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O mpeacTaBIeHNN YUCEI B BUIE CYMMBI IBYX
KB, IPATOB

M. H. Banwu

Kakwe niensie qucia ABAAOTCA cyMMaMu ABYX KBaApaTos? OTBeT Ha DTOT
BOIIPOC M3BECTEH: IUCAO MPEJCTABIAECTCA B BAAE CYMMBI IBYX KBAAPAaTOB TO-
I'/Ia ¥ TOABKO TOT[A, KOTIa B €r0 PA3J0XKeHVE Ha, TPOCThIE MHOXUTEIN KAXK [0€
npocroe 9ucyao Buga 4k + 3 BXoAUT B YETHOU CTEIEHMU.

Kak mavtu npeacraBienune 9ucjaa 1 B BUJAe CYMMBI IBYX KBaapaTos! Ko-
HEYTHO, MOXHO Tepebpars Bee mapsl 0 < z,y < 7 U MPOBEPUTH A KAXKJAON
mapsl paBeHCTBO 22 + y? = n. Heab3sa oy OpuAyMaTh AITOPUTM, KOTODPBIH
pemaeT oTy 33349y ObicTpee?

OPPEKTUBHBIX AMTOPUTMOB JIJISA TIPEJACTABJICHUS IUCAA B BUAE CYMMBI BYX
KBaapaToB moka HeT. Ho 3aada 3HAYMTESBHO YIPOIIAETCA, €CTU W3BECTEH
KOpeHb u3 —1 mo Mogyaio n. B aToM caytuae MOXHO 060RTHCHL 6e3 mepebopa.

AJjrorut™M OPMUTA — CEPPE.
1. Bxoa: n,z, mpudem z2 = —1 (mod n).
2. Tlomaraem ag = n, a1 = 2.

3. K mape wmcen ag, a; npuMeHseM aaropuT™M EBKIWAa, T.e. BBIMKACIIEM
MOCJAEA0BATENBHOCTh OCTATKOB OT JA€JIeHUS 4; HA (Uj41:

Qi = q;Qi+1 + G2 -

4. OCTaHaBJII/IBa.eMCH B TOT MOMEHT, KOI'Ia ABa ITOCJAeJ0BATEIbHBIX OCTAaTKa
HE MPEBOCXOAAT \/Ti: 4 < /1, Gpp1 < /1. DTO U €CTh HyXKHAd 1Mapa
qHCes:

a? + a% 1 =1

Yucaa B mMOCaeqOBATEILHOCTA OCTATKOB, BOSHUKAIOIIEH B aIropuT™e EB-
KIu1a, ObicTpo ybbiBaroT. [looTOMY BBIMHMCICHHUS TO AJATOPUTMY IJPMUTA, —
Ceppe 3aHEMAIOT TOPA3q0 MEHbBIIE BpEMEHH, YeM Tepefop BCEX BO3MOXKHO-
CTeH.

OTxyga Gepercs CBA3b MeEXAy alropuTMoM EBxiuia m mpeacTaBieHus-
MM YMCJI3 B BUIE CyMMBI ABYX KBaApaToB! ECTh 1Ba, COAEPKATEABHO OYEHB
6JU3KUX, crrocoba 060cHOBATEL aaroputM JIpmuta — Ceppe. [lepBoin ocHOBaH
Ha CBA3W MEXAY aJIropuTMOM LEBKIWAA M HeNHLIMU APOOAMM M HCHOIL3YET
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CUMMETPAIHOCTE PA3I0KEHUI B IEMHYI0 Apo6b uwmcaa n/z [2]. Bropoun npea-
noxer A. Ban nep Iloprenom [4] (cMm. Taxxe [3]) 1 ©CHOAL3yeT CUMMETPUIHLIE
pasaoxeHua MaTpur pasmepa 2 X 2. Huxke 5T0 n0Ka3aTEILCTBO M3IaraeTcsa
o ApoOHO.

Mgl omuireM CBA3L MEXIy aICOPUTMOM EBKIWIa M MaTpUUAMEA Pa3Mepa
2 X 2 ¢ moMomb0 QYHKINA «CKOOKIY, KOTOPad ONpeeNeHa Ha TIOCIe[0BATE b-
HOCTAX HATYDPAIBHBIX (MOMOKUTENbLHBIX HEABIX) TUCEN CACAYIOUIAMA PEKYp-
PEHTHBIMEA COOTHOIICHAAME:

H :17 [q]ZQa [QO7Q17Q27---7%]:(JO[QhQQa---aCIn]‘1‘[61%---,%]- (1)

Hampumep, [qo, q1] = qolq1] + [] = qoq1 + L.
Hemocpeacreenro w3 onpejienreHns BUIHO, 9TO 3Ta, DYHKIUA TOJOKUTETh-
Ha Ha JI000H MOCIETOBATEIBHOCTH 0, 15 2, - - - 5 §pn TOIOKUTEABHBIX TEABIX 91~
cen. ITosTomy
[QO7Q17---7(]n] >[q17"'7qn]' (2)

TakuMm o6pasom, u3 (1) caegyer, 4To npuMeneHue aaropur™ma Eskinga k mape
qwmcen [qo, 41,92, .-, qn)s (91,42, .., qn] ZaeT MOCAEIOBATEIBHOCTH OCTATKOB
a; = [giy .., qn], IPX DTOM MOCAEIOBATENALHOCTBHIO YACTHBIX OYI€T G, - - - , In-
OTcroga BHITEKAET CIeIyIOmaa

JIEMMA 1. Ilpedcmasaenue napvi 63auMHo Npocmuz wucet a,b 6 sude

a:[Qan15q27"'aqn]7 b:[q15q27"'aqn] (3)

00HO3HAUNO Onpedeneno.

3aMeTHM TAKXe, 9TO Ta XK€ CaMasd MOCAEIOBATEALHOCTD G0, (1,G2, - - - 5 Gn
BO3HMKAET IIPU Pa3JIokeHuu /b B HenHyo Apoth.

Tar arropurma EBxauga MOXHO IPEACTABATH B MATPUYIHOM BH/IC

a; \ _ (0 1 a;—1 ai—1\ _ (g-1 1 a;
()= () () ()= (5 0) (o)

Mg 6yeM UCIoAB30BATH MPOU3BEAeHUA MATPUI] BTOPOro Buaa. Marpud-
HBIE DJIEMEHTHl TAKUX [IPOU3BEJEHUN JEIKO BBIPAXKAKTCI depe3 cKoOKu || ¢
[NOMOWIBI0 MATPATHOTO PABEHCTBA

(il i) = (o) @iy i) o

KOTOpPO€ NIPOBEPAETCA NPAMBIM BhIducaeHueM. U3 (4) mo maayKumu cregyer,

(AN A ) B (O [ () R O R
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W3 (5) m remmbt 1 creqyeT e AMHCTBEHHOCTE TPEACTABICHAA MATPUIBL 2 X 2

n)-( () o

(KOHEYIHO, TAKOE NPEACTABICHUE CYIIECTBYET HE BCETAA).
Ham norpebyerca caepyomasn semma.

JIEMMA 2. IIycmb ad = b> + 1, a > b > d > 0. Toeda cywecmeyem
eduHCTBENHOE HAMYPAALHOE ¢ TMAKOE, UMO

a b\ [q 1\ [d V) [q 1 M)
b d)  \1 0 v od 1 0
waubo a > >d >0, aubod =0,d =d =1.

[TOKA3ATEJNBCTBO. Jlerko nposeputh, 910 u3 (7) CIeAyIOT PaBEHCTBA
a=d, b =b—qd,d = (a—qb)— q(b— qd):

<(11 (1)> (b_dqd (a_qbgig((ib_ng (;1 (1)>:
- o)-G 1) @

ITooTomy ycrosusa a’ > b’ > 0 osmagaror d > b — gd > 0. Taxum o6pasom,
¢ MOMXKHO OBLITH FACTHBIM OT IEJAOYMUCACHHOTO fAejaenus b Ha d.

Paccvorpum BHawame caygan, korga b e meaurcs Ha d: b = qd + r,
0 < r < d. Ilockoasky ad — b? =1,

/ b/
det <Z, d,) =1 (9)

(sTa MATpPHIA TOTYyHIAeTCS YMHOKEHAEM MATPHUILL ¢ OnpeeanTeaeM 1 Ha aBe

maTpuisl ¢ onpegeaureaem —1). [lostomy w3 @’ =d > 0, b’ =r > 0 caenyer,

aro u d > 0. Kpome Toro, a’ = d > r = b'. OcTanocs npoBepuTs HEPABEHCTBO

r=0>d.Ecmd >V, toadd > (+1)? > b?+1, aro mpotusope-mt (9).
Teneps paccmoTpum caydvau, Korga b geaurcs va d. Torga

ad v\ (d 0
v d)\0 d)°
Oupenennrens >Tou (uArOHATLHONM) MATpPUILI pasel 1, mostomy o = d' = 1.

BaMeTI/IM, 9TO0 JECMMY 2 MOXHO MIPUMECHATH UHAYKTUBHO: IIOJQYyICHHAA MaT-

/ /
puIa ( b d’) aubo eJUHUIHAA, JU00 TOXEe YIOBIETBOPAET yCIOBUIO JEMMEL
[Ipu mocaemoBaTeIbHOM TPUMEHEHUN JEMMBI 2 BHEAMATOHAJILHBIE DIeMEHTHI
yoeBator, Kak BuaHO w3 (8). IlosTOoMy paHo mam moO3gHO MATDHUIA CTAHET
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eIMHWIHON. B pesyabpTaTe TAKOr0O IPOLIecCa MOMYyIAeTCI CUMMEMPUUHOE Pa3-
AOHCEHUEC I/ICXOrZ[HOﬁ MaTPHUIIbI, UMEIOIICEe BU
o 1) (a0 1
1 0 1 0

G- )@ o) (o))
b d 1 0/J\1 0o/ """ \1 O 1 0)
(10)
Teneps BepueMca kK 060cHOBaHMIO anaropurma Jdpmuta — Ceppe. Bes orpa-
HU9EHUA OOMIHOCTH MOXKHO CIUTaTh, 9To z < n/2. Torga k = (224+1)/n < 2.

[TosToMy m3 meMMEI 2 cregyeT CYHUIECTBOBAHUE CHAMMETPHUTHOTO PAa3I0XKEHUI
1A MaTPUIIBL

)=o) (6 (o) (o) (5 o) (4 %1)1)'
A=) = (5 ) (10 (1 o)
(¢ 8)-#-( 062

Smawmr, n = 2 + y2. Tax xax pasnoxenme suga (6) eguncTsenHo, To u3 (5)
3AKMI0YAEM, 9TO T = Qpil, Y = Gpto, TAE G; — OCTATKEA B anroputme HB-
KIM/3, IPUMEHEHHOM K mape ag = N, a1 = 2. fcro, aro a2, < n mpm
k > 1. [lna 3aBeprienns o60CHOBaHUA aaropuTMa JpmuTa — Ceppe ocTagoch
TIPOBEPUTD, ITO a7 > 1 TpH i < N. [ 5TOTO JOCTATOYHO TPOBEPHTH, ITO
an = Qnbni1 + Gpio > /n. U gencteurensHo,

a, = (gnz +9)* > (z +y)° =n+ 2oy > n.

O6o3HaYUM

Toraa,

3AMEYAHUSA.

1. Y mensbix apo6er ecTh €CTECTBEHHAA MeOMETPUIeCKas WHTEPIPETAIAA
(cm., mapumep, [1].) UaTepecuo 6110 OBl BHIPA3UTH SBHO I'€OMETPUYE-
CKUUN CMBICI JEMMEL 2.

2. U3 (11) MOXHO BBIBECTH YHOMUHABIIMUCS BBIIIE (DAKT, ITO PAMOKEHIE
n/z B UenHyio ApoOh CUMMETPUTHO.

3. B kuure [IpBennopra [2] npuBeneHO HECKOIBKO CIOCOGOB DA3JIOXKEHUSI
quCjaa B CyMMY OIBYX KBaJApPaTOB. Bce OHU TaK WUJIW WMHAYEC HUCIOJb3YIOT
PA3JIOXEHNA B IEMHEE ApOOU 1 Hep(PEKTUBHEL B CMBICIE TEOPUU BLIMH-
CAMTENILHON CIOXHOCTH: BpeMa paGOTH COOTBETCTBYIOMMX AITOPUTMOB
DKCTIOHEHIIMAIBHO 33aBUCUT OT [UIMHBI BXOAa (KOTOPaA MPUMEPHO DABHA
JOrapudMy ImCIa, 411 KOTOPOTO HAXOAUTCA IPEACTABICHAE B BUIE CyM-
MBI JBYX KBAIPATOB).
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4. B crydae mpocToro n MMeeT MECTO 3aMedaTeabHad (opwmyraa [aycca,
gokasannas Kouum un Axobmrrasem. llycts n = 4k + 1 — mpocroe,

2\ k

Torga x2 + y> = n. Hecmorps ma «iBHBEID Bug dopmyasr Laycca, oHa
TaKXe He TPUBOIUT K 3P HEKTUBHOMY AITOPUTMY.

T = 1<2k> (mod n), y=2k)z (modn), |z|,lyl <n/2.

K coxanenuio, B [2] He mpUBOAUTCS AOKa3aTeabcTBa Gopmyast [aycca, a
JUIIb COODIAETCSA, ITO W3BECTHBHIE NOKA3ATEALCTBA HE OYEHB MPOCTHL
Boamoxuo, kTo-HUGYAE U3 umTaTenen «MareMaTHIecKOT0 MPOCBele-
HID» OPUIYMAET MPOCTOE MOKA3ATEAbCTBO DTOr0 (dakTa’?

AsTop 6aarogapen FO. A. @répoBy, 3aMHTPUTOBABIIETO €T'0 BOTIPOCOM 06
AATOPUTMAX PA3I0KEHUA IUCAA B CYMMY KBaApaToB, a Takxe V. Borgamosy,
B. Byraenko, B. IIpacosoBy 3a wHTEpPEC K CTATHE U IMEHHBIE 3aMEYIAHU.
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