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[Iporpamma «MaTIIKOIEHIKY

ITpenaraeMad BHUMaHMIO YATaTeAeH TIPOrpaMMa, TI0 MHEHHUIO e& aB-
Topos (A. BaitaTpo6 npm yaactuu A. [llensa n Apyrux), coaepXKuT MAHU-
MYM CBeJIeHIH, KOTOPHIE JOMKEH 3HATh TIPU OKOHIaHUH IITKOJIBI XOPOIINIT
MIKOMLHHUK XOPOIIer 0 MaTeMaTHIeCKOr o Kaacca. B Heé He BXOJAT CTaH-
JMapTHLIE CBeIeHNIsA W3 IKOILHOM MPOT paMMEI (pellleHre ypaBHeHWH, Tpa-
UKW, eBKINAOBA TeOMETPHA M T. T.). MBI cTapaamch OrpaHUINBATHCA
MUHAMYMOM HOBBIX TOHATHH (CKaxeM, oblliee MOHATHE TPYIIIBI OTCYT-
CTBYeT).

PasymeeTca, 5Ta mporpaMma oTpaXkaeT JHIIb TOYKY 3PEHUA ¢ aB-
TOPOB, W BO3MOXHEI ApPyTHWe BapWaHTHI (HaTpUMepP, MOXKHO CTapaThCA
YMEHBIINTE €8 TepecedeHre ¢ MPOr paMMOM TIepBOTO Kypca 3a CUeT CBe-
JeHWN 10 aHamu3y). TeM He MeHee, KaK HaM KakeTCs, 5Ta MPOTpaMMa
COOTBETCTBYET TPaAUIANA HEKOTOPHIX MATEMATHIECKUX KJAACCOB W HIKOJ
(B mepByto odYepenh Tex, T e o6yvIeHne pa3/ieleHo Ha (IMKOJbLHYIO» U «J0-
MOJHUTENBLHYIO) MATEMATHUKY ).

Ypoeenb TpeGoBaHUE MO KaX /0l TeMe 3aaéTca obpasnamMu 3ajad.
CaegyeT mMeTh B BUAy, 9TO CpeH 3a/Aa¥ YyCTHOTO DK3aMeHa eCTh CHJMb-
HO MPEBOCXOANINEe MUHUMAILHBIN YPOBeHb TpeboBaHUl (OHU NaBAIUChH
HHAUBUYaAbHO CHJABHBIM MIKOJLHUKAM, JeTKO COpaBUBIIMMCA ¢ o6A3a-
TeAbLHBIM MUHIMYMOM ).

1. APU®PMETHKA U AJTEBPA

1.1. Koablio HEJABIX YUCEJ. KOJBIA U TOJSA BHIYETOB
JleTUMOCTD TeTbIX YUCEe.
ApugpmeTnka 0CTaTKOB.
Haumewnbiiiee o61iee KpaTHOE 1 HAUOOMBIINT OOIIHE [eJUTEb.
Bzawmuo mpocThie Tncaa.
Anroputm EBkanja.
Pemrenne ypaBnenn# Buga ar + by = c.
OcHoBHast TeopeMa apudpMeTHKN U €€ cJeqCTBUS.
BeckoneTHoCTh MHOXKECTBA MPOCTHIX THCEN.

Teopema depma—Iuiepa.

MaTemaTu4eckoe npocseujeHue, cep. 3, Bbin. 2, 1998(193—215)
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10.
. [IpousBognas m KpaTHBEIE KOPHH.
12.

OBPA3IBI 3ATAY

MokazaTh, 9To ecan ad + be geawTcs Ha a + ¢, To u ab + cd geanTes Ha a + c.

Hairtu nanmensbinee 60-3uavHoe qucao, geasmeecs Ha 101.
Hairtn HOJI (218 — 1, 232 — 1).

CymecTByeT am 9ucao0, gaolree mpu aejennn Ha 2, 3, 5, 7. 11 octaTkm 1, 2, 3,
4, 5 COOTBETCTBEHHO?

Ilpm xakux nenbix a ypasHenme 12z + 20y + 30z = a uMeeT meNOYNCIEHHBIE
perteHuA?

Yucro p mpocToe, He paBHo 2 u 5. /lokasaTh, aTo Apobb 1/p nepumonmtna u
9UCT0 3HAKOB TEPHO/Ia ABAAETCA geiuTeaeMm p — 1.

Cwm. 3ajady 1 wactu | nmuceMeHHOT O sK3aMeHa 3a 1984 rox (cTp. 203).

CKOMBKO CyHMIECTBYET YHCEN, KOTOPble MOTYT GBITH OCTATKAMU TIPU AeJeHUH
TOYHBIX KBajgpaToB Ha 1017

1.2. KoJbllO MHOTOYJEHOB
ﬂeﬂeHHe MHOTO4YJ€HOB C OCTAaTKOM.
Teopema Besy.
KOpHI/I MHOT OYJ€HOB U pa3JJoKeHne Ha MHOXKHUTeJan.
KOHQ‘IHOCTL qucCJjaa KOpHefI.

Muorodnensr, coBnagaomme Kak PyHKIAN, TMEIOT paBHLIE KOd(DPUIIA-
eHTHI.

WaTepnoasuus: cyluiecTBOBaHIe W e THHCTBEHHOCTD.
Ksagpatusii Tpéx+ien. dPopMmyaa KOpHEH.

PaunonanbHble KOpHH MHOTOYJIEHA C MEeAbBIMH KOD(PPUIHEHTAMHE.
HO/J n HOK muorowienos. Ainroputm EBkianzma.

OHO3HAYHOCTH pasiokeHus Ha HempuBoanMmere (ma1s R[z]).

CI/IMMeTpI/I‘IeCKI/Ie MHOTI'OYJIeHBbI.

OBPA3IHBI 3ATAY

. Tpu penennn muorouneHa P(z) Ha x — | momy4aeTca oCTATOK 2, a IPH [eJeHUN

Ha £ — 3 — ocraTok 1. Hairtu octaTok npn gexennn P(z) na (z — 1)(z — 3).

Hokazath, uto HOM (™ — 1, 2" — 1) = HOAm.n) _ (Cm. Takxke 3aj1a-
4y 4 wacTu | mucbMeHHOT O 5K3aMeHa 3a 1984 rojx Ha cTp. 203.)

Uzsecthno, uto P(z) < 5(z? + 1) 4+ 1000 npu Bcex z. YTo MOKHO cKazaThb O
crenenn P?
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. Berancants (1 + 9)

ﬂOKaBaTB,qTOCHCTeMa

r+y+z+it=a
r4+2y+3z+4t="5
r4+4y+ 92+ 16t =c
r+8y+2724+64t =d

npu do0bX a, b, ¢, d uMeeT eIMHCTBEHHOE DEIICHHUE.

HapucoBaTh MHOXeCTBO Tex map (p, ¢), TpM KOTOPHIX KBAAPATHBIN TPEXTICH
x? + pr + ¢ UMeeT 2 TONOKUTETLHEIX KODHA.

JlokazaTh, 9TO ecam 9UCAO {/d PAUMOHATLHO (1A HATYPAAbHBIX @ W T), TO
OHO — TIeJIoe.

Haiitu MHOTOWIeH P(z) cTenenn 3, Ais KOTOPOTO

P(l)=1, P(2) =5, P(3) =0, P(4) + P(5) =8.

Muorodaen cTenern 4 umeeT 3 NeUCTBUTENBHBIX KOPHA. MoXeT Ju ero mpo-
M3BOJHAA UMETh POBHO | MeNCTBUTENBHBIA KOPEHb?

1000 1
Haiitu _ .
Z n(n+1)(n+2)

n=1
MNzBecTtHO, 9TO * + Yy + 2, 2y + Yz + xz, xyz — ueable umcaa. MoxHo am
YTBEPKAATH, ITO IUCJIO 3+ y3 + 23 — memoe?

HoxkazaThk, ¥T0 uncaa 1+ \/E + \/3 n \e’/j + \/5 ABAAIOTCA KOPHAMU HEHYJIEBBIX
MHOT O4JIEHOB C TeABIMU KO3hPUuIueHTaMn.

1.3. IIOJE KOMIIJIEKCHBIX YHUCEJ

KouMnnexcubie 9ncia n onmepannu Hajg HAMIA.
Bo3MoXHOCTL 1 0THO3HAYHOCTD JTeI€HUS.
ComnpsKEéHHEIe YHCIA.

OcHoBHas TeopeMa anre6psl (popmyanposka). CiencTBue: BCSIKAH MHO-

rowien 3 R[z] pasnaraercs Ha JuHeHHBIE W KBaIPaTHBIE MHOXKITENN
B R[z].

. TpI/II‘OHOMeTpI/I‘{eCKaH cpopMa KOMIJIEKCHOT'O 9YHucJa.

. I‘eOMeTpI/I‘{eCKI/Iﬁ CMBICJ YMHOZK€HHUS.

OBPA3IBI 3ATAY
1001

Hairtu npouzBejienne n cyMMy BCeX KODHEW CTENEHW N U3 9HUCIA d.

Kakoll aprymMeHT MOXeT UMeTh 9UCIO z, ecan |z —i| < 0,57
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Hatitn MHOr oW/ieH MUHUMAaABHOM cTenenn u3 R[z], aaa koToporo wucaa 1 + i,
2m 3 — i 6b1TN OB KOPHAMH.

JlokazaTh, 9TO MHOXKECTBO TeX z, 114 KOTOPHIX Re(1/z) = 1, ecTh OKpyKHOCTH
6e3 TOYKM.

Kakue 3navenns MOXeT IPUHAMATD MPOU3BEIEHNE BCEX PACCTOAHUN OT TOYKH
(2,0) ;0 BepHIMH TPaBHIBHOTO CEMUYT OJbHUKA, BIHUCAHHOIO B OKDYXHOCTH
eIMHIYIHOT O pajauyca ¢ meHTpom B 07

Ha koMmekcHO# TIocKocTH maHbl Touku a u b. [te HaxoaaTca Te z, Jas Ko-
TopbIX (z — a)/(z — b) — 4mcTo MHUMOE Yncao?

1.4. KOMBUHATOPUKA. ['PYIIIIA TEPECTAHOBOK

[TepecTanOBKH.

Pazwmenienns ¢ MOBTOpeHHSIME.
Paswmerenns.

CoueTanns.

burom HeioTona.

Tpeyroapnank ITackans.

Pdopmya BKAOTEHNT T NCKIIOYEHUN.
YMHOXKeHHe HepecTaHOBOK.

YETHBIEe W HEYETHBIE epecTaHOBKH.

Pasaoxenne nepecTaHOBOK B IIpOU3BeJeHNe NUKJIOB.

OBPA3IHBI 3ATAY

CKOJBKO MATH3HATHBIX YUCEN COAepKAT B CBOEH 3amucu Uudpy 8 m He cojep-
xat 07

CKOJIBKO pellleHni B HATYPATbHBIX YHCAaX UMeeT YpaBHEHME
rxyz=2-3-5-7-117

CKOJIBKO CYIIeCTBYeT MATU3HAYHBIX YMCes, COCTaBIeHHBIX n3 mmudp 1. 2, 3. 4,
5 (kaxgad BXONT TIO OJTHOMY pa3sy), B KOTOPHIX Undpa 5 He CTOUT HA MATOM
MecTe?

CKOJMIBKO pellleHnil uMeeT ypaBHEHUE L1 + o + - - + £ = [ B LeAbIX HEOTPH-
MaTeAbHBIX TUCAAX

Hairtu cymmy Bcex dmces n-oll CTPOKH TpeyToabHUKa llackais ¢ 9eTHBIMEU
HOMEpaMH.

Hatitn 3HaKomepeMeHHYIO CyMMY BCEX HUHCel N-OH CTPOKH TpeyroabHmka [la-
ckaas ¢ uéTnbiMu HoMmepamu (C2 — C2 +Ch +...).



Ilporpamma «MaTHIKOIBHTKY 197

S otk W N =

AR S

,HOKaBaTI), 9TO 9HUCJO pa36HeHHfI [IeJOT O TIOJOKUTENLHOr O YICIa N Ha HedeT-
HBbI€ TEeJbIe TNMOJOXUTEJIBbHBIE CJaraeMbI€ PAaBHO YHUCAY €T O pa36I/IeHHﬁ Ha pa3s-
JAUYHBIC TEeJbIE ITOJOXKUTEJAbHBIEC CJar acéMBbIe. (HOpHrJOK CcJaraeMbIX CHIHUTaeTCa
HecyIHeCTBeHHbIM.)

CymrecTByeT JU MepeCTaHOBKA [-3JEMEHTHOTO MHOXKECTBA, MMefoIIas MOps-
nok 347

JlokazaTh, 9TO BCcAKas YETHAsd MEPECTAHOBKA MOXKET OBITh NPEJCTABICHA B
BHJle TIPOM3BEIEHNUA MEPECTAHOBOK BUAaA (i, j, k), Ipu KOTOPHIX i — j, j — k,
k — 1., a ocTasbHBIE YUCAA OCTAIOTCA HA MECTE.

2. AHAJN3
2.1. TeEorPusa MHOYKECTB

CuéTHbIe MHOXKECTBA.

[IponsBeernne u cyMMa CIETHBIX MHOYKECTB.

Ecau A 6eckonedno, a B cuéTHO, TO 06heiutenne A u B paBHOMOIIIHO A.
Teopema Kantopa-BepuimTeiina (popmyrnpoBka).

ITpnMep HECHETHOTO MHOXKECTBA.

Teopema KanTopa (118 BCAKOTO MHOMXKECTBA CYNIECTBYeT MHOMKECTBO
GOJIbIIeH MOIIHOCTH).

PasrnomomnocTs HpﬁMOﬁ 1 IMJIOCKOCTH.

OBPA3IBI 3ATAY
Kakyto MOIIHOCTH WMeeT MHOXKECTBO BCEX HEMPEPBIBHBIX (DYHKIIMH HA OTPe3-

Ke?

NlokazaTh, uTo A x A paBHOMOMIIHO A, ecim A — MHOXKeCTBO BceX GECKOHETHBIX
MOCe[0OBATENLHOCTEN HYJIeH U € TUHUII.

JlokazaThb, 9TO KpPYT U KBaApaT (C BHYTPEHHOCTAMMN) PaBHOMOIIHBI.

,[[OKaBaTb, 9TO MHOXECTBO ,HeI?ICTBHTeJIbeIX quces paBHOMOITHO MHOXECTBY
NPppaluOHAJbHBIX TUCEJ.

2.2. TIOCJIENOBATEJBLHOCTH W TPEJEJB
[Mpemes mocrenoBaTEILHOCTH.
EnnacTBennocTs mpegena.
TeopeMa o IByX MUJTUIHOHEPAX.
[Mpemes cyMMBI, pasHOCTH, MPOU3BeICHUS W TaCTHOTO.

[Ipegen oTHOIIEHNs TTOKAa3aTeNBHOW U CTENEHHON (DYHKIHM.
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OBPA3IBI 3ATAY
NokazaThb, 9To ecan 2 + y2 — 0, To Ty + yn — 0.

,HOKaBaTb, 9TO €CJIH TMMOCAEeTOBATEIBHOCTh CXOANUTCA K MOJOXKUTEJIBHOMY YUCTY
a. TO MOCJAeNOBATEJNBHOCTh KBa APaTHBIX KOpHeﬁ U3 €€ 4JICHOB CXOOUTCA K \/E

. . . . 1
Haiitn npegeasr 1007 /n!, n'/", n?/27, ((27 4 3" + 47)/(5" + 67)) /n
JlokazaTh, 9TO BeAKad TOCTEI0BATETLHOCTE NMeeT MOHOTOHHYIO MO/TIOCTe 10
BaTEIbHOCTD.

WmeeT am mocaegoBaTenbHOCTD sin 1, sin 2, sin 3, ... npegena?

2.3. CBOHWCTBA AEHCTBUTEJBHBIX YHUCEJ

Tovunas BepxHssA TpaHb.

Bioxennnie oTpeskn.

[Tpegen MOHOTOHHON OTpPAaHAYIEHHON MOCAETOBATETHHOCTH.
Kpuntepunin Komurn.

[lokpuiTHe OTpe3ka MHTEpBATaMM.

CylirecTBOBaHIEe HPPANNOHAMBHBIX YHCE.

HecuéTHOCTh MHOKECTBA MeHCTBUTEILHBIX THCET.

OBPA3IBI 3ATAY

Ecan M — 6GeckoHedHOe MHOXKECTBO TOYEK OTpe3Ka, TO CYHIECTBYET TaKas
TOYKa &, 9TO JIOOOW WHTEPBAJI, COAEPKAIIAN &, COAEPKUT 6ECKOHETHO MHOT O
TOYeK U3 MHOXecTBa M.

JlokazaTh, 9TO ec/IM B MHOXKECTBE OTPE3KOB JAI00BIe Ba UMEIOT OOIIYIO TOYKY,
TO CyHIeCTBYeT TOYKa, IpWHAIIeXKallad BCeM OTpe3KaM 3TOT 0 MHOXKECTBA.

Ecan gpyukuus f TaxoBa, 9TO A5 AF060U TOYKH OTPE3Ka CYIIECTBYET COJED-
AWK €€ WHTepBad, Ha KOTOpoM [ orpanmdveHna, To f orpaHumveHa Ha BCEM
OTpe3Ke.

JlokazaTh, 9TO eciill PA3HOCTH MEXK Y N-M U k-M SIeHAMU MOCJAEe0BATEIBHOCTH
He TIPEBOCXOAUT 1o Moayaio 1/n+ 1/k, To 3Ta mociae10BaTEIFHOCTE CXOAUTCA.
To MOXKHO CKa3aTh, €CIN 5Ta PA3HOCTh HE MPEBOCXOANT Mo Moayaio 1/(nk)?

2.4. YUCJIOBBIE PAJBLL

CxouMOCTh 1 ab6COTIOTHAS CXOMUMOCTh.
CyMMa u mpou3BejleHne pSIOB.
[Ipussak cpaBHeHUS.

NuTerpalbubiil TpH3HaK.
l'eomeTpudeckas mporpeccus.
Tapmonnveckuit ps.
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OBPA3IBI 3ATAY

2 1 y? cXojAaTcA, TO U PAJ C WICHAMH

TpYn CXOAUTCA.
Ipy Kaknx & CXOANTCA PAJ C waeHAMH n2x"?

MokazaTh, uTo dynkuns f(z), paBHad cymme paga 2" /nl, n — uenoe HeoTpu-
naTeapHoOe, onpejencHa npn Beex z u f(z +y) = f(z)f(y).

Tpu kakwux p cxoanted paj ¢ waenamu 1/(nP + n)?

BeraucanTs cymmy pajga y . 1/n3 ¢ TounocTrio 0 0,01.

2.5. HENPEPLIBHOCTL HA INPAMOIM
Paznugnbie onpenenenns HempepbIBHON (PYHKIHE Ha MPAMON.
,HOCTI/I)KGHI/IG MaKCHUMyMa.
[Tpoxox 1eHne Hy.Is.
PaBHOMepHas HeMpPepHIBHOCTh.

HenpepriBHOCTDH BiaeMeHTAPHBIX (DYHKINN (MHOTOYJIEHBI, TPUT OHOMET-
putdeckne QYHKINN, JOTapudM).

OBPA3IBI 3ATAY

llokazaTh, 9To ecim f — HempepbIBHaA (PyHKIHA, 0TOOpaKaromas OTpPe30K
[0;1] B cebs, To cymecTBYeT Takoe x, uTo f(z) = .

HocTpouTs hyHKIINIO HA JeUCTBATEIHLHON MPAMON, MHOKECTBO TOYEK Pa3phiBa
KOTOPOW COCTOMT M3 BCEX TOUEK BHUAA /N TPH MEABIX MOJOKUTEALHBIX 7.

Pdynxuna f onpejeneHa Tpu HeoTpunaTeabHbix r Tak: f(z) = (1 + z3)/27.
ByngeTt am ora paBHOMEPHO HEMPEPHIBHON !

Kakmne MHOXecTBa MOTYT OLITh MHOXKECTBAMHE 3HAYeHUI HENPEePLIBHBIX HA WH-
Tepsade (0; 1) gynxumin?

JlokazaTh HempepbiBHOCTH Gynkumu f(z) = 5. n?z™ na orpeske [0;0.5].
IlepBBIll 9IeH TOC/Ae0BaTENLHOCTH paBeH 1, a KaX/blll CJAeIyIONni — KBa-

MPAaTHOMY KODHIO W3 CYMMBI TIPeAbIAyIIero wieHa u umucaa 2. UmeeT am sTa
MOCIeIOBATENLHOCTD TIPeIe’

2.6. J/INGDEPEHIINPOBAHUE HA MPAMOI
Omnpenenenne TpOU3BOTHON.
[IpousBogHEIe CYMMBI, TPOU3BETEHUSA, TaCTHOTO.
[IpouzBoiHas caoKHOW PYHKIHH.

[IpouzBoiHbIe DiIeMeHTAPHBIX (PYHKIIHI.
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Teopemur Ponas n Jlarpanxka.

MOHOTOHHOCTD U MepBasi TPOU3BOTHAS.

BrinykaocThs u BTOpas npou3BOIHAS.

[Ipumenenne BRIMYKIOCTH K JOKa3aTeJlbCTBY HEPAaBEHCTB.

Popmyaa Tennopa.

OBPA3IBI 3ATAY

. MaBecTHO, uTO ypaBHenue f(z) = a uMeeT n peiennil. Kaxkoe 4uciao peneHni

MOXKeT uMeTh ypaBHenue f'(z) = 07

. MoxeT au nmpouzBoaHas Bcoay auddepeHunpyeMon GyHKIUU He 6BITH HETIpe-

pBIBHOM?
Uzsectno, uto |f(y) — f(z)| < (y — 2)?. JlokazaTh, uTo f — KOHCTaHTA.

MssectHo, uto h(z) = f(f(z)), f(2) = 2, npoussognas h’(2) pasua 3. Yemy
MoXKeT GBITh paBHo f/(2)7

3 r+a= 0 B 3aBHCHMMOCTH OT d.

Hanitu 9ucio perennit ypaBHEeHAA
Haiitn xacaTeabnyio x kpusoit 22 + 2 + y> + y = 2 B Touxe (1,0).

JlokazaTh, 9TO cpefHee TeoMeTpHYeCcKOoe He GOJbIIe CpeTHeTO apudMeTHde-
CKOT 0, TIOJMB3YACH BBIMYKJIOCTHIO JOTapudma.

Haiitu npeaea oTHomenus (sinz — tgz)/z3 npu z — 0.

2.7. NHTETPAJ
WNHuTerpan HenpepblBHOU (PYHKIHE 1O OTPE3KY.
[lepBoo6pasHas HeMpePLIBHON (DYHKIHH.
Teopema HoioTona—JlenGunma.

WNuTerpupoBanme mo 4acTsiM U 3aMeHa MEePEMEHHOTN.

OBPA3IBI 3ATAY

2

. Haittn ¢'(1) n ¢'(2). ecm g(z) = [, (sint)/tdt

. 1
Hantu To4uHyO BEPXHIOI TPaHb YUCET fo z f(x) dz o BceM HeNpPepHIBHBIM Ha

[0; 1] pyHKUMAM, MIA KOTOPBHIX fol flz)dz < 2.

Pyuxuusa f wempepwiaa Ha [0;1]. [JokasaTbh, 4TO fol f(z)sinnzder — 0
pHu n — oc.

Brrancants f zlnzdex.

[llokazaTh, 9To mocaenoBaTeabHoCTh 1 4+ 1/2 4+ ---+ 1/n — Inn MoHOTOHHA U
OrpaHHUYCHA.
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3. 'EOMETPUSA

3.1. I'PyOnbl IPEOBPA3OBAHUN NJIOCKOCTH U MX KOMIIJEKCHBIN

10.

11.

N otk W =

CMBICJI

JIBIKeHNA: epeHoc, TOBOPOT, CHMMETPHM.

Bortncienve KoMmo3nnni pa3iuvIHbIX BHJIOB JBUIKEHHH.
Popmyanposka Teopembl Hlans o kraccupukannm IBUKEHAN.
[Ipeo6pazoBanns moo6ms.

KoMnosnnuu ToMOTeTHH U JBUIKEHHH.

JIpobuo-1unenble TPpeobpa30BaHNd KOMILIEKCHON TMIOCKOCTH.

WNuBepcus.

OBPA3IBI 3ATAY

Ecan ¢purypa mmeeT gaBa 1eHTpa CHMMETPHH, TO OHA UMEET M TPETHH.

Bo uTo0 nepexoanT TpeyroabHuK ¢ BepmmHaMu 1+, 2 — 37, 4 — ¢ Tpu MOBOpOTeE
una 120° Bokpyr 2 — 2:7

Haiitu Bce gBuKeHUMs, mepecTaHOBOYHBIE ¢ TTOBOpoToM Ha 90° BOKPYT maHHON
TOYKH.

Ilpu kakux a, b npeoGpazoBanme z — az + b ABAsIETCA cUMMeTpHUEnR?
IIpu kakux a, b npeoGpazoBanme z — az + b ABAsTETCA TOMOTETHEN

JIBe KapThl OMHOW MECTHOCTH Pa3HBIX MAacIITabOB MOJOKEHBI APYT HA APYra.
JlokazaTh, 9TO WX MOXKHO MPOKOJOTH UTJIOW, OTMETHB HAa 00eMX KapTax OJHY
W TY )Ke TOYKY MEeCTHOCTH.

JlaHbl TpU OKPYKHOCTH Pa3HbIX pajauycoB. K Kaxk ol mape MpoBejIeHbl BHEIII-
HHe KacaTelbHble W B3ATa TOYKa WX TepecedeHus. /lokazaTh, 9TO TPHU STHUX
TOYKH JeXKaT Ha OJHOU TPAMON.

JokazaTh, 9TO KOMINIEKCHBIE dmucaa a, b, ¢, d JexaT Ha OJHOW MPAMOU WJAN
a—c b—c

a—d b—d

OKPY2KHOCTH, €CJIHn ,[[eﬁcTBHTeJIbHO.

Haitrtu Bce apoGHO-amHEeNHBIE TpeobpazoBanms, OTOGpaKAaIINe BEPXHIOK MO-
JAYTIIOCKOCTH Ha cebd.

JlokazaTh, YTO MEHTPHI TPABUIBHBIX TPEYT OJLHUKOB, TOCTPOEHHBIX HA CTOPO-
HaX TMPOM3BOJBLHOT O TPEYT OBHUKA, 06Pa3yOT TPABUIBHBIA TPEYT OMbHUK.

Mlana Toyka u nBe OKpyXKHOCTH. [locTpONTH OKPYKHOCTDH, IPOXOAANIYIO Yepes
MaHHYIO TOYKY M KaCAIOMIYIOCsa JaHHBIX OKPYXKHOCTEH.
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3.2. TEOMETPHUA BEKTOPHBLIX IIPOCTPAHCTB

1. KoopanmaTHoe MpOCTPANCTRBO W €ro MOAMPOCTPAaHCTRA.
2. CucteMmbl JUHENHBIX YPaBHEHUN I WX FeOMeTPHYECKHH CMBICT.

3. Teopewma: ofHOpOIHAS cHCTeMa, B KOTOPOUW HEM3BECTHHIX OOJBIIe, YeM
YpaBHEHNI, MeeT HeHyJeBoe pellleHue.

JlunenHast 3aBHCUMOCTb.

Basznche. PazmepHocTh.

[lepecedyenne u cymMmma mMOANPOCTPAHCTB: COOTHOIIEHNE Pa3MEepPHOCTEN.
CkaJsipHOe TPOU3BeeHTe.

HepasernctBo Komn-ByHskoBCcKorO.

© %NS o

HepaBencTBO TpeyroibHuKa.

10. Yroa Mex 1y BeKTOpaMu.

OBPA3IBI 3ATAY

1. HaiTu paszMepHOCTH MUHUMAJBHOTO MOANMPOCTPAHCTBA B MATHUMEDHOM IIPO-
CTPaHCTBe, COJEPKAIIET 0 BEKTOPA

(1,1,5,1,1), (0,2.4,2,1), (0,3,3,3,1), (0,4,2,4,1), (0,5,1,6,2).

2. JlokazaTh, uTo BekTopwl (1,2,...n), (12,22, n?), ... (17,27, . n") auneiino
He3aBICHMEI.

3. [lloxazaTh, 4To Ji06as MOCae[OBAaTETLHOCTD, Y I0BAETBOPAIOIIAA COOTHOIIEHTIO
dnt2 = dn41 + 2a,, umeet BUJ ap, = A2" + B(—1)" npu HekoTophix A u B.

4. TIpym KakuWX ycJIOBUAX Ha 4mcaa a, b, ¢, d MOXHO HAlTH BeKTOpa ¥ U ¥ B TPO-
CTPaHCTBE, A KOTOpHIX (u,u) = a, (u,v) =b, (v,u) =¢, (v,v) =d?

5. HalrTu nuioma ib TpeyroAbHUKA, 38 JaHHOT O KOOPANHATAMHE €T0 BEPIINH B TPO-
CTpPaHCTBe.

6. Hairtu paccTosgHue OT TOYKHM MPOCTPAHCTBA, 3aJaHHOU €€ KOOpAWHATAMH, 1O
MJIOCKOCTH, 3aJaHHON KO3(PDPUIMEHTAMI OMPEeSIIONIErO €€ JUHEHHOT O yPaB-
HEHUA.

7. JlaumHa KaXJI0ro m3 TPEX BEKTOPOB MPOCTPaHCTBa paBHA |, a cKaafgpHOE TTPo-
u3BeleHne Ja060M mapbl BekTOpoB paBHo —0.,5. /lokazaTh, 9To 5TH BeKTOpa
JUHEWHO 3aBUCHMBI.

4. IITUCBMEHHBIN K3AMEH 1984 roaa

[Mucbmenublt dK3aMeH 1o nporpamme «MaTHIKOTBHUKY, TPOXOTUBIIHI B
konte 1983/84 yde6GHOro rojga, COCTOAT W3 ABYX YacTei: MO apudMeTnke W
anrebpe n mo amaan3y. Ha o6e qactn BMecTe 6BII0 penocTaBieHo 6 Jacos.
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10.

11.

12.

YAacTb 1. APUPMETHUKA U AJTEBPA

PemmmTh B neBIX MOJOKUTEILHBIX THCIAX YpaBHeHnE
1 7

T+ —7
y+ -
z

CyliecTByeT Ji 9HCJA0, 3alTUCHIBAEMOE 12 eITUHUIIAMEI TOJAPS T U Jefsiiee-
cs Ha 49, ecaim 0 < n < 457

Ha miockocTu m306pakeHbl NPaBUILHBIN M-YTOJBHUK U MPABHILHBIN
n-yroibHuk. /loKa3aThk, 9TO €Ciu M W N B3aHMHO MPOCTHI, TO MOXKHO
HOCTPOUTH € TOMOIIIBIO MHPKYJS U JHHEUKH MPABUJAbHEIN MN-yT ONbHUK.
HafiTn HanGoablInil obImi teanTess MEorodtenoB 480 — 1 n 236 4 1.
Mmuorounen P(z) ynosrerBopsier ToxgectBy P(z) = P(1 — z). /loka-
3aTh, 9TO ecTh Takoil Muorodaen M (y), arto P(z) = M((z — 0,5)?).
N3BecTHO, 9TO 2 + 1/2 = 2cosa. lokaszaTh, aTto 2" + 1/2" = 2 cosna.
Haiitu cymMy KBafpaToOB CTOPOH U JHArOHAJEH NPaBHABHOTO 7-YT OJb-
HUKa, BIHCAHHOTO B €[UHUYHYI OKPYKHOCThH Ha KOMILIEKCHON MJIOCKO-
CTH.

Hatitu pazmepHOCTH MHHHMAJBHOTO MO/IPOCTPAHCTBA, COMEPKAIIETO
crpokn (1,a,-1,2),(2,—-1,a,5),(1,10,—-6,1) (a — mapameTp).
Matpuuy 2 X 2 6yjeM 3a0HCHIBATH CTPOYKOH W3 YEeTHIPEX BXOIANINX
B Heé umncesn. /lokazaTe, 9T0 oTOGpaxkeHne, nepepojdiiee MaTpuiy X
B MmaTpuiy AX sgBiseTcs JUHEHHBIM ONePATOPOM U HAUTH er0 MaTpH-
ny (pasmepa 4 X 4). 3mech A — HeKoTOpas (PUKCHPOBAHHAS MaTpHIa
pasMepa 2 X 2.

[lTpumedanne. B BapmaHT mporpaMMbl, TO KOTOPOH TMPOBOIHICS DK3a-
MeH, BXO,IHJIO MOHSATHE MATPUIBI U JHHEHHOT O OMepaTopa. |

KakoBa BeposiTHOCTH yrajgaTh poBHO 4 HOMepa B urpe «CnopTaoTo
6 u3 49»7 [B oToil urpe Hajgo BEIGpaTh 6 Wncen cpeanm 1,2,....49, Bo
BpeMsi PO3BITPHIIIA BEIOGUPAKOTCS APYrHe [MIeCTh YHCeJ U CYUTAeTCs KO-
JUYECTBO OOIINX YHCEJ B DTUX JIBYX IIeCTEPKax.]

CKOJbKO pellieHnll UMeeT ypaBHeHHme 1 + zg + --- + 219 = 100, rjge
nepeMeHHble TPHHUMAIOT HaTypaJbHEE 3HaYeHus, 6obIine 27
JlokazaTh, 9TO Helb3s, MOBOpadnBad rpaiu Kybuka Pybuka, mro6uThes
TOro, YTOOHI

(a) onun pébepuniil (Ha cepeanue pebpa) KyONK MEePeBePHYJICS, a OCTAlb-
Hble OCTAJNCh B MPEKHEM TOJOXKEHUH U MO-CTapOMy OpPHeHTHPOBAaHHKI-
Mu;
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10.

(6) yrioBole KyGUKN OZHOW U3 rpaHedl NHKINIECKH NePecTaBHINCD, a
OCTANbHBIE OCTAMNCh Ha CBOMX MecTaX (OpHEHTANHs KyOHKOB MOXKET
OMEHSATHCH).

YACTb 2. MATEMATHUYECKHUI AHAJU3

HanTu npenea mocjen0oBaTelbHOCTH, Barl[aHHOI;I COOTHOIIEHUAMHA a1 = 1,
An41 = 075((1,,z + Q/an)

. JlokazaTh, 9TO MOYXKHO BHI6PATh 3HAKH TakK, YTOOH paBeHCTBO 1 + % +

:I:% 4 ... =15 cTano BepHHIM.

. SIBasieTcs M paBHOMEpPHO HEMPEPLIBHON HA MeUCTBUTENBHOU OCH (PyHK-

uns (a) €% (6) 1—}——m2?

JlokazaTh, uTo sinz >z — z°/6 npn 0 < z < 7/2.

JlokazaTh, 9TO MHOXKECTBO TOYeK pa3pbiBa MOHOTOHHON (PYHKINH He
6o0Jee, 9eM CHETHO.

P(z) — MHOTO4JIEH, pa3iaraomnics Ha JHHeHHbIe MHOKATENN C JTef-
cTBUTENBHEIME Kod(hduunentamn, npudem P'(0) = P”(0) = 0. /loka-
3aTh, uTo P(0) = 0.

Cxomantest am psig y_ 1/(nlnn)?

JlokazaTh, 9TO Npejge] WHTErPAJOB 10 JIOOOMY OTPE3KYy OT (DYHKIHN

T

2
€” cosnx Npu N, cCTpeMsAllleMca K OecKOHeTHOCTH, paBeH (.

Dyukuns onpegeneHa Ha BCell YHCJAOBOH OCH, PUYEM Y KaKI0H TOYKH
€CTh OKPeCTHOCTh, B KOTOPOH (DYHKIHS MOHOTOHHO Bo3pacTaeT. /[oka-
3aTh, 9TO (DYHKIHS MOHOTOHHO BO3pAcTaeT Ha BCEH YHCJIOBOU OCH.
CytrecTByeT Ju (DYHKINS, HEMPEPHIBHAS BO BCEX UPPANNOHATBHBIX TOY-
KaX W pa3pbiBHAs BO BCEX PAlMOHATLHBIX?

5. IIUCBbMEHHBII 3K3AMEH, MAIl 1985
YHacTh 1. APUPMETUKA U AJTEBPA

(a) Yucaa p u g mpocteie. /lokaszaTs, 910 ecan 2P — 1 genntes HA ¢, TO
q — 1 gemmtes Ha 2p; (6) mpocTo AU YnCTO 213 _ 17

Yucao x HaszsIBaeTcsA KBAAPATHIHBIM BHIYETOM TO MPOCTOMY MOIYJIIO
P, €CTM OHO CPABHUMO € HEKOTOPHIM TOYHHIM KBaAPATOM 10 DTOMY MO-
myaio. JlokasaTh, 9TO MpOU3BeeHNe BHYETA, He JeISAIIerocs Ha p, U
HEBLITETA ABISETCS HEBHIYETOM MO MOJYIIO P.

Pemuth ypasnenne (z + iy)® = z — iy.

(a) Hanitn cymwmy sin(nk/2n) no Bcem k = 1,...,2n; (6) Haiitnn mpons-
Benenue sin(wk/2n) mo Bcem k=1,...,n.
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5. HaiiTu cymmy kosddunnentos Muorodwiena (z2 — z + 1)199.

6. Ilpw xkakom n MHOTOUYMEH a” + a” b+ ...+ ab” ! + b merutcs ma
a® + ab + b2 (xak muorowren nag C)?

7. HaiiTn MmakcuMaabHBIN TOPSJOK epecTaHOBKH 10-3/eMeHTHOT O MHOXKe-
CTBa.

YACTB 2. AHAJU3

1. Hawitn npegen cymmer 1/n+1/(n+1)4+---4+1/2n npn n — oc.

2. HailTu To4YHy10 BepXHIOW I'palb BCEX YHCEJ BHJa Sin T + Cos /T 10 BceM
MeNCTBUTENBHBIM .

3. Yto Goabire: 7° mian €77

4. Kax b caefyiolinil 4jieH MOoCaeJ0BATeIbHOCTH PABEH CHHYCY MPe/Ihi-
nyiero. Haiitu eé npejmed.

5. Haiitn mepBoo6pasnyio ¢pyukunn 1/sinz.

6. /lana orpannvuennas BeIMyKaas urypa miomann S. JokasaTs, 1TO MOXK-
HO NMPOBECTH JBe NEPNEHIUKYJIApHBIC NPAMBIE, Aelflline eé Ha TacTH
niotan S/4.

7. JBax el quddepennnpyeMas Ha TOTOKATEILHON TONYOCH GYHKINS PN
r — oc cTpeMuTcs K 0 I MMeeT OrpaHMYEHHYIO BTOPYIO IPOU3BOIHYIO.
[lokazaTh, 4TO eé mepBas npomusBogHas cTpeMuTcs K 0.

8. /lokazaTh, YTO MHOXKECTBO 3HA4YeHUH [IeHCTBUTENBHON (DYHKIHH [Teli-
CTBUTEILHOTO aPryMeHTa B TOYKaX (HECTPOTHX) MAaKCHMyMOB He GoJee,
qeM CIETHO.

9. Cxoantcst im psix y_ n(sinn)/2"?7

YacTb 3. [EOMETPUSA

1. Beur natuyronapuuk. Ha ero ctoponax mocTpouau BOBHE MpaBHJILHEIE
TPEYTONLHUKY W OTMETHIN WX MeHTPHI, a BCé ocTanbHoe cTepan. Boc-
CTAHOBUTH MATHYTOJLHIK.

2. HanTn Bce mpeo6pazoBanus Mo06MA, TepeCTAHOBOTHELIE ¢ OCEBOW CHM-
MeTpHen.

3. Ogma OKpYKHOCTH JEKHUT BHYTpH Apyrou. /[lokasaTh, 1TO CyIIecTByeT
MHBEPCHS, TePEBO/IAIIAA OKPYKHOCTH B KOHIEHTpHIECKHE.

4. Ilpn kaknX KOMILUIEKCHBIX @, b, ¢, d npeo6pasoBanme z — (az+b)/(cz+d)
— unBepcus?

5. Cymma Tpéx yrioB paBua 27. [JokazaTh, 9TO cyMMa WX KOCHHYCOB e
Menble —3/2.
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6. B deThIpéxMepHOM TPOCTPAHCTBE PACCMOTPHM JHHEHHYIO 060T0YKY BEK-
topoB (1,2,0,1) u (1,1,1,0), a Tak:Ke JHHENHYIO 06OJOIKY BEKTOPOB
(1,0,1,0) m (1, 3,0, 1). HaliTn pasmMepHOCTH CYMMBI I IepecevIeHns dTHX
TOTPOCTPAHCTB.

6. 3AJJAYN YCTHBIX DK3AMEHOB

6.1. AJITEBPA

1. (a) Hail'Tw MakcUMalbHBIA MOPANOK YETHON MepecTaHOBKW MHOXKeCTBa W3 12
sueMeHTOB. (6) CKOJIBKO CYIIECTBYeT YETHBIX MEPECTAHOBOK HTOI0 MHOXKECT-
Ba? (B) To xe jpas muOXecTB 13 30 n 10 saeMeHTOB.

2. Haittu koacpumment mpu 7% B (1 — z + 2*)59(1 4+ = + 2*)50.

3. CrmonomoTaM XOAWUT 1O GECKOHEYHON MIaXMAaTHOM JOCKe, KaK KOHb, TOJBLKO He
Ha (1,2), a Ha (m,n). TIpn KakuX M W N CAOHOTIOTAM MOXKET TMONACTh W3 Ha-
JaIbHON KJACTKHA B COCETHION?

2_a=ypux?—b=yp (a b,p PukcupoBankl, p — MPOCTOE

4. (a) Ypasuenus x
9HUCII0) HEpa3PeNIMbl B TIebIX ncaax. /lokazaTh, 9To ypaBHenue 2 —ab = yp
paspemMo B uedbix qncaax. (6) CKoIbKO BBIUETOB 1O MOJAYMII0 P ABIATCH

KBajpaTaMmun !

5. (a) JlokazaTh, 9TO MHOT OJI€H, SIBAAIOIINNCS HETIPUBOAUMBIM B KOJbIIE MHOT O-
9JIEHOB C PANMOHATBLHBIMA KOB(MPUIHEHTAME, He MMeeT KPATHBIX KOPHEN.
(6) NokazaTh HenmpuBOAUMOCTh Ha g ( MHOT OdJIeHA 2545+ .+ 1.

6. Haiitu Zi(fl (cosnz)/2".

7. (a) [lokasaTtb, uTo MHorouneH P(z) = (z — a1)(z — as)...(x — ag) — 1 He
pasiaraeTcd Ha MHOXKNTENN ¢ PAlNOHAIBHBIMI KO PUInEHTaMH.
(6) ToT xe BOMpOC 1A MHOTOWIEHA (£ —a1)®' (z —az)*? ... (z —a,)*" — 1, T e
Qj B3aWMHO TIPOCTHI.

8. MHOTOWIeH ¢ AeHCTBUTEALHBIMA KO3(PUINEHTAME TPUHAMAET B IEABIX TOU-
Kax leible 3Ha4YeHnuA. /IoKa3aTh, 9TO OH TPEICTABIAETCA B B CYMMbI MHO-
rounenoB ¢;(z) = z(x —1)(x —2)...(x —i+1)/i! c uenbiMu xoxppuumeHTAME.

o -1 .
9. Hautn 2127:1 i* mod p 18 TPOM3BOABHOTO k U MPOCTOTO P.

10. (a) Kaxjaa u3 rpaHel Ky6a packpallleHa B OJIWH N3 9eTHIPEX 1BeToB. CKOMBKO
CYIIECTBYET PA3IMYIHBIX packpacok? (Packpacku, oTanvatonmecs TOBOPOTOM
KyGa, cunTatoTrcd oanHakoBeiMu.) (6) ToT ke Bompoc aas 6 usetos. (B) Tor
JKe BOTIPOC /A 3 IBETOB.

11. (a) Hatitu 1985'9° no moaymio 77. (6) Haiitu aBe mocaegnue uncdpbi umc-
aa 771000,
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12.

13.

14.

15.
16.

17.

19.
20.

(a) /lokasaThb, 9TO KOPHHU TPOU3BONHON KOMIUIEKCHOI'O MHOT OUJIeHa JeXaT B
J10601 BBINYKIOW (DUTYPe, COepkKAIIEd KOPHU UCXOHOT O MHOT O4JEHA.

(6) MokazaTh, 4TO €CiW di,...,dn, W z — KOMILIEKCHBIE YHCJA, MPHUIEM
> 1/(#—a;) =0, To z IeXuUT B M1060H BHIIYK/IOH (PUTYpe, CONepKalllel BCe d;.

JlokazaTh, 9TO 114 JIO6BIX ABYX MHOT OwIeHOB P (1) n Q1) cymiecTByeT HeHyIe-
BOU MHOT OWJIEH OT JIBYX nepeMeHHBIX R(2,y), aus kotoporo R(P(1),Q(t)) =0
npu Bcex i.

IMycts 2z + 1/z = 2cosg. Hantu 2" 4+ 1/2". (Cm. Takxe 3agaay 6 gactm 1
MUCBMEHHOTO BK3aMeHa 3a 1984 roj.)

o -
Hantu octaTox oT neneHus 22 4 ¥ 2?2 4 23 4 2 ma 2? — 1.

MoXHO Jii 3a HEIETHOE YUCI0 TEPECTAHOBOK [BYX COCEHUX YUCEJ TONYIAThH 13
nocaegoBaTenbuocTn 1.2, 3, ..., 101 mocaepgoBaTeabuocts 101, 100,99, ..., 2,17

(a) CkoabKO CymIecTBYeT dmced, B3auMHO MpocThX ¢ 2400 n menbimx 24007
v Aff (o3} o L
(O6oznavenne: ¢(2400).) (6) To xe aas aucaa py' ... pi™ (p; — TPOCTHIE).
(B) MokasaTh, uTo ¢(ab) = ¢(a)p(h) nasa BzauMHO MPOCTHIX a n b.
(a) /lokasaTh, 9TO MHOTOWIEH, HHBAPHAHTHBIN OTHOCHTENLHO YETHBIX Tepe-
CTaHOBOK NMEPEMEHHBIX, ABAACTCA CYMMOHN CHMMETPHIECKOT O W KOCOCHMMeTPH-
veckoro. (6) HallTn pasMepHOCTh MPOCTPAHCTBA KOCOCUMMETPHYECKUX MHO-
TOWIEHOB cTeneHu 5 oT 3 nepeMenHbX. (B) HailTu pasMepHOCTE pocTpaHCcTBa
MHOT 09/1eHOB 0T 10 TepeMeHHBIX, BCe OJHOWIEHBI KOTOPHIX NMEIT CyMMAapHYIO
crenets 4. () /lokazaTb OCHOBHYIO TEOPEMY O CHMMETPHYECKNX MHOT OU/IeHaX.
(n) MokazaTk, 9TO €U X1, ..., &L, — CIOUCOK KOPHEH MHOTOWIeHA P cTemneHn
n, To mpoussefenne [[; .. (2; — z;) normHOMUATLHO BhIDaXKaeTcA depes Kodd-
dunmenTe MHOTOUIEHA P.

(a) Hatitn qauny nepnojaa B gecatnyanonn sammcn 1/41. (6) Cwm. zagawy 1.1.6.

(a) /lokasaTh, 9TO 3HAYEHNE KOMIIEKCHOTO MHOTOYJIEHA CTETEHN MEHBIe N
B IIEHTPE TMPABUIBHOTO N-YT OJbHUKA PABHO CPEHEMY apupMeTHIeCKOMY €ro
3HaveHni B BepinmHax. (6) /lokazaTh, 9TO ecln KOPHH MHOTOMWIEHA CTETEHN
7 PACTIONOXKEHBI B BEPIIMHAX TMPABUIBHOT O N-YT OIBHUKA, TO €70 TPOMU3BOTHAA
B uenTpe papHa 0. Halitn sToT MHOrowaeH. (B) /lokasaTh €IMHCTBEHHOCTH
pasaoxenus apo6u 1/P(z), rpe P(x) uMeeT JUIIb 1eHCTBATENbHBIE KOPHH, HA
npocTenmme qpo6u.

Cxoabko pemenuii nmeeT cpasHenne r'l = 23 (mod 23) (cpean wmcea ot 0
1o 22)7

Moxazath, 9to (p — 1)! 4+ 1 geanTca HA p mpu IPOCTOM p.

(a) Beipasuth cos 77z 4depes cosz. (6) HallTu MHOTOWIEH ¢ HeabIME KO3 hu-

[MeHTaMH, y KoToporo dncaa sin(7/99), sin(27/99), ... ,sin(987/99) apastorcs
KOPHAMH.
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24.

26.

30.
31.

32.

33.

34.

35.
36.

(a) 1+1/24+1/3+ ...+ 1/(p—1) = m/n, Tae p npoctoe. [JokazaTk, 4TO m
peantca Ha p. (6) /lokazaTh, 9TO 9acTHBIE CYMMBI TapMOHHYECKOTO psja He
ABJAIOTCA TEABIME YUCIAMH.

(a) Ecam cpasrenne z%+ 1 = () pazpemmMo 1o TPOCTOMY MOTYJIO P, TO p AadT
octaTok | mpu nenenun Ha 4. (6) [JokazaTk, 9TO BepHO W 0GpaTHOE.

(B) /lokasaThb, 9To cpaBhenue r? — 1 = 0 (mod p) Bcerja uMeeT poBHO 2 pe-
wennd (cpean uncen 0,...,p—1).

Moxuo am, Bpamas kKy6uk Pybuka, moBepHYTH yrJoBOU KyOWK, OCTaBUB OC-
TalbHBIE B UCXOHOM TIOJOKEHUH !

(a) Hucao p — mpoctoe. /lokaszaTh, 4TO HAUAYTCA TPH HHCAA .Y, Z, HE BCE
JeJANecs Ha p, CyMMa KBapaTOB KOTOPHIX feanTca Ha p. (6) MHorowien
P(z,y,z) — cyMMa OJHOWICHOB CyMMAapHOU CTelleHH 2 ¢ HeIbIMH Kodhdu-
uneHTaMu. /[oKazaTh, YTO CYIIECTBYIOT .Y, z, He BCe JeJdAlInecAa Ha p, TpH
KOoTOpHIX P(z,y, z) nemutcsa Ha p. (Yucao p — mpocToe.)

MoXHO /i BEpHYTH B UCXO THOE TIOJOXKeHNUe (PUIIKA UTPHI B 15, TpeBapuTeabHO
mepectaBuB 14 u 157

(a) MokazaTh, 9To ecam pactmpenue moaa (§ KOHEYHOMEPHO KaK BEKTOPHOE
npocTpancTBo Hag (I, To BCe BIEeMEHTHI PACIIUPEHUSA — ajarebpandecKue.

(6) MokazaTh KOHEYHOMEPHOCTh Q(\e’/‘j, \/g) (B) MokazaTh, 4To cymMMa, Mpo-
W3BeJIcHUE W YacTHOE aarebpam<ecKnx dmucea — aiarebpamdeckue.

PazroxuTh Ha MEOXHTean £P~! — 1 B oJe BEIYETOB II0 IPOCTOMY MOJIYJIO P.

Haiitu cymmy ), |M A;|?, ecim M — TodYKa OKPYKHOCTH eIMHUIHOTO paIu-
yca, a A; — BepIIUHBI BOUCAHHOTO B HEE MPABUJILHOT O N-yT OJBHUKA.
Yucaa p1....,p, — PA3AUUHBIE TPOCTHIE, A1, . .. ,dy — MTPOU3BOJIbHBIE TIETBIE.

JlokazaTh, 9TO CYHIECTBYET IIeJ0€ YUCIO d, CPABHUMOE C @; IO MOV p; s
J1000TO 1.

JlokazaTh, 9TO cucTeMa

ritee+ ...+ r0= 01
:L‘1+2I2+...—|—10;L‘10:[12

1 + 291‘2 + ...+ 1091710 = daip

paspelMa Mpu JO6HX a1, ds, . .. ,d1g. (CM. Takxe 3ana4dy 1.2.4.)

Muorounensl P(z,y) n Q(z,y) TakoBsl, uto P(ab,a + b) = Q(ab,a + b) ana
Bcex a un b. JlokazaTh, aTto P = Q.

v n k\2. n k
Hantn (a) Zk:O(Cn) : (6) Zk:O kCn
CeMb 6eabIX Uan "IéprIX 6yCI/IHOK HaHU3BIBAIOT Ha OKPYXKHOCTD. CKOJIBKO pas-
JUYHBIX O)KepeJII/H‘/)I MOXHO IIOJAYYIUTH ?
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37.

39.

40.

41.

42.

43.

44.

45.

46.

47.

CymiectByeT am MHOTOWIeH P ¢ meabiMu KosdduumeHTaMu, s KOTOPOTO

P(5) =13, P(10) = 8, P(13) = 217

PazmoxnTh Ha HEMPUBOAUMBIE TIEMOYNCACHHBIE MHOXKUTENN MHOT OWJIeHbBI
2
22— 1, z* + 4.

IIpyw KakwWx JeHCTBUTEALHBIX p W ¢ MHOTOWICH &’ 4 px 4+ ¢ MMeeT POBHO ABa
Pa3JUYIHBIX BEIeCTBEHHBIX KOPHSA!

Hairtu makcumywm |z| npu |(z + 1)/z| = a.

Pynkuus P(z,y) ABYX BElIeCTBEHHBIX MEePEMEHHBIX € BEllleCTBEHHBIMH 3Hade-
HUAMH — MHOTOWJIeH OT & NpH M1060M (PUKCUPOBAHHOM Y W MHOT OHJICH OT ¥
nipu Jai060M ¢uKcupoBanHoM z. /lokazaTh, 9T0 P — MHOT OJIEH.

(a) MokazaTk, 4TO Bce KonxdduumeHTH MHOToOWIeHa (2 — 1)(2 —2) - ... (2—
—99)(z — 100) geaarcsa Ha 101 (kpome crapiero kosdduumneHTa, paBHOTO 1, N
cBoboHOr 0 wiena). (6) HallTu ocTaTok oT jeneHus cBo6ogHOr o diaena Ha 101.

MHuorodaen ¢ IeNCTBUTEABHBIME KO3(h(pUIMEeHTaAMH HEOTPUIIATENEH TPU BCEX
JERCTBUTENBHBIX apryMenTax. /lokazaTh, 9TO €ro MOXKHO MPEJACTaBUTh B BHU/IE
CYMMBI KBaIpaTOB ABYX MHOT OWJIEHOB C NeUCTBUTEALHBIMU KO3(P(HUIMEHTAME.

JlokazaTh, 9TO rpynmna BpalleHni Ky6a nzoMopgHa rpyIIe mepecTaHOBOK MHO-
JKecTBa M3 4 dJeMEHTOB.

Haittu cymmy ¢(d) mo Bcem peauTensm d JaHHOTO HATYpaabHOTO n. (37eCh
¢(k) — konmvecTBO umcen ot 1 10 k, B3aNMHO TIPOCTHIX ¢ k.)

Yucao p — mpocToe, oTanydnoe oT 2 1 5. /lokazaThb, 9TO CYNIECTBYET JeldIIeecs
Ha p 9UCIO, JeCATAYHAA 3aMUCh KOTOPOT O COCTOUT U3 OTHUX €TUHUII.

JlokazaTh, 9TO €CJAU HEYETHOE HATYPaJbHOE UHCJIO €JUHCTBEHHBIM 06pasom
pasfaraeTca B CYMMY IBYX KBaIpaTOB, TO OHO TTPOCTOE.

Muorodien c rﬂeﬁCTBHTeﬂbeIMH KOBCI)CI)I/IHI/IGHT&MI/I OpUHUMAaET IeJble 3HaAYe-
HHUA B IeJbIX TOYKaXx. MOFyT JUM BCe DTU 3HaYeHUA OBITH HpOCTbIMI/I?

6.2. AHAJIU3

IepBrBIf wieH TOCAeJOBATETLHOCTH d,, PaBeH |, a KaXk bl ClIeTyIONINN — CH-
Hycy mpeasiaymero. HafiTu Takoe X, aTo mpegen limn*a, cymecTByeT u He
paBen 0.

(a) Tlyere M — MakcUMyM MOJyJf MPOM3BOJHON (QYHKUMU [ Ha OTpe3Ke

[0;27]. lokasaTh, 9TO foi)ﬁ f(z)cosnz dm‘ < 2rM/n.

(a) Pyuxumsa f HempepbiBHa Ha TpAMOH. M3BecTHO, 4TO TpH MO6OM Z Tpe-
Jledl TIocaeIoBaTelbHOCTN d, = f(nz) pasen 0. MoXHO Ju yTBepXK1aTh, 4TO
f(z) = 0 npu z = oc? (6) Tor xke Bonpoc aasa f(n + z) BmecTo f(nz).

Cxogures nu pag y ., (cosn)/n?
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11.

12.

13.

14.

15.
16.

(a) Hatitn npegen nocaegoBaTeabHocT a, = /(1 4+ 1/(14+...(1 4+ 1/1)...))
(n npobeit). (6) /lokasaTh CylIeCTBOBaHHe Mpejea MOCAeJOBATENBHOCTH dy =
=1/(z1+ /(22 + ... (xn-1+ 1/2n)...)) (z; — nr06asg mocie0BaTEIBHOCTD
MOMOKUTENBHBIX TEJBIX YHCEN).

MssectHo, uTto f(z) = o(z") npu z — 0 (T. e. mpeaen f(z)/z" npu z — 0
pasen 0). CaeayeT am oTciofia, 9T0 Fo (0) cymecTnyeT n paBHo 07 (6) ToT xe
BOIPOC, €C/IM W3BECTHO, YTO BCe MPON3BOAHBIE B To4ke (), BIoTh n0 (n— 1)-oi,
cymecTByIOT. (B) ToT Xe BOmpoc, eclin 3TH MPOU3BOIHBIE HEMTPEPHIBHHI.

Pynkuun f, venpepwBabl Ha [0; 1] u aaa moboro z uz [0;1] npegen fp(z)
pasen f(z). MoxeT su ¢ynkuus f 6bITH (a) paspbIBHOW XOTsA OGbl B OJHOU
Touke? (6) paspbiBHON BCIoAY? (B) paspbIBHON XOTA Gbl B OJTHON TOYKE, €CIH
CXOIUMOCTh paBHOMepHa?

Dyukuns f : R — R 6eckoneuno audpdepeHnnpyemMa, u B KaXk I0H TOUYKE XOTS
6bl 0THA W3 Mpom3BOAHEIX paBHa (. (a) [okazaTk, 4TO CYNIECTBYET OTPE3OK,
Ha KOTOpoM f — MHorodieH. (6) JlokaszaTh, 9To f — MHOT OHJIEH.

JokasaTs, 9to > sinz > 2z/m upu 0 < z < 7/2.

Pajg u3 gelicTBUTEABHBIX ducesN cXoauTca. MoxeT au paj u3 ux Ky6oB pacxo-
MATHCA?

Pyuxuus f Ha OTpesKe [a; b] Ha3bIBaeTCA XOPOILEH, eCIH MHOKECTBO CYMM BH[a
ST|f(xit1) — f(2i)] (z; — BO3pacTatomas KOHeYHas MOCIEOBATEILHOCTE TO-
4ek oTpeska [a;b]) orpanndeno. (a) Beakaa au anddepenunpyeman QyHKINA
— xopomaa? (6) [lokazaTk, uTo auddepeHunpyemas GYHKIHA € OFpaHWYEH-
HOUl Mpom3BOIHO#N — xopomasd. (B) /[oka3aTh, ITO XOPOIINMHA ABIAITCA T U
TOJBKO Te (PyHKINH, KOTOPbIe MOTYT OBITH MpeAcTaBleHbl B BHj€ Pa3HOCTH
IBYX HEyObIBAIOWINX (PYHKIUH.

(a) BriBaeT au Ha mpaAMon He paBHad 0 GeckoHeuHo auddepeHtupyeman (yHK-
unsA, papHasd 0 BHe HekoTOporo oTpeska? (6) CyimecTByeT n GecKoHeqHO aud-
depenumpyemas pynkuma f Ha TpPAMON, He paBHAA TOXJeCTBEHHO 1, ad Ko-
Topon f(f(z)) = 1 npu Beex z?

(a) MokasaTh, uTo ecam lima, = a, To s, = (a1 +. ..+ ap)/n Takke cxoauTCA
K a. (6) BepHo au o6paTHoe?

(a) MoxeT am (@ 6BITH MHOXKECTBOM TOYEK HEMPEPHIBHOCTH HEKOTOPON (hyHK-
wn f? (6) okasaTh, 9T0 M060€ 3aMKHYTOE MHOXKECTBO ABIAETCA MHOXKECT-
BOM TOUY€K pazpbiBa HEKOTOPOU (PYyHKIIUH.

MoxeT au R \ Q 6LITH 06be TMHEANEM CIETHOT O YUCTIa 3AMKHYTHIX MHOXKECTB?

(a) lokazaTh, 9TO BCAKYIO (DYHKINIO, HEMPEPHIBHYIO Ha 3aMKHYTOM MOIMHO-
JKeCTBe BEIIECTBEHHOW MPAMOM, MOXKHO TPOJOIKUTEH 10 BCIOJY HETPEPBIBHON
dyrkunn. (6) MuoxkecTBa X M Y — 3aMKHYTBIE HellepeCeKaIOINecs MO IMHO-
xectBa R. [lokazaThb, 9TO cymecTByeT auddepeHunpyeMas Ha IPAMON (PYyHK-
uns, s kotopon X m Y saBasoTcs npoobpazamu 0 u 1.
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17.

18.

19.

20.

30.

31.

34.

PacemoTpum mMuOXecTBO M Beex aBax bl anddepeHInpyeMblx GyHKun f,
g kotopwix f(0) = f(1) = 0m |f(z)] < C paa awoboro z. Hantu sup{|f(z)|}
noscem z € {0,1} u f € M.

(a) MMokasatsk, uto n! > (n/3)". (6) /okasarsk, 4to In(n!)/In((n/e)”) — 1
Ipu N — oC.

JlokazaTh, 9TO QYyHKIINA, UMEOIIAsa CIETHOE YUCAO TOYEK PA3phIBa HA OTPE3KE,
WHTeT pupyeMa no Pumany.

JokazaTh, 9TO I/ JIOOHIX A1, ... .dy U by, ..., b, ypaBHeHHE Zzzl(ak coskx+
+ bgsinkz) = 0 uMeeT pernennue.

Moxet au pag Teiaopa GyHKUNE CXOAUTHCA B HEKOTOPOW TOYKE K THCAY,
OTAUYHOMY OT 3HAYEHUs (PYHKIUU B 3TOU TOUKeE?

. JlokazaTh, 4TO pouzBoAHAA AU(PdePEHINPYEMON Ha MHTEPBaJe (PYHKINNT BMe-

CcTe ¢ JI0OBIMHI ABYMSA 3HAYECHUAMU NMPUHUMAET W BCEe IIPOMEXYTOTHBIC.

. Mycte g(x) = x +sin z. Haiitu npegen g(g(g...g(z)...)) (n pa3) npu n — oc.

. Bceakoe an 3aMKHYTO€ MHOX€CTBO MOITHOCTH KOHTUHYYM COIEPXKUT I/IHTepBaJI?

Pynkuua f : R — R venpepoiBaa u f(f(z)) = = upu Beex z. /lokasaTh, 4T0
cylecTBYeT Takoe z, 4To f(z) = .

. ,[[OKaBaTb, 970 Jobas OCJAE TOBATEABHOCTD CONEPKUT MOHOTOHHYIO IO ATTOC/IE-

AOBAaTEJBbHOCTD.

. Ilpu kakux z cxommres pag y ., n’z"?

(a) MokazaTh, 9TO paBHOMEPHO HENpepHIBHAA Ha WHTepBale (DYHKINA Or PaHH-
4eHa. (6) BepHo sm o6paTHOE?

Pynkuua [ auddepennupyema ua (0;1) u f' = f. Haittu Bce Takue f.

(a) Haiitu Bce HenpepoiBHBe f : R — R, nas kotopwix f(a +b) = f(a) + f(b)
u f(ab) = f(a)f(b). (6) Ta xe 3agaua 6e3 TpeGOBaHUA HEMPEPHIBHOCTH.

Jlist Kakux 2 mociejoBaTenbHOCTE sin nx cxoautea? (Cu. Takxke 3a a4y 2.2.5.)

. TocaegoBaTenbHOCTE 3aaHa dopMyaamu a1 = 1 U dp41 = (an +2/a,)/2. lo-

Ka3aTh, 9TO Tpeje] TOCIeJoBATeALHOCTH paBeH /2. OUeHNTH CKOPOCTE CXO-
mumocTn. (CM. Takxke 3afmady | 9acTm 2 MuCbMeHHOT O »K3aMeHa 3a 1984 ron
Ha cTp. 204.)

HOCTpOI/ITb B3aMMHOOJTHO3HAYTHOE COOTBETCTBHUE MEXK Y MHOXKECTBOM Q pann-
OHAJBHBIX YHCEJ U MHOXKECTBOM HYHCEJ BHUIA m/?” AJA DeJablX m M n, coxpa-
HAOIIEE TTOPATOK.

Hoctpouts pyHKUMIO f, ABAAIONIYIOCH OTHOIIEHHEM JABYX MHOT OWJIEHOB C pa-
UHOHATBHBIME KO3(PPUIHMEHTAMHT, I KOTOPOU MOCAeI0BATEABHOCT &1 = 1,

Tnp1 = f(2n) cxomuTea x /2.
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35

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.
52.

N3BecTHO, ITO ZTp4os = Tn + ZTpt1, 1 = 5, o = 7. Hautu 21001/%1000 C
TounocThio 10 0,001.

Tpu kakux «, f,y Toukn ({an}, {fn},{yn}) (mpu n = 1,2,3,...) naoTHH B
equHUIHOM Ky6e? ({s} — apoGHas 4acTh s.)

Haiitu Bce HenpepoiBHBIe Ha (0; +oc) dyukunn f, 1as koTopsix f(2z) = 2f(x),
f(3z) = 3f(x) upn Bcex MOMOKNTENBHBIX .

HaiiTi ToYHY0 BEPXHIO TpaHb MHOKECTBA 3HAYCHNI (DYHKINN Sin £+sin /2.
Mepuoguana am GyHKIAA sin z + sin /227

[JlokazaTh, 9TO MHOXKECTBO TOYEK Pa3phiBa MEPBOTO Poja (KOT a CymeCTBYIOT
O/THOCTODPOHHMUE TIpeIentl) Mo6oi (MYHKINN He Golee, 4eM CHIETHO.

Hairtu ¢dyHKINIO, TPUHUMAOIIYIO BCe PAllMOHAJIbHBIE 3HAYEHNUS HA JI000M WH-
TepBaJe ¢ pallOHAJbHBIMI KOHIIAMU.

[llokazaTh, 9TO BBITyKaasd QYHKIHA (y KOTOPOH M060N KycOK TpaduKa JeKuT
MO/l CTATUBAIOIIEN €TO XOPI01) HelpephIBHA.

Pynxmusa f : R — R geaxas quddepernnpyemMa BCIOAY, TOMOKATETHHA Ha
untepnane (a;b); f(a) = f(b) =0, f(z) + f'(z) < 0npu a < z < b. [TokazaTh,
gto |b—a| < 7.

Haiitu npoussonyto dbyukunn f(z) = z°.

NoxazaTh, ato dynxunsa f(zr) = z — z?/2+ 2°/3 — z*/4 + ... ompenenena u
nuddepennnpyema Ha uaTepBate (—1;1). Haitu f'.

Hairtu 6eckonevuno auddepennupyembie pyukunu f, g Ha TPAMOU, A KOTO-
PHIX MHOXeCTBO Beex Todek (f(t),¢(t)) ecTh rpannma TpeyroabHUKa.

TosoxuTenbHaA HeNpePHIBHO AnddepeHnInpyemMas Ha paMon pyHKuus f Ta-
koBa, uto |f'(z)| < |f(z)|. JokazaTs, aTo |f(100)| < €% £(0)].

Beckonewyno nuddepenunpyemas gyukimus f Ha npaMoi Takosa, uTo f(z) +
f(2z) + f(3z) = 0 npu Bcex . MOXHO A1 yTBepXKAaTh, 4TO f TOXKJAECTBEHHO
pasua 07

Pynkuusa f nBaxgbI HeMpephIBHO nudpepennnpyemMa Ha npavoi. /lokasaTs,
aro npeaen limy_o[f(z+h)+ f(z —h)—2f(x)]/h? cymecTByeT u pasen f''(z).

MoxeT au 6eckonedno gudpepeHIMpyeMas Ha TpAMon (HYHKINA UMETH Gec-
KOHEYHO MHOT O KopHell Ha nHTepBade (0; 1) u He paBHATBCA 0 TOX1eCTBEHHO?
ToT e BOMPOC JUIA CYMMBI CTETIEHHOT O PAA (CXOAANIET OCH TIPU BCEX ).

Haiitn nepsoo6pasurie bynkumit 1/(2+ 3z), 1/(z? + 3z + 2), Inz.

Beckoneuno auddepennunpyemas na npsamon qynkunsa umeeT mepuox 1. Jlo-
Ka3aTb, YTO IPejel CPpeJHero apudpMeTHIeCKOr 0 3HaYeHnH (yHKINN f B TOd-
kax 0,1/n,2/n,...,(n—1)/n paBen fol f(t) dt. OueHUTH CKOPOCTDH CXOANMOCTH

(otBeT: o(1/n*) mpu mo6om k).
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53.

54.

95.

56.

57.

58.

59.

60.
61.

62.

MocTpouTts mocienoBaTEALHOCTL GeCKOHEYHO AudPepeHInpyeMbiX (HYHKIHN
fr ma [—1; 1] Takyto, 9T0 A4 10601 HEMPEPHLIBHON HA 3TOM OTpe3Ke (pyHKINH

g BeIMoaHAeTCA paBeHcTBO ¢(0) = limg o f_ll Ti(t)g(t) dt.

Pan ) a; ¢ MONOKATENEHBIMHA WICHAME PACXOJUTCA, S; — TOCIEI0BATEIBHOCTD
ero 9acTHYHBIX cymMm. (a) JlokasaThk, 4To paa » . a;/S; pacxoautes. (6) /loka-
3aTh, 9TO pAd Y. a;/S? cxoauTcsa.

Konedna au cymma 1/n 1o BceM HATYPadbHBIM N, MeCATHYIHAA 3AMHCH KOTOPBIX
He COJAEPKUT BOCHMEPOK'

ieHbl pAga Y a; HEOTPUIATEIBHB U yObIBatOT. [[0Ka3aTh, YTO OH CXOAUTCA
WU PACXOAUTCA OJTHOBPEMEHHO C PAJAOM a1 + 2as + 4a4 + 8ag + . ..

Koneunst au cymmst (a) 1/(m? 4+ n?), (6) 1/HOK(m, n) mo Bcem mapam HaTy-
PaNbHBIX “mcesa m, n’?

[llokazaTh, uTo cymecTBytoT Takne A, B,C, 1o 14+ 1/24+1/3+ ...+ 1/n =
=C+Inn+ A/n+ B/n?+ o(1/n?). Haiitu A, B.

Koneuna an cymma 1/p mo Bcem mpocThIM p?
JokazaTh, 9TO f;“ sint?dt < 2/x npu = > 0.

Ecan f((z + y)/2) < (f(z) + f(y))/2 nna wenpepwiBHOW pyHKUMU f, TO 5Ta
bynKuIMA BLITyKaA.

JlokazaTh, 9To BhIMyKJIasd GyHKINA AupdepeHInpyeMa BCIOAY, KPOMe CIETHO-
TO MHOXeCTBa TOYeEK.

6.3. 'EOMETPUSA

JlokazaTh, 9TO B3aNMHOOJHO3HAYHOE OTOOPaKeHNe KOOPAUHATHON MIOCKOCTH
B ce0s JUHEWHO TOTJa W TOABKO TOT1a, Kor 1a oHo nepeBoauT 0 B 0 u m06yio
IPAMYIO — B IPAMYIO.

Ha xakme oTpesku geiaT AMaroHalb n-MepPHOTO Ky6a MPOEKINU eT0 BEPIITHH?

B R* umeroTca n BeKTOPOB, BCe yTIbl MeX Ty KOTOPBIME — Tymhie. /lokaszaTh,
gton < k+ 1.

Cdepa cTepeorpaduydeckn TPOEKTUPYETCA HA TOCKOCTH W TPH 3TOM MOXKET
BpamaThcAd BOKPYT HETIOABUKHOT O ITeHTpa. BO3HNKAIOT 0TO6paKeHNs TIIOCKO-
ctu B cebsa. /lokazaTh, 9TO 3TO — APOGHO-JAWHENHBIE TPeOOPa3OBaAHMNS.

Ecau y orpanmveHHON (pUTYPHI €CTh HECKOABKO OCEl CHMMETPHUH, TO BCE€ OHU
epecekaTCA B OJHOW TOYKE.

OnucaTh Bce KOHEYHBIE TIOATPYIIBI TPYINLI TOJ06WH TIIOCKOCTH.

Hairtu aBrayio dopmyay mus qucen PubGonaddn.
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10.

11.

13.

14.

15.
16.

17.

21.

BekTopH! €1, . .. . e, 06pa3yloT 6a3lic eBKJINA0Ba IPOCTPAHCTBA, a1, ... , Ay —
IpOM3BOJALHEIE 4ncaa. /loka3zaTh, 9TO CYMIECTBYeT BEKTOP &, AJIA KOTOPOTO
(z.€;) = aj.

JlokazaThb, 9TO B Tpeyr OMLHAKE CO CTOPOHAME @, b, ¢ M pajWycOM OTNUCAHHOM
OKpyXHOCTH R paccTosHme MeX Iy UNEeHTPOM OMUCAHHON OKPYXKHOCTH U OPTO-
nenTpoM paBHo VIR? — a? — b2 — c2.

B mocaemoBaTeabHOCTH BEKTOPOB CKAJIAPHBIN KBajpaT KaiKJIOrCO paBeH 2, a
CKaJIAPHOE TPOM3BEJCHUE COCEMHMX, a TaKXKe TEPBOTO M TOCJACTHET O, PABHO
—1. MoryT au BeKTOPHI OBITH JHHEUHO HE3ABUCUMBI!

Ilpr kaxWx yCAOBUSAX KOMMIO3UINA TPEX MOBOPOTOB IMIOCKOCTH C 33 aHHBIMA
MEHTpaMy W yTJIaMU paBHA TOXIeCTBEHHOMY MpeoGpa3oBaHuio?

TTocTponuTh OKPYKHOCTD, TTPOXOIAIIYIO Yepe3 NMBe JaHHBIE TOYKW W MepeceKa-
OIIYIO JaHHYIO OKPYXHOCTH MO JaHHBIM YTJIOM.

Ha kaTeTax TpeyroabHHWKa TOCTpPOEHBI KBaapaThl. /lokazaTh, YTO TEHTPHI
STHUX KBa/PAaTOB U CepeHA TUMOTEHY3Hl ABIAIOTCA BEPIIMHAMHU TIPAMOYT OJb-
HOT O paBHOOEIPEHHOT O TPEYT OJbHUKA.

Haiitu paccTosanme 0T TOYKU N-MEPHOT O MPOCTPAHCTBA 10 THNEPIIOCKOCTH B
3TOM NMPOCTPAHCTBE, €CAN TOYKA 3a/laHa KOOPAWHATAMH, a TUTEPIIOCKOCTh —
YPpaBHEHHUEM.

JlokazaTh, 9TO cyMMa KOCUHYCOB JBYT DAHHBIX YTJOB TeTpasapa He 6oablire 2.

(a) Hafitn Bce apoGHO-IMHENHBIe peoGpa3oBaHusd, 0TOGPaKAOIINE eJHHITY-
HBIH KpYT |2| < 1 Ha ce6a. (6) To ke muas noaymrockoctn Imz > 0.

. az
ComocTaBuM Kax oMy ApoGHO-JUHEMHOMY MTpeoGpa3oBaHuIo z — ——— MaT-

cz+d

a .
pumy d I JlokazaTh, 9TO KOMIIO3UIINN TPpeobpPaszoBaHUM COOTBETCTBYET
c

TIPOU3BeIcHNE MaTPHII.

JlokazaTh, 9TO eCIM HEKOTOPOe MOAMPOCTpaHcTBO B R” mpegcTaBaeHO B B e
06beIMHEHNA KOHEYHOT O YHCAa MOANPOCTPAHCTB, TO OHO COBMAfaeT C OJTHUM
W3 HUX.

,HOKaBaTb, 9TO BbBITYKJAaA 060/049Ka J1060r0 KOHEYHOI O MHOXecTBa B [R™ Mo-
KeT OBITH opeacTaBJcHa KaK MIEPECEIEHNE KOHETHOT O YHUCJaa FI/IHGpHJIOCKOCTGﬁ.

JlokazaThb, 4TO npH NpeoGpasoBaHuM MIOCKOCTH (Z,y) — (¢ + ¥, y) Kpyr me-
pexoauT B GUTYPY, UMEOIIYIO OCH CHMMETPUHU, U HAUTH UX.

HaliTi opTOr OHATBHYIO IPOEKIINIO BeKTOpa f : & +> &2 B IPOCTpaHCTBe PyHK-
. 1

umit co ckaaapubiM npomsseerneM (f. g) = [, f(x)g(x) dz ma miockocTs, mo-

POXAECHHYIO BEKTOpaMH X, Sin &.
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22.

30.

Boxpyr gaHHOTO 3AAWTICOMIA ONMUCHIBAIOTCA BCEBO3MOXKHBIE TIPAMOYT OJbHBIE
napamesenuneabl. /lokazaTb, 9TO AWATOHAMN BCEX DTUX TapPaJIETeTUTIE 0B
PaBHBI.

Hantu IOCJE IOBATEIBHOCTE MHOT O9J€HOB CTEIIEHN 0, 1, ....N., OPTOT OHAJBHBIX

OTHOCHTENBHO CKAJIAPHOT O Mpou3Beaenus {f, g) = fol f(z)g(z)dz
(a) mpu n = 4; (6) IpM TPOUBBOIBLHOM 7.

Ilpr xakux ycaoBuAX 3aJaHHBIN BJIUIC MOXKET OBITH MOMYYeH KaK CevdeHue
3aJaHHOT O BILIUTICOn 1A’

ﬂOKaBaTb, 9TO IIATadA 110 BeJUINHE (CUH/ITaH oT MaKCHMaJIbHOﬁ) OCh N-MEPHOT O
SJIHATICON A €CTh MaKCUMYM MAaJIOl OCH BCeX NATAMEPHBIX SJJUIICOU OB, ABJA-
IOIINXCA €Iro Ce9YCHUAMU.

IleHTPHI MPaBUABLHBIX TPEYT OMLHUKOB, TIOCTPOEHHBIX HA CTOPOHAX TTPOU3BOIb-
HOT O TPEYTOMbHUKA, 06Pa3yIOT TPABIIBHBIA TPEYT OMbHUK.

JlokazaTh, 9TO MJIOIIA[b TPEYTOMBHOTO CEYEHUsA TeTpadapa He MPEBOCXOIUT
TIJIOIIIA i HEKOTOPOU M3 €ro TpaHeH.

Tpu kopHSA Ky6UIeCKOT 0 MHOT OJIeHA C KOMTIJIEKCHBIMY K03 dunmeHTaMu o6pa-
3yI0T TpeyTroabHuK. /lokazaTh, YTO B 3TOT TPEYTOAbHUK MOXKHO BIHUCATH 3J-
autc, GOKychbl KOTOPOT 0 HAXOAATCA B KOPHAX MIPOU3BOHON HTOTO MHOT O4JIEeHA.

Tpu BexkTOpa B IpOoCTpaHCTBe 0Gpa3yloT ApyT ¢ apyrom yrasl A, B, C. /loka-
3aTh, 9T0 cos A + cos B + cos C > —3/2.

MokazaTh, 9To paccTogHme d MeXJy [eHTpaMHi BIHUCAHHOW B TPEyTrOJbHUK
OKPYXHOCTH U ONMUCAHHOHW OKOJO HErO OKPYXKHOCTH CBA3aHO C WX pajHyCcamMu
r u R cooTromennem d? = R? — 2Rr.



