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O HeoTpUIIATENILHBIX TAPMOHIYECKIX (PYHKIIAAX
Ha peIeTKe

II. MToasme

Lapmonuueckot na yeaouuciennot peuremse Z" HABBIBACTCA TaKasd HYHK-
mua f: Z" — R, 3Hadenne KOTOPOH B KaXTOU TOUKE PABHO cpegHeMy apud-
METUYECKOMY OT 3HAYEHUN COCENEN:

n
1
f($17"'7ITL) = % E <f($17"'7$i _17"'71771)+f($17"'7$i+17"'7$n))'
=1
[aHHAd 3aMEeTKA MOCBAIIEHA TOKA3aTEIbCTBY CAEAYIONIEr0 YTBEPK IeHUA,
U3 KOTOPOro, B 9aCTHOCTH, CJAEAYIOT MyHKTHI 6) U B) 3aga4u 5.9 3a1a9HAKA,

«MaTemMaTuIeckKoro MIPOCBEIICHUA) .

TEOPEMA. [apmonuueckas Ha peuiemse Heompuyameabras PynKuyus no-
CTNOAHHKG.

Ananormano ogaOMEpHOMY cay4aio (cM. npeasiaymyio cratbio U. U. Bor-
pauoBa u I'. P. HYenrnokosa) MBI BBegeM omepaTopsl casura X, ..., X, geu-
CTBYIOIIWE HA HAIMKAX PYHKIUAX IO CACAYIOUIEMY TIPABUILY:

(Xif)(xh"wxn):f($17"'7$i+17"'7$n)'

Taxkum o6paszom, X; «caABuUraeT» PacCTAHOBKY YUCET B y3JaX pelmeTKu Ha 1
O 4-U KOOPAUHATE. YCIOBUE TAPMOHUIHOCTHA (PYHKIIUU 3AMUCHIBACTCA C TIO-
MOIIBIO OMEPATOPOB CABUTa KaK

X+ X'+ X+ X+ X+ XD f =20
nin
X1+ X+ X+ X X+ X - 2n)f =0,

rxe 0 — TOXZeCTBEHHO HyJeBad PACCTAHOBKA.

OmnepaTops! cABATA KOMMYTUPYIOT. [105TOMY MOXHO PAcCMaTPUABATE MHO-
rO4wIeHb! 0T onepaTopoB X;, X i_l € JEACTBUTEIbHBIMU KOD(DPUINECHTAME, [IO-
HUMad YMHOXEHWEe ONEePATOPOB KAaK KOMIIO3UIWIO, & CAOXKEHWe W YMHOXeHue
HA YUCJI0 — KAK CJIOXKEHWE M YMHOXeHWe Ha qnucao GpyHkumn Z — R”.

IlepeBoa u pegaxkruposanue U. Y. Boraganosa.

MaTemaTu4eckoe npocsetyerne, cep. 3, sbin. 10, 2006(236-242)
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3aMeTuM, ITO, TPUMEHAI MHOTOWIEH 0T caBuroB X;, X i_l K TapMOHUIe-
CKOW (PYHKIINU, MBI OTATDH MOAYYIAEM TapMOHMYECKYo dpyHKIuo. [Ipu sToM,
ecau KO0>(pdUIueHTH MHOTOYICHA U UCXOAHAA (PYHKIVA HCOTPULATEABHBI, TO
¥ IIOJY9ICHHAA PYHKINWA HCOTPULATECABHA.

Mu1 6yeM BeCTH AOKA3ATEILCTBO UHAYKIIMEHN TI0 1. [[0Ka3aTEIbCTBO Id
n = | TPUBHAILHO, TOCKOILKY OMHOMEPHASA TapMOHMYIECKAA (PYHKINA TUHEH-
Ha, 4 OPPAHUYEHHAA JUHEUHAA PYyHKIUA TOCTOSHHA.

[list ara WHAYKIOAK JOCTATOYHO NOKA34Th, YTO DYHKIHUA [ U3 yCIOBUA
TEOPEMBI yJOBICTBOPAECT HEPABCHCTBY

2n—1)f > (Xo+ X5+ + Xp + X)) f (1)

(mo06HBIE HEPABEHCTBA MBI BCEr1a, Oy €M BOCTIPUHAMATE IOTOYETHO; B 4ACT-
HOCTH, JAHHOE HEPABEHCTBO O3HAMAET, UITO 3HAMEHUWE JeBOU (HYHKIUA B Ka-
XK IOM TOUKE HEe MEHbIIE, YeM COOTBETCTBYIOIIEE 3HAUeHue IpaBon). lencrsu-
TCJABHO, TOT'Ja U3 CUMMETPUU BBINOJMHAKTCA HEPABCHCTBA TAKOT'O XK€ BUa C
3aMEHON MHAeKCa 1 Ha i) IPOCYMMUPOBAB MO BCEM 4, MBI IIOJYINM, ITO

Cn—X; - X' -Xo - X, - =X, - X D f >0,

[Mockoabky 5T0 HEpPABEHCTBO 06PAIIAETCSI B PABEHCTBO, TO OOPAIIAIUCEH B Pa-
BEHCTBO U BCE CJIAraeMble, T. €. IPHU JI000M j

(> (Xi+x7)f =2(n 1)1,
i£]
Sadukcupyem npousBoabHoe ¢ € Z. Torga dpyHkims
fl: ("L‘27"'7$n) = f(a’7$27' "7$n)

ABJAETCA HEOTPULATEILHON FapMOHIIECKOU dyHKImen Ha (1 — 1)-MepHOU pe-
mieTKe, 1Mo IMpegnoJOXECHUIO MHAYKIINU OHA MOCTOAHHA] II0 TEM XK€ IIPpUYINHAM
u QpYHKIINA

for (z1, 23, ... xn) — flz1,a,29,...,2p)

moCTOSHHA. A TOrga U PYyHKIUS f TakXke MOCTOSHHA,.

Ocranoch g0Ka3aThb HepaBeHCTBO (1).
—1

—1
Beegem mMuorowren m(xy,...,2,) = (2n—2) —x9—2z5 —---—Tp—x, 1
o6o3HauuM 4depes M coorsercrByomun emy onepatop m(Xs, ..., X,). Ham
HYXHO f0Ka3aThk, aro M f > 0. 3amerum, aro (M f)(x1,z9,. .., Ty) 3aBuCHT

TOJBKO OT 3HAUCHUN (HPYHKIUYA TPA JAHHOM (PUKCUPOBAHHOM T1.

CymMa cABHTOB BIOIL HepBou KoopaumuHaThl (Xi + X 1) f BBIpaxaetcs
qepe3 cABUTHM [ BAOAbL OCTAJBHBIX KOODAWHAT; WHAYE TOBOPS, CyMMa, IBYX
3HAYEHWU [ B TOYKAX, CAMMETPUIHBIX OTHOCUTEILHO IIOCKOCTH L1 = ¢, BbI-
paxaeTca depes 3HAYeHWA [ B DTOU IIOCKOCTHU. BBIACHUM, KaK UMEHHO OHA
BEIPAKAETCA.
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Beegem mHOrOWIeHBI
po(t) =2, pi(t) =241, prea(t) = (24 )pra1(t) — pr(l).
Honoxum Py = pi(M).
JIEMMA 1. Pof = (X¥+ X7F)f npu mobom k. Kax caedecmeue, Ppf > 0.

HOKA3BATEJILCTBO. Muaykiusa no n. Jaa n = 0,1 yTBepX aeHnNe OIE€BHUI-
mo. [aA OCTANLHBIX 3HAYEHHH 1 W3 ONpPEeAeJeHHA TapMOHUYIECKON (DYHKIIIH
TIOJTY A€M

(XT+ X0 f =
= (XTI F X - X E XX XY - XTR) =
= (XF? XN X+ X X X - 2n) -
(XM XN X+ X X+ X - 2n)) f =
= (XI XY+ M) - (X XTR S =
=(24+M)Py_y — Py2)f = Pf,
9T0 U TpeHOBATOCH TOKA3ATH. O

3AMEYAHUE. U3 nokaszaTeabCcTBa JeMMBL caemxyeT, 9To J100y10 (PYHKIIUIO,
3aJaHHYIO Ha MIOCKOCTH 1 = (), MOXHO TPOJOJXKUTL TapMOHUIECKUM 00pa-
30M Ha BCIO OOJACTDL OMpEJeNeHUd: OHA BOCCTAHABIUBACTCA W3 MOKAZAHHOU
JEMMBI, €CAlU NPeInosoNCUMy, ITO OHA CHMMMETPIIHA OTHOCUTEIHHO DTOU Ke
miockocTu. [Ipu aToM, 09eBUAHO, OHA HE 00A3aHA OBITH HEOTPHUIATEILHON,
Jaxke eclIu UCXOJHbIe TaHHBIEe OLLIM HEOTPHUIATEAILHBIMU.

Tenepsr MbI BpeMeHHO 3a0yeM PO onepaTopsl Py M BBUICHUM HECKOIBKO
CBOMCTB MHOI'OYWIECHOB Py (1).

JIEMMA 2. pg(2cosa — 2) = 2cos(ka).

HOKABATEABCTBO. Unaaykiuma mo k. llpu k = 0 u k = 1 510 0oveBuUgHO.
Ucnonbaysa ompenenseHre MHOTOWIECHOB Py (1), momydaem

Pr2(2cosa —2) =2cosapgri(2cosa —2) —pr(2cosa —2) =
= 2(2cosacos(k + 1)a — coska) = 2(cos(k + 2)a + cos ka — cos ka) =
= 2cos(k + 2)a

U3 [IPEANOIOKCHIUA UHIYKINY. O

3AMEYAHUE. U3 semmer 2 cpa3y Berrekaer, 910 pi(t) = 27} (% + 1), rae
T (t) — muOrOwien Yebbnuéna crenenu k.

JIEMMA 3. pp(t) =2+ (t —t1) -...- (t —t), ede tj = 2COS% —2. Kax
caedemasue, pi(t) =2 nput > 0.
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JLOKABATENBLCTBO. CornacHo JeMMe 2, KOPHAME MHOTO'WIeHa pk(t) — 2
ABIAIOTCA tj = 2 CO8 2% —2,1=0,1,...,k — 1. HekoTopsie ducia BcTpeda-
IOTCA cpefu chmcka t; apaxAanl. Ognaxo, ecmn d = t, = t;, Tor +j =k, u
—4 < d < 0; 3amernm, aTo npu ¢ € [—4,0] BHIIOTHAETCS HEPABEHCTBO

lp(t)| =2 )cos (k: arccos %)‘ < 2,

a p(d) — 2 = 0, nooromy d — BHYTDPEHHAA TOYKA JOKAJIHHOTO MAKCUMYyMa
pr(t) — 2 m, kak caencTBUE, €r0 KOPEHb KpaTHOCTH 2. Takum 00pa3oM, MbI
HACUUTAIN k KOpHEN MHOTOWIEHA Pk (t) — 2; KpoMe TOro, ero CTapiu Koad-

dunumenT pasen 1 (w3 onpenenenwa). Torma pi(6) =2+ (t —t1) - ...« (£ — k).
[Ipu 5TOM BCe t; HENOMOKUTEIBLHBI, OTKY[Aa CJACAYyeT BTOPOE YTBEPKJACHUE
JEeMMBEI. U

ITycTh 1 — HaMMeHbIIIEe HEOTPULATETHHOE TUCAO TAKOE, UTO HEPABEHCTBO
(M + r)g > 0 Bbloassercsa A 410601 HEOTPUUIATENLHON I'aPMOHUIECKON
dynxmun g. 3amernm, ato (M +2)g = (X1+X;1)g > 0 ua semmer 1; mosTomy
7 CyLIeCTBYET U He IpeBocxoauT 2. Tpebyemoe HepaBeHCTBO (1) S5KBUBAICHTHO
ToMy, 9TO 7 = (0.

[Ipegnonoxum, aro r > 0. Pasgenum muorowien pg(t) ¢ ocraTkoM Ha
(t—2(n—1))(E+r):

pie(t) = (t —2(n — D))t +r)qp(t) +ri(t), degry < 1. (2)

JIEMMA 4. qx(t) moxeno npedecmasumo 6 sude

k—2
o) = Ap(t),
1=0

2de A; > 0.

IOKABATEILCTBO. IlogcTasum B (2) t = 2cosa — 2 1 monoxuM 2 = €',
Torga t = z + 271 — 2, a pp(t) = 2F + 27%. CooTsercrsenno, wacTHOE ()
IIPUHUMAET BU /I

ko —k -1
_ 42—z -2
gz + 2 1 _9) = z _1z ri(z _j ) _
(z4+2z " =2n)(z+2 4+ (r—2))

= Ap 2"+ 2T A (TP 2T 1+ A, (3)

OCKOMBKY gk (7 + 27! —2) cUMMeTPIIHO OTHOCHTENBLHO 3aMeHbl 2 — 2~ L. 3a-
meTuM, 910 Toraa qi(t) = Ag—opr—o(t)+- - -+ Ag, mb60 mus 106010 t HAUAETCA
Takxoe (BOBMOXKHO, KOMILIEKCHOE) 2, ITO t = 2z + 2z~ ! — 2. IloaToMy Ham Hag0
NOKa3aTh HEOTPULIATEILHOCTL KOdMPUIneHToB Aj.

IIpu z — oo mmeem

ez + 271 —2) = Ap 02" P+ Ap 323 4 4 Az 4+ Ag + 0(1).
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C gpyrou CTOpPOHBI,

G(z+27" —2) =
_ ¥ n Rz 4271 —2) _
z+zt'=20)(z4+2 1+ -2) (+zl'-20)(+z 140 —-2)
Zk

- z+zt=20)(z+2"1 4+ (r—2) +o(1),

HOCKOJIBKY T (t) He Goxee, 4eM JUHEEH.
SHAYUT, TIPU 2 — OO

Lk

(z4+zt=2m)(z+2"1 4+ (r—2)

= Ap_o2" 2+ Ay 32" P+ A2+ Ag+0(1).

TaBuB £ = 1/z u JOMHOXWB Ha x" °, MOIy4YaeM OpHU & —
IloacTa 1 OMHO a ¥ 72, momy-ae 0

1
(% +1 —2nz)(2® + 14 (r — 2)z)

=Ap o+ Ap_s3x+---+ Al.’liki?) + A()(L‘kig—l-

+o(a"7?),
T.e. A; ecTb Ko>hIUIMEHTHI paga Makmopena QyHKIIIT

1
(2% +1—2nz)(2® +1+4 (r — 2)z)
2 =2 +1 1

= = u(z)v(z).

22 —2nz + 1 . (2 =224+ 1)+ (r —2)z +1) -

[ocTaTouHo AOKa3aTh, ITO paAg MakropeHa KaxI0ro M3 COMHOXUTEIEH

neorpunareten. [lycrs vy > 1, vy = 1/ — Kopau MHOrOWIeHa 12 — 2nx + 1,
TOT 12

2 =2 +1 . (2n —2)z .
2 — 2nx +1 (1 —-v12)(1 — 1az)

o) o0
2n — 2)x vy vy 2n —2 ) 11
=1 ( ( — ):1 T — vyt | =
+ vy — U 1 -z 1 —wox +1/171/2 ; E ; 2

0
2n — 2
=1+ - Z(Vi _Vé)$l7

vy — V2
=1

u(z) =

rae Bce Ko3(p@PuoueHTsI, O9YCBUAHO, MOJOXATCIbHEL.
PacemoTpum v(z). 3ameTnm, 9T0 y paga

1

BCe KO3(PUIIMEHTHl TOJOXKUTEIbHEL. Torga, ecium © = (, TO COMHOXUTETH
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v(z), paBHBIM KBaAPATy TOrO0 PAfa, moJoxuTereH. Ecau xe r > 0, TO

_ z 1 1 1
zv(z) = — _ 2 _ = _ 2 — 3 |-
(z"+1-20)(z*+1+(r—2)z) r\l1—-2z+4+x 1+(r—2z+w

Anamormano IPOBEACHHBIM BBIIIEC BBITACICHUAM, IMEEM

e I+1 _ ,—l—1

rae ¢, (~' — xopHu Tpexunena 22+ 14 (r—2)z (omm ipu 0 < r < 2 KOMILIEKCHO
conpsxkensr). OCTAIOCh 3aMETUTH, ITO

Cl+1 _ C7171
—1
¢(—¢
nosromy s (nencTBuTeabHbIX!) KOoMOUIMEHTOB paga rIv(L) BEPHO HEpa-
BEHCTBO

=[¢M+¢E Y<+,

I+1 _ o—1—1
TR aIN
¢(-¢t ’
a 3HAYAT, U KODPPUIMEHTHI pAaa v (1) HEOTPUIATETbHBI. O

PaccmoTrpum onepatopet Qk = qx(M), Ry = ri(M) n nponssoabHyo HEO-
TPUIATETHHY0 FAPMOHIICCKYIO (DyHKIINIO (.

JIEMMA 5. Ryg > 0.
HOKABATEABCTBO. Umeem

Rig=Pg+(M+71)2n—2—-M)Qrg =
=Pg+(M+7r)(Xo+ X5 4+ X 4+ X, Qg

3ameTum, uTo P;g > 0 u3 memmer 1, a mostomy (Qrg = 0 u3 memmer 4. Torga
npumenerune oneparopa (M + r) Kk TApMOHWYECKON HEOTPULNATENHLHON (DYHK-
mm (X —I—X2_1—|—' 4+ X, + X, 1) Qrg naer croBa HEOTPUTIATETHHYTO DYHKITATO.
Orcoga creyeT yTBepX IeHUe JeMMEL. O

3aBepiIuM [MOKA3ATEABCTBO TeopeMbl. MTak, MBI TPEANOMOKWINA, GTO

r > 0. Torga 0 < ¢ = aI'CCOSTT < 7, W CyIecTByeT Takoe Kk, <TO

/2 < ko < 7. Ilpu srom k umeem pi(—r) = 2coskyp < 0 cormacuo mem-
Mme 2. Kpome Toro, us memmer 3 moaygaem pg(2n — 2) > 2.
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Mogcrasus B (2) t = 2(n — 1) u t = —r, moxyIaem
re(2(n = 1)) = pr(2(n = 1)), ri(=r) = pr(=7),

OTKYy A
() = (2~ 1) + (¢ — 2 — 1) OB Bl
Toraa
Rig = pk(2(;l(;i)i)—+p:(—r) Mg+
pr(2(n —1)) — pp(=7)
+(pk(2(n—1))—2(n—1) D s >g>0,

npuieM KoddduiimenT npu M B 3TOM BLIpaXEHWUW TOJOXUTENCH. Pa3nenus
HA 3TOT KO3(PPUIIUECHT, TOIYIaeM

B 2(n—1)+r B B
(M”’“(Q(” D) -1 - g 2 ”)Wo‘
Oanako
B 2(n—1)+r _ 1) —
P2 = D) 1) gy 2
— 2 —1) )= o gy o

pr(2(n = 1)) = pp(=7)
<2n—1)+r—2(n—-1)=r;
HEPABEHCTBA BBINOIHAIOTCA, 100 pi(2(n — 1)) = 2 > 0 > pi(—r). loxysaem

OpOTHUBOpEtue ¢ BHIGOpOM 7. 3Ha4uT, 1 = 0, 0OTKyga caeqyeTr HepaBeHCTBO (1),
W3 KOTOPOT'O, KaK OBLIO TIOKA3aHO BBIIIE, W CJAETYyET TEOPEMA.

Peter Scholze
e-mail: Peter.Scholze®@web.de



