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CyMMa 0OpaTHBIX KBaIPaTOB

K. II. Koxacp*

B sToM 3aMeTKE MBI PACCKA3BIBAEM O TOM, KAK MOXHO PA3HBIMU CIIOCOOaM7
HAUTHU 3HAYEHUE CyMMELI

1 1 1 1
1+1+§+E+%+”' .
BeposTHO, BCe n3iox)eHHBIE 31€Ch CIIOCOORI ABAAIOTCA M3BECTHRIMU. [la 7 To-
OBITKYA YCTPOUTH PEBU3UIO B DTOM XO3AUCTBE YXKE TOXKE NPEIIPUHUMAIUCE.
ToadkoM K HAMUCAHUIO 3TOTO TEKCTa MOCTYXWIO HAOMIOIeHue, U3JT0XKEH-

HOe B maparpade 7, TOMOTHEHNIO KONIEKIINHA JOKA3ATEILCTB CHIBHO TTOMOTIN
crarbd [12] m guckyccun B [18].

1. METOA ABEJS

Bocnmonbsyemces cTaHAAPTHBIM CIOCOG0M HAXOXKACHUSI CYMM — METOIOM
A6ensa. Ero mpoxonar B KoHIIe IepBoro Kypca. Crocob COCTOUT B CIeqyIOmEM.
YT06b1 HAUTH CYMMY CXOAAIMICIOCA PAAA | Gk, PACCMATPHUBAIOT CTEICHHOW
pag f(z) = > agx®. Tlo Teopeme Abers paamyc cXOQUEMOCTH BTOTO PAIA He
Mesbre 1. ECTh MHOrO pasimdHBIX IpPUEMOB PaGOTHL CO CTEHEHHBIME Dfa-
MU ¥ €CAM Mbl KAKUM-HUOY1b 06pa3oM CyMeeM HAUTU ABHYIO (HPOPMYTy I
dbyakuum f(x), To TOra Y ap = mllinof(w) Nrax, moaoxum

+oo

HOED S

k=1

*Tloaaepxano rpanTom HIT-2251.2003.1

MaTemaTnueckoe npocseweHne, cep. 3, oin. 8, 2004(142-163)
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Torga

too
=Z%:—ln(1—x).
k=1

Takum o6paszom,
1

+°° In(1 i ]
Il _l' nr
_ / / (1)
0

K coxanenmro, uaTerpar «ue 6epercar. [lymaeM, ¢ 3TOH TPYAHOCTHIO CTAIKHA-
BAJMCH MHOTHE TIEPBOKYDCHUKM.

ITpugerca maTu ApyruMm myTeMm. BnpodeM, Ty Th TO3XKe Mbl BCe-TAKH Bbl-
IUCAUM 3>TOT MHTErDAI IPU MOMOIIM KOMILIEKCHOT'O UHTErPUPOBAHUA (C TIO-
MOIIBIO BEIYETOB).

2. PA3JIOXKUM CUHYC WJIA YTO-HUBY/Ib HA MHOXKUTEJIA

Bor paccyxgenue, npunanrexaiee Jdunepy. Paccemorpum dpopmyay Ten-
Jopa aua GYHKIWA Sin

. $3 $5
sinz =z — o+ 4. (2)

Bripaxenue B mpaBou 9acTu (paj) MPEeACTABIAET COOOU «(MHOTOWIEH GECKO-
HEYTHOW CTeMeHrmy. KeCTeCTBeHHO, ITO pa3 CTeNeHb 3TOr0 (MHOTOWIeHa GeCKO-
HEYHA, TO Y HETrO JOJXKHO OBITH OECKOHEYHO MHOT'O KOPHEU. JTO 3aMEeYaHUe
MPEKPACHO COOTBETCTBYET HAIMM 3HAHUAM O (PYyHKIIUHU SiN I: JEUCTBUTEIBHO
5Ta PYHKIMA uMeeT GECKOHETHO MHOT'O KOPHEH, a MMEHHO, BCE TOYKHU BUIA
™, n € Z (u kcTaTH, IPYyruX KOMILIEKCHBIX KOpHen HeT). [lonmpobyem pas.o-
KUTH DTy (PYHKIWIO HA MHOXWUTEIU. 3[eCh HYXKHO NEUCTBOBATH AKKYPATHO:
HAIIPUMED, Pa3I0KEHUE

sinz = z(z — m)(z + 7)(x — 27)(x + 27) . ..

BpAJ JU MOXeT OLITL BEPHLIM, COMHOXUTETN IPU (PUKCUPOBAHHOM I CTpe-
MATCA K OECKOHETHOCTH, 43 U BCe KO3 (PUIMEHTHI IPU PACKPBHITUU CKOOOK
MOy HaXTCA NEJOYUCICHHBIMA KPATHBIMA T, 9TO HE COOTBETCTBYET (HPOPMY-
ae (2). [laa Toro 4To6H MOAYIUTh GOTee (IIPABWILHOE) PA3I0KEHUE, TABANTE
HEePEHOPMUDPYEM CKOOKHU: BMECTO CKOOKM (z — k7), obpamamomencs B HyJIb
opu = km, BozbMeM (1 — H) Kpome Toro crpynnupyem BMecTe CKOOKH,

cooTBeTCTBYIOWNE KOpHAM Tkm. Ilorymm

sinxzw(l—i—i)(l—%).... (3)
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ITO pa3loxeHme yxKe Gojee MPaBaONOa00HO: MPOU3BEICHUE B MPABOU TACTH
CXOAWTCS IPH JI0O0M BEIIECTBEHHOM (M Haxe KOMILIEKCHOM) Z. [a u xoadpdu-
OUEHT MPU MJIAANIEM WieHe (T. €. TIPU ) TAKOU, KAK HAJ0: €CIU PACKPBITH BCE
CKOOKM B MPABOU YACTHU, TO, SCHOE HeI0, KoapPuueHT npu £ OyaeT paBeH
eUHUTIE.

MlaBafiTe Torma BEIMECIEM Koaddumuent npu z° B Gopmyre (3). B resoi
wacTn Koddunment mpu 2 pasen —1/6, 370 MBI 3HAEM U3 dopmyTH (2).
A B mpaBou gacTu KOdPPUIUEHT PABEH. .. MOCTOUTE, TOCTOUTE. . . HY Ia, OH

paBeH — (% + e + on? +... ) W Mp1 mpuxoauM K 3aMevIaTeqIbHOMY PABEHCTBY
11 1 1 2

14+4-4+-4+=—4+=+...= —. 4

+4+9+16+25+ 6 (4)

PazymeeTcs, paccyX IeHUA, KOTOPBIMHA IOy I€HA DTa (POPMyYJIa, He IPETECHTY-
I0T HA 3BAHWE (JOKA3ATETILCTBOY. HO MO GOMBIIOMY ¢IeTy OHEM BepHHL. Teope-
Ma O pasIoXeHun GYHKIWHA Sinz B GECKOHETHOE TIpou3BeneHue (T. e. hopMmy-
aa (3)) nokaseiBaercsa B kKypce anaausa uiu TDKII (cm. [5,8]).

I EEEEE

Bapuammen na 5Ty xe TeMy ABIAETCA BOT KAKOU IMOAXO0: HaBauTe moabe-
peM KaKylo-HuOY Ib PA3yMHYIO TIOCJIEI0BATEIBbHOCTH MHOTOWIEHOB, Y KOTOPBIX
KOPHAMM SABISIIOTCS HE TO 9T00BI camu apobu 1/ n?, a KAKMe-TO ACKUMITOTHYe-
ck# OIM3KUE K HUM BBIPAKEHUA, TIOCIE Ter0 BLIMOIHUM TPEAETLHBIA MePEXOI.

Hanpuwmep, caeraem Taxk ([12]). Bosbmem medeTrHoe wmcio n = 2m + 1.
HeTpyamo mpoBepuTh, 9TO TOT A,

sinnz = P, (sinx),

rge P, — wmHuorounen crenenu n. oacrasusas x = kn/n, Mbl BUAMM, 9TO
qmcaa sin(kr/n), —m < k < m, ABIAIOTCA KOPHAME STOT'O MHOT'OYIEHA, & TAK
KaK WX 3[eCb POBHO 71, TO APYTUX KOPHEH HET, CJIeJOBATEIbHO,

m 2
Pu(y) =ny || <1 - st(ylm/m) '
k=1

31ech HOPMUPOBOYHLIN KO3MGUIUEHT N B MPABOA YaCTH HOAZOOpaH M3 Tex
COO0paXKeHUN, ITO liH(l) P,(y)/y = n. Takum o6pazom,
y—)

m .9
. . sm- T
smnxznsma:H l———7—.

bt} sin“ (kw/n)

HpupasuuBas k0>PPUINEHTE TP L0 PasIoKeHui Telropa B Hy.Ie JeBOU u
OpaBOH TACTEH, MOIYyIaeM

n? n = 1
—— = ——=—n - ws—
6 6 Z sin®(km/n)
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n CJIeJOBaTEJIbHO,

[« RN

= 1 1
- E : 2.2 =3 (5)
n* sin” (kw /n) 6n
k=1
Temnepr 3adukcupyem HaTypadabaoe sucio M u GymeMm moraraTb, 9TO TUCIO
m, KOTOPOE MBI BHIOPAIH ¢ CAMOTO Hadada, 6omabie 1eM M. Torma mociaennee
PAaBEHCTBO MOXHO IEPENUCATH B BUIE

1 1 -
6 Y 2N Z
iy nsin (km/n) vl n sin? kﬁ/n)

o . 2
B npasou wacTu BOCHOIB3yeMCs HEPABEHCTBOM Sinz > —x, BepHbIM mpu ) <
i

<z <72

1 2 1 o
- < —+ — .
6 Z: n? sin? kw/n) 6n? Z 4k>

k=M+1
[Iycts Temeppr m — +oo (m BMecTe ¢ HUM n = 2m + 1 ToXe cTpeMUTCA
K OECKOHEIHOCTH ), B TIPEJIENE TIOLY UM
L — 1
0<5-2 @< 2 32
E=1 k=M+1

Haxownen, ycrpemum u M k 6eckoneunocTu. [lockonmbKy B TpaBoy YacTu Ha-
NUCAH XBOCT CXOAAWIErOCA PAAA, MBI cpady noaydaem (4). [epsomcToanux
BTOro paccyxaenusa — [14].
k %k k k k %k
A Temeph UyThL MeHEe TEXHUTECKOE DPACCYXIEHWE. BepoATHO, [MTATeIhb
VYWI KOTAa-TO B IIKOIe POPMYIY

3HaeTe, 9TO 33 ABOWKA, CTOUT B umcaurene? DTO Ha CaMoM jeie KodQpPUImeHT
C3. A smaeTe, ITO 3a MUHYC eIWHUIA CTOMT B 3HAMeHaTeme? DTO, KOHETHO
xe (—1)*1C¥ npu k = 2. O6mas xe popmyra, KOTOPYIO IATATETD, BEPOAT-
HO, B IIKOJIE HE NMPOXOJAWI, BBITIAMAT TAaK (MBI €€ K TOMY K€ 3AIWIIEM [JIs
KOTAHTE€HCOB, & HE I TAHT'CHCOB):

1-Clctg" 2a+Chetg" ta—..
CLctg" ta—C3ctg" 3 a+ C)ctg"™ Ooz—

ctgno =

(6)
Ha camom gena sTa GopMyIa OY€BHAHA: IIOACTABLTE
cosnz = Re(cosz +isinz)”, sinnz =Im(cosz + isinz)”

7 Bee moayauTcs. [ namux memen 31a GOpMyJaa XOpoIia TeM, ITO OHA CPa3y
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XK€ IIO3BOMAECT YKa3aTh KOPHU MHOT'OLICHA

1 m 3 m—1 5 m—2
C2m+1$ — C2m+1$ + CQm—‘rlI — e .

Bot sT1 KopHU:

9 9 27 9 37 2 mmw
ct ct . ct .
2m+1’ & 2m+1’ & 2m+1’ ’ & 2m+1

ctg

MevtcTBurensuo, nogcrasusia n = 2m+ 1, a = kn/(2m + 1) B (6), Mb1 Bugnm,
9TO JeBasd IacTh OECKOHEYHA U IPU HTOM BCE KOTAHTEHCHL B NPABOM TACTH
KOHEYHBL; 5TO MOXET OBITH TOJIBKO €CIN 3HAMEHATENIb O0PAINACTCA B HYJb.

Tenepb MBI MOXEM MOACIATATH CYMMy STUX KODHEM mO TeopeMe Bueta

cto? T Lcte? 2m Lcte? 3T L acte? mm CSerl _ m(2m—1)
& omt1 O gmr1 B g T8 om+1  Cl,y1 3
1
A 320/HO, HOCKOIBKY —5— = ctg? o + 1, MBI MOXEM YCTAHOBATH U TAKOE
PaBEHCTBO sa
1 1 1 1
gin2 T +.2 27 +.2 3 +.“+sin2 mnw_
2m+1 S oy M ot 2m +1
2m — 1 2m + 2
_ m n; ) ¢y = ™ ﬂ; )

(Kerarm, aTo B TouHOCTH paBeHCTBO (5).)

Hy BoT, a cervac MBI BBITAIIMM U3 ULIANBL 3auna. 1lockoabky ctga <
1
< =< =
« Sin o«
dbopMyI, ITO

— 2 2 2 2
m(2m 1)<<2m+1> +<2m+1> +(2m+1) _i_.”_’_(?m—}—l) <

mpu 0 < a < g, MBI MOXEM 3aKII0UUTL U3 IPeIbIIYIINX ABYX

3 m 27 3T mm
m(2m + 2)
—3
(2m +1)?
Cokpamas Ha T3 ¥ IePeXOj K upeAeiy mpu n — 400, MOIyIaeM pa-

BeHCTBO (4). ITo paccyxgenue Mol B3 u3 [10, 3agaqa 143].

3. KOTAHT'EHC

Bot eme ogmo paccyxkgenme ot IJurepa. llposorapudmupyem pasen-
cTBO (3), mocae 9ero BO3bMEM NPOU3BOAHYIO, TONY IATCA
1 1 1 1
_|_

T+ 27 T4+

1
ctgr =...+ +ot +... (7)

T—T T —2m
1 2z
Huddepermupopanne 3aKOHHO, TTOCKOIALKY PAT ;—i-z 2 CXOAUTCA PaB-

HOMEPHO B OKPECTHOCTH JIOO0OU TOUKM & # 7k. MeXx 1y mpo€nM, moay - TUIoch
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TOBOJLHO PA3yMHOE PABEHCTBO, TUMMYHOE PA3IOKEHUE HA IPOCTEUIINE, CPAB-
HUTE ¢ PA3I0XKECHUAMU

n

1 /2 1, 1/2 1 P'(xy,
37:L—*-|-L 178071 —:Zﬂ
22—z x-1 =z z+1 P(x) —w—ag

(B mocregeM paBeHcTBe P(2) — MHOTOYIEH CTENEHU N, T — €ro (KOM-

mnekcubie) kopuu). B kypce TDKII, 5T0 Tak m HABBIBAETCA: «PA3NOKEHUE
MepoMOpdHON GYHKINN Ha, DIEMEHTAPHLIE P00y,

Teneps GymeM MOXUHATEL IIOALL. Pa3imoXuM KaxAyio u3 ApoOen o
s

k€ Z\ {0} mo dopmyae CyMMBbI T€OMETPHIECKON TPOTPECCUN:

1 1 1 1 T T
= — = — 1_7 o o ...)-
r + 7wk wk 1+ik ﬂ'k'( 7rk+7r2k2+
T

CyMMmupys Takue pasjoxeHus mo BceM k, moaydaeMm GpopMyry
1 2z 1 1 223 1 1
o T o P
ctgz . 7Tz( —|-4+9+ 1 +24+34+

o 1
YTo0LI B 0UepeIHON pa3 y3HATL, UeMy Xe, COOCTBEHHO, paBHA cyMmMa 1 + 1 +
1 o
+ 3 4 ..., 0CTAJIOCH TOABKO IOACIUTATE KOIMMUIUEHT IPU T B TEUIOPOBCKOM

1
PAa3I0XKEHNNA B OKPECTHOCTH TO4UKY zg = (0 pyakInu ctg x — — . I1a QyHKIUI
T
TOMLKO C BUAY BefeT cebs B HyJe He 0¥9€Hb XOPOIIO, HO ecau oaoxuTh f(0) =
= (), To oHa OKaXeTCda B HyJle W HeIpepHIBHA, U AUpPepPEeHImpyeMa, 1 IaxKe
AHAIUTUIHA; HCKOMBIA KO3(pPUIMEHT paBeH

. 1\ _ .. 1 1 1
y%1L1r(1]((:tgac—f) —hm(— 5 —1——2>——§. (8)

T z—0 sin” x T

N mbt croBa moayvaem (4). KeraTtw, aHATOrMYIHO MOXHO y3HATH, 9TO CyM-
Ma 06paTHLIX UeTBEPTHIX cTemeHedr papHa 7' /90 (3TO MOXHO GBLIO TaKXKe
Yy3HATH, MOAL3YACH BCEMU OCTAILHLIME H3J0XEHHBIME 3JeCh CIOCO0aMU WIN
ux 0606meHnAM™).

B knuure [4], u3 KOTOPOU MBI B3SIU DTO PACCY XK ACHUE, IPEAIArACTCA €Le
U TAKOU BAPUAHT:

Cos T

1—smz  8\31 7 32)7
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(gt tagt )t

7T

16x 1
+W3Q—E+q%———+“)+““

343

[IpupaBumpas Ko>PUIMEHTHI IPH £ B JEBOM W IPABOH TACTAX, MOLYIAEM
PaBEHCTBO
11 1 1 2
I+t ottt = . 10
9 25 49 @ 81 8 (10)
Ho cymma o6paTHBIX KBAIPATOB HEUETHHIX UMCEN JETKO BLIPAXKAETCA depe3

CyMMy OOPATHBIX KBaJIPATOB BCEX HATYPAIHLHBIX IUCEN:

1 1 1

1+§+%+E+'”:
1 1 1 1 1 1 1
—<1+Z+§+E+...>—(Z-Fﬁ'i‘%'i‘a-i-...)—

3 1 1 1
_Z@+E+§+E+“)'

4. APKTAHTEHC

BaMm HEYEro He HAIIOMWHAET, YBaXKACMBIA IUTATENb, BEIpax)eHue (9)7

Hy xomeumno xe, 3T0 «Kycodek» 3HaMeHnTOn (popmy.asl I'peropu — Jlenbun-
[1a, IEPBOr0 B UCTOPUM MATEMATHUKYU PAA, 33JA0LIET0 PA3JOXKEHNE YUCAA T

s 1 1 1 1
L A A
4 3+5 7+9

Bossegem oTo paserncTBo B kBagpar! Todree roBops, CHAYALA 3ANUIIEM €TI0

“+o0o (_l)m
B BUAE T = Y. 1, @YX [IOTOM BO3BE/IeM B KBaJpaT
m=—oo m + 5
+oo . +oo
2 _ (=nm (=" _
LD Dt Dl S
— m+ 5 = r+35 ’
m=—00 92 r=—00 2

00 )n
= Z Z T, = (11)

m—=—0o0 n=—0o0

+oo )n
= Z Z 1 (12)

nN=—00 m=—00 m+n+

3aKOHHOCTH NepeMeHbl mopsjaka cymmuposanus (mepexon ot (11) k (12))
3/1eCb HETPUBUAILHA, MBI He OyeM 5TO MOKA3BIBATH (Y HAC NONYAAPHAIL CTa-
Thil), JOKA3aTEILCTBO MOXKHO IPO1eCTh B [5, § 1.66], a moka 3aKkoHYMM BHIYMH-
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creHmne. 3aMEeTHUM, ITO B MOCACTHUX CyMMaxX mpu 1 # () MBI uMeeM

-+00 -+o00

Z 1(_1) 1:%2 11_ 1 ] =0

Moo (M + §)(m+"+ g) m=—o00

[losTomy mBomuas cymma (12) pasHa

< 1 1 1 1
) 7:8(1+7+—+—+...).
1.
S (m—|—§)2 9 25 49

Mgr onate gokasanu dopmyay (10).

5. TEOPEMA O BBIUETAX

Eme oaue mogxos K BLIMACICHUIO WHTEPECYIOMEN HAC CyMMBbI, PO/CTBEH-
HBIZ WCIOJAB30BAHUIO (HOpMyasl (7), OCHOBAH HA MPUMEHEHUM TEOPEMBI O BbI-
qetax. 2KemaeTe BLIMACAUTL HEKOTOPYI cyMMy?! EcTh dupmenHBIE crioco6!
[ToaGepuTe Takyo MEpOMOPQMHYIO (PYHKIUIO, BEIYETHI KOTOPOU B 0COOBIX TOY-
KAX PABHBI CIACA€MBIM DTOM CYMMBI, W BLIYACAATE WHTETPAI 110 KOHTYPY,
OXBATHIBAIOIIEMY BCE OCOOBIE TOYUKH!

Hanpuwmep, Beraucanm-ka, demy pasro 2+ 2. Pasmoxenne (7) noackasesa-
eT, 9TO €CTh AOBOALHO yAoOHAL (PYHKITUA, Y KOTOPOU MHOTO OCOOLIX TOYEK W
BCE BBIYETHI B OCOOBIX TOYKAX PABHBI eAMHUIE. JTa (PYHKIMA — KOTAHTEHC!

Paccmorpum Torma maTerpad
/ 2ctg zdz,

Cr

rae kouTyp CR m3obpaxen Ha puc. 1 ciaeBa. BHyTpu xoHTYpa nBe 0coObBIE
TOYKH, [0 TeOpeMe O BEIYeTax mHTerpal paseH 27i(2 + 2). C gpyrou cro-
POHBI, B CWIYy 7TT-TIEPUOANTHOCTU KOTAHTC€HCA MHTETPAJBI IO BEPTUKAJIBHBIM
CTOPOHAM MPAMOYTOJBHUKA COKPALIAIOTCA, & B CHIY HEYCTHOCTH CyMMa, WH-
TErpanoB MO TOPU30HTAILHBEIM CTOPOHAM PAaBHA YIBOEHHOMY WHTETrDATY II0
BepxHen cTopoHe. MTak,

*E-I—RZ *E-I—RZ *5+RZ y
—alz
2mi(242) =2 / 2ctgzdz =2 / Zfoszdzzéli / mi_mdz
sin z 1—e
3I+Ri 31+Ri 31+Ri
2 2 2

JleBas wacTh He 3aBucHT OT R, a B MpaBoUM YACTHU MOALIHTETPATLHOE BHIPA-
kenme npu R — 400 crpemurcea k —1, a cam maTerpant — k 27. llepexoma
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Ri (N+ %)ﬂ'l

Pwuc. 1. K Boupocy o ToMm, gemy paBHO 242

K IIpefiely, 3aKJIgacM, 970

242 =4. (13)

1 1 1 1
Kaxk BBI mOHUMaeTE, Teneph BHIMUCICHUE CYMMBI 1 + 1 + 9 + % + % +...
mist Hac we nmpobaema. [Ipasga, yaobHee BEMUCAATE YABOCHHYIO CYMMY
o0

> (14)

n=—0o0

rzie mTpux 0603HAYAET, YTO B CyMMe IponyieHo caaraemoe nis n = 0. Pac-

CMOTpI/IM I/IHTeI‘pa.JI
2
s
/ = ctgzdz,

Cn

rae xkouTyp Cpy m3obpaxeH Ha puc. 1 cmpasa (3gecs N — HaTypaIbHOE
Tuca0). Mbl 106aBuUIM B MOABIHTETPATBLHOE BBIPAKEHWE MHOXUTETD 2 /z2,
9TOOBI BHIYETHI TTOIBIHTErPANABHON (PYHKIIMKA CTAIN PABHBI CAATAEMBIM HAIIEN
CYMMBI. AHAJIOTHYIHO MPEABIAYIIEMY BLITUCICHUIO WHTETPAILI IO BEPTUKATD-
HBIM CTOPOHAM KBaIpPaTa COKPAIIAIOTCA, & UHTErPAIBl IO TOPU3OHTAILHBIM
CTOPOHAM KBaPATA CTPEMATCSA K HYJTI0, KCTATH, TOXE W3-32 MEOXKUTes 1/22.
Kpome Toro, mpy N — 400 B KOHTYp IOTaJaeT Bce OOIBINE O0COOBIX TOEK
koTaHreHca. llepexoas kK mpegenry, MBI TOAYIAEM, ITO

9 o

m 11
res,—g 7 Cctgz + E =0
z n
n=—oo
Cam BBIMET MBI yXke dakTudecku moacuutanu B (8). U »To naer Ham eme
OHO NOKA3aTeIAbCTBO (hopMyast (4).
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6. I'-oyHKIIUA

[TpuBegeHHOE BHIMUCACHUE, HECOMHEHHO, OCTABAT HENPUATHBIA OCAA0K B
IyIe HACTOAMEro 3cTeTa. [Ipospatnas uges, KpaTKOCTDb, HECIOXKHBIE WK XO-
POIIIO 3aMACKMPOBAHHBIE TEXHUIECKUE TIOAPOOHOCTH, — BCE BTO TPEKPACHO,
HO oauH WTpux (a uMeHHO: WTpux B popmyae (14)) ceoauT HA HET BCe HAIIM
YCUINA: ¢ CAMOTO HAYAJIA BLIMUCICHWS HAM MPUILIOCH YABOUTL KOJIUTECTBO
CIaraeMbIx!

— Her am y Bac Takoro xe xamara, HO C MEPIAMYTPOBBIMI ITyTOBHIIA-
Mu? — CIPOCUT HAC 3TOT UUTATeNb. — T.e. HeT au y Bac Takou ¢pyHKImum,
0Cc0o0bIe TOYUKH KOTOPOU HAXOMATCA B TOYKAX 1 € N, a BHIUETHI MO-TIPEXHEMY
pPaBHBI equHUIIET!

Ecte. Ecte Takas pysaknus! 1o sorapudmMudeckas mpoussoguas [-pyH-
kium Jdunepal Hy. .., mourn.

Camy I'-QpyHKINIO MOXKHO ONpEIeIUTh BHIPAKECHAEM
400
[(z) = / ¥ e % dz,
0
koTOpoe 3amaeT ee ipu Re z > (0. Ha ocTanbHble KOMILIEKCHBIE 3HAYEHUA 2 €€
MOXHO PACIPOCTPAHUTE, TOIB3YICH (POPMYJIOU MOHUKECHAS

L(z+1) = zI'(2). (15)

NwneeT MecTo crepyromas 3aMedaTeabHan POPMYyIa, KOTOPYIO MOMYIa0T, OT-
TATKUBAACH OT OMPEIEJEHUN U TPOCTHIX CBOUCTB |'-pyHKIINN, TOBOJLHO 3aMEI-
CJAOBATHIMU MAHUMYIANAAMEA C MHTerpajamu (cM., Hanpumep [8, §535-537)):

1
(o, ¢]
I'(z+1) 1= (1 1 )
F(z+1)+0_ 1—t dt_z n  z+n/’ (16)
0 n=1
3aeck C' — 5T0 He KaKas [OIaJ0 KOHCTaHTa, a IMOCTOAHHAA JUiepa. JD1a pop-

IM(z+1)
T
HAM CBOUCTBAMIE: €€ 0COOBIE TOYKY PACIOIOKEHEL, IPAB /A, HE B HATYPAJbHBIX,
a B OTPUIATEJIBHBIX HEJIbIX TOYKaX, HY TaK W BbIY€THBI DABHbI HE €JIWHUIIE, A
MWHYC eIVHUIIE.

Mexay mpotdmM, Bce Tpu HacTu paBeHCTBA (16) moxno mpomuddepen-
opoBaTh IO zZ, & TOTOM INOJACTABUTH 2 = 0, OOJYYIUTCA NEPCHECKTUBHAA 1A
HAIUX Tejaen GopMmyra

MyJIa MOKA3bIBACT, 9TO PYHKIUA TEUCTBUTENBLHO 003, 1a6T HY KHBIMEI

dzT(z+1

dT'(z+1)
)

L o0
Int 1
:/t_ldtzznz, (17)
2=0 0 n=1
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Yy
TN —
_11 0 T _11 0
2 2
4 .
Puc. 2.

KOTOPAs BBIPAXKAET MHTEPECYIOIIYIO HAC CYMMY, BIIPOYEM, HE BIIOJHE TOHATHO
“Yepes 9TO (M KCTATU, MHTErPAJ B CPEIHEN IaCTU (POPMYJILI MBI yKe BCTpetda-
au B maparpade 1). He 6ygem moka gymMaTh 06 3TOM, MBI IOIVIOUIEHBL APYTON
ugeen. PaccmoTpum maTerpan

/F'(z+1) o
20(z+1)
SN

rae Sy — KBaJApATHBIM KOHTYD, U300PAXKEHHBIN HA PUC. 2 CAEBA.

Kaxk BegyT cebsa mHTerpaJnl Mo CTOPOHAM DTOTO KBanparta, xkorga N pa-
crer? VHTerpassl Mo rOPU3OHTAIBHEIM CTOPOHAM ¥ TIO J€BOU BEPTUKAILHOU
CTOPOHE CTPEMATCA K HYJII0, 6Iar0fapA MHOXATEIO z° B 3HAMEHATENIe, II0-
ckoabKy 1o opmyae (16) mogbHTerpasbHas GyHKOUA B DTUX MECTAX HEBE-
auka. Ilepexona x npegeny npu N — +00, moixydaeM PaBeHCTBO

1 1 M(z+1)
Z z
n* 2mi z°T(z+1)
n=1 1
Rez=——
2

OTmeTuM elre OJHO ZOCTHKEHWE HYeI0BeYeCKON MbIcau, ¢hopMylLy Benep-
wrrpacca (cm. [8])

[e.e]
1 cz < f) —z/n 1. -9 _
F(z)—ze H 1+n e , 2€C, z#-1,-2,-3...

n=1
(3pecy C' — mo-npexueMy NOCTOAHHAA Jutepa). U3 oTon Gopmyas B 9acT-

1
HocTH caenyer, aro ['(z+ 1) # 0 mpu Re z > — ¥ TIOITOMY B MOy IIOCKOCTH
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1
Rez > —, ONpEJeneHa OAHOZHATHAA BETBb ¢byukuunu log I'(z+1). Torga npo-
MHTErpupyeM MO JacTAM

1 I'(z+1 1 logT(z + 1
€ 2(Z+ ) dz = = og (z"' )dZ,
2mi z“T'(z+1) i z
1 1
Rez=—— Rez=——
2 2

1 9TOOBLI BLIYUCIATD MHTETPAT B IPABOU 9aCTH, B3006pETeM IO IX0 AN KOH-
Typ (puc. 2 cpasa):

1 /logF(z+1) do —

™ z3

__1
Rezf—2

—§+RZ
logT 1 logT 1
=—— lim / %8 (§+ )dz—l- / = (§+ )d =
T R—-+o0 z
f%fRz Rezzf%
lel=y/R?+5
logI'(z +1
= —2res,_o BLEFD (18)
z

Bropoe ciaraemoe noa mpeaeaoM — HHTETIPAJT IO MOJIYOKPYXKHOCTH — CTPe-
MUTCA K Hyao mpu R — 400 OmATh B CUIY OIEHOK, KOTOPHIE CAEAYIOT W3
dopmyant (16), a MUHYC nIepe IpeseaoM CTOUT M3-33 HEMPABUIBLHOU OPUEH-
Tanuy KOHTypa. Takum o6pa3zoM, IOA IpeneaoM CTOUT MHTETPAJ 10 I'PAHUIe
MOJYKPYTa, KOTOPBIM MBI BEIMACIAIA IO TEOPEME O BHIYETAX.

Ocranocs noacumTaTh BordeT (18) m TyT Hama HaesXeHHAS MAIHUCTPAIbL
YOUPAETCA B TYIUK: CTAHIAPTHBIN CIOCOO BBIMUACIEHUS BBIYETOB ITPUBOIUT
(z+1)
I(z+1)
TMPOUTHOPUPOBAHHON HAME UyTh PAHBIIE (HGOPMY.Ie (17)!

/!
K HEOOXOIMMOCTY HAUTH 3HAYEHUE BHIPAKECHUIA ( ) mpu z =0, T.e. K

7. HEMHOI'O 3IPABOI'O CMBICJIA, BE3EHUA
N KOMIIJIEKCHOT'O UHTETPUPOBAHUSA

Mb1 ero Bce-Taku BBIMHCAMM, DTOT BbMeT. BepHemcs k maTerpady (1).

CrenaeM 3aMeHy IEepEMEHHBIX T = e ':

—+00

1
/lnx d:L‘:/ fdac'
r—1 e’ —1
0

0
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7TZ"J

—mi+

Pwuc. 3.

Paccmorpum xorTyp C) R, m306paxensst Ha puc. 3. [IpomrTerpupyem

2
dYyHKIAIO 571 IO 3TOMY KOHTYDY.
—eF —

B Toukax i HO,quHTePpaJH)HaJ{ (QYHKIUA UMEET MPOCTOU MOMIOC C TIAB-

HOU YacTbio paga Jlopaua . [TosTromy cymma mpeaenoB WHTErPAJIOB IO

x F i
raM, 06XOIAIAM 0COOBIe TOYKKM +74, paBHa 75i. 110 TeopeMe 0 BBIYETax
ru; ) ?

nMeeM

0=n%+ lim Z_di i+ lim / / / / Zdz
r——+0 —e -1 r—>+

R_’JFOOCT R —+0o0 \

PaccmoTpum cymmy mHTErpasos 1o rOpu30HTAIBLHBIM CTOPOHAM KOHTYPA!

. / / Zdz dz
lim
r—+0

R—4o00 \&

R R +oo
) t — i) dt . t+ i) dt —4qrit dt
= hm —_— — hm —_— = —_—
- t—mi t+mi - t_ .
r——+0 —e -1 r—+0 —e -1 e 1
R—+400 ¢ R——4o00 0

NaTerpan mo npaBou BEPTUKAILHOU CTOPOHE KOHTYpa Cr p CTPEMHUTCA K Hy-
JIFO M3-34 DKCIOHEHTHI B 3HaMeHaTene. TakuM o6pa3oM, TIOIyIaeM PaBEHCTBO

) (m—7)i

. . tdt . 22 dz
0 =73 — 4mi ; — lim - . (19)

ee—1 r—+40 e +1

0 (—m+r)i

Temneps 3ameTum, ITO
22 . _i e’ —1 n :
ef+1 2 €41 2’

22 eF—1

npudeM (pyHKIAS 3 o1 HEYEeTHA, U CJIeJ0BATEIBHO, MHTErPaI OT
&
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Hee IO IPOMeXYTKY [(—m + r)i, (7 — r)i] paBeH Hymo. 3HAYAT, MBI MOXEM
nepenucaTh paBeHcTBO (19) B Buge

“+o00

T
) tdt ) 2
47 ; =73 — Z dz.
e —1 2
—71

0

Taxum 06pa3oM, MBI HAXOIUM, TITO

“+o00

tdt _ «*
el —1 6

0

ITo BRIYMCIeHUE HAM monackasana B. lops4ako.

BaKaH‘II/IBa.H TEMYy KOMILICKCHBIX BbI“II/ICJIeHI/II‘/)I, MBI IIpUBEOEM enie OOHO

In(1 —z)

BBIUUCJAECHUE, CBA3AHHOE C MHTETrPAJOM f dx, Ipu TOMOIIU KOTOPO-

I'0 MOXHO COBCEM JIEI'’KO HAUTHU CyMMY OODATHBIX KBAIPATOB HEYETHBIX YUCEI
(MBI moYepHyay 510 BbraucieHue B [16]).

3aMeTuM, 9T0
400 1 £%° &

: at [ Y
St [ fent ]

__1 1Mdzz_1 Tlog1+2)
2 -1 z 2 1 z

MOXHO CIUTATH, 9TO B TPABOU YACTH MBI HHTETPUPYEM HE TI0 OTpesKy [—1, 1],

a 1o HOJIyOpr)KHOCTI/I |z| = 1, Imz > 0. Torpa BBEAEM NAPAMETPU3ALUIO
™

z = ¥t t e |0, 5] n, n3beras He OYCHb COACPKATEILHBIX B JAHHOM CJIYy-

qae BaMeanfo’I o BBIGOpE BeTBM aorapudma, yurem, uro log(l + e%f) =

=In|l + e?| + iarg(1l + **) = In2cost + it. Torma

f 1 __1/1 log(1 + 2) dy —
k+1)?2 2J; z -

k=1
™ ™

= / log(1 + ) dt = —i / ln2costdt—|——
0 0
CpaBHEBasA BEIIECTBEHHLIC ACTH CAMOIO JEBOT'O U CAMOI'0 MPABOT'0 BLIPAXKE-
HMs, MBI OIATL HAXOAWM HAIILYy CYMMY, & CPABHHUBAA MHUMBIE TACTH, IIOJIY-
T/2 s
“aeM PaBEHCTBO fo/ Incoszdxr = —=1In2, xoTopoe, BOpoO¥IeM, HAM HE IO-
2

TpebyeTcs.



156 K. II. Koxacs

8. DPYHKIMOHAJBHOE YPABHEHUE [JIA N3ETA-OYHKIINN

[lo cux mOp MBI cTapaTeabHO OGXOAWIM €Ie OAWH MOAXOJ], IyTh JU HE
CAMBIN BAXHDLIN, K BEIMUCACHUIO HAIen cyMMbl. OG03HAIM

400 1
((s) = Z;
n=1

dta ¢dopmyra 3amaeT GYHKIHIO KOMILIEKCHOU mepeMenHOU ((s) — n3eTa-
¢dyuxumo Pumana — npu Rez > 1. JokazaTeabcTBO TOro, ITO 3Ta (PyHK-
oA aHAJIUTUYHA B yKaBaHHOfI O6Ha.CTI/I, ABJACTCA HECJIOXKHBIM YIIDAXKHCHUEM
AJIsT BTOPOKYPCHUKA. CDyHKHHﬂ AOIMyCKACT AQHAJUTUYICCKOC IIPDOAOJIXKCHUEC HA
BCIO KOMILTEKCHYIO ILIOCKOCTB. Ilomydaerca (hpyHKIUA, IMEOMAS €IAHCTBEH-
HBIN TIPOCTOV TOaIOC B Hyae. Hac maTepecyet snavenue ((2). KeraTn, Bonpoc,
geMy paBHO ((3), MHTEpECyeT BCE MPOrPECCUBHOE IEM0BEYECTEO.

W3BeCTHO (PyHKIMOHAMLHOE YPABHEHWE IIA A3€Ta-PyHKINHA:

((1—s)=2" 7% cos tmsT(s){(s).
YpaBHEHUE, DKBUBAJCHTHOE HANMCAHHOMY, BCTpedaeTcsa (0e3 moka3aTenb-
cTBa) B ogHOM padore duaepa 1749 r. [Isa mokaszaTeabcTBa TOU (POPMYILI
MOXHO TIpovecTs B [5, §4.44-4.45]. Bripasus ((s) u3 mpaBol 9acTu U IOACTA~
BUB § = 2, MBI HAXOIAM, 9TO

(@) = ——S) — ap2(-).

27 1r 2 coswI(2)

Ham ocranocs manTu, 1emy xe pasuo ((—1). A MOCKOABLKY OTBET MBI yXKe
3HAEM, TO JOCTATOTHO IPOBEPUATH HOPMYILY
1

1—1—2—!—3—1—4—1—5—!—...:—5.

(20)

[MosBaenue 31eCh PACXOAALIETOCA PALA, A3 €IIE MAKO020, HE TOMXKHO NIOKHU-
poBaTh unTaTeNa. PaboTa ¢ pacXoaaImmuMAC PAAAMEI U BOOOIIE C COMHUMEAL-
HbiMU OOHEKTAME — HTO OJHA W3 TMOCTOAHHBIX TEPT PabOTHI MATEMATHUKA.
BcemomuuTe, HampuMep, 0 TpOU3BOAAIINX (PYHKIUAX, TPA PabOTE C KOTOPHI-
MM JAJEKO HE BCETIa, 33 JaI0TCA BOIIPOCOM, & ONPeIeeHa, au 5Ta (PYHKIIAST XOTS
ObI B OJHOU TOUKE (KpOME HYJIS; BIPOUEM, 3HAYCHUE TPOU3BOAAICH (DYHKIIN
B HyJIe MaJO KOT'O MHTEPECYeT).

Cama ¢dopmyaa (20) 6euta mssecTHa eme Ouaepy. B kuure Xapau [9,
§13.10] gano AOKa3ATEABCTBO >TOU POPMYIbL, COCTOSALIEE B TOM, YTO MPE/Ia-
TaeTCs CIENMUATLHBIN CIOCO0 CYMMUPOBAHUA PAJOB — METOI CYMMUDPOBAHUI
Pamamymxana, KOTOPBIT 1A CXOAAIMIAXCA PAAOB MAET UX OOBITHYIO CyMMY, HO
KpPOME TOrO JaeT KOHEYHYIO CYMMY LIS IEJTOT0 KIACCA PACXOAAIIAXCA PANOB,
B ToM umucie miasa paga (20). Kpome Toro mpm 5ToM HE OCTaeTCSA COMHEHWH,
9YTO MBI BBIMUCIAeM B TouHOoCcTH ((—1).
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MbI Xe OrpaHmYIEMCA KPACUBBIM, HO TPYLHO (hOPMAIM3YEMBIM BBIBOIOM
dopmyast (20), pakTugecku B ctune [9, §13.12], koropoin npuna qaexut D. Pi-
poni (Mb1 npowin 06 sTom B 3amerke J. Baez B [18]).

o d
Paccmorpum audppepennmanbabin onepaTop D = o PopmasbHOE BHI-
T

TUCJIEHVE 3KCIOHEHTHI faeT HaM dpopMmyay Temmopa

(P )(w) = F(@) + of (@) + S f"(@) + ... = fla + o)

IDTa PopMyJIa XOPOIIO 3HAKOMA, TeM, KTO CABIIIAIL O IPEACTABICHUAX I'PYIILI
lenzenGepra u ee aarebpor Jlu. CymMMupysa HauIeHHBIE BBHIDAXKEHUA TI0 ¢ U
noxcTasaas £ = 0, moaydaeMm

ﬂm+ﬂn+ﬂm+“;ﬂu+£+¥0+mﬁﬂmz< ﬂ))my

1—e

lycts f(z) = =, F(z) = 22/2 — neppoo6pasuas dbyukmuu f(z). Toraa Mer
IMEEM COOTHOLICHTE
D
1+2+3+”.:<1 DFym.

— e

[l1A BLIYMCICHUA TPABOU IACTH OCTAIOCH BOCIOAB30BATHCA OOBITHBIM PA3JI0-
xenmeM Temnopa

u TeM cooOpaxenueMm, IT0 O0mee UeM ABYKpaTHOe nuddepeHnupoBanme pyH-
kv F(z) = 22/2 paer mynn. Dopmyma (20) «rokazanas.

9. UHTErPUPOBAHUE I10 YACTAM

Caenyromee paccyxjeHue Mbl ouepuayan B [3], nepsouctodnuk — [15].
IMycts
w/2
_ 4 (2R 2 . 2%
I, = TSI /:Jc cos”” xdzx.

0
OO6BIYHOE UHTETPUPOBAHKE TI0 9ACTAM JAET PABEHCTBO

w2
4 2K _ .
Iy = SR L) Ly R 2z(1 —sin’z) dz =
m (2k—1)!
0
w/2
2k 4 2k . _ .
= Iy — —- @R 2 (cos?* 2 zsinz) dz =
2%k — 1 © (2k— 1)l

0
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w/2
2k 1 4 2Kk _ .
= ——— I 1— AL _CRE [ g2k z(2zsinz + 2% cos z) do =
2k — 1 2k—1 w (2k—1)!l
0
w/2
2k 1 2 4 2k)!!
== — [ — I — REC) cos?k z dz.
2k — 1 2k — 1 2k(2k —1) w (2k—1)!!
0
[Moap3ysach M3BECTHBHIM PABEHCTBOM
/2
2% T (26—
cos“xdr = - - ———— 21
/ 2 2K’ (21)
0
MBI TIOMY9IaeM COOTHOIIECHNE
1
Ik;_l - Ik; - kTQ .

CyMMupys 5TU COOTHOUIEHUA IO Kk, MBI TIOXyHaeM, ITO
1 1
Ihy—In=14+>4...4+—=.
0~ IN ottt 2

Mocxoavky Iy — 0 mpu N — 400, MBI OKOHYIATEABHO MOTIYIAEM, ITO
1 1 2
1+4-4+...+—+...=lh=—.

+ 1 +...+ e + 0="

10. APKcCUHYC

3uaeTe, Kak packiaansiBaioT B pag Temnopa arcsinz B myme? Odensb npo-
cto. Cuagana ero nuddepeHIupyoT, TOLy IUTCA (1—$2)*1/ 2. D0 BEIpaKeHHe
PaCKIaIBIBAIOT IO OWMHOMY:

(1—$2)71/2:1—<—%)x2—|— zt — O+,

a IOTOM MHTEeI'DUPYIOT, HOAYIaeTCA

. 1 1-3 1-3-5
arcsma:zi—i-—xs—i- $5+ x7+....

2-3 2-4-5 2-4-6-7
Hy xopouro, mogcTaBuM B 00e dacTu T = sint u npounTerpupyeMm no t ot 0
1o /2:

w/2 /2 /2 /2

B . 1 .3 1-3 . 5 1-3-5 .7
—/smtdt—i-lg/sm tdt+2.4.5/sm tdt—|—2.4.6.7/sm tdt+... .
0

0 0 0
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Brruucaenune nHTErpaia B I€BOU YACTH OCTABUM TUTATENIO B KATECTRE YIIPAXK-
HEHUsdA, a U WHTECPATIOB B IPaBOUM YacTu crogurcsa dpopmyaa (21). Uroro

2
™ 1 1
T4t 4+ ——
8 9 (2n+1)2
®danracruka! Mer B3sam 5T0 paccyxgenue B [4] (Takke Kak U paccy X IeHUI

¢ dopmyaon (3)).

11. /IBOWHON MHTEI'PAJI
Caenytomee paccyxXaeHue, npmnaﬁﬂemamee Kanabu, Mbl mpuBogum
0 (2 +1)2
(2k+1)"2 B Buge fo fo (zy)?* dxdy, Toraa cymMmMy MOXHO Tpeo6pa3oBaTh Cle-
ayoumM 06pa3oMm

o [13]. Pacemorpum cymmy Y .20 JamuuieM KaxJoe CIaraeMoe

“+00

Y (L

= dwd
// :chk dxdy—// my

(CyMMy M MHTErpAIBl MOXHO TIOMEHATEH MECTAMU, HATIPUMED, B CUILY MTOJOKU-
TeabHOCTH). Tenmepsh cenaeM 3aMeHy TepeMeHHBIX

sin u __ sinw

- COS v ’ cosu )
3aragodHbIM 06pa30oM BRIpAXKEHUE MO WHTETPATOM IpeBpaTuThes B 1 dudv,
a 001acTh, MO KOTOPOW MPOUCXOAUT UHTETPUPOBAHUE, — B TPEYTOILHUK

™ v
{(u,v) € R? : w,0 > O,u+v < 5}. Takum 06pPa30M, TOLYIEHHBI WHTE-
rpar pasen 72 /8.
EEEEE]
Crenyrommee paccyxgenue B3aTO u3 paboTsl [11] co cKpOMHBIM Ha3BaHU-
em: «/lJokazaTenbcTBO, KOTOPOE ynycTua Durep: Beraucaenue ¢ (2)». Ha camom

Jene, DUiep yIyCTUI TPeALIAYIee NOKA3aTEIbCTBRO.
JamuiuieM CyMMy HAIIETO PAAA B BUAE JBOWHOTO MHTEIPATIA.

00 1 1 pl [+00 ) 1 pl dudy
an:// > ) dmdy://l_x-
n=1 0 J0 \p=1 0 Jo Y

Mser ve 6yaem mpOCIeXRuBATH CyAbOY MOJYyYEHHOTO MHOTOCTPALAJBHOTO WH-
Terpaiza B JeTaliX, 06 3TOM MOXHO MPOYECTh HE TOJLKO B IMHTUPOBAHHOU
paboTe, HO U B MHTEPHETe, HA CTPAHUIKE

http://mathworld.wolfram.com/RiemannZetaFunctionZeta2.html,



160 K. II. Koxacs

B [12] m B apyrux mecTtax. CkaxeM TOJIBKO, ITO MOCIE 3AMEHBI IePEMEHHBIX
T =u—"v,Y=1u-+9 U UHETEIPUPOBAHUA IO ¥, IIOIyIaeTCI UHTer pal

/ ﬁ arctg(ﬁ) du,

Koropei, 3-3-5, 6eperca.

12. Panpl ®YPLE

Cpasy HECKOIBKO CHOCOOOB MOACTETa CYMMBI OOPATHBIX KBAIPATOB JTAeT
Teopud pagoB Pypre. PaccMoTpuM pasmoxeHus

- 4. (="
22 = ?_Fz#cosnw, z € [~m, 7];

n=1
T4 cos(2n + 1)z
|$|:5_WZW’ z € [-m,7l;
1 o0
E(3:z;2 — 6z +277) =) C"Z;’x .z €0,2n]
n=1

7 T. 1. I3 HUX MOXHO Cpa3y HAUTHU 3HAYEHUE HAIEH CYMMBI, TOJACTABIAA O I-
XOLAIIee 3HAYCHUE T.

A u3 pasmoxenui

o0
T— sin nx
2 = E n x e (07277-);
n=1
Zoo in(2n + 1)
T sin(2n T
Z — 7217/4_1 y T € (_7T,7T)
n=>0

7 T. ., MOXHO TIOJYIUTH 3HATCHUE HAIIEH CYMMBI, €CIU IPUMEHUTH PABEHCTBO
[Mapcesaus.

I EEEEE

Crenyromee paccyxgerve (u3 [12]) npunammexur E. Crapky. U3 onpege-
nenma aapa Pemepa cregyeT, ITO

2 n n
sin nz/2 ik
— ] = n—k))e™ =n+2 n — k) coskx.
(Snel2) = 3 (0 ke =423 =)
k=—n k=1
[Hoapsysce sTou HOpMYIOHN, HpOWHTErpupyeM mo npomexyrtky [0,7] dys-
si 2\2

KIINHO III(%) , AJIA 9TOrO yAO6Hee B3ATHh B Ka4deCTBE 77 9€THOC YHUCJO,
sin
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n = 2N, Torga moaydaeMm

N—
T sin Nz 2 2
/o x(Smfv/?) de = Nn Z (2r +1)2 42 2r+1‘

Ninn
N-1

2
™y sin N _n O(logN>' (22)
o 8N sinz/2 8 2r+1 N

r=0

. T
[Mockonbky smg > (L‘/ 7 upu 0 < £ < 7, MBI MOX€EM OIIEHUTH WHTETDAJ B

OpaBOU IACTH

s . 2 N
N T . d log N
Ly < — sin? Na:— — sin? y—y = O(ﬁ).
o 8N \sinz/2 x 0 Y N

[lepexoas B (22) x npegeny npu N — 0o, moaydaeMm pasencTso (10).
Mpyroe paccyxkaenue Crapka, HUIyTh HE GOJE€ UBANHOE, MOXKHO IIPO-
JecTs B [17].

13. dorPMyJIA CYMMUPOBAHUS IIYACCOHA

OTa popMyJaa yTBEPKIAET, ITO

+o0o +oo '
Z f(n) — / Qﬁnwdﬂ?, (23)

n—=——oo N=—00

eCcan (l)yHKHI/Iﬂ YAOBJICTBOPACT PA3YMHBIM YCJIOBUAM AHAJUTUTHOCTH (B 2TOM
cIydae ee TOKA3LIBAIOT KOMILIEKCHOM TEeXHUKOU, HAIIOMHHAIOUIEH PACCyX Ie-
HusA § 5; cM. [2]) mim cymmupyemocTn (TOrga MCIOAB3YIOT TpeoGpasoBaHMe
Dypre; cm. [6]).

Dyuxmus f(z) = —3 HH TOMY, HI APYTOMY YCIOBHIO He yAOBIETBOPACT,

1

nosToMy mpuMmenuM dpopmyay (23) k pynkumu f(z) = Rk > 0, a moTom
a

nepenjeM kK upegeny mpu ¢ — 0. Umeem:

“+00 e?ﬂnil‘ dr _ ™ 6—271"71‘&

— 0 o +ad® a
(omATh BRMUCIEHWE O BhideTaM). CrefoBaTeIbHO, CYyMMa B IPABOM HGaCTH
(23) pasHa

oo o0 —27a

Z ge—mn\a:£+2126—27rna:£+2£. e
a a a a a 1—e 27’

n=—00 n=1
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TakuMm 06pasomM, B HameM caydae ¢opMmyaa (23) IpeBpalmaeTcs B PABEHCTBO

1 < 1 2
™ ™ e
S+2) =Z4+=.
n=1

—27a

n? +a® a a 1—e2m’
YTo XKe MOAYyIATCA, €CAN MLI Teleph mepengeM K Hpegeﬂy? IymaeMm, wIuTa-

1 s
TeJb, HI CEKYHILI HE COMHEBaJACH, OTBETUT: «Z — = z». [Ipasuibuo!
n

14. TEOPUA YUCEJ

Caenyromee paccyxgerue — onaThb u3 [12]. O6o3na4um depes r(n) Koan-
9eCTBO HeHOqHCHeHHbD(FXﬂHeHHﬁ:ypaBHeHHH

2y + 22+t =n.
Xopowo ussectHa dopmyaa gt r(n) (cm., Hanpumep, [1, upega. 17.7.2)):

r(0) =1, r(n) =8 Z m.

"
N
Moxoxum R(N) = ngor(n). Torga
R(N) = 1+8§: Y om=1+8 > mMJ =1+8(0(N) —46(N/4)), (24)
"= "Zf'Z mﬁév’
rae
-l 5 g Bt (1)
m<N mr<N r<N m=1 r<N

Hangem acuMnroTuky gesou u npasou gacten (24) mpu N — oo. O4ueBugHO,
AR(AU — 9T0 KOJIWYIECTBO TOYCK C HEJOYIUCICHHBIMI KOOpAWHATAMU B Y€ THI-
pexMepHOM mape paguayca v N, 5Ta BeIn<amHa ACAMITOTHICCKH PABHA 00~
eMy mapa, T.e. 72N?2 /2. AcmvmroTuka §(N) summa us dpopmysr (25): O(N) ~
~ ((2)N?/2. llogcTapaas otu BemmawHEl B (24), moxy<gaem, ITo ((2) = 72/6.

CIUCOK JINTEPATYPBI

[1] Auepasug K., Poysen M. Kuaccuueckoe sgedenue 6 cospemennyio meo-
puro wucea. M.: Mup, 1987.

[2] Esrpados M. A. Acumnmomuueckue oyenru u yeavie @ynryuu. M.: Ha-

yxa, 1979.



CymMa 06paTHBIX KBAAPATOB 163

[7]

[16]

[17]

[18]

Maxkapos B. M., loaysuna M. T"., Jlogkun A. A., Ilogkopuiros A. H. Us-
Opannvie 3adauu no seujecmeennomy anaausy. M.: Hayka, 1992.

ona . Mamemamuxa u npasdonododmnvie paccyxrcdenus. M.: Hayxka,

1975.
Turamapin E. Teopus gynryui. M.: Hayxa, 1980.

Turamapit E. Beedenue ¢ meopuio unmeepaaos Pypve. M.-JI.: Tocre-
xu3gaT, 1948.

Yurrekep 3. T., Barcon [x.H. Kypc cospemennozo anaauza. HacTsb
Bropas. M.: @usmaTiur, 1963.

Duxrenrons '"M. Kypc dudpepenyuaivrozo v unmezpaspnoz20 ucuu-
caenus. T. 2. CII6: Hesckun duamexT, 2002.

Xapmu I'. Paczodswueca psador. M.: IJI, 1951.

Araom A. M., Armom U. M. Hesaemenmapuvie 3adauu 8 3AEMENMAPHOM
usaoxncenuu. M.: TUTTJL, 1954.

Apostol T. M. A proof that Euler missid: evaluting ((2) // Math. Intel.,
1983. Vol. 60.

Chapman R. Evaluating ((2).
http://www.maths.ex.ac.uk/"rjc/rjc.html

Elkies N. On the sums > 320 . W. arxiv.org/math.CA/0101168
. 1 w2 .
Kortram R. A. Simple proofs for rElire and sinz =
k=1

o) 2
= :Jckl:[l(l - #) // Math. Mag., 1996. Vol. 69. P. 122-125.

(&)

Matsuoka Y. An elementary proof of the formula > ,:7 = % // Amer.
k=1
Math. Monthly, 1961. Vol. 68. P. 486-487.

Russel D. Another Eulerian-type proof // Math. Mag., 1991. Vol. 60.
P. 349.

Stark E.L. The series Y 4o k™°, s = 2,3,4,..., once more // Math.
Mag., 1974. Vol. 47. P. 197-202.

newsgroup: sci.math.research



