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bumbapanas dpopMyta 11d m3MepeHus pacCTOIHAN B
reoMeTpun Jlo6adIeBCKOTO

I'. A. Taabnepun

1. O «BUIbAPAHON» ®OPMYJE U BUJIbAPAHON 3AILAYE

llenbto HACTOAUIEH CTATHU ABIACTCA MPOCTaA HOPMYIa AA U3MEPEHUT
paccTosgHuUU B mpocTpaHcTBe JlOGAYEBCKOT0, UCTOMAB3YIOMAS OUIIAAD THBIT
map (dbopmyaa (2) ma c. 107). IosTomy aBTOp HasBax >Ty Gopmyry «Ou-
JbApaHom . O deM 3Ta GOpMyIa, MBI PACCKAKEM TO3XKe, TOCAe (POPMYIUPOBKA
7 00CYyXJAeHUS 334a49U O OMIBAPIHOM OTPAXKEHUU, K PEIIEHUI0 KOTOPOoun Gu-
absapaaas popmyia OygeT npuMmeHeHa. K cBoeMy yIUBJAEHUIO, aBTODP OOHAPY-
KU, ITO OUILAPAHAA (POPMYJIa HEM3BECTHA, JAKE CIIEITATACTAM-TEOMETDAM,
XOTA UM ¥ M3BECTHBI APYTHUe, el S5KBUBAJCHTHEIE, HO HE CTOIb MPOCTHIE (POop-
MYJBI JUIA JIWH OTPe3koB B reomerpun JloGadesckoro. CooTBETCTBEHHO, U
MOKA3ATEIbCTBA DTUX DKBUBAJICHTHBIX, HO «HE TMPOCTHIXY (HOPMYJ, HE COBCEM
OPOCTHL (BCE OHM KCIOJAB3YET DIEMEHTHI KOMILIEKCHOrO aHaausa). Ilpusonu-
MO€ B HACTOSAIIEN CTATHE JOKA3ATEILCTBO OWIBAPIHON (POPMYJawl HE OyaeT
BBIXOUTE 38 PAMKHM 2JEMEHTAPHOU IKOJBHOU MATEMATUKHI; TOIBKO OJWH Pa3
HAM TIOHATOOUTCA — U TO UCKIIOMATEIHHO TI0 HEOGXO TUMOCTH U JJIA TOTHOTEHI
uznoxerus! — GopMyia, UCHOIL3YIONIAA UHTErPaJ, KOTOPYIO YATATENb TTPU
MEPBOM YTEHUM MOXET MPOIMYCTUATH.

Bunesprras GopMya BOZHUKIA ¥ aBTOPA, TAK.

[Ipw uccaegorannu aBTOPOM CIENUANBHOU AMWHAMUYIECKOU CUCTEMBI Y He-
ro caMa cOGOM TOABMIACH TEOMETDPUUECKAA 3a7ata, KOTOpad HUKAK He
O IaBATACEH (M HE HOIAIACh 0O CAMOI'O KOHIIA!) PELICHUIO B PAMKAX €BKJIM-
TOBOU TeOMeTpuM. JTa 3a4a4a MPUBEJEHA B YaCTU 3 DTOU CTATBU, U UMTA-
TEeJIb CMOXET CaM OIIEHUTH €€ TPYTHOCTh, MONBITABIIUCH PEIIUTD €€ CAMOCTOS-
TEMLHO.

B pesyabTaTe goaroro o6QyMBIBAHUA aBTOP BAPYT COBEPIIEHHO HEOXW-
MAHHO YBHUAEI BCIO TEOMETPUYIECKYIO KAPTUHY B a0COJIOTHO HOBOM CBETE, TIO-
Clle 9er0 PEIIeHre 331391 NPUILIO K HEMY TPaKTUYeCKu MrHOBEHHO. O rHUM
73 KJIIOYEN K €€ PENICHUI0 OKA3ATACH YIIOMAHYTAA BHINIE GUIbLAP IHAA (GOPMYIa,
U M3MEPEHUd PACCTOAHUN B MPOCTPAHCTBE Jlo6ateBCKOro.

MaTemaTnueckoe npocsewerue, cep. 3, oin. 8, 2004(93-112)
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[pyrum, u, Mo MHEHHUIO aBTOPA, 60Iee BAXHBIM, KIIOUOM K PEIICHUIO OKa-
3aJaCH TIOMHAS CMEHA TOYKU 3PEHUA HA MCXOTHBIM MeOMEeTPUIECKUN OOHEKT.
Nmenno 0HA M CBITpAa, PEITAONLY 0 POIb.

B pesyaprare npogymbBarua >pPeKTa «CMEHBI TOYKW 3PEHUA» aBTOPY
MOKA3AJ0Ch YMECTHBIM MPEABAPUTL 0OCYXK IEHUE OCHOBHOU TEMbI CTATHU He-
O0MBITAM JUPAIECKUM OTCTYILIEHMEM, B KOTOPOM Ha, HECKOALKUX MPUMEPAX
KOPOTKWX, HO HEOOBITHBIX W APKUX (& KOMY-TO, BO3MOXHO, W XOPOIIO U3BECT-
HBIX) 3229 NOKA3aHO, KAK O/[HA TOJBKO CMEHA, TOYKH 3PEHUA CPa3y IPUBOUT
K UX pelennio. YuTaTenn, KOTOPBIM XOUeTCA TOCKOPee MO3HAKOMATECA ¢ OC-
HOBHOM 3aJa¥el CTATLU U OUIbLADPIHOU (POPMYIOU, MOTYT 0€30 BCAKOTO I
cebs yuepba NepEenpEITHY T CPa3y B 9aCThb 3 CTATHU.

2. JINPUYECKOE OTCTYIJEHUE: O MOJIb3E CMEHBI TOYKU 3PEHUA

B mayke gacTo ciaydaeTca Tak (a K MaTeMAaTHKE 3TO OTHOCHATCA, IIOXKA-
Jayu, B GOIBIIEN CTENEHN ), 9TO OJHA TOJBKO CMEHA TOYKHU 3DEHUA HA MPEJMET
MO3BOJIAET TOJHOCTBIO PEIIUThL TPYAHYIO 33039y WIA AaXe U3MEHUTDL JIUIO
»ToM (A, BOBMOXHO, ¥ CMEXHOM) HaykKu. [loCTaTOYHO yIOMAHYTEH CO3JAHUE
rabmuer Mergeneesa (MaTeMaTU9IeCKMe CBOMCTBA KOTOPOU OTPAXKAIOT MHO-
COYUCJICHHBIE XUMUIECKUE 3AKOHBI); TPU CTAAMA TPOXOXK TEHUA KIACCAIECKON
MEXAHWKH (HBIOTOHOBA, JACDAHKEBA U MAMUIIBLTOHOBA); CMEHY KIACCHYIECKOU
MEXAHWKYA HA PENATUBUCTCKYIO (TIOCKEe OOHADYXEHUA MOCTOAHCTBA, CKOPOCTH
CBETA BO BCEX MHEPIMAIBHBIX CUCTEMAX OTCYETA); MOYTH JOCIOBHBIA MEPEHOC
OPVHIUIOB KIACCHYIECKON MEXAHWKHU HA ONTUKY; CO3JAHUE TeHeTUKHU (BBexe-
HUEM BEPOATHOCTHBIX 3AKOHOB B OMOJOIMIO); BOSHUKHOBEHUE KBAHTOBOU Me-
xaHUKY (II0CIE TOr0 KaK OKA3ad0Ch, UYTO MATPUIHOE ONMCAHWE (PU3MIECKUX
IPOIECCOB HA ATOMHOM YPOBHE COBIAJAET ¢ BOMHOBBIM OMUCAHUEM ); M MHOT'O€
apyroe.

B sToM oTCTymIenum MHe XOTEIOCh OLI MOATBEPAUTEL TE3UC O MOAL3E U
ILIOJOTBOPHOCTU CMEHBI TOYKU 3PEHUA HA HECKOIbLKUX IPOCTBIX U APKUX
OpUMeEpax PEIEHnA 33429 U3 DJIEMEHTAPHON MATEMATUKHN (BCE OHU B3ATHI U3
OMUMONATHOTO POIBKIOPA), KOTOPBIM U IOCBAILICHA OCTABIIAACA IACTh DTOTO
naparpada.

[IPUMEP 1. Durcupyem 6 NPoU360ALHOM BLINYKAOM MHO20Y20ALHUKE K-
KYr0-Hubyds enympenmior mouky P u onycmum us wee nepnemiurysspvl Ha
NPAMbIE, COJEPAHCAULUE CTNOPOHbL MHO20Y20AbHUKG. [oKa3amb, umo 0cHOB8a-
nue Tomsa 6ot 00H020 U3 NEPNEHIURYAAPOE NONAdem Ha CMOPOHY, G HE HA ee
npodoadcenue. Anaso2uunbili 60npoc NPo SLINYKALL MHo2oeparnuk (npous-
B0AbHOT PABMEPHOCTIU).

Ecam mocMoTpers Ha MHOTOYTOJbHUK (WiM, B OOIIEM CIydae, Ha MHO-
COTPAHHUK) KaK Ha (PU3UIECKUN OOBEKT, 3AMOMHEHHBIN BELICCTBOM TAKUM
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/Ymg

Puc. 1.

06pa3oM, UTO IEeHTP TAKECTH DTOTO BEMIECTBA, HAXOAUTCA B 3a(UKCHPOBAH-
HOM TOYKe P, TO ¢ HUM MOXHO MPOBECTHU CICAYIOMWHA 3KCIEPUMEHT: MOCTA-
BUTH €r0 HA MOPU3OHTAJBHBIU CTOJ B MOJE TAXECTU U MOCMOTDPETH, 9TO TO-
ayautcs. [IpeamonoxmM, 9To COIpaBelanBO YTBEPK AEHNE, TPOTUBOIOIOKHOE
MOKa3LIBaeMOMY. Toraa mepueHauKyadap, ONyIeHHb u3 P #a mo6yio ¢Topo-
HY MHOT'OYTOJBHWKA, BBIXOAUT 33 IIPEAeJbl MHOrOYyroabHuKa. ClregqoBaTenb-
HO, MHOT'OYTOJBHUK H3, CTOJE MEPEKATUTCS MO AEUCTBUEM CHJIBI TAXKECTH HA,
CcMeXHYIo cTopony. Ho meprnenankymap, OmyIeHHbIn Ha HOBYIO CTOPOHY, TaK-
e BBIXOJUT 33 €€ IPeetbl, IOYTOMY MHOTOYI'OJIbLHUK IePEKATUTCA elle pas.
Takoe nepekaTbBaHUEe OyAeT TPOUCXOAUTH BHOBHL U BHOBb — 10 OeCKOHEY-
HOCTH, W MBI TIOAYIAEM BEUHLIN IBUTATENb, KOTOPOTO, COTIACHO (HUBUKE, He
cymectByeT (cM. puc. 1). Iloxy4gennoe npoTuBopedne u gaeT GOKA3aTEILCTBO
YTBEPXK TEHWS.

BosmoxH0, BaM He TOHPABAIOCH TPUBEAEHHOE (HUIUIECKOE PACCY XK, ACHUE.
(OTkyaa, cOGCTBEHHO, M3BECTHO, YTO HE CYIIECTBYET BEYHOI'O ABUIATENA?
Wz muOTOBEKOBOTO ONBITA YeaoBedecTBa?! A BAPYr 3aBTpa TAKOW ABUTATENL
nosisuTca’! ComnwieMcs 3M€Ch HA TO, ITO CYHIECTBOBAHUE BEYHOTO ABUTATENS
MPOTUBOPETNAT 3aKOHY COXPAHEHUA BHEPTUM — 3TO MOXHO AOKA3ATh TUCTO
marematudecku.) [IpuBegeHHOE NOKA3ATEIBCTBO MOXHO MOAEPHU3NPOBATH:
€CJIIM MHOTOYTOJMBHUK MTEPEKATUICA HA COCEAHIOI CTOPOHY, TO HEHTP TAXKECTHU
NOHUBWICA (OTOMY 9TO OBLIA COBEPLICHA PAbOTA CAIBI TAKECTH IO IepPeKa-
TBHIBAHUIO). A BETHO MOHMXKATHCA TEHTD TAKECTU HE MOKET, TUCJIO TTOHUKE-
HUAW HE MOXET MMPEBOCXOAUTE YUCIa CTOPOH MHOT'OYTOJBHUKA, YMEHBIIIEHHOT O
HA eAWHUITY: MHOTOYTOILHUK OCTAHOBUTCA, KOTA MEHTP TAKECTH OKAKETCA B
HAMHU3LIEM oJ0XeHnd. (BenmoMunTe, Kak magaeT KUPIWY, CTOAIUN HA, CBOCH
CAMOU MAJEHBEKOUW I'PAHU: €CJAHU BhI €r0 TOJIKHETE, OH yIAJAeT Ha APYTYI0 MPAHb
7 OKAXETCA B HOTCE YCTOUIUBOM TIOJOXKEHUN. FCam Xe ero MOXHO TOJKHYTh
eme pa3, TO B 3TOT MOCAETHUU Pa3 OH YIaAeT HA CBOI T'DAHbL HAMOOILIIEN
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WIOMAAY ¥ GOMBINE TAJAThL HE CMOXKET. B yCTONYMUBOM TTOJOXKEHUH TEHTP TH-
KECTU KUPIUIA HANHU3LUINYA BO3MOXHBIN. )

Eme 080 MateHBKOE yCmive, U IPUBEAEHHOE «PU3MIECKOE) PACCY XK JEHUE
CTAHOBUTCS YUCTO MATEMATUIECKUM: 3a0bIB O IEHTPE TAKECTHU, PACCMOTPUM
TY CTOPOHY MHOTOYTOJLHUKA, PACCTOAHAE A0 KOTOPOU OT TOYUKA P HamMeHb-
mee. Torga mepmeHAWKYJIAD, ONYIIEHHBIN U3 P Ha DTy CTOPOHY, HOMAJAET
MMEHHO Ha Hee, a He Ha ee mpojoxkenue! [loromy 9T0 B IPOTUBHOM Cirydae
JIETKO YBUAETDL U3 PUCYHKA, ITO TOUKA P OLuia OBl OJmXe K COCeIHeHr, CMeXK-
HOW C HEW CTOPOHE MHOTOYTOJBHUKA, M OTMEYEHHAS CTOPOHA OKA3AJACH OBI
He Hambamxkaumen Kk P.

[IpuBenenHOE AOBOMBHO [IMHHOE PACCYXKJACHUE, OMyCKAA NETATU, MOXKHO
BEIPA3UTDL OJHOU (PPA3OU: €CIU NOMYCTUTH MPOTUBHOE, TO U3 MHOTOYTOJLHUT-
K& MOXHO OBLIO OBI TOJAYYUTH BEYHBLIA ABUTATENb, YTO HAET IPOTUBOPEHUE.
[TpocTast cMena TOYKY 3PEHUS: «(MHOTOYTOABHUK — DTO PUIUIECKUU OOBEKT B
TOJIE TAKECTUY, CPA3Y MPUBOAUT K MPO3PATHOMY BUICHUIO BCEU KAPTUHLI U K
OYEBUAHOMY A0KA3ATEIBCTBY, MO CBOCH CTPYKTYPE HATOMUHAIOIMIEMY NPEBHE-
rpedeckoe «Cmorpuly (3amena Ca0BA «(MHOTOYTOJNBHUKY HA «MHOTOIDAHHUK)
PELICHUs He MEHSET. )

IIPUMEP 2. Jokazamb, umo y 4106020 BbINYKA020 MPETMEPHO20 MHO20-
epannura eceeda naldymcea dee 2panu ¢ PABHbLIM YUCAOM CMOPOH.

BoabmmHCTBO M3BECTHBIX MHE PEIIATeNed dTOU 33391 MI'HOBEHHO IMPH-
BJIeKAJIO GOpMyIy Dmiepa mia MHOrorpammmka: V — E 4+ F = 2, u narnee. . .
Hu4dero He npoucxoamno. OKa3bIBaeTCs, IPpUBEIeHHAS 321294 BOBCE HE II0 'e0-
meTpun, a mo apudmeruke! (Cm. puc. 2).

Kak Toabko mouments 3T0, penieHne IpuxoauT TOTIAC Ke. JencTBurens-
HO, 3a0LIB 0 T€OMETPHUH, JOMYCTHUM, ITO BCE TPAHU UMEIOT PA3HOE HHUCIO CTO-
POH U YTO 1 — HAUOOJBIIIEE BO3MOXHOE YUCIO CTOPOH y rpauu. K oTou rpanu
MPUMBIKAET 7 APYTUX MPAHEN MHOTOIDAHHUKA, Y JIOOBIX IBYX U3 KOTOPBIX Y-
CJ1a CTOPOH PAa3IMHHBIE (IO IPEAIONI0KECHUIO ), IPUIEM BCE OHU CTPOr'O MEHBIIE
n (o TOMy XKe caMOMy Hpenoao)eHuo). O THAKO KOIXIeCTBO HATYPAILHBIX

Pwuc. 2.
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qUCeN, MEHBIIUX 7, CTPOTO MEHbBINE 7, U MBI modydaeM mnpoTtusopetue. (Ha
CaMOM [ieJ€ HAMMEHBLIINM BO3MOXHBEIM HATYPAJIBHBIM 9UCIOM B JAHHOU CH-
Tyamuu ABasgeTcsa 3 (TpeyroabHuK), a He 1, m mpoTuBOpetme eme Gomee ycy-
rybasercs).

[TPUMEP 3. /Joxazambv, wmo ecau cpedu cacdyiouus Wecmu wuces: ac +
+bd, ae+bf, ag+bh, ce+df, cg+dh, eg+ fh nem nyaeswviz, mo no xpaiined
Mepe 00HO U3 HUT NOAOHCUNEABHO.

31ech, HA060POT, TOYKY 3PEHUA CICAYeT CMEHUTH C aarebpamdeckou Ha
reoMeTpudeckyto. [as 3Toro HagO «yBHAETHY, YTO IECTh YKAZAHHBIX YH-
Cel — BDTO BCEBO3MOXKHBIC CKATADHBIC MPOM3BEJCHUA TCTHIPEX IBYMEPHBIX
BekTOpoB Vi = (a,b), vo = (¢, d), v3 = (e,f) u va = (g,h). lycrs >tm
BEKTOPa PACHOJOXKEHbI Ha, INIOCKOCTHU, KAK MOKA3aHO Ha PUC. 3.

(a,b)

(¢, d)
(9,h)

Pwuc. 3.

Bce mecTs CKaISpPHBIX NMPOU3BENCHUN HE MOUYT OBITH OTPUIATENLHBIMEI
YUCIAME — DTO OOCTOATENLCTBO COOTBETCTBOBAIO OBl Y€ THIPEM TYIIBIM YTJIAM
MEeX Iy COCETHUMU BEKTOPAMHE, & TOT'Ia CYMMa, 3TUX Y€THIPEX YIVIOB IIPEBOCXO-
mmra 661 360° (xoTa ona pasHa B TowHOCTHU 360°), M MBI TIOLY TWIH GBI IIPOTHUBO-
petune. CregoBaTeabHO, MEX Y KAKAMA-TO BEKTOPAME YTOI OCTPLIA, TIO3TOMY
€ro KOCUHYC TMOJIOXUTEIbHBIN, U, CTAI0 OBITh, CKAIIAPHOE TPOU3BEICHNAE 3TUX
BEKTOPOB — OJHO W3 3aJAHHBIX IMCET — MOJOXATEABHO.

I[IPUMEP 4. HUmeemca mexomopoe (3aparee HEU3BECMHOE) KOAUUECMEO
MEWKOB C HEOZPAHUUEHHBIM 3ANACOM 30A0MbIT MOHEM 6 Kaxcdom. B warxuz-
MO MEWKAT 6CE MOHENbL HACTNOAWUE U BECATM MO 6 2pamMm, 4 6 0CMAALHLIL
MEWKAL BCE MOHEMDbL (PAABUWUBHIE U BECAM NO 5 2pamm. 3aparnee Heu3eecm-
HO, 6 KAKUT MEUWKAT HATOOAMCA HACTMOAUUE MOHEMDbL, 4 6 KAKUT PatblUllU-
gvie (puc. 4). Paspewaemcs 634Mb NPOUIBOADHOE YUCAO MOHEM U3 00H020
UAU U3 HECKOALKUL MEWKO6 U Hatimu ux obwul ec na secar co cmpearod.
Kaxoe munumasvroe uucao ezsewusanut cacdyem coesamo, umobvl onpede-
AUMb 8CE MEWKY € PasbUUBLIMU MOHEMAMUT

[TpocTenias mponeypa MO BEIABICHUIO BCEX (PATBIINBLIX MENTKOB TAKOBA!:
B3BelIBaeM OAHY MOHETY U3 IIepBOI'0 MeIIKa, IOTOM OJHY MOHETY U3 BTOPOI'O
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Puc. 4.

MeIITKa, ¥ TaK fajee, BIVIOTH A0 MOCIETHET0 MENIKA, ONPEAeLid Ha KaxX oM
mare, ¢ KAKUM MEIIKOM MBI UMEEM JeJN0 — C HACTOAMUM WK (DAJbITABBIM.
W ma mepBLIN B3MVIAL KAXKETCI, ITO MUHUMAILHOE TUCIO B3BEITUBAHUY PABHO
YUCIY MEIIKOB.

OnHAKO OTBET B DTOW 33/a49€ COBEPIIEHHO HEOXUJAHHBIN: MUHUMAJILHOE
YUCI0 B3BEIIMBAHUU HE 3aBHCAT OT YMUCIA MEmKOB W paBHO exmauie! Kak
XK€ BCET'O 33 ONHO B3BEUIUBAHUE OMPEISIUTH CPa3y Bce (PANbIIUBHIE MEIIKH!
N 4o 510 3a B3BemmBaHUE, B KOTOPOE, OYEBUTHO, MOMKHBI OBITH BOBJIEYEHEI
Cpasy BCE UMEIOIINECS MENTKn !

[Mupoko M3BECTHA AHATOTUTHAA 3a70a4Ua, B KOTOPOU YCIOBUE U3 TIPUME-
pa 4 ocrabreHo: M3BECTHO, ITO TOABKO 00UH MEIIOK COAEPKUT (HalbIIUBLIE
MOHETHI. B 5TOU 3a/ave eIMHCTBEHHOE B3BEIIMBAHUE OCYIIECTBISIETCS TaK:
HyMepyeM BCe MEIIKM OT IIEPBOI'O [0 [OCIEJIHEr0, 3aTEM U3 KaXKJJA0IO MEIIKA
JOCTaeM CTONBKO MOHET, KAKOB HOMED DTOT'O MEIIKA, MOCAEe IEr0 B3BEUINBa-
eM Bce BHIOpAHHBIE MOHETHI Ha, Becax. Ecam 661 QaibIUBBIX MOHET HE OBLIO
BOBCE, BECHI IOKA3aau Obl (IUCICHHO, B rpaMMax) B 6 pas 60Jabmuin BEC, YeM
YUCIO BBUIOXKEHHBIX HA BECHI MOHET; OJHAKO KaKue-TO k MOHeT (U3 MeIKa ¢
HOMepOM k) danbuimBeie U BecaT bk rpaMm BMecTO 6k rpaMM, Tak 9TO BECHI
HA CAaMOM [[eJleé TIOKA3BIBAIOT Ha k rpamvm menbme. MTak, Homep k memka c
QaTBUTUBEIMU MOHETAME TYT XK€ CTAHOBUTCSA M3BECTHBIM KAK PA3HOCTDH IBYX
TUCET: TOTO BECA, KOTOPLI HOAXKEH OLLT OLl OLIThL, U PEAILHOTO, MOKA3LIBAE-
MOT'0 CTPEIKOU BECOB.

OnHAKO TAKOW TPIOK HE MPOXOAWT, €CIU 9UHUCIO «(PAJBIIMBBIXY MEITKOB
OBa, mau GOJBIIE: YKA3AHHAS BHIIE PA3HOCThH ABYX UUCEN PABHA CYMME HO-
MepoB Bcex (haNbIIWBBIX MEUIKOB W HE [AaeT BO3MOXHOCTU OIpPEIeInTh Ka-
KB MEMIOK MO-OTAeIbHOCTH. 1loX0XKe, 9TO OJHUM B3BEIIUBAHUEM TYT HE
obouTuck. TeMm He MeHee, OTHOTO B3BEIIMBAHUA, KAK U PAHDIINE, OKA3BIBACTCA
JOCTATOTHO!

Wnes pemrenus cTaAHOBATCA TMOYTH OYEBUTHOU, €CAU CMEHUTH TOYKY 3pe-
HUS ¥ BCIIOMHUTB O cucTeMax cuuciaeHus. [Iockonbky Kaxpoe HaTypaibHOE
YUCI0 3AMUCHIBACTCA OJHO3HATHO B CUCTEME CUYUCJICHUA C TAHHBLIM OCHOBAHU-
eMm b, Hago 3anymepoBaTh Meumky oT 0 1o n — 1 (rge n €YmMCIO MEIIKOB, MOKa
9TO TOXE HEM3BECTHOE) M BHIGpaTh b¥ MOHeT M3 Memka ¢ HOMepowm k. Jlerko
co00pasuTh (MPOIIe BCETO NI AECATUTHON CUCTEMBI cumcaenus, b = 10), ¥ro
BMeCTO cTamngapTHoro seca P =6-(1+b+ ...+ b") cTpenka BecoB OCTAHO-
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BUTCA Ha Bece, PA3HOCThL KOTOPOro ¢ P B b-umon cucTeMe cuucaeHua OyaeT
BBHIPAXKATLCA IUCIOM, IMEIUKOM COCTOAIUM 13 Hymed um eamaumil. Mecrta, Ha
KOTOPBIX CTOAT €IWHUITHI, KAK Pa3 U COOTBETCTBYIOT HOMEPAM (DaTbITUBBIX
MEIIKOB!

[TPUMEP 5. Ha npamoti pacnososxceno 500 odunarosvir 6uibApIHbiE wa-
poe: 200 u3 HUT KAMAMCA CACBG HANPABO ¢ 00KOU U MOt dHce CKOPOCBIO
v, a 300 ocmaabnbiz — cnpasa maaeso ¢ Mot ace ckopocmuio v (puc. 5).
Meacdy wapamu HaUUHAOM NPOUCTOIUMD YNPY2UE CNOAKHOBENUA, NOCAE K-

200 300

Puc. 5.

24020 U3 KOMOPBIT CIMOAKHYBUUCCA ULAPBL MEHANOTN HANPACACHUA CEOUT 06U-
sHcenutt Ha NPOMUBONOAOHCHBIE, HO He Mensom ceout ckopocmet. (Pacemo-
ARUA MeNCOY COCEOHUMU ULAPAMY MO2YTM, OblMb NPOU3EOAbHBIMUY, TAK UMO
NopaAdor CMOAKHOBEHUA Wapos 3apanee Heuzsecmen.) Koneuno uau 6ecro-
HEUHO WUCAO CMOoaKHosenult 6 amot cucmeme? Ecau xoneuno, mo xaxum ono
modxHcem ovimo?

3aHyMepyeM Bce maphl creBa Hampaso ot 1 go 500. Creauts 3a mocaeaoBa-
TEIBHOCTHIO CTOJKHOBEHUHU MIAPOB TPAKTUYECKU HEPEATHHO: [aXe (PUKCHAPO-
BAB BCE COCEMHUE PACCTOSHWI, OymeT TPYLHO YCISAUTH MOPAJOK, B KOTOPOM
OTU CTOJKHOBEHUA IPOUCXOAAT. JIytIie CMEHWTL TOUKY 3PEHUI: BMECTO TO-
ro, 9TO0BI CIEAUTE 33 MAPOU CTOJAKHYBIIUXCA U 3aTEM Pa3JeTEBIINXCS APOB,
Oy meM CIMTATDh, ITO DTH [BA MAPa MIPOCTO IPOHUKIN APYT CKBO3b MPYra KaK
OECILIOTHBIE Tena, OOMEHABIINCHL CBOMMY HOMepamu. OT TAKOW CMEHBI TOU-
KV 3pEHUs KAPTHUHA JBUKCHUA LIAPDOB HE M3MEHHTCA (a HOMepa IIapoB HAC
MHTEPECYIOT MOCTONBKY-TIOCKOMIBKY ), OJHAKO U3MEHUTCA HAIIE OTHOIIEHUE K
BTOV KAPTUHE W MBI CMOXEM OTBETUTDH Ha 0063 MOCTABICHHBIX BOMIPOCA, OTHO-
BpeMeHHO. MBI BUAMM, 9TO ¢ HOBOU TOYKH 3PEHUA JOCTATOYHO HAUTH TUCIO
MPOHWKHOBEHUY MIAPOB APYT CKBO3b Apyra. Takux MPOHUKHOBEHWUU, OYEBH I-
HO, Oy xeT 200 X 300 = 60000, mOCKOMBKY KaX IBIA MPABLIX AP MPOIIEN CKBO3b
KaX IBIU JEBBIN (IIPU 5TOM IO OTAEALHOCTH MIAPHI KAK B JIEBOU IPYIIE, TaK U
B NIPABOV HE B3AMMOJAEUCTBYIOT MEX Ty co001). Tak, 9Mcio CTOTKHOBEHU B
cucTeme 1mapoB Bceraa xoneurno u pasuo 60000, He3aBUCUMO OT TIEPBOHAYAI -
HBIX PACCTOAHUU MEXAY HAMH U OT TOCICAOBATEILHOCTH WX CTOJKHOBEHUN.

YKa3aHHYIO CHCTEMY W3 IBWKYIINXCSA OAWHAKOBBIX OWIBLADIHBIX IIAPOB
MOXHO PACCMATPUBATDH, MOCJE MPUBEICHHOTO PACCYXKICHUA, KAK TPUMUTHUB-
HBIU KAJTLKYIATOD, TPOU3BOAAIINYA YMHOXEHNE MBYX HATYPAIbHBIX TUCET: Th-
CJ1a IApPOB, ABUKYIIWXCA BJAEBO, HA GKUCIO MIAPOB, ABUKYIIUXCA BIPABO.
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[TPUMEP 6. IIpednosomxcum, eaws dpye 360YMas HECKOALKO NPOUSEOALHBIT
HaMYpaavubiz wuces (cpedu Komopux moeym 6bimb U NOSMOPAIOUUECA), G
8bl zomume 6éce ux y2adamsb (360010 ONPEIEAUS U UL KOAUUECTEO), NPUUEM
UMEHHO 8 MOM NOPAJKE, 8 KAKOM OH 9MU “ucaa 3adymas (m. e. yeadamo eco
8EKMOP yeanx uuced). Bam pazpewaemes nonpocums dpyea cdeaams npous-
BOALHOE BLINUCAECHUE, CBAZAHHOE C €20 YUCAAMU, HANPUMED, NONPOCUMb €20
Hatimu npouzsedene ual CYMMmy HEKOMOPHIT U3 HUT, UAY Hee 00Aee CAONCHYIO
Kombunayuio. Kaxcdoe maxoe sviuucaenue, k0206 Ha 6bIL0Je NOAYUAEMCA Ha-
TypaIbHOE wUcA0, OYydem nazvisamy «xodomy. (Apyeot sapuanm 3adauu: na
KaoHcdom £0de Pe3yasbmamom 8bIUUCACHUS JOANCHO 0KA3bIBAMbCSA HENEIOe Y-
ca0). 3a KaKoe HAQUMEHDULEE YUCAO TOOOB BblL CMONCEME HABEPHAKG Onpede-
AUMb 3a0ymannvili sexmop?

N B sTom 3amatde (Kak ¥ B 4UeM-TO HOXOXKEU HA Hee 3ajatde W3 IpUMe-
pa 4 0 QaIbIIMBLIX MeNIKaX) OTBET: 6cez2o 3G odun zod! Cuadama pasbe-
PeM TEePBYIO MOCTAHOBKY 3a/a9y, KOT/Ia PE3yIbTAaT BBIUUCICHUSI HA KaXJI0M
Xome — TeJoe FHUCI0. ECIu MOCMOTpPeTh Ha DTY 3aJady TJIa3aMHu JOTHUKA,
3HAOMIETO O TEIEIEBCKON HYyMEPAIMN BCEX (HOPMATLHO-TOTHICCKUX (HOPMYJI
BBIBOZA B apudMeTuke (Takas HyMepalusa BO3HUKAET NPU TOKA3ATEIhCTBE
Teopembl ['éeqa 0 HENOMHOTE APUPMETUKE), TO OTBET «3a OAUH XOI» Ode-

BUIEH: €CAU 33AyMaH BEKTOD €mcel n = (ny,ng,...,Nng), rage k — xoamde-

CTBO 3aAYMaHHBIX HUHCE]I, TO CJAEAYET MOMPOCUTH APYra BLIYUCAUTDL TUCIO
— 1 7.2 a3 — — =

N =p' py? ... pf,rae pr = 2, p2 = 3, p3 = 5, ..., pp — TIepBbIe

k mocremoBaTenbHBIX MpOCTHIX tmcel. (EcTecTBeHHO, 9TO, MOCKOIBKY KOJIM-
TECTBO 3aJyMAHHBIX IHCeI HEM3BECTHO, CIeIYeT IOINPOCUTL ADPYra CelaTh
YKa3aHHYIO OIEPAIMIO CIOBECHO: «BO3bMM MOADS CTOJBKO MPOCTHIX YHUCEl,
CKOJIBKO YHCEJ ThI 33/4yMaJ, BO3BEAU KaXJA0€ IIPOCTOE UUCIO B CTEIEHDb, PAB-
HYI0O COOTBETCTBYIOUIEMY 3aJyMAHHOMY TOOOU UHCIy, IEPEMHOXD IOIyJIeH-
HBIE PE3yJIbTATHl U COOOIIM MHE OTBET.») V3BECTHO, 9TO pas3aokeHue T060-
0 HATYPAJIbLHOI'0 YMCIA HA IPOCTHIE MHOXMUTENN OJHO3HAYHO U €/[UHCTBEHHO
(3TOT paKT — OCHOBHAA TeopeMa apUPMETUKH), IOITOMY IpeacTaBicHue N
B YKa3aHHOM BBLILIE BUJE AaeT €INHCTBEHHYIO BO3MOXHOCTD /I HAXOX TE€HUI
KOOp/IMHAT BEKTOPA 1.

Ecau xe orpaHA<IMBATHCA TOJIBKO HEIEIBIMU PE3YIbTATAMY BLIYUCICHUN,
TO JOCTATOYHO BMECTO 4McC/ia [N MONPOCUTH BBIMACIUTH, CKAXXeM, ero obpat-
moe N~': morga ompegemnTca BexkTop (—n), a ¢ HEM ¥ MCKOMBIH BEKTOD N.
Wim ke, MOXHO IONPOCUATH APYTa BEIMUCIATE Iuca0 N/pg1 (he pgy1 — 9TO
HEIIOCPE/ICTBEHHO UYIIEE IIPOCTOE YMCIO 32 YKe BhIOPAHHBIMU IIPOCTHIMA P,
P2y -+, Pk), U TIO HEMY OQHO3HAYHO HAUTH BEKTOD N. [IpAMO mam KOCBEHHO
BCE TaKWe BBEIUUC/AEHUSI OCHOBAHLI HA HAee I'éIeIeBCKON HyMEPAIWH.

OHAKO ©e/I0BEeKY, He 3HAKOMOMY C T'€IeIeBCKOM HyMepaluer, CTOUT CMe-
HUTDL TOYUKY 3DEHUA IO-IPYTOMY: BCIOMHUTL O IENHLIX APO0IX U IOIPOCUTH



Bunpapauas ¢popmyaa 101

IPYyT'a BBIYMUCIUTL IENHYI0 APOOh

a=mi+
mo + 1

m3+ ...+ —
mg

rae kaxpoe m; = n; + 1. (Onars xe, Beraucienne nenuon 1pobu HANO ChHOP-
MyJIUPOBATH CIOBECHO, AHAIOTMIHO CJIOBECHOH (hOPMYIMPOBKE I'éIeIeBCKOrO
HOMEepa BEKTOpa 1.)

3HaMeHATeIn My, M3, ..., My HEIHOU APOOH BOCCTAHABIMBAIOTCA IO
TMCIy @ OJHOBHAYHO: M — B3TO Hedad JacTh « Mg — STO Iedad FacThb
B =1/(a—my); m3 — oo uenas acrsb 1/(S—ma); u . 5. Heonpegenennocts
B ompegenennn Habopa {m;} MOrIa GBI CIYIATHCA TOMLKO HA TOCTEJHEM IIa-
re, KOTJa MbI ONIPEACIAINA TOCIeHee IeJoe TucIo, paBHoe, cKaxeMm, M, u me
3HAEM, KAKOU BBIBOJ M3 DTOrO CACIATE: TO U My = M, Tommmy,_1 =M —1n
my = 1. K ¢9acTbI0, HUKAKOU HEOTIPEACICHHOCTH 3/1€Ch HET: MBI JJIA TOTO-TO
1 npubABUIA BHAYALE KO BCEM 33yMAHHBIM {n;} M0 efuHm<IKe, 9TOOLI TOLY-
YUTH GUCAA M; > 2, & TOTJa BTOPAA BO3MOXHOCTb B yKA3AHHOU AUXOTOMUM
HE MOXET peanm3oBaThca. VTak, BEKTOp m = (my,ma, ..., M), & BMECTE C
HUM ¥ UCKOMBIN BEKTOp N = (n1,ng,...,ng) = (m1 —1,mo—1,...;, my —1), a
3a0JHO M KOJMICCTBO KOOPAUMHAT k KaXAOTO M3 HHX OIPENeIAITCA OIMMCAH-
HBLIM BBIUCICHUEM O THO3HATHO.

ITHUM HEOOBLIYHBIM CIIOCOOOM MBI BTOPHUYIHO HAaXOAMM BECb BEKTOD 1.

[MPuMEP 7. Hatimu éce uyeaouucaennvie pewenus duofanmosa ypaeme-
HUA

(a1 +b1vV2)20% 1 (a3 +b2v/2)2°% . + (a100 + brooV2)2°** = 5000 4 4000/2.

Packpoem Bce ckob6ku creBa m cobepeM OTAEIBHO BCE IETble IUCIa, W OT-
JEIBHO BCE Ieble, yMHOXeHHbIe Ha /2. IlepBas cymma Gyger pasza 5000,
BTopasa 4000. Kazamocs 6v1, y HAC €CTH MHOTO CBOOOALI B BLIOOPE HETLIX THCET
a; u b;, OMHAKO TIEPBasA K€ TOMBITKA OMPEIEIUTh WX K yCIEXy He MPUBOIUT.
CMmeHuM TOYKY 3pEeHHs: BOCIOAB3YEMCS CHMMETPHEA W 3aMEHUM B KaX JOU
CKOOKe CJeBa 3HAK «+» Ha «—». OUYEBUIHO, ITO B MPABOU FACTH TIOABUTCA
<meao 5000 — 4000v/2 (IOCKOJBKY BCe COOpAHHBIC MOCHE PACKPBITHA CKOOOK
LIeble YMCIA OCTAHYTCH 0G€3 M3MEHEHMA, 4 BCE Ledble, YMHOXEHHBE Ha /2,
HOMEHAIT 3HaK). MTaxk,

(a1 —b1v2)20% 1 (ag — bov/2)20% |+ (@100 — brooV'2) 2% = 5000 — 4000V/2.

Kasamoces 661, Mbr HEe y3Haau HUIero HoBoro. Ho o6paTum BHMMAHME HA TO,
w10 5000 — 4000v/2 < 0. MBI TyT Xe IOTy<IaeM HEBO3MOXHOE COOTHOIICHE:
CI€BA B MOCIETHEM DABEHCTBE CTOUT CYMMa HEOTPUIATEILHBIX HHcen (U3-3a
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geTHOCTH mOKasaTeas 2004), a cmpasa — orpunarensHoe uuciao. Cregosa-
TEMBHO, MEJTOYNCICHHBIX PEIIeHUN NCXOAHOe YPAaBHEHNEe He mMeeT Bosce!

Unesa, KOTOPyI0 MBI UCHOIL30BAIA B PEIICHUU BTOU 3a0a49U, COCTOUT B
HAIUYUA CKPBITOU CAMMETDHUM: IOCMOTPEB B «3€PKAJI0» (M3MEHUB 3HAKY <+
HA «—»), MBI HE YBU/IETN U300DAKEHUA; CTANO OBITH, U UCXOJTHOTO OOBEKTA, HE
CYLIECTBYET.

Ha sToM MBI 3aKOHYMM NEMOHCTPAIIAIO TPUMEPOB KOPOTKUX 3314 U ITe-
pergeM K OCHOBHOM 3a/ade CTATBbU, KOTOPAA TAaKXKe OyIeT PEeIeHa Ha, OCHOBE
CMEHBI TOYKU 3PEHUA.

3. 3AMAYA O BUJbAPIHOM OTPAYKEHUU B R¢

IIycts B mpocTpamcTee RY pacmomoxena (d — 1)-MepHas miockocTs I,
KOTOPy® OyJeM paccMaTpmBaTh KaK ropm3oHTadbHOE 3epkano. Crepxy or
sepkana II, B xkakux-To Toukax Ay, As, ..., A, TPOCTPAHCTBA HAXOAATCH
MAaJEHbKUE KYCOTKHU TUIOCKUX 3E€PKAJd, OT KOTOPBIX, & TAKXKE M OT 3ePKAIa,
IT oTpaxaeTrca cBeTOBOU Ayd, 06pPa3yda 3aMKHYTYIO TEPUOANIECKYIO TPACKTO-
puto v = A1 B1As By ... Ap_1By—1 A, By Ay (puc. 6). TpaexkTopuio v Gygem Ha-
BLIBATEH 110 €CTECTBEHHBIM MPUYIAHAM «OHMIbAPAHOW: TOYCHHBIN OVIbLAD AHLIA
mIap, BBIMYUIEHHBIN U3 TOYKKM A B TOUKy Bi, OyIeT ABUTATHCSA 10 TPACKTO-
pUn ¥, TOCKOJIBKY TOCIE KAX JOTO OTPAKEHUA OT KaXKJOTO 3EPKAIL yTOJd €r0
OTpaXeHusa OyJeT paBeH yIUIy ero MAJeHWd, KaK W 14 UCXOJAHOTO CBETOBO-
ro ay4a. Hecocemnme oTpeskn TpaekKTOpHUM -y B MPOCTPAHCTBE PA3MEPHOCTHI
d > 3 6yayT, BOOOIIEe TOBOPS, HEMEPECEKAOIINMUCHA, KaK Ha puc. 6a, a B CIy-
qae, Korja Bce Touku Ap, Ao, ..., Ap m Touku orpaxenus By, By, ..., By_1,
By, pacnonoxeHsl B 04HOM WIOCKOCTH (d = 2), IEepuOgUIecKas TPACKTOPU Y
BBIVIAUT, KaK Ha puc. 66.

i

Puc. 6. 3agaga o 6HIBADIHOM OTPAXKEHUN B IPOCTPAHCTBE H HA MIOCKOCTH

6)
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Pacemorpum Tpeyroapuuku Ap = AARBrAgt (K= 1,2,...,n—1) m
A, = prA1 By A, KOTOpBIE HA30BEM 6uAbAP OHBIMU Mpeyeoabrukamy. 11 Ka-
XK IOTO W3 TIEPBBIX 71— | GMIBAPJHBIX TPEYTOJBHUKOB OIPENEIUM €T0 U30bIMOK

O = AkBr + BrAgi1 — AgAgy1 s
T eT0 nepumemyp
Pk = ABy + BrAp 1 + A Ak
To4YHO TaK Xe OmpefeauM I30LITOK U IEPUMETD HOCICTHET 0, 71-T'0, TPEyTOdb-
nuka A, = A A1BpAn:
On = A1 By + Br A, — A1Ay,
pp = A1B, + BLA, + A1A,.

CpaBHEM [Ba 9UCJIA: OTHOIICHWE M3OBITKOB 0102 - ... - 0p—1/dp U OTHOLICHHE
HEePUMETDOB P1P2 - - .. - Pn—1/Pn-

SATAYA. Moocro au ymeepaxcdamob, 4mo 00no U3 CPABHUBAEMBIT J8YL UU-
ceq 6ceeda, He3ABUCUMO OM OUAbAPIHOT MPAEKMOPUU 7Y, HE NPEBOCLOIum
dpy20e? BO3MONCHO AU PAEEHCMEO IMUL YUCEs, U eCal da, MO 048 KEKUL
mpaexmoput y?

Oxa3sbIBaeTCA, OTBETHI Ha 064 BOIPOCA MOJTOXUATEIbHLI, & PABEHCTBO OT-
HOIIEHUH M30LITKOB U IEPUMETPOB HAKIAILIBAET HEOOBITHOE OTPAHUYIEHAE HA,
pacnonoxenme Touex {A;} u {B;} B npocrparctse RY. Pemenue 3ara«u jga-
eTCA CICeYIOIMEN TeOPEMON:

TEOPEMA 1.
(A). s npoussoasvnotli Guabapdnot mpaexkmopuy y cnpasediuso Hepa-
B6EHCIMN B0

0102+ ... 0p—1 _ P1P2° ... Pn—1
< . (1)
671 Pn
(B). Hepasencmeo (1) npespawaemces 6 pasencmeo mozda 4 moavbko mo-
2da, K020a 00HOBPEMENHO BLINOAHERBL CACOYOUUE MPU YCAOBUL MG PACTLOAO-
acenue mouer {A;} u {B;} 6 npocmpancmee RY:

(bl) sce A-mouru {Ay} u 6ce B-mouxu {By} (k=1,2,...,n) pacno-
A0%MCENBL 8 0010 U Mot e deymepnot naockocmu R2;

(b2) 6ce B-mouxu pacnosoxcenvi wa odnoti npamoti £ € R? NII, npu-
wem nepsvie n — 1 B-mouex pacnoaoxcenvt 6 nopadke By, Bo, ..., By_1 na
npamoti £, o nocaednas mouka By, aedcum sHYmMpu omrpuIMO20 UHMEPBaad
(B1,Bn-1) €4;

(b3) sce A-mouxu aexcam wma 0dmotd oxpyxcnocmu ¢ € R% yenwmp
KOomopoti pacnosoxcen 6 nexomopot mouxe O npamoti £, npuuem wa OKPYHc-
Hocmu ¢ onu udym 6 nopadke A1, As, ..., Ap.
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TeopeMa 1 CTAHOBUTCA HMOYTH OYEBUIHON, €CIH CMEHNTL TOYKY 3DEHUA U
[IOCMOTPETH HA BCIO 33134y ¢ mo3uiuy reomeTpun Jlobadesckoro. CmeHa To -
KU 3PDEHUA U JOKA3ATEAbCTBO TEOPEMbI 1 IPUBOAUTCA B 9aCTHU D, a IOKA 9TO
nepeugeM K npocrenmum gakTaM reomerpun JIo6a4eBCcKoro u OMabAPIHON

dopmyme.

4. T'EOMETPUA JIOBAYEBCKOI'O U BUJIbAPIHAA ®OPMYJA

Hanmomuum HEKOTOPBIE (PAKTHL reoMeTpUH JI06aTeBCKOTO, Win TUIEPOOIN-
Teckou reoMeTpuu. Ham 31ech BaxHa caMad ymoTpeOSuTeIbHAS MOAETb HTOU
reoMeTpHUH, & MMEHHO, MOJAeTh llyaHkape B BepXHeW MOIYILIOCKOCTH, €CJAU
pedb maeT 0 ABYMEPHOW IeOMETPWH, W B BEPXHEM TOAYITPOCTPAHCTBE, €CJAU
pedb UAET O PA3MEPHOCTH TPHU W BHIIIE.

Haunem ¢ aBymeproit mwiockoctu Jlo6auesckoro H2. Ee mogennio yanka-
pe ABIACTCA OTKPLITAA BEPXHAA MOIYILIOCKOCTH eBKIMJOBOM IIocKocTu R2:
BCE TOYKMW EBKIUJAOBOU IMIOCKOCTH BHIMIE ocu adcumce Ox SBAAIOTCA TOIKA-
mu miockoctu H?, a Bce Touky Ha ocu OF CUMTAOTCA GECKOHEYHO yAAJICH-
HBIME TOYKAMU TUNEpOoanteckon miockocTu. Ock abcnuce O HA3LIBAETCA
Taxxe abcoaomon mockoctu Jobavesckoro. Ilpavbre ma mrockoctn H? (k
HUAM TPUIATACTCS DIUTET «TUnepObOIMIecKues, [id TOT0, 9TOOBl HEe MYTATh
UX C eBKAWJOBLIMU MPAMBIME) OLIBAIOT IBYX THUIOB: K IMEPBOMY OTHOCATCA
BEPTUKAILHLIE €BKIUJOBLI YU, OPTOTOHAIBHEIE ocu O, a KO BTOPOMY —
EBKJIMOBBI TIONYOKPYXHOCTH ¢ eHTpamu Ha abcomore Ox. (DnureT «eBKIM-
IOB» [UIA €BKJINIOBBIX OOBEKTOB — TOYEK, IPAMBIX, OTPE3KOB, OKPYKHOCTEH,
KPUBLIX M T. . — MBI 9aCTO OyAeM OIMyCKATL; JI0OON TeOMEeTPUIECKAN 00T-
€KT ¢ OTCYTCTBUEM DTOTO SMATETA CIUTACTCA ABTOMATUIECKN EBKINIOBBIM.
OnuTeT «runepObOIMIeCKUy MbI, HA000POT, OyIeM KaX B Pa3 CKPYILyJae3-
HO IPUIIUCHIBATH K COOTBETCTBYOMIEMY 00BEKTY reoMerpuu J1o6ateBcKoro.)
s mo6BIX nByX To4Uek A m B Ha BepXHEH MOJYILIOCKOCTH MBI BCET A MOXKEM
OTIPEIENNTh, KAKOMY U3 [IBYX THUIIOB IIPWHAIEKUT TUIIEDOOTUICCKAA MTPAMAT
AB: ecim pavaa AB oproromanbua ocu Oz, TO K mepBoMy, a ecau AB ne
opToronanbua O, TO KO BTOpoMy. Bo BTOpoM caytwae MOHATHO, KAK MOCTPO-
ATH TUTIEPOOMTTIECKYO MPAMYI0 AB MUPKy/JIeM W JUHEHKOW: I DTOTO HAJIO0
MpPOBECTH TEPIEHAUKYJIAD K cepenune orpeska AB, mauru Touky O mepe-
CETEeHMA €ro ¢ OCBHI0 abCIUCC W, HAKOHEI, TPOBECTH OKPYXKHOCTE ¢ IEHTPOM
O, — ee BepxHAA OTKPbITaA (6€3 KOHIIOB, IPUHA,IEKAUX aGCOMIOTY) TIOLy-
OKPYXHOCTH 1 Oy/IeT UCKOMOU TUNEP6OIMIecKon npamon (puc. 7a). Ecau ru-
nepboaudeckas ToUKa P JexuT BHe TunepboIntecKon mpaMon £, To tepes P
MOXKHO MPOBECTH MEJALIN MyH0K TUMePOOINIeCKAX TPAMBIX, «TAPALICIBLHBIX)
(T.e. He mMerOIMX O6IMX TOYEK €) runepboaryeckon upsmon £ (puc. 76): ms-
TLIX TOCTYJAAT EBKINAA 0 e IMHCTBEHHOCTH IPAMOMN, HaPALICILHON JAHHOW, B
reomeTpun JI06aMEBCKOT0O HAPYIIAETC.
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Qs

a) 6) B)

Puc. 7.

[ycre A mw B — nBe runepboanvecKre TOYKHU, COEIUHEHHBIE KAKOU-TU60
kpuson o. Torga ee rumepbommdeckas mmvua op(A, B) ompegeaseTcsa mo

dopmyae
B
L (Aa B) = /
A

rae ds — dDIEMEHT eBKIMAOBOM Aaumubl: ds = \/dx? + dy?, a y — opaumaTa
Tekymen Toku Kpusou o (puc. 78). Ecau y ects dynknuma ot z, y = y(x),
TO JErKO HAUTHU [IUHY KPUBOU ¢ TIO (HPOpMYyJIe

*B TB
/ 2 2 / 2
or(A, B) :/dx L /1+(dy/d$) dz.
Yy Y
TA A

bl

< | &

Kpuson mex 1y Toukamu A u B MoxeT ObITE, B 9aCTHOCTH, AYTa €BKIUIOBON
OKPYXHOCTH ¢ KOHIIAMHA B TOUYKAX A u B, Win, MHBIME CIOBaMU, TUTIEPGOImAIe-
ckuyt oTpe3ok “AB (ecau Touku A u B jexar Ha BEPTUKAIBLHOU IPIMOM, TO
um Oy ieT eBKAnA0B 0TPE30K AB); ero runep6oanmdecKkas JInHa, BEIYACAAETCA
no Tou ke camou (opmyrae. Hecmoxuo mokasaTs (MBI 5TOrO 3€Ch Ie1aTh He
6yneM), 9T0 runepOoInIecKas JINHA TUIePOOINIeCKOr0 OTPE3Ka BCET Aa KO-
poue TunepOOAMIeCKON IIUHBL JI0O0U KPUBOU ¢ TEMU XK€ KOHIAME, TODTOMY
runepOoIuIeCKI OTPE30K ABIACTCA TEOJE3WIECKUM (T. €. «KPATIANIIAM )
oTpe3KoM Ha mIockocTu Jlobatesckoro H?. B wacTHOCTH, BHLIIOIHACTCA He-
PaBEHCTBO TPEYT'OJIbHUKA, & B O6IH€M CIy4va€ — HEPAaBEHCTBO MHOTOYI'OJb-
HUKa: OJIWHAA JIIO60ﬁ CTOPOHBI MHOT'OYT'OJIBHUKA HE IIPDEBbLIIIACT CYMMY MIJIWH
BCEX €r0 OCTAILHBIX CTOPOH. PaBEeHCTBO BO3HMKAET, KOTAa OOLEIUHEHTE BCeX
OCTAJBbHBIX CTOPOH COBMAAET ¢ UCXOMHOU CTOPOHOU MHOTOYTOJHHUKA.

Bee mpuBegeHHBIE pACCMOTPEHUA AOCAOBHO MEPEHOCATCA € ILIOCKOCTH
Jobazesckoro H? ma mpoctpancTso Jlobagenckoro H¢ (runep6oaueckoe



106 I'. A. l'anbmepun

IPOCTPAHCTBO). A MMEHHO, B eBKIXZOBOM mpocTpamcTBe RY BRibupaercs
ropm30HTAIbHAA ruHepmiockocTs 11 = 197! u BepxHee OTKpEITOE mOTyIpO-
crpancTBo ¢ rparunen I o6basaserca mogeasto ([lyankape) runepboamte-
ckoro mpocrpancrsa H¢ (T.e. €BKIMIOBBI TOYKKM BEPXHET'O MOLYNPOCTPAH-
CTBa ABIAIOTCA TENEPb ONHOBPEMEHHO U THUIEPOOIMUECKAME TOYIKAMHU), a
caMa TUIEePIIOCKOCTD [ — abcomoToM (MHOXKECTBOM GECKOHETHO Y AATeHHBIX
TOYEK) DTOr0 TUIEePOOITIECKOTO TPOCTPAHCTBA. UTOORI OMPEAEIUTH PACCTO-
AHUE MEXAY ABYMS TUMEPOOIMTIecKUME Toukamu A u B, Hago cHatwama OImy-
CTUTh U3 HUX IEPIIEeHIUKYIIPEI HA TUIEPILIOCKOCTE 11, mpoBecTn AByMepHYIO
miockocTh R? "epes 5Ty nepresmKyaape! (OHA ONPEAEIATCA OJHO3HATHO, C-
J1 TOTBKO TOUKY A u B He JexaT HA OHOM BEPTUKAILHOU IPAMON), U B DTON
IVIOCKOCTH B3ATh BEPXHIOI IOAYILIOCKOCTD (HAJ IPAMOW, ABIAIOIIEUC Iepe-
CevYeHneM IOCKOCTH R? ¥ TUIIepILIocKOCTH IT), koTopas u OyIeT IIOCKOCTHIO
Jlo6ageBckoro. A K Hell yxKe 3aTeM IPUMEHUTDb BCE HOCTPOCHUS, PACCMOTPEH-
HBIE BBIIE: MPOBECTH “iepe3 A u B OKPYXHOCTDH M BHIYUCIUTD M0 YKA3AHHON
BBIIE MHTErPAIBHON (POPMYJe THIepOOIUIECKYIO MIVHY THUNEPOOIUIECKOT O
orpeska ~AB.

[Mocme >Tux 06X PACCMOTPEHUN MBI TIOKAXEM, KaK MPOCTO HAXOAUTH
TUIepOOInTIeCKyI0 AINHY THIepOoanIecKoro oTpeska ~AB.

[TomecTrM B TOUKYy A GUILAPAHLIA AP U 3AIYCTUM €70 B MPOCTPAHCTBE
R? B cTopony rumepmiockocTu II Tax, 9TOGLI OH IOCIE OTPAKEHHA B TOUKE
C € 1l nonan B Touky B. Kak mautu To4uky orpaxenus C B mrockoctu 11,
MOKA3BIBAET PHUCYHOK 8: IS DTOr0 HAAO OTPA3WTh TOYKY A OTHOCHTEABLHO
runepmiockocTu 11 (mpudgeM mocTpoeHue oTpaXKeHUsA CAeAyeT Ne1aThb B ABY-

N

B

AN 1B
.- C A6comor 11

Rl it

\

>

Puc. 8. Bunbapaaas ¢popmyaa jid ranepboaindeCcKOro PaCCTOAHAA HA ILIOC-
KOCTH ¥ B IPOCTpaHCTBE Jloba1eBcKoro
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MepHoO# mwiockocTu R2, oproromaasuoit I1), n momytennsii 06pas, Touxy A’
coequHNTL ¢ Toukoi B. Touka mepecedenus oTpeska A'B ¢ rumepmiocko-
creo R? u 6yger uckomoit: C = A’B NI JleftcTBUTENBLHO, U3 PACCMOTPEHMsA
TPEYTOABHUKOB JErKO BUAETH, 9TO ( = (3, T.€. YrOJ OTPAKEHUS PABEH YTy
naneHus (puc. 8), Tak 9TO, AEUCTBUTEIbLHO, TpaekTopui A — C — B —
OMIBAD THAL.

Urak, Bo3HUK Omibapaubeinl Tpeyroabuuk ABC. Y Hero ectsh mepmMeTp
p=AC+CB+ AB =dg +dg, rge dg = AC + CB — 6uavapdnoe pac-
crosaue Mexnay Toukamu A m B (orcoga um uugekc By 0603HAYMEHUS pac-
CTOAHUA), & d — €BKAUAOBO PACCTOSHUE MEXKAY TEMH Y€ TOYKAMU; U €CTh
akcyecc — Bemmanna 0 = AC + CB — AB = dp — dp. O6osnayuM runep-
Ooamtieckoe paccrosaue Mmexay Toukavu A u B gepes dp. Cuopasemausa cie-
AyIOImAL

TEOPEMA 2 (BUJIbAPJHASL ®OPMYJIA).

dp +dg (2)

dp =Int =1 .
e R T

3AMEYAHUE. Ecau A ABC Bwipoxjen, T.e. Touku A u B mexaT Ha of-
HOM BEPTHUKAJIBLHOM eBKIunoBoM ayde CAB, To ¢opmyna (2) maeT Xopouo

M3BECTHYIO U3 yIeOHUKOB popmyay dy = In|==|, ¢ KOTOPON MBI U HAMHEM

BC
HAIIIEe TOKA3aTeIbCTBO (OpMyasl (2) B 4acTu 6 5TOU CTATHU.

lTokazaTeabcTBO TeopeMbl 2 6yaeT AaHO B dacTU 6, HO CHAYAIA, OCHOBLI-
BasACh HA OUABAPAHOU dOpMYyJe, TOKax)eM Teopemy 1.

5. PEINIEHUE 3AJAYYA O BUJIbAPJIHOM OTPAXKEHUU

CMeHMM TOYKY 3pEHUA W MOCMOTPUM HA UMEIOMIANCA eBKIUAOB TeoMe-
TpudecKuit o6beKT B BepxHeM mnoaympocrpamcTse (RY) T — zepkano II u
OMnBApAHYIO TpaekTopuio v = A1B1AsBy... Ay 1B, 1A4,B, A1 — kak Ha
HEKYI0 KOHCTPYKIIO B d-MepHOM mpocTpancTse JloGatesckoro He. A mven-
HO, GyZeM MbICIMTH BepxHee moxympocrpamcTso (RY)T kax mogers Ily-
amkape reomerpun Jlobatderckoro ¢ abcomworom II; TOrga TOYKM OTpaxKe-
wus Ay, Ao, ..., Ap_1, A, TpeBpaTATCI B TUNEpOOIUYECKUE TOYUYKH, A
Touku Bi, Bs, ..., B,_1, B, oTpaxemuums oT 3epkana Il — B GeckoHed-
HO yJaJeHHbIE TOYKM TPOCTpauHcTBa H 4, Jlxg mOMHOTHI KADTMHEI HAM HeE
NOCTAET TOABKO COeAUHUTH runepboaudeckume Todku Aq, As, ..., Ap_1,
A, B YKA3aHHOM MOPAIKE APYT C APYTOM TUMEPOOIUTECKUME OTPE3KAMU
(a B KOHIE — ruUIepOOIMYECKAM OTPE3KOM TO4UKYy A, ¢ Toukom A;), 4ro
MBI ¥ cfenaeM. B pesyapTaTe MOAYyUIMM THMEPOOTUIECKUA MHOTOYTOJBHUK
A1 Ay ... Ap_1 Ay, Tunep6oanyeckue cTOpoHB! ~Ag Ag1 KOTOPOro — 5To ayru
eBKANAOBLIX TIOMYOKPYXHOCTER ¢ menTpaMu Ha 3epkage 1. [To mepasencTBy
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MHOTOYTOMLHUKA, TUIEPOOMAICCKAA JIUHA CTOPOHBT ~Aq A, He MPeBOCXOaUT
CYMMEI I'unepOoInIecKuX AJIUH OCTAIBHBEIX €I'0 CTOPOH:

dr,(TA1AR) < dp(TA1A2) +dp(TA2A43) + ... +d(TA1Ap), (3)

OpudeM PaBEHCTBO BBINOMHAETCH, Korga Todku Ag, ..., A,_; mexar Ha npy-
re eBKJAMAOBOM OKpyxXHOCTH ~AjA,, w mvenno B drom nopsagke (ot Ao
o An—l)-

MBI cerryac OKaXeM, 9TO HEPABEHCTBO (3) B TOYHOCTYU DKBUBAJICHTHO He-
paBeHCTBY (1), KOTOpPOE MBI KAK Pa3 ¥ XOTUM JIOKA3aTh; STUM MBI 3aBEPIINM
pokasaTeabcTBo dacTu (A) Teopemsr 1. Hacts (B) Teopemsr 1 (mpuyem cpasy
BCE IYHKTHI) Oy/IeT CIEN0BATH U3 yCIOBUA MIPEBPAIEHUS HEPpABEHCTBA (3) B pa-
BEHCTBO (CM. OCIefHee MpeIOKeHne IpeabAymero ag3amna). tak, npoctas
CMEHA TOYKW 3PEHUsA NEUCTBUTEAHHO NACT HAM [JOKA3aTEILCTBO TeOpeMsbl!

[lepenminem mepasencTso (1) Tak:

pP1 P2 DPn—1 Pn
— = > 1.1
5 by On—1 _ On (L)
BosbMmem gorapudm or obeux gacTei:
2 4 4 pmEt > P (1.2)
(51 62 n—1 671

Coraacro 6unbapaaou opmyie (2), Kaxaoe claraeMoe B JEBOM YacTH He-
pasenctsa (1.2), ln% (1 <k < n—1), ectb mpocTo TUNEPEOIAIECKAA
k

IWHA THIEPOOITIECKOTO OTpe3Ka ~ArAx+1, 4 BBIDAKEHUE lnf;—" B IPaBOU
n

YACTH — DTO TUIEPOOINTIEcKas IINHA TUIePOOIUTIecKoro oTpeska ~AjA,.
dksuBateHTHOCTH (1) < (3), a ¢ He:W u mepBas 9acTh TeOpeMbl 1 MOKa3aHa.

Hepagencrso (1) npeBpaiuaercs B pAaBEHCTBO TOT' A U TOJIBKO TOT A, KOT 1A,
okBuBajgeHTHBIE en HepaseHcTna (1.1), (1.2) u (3) cranoBATCAa paBeHCTBAMHU.
Hepasenctso (3) GyaeT paBeHCTBOM IIpU MONANAHUM, KAK yKE TOBOPUIOCH,
Bcex ToueK oT As mo A,_1 ma rumepboamdeckun oTpesok ~A1A,. Ilo om-
peAETeHNI0 TUTEPOOTTICCKOTO OTPE3Ka, DTO 03HAYALT, ITO eBKANAOBLI IyTH
okpyxuOCTEU ~“AoAs3, TA3Ay4, ..., TAp_2An_1 JEeXAT HA Oyre OKPYXKHOCTHU
Y A1 A,,. CaegoBaTennuo, Touku Ay, Az, ..., Ap—1, IMEHHO B BTOM MOPAI-
Ke, JexXaT Ha ayre okpyxHoctu ~Aj A, (puc. 9). 9To mokaswiBaeT Hamboaee
rpyaub myHkT (b3) BTOpon wactm Teopemer 1. (MaTepecro ormeTnTsh, 9TO
HambOoIee TPYAHYIO JaCTh TEOPEMBI 1 HaM yaloCh A0Ka3aTh Cpa3y — C APy-
TYMH IIyHKTAME HAIO €IlIe TOBO3UTLCA! — U BCETO JIUIID 33 CIET OJHOU TOABKO
CMeHBI TOYKY 3peHus!)

Kpome TOro, ms mpuBeIeHHOIO pacCyXJIeHUA CAEIYET TaKkKe, ITO TOU-
ku Aq, Ao, ..., A, BMecTe ¢ Toukamu Bi, Bo, ..., B, oTpaxeHus or 3ep-
kata I JexaT B OJHON eBKIMIOBOM ILIOCKOCTH RZ2, MOCKOILKY BCE IByMEp-
HbI€ IIOCKOCTHU COOTBETCTBYIOUMX OWIbAD AHBIX TPEYroabHUKOB A Ak B Ak 11
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Puc. 9. Pemenne 3a1a4m 0 6uIbApAHOM OTpaxeHun B R"

(2<k<n-—1)u A BpA, 06a3anel coBOaCTb. TeM CaMBIM MBI IOy IaE€M
yTBepxaenue nmyukta (bl) Teopemsr 1.

Hakonemn, moxaxem myskT (b2). Ilpexpge Bcero, To4km orpaxeHus Ou-
ABAPAHON TpaekTopum vy OT 3epkaaa 1 («B-To4km») 06A3aHBI IPUHANIEKATH
npamoit £ = R? N1I, Tak Kak OHE MPUHAIIEKAT KAaK THIepIIockocT: 11 (mo
OILIPEJEeJICHNI0 TOYeK OTPAXKEHWA), TAK U MEPICHAUKYIAPHON €l IBYMEPHOU
miockocTu R? (B cuny ycTaHOBIEHHOrO BBIIIE). Bro6aBoK, Kax nas Touka By,

k=1,...,n— 1, pacmojoxena Ha NpAMOU £ MEX Ty OPTOTOHAILHBIMEA TPOEK-
nuamu pr(Ay) u pr(Agi1) Touek Ay m Apyy Ha mpamyio £: oTpesok [A) Agi1],
rae A — 06pa3 Touku Ay IPU OTPAKEHMH OTHOCUTENHHO IMIIEPILIOCKOCTH

I1, nepecekaer orpesok [pr(Ag)pr(Ax+1)] B ero enympenneti Touke By (Mbr
He pacCMaTPHUBAEM OUYEBHUIHLIM BLIPDOXKJEHHLIN CIyIad, KOTa TOUKH Ap u
Aj41 IexaT Ha BePTHKAIBLHOU eBKAMAOBOUM mpsamon). Ilocregusas Touka oT-
paxeHus TpaekTopum 7y Ha 3epkate 11, By, aBiseTcs, 0YeBUHO, BHY TPEHHEN
roukon orpeska [pr(A;) pr(4,)]. K Tomy xe, nockombky otpesox [A] Ag] xe-
%uT B maockoctu R? suyTpm yraa ,A; A A, (mockomeky Touka Aj mexuT
BHyTDHU ayru okpyxHocTu ~“AjAy), or nepecekaer orpesok [pr(A;)By] B ero
BHyTpeHHEN Touke Bi. Touno Tak xe, HAUMHAA PACCYXAATb TENEePb C TOY-
ku A,, MBI BEAUM, 9TO 0Tpe3ok Al A, | mpumagrexwut miockoctn R? pmy-
Tpu yraa A, Al A1. DTo ozmavaeT, 9TO TOUKA Bj,_1 ABIAETCA BHYTPEHHEN
Toukou orpeska [By, pr(A,)]. Ucxoas ws npunapnexuocru By € [pr(A41)By]
u B,_1 € [B,pr(4,)], sakmouaem, uro B, € [B1B,_1]. Ho Touka B, me
MOXET COBIACTH HU C KOHIOM Bj, HE ¢ KOHHOM Bj,_; orpeska [B1B,_i];
Cae0BaTENbHO, By, npuHamaexuT omxrpuimomy uarepsary (By, By_1). YrBe-
pxaenne myHkTa (b2) Teopembl 1 [0Ka3aHO, M JOKA3ATEILCTBO TEOPEMHI 1,
TEM CaMbIM, 3aBEPIIEHO.
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6. JOKA3ATEJBbCTBO BUJIbAPIHON ®OPMYJIBI

O6osnasmM gepes A’ o6pas Toukm A mpu ee OTpaXeHHH OTHOCUTEILHO
npsamon £. (HamomamM, 910 £ — 5TO TOPU3OHTATBHOE 3€PKAJ0, OT KOTOPOTO
OTPAXKAETCA OWIbAPAHBIN AP, 3AMyIIEHHBI U3 TOYKU A B TOdUky B, u o-
HOBpeMeHHO afcomoT reomerpun Jlobadesckoro B mogenu Ilyankape.) Torga
AC = A'C u popmyay (2) MOXKHO TIepenUCaTh B BUAE

A'B+ AB
B cayvae Beipoxaernoro p ABC, dopmyna (2.1) BhITeKaeT HEMEATEHHO W3
OTIpeJIeJeHUs TUIEPOOIUIECKOrO PACCTOAHUSA df: B DTOM CIy9ae T4 = Ip,
nosTomy dz = 0 u, cTago 66ITh,
B YB
dz? + dy?
dL(Ajg):/VmH/:/dy:
Y Y
A ya
YB
=(lny)| =1In (y—B> =In (%—B> =
YA YA 2ya
_ . s+ya)+s—ya) _ A'B+AB
(yB +ya) — (yB — ya) A'B-AB

Pacecmorpum Teneps meBwipoxaennbim caydan A ABC. Torma runepGoause-
ckag mpamaa B Mmogeau llyamkape H? Gymer (eBKIMZOBOH) MOTyOKDYXKHO-
crhio ¢ ¢ mearpom O Ha abcomore £, mpoxojamen depes Touku A u B. CHa-
94718, MBI yCTAHOBAM TPHU MPOMEXYTOIHBIE (POPMYJIBL MA TUIEPGOIUIECKOTO
paccrosuus dy (A, B).

Beegem creayiomme obosuadenusa: Y X € £ — gumaMeTp MOIYyOKPYKHO-
cru ¢, LAOX = pu ,BOX =9, JAYX = aun ,BYX = [ (cM. BepxHIOO
noaosuny puc. 10). Beegem Takxke crapgapraoe obosnavenue [AB, XY] nas
JBOUHOT'O OTHOLIEHUsA deThipex Touek A, B, X, Y:

[AB, XY]:= AX/AY
BX/BY

JIEMMA. Cnpasedausvi caedywuyue Gopmyavt das 2unepboauuecrozo
pacemoanug mexHcdy mouramy A u B:

a4, B) = |In :: E}:; : (2.2)
2
dr(A, B) = )m (Ei—g)( : (2.3)

di (A, B) = ‘ In [AB,XY]’ . (2.4)
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Puc. 10. /lokaszaTeincTBo OMILAPAHONA (hOPMY.ILI

[IOKA3ATEJIbCTBO. B momsapubix koopamHaTtax ¢ = rcosf, y = rsinf,
ds = Vdr? 4+ r2df? = rdf (mockoanky dr = ( Ha OKPYXHOCTH); CIeLOBa-

TeJIbHO,

u dpopmyaa (2.2) goxaszaHa.

= 1(“BX) = 3, HaxoquM U3

[anee, MOCKOIBKY g = %(vABX) =an =

(2.2):

u dpopmyaa (2.3) goxaszaHa.
3aMeTHuM Tenepb, 9TO TpeyroabHuky AY AX um oY BX npsamoyroabHbIE.
Bripasum tg « u tg 8 gepes ornomenus AX/AY n BX/BY, coorBeTcTBEHHO:

i (5) | = [ 57 )|

dopmyaa (2.4), a ¢ HeR u JeMMa, JOKAZAHA. O
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Teneph MBI TOTOBBL K 3aBEPUICHUIO JOKA3ATEILCTBA TEOPEMBI 2.

[Tpoaaum momyoKpyRHOCTE, TPOXOAANIYIO Yepe3 TOYKu A u B, ¢ BepxHen
TOJYTIIOCKOCTHA HA HUXKHIOIO — NOJYYIUM IMOJHYH OKPYXKHOCTH € C TMaMeTPOM
XY € 4 uuearpom O € L. Illycts R ee paguyc. Touka A’, 3epkanbaBi 06pas
TOUKE A, TeXUT Ha OKpyxHOCTH ¢ Huke auameTpa Y X. Coeauamm Touxy A’
¢ Toukon B m 0603HauMM (JIOTOTHUTENHHO K YK€ BBEACHHBIM 0603HAYEHUAM
sAYX =aun /BYX =0) JAYB= JAXB =+, JAXY = JAXY =7/2—«
(pmc. 10).

[IpumenuM (eBkaugoBy) TeopeMy cuHycoB K Tpeyroabaukam AABX u

ANA'BX:
AB =2Rsiny = 2Rsin(a — ) u A'B = 2R - sin(,BX A") = 2Rsin(a + f3).

IMoacTaBuM HAWACHHBIC BHLIPAXKEHUA B APOOb, CTOAILYI) B IIPABOM IaCTH
dbopmyast (2):

. a+B+a—-p a+pB—-—a+f
A'B+ AB _ sin(a + f) +sin(a—pg) _ 25D 2 cos

AB—AB ~ sin(a+f)—sm(a—f) g @+tB-a+B __a+B+a-B
2 2

2sin
__sinacosf _ tga
sin 3 cos tgB
[Tpumenss k HAWAEHHOMY BBIPAXKEHUIO (POPMYTY (2.3) 713 JOKA3AHHOU BHIIIIE
JE€MMBI, I10J1Y4aeM

d(A,B) = ‘m(zi—;)‘ =1nj:§%j§=ln(§)7

T.e. popmyay (2). Bunbsapauas Gopmyna nokasana. O
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