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CemenctBo Penepbaxa

JI. A. EMenbanOB T.JI. EmeabsanoBa

BayTpu 1106010 pasHOCTOPOHHETO TPEYTOIHLHUKA €CTh TOYIKA, IepPe3 KO-
TOPYIO TMIPOXOJAT [IBE 3aMEUATEIbHBIE er0 OKPYXHOCTH — BIUCAHHASA W OK-
PYXHOCTH AeBATH ToueK. (/lna Hamero mccaegoBaHWA CIydan PaBHOOGEIDEH-
HOI'O TPEYTOILHUKA ABIAETCA BHIPOXK feHHBIM.) OHHE, KAK H3BECTHO, KACAIOTCA
APYT OPYyra B 3TOU TOYKE. DTOT (PAKT, & TaKkKe (PAKT KACAHUA OKPYKHOCTHU
IEBATH TOYEK TPEX BHEBIMCAHHBIX OKPYXHOCTEHN TPEYrOJbHUKA, GBLT JOKa-
3aH HeMenkuM MaTeMaTnkoM XIX Beka K. demepbaxom, mMeHEM KOTOPOI'O
AOBOJBHO 9aCTO U HA3BIBAIOT OKPYXHOCTH NEBATU TOYCK.

Hamu 6Gbuiu 0GHADYXEHBI HOBBIE 3aMEYATENHLHBIE CBOMCTBA, DTOU TOYKHU
(6ysem HasbiBaTh ee Toukon Derepbaxa), KOTOPHIE ALIAIOT €€ HE MEHee 3Ha-
YUTENILHON, YeM T€ [IEeBATDH, AABIIMX HA3BAHUE U3BECTHOM OKPYX)HOCTH. Ok-
pyKHcHOCMb decamu mouex — ObLIO ObI Hosee crupaBeamuBo. B gacTHOCTH,
9epes 3Ty TOYKY MPOXOAAT €€ W OKPYXHOCTH, TPOXOAAIIAA IEPE3 OCHOBA-
HUA OGUCCEKTPUC, 4 TAKKE OKPYKHOCTH, IIPOXOAAIMAA I€PE3 TOYKYU KACAHUA
BHEBIIMCAHHBEIX OKPYXHOCTEN CO CTOPOHAMHU TPEYTOILHUKA,.

PaccMoTpuM kax[oyio #3 yHOOMSHYTHIX BHIIIE OKPYXKHOCTEN KaK OKDPYX-
HOCTB, NOPOXAEHHYIO HEKOTODBIM «9E€BHAHHBIM» TPEYT'OILHUKOM, OKOJIO KO-
TOPOrO OHA, ONMMCAHA. «IeBMAHHBIMY I KPATKOCTH OyJ€M HA3BIBATH TPE-
YyTOJBHUK C BEPIIMHAMY B OCHOBAHUAX YE€BUAH MCXOTHOT'0 TPEYTOIbHUKA. Tax,
OKPYXHOCTH [AEBATH TOYEK OyJeM CUYATATH MOPOXIEHHOW, HAIPUMED, Op-
TOTPEYTrOIbHUKOM, HY & BIMCAHHYIO OKPYXHOCTb — €€ TOYKaMHU KaCaHUi.
By,qu HA3bIBATH TPEYT'OJBHUK C BEPIIMHAMU B TOYKAX KaCAHUA BHHC&HHOI‘;I
OKpyXHOCTH CO cTopoHamu TpeyroasaukoMm 2Kepronna. (Toukon 2Kepron-
HA HA3BIBAETCA TOYKA IE€PECEYeHUsA COOTBETCTByImuX deBmaH.) Cywecmsy-
10M AU EUWE (UEBUAHHBIE) MPEY2OALHUKY, Y KOMOPHIT ONUCAHHAA OKPYHCHOCTND
npozodum uepez mouxy Petepbaxa?

3ANAYA 1. OKpyXHOCTb, MOPOXOAAIMIAS YEePEe3 OCHOBAHUA OUCCEKTPHUC,
npoxoauT depe3 ToUKy Penepbaxa.

PEmEHUE. O6o3uadgenus: A;, B, C1 — ocuoBauusa 6uccektpuc A ABC,
F — mouka Penepbaxa, F1, Fy, F3 — ToUYKM KaCaHUSA BHEBIIMCAHHEIX OKPYX-
HOCTEH C OKPYKHOCTBIO A€BATHU TO4YeK — BHemHue Touku Denepbaxa (puc. 1).
Y BOMCAHHOW M BHEBIUCAHHOWN OKPYXHOCTEX €CTH ABA IEHTPA FOMOTETHUM.
Hanmpuwmep, mis BOMCAHHOW M BHEBIOUCAHHOU OKPYXHOCTEW, PACIOIOXEHHBIX
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Puc. 1.

BHyTpE yraa ABC, BHEITHUM HEHTPOM FOMOTETHH, T. €. IEHTPOM rOMOTETAN
C TIOMOXUTENHHBIM KO3(D(PUIMEHTOM, CIyXWT BEPIMWHA, yTaa B, a meHTpoM
TOMOTETHM C OTPHUIATEILHEIM KO3(MPHUIMEHTOM CIyXUT OCHOBAHHE OMCCEK-
TpuCH Bp, KOTOpOEe ABIAETCSA TOYKOU TEPECeYUeHUs WX OOIMX BHYTPEHHUX
kacaTerbHbIX. Touka Kacauma Fo BHEBNMCAHHON OKPYXHOCTHU U OKPYXHOCTHA
NEBATH TOYEK ABIAETCA, B CBOIO 09ePeb, UX HEHTPOM IOMOTETHM C OTPHUIA-
TerbHBIM KoddunueaTom. Touka F' — HEHTP roMOTETHY BIUCAHHON OKPY X-
HOCTY ¥ OKPYXHOCTH J€BATH TOYeK. [[o TeopeMe 0 Tpex meHTpax roOMOTETHN,
Touku F, B1 u F nexar Ha ogHou mpaMon. AHajgorm4Ho aaa Tpoek F3, Ci,
F u Fy, Ay, F. Takum o6pasom, Tpeyroasuauku Fy FoF3 u A B1Ch nepcrek-
TuBHE OTHOCUTENbHO Toukm PDemepbaxa. Kpome Toro, stu TpeyrorsHuK®
nogo6usr (Bukxmop Te60).1) IMosTomy, yrox CyB1 A1, pasasn yriay FyFyFs,
coctasmaeT B cymme ¢ yruom C1FA; 180°, T.e. Touku Aq, By, C1, F aexar
Ha OJHOW OKPYXHOCTH, 9. T. I.

Nrak, eme oqua W3BECTHAS OKPYXHOCTH B TPEYTOIHLHUKE TPOXOIUT IePe3
Touky Denepbaxa, T.e. «cemencTBo Denepbaxa» COCTOUT yKe, MO KPAUHEN
Mepe, U3 TPEX WIEHOB.

Imo obwee2o Yy MPey2oabruKkos, NOPoouBWUL MU MPU OKPYHCHOCTUY
Hnvimu caosamu, wmo obwe20 Yy 0pmompeyz20ibHUKae, MPEY20abHUKA
Kepeouna u mpeyzoabHuKa ¢ BEPUWUHAMU 8 OCHOBAHUAT Ouccexmpuc?

DU, . Maperns. «Teomerpua 9-11», 3a5aaa Ne586.
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Oxa3wIBaeTCs, UX COOTBETCTBYIOIIUE CTOPOHBL (KAK MPIMBIE) IE€PECeKAOTCA
B oxuou Touke. (CooTBeTcTBYOMUMY OyAeM CIMTATH CTOPOHBI (IeBUAHHBIX)
TPEyTOILHUKOB, KOHIIBI KOTOPHIX JEXAT Ha CTOPOHAX ofHoro yraa aAABC.)

Aogo 3AnAYA 2. Ilycte Hy mw Hy — ocHo-
B BaHUs BHICOT HA, cTroponax AC u AB co-

oTBeTCTBeHHO, B1 m C]; — OCHOBaHUA

Hs 6uccektTpuc, £ m G — TOYKM KACAHUA

Cy BIIMCAHHON OKPYXHOCTH HA TEX XK€ CTO-

pouax. [lokasars, uro npsvmeie HyHs,
B,C n EG nepecekaioTcsa B OJHOA TOY-
ke (Ha puc. 2 Touka Ag)-

IIpegraraem auTaTenio pemnTs Ty
33139y CAMOCTOATEIBHO.

Touku nepecedeHus COOTBETCTBYIO-
X CTOPOH OPTOTPEYTOJILHUKA U TPe-
yroasauka 2Keprousa, 0 KOTOPHIX UIET
pedb B 3ajade 2, APAIOT BaXHY POJb
B JaJbHEHIIEM W3JI0XKEeHUN. By1eM Ha3bLBATEL DT TOYIKHA 10410 CAMU TPEYTOIb-
HuKa. Kaxaaa mapa CTOPOH TPEYTOIbHUKA UMEET CBOU TIOJIOC.

Ecau cmoponbl Hekomopoz2o (uesuanmn020s MPeyzosvHuKra nporodam ue-
pe3 coomBeMCcmeyUUE NOAOCHL, MO He NPOUIEm AU €20 ONUCAHHAA OKPYNC-
nocmov uepe3 mouxy Detiepbara? IomoXUTEILHBIN OTBET HA DTOT BOIPOC
IaeT CIefyiolas TeopeMa, B KOTOpPOW u OyeT MOCTPOEHO BCE (CEMEUCTBO
Deirepbaxan.?)

A B, E Hy C

Puc. 2.

TEOPEMA. Jan prABC. Touku Ayy, Boo, Coo — €20 noasocor. Bydem 2o-
sopumb, yumo Agy coomsemcmsyem eepwure A uau nape cmopon AB u AC,
Byy coomsemcmeyem sepwune B, Cyy — sepwune C. Bosvmem na npamot
AC npoussoavnyio moury Y u coedunum ee ¢ nosocamu Agy u Coo. IIpamovie
YAy u YCyo nepecexarom npamvie AB u BC' coomeemcmeenno 6 moukax
Z u X (puc. 3). Tozda:

a) npamas X Z nporodum uepes noaroc Byy;

6) mouxku X, Y, Z aeastomes ocnosanusmu vesuarn 6 nABC;

B) 0KPYHCHOCTL, Onucannas 0k040 A XY Z, nporodum uepes moury Peti-
epbaza.

B manbrermem HaM yno6HO OyaeT NOIB30BATHCA A3BIKOM IMPOEKTUBHBIX U
NOMAPHBIX TpeobpasoBanuu. [lo3TOMY BBEIEM HEKOTOPHIE IOHATHS U EPEYN-
CIIIM MX OCHOBHBIE CBOWCTBA.

2) [Ipyroit cnoco6 MOCTPOEHUA HTOrO CeMEHCTBA ChHOPMY.IMPOBAH B BuAe 3ajadm Nelh B
KOHIIE CTATBH.
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Puc. 3. HiHyHs — oprorpeyroasauk, DEG — Tpeyroabauk 2KeproHHa.

OCHOBHBIE IOHATHUA U CBOWCTBA

1. Ilycrs [ m ly — nBe pasamunbie npameie. CipoekTupy-
eM npamyio [ Ha npamyto [; u3 meaTpa O, He JeXAaIero Hu
HA OJHOU U3 DTUX MPAMBIX, T.€. COMOCTABAM KaX JOU TOUIKE
P upswmon [ Ty Touky P; npsmou /1, B KOTOpOU ee nepece-
kaer npamas OP. Touka T npamon [ Takas, aro OT || Iy,
MPOEKTUPYETCA B GECKOHETHO YAAICHHYIO TOUKY TPAMOU /1.
IIpoo6pazom Touku S npsamoun [q, s koropou OS; || I, 6y-
€M CIATATH OECKOHEYHO yAAJICHHYIO TOYKY IPAMOM /.

2.  Ilycts Toukm A, B, C, D mexar Ha OJHOU TIPAMOM.

AC .
Bripaxenne BC | pp HaswBaeTca 080UHbIM T CAONCHBIM
omuouwenuem, B KoropoM ase Touku C u D menat orpe3ok AB, nin IBOUHBIM

orHomenneM deTripex Touek A, B, C', D. OHO MOXeT GBITH MOMOXATEILHEIM
AC
WM OTPUIATEILHEIM, TAK KAK IPOCTOE OTHOWICHAE - MOKET OBITH TIOJIO-

KUTENbHBIM WA OTPULATENBHBIM B 3aBUCUMOCTH OT TOrO, JeXuT To4uka C
BHYTpHM WIX BHe oTpeska AB.

3. Touku A, B, C, D 06pa3yIoT 2apMOHUUECKYI YemBEepKY, €CIN UX TBOU-
Hoe oTHomenue pasuo —1. B srom ciaydae Touku C' u D genar orpesok AB
B PABHHIX OTHOIIEHUAX TO a6COMOTHON BEAUYMHE, HO TPOTUBOMOMOKHEIX TIO
3HAKY.
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4. Tlpm neHTPaAIbHOM IPOEKTUPOBAHUU IIPAMON COXPAHAETCA ABOUHOE OT-
HOIIIEHUE YeTHIPEX TOYEK.

5. Ilpsawmere a, b, ¢, d, mpoxoasaiue Yepe3 OgHY TOYKY, 0OPa3yIOT rapMOHAYE-
CKYIO 9€TBEPKY, €CIU TOYKYA UX IEPECEICHUA C HEKOTOPOU MPAMON 06pas3yoT
TapMOHUYIECKYIO Y€TBEPKY.

6. YTo6wbI YeTBEepKa MPAMBIX OBLIA TAPMOHUYECKON, HEOOXOAUMO U JOCTA-
TOYHO, YTOOHI HA KAKOU-TUOO0 MPIMOH, TAPAIEILHON OHON U3 3TUX IETHIPEX
OPAMBIX, TPU IPYTUX OTCEKAIN [BA PABHBIX OTPE3KA.

7. Ecmu gepe3 dukcupoBanHyo TOUKy P, He JeXAaIlyl HA OKPYXKHOCTH C
neaTpoMm O, IPOBECTHU NPOU3BOIBHYIO MPAMYIO, IEPECEKAIONLYI0 OKPYXHOCTH
B Toukax M m N, TO reoMeTpuIeckoe MecTO To4eK K, KOTOpHIE BMECTE C
Toukon P penst orpesok M N rapMOHUYECKH,
€CThb IpSAMAas JUHUA, HA3BIBAEMAA N0AAPOLT TOI-
ku P OTHOCHTENBHO DTOU OKpyX)HOCTH. Toduka P
HA3BIBAETCA NOAI0COM 3TOU IPIMOU OTHOCHATENb-
HO OKPYXHOCTH. JTa NPAMAS NEPIEHIUKYIAPHA
M npsmoun OP. Ecau Todka JeXUT BHE OKPYXKHO-
CTH, TO TOJAPOU DTOU TOYKHU ABAAETCA TPIMAS,
COEUHAIONIASA TOYKYU KACAHUA DTOU OKPYKHOCTH
¢ ABYMs IPAMBIMHA, TTPOXOAIAMHA I€PE3 BTY TOY-
KYy. ECJII/I TOYKa JEXUT HA OKPYXHOCTH, TO IIOJA-
POY CUMTAETCA KACATEALHASA K OKPYXHOCTH, TIPO-
BeJ€HHAA B DTOU TOYKE.

P

8. FEcam Tpu mpAMBIE TPOXOAAT 9YEPE3 OMHY
TOYKY, TO COOTBETCTBYIOIINE UM IIOMIOCH OTHO-
CATEIBLHO OKPYXHOCTH JEXAT HA, OJHOU IPAMOM,
u Ha0060pOT.

9. Ilycrs nBe mpsaMbie, MPOXOAAIIAE Yepe3
TOUKy P, mepecekarT HEKOTOPYIO OKPYXHOCTD
B Toukax A m B, Ay u Bi. Torma nmapwr nps-
veix AA; m BB, AB; nu A| B niepecekarmTcs Ha
Bl noJsApe TOYKHN P OTHOCHUTEJIBHO OKPYXHOCTH.

10. Ecau 4yepe3 ¢puxcupoBarHyio TOUKY P mpo-
BECTHU IPOU3BOILHYIO IPAMYIO, IEPECEKAIONTYI0
CTOPOHHI AAHHOTO yria B Toukax M um N, TO reoMeTpudecKkoe MeCTO TO-
ek K, xoTopsle BMecTe ¢ Toukon P memar orpe3ok M N rapMOHWYECKH,
€CTb NPAMAsA, HA3BIBAEMas MONIPON TOYKU P oTHOCMTENBHO yria. JTa mps-
Masi IPOXOJUT YEPEe3 BEPIIMHY YIUIA.
Ilogpo6Hee 0 TPOEKTUBHBIX U HMOJAPHBIX IIPE0OPA30OBAHUAX MOXHO IPOIH-
TaTh, HanpuMmep, B kaure W. M. flrmoma «I'eomeTpuveckue npeo6pa3soBaHusmy
u kuure 2K. A famapa «DieMeHTapHAsS TeOMETDUIY.
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3AMAYA 3. Ilycts Ay, B1, C1 — ocuoBaums geBnan B A ABC, K — Touka
nepecedenus npameix A;C1 u AC (puc. 4). dokasars, uro Touku A, By, C,
K o6pasyoT rapMOHUIECKYIO 4eTBepKy. BepHO u o6paTHOe.

PEmMEHHUE. Ilo Teopeme Menenas maa o ABC u npamon A;C1,
AC, BA, CK _

YR
CiB A;C KA ?
AC1 BA; AB; AB; AK
a mmo TeopeMme e . = . CregoBaTensao, —— « — = —1
II0 TeopeM BEI C.B AC BC JIeJOBATENBHO, B.C ' KC ,

9. 7T. I.

Pamnee 6su10 BBegeHo norsaTue nomoca A ABC Kak TOYKY nepecedeHus Co-
OTBETCTBEHHLIX CTOPOH OPTOTPEYTOIHLHUKA U TpeyroabHuka 2Kepronsa. He-
KOTOpHIE (PAKTHI, U3TaraeMble HUXeE, TOKA3LIBAIOTCA B O0IIeM BHUAE, T.€. M1
TIOJIIOCOB, TOPOXIEHHBIX NBYMS JTIOOBIMU «9€BUAHHBLIMUY TPEYTOJbHUKAMU.

3ANAYA 4. Ilycts Toukm Ay, By, C1, a Takxke As, Bs, Cy — ocHOBaHUA
vesuan B A ABC. Ilycts C' — Touka nepecevenns npambix A1 By u A2 Bs (mo-
aoc, coorBercTytomun seprmune C), A’ — Touka nepecedenus npamorx By Cy
u ByC5 (nomoc, coorsercrBytommiu epmuae A), B’ — Touka nepecevenus
npavbix A1Cy u AyCy (momoc, coorsercrsytomuit Bepmmee B). [lokasars,

' ! el 1Yol

aro npambie A'B', B'C' nu A'C" npoxogaT coorsercTBenno uepes Touku C,
A un B (puc. 5).

PEmMEHUE. I[Iycte npambie A'C’ m AC mepecekarorca B Touke R. [laa
JOKa3aTeILCTBA TOro, 9T0 Touka B gexmt Ha mpamou A'C’, mocraTouno
MOKa3aTh, 9TO ABOMHBIE OoTHOmEHUs Todek A, Co, B, C1 n A, By, R, By

Puc. 4. Puc. 5.
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paBubL. Ilo Teopeme Yesnr

ACy _ ABy CA, AC, _ AB; CA

CoB  ByC AB’  CiB  B,C AB’
Bocmonr3oBaBmmcs, 3TUMYU COOTHOIIEHUAMY, 3 TaK¥Xe TeM, ITO JBOWHEIE OT-
rmomenus Touek C, As, B, Ay u C, By, R, By paBubl (IpoeKTHpOBaHUE W3
rouku C'), moxyamm
ACy . AC, . AB, CAy BA; CB; . AB, (CBy B1R CB; . AB> . AB,
CsB " CiB  ByC AsB AC BiA ByC ByR BIC BiA ByR BiR’
Tpebyemoe paBeHCTBO [OKA3AHO.

3ATAYA 5. [JoKa3aTb, 9TO OIpeJelIeHHAs B YCIOBUH 3a4a<9d 4 TIpaMas
B'C' asrserca noaspon Touku A’ orHOCHTEbHO yrita BAC.

PEmMEHUE. Touku A, By, C, K — rapmonmueckas deTBepka (puc. 6).
Crenosarensno, npameuie B'A, B'By, B'C, B'K — rapmormyeckas IeTBep-
Ka. DTHU IOpAMBIE, B CBOK 09€pEelb, MOPOXAAI0T TapPMOHUYECKYI0 IETBEPKY
Touek M, B1, A', C1, rge M — Touka nepecedernus npambix B'C' u B1C;.
CaenosaTensno, npamaa B'C’ smecre ¢ Toukon A’ gemut orpesok BiCy rap-
MOHWYECKM M, KPOME TOrO, MpOXOAuT uepe3 BepmmHy yraa BAC. 3uaunr,
npamas B'C’' — nonspa gna Touxku A’.

3AIDAYA 6. Ecim ogHIM 13 MOMI0CO0OPA3YIONINX TPEYTOJILHAKOB, HAIIDH-
mep A Ay B1C1, asaserca TpeyroabauUK 2Keprorsa, To npamaa B'C’' apigerca
Taxxe noaspoun Touku A’ ormocurensro BrmcannoM B A ABC OKPyXHOCTH.

PEmMEHUE. [Ipavsie AB u AC kacaroTcsa BOIUCAHHOU OKPYXHOCTHU B TOY-
kax C u B; (puc. 7), 3HauwuT, ABIAIOTCA noaspamu Todek Cy m B oTHO-
CATEIBLHO BIUCAHHOW OKPYXHOCTH, CJIEJOBATEILHO, MEPECEKAIOTCA B OJHOU

Puc. 6. Puc. 7.
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TouKe ¢ moaapou Toukum A’. 3HaumT, Touka A JeXuT Ha dTOU moaApe. A
MOCKOAMBbKY mpsamasa B'C’ mpoxoauT gepes Touky A m, KpoMe TOTO, BMECTE C
toukonn A’ permt xopay B1C| rapMOHAYIECKH, OHA, U ABIAETCSA TOAAPOA TOIKA
A’ OTHOCUTENBHO BIUCAHHOW OKPYXHOCTH.

3AMEYAHUE. B A A'B'C’ xaxnas BepImHa ABIAETCA TOJIOCOM IIPOTHABO-
MOJIOXKHOU CTOPOHH (OTHOCUTENHHO Brucanuou B A ABC okpyxuocTu). Takon
TPEYrOAbHUK HABBIBAETCA GBMONOAAPHBIM.

[TOKA3ATEJIBCTBO IIYHKTOB a) U 6) TEOPEMBI

IIpoBegeM NOKA3aTEALCTBO MyHKTOB a) 1 6) A1 00Wero Cry4as, KOraa mmo-
JI0CO00PA3YIOIIAMY TPEYTOJBHUKAME ABIAIOTCA MPOU3BOILHBIE (ICBUAHHEBIE)
Tpeyroapuukn A1 B1C1 u A3 ByC.

a) O6osmaunm U u V touxm npecevenns npaveix A'B' ¢ AB, B'C' ¢ BC
coorBercTBeHHO (puc. 8a). [IBomuble oTHOmenus Touek A, Z, Cy, U n V,
X, A1, C paBHBI, TOCKOJIBKY 3THM Y€TBEPKHU HOIY4Ya0TCA w3 deTBepku A, Y,
B;, C ueHTpATbHBIM MPOEKTUPOBAHUEM COOTBETCTBeHHO m3 Todek A’ m C'.
CregoBaTensHo, mpamas Z X TPOXOAMT depe3 Touky B'.

Puc. 8.

6) Hycrs Q — Touka nepecevenus npavbix Y A' w AB', P — Touka me-
pecevenns npameix AC m ZX (pume. 86). A', Z, Q, Y — rapmonmueckas
yeTBepka, Tak kak A’ — momoc, a AB' — cooTseTcTByOmas eMy HOIAPA
otHOCHTenbHO yraa BAC. 3raqmt, npameie B'A’, B'Z, B'A, B'Y o6pasyioT
TapMOHUYECKYIO Y€TBEPKY, & MOCKOJILKY OHU mepecekaioT npamyio AC coorT-
BercTBeHHO B Toukax C, P, A, Y, To u oHM TOXe 006pa3y0T rapMOHIIECKYIO
gerBepky. Crenosarensno, X, Y, Z — ocHoBaHuwsa 4eBuaH (3agaga 3), 9. T. 1.
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Puc. 9.

3AIAYA 7. Touku By u C; — ocHoBanus 6uccekrpuc Ha croponax AC u
AB, E nu G — TO4YKM KaCaHUSA BIOUCAHHOU OKPYXKHOCTHU C DTUMHU CTOPOHAMU.
Touka E; cummMmerpuuHa Touke F oTHOCuTensHO 6uccekTpuckl BB, Touka
G cummerpudHa ToUkKe G oTHOCHUTENbHO 6uccekTpuckl C'Cy. [Joka3aTs, ITO
npsamas E1 Gy npoxoaut depes nomoc Agg. (3gecs u ganee Touku Agy, Bog u
Cho — TOJIIOCHI, IOPOX JEHHBIE TPEYTOILHUKOM 2KEeProHHa, M OPTOTPEYTOlb-
HUKOM. )

PEMEHUE. Bropas kacaTeibHas KO BIOUCAHHOW OKDYXHOCTH U3 TOYKHU
Bj; npoxogut 4epes Touky Fj (puc. 9), cregosarensno, npamas EFFE; — no-
JApa TOYKA B] OTHOCHTEILHO BIMCAHHOU OKPYXHOCTHU. AHAJIOTUIHO, IpAMAs
GG, — nomsapa Touku C. [lockoabsky Touku By, C7 u Ay TeXxaT Ha, OJHOR
npsamon (3agaqa 2), To npaveie FE; u GG nepecekatorcsa Ha npamon By Cop.
A tak kax npamas EG npoxoauT depes Touky Agg, TO m npamas F1G1 Takxke
IPOXOAUT Yepe3 TOYKy Agg, 9. T. 1.
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3AIAYA 8. [J0Ka3aTh, 9TO TPEYTOJLHNUK C BEPIIMHAMY B TOYKAX, CUMME-
TPUYHLIX TOYKAM KACAHUA BIMCAHHOM OKPYXHOCTH CO CTOPOHAMHU OTHOCH-
TEIBHO COOTBETCTBYIOUMX 6uccekTpuc (Ha puc. 9 oDy F1G1), romoreTnden
ucxoguomy A ABC.

PEmMEHKE. [lokaxewm, uro, nanpumep, F1G || BC. lycts R u T — Tou-
Ku mepecedenus npambix F1By u G1Cy ¢ opamou BC. Torga Z/BRB; =
= /BAB, = ZCTC; (puc. 9). CregoBarenrsno, G117 = TD = RD = RFE;
KaK OTPE3KM KACATEILHBLIX, IOMAPHO OOpPA3YIOIIMX DPABHEIC YTIALL. JHAYHAT,
E,G1TR — rtpaneuns, u E1G; || BC, 4.T. 1.

3AMAYA 9. Toukm Ay, By u Cy — cepenunsl cropon BC, AC u AB.
MokazaTb, 9T0 mpambie AgAgy, BoByy 1 CyCyp mpoxogar depes Touky Den-
epbaxa (puc. 10).
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I 7
| J-
A By E ¢
Pwuc. 10.

PEmMEHUE. [lpamas AgyF1 mepecekaeT BOUCAHHYIO OKPYXHOCTH B TOY-
kax Gy m FEy, a npamyto ByCpy B Touke S. Ay, G1, S, E1 — rapmonn-
Jeckas deTBepka Todek. ClemoBaTenbHO, mpamuie BygAgg, BooG1, BooS un
ByoF1 Takxke 00pa3yoT rapMOHUYECKYIO 9eTBepKy. O IHA U3 DTUX MPAMBIX —
ByG1 — napamnensna cropore AC (3agaga 8), a, 3HAIMT, TPU OCTABIINECA
IpsMBIE BHICEKAIOT HA mpsamon AC paBHBIE OTPE3KH, T.e. npamas BygF; mpo-
xoauT yepes cepeauny orpeska AC — Touky By. Ananorudso, npamas Agg Dy
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npoxoauT depe3 Touky Ay, npamas CyyGp — 4depes Touky Cy. Tpeyroasuu-
ku D1 E1G1 u ABC roMOTETHYHH ¢ OTPULATEILHEIM KodhPUImeHToM (313~
4a 8), cepequunbiy Tpeyroasauk AgByCy u Tpeyroasank A BC TOMOTETUIHB
TakXe C oTpuraTersbHBM KodhduinumenToM. CreqoBaTenrsHO, TPEYyTrOILHUKA
D1F1G1 n AgByCy roMOTEeTHIHBL C HOJOXUATEIbHBIM KO3( UIUEHTOM, T. €.
TOMOTETHYHEL C IIEHTPOM B TOUKe F KaCaHWUs COOTBETCTBYIOIIAX UM OMUCAH-
HBIX OKDYXHOCTEW (BIMCAHHOU OKPYXKHOCTH U OKPYXKHOCTU JEBATU TOIEK
AABC). CrepgoBarensno, npamsie AggD1, BooFE1 u CyG1 npoxogar gepes
Touky Demepbaxa, 4. T. 1.

YT06Bl OKA3ATH MYHKT B) TEOPEMEI, JOCTATOYHO OKA3ATh, 9TO CEMEH-
CTBO OKPYXHOCTEHW, OMUCAHHBIX OKOJIO AXY Z, MOPOXIEHHOTO TOABUNKHON
TOYKOU Y YKA3aHHBIM B TeOpeMe CIOCOO0M, MMeeT eIWHCTBEHHYIO OOIIyio
TOUKy. JTO OymeT mMeHHO TOuka DPenepbaxa, TaK KAaK B HEU KACAIOTCA IBE
PA3IMYHBIE OKPYKHOCTH DTOT0 CEMEUCTBA — BIUCAHHASA U OKPYXHOCTD J€BS-
TH TOYeK. Bamxkanmasa Hala 1eJs — M0Ka3aTh, 9TO B 3TO CEMEUCTBO BXOIAT
ellle ¥ TPY IPAMEIE, T. €. HOABUXKHASI OKPYKHOCTb TPUXKIBI «PACIPAMIIAETCS),
MPOXO/A BCE CBOM TIONOXKEHNUSA, M 3T TPAMBIE 34BEJOMO TTPOXOJAT I€PE3 TOIKY
Denepbaxa.

TMoxaxewm, mampumep, 9T0 mpaMas AgyAg — DTO «OKPYXKHOCTH» U3 HAIIIe-
ro ceMeucTBa. [JeNCTBATEIHHO, CAN OJHO M3 OCHOBAHUY UEBHAH, HAIIPUMED,

| |
e :
2 |
(|

CO Ao :
Boo !

|

|

|

|

|

Puc. 11.
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To4Ka X CTAHOBUTCA GECKOHETHO yAaJeHHOU TodYkou npsamou BC, To cTopo-
el ZX u Y X npespamatorcs B napawteasasie BC npsaueie (puc. 11). Iycts
R — Ttouka mepecevenns npameix XY u AgyBgy. Tak xax Touku Cyg, Y,
R, X cocTaBasioT rapMOHUYIECKYIO 9€TBEPKY, & X — OECKOHEYIHO yIAJCHHATL
Touka, To0 CyoY = Y R. Ho orpesok Cyy R napawrenen orpesky BC. Cregosa-
TeabHO, mpaMast AgY memuT momoaam m oTpe3ok BC, a, 3HAYAT, COBIIALAET
¢ npamon AggAg. OKpyXKHOCTE Xe, TPOXOAAIAL depe3 TOUku Y, Z U 6ecKo-
HEYHO YAAJIEHHYIO TOYKY X, UMeeT OGECKOHEYHBIA PAAUYC, T.€. BHIPOXK JAETCS
B npaMyo Y Z (B JaHHOM CIydae COBHAJAouLyo ¢ mpamon AggAy).

Urax, «cemencrso Pemepbaxar MOMOTHWIOCH TpeMms mpsaMmeiMu AgAgg,
ByByy u CyCyy (npsameivu, COEIUHAIOMAMY TIOIIOCH C CEPEAMHAMUA CTOPOH).

IIOKA3BATEJILCTBO IIYHKTA B) TEOPEMBI

JTa 9aCTh JOKA3ATEILCTBA CHILHO OTIMYIAETCI OT IPEABLAYIIErO M3JIO-
xkenus. Bo3MOXHO, MCKYIIIEHHBIN YUTATENb IPUIYMAeT 6oliee U3AIHOE, 6oee
TeoOMeTPUYIECKOe TOKA3aTEeAbCTBO 2TOro pakTa. [IpuBenem Hame nqokazaTeins-
CTBO, m30eras M3IUIIHEN AeTAIU3AINANA NPEeOoOPA3OBAHNM W OMUPAACH HA UX
TeOMETPUICCKAN CMBICI.

BeegeM Ha miockocTu cucTeMy KOOpAUHAT (Z,Y) TaK, 9TO6H OCh abCIuce
coBmagaxa ¢ upamoun AC. Ilycts Touka Y wmmeer xoopauuaTs (t,0). Torga
KOOPAMHATH TO4YeK Z u X WMEIOT BUJI

(p1t+q1 r1t+31) - (p2t+q2 r2t+52>
ait + by ’a1t+b1 ast + bo ’a2t+bz ?

T. €. ABIAOTCA APOGHO-TuHeNHBIMEA pyHKIUaAME OT t. ([Ipeanaraem anraTerto
yOeIuTHCA B DTOM CAMOCTOATEIBHO. )

TMokaxewm, aTo cemencTBo PenepbHaxa — OTHOMAPAMETPUIECKOE CEMEH-
CTBO, ONpe/eIaeMoe yPaBHEHNEM TPeThell CTENeH .

Kak m3BecTHO, ypaBHEHUE OKPYXHOCTH, MPOXOIAMIEN YEPE3 TPU TOIKHA
(z1,91), (z2,y2) m (x3,¥3), 3a4a€TCA C TOMONIBIO ONPEAETATELT IETBEPTOTO
nopsajgka cregyommM ypasaeaueMm A(z,y) = 0, rge

z? + y2 z y 1
2,2
A 1wty 2oy 1
(z,y) = 2 2 1
Ty Y3 T2 Yo
2,2
rz3+y; z3 y3 1

PackmnagbiBas onpegenuTent Mo NEPBOA CTPOKE, IpeobpasdyeM ypaBHEHUE
K BUAY

s-(@®+y)+a-z+b-y+c=0,
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z1 Y 1

rae KooppunumenT s = (T2 Yz 1|, €r0 TEOMETPUIECKAN CMBICA — Y/IBOEH-
r3 ys 1

Has OPUEHTUPOBAHHAS IUIOMIAAL TPEYTOIbHUKA C BepumHaMu (I1,Y1), (22, Y2),

(23,93)-
Onpepgenum Bujg k0o HUIUEHTOB S, @, b, ¢ IpU TOACTAHOBKE KOOD JUHAT TO-
gek Y, Z u X. Tak, Hanpumep,

t 0 1
mt+q1 rt+s 1| Ps(t)

§=lait+b  ait+b = ,
a1t + b1)(ast + b
pat+q2  rot 4+ so 1 ( 1 1)( 2 2)

ast +by  agt+by
rge P3(t) — MHOroOwIeH 3-# cTeneHu OT t.

Kopau 3raMenaTens, a Takxe t = 0o 06pamaoT s B 66CKOHEIHOCTb. JTO
COOTBETCTBYET OECKOHEYHOU Twiomagn A XY Z, KOrga OJHA W3 €ro BEpIIuH
CTAHOBUTCA HECKOHEYHO yaateHHOU. KopHu wuciaurens o6paiaioT § B HOJb.
ITO MPOUCXOAUT B TEX CAyYaAX, KOTAa ABE BEPIIUHEI A XY Z CIUBAIOTCA C
oxuon u3 BepumH A ABC (B ompeneruTene s ABe OJUHAKOBHIE CTPOKM).

Boraucasis Takum xe o6pazom kosddunueHTH 6, b 1 ¢, HaEe ypaBHEHUE
MOXHO 3aIKUCATH B BUJE

P3(t) 2 .2 P3()Q3(t)
(a1t + b1)(ast + b2) (.’E Ty ) + (a1t + b1)2((12t + b2)2
P3(t)Rs(t) P3(t)S3(t) _
(a1t+b1)2(a2t+b2)2 (a1t+b1)2(a2t +b2)2 ’
rge Q3(t), Rs(t) m S3(t) — MHOrOumeHst 3-U cremeHw OT t, 4 MHOIOWIEH

Ps(t) — o6mmit MEOXUTENb Y BCeX KO3 MUIMEHTOB, TAK KAK BCE OHU 00paIa-
I0TCA B HOIb, KOT'JIa CAMBAIOTCA ABe 3 Tpex Touek X, Y, Z (B onpenenurene
A(z,y) ABe OAMHAKOBEIE CTPOKH).
(a1t + b1)2(a2t + b2)2
Ps(t)

IOy 9eHHOe TaKUM 06pa3oM ypasHerue (a1t +by)(ast+be)(x? +1y2) + Q3(t)z +
+ R3(t)y + S3(t) = 0 onmucriBaeT Bce Hallle CEMEUCTBO OKPYXHOCTEW, 3a WUC-
KJII09eHneM ogHOU quHum (npsamou By By).

TlocmoTpuMm, kak BegeéT cebsi OKPYKHOCTH, MPOXOAAIIAS Iepe3 TOYKH X,
Y, Z, xorga, gBurascek no npsmou AC, Touka Y mpoxomuT dyepes TOUKy A,
T.e. coBnagaer ¢ Toukon Z (puc. 12), m npu sTom mMuOorounes Ps(t) o6pama-
eTCs B HOIb. B 5TOM ciydae OKpyXHOCTH (IO ABYM TOYKaM ), BOOOIIE TOBOPS,
OIpEAENUTD HeMb3sA. Ho 13 c006paXeHn HelPePLIBHOCTHA KO3 UINEHTOB O~
CJE[HEr0 YPABHEHWS ACHO, 9YTO IPU COOTBETCTBYIOUIEM 3HAYEHUM { DTO TOXKE
OyeT ypaBHEHUE OKPYXKHOCTH, IIPXA DTOM CEKYIasa ZY TPEBPAIIAETCA B KaCa-
TeabHYy0. TakuM 06pa3oM, 5T0 O6yAeT OKPYXKHOCTH, IPOXOAAMAA 9€Pe3 TOIKY

YMHOXUM 0be dacTu YpPaBHECHUA Ha U IIOKa2XeM, 9TO
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Puc. 12.

X u kacaromascsa npamon AAgg. [Janee, mpu IByX KOHEUHBIX 3HAYEHUAX ¢, KO-
rjaa Koo pUmeHT Opu z? —I—y2 o6palaeTca B HOMb, 3TO YPABHEHUE ONPEAEIIeT
npsmee AggAg 1 CyoCo. (IIpamas By By ABIsSETCA TPEAETBHON IJIA HAIIETO
CeMencTBa mpu t — 00.) DTH NPAMBIE, 3 TAKXKe BIMCAHHAA OKPYXHOCTH U
OKPYXHOCTB JEBATH TOYEK — YETHIPE JUHUU, COOTBETCTBYIONINE PASIAIHBIM
3HAYEHUAM { — UMeIOT 001y io ToUKy — To4Ky Penepbaxa. [logcTasus Koop-
AWHATH DTON TOYKY B HAIIIE YPABHEHNE, MBI ITOLYYUM yPABHEHUE OT | CTENEHN
HE BBINIE 3, UMEIOIEee YeTHpe pa3audubix KopHia. OTciona crexyer, 9TO TOY-
kxa Denepbaxa saBrseTcs OOIMEN TOYKOU HTOrO CEMEUCTBA (M HOHATHO, UTO
exquacTBeHHON). Ha 5TOM J0Ka3aTEILCTBO TEOPEMEI 3aKAHIMBAETCA.

U3 Teopemu cienyeT: 9TOGH BHIACHUTH, IPOXOAUAT JU OKPYRHOCTD, OIH-
CAHHAA OKOJO HEKOTOPOI'O «I€BMAHHOI'0» TPEYTOJLHUKA, depe3 TOUKy Denep-
6axa, JOCTATOYHO IPOBEPUTH, IPOXOAUT JU €r0 CTOPOHA (KaK IpsAMas) depes
COOTBETCTBYIOUIUH TIOJIIOC.

3AMAYA 10. [JoxazaTh, 9TO OKPYRHOCTb, ONUCAHHAA OKOJIO TPEYTOIbHU-
Ka C BEPUIMHAMY B TOYKAX KACAHUSA BHEBIUCAHHBIX OKPYXXHOCTEH CO CTOPO-
namu A ABC, mpoxoauT depes Touky Denepbaxa.

IIpemnaraem YuTaATEN0 CAMOCTOATENILHO PELIATD DTY 33,1a<y.

BorT ermme meckoabko mHTEPECHBIX (PAKTOB, HAJL KOTOPHIMA MBI TPEIJIATAEM
11 » HaJ{ A
noaymaTs anrareno. (O603HaYEHUs TE XKe, 9TO U B TEOPEME. )
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3AIAYA 11. okasaTs, uTo Tpeyroabuuku XY Z u AgyByoCoo mepcmek-
THUBHHI, T.e. apaMmbie X Agg, Y Bog 1 ZCyp IepecekaroTcsa B OJHOU TOYKE.

3ANAYA 12. lokasaTh, ITO TPUA IPAMbBIE, COETUHAIONUNE BEPIINHBI TPe-
yroasauka ABC ¢ OJHOMMEHHBIMH TIOMIOCAMHA, TTOPOX JIEHHBEIMYU TPEYTOJLHH-
koM 2KeproHHa ¥ CEPEeIWHHLIM TPEYTOILHUKOM, MaPAJLICTHHE.

3AIDAYA 13. [loka3aTb, 9TO OKPYXKHOCTH, IIPOXOAAIIAA I€PE3 TOUKY Ka-
CAHUS BHEBIUCAHHOW OKPYXHOCTH CO CTOPOHOU A ABC, TOYKy KacaHWUs dTON
Xe BHeBHHC&HHOﬁ OKPYXHOCTHU C OKPY2XKHOCTBIO A€BATU TOYCK U TOYKY KacCa-
HUs BIXCAHHOW OKPYXHOCTHU C DTOH CTOPOHOH, IPOXOAUT 4depe3 TouKy Den-
epbaxa.

3AZAYA 14%). OTpasmM CTOPOHBI OPTOTPEYrOILHAKA (mpaMbie) oTHOCH-
TEIHHO COOTBETCTBYIOUIUX CTOPOH Tpeyroabauka 2Keprouna. [lokaszaTs, 9T0
TpU TOAYyYIEHHbIE TAKUM 00Pa30M MpAMBIE 0OPa3yOT TPEYTOILHUK C BEPIIU-
HAMY HA BIWCAHHOU OKPYXHOCTH.

3ANAYA 15. (Apyeoe onucanue cemeticmea Petiepbaza.) llycts o A1 B1Cy
TOMOTETUYICH TPEYT'OJNBbHUKY }KepFOHHa C OECHTPOM I'OMOTE€THHU B UEHTPE BIIN-
camuon okpyxuocTu I. W3secTHo, uro npaveie AA;, BB, u C'C) nepeceka-
orca B oguon Touke. O6osmauuM X, Y, Z TOYKH WX TEpEeCceveHus C COOT-
BETCTBYIOIUMEU CTOpOHaMu Tpeyroabhuka ABC. [lokazaTb, 9TO CEMEUCTBO
OKPYXHOCTEMN, ONMMCAHHBIX OKOJO TPEYyroabHUKOB XY 7, COBIAAET C CEMEN-
crBoM Penepbaxa.

)Dra sagaua mpegmaramace ma XLI MexIyHADOZHOM MATEMATHICCKON OIMMIIEAIE
(Ceya, 2000 r.).



