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O pa3OHeHNN MHOXKECTB Ha JacTU MEHBIIEero
qraMeTpa: TeOpeMbl I KOHTPIPUMeEPHI

M. JI. T'epsep

JlmameTpoM OorpaHWYeHHOTO MHOXecTBa M HaswiBaeTcsi HaumeHbuiee qucao D,
obaaallee TeM CBOMCTBOM, UTO daf 41066z deyr mouek uz M paccmosanue mexncdy
Humu e npesocrodum D. B wacTHOCTH, 1A MHOXKeCTB M | COCTOAIIMX M3 KOHETHOT O
qucia TOYeK, AuaMeTp [ paBeH Hauboabwemy U3 NONAPHLIT PACCMOAHUt mexncdy
mouramu M.

HeTpyaao mpoBepuTh, 4To M00y0 Gurypy (amo6oe orpaHu¥eHHOE MHOXKECTBO)
Ha TNIOCKOCTH MOJCHO pa3bumb HA MpPu 4aACMU MEHbULE20 &uamempa<1>*) U 9TO
HEKOTOpLIE IJOCKHE PUTYPEL HEab3A pazbumpb Ha dee wacmu Mmenbuie2o duamempa.

IIpocTentmas n3 TakuX (PUTYP COCTOUT U3 TPEX TOUEK — TPEX BEPIIHH TPABUIb-
HOT'O TPeyroJabHUKa. deThIpe BEepIINHBI MPaBUILHOTO TETPasApa Aa0T aHAJOTHIHBIN
OpUMepP MHOXECTBA B TPEXMEPHOM TIPOCTPAHCTBE (€r0 HElb3A pazéuTh HA TPH YaCTH
MeHBIIETo quamMeTpa), a d+ | BeplInH IPaBUIBHOTO d-MePHOT'O CHMILIEKCA — TIPHMED
MHOXECTBa, KOTOPOE Helb3A pasbuTh Ha d 9acTell MEHbIero guaMeTpa.

I'nnoTeE3A BOPCYKA

B 1933 r. moasckuinn maTemaTnk Kapoa Bopcyk Beickazaa rumoTesy:

Joboe oepanuueHHoe MHONCECTMEO 6 MPETMEPHOM NPOCMPAHCMEE MONCHO PaA3-
6ump Ha wembipe uacmu menbuiezo duamempa. U soobuje: aioboe o2paHuuenHoe MHO-
Jdcecmeo 8 d-mepHom npocmpancmee ModxicHo pazbumb Ha d + 1 uwacmet menvuezo
duamempa.

B 1955 r. X.9rructon u B 1957 r. B.'prortaym u A. Xemmemr gokazaiu THIIO-
Tesy Bopcyka npu d = 3. A emre paHblile OHa HallLTa TOATBEPXK IeHNE /s BCEX IIEH-
TPaTbHO-CHMMETPITHBIX MHOXKECTB I BCeX 2dadkur evinykanir Tea<>> (. Xasurep,
1946 r.) [1].

Tak kak BoImykJIasg 060J049Ka JFO60T0 OTPAHUYEHHOTO MHOXeCcTBa M WMeeT TOT
JKe TUaMeTp, 9TO U CaMO MHOXeCTBO M, TO IPEATIONOKEHNE O BHITYKIOCTH HE AGAA-
emcA 02paHuNERUEeM: TUTTOTE3Y Bopcyka JoCTaTOYHO MTPOBEPUTD /IS BHITYKJIBIX MHO-
xKecTB. Kazamock Gbl, 0OCTABaJIOCh CleJaTh HEMHOTO — U36aBUTHCA OT AONMYIIEHUS O
2aadkocmu

KOHTPIIPUMEPKI K 'MIIOTE3E BOPCYKA

Opnako B 1993 r. cayumaocs neoxugaunoe: /I. Kan u I'. Kanan moctponan koHTp-
npumep K runorese Bopcyka npu d = 1325 u aas Beex d > 2014 [2].

*)S,E(em) u gajee cChLIKH THma <!> orceuiaioT Kk KOMMEHTApUAM — 3aK/I0YUTEILHOMY Pa3Iery
cTaThH, pacnojoxeHHomy nepep [lpunoxennamn 1-3.

MaTemaTuyeckoe npocseuweHue, cep. 3, Bbin. 3, 1999(168—183)
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B [3] u [4] 6B MOCTpOEHET HOBEIE KORTpTpIMephl — mpn d = 946 n d = 561 <3>,

Huxe npenraraerca Mogudukanus 3TUX KOHTPIPUMEPOB. ByaeT mokazaHo, 4To
ecunomesa Bopcyka nesepna npu scer d > 561. Kpome Toro, 6ygeT mpuBeseHO HO-
Boe — Gollee TIPOCTOE, YeM TpeXHWe, — J0Ka3aTelhCTBO MMIOTe3bl Bopcyka mpnu
d = 3. Bompoc «9mo eeprno — meopema uau woumpnpumep — npu 4 < d < 5607»
0OCTaeTCs OTKPBITHIM.

NAEA KOHTPIIPUMEPA

Hoxoxum d = 561 u mocTpoum koeuwoe muoxcecmso Y C RE duamempa D,
KOTOpOe Helb3si pazbuTh Ha d + | gacTenl quamMeTpa MeHbire .

MuoxectBo Y 6yaer cocroats uz |Y| = H Touek. Ilpespatum Y B epag T,
coeMHAA BepIIUHLL ¥,y € Y pe6poM B TOM W TOABKO B TOM cirydae, korja |yy'| <
< D, u uccaefiyeM KAuku, Win noanvie nodepagel rpada [, T.e. Takue nogarpadsi, B
KOTOPBIX KaX/ble JBEe BEPIIUHBI COeqUMHEHBI pe6poM. Ham ygacTes oleHUTh 9HUCIO ¢
BEPILMH MaKCUMAAbHOU (cofepKaliell HanGoIblllee BO3ZMOXKHOE YHCIO BEPIINH) KINKN
rpada [', ykazas Takoe ), ©T0

¢<Q, H/Q>d+1. (1)

Uz (1), oueBumno, creayer<*>: ecim MHOKecTBO Y paszbuTO Ha YacTH, AMAMETD
KaXJOW M3 KOTOPBIX MEHBINE [}, TO 9UCJIO TaKUX dacTen oba3aTeabHo 6oabime d + 1,
Tak 94TO Y — KOHTPHpuUMep K runoTese bopcyka.

II1AH HOCTPOEHUA KOHTPIIPUMEPA

Bozbmem n = 33, Tak uto d = 561 = C?l-l—l' Hapany ¢ muoxectsom Y C R 6y et
MOCTPOEHO BCIOMOTATETILHOE MHOKecTBO X C R™H!,
Bregem B Rt npaMoyroapHyIo cicTeMy KOOPAUHAT Lo, X1, . . ., £y, PACCMOTDPHM
T
Ky6 ¢ BepmmHaMn {z; }j:m z; = +1, m ompenennm X Kax ciaegyroliee TTOJMHOKECTBO
BEpIINH N-MepHOil Tpann g = 1 sToro (n + 1)-meproro ky6a [—1,1]7 1
Bepuwuna {‘J}j}?zo, x; = £1, npunadaeacum k X, ecau g = 1 u wucao munyc

edunuy cpedu {z;}]_, wemno: H?:l z; = 1. Tem campim X cocront m3 2"~ 1 = 232
Togex <7 .
Croabko xe Todex Gyaer u B Y: |X| = |Y| = H = 2"~1 = 232 Tlpu stom YV

OyeT MOIMHOXKECTBOM BEPIINH d-MEepHOrO Kyba ¢ BepIIMHAMHI {yk}gzl, yp = x1:
Y C[-1,1]%
Mexay X m Y OymeT ycTaHOBJACHO TaKoe B3aWMHO OTHO3HAYHOE COOTBETCTBHE
! ! / / ! I3
z=(20,21,...,2,) ¢y, & =(xg,27,...,2,) Y, (2)
9TO MAKCUMAALHO Ydadennblm dpye om dpyea — Harodawumca wa paccmosnuu D —
moukan y,y €Y 6ydym coomeemcmsosamv x,x' € X co ckaiapHulm npouseede-
Huem +2:

! / / 7 ¢ 7 <
(z,2")y =zqzg+ 2y + -+ 22, =2 «— |yy'| = D. (3)
Nmenno cooTBeTcTBhe (2) co cBoilcTBOM (3) TO3BOIUT TPOBEPHUTH HEPABEHCT-
Ba (1).
C 5Toll TpOBEPKN MBI M HaYHEM, a y¥Ke IIOTOM MOCTPOMM MHOXKecTBO Y W ycTa-
HOBUM Mex 1y X u Y cooTBeTcTBHe (2), y/OBIeTBOpAOIIEe yCaoBHIO (3).
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MAKCUMAJIBHAA KIUKA TPADA [

Beuay (2), (3), rpad T’ MoxHO moAy4nTh no-HOBOMY (He U3 Y, a u3 X ), Coe/[MHUB
pebpamu Bce mapwl z, ' € X, 114 KOTOPHIX CKalApHOe NponsBefenne (z,z') # +2.

3AMEYAHUE. Bce mpoune snavennus (z,2') npu 2 # 2’ — 570<5> uymcna +6, £10,
+14, +18, £22, +26 u +30, a ckaaapHbIil kKBajgpatT (z, z) pasen 34. Utak, B rpade T
[TBE Pa3INIHBIE BEPIIMHLI T U ¥’ COEMHAIOTCA pe6poM Torja N TOALKO TOT1a, KOT/a

(z,2') = £6, £10, £14, £18, £22, +26, £30. (4)

7
Monoxum @ = >_,_, Chy (Bckope cTameT AcHO, OTKy1a 6epeTcd »TO YHCIO) U
JIOKajKeM, UTO 9HCJIO BEPIIMH ¢ MaKCHMAalbHOH KIWKH {d1, ..., a4} rpada I' me
TIPEBOCXOIUT (.

MHOTOYIEHEL g1,...,gq

Kax ot Bepmmte a;, 1 < j < ¢, cONoCTaBUM MHOTOWIEH ¢;(Z) HO CleAyIOMEMY
npasuty. Pukcupyem a;. Ipn ¢ = (zg = 1,21,...,2,) € X o6o3HaunM depes s =
= s;j(z) cxangpHoe mpousBefeHue (a;, L) U MOIOKIM

F(s)=(s+6)(s+10)(s + 14)(s + 18)(s + 22)(s + 26)(s + 30),
Gi(z) = F(sj(z)), 1<i<q (5)
Samncas G;(z) B Buje IMHEHHOH KOMGHHANNK OJHOYWIEHOB H IOCAEJOBATEILHO IPH-
MEHSASA COOTHOIIEHUE ,2322 =1,1<12< n,<"> momywaem HOBBIN, PaBHBIH Gj(z) ma X,
MHOTOWIEH ¢; (), ABIAIOMMACS 1eJIOYNCIeHHON INHeNHON KOMOHHAIMEH (hyHKINH

Mighs gl 1<ji<ja< <jr<n=33 hp=0mwml, 1<mgT.

J1 gz 0
o
Beero B (6), oueBuano, umeeTca @ dbynkuuii, o6pasytomux 6asuc, Q = Y, _ Chs,
U HepaBeHCTBO ¢ < () 6yJeT JoKa3aHo, ec/lil yCTaHOBUTD, YTO MHOTOWIEHEL §1, . . ., Jq

AUHEUHO HEe3a6UCUMbl HAO KOABYOM YECABIT HUCEA, T.€. €CJIU IPOBEPUTH, IYTO TOXKIE-
CTBO

x

c1g1(x) + -+ cq9q(x) =0, THE €1,...,Ccq — Leble YHCIA, (7)
BO3MOXKHO JHIIb TOT1a, KOT1a Bee KonhUIMEHTH ¢1, . .., ¢q B (7) paBHBI Hy1i0<8>.
JIMHEAHAST HE3ABHCHMOCTD g1, .. ., gq

Muorouaen F(s) B (5) BoiGpan Tak, 9o cpean wncen s = (z,z') us (4) sce s <0
Aeagiomes kopramu F(s), a ece s > 0 maroswt, umo F(s) deaumesa na 27: F(s)=0
(mod 27) npu s = 6, 10, 14, 18, 22, 26, 30; nocaeHee CBONCTBO JErKO MPOBEPAETCA
¢ TOMOIIbIO Tabauisl 1, cojepxkaliell Bce KpaTHBIe Yncay 3 coMHOXuTean F(s) mus
yKa3aHHBIX 3HadeHni s. V3 Toi ke Tabauusl BujHO, ¥To F(34) Z 0 (mod 27). B

TepMuHax ¢;(¢) gaa ¢ w3 xauku {a1, ..., a4} HepednciIeHHble cBoHcTBa F(s) osHa-
9aloT:

Ecan j # k, 1o g;j(ax) =0 (mod 27); g;(a;) Z0 (mod 27). (8)

JInnefiHas He3aBUCHMOCTD §1(Z), . . ., gq(Z) MErKO clefyeT OTCIOAa: JOIYCTHM, ITO

B (7) He sce ¢; pasHbl HY.410, B JOKakKeM, ITO DTO JOIYIIeHHE NPOTHBOpednT (8).
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s s+6 s+10 s+14 s+18 s+22 s+26 s+ 30

6 12 24 36

10 24 36

14 24 36

18 24 36 48

22 36 48

26 36 48

30 36 48 60

34 48 60
Ta6anma 1.

JlOTIOAHUTENBHO MPE/TIONOKAM, 9TO HE 6CE C; KPAMHbL uucAy 3 (ecam 5To He Tax,
MOXHO pa3IeliTh Bee ¢; Ha obmuil MEOXHATeNb). [lycTh, A1 onpefeneHHOCTH, ¢1 He
geantcs Ha 3. [Togcrasnas B (7) ¢ = a1, noxydaeM: c191(a1) +- - -+¢q9q(a1) = 0. Tax
Kak, BBuay (8),

eag2(ar)+- - -+cq9q(ar) =0 (mod 27), To, Tem cambiM, 1 c1g1(a1) =0 (mod 27),

a 3Ha4nT, cHoBa BBHUAY (8), ¢1 = 0 (mod 3), — mpoTuBOpedme.
Wrak, HepaBencTBo ¢ < @ (mepmoe m3 HepabencTB (1)) gokasano. Bropoe us
HepaBeHCTB (1) MpoBepAeTCA HEMOCPEACTBEHHBIM TIO/ICIETOM:

7
H=2%=4294967296, Q= Ck;=5663890, H/Q > T58. (9)
k=0
Takum o6pazom, 151 060CHOBaHUA KOHTPIPAMEPA OCTAETCA TOCTPOUTH MHOXKECT-
Bo Y u ycranoBuTh Mexay X u'Y cooTBeTcTBHe (2), ¥10BJIETBOpSAIOIIEe yCAOBHIO (3).

COOTBETCTBUE MEYK/AY MHOXKECTBAMU X N Y

Iycrs, kak u npexte, n = 33. [TocTpoum kBaapaTHyo Tadauny (n+1)x (n+1). Ee
CTPOKH U cTOAGUB 3aHyMepyeM uncaamu ¢, j =0, 1, ...n. PaccmoTpum kaeTku (i, 7)
B BEPXHEN MOMOBHHe Tabauubl (Haj auaroHaabio (4,1), 0 < ¢ < n, WAyIeH U3 JeBOTO
BEePXHETO B IpaBbiil HIKHHIH yroa). Ux uncio pasro d = (34-34—34)/2 = C2, = 561.

Mpomssoasro dukcnpyem x = {z;}7_5 € X u B KICTKy Ha MepecedeHNH CTPOKH
€ HOMepoM i — | 1 cTonbua ¢ HoMepoM j MOMeCTHM MpouaBefeHue r;_1Z;, 1 < i <
< j < n. O npousBefieHusa o6bABIM KoopanHaTaMmn Y, 1 < k = k(i,j) < d, Toukn
y=y(x) €Y.

TMoouepeano nepebpas Tak Bce € X, MOAyIaeM HEKOTOPOE MHOKECTBO Y | ABJIA-
foleecs TIOIMHOXKECTBOM BepmmH d-mMeproro Kyba [—1,1]4. Tak kak zo = 1 aas
aoboro x € X, TO yg(1,;) = ; Mpu Beex j = 1, ..., n, T.e. OTHOBPEMEHHO yCTaHO-
BIEHO B3aMMHO OJHO3HawHOe cooTBeTcTBUE (2) Mexay X m Y. JlokaxkeM, 9TO OHO
YIOBAETBOPAET ycaoBuio (3).

Ksaapat paccrosuma mexay y = {ys} mw vy = {y,} paBen cymme xBaapaTos
pasHocTell Yp — ¥y, 1 < k < d. Kaxjgoe craraemoe B 5Toll cyMMe paBHO auGo 0
(ecam yi = y,), aubo 4 (eciu yp # yj,), T.e. pacCTOAHMe MeXIy y U y' TeM GOJblIIe,
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HgeM OOJIbITIe HECOBMA JAOIUX Y N y;;: Bes OrpaHUYE€HUA O6IHHOCTI/I MOXKHO CIHUTAaTh,
!

9TO IEPBBIE § KOOpAUHAT Tj; 1 23]

n+ 1 — s KOOpIUHAT Pa3aUIHLL.
DKBUBaJeHTHOe fAomyiieHne (cpaBuum ¢ <6>):
a) Bce &; (a 3HAYUT, U BCE Vi) PaBHBL 1,
b) mepebie s Koop/mHaT 2} paBHE 1, a ocTambHble n+ 1 —s KoopUHAT ', paBHEl —1.
Torna paccToAHme MeX Ay Y Uy TeM GoJbIe, deM 60abIle KOOPAUHAT Y}, , PABHBIX — 1.

coBMajaoT (BKaOYad £, = £y = 1), a ocTaabHbIe

Tpu ycaoBuax a) u b) koopauHaTH yj, = —| 3aMOIHAIOT MPAMOYTONBLHUK B BEPX-
Hell TMoMoBMHE Hammeln Tabanubl. «[lromanky 5TOro MPAMOYTOAbHUKA (MUCIO MUHYC
edunuy B HeM) TeM Goubllle, YeM GOJbBIIE OH MOXOXK Ha KBajapaT. B TOYHOCTH KBa-
IpaT HOAyYHThCA He MOXKeT< > | a mpAMOYTOJBHHK, Hanboee TTOXOXKIIH Ha KBaJIpaT,
noxyvaercs, ecin s = 18, n+1—s = 16, mmbo s = 16, n+ 1 — s = 18 (1.e. ecan

(z,2") = £2).

Wrak, paccrosuue |yy'| mexay sepumHamu y = y(z), ¥ = y(z') € Y rorpa un
TOJBKO TOrJIa paBHO AmamMeTpy ) MHOXecTBa Y, KOTjJa CKalApHOE MPOM3BE/ICHIE
(z,2') = +2.

TlocTpoenne xouTpmpumepa Y 3zakonveno. TpakTyda Y Kak MOIMHOXKECTBO
d-mepHoro npoctpancTa npu 561 < d < 757, Beaeacreue (9) moaydaem, UTo 2u-
nomesa Bopcyra nesepna npu scex d, 561 < d < 75H7.

3AMEYAHUE. Bckope nHam moHamo6uTcs TO4YHOE 3HaYeHWe quameTpa [ MHOXKe-
cTrBa Y:

D?=4.16-18, D =diamY = 24/2. (10)

KIUKA, CONEPYKAIIAA () BEPIIUH

HepagencTso ¢ < () (cBA3BIBaOlIEe UHCIO MHOTOWIEHOB g1, ..., g C THCIOM ()
MHOT04JIeHOB B Gasuce (6)), iy XuT, okazbiBaeTcs, TOYHON (Heyayuwaemoti) OeHKON
Yuc/a BePIINH MaKCHMaJlbHON KauKH rpada [': onupasck Ha (4), IpebABAM KIUKY
IT rpada I', cogepxairyo B TOIHOCTH () BEpIINH.

o P — P LT .

Nas xax o Touxm r = {z;}7_q € X cpean x; mMeeTca p KOOP/MHAT, PABHBIX
+1, 1 m xoopanHAT, paBHEIX —1, rae p > 0w m > 0 — deTHBIC yHCcaAa, p+m =n+1,
Tak 9To

m=0,2 . n—1=32 (11)

B coorsercTBuu ¢ (11) paccmorpum nmoaMHoxecTBa Xy MHOKeCTBA X, m =0, 2, ...,
..., 32. K X oTHOCHTCA otHa TouKa: Bce x; = 1; k X9 oTHOCATCA C§3 TOYEK: BCE I,
KpOMe 1BYX, paBHHI 1; k X4 oTHocaTca (' TOUeK: Bee T, KpOMe 9eThIpex, PaBHbI |
uT. .

HeTpy auo mpoeputs, w0 noarpad I, cogepxaimmii Bce BepIITHBI

r € XgUXoUX,3UXgU Xog U Xog U X3¢ U X3, (12)
ABageTcsa Kaukon: (z,z') # +2 nas awobbix z, ' € I1. Tlpu sToMm 4ucio BepumH (12)

paBHO () = ZZ:O C%y (mockoabky Chy = C337F | =32, 30, 28, 26).

3AMEYAHUE. XoTd cama olleHKa ¢ < () HeyaydIIaeMa, MOXKHO HOIBITATHCA YCO-
BEPIIIEHCTBOBATE CMOCO6 ee MpUMEHEHUA: BPAA AU Tipu pa3buennu rpada [ Ha xian-
KH 6CE OHU MOTYT OKa3aThCA MaKCUMAJIbHBIME, COJAepKAIMMU — Kaxcdas — MO
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() BepmmH, TaX 4TO 37eCh, BHAUMO, €CTh IOTEHIHATLHAL BO3MOKHOCTh HOCTPOHUTD
kouTprpuMep B R? 11a pazmeprocteit d < 561 <10>

PA3BMEPHOCTH d > 860

Bwmecro nmapst (n = 33,d = 561) pacemorpum mapy (n = 41,d = 861). Tax xe,
kak mpexae <!> moctpomm mmoxectBa X C [—1,1]*, Y C [-1,1]%¢L Y| = |X]| =
= H = 2% npu 5Tom — BMecTO (9) — TofydaTCca cleayionie cOOTHOMIEHHA:

9
Q= Ch =473732328, H =2 =1099511627776, H/Q>2320. (13)
k=0

Mockoapky Y MOXHO TpakToBaTh Kak mogmHoxecTBo R? mpm 861 < d <
< 2319, To u3 nepaseHcTBa (13) crenyer, uro eunomesa Bopcyka nesepra npu scex
d, 861<d< 2319, a makae npu d = 860 <12>. 3uaunt, c ydeTom [2], ona HeBepHa
npu ecex d > 860.

Nrak, koHTpnpuMeps! K runorese bopcyka mocTpoens! npu Beex d, 561 < d <
< 757 u d > 860. [lo aBrycta 1998 1. Bompoc « mo sepno — meopema uiu KOHMpP-

npumep — npu 757 < d < 860 7» ocTaBasca OTKPHITHIM.

PE3VJILTATHI MIKOJBHUKOB — MNOBEJAUTEJEN XIX TYPHUPA
T'orpoa0B

B aBrycte 1998 r. B 'am6ypre cocTosanach X neTHAAa KoHdepenuus Typuaupa ['o-
ponos *). Ha koH(pepeHINN A IpeIoKII ee yaacTHIKaM, mo6egureram XIX Typrupa
Topoios, psaja 3anat 0 pa3bueHN MHOXKECTB Ha YaCTH MEHBIIETO UaMeTPa, BKAOYAd
HEKOTODHIE HEpEIIeHHBIe BOTIPOCH! (B TOM |ncie, o pazMepHocTax d, 757 < d < 860).

B Tlambypre ykpamuckue mkoabHuku Pycaan Barpmmua nm Maxcum /laBbigoB
(r. JIpBoB) Hanum HOBoe — Golee TPOCTOE, YeM TPEKHNWE, — T0Ka3aTeIbCTBO I'H-
noresbl Bopeyka npu d = 3 (lokasaTeaIbcTBO MPUBEEHO B KOHIIE STOH CTATHHU, CM.
Tpuaoxenue 3).

A Bckope mocie korpepenunn mkoabHuku JTuva Typesud (r. Teas-Apus, Uspa-
k) u Camra Tandymmn (r. 2ZKykosek, Poccns) HesaBHCHMO APYT OT Apyra IOJY-
YUAM OTBET HAa BOMpoC O pasMeprocTsax d, 757 < d < 860: mas Bcex »>Tux d oHHU
MOCTPOWIN Kowmpnpumepbt K runoTeze bopcyka. Ux mocTtpoenme GasmpyeTcsi Ha
CeIYIOIER, COBCEM TIPOCTOM, JJEMME:

JEMMA. Ilycmv 6 npamoyzoabnom mpeyzoavnure ABC zunomenysza AB
(|IAB| = D) u kamemw AC u BC (|AC| = r,|BC| = R) csa3anbt coomHouweHuem
r < R, uau, umo mo ace camoe, 2r> < D?. ITycmv moura T wamema BC maxosa,
umo |TA| = |TB| = p. Toeda 2p* < D?.

Jlemma cpazy caegyeT u3 mogobus TpeyroabuukoB ABC u T BS, rje S — cepenu-
Ha AB (puc. 1), a npuMeHeHne ee 0CHOBaHO Ha ToM, 9To Y (Hamr 56 1-MepHBIT KOHTD-
npumMep K runoteze Bopcyka) dexut ma 560-mepHoit cepe pagmyca r (r? = 561)
u, ¢ yaetom (10), r u diamY=D cpazann cooTnomennem 2r2 < D? (r? = 561 =

=17-33 < 18-32= D?/2).

*)Ho,z(pOGHhIﬁ pacckasz o Typaupe I'oponos (MexAyHapoZHOM MaTeMaTHYECKOM COpEBHOBaHHI
MIKOJBbHUKOB CTApPIINX KJIACCOB, KOTOPOE NPOBOAUTCAH, HadnHadA ¢ 1980 F.) MOYHO B HAUTH B [5].
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Tounas popmyamposka yTeepxaenns /. 'ypesuda—A. lNandyaarnna Takosa:

YTBEPXKJAEHUE. [Tycmb muooncecmeo M duamempa D aexncum 6 k-meprom npo-
empanemee wa (k — 1)-meproii cepe s paduyca r, npuuen

r? < D?/2, (14)

u nycmv M ssasemca koumpnpumepom k eunomese Bopcyka: M weav3a pazbums
Ha k + 1 wacmeii, duamemp waxncdoti uz komopwir menvuwe D. Tozda kowmpnpumep
Kk eunomeze Bopeyka 6 RY moocno nocmpoums npu awbom d > k.

JOKABATEJILCTBO YTBEPXK/IEHNUA. Ha puc. 1 (k — 1)-mepHasa cepa s ycaoBHO
n3obpaxeHa B BUe OKpPyXHocTH paauyca r. MuoxectBo M = M; amameTpa D
(koHTpHpUMep K rumoTese Bopcyka B Rk) aexuT Ha s, npudem 2r? < D?. Jlo6apasas
OJTHY pa3MepHOCTD u 106aBisaa K My ogHy Touky N, paclofokKeHHYO Ha PACCTOAHUT
D ot Bcex Touek s, moaydaeM MHoxecTBo Mo € RFH! xoTopoe mo-mpexuemy mmeer
amaMeTp D m KoTopoe, 04eBUAHOS 3> | Hemb3a pazbuTh Ha k + 2 YacTH AMaMeETpa
MeHbIte 1.

Tem cambiM, My ABIgeTCS KOHTPIPHMepoM K rumoTese Bopcyka B RF 1.

Tak kak (mo memme) My aexuT Ha k-MepHOH cdepe, Aud pajnyca KOTOPON Bbi-
noauserca (14), To nobapieHne — MO OJHOW — HOBBIX TOYEK (C YBEIWYEHHEM pas-
MEPHOCTH Ha eJUHUILY) MOXKHO MPOIOKUTh 1O WHAYKIINH.

A . Taitipynrmme fokazan Takxe<'?>  4To JoKazaHHOE YTBepXKJeHHE OCTAETCA Bep-
HBIM, €C/IM 3aMeHNTh B HeM (14) HepaBeHCTBOM

r? < 3D*/4. (15)

HEKOTOPKIE HEPEIIEHHBIE BOIIPOCHI

HecmoTps Ha ycrexu mocieHUX JeT, OCTAETCs P HEPEIIEHHBIX BOTPOCOB, CBi-
3aHHBIX ¢ 3agavenn Bopcyka. BoT — ocHOBHBIE 1Ba 3 HUX:

1. YTo BepHO — Teopema uau KoHTprnpuMep — 1pu 4 < d < 5607

2. O6oznaunm depes f(d) MUHUMAIBHOE W3 TAKUX YHUCEN M, 9TO JMI060E OTPaHH-
Ye€HHOE MHOXECTBO B d—MEPHOM ITPOCTPAHCTBE MOXKHO PaszbuTh Ha 1M YacTeld MEHb-

Vd

mwero auamerpa. B [2] moaydena ouenka f(d) > (1,2)V?, HaunHad ¢ HeKoTOpOTrO d.
HenaBHo oHa yTouHeHa B [7]: cymecTByeT Takad gyukuua r(d), 1 < r(d) = o(e\/d),
9TO

F(d) > r(d) - (2/V3)2 > (1,2255)V7.

Kaxk nHa camom jgene pacrer f(d) ¢ poctom d?
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KoMMEHTAPUU

1. Illyctb M — mpouaBoJIbHOE MHOXeCTBO AnaMeTpa ) Ha maockocTu. [TpoBeaem
TOPHU3OHTAIBHYIO TIPAMY0 L1, COIepXKaIlyo XOTh OJHY TPaHUYIHYIO TOUKy M u Ta-
Ky1o, uTo Had Li HeT Towek M. ITod L mapamteavro L; mpoBegem mpamyio L) Ha
paccrosaun D ot Ly. Tlox L), oueBugno, Het Tovek M, T.e. Mbl 3akaiounan M B
nojocy P mmpunsr D.

TTocTpouB Tak xe eile 2 mogockl Py u Ps mmmpunsl 1D, pacmofoXeHHbIe IO YTJIOM
60° k Py, sakaounM M B 6-yroabHuk S (ABIAIOMMICA MEPECEUEHUEM TPeX TOJI0C
mmpunsl D).

Y Takoro 6-yroabuuka S TPOTHBONOMOKHBIE CTOPOHBI TIOMAPHO MaPaIeAbHE, &
JIMHBL cTOopoH a u b (a < b) 4epenytoresa: a —b—a —b — a — b. Onyckas us neHTpa
S TepNeHNKYAAPH Ha CTOPOHBI JUIMHBL b, MBI paz6uBaeM S (a 3HaunT, u M) Ha Tpu
qacTH auaMeTpa MeHbIe 1), puc. 2.

Puc. 2.

3AMEYAHUE. CTaHgapTHOE peIleHne 3TOU 3aa4i COJAEPKUT JOTMOJHUTENLHBIN
mar: Bpamaa 6-yroapHuk S, 1o6mBaroTCH, YTOOB OH cTaJd MpaBuabHbiM. [las pazou-
enus S u M wa 3 wacTu amaMeTpa MeHblre D 5>TOT miar He HyXKeH. [[pyrue pernenns
cMm. B [lpuaoxenun 1.

2. Yepes KaxAyi0 TPaHUYIHYIO TOYKY BBIMTYKJIOTO MHOXKeCTBa V B TpeXMepHOM
OPOCTPAHCTBE MOXKHO TIPOBECTH Tomsa 6bi 00HY onopryt naockocmbs (T.e. TaKyo
MIOCKOCTh, 9TO V JIEXUT MO OJ[HY CTOPOHY OT Hee). epes BepIINHY BBITYKIOTO MHO-
rorpaHHuKa (HampuMep, Yepe3 BEPIIMHY Ky6a) MPOXOAUT GECKOHEYHO MHOTO ONOpD-
HBIX TIIOCKOCTEH. BBINyKI0oe MHOXKeCTBO (WM BBIIYKJIOe Telo) V HasblBaeTCA 24a0-
KuM, eCad depe3 KaXylo TPAHUYHYIO TOYKY V IPOXOAUT eduHcmeEeHHdas OMOpHAA
TJIOCKOCTh.

B Ilpuioxenun 2 goKazaHo, 9TO JI060€ 24adKko€e BBINIYKJIOE TEI0 B TPEXMEPHOM
TMPOCTPAHCTBE MOXHO Pa3zbuTh Ha 4 9acTU MEHBIIEro AuaMeTpa.

Teopema XajgBurepa B d-MepHOM caydae JOKa3bIBACTCA aHAJOTUTHO.

3. B [3] koHTpupuMepbl MOCTPOEHBI MIA BCeX pasMepHocTeln d = C42p, riae p —
pocToe Yucyao, 6odbiee wian pasHoe 11; B gacTHOCTH, Tipn p = 11 moaxyvaerca d =
=946 = C1,.

4. Kak 661 HEI pa3z6buTh MHOXeCTBO Y, cocTosiee u3 H Todek, Ha d + 1 wacTen
Yi, ..., Ya41, xoTa 6Bl B 0JHOH u3 HUX (ckakeM, B Y;) okaxercs, Buay (1), Goan-
me, 9eM ¢ TOYeK; 3HAYUT, Y; He ABIAeTCA Kamkon rpada I', m — mo ompeneneHmso
rpada [' — B Y HaligyTea Touku y, y, oTcTOAmME APYT OT Apyra Ha PacCTOSHUE
D = diamY. Tem cambiM auameTp Y; paBer auameTpy Y, T.e. (1) gaeT KoHTpIpHMep
k runorese Bopcyka.
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5. 3uaku {z; };’il BBIOMPAIOTCA TPONU3BOJABHO, & 3HAK T33 OMPEAeAAcTCA O THO3HAY-

33 ‘
HO — TakK, ITOOHI szl z; = 1. Tem cambim X cocront nz 2°? Touex.

6. /laa mobwix @ = {z;} n 2’ = {2} m3 X ckanaproe mponsseeHme

7 / / 7
({L‘,CE ) = TopTg +$1$1 + -+ T,
OYeBHIHO, COBIAAET CO CKaIAPHEIM NpomsBefeHmeM (e,e’), rge e = {e;} u e’ =
— I n+1 .
= {ej} — Toukm B R"*" ¢ xoopamHaTAME €, TOXKIECTBEHHO PABHBIME |, M KOOPIH-

HaTaMu e}, PaBHBIMHI :E]»CL‘} npu Bcex j. O6e Touku — n e, m ¢/ — npuHamexaT X,
TIOCKOJBKY

n n n
co=ep=1 m H692H$j~H3}321.
j=1 j=1 j=1

Ecmm e} = 1 npn Beex j, To (e, €') = 34; ecam €} = 1 mpm Beex j, Kpome ABYX, TO
(e,€') = 30; ecam e = 1 mpm Beex j, Kpome FeTHIpex, To (e,€') = 26 u T. 1.
. . — P2 ;
7. Hanommnto: Bce z; = £1, mostomy z; =1, 1 <1 < n.
8. KaxBll U3 MHOTOWIEHOB ¢;(Z) ABAAETCA INHENHON KOMOWHAIMEN C IEIBIME
KoadhGuIneHTaMu 0JHOUIEHOB (6), T.€. OJHOUICHOB

1, 21, e, oo, &g, rs (1 <r<s<n), zrasze (1 <r<s<tLn), ...

O6ozHaynM uX €1, €3, ..., €Q, TJae Q@ = ZZ:O Ck n=33.

CMBICT KA JOTO cIaraeMoro B 3Toit cymme aAcer: Chy = 1 — mmeeTca 1 ogroqIeH,
TOX JECTBEHHO PaBHBIN 1; C§3 = 33 ogHOWIEHA ABJATCSA JUHEHHBIMEU (DYHKIMAMMA;
C2, 0IHOYIEeHOB — TIOTIAPHEIE TPOW3BEACHNA T, 25, | < 7 < 5 < n; Cay 0THOWICHOB —
TPOM3BENAECHUA L, T2, | <r<s<t<n;uT. 1

B >Tux o6o3HaveHnAX

gj(z) = Ky je1 +---+ Ko jeg, Kij, ..., Kg; — memble uncra, 1< j<q.

Ecan nokasatb, 4To moxcdecmeo (7) 803MOHCHO MOALKO NPU MOM YCAOSUU, UMO
sce Koafuyuenmul 1, ..., Cq PAGHHL HYA10, TO IIA TeX, KTO 3HACT JWHEHHYIO are-
6py, HEPABEHCTBO ¢ K () CTAHOBUTCS OYMEBH THBIM:

€1, ..., €Q obpasyom 6aszuc u3 () 34eMEHMOS, U YUCAO IACMEHMOE (
8 CUCTNEME AUHEUHO HE3ABUCUMBIT 1, . .., Jq HE MOdcem Obimb Goavue Q.

Jlokaxem HepaBeHCTBO ¢ < (), He onupasch Ha 5ToT dakT. [lepenuckiBad (7) B Buje
ci(Kr11e14 -+ Kgieg)+ -+ cg(Kiqe1 + -+ Kg qe0) =
(Kip+ - 4egKiglen+ -+ (c1Kga+ -+ ¢gKgq)eqQ =0,
BUUM, 9TO (7) BBIMOAHAETCA TOT1a W TOIBKO TOTIa, KOT/a
1K1+ +cqKig=0 mpuscex i, 1 <1<Q. (16)

Byaem TpaxkTosath (16) kak cucremy () AMHENHBIX ypaBHEHUH C UEIBIMH KO3 hu-
mueHTaMu K; ; OTHOCUTENBHO ¢ HEM3BECTHHIX Cq, . . ., Cq. Sadada 6yIeT pelleHa, ecln
MOKAa3aTh, 9TO IPH YCJIOBUH ¢ > Q (T.e. IPH YCAOBUH, YTO HEU3BECTHBIX GOJBIIE, YeM
ypaBHeHHH) cucTeMa (16) HMeeT HeHyleBOe LEIOUNCIEHHOE DEIIEHHE C1, . . ., Cq.

A 570, NeNCTBUTENBHO, TaK, TOCKOABKY [UIf JOOG0H COBMECTHON (MMEIOIIEH XOTh
O/THO DellleHNe) CHCTEMBI yPaBHEHUI BEPHO cleyiolee Gouee obiiee
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YTBEPXKJAEHUE. Cosmecmuas cucmema ) AUHEUHBIZ YypaéHeHul ¢ payuoHa.db-
HOIMU KOSPPUYUEHMAMY U PAYUOHAADHBIMU NPABHIMU YACMAMYU UMEEM HEHYAEEOE
PEUWEHUE 8 PAYUOHAABHBIT HUCAAT, ECAU HEUBBECMHBIT 6OADULE, HEM YPABHEHUN.

ITpu @ = 1 yTBepK/jeHNe OYEBUIHO, W OCTAETCSA JOKA3aTh €ro 110 MHIYKINN PN
Q>1.

PaccmoTpum cucremy () ypaBHEHMH OTHOCHTEIBHO HEM3BECTHBIX X1, ..., Xg,
¢ > @, ¢ panmoHATEHEIME KosddunnerTaMn R; ; 1 panmoHATLHBEIMA TTPABBIMA Ta-
cravu R, 1 <1< Q,1<i< ¢

RiiXh+ -4+ R 4Xq = Ry,
Ro1 X1+ -4+ Ro g Xg = Ry,
RoaXi+ -+ RoqeXq=Rq.

IycTe cucTema coBMecTHa n He Bce R; ; paBubl 0 (caywait R; ; = 0 u R; = 0 Tpu-
BuajeH). MoxXHO cunTaTh (ec/qu HYXKHO, U3MEHUB HYMepalWiO ypaBHEHWH W HEM3-
BECTHBHIX), 4T0 Ry # 0. Borumras mepBoe ypaBHeHme, yMHOXeHHOe Ha R;q1/Rq1
3 ypaBHEHHA ¢ HOMepoM %, 2 < 7 < @, uckaounM X1 U3 BCEX ypaBHEHHUI, KpOMe
TEPBOT'O, W TEPEUIEM K CHCTEME

Ry Xy + RipXo 4+ 4 Ry g Xg = Ry,
ro9Xo + -+ e g Xy = 1o,

rQ2Xa+ -+ 71QqeXq =Tq.

ITo mpeamonoxkeHnio UHAYKIUN CYNIECTBYIOT pallMOHAJAbHBIE, He BCE PaBHbIE HYJIO,
qncna Xa, ..., Xq, ¢ > @), yIOBIeTBOPAIOIINE BCEM YPaBHEHNAM, KPOMe TIEPBOT0; TIOI-
CTaB/AA WX B TIEPBOE ypaBHEHMe, HAXOTUM Takxke U X1.

Jas ogHopoaubIX (¢ mpaBbiMu dacTaMu R; = () ypaBHEHWN W3 I0Ka3aHHOTO
YTBEPXKJAEHUSA CleyeT CYUIECTBOBAHNE HEHYIEBOTO YEAOUUCAEHHO20 PEIIEHU.

9. KBagpaT noayunaca 661 ipu s = n+ 1 — s = 17, HO s 1OAXKHO OBITH Y€THBIM,
TIOCKOMBKY € X.

10. Ecaim — BmecTo mapel (n = 33,d = 561) — monpo6oBaThk paccMOTpETh Ta-
py (n = 29,d = 435), To — BMecTO TaGIUIbI, UCTIOIH3OBAHHON TP MCCIETOBAHUN
cBolicTB MHOTOueHa F'(s) uz (5), — moay4aeTca Tabauna 2, Win, 9To TO XKe, TabIn-

s s+6 s+10 s+14 s+18 s+22 s+ 26
6 12 16 20 24 28 32
10 16 20 24 28 32 36
14 20 24 28 32 36 40
18 24 28 32 36 40 44
22 28 32 36 40 44 48
26 32 36 40 44 48 52
30 36 40 44 48 52 56

Tabanma 2.
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s s+6 s+10 s+14 s4+18 s+22 s+ 26
6 3.22 24 5.22  3.92%  7.92 25

10 2¢ 5.22 3.28 7.92 25 9. 922
14 5.22 3.23 7.922 25 9.22 5.2
18 3.2 7.22 25 9.22 5.23 11.22
22 7-22 95 9.22 5.2% 11.92%2 3.2¢
26 25 9.22 5.92% 11.22 3.92% 13.22
30 9-22 5.23 11.22 3.2% 13.22 7.23

Ta6anma 3.

a 3, Mo3BOJANIAA Y TBEPKAATh, YTO 3HaYeHNA (HOBOr0 — 6-1 CTeleHN) MHOT OYIeHA
F(s) =(s+6)(s+ 10)(s + 14)(s + 18)(s + 22)(s + 26)
opu s = 6, 10, 14, 18, 22, 26 neaarca na 2'7, a F(30) meawTcsa awme Ha 216 1 wHe
femares Ha 217 onmako — BMecTo (9) — MOXKHO TIOTYYHTD JHITL HEPABEHCTBA
6
< Q=) C5,=621616, H=2"=268435456, H/Q > 43l.
k=0

Ouenka H/Q > 431 9yth xyxe, deM TpebyeTca nas 060CHOBAHUA KOHTPIPUMEDA
B R? npu d = 435. Tem me MeHee, mapa (n = 29,d = 435) npejcraBasgeTcs «mep-
CTIEKTUBHOWY: €/[Ba W TPU PasGUeHNN COOTBETCTBYIOIIETO rpada Ha KIUKHU 6CE OHU
MOT'YT 0Ka3aThCHd MaKCHMAJTbHBIMHI, M €CAU Obl YJaJ0Ch COCINTATh, CKOIBKO MOXKET
6BITH HeMlepeceKaloINXCA KIUK, COJepKAIUX — Kaxncdas — Mo () BepIlnuH, TO YUCIO
431 B mocaeHEN ONEHKE, BOBMOXKHO, YAJ0Ch OBl 3aMeHUTh dncaoMm 436 .

11. llogpobHee 5>TH cAOBa O3HAYAIOT CJAeAYIOIIEE.

a) Tlpn n = 41 Baoxum n-mepubii ky6 [—1,1]" B (n 4 1)-MepHOE TpocTpaHCTBO
¢ xoopamnaTamu {z;}7_g, n, TpakTya [—1, 1]*! xax 41-mepuyto rpanb ¥ = | Ky6a
[~1,1]*2, onpeesmv X Tog06HO TOMY, Kak 3TO GBLIO CAEMAHO TPEXKJe: BEPITAHA
{Ij}?:()’ xz; = £1, npunagaexut Kk X, ecan g = 1 U 9MCIO0 MUHYC eJUHUI, CpeIn
{z;}7_, weTHoO.

fAcno, wro X comepxur H = 2"~ ! mouex: |X| = H = 240,

b) Tax xe, kak mpexje, oTo6pasuM X Ha MOAMHOXKECTBO Y BepIINH d-MepHOTO
ky6a [—1,1]¢, d = C%, = 861.

PaccmoTpum muoxecTBo P Beex map (4,7),1 < i < j < n = 41 (uucao Takux
map paBHO d, Tak 9TO NX MOXHO mepeHyMeposaTh unciaamu k = k(i,7),1 <k <d)n
Bepumiae r = {z;}]_, € X comocTtaBum Touky y = y(z) € Y ¢ koopaunaTamMu

Yo = Yk(ij) = Ti1zy, (4,7) € P, 1<k=k(i,j) <d
MuoxecTtso Y, kak u X, conepxut H Touek: |Y| = |X| = H = 240,

n
c) Masa z, ' € X ckanapHoe npousBejenue (z,z') = Zj:o :L‘j:t:;» IpUHAMAaET 3Ha-
YeHNA

42, 438, +34, 430, £26, £22, +18, +14, +10, +6, +2. (17)
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CBA3aHHBIA ¢ HUMU MHOTOYIeH 9-U cTeleHn
F(s)=(s+6)(s+10)(s+ 14)(s + 18)(s + 22)(s + 26)(s + 30)(s + 34) (s + 38) (18)

o6aa1aeT cleyIONMHI CBOHCTBAMA:
F(s) =0 (mod 11) mpm Bcex s > 0 mz (17), kpome s =42, u F(42) Z0 (mod 11).

d) Paccrosuue |yy'| mexay Bepumaamu y = y(z), ¥ = y(¢') € Y Toraa n Toapko
Torj1a paBHO aAnameTpy I MHOXecTBa Y, Korja cKaldpHoe MpousBeleHne (z,z') =
= +2.

e) Mpeppatum X B rpad T', coeqnuns peGpamm Bce mapwl BepmmH z, ' € X,
1d KoTopweix (z,2') # +2. Yncao BepmmH MakcuMadbHOU kanku rpada [ paBHO

I k
Q=2 k=0Ci1-

To, 9To mx He Goable (), MPOBEPAETCA C NCIOJBL3OBAHNEM CBOWCTB MHOT OWJIEeHA

F(s) uz (18); To, 9To ux He MeHbIle (), nokasbBaeT (cpaBHuM ¢ (12)) npumep Kauku

XoUX2UX4UX6UX8UX32UX34UX36UX38UX40.

12. Puxcupysa ar0b6y0 m3 KOOpAUHAT Y, TTOAydaeM pazbuerue Y Ha aBa TOIMHO-
xectBa Y n Y~ pasmepnoctn 860 (ra xoTophix yx = +1 n yx = —1). XoTs oano
U3 HUX HeJdb3fA pa36buTh Ha 861 vacTh auameTrpa Menbine [ — nnHade (Bonpeku (13))
Y paszbuaoch 661 HA 1 722 TakWx 49acTH.

Ito naet kourpnpumep (Y1 mam Y ™) x runorese Bopeyka aaa d = 860.

13. llpu pazbuenun M- Ha JacTw amameTpa MeHblle ) Touka N He MOXeT TIO-
macTh B OJHY YaCTh HU C OJHOW m3 Todek M7, Tak KakK yjaleHa OT KaxXJOW W3 HUX
Ha paccTosHue D).

14. B d-MepHOM IpPOCTPAHCTBe BBEEM AeKapTOBHL KOOPAUHATEL {u; }?:1. Cepy
s B k-meprom nmoampocTpancTBe u; = 0, k 4+ 1 < j < d, 3a1aamm ypaBHEHTEM

k

§ 2
U, =r".

j=1

Mycrs d > k 4+ 1 (caywain d = k + 1 Gyger paccMoTpeH oTfenbHo). TTonoxnm
n=d—k—1(rakuton > 1uk+n=d—1), onpegeanm h > 0 u3 ycaosus

r? + D?/4 + h% = D? (19)

(eBuay (15) Takoe h cymectByeT) u B (n + 1)-MepHOM MOATPOCTPAHCTRE U = ... =
= uy = 0 BozbMeM (n — 1)-mepHyto chepy s’ amamerpa D

RN

k+n

Z u? :D2/4, ug = h.
j=k+1

Yenosue (19) ozHavaeT, 4TO paccTOAHHUE OT JOGOH ToYKN P € s,

k
P=(u,...,u,0,...,0,0, > ui=r%
j=1

70 mo60i Toukn Q) € ',
k+n
Q=1(0,...,0,uk41, ..., Uggn,Uqg = h), Z u?:D2/4,
j=k+1
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paBHO D:
k k+n
PQP =D uj | +| D ul| +h*=r*+D*/4+ 1’ =D (20)
j=1 j=k+1

O6meannenne MuoX)ecTBa M C s co cdeponn ' oboznaunmm [epes M'; mo mo-
crpoeruto guameTp M’ pasen D. Ilo ycaosuio M Henb3a pa36uTk Ha k + 1 9acTeit
maameTpa Menbite . Cdepy s’ Heabzs pazbuTh Ha n 9acTell AmaMeTpa MeHBIIE
D. Napvu croBamu, npu pazéuennn M m s/ Ha 9acThm MeHbBINEro AmaMeTpa MUHHU-
MaJbHOE YHCI0 YacTed paBHO cooTBeTcTBeHHO P(M) > k 4+ 2 mw n + 1. TlosTomy
(BcaepcTrue (20)) aaa M’ MuHUMAIBHOE YHCIO YacTell MEHBIIETO qUaMeTpa PaBHO
p(M)+n+1>k+n+3=d+2, 10 ectb M’ — koHTpHIpHMED K runorese Bopcyka
B d-MepHOM TIPOCTPAHCTRE:

M’ neavza pazbums na d 4+ 1 wacmeti duamempa menvuie D, (21)

U 5TO jloKazaHo — npu ycaosuu (15) — mas moboro d > k + 1.
Yrober noayunTs (21) gas d = k + 1, gocTaTouHo, 4TOGH! BHIOIHAIOCH YCIOBHE
r < D. B sTom cayuae M’ nonyuaercs ua M po6aBieHueM oqHON TOYKY

Q= (0,...,0,ud:uk+1:\/Dz—rz),

Jexalien Ha paccTosHuu ) OT BceX TOUeEK CepHI .

[PUJIOKEHUE 1. TEOPEMA BOPCYKA B R? u B R?.
JTOKABATEJBCTBA TEOPEMBI 1151 KOHEYHBIX MHOYKECTB

B Hpumoxkenun 3 mpuBeeHO HOBOE JOKA3aTeabCTBO TumoTesrl Bopcyka B R,

YTo6k pazobpaThes B HEM, TONE3HO CAMOCTOATEIBHO lepeHecTH (mepedopMyin-
poBaTh U 10Ka3aTh) JeMMbl u3 [lpunoxenns 3 na caydaii R2.

Mockoabky kormpnpumepsvt K TunoTeze Bopcyka GbLIN MOCTPOEHBI 1A KOHEUHBIL
MHOXKECTB, OCOOBIN MHTEPEC BHI3BIBAIOT U JOKA3AMeAbCMEa A TaKUX MHOXKECTB.

Ha xoudepenunn B l'ambypre yxe ynomunasimmics B 3Toi cratbe [uma ['ypeBud
TIPE/TOKII CAeIYIOMNN TIJaH PEMleHus 3aavn bopcyka 1A KOHEIHBIX MHOXKECTB.

Ilycts M — koHedHOe MHOXeCTBO B d-MepHOM mpocTpaHcTBe, diam M = D.
Tpespatum M B rpad G = G(M), coeauuas Touku P, @ uz M Torga m Touab-
Ko Torja, korja |PQ| = D (uHade roBops, MPOBE/EM BCE (OTPE3KH — JHAMETPHI

B M). HazoBeM cuTyanuio ocoboti, ecli CTelleHb KaX oW BepumHbl rpada G He
menbie d + 1.

JIEMMA. Ecau 6 R? ocobas cumyayus nesozmoncua, mo eunomesa Bopcyra sep-
na dan a106020 Koneunozo muoxcecmea M C RY.

JJOKABATEJALCTBO. Unaykiua mo aucay Tovex M.
TEOPEMA. Ocobas cumyayus HesoszmodxncHa 6 R? u s R3,

CdhopmyanpoBanHas TeopeMa

a) BepHa u 6e3 Tpyaa mpoBepseTca B R

b) BepHa n A0BOMBLHO clOKHO AoKazbiBaeTca B R3 (ma xondepentuu B Fambypre
JokazaTh ee B R? HukoMy He yanoch);
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Puc. 3.

c) 3aBejoMo He o6o6maeTea Ha RY mpn d > 4; a1s 5Tux d eTKO MTOCTPOUTH KOHTD-
MpUMEPHI K TEOPEMeE, HO OHM He Jal0T HUKAKOTO TpOABMKeHus B 3agate Bopcyka.

W3 TeopeMbl W U3 JeMMBI CJACAYET pelicHue 3ajgadn Bopeyka B RZ u B R3 s
KOHEUHbIT MHOXKECTB.

Cama Teopema SBISETCS CleJCTBUEM yTBepXKjaeHuun A u B:

A. Hyers M C R? cocTonT u3 n To4eK; Torja B G (M) makcumy™m n pebep.

B. Hycts M C R3 cocTonT u3 n Touek; Torja B G (M) makcumywm 2n — 2 pe6pa.*)

IIPUNOXKEHUE 2. TEOPEMA XAJBUI'EPA

Cuadana pazo6beM TpeXMepHBIH Iap Ha 4 9acTh MEHBIIEro JHaMeTpa.

OHO HYXHOe pa3bueHUe MIapa mokazaHo Ha puc. 3a. /Ipyroe (6olee cuMMeTpIy-
HOE) MOXKHO MOMYYHTH TaK: BOWIIEM B map ¢ ueHTpoM O TpaBUABHBIN TeTpasap
ABCD; geTnipe Tpexrpanubix yraa OBCD, OACD, OABD u OABC, moa koTopbiMu
BU/IHBI U3 [IEHTpa TPAHN TETPa’[pa, PACCEKaloT Map Ha 4 9acTh MEHBIIEr O JuaMeTpa
(puc. 3b).

Teneps, caeays [1], nokaxem, 94To BepHa

TrEOPEMA XAABHTEPA B R3. Jwboe aaadkoe svinykioe meao V duamempa D
68 MPETMEPHOM NPOCMPAHCIMEE MONCHO paszbumb Ha 4 wacmu menbuwezo duamempa.

JTOKA3ATEJLCTBO. Pazo6brem map U auameTrpa D Ha deTwipe wactu Uy, Us, Us,
U, menbinero guamerpa. Kax o rpanndHon Tovyke v € V' comocTaBuM Takyio r'pa-
HUYHYIO TOYKY ¥ = u(v) € U, 94T0 omopHas MIOCKOCTh K V B TOYKe v MapalielbHa
KacaTelbHOH MIOCKOCTH K U B ToYKe u (IpH 5TOM ¢ BBIGHpaeTcd Tak, 4To6bl U n V
JIeKANN 1O OJIHY CTOPOHY OT 3THX mockocTel). Touky v Ha rpanune V oTHeceM K
Vi, ecan u(v) € U, 1 < j < 4. Noxaxem, 4T0

diamV; < D, 1<j<4. (22)
[omycTnM, 9TO IpN KakoM-HUOY b j 3To He Tak m diamV; = D. Illycte An B —
IBe rpaHmYHEle TOUKH Vj, 1A xoTopeix |[AB| = D. Ilposegem wepes A u B 1Be

TJIOCKOCTH, MEPHEHNKYIsapHble oTpesky AB. fAcHo, uTo V jexuT B motoce Mex Iy
wumu (nHade diamV > D). TlosToMy NpoBeieHHBIE TVIOCKOCTH ABJIAIOTCA ONOPHBIMU

*)Yrpepxgenna A u B jokazaHu B [6, samaum 87 a, b]; cm. Takxke [6, 3agaun 101, 102].
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Kk V. 3HaunuT, KacaTelbHBIE TUIOCKOCTH K Tapy B Toukax u(A) n u(B) (mapamiensHbie
MPOBEIEHHBIM OTMOPHBIM TIIOCKOCTAM) NapaddeabHbl ApyT ApyTy, T.e. u(A) n u(B) —
MMaMeTpalbHO MTPOTHBONOMOXKHLIE Toukn mapa . [losToMy paccTosHne Mex 1y HU-
mu paso D. C gpyroit ctoponsl, no mocrpoennto u(A) u u(B) npunagrexar Uj,
TaK 9TO PacCTOAHWE MeXay HuMmu Menbime D). [lomydennoe mpoTuBopedme goKa3bl-
BaeT (22).

ITycts Tenmepr O — amo6aa Touka ayTpu V. Coequamm O oTpeskaMm co BCEMU
TouKaMu v € V; m obbeauHeHNe DTUX OTpeakoB oboznaunm depea W, 1 < j < 4.
fAcuo, uto, BBuAy (22), diamW; < D. IlocTpoenHble (KOHyCH W 3alONHAIOT BCe
BHIIyKJ0€e Temo V, T.e. o6pa3yioT pasbuenme V Ha 4 9acTw amaMeTpa MeHbIne D.

[IPUJIOKEHUE 3. TEOPEMA BOPCYKA B R?

B aBrycre 1998 roaa mwa X metuen koudepennun Typuupa [opogos B ['amGypre
AbBoOBcKMe MKOALHUKN Pycaan Barpmmu n Makcum /laBbifoB moay<unan

HOBO€ JOKa3aTeJbCTBO I'IIIOTE3EL BopcyKa B RS.

TEOPEMA. ITycmb M — 3amxnymoe svinykaoe muoxscecmeo ¢ R3, D — dua-
memp M. Toeda M moocro pazbumv na 4 wacmu — kasxcdasa duamempa menvwe D.

JTOKABATEJBCTBO. BBegeM cienytomine o603HAMEHNS

By — Haumenvwuti map, cogepxammin M,

So — ero chepa,

Ry — ero pananyc,

V — samkHyTad BeIyKaad o6oaouka M NSy (T.e. MUHNMAaIbHOE 3aMKHYTOE BBI-
[YKJIOe MHOXKECTBO, CojlepkKalllee Bce TOYKH MHOXKecTBa M, monasime Ha chepy Sp).

JIEMMA 1. V' codepacum yenwmp 0 wapa By.

JIEMMA 2. Bo3modcHbt mpu cayuaa:

(a) V. — ompesok daunvi 2Rg,

(b) V. — mpeyeoavnux 6 sksamopuaavroti naockocmu By,
(c) V codepaucum snucannwii 6 wap By mempasdp T S 0.

JIEMMA 3 (0 MUHUMAKCE). Iycmy Ty — npasuavruiti mempasop, 8nucaHHuiil
6 wap By, po — dauna ezo pebpa; T — Henpasuavnbiti mempasdp, enucauuvlli 6
wap By u codepacawuii yewmp 0 wapa By, p — dauna nauboavwezo pebpa T. Toada

p > po-

Mcnonbsysa koHCTpYKUMio, u3o6paxennyto Ha puc. 3b (cm. Ipuaoxenue 2), pas-
peaum map By #Ha deTwipe wactu C1, Cy, Cs, Cy.

JIEMMA 4. diamC; =pg, 1 <j <4

B caydasnx (a) u (b) (cM. memmy 2) Teopema Bopcyka Jerko cieyeT n3 geMMsl 4.

B cayuae (c), ecin Terpasap T B JemMMe 2 — HempaBWILHBIM, Teopema Bopcyka
crefyeT U3 JeMm 3 u 4.

Haxonem, nycts T' B ciydae (¢) — mpaBuiabHbl TeTpasap ABCD (c pe6pom pg),
Tak 9ro diam M > pg. Toraa nocrpoum Terpasap T = A’B'C'D’, cumMeTpudHbIi
T oTrocuTeasno nenTpa 0 mapa By. Ucxoaa ma T’ mpoBegem Takoe TOCTpOEHMe,
kak Ha puc. 3b, u mpumenum aemmy 4.

Ecan diam(M N Cj) < po, 1 < j < 4, To Teopema gokasaHa.
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Ecan diam(M N C;) = pg npu HexoTopoM j, To M conepxut peépo T'. Ilycts
IS OTIpEeIeIEeHHOCTH 3TOo — pebpo, Buxoadmee n3 Bepumubl A’. Torga M D AA’,
Tak 9To diam M = 2Ry > pg, U TeopeMa B 3TOM clydae TOXKe HOKa3aHa.

BAXKHOE 3AMEYAHUE. Jlemmbr 1-3 o6o6matoTcsa Ha Bce pazmepHocTH d > 3,
" AUIIb Tpu 0606IIEeHNH JeMMBI 4 0Ka3aTeAbCTBO He MPOXOAUT yKe misd d = 4.
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