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HesneMeHTapHOCTH HEKOTOPHIX MHTETPAJIOB
DIEMEHTAPHBIX PyHKITIN

B. B. IIpacomos

B 1833 r. JInysuwis [4] mocTpowmt nepBbe IpUMEpS sreMeHTApHEX D) (yH-
KIIAW, AHTETPAILI OT KOTOPBLIX HE DIEMEHTAPHBI. B 9aCcTHOCTH, OH TOKA3aJ,
9TO HeolpeAeleHHBI nHTerpal [ € dz He ABIAETCS DIeMEHTAPHOU (yHKIW-
er. JlmyBwLIb nOKa3ad TaKXke BECbMa, OOIIYI0 TEeOpeMy, KOTOPAas IMO3BOIAET
CTPOUTH APYTHE NPUMEDPHI IEMEHTAPHBIX (PYHKINH, MHTETPAILI OT KOTOPBIX
HE DJEMEHTAPHEL

Hau6onee ecrecTBenno Teopema JluyBmiis (pOpMyIupyeTCs U HOKA3HIBA-
eTCs HA A3BIKe MupdepeHInaIbHBIX ToNed, KOTOPEI O6anxe K aarebpe, gem
K aHAIU3y. BO3MOXHO, UMEHHO TMODTOMY TeopeMa JIMyBUILIsA HE CTOJIL XOPO-
IO M3BECTHA, KAK OHA TOrO 3aCIyXuBaeT. Tem Goimee, 9TO ee COBPEMEHHOE
JOKa3aTeIbCTBO (IPUBEAEHHOE, HAIPpUMED, B [7]) He Tak yX CJIOXKHO, a CaM
npeaMeT BeChbMa WHTEPECEH.

JImyBHLIE MOOWICA yCHeXa B PEIIEHUU DTOU TPYAHOU 330a<U BO MHOTOM
6aaromapsa TOMY, 9TO OH BBEI yAa9HOE ONpENeNeHUe dIeMeHTAPHOU (HYHK-
nuu. JIuyBULIL BOCHOIB30BAICA TEM, 9TO TPUTOHOMETpHAIECKUE HYHKIUU U
0OpaTHBIE K HUM BEIPDAXAIOTCA Yepe3 BKCIOHEHTY U JorapudM, a DKCIOHEH-
Ty ¥ JOrapudM MOXHO ONPEIEIATE C MOMOIILI0 CIETYIOMIEr0 CBOUCTBA: €CJIu
g(z) = /@, r0 ¢/ (z) = f'(2)g().

B Teopuu JInyBumLis OCHOBHOU 00BEKT — 2T0 dufdepenyuarvroe noae K,
T.e. Hole, B KOTOPOM 3ajaHa onepamua duddepenyuposanus a — a', obia-
naomaa cregytomumu ceouctsamu: (a + b) = a' + b u (ab)! = a’'b + ab' gua

YOnpegenenne saeMeETApHON GYHKINY IPUBEIEHO IyThH HIXKE.

MaTemaTuyeckoe npocsewenue, cep. 3, sbin. 7, 2003(126-135)
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JIOOBIX DIeMEeHTOB a, b mons K. Mur Bcerga OymeM mpeAnonaraTh, ITO Xapak-
TEPUCTUKA II0JA K PaBHA HYJIIO.

Ecim a # 0 1 @’ = bla, TO pIeMEeHT a HA3BIBAIOT IKCNOHEHMOT DIEMEHTa,
b, a baeMeHT b HABBIBAIOT 402aPUPMOM DIEMEHT], a.

a'd —ab’
b2
nexoro n u 1’ = 0, mockomexy 1/ = (12)' =2-1-1".

daemenT ¢ € K masbBaoT xoncmanmoti, ecim ¢ = 0. KorcraaTs o6pa-
3yioT mopamose B mojae K.

Nudpdpepennuansuoe nore L O K naszwBaioT duddepenyuaibmubim pacus-
penuem moas K, eciu quddepennupoBanue noas K COBOALAET C OrpaHU€e-
uueMm Ha K muddepennupoBanus mos L.

HamomaumM, 9TO mome, mMOIyvYeHHOEe TpucoequHeHueM K momwo K dieMen-

!
(42 _
Jlerko mpoBepuTh, YTO (3) = , (a™)' = na™ 'a' maa mo6oro

TOB t1, ..., tp, o603HA9a0T K (t1,...,1,). Juddepennuaisaoe pacummpenne
L D K Ha3bIBaIOT daemenmaprbim, W pacuupenvem Jduysuaas, ecma L =
= K(t1,...,tp), Tle KaX/AbI DIEMEHT t; yAOBIETBOPAET OLHOMY W3 CIEAYIO-

OUX TPEeX YCIOBUM:

-1
> t; arebpauyer Hag K; = K (t1,...,ti—1), T.e. tl'+apn_1t] +:+++ag =0
JUIS HEKOTOPOT'O HATYPATLHOTO 7o M HEKOTOPHBIX A, . . . ,an_1 € K;;

> t; — DKCIOHEHTA dJeMeHTa noisa Kj;

> t; — JorapudM daeMenTa moas K.

Kommexkcunosnaunywo ¢yaknuio, onpegenreanyio B obractu U C C, 6y-
IeM HA3BIBATDL IAEMEHMAPHOT, €CIN OHA, JEXUT B HEKOTOPOM DIEMEHTAPHOM
pacumpenny nons pamuoHanbHbx dyaknun C(z). Bce npuserambie aas mac
(bYHKIIUN — TOIMHOMBI, PAIIMOHATLHEIE (DYHKINA, SKCIOHEHTHI, JOrapudMbI,
TpUTOHOMeTpHUIecKre (pyHKIUY U 0OPATHEIE K HUM ABIAIOTCS DJIEMEHTADHEI-
Mu 110 JImyBmio.

Teopema, noxkasamuas JlmyBmiieM, COCTOMT B TOM, YTO €CIM WHTETPAI
DIEMEHTAPHON (DYHKIUU (¢ ABIAETCSI DIEMEHTAPHON (YHKIMEN, TO (HyHKIAI
( IMeeT BeChbMa CIENMATHHBIA BAJ. A MMEHHO, COPABEJINBO CACAYIOIEe YT-
BepX geHue (KOTOPOe MBI IPABOAUM B COBPEMEHHOU (POPMYJIUPOBKE).

TEOPEMA 1 (JInyBWLIb). Tycme a € K, ede K — nexomopoe dudde-
penyuasvroe noqe. Ecau ypasuenue y' = a umeem pewenue vy, aexcaujee 6
HEKOMOPOM IACMENMAPHOM Pacuuperuy noas K, umerowem mo xe camoe
noae Koucmanm, mo 6 node K cywecmsyiom Kowcmanwmul ¢y, ..., C, U d4e-
MEHMBL UL, .., Uy, U, 044 KOMOPHIL

n !

_ u; !
a= cG— +v.
‘ U

1=1
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ITpex e YeM MepenTH K JOKA3ATEILCTBY T€OPEMBI JIMYBULIA U K TIOCTPOE-
HUIO HA, €€ OCHOBE TTPUMEDOB DIEMEHTAPHBIX (DYHKIINNA, HEOIIPEIEJEHHBIE UHTE-
T'DaJabl KOTOPBIX HEIEMEHTAPHBI, JOKAXEM [IBAa BCIIOMOTI'aTEIbHBIX CBOﬁCTBa.
IuddEepEeHITNATLHBIX PACIIMPEHUN TOIEH.

JIEMMA 1. ITycmv L — pacwupenue dufdepenyuaavrnozo noas K. Tozda
Jugdepenyuposanue noas K moxcrno npodosxcums na L, a ecau pacuwuperue
L ascebpauuecroe, mo duddepenyuposanue noas K npodoaxrcaemcs mna L
€e0UHCMBEHHBIM 00PA3OM.

JOKABATEJILCTBO. [Ipeamomoxum, aTo smemenT X mpancyendenmen
(r.e. me amre6pamven) Haz K. Torga ma koabuo MHOrowieHoB K[X]|
nuddepernTupoBaEne moad K MOXHO TPOJOMXKUTL CISTYIOIIM 00pa3oM:
D(Y arX*) = Y a},X*. Ha nore panmomamsmsx dysxmuit K (X) noxy<en-
HOe auddepeHnTupPOBaHAE MOXHO IPOAOIKATE IO HOPMYIEe

u (Du)v — (Dv)u
p(z) - o
v v

[Ipegnonoxum Temepb, 9To daeMeHT x anarebpawden Hag K m f(X) €

€ K[X] — ero murnmanbHbI MHOrOwIeH. Paccmorpum guddepernuposanme

82 koabua K[X], sagansoe ¢popmynon
X

% (ZGka) = Zkakafl.

OTHOCUTENBHO 5TOr0 AuddHEPEHITUPOBAHNAA BCE DJIEMEHTHI ToasA K ABIAIOTCA
KoHCTaHTaMu. [looTOMy mus m060ro dukcupoBaHHOrO MHOrowieHa g(X) €
€ K[X] onepatop D + ¢g(X)0/0z asuaserca nuddepeHnUpPOBAHAEM KOIbIA
K[X], orpann4enue xoroporo Ha K coBnajgaer ¢ D, T.e. COBIagaeT ¢ UCXOA-
ueIM guddepennuposanunem noas K. [og6epem muorowien g(X) Tak, 9T00BI
ykazaHHoe auddepeHnmpoBaHme nepesoanio B cebs ngean (f) xomsua K[X],
nopox geHast MaorowieroM f(X). [las sToro HEo6XOAUMO # AOCTATOYHO,
9TOOBI BLITIOMHATOCH PABEHCTBO
0

(Df)(z) + g(z)f'(x) =0, rtme f'(X)= o

Ho f'(z) # 0, mockoabKy f — MUHUMAIBLHBIA MHOT'OWIEH DJIeMeHTa Z. [103To-
MY KOPPEKTHO OIpeneleH DIeMEHT

9(z) = —(Df)(z)/f'(z) € K(z) = K[z] = K[X]/(f).
ITOMy DIEMEHTY cOOTBeTCTByeT MHOorodureH kxoabna K[X], xoropbm ompe-
JeleH C TOYHOCTBIO 10 NpuOaBIEHWs K HEMy MHOrodreHa, kpataoro f(X).
IocTpoennoe Takum 06pazom guddeperunposanue koabua K| X| nuagymupy-

er auddepennuposanue noas K[X]/(f) = K(x), npogorxkaroee UCXOLHOE
nuddepennupoBanue mouas K.

(X).
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Mz goxasanu, 9To auddepeHnupoBaHue MOAsI MOXHO IPOJONXUTL HA
moJie, IOJYdYEHHOE B PE3Y/IbTATE IPUCOETUHEHNA K MCXOAHOMY IOII0 OJHOIO
snemMeHTa (aAre6pamvdeckoro Wi TPaHCUEHAeHTHOro). Ilooromy muddepen-
IXPOBAHWE MOXHO IPOAOMXUTL HA IOJNE, MOLYydIeHHOE B PE3YJILTATE IPUCO-
eIVHEHNs KOHEYHOTO0 MHOXeCTBa direMeHToB. Hac 6y1yT mHTEpeCcOBaAThH TOMIh-
KO TaKWe PaCUIMPEHUs, I0dTOMY MBI He OygeM 06CYyXIaTh JOKA3aTEIbCTBO B
clIydae, KOrja MPUCOEIUHAETCA GECKOHEIHO MHOrO diaeMeHTOB. (B sToMm ciy-
49ae [JOKa3aTeIbLCTBO MPOBOAUTCA C IOMOUIbo deMMel 1lopHa.)

JokaxeMm Temephb, YTO B CIydae aIre6panveckoro pacCIIXpEeHus IpOIL0J-
xeHue nuddepeHnupoBaHusa OnpeaeaeHo oqgao3uavHo. [lycrs D1 u Dy — nBa
muddepermpoBaHusa noasa L, orpaHEndeHns KOTOphIX Ha K coBmagaoT. Hyx-
HO JOKa3aTb, 9TO eciu daemMeHT ¢ anrebpamyern vang K, to Dix = Dox. Pas-
HocTs Dy — Dy sBasercs puddepennuposanueM, anHymupyomuM K (T.e.
oTobpaxaromuM Bce daeMeHTH K B Hyib). [I0oTOMy HYyXHO H0Ka3aTh, 9TO
ecau guddepeHTupoOBaHTe aHHYINPYeT moje K, To OHO aHHYJIUPYeT U JI060H
snemMeHT z, Koropwin aarebpamden Hag K. Ilycrs f(X) € K[X] — vunm-
MaJbHBI MHOro4neH saementa . Torga f(z) = 0 m f'(z) # 0. Iosromy
0= (f(:c))l = f'(z)z', a smaamT, ' = 0.

JIEMMA 2. IIyemvs K — dufpepenyuaavnoe noae, K(t) — dupdepen-
yuaabroe pacwupenue noas K, umerowee mo de camoe nose Kowcmawm,
npuuem saemenm t mpancyendenmer nad K.

a) Ecau t' € K, mo das 4106020 mnozousena f(t) € K|t] nosoxrcumens-
HOT CTNENEeny aemenm (f(t))' ABAAELTNCA MHO20UAECHOM AUO0 O KHee camot
cmeneny, umo u f, aubo cmenenu wa 1 meHbwe, 8 3a46UCUMOCTNY OM MO20,
omauuen cmapwutl KoaPPuyuenm mro2ouiena f 0m KOHCMAHMbL UAU HEM.

6) Ecau t'/t € K, mo das w6020 saemenma a € K* = K \ {0} u ar06020
HAMYPAAbHOZO YUCAG T umeem mecmo pasencmso (at™) = dt™, ede d € K*.
Hanee, dan a106020 mnozousena f(t) € K[t| nosorcumesvrnoti cmeneny s.e-
MEHT (f(t))' ABAAETNCA MHO20UACHOM MOt dHce camoli cmenenu, wmo u f;
amom muozousen deaumca na f moeda u moavko moezda, xKoeda f(t) — mo-
HOM.

IMOKA3ATEILCTBO. a) IIycts f(t) = ant™ + ap 1t" "' + --- + ag, TAe ag,
.eoy ap € K may, #0. To ycaosuio t' = b € K, nosromy

(f(1)" = apt™ + (nanb + ap_)t" ' + -+ + (a1b + ap).

Ecau a}, # 0, TO ( f (t))' — MHOTOWIEH cTeneHd n. IIpeanonroxum, 1to a,, = 0
u nayb + al,_; = 0. Torga (nant + ap—1)’ = nayb+al,_; = 0, T.e. snement
Nayt+ a,_1 ABIAETCA KOHCTAHTOU. [10 yCIOBHUIO BCe KOHCTAHTHI JexXaT B K, a
3HAYUT, t € K. ITO IPOTUBOPEIAUT TPAHCIICH JEHTHOCTH dIeMeHTa t. [loaToMmy
ecm a), = 0, TO (f(t))' ~— MHOIO4IEH cTeneHu n — 1.
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6) sIcro, aro (at")' = a't"+nat" 't = (a'+nab)t",tae b =t'/t € K. Ecim
a' +nab = 0, To (at™)’ = 0, T.e. at™ — xoncTanTa, a 3HauwUT, 1" € K. 10
IPOTUBOPEYMT TPAHCIEHAEHTHOCTH daemenTa, t. [looromy d = a' + nab # 0.

Oycts f(t) = ant™ + an_1t" "' +--- + ag, TA€ ag, ..., ap € K u a, # 0.
Toraa,
(F®))" = (ay +nagb)t™ +--- + af.
MBI TOIBKO 9TO J0KA3aId, 9TO a, +nayb # 0. IlosTomy ( f (t))' — MHOT'OWICH
CTENeHN n.

[Ipeamonoxum, 9To MEOTOWIEH f(t) HE MOHOM, T. €. OH COAEPXKUT IO Kpau-
HEW MEpE [ABa, HEHYJEBBIX CAATAEMBIX dnt” m an,t™. Ecmm muOTOWwIen ( f(t))'
nerutca Ha f(t), TO KO>(pPUIUEHTH DTUX MHOTOWIEHOB TOMKHEI OBITH IIPO-
OOPIMOHAJBHEL. B 9acTHOCTH,

tl_% tl

! !
an +nanb _ apy +mamd

!

a

, T.e. —+ +n— =

an am an t am t

[pu ycroBuM, 9TO Gy, Gyt T # 0, TOCTEHEE PABEHCTBO DKBUBAJEHTHO PABEH-
ctBy (ant™/amt™) = 0. 3naanr, apt"™/amt™ € K, 9T0 CHOBA IPOTUBOPEIAT
TPAHCUIEHIEHTHOCTH DIEMEHTA, t.

Teneps MOXHO IPUCTYIUTH K JOKA3aTEIHCTBY TE€OPEMHEI JImyBMLI.

ITOKA3ATEJBCTBO TEOPEMBI JINYBULIA. MbI npeamosoxXuim, 9T0 Cy-
MIECTBYET MOCIEI0BATEILHOCTE AU dEePEHINATBLHBIX pacmupennt nomen K C
CK(t1) C---C K(t1,...,tN) CO CreayrOmmMu CBOUCTBAME:

> Yy BCEX 3TUX noJaen OOHO M TO XK€ IIOAIIONE KOHCTAHT,

> KaX/IBIM DIeMeHT t; aubo aarebpamden uajg noxeM K (ti,...,t;—1), mmbo
ABIACTCA DKCIIOHEHTOHN WJIH JOTapru(PMOM DJIEMEHTA DTOTO IOJA;

> cymecTsyeT anemenT y € K(ty,...,tx), aaa koToporo y' = a.

[oxazareascTBo mposegaeMm muAykiuen no N. Ilpy N = 0 yreepxge-
HUE 09EBUIHO. [[eUCTBUTENHLHO, DIEMEHT Y JEXUT B mojde K, mo3TOMYy MOX-
HO TOMOXUTHL v = Y. lIpegnonoxum, atro N > 0 m mua N — 1 yTBepxkme-
HUe yXe J0Ka3aHO. Torga DTO yTBEpX/JEeHWe MOXHO IPUMEHHUTL K IOIAM
K(t1) C K(t1,...,tN) ¥ DOLyIATH, 9TO DJIEMEHT (x MOXHO 3aIKUCATH B TpeGy-
€MOM BH/IE, HO TOIBKO DIEMEHTHI Uq, - .., Up, U OyAyT aexats B more K (i),
a He B K, xak 510 HyxHO. OcTaerca 510 ucnpasuts. [lomoxum mis KpaTko-
ctu t; = t. llo ycaoBuio saemenT t aub6o aarebpawven mang K, mubo asiaseTcs
JorapudMOM WIA DKCIOHEHTOH dieMeHTa, mois K.

Paccmorpum cragamna ciaydaum, korjga daemenT t anreOpamyen Hany K.
Torga cymecreytor mHorowresst Uy, ..., Uy, V ¢ xoaddunuenramu n3 K,
st KOTopeIX U1 = Uy (t), ..., up = Up(t), v = V(¢). llocTpoum aareGpaumde-
ckoe 3ambikanue nous K (t) u BoibepeM B HEM DIEMEHTHL 7] = t, T2, ..., Ts,
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conpsaxennsle ¢ t Hag K. CornacHo memMMe 1 Ha arrebpamdeckoe paclIzpeHue
muddepermmansHOr0 nous auddepeHnupoBaHENe IPOOIXKAETCSI €MHCTBEH-
HBIM 00pPa30M, IO3TOMY H3 TOT'O, ITO PABEHCTBO

n

a= Zci—(U"(”)) + V(7))

U;(7;
£ Ui(ry)
“MeeT MeCTO Aad j = 1, cliefyeT, 9TO OHO MMeeT MeCTO W AJad Bcex j = 1, 2,

..., 8. [IpocymMMupoOBaB HOIyIeHHBIE PABEHCTBA ¥ MOEINUB UX HA S, IOLYIUM,

9TOo
n

_ ﬁ(Ui(Tl)-...-Ui(Ts))' V(ir) + -+ Vi(rs) /'
_z_;s Ui(m1) - ... - Ui(7s) +( s ) )

31€Ch MBI BOCIIOJIB30BAJIUCE TOX AC€CTBOM

fi fs _ (frofs)

fl fs fl'---'fs ()
Bripaxerus U;(11) - ... - Ui(1s) m V(1) + - -+ + V(7,) aBISIOTCA cCUMMeTpHde-
CKAMYW MHOTOWIEHAMH OT T1, ..., Ts C Kodddunnenramu u3 K, nostomy 3T

Beipaxenus aexar B K. Takum 06pasoM, MBI MOIYYWIA s (¢ BBIPAXKEHUE
TpebyeMoro BUIA.

B ocraBmmxcsa crydasx, Korga t — DKCIOHEHTA WU JOTapudM dIeMeHTA
nonst K, MOXHO mpeanoaaraTs, 9To sreMeHT ¢ TpancueHaeaTes Hag K. [lpn

9TOM
n

_ (ui(®)’ '

= ;c, v T (v(®)),

rge ui(t), ..., un(t), v(t) — pamumonanbHBIe QyHKUEU C KOdDPUIMEHTAMEA
m3 K. Kaxayo panmonanbHyo GyHKImO U;(t) MOXHO IPEACTABATH B BHUAE
NPOM3BEICHNA HEHYJEBOTO dieMeHTa mona K u mempusoguMbix Hag K MHO-
TOMIEHOB CO CTAPIINM KOIDPUIUEHTOM 1, KAXABIA U3 KOTOPHIX BO3BOAUTCA
B HEKOTODPYIO CTEEeHb, NOIOXUTEILHYI0 WM OTpunaTenbuyo. [losromy, Boc-
IOIB30BABIIACE TOXAECTBOM (1), MOXHO IepemmcaTs cymmy . ¢; (u; (t))l/ u; (1)
B BH/I€ TAKOU Xe CyMMEI, HO B KOTOpPOHU u;(t) — HENPUBOAMMEIE MHOTOWIE-
HBI cO cTapumM KoddduiuenTom 1. [lencTBUTENLHO, N J11060T0 TEeJIoro n
nmeetr mecto paserctso (f™)'/f™ = nf'/f. Moxno Takxe camTaTh, 9TO BCE
MHOTOWIEHBL U7, - . . , Uy TONAPHO PA3IUYHEL X BCE KODPMUIUEHTHI ¢; HEHYIe-
Boie. Jlanee, panmoHATBHYI0 DyHKIUIO ¥ (1) MOXKHO IPEACTABATD B BUE CyMMBI
MHOTOWIeHA ¥ HecKoapkux craraemerx suga g(t)/(f(t))", rae f(t) — menpu-

BOJUMBIA MHOTOWIEH CO CTapmuM KoddduuumenTom 1 u g(t) — MHOrowIeH,
CTeneHb KOTOPOr'0 MeHbIIe CTeNneHn MHorodwneHa f(t).
Paccmorpum crywan, korga ¢t — gdorapudm srementa K, T.e. t' = d'/a

nast HekoToporo g € K. Ilycts f(t) — IpOM3BOIBLHBIM HENIPUBO JUMBIN MHOTO-
WIEH MOMOXUTEIbHON cTeneHu Haq moaeM K co crapmmM kodddurmumenTom 1.
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Cornacuo memme 2(a) snemerT ( f(t))l ABJSETCS MHOT'OYIEHOM, CTEIEHb KOTO-

!
poro menbie crenern muorowiena f(t); B wactrocrn, (f(t)) Ee gemmTcs Ha
f(t). Ilpeamonoxum, 9T0 MHOrOwIeH f NPUCYTCTBYET B DA3JIOXKEHWA DALUO-
HaabHOU yHKIUM v(t) B KadecTse craraemoro g/ f", rae r > 1, mpuaem r —
MaKCUMAJILHO BO3MOXHOE 3HAUEHUE. PaBeHCTBO

! ' '

fr fr fr—i-l
HOKA3LIBAET, ITO B PA3IOKECHUN (v(t))l IPUCYTCTByeT APO6L CO 3HAMEHATE-
nem ™ mockomwky rgf' me genmrcs Ha f. B BhIpaxeHUE f1a o TakKasg ApoOb
HU C 9eM HE MOXET COKDATUTHCS, IIOCKOJIBKY HaXe €CIW OJWH M3 MHOTOWIe-
HOB u; coBHajaeT ¢ f, TO u)/u; — ApoOb CO 3HAMEHATENEM BCEro Juub f.
Takum 06pasom, v(t) — mHOrowreH. Kpome toro, muorowren u;(t) e mo-
KET 3aBUCETH OT t (T.€. IMETH MOMOKUTEALHYO CTEIEHb), MOCKOJIbKY WHAYE
u) /u; — HecokpaTumas Apobb. 3HaunT, u;(t) € K. Teneps BhIpaXeHUe i o

!
IOKa3bIBAET, ITO (v(t)) € K, r.e.v=ct+d, rae c — xoacrasTa u d € K.
A nockomeky t' = @' /a, monyaaem BeIpaxenue TpeGyeMOro BUAA:

"\ W a
achi—+c—+d.
i1 Uj a
Paccmorpum, makosen, ciyydan, Korjga t — OKCIOHEHTa daemMenTa K, T.e.
t'/t = b, rge b € K. Ilycts f(t) — MHOrOWIEH MOJOXWUTEILHON CTENEHH.
Cornacuo nemme 2(6) (f (t))' — MHOTI'OWIEH TOY Xe CAMOM CTEeIeHH, IPUIeM
(f (t))l gerurcs Ha f(t) Torga m Tompko Torga, korga f(t) — monom. ITo-
sroMy ecau f(t) — HENPHBOAUMBIN MHOIOWIEH MONOXWUTEILHON CTEINEHU CO
crapumaM koaddunmenTom 1, ormraaem ot ¢, To (f (t))l He gemurcs Ha f(t).
Te xe caMble PacCyXJEHUA, 9TO ¥ B IPEABIAYIIEM CILydae, IOKa3bIBAIOT, ITO
Takoy MHOro4uIeH f(t) He MOXeT BCTPETHUTHCA B Pa3ioxeHun v(t) B KadecTse
3HAMEHATE/ W HU OVH U3 MHOIOWIEHOB u; (1) He MoxeT 6uiTh paseH f(t). Ilo-
sromy v(t) = Y po . axt®, npmaem mmims KoHETHOE TMCIO KODDDUIHEHTOB aj
oram4HO oT Hyas. Kpome Toro, Bee u;(t) xexar B K, 3a uckmodeHreM, OBIT
MOXeT, OfHOro, pasHoro t. Ho B Takom ciydae Bce BhIpaXeHUs (uz(t))l Jui(t)
mexat B K, mosTomy ('U(t))l € K. Cornacuo aemme 2(6) (U(t))l = Y dytF,
rae dy € K n ecmm ai # 0, To di # 0. Ilooromy v(t) = v € K. Ecan Bce u;(t)
nexatr B K, To MBI HEMEIEHHO THOIy4daeM TpeGyeMoe BeIpaxeHue. Eciam xe,
Hanpumep, u1(t) = ¢, TO MBI IOLY9aeM BHIDAXKEHUE

n n
tl ’LLI ! UI' ]
a:c—+E c-—’—l—'u:E ¢+ (b +v)'.
1t o zui s Zu,' (1 )

1= 1=

OTO BHIpAXEHNE HMeeT TpeOyeMbIN BHU I, IOCKOILKY c1b+ v € K. O
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Iloxaxem Temepb, KaK C TOMOIILIO TEOPEMBI JIMYBWILIA JOKA3LIBAECTCA
HEDIIEMEHTAPHOCTh HEKOTOPHIX KOHKDETHBIX MHTErpatoB. s oTux memren
JIuyBuIAb HOKA3aa CIEAYIOMUN KPUTEPUU IIEMEHTAPHOCTH HHTErPAJIa
[ (2)e99)dz, rie f m g — panmonanbHBE GYHKIME (OTHOLIEHHA MHOIOWIE-
HOB).

TEOPEMA 2 (KPUTEPUN JINYBUWLIA). [Tycmo f(2) v g(z) — payuonasn-
note Pynrxyuu, npuvem Pyuxyus f — mne moacdecmeenuvili Hyav, a Pynx-
yus g — He xoucmanma. Unmezpaa ff(z)eg(z)dz ABAACTMCA FAEMEHMAPHOTU
Pynryuetd mozda u moavko moada, Ko20a cywecmsyem payUOHasLHaAL GyYH-
xuus a(z), das Komopot umeem mecmo pasencmeo f = a' +ag'.

ITOKABATEILCTBO. IIpex e Bcero moxaxem, aro dynkmus ¢9?) me ar-
re6panyna Hag noxeMm C(z). Ipegnoroxwum, ato ¢ynkuums e’ ygosreTBopsaeT
HETPUBO/MMOMY yPABHEHUIO

e +ae™ VI 4. ta,=0
Ha g noxem C(z). IIpoauddeperurposas 5TO ypaBHeHUE, IOLY9AM yDABHEHHE
ng'e™ + (a} + (n — 1)alg')e("_1)g +-+-+ap, =0.

OTO HOBOE YPABHEHWE [OMXKHO OBITH MPOMOPUMOHAIBLHO mcxogHoMmy. Ciexo-
BarersHo, ng' = al /ap. Ho ecim mBl mpeacTaBum a, m ¢ B BUAE CyMMBI
DJIeMEHTAapHBIX Apo6Gen Buga p/(z — q)™, To moxydum, 4To a,,/a, ABIAETCA
CYMMOY DJIEMEHTAPHBIX APOOEH C TMHENHLIMY 3HAMEHATEIAMHY, & IPEACTABIE-
e g’ BOOOIIE He MOXET COAepXaTh DIEMEHTApPHBIX ApPo6el ¢ JIMHeHHBLIMA
3HAMeHaTedAMA. SHAIuT, ¢’ = 0, T.€. ¢ — KOHCTAHTA, a DTO IPOTUBOPEIUT
YCIOBHIO TEOPEMBL.

Honoxum 9 = t. Torga t'/t = ¢'. [Ipumennm Teopemy JlmyBmnns B caydae,
korga K = C(z,t) mw @ = ft. B pesyabrare moayduMm, 9TO €CIU UHTErDAT
[ feddz aBrsercs snemenTapHON QyHKIMEN, TO

n '
ftzzci%_FU,’ (3)
=1

rAe C1,y ..., ¢ € Cumug, ..., uy, v € C(z,t).

HMonoxum F = C(z). Torga f,g € F u uy, ..., Up, v € F(t). lpume-
Hss npu HeoGxogmmocTy ToxAecTBO (1) (cm. c. 131), MOXHO CYATATH, ITO
BCE U;, OTIUYIHBIC OT SJEMEHTOB F, ABAAIOTCA HEOIPDUBOAWMBIMU HAJ F MHO-
roweHamMu OT t co crapuuM KodpduumenToM 1. 3amuiieM v B BULE CyM-
MBI DIeMeHTa Koxbna F[t] u Heckombkumx craraembix suga g(t)/(f(t))", vae
f(t) — menpusogmmbir vHag F' MHOrOwIeH co crapmmm xodddunmenTom 1 u
g(t) — MHOrOwwIeH, CTeNeHb KOTOPOro MeHbIe crenenu MEOrowena f(t). Tog-
HO TaK Xe, KaK U IPA TOKA3aTEILCTBE T€OPEME! JIMyBULIA, C HOMOIIBIO JEM-
Met 2(6) momydaem, 9To v = Y axt® (cymma xomeunas) u Bce u; dexar B F, 3a
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U
UCKIIYeHneM, OBITh MOXET, OJHOT'0, PaBHOTO t. B Takom caydae Y, ¢;— € F.
Uj

Kpowme Toro, v' = Y dit¥, rae di, = a}, + kaxg' € F. TloaTomy pasercTso (3)
nokaseiBaer, 9to ft = (a} + a1¢')t. Honaras a = a1, noxygaem Tpebyemoe
paserctso f = a' + ag'.

Hao6opor, ecim f = a' + ag’, To (ae9)' = fel.

2
ITpuMEP 1. UnTerpan / € dz me >nemenTapEH.

ITOKA3ATEILCTBO. B sTom crydae f(z) = 1 u g(z) = 22. IlosTomy ypas-
Henve [ = a' + ag’ umeer Bug 1 = a' + 2az. HyxHO 10Ka3aTh, 9TO 3TO ypas-
Henue He umMeer pewenunt a(z) € C(z). Eciu B pasnoxeHuu panuoHAILHOMR
dyHKOUE a(z) B Ka4ecTBE CIaraeMoro HpUCYTCTBYeT APOOb CO 3HAMeHaTe-
meM (z — )", rge r > 1, npudeM r — MAKCHMAJBHO BO3MOXHOE 3HAYECHHUE,
TO TOoXAecTBO (2) Ha c. 132 mokaswBaeT, 9TO B BhIpaxenun a’ + 2az mpwu-
cyrcTByeT apobe co sramenaTerem (z — )", TlosTomy a(z) — mMEOrOwIeH
HekoTopon crenernu n. Torga a'(z) — muOrowien crenenn n — 1, a 2za(z) —
MHOTOWIeH cTeneru 1+ 1. IloaTomy ana MHOTOWIeHA @ paBeHCTBO 1 = a’ +2az
BBIIIOIHATHCSA HE MOXET.

z
e

IIPuMEP 2. UnTerpan / —dz He dIeMEHTapEH.
z

[IOKA3ATENBLCTBO. B stom cayuae f(z) = 1/z u g(2) = z. HyxHo 10-
Ka3aTh, 9TO ypasHenme - = a' + a me mmeer pemenumn g € C(z). Touno
z

TaK Xe, KAK ¥ B IPEALIAYLIEM IPUMEDE, TOKA3BIBAETCHA, 9TO a(z) — MHOro-
wren. Ho Torga cymma a + a' Toxe MHOrOWIeH, TOSTOMY OHA HE MOXET OBITH
paBHa 1/z.

2 d
IIpuMEP 3. UnTerpanst / e dz, / l—z n / Inln z dz He bremeHTAPHEI.
nz

z
e
ITOKA3ATEJIBCTBO. Bce 5Ty mHTErpaibl CBOAATCSI K MHTE DALY / —dz.
z
e* u
Bo-nepereix, moaoxus z = €%, noryanm | —dz = | €® du. Bo-BTOpEIX, MOIO-
z
e® dw
*®uB z = Inw, monyuum | —dz = I Haxomern, mHTerpupys mo 9acTaM,
¥4 nw
z
€
IOy IaeM /lnlnzdz =zIlnlnz — / —dz.
¥4

Pazbepem B koHIE 6oMee CIOXKHBIA NPUMED, UCHOIL3YS He KpuTepun Jlu-
YBWILIA, 8 HETOCPEACTBEHHO caMy TeopeMmy JlmyBwmimus.

sin z
IIPUMEP 4. Humeepaas / —=dz ne saemenmapen.
z
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JOKA3BATEJILCTBO. C IOMOIIBIO 3aMEHHBl 2z — 12 JAaHHBIA MHTETCPAJT CBO-

e* —e ?

IATCA K MHTET DALy / dz. Kak u mpu J0Ka3aTelbCTBe KpuTepus Jlu-
yBwLIs, paccMorpuM auddepenmmansaoe more C(z,t), rae t = e*. Ipeamo-

z —Zz

JIOXUM, 9TO MHTETrPAI dz »nemenTapen. Torga cormacHo Teopeme

JluyBuiis mmMeeT MECTO PABEHCTBO

n
t2—1 i
= C; — v 4
tz Zl Zui T, ( )
1=
rge ¢, ..., ¢y € Cumug, ..., uy, v € C(z,t). Homoxum F = C(z). Torga
ULy «--y Up, v € F(t). CHOBA MOXHO CIUTATDH, ITO Ui, ..., Uy — DPABIUIHLIE

HENPUBO[UMEIE MHOTOWICHBI Ha A F' co cTapmum ko3dduiumenTom 1, u CHOBa

MOXHO TPEACTABATHL ¥ B BUJE CYMMbI MHOTOWIEHA W APOOEUN OMpeeaeHHO-

ro Bujga. [Ipumenus semmy 2(6), moxydmm, uto ambo u; € F, aubo u; = t.
!

U; o v
CrenoBarensHo, Y ¢;— € F. Kpome Toro, B kagecTBe 3HaMeHATEIEN Tpobent
u;

PA3JIOXEHUA U MOTYT BCTPETUTHCA TOILKO cremenu t. Ilycts v = ), aith,
ay € F. llpupaBuuBas B paBeHcTBe (4) K02hPUIUEHTEI TpU ¢, TOIYIaEM DPa-

1 v
BEHCTBO — = a} + a1. B npumepe 2 6510 MOKA3aHO, YTO AIfA PAMOHAJILHOM
z

dbyHKnUE a1(2) TaKOe PABEHCTBO BBINOIHATHCSI HE MOXKET.

3aMHTEPECOBAHHBIN YATATENh MOXET Goaee MOAPOOHO O3HAKOMHUTHCA C
muddepeHnmaIbHOn aTre6pon, o6paTuBmuck K kauram (1], [2], [3], [5] u cra-
Tbe [6].
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