Ham CEMHHapP: MaTE€EMAaTHNIE€CKHE
CIOXKETHhI

XapaKTepUCTUIECKIE KIACCH I HAMMHAIOIINX

/1. PenmoBur* A.B. Cxonenkos!

‘You mean ... ’ he would say, and then he would rephrase
what I had said in some completely simple and concrete
way, which sometimes illuminated it enormously, and
sometimes made nonsense of it completely.

I. Murdoch. Under the Net!)

§1. BBEIEHUE

Teopusa NPeNATCTBAN ABIAETCA (PYHIAMEHTAILHOM YACTHIO aarebpamde-
CKOM TOIOJOTMY W MMEET MHOTOYUCICHHBIE NMPUMEHEHUS 33 €€ TPEIeNaMu.
K coxalennio, B CyIMECTBYOIAX U3JI0KEHUAX U3y ICHUE TEOPUH TIPEIATCTBUN
HQYUHACTCA C QIUATEIBHOT'O OCBOCHUA HEMOTUBUDOBAHHBIX H,GCTpa,KTHLIX I10-
HaTun 1 Teopud. OTHAKO OCHOBHHIE WAEM 3TOM TEOPUU MOXKHO HOCTYIITHO
U3I0XKUTEH 9EJIOBEKY, HE MMEIOIIEMY TIyOOKUX CIENHAATLHBIX TO3HAHUU B TO-
mosoruu. TakKoMy W3JI0XEHWI0O W TIOCBAIIEHA HACTOAIIAA 3aMETKa, TAe UJeH

*E-mail: dusan.repos@uni-1j.si
Pa6oTa yacTruHO moAAepxKaHa NCCIEJOBATEILCKUM I'PaHTOM MuHMCTEpPCTBA 06pa30BaHNA,
Hayku u cuopra pecmybmmku Crosenus Ne101-509.

TE-mail: skopenko@mccme.ru
Pa6ora wactuwano noggepxana rpaarom PODU Ne99-01-00009.

U(Bs1 x0THTE CKA3aTH ... » — HAYMHAI OH M MEPECKASHIBAI MOY CIOBA KOHKDETHO I
MIPOCTO, IMOCIE Yer0 MO MBICIL 00 0Ka3bIBAIACHE MHOT'O IMOHATHEE U I'IyOxe, 160 060pa-
quBanack momHeunmenn demyxonn. (A. Mepaok. «Ilox cersion, nep. ¢ aara. M. Jlopwe.)

MaTemaTuyeckoe npocsewenue, cep. 3, sbin. 6, 2002(60-77)
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TEOPUM HPENATCTBANA IIPOJEMOHCTPAPOBAHEI HA MPOCTEUIIAX IACTHHIX CIY-
4Janx. B Hem cymecTBeHHO ympomeH u gopaboraH Mmarepmar w3 [RS00, §3].
OcnoBubIM npenmymectsoM nepes [RS00, §3] saBaseTcs BO3MOXHOCTE HATIA -
HO 4300Pa%#amb TPENATCTBAA.

Teopusa TpenATCTBUU OCHOBAHA HA CICAYIOMIEW NPOCTOU UAEE, HTACTO
BCTPEYAIOMENCA TIPU PENICHUH ITKOJIBHBIX (B YaCTHOCTH, OMUMIIMAJHBIX) 3a-
A9 HEBO3MONCHOCTD HEKOTOPOUM KOHCTPYKIIMM MOXHO [NOKA3aTh MyTEM MO-
CTPOEHUA AITe6PATIECKOTO NPENAMCMEUA, WA UHEAPUAHMA (HATIPAMED, U3
co00OpaxXeHun 9eTHOCTH). TOTHO TaK XKe HEIKEUBALEHMHOCTL KOHCTPYKIMN
9aCTO JOKA3BIBAETCA IIyTEM MOCTPOECHWS AIreOPAMIECKOrO UHBAPUARMA, UX
Pa3InIAomEro (3TOT MHBAPUAHT ABIAETCI NPENAMCMEUEM K SKBUBAICHTHO-
crm). MHOrme HEMOXOXWE APYr HA APYra 33Ja9¥ TOHNOJOTUY AHAJOTUIHBIM
06pa3oM eCTEeCTBEHHO IPUBOJAT K MOXOXUM APYT Ha APYra Npensmcmeu-
Aam. B HacTosmen 3aMeTke STOT IPOIECC IPOJEMOHCTPUPOBAH HA IPUMEPE
HanboJee HATVIATHBIX TOMOJOIMIECKUX 3a0a4.

Hacrosamas 3amMeTka 0OCHOBaHA HA HUKJE JEKIUU, IPOYATAHHBIX BTOPHIM
aBTopoM B JeTHed mkoae «COBpEeMEHHAs MATEMATHUKA», OPTAaHU3OBAHHOU
Poccunckon Axanemmen Hayk m Mockosckum IlenTpom Hempeprisroro Ma-
TemaTundeckoro Obpasosanus mon lyouou B mrose 2001 r. Bripaxkaem 6uia-
roxapaocTs M. H. Bsatomy 3a MmHOrO4mciaeHube 06Cy XK qeHAsI, ClIOCO6CTBOBAB-
Ve YJOy9IIIECHUIO N3J0XKEHUA, a TaKXeE 33 MOATOTOBKY DUCYHKOB.

§2. COBETBI YUTATEJIO

Hacrosamas 3ameTka npeqHa3HAYEHA, B IEPBYIO OYEPEIb IS YUTATEICH, HE
BIANEIOUX TOIOJOTMEN, HO MBI CMEEM HAAEATHCSI, 9TO OHA OyJeT MHTEPECHA
7 cnenmanructaM. B 3ToM maparpade MBI OpUBEJEM HECKOABKO COBETOB [
YUTATENEN-HETOIOJIOTOB (IATATEN0, YKEe 3HAKOMOMY C aareGpandecKon To-
HOJMOTMEN, JOCTATOYHO NPOYUTATH ABA NOCAeAHUX a03ana). [las normManums
§3 —§6 mMOCTATOIHO OOGBLITHON T'€OMETPUIECKON WHTYHUIUH, a [ TOHUMAHUSI
66abiIen 9acTu §7 HOCTATOIHO HHTYUTUBHOT'O IIPEACTABICHUS O TPEXMEPHBIX
MHOroo6pasuax. B dacTHOCTH, Bce HEO6XOAUMEIE anrebpamdeckme O06bEKTH
(CO CTpaLIHBIMM HA3BAHWAMY (TPYIILI TOMOJOTUNY U «XaPAKTEPUCTHIECKUE
KJIACCHIY) €CTECTBEHHO BO3HUKAIOT M CTPOrO 0Npedeisiomcs B IPOLeECCe N0-
Ka3aTeabCTBa TeopeM. Mul He TpefyeM OT YuTaTers 3HAKOMCTBA ¢ airebpa-
MYIeCKVM IOHATHEM I'DYIIH, B T€KCTe MOXHO BOCIPUHUMATEL DTO CIOBO KaK
CHUHOHUM CJIOBA «MHOXECTBO».

HamomMuwM nomaTume aBymepHOro MmuOroo6pasmsa. Jlo6oe (KOMIAakTHOE
CBS3HOE) OBYMEpHOEe MHOroob6pasue (2-muoroobpasme) N MoxeT OHITH IIO-
JLy9eHO u3 Ccepbl, TPOEKTUBHON mIockocTu mwiu OyTwuiku Kaenna (pmc. 1)
NPUKJIEMBAHUEM § PydeK ¥ BhipesaHueM h gwipok (puc. 2). 3gecs g = g(N)
(pod mmoroobpasus N) m h = h(N) — HEKOTOpBIE YHCIA, OLHO3HATHO
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cdepa S? IIPOEKTUBHASA ILIOCKOCTh OyToLika Kienna
Puc. 1.
BHIPE3aHNE JLIPKA TIPUKJIECUBAHUE PYIKU
Puc. 2.

ompegenaseMble 1o moBepxHocTu N. [[ByMepHOe (KOMIIAKTHOE) MHOT006pa3ne
HA3BIBAETCA 3AMKHYMbIM, €CTA B HEM HET IBIPOK.

Paszbuenuem deymepro2o muo2006pasus N HA3BIBAETCS TAKOE €ro pas3tm-
€HNE Ha MHOTI'OYyT'OJNBHUKU, ITO JIIO6]:>Ie ABA U3 HUX MOT'yT IIE€PECEKATHCA JIUITH
no obbenumHeHNI0 UX pebep um BepumwH. [Ipm 5TOM BHYTDPEHHOCTH KaXIOT'O

7“3 MHOTOYTOJBLHUKOB [JOMXKHA OBITH TOIIOJO-
Z ' TUYECKU DKBUBAJCHTHA, NBYMEDHOMY MIUCKY,
T.€. JOMXKHA Pa3ObUBATHCA HA HACTHU JIOOOU
3aMKHYTOU HECAMOIIEPECEKAIOIIENCS KPUBOU.
Hanpuwmep, npeacrasiensas gHa puc. 3 cuTya-
U He ABAAeTCA pasbumenumeM. [Ipumepn pas-
O6ueHnY M3006paXKEHb HA pUC. 1.
KoamdecTBa Bepmuu, pebep m rpaHen
BBIOpAHHOTO pa3bmenus oboszmagaiorcs V, F
Puc. 3. n F, coorsercTenHo. Jiaeposot rapaxme-
pucmuKrot pa3bueHnss HA3BIBACTCA TUCIO Y =
=V — E+ F. 3T0 9MCI0 HE 3aBUCUT OT Pa3bMeHusa TaHHOIO MHOT00OPa3Us
u paBHO 2 — 29, 1 — 2g m —2g COOTBETCTBEHHO M CPEPHI, MPOEKTUBHON
mwiockocTy wim OyTeuiku Kienna ¢ g pyJkamu.

Herpyaao npoBepuTs, 94T0 I1060€ AByMepHOE MHOr006pasue umeet pa3bu-
enue (IpU NPUHATOM HAMM ONPEAEJeHHN ABYMepHOro MHoroo6pasus). OngHo
¥ TO Xe AByMEpPHOE MHOT000pasue MOXeT UMeTh pasuble pa3buenusa. O gHako
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MHOTHE BCTPEYANNMMECS B TEKCTe OOBEKTH (KaK, HAPUMED, DWIEPOBA Xa-
PAKTEPUCTUKA) He 3aBUCAT OT BHIGOpA pa3buenus 7' JaHHOTO MHOTOOODA3Us
N. B Takmx crydagx MBI MOJTYAJIUBO YKA3HIBA€M B UX OOO3HATEHUAX MHO-
roo6pasue N Bmecto pasbuenus T (manpumep, mumem X (N) Bmecro x(T)),
OCTABIAA YUTATEI0 IubO MOKA3aTh HE33aBUCUMOCTH OT BHIOOpa pa3bmeHwus,
an60 3aMeHnUTH Belogy N Ha T

Bonpmas wacTe MarTepmana (HAIpUMeED, O CBA3M XapaKTEPUCTHUIECKUX
KIaccoB ¢ (popMOM mepecedeHmMy) chOPMYIHpPOBaHA B BHIe 3ajad, 0003HA-
Ya€MBbIX XWPHBIMA YUCIAMU. BOCHOJIHeHI/Ie ,I[eTaJIeﬁ IOIPpUBOAMMBIX B TEKCTE
HaOPOCcKo8 00KA3AMEAbCNE MOXKET TAKKE CIYyXUTh MAaTEPUAIOM MIJII CaAMO-
croaTerbHON paboTel. ClefyeT HOAIePKHYTbH, ITO 3a4a49M He UCIOIb3YIOTCA
B OCTAIBHOM TeKcTe. KpyXOYKOM OTMeYeHHl 3aa4d, AIA MOHUMAHUA U De-
MIEHUA KOTOPBIX AOCTATOYHO 3HAKOMCTBA C BTOﬁ 3aMeTKOﬁ. B HEKOTOPBIX
OPYTHX 33a4a9aX MOI'YT BCTPETHTHCA HE3HAKOMBIE BAM TEDMUHBI; TAKWE 3a-
Jadd ClIefyeT NMPOCTO UIHOPHPOBaTh. OTMETHM TakXke, 9TO A PEUICHUI
32439 JOCTATOYHO MOHUMAHUA UX (HOPMYIUPOBOK U He Mpebyemcs HAKAKAX
[MOTIOMHUTENLHEIX TOHATUY U Teopuu. Eciu yciaoBue 3a1a49u aBaseTcs popMy-
JMPOBKOY yTBEPKACHUs, TO IOAPA3YMEBACTCS, ITO DTO yTBEPXK JeHHe TPeOy-
ercs gokasaTb. Marepmanr w3 [RS00, §§1,2,3.D] u sagauum u3 [RS00, §3.A,B,C|
[IOYTH HE MOBTOPSIOTCA 3/1€Chb, HO MBI DEKOMEHIYeM 3aWHTEPECOBABIIEMYCs
YUTATEN0 OOPATATHCA K 9TOMY MAaTEPHALY U HOPEIIaTh YKa3aHHbIE 3a,1a4N.
ITocxe sToro 4mrarens cMoxeT pazo6paTs Gojee NPOABUHY THIM MATEPUAAL U3
[FF89, §18, §19, MS74].

[las auTaTend, yxe 3HAKOMOT'O € aIre6pamdecKod TOMOIOTHEN, OTMETHM,
YTO MBI He UCHOIb3YeM CTAHIAPTHYI T€PMUHOJOTHIO TEOPUU IPENATCTBUAU
TaM, € MBI CIATAEM, 9TO OHA HEymobOHa i HadwHAomero. Kpome Toro,
B DTOM 3aMeTKe IPEIITCTBUA JeXAT B IPYNIAX 20M0402ull, & HE B I'PYIIIAX
K020M0.402uT (H30MOP(MHBIX TOMOJOTUAM BBUAY ABoMCTBeHHOCTH Ilyankape).
Nwvenno sTa Touka 3peHus (ABONCTBEHHAA CTAHAAPTHON) IO3BOIAET HA2AAIHO
u306paNHCaMb TPENATCTBAL.

§3. OPUEHTUPYEMOCTD

Opuenmayus JByMEPHOTO TLIOCKOTO MHOTO-
yI'OJIbHI/IKa 3a0aeTca JIe)KaIlIeI‘;I B HEM Opr)KHO-
CTBIO €O cTpenkon. [IBymepHOE MHOrOO6Gpasme
HA3LIBAETCA OPUEHTMUPYEMbIM, €CIA MOXKHO TaK
BBECTHU OPUEHTAIIAN Ha BCEX TPAHAX HEKOTOPO-
ro ero pasOuWeHus, 9TO OHU CO2A4GCOBGHbI A
COCeIHUX TPAHEN, T. €. 3a4aI0T Ha WX 00IIeM pe-
6pe nPomueonosoxcHvie Hanpasienus (puc. 4). Puc. 4.
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Taxo HAOOpP OPUEHTAIMN HA T'PAHAX PA30OMEHWA HABBLIBAETCA OPUEHMAYUET
MHOT'000pa3us.

B aTux ompefereHMAX BMECTO CIOB «HEKOTOPOTO pa3OHEeHUsS» MOXHO IIO-
CTaBATH WIIOGOT0 pa3bueHus» (KTO HE XOUET ITOrO JOKA3BIBATH, MOXKET CUU-
TaTh, 9TO HUXE Be3/le PACCMATPUBAIOTCA 2-MHOT000pas3ns ¢ (PUKCAPOBAHHBIM
pasbuenuem). Hanpumep, Top (puc. 5) opuentupyem, a muct Mébuyca (puc. 5)
HeopueHTHPYeM (goKaxwuTe!).

1%
1%

u/\v

TOp auct Mébuyca

Puc. 5.

TEOPEMA OPUEHTUPYEMOCTH. Kaxcdoe u3 caedyrowuz yciosutl wa 3a-
mrnymoe deymeproe muozo06pasue N PasHOCUALHO €20 0PUEHMUDYEMOCTIU:

(W) nepeom krace Mltudens — Yuran wq(N) € Hy(N) nyaeso.

(M) N ne codepacum aucma Mébuyca.

Kpurepnu (W) ssasercs mo cyTu auums nepedOpMyIUPOBKON ONIpesee-
HUS OPUEHTHUPYEMOCTH Ha aarebpamdeckoM s3wvike. Ho OH BaXXeH HE TOIBLKO
caM 1o ce6e, HO M KaK WLTIOCTPAIUSA METOJa TEOPUM NPENATCTBAU (CM., B
YaCTHOCTH, HUXKeCAeAyouyo 3anady 1). Kpome Toro, u3 Hero merko nory4a-
ercs Gonee npocron kpurepun (M) (ynpaxuenue).

OnPEAENEHUE Hq(N), w1 (N) 1 TOKA3BATEILCTBO KPUTEPUSA (W). Pe-
KOMEHJyeM YUTATEeN0 pa3o6paTh 3TO NOKA3ATEeILCTBO CHAYAMA [JIA CILydad,

o korga N — Gyrouika Knemna (puc. 6). Bossmem mexoropoe

O" pasbuenue muOTOOGpasusa N u 3agaguMm HAGOP 0 OPUEHTAIAN
Ha, IpaHAX pas3buenus. Pe6po pazsbueHus moKpacuM B KPACHBIA

O LIBET, €CIM OPMEHTAINY Ha MPUMHBIKAIOUINX K HEMY I'DAHAX Pac-
. cozaacosanyi (T.e. 3a1a10T Ha DTOM pebpe 0dunaKrosbie HATIPA-
Brenus). O6befuHEeHNe KPACHBIX peGep Ha3BIBAETCA NPEnim-
cmeywum Yyukaom w(o). JaHEEI HAGOP 0 OPUEHTANMN TDa-
HEW OmpefieseT OPUEHTAIMI0 MHOr000pasmsa TOrAa W TOABKO TOTAa, KOT'AA
w(o) = @. Ha puc. 1, 5 u 6 XupHBIMYU IUHAAME U306PAKEHBI HEKOTOPHIE
IpeACTaBUTENN w NepBoro kKiaacca [ltudens — YurHu (T. e. IpenaTCTBYONME
nukie). Jlerko mposepuTh, 9TO B rpade w(0) u3 Kax oW BEPIIMHBI BHIXOAUT
geTHOE 4mcao KpacHeix pebep. [loarpadsl BHIGpAHHOTO Pa3bMEHUs C TAKUM
YCJIOBHEM HA3BIBAIOTCA YUKAGMY. ITOOB HE MyTATHb WX C UUKJIAMEA B CMBI-

Puc. 6.
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cie Teopuu rpadoB, UX MOXHO HA3BIBATH MOMOJOTUIECKAMU [TAKIAMHA, HO MBI
9TOTO AelaTh He OyaeM.

Ecaz w(0) # &, To 0 HE onpejenseT OPUEHTALUN MHOI006DA3Us, HO eIle
HE BCE MOTEPSHO: MOXHO MONBITATHCSA M3MEHUTH 0, TaK ITOOHI MPENATCTBY-
FOIUN TUKI CTAJI MyCcTHIM. [[JIs 5TOro BEIACHUM, KaK w(0) 3aBUCUT OT 0. [Ipu
M3MEHEHUN OPUEHTAIMA OAHOU rpanu K w(o) mpubasiasercsa (mo mMomymrio 2)
rpaHuna >Tou rpaau. [Ipn n3aMeHeHn OpUEeHTAIINY HECKOILKUX IPaHen K w(0)
IpUOABIAETCA CUMMETPUAYIECKASA PA3HOCTD (CyMMa, IO MOAYJIIO 2) TPAHMAI] DTUX
rpaneu. ByjeM HasbIBATH TaKXke e2panuyel CyMMy T'DAHUI] HECKOILKAX I'Da-
HEW.

PaccMoTpuM omepanuio CHMMETPUYECKOM DPAa3HOCTH (MHBIMM CIOBAMH,
CYMMBI II0 MOAYJIIO 2) HA MHOX€ECTBE BCEX IUKJIOB. HazoBeM nukist wy u wy 20-
MOAO2UUNHBIMU, ECTHA W] — W9 €CTH rpaauna. HeTpyaHo NOHATH, 9T0 ecau w(0)
ABJAETCA TPAHMIEN, TO MOXHO H3MEHUTH 0 HA O, TaK 9TOOBI IOXYy9AIOCH
w(0') = @. HeTpyauo TakXe MOHATH, 9TO IIPA K3MEHEHUA HAG0PA 0 OPUEHTA-
[UY NPENATCTBYIOMAN UKI w(0) 3aMEHAETCA Ha TOMOJOTUIHBIN IIAKIL.

SIcHO, 9TO TOMOIOTUIHOCTD ABIAETCA OTHOIIEHWEM DKBUBAJICHTHOCTH HA
MHOXeCTBe nuKI0oB. I'pynna Hi(N) KIaccoB 9KBUBAIEHTHOCTH (T.€. IUKIOB C
TOYHOCTBIO [0 TOMOJOTUYHOCTH) HA3BIBAETCA 00HOMEPHOU 2pYnnot 20m0.40-
euti nosepzrocmu N (¢ kosfPuyuenmamu 6 Zg). MoxHO F0KA3aTH, 9TO OHA
3aBUCUT UMEHHO 0T N, a He OT BBIOpaHHOrO pasbuenus. Knacc romonoruaso-
CTH NPENATCTBYIOMEro MUKIa w(0) B Hi(N) ABIAETCA N04HbIM TIPEIATCTBAEM
K opumeHTHpyeMocTu MHOroo6pasus N. OH u HA3BIBAETCSA IEPBHIM KJIACCOM
Mrudens - Yuran. g

IIpu paccyxaeHuAX C TOMOJOTMIECKUMHA KJIACCAMU OOBITHO CHAYAIA, Pa-
00TaT ¢ NPEACTABIAIOIIIMYA UX IIUKIAMHU, 3 IOTOM ATOKA3BIBAIOT HE3aBUCHU-
MOCTBb OT BHIOOPA IUKJA B JAHHOM KJIACCE TOMOJOTUH.

B sTux 3agavax uepes N o0603Ha4YaeTCsa 2-MHOroobpasue.

10. Muoroo6pasue N — w OpEEHTHPYEMO AJA JT060r0 IpeacTaBuTerd w kracca wi(N).

2°. CopmymupyiiTe u JOKaXKUTE AHATOT TEOPEMbI OPUEHTUPYEMOCTH 1A MHOTOO6DA-
suit ¢ kpaeM (o6o3nadenue: wi(N) € Hi(N,0N)). Hapucyirre npeacTaBATeNb IEPBOrO KIAC-
ca llltudens — Yurau (T. €. IPENATCTBYIONMI IUKI) Ha ducTe MéEbmyca.

3%, a) Hy(N) = 222,

b) Hecamonepecekaronmecs nukiasl nopoxgaior Hi(N).

4. Ilepecenenuem a Nb AByX TOMOIOIMIECKAX KIACCOB a,b € Hi(N) Ha3BIBAETCA IMCIO
TOYeK IepecedeHna M0 MOAYI0 2 IPeACTABIAIINX UX IWKIOB OOIIEro MOIOXKEHUA. 3aMe-
THM, 4TO JaXe eClIX JaHHbIE NOMOJOTMYECKHE KIACCHI COBIAAIOT, NMPENCTABIAIOIINE HUX
OUKJIBL MOy T OBITH Pa3IAIHEL.

a) [JoxaxXuTe KOPPEKTHOCTb 3TOT0 ONPENEICHUA.

b) w1 (N)Na =aNa gas mo6oro a € Hy(N). [as rOMOIOrIIECKOr0 TUKIA G, TPEACTA-
BIEMOr'0 3aMKHYTOM HECAMOIIEPECEKAIOIENCA KPUBOU, STO BEIpDaXkKEHUE PABHO 1, ecau mpm
06x0/ie BAOIb 3TOM KPUBOM MEHAETCA OpMEHTanws, u paBHO (, €CIn He MEHAETCA.

¢) wi(N)Nwi(N) =x(N) mod 2.

d) Ilepeceuenue onpegenser 6umuenayio bopmy Hi(N)x Hi(N) — Zs panra 2—x(N).
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e) Ilo naanere Tomomora, nmeromen ¢opmy Topa, TeKyT pekn Mepuguan u Ilapamxtens.
[IBa MaIeHBKUX IPUHIA NPOILIYA 110 [IAHETE U BEPHY/INCH B UCXOAHYIO TOYKY, IPUIEM OLWH
3 Hux nepexogur Mepuaunan 10 pas, a Ilapamrers 17 pas (TpaHCBepCcaIbHO), & IPYTOX —
9 pas u 12 pas, COOTBETCTBEHHO. [JOKaXWUTEe, ITO OAUH MAJCHLKUN IIPUHI[ BUIEJ CJIEIbI

APyroro.

f)* Ucnoassyirre dbopMy IEpeCedeHUT AIsS MOCTPOEHUs ATMOPUTMA HAXOXK AEHUA POAA
rpada.

5. CopMyampynTe U JOKAXKUTE AHAJIOTM TEOPEM M 33Jad 3TOr0 maparpada Ias MHO-
roo0pasuil IPOU3BOILHON PA3MEPHOCTH.

§4. KJIACCUDPUKAILIUA PACCJIOEHUN

Wcnonbsyemere B 3ToM maparpade OCHOBHBIE IIOHATHA TeOpuu TpadoB
kpaTko HanoMmueHsl B [RS00]. Ilycrs gam rpad K. Packpacum ero pebpa B
Pa3HBIC LIBETA. BOBbMeM JEHTOYKMU TEX K€ IIBETOB U IIOCTABUM B COOTBETCTBUE
KOHIIAM KaXX/OU JEeHTOYKW BEPUIMHEI, WHIMEHTHBIE COOTBETCTBYIOMIEMY De-
6py. CkiIenM KOHITBI JEHTOYEK, COOTBETCTBYIOIIAE OJHOM W TOW X€ BEPIIUHE.
3aMeTuM, 9TO I KaxJIou k — BadeHTHOCTb BepmumHE (puc. 7). [Moxygen-
HBIA PACKPAIIEHHBIA IBYMEPHBIN OOBEKT HA3BIBAETCA PACCAOEHUCM CO CAOEM
ompesok (uau I-paccaoenuem) nad epagon K. Ilpumepsr: quivHAp Win IucT
Meé6uyca Hax OKpyX)HOCTBIO (puC. 5).

/‘

Puc. 7.

Ecau paccTaBuTh CTPEIOYKE HA OTPE3KAX CKIEUKH, TO KAXIasd JEHTOIKA,
60 nepexpyuena (CTPEIKU HA e KOHIJAX MPOTUBOHAIPABIEHH ), 1100 He ne-
pexpyuena (CTPEIKH HA KOHI[AX COHATIPABIEHE). /IBa pACCIOEHU HABHIBAIOTCA
IKBUBAAECHMHBIMY, €CIU TIPH MOAXOIAMIEN PACCTAHOBKE CTPEIOYEK JI0OBIE [Be
JeHTOYKM OJHOTIO IIBETa OJHOBDPEMEHHO INEPEeKPYdIeHHI MIN OJHOBPEMEHHO HE
TIepeKpyYeHHI.

3aMeTHuM, 9TO €CIN PACCMATPUBATDL PACCIOCHUA HA T HEKOTOPHIM JEPEBOM,
TO BCe OHM OKA3BIBAIOTCSA DKBUBAJCHTHHIMU. HepKBUBaJIEHTHLIE PaCCIOEHUS
TMOABIAIOTCSA TOMBKO IIPY HAIWYAYN MUKIMIECKUX 0OXOLOB B Tpade.

TEOPEMA KJIACCUDUKAIINU PACCJIOEHUN HAJ TPA®OM. Muoscecmso
Kaaccos sxsusasenmuocmy I-paccaoenuti nad K nazodumes 60 63aummo 00-
no3uaunom coomsememeuu ¢ Hi(K).

HABPOCOK MTOKA3ATEJILCTBA. Paccmorpum pacciaoenue N Ham rpadom
K. Bribepem HabOp 0 CTpeJIOYEK Ha OTpe3kax ckienku. [locTaBum Ha pebpe
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rpada K emumHWIly, €Cam COOTBETCTBYIOMAA JEHTOYKA OKA3AJIACH IIEPEKPY-
YEHHOW, U HOJb, €CIU HelepeKpyIeHHou. Ha3zoBeM MOy YeHHy0 PACCTAHOBKY
npenamemeyowet 1 0603HaIUM w(0) (TMOSACHEHNE K HA3BAHUIO, HE UCIOIb3Y-
eMO€e B JAJLHEUIIEM: DTa PACCTAHOBKA, MPEMATCTBYET OPUEHTUPYEMOCTH PAC-
CJOEHUSA, ONPEIEICHIE KOTOPOI'0 YATATENb MOXET AaTh caM). ['pyTna IuKIOB
B rpade K onpegenserca ananormgso §3, obosnagaerca Hy(K) u HasbiBaeT-
ca odnomeprnot epynnot 2omono2uti rpada K. [aa 1060ro OUKIA ¢ CyMMa
w(0) - g 3Havenny w(o) mo BceM pebpam moarpada g He 3aBUCUT OT HAGOpA O
crpenouek. [Tosromy dopmyna wi (N, K)[g] = w(o) - ¢ koppekTHO 3agaer au-
Henuyio yuknuio wi(N): Hi(K) — Zj. OHa HA3BIBAETCA NEPBbIM KAACCOM
HMImugean — Yumnu pacciroernns. [[0Ka3aTeIbCTBO TOrO, ITO COOTBETCTBHUE
[N] = wi(N) sBaserca 6uekuen, OCTaBIsgEM B Ka9eCTBE yOpaXHeHUs. [

Ilycts Teneps gama Tpuanrymsanusa 1 nmosepxaHoctu N. Packpacuwm ee rpa-
HU, pebpa ¥ BEPIIUHHI B PAa3HHIE IBeTA. BO3bMeM IPU3MOYKM TeX XKe I[BETOB,
aT0 u rpanu TpuaHrymanun 1. Packpacum 60koBbie rpaHu u 60k0OBEIE Pebpa
KaX/I0M IPU3MOYKHA B T€ XKe [BETA, 9TO COOTBETCTBYIOMIKE UM pebpa u Bep-
[IMHBI COOTBETCTBYIOMmEN rpann. OTOX 1eCTBUM GOKOBLIE I'PAHU TPU3MOYEK,
OKpallleHHBIE B OJIWH U TOT Xe IBeT (IPU 5TOM OTOX JECTBIAIOTCA GOKOBHIE Pe-
6pa, OKpAIIEHHBIE B OJUH U TOT XK€ [BET). 3aMEeTUM, ITO [ KaXK J0U OOKOBOM
PAHE IPU3MOYKH 5TO MOXHO CAeraTh AByMsa cnocobamu (puc. 8). [loxygen-
HBI PACKPAIIEHHBIA TPEXMEDHBIN 00HEKT HABBIBAETCA PACCAOEHUEM CO CAOEM
ompesor (uau I-paccaoenuem) nad noseprnocmuvio N. Hanmpumep, peryasap-
Has OKPECTHOCTH (T.€. MaJeHbKAs OKPECTHOCTH 6€3 WINLIHUX» ABIP) ABYMeEp-
HOT'O MHOroo6pa3usa B TPEXMEPHOM fABIAETCA IPOCTPAHCTBOM I[-paccioeHus
(T.e. aBasercs [-paccroeHUEM TP HEKOTOPOU PACKPACKE).

[lBa paccioeHWs HA3BIBAIOTCA IKBUBAAECHIMMHbIMU, €CIU HA TPUA3IMOIKAX
MOXHO TaK PACCTABUTH CTPEJOYKH, COHAIIPABJICHHLIE IPYT C APYTOM U IapaJ-
JeIbHBIE OOKOBBHIM Pe6paM, YTO CTPENOYKYU B ONHOIBETHHIX OOKOBBIX I'DAHAX

Puc. 8.
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NPU3MOYEK DTUX IBYX PACCIOCHUU OTHOBPEMEHHO COHAINPABICHBI WIU OTHO-
BPEMEHHO TPOTUBOHANIPABJICHEI.

TEOPEMA KJIACCUDPUKAITUN PACCJIOEHUH HAJl TOBEPXHOCTBLIO. Mno-
acecmso I-paccaoenuti nad 3amruymuim 2-muo2006pasuem N ¢ mounocmovio
00 IKBUBAACHMHOCTNY HATOOUTNCS 80 B3AUMHO 00HO3HAUHOM COOMEEMCMEUY

Cc Hl(N)

[lokazaTearsCTBO TeoOpeMbl U KIaCCH(DUKAINIO PACCIOCHUN HAJ[ HE3aMKHY-
THIME 2-MHOT'000PasHAME OCTABIAEM YATATENIO B KadecTBe ympaxueHna. O
6IM3KOM TIOHATHH yTOJMMIECHAN, IX OPHEHTHPYEMOCTH W KIACCADUKAIAA CM.
[RS00, 3agaan k §3].

§9. IIOCTPOEHUE HEHVYJIEBBIX BEKTOPHBIX IIOJIER

Hanomaunm HEOPMATBLHO NOHATHE KACATEILHOIO BEKTOPHOTO nojsi. IlycTs
AByMepHOe MHOroo6pasue N IeXUT B eBKINI0BOM IPOCTPAHCTBE (0601 pas-
MEPHOCTH) TaK, 9TO B JIOO0UM TOYKE MHOTOOOPA3MA MOXHO IPOBECTH K HEMY
KaCcaTeIbHYIO INIOCKOCTE (TaKoe BIOXKEHUe HA3HBaeTca 2aadkum). Kacameann-
HbIM 8EKMOPHBIM Nogem HA ToqmHOXecTBe K C N Ha3BIBAETCA CEMEUCTBO Ka-
caTeabHBIX K N BeKTOpOB v(z) B Toukax z € K, HENIPEPHIBHO 3aBUCAIMX OT
Touku x € K. Ecaiu mHOroobpasue N 3a1aHO aOCTPAKTHO, & HE KaK TIaIKOE
BJIOXEHHOE MHOT006pa3me B eBKIUJOBO IIPOCTPAHCTBO, TO BMECTO CEMENCTBA
KaCaTeIbHBIX BEKTOPOB HyXHO OpaTh cemencTso Touek Y(x), z € K, Haxo-
JAIUXCA Ha MAJOM PACCTOSHUU OT TO4YKU r. KacaTeibHOe BEKTODHOE IOe
HA3BIBAETCA HEHYAEBbIM, €CITU BCE €r0 BEKTOPH HEHYJEBHIE (WIM, 9TO TO XKe
camoe, y(z) # = s moboro z € K).

UccrenoBanume BekTOpHBIX moten 6vwio HagaTo Ampum [lyankape B kade-
CTBEHHOU Teopuu AuddepeHnunaIbHbEX ypaBHeHnd. B oToM maparpade, cie-
oysa maesMm XauHna Xomda, MBI IOCTPOUM NPENATCTBHE K CYIIeCTBOBAHUIO
HEHYJIEBOT'O KACATEeIbHOI'0 BEKTOPHOT'O O HA JAHHOM IVIAJKOM MHOr0o6pa-
3uM. AHATOTUYHBIE PE3YIBTATH I HOPMALbHBIT TIONEN TPUBEIEHBI B BUE
3aga4. IlpuBoguMoe HUXE PACCyXKJA€HWE MHTEPECHO TeM, UTO OHO NAET sB-
HBIM c0C06 Nocmpoenus BEKTOPHOTO IOMA JJIA CIydas, KOrjJa HPEIsTCTBUAE
PaBHO HY.JIIO.

1. BnpodeM, OIE3HO AOKAa3aTh HE3ABMCUMO OT OOIIEr0 PACCYyXAEHHUA, ITO HA TOPE U
Ha II000M CBA3HOM JBYMEDHOM MHOI'0OOGDA3UH C HEMYCTHIM KpaeM (He 0613aTeIbHO OpPHEH-
THPyeMOM) CyMIECTBYET HEHYJIEBOE KaCATEIbHOE BEKTOPHOE MOIeE.

TEOPEMA DWJEPA — [IYAHKAPE. Kancdoe u3 caedyiowus ycaosull Ha
cepy ¢ pyusamu N pPaABHOCUALHO CYWECTNBOBAHUI EOUHUUHKOZO KACAMENb-
H020 8EKMOPH020 NOoA% Ha N:

(E) aucao (xmacc) dunepa e(N) € Hy(N,Z) pasno nyawo;

(T) N ecmv mop.
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Kpurepun (E) Baxen He Tombko caMm mo ceGe, HO U KaK WILIIOCTPAIIASL
METO/a TEOPUU NPENATCTBAN (CM., B IACTHOCTH, HUXKECICAYIOUIYIO 33439y 2).
Kpowme Toro, u3 mero noxydaercs 6omee npocron kpurepuu (T).

Poap Teopum mpenmATCTBUHA COCTOUT B C8edeHUU TOMOJOTUIECKUX 30T
HA, NPOU3E0ALHOM MHOTOOOPA3NM K TOXOXUM 330a9aM IS NPOCMeGUWUT, Mo-
deavnbiz MEOr006pasun. Hanpumep, Teopemy Jduepa — [lyankape Mbl cBegem
K 33/1a9€ O MPOJOMKEHNN BEKTOPHOTO TIOMA, 33, JaHHOTO Ha, TPAHUIE IUCKA, HA,
BeCh AUCK. BaxHO, 9TO /A TPUMEHEHWS TEOPUM IIPEINSTCTBAUA MOXHO BOC-
TIOMB30BATLCA PE3YALMAMOM PEIICHUA STUX MPOCTENINNX 33,13, HE BHUKAA B
€ro MOKa3aTeIbCTBO. YKA3AHHBEIE MPOCTENINE 3339 MOTYT PElIaThCA KaK
crenupuIeCKuMu METOAMU, TAK U CPEACTBAMYT TEOPUN TMPENATCTBUN. B oTon
3aMeTKe Mbl IPUBOAUM IIPOCTENINNE 330391 U UX PemeHus 6e3 NoKa3aTelb-
CTBA.

OnpERENEHUE H((N,Z), ¢(N) 1 LTOKA3ATEIbCTBO TEOPEMBI DWJIE-
PA — [IYAHKAPE. PexomeHnnyeM umTaTemo pa3obpaTh dTO AOKA3AaTEILCTBO
cHavana aas caydasa, korga N — cdepa (cm. puc. 9). Caoso «moner Gyaper
03HAYATDL «CAUHUIHOE KACATEIHLHOE BEKTOPHOE MOJey. Bo3bMeM HEKOTOpoe
pasbuenne MHOroo6pasua IN. BribepeM B KaxX 10U IpaHU TOYKY U 0003HAYINM
oIy YeHHOE MHOXeCTBO To4uek 4depe3 Uy. O49eBuaHO, 9TO MOXHO MOCTPOUTH
none Ha Uy (puc. 10). fcro, 9T0 5TO NOCTpOEHUE OAHO3HAYHO (C TOYHOCTHIO
IO HETIPEPHIBHOU 1e(POPMAIINN B KIACCE EIUHUIHBIX KACATETHLHBIX BEKTOPHBIX
nonen). [losromy cymecrBoBanme mous Ha N PABHOCHIBHO IIPOIOIKUMOCTA
nocTpoerHoro moas ¢ Uy Ha N.

TTocrpoum mogmuoxecTBo Uy C N mobasrenumem k Uy OTPE3KOB-TIEPEMEI-
9eK MeXJy TOYKamwu, nepecekawomumx pebpa (pumc. 10). Manas okpecTHOCTH
KaXJIOM MEPEMbIYKY DKBUBAJEHTHA (MBI HE YTOYHAEM, B KAKOM CMBICTIE) Ta-
CTHU IJIOCKOCTH. Kcau Ha IIOCKOCTH JEXUT OTPE30K, M HA €r0 KOHIAX 3374~
HO TIOJIe, TO DTO MOJE MOXHO TMPOJOIKUTH Ha Bech oTpe3ok (puc. 11). Ilo-
9TOMy TOCTpOeHHOe Ha, Uy mome MOXHO NpOoAOMXUThL Ha U;. 3ameTum, 9TO
TaKoe MPOOIKeHne HeoAHO3HAIHO. O603HaIUM noayyueHHOe Ha U moae |e-
pes v.

S s e

Puc. 9. Puc. 10. Puc. 11.
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Ilonpo6yem Teneps IpoOgOIKUATE TOIE v, 3aganH0e HA Uy, HA Bce N. Duk-
cupyeM HeKOTOPYIO OPHEHTAIMIO IIOCKOCTH R? m MHOTOO6pasma N. 3aMbl-
kaame A mo60oro u3 auckos B N — U DKBUBAJEHTHO YaCTH TUIOCKOCTH. «Pa3-
BepHeM» AucK A (BMecCTe C HOJIeM Ha HeM) Ha ILIOCKOCTBb COMIACOBAHHO C OPH-
earanuavu. Opuenranmsa gucka A (KOTOPBIY MBI YK€ CIATAEM JEXKAIMM Ha,
IUIOCKOCTY) TOPOXKAAeT HANPABICHUE Ha €ro IPAHUYHOU OKpyXHOCTH. Ipm
06x0/ie DTOM OKPYXHOCTH BJAOJb DTOr0 HAMPABICHWA BEKTOP HAIIErO TIOJA
MIOBEPHETCs HA HEKOTOpOoe meiaoe umciao o6oporos. IlocTtaBum 5T0 €mciao B
BEPIINHY UCXOMHOrO pa3bumenus, sexanryo B gucke A. [Ipogomkenue mois ¢
OA Ha A BO3MOXHO TOr[a W TOJBKO TOT[A, KOU[A DTO YUCJIO PABHO HYJIIO
(moxaxwmre!). Ilomyuennas paccTaHOBKA €(v) LEIBIX YUCET B BEPUIIXHAX Ha-
3BIBAETCA Npensmcmeyouet. PacCTAaHOBKM MOXHO CKIAJBIBATH: I DTOTO
OPOCTO CKIAABIBAIOTCA 9IHMCIA, CTOANIME HA KaXA0M pebpe (Takoe CIoxeHue
HA3BIBAETCA NOKOMNOHEHMHbIM). ['DYIIly BCEX PACCTAHOBOK IENBIX YUCEN B
BEPIIMHAX C ONEpaIell MOKOMIIOHEHTHOrO CIOXKEHHs o6o3HaumM depes Z,
rae V — 9ucio BepuIvH BHIOPAHHOTO pa30OueHwus.

Pazmmaue mex gy moasmu v 1 v’ Ha U7, coBmajgatommuM Ha Uy, MOXHO 13-
MepaTh (4 3aaBaTh) Tak. Ha xaxgoM pebpe MOCTABAM 9UCIO IIOBOPOTOB
BEKTOPa IIPpXA NOCACAO0OBATECABHOM ABUXECHUM BEKTOPA NEPBOro 1oJasa OT npaBoﬁ
Touku u3 Uy oOTHOCATEILHO (OPUEHTUPOBAHHOIO) pebpa € BAOJb IEePEMbIUYKY
K JIEBOM TOYKE, M BEKTOPA BTOPOI'O MOJA 00pAaTHO. 31€Ch MBI BHOBL MOIB3Y-
€MCH TE€M, 9TO MaJas OKPECTHOCTH KAXAOU MEPEMBIIKYA JKBUBAJICHTHA, IaCTH
mwiockocTu. [lonydeHHyi0 pacCTaHOBKY HA30BEM Pa34uuaioujeti 1 0603HAINM
d(v,v"): ecm d(v,v') = 0, To mone v ma U; MOXHO HEIPEPHIBHO PO AehOpMHE-
poBaTh B nose v’ (06paTHOE TAaKXKe CIpaBeaauBo). I Pymmy BCcex pacCTaAHOBOK
LEJIbIX 9UCe]T Ha pebpax BHIOPAHHOrO pa3bueHus C onepanuedl TOKOMIIOHEHT-
HOTO CcloxeHus ob6osnaswmM 4epes ZY rne E — kommdecTso pebep BHIGpaH-
HOT'O pa30ueHns.

Ecmm e(v) # 0, To v He mpogorxkaercsa Ha N, HO elle HE BCe IOTEPIHO:
MOXHO TONBITATHCA TAK W3MEHUTDL moje v Ha Up, 9TOOB TPenaTCTBYIOMAL
PaCCTAHOBKA CTala PABHOU Hya0. [l 5TOro BBIACHEM, Kak £(V) 3aBUCAT
ot v. [Ipy m3aMeHeHun moOJA HA OMHOU MEPEMBIYKE, IIEpecekaromen pebpo e,
«Ha 0MH 060pOT» K £(v) MpUOABIIETCS PACCTAHOBKA +1 B Hadame pe6pa e u
—1 B ero konne (u 0 Ha BCEX OCTAILHBIX BEPUIMHAX). JTA PACCTAHOBKA Ha-
3BIBAETCA 2panuyel pebpa e u o6o3HadaeTcsa de. Kaxnomy pebpy e oTBedaeT
(XaPaKTePUCTHIeCKAA PACCTAHOBKA e € Z equmamusr Ha pebpe e u HyaIa Ha
OCTAIbLHHIX pebpax.

Hazosem paccranoBku €1, €9 € zv 20MOA0RUUHBIMU, ECIA €1 —E9 = N10a1+
+ .-+ + ngdas; OIA HEKOTOPHIX pedep ai,...,0s W IEILIX YUCET N, ...,7Ns.
I'pynna Hy(N,Z) pacCcTaHOBOK ¢ TOYHOCTHIO O TOMOJOTUIHOCTY HA3BIBACTCA
HYabMePHot 2pynnoti 2omono2uti noseprrocmu N ¢ xospduyuenmany 6 7.
Ecam d(v,v") = nia1 + -+ + nsas, 1o €(v) — e(v') = n1day + --- + ns0as,
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OTKya cregyet, 9To kaacc Jdaepa e(N) = [e(v)] € Hy(N,Z) ne 3aBucur oT
v. 3Ha"mT, ¢(N) ABIAETCA TPENATCTBAEM K CyMIECTBOBAHUIO moast Ha N.
[l0Ka3aTeTLCTBO HE3ABACHMOCTY IPYTIIEI TOMOJOTHA U KJIACCa JWIEpa OT
Pa30MeHUs MBI OCTABIAEM YATATEN0 B KadecTse 3agadm. Tak xax d(v,v')
MOXET IPUHUMATE 4000€ 3HAYEHNe BUAA N1d1 +- - - +N3as, TO B ciaydae £(v) =

=n10a; +- - +ns0as MOXHO m3MeHUTH v HA ', 9T068L Oy mnocs £(v') = 0.
3uaunT, npenstcreue e(N) spiasercsa norasiM u kpurtepui (E) noxasam.
PasrocunsHOCTS yeaosun (E) u (T) BorTekaer u3 sagaunm 2. O

2. Ha muoroo6pasur N — supp & ects noxe gas ao60ro npeacrasurens € kaacca e(N).

3. Hy(N,Z) = Zue(N) = x(N) =2 — 29(N) (yxasanue: 31 n0as v, u300pakeHHOr O
Ha puc. b, e(v) =141 = 2; pasbepurecs, noiemy e 1 — 1 = 0).

4. OnpegemnTe xracc durepa e(/N) Kak IOIHOE IPENATCTBYE K IOCTPOCHUIO HEHYIEBOTO
KaCaTeIbHOIO BEKTOPHOI'O IOJLA HA 3aMKHYTOM HEOPUEHMUPYEMOM JBYMEPHOM MHOT000pa-
3um N. Ha kxaxmx 3aMKHYTBIX HEOPHEHTHUDPYEMBIX ABYMEDPHBIX MHOI'000pPa3uAX CYIIECTBYET
€IUHUIHOE KaCaTEIbHOE€ BEKTOPHOE HOJIe?

5. S'-paccroenns Han NByMEPHBIME MHOIOOODA3MAME M UX DKBUBAJCHTHOCTE ONpeEe-
JSIOTCA aHAMOTUYIHO [-pPACcCIOEHMAM € 3aMEHOU NMPU3MOYEK HA MOTHOTODPUSA, ABIAIOIINECST
IPAMBIME IPOU3BEJECHUAMM OKPYXKHOCTH St ma rpanu pas3bmenusa. Hanpumep, rpanuna pe-
I'yIAPHON OKPECTHOCTH JBYMEPHOrO MHOr006pasma 8 R* asrserca mpocrpamcTsom S'-pac-
croenns. [Joxaxwre, uro S° aBiserca mpocrpancTsoM Sl-paccaoenus mag S2. Joxaxwre,
4T0 MHOXECTBO S'-paccroenmit Hag 3aMKHYTBIM OPUEHTHUPYEMBIM CBA3HBIM 2-MHOT'000pa3n-
eM N ¢ TOYHOCTBIO O SKBUBAJICHTHOCTH HAX0AUTCS BO B3AUMHO 0 JHO3HATHOM COOTBETCTBUN
¢ Z (yxazaHue: OnpefeImTe IUCI0 wim Kiace Jivepa I-paccaoenns). Kak usmernTcsa OTBET
71 MIPOU3BOJIBHBLIX 2-MHOI000pasuit?

6. Jlo6oe 2-MHOT00Gpasye TIafko BIOXEMO B R

7. IlycTs pUKCUPOBAHO I'IaNKOE BIOXEHNE OPUEHTUPYEMOr0 IBYMEPHOI0 MHOT'000pa3usa
N B R*. Hopmaavnvim 6exmoproim nosem Ha moamuoxectse K C N C R* masmBaerca
HEIpepLIBHOE CEMENCTBO HOPMAILHEIX K [N BeKTOpOB v(z) B TOUkax ¥ € K, HEIpEepLIBHO
saBucamux oT Toiky & € K. Onpenenenne nepecedenns nano B 3anade 4 §3; HE06X04uMEBIN
HIXe aHAJIOr I MEeIBIX K03(DPUINEHTOB IATATEIDb JeIKO ChOPMYINPYeT CaM.

a) Ilocrpoure npenarcreue e(N) € Ho(N,Z) (nopmaavroe wucao Iiaepa) k CymecTBo-
BaHUIO HEHYJIEBOI'0 HOPMAIBHOI'O BEKTOPHOI'O MOJ.

b) Hopmaasroe amcao direpa paszo N N N.

¢) HopmanbHoe 4mcao duiepa paBHO HYIIO.

d) CymecTsyer mapa OpTOrOHATBLHBIX BEKTODPHBIX HMOJEH, HOPMAJbHBEIX K MHOT000pa-
3uo N.

8. [lna neopuenmupyemozo 2-MHOroo6pasua N

a) Pemure ananor 3agaam 5 (wmcao duxepa Gy aeT HeabiM, a HE BEIETOM IO MOAymo 2!).

b) &(N) =e(N) mod 2.

9. a) (Teopema Xonda.) Ha 3aMKkEYyTOM OpmeHTHpPyeMOM N-MHOT006pasmu N CymecT-
ByeT €AMHUYHOE KACATEILHOE BEKTOPHOE IOJe TOIAA U TOIBKO TOrAa, KOrAa Kaacce Jiaepa
e(N) € Ho(N,Z) nyznesomn.

b) Ecizr N cmano, 1o Ho(N,Z) = Zue(N) = x(N). Taree, e(N* 1) = 0 m e(S?*) = 2.

¢) Ecm N ¢cBA3HO m mMeeT HEmyCTOU Kpail, TO Ki1acc Jiepa aexut B Ho(N,ON,Z) = 0
u, 3Ha4nT, e(N) = 0.

d) Onpegenure xaacc Jtaepa e(IN) Kax NOTHOE NMPENATCTBUE K MOCTPOCHUIO €NMHII-
HOI'0 KaCATEILHOI'O BEKTOPHOI'O IOJI HA HEOPHUEHTHUPYEMOM N-MHOr006pasuu N,

10. e(N) = diag N diag, rae diag C N x N ecTb ZuaroHalIb.
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§6. KJIACCHU®PUKAIIMA HEHYJEBBIX BEKTOPHBIX IIOJIEI

IIycts Ha gByMepHOM MHOr006pas3uu N CylmiecTByeT HEHYJEBOE KaCaTelb
HOEe BEKTOPHOE TOJe. B HEKOTOPBHIX MPUIOKEHUAX BCTPEUYACTCS CICAYIONIAN
BOIIPOC: CKO4bKO CYIECTBYET TAKWX MOJEH (C TOYHOCTHIO J0 DKBUBAJCHTHO-
cTu) Ha >ToM MHOrooOpasum? IIpm 5TOM ABa BEKTOPHBIX MOJIA HA3BIBAIOT-
CA 9KBUBAAEHMHbIMY (AIH 20MOMONHBIMU), ECIA OJHO MOXHO NOIYy9ATH U3
APYrOro HENPEPHIBHON AedopMalrmen, B IPOIecce KOTOPOU BEKTOPHOE MOJe
0CTaeTCA KACATEIbHEIM U HEHYJIEBLIM.

TEOPEMA XON®A — YUTHU. Muoocecmso V(N) nenyaeswviz xacamenn-
HBIZ B8eKMOPHLIZ noaetd na mope N ¢ mounocmvio 00 20MOMONHOCTNY HA-
ZOOUMCA 60 B3aUMHO 00HO3HaAUuHOM coomeemcmeuy c epynnot Hi(N,Z) =
27 ®Z odnomepnviz 20mon02uti mopa N ¢ yeavimu xosdduyuenmanmu. Bo-
aee mozo, cywecmsyem maxoe omobpaxcenue d: V(N)x V(N) — Hy(N,Z),
umo d(u,-) asasemes buexyued u d(u,v) + d(v,w) = d(u,w) das ar0bbiz
u,v,w € V(N).

Yacte «6oree Toroy (o3Hagatomee, aro coorsercraue V(N) — Hi(N,Z)
B HEKOTOPOM CMBICIE «ECTECTBEHHOe») AeraeT TeopeMy Xomda — YUTHU UH-
TepecHou. Benb ecau 6BI DTOrO CBOUCTBA, HE OBLIO, TEOPEMA YTBEPXK JaJda ObI
auub To, 9T0 MHOXeCTBO V(N) cueTHO.

ONPEAENEHUE H;(N,Z) U HABPOCOK TOKA3ATEJIbLCTBA. PaccmoTpum
HeKoTOopoe pas3bumenue MHOr006pasua N. Bocmonrssyemcs mHOXecTBamu Uy u
U1, onpeneneHHsiME B ipeasiaymeM naparpadge. PukcupyeM HEKOTOpPOe HOoJe
v Ha, MHOroob6pasuu N. [locTpoerHoe B maibHENIIEM COOTBETCTBUE MEX Iy
V(N) m H1(N,Z) 6yger 3aBuceTs oT BeIGOpa moas v. Jlroboe apyroe moue
u TOMOTOIIHO TaKOMY, KOTOpoe coBmagaeT c¢ v Ha Up. IlosToMy mocraToduno
KIacCupUIUPOBATH BEKTOPHEIE IIOJs, COBIagaomue ¢ v Ha Uy, ¢ TOIHOCTHIO
1o romoronuu (IpaBja, dTa TOMOTONUSI MOXET MEHATH Houe gaxe Ha Up).
Urak, 6ygem cuuraTth, 9TO © coBmagaer ¢ v Ha Uj.

Dukcrpyem OTpOU3BOIHLHO HAIPABICHUE HA KaxX[0M pebpe pa3buenwus. Ilo-
CKOJIBKY TODP OPHUEHTHUPYEM, TO TEM CAMBIM IS Kaxaou asearouku us Uy — Uy,
coequHANER nBa Aucka u3 Uy, MOXHO BHIOPATEH HAUAAbHbIY U KOHEUHbIY I3
9TUX AUCKOB. IlyCTh TOYKA T ABUKETCA IO MEPEMBIYKE, IEPECEKAOIEN pe-
6po e, OT ee HAYAIHLHON TOYKM K €€ KOHETYHOU TOYKE, & TOTOM 00paTHO. [Ipn
IOBVKEHUM «TyAa» OyAeM OTKIAALIBATH OT TOYKA T BEKTOD u(r), a mpu ABU-
xeHun «0OpaTHO» — BeKTOp v(x). IIOCKOIBKY mepeMBIuKa TONONOrMYEeCKH
DKBUBAJEHTHA YACTH ILTOCKOCTH, TO KOPPEKTHO ONPeJeNeHO IUCIO 0O0POTOB
OTKJIAABIBAEMOro BekTOpa. [locTaBuM Ha pebpe e 310 umcao. Iloaygernyro
PacCTAHOBKY 0003Ha4mM 7y (u).

Tlockonbky mose u mpogomxkaercsa Ha N — Uy, TO w3 mpeabIAyero napa-
rpada BHITEKAET, 9YTO A JOOOW BEPIIMHBI TPUAHTYIALUA CYMMa, TUCET HA
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BXOJAKX B Hee pebpax paBHA CyMMe 9UUCEN Ha BHIXOAAIIAX W3 Hee pebpax.
Takue paCCTAHOBKU HA3BIBAIOTCA YuKAAMU (IPAAYMaNTe, KAK UX MOXKHO Ha-
rAgHO n306paxkaTh!). MHOXECTBO BCeX PACCTAHOBOK IIETBIX YMCeN Ha pebpax
pa3bumeHns ¢ omepanuel MOKOMIIOHEHTHOTO CIOXeHms o6o3HaamM depe3 ZF.
Ecmn u coBmagaer ¢ v ma Uy m y(u) = 0, To nons u u v romoronnsr. O6paTHOE
HEBEPHO, KaK MOKa3hIBAeT MPUMED CleAyomed romoronuu. /g rpadu a pas-
OveHVA U3MEHUM IIOJe U TaK, YTOOBI BEKTOD B ¢ CAeJIal OJUH 000pOT IPOTHUB
9aCOBOY CTPEIKY, BEKTOPA B MAJEHBKOM OKPECTHOCTH I'DAHMU @ (IOTAHYIACH)
34 BEKTOPOM B @, & BHE DTOW MAJIEHHKOM OKPECTHOCTH IOJE OCTAIOCH MPEeXK-
muM. B pesyabrare noayuum noxe v. [loraTno, 9TO y(u) €cTh paccTaHOBKA
+1 (B 3aBUCEMOCTH OT OpHeHTaNWU) HA pebpax, OrPDAHMYUBAIOIMX I'PAHD @,
¥ HyJed Ha BCEX OCTATbHBIX pebpax. DTa PACCTAHOBKA, HA3BIBACTCA 2paHuyet
epanu a m 0603HATAETCA 0.

B OKpecTHOCTAX T'paHen a1, . . . , s CASTAEM ONMCAHHYIO BHIIIE TOMOTOINIO
MOJIA U, IOBOPAYMBAA BEKTOPA B OTHX I'PAHAX HA N1,...,7Ns; 000POTOB, COOT-
BETCTBEHHO. DTy I'OMOTONNWIO MOXHO 33aTh PACCTAHOBKOU UHCET 71, . . . , g
HA TPAHAX 47,...,0s, COOTBETCTBEHHO (M HyJeH Ha OCTAILHBIX rpaHsx). O6o-
3HAYMM TIOLYYEHHYI0 PACCTAHOBKY dYepe3 [, a ToaydeHHOEe Tojde 9epe3 ur.
Torga y(u) — y(ur) = n10a; + - - - + nsdas. Hazosem mmkant y1,v9 € Z; 20-
MOAOUYHBIMUY, €CTU Y] — Yo = N10a1 + -+ + Ng0a; NI HEKOTOPHIX T'DAHEN
ai,...,0s A TEIBIX 9UCEd N1,...,Ns. [ pynna Hi(N,Z) uukios ¢ TOYHOCTHIO
[0 TOMOJOTHYHOCTH HA3BIBAETCA 00HOMEPHOT 2pynnotli xkozomoso2ut epagda
K ¢ xosgpuyuenmanmu 6 Z. O6oznauum d(u) = [y(u)] € Hi(N,Z).

Teneps pacCMOTPUM TOMOTOIHIO U; MEXIY TOMAMHE Uy W U1, COBIIATAIO-
mmMu Ha Up. [locTaBuM Ha KaxX JOM TPAHA ¢ IUCIO0 0O0POTOB IPU U3MEHEHUN
t or 0 go 1 BekTOpa u¢(x), rie £ — HEKOTOPAA TOYKA B @ (9uCIO 060POTOB
HE 3aBHCHAT OT BHIGOpA TOUKH z € a). [lomydeHHYI0 pACCTaHOBKY 0603HAYUM
I'({wt}). Jlerko nposeputs, aTo Y(ug) — y(u1) = n1da; + --- + nsdas. 3na-
ant, d(ug) = d(u1). HosTomy oTobpaxenue d: V(N) — Hi(N,Z) xoppeKTHO
OIIP€/IeIEHO.

Ecam d(ug) = d(u1) Am1a HEKOTOPHIX MOXER Uy U U1, COBHagatomux Ha Uy,
10 Y(ug) — y(u1) =n1daq + - -+ + nyday AIT HEKOTOPHIX TUCEL N1, ..., Ny €
€ 7. O6osmagas gepes I' € Z" paccramoeky «umcen ni,...,ny B BEPIIMHAX
ai,...,ay, AMEEM Uy =~ Upr =~ Uu1. llosToMy orobpaxenune d MHBEKTHUBHO.

Y106l 10Ka3aTh CIOPBEKTUBHOCTEH OTOOpaXeHus d, BO3bMEM ITPOU3BOJIb-
HBIT 1WKT Y. Bossmem monre u pasubiM v Ha Uy. Ha merTouke, mepecexaromen
pebpo e, BozbMeM y(€)-KpaTHYI NOAKPYTKY HOAA ¥ (CM. ONPEAENCHUE Iu-
kaa y(u)). [Jas mocrpoerroro nouas u umeeM 7y(u) = vy, moaromy d(u) = [v].
Jl0Ka3aTensCTBO NHBEKTUBHOCTH OCTABIAEM YMTATEN0 B KAYECTBE YIPAXKHE-
HUS. O

1. Knaccupunupyure HeHyIeBbIE KaCATeIbHEIE BEKTOPHEBIE TOMA C TOYHOCTHIO 0 TOMO-
TOINHOCTHU HA APYTHUX 2-MHOT 000pa3mAX.
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§7. IIOCTPOEHUE OPTOHOPMUPOBAHHBLIX CUCTEM BEKTOPHBIX
I[IOJIER

[pyrue xapaxTepuCTUIECKUE KIACCHI MOXHO «yBHIETHY TOJIHKO HA, MHO-
ro06pA3NAX PA3MEPHOCTHY TPH U BHIIIE. TPELMEPHbIM MHO2000DA3UEM HASHIBA-
ercsa (Xopomee) TPOCTPAHCTBO, JOKATBHO TOMEOMOP(HOE TPEXMEPHOMY MIA-
py- llpumepamu 3-MHOT0O6pa3UN ABAAIOTCSA TPOU3BEACHUSA 2-MHOT00OpA3UU
HA OTPE30K MIU OKPYXHOCTH (CM. Takxke §4 u 3agady 5 K §5).

Yuaenuk Xonda dayapsa lltuders paccMmorpen 3a1ady 0 IOCTPOSHUH Tia-
pPbl, MPOTUKY U M. 0. OPMOHOPMUPOEAHHBIE KACATEILHBIX BEKTOPHBIX IIOJEH HA
JOaHHOM MHOr006pasuu (BBUAy KaHOHHIHOCTH nponecca 'pama — [lImugra op-
TOTOHAJIU3AINA OPTOHOPMUAPOBAHHOCTE MOXHO 3aMEHUTE HA JUHEUMHYIO HE3A-
BucuMOCTS). PasBuBas naen Xonda, okono 1934 r. or npummen x onpegeseHuno
XapaKTEPUCTUYECKUX KJIACCOB (OKOHYATenbHAs (hopMarusanus ObLIA 3aBep-
wena Hopmanom Crurpogom). Jlrw6onsitao, uro llTuders vagar ¢ gacTao-
TO CIy4Yas OPUEHTUPYEMHIX 3-MHOTOOOPA3WMA W THITAJICA TMOCTPOUTE TIPUMED
TAKOrO MHOrooOpa3us, HA KOTOPOM HE CymEeCTBYET Naphl (< TPOUKH) Op-
TOHOPMUPOBAHHBIX KACATEILHBIX BEKTOPHBIX HMOJEN. 3aTEM, UCIOAb3YsA CBOIO
TEOPUI0, OH NOKAa3aJ, IYTO TAKOro MHOroobpasms met. [losxe 6bu10 TIpOena-
HO MHOT'O IPYT'UX KOHKPETHHIX BHIYUCICHUN, JAIOMINX UHTEPECHBIE CIECTBAA
(HampmMep, HecyIecTBOBaHIe aire6p ¢ gerermeM Ha R* aaa n # 2F). B sTom
naparpadge MBI DPUBOAUM 6€3 JOKA3ATEILCTBA PE3YILTAT BbIUUCACHUS TIPE-
IATCTBAN, NAIOMAYA YKA3AHHBIE UHTEPECHBIE CJIEICTBUA.

1. Ecin 3-mHOr006pasue N OpHEHTHPYEMO, TO J00YI0 Napy OPTOHOPMUPOBAHHEIX BEK-
TOPHBLIX TOJEH MOXHO AOHOJIHUATE A0 MPOtiKy OPTOHOPMIPOBAHHBIX BEKTOPHBIX HOJEH.

TEOPEMA IIITU®ELA (TPEXMEPHAA). Ha 3amknymom 3-muo02006pa3uu
N cywecmeyem napa opmoHOPMUPOEAHHBIL KACAMEALHBIL BEKMOPHLIT Noaet
mozda u moavko mozda, Koeda emopot kaacc MImugdeas — Yumnu wo(N) €
€ H{(N) nyaesoti.

BBIYUCAEHUE. we(N) = 0 das opuenmupyemozo 3-muozoobpasus N.

CHEACTBUE. Jwboe opuenmupyemoe 3-muo2000pa3ue umeem mpotixy op-
MOHOPMUPOBAHHBIT KACAMEALHBIE 8EKTMOPHHIL NOAET.

HABPOCOK ONPEAEJNEHUA Hi(N), wa(N) U LOKABATEILCTBA. Byzxem
Ha3HIBATH APy OPTOHOPMUPOBAHHBIX KACATEIbLHEIX BEKTOPHBIX IIOJEH IIPOCTO
napou nosen. Bossmem HeKoTOpOE pazbuenue MEOroo6pasus N (onpezgenenue
pa3bueHus: TPEXMEPHOTO MHOr000pa3usi 9UTATEIb MOXET JaTh CAM II0 aHA-
JOTUM C AByMEPHHIM crydaeM). BribepeM mo TOYKe B KaXJOM TPEXMEPHOM
MHOrOrpanauke pazbumenus. [locTpoum mapy mosenn B 3Tux Todkax (puc. 12).
HPO,I[OJI)KI/IM mapy IIOJIeﬁ Ha MEPEMBIIKY, COCANHAIONIYIO ABC TAaKUEC TOYKU U
IPOTHIKAILYIO0 IBYMEPHYIO IpaHb TpuaHryasuua (puc. 12). g sToro 3ame-
THUM, 9TO OKPECTHOCTH STOﬁ NEPEMBIYIKN 3KBUBAJECHTHA NOAMHOXECTBY IIPO-
CTPAHCTBA R3. Toraa kax o nape BEKTOPOB B TOYKE I HA DTOU MEPEMBIYKE



XapakTepucTHIeCKHE KIACCHl A1 HAIAHAIOIIAX 75

F

E

Puc. 12. Muororpanauku pa3zbuenusa: ADEF, ABEF, BCEF, CDEF

COTIOCTABUTCA TAapa BEKTOPOB B R?, a BCelr mepeMbrake — 0TOOPaXeHne ee B
npocTparcTBo S(O3 OPTOHOPMEUPOBAHHLIX PeIepoB B R3. DT0 IpOCTPAHCTBO
DKBUBAJIEHTHO:

IPOCTPAHCTBY ABUXKEHHUH IPOCTPAHCTBA R3, OCTABIAIOMINX HAYAIO KOOD-
OUHAT HETIOABUKHBIM;

TPOCTPAHCTBY BPAIIEHUH TPOCTPAHCTBA R? OTHOCHTETHHO TPAMEBIX, TIPO-
XOAIMMX depe3 HAYAI0 KOODAMHAT;

IIPOCTPAHCTBY HPAMBIX B R*, mpoxogsamux Jepe3 (PUKCHPOBAHHYIO TOUKY;

3aMKHYTOMY TPEXMEDHOMY WIAPY, HA I'PAHUIE KOTOPOr'O CKJIEEHHI AMaMe-
TPATHHO IPOTHUBOIIOIOXHEIE TOIKH.

Bce 5Tu 5KBUBAIEHTHOCTH MBI OCTaBsEM 6€3 JOKA3ATEIbCTBA (CM. 3aMe-
gaHme mocae GpopMyJIMpOBKHA TeopeMbl Juiepa — [lyankape), a B gaibHenmeM
WCIONIB3yEeM TIOCAEIHION 73 HEPEeYMCICHHBIX «Moneaeny mpoctpancTsa SOs.
Must >ToM Mogeau 0YeBUAHO, 4TO TpocTpancTBo SO;3 ceasuo. OTcioga caery-
€T, 9YTO IOCTPOEHHAS apa BEKTOPHBIX MOJEU IPOJOIKACTCA HA 00 BeJUHEHNE
TepeMbIveK.

I[Ipogonxum mapy mojged Ha ILIEHKY, HATAHYTYIO HA TOYKA U IEPEMBIYKA
7 IPOTHIKaeMyo pe6pom Tpuanryasuuu (puc. 12). Orobpaxkenue rpaHUIHON
okpyxHOCTH TweHku B SO3 coorBeTcTByeT daemeHTy m3 rpynmsl 71 (SO3)
HEMPEPHIBHBIX OTOOpakeHun OKPYyX)HOCTH B S(O3 C TOYHOCTHIO [0 HEmpe-
pHBHOU gedopManuu. ByaeMm mcmoas30BaTh 6€3 [OKA3aTEILCTBA PABEHCTBO
71(S03) = Zy. llosicHUM IWIIb, 9TO €IUHWUNA DTOU T'PYIILL IPEACTABIAET-
CA IAAMETPOM TPEXMEPHOrO MIApa, 3 KOToporo SO3 Nmoay94aeTcs CKICHKOU.
Ecan nonyuennwsm saement rpynnst 71 (SO3) 22 Zo HEHyIeBOU, TOKPACUM De-
6pO, IPOTHIKAIOIIEE IUIEHKY, B KPACHBIN IBeT. Takum 06pa3oM, 33 JaHUIO APl
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W OPTOHOPMUPOBAHHBIX BEKTOPHBIX MOJIEH HA OOBbEJUHEHUH MEPEMBIYEK CO-
OTBETCTBYeT KpacHBIM noarpad e(w) gaHHOrO pasbuenusa. B mamem crydae
YUCIO0 KPACHBIX Pe6ep, BHIXOJANINX W3 KaX IO BEPIIUHBL, 9€THO (JgoKaxuTe!).
IMogrpadsl ¢ TAKUM yCIOBHEM HA3BIBAIOTCA (0dHOMEpHbIMY) yuksamu. [aree
AHAJIOTUYHO HPEIBLIYIIEMY OIPENeIsIeTCA NOMOJOTMIHOCTD IUKJOB, I'PYIIIA
Hy(N) u emopoti xaacc IImugeas — Yumnu we(N) = [e(w)] € Hi(N). Ana-
JOTUIHO TIpeABIAyIeMy npoBepsaeTcs, 9To wy(N) = 0 Torga u ToIsko Toria,
KOT'Ja W MOXHO TPOJOIXUTE HA 06benuunenune Us mepeMBIvYeK U IIEHOK.
ITapy w OPTOHOPMUPOBAHHEIX BEKTOPHEIX ToJen Ha Us Beerga MOXHO TpPo-
JOIKUATEL HA BCE MHOr00Opasme N. JTO JOKA3BIBAETCA AHAIOTWYIHO IPOJE-
JAHHOMY IOCTPOEHHUIO C UCIOJIb30BAHUEM TOrO (paxTa, 9To I060e 0To6paxe-
HUE IBYMEPHOTO [UCKA, ABIAIIIETOCA I'PDAHUIEH TPeXMepHOro mapa, B SO3
MOXHO NIPOJOMKWUTE HA BECh MAD. DTOT (HAKT MBI HE NOKA3BIBAEM (UL CIie-
NIATUCTOB OTMETHUM, ITO OH CIeAyeT m3 paseHCTB mo(S03) = mo(RP3) =
= m9(5%) = 0). Tlooromy npensTcraue wy(N) ABIACTCA TOTHBIM. O

2. a) Hapucyire kakor-HuGYy Ib IPEACTABUTEIL BTOPOro kaacca lltuders — Yuruu a1
RP® u g1a RP? x S' (u a4 ApyruX M3BeCTHBIX BaM MPUMEPOB 3-MHOT00GDA3MIL).

b) Jdaa a060% TPHAHTYIAIMY IPOW3BOILHOIO TPEXMEPHOrO MHOroo6pasua N o6venm-
HeHme pebep ee GAPUIEHTPUIECKOrO MOAPA3AEICHUA ABIACTCA NUKJIOM, IIPEACTABJLAIOMIIM
xracc wa(N).

3. (Cpasuutre ¢ 3agaden 4 m3 §3.) Ilycte N — 3aMKHYTO€ CBA3HOE OPHUEHTUPYEMOE
JeTBIPEXMEPHOE MHOT000pa3ue.

a) Onpegemnre Ha(N) un w2 (N) € H2(N) xax npenaTcTBUE K CyIECTBOBAHUIO MpPoliKy
OPTOHOPMUPOBAHHBIX BEKTOPHBIX HOXEH (5TO MPENATCTBHE yXe He GyAeT MOIHBIM).

b) To xe xKax NoaHoe IPENATCTBHE K CYIMECTBOBAHUIO CIMHOPHOR CTPYKTypeL HA IV (T. €.
K BO3MOXHOCTY U3BJEYb KOPEHb W3 JI1000r0 Ten3opa Ha N; asropwl 6rarogapar FO.II. Co-
IOBLEBA 33 yKa3aHWE HA DTy MHTepIperanuio). [Jokaxure, 4TO BHE MO00r0 NUKIA, IPe.-
craBaaomero ws(N), MOXHO BBECTH COIHHOPHYIO CTPYKTYDY.

¢) Onpegemnre dopmy nepecedenun N : Hao(N) x Ho(N) — Z2 n gokaxure, 9T0 aNa =
= w2(N) Na paz m060oro a € Hy(N) (3T0 BEIpaxeHue PaBHO HyJII0 TOrAa X TOJIBKO TO-
raa, KOrga B OKPECTHOCTH II000r0 NHUKIa, IPENCTABIAIOMETO (, MOXHO BBECTH CIMHODPHYIO
CTPYKTYDY).

d) w2(N) Nw2(N) = x(N) mod 2.

e) Coopmyrupyure u gokaxurTe aHaroru 3agad (a)-(d) g1 HeOpHMEHTHpYEMBIX MIN
HE3aMKHYTHIX 4-MHOT'006pa3ui.

f) Onpegemnre wucao Howmpsazuna p1(IN) € Ho(N,Z) = Z xak mOIHOE IPENATCTBHAE K
CYIIECTBOBAHUIO I€TBEPKU BEKTOPHBIX [OJEH, IMEOIIE PAHT He MeHee 3 B KaX 01 TOUKE.

g)* Yucao [lorTpArrHA PABHO YTPOEHHOU CUTHATYPE (POPMEI IEPECEIeHNI MHOr000pa-
3ua N.

h)* Ecrn N opumenTupyemo m ruagxo sioxmvo B R®, mo w2(N) = 0 m p1(N) = 0.
Hanpumep, CP? mesmoxmvo B RE.

TEOPEMA IIITU®ENA (MHOTOMEPHASA). Ecau na 3aMKHYMOM OPUEHIU-
pyemom n-mro2006pasuu N cywecmeyem k opmonopmupo8anubit Kacametb-
noiz sexmophnbiz nosed (1 < k < m), mo (n — k + 1)-i xaacc MImugeasn —
Yummnu Wiy _g11(N) € Hg—1(N,Z(n_y)) nyaesot. Tepes Z;y oboznauwaemcs
e2pynna Z 0as uemno020 t u Zo 044 HEUEMHO20 1.
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[IPUMEP BBIYUCJEHUA. Obosnauum uepes wi(N) € H,_i(N,Zs3) npu-
gedenue no modyato 2 npensmemeus Wi(N) (ono aezue eviuucasemcs). B
wacmuocmu, w;(RP" 1) = C% mod 2.

CHEACTBUE. Ecau na R* umeemes cmpyxkmypa aaz2ebpuvi ¢ deaenuem, mo
n ecmv cmenens J80UKU.

HABPOCOK OIPE/JEJEHUSA Hk_l(N,Z(n,k)), Wi—k+1(N) M ITOKA3A-
TEJILCTBA. Ilycts V), — mmoroo6pasume IllTmdens opToHOPMEPOBAHHBIX
k-pemepo B R". Amamormuso mpegsigymemy, u3 cooTHomenun m;(Vy, i)
=0 maa ¢ < n — k, cregyeT, 970 k mosen GeCHpPENATCTBEHHO CTPOATCA HA
(n — k)-ocrose. Tlockonexy 7,—(Vik) = Zn—g) ama 1 < k < n, To npm
npogomxkenun noas Ha (n — k + 1)-ocTos nossasercs npensrcreue W, ki1 €
€ Hk_l(N,Z(n_k)). OTO TPEmATCTBHE yXe He 00A3aTeNbHO SABIACTCA TOJ-
HBIM. O

4.3) Ecmz C) = 0 mod 2 gaa mo6oro i = 1,2,...,n — 1, TO n €CTh CTENeHb IBOHKM.

b) BemseauTe creqcTBUE M3 MPUMEPA BHITUACICHUA.

5. OnucaHHOe BHINIE OINpeJeNeHre KIACCA W1 PABHOCUIBHO JaHHOMY B §1.

6. [na 1060W TPUAHTYIANUU MPOU3BOJILHOIO 3aMKHYTOT'O N-MEPHOI0 MHOI'000Da3us
N o6benunenmne k-MEpDHBIX CHMILIEKCOB ee GApUIEHTPUIECKOrO IIOAPA3JEICHUS ABIACTCA
IIUKJIOM II0 MOAYIIO 2, IPEJCTABIAIOMIM KIACC Wy—k (V).
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