpe3Ka [yo; ] uMmeeT yo cBoell bamxkaimein. [Ipuvenss
OpeIbIIYIINe PACCYyKIeHNUs, MPOBEeEHHEBIE IS Tg, K TOYKe &, MBI ellé najee
casuueMcs no ay4y f£. B uwtore, mas mio6on Toukm w € £ Toduka yy OyjgeT
eqnHCTBeHHON Onmxkaiien u3 M. 3naqnt, M — 4eGHIIEBCKOE COJHIIE, H 110
JeMMe 2 oHo BEITYKJ0. Teopema Jokazana. O

HEKOTOPHIE OBOBIIEHUA

B 6eCKOHeqHOMeprIX JUHETHBIX HOPMHUPOBAHHBIX TIPOCTPAHCTBaX O BBIMMYKJIOCTH
4eOLIMEBCKUX MHOXECTB M3BECTHO HEMHOTO. HaHpI/IMep, A0 CHUX IIOP HE M3BECTHO,
BBIIIYKJO JH IIPON3BOJBHOE 4eOLIIMIEBCKOe MHOXKECTBO B 6eCKOHeqHOMepHOM FI/IJIb6ep—
TOBOM TIPOCTPaHCTBE.

TTrosaEMA 1. (H. B. EenmoB, C. B. CTEUKNH, B. Kun) Jokazams uau onpo-
6EP2HYMD, UMO 6CAKOE UEOHIULESCKOE MHONCECME0O 6 GECKOHEUHOMEPHOM 2UAbGEPMO-
GOM NPOCMPAHCMEBE 6BINYKAO.

Hanomunwm [5], 9To auHeliHOe HOPMUPOBAHHOE TPOCTPAHCTBO, HA KOTOPOM BBej[e-
HO CKaJIAPHOE TPOM3BeeHNe (-, ), HA3BIBAETCH TPEATHIBOEPTOBBIM TPOCTPAHCTBOM.
Iiap6epTOBBIM TPOCTPAHCTBOM HA3BIBAETCA MPEATMIABOGEPTOBO MTPOCTPAHCTBO, TOJ-
HOe OTHOCHTEIBbHO HOPMHI ||z]| = v/{z, ). KoHeuHOMepHOE THABGEPTOBO TPOCTPaH-
CTBO — 3TO TpocTpaHcTBo R™.

Tpe6oBanmne MOMHOTH TPeAT UALOEPTOBA MPOCTPAHCTBA B MpobaeMe | BaXKHO, Kak
MOKA3BIBAET TIPUMEDP HEEBINYKA020 IeOhIIMIEBCKOT 0 MHOXKECTBA, TIOCTPOeHHbIN JIKOH-
coHoMW (cM. [2]) B HEMOMHOM MPEArMIABLGEPTOBOM MPOCTPAHCTRE £2 mocegoBaTeMb-
HOCTEH, OKAHIUBAIOMINXCA HyJAAME. Takike HEM3BECTHO, €CTh AU HECKOHETHOMEPHOE
MPOCTPAHCTBO, B KOTOPOM BCAKO€ YeOBIMEBCKOE MHOKECTBO BBIMYKJIO.

[Tpu HEKOTOPHIX OTPAHUYIEHNAX HA CTPYKTYPY UeGBIMIEBCKOTO MHOXECTBA (pas-
JMYHBIE BUIbI KOMIAKTHOCTH ) WIH [IPU OF PAHUYIEHNH Ha CBONCTBA METPHYECKON MPO-
eKIHH (HENpPEePBIBHOCTH B KAKOM-JIHGO0 CMBICIE) YAAETCA JOKA3aTh €r0 BBIIYKIOCTb.

HamoMHUM, 9TO MHOXKeCTBO HA3BIBAETCA 02PAHUNEHHO KOMNAKMHBIM, €CIU €T 0
Tepecedenne ¢ JOO6BIM 3aMKHYTHIM TIApoM KoMnakTHO. [ToHATHO, 9YTO KOMTakTHOE
MHOXECTBO ABAACTCA OT PAHUYICHHO KOMITAKTHBIM.

TEOPEMA (JI. TI. BaacoB). Hycmys X — npoussoavHoe 6aHATO60 NPOCMPAH-
ecmeo. Toeda ecaroe o2panuuenHo KoMNakmMHoe uebbluESCKoe MHoAHcecmeo 6 X A6-
AAEMCA UEGHUWESCKUM COAHYeEM, a 6 2aadkom X — 6binyK.A0.

JlokazaTeabCTBO TOYTH JOCJIOBHO MOBTOPSET MPUBEJEHHOE B M. 2, HO BMECTO
KOHEeYHOMEPHOU TeopeMbl Bpayspa mpumeHnsieTca eé o6oblieHne Ha caydan Gecko-
HEeYHOMEPHHIX mpocTpaHcTs (Teopema Ilayaepa [6]): 6cakoe Henpepwisnoe omobpa-
HCEHUE BBINYKAOSO 3AMKHYMOZ0 MHONCECMEA 6 C6010 KOMNAKMHYIO YdCMb uUMeEEmM
HENOJBUINCHYIO MOUKY.

Paccyxaenus B mocieiHeM HOKa3aTelbCTBE MOTYT OBITH OGOOIIEHBI HA CAydan
1€ OBIMIEBCKUX MHOXKECTB C HEMPEPHLIBHOW METPUYIECKON TTPOEKINel B 6aHAXOBBIX PO~
CTPAHCTBAX, YIOBJETBOPAMOIINX CAEYIOMIEMY CBOUCTBY

s,sn €5(0,1), ||s+sn|l| > 21upu n > oc = s, — s Ipu N — <. (10)
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Ecan X — ruas6epToBo npocTpaHcTBo (Hanpumep, R™), To X ynoBIeTBOPAET yciIo-
Buto (10) B cimiy paBeHCTBa MapasielorpaMMa.

[TpuBegénHOE MOKAZATENBCTBO OCTAETCA OE3 MAMEHEHNA, 38 UCKAIOYEHNEM CJETY-
fotero MoMmenTa. B R™ map B(zg, R) KOMIakTeH, U MO>TOMY HelpepbiBHAA (YyHK-
s f pocTuraet cBoero MuHuMyma Ha B(zg, R). B 6ecKOHEUHOMEDHOM caytdae 3TOT
daxT MoXKeT 6BITH HEBEPEH, HO TI0 BapHANIMOHHOMY TPUHIUTY JKJIaHAa QYHKIUA f
JOCTHUT AT «MOYTH MUHUMYMa» Ha B(zg, R): qaa moboroe > 0 nangérea & € B(zg, R)
Takol, 9To Mus aoboro y € B(zg, R) seimoaneno f(y) > f(z) —el||lx —y||. Janee npu-
MeHseM TIPEeIbIAYIINE PACCY XK TEHUS.

HecMoTps Ha «09eHb XOpoIIeey ¢ TOYKH 3PEHUSA T€OMETPUH YCTPOUCTBO IeObITIEB-
CKUX MHOXECTB B N-MEPHBIX €BKJHUJOBBIX MPOCTPAHCTBAX, B TPOM3BOJIbHBIX KOHEUHO-
MEPHHVIL TMHEMHBIX HOPMUPOBAHHBIX TPOCTPAHCTBAX X, O BHIMYKJIOCTH 4eOBIIEBCKAX
MHOXKECTB M3BECTHO fajeKo He Beé. [IpocTpaHCeTBO HasbIiBaeTCA 24a0KUM, €CIN B Ka-
JKJIOU TOYKe eIUHUIHON c(hephl KacaTelbHasd TUMEPILIOCKOCTD K c(hepe eIMHCTBEHHA.
K mpumepy, mpoctpanctsa £ (n), 1 < p < oc, ¢ Hopmoit ||z, = (of + ...+ ab)1/?,
z=(a1,...,&y), ABIAIOTCA TJIaJKHMHI IPOCTPAHCTBAMH, a IPOCTPAHCTBO Xa € Max-
HOpMoOT («kBanapaTy) ||z]|e = max{|ai|, |as|} — Hermaako.

Moukun moKasal:, 9TO TAaJKOCTh JIBYMEPHOTO MPOCTpaHCcTBa X HeoOXoamma
W JOCTATOYHA /IS BBIMYKJIOCTH BCAKOTO YeOBIMEBCKOTO MHOXecTBa B Xy. Paccy-
Kjad, Kak B deMMe 2 (crocob IT), HeclokHO MoKazaTh, YTO B TaAaKUX TPOCTPaH-
CTBaX BCAKOE YeGBIMIEBCKOE MHOXKECTBO BHIMYKI0. OMHAKO, KAK HE3ABUCHUMO MOKAa3a-
au B.W. BepaviieB u A. BporjcTe, Besikoe 4e6BIMIEBCKOE MHOKECTBO BBIMYKJIO U B
HEKOTOPHIX He24adKuz MpoCTpaHCcTBaxX X, A Bcex n > 3.

Chopmyanpyem TeopeMy, XxapaKTepusylollyio npocTpancTBa X, (n < 4), B Ko-
TOPBIX BCAKOE YeOBIMIEBCKOE MHOXKECTBO BHIMYKa0. [Ipum n = 2 oHa 6pl1a goKazaHa
Moukuabim, pu n = 3 — BepapiteBbim u Bporgcteaom, a mpu n = 4 — A.JI. Bpa-
yHom. Hanmomunm, uto Touka s € S(0, 1) HasbiBaeTcsa docmudcumod, ecin HalAeTCA
KacaTelbHad CUNePIVIOCKOcTh H K cdepe B Touke s Takad, ¥to H N S(0,1) = {s};
TOYKA S HA3BIBACTCA TOYKON 24adKocmu, ecliu B Hell KacaTeJdbHasd MIePIIOCKOCTh
K chepe eTUHCTBEHHA.

TEOPEMA. B KoHeuHOMEpHOM AUHEUHOM HOPMUPOGAHHOM npocmparcmee Xy
(n < 4) scaroe webLWESCKOE MHONCECTNEO 6bINYKAO Mo20d U MOAbKO Mo2dd, Ko-
2da scakaa docmuocuman mouka cepol A6asemca moukoi eaadkocmu.

[aa n > 5 Bompoc o XapaKTepuaalnn IpOoCTPaHcTB X,, B KOTOPBIX BCAKOE He-
OBIMIIEBCKOE MHOYKECTBO BBIMYKJO, OCTAETCA OTKPBITEIM. EcTh runoTesa, 9To Xapak-
Tepu3alnd, JaHHAA B IPeIbIIYIIEN TeopeMe, BepHa U jud aio6oro n > 5. OTMeTnm
ouenb uaTepecubin pesyabrar W. T'. Hapbkosa [9], KOTOPBIN 0XapaKTepu3oBaa 6ce
KOHEYHOMEPHBIE TPOCTPAHCTBA X, , B KOTOPBIX BCAKOE 02PAHUNEHHOE HeOBIIEBCKOE
MHOXECTBO BBITIYKJIO.
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