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Kraccudukanma MHOTOTpaHHUKOB KokcTepa

B. O. Byraenko

Mmuororpanaunku KokcTepa — 5TO MHOTOTPAHHUKY, BCE IBYTPAHHEIE YTUIHI
KOTOPBIX ABAAIOTCS Tembivu gacTamu') 7. Kax Gbut0 06bsacHeno B craTse [5],
STU MHOTOTDAHHUKY CBA3AHBLI C AUCKPETHBIMU I'DYIIAMU OTPAaXKEHUU, KOTO-
pBle UrPAIOT BaXHYIO POJb B PA3IMYHEIX 061acTaXx MaTeMaTuku. Hacroamas
CTaThA IIOCBAIICHA KJIaCCHq)PIKH,HPIH TAKUX MHOT'OI'DAHHUKOB.

Bonpoc o kinaccudpukanuu maOrOorpanaEnkoB Kokcrepa moxer OBITH ecTe-
CTBEHHBIM 06pa30M OCTABIEH B 1I060M U3 TPEX TUIOB IPOCTPAHCTB IOCTOSH-
HOW KpuBM3HLL: cepudeckoMm S, eskanaoBom E" u Jlo6agesckoro L™. Tlep-
BBIM HaYaJd MU3Yy49aTh 9TU MHOT'OI'DAHHUKU BBIA&IOIIII/IIZC}I reoMeTp XX BEKa
I'. C. M. KokcTep, mo mMeHH KOTOPOT0 OHW u ObLté Ha3BaHBL. B 1934 romy
OH TIOXY YW MOTHYIO KIaccuduKaImuo MEOTOrpaEHnKoB Kokcrepa B cdhepude-
CKUX ¥ eBKAMAOBHIX npocrparcTsax [10]. Bee onm sBastorcs mmbo cummex-
caMu Ha cdepax, Tud60 TPAMBIMU TPOUIBEACHUAMMI CUMILIEKCOB W CUMILIUIINA-
AIBHBIX KOHYCOB B €BKJMWIOBBEIX ITPOCTPAHCTBAX.

3amada u3ydeHWs MHOTOrpaHHWKOB KokcTepa B mpocTpaHcTBax JlobGa-
9eBCKOro OblLna BIepBble mocTasieHa J.B. Bun6eprom B 1967 roxy [3]. Ta-
K€ MHOT'OTDAHHUKU MOT'YT UMETH CIOXHOE KOM6I/IH&TOPHO€ CTpO€HUE, N UX
kiraccudukanua, Nofo0HaA €BKINAOBOMY U ChEPUIECKOMY CIydasM, HEBO3-
MOXHa.

B macTosmen craTbe Mel Oy1eM CIeg0BaThL Xporoaoruu coosrtun. CHadana
PacCMOTPUM CPEPAYECKUN U €BKIUJOB CAYUAW, MPU DTOM TIOJYyIUM KOKCTE-
pOBCKyw Kiaccudukaimio. B maparpadge 5 MBI mepengeM K CIydYar TMpo-
crparncTB JlobadeBckoro. ByayT mpuBemeHsl Crioco6 OMWCAHWS W IIPUMEPHI
mHOrOrpasHukoB Kokcrepa B L™, a TakXke 0630p HEKOTOPHIX PE3YJIHTATOB
IO UX KJIACCA(DHKAIIAN.

1. BBINYKJBIE MHOT'OTPAHHUKY B EBKJUAOBBIX U COPEPUYECKUX
IMIPOCTPAHCTBAX

ONPEJENEHUE. Koneunbim 6bINYKAbLM MHO202PaHHUKOM (B MH060M U3
TpeX THUIOB NPOCTPAHCTB MOCTOSHHON KPUBU3HLI) HA3HLIBAETCS IIE€PECETCHUE

DKax u B craTbe [6], mox memow wacTBIO 7 MBI MOHMMAaeM 4ducao Buga w/k, rae k —
HATYPATbHOE IHUCJIO.

MaTemaTuueckoe npoceewerue, cep. 3, soin. 7, 2003(82-106)
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KOHEYHOT'O CEMEUCTBa, MOIYIMPOCTPAHCTB, COAEPKAIIEEe HEIMyCTOE OTKPHITOE
MHOXECTBO.

[las mpocTOTE MBI OyeM TOBOPATH IPOCTO «MHOTOTPAHHUK», OILyCKAs
CJIOBa ((KOHe‘IHbeI)) n ((BbIHyKJIbeI», IOCKOJIBKY 6€CKOHe‘IHbIX VIV HEBBIMMYKJIBIX
MHOT'OI'PAHHUKOB MBI PACCMATPUBATH HE OyaeM.

Bymem mpegmomarats, 9TO HUKAKOE MOIYTPOCTPAHCTBO CEMEUCTBA HE
COMEPXKUT TEPECeICHNA OCTATBHBIX (B MPOTUBHOM CIydae €ro MOXHO HC-
KIIOYATH W3 CEMEWCTBA, HE M3MEHWB BCErO nepecedenus). Torga ceMencTso
HOXYTIPOCTPAHCTB OJHO3HAYHO ONPEAETACTCA II0 MHOTOrpaHHMKY. [lomympo-
CTPAHCTBA, BXOAAIIME B DTO CEMEUCTBO, OyJeM HA3BIBATH OTPEOEAMOUSUMY
MHO202PAHHUK.

['paHWIBI TOLYIPOCTPAHCTB, ONPEAETAIIIAX MHOTOT DAHHAK, HA3LIBAIOT-
CSL 2UNEPNAOCKOCTNAMY 2Panell, a UX TMEPECeIeHnsA ¢ MHOTOIPDAHHUKOM — €r0
epanamy cmapwetd pasmeprocmy (AT «CPAHAMYA KOPA3MEPHOCTH 1»).

CunepmiockocTu rpanen ABAAOTCA (1 — 1)-MepHBIMA IPOCTPAHCTBAME, &
rpaHd — MHOTOTPAaHHMKAM# B HUX. VX TpaHM cTapiied pa3MepHOCTH SBIAIOT-
Cs [JISL ICXOZHOTO MHOTOIDAHHUKA I'PDAHAMY Pa3MepPHOCTH 1 — 2 (Mam Kopas-
mepHOCTH 2). IIpogonkas 3TO TOCTPOEHNE TI0 WHIYKIIAW, TIOLY IUM OIPEIeIe-
HUE TpaHu 110001 pazMepHOCTH. ['panu pasMepHOCTH 1 HABBIBAIOTCA PebPaAMU,
a pasmeprOCTH () — BEpUUHAMU.

[ToCKOIBKY MHOTOTDAHHWK MOXET OBITH 334aH HAGOPOM OIPeeIAIONX
ero MOIYNPOCTPAHCTB, HAYHEM C M3Y9YEHUS BOMPOCA, KAKAM 00Pa30M MOXHO
33,1aBaTh MOJIYyIPOCTPAHCTBA B €BKIUAOBHIX U C(PEPUIECKUX TPOCTPAHCTBAX.
JIro6oe monympocTpancTBo B E™ 3afaeTcA B BUJE IUHEMHOTO HEPABEHCTBA

a1r +agwy + - + apzy <o, (1)
rae K03pPUIueHTs 41, 49, - .., G SABIAIOTCA KOOPAWHATAMHA BEKTOPA HOP-
MaJ K 'MIEPINVIOCKOCTU — I'PDAHUINIE IIOJAYIIDOCTPDAHCTBA. B BEKTOPDHOM BHUOIE
HepaBeHCTBO (1) samumercs B Buge (e,z) < c.

[Tapa, cocToAmas W3 HEHYJIEBOTO BEKTOPA € W AEUCTBATEILHOIO 9GHCIA
¢, 3aJAKUAas HEKOTOPOe (DPUKCHPOBAHHOE TOLYIPOCTPAHCTBO, ONPELEICH] C
TOYHOCTBIO [0 YMHOXEHHA Ha TMOJOXWTEIbHYI0 KOHCTAaHTY. 1l0oaToMy ecam
JOTIOJHATEIHHO MOTPE6OBATH, ITOOBI BEKTOD € ObLI HOpMUpPosanubim (T.e.
(e,e) = 1), To Takme mapsl OyAyT HAXOAWTHCA BO B3AUMHO OJHO3HATHOM
COOTBETCTBAM C MOXYIPOCTPAHCTBaMU TpocTpancTa E". BekTop e Gyxem
HA3BIBATD HOPMAADLIO K NOAYNPOCTNPAIHCMEY. 3aMETUM, 9TO BEKTOD HOPMAIH
HANPABJIEH HAPYXKY MOIYyIPOCTPaHCTBA (puc. 1).

[Ipu nepecedennu ABYX runepuiockocten 8 E" 06pasyoTca deThpe pas-
JAYHBIX ABYTPAHHBIX yIUa, BEIUIAHBI KOTOPBHIX MOMAPHO Jub0 PABHEI, Aub60
OOTIOMHAKT APYT APyra g0 7. Kcam xe MBI BHIOEpEM i KaXIOU W3 I'i-
HEePILIOCKOCTEM OAHO M3 ABYX OTPAHMYABACMEIX €10 IIOLYOPOCTPAHCTB, TO
MOXHO OJHO3HAYHO BEIOPATH OJMH W3 DTHUX 9YETHIPEX ABYTPAHHBIX YIVIOB.
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Puc. 1.

A wmmenno, 5T0 6yAeT ABYrPaHHBIN yroix, OOpPa30BAHHBIM B IEPECEICHUN BEI-
OpaHHBIX IOIYNIPOCTPAHCTB. ByneM Ha3BIBATH DTOT ABYT'DAHHBIA YTOI Y2A0M
MENCOY MOAYNPOCTPARCMEaMY. BerwauHay >TOro yria MOXHO ONPEIEINTb
KaK BEIWYWHY ILIOCKOT'O YIVIA, HOIYYaEMOrO B MEPECEYUCHUM DTUX IOIYIPO-
CTPAHCTB C ABYMEPHOW ILUIOCKOCTBHIO, NEPIEHAVKYIAPHON X rpaHunaMm. Ta-
KuM 06pa3oM OIpPEAEICHHBIN YIOl MeXAY MOLYIPOCTPAHCTBAMHU JOIOIHIET
O T YyrOJ MEXJy HOPMAJSIMU K HUM.

YrioM Mexay IpaHAME MHOIOIDAHHWKA HA3BLIBAETCA YyT'OJX MEXAY COOT-
BETCTBYIOIIAMY 3TUM I'DAHAM HOIYIPOCTPAHCTBaMu. Eciu aBe rpaHu crap-
ey Pa3MEPHOCTH [IE€PECEKAIOTCS IO TPAHY KOPA3MEPHOCTH 2, TO OHU HA3BIBA-
I0TCS CMENCHBIMU, & YTOIL MEX Y HUMUI — 08Y2PAHHbIM Y2A0M MHO202PAHHUKG.

Cdepa S™ MoxeT GHITH €CTECTBEHHEIM 00pa3oM BIoxkeHa B F™1:

S" ={zx e E": (z,2) = 1}.

Kaxgoe norynpocTpascTBO cepUIeCKOro IPpOCTPAHCTBA S” ABIACTCA NPHU
TAKOM BIOXEHWM €r0 NEPECEUYEeHMEM C HEKOTODPHIM HOIYIPOCTPAHCTBOM B
E™! rpamumma KOTOpOro HPOXOMT 4Uepe3 Hylb. BeKTOp HOpMalI: K HOIy-
OPOCTPAHCTBY B Entl OymeM TakXe Ha3bIBATH BEKTOPOM HOPMAJIHM K COOT-
BETCTBYIOIIEMY TOJYIPOCTPAHCTBY B S™.

Takum 06pa3oM, MBI TOLY IUIXA B3AUMHO OJHO3HAYHOE COOTBETCTBUE MEX-
Ay HOPMEPOBAHHBIMY BEKTOPAMH B (n+1)-MEepHOM €BKINLOBOM IPOCTPAHCTBE
¥ TOJYITPOCTPAHCTBAMU 7Ti-MepPHOU cepsl, 3aaaBaemMmoe (hOpMyIon

ecE" i (ee) =1 «— H,E{zecE""':(z,2) =1, (e,z) <0}

TaxuMm xe 06pa3oM NOJydaeTCsa COOTBETCTBUE MEXIY MHOTOTPAHHUKAMUA
B S" u MEOrOrpaHHEKaMu B E" 11, Bce rpanM KOTOPHIX IPOXOAAT Uepe3 OJHY
TOUKY. Takue MHOTOTDAHHUKY HA3LIBAIOTCA MHO202DANHBIMY KOHYCAMU.

C kaX/[BIM MHOTOI'DAHHUKOM CBSIXKEM CUCMEMY HOPMAAET — MHOXKECT-
BO HOPMAJIEN K OMPEIEIAIONIAM ero MOIyIpOCTPAHCTBAM. [[1a MHOrOrpaHHuT-
k0B B E" cucTema HOpMaJey MPUHAIIEKAT DTOMY *K€ MPOCTPAHCTBY, a A
MHOTOI'PAHHEKOB 13 S” cucTeMa HopMajeh npuHapiexut E" L. Yror mexay
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HOPMAJIAMH JOIOJHAET 0 7 YT'OJ MEXIY COOTBETCTBYIOIIAMY HOJLYIIPOCTPAH-
CTBAaMHU.

B cBowo ovepenb, KOHEYHAA CACTEMA BEKTOPOB B €BKJIUJOBOM IIPOCTPAH-
CTBE MOXeT OBITH 33/1aHa, MATPHUIIEH, COCTABICHHON U3 MOMAPHBIX CKAJIAPHBIX
NPOM3BEJEHNN BEKTOPOB W HasbiBaeMou mampuuel I'pama. Marpuny ['pama,
CHCTEMBI HOPMAJEH KOHETHOIO MHOT'OIDAHHUKA MEI Oy1eM HA3LIBATL MEIMPU-
yet I'pama mmoz2o2pannuxa.

3 onpenenenns marpunsl I'pama G = (gi;) cregyer, 9TO OHA OIKHA
YAOBJIETBOPATD CICAYIOUIAM YCIOBUIM:

> gij = gji (CHMMETPUYHOCTB);
> gy = 1 (HOpMHUPOBAHHOCTB);

> BCE€ INIaBHBIE MHWHOPHEI MaTPHIIBL G HEOTPpHUIATECIbHBI (HOJIO)KI/ITeJIbHa.H
HOIYOIPEIeIeHHOCTE). B 9acTHOCTH, BHIIOIHEHO HepaBeHCTBO Kormm —
Bynsakosckoro: |g;;| < 1.

O6paTHO, BCIKAsS MATPUIA, YAOBICTBOPSIIOMIAT DTUM yCIOBUAM, ABIAETCI Ma-
Tpurnen ['pamMa HEKOTOPOX HOPMUPOBAHHOU CUCTEMBI BEKTOPOB B €BKJIU[OBOM
OPOCTPAHCTBE (COMIACHO M3BECTHOU TEOPEME M3 JWHEMHOU aareGphl), U, TeM
CaMBIM, MATpHUIER [')paMa HEKOTOPOr0 KOHEIHOT'O eBKIIU JOBA, MHOTOIDAHHUKA..
[leNicTBUTENBLHO, IO CUCTEME HOPMAJIEH MOXKHO HOCTPOUTH CEMENCTBO IOIY-
IPOCTPAHCTB TAK, ITOOBI BCE OHU COAEPKAIU OKPECTHOCTH HyJsa. Torpa me-
pecedeHne 3TUX MOIYIPOCTPAHCTB OyIeT BHIMYKJILIM MHOTOrpaHHUKoM. Kpo-
M€ TOr'0, MOXHO TIOCTPOUTH CUCTEMY TOIYIPOCTPAHCTB TAK, 9TOOBI BCE UX
TPAaHUILI IPOXOAWIN depe3 Hyab. Ecium m B 5TOM clIydae IepecedeHue IOIy-
IPOCTPAHCTB OyAeT COAEPKATH HEIYCTOE OTKPHITOE MHOXECTBO, TO MATPHULE
I'pama cooTBeTCTByeT Takke MHOTOrpaHHUK HA cdepe. [loayvaommuucsa npu
DTOM €BKJINJOB MHOTOIDAHHUK HA3LIBAETCA MHO20ZPAHHbIM KOHYCOM.

Paneom cucTeMbl BEKTOPOB HA3BIBAETCSA PA3MEPHOCTH €e JUHEWHOU 060-
J04YKu. PaHT CHCTEMBI BEKTODOB COBIIAJAeT C PAHIOM ee MaTpuisl ['pama.
Panr cucrembr BeKTOPOB He 60JbIIE, 9€M UX KOIXIECTBO, IPAIEM DABEHCTBO
JOCTHUTAETCS TOTAAa M TOIBKO TOT[Ja, KOTa CHCTEMa JIWHEWHO HE3aBUCUMA.

Ecnu cucrema HoOpMasel nMeeT PAHT MEHBIIWH 71, TO BCe HOPMAJIU COAEp-
XKATCA B HEKOTOPOM COOCTBEHHOM IIOANIPOCTPAHCTBE NpOCcTpanHcTBa ™. Muo-
TOrPAHHUK B 3TOM CIydae ABIACTCA MAIAHIPOM HAJ MHOIOIDAHHUKOM MEHb-
ey pasMepHOCTH. Takwe MHOTOTDAHHUKY Oy €M HA3BIBATE 6biP0HCOEHHbIMU.
Msmuororpasauk B S” Ha30BeM BBIPOXKJEHHBIM, €CIU BHIPOXKJEH COOTBETCTBY-
IOIUH eMy MHOTOI'paHHBIA KoHyC B E™ !, T.e. cucrema HOpMase#h mmeeT panT
MenbIe 71 + 1.

Haxomer, eciu cucrema BEKTOPOB HPEACTABIAECTCA B BUIE OOHEIUHEHUS
HECKOJIBKWX IIOMAPHO OPTOTOHAILHEIX HOACHUCTEM, TO COOTBETCTBYIOIIWH
MHOTOT'PDAHHUK ABIAETCA MPAMBIM MPOU3BEAEHUEM COOTBETCTBYIOIIUX WM
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MHOTOI'DAHHUKOB, & MATPHUIA ['paMa mMMeeT KIeTOYHO- IUATOHAILHLIN BUJ, B
KOTOPOM KJIETKU SBIAIOTCA MaTpunamu | 'pama noxcucrem. MHOrOrpaHHUK,
CUCTEMa HOPMAJIEeH M MATpHUIa ['paMa B 3TOM CIydae HA3BIBAIOTCA Pa340HCU-
MBLMU.

CaMbI#l IPOCTOM C TOYKY 3PEHUSI KOMOMHATOPHOIO CTPOEHUS MHOI'OTDAH-
HUK — cumnaexc. OH umeeT n + 1 rpass crapimen pasmeproctu. O6paTHO,
ecau mepecedeHue N + 1 DOIyIPOCTPAHCTBA ABIACTCA OTPAHUIECHHBIM MHOT'O-
I'DAHHUKOM, TO 9TOT MHOI'OT'DAHHUMK — CHMILICKC. KOJII/I‘IGCTBO I‘paHeﬁ CHUM-
ILIEKCa HA €IUHUIY OOIbIIe Pa3MEPHOCTH IPOCTPAHCTBA, a €r0 CECTEeMa HOp-
MaJjeyl CBA3aHA eJUHCTBEHHBIM JXHEWHBIM COOTHOIICHAEM.

Konyc B eBKIMIOBOM TPOCTPAHCTBE, COOTBETCTBYIOUIUN CUMILIEKCY Ha,
cdepe, HA3BIBAETCA CUMNAUYUAAbHOIM KoHycom. CHcTeMa HOpMAJIed CAMILIZ-
[IMAJTBHOTO KOHYCA JIWHEMHO HE3aBUCUMA.

2. OCTPOYT'OJIbHBIE MHOT'OI'PAHHUKU
Mer gagum B3 ONpeEAeaeHus OCTPOYTIOJBHOIO MHOI'OIDAHHUKA.

ONPENE/IEHAE. MHOrOrpaHHUK HA3BIBAETCA OCMPOY204bHbIM, €CIU BbI-
HOJHEHO OHO W3 ABYX CIeAyIomuX (PABHOCWIBHBIX) yCIOBUM:

I. Bce ero gByrpaHHBIE YIUBI HE TYIIHIE;

II. Bce yrabl MeX Iy OIPENEIAONIIMEA €r0 HOIYIPOCTPAHCTBAMY HE TYIHIE.

Ha mepsbml B3mIsg BTOpOE OIpeAeieHUe KAXeTCA 6olee CAILHBIM, IO-
CKOJIBKY OHO HAKIAABIBAET OTPAHUYECHUE HA YTIBI MEX Y JIOOBIME, & HE TOIb-
k0 cMmexHbivMu rpaaamu. Ognako B 1970 rogy E. M. Angpees [2] moxazau,
9TO TUNEPILIOCKOCTH HECMEXHBIX TPAHEN MHOT'OT'DAHHUKA, YIOBIETBOPIOIIE-
IO yCcJIoBMIO |, He mepeceKaloTCs, a 3HAYAT, TAKUE MHOTOT'DAHHUKY Y [OBIETBO-
psaioT Takxe ycaoBuio 1I. Mel He GyqeM IPUBOAUTD TOKA3ATEALCTBA, TEOPEMEI
Anppeesa, a s TOro, 9TO6BI MJIOKEHUE COXPAHWIO CTPOrOCTH, OyeM Cau-
TaTh ONPEAeJeHNEM OCTPOYTOJILHOIO MHOTOTPDAHHUKA, ycaoBue 11.

Yrasl MeXy HOPMAJAMH OCTPOYTOJIHHOTO MHOTOIDAHHUKA SABIAIOTCA HE
OCTPBIMH; TAKYIO0 CUCTEMY BEKTODPOB OyjJeM Ha3BIBATH MYNoy20.4bHoG.

3AMEYAHUE. [IpaMou yroa [OMyCKaeTCA KaK MeXIy TPAHAMHA OCTPO-
YrOIBHOTO MHOTOTPAHHWKA, TAK YU MEXIY BEKTOPAMU TYNOYTOALHOU
CHUCTEMBI.

Oxa3bIBaeTCsI, 9TO B €BKJIUJOBOM MPOCTPAHCTBE MOMEIIAETCS TOCTATOY-
HO MaJI0O BEKTOPOB C IOIAPHO HE OCTPHIMY YIVIAMU, IIODTOMY OCTPOYTOIbHEIE
MHOT'OT'PAHHUKY UMEIOT JOCTATOYHO IPOCTOEe KOMOMHATOPHOE CTpoeHue. Bo-
Jgee TOIHAS (HOPMYJUPOBKA COAEPKUTCI B CICAYIOMEN JEMME.
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JIEMMA 1. Jo6as Hepazioncumas mynoy2o4bHas CUCMEME BEKMOPO6 6
E™ codepacum wme 6osaee n+ 1 sexmopa.

[TOKABATEJBCTBO. [lokazaTerbcTBO OyAeM MTpPOBOAUTH HHAYKIWEH IO
Pa3MEPHOCTHU TMPOCTPAHCTBA. ba3a 04YeBMIHA: MAKCAMAILHAA TYMOYTOJILHAL
CHCTeMa BEKTOPOB Ha, IIPAMOM COCTOMUT W3 ABYX IPOTUBOIOIOKHO HAIPABJICH-
HEIX BEKTOPOB.

PaccmoTpum HEPA3IOKUMYIO TYHOYTOABHYIO CACTEMY W OJUH W3 €€ BEK-
TOpOB Z.

Ecim BekTOp —Z TakXe TPUHALIEKUT CECTEME, TO BCE ee BEKTOPhI, KPO-
Me T W —, IO yCIOBAIO OOpPa3ylT ¢ HUMH HEOCTPBIC YIUBL, & DTO MOXET
OLITH TOABKO B CIydae, KOT[a OHH OPTOTOHAIBLHLI UM 00OMM. 3HAYUT, APY-
IUX BEKTOPOB HET, MHAYE CUCTeMA ObLia Obl pazmoxumon. [lopTomy cucrema
COJIEPXKUT BCETO IBa BEKTOPA, W JJIA 3TOTO CIydas JeMMa, JOKa3aHa.

[ycTs Tenmeps cucTeMa He coAepXkuT BekTopa —. CITpoeKTupyeM Bce Bek-
TOPBI CACTEMBI, KPOME T, Ha TUIEPILVIOCKOCTH 11, opToronassayio emy. Ilory-
9YeHHaSA CECTEMa COAEPXUT Ha, OJUH BEKTOP MEHBINE UCXOJHOU U COACPKHATCA
B IIPOCTPAHCTBE HA €JWHUIYy MEHbIIEeH pasMepHOCTH. [|ia 3aBepIieHus JoKa-
3aTeabCTBa JOCTATOYTHO HpOBepI/ITI), 9TO0 OHa TyHOyFOJIBHaﬂ n HepaBJIOX(I/IMaﬂ,
7 COCIATHCA HA MPEANONIOKECHNE WHIYKIIAH.

[as moKasaTenrbCTBa TYMOYTOALHOCTH PACCMOTPUM [ABA BEKTOPA U U U
cucteMnl u ux npoeknua v’ u v’ Ha II. Torga u = u' + Az, v = v' + pz, rae
A< 0mp<0,orkyna (u,v) = (u',v") + Au(z, z), sHaqmT

(', v") < (u,v). (2)

Mer BUAUM, YTO CKAJIAPHBIE IPOU3BEACHUA NPU NMPOEKTUPOBAHUU HE YBEIU-
YUBAIOTCA; CAELOBATEILHO, YIVIBI MEXAY BEKTOPAMHU OCTAIOTCA HE OCTPHIMU.
IlosToMy momyydeHHAs IPU TPOEKTUPOBAHUU CACTEMA, TYIOYTOJBHA.

[as mokaszaTeabCTBA HEPA3IOKMAMOCTH 3aMETUM, 9TO TYIEIE YIIBI HE MO-
T'yT IPOEKTUPOBATHCA B IPAMBIE, TIO3TOMY HEPABIOKMMAS CACTEMA TPOEKTH-
pyeTcsa B HepasuaoxuMyo. VCXOmHYI0O CHCTEMY BEKTODOB MBI BHIOMPAJIU He-
PA3JI0XUMOM, OMHAKO TPY YIAJEHUW BEKTOPA I OHA MOIVIA PACIACTHCA HA
HECKOJILKO OPTOTOHAJILHBIX KOMIIOHEHT. [Ipm 5TOM BEKTOp X MOIXKEH 00pa-
30BBIBATH HE TPAMOU Yrod XOTSA OBl C OMHUM W3 BEKTOPOB KaXIOU KOMIIO-
HeHTH. [Ipm mpoexTWpoBaHWMY 5TU BEKTOPHI CTAHYT OOPA30BBIBATH MEXIY
co6OM MONAPHO TYMHIE YIVIBL, TAK KAK CKAIAPHBIE ITPOW3BEJICHUSI BEKTOPOB,
00pa3yomuxX TYObIE YIUIEL C L, CTPOTO YMEHBIIAIOTCA (9TO JErKO IPOBEPUTS,
UCCIEeI0OBAB CIyYad BHIMOTHEHUSA PABEHCTBA B HepaBeHCTBe (2)). 3HAYUT, TI0-
Jy9IeHHas TPU TPOEKTUPOBAHUYU CACTEMA HEPABIOKMMA.

CHEACTBUE. Koauuecmeo 6eKmopos HEPA3A40HCUMOT MYNoYeosbHol cu-
cmembt Aub0 PasHo ee panzy, Aubo Ha edunuyy boabue.
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B mepBoM u3 3TUX ABYX CIyYaeB CUCTEMa JHHEHHO HE3aBUCHUMA, a 331aBa-
€MBbIX TAKOU CUCTEMOM HOPMAJEH MHOI'OIDAHHUK ABIACTCA CAMILIAIIAAIHHBIM
koHycOoM. Bo BTOpOM ciydae cucTema CBA3aHA €IUHCTBEHHBIM JUHEUHBIM CO-
orromenueM. (HeTpyaHo n0OKa3aTh BECbMa MOIE3HOE CBOMCTBO DTOrO JWHEH-
HOT'O COOTHOIIEHUSA, ITO BCE er0 KO(PPUIMEHTH UMEIT OJUHAKOBLIA 3HAK.
Ozrako HaM OHO He noHaAO0UTCA.) [loKax)eM, 9TO COOTBETCTBYIOUMMN CACTE-
M€ HOPMAJE MHOTOI'PDAHHUK B DTOM CIy4ae ABIAETCSI CAMILIEKCOM.

JIEMMA 2. Jhob6as nepasaoxrcumas mynoyzoabuas cucmenma 6 E™, cocmo-
awas uz n+ 1 sexmopa, Aeasemca cucmemot HOPMAAET HEKOMOPO2O CUM-
naexca.

HJOKA3BATENLCTBO. Ilycts €1, €, ..., €pt1 — AAHHAA CHCTEMA BEKTOPOB.
Moxaxem, aTo MHOrorpaauk M = N{z : (z,e;) < 1} ABIAETCS CUMILIEKCOM.
2

HocTarouno nokasars orpanmienHocTs M. IIpennonoxum nporusaoe. Torma
HEKOTOPBIN JIyd C HAYAIOM B HyJe (Hy/JIb — BHYTDEHHsAA Touka M) meamkom
JeXxuT BHyTpu M. OTO 3HAYUT, 9TO CYyWIECTBYET TAKOU BEKTODP €, YTO IJsS
ao6oro ¢ npu mo6om A > 0 BeimoareHO ycaosue (Ae,e;) < 1. DTo Moxer
BBHINIOIHATHCA TOABKO, ecan (e,e;) < 0 muaa Beex i. Ho Torga gammyio Tymo-
YTOJIBHYIO CUCTEMY BEKTOPOB MOXHO PACIIAPUTDL, HOOABUB BEKTOp €. A 5To
IIPOTUBOPEYNT JeMMme 1.

Tenepb MBI MOXEM ONUCATH CTPOEHUE OCTPOYTI'OJIBHBIX MHOI'OI'DAHHUKOB
B €BKJIMIOBBEIX IPOCTPAHCTBAaX M Ha cdepax.

TEOPEMA 1. Heswiposcdennvie 0cmpoy204bHbie MHO202SPAHHUKY 6 €6KAU-
00BOM MPOCPAHCNEE ABAAIOMCA NPAMBIMY NPOU3EEIECHUAMY CUMNAEKCOB U
CUMNAUYUAADHDIT KOHYCOB.

HOKA3BATEJILCTBO. Cucrema HOpMAJIEH OCTPOYTOJIBHOI'O MHOI'OT'DAHHU-
Ka ABAsgeTCS TynoyroabHou. COrIacHoO CIeNCTBUIO, OHA MPEICTABIIETCA B BHU-
Ie OO0beIVHEHUA NONAPHO OPTOTOHAJIBHBIX MOACUCTEM, KAaXAaA U3 KOTOPBIX
au60 JIUHETHO HE3aBUCUMA, JUO0 CBI3aHA €IUHCTBEHHBIM JAHEAHBIM COOTHO-
[IEHWEM, 3 3HAYAT ABIAETCA CACTEMOW HOPMAJIEH CHMILIUIUAILHOTO KOHYCa,
WIA CUMILTEKCA,. 1[09TOMYy paccMaTpUBAEMBIM MHOTOTDAHHUK SBIACTCA MPS-
MBIM TPOU3BEJEHNEM MHOTOTDAHHUKOB OTUX IBYX TUIOB. 3AMETUM, ITO TPSA-
MO€ IIPDOU3BEAECHNE CUMILINIINAIBHBIX KOHYCOB TAKX€ SABIACTCA CUMILINIIAAIb-
HBIM KOHYCOM.

TEOPEMA 2. Hesbipodcdennbie 0Cmpoy20abtbie MHO202PARHUKY Ha cfepe
ABAAIOMCA CUMNAEKCAMU.

[JOKABATEILCTBO. Paccmorpum B E™! cucremy HOpMasne#r HeBbI-
POX/JEHHOI'O OCTPOYTOIBHOI0 MHOrorpaauka B S”. [lo6aBuM K HEW BEKTOD,
JIEXKAIWYA CTPOrO BHYTPH CUMILIAIMAILHOIO KOHYCA, COOTBETCTBYIOIETO DTO-
My MHOTOI'DAHHUKY (TaKOM BEKTOD CyLWIECTBYET, MOCKOIBLKY MHOIOIDAHHUK
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COIEPXKUT HEMYCTOE OTKPHITOE MHOXECTBO). DTOT BEKTOP COCTABIIAET TYIILIE
yrabel CO BCEMU BEKTODAMU CHUCTEMBI HOpMa.TIeﬁ, IIO9TOMY IIOJYYUBINAACA IIO-
cie nO06GABIEHUA CUCTEMA ABIAETCSI TYHNOYTroJbHOM m Hepasmoxumon. Coruac-
HO JIeMMe, OHA COZePXHUT He 6oxee n + 1 BekTopa. ClrefoBaTelbHO, HCXOLHAA
CUCTEMa HOpMAJEeH cogepxana He 6onee 1 BeKTOPOB. U3 HEBEIPOX JEHHOCTH
MHOTOI'DAHHUKA, CIEAyeT, 9TO OHA, COAEPKANA POBHO 7 JUHENHO HE3ABUCUMBIX
BEKTOPOB. 3HAYAT, MHOTOI'DAHHUK SABISAETCA CUMILIEKCOM.

3. MHOTrorpAHHUKN KOKCTEPA U CXEMbI KOKCTEPA

ONPEAENEHUE. Muozozpannukom Kokcmepa HA3BIBAETCSI MHOTOTDAH-
HUK, BC€ IBYT'PAHHBIE YIIBI KOTOPOTO ABIAIOTCA HEIBIMA YaCTAMHA 7.

B crarse [5] gokasbiBaeTcs, 9TO, MHOTOKPATHO OTPAXKas MHOTOTDAHHUK
KokcTepa 0OTHOCHTENBEHO IMIEPILIOCKOCTEN €0 T'PAHEN, MBI IIOLYYIAM 3aMO-
[eHre TPOCTPAHCTBA, «(KaMepPaMm»y, PABHBIMA UCXOLHOMY MHOTOrpaHHUKY. U3
DTOTO CIEAYET, ITO €CIU JBE TUIEPILIOCKOCTY HECMEXHBIX IDAHEH JaHHOTO
MHOT'OT'DAHHUKA IEPECEKAIOTCS, TO OHU 00PA3yIoT ABYTPDAHHBLIN YOI APYrON
KaMepHl. JHAYUT, yroJd MeXAy HUMHU TaKXe JOMXKeH OLITh paBeH LeIOU Ja-
cru .2

B mononneHwe X IBYyM yXXe M3BECTHHIM HaM CIOCO6aM 3aJaHUS MHOTO-
TPAHHUKOB — CHCTEMOW HOpMaJen u maTpuien ['pama — [as MHOrOrpaH-
mukoB Kokcrepa cymecTsyer eme ogua — cxemoun Kokcrepa. [ BBeneHus
DTOTO HOHATHA HAM MOHAJOOUTCA A3BIK Teopuu rpados. HamomuuM KOpOTKO
OCHOBHEIE OTIpeJeIeHUS.

I'pad, pebpa KOTOPOro MOT'YT MMETH PA3IMIHYI0 KPATHOCTD, OyJeM Ha-
3BIBATE cremoli. Cmenenvlo 8epwuHbl CXEMBI HA3LIBAETCA KOJINYIECTBO BBIXO-
msmux w3 Hee pebep. BepimHel cTenenn Hyab HA3BIBAIOTCS U304UDPO6ARHbLMU,
CTENeHN OUH — BUCAUUMU, CTETIEHN TBA — 00blUHbIMU, & GOIBIIEH CTEIeHN —
y3aamu. Pebpa kpaTHOCTH 1 HA30BEM NPOCMbIMU, & OCTAILHLIE — KPAMHbIMU.
[TyTs HA3BIBAETCA NPOCMBIM, €CIU OH IPOXOAAT TOABLKO IO MIPOCTHIM pebpaMm.
Byaem Ha3eBaTH 0c06eHHOCMbIO CXEMBI KPATHOE Pe6PO WIH y3€el, a NPocmot
ocobennocmvio — pebpo KpaTHOCTH 2 mau y3en creneHu 3. CBasHas cxeMma,
HE COMEePXKAIlas IMUKIOB, HA3BIBAETCA depesom. [lepeBo, He comepxkalee 0Co-
6EHHOCTEN, — DTO JIWHEWHAA CXEMA U3 MPOCTHIX pedep.

Kaxgomy muororpanauky Kokcrepa coorBeTcTByeT cxema, Ha3bIBAEMAs
ero cxemon Koxkcrepa. OHa ompegenserca creayommM ob6pasoM. Bepmuab

Z)MHOI"OI"paHHI/IKI/I KoxkcTepa ABIAIOTCA OCTPOYTNOIBLHBIMU, MO3TOMY M3 yIOMUHABIIENCS
pamee Teopemsr Anapeesa [2] cregyeT, 9TO MEIEPILIOCKOCTH HECMEXHBIX TDAHEN HE IEpe-
cekaforca. Ham aas xkaaccudukammm MEOrorpanaukoB Kokcrepa norpebyercs amns GhakT,
9TO yroa MeXAy T0LIMHA HemapaLIe bHBIMA TPAHAMEA PAaBEH Ieaou Jactu 7. MbI npuBemn
IOKA3aTeIbCTBO ITOro 6ojaee caaboro yTBepXAeHWA, YTOOBI HAIIKX PACCYXIEHUA HE IOTe-
PAIM CTPOTOCTH B OTCYTCTBUU JOKa3aTEIbCTBA TeOopeMbl AHapeesa.
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cxeMbl KOKCTEpa COOTBETCTBYIOT I'PAHAM CTAPIIEA PA3MEPHOCTYA MHOT'OTPAH-
uuka Kokcrepa. Ecan nBe rpanu nmepneHguKyIsipHBI, TO COOTBETCTBYIOIINE
BepmwuHLI cxeMbl KokcTepa He coenuuaioTcsa pebpom. Ecau yror mex gy rpa-
HAMY paBeH 7/m (m > 3), TO COOTBETCTBYIOIINE BEPIINHLI CXEMBI COETUHA-
I0TCSL pe6POM KPATHOCTH 11— 2 WX OOBIIHBEIM PEGPOM € OTMETKOH 11 (9TH ABA
0003HAYEHNs PABHOCWIBHEL, UCIOAB30BATL PEOPO C OTMETKOUN yA0OHO B CIy-
9ae, eCIIU M BEIUKO). KCim rpaHu napajliefbHEl, TO BepuHEL cxeMbl KokcTe-
pa COEAMHAITCA KUPHLIM pe6poM (miu pebpoM ¢ OTMETKOH 00 ).

Iodczemoti cxembr KokcTepa HazbiBaeTCS moarpad, MOIyIaeMBIA yaaJIe-
HUEM HEKOTODBIX BEPHINH BMECTE€ CO BCEMU BBIXOOAIIUMU U3 HUX pe6paMn.

Acuo, uTO MO cxeme KokcTepa OJHO3HAMHO BOCCTAHABIMBAETCA MATPH-
na 'pama u cucrema HOpMagen. ITogcxemam cxembr Kokcrepa cooTBeTcTBY-
0T TMOJCUCTEMBI CACTEM HOPMAJEN U TMIABHBIE MUHOPHI MaTpuisl ['pama. Mut
Oyaem ToBOPUTEL 00 onpedeaumene U panee cxembl Kokcrepa, uMmes B BUIY
OTIpeNeInTeNb W PAHT COOTBETCTBYOMEN MaTpHUIEl [ pama.

Jlerko mpoBEpUTH, ITO CBA3HOCTE cXeMbl KOKCcTepa paBHOCUILHA, HEPA3JIO-
XUMOCTH COOTBETCTBYIOIIAX el MaTpuusl ['pamMa, CHCTEMBI BEKTOPOB ¥ MHO-
rorpanauka Kokcrepa.

Omnpegenurent cxembl KokcTepa paBeH NPOU3BEIEHUIO OMPEIEIUTEICH €€
CBA3HBIX KOMIIOHEHT. Qupegennrens CXeMbl, COCTOAIIEA U3 OJHOU M30MUPO-
BaHHOU Bepumubl, pased 1. [lmra yno6cTsa 6ygeM CIuTaTh, 9TO OMPEAEINTED
MyCTON CXEMEI TAK¥XK€ PABEH €IUHUIIE.

[us mpumepa paccmorpuM cxemy KokcTepa, TpercTaBIAIONIYIO COG0U
oauH npocron uukia (puc. 2), u ee marpuiy ['pama:

1 1
1 - 0 e 00—
S D 0 0
2 1 2 1
0 -3 1 — 0 0
0o 0 —% 1 0 0
2
0O 0 0 0 1 —%
1 1
—3 0 —> 1

CyMMa CTPOK 9TOW MATPHUIBI PABHA HYJIEBOU CTPOKE, TIODTOMY MATPWIIA, BhI-
POXIEHHA, 3HAYAT OUPefeIuTers cxeMbl KoKkcTepa paBeH HyIIio.
CunuTaTh OIpeeIuTeNN IOMOTAeT CICAYIOMAA JeEMMA.

JIEMMA 3. IIycmv v — sucauasa sepwuna cremvt Koxemepa S, coedumnen-
Haa ¢ eepuunoti w pebpom ¢ ommemxoti m. OQbosnauum wepes S’ nodcremy
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\ m
" ’e)
S . w v
. SI
: S
Puc. 2. Puc. 3.
czembr S, noayuaemyro yoasenuem sepuiumnvt v, a uepez S” — noayuaemyo

ydasenuem napvr sepuun v u w (puc. 3). Toeda

det S = det S" — cos? % det S”.

M OKA3BATEJILCTBO. Marpuna ['pama cxemer S umeer Bujg

™
1 —cos— 0 --- 0
m
™
—CoS — 1 * ek
m
0 * * .0 k|,
0 * * .. ok

r/ie 3Be3J0IKAMHA 3aMEHEHLI MATPUYIHEBIE DIEMEHTHI, 3HAYCHAA KOTOPLIX HAM
B JaHHBI MOMEHT He cymecTBeHHEL. Matpuma ['pama cxemer S’ nomygaercs
BLIYEPKMBAHMEM TIEPBLIX CTPOKH U CcTOIONA, a MaTpuna ['pama cxembr S” —
BLIYEPKMBAHUEM TIEPBLIX ABYX CTPOK M CTOJOUOB. JlokKasbiBaeMad (hopMy.Ia
MOy 9aeTCA PA3IOKEHUEM ONMPEJENUTENA TI0 TEPBOMY CTOJOIY, a 3aTeM IO
IIEPBOH CTPOKE.

[lokazanHas JeMMa MO3BOJSET JIErKO HAXOAUTH onpeperutenu cxem Kok-
cTepa, IPEeACTABIAINNX COO0N AePEBbS.

[na ymobcTBa cdeTa MBI mHOTAA OygeM pPacCMaTPUBATH TaKXKe OMpefe-
aurens yasoennou marpuinsl ['pama. Hazosem ero 6oavwum onpedesumenem
u 6ygem o6o3HavaTh Det B oTamdme OT OPOCTO OUpeneruTers (Al Mai020
onpedesumens, 0603HagaemMoro det). OueBUIHO, ITO GOMBIION ¥ MAIBIN OIIPE-
JeATeNn CBA3aHEl TpocThM cooTromenmem Det S = 215 det S, rae |S| — xo-
JUYECTBO BepumimH cxeMbl S. B TepMuuax Goabnmx onpemeruTenen popmyaa
73 JEMMEI J IIEPENUCHIBAETCA CASAYIOMUM 06pa3oM:

Det S = 2Det S’ — ADet S”,
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\\
So >>—o— —o0—o0

Puc. 4.

rae A = 4cos? m/m. B wacTHOCTH, ecm m = 3, 4, 6 mwmm 00, To KoadpdumEeHT
A paBeH 1, 2, 3 waz 4 COOTBETCTBEHHO.

CHEACTBUE. IIycms So — cxema Koxcmepa. Obo3navum uepes Sii1 cze-
MY, NOAYUaEeMYI0 npucoedurenuem K Sy Aunelinol cremvl, cocmoawet u3 k
BEPUIUN, COCOUHENHBIT NPOCMbIMY pebpamy (Kax noxazano na puc. 4). Tozda
nocaedogamenvrocmes boavwur onpedeaumeneti D = Det Sy obpasyem
apuPMemuueckyo npozpeccuio.

JOKA3BATEILCTBO. Jlemma 3 gaer HaMm dopmyny Dyi1 = 2Dy — Dy_q,
KOTOpasa mepenuckiBaeTcs B Buge Dy 1 — Dy = Dy — Dy_1, a 9TO 1 03HAYAET,
aro D — apudmeTrndeckas IpOrpecCus.

[TpuMmennM NOSYy9YEHHBIN PE3YIBLTAT K HECKOJILKUM CEPUAM CXeM. Pe3yin-
TATHl BLIYACICHUN ONpefeauTenen cBefeHsl B Tabaumy 1 (c. 93). Bo Bropom
cTon01e TAOIUIIE TPUBEAEH OOIIUY BU CXEMBI Sk, 8 B TPEThEM — cxema S1 ¢
OTMEYEHHOU BEPUINHON, IIPY YAAJICHUA KOTOPOU IMorydaeTcsa cxema Sy. Jamree
YKa3aHO KOJIWYIECTBO BEPIUIAH CXEMEI Sk, GOJBIINE ONpENeIuTeNn CXeM Sy U
S1, passocTs d = Det S1 — Det Sy noxydaemon apudmMeTnIecKOn TpOrpecCcud,
a TakXe 3HAYeHUs k, IPU KOTOPHIX ONPEAEIUTEND CXEMBI PABEH HYJIIO W IIPU
KOTOPBIX OH OOJbIe HYJIA.

3aMeTuM, 9TO CPEIu DTUX CXEM WMMEIOTCS MOBTOpsAoummecs. Hampuwmep,
cxema 2 npu k = 4 coBmagaeT co cxemou 4 npu k = 2.

Te u3 cxeMm, OMpeIeaUTEN: KOTOPHIX TOJOXUTENEH, 3AMUAIIEM B TAOIAIy 2
(c. 95), cHabAuB cTaHIAPTHHEIME 0003HAYCHUAMYU. HUXHUM UHIEKC BCETAa Pa-
BEH KOIWYECTBY BEPIIWH CXeMbL. AHAIOrmvHO, B Tabmumy 3 (c. 95) sammmem
CXeMbI C HyJeBBIM onpefgemmTeneMm. Kpome cxem, BCTpeTwBImMXCcs HaM B Tab-
qume 1, Tam 6yIyT OPUCYTCTBOBATEH IeThIpe 6ecKoHeTHbIe cepun A,, By, C,
u D,,. IlepBasg um3 HuUX mpeaCTABIAET COOOU MPOCTON IUKI, X MBI yXKe Ha-
UM ee ONpeferuTent paHee B >ToM maparpade. OupeseanTenu cxeMm Tpex
OCTAJMBHBEIX CEPUU MOXHO JETKO HAWTH, UCIOAL3YS JeMMy 3. MOXHO Takxke
y6euTHCA, 9TO OH PaBEeH HYJII0, W APYTEM CIOCOO0M — HAWIA JUHEUHYIO
3aBUCUMOCTH MEX/1y CTPOKAMM MaTpUub! I'pama (COBETyeM BBHINOIHATH DTO
HECIOXHOe ynpaxHenue). HukHul mHAEKC B 0603HAYEHUN CXEMBI U3 Tab/Iu-
ubl 1 Ha eIWHUIly MEHbBINE KOIUYIECTBA, €€ BEPIIWH. 3aMETUM, 9TO KaXIYIO
cxeMy U3 TaGIUIBL 2 MOXHO IOLY9UThH U3 OJHOMMEHHOU (T.e. 0603HAYEHHON



Sk S1 |Sk| | Det So Det S1 d Det Sy > 0 | Det S, =0
1| o—o—o . . k 1 2 1 vk —
9 | g=o—o—- e k+2| 4 4 0 vk —
3| ooeo |k+3| 6 5 -1 k<5 k=6
4| oooeo |k+4| 8 6 9 k<3 k=4
5| g=o—o - ooeoo [k+4| 9 6 -3 k<2 k=3
6 | o—o—o- - -- o—s E+1| 2 2 0 vk —
7| mo—o - - —s k41| 2 L L k<3 .
8| =0 = E+1] 2 1 ~1 k<1 k=2
9| ™M (7Tsm <) ole E+1 2 4(1 — cos? = 2 —4cos2 T k<1 —
10 | cmmo—o- - E+1] 2 0 —2 k=0 k=1
11 | o—o—0—o - o—o—s |k+2| 3 2 -1 k<2 k=3
12 | o—o=0—0-- o—c=e E+2| 3 3—+5 —/5 E<1 —

Taba. 1.

edoLox0y] g0MMHARAIOIOHN BHIIRIADPHAIIRIY]

€6
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TOU Xe OyKBOM, C TEM K€ WHIEKCOM, HO 6€3 TWIbJALI) CXeMBI W3 TaOJIUILI 3
MOCPECTBOM YIAJEHUS HEKOTOPOU BepuIMHHL. [[BE CXEMBI C OTPUIATEILHEI-
MU OIIpeaeanuTegSaIMn, KOTOPHIE HOHa,rZ[O6}ITC}I HaM 9yTh IIO3XKE, ITPDUBENCHBI HA
puc. 5.

o—c===—0 =—0—0—

Puc. 5.

OnPENEJEHUNE. Cxema KokcTepa HA3BIBAETCS AAUNMU%ECKOT, €CIA OHA
SABJIAETCA CXEMOU MHOrorpasHmka Kokcrepa B cdepudecKoM IPOCTPAHCTBE,
7 napaboauueckoli, ecim OHa ABIAETCI CXeMou MHororpanauka Kokcrepa B
€BKJINJOBOM IIDOCTPAHCTBE.

W3 pesyrpTaToB maparpados 1 u 2 cregyeT, 9TO CBA3HAA CXEMa, ABIAETCA
DIIATITAYECKON TOT/Ja ¥ TOIBKO TOT'/A, KOTA OHA MOJOXUTEILHO OIPEfeIeH-
HA, ¥ NAapAOOIUYIECKON TOrAa M TOJBKO TOTJA, KOUAa OHA BBIPOXKAEHHA, 4
n106as ee COOCTBEHHAA IIOCXEMA IONOXKUTEIHLHO OIpe/elIeHHA.

Herpyaso y6eamThesa, 9TO BCe CXeMBI U3 TAOIUILI 2 ABIAIOTCA DILIANTH-
9eCKUMU, a U3 Tabaunsl 3 — napaboaumdeckumu. g 5Toro goCcTaToIHO NpOo-
BEpUTH, ITO BCE WX COOCTBEHHBIE HMOJACXEMBI cofepxkaTca B Tabmune 2. Kak
CI€ICTBAE 3aMETWM, UTO HIDKHWU WHIEKC B 0003HAYEHUU JIOOOU CXEMBI U3
Tabaun 2 u 3 paBeH ee PaHTY.

B cregyromem maparpade MBI JOKaXXeM, UTO BCE CBA3HBbIE DILIAITHAIE-
CKue 1 n1apaboIuIeCKHe CXeMBI MCIEPIBIBAIOTCA IPUBEEHHBIMY B Ta0anIax 2
7z 3. Tem camelM, 6yZeT IOXydeHA TONHAA KIACCU(PUKAIWA MHOIOIDAHHUKOB
Kokcrepa 8 S™ u E".

Ham noranoburca BcmoMoraTelbHOE yTBEDXKIEHAE U3 TEOPUN MAaTPHII.

JIEMMA 4. ITycmb keadpamuas mampuya M = (a;;) nopadka n > 2 ydo-
BAETNBOPAEM CACOYOUUM YCAOBUAM:

> 8HE JUAROHAAU CTNOAN HENOAOHCUMEAbHDIE wucaa,
> HYAU CTNOAM CUMMEMPUYHO OMHOCUMEALHO ()UCI.EOHG,JI,U,'

> 8ce cobcmeenmnblie 24a8HbLE MUHOPBL NOAOHCUNEADHDBL.

Tozda aﬂae6pauuecnue JOMOAHEHUA KO BCEM €€ HEHYAEBDIM IFACMEHTTIAM TILO-
AOHCUTNEADHDL.

I OKA3ATEJLCTBO. YTBepXAeHUe JeMMbl JOCTATOYHO IPOBEPUTH TOIh-
KO 7151 anrebpan<ecKux JOMOJHEHUN K HEAUATOHAIBHEIM DIEMEHTAM, TI0CKOIb-
Ky anrebpamdeckve HONOJHEHUA K TUAT OHAJBHBIM DIEMEHTAM ABIAIOTCA TVIAB-
HBEIMU MUHODPAMH, 3 OHU MOJOXWUTEJIbHBI IO ycioBuio. Kpome Toro, 3ameTum,
9TO AMATOHAILHBIE DJIEMEHTHI MATPUUBL M MOTOXUTEILHBI IO YCJIOBUIO, TaK
KaK ABIAIOTCA INIABHBIME MUHODAME HOPAAKA 1.
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A{  ommo

Vs m (n>2)
o—o’

En g>o__o=o (n > 3)

C~'n o=0 .-+ =0 (n>2)

Dy o>  (n>9)

Taba. 3. Csasapre napaboamieckue cxembl Kokcrepa
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lokazaTeascTBO GymeM BeCTH MHIAYKIMEN TO 7. [IpOBEpKa MCTUHHOCTH
YTBEPXKIEHUA A N = 2 HE HPEACTABIACT TPYAA.

[IycTe Teneps maa maTpul nopsaka n — 1 remMa gokasana. Paccmorpum
marpuny M = (a;;) mopsagka n. AnrreGpamdeckoe gomonHeHume A;; K He-
MUATOHAILHOMY DIEMEHTY Gjj (6e3 orparmYUeHNs OOUHOCTY MOXHO CIMTATH,
9T0 ¢ < j) PABHO MHMHODY, IIOLYy9aeMOMY BLIYEDKUBAHUEM -U CTPOKH U j-T'O
cronbua, ymHEOXeHHOMY Ha (—1)*1/. BBIYECINM DTOT MUHOD pasioXeHWeM
0o i-My cToxbmy. Bee baeMeHTEL 5TOro CToX0Ia HEMOMOXUATEILHEL (HOCKOIb-
Ky €AMHCTBEHHEBIN IOJOXWUTEIbHLIA €r0 DIEMEHT 4j; BBIYEPKHYT), IPUIEM IO
KpalHe} Mepe OJUH DJIEMEHT aj; CTPOro oTpuuaTeneH. Anrebpamdeckue g0-
NOMHEHUA K DTUM DJIEMEHTaM ¢ TOYHOCTbI0 10 MHOXuUTens (—1)/~" cosma-
AA0T ¢ aare6pamvecKMMM JOLOIHEHUAMHA K daeMeHTaM (j — 1)-ro croabua
MOAMATPHUIBI, MOLYIAEMON BEIYEPKUBAHUEM i-BIX CTPOKHU W cTOIOma. A 5T
anrrebpamdeckue JOIOMIHEHUSA HMOMOXUTEILHE IO IPEANONOKEHNI0 WHIYKITUN.
Mockomsky npomspegenue muoxuTener (—1)"77 u (—1)7~ pasmo egummme,
paccMaTpuBaeMoe arrebpamdecKoe TOTOTHEHne A;j TONOXATEIBHO.

3AMEYAHUE 1. B ycmoBum He Tpebyercs, 9TOOBI ONpEAEIUTENs BCEH Ma-
TPUIBI OBLT IIOMOXKUTEJEH.

3AMEYAHUE 2. Eciam MaTpuna HEBBIpOXIEHHA, TO YTBEPXKACHUE TEOpe-
MBI MOXHO TIepedOpMyIAPOBATE TAK: BCE DIEMEHTH 0OPATHOU MATPHUITLI HME-
0T OJVWHAKOBLIM 3HAK (TAKOM XKe, KAK Y €€ ONPEIETUTEN).

HazoBem omepanmio yMmMeHbIIEHUS KPATHOCTH JTI060r0 pebpa cxeMbl Kok-
crepa (B 9aCTHOCTH, CTUPAHUE PeOPA), & TAKKe KOMIO3UIUIO TAKAX OIEPAIIN
YNPOULEHUEM CTEMDL.

TEOPEMA 3. Ilpu ynpowenuu napabdosudveckas Uat 3A4UNMUYECKAA CTe-
ma Kokcmepa neperodum 6 aaiunmuueckyio.

IOKA3ATEJIBCTBO. Ilpu ynpomenuu cxembr Kokcrepa B marpune I'pa-
Ma, MEHSETCA Tapa DIEMEHTOB, CAMMETPUYHBIX OTHOCATEIHLHO TVIABHOU WA~
rOHAIM (OHM YMEHBIIAIOTCA MO MOAYJII, OCTABAACH HEMOJOKUTEILHBIMU).
BrusicHrM, 9TO IPOUCXOAUT IPHX 3TOM C TVIABHBIMU MUHOpaMu MATpuisl I'pa-
ma. Paccmorpum Takon mMueOp Kak yHkumio f(gj,gji) OT ABYyX HEpeMeH-
HBIX — CHMMETPHUYHBEIX MATPUYIHBIX DJEMEHTOB, CIUTAA BCE OCTAILHBIE DJe-
MEHTHI KOHCTaHTaMu. ByleM m3MeHATH 3HAYEHUsA NEPEMEHHBIX 10 OYEepe.u,
BPEMEHHO 3a0BLIB, 9YTO OHM TOMXKHBI OLITH O0OS3aTEILHO PABHBI MEXIY COOOM.
Pasnoxus onpegerurens no j-my (i-My) cToabiy, noaydaeMm, 9To GyHKIus f
ABJISAETCS JVUHEWHOU TI0 IEPBOX (BTOPOM) MEPEMEHHOU, IpudeM KodpdunueHT
JWHEVHOUN 3aBUCUMOCTH PABEH Aare6pandeckoMy MOTMOMIHEHNIO K COOTBETCTRY-
I0LIEMY MATPAIHOMY DIEMEHTY, & OH IO JeMMe 4 nonoxutenen (TpeGyer 060-
CHOBAHUSA TO, ITO NPU PACCMATPUBAEMOM M3MEHEHUN MATPUIHBLIX DIEMEHTOB
COXPAHAETCSA TMOCAEJHEE YCIOBUE 3TOU JEMMBI; [JIS DTOr0, (POPMAIBLHO TOBOPA,
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HYXHO IPUMEHATH UHAYKIWI). 3HAIUT, GYHKIUA [ MOHOTOHHO BO3PACTAET
10 06enM IIeEPEMEHHBIM B 061aCTH OTPUIATENbHEIX Yucel. [ToaTromy dyHKIms
ogHoM mepemenHou d(z) = f(z,z) Takke MOHOTOHHO BO3PACTaeT B O0IACTH
z < 0. U3 menpepwiBHOCTU DyHKIMU d CregyeT, ITO 3aMbikanue & < 0 oT-
KpeITOro ay4va r < () Takxe ABIIeTCA €€ 06IaCTbI0 MOHOTOHHOCTH.

[Ipu ynpomeHun CXeMbI Bce IVIABHBIE MUHODHI ee MaTpuubl ['pama am6o
He U3MEHAITCA (eCHM MUHOD HE COAEPKUT CTPOKHU U CTOXOIA, COAEPKALIAX
M3MEHEHHBI MATPUYHBIN DIEMEHT ), 1100 yBeINIUBAIOTCS (B IPOTUBHOM CILy-
4ae). [TocKOIBKY BCe OHU OBLIM MOMOXWTEIHHBIMHA, TO MOJOXUTEILHBIMUA U
ocratorca. Onpegeaurens Bcen MaTpunsl ['pama (KOTOPBIM A0 YHOPOIIEHUA
OBbLI HEOTPHANATEILHEIM) CTPOTO YBEIMIUBAETCA (IIOCKOIBKY OOS3aTENBHO CO-
JIEPXKAT M3MEHEHHBLIM MATDPUAYIHBIN DIEMEHT), 3HAYUT, CTAHOBHUTCSA IONOXKU-
TeabHBIM. CleJOBATEIBHO, CXeMa, CTAHOBUTCS DJLIMITAIECKOM.

4. KIIACCUD®UKAIINA EBKJIUJOBBIX 1 COEPUYECKUX
MHOT'OI'PAHHUKOB KOKCTEPA

TEOPEMA 4. Bce satunmuueckue ceasubvie crembvt Koxcmepa ucuepnbi-
gatomcea npusedenuvimu 8 mabauye 2. Bce napabosuueckue cea3nvie Crembl
Koxcmepa ucuepnwvigatomes npusedenubimy 8 mabivye 3.

[JOKA3ATEILCTBO. Bymem moas3oBaThcs Teopemon 3. [lokaxem, 9ITO
KaXJYI0 CBA3HYIO CXEMY, He COJAEPKAIIYIOCA B TAOIUIax 2 u 3, MOXHO YIIPO-
CTHTH TaK, 9TOOBI OHA (W/IM OHA U3 €€ CBA3HBIX KOMIOHEHT) OKa3a1aCh CPEIN
NIPUBEJEHHBIX B Ta0auIe J wim Ha PUC. J.

UTak, mycTh MBI MMEEM CBA3HYIO DILIANTUYIECKYIO WIN TMAPAOOIUIECKYIO
cxemy S. [Ipeamomoxum, 9T0 OHA HE COMEPKUTCA B Tabauuax 2 u 3.

Ecmu S cogepXxuT mMuKI, TO MOXHO CTEpETH Bce pebpa, He BXOANINE B He-
ro, a KpATHOCTH OCTABIIMXCA pebep yMeHbI TS 10 eguHumbl. [loryanm napa-
6oamaeckyio cxemy A, (7, GBITH MOXET, HECKOJIBKO U30IAPOBAHHBIX BEPIIXH).
3HAMUT, BCE OCTAJbHBIE DILIANTUIECKAE U MAPAOOINICCKAE CXEMBI ABIAIOTCS
E€PEBLAMMU.

Ecmm cxema S cofilepXnT 10 KparHed Mepe Be 0COOCHHOCTH, TO €€ MOXKHO
YOPOCTUTH IO OfHOU u3 mapaborumdeckux cxem D, C, wiu B,. [lxs sToro
HYXXHO BHa¥aJe CTepeThb Bce pebpa, KpoMme yIaCTBYIOIHUX B ABYX OCOOEHHO-
CTAX ¥ B COEIUHAINEM UX IyTU. A 3aTeM yunpoCTUTH OCOOEHHOCTH ¥ COEqu-
HAIOIAN AX MYTb, CAEIAB UX MPOCTHLIMHU.

OcTanock paccMOTPETH CXeMBI ¢ He 6osee, 9eM OHOU 0COOEHHOCTHIO: JIH-
HEHHBIE CXEMHI, cogepXalnnre He 60olee 0JHOr0 KPAaTHOIO pedpa, U CXeMbl 6e3
KpaTHBIX pebep ¢ eIUHCTBEHHBIM Y3JI0M.

Ecmu S cogepxut pebpo xkpaTHOCTH > 4, TO >TUM pe6POM BCSA CXEMA WC-
YEPOBIBATHLCA HE MOXKET, IOCKOABKY TOrAa S ObLIa GBI SJUIMITAYECKON CXEMOU
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Ggm) WM TapabOITIECKON CXEMOT A,. Ho TOrga CXxemy S MOXHO YIPOCTHUTD
IO TTAPabOIUIECKON CXEMET C~¥2.

Ecan S nunenna u comep®uT pe6po KpaTHOCTH 3, TO (yIUTHIBasg, 9TO S
He COBHIAJAET C dummnTudeckumu cxemamu Hs u Hy) ona 1u6o asrseTcs, 6o
VIIPOIIAETCA OO OJHOH M3 CXEM, M300paKEHHLIX HA PHUC. 5.

Ecmn S nmmetHa m cogepXuT OAHO ABOMHOE pe6po, TO, C yIeTOM TOrO,
4TO OHA He cOoBHaaeT ¢ B,, Fy wmu H,, ee MOXHO ynpocTuTh 10 Hy.

Hakonen, S #He MoxeT ObITH JMHEMHOU cxemMou 6e3 KpaTHBIX pebep, Io-
CKOILKY BCE TaKue CXeMbl A, ABIAIOTCA DILITANTAYECKAMH.

Temeps mycTh S — CcXeMa € e IMHCTBEHHON OCOGEHHOCTHI0 — yaiaoM. Ecian
ero cTemeHs > 4, TO COTpeM Bce pe6pa, KPOMe BBIXOAAIIAX U3 Y3Ja, 3 3a-
TEM M3 OCTABIIMXCA COTPEM Bce, KpoMme deTwpex. [loryanm napabormaeckyro
cxemy Dy.

Temepsb myCcTh €IUHCTBEHHAA 0COOEHHOCTE CXeMBI S — mpocTon y3er. Ta-
Kyl cxeMy Ha3oBeM T-obpasHou. OHa XapaKTepusyeTcs IIWHOU TPEX «OT-
POCTKOB», OTXOJAMMX OT y3Ja. [lyCTh UX NIWHBI OOPa3yloT TPOUKY FUCET G,
b, ¢, KOTOPYIO MBI OyeM CUMTaTh ynopagoderuon: a < b < ¢. Ecaum a > 2, To
CXeMy MOXHO YNIPOCTHTH IO NapabOTMIecKON CXeMbI Ef;, ecima=1,b2> 3,
10 — 10 cxembl E7. Ecmm a = 1, b = 2, o ¢ > 6 (B mpoTuBHOM Ciryvae OHA
coBnaJa Obl Iu0O0 ¢ OJHOM W3 JMLIMNTHUYeCKHX cxeM S = Fg, E7, Eg, mmbo ¢
mapaboInIeCKON CXEMON Eg), u Toraa S MOXHO yIPOCTUTH 10 Eg. Haxoner,
ectm g =b=1, 70 S = D,, — DIIunTAYECKAsA CXEMA.

5. 'MIEPBOJMYECKUE MHOTOIPAHHUKN KOKCTEPA

[Mepengem xk pacCMOTPEHUIO MHOTOTPAHHUKOB KOKCTEpa B MIPOCTPAHCTBAX
Jlo6adesckoro. [las Hasaga onpeaenum MOIeIs IPOCTPAHCTBa JIo6adeBckoro,
KOTOpPYI0 OyAeM MCHOIb30BaTh. PaccMoTpuMm s sToro (n + 1)-MepHOe Bek-
TOpHOE mpocTpaHcTBo E™!, cHaGXeHHOe IICeBIOCKAIAPHBIM IPOU3BEEHAEM
curHatypst (n,1):

(x,x)z—x%—i—x%—i—x%—l—---—l—xi. (3)

Torma n-mepasiM pocTpancTBoM Jlo6aeBckoro L" HA3BIBAETCA MHOXECTBO
BEKTOPOB = € E™!, y10BIeTBOPAIOMIX YCIOBHAM

(z,z) = -1, x> 0.

B Taxom mogemm L™ mpeacraBiagseT COO0H OLHY U3 ABYX CBA3HBIX KOMIIO-
HEHT [BYIMOJOCTHOTO TUMep6OMOnIa, TOITOMY OHA HA3BIBAETCA MOOEAbIO MG
2unepboaoude. Fcau cipoekTupoBaTh rUNepOHOTONT U3 HAYAMA, KOOP JUHAT HA
TUIEPILIOCKOCTE £y = 1, TO ero obpasom OymeT BHYTPEHHOCTH 7-MEPHOTO
eIMHUTHOTO IMIAPA; IPX STOM TOIydaeTca modesv Kaetlina mpocTpancTsa Jlo-
6a9eBCKOTO.
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[TorympocrparcTBamu B L™ ABIAIOTCA MHOXECTBA, T€X BEKTOPOB € L",
KOTODPBIE yAOBIETBOPAIOT ycaoBuio (e,z) < 0 Ams HEKOTOPOro BEKTODPa
e € E™! makoro, uro (e,e) > 0 (B o6memmomem mpocTpancTee E™! muO-
xecTBo {z : (e,z) < 0} sABIAETCA MOIYNPOCTPAHCTBOM, a ycaosue (e,e) > 0
O3HAYAeT, YTO €ro I'PaHUNIA mepecekaeTcs ¢ runepbonongom). Ilo anamorum
C €BKJIMJOBLIM ¥ C(HEPUIECKAM CIy9asiMU BEKTOD € OyJeM Ha3bIBATH HOPMA-
Ab10 K noaynpocmparcmey. HopMarb K 3aaHHOMY TOIYTIPOCTPAHCTBY OIpe-
IeJIAeTCA C TOIHOCTBIO 10 YMHOXEHUA HA IMOJOXKUTEIbHYH KOHCTAaHTy. [lrsa
yno6cTsa GyjgeM CIATATH ee nopmuposannot, T.e. (e,e) = 1. Torga HOpMAIL
OIIPEEIAETCA TI0 MOLYIPOCTPAHCTBY OHO3HATHO.

Onpemenreans BHIMYKJIOTO MHOTOTPDAHHEHKA B L™ W €ro rpaHed Q0CJIOBHO
MOBTOPSAIT COOTBETCTBYIONINME OMPEIENEHUA IJIA €BKINA0BA U CHEPAIECKOrO
cay4daeB. Kak m B 5TUX ciayvasx, MHOTOIDAHHUK 3a43eTCsa Marpunen ['pa-
Ma CBOEM CHCTEMBI HOpMaJen. AHanoruaHo eBkangoBy crydaio (maparpad 1),
MaTpua ['pama rumnepO6oInIecKOro MHOTOIDAHHUKA, JOMKHA, ¥ IOBICTBOPATE
YCIOBHAM CAMMETPUIHOCTH W HOPMHUPOBAHHOCTH. YCJIOBHUE IOJOXHATEILHOU
OIPEJENeHHOCTY 3aMEHAETCS YCJAOBMEM: CUTHATYDA MaTpPUIB! paBHa (n,1).

MHOTOrpaHHUK HA3BIBAETCA HEBLIPONCOEHHbIM, ECIA €r0 CACTEMa HOPMar
Jelt mopoxgaeT Bcé mpocTpascTBo E™!'. Cucrema HOpMaIe# II060r0 BHIPO-
XK JIEHHOTO MHOTOT'DAHHUKA ABMAETCSI TAKXKE CACTEMOU HOPMAJEN HEKOTOPO-
I'0 HEBLIPOXK JEHHOI'O MHOT'OTPAHHWKA MEHBIIEH PAa3MEPHOCTH B IPOCTPAHCTBE
Jlo6aueBCKOro, eBKINA0BOM WK CHEPUIECKOM (B 3aBUCUMOCTH OT CATHATY DB
ee Marpunsl I'pama).

Ecan e; m eg — wOpManm kx morxympocrparacTBaMm [I; u Ils, To B3ammuOE
PACTIOIOXEHTE TIOLYITPOCTPAHCTB ONPEAIAETCA CASAYIOMAM 00pa3oM.

> Ecaum |(e1,e2)| > 1, TO rpaHAOBl MOLYIPOCTPAHCTB PACXOAATCA, IPAIEM
PACCTOSHUE p MEXAY HUMU 3343eTCI HOPMYION

chp = |(e1, e2)].
> Ecaum |(e1,e2)| = 1, To rpaEunEl DOIyIPOCTPAHCTE NAPALIEILHEL

> Ecam xe |(e1,e)] < 1, TO rpaHnmsl MOIYyIPOCTPAHCTB NEPECEKAIOTCA,
OpUYeM Yrol ¢ MeXAy MOIYyIPOCTPAHCTBAME 3a,1a€TCA TOU XKe, 9TO U B
eBKJIUIOBOM CIydae, (hOpMyJIon

COsS @ = (61, 62)-

B nepBBIX ABYX CIydasx, €ClIrM pacCMATPHBAECMOE CKAIAPHOE IIPOM3BEICHIE
OTPUIATEILHO, TO OJHO U3 TOLYIPOCTPAHCTB COAEPXKUT Apyroe (puc. 6a), a
€CJIM TOJIOXKUTEIHHO, TO MOLYIPOCTPAHCTBA A1nb0 He nepecekaTcs (puc. 66),
60 B 06beguHeHNA 06pa3yoT BCe NPOCTpaHcTBo (puc. 68). [lxa momapHo-
r0 B3AMMHOTO PACIOJOXEHHA MOMYNPOCTPAHCTB, ONPEAENAIONINX BHILYKIbIA
MHOTOTDAHHVK, BO3MOX€EH TOJBKO CIydal B).
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6)
Puc. 6.

Ynomuuasmascs B maparpadge 2 Teopema AHAPEEBA OCTAETCA CIOPABE.-
JUBOU B CaeAyoomen (popMyIupoBKe. | MIEpILIOCKOCTH HECMEXHBIX T'DaHEn
OCTPOYTOIBLHOI'O MHOTOIDAHHWKA HE MEPECEKATCs (MapaulelbHBl UIA Pac-
xoxarcs). Boree Toro, BepHO Gomee cuibHOE yTBepXKAeHUE. KCam HECKOIBKO
TUNEPILIOCKOCTEN TPAHEN MEPECeKAITCI MO k-MEPHOM IIOCKOCTH, TO COOT-
BETCTBYIOIINE T'PAHU MEPECEKAIOTCA MO k-MepHOU rpanu. VHBIMEU croBaMu,
HEMyCTOE MEPECEICHNE TUNEPILIOCKOCTEN TPAHEN BCEra ABIAETCA ILIOCKO-
CTBI0 HEKOTOPOHU I'DAHM.

Cremvr Kokcmepa 2unepboiuueckus MHo202PaHHUK06 OIPENENAITCI TaK
XK€, KaK 1 €BKIUAOBBIX, C OOJHUM JHUAIOb MOIIOJTHCHUEM. ECJII/I T'ANEPILIOCKOCTH
I‘pa.Heﬁ MHOT'OT'DaHHUKA PACXOAATCA, TO COOTBETCTBYIOIINEC BECPIINHBI CXEMBI
COEIUHAIOTCSA MYHKTUPHBIM pebpoM.

OnpPEAEJNEHUE. Cxema Kokcrepa mHaswiBaeTcsa 2unepbosuueckotl, eciu
OHA, ABIAETCA CXEMOW HEBBHIPOXKIEHHOIO MHOTOrpaHHWKAa KokcTepa B mpo-
crpaHcTBe Jlo6adeBCKOro.

Cxema Koxkcrepa saBaseTcs runepOOIMYecKOW TOTAA W TOJBKO TOTAA,
KOT/]a ee CUrHaTypa pasHa (m,1). YTOOBI 3aJaTh MHOTODAHHUK IO CXEME
Koxcrepa, HyXHO, KAK ¥ B €BKIKJOBOM U CHEPAIECKOM CIyIaAX, IOCTPOATH
CHUCTEMY BEKTOPOB C COOTBETCTBYIOIIEN MarTpuuen ['pama, a sarem — cu-
CTeMy TOIYIPOCTPAHCTB, 33,1aBA€MBIX DTUMH BeKTopamu. Ilepecedenue stux
HOJIYOPOCTPAHCTB M OyAeT ABIATHCA MCKOMBIM MHOrOrpaHHukoM. OnHako,
s 060CHOBAHUA HTOM KOHCTPYKIMX HYXHO JOKa3aTh: BO-IIEPBBIX, 9TO DTO
nepeceveHre COAEPKUT HEMyCTOe OTKPBITOE MHOXECTBO, M BO-BTOPBIX, 9TO
KaX/J0€ M3 HOCTPOEHHBIX MOJIYIPOCTPAHCTB ABIAETCA OIPEIESIONIM s
MHOTOTDAHHUKA. MBI OIyCKAaeM DTH [JOKA3ATEILCTBA, UX MOXHO HAUTH B Pa-
6ore [4].

B oTimaume oT eBKINA0OBA U CHEPUIECKOTO CIyIaeB TUIePOOIIeCKIe MHO-
rorpasHuKE KoKcTepa MOryT HMETH JOCTATOYHO CIOXKHOE KOMOMHATODHOE
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crpoerne. OcTpoyroabasie cucTeMsl B E™! MoryT cogepxaTh gaxe Gecko-
HEYIHO MHOI'O BEKTODPOB, IIO3TOMY I"I/IHep6OJII/I‘IeCKI/Ie OCTPOYTOJIBHBIE MHOI'O-
IrPaHHUKY (B 9aCTHOCTH, MHOrOrpanHuKY Kokcrepa) MOryT nMeTs 6eCKOHEd-
HO€ 9UCJIO IPaHed (Takue MHOIOMDAHHWKY HA3BIBAIOTCA Geckoneunbimu). Mol
XKe, KaK ¥ YCIOBIWINCH B Taparpade 1, orpaHuyuuMca pacCMOTPEHUEM TOTHLKO
KOHEYHBIX MHOT'OI'DAHHUKOB.

IIpeacrasaser maTEpec KIACCUPUKAIAA OIPAHUIEHHBIX MHOTOTDAHHUKOB
(ABIAIOMMXCS BBEIMYKIOW OOOJOYKON KOHEYHOI'O 9IHMCIA TOdYeK) miu, 6osee 06-
10, MHOTOTPDAHHUKOB KOHEYHOrO 06beMa (SBIAIOMIAXCA BBILYKJIOW 000104-
HOM KOHEYHOI'0 9YUCJIA TOYEK, YaCTh KOTOPHIX MOXET JEXKATh Ha a0COIIOTE).
ITposepka TOTO, ABIACTCA JU MHOTOTPAHHUK OTPAHUIEHHBIM WU KOHETHOT'O
06BeMa, CBOAUTCA, TEM CAMBIM, K OMPEIEJICHUI0 €r0 KOMOMHATOPHOTO THIIA,
(manmpmmep, ZOCTATOYHO IPOBEPUTH, U9TO JT060€ ero pebpo COAEPKUT B TOY-
HOCTH [B€ BEPIIUHEI), 3 KOMOMHATOPHBIA THUI MHOIOMDAHHWKA, B CBOI Ode-
pensb, MoxeT ObIThH onpefereH mo cxeme Kokcrepa.

JlencTBUTENBHO, NS OHpeAeIeHns KOMOMHATOPHOIO THIIA, HYXHO yMETH
BBIACHATH A KaXIOr0 HAOOpa I'pDAHEN CTApIIed Pa3MEPHOCTH, ABJIAETCH
I¥ WX TepeceveHme TIPaHbI0 MHOTOTPAHHWKA. A 5TO, B CBOI OYepelb,
(cormacao Teopeme AHApeeBa) PABHOCHIBLHO TOMY, 9TO IMIEPILIOCKOCTH CO-
OTBETCTBYIOIIUX T'PAHEN MEPECEKAIOTC M0 HeKoTopou miockoctu B L". Ka-
XKaOasd T'UIEPIVIOCKOCTH €CTh OPTOr'OHAJBHOE MOOIIOJMHCHUEC K CBoeﬁ HOpMaJIH,
a WX TepeceveHne — OPTOTOHAJLHOE MOMOJHEHWE K TOANPOCTPAHCTRY, TO-
POXJIEHHOMY STUMHU HOPMAJAMU. OTO OPTOTOHAIBHOE [IOMOJIHEHWE Tepece-
KaeT TunepOONOu] TOTAa W TOJBKO TOTAa, KOT[a OIDAHWYEHUE 33, Jal0lnen
IICEeBJOCKAIAPHOE IPOM3BEJEHNe B HpocTpancTee E™! kpanparmamoin ¢op-
MBI (3) HAa Hero ABIAETCS HEONPEAEJIEHHBIM. A 5TO yCIOBHE DPABHOCHILHO
TOMY, 9TO OT'PAHHYEHUE KBAIPATAIHON (POPMEI HA TMOANPOCTPAHCTBO, TOPO-
XK IEHHOE CUCTEMOU HOPMAJIEH, ABIACTCA HOMOXUATEIHHO ONPENEIeHHBIM (er-
CTBUTEIHHO, CUTHATYPA (POPMEI COIEPKUT TOJBKO OJWH MUHYC, IOITOMY He-
OTIPENeNIeHHOCTs (POPMEBI HA HEKOTOPOM TOATPOCTPAHCTBE PABHOCWILHA €€
HOMOXUTEIHHON OHPENEIeHHOCTH Ha, OPTOTOHAIBLHOM J[ONIOJIHEHWH). SHAYUT,
k-MEpHBIM T'DaHAM OCTPOYIOIBHOI'O MHOTOIPAHHUKA COOTBETCTBYIOT IIOJO-
JXUTEILHO OINpEIeNeHHBIE NOAMATPUNIEI ['pama parra k, a Takme MaTPUIIBI
ABIAIOTCA MATpUIaMu I'paMa OCTPOYTOIBHEIX MHOTOIPAHHHKOB B SF. m.e.
CUMILIEKCOB. [[05TOMY OKPECTHOCTS 060N BEPIIUHEI YyCTPOEHA, KAK OKPECT-
HOCTBH BEPHINMHBI CUMILIEKCA. B 9aCTHOCTHU, OCTPOYTOJIBHBIE MHOT'OT'DAHHU-
KA ABIAIOTCA NPOCMbIMY — U3 TIOO0M WX BEPIIMHBI BHIXOAAT B TOYHOCTH
n pebep.

Amnanorugno, eciu HAOOpP rpaHEN OCTPOYTOIBHOTO MHOTOIDAHHUKA, 00pa-
3yeT B IepeCevIeHu BePIIUHY Ha aBCOMI0TE, TO COOTBETCTBYIOMIAA I0IMATPY-
na ['paMa MOTOXATEIHHO TTOXYOIpeAeieHHa. [103TOMy OKpeCTHOCTE BEPITUHEI
Ha ab6COMOTE OCTPOYTOILHOIO MHOTOrpanHuKa KokcTepa koHEIHOr0 06BEMa
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KOMOWMHATOPHO YCTPOEHA KAK BEPIINHA, TUPAMUILI HAN €BKINIOBHIM OCTPO-
YTrOABHBIM MHOT'OI'DAHHUKOM — HIPDOU3BEACHUEM CHUMILICKCOB.

Taxum 06pa3zoM, KOMOWHATOPHOE CTPOEHHWE THUNepOOIMIecKOr0 MHOIO-
rparmuka B L™ ompegensercs mo cxeme Koxkcrepa caemymommm 06pa3oM.
OILIATITHYECKNE TIOACXEMEI PAHTA, HAXOAATCA BO B3aMMHO OJHO3HAYHOM COOT-
BercTBuY C (n—Kk)-MepHBIMYA IpaHAMY (B 9ACTHOCTH, BEPIIMHAM COOTBETCTBY-
0T DIUIUNITAYECKUE IOACXEMBI DAHTa 7). BepumHb Ha a6COMI0TE HAXOAATCA BO
B3aMMHO OJHO3HAYHOM COOTBETCTBHU C HAPAOOIMIECKIMU HOACXEMAMU PAH-
ra mn.

CBA3b CTPOEHMA OKPECTHOCTEH BEPIIWH TUIEPOOIMIECKOT0 OCTPOYTOIb-
HOT'O MHOT'OT'PAHHUKA CO CTpOeHueM chepUIeCKUX U €BKINIOBHIX MHOTOT PaH-
HUKOB MOXET TaKxXe ObITb MPOMLIIOCTPIPOBAHA HA OCHOBE I'€OMETPUIECKUX
coobpaxenun. OnumeM MaleHbKYI C@epy BOKPYI BEpIIMHBI TuAnepboIu-
9eCKOr0 MHOTOTDAHHEKA. M3BecTHO, uTO chepa B L" m3omerpmdna S™ L.
[TosToMy BBICEKAEMBIN HA 3TON Cpepe MHOTOTPAHHUK OyAeT ABIATHCA Cde-
PpUYIECKMM MHOTOI'DAHHUKOM TOI'O XK€ KOM6I/IHa.TOpHOI‘O THUAIIA 1 C TEMHU XK€
OBYTPDAHHBIMYU YriIaMu. AHAJIOTMYHO, ONMCAB BOKPYD BEPIIUHBI runep6oJu-
9eCKOr0 MHOIOTDAHHUKA, JeXalmed Ha abComoTe, MATCHbKYH opucdepy
(koTopas m3omerpuaHa E™ 1), MBI IOXyYMM €BKIMIOB MHOIOTDAHHUK, KOM-
OWHATODPHLIA THUM W ABYTPAHHBIE YIVIBI KOTOPOT'O COBIAAAIT ¢ KOMOMHATOD-
HBIM THUIIOM U NBYT'DAHHBIMUW YIVIAMU OKPDECTHOCTU BEPINTWHBI rnnepﬁoﬂn‘ie-
CKOT'O MHOT'OI'DAHHUKA.

Hust cymecrBoBanus k-yroapauka Kokcrepa Ha miockocTu Jlob6adeBCcKoro
HEOOXOJUMO U JOCTATOYHO, 9TOOBI CyMMa €ro yriaoB Obuta Menbine 7(k — 2).
Ilpu BEIMOTHEHWE DTOr0 YCJIOBHUA CyIIECTBYyeT OECKOHEYHO MHOT'O MHOT'O-
yroanbHuUKOB Kokcrepa ¢ 3agaHHBIM HabOpoM yrioB. Bce Takme MHOroyroab-
HUKYW MOTYT OBITH HAapaMeTPU30BAHHI k — 3 HEIPEDPHIBHBIMU HaPAMETDPAMHU.
OTO0 MOXHO MOSCHUTDH CACTYIOMIAM PACCYXKACHUEM, KOTOPOEe HETPYIHO JOBE-
CTH [0 CTPOroro mokasarersbcTBa. Marpumna I'pama k-yrompHuka 3amgaeTcs
k(k — 1)/2 napamerpamMu — MaTpHYHBIME dileMeHTamu. U3 HuX k mapame-
TPOB ONPEAENAIOT YIVIBI MHOTOYTOIbHUKA, & OCTAJbHEIE — PACCTOAHUA MEXK-
Ay HECMEXHEIMU CTOPOHAMY (MIX MX HPOAONKEHHAMHU). YCJIOBUE, ITO PAHT
marpuusl ['pama pasen 3, makaagsaer (kK — 2)(k — 3)/2 cooTHOmeHnun HA
5TH TmapaMeTphl. X MOXHO 33JaTh HAIpUMep TaK: BCe MWHOPHI MOPAITKA
4, OKAUMJIIOIUE HEKOTOPBLIN (PMKCHPOBAHHBIA HEHYJIEBOM MUHOD HOPAAKA 3,
paBubl Hymo. [losTomy B obmem crydae mmeerca 2k — 3 cBOGOAHBIX mapa-
MeTpa; TpU 33 JaHHBIX kK yriax y Hac ocTaeTcs eme k — 3 cBOOOAHBIX Tapa-
MeTpa.

B cayuae TpexMepHBIX OrpaHWYEHHBIX TPOCTHIX MHOTOIDAHHUKOB (PUKCH-
POBaHHOT'O0 KOMOMHATOPHOIO THUIA KOJIUIECTBO CBOOOLHBIX IapaMeTPOB PaB-
HO KOIHYIeCTBY pebep. OTO MOXHO JOKA3aTh, UCHOIL3YA (GOPMYILy OUIEpA.
EcrecTBeHHO TPEANIOIOXKUTL, ITO 33JaHUE IBYTPAHHBIX YIVIOB OJHO3HAYHO
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n=1|o--0

n=2|kARI 1 1 1

Tabu. 4.

ompejgenseT MHOUOTPAHHWK. [Is caydas OCTPOYTOMbHBIX MHOTOTDAHHUKOB
TAaKOe MPEANOIOKEHNE OKA3BIBAETCSI BEPHBIM; 3T0 ObLIO qoKa3ano K. M. Aug-
peessM [1]. 151 cymiecTBOBAHUS OCTPOYTOIBHOIO MHOTOI' DAHHUKA 33 JaHHOTO
KOMOWHATOPHOT'0 TWIIA, H3 €r0 ABYTPAHHBIE YIUIEI HAKJIAILIBAIOTCSI OTDAHU-
YeHWs B BU/JE HEPABEHCTB, KOTODLIE NPUBEAEHBI B CTAThe (5| B HACTOAIIEM
cOopHUKe.

Koau4gecTBo cBOGOAHBIX MapamMeTPOB OrPAHUYEHHOI'O MPOCTOrO MHOIO-
T'PAHHUKA B IPOCTPaHCTBe JIo6adeBCKOro pasMepHOCTH 60JbIIe Tpex, BOOb6-
e TOBOPs, MEHBIIE KOJIUYECTBA €ro ABYIpaHHBIX yrioB. [loaTomy B obmem
cIydae 3aJaHne KOMOMHATOPHOI'O THUIA X ABYTPAHHBIX YIVIOB TAKOI'O MHOI'O-
T'PAHHUKA TTPOTUBOPEYMUBEI. TeM He MeHee, TPpUMEPhI TAKUX MHOTOT'DAHHUKOB
KoxkcTepa m3BeCTHBI, XOTA UX U JOCTATOTHO MAJO.

[Tepenrgem kx paccMOTpeHHIO IpuMepoB. HadHeM ¢ OrpaHWYEHHBIX MHO-
rorpanankoB Kokcrepa. Cambie mpocTeie runeploandecKne MHOTOTPAHHU-
ku Kokcrepa — orpannveHHbe CUMILIEKCH — Obuin onucausl PD. Jlanaepom
[11]. Cxemsr Kokcrepa cuMmmiekcoB B mpocTpaHCTBe JI06adeBCKOro HA3BIBa-
0TCA aakneposckumy. ONucanme JAHHEPOBCKUX CXEM ABIIETCA AOCTATOTHO
HECJOXHOW KoMOwHATOpHOU 3anader. OHM XapaKTepPU3YIOTCA TEeM, UYTO HE
ABIAIOTCA HYU JILIUNTAYECKUMU, HU NapaboIuiecKuMu, a J0bas uX cOOCTBEH-
Hasd TDOJACXeMa DJLIUNTHIHA. Hampumep, TakoBbIME ABIAIOTCA 06e CXeMBI HA
puc 5. Orpanuyennsie cuMmiuiekcsl B L" cymectsyior aums npu n < 4. [lox-
HBIM WX TepeveHsb npuseneH B Tabaune 4. OrpaHuveHHBIE CUMILIAIUAILHBIE
[IPU3MEI CYIIECTBYIOT B IPOCTPAHCTBAX JI06a4eBCKOr0 pasMepHOCTEN HE BhHI-
we 5 ¥ nepeducieHs B [8].
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Puc. 7.

Ha puc. 7 m3o6paxena cxema OrpaEnvdeHHOro MHororpanaunka Kokcrepa B
YeTHLIPEXMEPHOM TIpOCTpaHcTBe JloGadeBckoro. [Tokaxem »To. IomoxuTens-
HBIﬁ UHOEKC NMHEPIUU CXEMBI HE MEHBINE I€THIPEX, TAK KaK BEIKVHYB BECPDIIUHBI
¢ ¥ d, MBI IOy Y9AM DILIUNITHYECKYIO oacxemy (a, b, e, f) panra 4 (mer 0603Ha-
9aeM MOJACXEMY MEPEYMCICHUEM BXOAAMUX B Hee BepummH). OTpUIATEILHBIN
UHIEKC WHEPIUU CXEMBbI HE MEHBIIE eIWHUILI, MOCKOALKY mojacxeMa (a,b,c)
ABIAETCA JAHHEPOBCKOUW. Hakomem, camoe yauWBUTEIBHOE, 9UTO €€ OIMpPeIeiu-
Tellb OKA3BIBAETCA PABHBEIM HYIIO (3TO HETPYAHO BEIYUCAUTE, UCTIOAL3YS JEM-
My 3), a 3HaUUT paHr He 6oxabiue 5. Cieg0BATENbHO, CATHATYDA CXEMBI DABHA,
(4,1), mosTOMY OHA ABITETCA CXeMoi MHOTorpanHmKa Kokcrepa B L.

CxeMma COAEPXKUT [Be JTAHHEPOBCKUE TMOACXeMHL: (a,b,c) u (d,e, f). Jler-
KO ybeaurbes, 9To ar0bas MoJACXeMa, HE COAEPKAIIAA IEIUKOM HU ONHOU U3
I9TUX JAHHEPDOBCKUX MOACXEM, ABIAACTCI SHHHHTquCKOﬁ. HeCJIO)KHbeI KOM6I/I—
HATOPHBIN MOACYET MOKA3BIBAET, ITO MHOTOIDAHHWK COJEPXUT 6 Tpexmep-
HLIX U 15 nByMepHBIX Tpanen, 18 pebep u 9 Bepmwma. Bee Tpexmepusie rpaHu
SBISAIOTCA TPEYTOJbHBIMYU MPU3MAMHU, 3 CPEAU ABYMEPHBIX I'DAHEN MMETCS
6 TPEYTrOJILHUKOB U 9 9eTHIPEXYTOMLHUKOB. KOMOMHATOPHBIA TUII MHOT'OTPaH-
Hnka Kokcrepa, 3a1aBaeMOro 3TOM CXeMOM, IPEACTABIAET COOOU MPAMOE IIPO-
M3BENEHUE IBYX TPEYTOALHUKOB. JTO CAMBIA TPOCTON OTIUIHBIN OT CAMILIEK-
Ca MHOT'OT'DAHHMK, BCE€ I'DaHM KOTOPOI'O IMOIIapHO CMEXHBI.

[Ipumepsl OrpaHWYEHHBIX MHOTOIPAHHUKOB KOKCTEpa B MPOCTPAHCTBAX
Jlobadesckoro pasmepHocren 6, 7 u 8, HalJeHHBIE ABTOPOM CTATLU, IPUBE/E-
HHI Ha, puc. 8. [Tocaeqaun mpuMep ABIAETCA PEKOPHBIM IO PA3MEPHOCTH Cpe-
[T M3BECTHHIX ONPAHUIEHHBIX TUTIEPOOINIeCKIX MHOTOTPAHHUKOB KokcTepa.

Ilepergem Temepsr K MpUMepaM HEOTPDAHUYUEHHBIX MHOTOTPAHHUKOB
KokcTepa kKoHEIHOTO 00HeMa. AHATOTMYHO JAHHEPOBCKOW KIACCU(DUKAIIAA
MOXHO TIEPEYMCIATE BCE CUMILIEKCH KokcTepa komewanoro obwema. Mx cxe-
mer KokcTepa xapakTepmayoTca TeM, 9T0 He ABIAIOTCA HU MapabormaeCKu-
MM, HU DUIUNTAIECKUMU, 3 BCE WX COOCTBEHHBIE TIOACXEMBI SABIAIOTCA JUOO

Puc. 8.
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a) 6)
B)
Puc. 9.
Puc. 10.

DA TUIECKUMU, Tu00 CBA3HBIME mapabosumdeckumu. QHE CymIECTBYIOT B
MPOCTPAHCTBAaX padMepHocTu He Gomee 9. CxeMbl Bcex AeBATUMEPHBIX CUM-
mwrekcoB Kokcrepa komeunoro o6mema mpusegeHsl Ha puc. 9. Cummrekc, 3a-
JAaBaeMBI CXEMOW a), COAEPKUT OAHY BEPIIMHY HA abCOMIOTE, CXeMou 6) —
ABe, & CXEeMOU B) — TPH.

Ha pwmc. 10 nmpuBeaen mpuMmep cXeMbI HEOI'PDAHWUEHHOTO MHOTOT'DAHHUKA,
Koxkcrepa xonednoro obsema B L', Ilpu ynareHnu BEPIIUHBL U CXEMBI TIOJIY-
JaeTca mapabormdeckas MOJACXeMa, COCTOAMAA U3 ABYX CBA3HBIX KOMIIOHEHT
Tuna Fg. ITa moacxeMa COOTBETCTBYET BEPIINHE MHOTOTPAHHUKA, JEXKAIIEH
Ha abCoJI0Te, OKPECTHOCTH KOTOPOU MMEET KOMOMHATOPHBIM THI MPAMOTO
NPOM3BENEHUA ABYX 8-MepHBIX cuMILieKcoB. Muororpanauk Kokcrepa, 3ama-
BaEMBIA PACCMATPUBAEMON CXEMOW, MMEET KOMOWHATODPHBIA THUIM TUPAME LI
HaJ TaKUM IPAMBIM IPOW3BeAeHUEM. BepiuHa v COOTBETCTBYET OCHOBAHUIO
OUPAMATEL.

MaxkcumanbHas Pa3sMEPHOCTH OPOCTPAHCTBA JI06A49EBCKOrO, B KOTOPOM
W3BECTHO CYIIeCTBOBaHME MHOTOTI'paHHUKa KoKkcTepa KoHeIHOTO 00beMa, paB-
Ha 21.

B mpocTpancTBax JIo6aueBCKOro AOCTATOYHO GOJBIION PAa3MEPHOCTH HE
CyIIECTBYE€T HM OUPAHUYEHHBIX MHOTOrpaHHUKOB KOkKcTepa, HU [Jaxke MHO-
rorpaHHuKOB KokcTepa KoHEYHOro oO6beMa. OTCyTCTBHME OrpaHUYEHHBIX
MHOTOTpaHHUKOB KokcTepa B mpocTpaHCTBaxX Jl06a9€BCKOTO Pa3MEpPHOCTH
> 30 6bu0 gokazano J.B.Bunbeprom [6], a oTCyTCTBEE MHOTOrpDaHHUKOB
Koxkcrepa koHEIHOr0 06B€Ma B MPOCTPAHCTBAX JI06AMEBCKOTO PAa3MEPHOCTH
> 996 — M. H. IIpoxoposeMm [9].

I[Togpobree o kraccudmKamum MHOTOTDAHHUKOB KokcTepa B mpOCTpaH-
cTBax JIo6av9eBCKOro MOXHO y3HATH U3 pabor [4,7]



106

B. O. Byraenko

[1]
[2]

[4]
[5]
[6]

[10]

[11]

CIUCOK JIUTEPATYPLI

Aunpees E. M. O svinyxaviz muo20epannukar 6 npocmpancmear Joba-
uesckozo // Marem. c6opruk, 1970. T. 81. Ne3. C. 445-478.

Angpee E. M. O nepeceuenuu naockocmeti epaneti MHo202panHUK08 ¢
ocmpvimy yeaamu // Marem. samerkm, 1970. T. 8. Ned. C. 521-527.

Bunbepr 3. B. Juckpemubie 2pynnvi, nopoxcdenubie 0Mpaiceruimu, 6
npocmpancmeaz Jobauesckozo /| Marewm. c6., 1967. T. 72. Ne3. C. 471—
488.

Bunbepr 3. B. TIunepboauueckue epynnvr ompaxcenut // YMH, 1985.
T. 40. Bem. 1(241). C. 29-66.

Bunbepr 3. B. Kaaetidockonvt u epynnei ompaxcenuti // MaremaTude-
ckoe npocsemenue, 2003. Cep. 3. Bem. 7. C. 45-63.

Bunbepr 3. B. Omcymcmeue xpucmaanozpapuueckus epynn ompaxice-
nuti 6 npocmpancmeaz Jobauesckozo boavwuz pasmeprocmed // Tpyner
MMO, 1984. Ne47. C. 68-102.

Buub6epr 9. B., lIsapmman O. B. Juckpemubie epynnuvi dsuxcenuti npo-
cmpancme nocmosannot kpususnvt [/ Urornm mayku u texuuku. Cospe-
MEHHBIE HpO6JIeMI:\I MATEMATUKNA. (DyHr[l;a,MeHTa.JII)HI)Ie HAIIPDABJICHWA. M

BUHUNTH, 1988. T. 29. C. 147-259.

Kammackas 1. M. O duckpemuuiz 2pynnaz, noporcoennblis 0mpaicenu-
AMU 8 ZPAHAT CUMNAUYUAALHOIT NPusm 6 npocmpancmsaz Jobauescko-
20 // Marewm. 3amerku, 1974. T. 15. Nel. C. 159-164.

ITpoxopors M. H. Omcymcmeue duckpemmviz epynn ompaxcenuts ¢ He-
KOMNAKMHLIM PYHOAGMEHTNAALHBIM MHO202PAHHUKOM KOHEUH020 00HeMa
8 npocmpancmeaz Jobauescrkozo 6oavwot pasmepwocmu [/ Vas. AH
CCCP, cep. maTem., 1986. T. 50. Ne2. C. 413-424.

Coxeter H. S. M. Discrete groups generated by reflections // Ann. Math.,
1934. Vol. 35. No 3. P. 588-621.

Lanner F. On complezes with tranzitive groups of authomorphisms [/
Comm. Sém. Math. Univ. Lund, 1950. V. 11. P. 1-71.



