KOHKprLI A OJIMMIINA IbI

CTyIeHIeCKI KOHKYPC PEIIeHnA 3a,1ad
20042005 rr.

O IPABUJIAX KOHKYPCA

BHUMAHUIO CTYAEHTOB YHUBEPCUTETA MPEIIATACTCA TOMAIIHAU KOHKYPC.
[Togo6HBIE KOHKYPCHI IPOBOAWINCH HEOAZHOKpATHO B mpouuioM. (Hampuwmep,
o koukypce 2001-2002 rr. coobmamocy B «MaTeMmaTnaeCckOM TPOCBEIIEHUNY,
Boir. 7, 2003, c. 177-181.) Cpean ux y9aCTHUKOB €CTh KAK HEJABHUE, TAK W
O'ICHDb JABHUE BBHITYCKHUKYN MaT-Mexa. M ges KoHKypca (B OTIn€Ire OT OIUMITH-
afl) B PELIeHUH 332, B OCHOBHOM, UCCJIEJOBATEILCKOTO XapaKTepa, KOTOPHIE
HE PEIIAIOTCA OJHUM IIPUEMOM, 3 TPeOYIT CEPbE3HBIX W HECIEIIHBIX Pa3Iy-
vun. Koukypce mposogurcs noxa srugon CamkTt-IleTepbyprekoro maTemMaTn-
geckoro obmecTsa. O61ecTBO 06pa3yeT XKIOPK U BHIIEIACT JeHEKHBIE TPU3EI
[IJIA HArPaX JeHus 106eauTeNen.

B xomkypce MOryT TIpMHMMATH yYacTHe CTYIEHTHI BCeX Kypcos. MToru
CpeJu MEPBOKYPCHUKOB MOABOAUINCEH OTAEAbHO. [JONyCcKaInch KOMIeK TUBHEIE
(He Gomee Tpex YeMOBEK) PaGOTHL

Huwxe npuBogsres ycaoBus 3amad koukypca 2004-2005 rr. B mpeanara-
eMOM CIIMCKE MMEIOTCA 330a9h PASANTHON TPYAHOCTH, OT CPABHUTEILHO HE-
CIOXHBIX [0 HEPEIIeHHBIX MPobaeM. YIaCTHUKU MOTYT BHIOPATH 33,a9U TI0
BKYCy W MOJABATH PEIIeHus 4106020 nabopa 3amad, daxce odnoti. [lprwanma-
IOTCA PEIIEeHuA JACTEN 33034, COCTOAMNX U3 HECKOIBLKAX MYHKTOB.

© C.-TIlerepb6yprckoe marematuaeckoe obmectso, IIOMU PAH, Mat-mex CIIGTY, 2004
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YcaI0oBUSI 3AIAY

3AIAYA 1. Jamo muoxectso A C R mosoxurensuon mepul JleGera. dyukius
f: R — R Taxosa, uTo mpu Bcex & € R u mpu Bcex a € A

f(o - a) = f(2) + f(@) - 1.
Joxaxure, uro f(z) = 1.

3Aa1A4A 2. @ymkuua f: (—1,1) — R Geckoneuno auddepeHuupyeMa u 1/ JIro-
ooro k =0,1,2, ... Touka = 0 — eIMHCTBeHHEIN KOpeHb mpomsoguon f(F)(x).
HMokaxure, 9T0
Ve >0 |f|'° =o(f) mpn z — 0.

3AAAYA 3. Jamwr umcaa 0 < a < b. YboiBamomias HenpepbiBHAA (DyHKIUA
y(z): [0,1] — [0, 1] onpenenena yciosuem ¢ — x° = y® — y°. NokaxuTe, 9TO

1lny 72
/0 = =g

3ANAYA 4. B HEKOTOPHIX y3JaX NETOIYNCICHHON PEIeTKA Ha, TIOCKOCTYU PACIIO-
JIOXKEHEBI TOYEYHEBIE NCTOYHWKK CBETA, 3 B HEKOTOPBIX — TO4Ye4HbIe 3acjaoHku. Wc-
TOYHUKHU CBETA 00Pa3yIT KBAIPATHYIO MOAPENIETKY CO CTOPOHOU M | a 3acJIoHKYM —
KBAIPATHYIO TOAPEETKY €O CTOPOHOM N (CTOPOHBI BCEX DEIIETOK MAPaLIeIbHEL
KOOPAUHATHBLIM OCsAM). ICTOYHUK ¥ 3aCJA0HKA HE MOI'YT HAXOQUTHCHA B OJHOU TOUKE.

B onHOM U3 HE3aHATHIX TOYEK TWIOCKOCTHU HAXOMUTCA HAOMo faTenb. Habawoarers
BUAAT UCTOYHUK CBETA, €CJIN HA COCNUHAIONIEM X OTPE3KE HET HU OJHOU 3aCJAOHKMU.
IIpu kakux ornomwenusx M /N pacnojoxeHue peneTok 1 HAbIIO4ATENA MOKeT ObITh
TaKUM, 9TO HAOIIOIATENb

a) He BUAUT HYU OJHOIO UCTOYHUKA cBeTa?

6) He BUAUT HU ONHOTO MCTOYHUKA CBETA BHYTPU HEKOTOPOrO HEHYJEBOT'O YIVIA
C BEPIMMHON B TOYKE, TIe OH HAXOAUTCAT

3ATAYA 5. O6osmauum wepes T enmaranyio okpyxuocts T = {z € C: |z] = 1}.
Jokaxure, 9TO CylIecTByeT Takasa usmepuman yuxuusa f: T — T, aro mis axobou
uaTerpupyemon pyukimuu h: T — T (MOXHO OrpaHUYINTHCA HENPEPHIBHEIMY h) HAl-
IeTcs Takas BO3PACTAONIAS MOCAEJOBATEIBHOCTh HATYPATBHBIX YUCEN N, ITO

/;'fnk(t) —h(t)|dt -0 mpn k— +oo.

(3mecs f™ — OOBIMHOE BO3BEEHUE B CTENEHB.)

3AMAYA 6. a) Jan cdepudeckuil TPEYrOABHUK CO CTOPOHAMY @, b, ¢ U HPOTUBO-
JIEXKAIMAMUA YOIAME g, B, Vs Y TVIB TPEYTOABHUKA CO CTOPOHAME ¢, b, ¢ HA, TIOCKOCTH
obozHauUM «, (3, 7. [lokaxuTe, 94TO

as_ag(ﬂs_ﬂ)"_(’}’s_’}’)'

6) BepHOo 1 aHATOMTYHOE HEPABEHCTBO JIJIA TPEYTOJIBHUKOB Ha [BYX C(epax pas-
HbIx paguycoB? s miockocTu u mwiockocTu JlobadeBckoro?
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3AIAYA 7. a) Jau BemecTBeHHBII MHOrOWIEH P(x,y), umetonmi B Touxe (0,0)
usoimpopanuel Hyas (T.e. P(0,0) = 0 u P(z,y) # 0 B HEKOTOPON MPOKOJOTON
oxpecraocru touku (0,0)). Jokaxure, 4TO CylIeCTBYIOT TAaKUe HATYDAILHOE 7 U
BemecTBeHHoe C > 0, 9TO B HEKOTOPOU OKPECTHOCTH HYJISI BEPHO HEPABEHCTBO

|P(z,y)] > C@® +y*)". (%)

6) Hangure ouenxu naumensiuero nokasarenst n = n(k), k — 400, Takoro 4ro
HEPABEHCTBO (%) MMeeT MeCTO /g BCeX MHOrOUIeHOB P cremenu k.

3Aa1A49A 8. Paccmorpum n-3Hadubie ducia B k-U9HOU cucTeMe cHuciaeHus (mep-
Bou mmppon mMoxkeT 6uiTh u 0). Hazoem wucao xopommm, ecau Jo00bIe IBE €ro Co-
cemame TU(pPEL OTIAIAIOTCA He Gosee dem Ha 1. 14 Kaxaoro n-3HaIHOrO dmceaa A
onpeneaum f(A) kak HauMeHblIee IUCIO HUGD, KOTOPOE HEOGXOAUMO B HEM 3aIEPK-
HYTb, ITOOBI MOJIYIUBIICECA TUCI0 CTATO XOPOIIIM.

a) Jokaxure, 4ro 41s HekoToporo ¢ > () HabmogaeTCs CleayIolee ABIeHue KOH-
HeHTPAIAN:

kinZ\f(A)/ndeO, opu n — 400,
A

rae CyMMa GepeTca Mo BCEM N-3HATHBIM THCJAAM.

6) Mokaxure, aTo qia k = 3 koucramra ¢ papua 1/3 — v/5/15.

B) IloayunTe Kak MOXKHO JydIIue OUEHKA 1A ¢ npu k > 3.

3a1A49A 9. [ycrs Qyuxkuua f HempepblBHA B 3aMKHYTOM €JMHUYHOM Kpyre D
U TOXIECTBEHHO PABHA HYJIO HA €ro rpaHmie. U3BecTHO, 9TO B TOYKAX a U b, Ipu-
magexamux Int D, oHa nMeeT JOKAIbHBIE MAKCUMYMEL.

a) [lokaxure, ato ecm f € C?(D), To B Int D cymecTsyer eme oaHa (OTIHIHAS
oT a u b) cTanuonapHas TOUKa f.

6) Bepuo Ju 3axmouenue nyrkra a), ecm f € C(Int D)?

3AJAYA 10. 3aMKHYTHIE HecaMOIepeCceKaomecs IIaIKie KpuBke B R2 ¢ Kpu-
BU3HOU MeHbIe 1 6ya1eM HA3LIBATL NAGSHbLWU.

a) [lokaxure, 9T0 B Kpyr paaumyca 2.1 HEIb3A BINCATH IIABHYIO KPUBYIO [JIH-
ubl Goabire 100. Haiaure 6osee pasyMHYIO0 OUEHKY CBEPXY JIMHBL ILIABHOM KPUBOM,
KOTOPYIO MOXHO MOMECTUTH B 3TOT KPYT.

6) JlokaxuTe, 9TO B KPYT paauyca 2.2 MOXHO BOUCATH IUIABHYI KPUBYIO CKOJIb
YT'OIHO GOJBIION JJIUHEL.

B) JlokaxuTe, 9TO CymiecTByeT Takoe ducio £ > 27, 9T0 B Kpyr paguyca 2.2
HEIb3s BIUCATH IUIABHYIO KPUBYIO MJIMHBL £.

r) Bepuo su, uro mobbie OBe IIABHBIE KPUBEHIE, JEXKANUE B KPyre GOJBLIOTO
pajmyca, TOMOTOIHEL B KIACCE TIABHBIX KPUBBIX !

3ATAYA 11. Ob6osmaduM 4depes ¢, IOCAEOBATEILHOCTEL dncenl Kararana: ¢, =
L (2") Joxaxure, 110

= n+l\n
Co (&1 Cy Cp
4] C2 C3 Cn+1
det Co C3 . o Cpga =1.
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3AMAYA 12. a) Jokaxure, 9T0 Aus a00ex m, n € N cymecTByeT Takas Hempe-

puiBHAsA Gysxmua f: S — R™ u TOYKY Ty, To, ..., Tn_mio Ha chepe SPL gTo
He cymecrsyer nosopora U € SO(n), gis xkoroporo
f(U‘Z'l) = f(UZL’g) == f(an—m+2)~

6) [MokaxuTe, uTO A1a MO6OW HempepbiBHON (ymkmmm f: S? — R? m gia mo-
6eIX TOUEK Ty U Tp Ha chepe SZ, cymecrsyer mosopor U € SO(2), ana KoToporo
fUz1) = f(Uxs).

B) [okaxwure, 9TO a1a mobou menpephipHOU (ynkmuu f: S? — R mauayrca
TPH TOUKH 1, Ty U T3 Ha cdepe S?, ABIAIONMECS KOHIAMU OPTOB, JJIA KOTOPHIX
f(z1) = f(z2) = f(3).

r) MokaxuTe, 9T0 mid mo6ou HermpepuisHOn bynkmun f: S? — R u aaa mobbix
Tpex TOYeK T1, To U T3 Ha cepe S, cymecTsyer mosopoT U € SO(3), A1 KOTOPOTO
fWUzy) = f(Uzs) = f(Uzxs).

1) Jokaxkure eme nust Kakux-HubGyAb m, n U KOHpurypauud u3 k = n —m + 1

TOYEK &1, ..., Tx Ha chepe S u mobon mempepwBHON (ymKmm f: SV — R™,
4ro cywecrsyer nosopor U € SO(n), a1 koroporo
JWUzy) = f(Uxz) =+ = f(Uxy).

3AMAYA 13. a) HazoBeM BEIYKJIBIN MEHTPATLHO CUMMETPUIHBIA MHOT'OTDAHHAK
B R™ caasuvim, ecan Ha cepe S"T! cymecTByeT GopeneBcKas Mepa j, TaKad 9TO IPH
Bcex € R"

el = / (@, 9) | du(y),

rae gepes || || obozHavena HOpMa, MOPOXK TaeMasg 3TUM MHOMOrpaHHuKoOM. [lokaxure,
9YTO MHOTOTPAHHMK CJAABEH TOrJa M TOILKO TOra, KOIIa BLITOIHACTCA MPUHITHII
YCPEIHCHUA: IIA JIOOLIX TOUEK T1, T2, - - -, Tp € R U JTOOBIX BEMECTBCHHEIX TUCET
A1, A2, ..., A\; U3 YCIOBHUS, 9TO HEPABEHCTBO y  N;|[(x;,y)| > 0 cupasemmmeo nas
moboro y € R™, ciegyer HepaBeHCTBO Y ;||| = 0.

6) OcTameTcsa au B KOHETHOMEPHOM CIyYae YTBEPKICHUE BEPHBIM, €CIU BMECTO
MHOTI'OIPAHHHUKA, B3ATDL J060€ HeHTPAILHO CHMMETPUHIHOe BLITYKIOe Teao?

3A1A49A 14. Iycrs F — pacnpegenenue ua [0, 1], 0 — ero gucnepcus, a jrqg —
YETBEPTHIN MEHTPATLHBIN MOMEHT. /lokaxkuTe, ITO

Ha + 30* < 02,

IpUYeM PABEHCTBO BO3MOXKHO TOJBKO [ BBEIPOXKACHHOI'O PACIPEIETCHUA UIN PAC-
npeaenenus bBeprysim.



