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CTyaeHIecKI KOHKYPC PeIIeHnA 3,1
B CankT-IleTepbypre
2001-2002 rr.*

O OPABWIAX KOHKYPCA

JloMalHuy KOHKYPC peleHus 33,4349 NPOBOANTCA mias cTyaeHToB CaHkT-
ITerepbyprckoro yuueepcurera. [logo6HbIE KOHKYDPCHI TPOBOAUINCH HEOTHO-
kpaTHO B npouuioM. (Hanpuwmep, o korkypce 1987-1988 rr. MoxHO npouuTaTh
B A. M. Bepmuk, A. A. Jlogkun. CTyneHdeckuil MaTeMaTHIECKUN KOHKYPC B
JlerunrpanckoM rocygapcrsBeHHOM yHuBepcurere // Maremaruka cerogss.
Kwues: Bouna mkomra, 1990, c. 126-142.) Cpean ux yIacTHAKOB €CTh KAK HEAAB-
HUE, TaK U OY€Hb JaBHUE BLINYCKHUKY MaT-Mexa. W ges konkypca (B oTauaume
OT OIMMIUAJ) B PELUICHUN 3339, B OCHOBHOM, UCCJAEL0BATEILCKOTO XapaKTe-
Pa, KOTOPBIE HE PEMIAIOTCS OJHUM IPUEMOM, 3 TPEOYIOT CEPbE3HBIX Y HECIEIl-
HEIX paszgymun. Komkypc mposogurcsa nox srugoun Camkt-IleTepOyprckoro
MaTeMaTHIeCKOro obmecTsa. O6mecTBo 06pas3yeT XKIOpHU U BHIAEIIET TEHEXK-
HblE TIPU3HI A HATPAX IEHUA TOOeIUTeIeH.

B xoHKypCe MOryT NpWHHMATH y4acCTHE CTYAEHTHI Bcex KypcoB. Urorm
Ccpenu MEPBOKYPCHUKOB TOABOAATCA OTAEIBHO. [[OmyCKaiOTCsA KOIEK TUBHEIE
(me Gomee Tpex YerOBEK) PabGOTHI.

Ha xomKypcC mpennaraioTcs 3aadu Pa3iIWdHON TPYIHOCTH, OT CPABHHU-
TEIBHO HECIOXHBIX MO HEPEMIEHHBIX OpobieM. YYIaCTHUKM MOTYT BHIOPATH
33897 TO BKYCY ¥ MOJABATH PELIEHUsA 4106020 Habopa 3amad, daxce 00HOU.
[MpuEUMAIOTCS pemenus YacTer 334349, COCTOANNX U3 HECKOIBKUX IMYHKTOB.

Uroram koHKypCa M 0OCYXIEHUIO DPEIIEHUH TOCBAIIAETCA CHEIUATHHOE
3acefaHue Ha akyiabTeTe. Hanbomee nHTEpECHBIE PEMIEHNI MOTYT OBITEH OIY-
OIMKOBAHEL.

[Mo6egurensmu koukypca 2001-2002 roga cramu Ilerpos Pegop (3 xypc)
n Conkuua Exarepuna (4 kypc). (Kypc ykasan Ha MOMEHT y4acTwus B KOH-
Kypce.)

Huxe npusogsaTcsa ycaosus 3ana4d koakypca 2001-2002 rr. B ckobkax yka-
3aHBI PAMUIAA TEX, KTO OPEAIOKII 334a41y.

*IIpoBeaenue KOHKypca mogaepxkano rpaarom PIIIT Arrerpammsay NeB0029
© C.-TIlerepbyprckoe maTemaTuieckoe obmectso, IIOMU PAH, Mar-mex CII6IY, 2001

MaTemaTu4eckoe npoceewerue, cep. 3, sbin. 7, 2003(177-181)
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YCJOBUS 3ATAY

3AIAYA 1. Ilepuoduueckoe payuorasbHoe 0mobPaHCeHUE.
Pamuonansnoe oTobpaxeHme MIOCKOCTH B cebs, 3agaHHOE (HOPMYJION
f(z,y) = (1/y,z(1 + y)), umeer mepumox 5, T.e. €ro WATAA UTEPAIUI TOXK -
crBenHa. CymecTByeT Ju (HETOXIECTBEHHOE) DAIMOHAILHOE OTOODAXKEHUE
ILIOCKOCTH € HeIbiMu Ko3hPUIUMERTAMN, UMEIOIIee Iepuoy 77

(M. 3. Hlanupo — C. B. Ayaxcun)

SAIAYA 2. Kopnu KOMNAEKCHO20 MHOZOUAEHA U €20 NPOU3EOOHOT.

IIycte P — MHOTO4WIEH C KOMILIEKCHBIME KO3((DUIMEHTAME CTENEHHU 71 7
A = (a1,...,a,)T — BexTOp-cTONGEL, COCTOSIIMU U3 €ro KOpHeH (B mpo-
m3BonbHOM mopsagke). [locrpoum wosbi BekTop B = (by,...,b,—1,58)7, rae
bi, ..., bp—1 — xopHm mpomssogron P', a f = > a;/n =3 bj/(n—1). Us-
BECTHO, 9TO A JI0OOr0 MHOIOWIEHA KOPHY IPOX3BOJHOM JE€XKAT B BBITYKJION
060109Ke KOPHE! CaMOTO MHOTOWIEHA. 1109TOMY CyIIECTBYET TaKad CTOXa-
crmaeckas marpuna M (T.e. MATPUIA U3 BEMIECTBEHHBIX HEOTPUIATEIbHBIX
9uCeal ¢ CyMMaMU [0 CTPOKAM, PABHBIMEA 1), 9TO €€ MOCIeAHAA CTPOKA €CTh
(1/n,1/n,...,1/n) u B= MA. Joxaxure, 9aTo maTpuny M MOXHO BHIOPATH
IBaXK IBI-CTOXaCTHYIECKOH, T.€. C CyMMaM# IO CTOJIOIaM, TaKXe PABHLIMHA 1:

(a) gma n = 3;

(6) pma n = 4;
(B) A IPOM3BOIBHOTO 7. (B. 3. Hlanupo)

3AIAYA 3. [Taockas npoexyus Habopa CKPEUUBAIOUULCS NPAMBIL.

010 Hana maTpuma P pasMepa m X n, COCTOAIIAA U3 HyJIeH U
1 0 1 equann. Hantn HEOGXOAMMBIE M/MIN AOCTATOYHBIE YCIO-
010 BUS, TIPA KOTOPHIX CYIECTBYET HAGOD MPAMBIX Q1, - - -, G,
bi, ..., b, BupocTparcTBe R, IpOEKIMM KOTOPEIX Ha, IIOC-
| | KOCTb XY CyTh COOTBETCTBEHHO IpAMBIE T = 1, ..., L = m,
|  y=1,...,y = n, npuuem Hag TOuKOU (i,5) TpAMaA a;

— ‘ —_— ‘ —  BwIme npamou b;, ecim Py = 1, m mmxe, ecm Py = 0.
Ha pucynke mpuBegeHBI MATpPUIA U TE€OMETPHAUECKASI
WILTIOCTPAIUA IJIs Hee.
| | DAL 4 (A. B. Crxonenxos)

3AIOAYA 4. Pasaosxcumvie Kocbie GyHKyUU.
dyukmma Tpex mepeMenHbX F: R? — R HasmBaeTca kococummempuueckoti,
ecau OHA yAoBIeTBOpseT ToxaecTsy F(xz,y,z) = —F(y,z,2) = —F(z,z2,y).
OnepaTop aIbTEePHUPOBAHUSA

Al(F)(z,y,2) =

= F(z,y,2) + F(y,z,z) + F(z,z,y) — F(y,z,2) — F(z,y,z) — F(x, 2,y)

npeBpamaeT a0y GYyHKIUIO B KOCOCUMMETPHUIECKYIO.
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KococummeTpuaeckas (pyHKIWUSA HA3BIBACTCA 6MOAHE DA3AOHCUMOTL, €CIH
OHA TIOTy9aeTcsa arbrepHmpoBanueM dyuknuu Buga f(x)g(y)h(z) nma mexo-
TOPHIX PYHKIUN OJHON mepemenHon f, g, h.

KococummeTpudeckas GyHKIMA HABBIBACTCA UACTNUUHO PA3AOHCUMOT, €C-
JIM OHA, MOJIY9aeTCsa aJbTepHupoBaHUeM dyHkumu Buga f(z,y)g(z) auns mHeko-
TOpOoU (HYHKIUA ABYX MEPEMEHHLIX [ M HEKOTOPOU (HYHKITUA OJHOU TepEeMEH-
HOH g.

(a) Joxaxure, 9T0 aHAIMTHIECKas GYHKIMA F' BIOIHE PA3IOXUAMA TOTAA
7 TOJBKO TOTJA, KOTJa OHA YIOBIETBOPAET TOXIECTBY

F(z1,12,25)F (73, T4, 75) — F(71,23,75)F (22,74, T5) +
+F(.’L‘1,.’E4,.’E5)F($2,$3,$5) = 0.

(6) IlpuBeguTe IpUMEp HEAHAIUTUIECKON (DYHKIHU, KOTOPAS YAOBIETBO-
pAET DTOMY TOXAECTBY, HO HE SABIAETCA BIOIHE PA3IOKUMOU.
(8) Chopmyrupyure m AOKAKUTE AHAIOTUIHBIM KPUATEPUAU YACTUYHOY
A3JOXUMOCTH KOCOCAMMETPUYIECKUX PYHKITAH.
P p bymxr (C. B. Jyxcumn)

3AAYA 5. Bnoane ynumodasbrbie ncesdobysesvt Gynryuy.
IIcepobynesa pyukumsa (IIBD) n nepemeHHBIX — 5TO 7 4
HyMepAaIldsA BEPIIUH 7-MEPHOr0 Ky6a, T.e. B3AMMHO O/I- E
HozHauHOE oTo6paxenne {0,1}" — {1,2,...,2"}. Ha- 6 5

3oBeM I[IB®D gnoamne ynumodasbnotli, ecim OHA UMEET
€MHCTBEHHBIN JOKAILHBI MUHUMYM Ha KaXJIOU ABY- .
mepHOU rpanu Ky6a. (Hanpumep, dyuknus, npuaaMa- 8 IR
OIas B MOCJIEOBATEILHBIX BEPIIMHAX KBAAPATa, 3HA- 1 2
genus 1234, orum cBOMCTBOM OO6Ianaer, a (QyHKIUA

1324 — meT: gua Hee 1 w 2 ABIAIOTCA ABYMsA JOKATLHBIMA MUHUMYMAaMH).
Ha pucyuke mpusenen npumep BhodHe yauMogaasuou [I1B® pasmeprnocTu 3.

(a) HammawTe €mcao BHOMHE yHUMOZAMLHBIX NCEBAOOYIEBHIX (MYyHKUMA by,
JUISL MAJIBIX 3HAYEHUM pasMepHocTH (ckaxem, n = 3,4,5).

(6) Hamaure acMMOTOTHKY (WIX KaKWe-TO — BEepXHUE/HUXKHHE — ACHAM-
OTOTUYECKUE OIEHKH) IS 9uCaa by, mpu n — oo.

B o6omux crydasx paspelmaeTcs BeCTH MOACYET C ydIeToM mim 6e3 ydeTa
cuMMeTpr7 Ky0a; eClIM CUMMETDPHAR YIATHIBAIOTCA, TO UCHOAB3YEMYIO TDYIILY
ClIefyeT SBHO ONUCATH. (C. I'. Bopob6ues)

3AIAYA 6. [emas 6 npocmpancmee y3ao8.

Ha pucynke nmokazana menpepuiBHas gedbopMaima y3iaa «BocbMepkay K B ero
sepkambHOE oTpaxenue K', T.e. menpepriHOe oTob6paxenne f: [0,1] x ST —
R3, KOTOpOE TIpM KPAWHUX 3HAMEHUAX TepBoro aprymenta (0 u 1) gaeT cooT-
BeTcTBeHHO y3iael K u K'.
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&-Q-DDYTS-G

Bass sepxaibHBIe 06pa3bl BCEX Y3I0B, yIaCTBYIONUX B OTOU Aedopmarun,
MEI TToTyamM oTobpaxerue f: [0,1] x St — R3, ocymeCTBIsIOmee nedopma-
muo K' B K. O6weaunenne f u f' naer 3aMKHYTEIM MyTh B MPOCTPAHCTBE
yaa0oB ¢ : S' x S' — R3. BepHo Jm, 9TO 5TOT IIyTh MOXHO CTAHYTH B TOUKY:
CyIIECTBYeT JX HempephiBHOe oTobpaxernne G: D? x St — R3, orpannyenne
koToporo Ha rpanmiy S gucka D? cosmagaer c g? (B. A. Bacuaves)

SADAYA 7. Muozousenvr Had KOHEUHBIMU TLOAAMU.
(a) Paznoxwure na muOXuTemu Han Z/pZ (p — HEYETHOE IPOCTOE) MHO-

(p-1)/2

TOYIeH (Zkk)a:k
k=0
(6) IIycTs p — mpoctoe, p =1 (mod 6). JokaxuTre, 9T0 MHOTOWIEH
(p—1)/3
_ (BK)! k
G(z) = kz_o (k!)3$

He uMeeT KOpHen B Z/pZ.

(8) Bepno am, uto G(x) packaaabiBaeTCsa HA KBAJDATUIHBIE MHOXUTEIN
Han Z/pZ? (M. B. Beemupros)
3ATAYA 8. Omuowenue 2amma-PHyrnryus.

Paccmorpum dynkmuio

I'(2—p)T'(3p)
I(p) = —2—P)\9p)
(®) @r®)*
(a) dokaxwure, aTo I(p) — BHIMyKIaA HYyHKIAA.

(6) Bepro au, o munumy™m I (p) mocturaercs npu p = 1/27
(A. FO. Huxumun)

0<p<l.

SAIOAYA 9. IIpumumusnvie Mampuybl.
Hanomuum, aro GL(2,7Z) — rpynma MaTpull BTOPOTO MOPALKA C MIEILIMU
snemenTaMu u onpegeautenem +1. Marpuua M € GL(2,7) nassiBaercsa npu-
MUMUBHOT, €CIr He cymecTByeT n > 2 u matpunsl K € GL(2,7Z) Takux, 910
M =K".

(a) IIposepbTe, OyayT Ju CIEAYIOIME MATPUILI IPAMATUBHBIMU:

5 3 33 10 27 5
2 1)° 10 3 )° 11 2/°

(6) Hamaure xaxue-1u60 JOCTATOYHLIE U/ WM HEOGXOAUMBIE yCIOBUSA IPU-
MHUTHBHOCTH. (H. A. Cudopos)
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3ANAYA 10. Munumuzayus GyHKYUOHaLa.
Mus xaxmgoro b > 1 gepes C} 0603Ha9MM MHOXECTBO Bcex ¢yHkmmu f €
C10,1], gna xoropex 1 < f(z) < b npm Beex z m3 [0, 1]. HycTs

1 pz

t)dt
G(b) = inf / UROLI
feCs Jo f(.’l:)
(a) Jms xaxpgoro b > 1 Hangwre oneHKH cBepxy u/mim cHu3y gus G(b).

(6) Hamgmre Tounoe 3uagenwe G(b).
(Damuius npedioKcusuLE20 HE COTPAHUAACD )



