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Buaaguvupy Muxanrosuay TuxomMupoBy
70 gqeT

B 2005 rogy ormedancs obunen akageMuka Poccumrckon akageMuu ecre-
CTBEHHBIX HayK, mpodeccopa MOCKOBCKOTO ToCyIapCTBEHHOT'O YHUBEPCUTE-
Ta, 3aBEAYIOMEro Kapeapou ONTUMAILHOTO YIPABICHUA W TVIABHOTO PEIaK-
Topa Hamero «MaTeMaTUYecKoro npoCBeleHuss», Baaagumupa Muxanmosuda
Tuxomuposa. TpyaHO TOBEPUTH, ITO HTOMY KPACUBOMY, MOJOXKABOMY U IIOJ-
HOMY 3HEPIUU UEIOBEKY YK€ ceMbaecaT. Biaagumup MuxammoBud mpoaoIKa-
€T aKTUBHO M TBOPUYECKHU pabOTaTh KaK MATEMATUK-UCCICIOBATENb, IATATD
aeknuu He Toabk0 B MI'Y, HO m B HesaBucumoM MOCKOBCKOM yHUBEpCHUTETE,
Ha deTHen mwkoae B [lyGue u (B TekymeMm cemectpe) B BpemenckoM yHusep-
CUTeTe, BIOXHOBEHHO BECTU MHOTOCTOPOHHIOIO OOIIECTBEHHYIO paboTy.

Penkomnerua MII, npenogasareru HMY u Mockosckoro menTpa mempe-
PBIBHOTO MATEMATHYIECKOTO 00pa3soBaHUA XeraioT BraguMmupy Mwuxamnaosu-
9y B MEPBYIO OYepenb TOOpOro 3m0poBbi. HeT HyXIbI ABHO BBICKA3LIBATH
NPUHATHIE B TAKUX CIydagx MPOYUe MoXeJdaHus — 3Hasd Baaguvupa Muxan-
JIOBUYA, MBI YBEPEHBI, UTO W «IAILHEUIINE TBOPUYECKUE YCIIEXU», U «JOJITUE
rOIbI CIACTIAUBON ¥ IUIOAOTBOPHOU XU3HWY O0A3ATENLHO MPUIOKATCA, OBLIO
OBI 3TOPOBBE.

* k% K %k *

Te, xTo yumnaca ma mexmate MI'Y B maTmaecAThble U MEeCTUAECATHIE T'O-
[IBI TPOIILIOTO CTOJETUS, MPEKPACHO MOMHAT CTYAEHTA, & 3aTeM ACIUPAHTA U
accuctenTa Bomomgio TuxoMupoBa — OZHOTO U3 HambOMEee 3aAMETHBIX JIOJEH
Ha dakyiabTeTe. HEOOBIKHOBEHHO KPACUBBIU, CTPEMUTENLHBIA U OTKPBITHIN
9€JI0BEK, OH CYUTAJNCA OJHUAM M3 CAMBIX TAJTAHTIUBLIX MATEMATHUKOB CBOET'O
TIOKOJIEHUA ¥ OBLI, OJHOBPEMEHHO, OTHUM U3 HauboJee aKTUBHBIX 00IIeCTBEH-
HBEIX JeATeled MeXMaTa.

Ero 6oabinas opranmsanuonaas paboTa Mo KOMCOMOILCKOU JUHUU HE BhI-
3BIBAJIA, OHAKO, HU OCY X JIEHUS, HU PA3APANKEHUS CTYJEHIECKON DIUTHI DTOT'0
MEePUOA, B TEJOM HACTPOEHHOU CKEMTUYECKU WM AHTATOHUCTUIECKA K TEM,
KTO COTPYAHUIAT C KOMMYHUCTUIECKOU BIACTEIO. [[eJI0 B TOM, 9TO B CBOEU 06-
[IECTBEHHOU NEATENLHOCTH BOMOASA HE CTPEMWICA K BBINOMHEHUIO YKA3AHUN
AAYIIAX CBEPXY, & HA0O0POT, MOMB30BAJICA CYIIECTBYIOIMIMMU CTPYKTYPaMU
[IJIS TOTO, YTOOBI BOILIOMIATE B XW3HBL IOJE3HLIE WHAIIMATUBLL UAYIINE OT He-
IO U ero Ipy3ed — TexX, KOMY UCIOIHUIOCH ABAANATE K HAYAMY «XPYIIEBCKON



oTTenenm. Pazymeerca, Bomoas He 3aHUMAICT KOMCOMOIBLCKOU PabOTON C TIe-
JBIO CAEIATh KApbepy — BIPOYEM, eMy Obl DTO He YyIaJ0Ch: MapTUUHOU Opra-
Hu3anuu GaKyJIbTeTa O9eHb HE HPABWINCH €0 YEeCTHOCTH U HE3aBUCUMOCTD,
«CBOMIM» OHM HUKAK HE MOTIU €r0 MPU3HATH.

Ho rmaBubiM B oTOT mepumon xusuu Baaguvupa MuxainoBuda — Kax,
BIIPOYEM, U BO BCEU €r0 NATbHEUIIEN XU3HU — ObLIa HaydIHad pabora. EMy B
DTOM OTHOIIEHUM CPA3y MOBE3JI0: YXKe Ha MIANIINX KypCaxX Ha HEro oO6paTui
panManne Aagpen Hukomraesua Koamoropos, n Bomoga ctan ero yaeHnKoM
7 copaTHUKOM. [lepBrie paboThl I0HOTO TUXOMUPOBa, CPa3y MPUHECIIUE My
M3BECTHOCTD, OBLIM BBIMOJHEHBI mOoa pykoBogacTBoM A. H. Koamoroposa, ma
7 B NAJTHHEUIIEM BJIUAHUE €r0 YIATEAd ObLIO OrpOMHBIM. Tak, Tpu W3 MATH
CIOXETOB MAaTEMATUYIECKOrO TBOPYECTBA TUXOMUDOBA, OMUCAHHBIX B CTATHE
[.T. Marapun-Unbaesa (cm. cc. 8-22 HUXeE), MPOJOTKAIOT U PA3BUBAIOT KJIAC-
cuveckue paboTel ero yuurenda. Crour ormeruTh, 9T0 KoaMmoropos okasadn
Or'pOMHOE BiusgHUE Ha Baagumupa Muxaunosuda He TOJBKO B HAYTHOM TLUIAHE,
HO ¥ B YEJIOBEYECKOM — UM B CMBICJE XUSHEHHOU (PUIoCcodpuu, u B OTHOIIEHUN
K KyJIbType.

Bea panpHenmian Xu3HbL BaaguMmupa MuxanmoBmtda OKa3adaCh CBA3aH-
HOU ¢ MeXaHWKO-MaTeMaTudeckuM pakyabrerom MI'Y. 3necs ou cpasy mo-
clie ACTUPAHTYPHI 3AMMUTUI KAHIUJATCKYIO TUCCEPTANWIO, B 36 JeT 3aluTuI
TOKTOPCKYIO, CTAT AONEHTOM ¥ MpodeccopoM, 3aseayomumM Kadeapon. Ka-
deapa ONTUMATHEHOTO YITPABIEHUA ObLTA CO3MAHA MPU €r0 AKTUBHOM YIaCTUU
B 1966 roay. Ilepsrim 3aBenyrommm kadeapou crar akagemuk B. A. Tpames-
HUKOB, OJHAKO C CAMOT'O OCHOBaHMA Kadenpou pealbHO pykKoBoawa Buiamnu-
vup Muxannosud. B 1989 on Bosramasun xadeapy He TOIBKO ge-(pakTo, HO U
nIe-fope.

Kadenpa ontmmansHOrOo ympaBmenums mexmarta MI'Y — mobumoe me-
Tume Baagumupa Mwuxawiosuda. OH cymen TpuBIeYb K HEH BECHMA KBa-
JUPUITPOBAHHBIX CHEIUATUCTOB, B TOM YHUCIE CBOUX JIYYIIAX YUECHUKOB,
CO31aTh HOOPOXKETATENHHYIO TBOPUIECKYIO aTMOC(hEDPY, B3AB HA cebs BCe TPYI-
HOCTH aMUHUCTPATABHOU PaGOTHI B HEMPOCTHIE MPOUIEAIINE W HLIHEITHUE
BPEMEHA.

Bce st roger Baaguvmup MuxaiioBud mpogoakaa 3aHAMATHLCA 00IIe-
CTBEHHOHN paboToM, KaK Ha (aKyJbTeTe, TaK X BHe Hero. M3 pasmoobpas-
HBIX HAIIPABICHUM >TOU IeATEILHOCTH — HEM3MEHHO IOJE3HOU M AOCTOMHON
YBaXEHUsA — Mbl OTMETUM 3I€Ch JUIIbL OMHO: PA0OTY MO COXPAHEHUIO HACTE-
[V MOCKOBCKOM MATEMATHYIECKOU IIKOJBI (M KOHKPETHO HAYIHOTO HACIEIW
A. H. Koamoroposa) u 1m0 MCTOpUM MaTeMATHKH BOoOme. MHOrme moMHAT
3aMedaTeNbHbIE BeYepa MaMATH PA3IUIHBIX MOCKOBCKHUX YYEHBIX, KOTOPOE
OH OPraHU30BBLIBAI W NPOBOAWA B lleHTpaibHOM mOME YYEHBIX, a YAUTATE-
au «MaTeMaTuIecKoro MpOCBEIIEeHns» 3HAIOT DTy CTOPOHY €ro AeiTelbHO-
CTH MO €r0 MUCTOPUYECKUM CTATHLAM, OMYOJIMKOBAHHBIM B HAIleM COOPHUKE:



06 A. H Koamoropoge, JI. C. [lourparuue (Ne2), A. O. T'ensdonge, JI. I'. Illau-
peasmane (Ne4), JI. A. Jliocrepauke (Ne5), A. C. Kponpoge, JI. B. KanToposu-
qe (Ne6), . M. Tenvdange (Ne8), U. ®. [llapeirune (Ne9).

Braguvup MuxanmoBud MpeKpacHBIN CeMbAHNH. Te, KOMYy IIOCYACTINBU-
JOCh OBIBATH B €r'0 TOCTENPUUMHOM JOME, PAAYIOTCA MAPAIIEA B HEM TEILION
aTMocdepe u obmenueM ¢ xenou Braguvupa Muxannosuda Haramen u ¢ ux
OBYMA TOYEPHMU.

BreicTynas Ha BecbMa HETPAJUIIIOHHOM IOOUIEMHOM BeUepe, MOCBAIEHHOM
€ro CeMuACCATUICTHIO, COEHAPUY KOTOPOTO OH CaM W MpUAyMat, Bragwmup
MuxamnaoBud OTMETHI, ITO €r0 XKU3Hb ObLIA YIUBATEILHO CIACTAXBOM. A MBI
MOXeM MOOABUTEL — CUACTIUBOU U APKOU, U MOKEIATEH CAMUM cebe KaK MOXKHO
9ale ¢ Hel COIPUKACATHCA.



[IATEH CIOXKETOB O TBOPYECTBE
Baagnvupa Muxannopuda TuxoMuposa,

['.T". Marapui-NanaeB

MaremaTudeckoe TBOpUecTBO Baamgumupa Muxamnosuda Tuxomuposa
OYeHb Pa3HOOOPA3HO, HO OCHOBHBIE MHTEDPECHI €r'0 CBA3AHBI C TEOPUEU Mpu-
OJIUKEHUN, TEOPUEN HKCTPEMAMBLHBIX 33a9 M BLITYKJILIM aHAIM3OM. B cBO-
e meATeabHOCTH Baagmmup MuxanioBud Bcerga pyKOBOICTBYETCA HUIEEH,
9TO BCE 3HAYUTEILHOE B MATEMATHKE OCHOBAHO HA HEOOMBIIOM YHCIE OOIUX
dyHIAMEHTATHHBIX TPUHIIUIOB, & KOHKPETHBIE PE3yJIbTATHI MOIYIA0TCA HA,
OCHOBE XOPOIIO PA3BUTHIX UCIUCICHUN. 3[6Ch OyAeT MPEACTABICHO HECKOILKO
CIOXKETOB, PACCKA3BIBAIOIIX O MpobaeMax, KOTOPBIMU 3aHUMAJICA Biagumup
MuxaninoBud B pa3HbIE BDEMEHA W TJ€ ero BAUSHUE ObLIO CYIECTBEHHBIM B
CTAHOBJICHUU ¥/UIU PA3BUTHAU COOTBETCTBYIOMIEN TEMATUKU. DTUX CIOKETOB
IATH, U 3TO CBA3AHO, B YACTHOCTH, ¢ TeM, 9T0 Bragumup Muxawmosud io-
6uT, 9TOOBI B IIOOOM CIUCKE (& OH WX COCTABIAET FACTO U 110 CAMBIM PA3HBIM
HOBOJAM) YHUCJIO IIYHKTOB OBLIO KPATHO IIATH.

1. [IODEPEYHUKU MHOXKECTB. B 1936 rogy A. H. Kommoropos BBen moms-
THE TONEPEeTHNKA — BEIUYIUHY, KOTOPAsI XapPaKTEPU3yeT HAWIYUIIee Tpubim-
XKEHME NAHHOTO MHOXECTBA IMPOCTPAHCTBAME (PUKCUPOBAHHON PA3MEPHOCTH.
Omnpegenenne momepevdHnKa TakoBo. I[lycts X — HOpMUpPOBAHHOE IPOCTPAH-
ctBo, C — mogMuOX)ecTBO X U 1 — HEOTPUIATEIHLHOE IEJ0e IUCI0. Bennanna,

d,(C,X) = infsup inf ||z — €| x,
n(C, X) %2285&””3 ¢llx

re mepBas HUXKHAA PPaHb OEpeTcd 1Mo BceM moamnpocTpaacTeaMm L, B X pas-
MEPHOCTY He BBIIIE 7, HA3LIBACTCA N-nonepeunukom no Koamozoposy muo-
acecmea C 8 X.

rﬂ;JI}I TOro, rITO6I:»I JIy9HI€ IMOTYyBCTBOBATH CMBICA 3TOT'O MOHATUA, PACCMO-
TpuM caeayoumi npumep. [Iycts X — mIockoCTh ¢ eBKINUIOBOU HOPMOH | - |
u C — swmnc (cm. puc. 1). Mbr xoruM HawrygmuM 06paszoM npubausuts C'
OHOMEDHBIMU TIOAMPOCTPAHCTBAME (T. €. IPAMBIMU L, IPOXOAAIIAME T€PE3
HOJB). DTO MOXHO MOHUMATEL Tak. PUKCUpyeM Kakylo-HUOyAb mpamylo L m

nycts x € C. Paccroauuem ot z mo L B meTpuke X HA3LIBAETCA BEJIUHU-
Ha d(z,C, X) = infeer |z — £, a Bemmunna d(C, L, X) = sup,cqd(z, L, X)

MaTemaTu4eckoe npoceewetnne, cep. 3, ssin. 10, 2006(8-22)



IaTe croxeroB o TBopuecTBe B. M. TuxomupoBa 9

)

Puc. 1.

— YKJOHEHHNEeM C ot L B merpuke X. Hac muTEpecyeT TO moampocTpas-
¢TBO L, Ha KOTOPOM 5TO yKIOHEHHE MUHUMATBHO. MBI roBOpEM TOrAa, ITO
L ocymectsager Hammy4mee npuOaumxenue samunca ' OMHOMEPHBIMA MOJ-
npocrpaucTBamu. Q4UeBUAHO, 9TO L COBIAAAET C OCHIO abCIMCC M MUHUMAIb-
HOE YKJIOHEHHE PABHO IMHE MAJOU IOJIYOCH BJINICA, UITO B COOTBETCTBUHI
C OIpeAeJeHHEM BHINIE W €CTh l-momepednuk mo Koamoroposy smmumca C' B
€BKJIUJOBOU HOPME.

[Toasrenne paborer KoaMoroposa 03HAMEHOBAJIO HAYAJO HOBOI'O 3TAIIa,
Pa3BUTUA TEOPUU MPUOINKEHAN, CBA3AHHOIO C MOMCKAMU HAWIY 9IIEr0 METO-
[Ia PUOIVKEHUA TaHHOTO (PyHKIMOHATLHOTO Kiaacca. C 1936 roma m BmIOTH
[0 IMIECTUAECATHIX TOA0B IPAKTUYIECKN He OBbLIO MyOJNKAIIMI Ha TEMY O IOIe-
peunnkax. Ho saTeM, moq BIMAHNEM MCCICTOBAHUN, CBA3AHHLIX C IIPOOIEMON
lMuas6epTa o0 cynepnosunuax GpyHKIUU U MOSHOU TOrAa Teopuen madOopMa-
U7, DTa TEMATHUKA CTATa AKTUBHO PA3BUBATHCA.

B sTor mepmon B. M. TuxomupoB mybauKyeT pam paboT, KOTOpPBIE CTa-
JY ONpPEeNeNAIIAMEA A ee naabHenmero passutuid. OH BBeN PAJ BEIUYUH,
KOTOPBIE C PA3HBIX TOYEK 3PEHUA XAPAKTEPUIYIOT ANMPOKCUMATUBHLIE BO3-
MOXHOCTH JAHHOT'O MHOXECTBA (IPOEKIMOHHBIN MOMEPETHIK, THHENHBIN 110
nepevHrK, monepevHnk no [ enbdanmy, mo Bepamrenny n ap.) u moxy<wr pag
KOHKPETHBIX PE3YyJAbTATOB M HUX, OCHOBBIBAsICH Ha paBpa,6OTa,HHI)IX M XKe
METO/IaX, KOTOPBIE BIOCICACTBUN MHOTOKPATHO MPUMEHAIUCH U 0GO06IIATACH
B gecarkax pabor. OnpenemeHHBIM UTOr >TOrO 3Talla CBOEH JeATEIbHOCTH
Braguvup Muxaiiosud nogsen B Mororpadwun [1].

3mech MbI chopMyaupyeMm onuH pesyabTaT B. M. TuxoMmupoBa, KOTOpBIT
JaeT OOIIMY MOAX0] K OIIEHKAM MOTEPEYHNKOB CHU3Y U TMOKAXEM Ha, IPUMEpPE,
KaK OH IPpUMEHACTCA.

TEOPEMA (TUXOMUPOBA O MONEPEYHUKE IAPA). IIycms X — wnop-
MUPOBAHHOE NPOCMPAHCMB0, Lyt — (n + 1)—.Mepnoe nodnpocmpamncmso X,
v>0 uyBLyy1 ={z € Lpy1 | ||z||lx <7} To2da

dp(YBLyy1,X) = 7.



10 I'. I". Marapuir-UnrpaeB

Pacemorpum cregyromuu npumep. Ilycrs X = C([0,1]) — mpocrpanct-
BO HenpepbBHEIX dynkuui z(-) ma orpeske [0,1] ¢ mopmon ||z(-)|c(jo1]) =
= maxyp ) |z(t)], C = WL(0,1]) — wmacc bymkumi z(-) ma [0,1],

YAOBIETBOPAIIAX yCI0BUIO Jlunmwuia (¢ KOHCTAHTOU eQWHWIA), T.e.
lz(t) — z(t")] < |t — t'| mna Beex t,¢' € [0,1]. Tlokaxem, uTo mua m060r0
n>1

dn(W,([0,1]), ([0, 1]) = -

Ouenra cuuzy. O603uaIIM depe3 Ly,11 TPOCTPAHCTBO JOMAHBIX HA OTPE3-
ke [0, 1] ¢ mzmomamu B Toukax ty = k/n, k= 1,...,n — 1. Jlerko nposepuTs,
9ITO PasMepHOCTH L1 paBHa n + 1 u aro ecan x(-) € Ly 41 4 MAKCAMYM MO-
IyJel yraoBbIX KO>(P(MUIMEHTOB 3BEHBEB JOMAHOU Z(+) HE MPEBOCXOANT €/Iu-
manes, 10 #(-) € Wi, ([0,1]). B wactmocrm, ecmn [|l2(-)|lcop) < 1/2n, To
HETPYAHO BHJETH, ITO 3TOT MAKCUMyM MOJIYJIEH HE MPEBOCXOAUT €IWHUIIBI
u srasmat, (1/2n)BL, 1 C WL ([0,1]). OTcoga, yamTemas oqeBuaHOe CBOM-
crBo monepeununka: ecam C7 C Oy, To dyp(Ch, X) < dp(Cy, X), Oynem mmers
o Teopeme TUXOMMPOBaA O MOMEPEYHUKE IIAPA;

dn (WL ([0.11),C([0,11)) > dn (5-BLns1,C([0,1])) = 5

n

Ouenxa ceepry. O603HAMM depe3 L, TOATPOCTPAHCTBO JOMAHBIX ¢ U3JI0-
MaMmu B Toukax Ty = (2k—1)/2n, k =1,...,n—1, u TOCTOAHHBIX HAa OTPE3KAX
[0,71] u [Th—1,1]. Jlerko BugeTs, uro L, — n-meproe npocrpanctso. IlycTs
z(-) € WL([0,1]). Comocrasum >rou dbynkmun aomanyio £(-) € L, Takyio,
aro &(71x) = z(m), k = 1,...,n — 1. IIpocTon mogcUeT MOKA3BLIBAET, UTO
1z(-) — &C)lleqo,) < 1/2n. Torma paccrosmme ot z(-) no L, B MeTpuxe
C([0,1]) Tem Gonee me mpesocxoaut 1/2n, T.e. d(z(-), L,,C([0,1])) < 1/2n.
[lepexonsa caeBa B >TOM HEPABEHCTBE K BEPXHEW rpanm mo Bcem z(-) €
WL([0,1]), a 3aTem K HWXHEH IPaHE MO BCEM TOMPOCTPAHCTBAM Da3Mep-
HOCTY HE BBHIIIE 7, TTOLYIaeM, ITO

dn (W (10, 11), C(10,1])) < 5-

BumecTe ¢ OIeHKOU CHU3Y 3TO NOKA3BIBAET HYXKHOE YTBEPXK ICHUE.

2. CPEIHAA PA3BMEPHOCTb U HAWJIYYIIUE NPUBJIUXKEHUA HA HEKOM-
IMAKTHBIX MHOI'OOBPA3MAX. B Teopum mpubImxeHWu, HaUUHAA C PabOT
C. H. Bepuirenna, u3yIaTcsa TPUOIUKEHAA OTACTLHBIX (DYHKIAUA W KIaC-
cOB (pyHKIUH, 3aAaHHbIX Ha Bcen npamon R. Cam BepHmrenn BBen qis sToro
HEKUU AHAJIOT MPOCTPAHCTBA, TPUTOHOMETPUIECKUX MOJMHOMOB, & WMEHHO,
npoctpanctso B, (R), o > 0, koTopoe mpeacTaBiseT cOO0U CyKEHU IETbIX
dyskumn f Ha R, ymosaeTBopsommx ycaoButo: miasa aoboro € > (0 mHaumercs
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rakoe uucao C; = C.(f) > 0, uro maa Bcex z € C BHIIOIHAETCA HEPABEH-
ctBo |f(2)| < C-exp(o + €)|z|. DxBuBanenTroe onpegerenne B, (R) Takoso:
5TO COBOKYTMHOCTE (dyukiul f Ha R, y kKoTopex npeobpazosanme Pypre (kax
06001eHHON GYHKIUK) COCPEIOTOYEHO Ha OTpeske [—o, o|. B mocaexyromme
rO/IBI TIOABUINCH APYTUE CPEACTBA MPUOIMKEHUA KIAacCOB MYHKIMNA HA MPsI-
MOU, HATIPUMED, MPOCTPAHCTBA, CILIAMHOB U BEUBIETOB. KyCOYHO-TOCTOSHHBIE
(pyHKIIUY U JOMaHBIE — MPOCTENIINE TPUMEPHI IPOCTPAHCTB CILIAMHOB. JTHU
npocTpancTBa U OpocTpaHcTBa B, (R) 6GeckoHEIHOMEpHBI, a CTaHIAPTHLIE
KIACChl (DyHKIUN (CKaxeM, COOOMEBCKME KIACCH (DYHKIMU HA TIPAMOW), 11
NpUOIAKEHUA KOTOPBIX OHU UCIOIb3YIOTCA — HEKOMIIAKTHHL. Kak B »Tou cu-
Tyalludl CPABHUBATH PA3IUYIHBIE CPEACTBA MPUOIUKCHUAA!

OauH uX BO3MOXHBIX TOAXOJOB OCHOBAH HA MOHATUU CPEIHEN PA3MEPHO-
CTH TMPOCTPAHCTBA, UCTOKA KOTOPOTo BocxomaT K paboram K. Illemnona mo
Teopuu MHGOPMAIMN, Tle OH [aj ONpEeIeIeHNe (IHTPOIUN HA eIUHUILy Bpe-
MEHW» CIy9IanHOTO CUTHAIA HA MPAMOU ¢ OTPAHUIEHHBIM CIIEKTPOM (T. €. pea-
JM3AIUY 5TOr0 CUCHAJIA KaK pa3 ABraooTca saementamu By (R)). B 1956 roxgy
A. H. Koamoropos MoauduuupoBat 5TO OIpeeeHue IId HNOAIPOCTPAHCTB
OOBIYHBIX (He CIy9YalHbIX) (DYHKIUM.

ITepBbIU pe3yabTAT B 3TOM HANPABICHUW — DHTPONUA HA €IWHUILY Bpe-
MeHn orpaHuveHHbx GyHkmun n3 B, (R) — 6bur morywen B. M. Tuxomupo-
BuIM [2]. Brmocaencrsun Bragumup MuxanmoBud BBeJa XapaKTEPUCTUKY IOJ-
MPOCTPAHCTBA, AHAJOTUIHYIO KOJIMOTOPOBCKOU, HO OTIPABJIAKLIYIOCA HE OT
DHTPONUM, & OT MONEpeYHMKa 10 KOIMOTrOpOBY, KOTOpas W MOTYYIUIN Ha-
3BaHUE CpeIHen pasMepHOocTH mpocTpancTBa. CyTh nena Takosa. Hadmem c
npocroit curyanuu. Iycrs L" — mpocTpancTBo MoMambIX Ha R ¢ m310Ma-
mu B Toukax {kh}, k € Z, h > 0. [lasg mo6oro T > 0 o6o3HaduM dUepes
L% cyxenune npocrpanctsa L wa orpesox [—T,T). Jlerko mpoBepuTsh, 9TO
pasmepuocts LY pasma 2T/h + 3, eciu T/h — menoe, u 2[T/h] + 3 (rae
[T/h] — wemas uacts T/h), ecim T/h — Hememoe, U OTCIOAA JETCKO Ce-
ayeT, aTo limy_yoo(dim L) /2T = k1. Dro wmeno m maswBaeTca cpemmeit
Pa3MEpPHOCTHIO (WM PA3MEPHOCTHIO HA €AWHMUILY BPEMEeH”) IpoCTpancTsa, L
(3aMeTUM, ITO MBI, OYEBU/HO, OIYIUM TOT K€ PE3yJbTAT, eCIu OyAeM pac-
CMATPUBATH, HAIIPAMED, TOJIBKO OCDAHUYEHHBIE JOMAHBIE). JTa MPOIEIypa
(c 3amenon B mocaemmen (Gopmyse mpegena Ha HUKHAU MPENET) TMO3BOIAECT
ONIPEIEIUTh CPENHIOID PAa3MEPHOCTH JI000r0 MPOCTPAHCTBA, CyXEHUe KOTO-
poro Ha [T, T| xoneunomepso pusa scex T > 0.

Curyanusa HECKONBKO CJIOXKHEe, eCIM CyXEeHUe MOAIPOCTPAHCTBA HA
[T, T] He KoHEIHOMEPHO. B 5TOM Cilyduae mMOCTYmaeM CIeoyIOMmuM 0Opa3oM.
Mycts L — mogmpocTparcTBo, ckaxem, mpocrpanctsa CP(R) orparmienHbx
HENPePHIBHEIX ByHKIUE 7(-) Ha mpaMoit ¢ Hopmolt ||2(+)|| s r) = supser |2 (2)]

u BC"(R) — eaunwansiit map 8 C°(R). O6ozmasum wepes (LN BCP(R))r —
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cyxenne MHOXecTBa L N BCP(R) ma orpesok [—T,T| u OpemoIoKmM, <ITO
sro cyxenue komnakTHo B C([—T,T]) (upocTpaHCTBO HEIPEPHIBHBIX (hyHK-
muit Ha [—7T,T] ¢ oberauon HOpMOU) ans Kaxgoro T' > 0. Torga ero MoxHO
¢ M1000U TOYHOCTBIO MPUOIM3ATH KOHEIHOMEPHBLIMU MOAMPOCTPAHCTBAMHA W
3HAYUT, qid JI000ro £ > () KOHEeYHA BEeAUINHA

K.(T,L,C*(R)) = min{n € Z | d,((L N BC*(R))7r,C([-T,T))) < €},

rae d,((L N BC*(R))r, C([~T,T])) — n-nonepeunux no Komoroposy Muo-
xectsa (LN BC?(R))r B merpuke C([—T,T)]). fAcro, aro K. (T, L, C*°(R)) —
MUHIMAJIBHAA PA3MEPHOCTD HOAIPOCTPAHCTBA, AIIPOKCAMUPYIOIIEr0 MHOXKE-
cteo (L N BCY(R))r ¢ TowHOCTHIO 10 €.

Jlerxo mposeputs, uto dyukmua ¢ — K, (T, L, C°(R)) me BospacTaeT mpu
kaxgoMm T > 0.

Cpenneir pasmepHocThio mpocTparcTea L B C°(R) masoseM Bermammy

—— ... K(T,L,C°R
dim(L, C*(R)) = lim lim inf K@ LO®)
=0 T—o0 2T
Jlerko mposepuTh, uTO ecau cyxenume L ma [—T,T] xOHEYHOMEDPHO, TO
MAHHOE ONpeeTeHre PABHOCHIBLHO OMPENeNeHU0, TAHHOMY BBIIIE.
B TepMmmHax cpegmen pasmepHocTH pesyabTar B. M. Tuxomumposa, o Ko-

TOPOM T'OBOPWJIOCH BBIIIE, 3BYIUT TaK
a

dim(B,(R) N C*(R),C*(R)) = ~.

ey

IIycrs v > 0. Torga orcioga m w3 TpPEABIAYIIErO CJAELyeT, 9TO ecam h
U 0 TakoBbl, uT0 1/h = 0/m = v, TO CpeAHUE PA3MEPHOCTH HPOCTPAHCTBA
OTPAHUIEHHBIX JOMAHBIX U IIPOCTPAHCTBA OrPAHUIeHHBIX GyHKIUY u3 B, (R)
paBHLI V. PaccMaTpuBas Bce IpOCTPAHCTBA (PYHKIUA HA IPAMON, Y KOTOPLIX
CpemHsAs Pa3sMEPHOCTH He MPEBOCXOAUT U, MOXHO I'OBOPUTH O BBIOOpE HAU-
JIydIIero Cpeau HUX [JId IPUOJMXKEHWYM TOrO WIM MHOTO KJIACCA (PYHKIMHU Ha,
npamon. Todree roBopsa, MOXHO ONpPEAEINTh CPEIHUN V-Tonepedruk mo Koi-
MOI‘OpOBy n ,qpyPI/Ie CpeqHue MONnepeIHnKN U ITIOCTaBUTH TE€ XK€ BOIIPOCHI, ITO
n B KOMHaKTHOﬁ CI/ITya,III/II/II TOYHBIE N ACUMIOTOTUYECKN TOYHBIEC 3HAYCHUA
DTHUX MOMEPEIHUKOB, S3KCTPEMAIbHBIE IIPOCTPAHCTBA U T. II. DTO OIPEIEINIO0
HOBOE HAIIPABJIEHUE B TEOPUM MPUOINKEHUN — HAUIY IIIUE TPUOIUKEHUS He-
KOMTIAKTHBIX KIACCOB (PYHKINN. 3AeCh MOIYIEHO MHOT'O UHTEPECHBIX PE3Ylh-
TaToB. B HacTosAmee BpeMsa HamboJdee aKTUBHO DT TEMATHKA PA3BUBACTCA B
Kwurae.

3. IMpuHOun JIATPAHXKA. B 1897 rogy JlarpanX BBICKa3ad CIeIyOUAN
IIPUHITAIL: ((ECJII/I nimeTca MaKCUMYM WIN MUHUMYM HeKOTOpOﬁ (I)yHKIII/II/I MHO-
MAX TePEMEHHBIX IPU YCJIOBUM, 9TO MEXIYy STUMU MEPEMEHHLIMA HMEETCA
CBA3b, 3adaBacMasd O THUM WJIN HECKOJIBKVMU YDABHECHUAMU, HY KHO HpI/I6a,BI/ITI)
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K QYHKINM, O KOTOPOU T'OBOPUIOCH, (PYHKIINM, 3aAa0IIMe YPABHEHUA CBA3M,
yMHO)KeHHI)Ie Ha HEOIIpEOEeJCHHBbIC MHOXUNUTEAU, U NCKATh 3aTEeM Ma,KCI/IMyM n
MUHUMYM HOCTpOQHHOfI CyMMBI, KaK eCinu 6I)I IepeMeHHBIC 6I)IJII/I HE3AaBUCUMBI.
[Tony<1eHnnble ypaBHEHUA, TPUCOEANHEHHBIE K YPABHEHUAM CBSI3M, MOCIYXKAT
A ONpeNeNeHns BCeX HEU3BECTHBIX).

O6aymbIBasg HEOOXOMUMBIE YCIOBUA SKCTPEMYyMa B PA3IUIHBIX 33Ja9TaX,

JIa, MTUMU I/IXB,I?IJIOBI/I‘I nopuuiejga K BBIBO 9TO 3TOT NpUMHIUII (€CJaIU IIPU-

Bran M AY,
IaTh €My IyTh 6OJee PACIIMPEHHOE TOJIKOBAHWE) UMEET YHUBEDCATBLHBIA Xa-
pPaxTep: TPpAKTUYIECKU BCe HEOOXOAWMBIE YCJIOBUA SKCTPEMYMAa MOTYT OBITH
¢dOpMaAILHO BBEIBEIEHHI, MOJAL3YACH perenToM JlarpaHxa.

CioBa Jlarpauxa OTHOCHINCH K 3a0a<MaM BUIA,

fo(x) = extr, fi(x) =0, i=1,...,m,

rae extr o3HaYaeT MO0 MAKCUMYM, 160 MUHUMYM. COTVIACHO PEKOMEH IAllN-
AM Hago cocraBuTh ¢yHkmuio (pyHknuio Jlarpamxa) NaHHOM 3aKa€u:
L(z,A) = > " Nifi(z) (pasymHO cTaBUTH MHOXUTETs My fo; DTO HEKOTO-
poe mpoaBumxkeHue co BpeMmeH JlarpaHka, HO, OpaBaa, €MUHCTBEHHOE), TI€
A= (Xo,..., A\y) — HABOD «HEOHPENEICHHBIX MHOXUTEAH (MHOXUTEen Jla-
rpanxa). lamee HATO MCKATH MAKCHUMYM W MUHUMYM GyHKIuE L MO T (KaK
eCaIn 61)1 nepeMeHHbIC 6I)IJII/I HE3aBUCUMBDY, I 9€r'o CHa'YaJa Ha A0 BBIIMIUCATH
HEOOXO IUMBIE YCIOBAA DKCTPEMYMA: PABEHCTBO HYII0 YACTHBIX IIPOU3BOTHBIX.
Ecmu f; — dyHKIMM N mepeMeHHBIX, TO MBI TOIy9IuM 7 ypaBHeHuu. OTHOCH-
TEIHLHO MHOXWUTENEU \; DTU yPABHEHUA OJHOPOLHBI U MODTOMY ONUH W3 HUX
MOXHO CIMTATDb, CKaXKeM, PABHBLIM €IMHUIE. B pe3yabTaTe uMeeM n—+m ypas-
HEeHuU (M YPABHEHWU CBA3M) A HAXOXKIEHWS 7 + 11 HEM3BECTHBIX. TOYHBIN
pesyabTar (IpaBmio MHOXUTEREN JlarpanXka) 3ByIUT Tak: ecau Gyrwkyuy f;,
i=0,1,...,m, nenpepvieno Jufdepenyupyemvt 8 HEKOMOPOT OKPECMHOCMY
mouku T u 8 2moti mouke JOCMULAEMNCA AOKAALHBIT IKCPEMYM, MO HAli-
demcesa makoti nenyaesoti nabop muoxcumenet Jaepanwrca X = (Mg, ..., Am),
umo T ydosaemsopaem coommowenuio Ly(T,A) =0, m.e. D" N fH(Z) =0,
ede fl(Z) — npoussoduvie (epaduewmur) dywkyud f;, 0 < i < m, 8 mouke T.

Pa.CCMOTpI/IM TEIEPh TaK HA3BIBACMYIO 3441y ONTUMAJIBHOI'O yIIDABICHUA

"t a(t), ult) dt > min, b= o(tzu), ult) € U,
to

x(tg) =T, I(tl) =T, (3].)

7 IONpo0yeM MOHATH BU HEOOXOJUMBIX YCJIOBAM MUHUMYMA B DTOU 3a1a4e,
crenysa ¢popManbHO pekoMeHganuam Jlarpamxa.

B srou 3agage f u p — PpyHkmm Tpex nepemMeHHbIx, U — HEKOTOPOE MHO-
®KECTBO Ha IPAMOU. [lepeMeHHasa u HABBIBAIOTCA YIPABICHUEM, a L — Ha3zoBon
nepeMenHOU. THTEpEC K TAKOTO COPTA 334a4MaM BO3HUK B MATUAECATHIE IO
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MPOLLIOTO BEKA B OTBET HA 3AMPOCHI MPAKTUKA: TPEGOBAIOCH ONTUMAILHO
(B TOM WIM WHOM CMBICJAE) YOPABIATEH PA3IWMTHBLIME MPOUECCAMU, YIUTHIBAA
€CTECTBEHHYIO ONPDAHUYEHHOCTH PECYPCOB (MATEPUATLHBIX, SHEPTETUIECKIX
u T.1.). B HameMm caydae mpormece onuceiBaeTca AuddepeHnnaibHbIM YPaB-
veruem i = @(t,z,u) (HA «BXOm mOmaeTca ympasreHue u(-), Ha «BBIXOIE
noryaaem z(-)). Mbl xoTuMm HaUTH Takoe ympasiaeHue (), 9TOOBI COOTBET-
cTByomasa (Ha3oBas mepeMeHHasA T () B HAYAIbHBIN U KOHEUIHBIM MOMEHTHI Bpe-
MeHH t( ¥ {) IPUHUMAJIA 3HAYEHUA T( U L1, ITOOLI U(+) AL Kax goro t € [tg, t1]
HE BBIXOJUJIO 33 TPeeTsl MHOXECTBA, U (0TpaXxaiomero OrpaHnIeHHOCTD Ha-
X BO3MOXKHOCTEH) W, HAKOHEIl, YTOOLI 5TO yIPaBIeHNe GLLIO OIMTUMAIBLHO
B TOM CMBICJIe, ITO mHTerpanl Ha mape (Z(-),u(-)) IpUHUMAT MUHUMAIBLHOE
3HAYEHUE.

Heobxogumble ycioBus MUHUMYMa B MOAOOHOU 3aqade ObLIU MOJYYEHBI B
MATAIECATHIE TOABI ¥ MOLY YA HA3BAHUE MPUHINNIA MakcuMmyMa [loHTpara-
Ha. JTO OMHO U3 HAUOOJIEe APKUX JOCTUXEHUN TEOPUU DKCTPEMATBHBIX 3a,1a4.

Bynmem cmorperts ma 3agaqy (3.1) kak Ha 3amady MUHUME3AIUYA QYyHKIAA
OBYX mepeMeHHbIX Z(+) u u(+), yI0BIETBOPAIONMX COOTBETCTBYOIIIM O DAHY-
genuaMm. Orpanudenue & (t) — @(t, z(t),u(t)) = 0, t € [to,t1], MOXHO BOCIpH-
HAMATH KAK KOHTHHYYM PABEHCTB, KaXI0€ W3 KOTOPBIX HANO YMHOXWUTL HA
«HEOTIPEIEIEHHBIN MHOXUTENb), KOTOPBI 0003Ha MM (caeays Tpagumun) p(t)
7 (CIOXUTBY, T.€. IPOUHTErPUPOBATL. TaxuM 00pa3om, pyHKiua Jlarpanxa
sagaqu (3.1) mmeer Bupg

L(z(-), ul-), M) :/t 1 Ao f (8, z(t), u(t)) + p(t) (&(F) — @(t, z(), u(t))))di+

0

+ po(z(to) — o) + pa(z(t1) — 21),

rae A = (Ao, p(+), po, 1) — wabop muOXMTenen Jlarpamxka. [Tycrs (Z(-), u(-))
— pelreHue 3ajaqu. Beimumem HEOGXOAUMBIE yCAOBAS MUHUMYMa (QyHKIUA
Jlarpamxa B sTou TOUuke oTHeabHO 10 z(-) 1 mo u(-). Ilo z(-) — »To Tak Ha-
3bIBaeMas 3ajada Bombla — cTaHgapTHaA 3ajada KIACCHIeCKOr0 BAPUAIN-
OHHOT'0 ucuncjaeHus. Ecium 0603HaIUTh 1epe3 L moabIHTer paabHyIo (pyHKIUIO,
TO HEOOXOAUMBIE YCIOBHA B DTOM 3a1ae UMEIOT BUJ

—2Li)+ L) =0 & pt) = -pF) - 2flH)  (32)

(rme Em(t) = L;(t, (), 2(t),u(t), Ao, p(t)) ¥ AHATOTMYHO MIA OCTATBHBIX
(DYHKIMU C KPBIIKON) 1
Li(to) = po, Li(t1) = —p1 & plto) = po, p(t1) = —pur. (3.3)

Herpynuo nposeputs, 9To ecau 4(-) gocraBiser MUHAMYM 0 4(-) QyHK-
nuu Jlarpamxa, TO HEO6X0AMMO (M TOCTATOYHO), YTOOBI B KAaXAOU TOYKE f,
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rge ¢ysknusa u(-) HempepbiBHA, GyHKIMa L gocturana MuauMyma o u € U
B Touke U(t), T.e.

min (Ao (t, 7(t), u) — p(E)o(t,3(0),u) =
— Mf (£ F (), (1) — p()p(t, (1), (1), (3.4)

Mox®H0 3anmucaTh 3TO BHIpAXEHWE B (pOpMe MAKCUMyMa, MOMEHAB 3HAKU
nepen Aof # pp HA TPOTUBOMOIOKHBIE.

Coornomenus (3.2), (3.3) u (3.4) (B dopme MakcuMyma) U eCTh IPUH-
oun MakcuMmyMma, [loHTparmHa nis gaHHOU 33gadu. TOYHY (POPMYIUPOBKY
He Oy/JeM MPUBOAUTD, HO CYTh €€ (Kak W B mpaBuie MHOXuTeren Jlarpamxa)
B TOM, 9TO CYIIECTBYET TAKOW HEHyJeBOU HAOGOP MHOXmTenen Jlarpamxka A,
9TO BBINOAHAIOTCA yeaous (3.2)—(3.4).

Pemmenne KOHKpETHBIX 3a7a9 HA OCHOBE NMPUHINMA JIarpaHXka TIpOUCXO-
OUT, KaK MPABWIO, TO CJAEAYIOMEN CXeMe: BBIMUCHIBAIOTCA HEOOXOTUMbIE
YCIOBUA DKCTPEMYMA, TOTOM OHU AHAIU3UPYIOTCA U B PE3yJIbTATE HAXONAT
(IIOI03PEBAEMBINY HA DKCTPpeMyM O0BeKT (ckaxkeM, ¢yukuumio). [Tocre sToro
IPOBEPAIOT, UTO HAUJAEHHLIN O0OBEKT NEMCTBUTEILHO €CTh pellleHne TAHHON
3agaqu (B cregyromeM cioxere OyaeT paccMOTpeH npumep). Baxuo npu sTom
OTMETUTH, ITO 339aCTYI0 HAM HYXHA JUIIb CTPYKTYPa HEOOXOMUMBIX YCJIO-
BUM, JJIA €YEr0 BIOJHE NOCTATOYHO BAAJCHUA MPUHIUIOM Jlarpamxa, a He
BHAHUA COOTBETCTBYIOIET0 TOYHOrO Pe3yabTaTa. bosee Toro, MHOT I, TAKOT'O
pesyabTaTa MpOCTO HET, a NPWHIOWI JIarpaHka MaeT NPABAILHBIN OPUEHTHUD
U PEIIeHUA 32 Ja4N.

B Tedenun muormx mer Baamuvup MuxaumoBud mpomnaraHAupyeT IPWH-
nun Jlarpanxka Kak >Pp@EKTUBHBIN MPUEM [/ PEIIeHUA CAMBIX DA3JIMTIHBIX
DKCTpEMANbHBIX 3a1ad. K coxanenuio, moka ero uaes: «I[louTtwm Bce sKCTpe-
MAaJbHBIE 33Ja9M YCTPOEHBI OJAWHAKOBO W PEIIAIOTCA CTAHJAPTHO» €IIe He
«oBIamena maccammy. /[0 cux MOp HOABAAIOTCA PaOOTHI, MOCBAIICHHBIE DPe-
[IEHWIO TOW WIM WHOU DKCTPEMATHLHOU 330a49M, KOTOPHIE CYTh YIPAXHEHUSI
Ha TpuMeHeHrme mpuHIUNa Jlarpamxa. OcoGeHHO BaXHO TOHUMAHWE MTPUH-
numa Jlarparxa aas «1roTpebuTeneny TeOPUM SKCTPEMyMa, (MHXKEHEPOB, DKO-
HOMUCTOB, YIPABIEHIEB), KOTOPHIM 3Ta TEOPUA SKCTPEMYMA, MIPEOTHOCAT-
¢ KakK HAGOp OTAEIbHBIX PEIENTOB [JiA PEeIIeHUuA 33a0a< TOrO WIA WHOTO
THUIIA.

Pasnuvnbie BOOpPOCH TEOpUM 3KCTPEMyMa, B HaCTHOCTH, mpuHIuUI Jla-
rpapxa Bragumup MuxawjioBud MpOAyMBIBAI CO MHOTMMU CBOWMY YYIEHU-
KAMU U KOJUIIETaMU, ¥ B TIEPBYIO O¥Yepenhb 3/1eCh CIefyeT Ha3BaTh Alekcanapa
Nasugosuya Modpde n Baagumupa Muxannosuyua Anekceesa.

CucreMaTnveckoe U3I0KEHNEe HEOOXOMUMBIX YCIOBUU DKCTPEMYyMa B Pas-
JUIHBIX DKCTPEMATBHBIX 331a9aX C TOYKYU 3PEHUA MPUHINA JIarpam®xa MOX-
HO HauTu B MoHOrpaduu [3].
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4. HEPABEHCTBA [ MPOU3BOIHLIX. HepaeHncTsa BuIa
125 e,y < EllzOE, 2™ O, 7y (4.1)

rire 0 <k<n,1<pgr<oo, T=R wmm Rua >0, >0 (umpu sTom
a m 3 ONHOBHATHO ONPENETAITCA mapaMerpamu k,n,p,q,T), HA3BIBAIOT
HEPABEHCMBAMY KOAMO20POBCKO20 MuUna Wil Hepasencmaamy Janday — Koa-
mozoposa. Takoe HazBaHme CBA3aHO ¢ TeM, IT0 B 1913 roay IJ. Jlangay moka-
3an HepaBeHCTBO (4.1) mma cnywan k=1, n=2,q=p=r=oouT =Ry n
HaIIeJ HAWIYYIUIYIO (T.e. HAUMEHBIIYIO U3 BO3MO)KHI)IX) KOHCTaHT K B 9TOM
HEPABEHCTBE, KOTOpasd OKaszaiach pasHou 2, a B 1938 roay A. H. Koamoropos
HAIlEJ TOYHYIO KOHCTAHTY B HepaseHCcTBe (4.1) mma mobbIX menbix k u m,
1<k<n,gq=p=r=oc0ouT =R

Hepasenctsa Buga (4.1) mpuBiekanu BHUMAaHAE MHOTMX W3BECTHBIX Ma-
remaTukos (A namap, Haae, Xapaw, Jlurraesyn, [lomma u ap.). Bemreck un-
TepeCa K 3TUM HEPaBEHCTBAM MPDOU30MICH B IMIECTUACCATHIE T'OABI IIPOILIOTO
BEKA B CBA3U C 3a0a9€d O HAWIYINIEM TPUOIMKEHUN HEOTPAHUICHHOTO OIe-
paropa (06erTHO omepaTopa audHepeHIMPOBAHNA) OTPAHNIEHHBIMUA OMEPa-
Topamu, nocrasreHHon C. B. CredykunbiM. BbLI MOMyYen psag HOBBIX TOYHBIX
pesyabraToB. Hepasencrsa (4.1) urpaioT BaXHYIO POIb B PA3IUIHLIX BOIPO-
CaxX aHAMU3A U TEOPUU TIPUOIUKECHUN.

Haxox fenre TOYHOM KOHCTAHTHI B TAKOM HEPABEHCTBE PABHOCUILHO pe-
[IEHWIO CACAYIOIEN SKCTPEMAILHON 33, 4N

le® O,y = max,  foOll,m) < 10Ol <2 (@2)

oA ao0erx v > 0 m 2 > 0.
B nmagane cemumecaTeix rogqos B. M. Tuxomupos nmocrasmi 001y 3amady

1Dz (ML, (1) = max,  [[D¥z()lp, 1) <%y i =1,...,m

(rme D® — onepaTop (BoobIIe roBops) ApobGHOro nuddepenuupoanusd, T —
HE TOJBKO MPAMAA WIN MOJYTIPAMAA, HO, CKAXKEM, OTPE30K WJIN BCE TPOCTPAH-
crBo R") m mpeanoxmn uccaeaoBaTh €€, OMMPAACh HA OOIIME MPUHIAIEL TEO-
puu SKCTpeMyMa. IIpu 3TOM OCHOBHAA IeJb, KOTOPYIO MpecaenoBat Biaamu-
Mup MuXammoBu, 3aKII09AIaCh B TOM, ITOOBI HCITBITATEH BO3MOXHOCTH 3TOU
TEOpWUM, TAK KAK IPU PATAIHBIX P; MOJAEIUPYETCA MPAKTHIECKA BECH CIIEKT]
32,184, KOTOPBIE B HEM M3YIA0TCA (33,1490 BAPUAIUOHHOTO UCIUCACHUS, O TH-
MAJIBHOT'O YIIPABICHUA, BBITYKIbIE 330891, 303491 ¢ (hpa30BBIMUA OI'PDAHUICHH-
avum u T. 1.). He mocrequion poas urpasa, KOHEIHO, M DCTETHIECKAA CTOPOHA,
Jesa: TOYHOE pelleHre KPACUBOU SKCTPEMAIBHON 3aJaMU — BCErJa HEMAJIOEe
Y IOBOILCTBHE.

Yepes HEKOTOPOE BPEMA BHIACHUIOCH, 9TO (PAKTUIECKN BCE PEIICHHBIE K
TOMY BpeMeHHU 331241 Bua (4.2) npefcTaBagioT cO601, IO CYyTH Aela, YIPaXK-
HEHUs Ha MPUMEHeHue mpuHiuna Jlarpamxa. Boaee Toro, Takou ecrecTBeH-
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HBIZ TOAXO] (pelIeHre SKCTPEMATLHOU 3aJaMi METOAAMU TEOPUU DKCTPEMY-
Ma.) MMO3BOJIWI CPpady YBUAECTH BO3MOXHBIC O606III6HI/I£[ TIOJYYICHHBIX PDE3yJ/JaIbTa-
TOB, IPDOABUHYTHCA B PEHICHUU HOBBIX 3a0aT U YBUOETH CBA3U UX C APYTrUMU
3aa9aMU TEOPUU TIPUOIUKEHUN.

B kadecTBe mpumepa HaUJeM TOYHYIO KOHCTAHTY B OJHOU TOCTATOTHO
MPOCTOU CUTYAIAU, HO TPUA DTOM BAXKHO 3aMETHUTDb, 9TO CXEMa PACCY XK JICHUN
OyZeT TaKOW Xe W MPHU A0KA3aTEeAbCTBE JI000r0 APYyroro HEPaBeHCTBA, T
MOXHO TOJYYIATH TOYHBIN OTBET AHATUTHUYIECKH.

HoxaxeM TOIHOE HEPABEHCTBO

lz()len ey < V22O g 13O s, » (4.3)

CIIPABEIMBOE A BCEX JOKAJILHO abCOMIOTHO HEMPEPHIBHBIX (T.e€. abCOMI0T-
HO HEIpPEPLIBHBIX Ha Kaxka0oM oTpeske) pyukuuu z(-) € Ly(Ry ), y koTOpBIX
nepBas npousBogHaa () Taxxke npuaammexut Lo(R, ). O603mamMM 5T0 IpO-
crparcTBo Tepes Wi (R,).

Paccvorpum ma W1 (R) srcTpemambyio 3agacy

z(0) — max, / 22(t) dt < 1, / #2(t) dt < 1. (4.4)
Ry Ry

Ecau Mb1 Hanaem pemtenue Z(-) 5Tou 3a1a4u, Ha KOTOPOM OTPAHUYEHUA 00pa-
WAKTCA B PABEHCTBA, TO JOKAXKEM COOTBETCTBYIONIEE TOYHOE HEPABEHCTBO.
Newrcreurersro, mycts z(-) € Wi(Ry) u z(-) # 0. Torga merxo mpose-

puts, wro dymkman y(t) = ax(bt), rae a = () Ly@ ) 1) Lo@e) ™"
ub = 201/ I12()|zyr,) ABAAETCH MOMycTEMOU B (4.4) M MOdTOMY
y(0) = az(0) < z(0), wrm
. 1/2
2(0) < Z(0) l2()I 7, ey 1 )||L2 (Ry) " (4.5)
OTciofa crefyeT, 9TO CIPaBEJIUBO TaKOe HEPABEHCTBO
1/2 1 2
le) ez < EON2ON e, IO, (4.6)
B camom gene, ecmu ams mekoroporo T(-) € Wi(R,) aro mepasencTBo He

BBIIIOJHAETCA, TO HaugeTca Takoe 7 € Ry, uro ZT(7) Gyaer Goablre IpaBou
qactu B (4.6) mpu z(-) = Z(+). Ho Ha dyukuun z(t) = T(t—7) 3HaeHNe IpaBOK
qactu B (4.6), oueBnano, He Goabure, ueM Ha T(-), a Tak kKak z(0) = Z(7), ToO
OPUXOAUM K MIPOTUBOPEIMIO C HEpaBeHCTBOM (4.5).
Urak, gia gokasarenscrsa (4.3) ocramocs HauTw peureHue 3agadn (4.4)
1 yOeIUThLCA, ITO ero 3HAYMEHUe B HyJe paBHO /2. Dymrkmnua Jlarpamxa 3aga-
u (4.4) nmeer Bug

L@(),\) = Aoz (0) +>\1</R+ 22(1) di — 1) +>\2</R+ #2(1) di — 1),
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rge A = (Ao, A1, A2). Cormacuo mpumnuny Jlarpamnxa, ecau Z(-) — pemre-
aue (4.4), TO HAMAETCA TAKOWU HEHYJEBOU BEKTODP A, 9TO dyHKIua Jlarpan-
XA yAOBIETBOPAET HEOOXOAMMBIM YCJIOBUAM MWHUMYyMa B TodUke Z(-). 3ama-
ga MuHEME3anuu Gyakumu Jlarpamxka — »To 3agada Boabma (o kKoTopon
FOBOPMIOCH yXK€ B MPEAbIAYIIEM CIOXKETe), MPaBAa, Ha GECKOHETHOM MPOMe-
xyTke. He obpaias Ha 5>TO BHUMaHWsA, BeIIUIIEM (HOPMATLHO HEOOXOAUMbIE
ycaoBua MuHUMyMa. OHE 3aKIOYAIOTCA B TOM, 9TO JOMXKHO BBIMTOIHATHCA
ypaBHEHUE JWIepa:

—2X\Z(t) + 2\ Z(t) =0 (4.7)
U yCIOBUE TPAHCBEPCAJIbLHOCTH:

2X27(0) = Ao. (4.8)

[Ipoarnamu3upyem mosrydeHHBIE COOTHOMEHWA. BO-IepBhIX, A1 1 Ao HE pas-
HBI Hy10, u60, ecim A\; = 0, To w3 (4.7) cregyer, aro au6o A = 0, au60
Z(-) = 0. B nepBom cayqae m3 (4.8) BriTekaeT, aT0 Ag = 0, T. €. BCe MHOXKHTe-
am Jlarpanxa PaBHBI HYJIO, 9TO HEBO3MOXHO. BO BTOPOM CIydae momrydaem,
aro Z(t) = at + b. Ho »ra dpyukuus ve npunanmexut Lo(R, ), ecim ab # 0, a
ecm ¢ = b =0, To Z(-) = 0, 9T0, OIEBUAHO, TOXKE HE TAK IO CMBICILY 32 TA4H.
Amanoruvnbie paccyX JeHUsA MOKA3LIBAIOT, IYTO U Ay % 0.

Mamee, A\ 1 Ay TOMKHBI OBITH OTHOT'O 3HAKA, TAK KAK B IPOTUBHOM CJIy4ae
HUKaKoe HeTpuBuaabHoe peurerue (4.7) ve npunagiexur La(R, ). ITockonbky
B coorHomenusax (4.7) u (4.8) muoxurenn Jlarpanxa ompeneneHsl ¢ TOYHO-
CTBIO 10 HEHYJEBOT'O COMHOXUTENA, TO MOXHO CINTATE, ITO A1 > 0 1 Ay > 0.
Torga u3 (4.7) crenyer, a0

7(t) = Cre~VAPet 4 Gpev/Miat

Ho #(-) € Lo(Ry), mosromy Co = 0 1 Tem cambiv Z(t) = Cre” VA/A2t Tak
kak Z(-) # 0, To orcioga Beirekaer, 9o Z(0) # 0 u mo CMBICTY 3242497 SACHO,

aro Z(0) < 0. Torga u3 (4.8) moxywaem, aTo A\g < 0 ¥ MOXEM CIATATH, ITO
Ao = —1.

Koucranter Cp, A} u Ao Hangem u3 (4.8) u cOOTHOIIEHUT

/§2(t)dt:1, /f?(t)dt:L
Ry Ry

DJEMEHTAPHBIN TOACIET MOKA3LIBAET, UTO

~ — 1
$(t):\/§e t, >‘1:>\2:m-

fcwo, aro T(+) € Wi(R,).
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[okaxeMm Tenepb, 9TO GyHKIMA Z(-) JEUCTBATEILHO SBIAETCA PELICHUEM
sagaqu (4.4). Ona ynosrersopseT ypasuenuio (4.7). YMHOXUM 06€ €ro acTn
ua z(-) € Wi(R, ), npomnTerpupyem mo R, , 3aTeM mpowHTErpupyeM B mep-
BOM CJIAraeMOM MO dacTaM') u mogcTapuM BMecTO Z(+), A, Ao UX BEIPAKCHNA.
Torma momywum, aTo mus Beex x(-) € Wi (R, ) nmeeT mecTo TOX1ecTBO

2(0) = /R el - /]R el

(cmpaBeIMBOCTD KOTOPOTO JErKO MIPOBEPUTH ¥ HEIOCPEACTBEHHO).
IIycrs x(-) — ponycrumas dyuxuus B 3agade (4.4). [To nepasencrsy Ko-
um — ByHakoBckoro

1/2
wm(/fwﬁnmmﬂw
Ry

1/2
_ . 1 1
—%ée%@ O ) < = + = = V2
+

2 2

Ho z(0) = V2 u cregosarersuo, 7(-) — pemenne 3azaqun (4.4). Hepasen-
cTBO (4.3) mokazaHo.

OTHOCATEIBHO MOAXOMA, OCHOBAHHOI'O Ha HpuUHIMIE Jlarpanxa, K 3a/1a-
JaM O HEPABEHCTBAX [/IA MPOM3BOAHBIX U UX B3AUMOCBA3AM C APYTUMU 3414~
qaMu Teopuu NpubIuKeHun cM. B [4].

5. BBIOYKJIBIA AHAJIN3. BRINyKIBIM aHAIN3 — pasfgel MaTeMaTUKU, TIe
U3y4val0T BBIIYKJ/JIbICE MHOXECTBA, BBIINYKJIBIC (I)yHKIII/II/I " BBIITYKJBIE OKCTDE-
MaJbHBIE 33,aNH.

Pa6orer Baagumupa MuxanjaoBrda, M0 BLITYKIOMY AHAIN3Y OUY€HbL Pa3HO-
00pas3Hbl U CBA3aHBI KaK COOCTBEHHO C Pa3BUTHEM 3TOU AUCIUILIAHBI, TAK
7 ¢ TPWIOKEHUAMU €€ K 33Ja9aM TEeOpUM TPUOIUKEHUN U TEOPUU DKCTPe-
Mmyma. Ho Bax®HO m TO, 49TO 1O BIUAHUEM STUX PpabOT CHOPMUPOBAICI
OTIpeNeNeHHBIN B3TIAL HA MPEIMET BBIMYKIOTO AHAIA33, KOTOPBIA OKA3AJICA
BEChbMa ILIOJOTBOPHBIM, 0COOEHHO M mpuioxenun. CyTh 3TOr0 B3MIALA CO-
CTOUT B TOM, ITO OCHOBHOE COAEPXKAHUE BHIMYKJIOTO AHAIU3A — DTO COOT-
HOIIIEHUS TBOUCTBEHHOCTH A HEKOTOPOTO HAGOPA OMEpATOPOB U MOPOXK [EH-
HO€ MMU BBHINMYKJIOE ucyucieHue. [[oACHuM CKa3aHHOe Ha MPUMEpe OmepaTopa
CONPAXKEHUA ANA KOHYyCOB M 3aTeM IIPAMEHHUM 5TO K BOIPOCY O KPUTEPUAX
CYIIECTBOBAHUA PEIIEHUN CUCTEM JUHENHBIX HEPABEHCTB.

l)qu/ITbIBaJ-I 4TO (byHKuI/m mw Wi (Ry) orpaHI/meHbI [lencTBATENBHO, fo z(r)z(r)dr =
= z? fo 7)dr. CuregoBarensHo, 2f0 r)i(r)dr = z2(t) — 2%(0). Orcioga,
HpI/IMerIH HepaBeHCTBo Komn — Bymsxosckoro, momyunmm HepaBencTso x> (1) < z2(0) +

+2 (fR+ z2(7) dr) (fRer: (T) dr) e s Beex t € Ry .
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O6o03nauum gepe3 R" o6bIvHOE €BKJIMIOBO MPOCTPAHCTBO BCEX BEKTOP-
T1

CTOIOIOB T = < : >, a 1epe3 (R") — eBKIUZOBO MPOCTPAHCTBO BEKTOP-
T

CcTPOK Y = (Y1,. .. ,Zn) Ecmy € (R™)', To oToOpakenue & — y-o = Y » | Uil

€CTb, OYEBUJHO, JUHENHLIN (PYHKIMOHAL 1 TI000U JUHENHBIA (HYHKIMOHAI Ha,

R"™ MoxeT OBITH MpPENCTABICH B TAKOM BuAe. TakuMm 06pazoM, MBI OTOXI6-

creasem (R™)" ¢ mpocTpaHCTBOM BCeX JMMHENHBIX (QYyHKIMOHAIOB HA R u TO-

sopuM, uto (R")" — nBoucTBenHOE mpocTpaHCcTBO K R™.

Conocrasum kaxaomy eeimykiaomy komycy C' € R" komyc C* € (R")
(KOTOPBI HA3BIBAETCA COMPAXEHHBIM KOoHycoM K () mo dopmyne: C* =
={ye R |y-xz >0, Ve € C}. Jlerko BuAETH, ITO HTO BHILYKILIN
koHyC (m maxe 3aMKHYTHI). COOTBETCTBYIOIMUE OMEPATOP OOO3HATUM « ¥ ».
[ToBTOPHOE TPUMEHEHHUE HTOr0 OePaTOPa NPUBOAUT K KoHycy C** = (C*)* =
={zeR"|y-x >0, Vy € C*}. daementapuo nposepsaercsa, aro C' C C**.

CooTHolleHre TBOMCTBEHHOCTH A TAHHOT'O OMEPATOpPa COCTOUT B TOM,
910 ecau C' — 8binykablll 3aMKEHRYMBLTG KOHYC, MO

o = O (5.1)

[loka3aTeasCTBO €CTh MPOCTOE CJACACTBUE TEOPEMBI OTAEAUMOCTH TOIKU OT
3aMKHYTOT'O BBIIIYKJOT'O MHOXECTBa.

Ecmu C u Cy — Beimykabie koHyCHI, TO, oueBuauo, C1 + Co u Cy N Cy
— TakXe BBIMyKJble KOHYCHL. [lamee, eciu C — BBINYyKAbIM KOHYC B R" u
A: R" - R™ — jqunenHbIn onepaTop (KOTOPHIX GyAeM OTOX JECTBIATE C €ro
MaTPUIEN pa3Mepa. 17 X N B CTaHgapTHBIX Oazucax R u R™ u o6o3Ha9aTH TO
xe OykBou), To 06pa3 (mpoobpas) C' npu mencTsum A, KOTOPBIT 06O3HATAM
AC (CA), ectsb cHOBa BHIIyKIbIZ KoHYC B R™ (R™).

Brimykioe ucaucienne misa JaHHOTO CIydas — 5TO (POPMYJIBL AJIA COMPS-
XEHHBIX KOHYCOB TOALKO UTO OMpPEAETEeHHBIX onepanui. /[j1s Toro, 9To6ul ux

BHIMUCATH onpegeaum eme oneparop A*: (R™)" — (R")" — conpaxennbinn k
A, peuctsytomun no npasury A*y = yA. Utak, GOpMYIbl BHITIAIAT TaK:
(a) (Cl N 02)* = Cik + Cék (b) (Cl + 02)* = Cf N C;
(c) (AC)" = C* A" (d) (CA)" = A*C™.

Dopmyast (b) n (c¢) cupaBegnusbl 6e3 Kakux-1ubO IPEANONOKEHUN (U IPO-
BepsoTca 6e3 Tpyga). [laa cupasemiuBoctu dopmya (a) u (d) Tpebyrorcs
JOTIOMHUTENBHBIE TIPETIONOKEHUA, HO OHU 3aBEJOMO BBIOTHAIOTCA, €CIW CIH-
TaTh, 9TO KOHYCHI TIOIWS [PAILHEL, T. €. ABIAIOTCA MEPECEIEHUAMEA KOHETHOTO
IUCIA 3AMKHY TBIX TOTYyTIPOCTPAHCTB. MOXHO IPOBEPATH, ITO ONpPEACICHHBIE
BBIIIE OMEPAIAN TEPEBOIAT IIOIW IPAILHBIE KOHYCHI B TIOIMS IPATbHEIE.
Ilepengem k mpuiaoxeHuaMm. Ecim A — maTpuma pasMepa m X n u b €
R™, TO cHCTEMBI 17, JUHEWHBIX YPDABHEHUU W HEPABEHCTB C 7 HEWM3BECTHBLIMU
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MOT'YyT OBITH 3amucanbl Tak: Az = b u Az < b, rie HEpaBEHCTBO MOHUMAETCA
TIOKOOPAUHATHO.

HepBoe, ITO MBI BBIACHUM — 3TO yCJIOBUA CYIDECTBOBAHUA HEOTPUIIATECIb-
HOTO pemrenns y cuctemel Az = b mm, apyrumu crosamm, korga b € ARY,
rae R} = {z € R | z > 0}. flcmo, aTo R} — mommsapansHbIi KoHYC. B cu-

n \k __ n
1y coornomenus (5.1), dopmymst (c) u oueBngHoro pasencrsa (R} )* = R},
Oymem mMmeTh

ARL = ((ARL)")" = (REA)7,

T.e. b € AR} B TOM ¥ TOIBKO B TOM CaIy4ae, Korga y-b > 0 gua rex y € (R™),
i koropeix A*y > 0.
OTo u3BecTHasa Teopema MunkoBckoro — Papkaria.

Crenyromui BOPOC: KAKUE YCJAOBUA CYIIECTBOBAHUA PEIICHUA ¥ CUCTEMBI
uepaBercTs Az < b? Ipyrumu crosamu, korga b € AR” + RP? B cury (5.1),
(b), (¢) m Toro, aro (R")* = {0}, bygem mmeTs

AR + RT = ((AR® + RT)*)* = ((R")*A* N (R™)*)* = (0A* N R™)*.

Ho 0A* — »To agpo A* m mosTomy b € AR" + R B ToM m TOTBKO B TOM
caydae, korga y - b > 0 naa vex y € (R™) | naa xoropeix y > 0 uw A*y = 0.
D10 Takxke m3ecTHas Teopema Ku Pana (Paup [3n).

HakoHell ecTeCTBEHHO MOCTABAUTHL BOIPOC O CYNECTBOBAHUYU HEOTPHUIA-
TeIBHOI'0 PeIleHnA y CHCTeMbI HepaBeHCTB Az < b, T. e. xorga b € AR +R!'?
B cuny (5.1), (b) u (¢) moxyunm

AR? £ R™ = ((AR? + R™)*)* = ((R?)*A* N (RT)*)* = (R A* N R™)*

u Taxkum o6pasom, b € AR’} +R" B Tom m ToTEKO B TOM CTyHae, Korga y-b > 0
g rex y € (R™) | mna xoropeix y > 0w A*y > 0.
OTO yTBEPXKIEHNE M3BECTHO KaK TeopeMma, | emna.

Ecnm BRIMyKabIN KOHYC — TMOANPOCTPAHCTBO, TO CONPAXKEHHBIN KOHYC —
DTO AHHYJATOP JAHHOTO MOATIPOCTPAHCTBA W COOTBETCTBYIOIIEE BHIMYKJIOE
UCUYUCIEHNE TIO3BOMACT MOy IUTh KPUTEPUM CYIIECTBOBAHUA PEINIEHAN CUCTEM
JUHENHLIX YPABHEHU.

Muorue GakTh TEOPUA IPUOIAKEHUN ¥ TEOPHAU SKCTPEMYMa MOT'YT OBITH
Oy 9eHBI KaK CIeICTBUA COOTHOUIEHNN JBONCTBEHHOCTH U (POPMY.I BBIILY KJIO-
I'0 MCYUCTEHWS I TeX WIN WHBIX ONePATOPOB, IE€PEBOIAIINX BBIIYKIbE 005
eKTHI (BBINYK/Ible MHOXECTBA ¥ BBIIYKIBIE (DYHKIWA) B ceOs.

B monorpadusax [5]-[8] orpaxensr ocrHoBHBIE Bo33penus Baagmmupa Mu-
XaUIOBUYA HA IPEIMET BBIIYKIOTO AHAIN3A W €r0 B3AMMOCBI3U C AHAIX3OM,
reoMeTpHUen, TEOPUEN DKCTPEMYMa U TEOPUeN MPUOIUKEHUN.
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IIpo6aemMbl MaTeMaTHIECKOT'0O
oOpa3oBaHUA

Anrebpa, anamus n auddepeHnranbible YPaBHEHNA
(cuHTEeTHYMECKUT KYPC)

B. M. Tuxomupos

BBEJIEHUE

Kak mago yants maTemaTuke u 9emy? [JaBanTe mOPa3MbIILIAEM.

KoHeYHO, CTOMT BOCHOMBL30BATHCA OOTATEUIIAM OIBITOM IPEIOAABAHAA
MaTeMAaTHUKN Ha MeXaHUKOo-MaTeMaTudeckoM pakyabTeTe MI'Y. Hauny ¢ Boc-
TOMWHAHUN.

A mocTynun ma mexammko-maTemarudeckuu gaxyabrer MI'Y B 1952 ro-
ny. MaremaTmaeckoe OTAETEHUE MEXMATa COCTOANO B Ty MOPY W3 BOCHMHI
kadenap: anammsa (3aBemyrommM kadeapou 6etr torga A. fI. Xuavwn), BbIC-
wen reomerpun u Tononoruu (II. C. Anekcarapos), aare6psr (A. I'. Kyporm),
muddepennmansaon reomerpun (B. d. Karan), auddepeHnnaibHbIX ypas-
wenun (U. . Tlerposckmit), Teopun GyHKIMN 1 GYyHKIUOHATHHOTO AHAIA3A,
(1. E. Mensmos), Treopun Bepoarraocren (A. H. Kommoropos), Teopun uucen
(A. O.Texsdpong).

BaxHyno poas B mpemogaBaHWUW Wrpaam 00A3aTeNbHBIE KypChl. BoT
CIIUCOK 00A3aTEIbHBIX KYPCOB, U3 KOTOPBIX, B OCHOBHOM, CKJAIBIBAIOCH MOE
MaTeMaTHIecKoe 06pa3oBanue: MaTeMaTudeckuu anaans (aexkropst JI. A. Ty-
vapkue u A. 1. Mapkymesu1), anamutmaeckas reomerpus (I1. C. Anexcamna-
pos), amrebpa (A.T.Kypom), o6bikHOBeHHBIE MUbdEPEHIMATLHBIE YDAB-
uwenus (B. B. Hembiukun), guddepennmansuas reomerpus (II. K. Pames-
ckun), amamm3 111 (A. H. Koamoropos), Teopus (GpyHKOIUN KOMILIEKCHOTO

MaTemaTu4eckoe npocsewenne, cep. 3, soin. 10, 2006(23-56)
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nepemennoro (A. O.Teasdong), auddepeHnuaibHbe yPABHOHUA C IaCTHBI-
vu npousBogabivu (O. A. Onennnk), Bapuanuonnoe ncaucaenue (M. M. Tens-
dang), Teopus Bepoarrocren (FO. B. IIpoxopos).

S megapom mpuBen coucku 3aBeayooumx kadenpamu u 1eKTopos. [lo-mo-
€My, OHU CBHIETEJbCTBYIOT O TOM, 9T0 MexmaT MI'Y B Ty mopy Obir HECpaB-
HEHHBIM 110 KOHIIEHTPAIIMY BBIAOMIAXCA YISHBIX CPEIN BCEX OCTAIBHBIX YHU-
BEPCUTETOB MUpa. B moaTeepx geHne »>Toro mpuseny ciaosa B. M. Apmoasga:
«[lnesga BeqmMkmMX MaTEMATHKOB, COOPAHHBIX HA OMHOM (DaKyJIbTeTe, Mpel-
craBigeT cOOOM ABJEHNE MCKAIYUTEIHLHOE, M MHE HE MPUBOAUIOCH BCTPE-
JaTh HUIero nonobuoro murge. (B.U. Apuonsa, «A36pannoe—60». M.: Pa-
suc, 1997, c. 714.) U obGpasoBaHme, KOTOPOE AABAIOCH B Te TOAbI, OBLIO
OYeHb BBICOKOT'O PaHra. JTO 00pa30BaHUe 3aKIAIBIBAIOCH HE TOIBKO HA 00s-
3aTEJbHBIX KypCaX. JHAHUA, MOJTYUYEeHHBIE HA HUX, HOAKPEIUIACH TPAKTH-
YECKUMHU CEMUHAPAMU, KOTOPBIE BEIU OMLITHEUIINE MIPEeNoIaBATeIN- IOIIEH-
ThI, UMEBIIIE MHOTOJIETHUN CTaxX padoTwl. HazoBy mekoropwx: H. /. Ausen-
mrat, B. B. lemugosud, C. A. laasnepn, 3. M. Kumkuna, A. C. [Tapxomenko,
W. B. lIpockypsakos u apyrue. Ho rmasuon ocoberrocTbio Mmexmara MI'Y To-
'O BpEeMeHNn 6I)IJIO I/I306I/IJII/Ie CIIEIINAJBHBIX KYyPCOB U CIIEIUAJIBHBIX CEMUHAPOB.
Cpenu ceMUHAPOB, CHIMPABIINX BHIAAIONIYIOCA POJIb B UCTOPUU OTEYECTBEH-
HOUM MaTeMaTuKu — Tonomorndeckuu Kpyxok I1. C. Anekcangposa, ceMuHap
o Teopun BeposaTHocTen A. H. Koamoroposa u A. fI. Xunuuna, cemunap mo
reopun yuknun H. K. Bapu u /1. E. Menbmosa, ceMuHap 1Mo KOMILIEKCHO-
My amamumsy M. A. JlaspeutbeBa um A. V. Mapkymesuda, ceMUHAD O ypaB-
HeHuaM ¢ JacTHbiMu mpomsBogabiMu WU. ['. Ilerposckoro, C.JI. Co6oneBa u
A. H. Tuxonosa, cemurap mo sceu maremaTuke V. M. lersdanga u maOruME,
MHOTHE [IpyTHe.

Ho Bepuemca k o6s3aTensubiM Kypcam. OHEM, KAK DTO MOXHO YCMOTPEThH
73 COMOCTABICHUN WX HA3BAHUU C Ha3BaHUAMY Kadeap, PaClpeneisinch, KaKk
mpasmio, mo Kadeapam. Kadenpsl auddepeHnualbHbEIX YPABHEHUA U TeEO-
pun GYyHKIUN ¥ HYHKIXOHATLHOIO AHAIU3A UMENIN ABa Kypca (mepsas — mo
O6I)IKHOB6HHI)IM YPaBHEHUAM U YPABHCHUAM C TaCTHBIMU IIPDOU3BOIHBIMU, BTO-
pas — IO KOMILIEKCHOMY [IepeMeHHOMY U BAPUAIMOHHOMY ucuucienuo). Kypc
«Amanms 11Dy, gnrasmmuca KoaMoropossiM, 6611 0COGEHHBIM. DTO OBLT CUH-
memuyeckuli Kypc, COEqUHABIIMYA B cebe DIeMEeHTHI Teopun PYyHKIUN, PyHK-
NVOHATBHOTO AHAMM3A U MHTErPATbHBIX yPABHEHUN (PAHBIIE DTH JACIATLIAHEL
YUTAIACH TOPO3HB).

* k% K %k *

B TEYCHUEC MOCICAHUX MABYX JIET MHE NOBEJIOCH NPENOAaBaTh B NBYX HE-
O6I>I‘IHI)IX yHUBEpCcUTEeTax — MOCKOBCKOM HE3aBUCUMOM YHUBEDCUTETE U
Mex nyHaponganoM yHuBepcuTeTe bpemena. B sTou craThbe oTpa)XeHBI HEKO-
TOPBIE UAEU, KOTOPbIE BO3HUKJIN y MEHA B CBA3U C 3TUM NOPENONABAHUEM.
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CrmoxwuBmascs y Hac B Poccum cucTtemMa yHUBEPCHTETCKOTO IIPEIO1aBa-
HUA MATEMATUKW (14 1 MHOTOTO APYTOr0) MOCTPOEHA MO TAaK CKA3aTh «pe-
JepaTUBHOMY» MPUHINUITY, KOTa MaTEMATHKa PACCMATPUBACTCI, KaK CTpa-
HA, pa3fieJeHHad Ha (PAKTUICCKU HE3aBUCUMBIE MTATH: AHanmmsa, Aare6poi,
leomerpuu, Nuddepennumarbubix ypasaennn, Teopun QpyHKIUA U HYyHKIUO-
HAJBHOTO aHAAU3a, 1e0pur BEPOATHOCTEN. . .

B yuusepcuTeTe Bpemena BBegen 0coObIN KypC, KOTOPBIA A HE BCTPEYAT B
npyrux mectax. Ou HasbBaercsa “Perspectives of Mathematics”. 9To kypc 6e3
PUKCUPOBAHHOU MPOTrPAMMBI, YUTAEMBIN 110 OYEPEU TOCAENOBATEILHO BCEMUT
npodeccopaMu YHUBEPCUTETA, [JIA CTYAEHTOB, MOJYYUBIINX YKE MPEIBAPU-
TeJbHBIE 3HAHUA 10 AHAJIU3Y U JUHENHOU anrebpe. VI MHe mpumnia B TOJIOBY
uaesa MPOUUTATE CUNMEMUUECKUL KYPC IO BCEH TOU MATEMATHUKE, KOTOPOU
MEHS YYWIU HA MEPBLIX ABYX KypPCaX MOU YUUTENA MAThAECAT C JUNTHUM JET
TOMY Hazagd. [Ipy 5TOM 1 MCXOIUI U3 WAEH, ITO MATEMATUKA — 3TO eIUHAA
CTpaHa, eIMHOE YHUTAPHOE T'OCYAapPCTBO, U MOTOMY BCE MOXHO BOCCOEIUHUTH
B €IUHOM [VKJIE JeKIINN. 3AeCh TPEICTABIEH KOHCIIEKT Y€ THIPEX JEKIIUU DTOT0
Kypca.

B mepBon Jekiuy pedb HAET O PELIeHUH JUHEUMHLIX YPABHEHUHU, BO BTO-
PO — O KOHWKAaX W KBaIPUKAX, 3aTEM O HAYAIAX AHAJIU3A W, HAKOHEI, O
nuddepeHnmaTbHBIX ypaBHEHUAX. Kax 1asa JeKIusa moapa3aeiaeTcs Ha IeThI-
pe dactu. B «HymeBOW» YACTH pedb UAET O MPEALICTOPUU, 3TO (TyMAHUTAP-
HBI PparMeHT, He TPeOyIoIIni KaKUX-TO MaTeMaTndeckux suanu. OH eme
adPEeCOBaH U AeAyIIKaM ¢ 6a0yIIKaMu, KOTOPBIE YTO-TO XOTAT MPEM0AATh CBO-
UM BHYKaM. B CIeyolnen JacTh MbI BKPATIE KACAEMCA UCTOKOB TEOPUU, U
TaM MBI ONMUPAEMCA, B OCHOBHOM, HA, MIKOJbHBIE 3HAHUA. 3aTEM pPedb UAET O
Pa3BUTUM TEMBI; OHA YACTUIHO OBIBAET MPENCTABIEHA B MATEMATUIECKOM BY-
30BCKOM OGPA30BAHUY U HA TMEPBLIX KYPCAaX YHUBEPCUTETOB. B mociaenmen a-
CTH MOKa3BIBAIOTCA HEKOTOPBIE (PYHIAMEHTAIBLHBIE PE3yAbTAThI, IATAEMBIE,
Ia M TO JAJEeKO He BCerga, Ha CTApIIMX KypCaX YHUBEPpCUTETOB. B KoHIe cTa-
TBU BKPATIE OOCYXAAIOTCA MPUIOKEHUA PACCMOTPEHHBIX B HEM BOIPOCOB K
IPYTUM pa3ielaM MATEMATHKN U K €CTECTBO3HAHUIO.

B HaganbHBIX 9aCcTAX JEKIUU pedhb 3aXOAUT O 3HAMEHUTHIX TPyAaxX, Ta-
KNX KakK manupyc Pammga — ApeBHENIINN 3aJa9HUK, M3BECTHBIM B UCTOPUI
nayku, «Kouukwmwy Anomronus, “Nova methodus” JlenGuuna (mepsas omy6um-
KoBaHHAA cTaTha N0 aHamu3y) u “Method of Fluctions” Heorona, nanee ymo-
MUHAIOTCS TPYAbl JDumepa, Jlarpanxa u Komu. B 3akiiouuTenbHbIX IacTax
MOKa3BIBAIOTCA ajdbTepHaTuBa Ppearoabma, Teopema ['mibbepra — Imua-
Ta 0 CUMMETPUYECKHX OIepaTopax, o06o0ieHHas Teopema Jloocrepauka 06
ob6paTHOM OoTOOpaXeHun, TeopeMbl Komm CyiecTBOBAHUSA, €IUHCTBEHHOCTH,
HempepbiBHON U AuddEePEHIUPYEMON 3aBUCAMOCTH pPelleHnn auddepennn-
ATHHBIX YPABHEHUH.
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OCHOBHOU YACTU MPEAIIECTBYET Pas3en, COAEPXKAIMNA IPeIBAPUTEILHBIE
CBefleHUs, B KOTOPOM BBOZATCA OCHOBHBIE IIPOCTPAHCTBA, B KOTOPHIX Mpe[-
CTOUT MEUCTBOBATH, 8 TaKXe (POPMYJUPYIOTCSA TPU MPUHIINAIA, CYIIECTBOBA-
HUA ¥ TPU NPUHINIE JUHEMHOTO aHAIW3a. [OKa3aTerbCcTBa HEKOTOPHIX U3
STUX MPUHIUIIOB U HEKOTOPHBIE MPAMBIE CAEICTBUA U3 HUX IPUBENEHBI B IPU-
Joxenun. B camMoM KOHIIE CTATHU MBI BO3BPAIAEMCI K BOIIPOCY O TOM, €My
7 KaK HaJ0 YIUTH MaTeMaTHKe.

I[IPEIBAPUTEJBbHBIE CBEIEHUS

3mech COOPAHBI OCHOBHBIE TIOHATHA, & TAKXKE HEKOTOpBLIE (PAKTHI 00IIen
TOMOJIOTMA ¥ JUHEXHOT'O aHAIU3a, KOTOpPbIe HAM MOHANOOATCA malee B 3a-
KJIIYIYNUTENBHBIX YaCTAX JIeKHHﬁ. H paCCIATHBIBAIO Ha ‘II/ITa,TeJIeI‘/)I, NMEIINX
KAKOe-TO OTHOIIECHUE K MATEMATHUKE, B YACTHOCTH, HA MIKOJILHUKOB, €11 WHTE-
pPeCyoIInXCAa. DTON KATETOPUU IUTATENEN UCXO JHBIE TOHATHUA B TOU WX WHOU
Mepe 3HAKOMBI, TaK 9TO K MaTepUaIy 3TOr0 pa3/eia OHU MOTYyT 00paIaThbCsa
o Mepe HeOOXOAMMOCTY TIPU ITEHUN CTATHY (WIN €€ OTIETbHBIX IaCTeN, KO-
TOpBIE B 3HAYUTEILHON CTEIEeHN HE3ABUCUMEBL APYT OT apyra). VI moromy Bce
IpeBapUTeIbHbIE CBEEHNS HAOPAHDI IIETHTOM. "

Crout Takke MpegympeiuTh UYUTATENI, 9TO YACTh YTBEPKICHUU OCTAa-
BIeHA 0€3 MOKA3aTeIbCTBA, WIM TAETCA JUIIbL OCHOBHAA MO NOKA3ATENb-
cTBa. Takme MPOMyIEHHBIE NETATA PACCY XK AECHUA TATATEN0 PEKOMEHIYeTCA
BOCCTAHOBUTH CAMOCTOATENBHO.

IIPOCTPAHCTBA M OCHOBHBIE MOHATUA

OCHOBHBIM, BQXXHEUIINM TPOCTPAHCTBOM A HAC ABUTCA COBOKYIMHOCTH BEIIECTBEHHBIX
ancex R. BemecTBeHHBIE YnCIa MOXHO CKIAAbIBATE, BEIYATATE U JEIUTH (HEIb3:, BIPOIEM,
OeIUTH Ha HyJTb). BemecTBenusie Yucaa Gy Ay T A48 HAC TPAMEPOM BEKTOPHOTO, TOMOIOTIIE-
CKOr'0, METPHYIECKOr0 M 6AHAXOBA MPOCTPAHCTB, OIPeNeIeHNs KOTOPHIX HAC XK AYT BIOEPEIU.

Kpome R MBI MOCTOSHHO 6ygeM CTaTKmBaThCA ¢ mpocTparcTeamu R™ u (R™)'.

z1

aﬂeMeHTBI R"™ 5T0 cTOI6LBL . 13 7T BEIIECTBEHHBIX YHCEJI; BEChb TaKOﬁ croabe
)
Tn

MBI OygeM 00603HAYATh OAHOU OyKBOM T u mucaTh npu >TroM = € R”. Takme saeMeHTHI

OyaeM Ha3bBaThL 8ekmopamt. Ecim x € R™ | To uepes zT obosmavaeTca CTPOKa (T1,...,%Tn).
CTOJI6IH)I MOXHO MOKOOPAWHATHO CKIaAbIBATh U YMHOXATH Ha BEIIECTBEHHBIC TUCTA: €CIN
1 Y1 z1+y1 ary
T = : uy= )], toxr+y= : ,aecam o € R To axr =
n n Zntyn arn

D (CBegenns, CoePKALIIEC B STOM Pa3fele, M3IOKEHbl B GOILIIMHCTBE yIeGHBIX KHIT
o MaremMaTuke. XoTel ObI HOPEKOMEHI0BATh YUTATENI0 CTaThy «BaHaxoBO IPOCTPAHCTBOY,
«BexTopHOe mpocTpaHCTBOY, «['MILGEPTOBO IPOCTPAHCTBOY, «KOMIAKTHOE MPOCTPAHCTBOY,
«KomnaxTaEIZ omepaTop», «MeTpuieckoe mpocTparCTBOY, «TomomOrmIeckoe mpoCTPAHCT-
Bo» B KH. «Maremarmieckaa Jumukaoneaus», brT., M.: Coerckas s>HmmkIonegma, 1977.
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Kpome mpocrpancTtBa R” BEKTOPOB-CTOJIOLOB OyaeM pPacCMATPUBATEH IPOCTPAHCTBO
(R™)" BexTopos-cTpok. R” u (R™) mocTaBafioT mpuMepsl BEKTODHBIX ITPOCTPAHCTE, T.e.
MHOXECTB X C ABYMA ONEPALUAMA — CJIOKEHUEM DIEMEHTOB U yMHOXKEHHEM DIEMEHTOB
HA BEUIECTBEHHBIE YUCIA C €CTECTBEHHBIMU aKCMOMAMU (KOMMYTATUBHOCTHU, aCCOMUATHB-
HOCTH, HAJIWYWUA HyJA W OOPATHOTO BJAEMEHTa 1 ciaoxkenua m axcuom (af)r = a(fBx),
(a+pB)xr = ax+ Pz u a(r+y) = axr + ay, CBA3BIBAIOIKX APYT C APYTOM ONEPALUY CIOXKe-
HUA U yMHOXEHUA HA TUCIO).

I[ToMMMO BEKTOPOB HAM BCTPETATCA TAOIMLOBI PA3MEPOB 7L X 11, HA3LIBAEMBIE M-
puUYaMY:

ail . A1n
A=

Am1 . Amn

BekToper u3 R MOXHO BOCHPHHMMATD, KAK MATPUILI U3 OTHOTO CTOIOUA U N CTPOK, BEK-
Toper m3 (R™)' — Kak MaTPUIET w3 OTHOW CTPOKU U 7. CTOJOIOB.
Onpenensercsa onepanua yMHOXeHua MaTpuisl A va BexTop. [Ipoussenenue marpunsr A
D L]
Ha BekTOp T € R paBHO BekTOpy Ax = : ; mpomssegenme BexTopa y € (R™)’
Trot amjrg
Ha A — »ro BekTop yA = (3070, ajiys, -5 200, ajny;)-

Ecm z € (R*)', ay € R*, To 9epes =y 0603HATAIOT CYMMY T1Y1 +- - . +TnYn (3TO COOT-
BETCTBYeT IIPABUITY yMHOXeHUs Marpui). Bemmuuny VaT - ¢ o6o3HavanoT || 1 Ha3bIBAIOT
MOOYAeMm BEKTODA T.

Ipocrparcrea R, R” u (R™)' gocTaBasioT mpuMepel TOMOJOTTYECKHX TPOCTPAHCTB.
Bot uro 5T0 Takoe. IlycTs 3agano muoxecreo X u B HEM CHCTEMa IIOJMHOXECTB T, 00i1a-
AIOmIaA CBOUCTBAMU: &) ILyCTOE MHOXKECTBO 1 BCE X NpUHAIEKAT T, b) 06beauHeHAE JF000H
COBOKYIHOCTHM MHOXECTB U3 T U IE€PecedeHre KOHEIHOrO YUCIa MHOXKECTB U3 T IPUHAIIC-
xar 7. Takaa mapa (X, T) HA3BIBAETCA MONOAOLUYECKUM TPOCTPAHCITLEOM.

MHOXeCTBa U3 T HA3BIBAIOTCA OMKPLIMbIMY, TOTOMHEHUA K OTKDPBITHIM MHOXKECTBAM
HA3LIBAIOTCA 3AMKHYMbBIMY MHONCECMBaMmY. [[0MMHOKECTBO TOMOJOTHIECKOTO ITPOCTPAH-
CTBA HA3BIBAETCA KOMNAKMOM, €CIA W3 JIOO0r0 €ro OTKPLITOr0 MOKPBITUA MOXKHO BBIJE-
JIUTH KOHEIHOE moamokperTue. [Ipumvepom xommakxTa Ha R MOXET CIyXwuThb OTPE3OK [a,b],
—o00 < a<b< oo

Herpyaro goxazarts, aTo mpocrparctsa R” u (R")', B KOTOPEIX MHOXECTBO HAZLIBAETCA
OTKPBITBIM, €CIM BMECTE C KK IO CBOGH TOIKON £ OHO CoAepXkuT OTKpbIThx map U(€, ) =
={z € R" | |z —¢&| < €} c mearpom B { paguyca £ npu HekoropoM € > 0 (3aBucamem or §),
CTQHOBATCA TOMOJOTTICCKAMU MPOCTPAHCTBAMU.

BaXXHBIM IPUMEPOM TOHMOJOTTICCKUAX TPOCTPAHCTB ABIAIOTCA METPUIECKUE TPOCTPAH-
CTBa.

Mempuueckoe npocmpancmseo — >TO MHOXECTBO X , Ha KOTOPOM OIpeAeneHa (pyHKINA
paccrosHus, conocrasaaioman nape (z1,z2) € X X X meorpunarerbHoe wmcao d(zi,x2)
(paccToanme MEXAy Ti W T2), PABHOE HYJTIO, €CIA U JUIIb €CTA Ti = T2, 00Jagaromee
csouctsoM cummerpun d(z1,22) = d(z2,71) (gms aOGBIX 1 ¥ T2) W yIOBJIETBOPSIOLIEE
HEpaBeHCTBY Tpeyrombuuka: d(r1,rs) < d(x1,x2) + d(x2, T3) o0 MOOLIX T1, T2, T3.

MeTpuieckoe MpOCTPAHCTBO CTAHOBUTCSA TOMOMOTUIECKUM, €CIN OTKPHITHIE MHOXECTBA
B HEM ONPEIeNATH, KAK MHOXKECTBa, KOTOPLIE BMECTE C KaXkAOW CBOCH TOIKOM £ COAEepPEKAT
omxpwmut wap U(€,e) = {z | d(z,€) < €} (c uenTpom B £ paguyca € mIpu HEKOTOPOM
€ > 0, saBucseMm ot £).

IIpumepaMu METPUYIECKUX IPOCTPAHCTB MOIYT CIyXuUTh npamad R (¢ d(z,y) = |z —y|)
u n-mepreie mpoctpancTsa R” wm (R™) ¢ d(z,y) = |z —y| = (X0, (xi — y:)?) /2.
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YJacTHBIM CIydaeM METPUIeCKHX IPOCTPAHCTB ABIAIOTCA HOPMUPOEAHHbIE IPOCTPAH-
cTBa. JTO BeKTOpHEIe mpocTpancTsa (X, |- ||x), B koTopsx onpegerena HopMma || -||x : X —
R4, paBHAsA HyIIO JWLIb Ha HYJEBOM DIEMEHTE W yNOBIETBOPAIOMAL akcmoMaM: |az||x =
= |af ||z||x, gnr mobex @ € R, z € X m ||z + 2'||x < ||z]|x + ||2'||x 12 mobex z,2" € X.
MeTpuka B HOpMUPOBAHHOM TPOCTPAHCTBE onpeaensercsa pasencteom d(z,z') = ||z — || x .

leoMeTpuueckue PacCMOTPEHUs ECTECTBEHHO IPUBOJAT K OMNPEIEICHUIO 7N-MEPHOrO
e6%4ud06a TPOCTPAHCTBA BEKTOPOB-CTPOK & = (&1,...,Tn), OCHAILIEHHOTO CKAAADHbIM
npouseedenuem (T,y) = > _, TrYr (9T0 mpocTpancTro Gygem ob6osnasars E™). OHo cra-

HOBUTCsA GAHAXOBBIM, €CIM HOPMY Oompeneauthb Kak ||z||gr = /{(z,z). BexTopmoe mpoct-
paucTso (X, (-, -)) CO CKATAPHBIM MPOU3BEACHUEM (-, -), VAOBICTBOPAIOMUM AKCHOMAM HEOT-
punarersrocTu ({(x,z) > 0 m1a moboro r € X, HpuieM PaBEHCTBO AOCTUTAETCA JUIIL HA
mynesom BexTope), cummerpuu ((z,z') = (2’ z) naa mobex z,x' € X) u 6uamaenHOCTH
({ax + o'z’ ,2") = afz, 2"y + o' (2, 2")) maseBaeTca npedeuavbepmosvim.

O6bexToM m3ydeHns OyayT gagee W HEIPEPBHIBHbIE (DYHKIAW HA TOIOJIOTAIECKUX KIN
METPUIECKUX TPOCTPAHCTBAX.

IonaTre GyHKIMYE Wi OTOGpaKeHUA (KAK U MOHATUE MHOXKECTBA) OTHOCUTCA K TUCILY
M3HAYATLHBEIX OHATHUN B MaTeMaTuke. Ecim gamer gsa mEOXecTBa X 1 Y, TO OTOOpaXKEHNU-
em w3 X B Y HaspBaeTCa cOOTBETCTBHE f, IPU KOTOPOM KAXIOMY DIEMEHTY I MHOXECTBA
X cooTHECEHO MO0 MyCTOE MHOXKECTBO, 160 oauH »aeMenT f(x) muoxectsa Y. [Ipu aTom
mmuyt: f: X — Y. (Urate moxHO ckasaTh, a0 dynkmma f: X — Y ompegemsercsa moa-
muOXecTBOM map (z,y) (dexapmosa npouszsedenus X X Y ecer nap (v,y)), mIpum KOTOPOM
kaxaomy £ € X COOTBETCTBYeT auOO IyCTOE MHOXECTBO, aub0 ogHa mapa (T,Y); COBOKYII-
HOCTh Map (z, f(r)) naseBaerca epadurom f). OTobpaxenus u3 X B R HasbmaoT Gynryu-
onanamu, a ecim X = R", to dynryuamu. ogmuoxectso dom f C X Tex x, 411 KOTOPBIX
f(z) # @, — obaacmb onpedesenus f;ecu AC X, ro{y €Y |dx € A:y = f(z)} —
o6paz A C X mpu orobpaxenun f (o6osmauaerca f(A)), a {x € X | f(z) € B} — npo-
o6paz B C Y (o6osmauaerca f~'(B)). Ecmm f(A) = Y, To orobpaxenue f HA3LIBAIOT
C10P B EKTNUBHBIM,.

IIycrs (Xi1,71) u (X2, ) — Tonmomormueckme npocrpancrsa. Orobpaxenune f: X1 —
X> HA3BIBAETCA HEMPEPLIEHbIM, €CIM TPOOOPA3 JTIOGOT0 MHOXKECTBA U3 T» IPUHALIEKUT Ti
(«mpoo6pas OTKPEITOro MHOXeCTBa OTKPHIT»). Pyukmua f: X — R (rze X — Tonoaorn-
YECKOEe TTPOCTPAHCTBO) HA3BIBACTCA NOAYHENPEPbI6Hol crudy (ceepTy), eciu ee T1e6eroBCKue
muoxecrBa Lo (f) = {z | f(z) < a} Ma(f) = {z | f(z) > a}) samxryTE DU TOGOM
a €R.

B caygae METPHIECKOr0 HPOCTPAHCTBA ONPENEICHWE HEIPEPHIBHOU (YHKIWZ PABHO-
CIIBHO 6OIee TpUBBIYHOMY (C € 1 §).

IIycrs (X,d) — merpmieckoe npocTpancTso u f — dbyuknua Ha X. OHA HasbIBaeTCA
nenpepvienoti 6 mouke £ € X, eciu qua Beaxkoro € > 0 mamgerca § > 0 Takoe, 4TO ecan
d(z,&) <6, o |f(z) — f(§)| < e. Ecan f mHenpepsiBHA B Kax g0 Touke MHOxectBa A C X,
oHa Ha3bBaeTCA Henpepuienotl na A. Orobpaxenue F: X — X METPUIECKOTO MPOCTPAH-
crBa (X, d) B ce6s HA3BIBACTCA CHCUMAIOUUM, €CIA CYIECTBYET Takoe Iucao 6, 0 < 6 < 1,
aro d(F(z),F(z")) < 6d(z,z') pna mobuix z, ¥’ € X. MHOXECTBO B METPUIECKOM IIPO-
crpauctse (X, d) Ha3BIBAETCA 6CH00Y NAOMHbIM B X, €CTH €r0 3aMBIKAHWE COBMAJAET C X;
muOXecTBO A C X HasbBaeTCAa nuzde #e naomubim 6 X, eCIu KaXnoe OTKPBITOE IIOAMHO-
x%ecTBO B X COAEPKWUT OTKPBITHIU MIAP, HE MepeceKarommuct ¢ A.

Baxnermmmy MeTpHIeCKIM GeCKOHETHOMEDPHBIM IPOCTPAHCTBOM ABIAETCA IPOCTPAH-
ctBo C([a,b]) HempepHIBHBIX BeIIECTBEHHBIX (GYHKIUI HA OTpe3ke [a,b], roe paccrosHume
ompegerserca o popmyre: d(f,g) = max,ciq 5 | f(2) — g(2)|.

IIycts (X,d) — meTpmaeckoe mpOCTPAHCTBO. [[OCIEIOBATETLHOCTH €r0 HIEMEHTOB
{Zn}nen HABBIBaETCA CLOdAWeECA, ECIN CYMECTBYET DIEMEHT I TAKOH, ITO nlirr;o d(zn,z) =

= 0; ona HaswbIBaeTCA Pyndamenmanvrot, ecau das awbozo € > 0 natddemes nomep N € N



Aure6pa, anamns u gudppepeHnuaTbHbIe yPABHOHAI 29

maxot, wmo ecaw n,m > N, mo d(xm,z,) < €. OueBuAHO, 4TO MI06aA CXONALAACA IOCIE
NOBATEILHOCTH (bYHIAMEHTAILHA.

Merpmaeckoe npocrparctso (X,d) HA3BIBAETCA NoabiM, eciu B HEM Jobas dyHAA-
MEHTATbHAA TOCIEJOBATEILHOCTD ABAACTCA CXOMAMENC. [IpuMepaMy HOTHEIX METPUIECKAX
IPOCTPAHCTB ABIAIOTCA mpamasa R, mpoctparctea R u (R™)" u mpocrpauctso C([a, b]).

Moxmete orrOCUTenbHO MeTpuku d(z,x’') = ||z — 2'||x HOpMmMpoOBamHBIE MpOCTpaHCTBA
HA3BIBAIOTCA 6anazrostimy. Ecmm X — HOPMUPOBAHHOE TPOCTPAHCTBO, TO COBOKYTHOCTH
X" HenmpepBIBHBIX IUHEUHBIX (DYHKIMOHAIOB HA HEM ABIIETCA GAHAXOBBIM IPOCTPAHCTBOM.
[eucTtsue muaeNHOTO QyHKIUOoHATA T~ € X ™ Ha saement X € X o6Gozmaxum (z°,T).

O6o6mennem eBKIMAOBLIX npocTpancTB E" aBaaeTcsa ruis6epToOBO MPOCTPAHCTBO —
BEKTOPHOE TMPOCTPAHCTBO CO CKATAPHBIM TPOU3BEICHUEM, MOTHOE OTHOCUTEIBHO METPUKA

(z —y,z — y). 'mars6epTOBO IPOCTPAHCTBO ABLAETCA METPIICCKA W30MOPGhHBIM
CO CBOUM COMPSKEHHBIM.

U B 3akmioveHNe nanuM ONPENeJeHre OCHOBHOrO MOHATUA AuddepeHnuaIbHor0 mean-
creHua — mOHATUA mpowmsBoguou. Ilycts X — 0AHO M3 MPOCTPAHCTB, O KOTOPBIX DPEIh
mwra Bemme: m6o R, m6o R™, mu60 6amaxoso mpoctpanctso (X, || - ||x), U — oTxpsrroe
MHOXKECTBO, cogepxkaimee Touky £ u f: U — R — pemecrsennaa ¢ynkmua. [osopar, 1To
dyukuua f muddepermupyeMa B TOUKe T, €CIA HAXACTCA TUCIO ¢, COOTBETCTBEHHO — BEK-
Top a € (R") mrm HempepLIBHLIN IMHEHHEH (DYHKITMOHAT @ HA TPOCTPAHCTBE X TaKwe, ITO
f@ +z) = f(Z) + a[z] + r(z), rae a[z] B caygae R 3T0 mpocTO TpOM3BEIEHNE UUCET a T
z, B caytae R® — mpomssegenwe a - ¢ BekTopa a € (R™)' ma BexTop a € R", B 6amaxosom
CIy4ae — BTO Pe3yabTaT ACUCTBUA JUHEMHOrO (yHKIWOHAIA a Ha »1eMeHT x (T.e. (a,x)),

|r ()]
lzli—o ]l
o3HavaeT |z|, a B 6eckoHedHOMEpHOM — ||z||x .

a r(z) = o(x), a »To 03HaYaeT, 4TO = 0 (rze ||z|| B xoHeuHOMepHOM cIydae

[IPUHIIUIIBI CYIIECTBOBAHUSA

I. ITPUHIVT KOMIIAKTHOCTU BEWEPIITPACCA — JIEBETA — B5PA. [Hoaynenpepvienas
cHu3y na Komnaxme Pynryus docmuzaem ceoetl HuNCHel 2pani.

II. TIPUHIMI PA3PEXKEHHOCTU B2PA. [Toanoe mempuueckoe npocmpancmeo ne npeo-
CMABUMO KaK 00BEIUHEHUE CUEMHOZO YUCAL HU2DE He NAOTIHBIL MHONCECTNE.

III. TIPUHIUII CYKUMAIOIUX OTOBPAYKEHUNA TITMKAPA — KAYYMOIIOJIA — BAHAXA.
Cofcummow,ee omo6pa9fcenue NOAHO020 MEMPUYECKO20 NPOCMPAHCMEBQ 8 Ceﬁﬂ, Uumeem Heno-
06uofcuym mourxy. OTCIOJI& JIETKO BBIBOAUTCA, ITO €CJIN HEKOTOpadaA CTEIEeHb OTOﬁpa)KeHI/I}I
ABIAETCA CKUMAOIICH, TO CAMO OTOOPaXEHUEe UMEET eIMHCTBEHHYIO HEMOABUKHYIO TOIKY.

TP NPUHIAIIA JUHENHOT'O AHAJIN3A

ONPEAEJEHUE. ['oBOpAT, 9TO ABa MHOXECTBA A 1 B B HOPMUPOBAHHOM IPOCTPAHCTBE
X empoeo omdeaumbi, €CIU CymECTBYIOT HENMPEPBLIBHLIN JUHENHBIA GyHKInoHaI £° € X* u
qucao € > 0 Takme, 9T0 mingeA(r”", ) > max,cp{r”, ) + €.

[IPUHIATT OTAEIUMOCTU (cregcTBme mpumHIWMIA XaHAa — BaHaxa). 3amxuymoe 6bi-
NYKA0E NOOMHONCECTNBO OAHATOBA NPOCMPAHCMEA CMPO20 OMILAUMO O, MOUKY, MY HE
npunadaexcauyeti. CreqCTBUEM DTOTO Pe3yIbTaTa ABIAETCA (HAKT HETPUBUAILHOCTU AHHY-
aaropa Lt = {z* € X* |Vz € L (z*,z) = 0}: ecau L — zamxnymoe nodnpocmpancmeo X,
ne cosnadaowee ¢ X, mo L™ # {0}.

TEOPEMA O TMIPABOM OBPATHOM (caeacTsue mpmHIWIA OTKpeITOCTH Banaxa). ITycmb
X uY — 6anazosvi npocmpancmea, A: X =Y — aunetinvit, nenpepvieubiti, cropsexmus-
woiti onepamop. Tozda cywecmsyrom maxue omobpaxcenue R:' Y — X u xonemanma C,
wmo ARy =y, ||R(y)||lx < Clly|ly dasa scery €Y.
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OnPEAENEHUE. Tomonorus B mpocTpascTse X *, CONPAKEHHOM K HODMUPOBAHHOMY TTPO-
crpancTBy X, mopoxaexnas mMHoxectsamu 1l(z,a) = {z* | (z",z) < a},z € X, a>0n
UX KOHCYHBIMU II€PeCedeHnAMHI, Ha3BIBACTCA CAa001.

TIPUHIUI KOMIIAKTHOCTHA BAHAXA — ATAOTIY. O2panuuennoe 8uinyKA0e 3aMKRYMOE
NOOMHONCECTLEO NPOCTNPAHCNEA, CONPANCEHHO20 K OAHATO8Y NPOCTNPAHCTIEY, KOMNAKIMHO 6
caaboti monoaso2u.

1. TEOPUA JUHENHBIX YPABHEHUI

1.0. 3AJAYA U3 TDANMPYCA PAVHIA M PENIEHUE OJHOI'O YPABHEHUSI
C OTHUM HEU3BECTHBIM

[lpeBHeNIIEN PYKOMUCHIO, B KOTOPOU OGCY X AAIOTCA MATEMATUIECKUE BO-
OPOCHL, CIMTAETCA Tak HasbiBaeMbin «[lamupyc Panugay (Ha3sBaHHBIN IO UMe-
HU €ero Blajenblla, erunToiora 1. Panmma), HANMUCAHHBIM, KAK IOJATAOT,
4000 neT Tomy Hasan. B mem comepxkaTcs peueHus apupMETUICCKUX 33,Ta.
Bot 3agada u3 aToro manupyca:

Hucao u cedomas wacmb IMO20 UUCAG 6 CYMME PABHbL 0EBAMMHA-
dyamu. emy pasro uucao?

(Ecam amraTemio 3aX09eTCA y3HATH, KAK €CANTAHUH NOMXKEH ObLT PelaTh
DTy 3aja4y, OH MOXeT NMpouuTaTh 06 3ToM B kaure ['. Burenruepa «Xpecro-
mMaTua no ucropun Haykm, M.—JI.: OHTU, 1935, c. 14).

[lna pelieHusa >TOU 3aa<U HATO COCTABUTL OJHO YPABHEHUE C OMHUM He-
M3BECTHBIM:

Az = b, (L.1)
8

1 o
B koropom A =1 + =L u b = 19 ussectubl, a ¢ Hago Hautu. O TOM, KAk
peIIaTh YPABHEHUA C OJHUM HEM3BECTHLIM, MHOTHE Y3HAIOT elle M0 IIKOMBL:
s TOTO, ITOOHI pemnTh ypasaenue (1.1), mago mogeauts b Ha A (u Torga

o b o
HAUIETCa T = Z)' B sanmade w3 manupyca Paurga x = 19 : % = 16% .

1.1. «CEMb YACTEM UCKYCCTBA MATEMATUKW» Y PEINIEHUE CUCTEMBI
IBYX YPABHEHUI C ABYMA HEU3BECTHBIMU

B kxuranickom yuebuuke «CeMb 9acTell HCKYCCTBA, MATEMATUKN) , HATTUCAH-
HOM BO BPeMs JUHACTUYM XaHb CBBIIIE BOCEMHAANATH BEKOB TOMY Ha3a 1, €CTh
s3agada: B kaemxe gazanvt u kpoauxu. Y wux emecme 35 204068 u 94 wnozu.
Croavko 6 Kaemre Ha3ano8 U CKOALKO KPOAUKos?T

Pemare Takue 3amadu HAC ydaT B mKoJAe. B Moe BpeMsa geTen yduau pe-
WATh WX ABYMA criocobamu: apudMETHIecKn (B 9€TBEPTOM W IIATOM KJIACCE)
u anrebpaniecku (HAIMHAA ¢ mecToro). IIpu apudMeTnaecKkoM pelneHnn Ha-
o0 OBLIO pacCyXaaTh, CKaXeM, TakK. Kcium ObI BMECTO KPOJIUKOB ObLtu GBI
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KypBI, y HUX ¢ (pa3aHaMu BMECTe ObLIO OB CEMBbAECAT HOT', HA ABAANATEL He-
THIPE HOTM MEHBIIE. DTU ABAANATEH YE€THIPE HOTU TMOMYYMIUCH 33 CIET TO-
ro, 9TO KPOJWKOB OBLIO NBEHAAUATH, a (PA3aHOB, CAEIOBATEILHO, IBAIIATDH
Tpu. [IpoBepka: y aBaamaTu Tpex GaszaHOB COPOK IMECTH HOT, y MBEHAIA-
TU KPOJIUKOB — COPOK BOCEMb, a BCErO NEBAHOCTO HUETHIPE. 3a1at9a PEIIeHa
ITPABUIBHO.

Yrobb! pemmuTs 331349y «aarebpanvieckmy, Ha0 COCTABUTD B, YPABHEHUS
C IByMs HEW3BeCTHBIMU. Eciau uuciao $pa3aHoB 0603HATUTDL YePe3 L1, a TUCIO
KPOJUKOB Yepe3 T2, MBI IPUAXOAUM K YPABHEHUAM: X1 +To = 35, 2x1+4x9 = 94.

B O6IIIeM By A€ NBa YPABHEHUA C I1BYMA HEM3BECTHBIMU 3aIUCHIBAOTCA TaK:
a11z1 + a1272 = by, ag1wy + agexe = by, vae a5, 1 < 4,5 < 2, mb;, 1 = 1,2,
M3BECTHBI, & L1 W Lo HANO HAUTHA. DTy CUCTEMY YDPABHEHUU MOXHO 3AIIACATDH
B Buge (1.1), Tonreko A GymeT yxke He IuCIoM, a TaOJWIEN 3 I€THIPEX TUCENT
A = (gt 32) (maswmiBaemou mampuueti). [lpm sToM  u b — 5TO TOXe He
9MCIa, & BEKTOPHI — Haphl 9UCEJ, PACIOMOXEHHBIE B cToaben - = (1), b =
= (Z; ) st UMa,TpI/IIH;I An BeK;I‘Opa, T MOXHO OIPENEINThH Hp0H3Be,u;eUHI/Ie Ax:
HAJO TIEPBBIM DIEMEHT BEpXHEUW CTPOKYM YMHOXHUTL HA Z1, 4 BTOPOU HA Ig,
TOJYIUB TEPBLIA BJIEMEHT BEKTOPA MPOU3BEACHUA, & TOTOM TO XK€ IMPOAeIaTh
€O BTOPOU cTPOKOU. Takum 06pa3om, Mpou3BeqeHrne MaTpullbl A Ha BEKTOP
Z TIPUBOAUT K BEKTOPY Az = (Z;Eig;;g ), u pasenctso (1.1) npespamaerca
B CHCTEMY:

Az =b & a1121 + a19022 = by, ao121 + agexre = be. (1.1')

IHKOJII)HI/IKOB ydaT permaTb HO,D;O6HI>Ie CUCTEeMBI METOIOM MCKJIIOYICHUSI HEU3-
BecTHBIX. Hanmpumep, mia TOro, 9Tobbl PEnTh 33439y PO (PA3AHOB U KPO-
JWKOB, PA3yMHO W3 IIEPBOTO YPABHEHMA BLIPA3UTDH Ty I€PE3 Ty U, MONCTABUB
BO BTOPOE€ ypaBHEHHUE, HAUTHU Z1. TAK WIM IPUMEPHO TaK PENIAloT JUHEHHLIE
YPaBHECHUA M HA TPAKTUKE (I"ﬂ;e HOr'1a BCTPEYIATCA 3a4a91 C MIWIJIMOHAMA
Hem3BeCTHBIX ). HO ecTh myTh, UMEIINN TeOPEeTUIECKAN UHTEPEC, KOTOPBIX
BeeT K ABHOMY BBIPDAXKEHMIO PENICHWN He TOIbKO ABYX YPABHEHHU C NBY-
Ms HEM3BECTHBIMU, HO JIIO6OFO qucjaa n ypa,BHeHI/Iﬁ C 1 HEM3BECTHBIMU {Yepe3
«ompenerurenuy. [IpogeMoHCTpHUpPyeM ero cHada a, Ha TPUMEPE ABYX ypPaBHE-
HUU C ABYMA HEHM3BECTHBLIMU.

O6osmauus a! = (§11), a®> = (42)m b = (2;), 1300pa3suM >TH BEKTO-
PBI Ha IUIOCKOCTH B [E€KAPTOBOU cucTeme KoopauHaT (cM. puc. 1). IHycrs
V(a',a?) o3mawaer (OpMEHTMPOBAHHYIO) ILIOMALb MAPALICIOIPAMMA, MOPO-
x nerHoro Bekropamu o' u a?. @yukuua (a',a?) — V(a',a?) obragaer cre-
OYIOIAMA OEBATHBIMEA CBOMCTBAMIE:

a) ecrn el = ((1))7 e? = ((1))7 TO V(61762) =1
b) V(elaeQ) = _V(62761);
c) V(apa' +atat,a?®) = a1 V(at,a?) + a'v(at,a?).
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Puc. 1.

ITHU CBOUCTBA IPUBOAAT K TOMY, ITO
1 2 1 2 1 2
V =V(a",a”) =V(aiie + ag1€*,a12e + agee”) =

= (a11a22 - 012a21)V(61, 62) = G11G22 — G12G2]-

[ManHoe BBIpaXkeHWEe HasbIBaeTCA demepmunarmom (uau onpedeaumenem)
mampuybt A = (311 412, obosmataembiM det A. O6ozmasam Vi = V (b, a?)
u Vo = V(a',b). Ypasrenue (1.1') moxno nepemucats B Buje a'z, +a’zy = b.
Vi

N3 puc. 1 MOXHO yCMOTpPETb, UTO Ty = 72 ¥ AHAJOTUYHO, UTO T = ,
npuaeM 006a COOTHOIEHUA CPA3y BBIBOAATCA W3 CAMUX CBOUCTB a)-C).

B samate mpo dasamoB u kpomukoB V = 2, Vi = 46, Vo = 24, orkynma
MOMYIaeTCA, 9TO B KiIeTKe 23 das3ana u 12 KpOauKoB. ITO peIleHne CIOKHEE,
YEeM peHIeHne MCKJIIYICHNEM HEU3BECTHBIX, HO OHO, IIOBTOPIOCH, BaXHO I
MHOTHMX TE€OPETUIECKUX PACCMOTPEHUN.

Pacckaxem Temeps 0 cucTEeMax JUHEHHBIX YPABHEHUU CO MHOTUMU TIe-
peMenubiMu. Teopusa TAKUX YpPAaBHEHWU HAMAJNA CKIANLIBATHCA B 18 Beke, a
3aBepIMIACh B AeBATHAAIMATOM. C DTOUM TEOpUEUN 3HAKOMAT CTYIEHTOB BO
MHOTHMX BY3aX WHXEHEPHOI'0, DKOHOMUYECKOTO U MHOTUX IPYTHUX TIPOQUIEN,
rjle U3y9alT MATEeMATHKY (U, PA3yMeeTCs, B YHUBEPCUTETAX).

1.2. CUCTEMBI n JUHEVHBIX YPABHEHUN C 1 IEPEMEHHBIMU

CHCTeMy n ypa.BHeHHfI C N HEM3BECTHBIMU TaKXe€ MOXHO 3alnCaTh B BU-
me (1.1), Torbko A GygeT yxe MaTpHUIEU pa3Mepa n X n:

T by
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a TmpomW3BeNeHWe MATPUIEI A Ha BEKTOpP T, OMpPEAeIseMOe AHAJOTUIHO NBY-
MEPHOMY CJAy4al0, IPUBOAUT K BEKTOPY

a1r1 + ... +aipTy
Ax = : ,
Ap1T1 + ...+ AQppTn

u Torga pasenctso (1.1) mpespamaerca B cucTemy:
n n
Ar=b < Zaljmj :bl,...,zanj(l:j = by, (1.2)
j=1 j=1

[TonpoGyem pemmnts cucremy (1.2) meTomom, 0600MAIIIMM IPUEM, TOIBKO
9TO TMPOJEMOHCTPUPOBAHHBIN B MPEABIAYIIEM pa3iene, KOraa 1 PaBHAIOCH

IBYM.

all Q1n b1
O6O3HaqHMa1:(:>,...,a”:( : )mb: :
an1 Ann b.n

Beegem pynxmmo V: (R")" — R, V = V(a',...,a") «6wemar cucremsr
n
BekTOpoB {a’}?_,. /IBymepHbIe W TpPeXMepHbIe TPUMEpPHI MOKA3BIBAIOT, ITO
PasyMHO OTPeGOBATH OT BTOKM (DYHKIUM BHIIOTHEHUA TAKAX yCJIOBUM:
a) YCIOBMA HOPMHUPOBKH, COTMACHO KOTOPOMY OOBEM EIMHWTHOTO Kyba

1 0
JomxeH paBHATHCA equamne: V(el, ..., e") =1, rgee! = < : ) oo, = ( : )

0 1
— craagapTHbx 6asuc B R?;

b) ycaoBus «aHTUCUMMETPUIHOCTHY:
1 i—1 i i+l _i+42 ny __ 1 i—1 i+l i _i+42 ny.
Viet,...,e" Het e et e = =Vie,...,et e et e e

C) yCIOBUS TUHEMHOCTH 1O KAaXIOMY BEKTOPHOMY apTyMEHTY, A 3TOTO
IOCTATOYHO MOTPeOOBATH, IYTOOBI

V(aa' + aat,d?,...,a") = aV(a',a?, ... ,a") + aV(a*,d?, ..., a").

Takxke, KaK B IByMEDHOM CIy4ae, U3 MPUBEIEHHBIX AKCUOM OJHO3HATHO
BBLIBOJIUTCA BRIpaXKeHue J11 06beMa mapaielelnnena, TopoX JeHHOTO BeKTo-
pamu ¢!, a’® u a® B TpexMepHOM CiIydae:

V(al,a2,a3) =
= 11122033 + 012023031 + 21032013 — 13022031 — 412021033 — G110320:23.

[Ipomomxas MO MHAYKIUA, IPUXOAUM K TAKOMY PE3YAbTATY: CYUeCmey-
em eduncmeennan Pynryus V=V (a', ..., a"), xomopas onpedessemca arx-
CuUOMamy a)-c). Ta PYHKIWA PABHA CyMMe ZP(—I)SignPHizlaip(i), B3ATON
no BceM mepectaHoBkaM P mepseix n umcen {1,2,...,n} co 3HAKOM, paB-
ueim (—1)%82 P nre wumeno sign P pasro mymo, ecin mepexon ot {1,2,...,n}
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k {P(1),P(2),...,P(n)} TpebyeTr 4eTHOro €MCJIa TPAHCIO3UIUKA COCETHUX
DJIEMEHTOB, W €WHUIE, €CIU TPEOYETCA HEIETHOE TUCI0 TPAHCIO3UIMI (CKa-
XKeM, WIeH (91332013 UMEET 3HaK +, mbo mepexox ot (312) k (123) Tpebyer
nByx Tpaucmosummui: (312) — (132) — (323)). Brimucamnas gyHKIua yno-
BIETBOPAET akcumoMaMm a)—C). OHa U HA3BIBACTCA JEMEPMUHAGHMOM UAU ONPE-
deaumenem MaTpunbl A u obozuadaerca det A. [lnsg TpeHUPOBKM YMTATEND,
KOTOPBI CTAJKHUBAETCA C DTUM TOHATUEM BIEPBLIE, MOXET COCIUTATHL Ka-
KOU-HUOYIb OMpPeNeIuTeNb 9eTBePTOro MOPAAKA UIM BHIIACATH OTBET B 06-
meM Buje (IPUIETCA MPOCYMMUPOBATH BBEIDAXKEHUE W3 ABAANATH TETHIPEX

CIaraeMbIX).

OCHOBHOU TEOPETUIECKUN PE3YJIbTAT, KACAIOIIANCA CACTEM N JUHEWHBIX
ypaBHEHUII ¢ 7 Hem3BeCTHEIME — npasmio Kpamepa?) — cocrout B cie-
Y IOIEeM:

[PEAMOKEHUE 1.1. a) Ecau onpedeaumens cucmenn V =V (a',... a")
omauNer 0m HYAA, MO ypasHenue AT = b paspewiumo U PeuLeHuEe CUCMeMbl
umeem 6ud x; = —, 2de V; = V(a',...,a" ', b,a’t ... a").

Vv )
b) Umeem mecmo asvmepramusa: aubo ypasnenue Axr = b 0dnosnauno
paspewumo das awbo2o b € R*, aubo odnopodnas cucmema Ax = 0 umeem

HEHYAEBOE PEULEHUE.

[MOKA3ATENLCTBO. IlycTs 3agama marpuna A = (aij)i<ij<n, ¥ KOTO-
poit det A = V(a',...,a") # 0. VI3 reoMeTpIIECKOrO CMBICIA, OIIPEJETATENTA
(u, pasymeeTcs, W3 ero akKCMOMATUIECKUX CBOUCTB) CIEAYET, ITO €CIU BME-
cro o/ mogcrasurs B V(al,...,a") Bekrop o, k # j, To momyumTcs mHymb.
Ilycts V;; — obbem cucremsl BekTopos {a',...,a"" ! el a1t ... a"}. Ecu
HOMHOXHUTE V;; Ha @;j U PACKPHITH BEIDaXEHUe I ompejgeauTens Vi;, To co-
0epyTCA BCE WIEHBI ONPEAETUTENI MATPUIIHI A, KOTOPBIE COIEPKAT B IPOU3BE-
JEHUY 5IEMEHT a;j. Temepb, eclu IPOCyMMUEPOBATD ¥ ;- a;jVij, TO cOGepyTCs
BCE “WICHBI ONPEJCIATEN, MATPUIBL A; eCIl XKe B3ATb CyMMYy » . i Vij 4L
k # j, TO TOLYyYUTCA ONMPENEIUTENb MATPULBLL C ABYMS OJUHAKOBBIMU CTOJ0-

mamu o | 1. e. Hyas. OTciona BEITEKaeT, 9TO ) = Sy %al, rae e/ — j-u 6a-

BUCHBIA BEKTOP, a Vj; — 00beM CHCTEeMBI BEKTOPOB {a',... a7 el a'tt, ..,
a"}, a 3HAIUT crenyeT, 9TO cucreMa ypasHenut (1.2) pazpemmma gis 106010
b= Z?:1 bjel. Tlpu ToM OZHOPOAHAA CHCTEMA HE MOXKET MMETh HEHYJIEeBOI'O
pemenus, 160 >TO HECOBMECTHMO ¢ HEPABEHCTBOM HYJIO OMpPENeIATENd. 3a-

OJHO MBI JoKazami mpasuio Kpamepa, u6o b= 0, bjel = doij—1 bjﬁaj =
Vi
=" “Ladl.
=1 vy
DTa6pmoms Kpanep (1704-1752) — mBeADAPCKUN MATEMATHK; YCTAHOBII U OILyOJIMKO-

Bax (B 1750 rogy) mpaBmwiIo pELIeHWA N INHENHBIX YPABHEHUN C N HEU3BECTHBIMU, 3AJI0KIB
OCHOBBI TEOPUM OTPeAeTATENCH.
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[Ipeamonoxum Temeps, uro cucrema (1.2) paspemmnma nas J0060ro Bek-
Topa b, a OJHOPOJHAA CHCTeMa ;mMeeT HeHy.lIenoe perenme . O6Go3maxmM
gepe3 L1 COBOKYNMHOCTH BCEX PEIIEHUN OJHOPOIHOU CUCTEeMbI. Permmum ypas-
merue Ar? = x'. Torga 22 € Ly \ Ly, rae Lo — COBOKYIIHOCTB BCEX pelICHMH
A%z = 0. Pemmm ypasuenue Azrs = zp u jgazee OyfeM MOCTYHATH AHAIO-
TUYHO, ¥ B Pe3yabTaTe (Bpoge ObI) mOCTPOUM I060€ TUCIO JMHEMHO HE3ABY-

cuMbIx BeKTopoB {2 }ren. Ho »To meBoamoxuo, ubo V(z',...,z") # 0 (uaTo
BLITEKAET U3 IMHENHON HE3ABUCUMOCTHY) ¥ TOT /A [0 JOKAZAHHOMY BCE OCTAIb-
HBIE BEKTODPBI JOXKHBI BhIpax)aThca depes {x}1 _,. (|

IIpoBeeHHOE TOMNBKO HYTO PACCyXACHUE ABIACTCA OA3MCHBIM B NOKA3a-
TeIbCTBE GECKOHEYHOMEDHOI'O AHAJOTA JOKA3AHHOM TEOPEMbI, M3BECTHOI'O
kak anbrepHaTuBa Ppegroasma. C sTou anbTepHATHBOU (I3 M TO He BCErza)
BHAKOMAT JWIIb CTYIEHTOB YHUBEPCUTETOB (B TO BpeMs, Kak mpasuiao Kpa-
Mepa MPOXOAAT BCIOAY — OHO ABIAETCA CYUIECTBEHHOU KOMIIOHEHTOU KypCa
IMHeHHOM arreGpEr) ).

1.3. AJIBTEPHATUBA DPEATOJIbEMA

ONPEAENEHUE. Jlunenuwt omepatop A: X — X, rae (X, - ||lx) —
6aHAX0OBO OpoOCTPaHCTBO, HA3BIBACTCA KOMNAKIMHLIM, €CIN OH 0T06pa>KaeT
e,Z[HHH‘IHBIfI 1ap X B KOMIIAKTHOE MHOXECTBO.

TEOPEMA 1 (AIBTEPHATUBA DPPEATOJBMA). IIycms X amo 6anazoso
npocmparncmeo, A: X — X xomnaxmuviti auretdnbiti onepamop uw A = I —
— A, ede I — edunuumnbili onepamop. Toeda umeem mecmo asbMepHAMUBA:
aubo ypasnenue Ax = b odunoznauno paspewumo oas arob6oz0 b € X, aubo
odnopodnas cucmema Ax =0 umeem nenyiesoe peusenue.

[TOKA3ATEJILCTBO. Ecau Ker A # {0}, Torga Heo THO3HAMHOCTE CIEAyET
yxe mma b = 0. Ilokaxem, 9To eciu ypasHernue Axr = b paspemmmo I
moboro b, to Ker A = {x € X | Az = 0} = {0}. JomycTum, 4T0 5TO He Tak u
nycts o1 # 0 m 71 € Ker A. Hasinem 2o = Azy. Torga x5 € Ker A2\ Ker A.
[Mpogoaxas >ToT mpolece, HaWAeM IeNb CTPOrO BIOXKEHHBIX APYT B APYTa
nogmpocrpancts Ker A C Ker A%2... C Ker A" C ... Jlerko JOKa3bIBA€TCAH,
ITO B KAXAOM OGAHAXOBOM IIPOCTPAHCTBE I JIOOOT0 MOANPOCTPAHCTBA, HE
COBIAIAIOIIETO CO BCEM IMPOCTPAHCTBOM, HAUAETCA BEKTOD €IUHUIHON [IVHBI,
HAXOQAIUCA HA, PACCTOAHWW, CKOJb YrOAHO OJM3KOM K EIWHUIE OT 3TOTO
MOAMPOCTPAHCTBA. BribepeM B kax oM moanpocTpancTse Ker A" saemenT o,
eIUHUYHOU HOPMBI, HAXOIAIMUACA Ha, PACCTOAHAU > 1/2 OT mogmpocTpancTsa

3)CJIe,qyeT CKa3aTh IPU 3TOM, IYTO npaBuwioM Kpamepa B IPAKTHIECKUX PACIETAX HUKTO
HE MOJb3yeTCA.
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Ker A»~!'. Eciz m > n, To HETPYAHO IPOBEPUTH, UTO 2z = T, — Az, — Az, €
Ker A" ! u smauur, |[Az, — Azy|x = |2 — Zmllx = 1/2, uTo mEBO3MOXKHO
BBHUY KOMIAKTHOCTH A. O

MokazaHHAs TeopeMa UMEeeT MHOTOYHUCICHHLIE MPUIOXKEHUA B aHAIA3E.
O HEX MBI IOrOBOPUM B KOHIE. AnbrepHaTusa Ppearonabma ObLIa TOKA3aHA
meeacknM matematukom Usapom Openroasmom (1866-1927) B 1900 roxy mas
CIENUATBHOTO KIACCA TAMHENHBIX YPABHEHNN (TaK HA3BIBAEMBIX HHTET DATBHBIX
ypasuerun Ppearomrsma BTOporo poja suaa (t) — f; K(t,7)z(r)dr = b(t) c
uenpepeiBEbIME K 1 b, paccmaTpuBaeMbix B npoctpanctse C([a, b])). B pabo-
Te PpeArorbMa pacCMaTPUBAIOCh TAKKE U TPAHCIOHUPOBAHHOE yDABHEHUE
&(r) — f; K(7,t)¢(t)dt = (1) m mokaswiBanach BTOpas Teopema Ppearoias-
Ma, O TOM, YTO €CIn OJA OCHOBHOI'O YyPaBHCHUA MMEET MECTO NEPBbIN CIYyIan
ATLTEPHATUBLI, TO OH UMEET MECTO U A TPAHCIOHHPOBAHHOT'O yPABHEHMUA,
YUCIO XK€ JUHENHO He3aBUCUMBIX PELNIEHUN OCHOBHOT'O U TPAHCIIOHUPOBAHHOT'O
pemennnt konewHO n onmHakoBO (cM. U. T. Tlerposckuu, «/lekumm mo Teopun
MHTErpaidbHbx ypasuenuim, M.: YPCC, 2003; B oTou kHUTe TeopeMa, TOKa-
3BIBAETCA METOIOM BHIPOXK JeHHBIX sfep). ChHOpMYyIMpOBAHHYIO BBIIIE IEPBYIO
9aCTh BTOPOU TeopeMmbl DpenronsMa, JErko MOXHO BHIBECTU U3 PE3YJAbTATA,
MOKA3aHHOT'O HAMMU.

AnrrepuaTuBa Ppearonrbma ABUIACHE UTOMOM OGOMBIIAX YCUIAA MHOTHUX
MaTeMaTHUKOB BTOPOMX IOJOBUHLI 19 Beka, W >TOT pe3yabTaT BOCIPUHAMAI-
CA TOr[a KaK BLIJAIOIIEECA COOLITHE, BEHUAIOIEee TEOPUIO JUHEHHBLIX yPaB-
HEHUM.

* k% K %k *

BoT MBI U coBepIIMIz CBOE IEPBOE IETHIPEXCTYIEHHOE BOCXOXK TeHNE K O
HOU U3 BEPIINH MATEMATUIECKON HAYKU. [[0BTOPIOCH: IEpBasA CTYNEHDb HAIIETO
¢BOCXOX IEHUA» IIPeoaoJeBaeTCa OOBIYHO elle [0 MIKOMBLI, BTOpad — Ha ypo-
KaXx apudMeTUKN U aiareOpbl B HIKOJE, TpeThA — B By3aX, I'le IPEHoJaioT
MaTeMaTUKYy, YeTBepTad — B YHUBEPCHATETAX.

Hamu 6vu1a mpeampuHATa HTOMBITKA MPEOJOJIETh BECh DTOT MYyTh — OT
manupyca Pauga k Hadandy ABAaAIATOrO BEKA — B OMHOU JEKIIUU. Y [aIACh
JU 3Ta NONBITKA, CYJATH IUTATENIO.

2. TEOPUA KBAIPATUYHBIX ®YHKIINA. KOHUKU U KBAIPUKA

ITOT pa3fie] MBI HAYMHAEM He C OJJHOMEPHOr0, & C TBYMEPHOT'O CIyYasd, C
IJIOCKOCTHU, C HJIOCKOﬁ reomMeTpun, 1 3TO yBeAeT HaC CHa'a/Jla B MUD aHTUYI-
HocTH. A masee HAM OCTaHETCA CHENATH BCErO B IIATAa — B N-MEPHBIN, a
3aTeM B GECKOHEYHOMEDHBIN MUP.
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2.0. HECKOJBLKO CJOB O «KOHUKAX» ATOJLIOHUA

Anonnornn (ox. 250 10 H.5. — ok. 170 no u.5.), HApaxy ¢ EBkaugom u Apxu-
M€eIOM, — OJUH U3 TPEX BEIUYAUIINX MATEMATUKOB ApPEeBHOCTU. Kro MHOrO-
romub TPy «Konukmy (koHumveckue cevenus) (yBBI, HE MOTHOCTHIO JOIIE]-
WY [0 HAC), ABAAETCA OE3yCAOBHON BEPIIMHOUN AHTUIHOW MATEMATUKH. Tam
OBLIN UCCAEIOBAHBI IIOCKUE CEIEHUA MPAMOTO KPYTOBOr'O KOHYCA, — DILIUTICHI,
runepOOoabl 1 Tapaboabl, — TaKUue UMEHA NAJ dTUM KpuBLIM Anommonun. O6
Anosonun u ero BeIUKOM TPYAe IATATENb MOXET Y3HATD U3 3aMEUATEILHON
kuuru B. A. Pozendensna «Anommonun [lepreckumy, M.: MITHMO, 2004.

Mmuoroe B Tpyae ANOWIOHUA TOPaXaeT MW HAIIErO COBpeMeHHUKa. Ha-
MpUMeEp, B MATOU KHUTE AMOMIOHUU OMUCHLIBACT KPUBYIO, PA3AEIAIONIYIO ABE
WIOCKUE OGIACTH, W3 TOYEK OJHOU W3 KOTOPBHIX MOXHO MPOBECTH IBE HOP-
MaJI’ K DIUTATICY, W3 TOYEK APYTOW — deThipe (a Ha CaMOUW KPWBOW — TpH).
Heime sTa kpusas (ormbaromas ceMeNCTBAa HOPMAJEH K DIIAINCY) W3BECTHA,
KaK acTpoua. ATOMIOHUIO yIAIOCH OMUCATL ACTPOUIY, YPABHEHUE KOTOPOU

2 \2/3 (35 2/3
(—) + (—) = 1 6BLT0 BRITKUCAHO B CeMHAATIATOM Beke. Kak Bcero »Toro

ay az
MOXHO HOOUTHCA, HE pacloiarad CpeicTBaMU ajareOpbl, YUCTO reOMeTpude-
CKM, — HEMOCTUXKMO YMy Hallero COBpEeMEHHUKA.

Ho MbI-TO B mIKOJe HmpoXoAuM aare6bpy, X HaM OyAeT IoJerde M3ydaTh
KpUBbIE AIOLIOHUA C ee TOMOLILIO.

2.1. JEKAPT U TEOPUSA IJIOCKUX KBAJIPUK

B ceMHAIIIATOM BeKe TBOPWIN JBA BEIUKUX (HhPAHILY3CKAX yIeHBIX — Pene
Hexapt (1596-1650) u IInep Pepma (1601-1665).

UNm npusnagmexuT QyHIAMEHTAIBHAS A BCErO NATBLHEUIIEr0 Pa3BUTUSIL
MaTEMATHKY uaes apudmemusayut 2eomempus. OHE nocTpowmm apudmeTn-
9eCKUe MOJENN MIOCKOCTU W MPOCTPAHCTBA. Brarogapsa sTou uiee, B 9acT-
HOCTH, PeOMETPUICCKHE 3a0a91 OKA3AIOCh BOZMOXHBIM PEIIATh alreOpante-
CKAMU CPEJICTBAMU.

HamomuwM 0 TOM, 9TO Takoe AeKapTOBa MOAETh MIockocTu. Hac B miko-
Je y9aT, KaK OPOBECTH MEepPHeHAUKYIADHLIE TpAMbIe. MBICICHHO TpOBeIeM
X ¥ BbIOEpEM Ha KaXIOu U3 HuX (OAMHAKOBBIN) MacmTab. Torma Kaxmou
TOYKE IIOCKOCTU COOTHECETCA Mapa BENIECTBEHHBIX wmcen (Z1,%s) — €e KO-
OPAMHATEHI, & KAX 0K FeOMETPUIECKON GUrype — HEKOTOPOe MOAMHOKECTBO
Takux map. /[Be OCHOBHBIX (DUTYpPHI TEOMETPUY NPEBHUX — MPAMBIE U OKPY K-
HOCTHU — OIUCHIBAIOTCA TaK: IPAMBIC — HHHeﬁHbIMH YPaBHEHUAMU G111 +
+aoxo = b, a OKPYXKHOCTU — CHEIAATHHBIMYA KBAIPATUTHBIMYU Y PABHEHIAMU:
(1 — a1)? + (12 — an)? =12,

Ecau 3adgukcupoBaTh JeKApTOBY CUCTEMY KOODAMHAT HA IUIOCKOCTH, TO
TOYKHU INIOCKOCTHU MOXHO Ha3BaTh HIO-APYroMy — BEKTOpAMMU. I/IX MOXHO
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CKITAJBIBATE MO MPABUIY MAPALIEIOTPAMMA M MOXHO YMHOXATH HA BEIIe-
CTBEHHBIE 4MCIa. B apudmeTundeckon mogenu [lekapTa CIOXKEHUE TBYX BEK-
TopoB = = (x1,22) u &' = (x},zh) npusogur x BekTOPY T + =’ = (11 + 2},
zo + xb), a ymHOXeHwWe BekTOpa T = (I1,T2) Ha 9UUCIO G 0AeT BEKTOD
ar = (axy,axs). Onpemerum ckanapHoe mpoussenenue (z,z') BEKTOPOB
x = (z1,22) m ' = (z,2}) pasencrsom (z,2') = z12| + z22). Tpoct-
PAHCTBO CO CKAIAPHBLIM IIPOM3BEICHNEM HA3BIBAIOT B KOHETHOMEPHOM CIYYIae
e6KAUJOBYIM NPOCMPARCMBOM, & B GECKOHEIHOMEPHOM (IIPU yCIOBUA TIOJIHO-
TBI) — 2UAb0ePMOBbiM. MBI MOCTPpOWIM TAKUM 06PA30M IBYMEPHOE €BKJIVIO0-
BO IIPOCTPAHCTBO, KOTOpoe o6o3HaxnM B2,

Ecau (z,z') = 0 (T.e. ckanapHOe mpousBeJeHNe BEKTOPOB PABHO HYJII),
BekTOpel = 7 2’ w3 E? masweBaior opmozonasvHbimu, a BekTOp = € E? Ta-
kou, 9T0 (z,2) = 1, HA3BIBAIOT €QUNUUNbIM. DT TEPMUHBI HAXOAATCA B CO-
OTBETCTBAM C TEOMETPUICCKMM B3TVIAAOM HA EBKIMIOBY ILIOCKOCTb, B KO-
TOpOU [auHA BeKTOpa T = (x1,x2), cormacHo Teopeme I[ludaropa, pasHa

|z| = \/2? + 23 = \/(z,2). llpu sToM cKamApHOE MPOW3BETEHWE BEKTODPOB,
KAK HETPYIHO MOACIATATH, PABHO MPOU3BEICHUIO JIAH BEKTOPOB HA KOCHHYC
yTJIa MEXy HUMU.

[MocmoTpuMm Temeph Kak aarebpamvecKy OMUCHIBAIOTCA HA E€BKJIMIOBOU
ILIOCKOCTHA KOHWYECKHe cedeHua Amommonus. B TpexMepHOM HpPOCTPaHCTBE
Tpoex (z1,T2,T3) IPAMON KPYrOBOM KOHYC 3aMaeTCA YPABHEHHeM T: + T2 —
— x% = (. PaccmoTpuM ero cedeHms ILIOCKOCTAMU L3 = (L1 + QoZo + .
[MogcTaBuB B 5TO PaBEHCTBO BMECTO I3 BBIPAXEHUWE (1X1 + QoTo + [, mocae
BO3BEJCHUA B KBAAPAT W MPUBEACHUA MOAOOHBIX TIOLYIAM TAKOE ypaBHEHHE:
Q(z) = a1172 + 24127172 + ag T3 + 2b1 71 + 2box2 + ¢ = 0. DynxmEn = — Q()
HA3BIBAIOT Keadpamuueckumu, byakman © — q(z) = a112? + 2a122172 +
+ agrd = (Az,z)Y, rme A = (% 92), gy = a19, HABBIBAIOT K6aJPAMUY-
notmu opmamu. MaTpuiy A coO CBOUCTBOM a9) = (12 HABBIBAIOT CUMMEMPU-
weckoti. Kaxmas cuMmerpuydeckas MaTPHUIA TMOPOXIAET ¢ OJHOU CTOPOHBI
00BEKT AMreOpBI U aHAMW3a — KBAAPATUIHYIO Gopmy (T.e. HyHKIUIO ABYX
nepeMeHHbIX T — (Az,x)), a ¢ IPYrom — reoMeTpPUIeCKU 00BEKT — Mmpe-
o0pasoBaHue IIOCKoCTH: T — Az, Korga Touka & = (r1,Z2) MWIOCKOCTH Ie-
pexoamuT B Touky Ax = (a11%1 + a12%2, a21 1 + a22x2). ITO MpeobpazoBaHme
obaramaer crenyommm ceouctsoM: (Az, z') = (x, Az'). Toraa rosopar, aro A
3a1aeT CHMMEPUIECKUN OTIEPATOP, IPEeOOPa3YIONMN IMIOCKOCTb B CEOA.

Kouuku B apudpmerndeckon mogenu exkapTa — 9TO JUHUU YPOBHA KBa-
OPATUYIHBIX (PYHKIUN, WHAYE TOBOPS, 3TO MHOXECTBA TOYEK, YIOBICTBOPIO-
mux ypasaeruaM Q(zr) = 0, rge Q(z) = (Az, z) +2(b, x) + ¢ — kBagpaTuIHAA

Ipasuibiee 65110 6B TUCATD (B coorBercTBHH ¢ mpexsAyImaM pasgerom) ((AxT)T x),
HO MBI 3/16Ch TPY PACCMOTPEHNN KOHETHOMEPHOI'O eBKJIMI0BA CIydas Mo3BoageM cebe Goaee
TIPOCTYIO 3aIUCh.
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(yHKIUA, ¥ BO3HUKAET 3a4ada MPUBECTH CaMy (PYHKIHIO U U300PaAKAEMYIO
€10 KPpUBYIO K Gosee «ymoOHOMY» Buay. CaemaeM 3TO B BaXXHEUIIEM, HEBBIPO-
XKJIEHHOM Caydae, korga matpuna A obparmma (T.e. det A # 0).

CHauaja IPOCTEUIIer 3aMEHON IEePEMEHHLIX L = § + a < 1 = Y1 +
+ a1, T2 = yo + a9 monpobyeM M36ABUTHLCA OT JIMHEUHBIX WieHOB. VMeem: 0 =
= (Az,z)+2(b,z)+c = (A(y+a), (y+a))+2(b, (y+a)) +c. Packpsias ckobku
U MIPUBO/IS MO NOOHBIE WIEHBI, MOy UM paBeHCTBO (Ay, y)+2(b+ Aa,y)+c = 0.
Buguo, uTo ecim momoxuts @ = —A~'b u ¢ = ¢+ 2(b,a), momyumm, UTO B
HOBBIX KOOPAWHATAX ypaBHeHUe Kpubou OyaeT mmets Bug: (Ay,y) + = 0.

ITpogorxmM Hamm arre6po-aHATATHIECKAE PACCMOTPEHUA, a MOTOM
BCKPOEM MX T'eOMETPUICCKUN CMBICI. VIMeeT MecTo

[MPEANOXKEHUE 2.1. Cywecmsyem napa eOuHUUHBLE OPMOSOHAALHBIT 6EK-
mopos e' u €2, omuocumesbno KOMOPHIL HEBHIPOHCOCHHAA K6a0PAMUUHAA

dopma q(y) = (Ay,y) npuobpemaem Juaz2onasbrvil 6u0:

q(y) = >‘1<y7 61>2 + >‘2<y7 62>27
2de )\1, )\2 75 0.

[HOKA3ATEJBCTBO. PaccMoTpuMm skCcTpeManbHYIO 3a0a€dy: HGUMU MakK-
cumym Pywwyuu g Tpu ycaosmum, ITOo Yo + y2 = 1 (me orpammumB ce6a B
OOLIHOCTH, MOXHO CIATATb, ITO CPEAU 3HAYMEHUN ¢ €CTh MOIOKUTEILHBIE).
U3 Teopembr Benepmrpacca 0 JOCTUXEHUN MAKCUMYMa, HEIPEPLIBHON Py HK-
nuy Ha KoMmakTe (cM. €. 29) BBITEKAeT CYIIECTBOBAHWE DEIIEHWs DTOU 3a-
masu (o6o3mawmM ero e') (cm. puc. 2). Temeph HAJO HPEMEHHTDH MPABIIO
vmHOXuTenen Jlarpauxa. Fcau duraTent He 3HAET, YTO 3TO TAKOE, MY CJe-
IyeT CHAYATa MPOYUTATH CACAYIOUWEA Da3fen, TAe DTO MPABIIO NOKA3BIBA-
eTCA W B JBYMEPHOM, M B MHOTOMEDHOM, U B GECKOHETHOMEDHOM CIydae.
B mpumeneHMM K Halen 3aate MPABUIO COCTOUT B TOM, ITO HAUJAETCA Ta-
KOU MHOXUTENb Jlarpanka Aq, 9TO mpousBogHad Mo = pyHKuu Jlarpamxa

Puc. 2.
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L(z,\1) = —(Az,z) + A\ (z,z) paBHa HymO (0 TPOU3BOAHBIX (DYHKIIUU TBYX
7 MHOTHX IMEPEMEHHBIX CM. C. 29; IPOCTHIE BBHIKIAIKA MOKA3BIBAIOT, ITO IIPO-
m3BomHas pyHkmym 2 — (Ax,x) pasma 2Azr, dyakuum (b, z) pasma b, mpo-
M3BOJHAA KOHCTAHTHI papHa Hymo). OTcioga BhTekaer, uro Ae! = Aje! n
IIpU 3TOM \; — BTO MaxcuMmyM B 3agaqe (n6o (Ae',e!) = A\ > 0). [IycTs Te-
neps e’ — eIMHUYHBIN BEKTODP, OPTOTOHATBHEIN ¢! (/11 HAX0XK JeHMsa TaKoTo
BEKTOpa HaJo pemuTh ypapHerus (z,e!) = 0, (z,z) = 1). Torga (Ae?,e!) =
= (€2, Ae') = \(e?,e!) = 0, 1. e. Ae? u e? nponoprmonansabL. O603HAMIM KO-
>(UIIEHT P OIOPIMOHATEHOCTH Yepe3 \o. SHaumT, iy = (y, e')el + (y, e2)e?,
omsyma u caeayer, 1o qly) = Ay, €' ) + Aoy, )%, A, Ag 0. O

HeTpyAHO HOHATE, ITO BEKTOP A€’ ABIAETCA PEIIeHHeM 33,1341 O MUAHA-
MyMe (PYHKIINA ¢ IPU YCIOBUU, ITO y% + y% =1.

Bexropsr €/, i = 1,2, mocrpoernsbie Hamu (06magatomme cBoicTBoM Ae! =
= \;e'), HasBIBAIOTCA coBCmBennbLMY 6eKxmopamy onepamopa A. lokazasHbIix
HAME PE3YJIbTAT MOXHO MepedOpMYIUpPOBATEL TaK: KanicObill cummempuue-
CKUT ONEPamop Ha e6KAUAI080T NA0CKOCMU 064000EM OA3UCOM U3 COOCMEEH-
HbIL 8EKMOPOB.

Temepsr mepeBegeM BCE DTO HA A3BIK reoMerpuu. Momerbio Kycka ILIOC-
KOCTH MOXET CIYXHUTH MOBEPXHOCTH CTOMA, 33 KOTOPBIM HAM TIPUXOTUTCA
paboTaTh. MBICTEHHO HAPUCYEM HA DTOM CTOJNE IEKAPTOBY CUCTEMY KOOP-
auaar. Ho maMm morpebyeTrcsa elme OAWH DK3EMILIAD €BKIUIOBOU ILIOCKOCTH.
[TucsMeHHBIE CTOMBI MHOT/IA HAKPBIBAIOT MPO3PAYHBIM CTEKIOM. BooGpasum
cebe TaKOW IMPO3PAYHLIM OECKOHEIHO TOHKHU M B TO Xe BpeMsa OeCKOHETHO
KECTKUUN Yepe3 BCe MPOHUKAIOMUN KYCOK MIockocTu. CHUMEM ero ¢ HaIero
OUCBMEHHOT'O CTOJIA U MIOAHECEeM K KOHYCY (PaCIONOXEeHHOMY TaKXKe I/e-TO He-
nanaeko ot Hac). [lepecedeM 5TUM KyCKOM IIOCKOCTH BCe 0Gpa3yIomme KOHyca,
00BeleM BETHBIM KapPaHIAIIOM M0 KOHTYPY CEYeHUSI U 0003HAYMM TOYKY Ha,
HAIllEM KYCKe ILUIOCKOCTH, T'Jie OH MEePeCeKAeTCI C MEeHTPAIHLHOU OCBI0 KOHY-
ca. Ha mameM mpo3pasHOM KyCKe IOCKOCTH 06pa3oBalach KpUBasd, KOTOPYIO
Anonnonuy Ha3BANT DIIUIICOM, W BHYTPU DTOTO DILIUICA PACTIOIOXKUICI €ro
ueaTp. [losoxuM Temeps OMATH HAII KYCOK ILIOCKOCTY Ha, IIOCKOCTH HAIIe-
0 MUCHMEHHOT'O CTOJMA, MPOPUCYEM KOHTYP DJLIUICA C TPO3PATHOTO KYCKa,
HA TIOCKOCTH CTOJA W BEPHEMCA K AHAMATUICCKUM PACCMOTPEHUAM. YPaB-
HEHME HAPUCOBAHHOTO DJLIUICA B CACTEME KOOPAWHAT HA CTOJE, UMEET BU
(Az,z) + 2(b,x) + ¢ = 0. IlepBoe, ITO MBI cAexadn, W30ABWINCH OT JUHEU-
HBIX WIeHOB. Ha A3LIKe TeOMETPHUM 5TO O3HAYAET, ITO MbI TOMECTUIN HOBYIO
NEKAPTOBY CUCTEMY KOODAWHAT B IEHTD JILIANCA (HATPABUB OCH TTAPAJLIETh-
HO M3HAYATBHBIM). A [anee, B3INIAHYB HA DJUIAIC ¢ HOBOU CUCTEMOU KOODIW-
HAT (CM. puC. 2), MIOMENIEHHON B €r0 IEHTP, MbI 3AM0J03PUIN, ITO IPAMAI,
MPOXOAIIAA 9€Pe3 MAKCAMAIBHO YIAJEHHBIE OTHOCUTEIBHO EHTPA TOYKU U
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npAMas, TPOXOAAMAA Iepe3 MUHAMAILHO yIaJeHHBIE OT IEeHTPa TOIKM, Iep-
NEeHIUKYJSIPHBI IPYT APYTY.

ITOT PaKT MBI M JOKA3AIN ¢ TIOMOIIBIO TIPABAIA MHOXHATENCH Jlarpamxka.
[ToBepuyB ocm Tak, ITOOBI OHU TOIUIKA IIO TPAMBIM, COSIWHAIOIINM MAKCH-
MAJIBHO I MAHUMAJLHO yAATCHHBIE TOYKHT, B HOBBIX OCAX MOXYIAIA YPABHEHUE
Ay, ey + Xo(y, €2)? = —. B cayuae smmmca —\; /¢’ > 0, i = 1,2. A ecim
OBI MBI CPa3y HAII DILIUIC, HAPUCOBAHHBIN HA MPO3PAYHON ILIOCKOCTH, «IIPHU-
BE3JI» 110 CTOJNY U PACIIOJIOXUINA B CTapOfI cucTeMe KOOpAWHAT IIyCTUB €0 OCH’

2 2
xr xr

MO0 OCAM KOOPAWHAT, TO MOXyIwin ObI ypaBHEHUE <—;> + <—g> = 1. Ecim
ay as

Xe 3HAKM —)\;/¢’ IPOTMBOMOMOXHEL, TO NOXyIuan ObI yPABHEHWE TUHIEPOOMBL:

2 2
T T2
) (2)=1
(a%> (a%>

M1 gokasanu, 9TO HEBLIPOXK NEHHAA (M HE ABIAIOMAACA TOIKON x%—i—x% =0
WM TyCTHIM MHOXECTBOM T2 + 23 = —1) KpuBasg BTOPOTO TOPALKa — TH60
saaunc, aub6o runepOoa.

2.2. MHOTOMEPHbBIN CJIYYAU

PaccMoTpuM mpoCTPaHCTBO BEKTOPOB & = (I1,. . .,Ly) W ONPEIEIAM CKa-
) ) n
! i ! !/ !/
JAApHOe mpousBefgeHue (r,z') BEKTOpoOB = = (1,...,%,) 1z’ = (z,...,2,)
paBercTBoM (z,z') = Y ) _, zpx). BEcim (z,2') = 0, BexkTophl = u 2’ Ha3bIBa-
0T OPTOTOHANBHBIME, BEKTOD & TAKOW, 9TO (Z,r) = 1, HA3LIBAIOT €IWHUI-
M. Iycts A = (aij)i<ij<ns Gij = Gji, — CAMMETPHYIECKAA MATPHUIA, A
q(z) = Z?j_l ;jT;%j — COOTBETCTBYIOWAA el KBagpaTudHaa popma. Nmeer
=
MECTO aHAJOT mpemaoxenusa 2.1:

[MTPEANOXKEHUE 2.2. Cywecmasyem 6a3uc 43 eQUHUUHBLE OPMO20HAAbHbLE
8EKMOPO8 {ek}zzl, OMHOCUMEADHO KOMOPHIT HEBLIPOHCIEHHAA KBAIPAMUY-
nas gopma q(x) = E?jzl a;jT;xj npuobpemaem 6ud:

n
g(z) => Mz, e")?, M eER
k=1

Bexropsr €¥, 1 < k < n, ABIAIOTCA COOCMBEHHBIMU 8EKMOPAMU OIIEPATOPA
A, Tax 9TO MOXHO CKa3aTh, ITO B R” mMMeeTCA OpTOHOPMUPOBAHHBIN (GA3UC
73 COOCTBEHHBIX BEKTOPOB omepaTopa A.

OTOT PEe3yaAbTAT MPUHAIIEKUAT ONJHOMY W3 BBIJAIOUIAXCA MATEMATUKOB
19 Beka — Kapary Ako6m (1804-1851). [oka3aTeanCTBO €ro COBEPUIEHHO aHA-
JOTUYIHO IBYMEDHOMY, HO MBI €r0 He IIPUBOAUM, NOO0 caM Pe3y.IbTAT SABIAETCS
YJaCTHBIM CIydaeM OeCKOHETHOMEDPHOTO 0000meHus, K pacCMOTPEHUI0 KOTO-
POro Mbl IIEPEXOAUM.
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2.3. BECKOHEYHOMEPHBIA CAYYAN. TEOPEMA ['MIBLBEPTA — IIMUATA

OnpPEAENEHUE. IIycrs (X, (-,-)) — ruasbepToBo npocTpaHcTBo. JluHen-
e onepatop A: X — X maswBaerca cummempuunbim ecam (Az,z') =
= (z, Az') nna mobeix z,7' € X.

TEOPEMA 2. ITycmov (X, (-,-)) — cenapabeavnoe 2uabbepmoso npocm-
parwemso u A: X = X — xomnaxmuviti cummempuunbit aunetdnvitd onepa-
mop. Tozda 6 X cywecmeyem 6azuc {e'} cobemeennbiz sexmopos onepamo-
pa A. (Tmre6epTOBO MPOCTPAHCTBO HABBIBAETCA CENAPAOEALHbIM, ECIU OHO
COMEPKUT CIETHOE BCIOAY ILNIOTHOE MHOXECTBO).

IToT pesyabTaT O6bur morydeH ['misbeprom (1906) B mpocrpancTse [ 6ec-
KOHETHOMEDHBIX BEKTOPOB & = (T1,...,Zp,...) AII KOTOPBIX » . T3 < 00.
B 5TOM mpOCTpaHCTBE BBOAUTCA CKAIAPHOE MPOU3BEJEHUE 110 €CTECTBEHHOM
dopmyre (z,z') = Y, nTkT), a omepaTop A 3agaerca GeCKOHETHOM Ma-
Tpuen (aij)ijcN. 3aTeM pesyabrar ['mabbepra GbL1 0600MEH €ro yYeHNKOM
MImuaToMm HA oMUY ciydan runrb6epToBa npocrpancTBa. (Cymecrsyer ae-
reaga, 9To Korga I[IMuaT pacckasbiBal 06 >TOU TeopeMe Ha ceMuHape, [ ib-
6ept cupocmr: «IIIMuaT, 0 KAKOM-TAKOM TmabOEPTOBOM MPOCTPAHCTBE BbI
rosopure? I He mOHMMAOY).

[ OKA3ATEJIBCTBO. PaccMOTpuM 3KCTpEeMAaTbHYIO 33439y O MAaKCUMyMe
MOIYJIA KBAAPATUIHOU (POPMBI HA €IUHUIHOM IIape:

|(Az, z)| - max, (z,z) < 1. (1)

N3 KOMOAKTHOCTH omepaTopa A clenyeT HeNpepLIBHOCTL (BYHKIWM I +—
(Az,z). U3 npuanmna cymecroBanusa banaxa — Amaormy (cm. c. 30; Hamo
VYUTBIBATH IPU 3TOM, YTO TIIEO0EPTOBO TPOCTPAHCTBO COBIIAIAET CO CBOUM
CONMPAXECHHBIM, a erZ[I/IHI/I‘IHI)II‘/)I map — BBIIYKJIO€ 3aMKHYTO€ OI'DAHUYICHHOE
MHOXECTBO) BBITEKACT, UTO pelIeHme e' 3ajaum cymecTsyerT. V3 mpapmia
MHOXUTENen Jlarpanxka cregyer, ITO HAUIETCA TAKOEe IUCAO A\, YTO IMPOU3-
BogHaa 0 = pynkumnm Jlarpanxa L(z, A1) = —(Axz, )+ A\ (x, z) paBra Hy.TIO,
9TO IPUBOAUT K cooTHomeHmio Ae' = \je!. PaccMoTpuM HOBYyIO SKCTpeMaTb-
HYIO 3a1aTy

(Az,z)| — max, (z,2) <1, (z,e}) =0. (2)

[Ipumenenve TpUHIMIA CYyMIECTBOBAHUA W NMPABUIA MHOXUTeRen Jlarpamxa
npuBoauT K paBeHcTBY Ae? = \ye?. IIpogomxas mpomece gaabie, Gymem mmo-
JAy9aTh CHCTEMY COOCTBEHHBIX UUCENI, CTPEMAILYIOC K HYIIO (M3-32 KOMIIAKT-
HOCTH OIepaTopa). 3aTeM Haj0 B3ATb INPOCTPAHCTBO, OPTOrOHAILHOE BCEM
nocTpoeHHEBIM ¢ ¢ He paBHBIME HYIIO COGCTBEHHBIME WCIAMIY, ¥ BHIOPATDH B
HEM OPTOHOPMUPOBAHHBIN 6a3uC (C HYJEBBHIMEU COOCTBEHHBIMU 3HAYMECHUSIMMN).
OTO IPUBOAUAT K MCKOMOMY Gasucy B X. O
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YuraTeno, 3HAKOMSAMEMYCA ¢ 3TOU TEOPEMOU BIEPBBIE, PEKOMEHIYETCA
IPOBECTH NMOAPOOHOE MOKA3ATEILCTBO TEOPEMBI B TPEXMEDPHOM CIYHYae.

* k% K %k *

[IpuaoxeHnsa MOKA3aHHON TEOPEMBI COBEPIIEHHO HEUCUIUCINMBI — K pe-
[IEHWIO CMEMIAHHBIX 33029 I TUNepOoJnIeCKUX YPABHEHUN, KPAEBBIX 33,189
I TapabOJNIeCKUX YPABHEHUN, K TAPMOHUYIECKOMY QHAAU3Y, TEOPUU TPE-
CTABICHUY, KBAHTOBOM MEXaHUKE W T. .., U T.I. Koe-Kaknme MPUIOKEHUA MBI
obcymuM maJee.

* k% K %k *

Tax 3aBepmmIach Hallla BTOpas dKCKypcua oT Amomronus K ['manbepTy u
[MMuaTy.

3. HAYAJA MATEMATUYECKOI'O AHAJIMN3A

3.0. HboTOH U JIEMBHUIL — POXKJIEHUE AHAJU3A

[TepBont myGaukanmen no aHamu3y ObLIA KOPOTEHBKASA 3aMeTKa JlenGHuIa,
nosBuBIIagca B 1684 roay B xypuame “Acta Eruditotum” — oxrom m3 mep-
BBIX HAYJHBIX XYpPHAJOB B mcTopuu Hayku. CTaTbsa ObLIa 03araaBleHa TakK:
“Nova metodus pro maximis et minimis itemque tangentibus, quae nec frac-
tas nec irrationales quantitates moratur, et singulare proillis calculus gemes”
(HoBbi MeTOA PO MAKCUMYMBI U MUHUMYMBI U OIPEIEICHUE KACATEIbHBIX,
HE U3MEHANHA B CIyIae TPOOHBIX WM WPPAMUOHAIBLHBIX BEIWYIWH U CIIEIH-
AJTBHBIA CIOCOO MCYUCAEHUA K HEMY; BBIIEPKKU U3 HEE MOXHO MPOYATATEH B
YIIOMAHYTOU B TMEPBOM pasjene kKHure BuinenTrepa Ha c. 272). B sarnasum
BeTpedaeTca caoBo “calculus” — ucuucaenue. C 9yTh Gojee MO3THEN MTOPHI
Tak u noeeaock: “differential and integral calculus” — gudpepennmansaoe u
MHTEr'PaJbHOC NCIUCICHUE. Ha3BaHI/Ie 3aMETKU CBUACTEIBCTBYET O CTUMYJIAX,
KOTOpBIE PYKOBOJWIN €€ ABTOPOM IPHU CO3JAHWHU AHAMM3A: DTO — 3a0a49” HA,
DKCTPEMYM (T.e. Ha MAKCUMYM M MUHUMYM) U MPOOIEMBI T€OMETPUH.

Ho meobxommmo cka3aTb, 9TO AByMs MECATHICTUAMU PaHEE K OCHOBHBIM
koHnenmuaM AudepPeHuaIbHOr0 UCIUCIEHUA COBCEM C APYTOU CTOPOHBI
npumren Hetoron. B 1671 roay ou npencrasui pykonucs pabotst “The Method
of Fluctions and infinite Series with its Applications to the Geometry of
Curves-Lines” (Meron ¢daokcuit u GECKOHEYIHBIX PANOB C MPUIOKEHUEM K
reoMmeTpuu KpuBbix — cM. U. HeioToH, «MaTemaTudeckue paboTely, M.-JI.,
OHTU, 1937), coxpaHUBIIEN CBOE 3HAYEHUE W B HAIIE BPEM.

He YKa3bIBal0O HU UMEH, HU JIET XU3HU 3TUX ABYX BEIUKUX YyICHBIX — 3TO
MOJXKEH 3HATH KaX b, He NUiry 00 UX HAIMOHAILHOU MTPWHA [IEXHOCTH, BHO
Tpex e BCEro OHU IMPUHAIIEKAT BCEMY UeIOBEIECTBY.

Heforon ¢ camoro Havama ctpomi guddepeHnrarbHOoe U WHTErPAIbHOE
UCYUCICHNE, KaK anmapaT ecrectBos3HanmA. (O TOM, KaK yCTPOEH HBIOTOHOB
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MHp, YATATENIbL MOXET y3HAaTh w3 ero “Principia” — «MaTeMaTuIecKux Ha-
Janax HaTypaabHOU (mrocopum (1687) (cm. Cobpanue coumHeHUU TPYIOB
A.H. Kpsuosa, Tom VII, rge momemien nepeson «MaTeMaTuIecKux HATaI;
Jlarpamx HazBaa 5T0 counmHenme HBIOTOHA «BEIMYAWIINM U3 MPOU3BEICHUN
9EI0BEYECKOI0 yMay).

« [l MOsICHEHUA UCKYCCTBA aHAIM3a, — nucal HbI0TOH, — ocTaeTcsa mpu-
BECTH HEKOTOPLIE IpuMepHI 3313 |. . . |. 1) [IycTs gawna nytu ussectra. Hyx-
HO y3HATH CKOPOCTb B JAHHBLIN MOMeHT BpeMenu. 2) [IycTs uzBecTHA CKOPOCTH
memxkenus. Hano ysuars nmuay npougernoro nytu. (Cm. U. Heooron, «Ma-
remaTudeckue paboren, M.-JI., OHTH, c. 45.)

U Beas MEUCTBUTENBHO, €CIM MOMBITATHCA OCMBICIUTL TOHATHE «CKOPO-
CTU B JaHHBIA MOMEHT» OOBEKTA, IBUXKYIIETOCA HEPABHOMEPHO, TO Hen3Hex-
HO TPHUXOAWIIEL K Uaee npededq cpeduets cKopocmu 36 Maablli NpOMEHCYMOK
BPEMENY NPU CMPEMACHUL FMO20 NPOMENCYMKES K Hyao. VIHaTe ToBOpS, ec-
a1 O0BEKT ABUKETCA TO MPAMOIUHENHOW NOPOre HEPABHOMEPHO, m I(t) —
PACCTOAHUE €r0 OT KAKOU-TO HAYAALHOU TOYKYU B MOMEHT BPEMEHU f, TO CKO-
pocThb v(t) B MOMEHT { ®TO MmpejeJ] OTHOIIEHWsA CPEIHUX CKOPOCTEM 3a Ma-

JIBI IPOMEXYTOK BPEMEHHU NIPY CTPEMICHUN STOT0 IPOMEXYTKa K HYJIIO, T. €.

. z(t+ At) —z(t)

lim —————=
At

suadaTh ' (t) (a Heroron oboznagan z(t)).

(U camo nousarue npegena HeloToH oco3HaBax abCOMOTHO OTIeTANBO. BoT
ero caosa: «KommdecTsa |[...|, KOTOpbIe B MPOAOIKEHUE JIOOOr0 KOHETHOTO
BPEMEHHU MIOCTOAHHO CTPEMATCA K PABEHCTBY U PaHee KOHIA dTOr'0 BPEMEHHI
IpuOIMKAIOTCA APYT K APYry Oamxe, HeXeau Ha I00yi0 3aJaHHYIO BeIX'In-
Hy, OyAyT B Opefele PAaBHBL» JTO IOYTH OUIpeJeleHUe mpepera mo Komm,
KOTOPOMY HAC y4aT Ha [IEePBOM Kypce.)

npu At CTPEMAMEMCA K HYJIIO. Ty BEIMIUHY CTAIA 060-

BoabmmacTBO OCHOBHBIX (pakKTOB AU (EPEHIUATILHOTO UCIUCICHUA UMe-
0T (pU3UIECKYIO WU FeOMETPUICCKYIO0 HHTEePIPETAINIO.

CxkaxeM, BOT BBI HJ[€T€ CO CKOPOCTHIO ¥ IO BATOHY II0€3/1a, NBUXKYIIErOCA
co ckopocthio V. Torga Bama CKOpOCTH OTHOCUTENBHO 3eMiau paBHa V + v.
Tax mnrrocTpupyercsa gpopmyaa qud@epeHnuaTLHOT0 UCIUCICHAS: NPOU3600-
HAA CYMMbL PABHA CYMME NPOU3BOOHBIL.

«Korzma Benuuwna gocturaet HanOOIBIIETO WV HAMMEHBIIET'0 3HAYECHUS, B
STOT MOMEHT OHA HE TeYeT HU BIepel, Hu Hazamd (cMm. «MaremaTuaeckue pa-
60TED, €. 73). DTO BHICKA3BIBAHUE HA (PU3UIECKOM SA3BIKE BBHIPAKAET TO, ITO
B KypCaX aHAIU3a HA3LIBAIOT TeopeMou depMma: 8 mouke dKCMpPemMyma npo-
u3600HaA Pa6Ha Ky (O TOM, ITO CKA3AHO IO >TOMY HmoBOAy camum Depma
cM. B kHure BurenTrepa Ha ¢. 256). Ecam BB Kyga-To e3qmmm no mpaMouu-
HEUHOU JOPOre U BEPHYJIUCH 06PATHO, TO B KAKOU-TO MOMEHT BBI OKA3AJIUCH B
HaMbOIeE YIAJCHHON TOYKE OT HAaYada. TaM BBI «He TEKJIW HU HA3a[, HU BITe-
pem», Balla, CKOPOCTh PABHAIACH HYJI. JTO — (PU3UIECKAA UWHTEPIIPETAII
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TeopeMmbl Posns: ecau @ynkyus nenpepvisna wa ompesxe, duddepenyupyema
BHYMPU HE20 U MG KOHUGT OMPEIKA NPUHUMGEM 00UHAKOBIE 3HAYEHUS, MO 8
HEKOMOPOl HyMpernet mouke ee NPouU3soOHAs PABHA HYAI.

Ho mgosonbuO 0 nuddepennnanbaom ucauciennu. CKaxeM HeCKOIbKO CJIOB
00 obOpaTHOU 3ajade — KaK HAUTU MyTh MO0 CKopocTu. VM cHOBa, eciu 3a-
OyMAThCA 00 DTOM, TO HUKAKOU APYTOU BO3MOXHOCTHU HE MPUAYMATDH, KAK
TOJBLKO Pa3AeIUuTh BPEMA HA MEJIKWe KYyCOUKU U CUATATH CKOPOCTH HA DTUX
MAaJEHbKUX YIaCTKAX MOCTOAHHOU, PABHOU 3HAYEHUIO €€ B KAKOU-TO MPOMe-
KYTOIHOU TOYKE, & MOTOM yMEHBIIATH Pa30MEHMe W MEPEXOANTH K MPenery,
KOTOPBIU 0003HAYAIOT: fttol v(t)dt (tp — HavambHAS TOYKA ABUNKEHUA, ) —
KOHe4HadA, v(t) — CKOPOCTb B MOMEHT ) W HA3LIBAIOT ONPEICACHHbIM UHM.E-
epaaom oT ckopocTu v(+) B mpegeaax ot ty mo ty.

[MogBegeM WTOr: MPOM3BOAHAA MyTH IO BpemeH: z'(f) — DTO CKOPOCTH
v(t), a OIpeeNIeHHBIN UHTErPAJL, BOCCTAHABIMBAIOIINY IPOUAeHHLIN Iy Th I ()
[0 CKOPOCTHU — DTO IIOMAAb o1 rpadukoM ckopoctu. Y ecim Temeps cono-
CTaBUTh BCE CKA3AHHOE, TO MBI MIPAXOJUM K TAKOMY Pe3yJIbTATY:

(ty) — 3(to) = /tl o(t)dt = /ttl 2 (#)dt.

lo 0
ITO He UTO MHOe, Kak 3HaMeHuTasa ¢opmyaa HoioTona — Jlenbuuia, Ko-
TOPYIO UHOT/A HA3BIBAIOT 0CHOBHOU OPMYA0T UHMESPAALHOZO UCUUCAEHUS.
OHa CBA3BIBAET ABA UCUUCIEHUA APYT C APYTOM.

A Temepr mepengeM K 06CyXISHUIO OTHON U3 BaXHEHIINX TEOPEeM aHAJIA-
3a — TeopeMbl 00 06paATHOM 0TOOpAXKEHUN. 3IECH MBI COOMPAEMCS IIOBTOPUThH
(1 maxe ¢ HEKOTOPBIM YCHJIEHHEM) TO, ITO yXKe ABAXKALI TETATNA: CHATATIA MBI
copMyaupyeM TeopeMy B OTHOMEDHOM CIydae, 3aTeM B MHOTOMEDHOM, U
HaKOHeI], B 0ECKOHEYTHOMEDHOM CIyd4ae, & MOKA3bIBATH BCE DTHU PE3YJIbTATHI
OymeM OJHOBPEMEHHO, U YUTATENh YOEIUTCA B TOM, YTO B OECKOHETHOMED-
HOM CJIydYae MOKAa3aTeIhbCTBO HE OTIMYIAETCSI OT OJHOMEPHOT'O, HAJO TOJBLKO
3HATH O «DECKOHEYHOMEPHOCTH» HEUTO MPOCTO (HOPMYJIUPYEMOE, HO (PyHIA~
MEHTAJbHOE.

yctre X =Y =R wm X =R, Y =R" m < n, um (X,|-||x) n
(Y,|l - lly) — 6amaxoBer mpocrpancrsa, U — oOKpecTHOCTH Hy1a B X,
F:U =Y, F(0x)=0y.

OnPEAEJEHUE. [oBopsar, aro F' cmpozo duddepenyupyema 6 nauane Ko-
opdunam npocmpancmea X (u mamyr F € SD'(0)) ecin cymecTByeT wmeIo
F'(0) (coorBercrBenro — matpuma F'(0) mm B camoMm obmem ciydae —
nuHenHbI HenpepwiBHbI onepaTop F'(0): X — Y) Takue, 9T0 aas mo60ro
e > 0 cymecrsyer Takoe § > 0, uro ||F(z') — F(z) — F'(0)(z' — z)||ly <
< ellz’ — z||x, ecmm Tonbko |z||x < 4, ||z'[|x < 0, rge B KOHeIHOMEpPHOM
caymae |lz]lx = || w llylly = Jyl.
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OrmeruMm, 9To cTrporo muddepennupyeMas B T GyHKnua auddepennu-
pyeMa B TOYKE I W HeNpepbIBHA B HEKOTOPOW OKpecTHocTu T. He BeAkas
Iuddepernupyeman pyHKIUA CcTporo auddepeHnupyemMa, 3TO ITOKA3BIBAET
npumep byskmun F(r) = z2D(z), rae D(z) — dynkmua [lupuxie, pas-
HAfg HYJTI0 B MPPANUOHAIBHBIX TOYKAX W EIWHUINE B PAIMOHATHHBIX. (DyHk-
uus F' wenpepoiBHA u quddepeHupyeMa B HyJe U Pa3pPBIBHA BCIOAY, KPOME
HYJIA. )

3.1. TEOPEMA OB OBPATHOU ®YHKIIMA B OJHOMEPHOM CJIYYAE

TEOPEMA 3 A) Ob OBPATHOW ®YHKIUU. [lycmb U — oxpecmuocmd Hyaa
6 R, F: U - R — cmpozao dufdepenyupyeman 6 nyae Gynrxyut, npuvem
F'(0) # 0. Tozda cywecmsyiom maxue uucaa € > 0,0 >0 u K >0 umo dax
4106020 wucaa |y| < § natgdemes (eduncmeennoe) wucao x = z(y), |z| < e
maxoe, umo F(z) =y u|z| < K|y|.

Teopema 3 a) BocxoauT k Heiorony. O mamoxwn (Ha nmpuMepe pemeHus
ypaBHeHns 3> — 2y —5 = () MeTOJ BLINMCICHAH KOPHA 3TOI0 yPABHEHMA, HEIHE
BCEM M3BECTHBIA KakK memod Hviomowna, B cBoen paboTe «AHAIN3 ¢ IOMOIILIO
ypaBreHwi. . . » («(MaTemaruaeckme paboTeD, ¢. 9).

Heforor 6bl1 3aMedaTenbHBIM BbIMUCIATENEM. B cepenube ceMuaecaThx
TOZI0B CEMHAIIIATOrO BEKa HAYAI TJIETh MPUOPUTETHBIN CIIOPp MeX 1y HbioTo-
HoM u JlenbHumneM 06 oTKpeITHN aHaau3a. C 3ampocoM Mo MOBOAY TOT'O, ITO
m3BecTHO HBIOTOHY O MaTeMaTHIeCKOM aHAIN3E, OOPATUICA K HEMY yIeHBIN
cekpeTtaps Kopomesckoro obutectsa OubaeaOypr. Hpl0TOH HECKOTBKO pa3 OT-
Bedas cBoeMy pecrnoHgeHTy. Bo BropoMm nuckme OuabaeHOypry, O TIPABICHHOM
“24 oxTabpa 1676 r. or Poxaecrsa Xpuctosa” (1 momanexaimem, Kak yKas3bl-
BaeT HpioToH, 6BITH cOOOmeHHBIM JlenbHMIy, 0 HEM MBI eme 6yaeM MMeTh
HOBOJ BCIOMHUTB), HbIOTOH mUImIeT, YTO «MHE IPAMO CTHIAHO MPU3HATHCA,
[0 KAKOTO 9UCIA 3HAKOB A MOBEJA HA NOCYT€ DTH BBIMUCIEHUA» (DETh ILIA O
BhramcaeHnn aorapudmos — cm. «<MaremaTwaeckme paboTen, c. 237).

Huxe Mbl mzmaraem Menee OBICTPBIA, YeM COOCTBEHHO MeTOn HbIOTOHA,
HO 6oJee yAOOHBIA METO/[ PEIleHnA HeIMHENHLIX YPAaBHeHUH.
Hawm magrexut peumts ypasuenue F(zr) = y. Bygem uckars ero urepa-

TUBHO Tp, = Tp, 1 + F’;(O)(y — F(zp-1)), n € N, yp = 0. Ora npoueaypa (Ha-

3pIBaeMast Moduduuyuposannvim memodom Hviomona), msobpaxkena Ha puc. 3.
1

(B merome Howorona =, = z, 1 + ﬁ(y — F(zp-1)), n € N, zyg = 0).
Tn—1

OcTaBuM 060CHOBAHUE CXOAUMOCTY MOAUMPUIITPOBAHHOTO MeTO1a HboTOHA K

z(y) mo mocregHero paspena, rjae 6yaeM AOKA3BIBATH TEOPEMY OJHOBDEMEHHO
B OJTHOMEPHOM, MHOI'OMEPHOM U GECKOHEYHOMEDHOM CJIy9IadX.
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o =0 T T2

Puc. 3.
3.2. MHOI'OMEPHbBIN CJIYYAU
PaccMoTpuM 9aCcTHBIA BApMAHT MHOTOMEDHOIO CIydas, KOUga n = m.

[MycTs TpebyeTcs pemuTs CUCTEMY U3 7, HETUHENHBIX YPABHEHUN

filzr, e oszn) = Y1, ooy fu(Z1, ooy Tn) = Yn.
Bregem, kax MBI HE pa3 yxke [emann, COKpalleHHbIe 0003HAYCHU:
fi(z) T Y1
F(z) = y L= s oy=
fn() Tn Yn
Torga Hama 3ajada NPUMET TAKOW BUI: pemmmTh ypasuenume F(x) = y.
Peurerve 6y mem uckaTh TOTHO TaKXKe — MOAUPUIIPOBAHHBIM MeTO 10M Hbio-

ToHa: T, = Typ_1+ (F'(0)) Yy —F(zn_1)),n €N, zg = 0, rge (F'(0)) ' o3na-
qaeT 06paTHYIO MaTpuIy. [[0Ka3aTelIb,CTBO IPOBEIEM B CIEAYIOMEM pas/iede.

3.3. Opmuit CJIY4YAN (OLHOMEPHBIN,
KOHEYHOMEPHBI U BECKOHEYHOMEPHBIIA;
[IPABUJIO MHOYKUTEJIEN JIATPAHYKA)

Hycrs X =R, aY =R" u A: X — Y — JIuHEUHBIN CIOPHEKTUB-
HBIX omepaTop. Toraa cyimecTByeT mpaBbin o6paTHBI omepaTop R: Y — X
rakont, uro ARy = y u |R(y)|] < Cly| (rge C — HekoTOpas KOHCTAHTA).

JleficTBUTETBHO, HAAO B3ATH 6asuc {et M, B Y, aneMeHTHI fi1<i<m, us
npoobpasa A7'e! u nna y = Y., y;e’ nomoxkure R(y) = > it yif'. (Torza
[R(y)| < 20y lyil maxicicm | 7] < v/mmaxigicm | F]1y])-

Ecm xe (X, | - ||x), (Y,|| - ||y) — Ganaxoser mpocrpancrBa u A: X —
Y — nvuHEeWHBIN, HENPEPHIBHBIN CIOPBHEKTUBHEBIN OMEPATOP, TO CYIIECTBOBAHUE
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IpPaBoro O6PATHOTO OIEpATOpa C HPUBEACHHBIMM BbINIE CBOUCTBAME €CThb
$haxT, PAaBHOCHIBLHBIN NPUHIWMIY OTKpbITOCTH Dadaxa (cM. c¢. 29 u mpuio-
XKEHUE).

TEOPEMA 3 B) (OB OBPATHOM OTOBPAYKEHUM). [Iycmbv X =Y =R, co-
omgemcemgenno X = R*" Y = R™”, m < n, uau 6 camom 00WeM CAYUGE
(X, |- |lx) u (Y,]-|ly) — 6anazosvi npocmpancmea, U — oxpecmmocmo wy-
an 6 X, F: U =Y, F e SDY0), F(0x) = Oy u 6oaece mozo F'(0)X =Y
(6 cayuae X =Y = R amo osnauaem, umo F'(0) # 0, 6 cayuae X =Y = R",
ymo det F'(0) # 0 (cm. 1.2)). Tozda cywecmsytom marue € > 0, 6 > 0 u
K >0, umo das awbozo wucaa |y| < 6 (coomeememsenno, sexkmopa |y| < 6
8 KOHEUHOMEPHOM CAYuae uau saemenma ||y|ly < & 6 banazosom cayuae) cy-
wecmeyem wucao x = x(y), |z| < e (coomsemcemeenno — sexmop x = z(y),
|z| < & uau aaemenm z = z(y) € X, ||z|]|x < €) mawue, umo F(z) = y u
|z| < K|y| 6 koneunomepronm u ||z||x < Klly|ly 6 6anazosom cayuae.

1
JOKA3ATEJALCTBO. IlycTh B ogHOMepHOM ciaydae R — 3T0 4ucmo ——

FI(O) ’
B MHOIOMEPHOM CIy€ae, ecan m = n, — Marpuna (F'(0))™!, a B ocTamsabx
crydasx — mpasbid oopatabi aias F'(0) omeparop. Ompenerenue cTporou

nudepeHImpyeMoCcT BIeYeT 33 000U CymecTBOBaHUE Takoro d > 0, 9To
ecan ||z||x < 9, ||#'||x < d, TO BHIIOIHAETCA HEPABEHCTBO

1 .

IF(z') = F(z) = F'(0)(«' = 2)lly < 552" — 2llx, (2)

rge C — KOHCTaHTa M3 T€OpPeMBI 0 paBoM o6paTHoM (cM. c. 29). IlycTs mpu
srom Ux (0,0) = {z € X | [|z||x < 6} C U n F menpeprisra B Ux (0, 7). Ber-

6paB € < 30 PACCMOTPHM MTEPATHBHYIO MPOLEAYDY MOARMUAIAPOBAHHOTO

merona HeioTowna:
Tn1 = Tp + Ry — F(zn)), n =0, z9g=0, (i)

rje B KOHeYHOMepHOM ciaydae || - || = | - |. Tokaxewm, aro Bce zj, j € N, nexar
B Ux(0,0). llpumennm meTon maremaTwaeckon naaykmun. Umeem: ||z1||x <
< Cllylly < 6, smaaur, z; € Ux(0,0). lycrs z € Ux(0,6), 1 < k < n. Torga
TOJLY 1M

(4)

—y+ F(zg_1) — F'(0) (2 — 25—1) =0, 1<k<n )
U CIEOBATENBHO,

def R (iid)
l#nss = zalx 'S Clly = Flan)ly & ’
=Clly = F(zn) =y + F(zn1) + F(0)(@n — 1)y <1/2[2n —2n1]lx <

<1/4||zp 1 —zpaollx <... <1/2% Yz |x. (iv)
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U3 (iv) u HepaBeHCTBA TPEYTOABLHUKA CIEAYeT, ITO
[Zn41llx < 2[lz1| <9, (v)

T.e. DBIEMEHTHI T, OPeACIeHBI I BCEX 1, a ||Zn — Tniml|lx < 1/277 |21 ||x,
OTKYy/a BBITEKAET, 9TO {Zp fneN — PyHAaMEHTAIbHAA MOCIeJ0BATETLHOCTb.
[lepexox x mpenery B (i) (cymecTBylommin m3-3a HenpepuBHOCTH F B
U(0x,0)) mpuBoauT k paseuctBy F(z(y)) = y, a mepexon k upegery B (v),
yanrbBag, 49T0 [|z1]|x < Cly|ly, obecneunBaer HepasencTBo ||z(y)|x <
< Kllylly ¢ K =2C. O

[Mpusemgem ogHO U3 BaXHEUIINX CAEACTBUU DTOU TEOPEMBI: TPABUIO MHO-
xuTenen Jlarpanxa.

Oycts X Y sTo R? u R mwir R” u R™, m < n, nim 6aHAXOBBI IPOCTPAH-
crea (X,| - |lx) = (Y] - |ly), U — oxpecrrocts Touku Z B X, fo: U — R,
F: U — Y. PaccmoTrpum 3a1ady O HAXOXIEHUM TOYEK DKCTpemyma (T.e.
MaKCUMyMa UIA MUHAMYMa (PYyHKIUZ fj TIpUA OTPAHUYCHUU THUIA PABEHCTBA

F =0):
fo(z) = extr, F(x)=0. (P)

[oBOpAT, 9TO BIEMEHT T NOCTABIAET JOKAILHBIM MUHUMYM (MAKCUMYM) 32714~
4e (P) (u muuyT 7 € locmin (locmax)), ecin cymecTByeT Takas OKPeCTHOCTD
V rouku T, aro mua roukm x € V, naa xoropou F(z) = 0, BeImOTHEHO HEpa-
secrso fo(z) > fo(@), (fole) < fol®).

Ecm X =R?, Y =R, nonoxum F(z) = fi(z) u L(z,\) = fo(z) + Af1(x)
(3mece A —umcno); ecim X = R*, Y = R™ momoxum F(z) = (fi(x),...,
fm(@)T 1 L(z, ) = folz) + 7, Nifi(z) (Baecs A = (A1,..., A\m) — Bek-
top); ecmu (X, | - ||x) = (Y,] - ||y) — GamaxoBbl mpocTpaHCTBA, MOIOKUM
L(xz,\) = fo(z) + (), F(z)), rme A — dI€MEHT CONPAKEHHOrO0 TPOCTPAHCTBA,
Y*, a (-,+) — crangapruaas 6ununensas ¢popma Ha Y* X Y ((A, ) — 510 3HA-
YeHUe Ha DIEMEHTE I JUHEenHOTro (dyHKIuoHasa \). HanmcaHube BhIpaxeHws
HaswBaoTca @gynkyuet Jdaepanxca sanaam (P).

CJIEACTBUME (IIPABUJIO MHOXKUTEJEN JIATPAHXKA). ITyemos 6 (P) fo,
F € SDY(0), F'(0)X =Y. Ecau T aoxasvuviii sxcmpemym (P), mozda maii-
demesa mmoxcumenv Jlazpansca N (4ucao, 8EKMOpP UAU IAEMEHM NPOCTPAH-
cmea Y*, conpaxcennozo ¢ YY), marot, umo

PacmmdpyeM CKa3aHHOE B KOHEIHOMEPHEHIX caydaax. Bcm X = R%2, Y =
= R, To coornomenue (3.1) osmagaer, aro f§(Z) + Af1(Z), T.e., 9T0 rpagu-
eatsl f((Z) u f{(Z) mpomopHMOHATLHEI (M €CIM MOHMMATH EOMETPUTIECKUN
CMBICT TpagreHTa (PYHKIUKA HA IIOCKOCTH, TO 3TO yTBEPXKICHUE CTAHOBHUT-
¢4 movYTH OvYeBUAHBIM), a eciu X = R" Y = R™, ro (3.1) osmagaer, 910
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fo(@)+ >, fI(Z) =0, T.e., aTo rpaguenT f((Z) ABIAETCA TMHEMHOM KOMOU-
HaIled IPaJUeHTOB OrPAHUICHUN.

[JOKA3ATEJIHLCTBO. /loKa3aTeabCTBa CISACTBUAI BO BCEX CIYIAAX CXOTHBI
u npoctel. Eciu 661 B cryaae X = R?, Y = R rpajguesTs! He ObLIz ObI IIPO-
HOPIMOHAIBHLI, TO K oTobpaxenuio ®(x) = (fo(z), f1(z)) MoxHO OBLIO OBI
IPUMEHUTEL TeopeMy 00 06paTHOM OTOOPAXKEHUN U HAUTH DJIEMEHT &L, TAKOH,
aro ®(z) = («,0), gas koroporo fo(ze) = @, fi(ze) =01 |z4] < K|al, asT0
npoTuBopednT Tomy, 9To I € locextr. COBEPIIEHHO AHATOTHYIHO MTPWXOIMM
K IPOTWBOPETINIO BO BTOPOM CIydae, ecau rpaguent f((Z) He ABageTcsa jau-
HEMHOU KOMOWHAIMEN TPAMEHTOB OrPAHUIEHNN (U IPaTMEeHTHl O DAHUTICHUN
JTUHEMHO He3aBucuMBl). A B GeckoHeHOMEpHOM caydae 6o &' ()X =YV xR,
au6o HeT. B mepBoM caydae mpuMeHseM TeopeMy 06 06paTHOM 0TOOpaXeHun
7 TIPUXOJUM K MTPOTUBOPETIMIO, & BO BTOPOM HAJO BOCIOIL30BATLCA HETPUBU-
ATBHOCTBIO AHHYJAATOPa moanpocTpancTea @ (Z)X C Y. O

B 6eckonevnOMEpHOM CIydae MPABUIO MHOXUTENEN Jlarpanka ObLIO m0-
kazano JI. A. JlioctepaukoM.

% 3k k 3k Xk k

Hamre TpeThe myTemecTre QIMI0CH 60Iee, 9eM [Ba, C TOJOBUHOU CTOJIETUS
¢ 1671 roga, xorga Heioron npencrasun «Meron darokcuiny mo 1934 r., korga
JI. A. JliocTepHUK OMyOJUKOBAJI TEOPEMY O MPABUIE MHOXUTETEU Jlarpamxa
B OaHaxoBOM caydae. Ho Ham caegyrommi nyTs OyIeT KOpode, XOTS OH OyaeT
MeHee DIeMEeHTapEeH.

4. I[I/ICDCDEPEHLH/IAJI])HBIE YPABHEHUSA

4.0. O IOJIL3E PENEHUA IUPDPEPEHIINAILHBIX YPABHEHUN

B 17 Beke 66110 npuHATO 3ammpPOBBIBATH CBOM OCHOBHBIE MBICAU B aHA-
rpamMax. B Tom camom BTOpoMm muckMe QubaeHbypry, 0 KOTOPOM MBI yIIO-
MWHAJIYN B NpeABIAyINeM pasjaene, HpioToH mummeT:

«CymHOCTb DTUX [NEUCTBUU [...| s Jydmie mepenam B CIeIYIOIEM

ckpeiToMm Buge: baccdael3eff7i319ndodqrrds9tl12vxy.
TexcT aHarpaMMbl, PACKPBITBHIM MM BIOCAEACTBMM, TakoB: Data aequatione
quotcunque fluentes quantitates involvente fluxiones invenire et vice versa.
Bor mepesox oTou dpaswi: no dannoMmy YpasHenuto, codeprcawemy Paroemn-
mut, Hatimu gaorcuu u 0o6pamro. TepMuHbL «pIIOEHTaY U «DIIOKCAD OBLIH
BBeleHbI caMuM HuioToHoM. DroeHTa Mo HEIOTOHY — U3MEHAIOMAACT BEJIU-
YUHA, Cenvac HauboJee TOIHO MePEeBOAUMA CIOBOM «(pyHKIUA». DIIOKCUI —
DTO CKOPOCTH U3MEeHEeHUs (PIIOEHTHI, TAK ITO MO CYyTH JeJa B CBOEU aHATPAMME
HeroToH mOBTOPAET TO, O YEM MBI YK€ TOBOPIIN: CYTh AHAJIN3A B HAXOXK JEHUN
CKOPOCTH IO Iy TH 1 HAOOOPOT.
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Onaue w3 KPyNHEUINX MATEMATUKOB coBpeMennoctu — B. U. Apmonba
— MPEeNIOKWI TAKOU BOJBHBIA mepeBo anarpammer HeoTona: «Iloaezno pe-
wamy JuPPepenyuanvnvie ypasrernusy (B. . Apronsn, «A36paraoe—60». M.:
dPasuc, 1997, c. 319.). BocmoassyeMcs 5TuM «mone3HbIM coBeToMy HbioToHA —
Apuonbaa, Tem Gosee, ITO TIABHYIO KOHIENIUIO «Principiar MOXHO BHIPA3UTH
croBamu: «Mup ynpasasgercsa quddepeHIuaIbHBIMEI YPABHEHUAMMY .

Oycts f = f(t,z): R** — R* (t € R, z € R"). Jlaree paccmarpu-
Baforca auddepeHnnaibuble ypaBHenusa suga ¢ = f(¢,x). 3agada: pewums
JufPepenyuarvroe ypasnenue & = f(t,x) ¢ nauasvnuvim yciosuem x(ty) = o
Ha3bIBaEeTCA 3adaueti Koww.

4.1. JIMHEVHBIE TUODEPEHIIMAJLHLIE YPABHEHUSA
C MOCTOSIHHBIMU KODPPUIINEHTAMU

Haunmem ¢ mpocrenmunx ypasmennn. IIpocreninee meogaoponnoe audde-
peHnmanIbHOe ypaBHeHME ¥ = v, Z(tg) = o 06CYXKIAIOCH B TpEALIAYIIEM
pasgene. Ero pemenne gaercs uuarerpaioMm z(t) = zp + ftto v(s)ds. 3mech MbI
HaYHEM C IOPOCTEHIIEro 00HOpoOHo20 ypaBHeHUs: © = x. [aa pelneHus 3a-
nasm Komm & = 2z, 2(0) = 1 sToro ypaBHeHWA, paccMOTPpUM OTOOPaKEHUE
F: C([—a,a]) = C([—a,a]), F(z(-))(t) =1+ f[fx(s)ds. Herpynauao mokasaTsb,
9TO HEKOTOpad creneHb F™ 5Toro oroOpaxenwa (3aBUCAWAA OT a) ABIA-
eTcda C)KHMa.IOIHeEI, U 3HQYUT, B CUNYy CJICACTBUA U3 IPUHIUIAL CXUMAIKOIIUX
oTobpaxkeHun u moAHOTH npoctpancTsa C([—a,al), cymecTByeT equHCTBEH-
HeI dreMeHT Z(-) Takou, uro F(Z(-))(t) = Z(t), morydaeMbin uTepanuaMu
ZTpt1(t) = F(zp())(t), n = 0, zy(-) — IpPOU3BOIBLHBIN DIEMEHT.

Ecam maqaTs nrepatusnryio nponeaypy ¢ dbyakmun zo(t) = 1, Mbl nomryanm

2 k
z1(t) = 1+t, zo(t) = 1—|—t—|—%, cea Zn(t) =02 2—' . DTH CyMMBI DPABHOMEPHO

cxonaTca K dyHKmz t — el.

Pemenne sagaun Komn 7 + z = 0, (0) = 0, #(0) = 1 gma ypaBHeHus
FapMOHUYECKOTO OCHMLIATOPA (BBIPAXKAIOUWIEr0 BTOPOU 3akoH HbloTOHA mis
JACTUIBI, TPUTATUBAIOMENCA K HAYATY COTIACHO 3aKOHY ['yKa) CBOAMTCA K
HAXOX IEHUIO HEMOABUKHOUN TOUKM oneparopa F(z(+))(t) = t— fg(t—s)m(s)ds.
Craprys ot zo(t) = t, npuxoamm K paAxy ana cuHyca (ybemgurech B DTOM
CaMOCTOATEIBHO).

Mnsa ypasmenwa & = A(t)x, roe A(-) — mempepwiBHAs (pyHKImA, UTe-

pATHBHAsA OPOIEIypa MpUBEAeT K perreHuio z(t) = Ceftto Als)ds, [ weon-
HOpoAHOro ypaBHeHus & = A(t)z + a(t) BBIIULIETCS TOT X€ OTBET, UTO
u meronoM Jlarpanxka Bapuanuu MOCTOAHHBIX. CucTeMy ABYX ypaBHEHUU:
T1 = anz + a12%2, T2 = a1 + anre, w1(to) = &1, z2(to) = &2 ¢ no-
CTOSHHBIME KOD(P(PUIUEHTAMYE MOXHO CBECTH K OJHOMY yPABHEHHUIO BTOPOTO
nopagka: & + pt + q = 0. Ecam xopum A;, 1 = 1,2, pasauursr, TO obiiee
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pemenwne z(t, C1,Cy) = CreMt 4+ Coe??t, a ecin KOpHE OIMHAKOBLI U ypaBHe-
HIe He pacmajaercd, To obmee pemenne Takoso: z(t, C1, Cy) = eM(Cy + Cat).

OTHU PE3yIbTATHI MPUHALICKAT, B OCHOBHOM, JDWIEPY .

4.2. OBIIAA TEOPUS JUHENHBIX JUDDPEPEHIINAILHBIX YPABHEHUN

Hna pemrenus 3amasu Komm
@ = A(t)z +y(t), (o) = o, (4.1)

rae A(-) — mHempepwbBHaZ pasmepa 1 X N MaTpuaHas GyHKOUA, a y(-) —
HeIpephLIBHAA 7-MepHad BEKTOP-(GYHKINA, CHOBA PACCMOTPUM OTOOpaXeHHe
F: O], B) — C([—a,al, B"), F(z()(t) = 0 + [ (A()2(s) + y(s)) ds.
[Moka3BIBAETCA, 9TO HEKOTOPAA CTENeHb F ABIACTCA CXUMAKOIMM OTOOpa-
KeHreM. V3 OPUHIMIA CXUMAOIMAX OTOOPaXEHUH CIeAyeT CyNeCTBOBAHUIE
HEMOABMXHOM TOYKM, ITO NOKA3LIBACT IMIOOATLHYI0 TEOPeMy CyIeCTBOBAHKA
sagaau Komm gaa muHerHbIX auddepeHnualbHbBIX YPABHEHAN, COMIACHO KO-

TOpPOU HA BCEM HHTEpBaae (—a,a) CylecTBYeT U eJUHCTBEHHO PEIleHNe 3a1a-
qm (4.1).

4.3. OBIIASI TEOPUSI IUDODOEPEHIIMAJILHLIX YPABHEHUNA
(CYMECTBOBAHUE, HENPEPLIBHASA U JUD®DEPEHINPYEMAS
3ABACHAMOCTD PEIIEHUI)

TEOPEMA 4 A) (JIOKAJIbHASA TEOPEMA CYIIECTBOBAHUA PEIIEHUIA).
ITyemv na omxpvimom mmoxrcecmge G C R x R* dynwxyusa f: G — R?,
f = f{t,x), ydosaemsopaem ycaosuio Junwuua ommocumenvno x: |f(t, ) —
— f(t,2")| € M|z — 2| das wobviz x, 2’ € G, u nyems Komnaxm K npunad-
aexcum G. Tozda das wmobot mouxu (1,%) € K cywecmsyom marue wucao
d > 0 u oxpecmmocmy V. mouku T, umo das w060t mouku (ty, xg), ydosae-
meopaoweti yeaosuam |ty —t < 6 u zg € V, cywecmeyem eduncmeennoe
pewenue t — x(t, to, xo) 3adavu Kowu:

= f(t,x), x(ty) = xo, (4.3)

onpedeaennoe na ompesre [tg — J,tg + 6] u nenpepwvisHOE NO coBOKYNHOCTIU
nepemMenHblL.

B) (O HENPEPBLIBHON 3ABUCHUMOCTHU PEIIEHUA OT MAPAMETPOB). Ilycmb
G C R x R" — omxpwmoe mmoxcecmeo, A — monoso2uueckoe npocmpar-
cmeo, f: G x A— R — fynrxyus nepemennviz (t,z,0), t ER, 2 € R*, a €
A, nenpepvisna no cosoxynnocmu nepemenubir u cmpozo duddepenyupyemna
no T pasmomepno no « 6 npoussedenuu [to,t1] na oxpecmmocms W mouru
(Z, Q) (pacnoaoncennom 8 G x A). Tozda cywecmsyem maras 0KPeECMHOCNDb
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Ag C A, umo pewenue zadauu Kowu

j":f(taxaa)’ ,’L‘(to) = Zo
onpedeaeno wa ompesre [to,t1] u Henpepwisno 3asucum om napamempa .

Crporas nuddepeHnupyeMocTb, paBHOMEPHAA MO apaMeTpy «, O3HaYa-
eT, 9T0 mia aioboro € > (0 cymecrByer okpectHocts Wy C W rTakas, 910
|f(t,z, ) — f(t, 2!, d) — fu(t,Z(t),@)(z — 2')| < e|lz — 2|, ecm ¢ € [to, 1],
(z,a) n (2', @) mpunagmexar Wy.

C) (O 3ABMCMMOCTHW PENIEHMH OT MAPAMETPOB W I'PAHWYHBIX YCJIOBUN).
IIyeme U C R™ — oxpecmuocmy nyas 6 R™ u f: [tg, t1] = GXU — Pynryus,
nenpepvisro dufdepenyupyeman no cosorynrwocmu nepemennbir. Ecau T(-) —
pewenue 3adauu Kowu, mo cywecmeyem § > 0 u dasa arbozo |u| < § —
pewenuve (-, u,w) 3adavu Kowu & = f(t,z,u), (tg) = w, nenpepvisro-
dufdepenyupyemo 3asuciwee om paHUYHO20 YCAOBUA W U NAPAMEMPL U.

Maaum HAOGPOCOK MOKA3ATEILCTB TEOpeM a) u b).

a) Paccmorpes orobGpaxenue F(z(:))(t) = z(t) — zo — ftz f(s,z(s))ds,
yOex maemcsa, 9T0 mpu MaioM d OHO YAOBAETBOPAET YCIOBHUIO CKUMAEMOCTHU
B C([ty — d,to + d],R™), u Teopema a) ciegyeT W3 IPUHIUNIA CKUMAIOIIMX
orobpaxenun (u noraoTsl npocrpanctsa C([tg — d, ty + d], R™).

[lns mokasaTemsCTBa TeOpeMbl b) Hamo mpuMeHWTbH MeTOx HboTOHA K
orobpaxenuto F((z(-),a))(t) = Z(t) + z(t) — zo — ft'; f(s,2(s) + z(s),a)ds
s mpocrpauctea C([tg,t1],R") B mpocrpancteo C!([tg,t1],R") mra permre-
uus ypasuenus F' = 0, maumnas ¢ dymkumu xo(t) = 0. OcHOBHOE ycCiIO-
BHE MPUMEHUMOCTH MeTona HBIOTOHA O CIOPBEKTMBHOCTH OTOGpaxkeHusa F
BBLIMIOMHACTCA, 160 Mpom3BoAHAA >TOro oTobpaxenusa F'(0,@))(t) = z(t) —
— ftto fz(s,Z(s),@)z(s)ds orobpaxaer nmpocrpanctso C([ty,?1],R") HA mpo-
crparcteo Cl([tg,t1],R") B cmry Teopembl CyUIECTBOBAHWA IS JTHHEHHBIX
CHUCTEM.

Teopema ¢) TakXke JOKA3BIBAETCA MNPAMBIM IPAMEHEHUEM METO.a
HeioTomna.

* k% K %k *

OcranoBuMmcs 31€Ch, ITOOBI TOABECTH HEKOTOPBHIe MTOru. Kak CBA3AHBI
YETHIPE HAIIU TEOPEMBI C OKPYXKAIOMIUM HAC MAPOM?

HeioToH HAayYwn HAC TOMY, ITO SBOMOMUOHHBIE TPOIECCHI U ABJICHUA OIU-
CBIBAIOTCA (OOBIKHOBEHHBIMU) AuMD@EPEHINATLHEIMA YPABHEHUAMA. BTOpOn
3ak0H HBIOTOHA OMUCHIBAET ABUKEHUA B3AUMOJEUCTBYIOUAX IacTUIl. Teope-
Ma CyHNIECTBOBAHWA W €JUHCTBEHHOCTH pemenua 3agaau Komm (Teopema 4)
BBIPAXAET MCI0 JAILTACOBCKOrO merepMuHu3Ma: eciau 661 HekTo mor B omHO
MT'HOBEHUE y3HATBH BCE CKOPOCTM U TOnoXeHusa dacTun Mwupa, o 3HAT 6BI O
TOM, 9TO OBLIO B MPOILIOM W Y3HAX ObI, BCE, YTO CAYIUTCA B OyAyIIEM. DTO
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BOJBHBIN TIEPECKA3 TOTO, O ¥eM He pas rosopua Jlamrac. /[Ba cromeTus umes
npenonpeneseHHoCT ObuIa OMHON 13 GUIOCOPCKUX JOMUHAHT (COBCEM He-
MABHO, KAKAX-TO TOJCTONETUA TOMY HA3a,1, BCE JOPOTW BEIA K KOMMYHU3MY ).
W auiie HegaBHO B TMEPUOL COBpeMeHHOT MamMemamuKry OOHAPYKUAIOCH, TTO
9ale BCEro JAeTEePMUHUPOBAHHLIE IPOIECCH B UTOre 3aIy THIBAIOTCI U CKOPee
HAIIOMUHAIOT XaoTuvIeckoe asmxenme. Ho 5To yxe gpyras mcropus.

OWiep MUCAT KAK-TO, 9TO B MUPE HE MPOUCXOIUT HUIETO, B IeM HE ObLI
OBI BAIEH CMBICA KAKOT'O-HUOY b MaKCUMyMa wix MuHUMyMa. Cpeau mpodero
MMEJUCH B BUAY 8aPUAUUOHHBIE NPUHYUNDL B ecTecTBO3HAHUN. COOTBETCTBYIO-
IAsA MATEMATUIECKAA TEOPUA OMMMPASTCA HA, MIPABUIO MHOXUTENER Jlarpamxka
(cM. crepcTBue w3 Teopemsl 3). VI MBI 5TUM CIECTBAEM IO JOILIA COBCEM GIus3-
KO K TOMY, 9TO0BI OXBATATH OCHOBBI BAPUAIMOHHOU TEOPUU U €€ TPUIOKEHUN
K €CTEeCTBO3HAHUIO.

Taxensd ygap «IpefonpeneneHHOCTHy IPUMEPHO CTOJETHEe TOMY Ha3a[
OBLI HAHECEH 3apOXK JaBIIENCA KBAHTOBOM MEXaHMKOU. B aBagaThie rogbl po-
aumiuck aBe Teopum — leusenbepra u [lIpénunarepa, He CAWIIKOM MTOXOXUE
apyr Ha apyra. I BOT Bemb Kakas CAyIMIaCh yOada: ONWH U3 MOJOIBIX JIO-
e, KTO UMeJI KOHTAKTHI ¢ TBOPIIAMU KBAHTOBOU MEXAHUKH, a MMeHHO Makc
BopH, xorma-Tto B I'ertunrene cayman I'mabbepra m IllIMmuara mpo cumme-
Tpudeckue onepaTopbl. OH-TO U MOHAT, YTO B PACCMOTPEHUAX DTUX OMEPATO-
POB B rIIbOEPTOBOM MPOCTPAHCTBE U JEKUT POJCTBO ABYX BETBEU TEOPUH.
Takyio ponb (Cpeam MHOTMX MHBIX) CBICpAla Halla TeopeMma 2. A eme c ee
TTOMOIIBI0 PEMIAOTCA CMEMIAHHBIE 330a91 A TUNEPOOIUIECKUX yPABHEHUN
(cm. O. A. Onennvk, «/lekuum 06 ypaBHEHMAX C IACTHBIME ITPOU3BOTHBIMIU) ,
M.: BUHOM, 2005), kpaeBbie 3a1a4du TeOpUU MAPABGOIMICCKUX YDPABHEHUN.

[MomMumo HacTuI CyMIECTBYIOT TeJa — CTPYHBI, 6aIKU, MEMODAHBI U BCE
Takoe mpodee. I wacTo ciaydaercs Tak, ITO MOJOOHO TOMY, KaK pPelleHue
OOBIKHOBEHHOTO u(hdEPEHIINATLHOTO YPABHEHUA CBOAUTCA K WHTECPUPOBA-
HUIO, TAK PEIIeHNe YPABHEHUY ¢ IACTHBIMU MPOU3BOJHBLIMU OMUCHIBAIOTCS UH-
TErpaTbHBIMEA yPABHEHUAME (CM. YIIOMUHABIIYIOCA KHUTY [leTPOBCKOrO TO
MHTErpPATbHBIM ypaBHEHWAM). Yl 311€Ch BaXHEUNIYI0 POJIb UTPAET Teopema 1.
W Bce »To JuiIb A0S TOU MOAB3LI, KOTOPYIO MOTYT IIPUHECTH STU TEOPEMBI.
Tak <TO MBI UX TOKA3LIBAIU HE 3PA.

ITPUMJIO>KEHUE. IIPUHIUIIBI CYIIECTBOBAHUA

[TPUHINII KOMITAKTHOCTY BEUEPIITPACCA — JIEBETA — BOPA. Dynk-
YuA, NOAYHENPEPLIBHAA CHU3Y HA KOMNAKME, NPUHUMAEM C80E€ MUHUMAADHOE
3HauUerue.

[MOKA3ATEJIBLCTBO. O6osuaunm Uy, := X \ L,(f), n € Z. OgeBugno, 410
-+ CU, CUp_1 C---. U3 onpeneserus moayHenIpEPLIBHOCTU CHA3Y CIEIyeT,
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910 U, OTKpPHITHL T.e. {U, }nez — oTkpoiTOE moKkpbiTre X. Torga us ompe-
JIEeJeHNA KOMIIAKTHOCTH MOIYIaeM, ITO CYIECTBYET TAKOE IUCIO M € Z, ITO
X = Up, T.e. f orparmvena camsy. [lycts p = inf f ma X. Ecm f(x) # p,
obosmasmm Vi, 1= X\ L, (1/5)(f), n € N. Us onpesenennit moxyHenpeprsHO-
CTU CHU3Y ¥ HUXKHEU rpaHu creayet, 910 {V;, }neN — OTKpbITOE OKpBITHE X .
SHAYUT, B CUIYy KOMIIAKTHOCTHU, HAUAETCA Takoe duciao § € N, uro X = Vg,
T.e. f > p+ 1/s. [IporuBopeune ¢ Tem, uro p = inf f. O

IIPUHINII CXKUMAIOMUX OTOBPAXKEHUN [IMKAPA — KAYYMONOJIINA
— BAHAXA. Cocumaiowee 0mobpaRcerue nosno20 MeEmpuueckozo npocmpat-
cmea 8 ceba umeem euHCMBENRHYI0 HENOJBUNCHYIO MOUKY.

[ITOKA3ATEJBLCTBO. B34B Npou3BOAbLHBIN DMeMEHT Lo € X, TOJOXKUM L, =
= F(z,_1), n € N. Torga

d(xn—l—ma xm) < d(xn—l—ma "L'n-l—m—l)‘i‘d(xn—l—m—la xn+m—2)+- . -+d($m+1a xm) =
= d(F(tntm-1), F(Tnim-2)) + ... + d(F(zm), F(Tm-1)) <
< d(:El, :Eo)(gnerfl + ...+ gmfl).

3/1eCh TepBOE HEPABEHCTBO — 3TO HEPABEHCTBO TPEYTOJIbHUKA, & BTO-
PO€ HEPABEHCTBO CIEAYET U3 CRKUMAEMOCTH. [Ty deHHAs ONIeHKA MOKA3BIBAET,
ITO MOCIAENOBATEILHOCTD { Ty tneN PYHAAMEHTATBHA W CXOAUTCA K DIEMEHTY
7 € X. Nmeem: d(F (%), zp41) = d(F(Z), F(xy)) < 0d(Z,2,) — 0, 3nauwmr,
d(F(%),z) = 0, aro pasaOCHIbHO T = F(Z). EAMHCTBEHHOCTH NE€rKO Crexyer
73 CXKUMaeMOCTH. U

% 3k k 3k Xk k

U B 3akmioveHMe HECKOJBLKO CJIOB O TOM, KaK, IO MOEMY MHEHUIO, U de-
My HAJ0 YYIATH MaTeMmMaTuke. Sl Obl BBIJEMIWI MATH CTAAUU — 4YeThIpE, KakK
B KaXOU W3 MOUX JEKINU, U ele NATY. [[0 MKOIB M B HAYATHLHOU IIKO-
Jie Pa3yMHO HAYYATH AWTA CIMTATH U NATh UMIYJILC K pasMbIiuieHuo. Mon
HAYATBHBIE (DPATMEHTHI JEKIUK IPU3BAHLI ATH TAKUE UMITYIbCHL K PA3MBIII-
JIEHUAM.

KoMmnboTepaMm IeTH HAay9IalOTCa CAMHU, HO JOTHUKY, TOHUMAHUE TOT'O, ITO
€CTb HayvHAd WCTWHA, IeJ0BEK (MOKa ele) He MOXET W3BIedb W3 MAIIUHEL,
€ro HaJ0 TOMY YYUThb, HAYUHAS CO IIKOJBI.

Ha xakoM-TO ypoBHE KaXOOMy HAJAO CAEJATh BHIOOP CBOEU XU3HEHHOU
JOPOTM — TYMaHUTAPHOU WIW HAYIHO-TEXHUYIECKOU. BO BTOPOM caydae pa-
3YMHO TPUCTYNUTh K U3YICHUIO MATEMATHIECKOTO aHAIM3A. BTOophie dpar-
MEHTHI MOUX JEKIUK OOPAIIEeHBI K TeM, KTO XOUeT Y3HAThH O MATEMATUKE, KAK
0 TIpeAMeTe, COOTBETCTBYIOIIEM BLIOOPY MX XU3HEHHOTO Ty TH.

Ha mepBBIX Kypcax TEXHUYIECKUX, SKOHOMUYIECKUX U €CTECTBEHHO-HAY Y-
HBIX MHCTUTYTOB U YHUBEPCUATETOB HAI0 OCBOUTDH TEXHUIECKUE OCHOBBI HAIIEN
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HayK¥ (HAYAJIA UCIUCICHAN, IMHEMHOU aareGpel, Teopun nuddepeHInalbHbIX
YPABHEHWI, KOMILIECHOTO AHAIU3a W TEOPUU BEPOATHOCTEN). B TpeThux pas-
JeraxX MOUX JEKIUN PACCKA3BIBAETCA O HAYAAAX JUHEMHOU adreOphl, aHAIU3a
u guddepeHInaIbHbEX YPABHEHU.

A moToMm, B MHCTHTyTaxX C XOpOIIEA MATEMATUKOU U B YHUBEPCUTETAX
A MPEeNIoXuT Obl YUTATH HEKUU CBOAHBIA KYPC MATEMATUKW, TAE BCE BbI-
CTPauBAJIOCH OBl B €IWHYIO TapPMOHUYHYIO KapTuHy. V3 (pparMeHToB Tako-
IO KypCa COCTOAT YeTBEPTHIE YACTH MOUX JEKIWU, B KOTOPHIX f MOCTOAHHO
OOAYIEPKUBAJI, ITO AUCTAHIUA MEXNAYy MUCTOKOM " TaK CKa3aThb «yCThbEeM» B
KaX O Hallle TeMe ObLTa HeBeanmka. I[o-BUAMMOMY, MOTOKHU YEI0BETIECKON
MBICIU CJAUIIKOM MPUAYIYIIUBLI U TOTOMY TaK JOICO TEKJIW OT CBOErO HAYAIA,
K €CTeCTBEHHOMY KOHILY.

Bor BaM WeTHIpe cTaaMM: HATAMBHAA NIKOJIA, CPEIHAA U CIICIUAT3ND OBAH-
HAA KO, MPOMEIEBTUICCKOE MHCTATYTCKOE WM YHUBEPCUTETCKOE 00pa3o-
BaHUE U CBOJHBIA KyPC MATEMATUKHA.

A naras — obemannag — gacThb? [laTaa 9acTb — COBPEMEHHAA MATNEMA-
muka. Kak yauTs coBpeMennon MaTeMaTuke n deMy? Bot Bompoc. [JasanTte
mopasMemiaeM. Ho B apyrou pas.

B. M. Tuxomupos, mexmat MI'Y
E-mail: tikhomir@mccme.ru
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OJII/IMHI/Ia,ﬂbI n MaTeMaTUuKa

A. B. CkonenkoB

Ilepen yauTenaMu 1 pyKOBOAUTEIAMA KPYXKKOB, 3aHIMAIOIINMUCA C CAIb-
HBIMY IIKOJILHUKAMHI, BCTAET BOIPOC: KAK MOATOTOBATH IMIKOALHIKOB K OJMM-
nuagaM Win K «CcepbesHony maremaTuke?! HekoTopbie mymaroT, 9TO mJs mep-
BOIr'O HaaO0 OpOpemmMBaTh 3adaIv IMOCJACOTHUX OJMMIINAL, MJId BTOPOrO HaOLO
YUTATL HAYUIHYIO JATEPATYPY, U ITO BBUAY IPUHIAINAILHON PA3HUILL IEP-
BOT'O M BTOPOT'0 GECCMBICIEHHO MBITATHCA JOCTUYhL U TOTO, U APYroro. ABTop
DTOU 3aMETKIU IPUIEPKUBACTCA PACIPOCTPAHEHHOI'O MHEHNA O TOM, 9TO DTHU
IOAXOALI HEJOCTATOYHO >(POEKTUBHLI U IPUBOLAT K BPEIHBIM (IIOOOTHBIM
sdpexTamy: MKOILHUKHA IA00 IPE3MEPHO YBICKAIOTCA CNOPMUSHbIM DIEMEH-
TOM B PEIIEHUN 33034, TUO0 U3YIAIOT A3blK BHICHIEN MATEMATUKU BMECTO €€
COIEepPKATEIHLHON CTOPOHHI.

MHue KaXeTcsa, 9TO OCHOBY MATeMaTUIECKOr0 00Pa30BAHUA CHILHOTO yIe-
HUKA, JOJIKHO COCTABIATE PEWEHUE U 0OCYHCIEHUE MOMUBUPOBAHHBIL JA% Yue-
HUKG 36004, 8 NPoYecce KOMoOPblL OH 3HAKOMUMCA C BAHCHBIMU MAMEMAMU-
YECKUMUY UOCAMU U MEOPUAMU. ITO OTHOBPEMEHHO IIOATOTOBUAT IIKOJILHAKA, 1
K MaTeMaTH‘IeCKOﬁ HayKe, 1 K OJIMMIINA 1aM, 1 HEC HAHECET BPe €TI0 Pa3BUTUIO
B 1esgoM; 3T0 OymeT 6osee 3(pPeKTUBHO U [IA MOCTUKEHUA YCIIEXa, TOJIBKO B
OMMINAIAX WIA TOALKO B HAyKe (€CHU He yIUTHIBATH GOJBUIOTO KOIUIECTBA
Ipyrux GakTOPOB, KPOME PA3yMHOU OPTaHW3AINY 3AHATHN).

Ka,K n IIpym €CTEeCTBEHHOM DpPa3BUTUUN CaMOﬁ MaTEeMaTUKU, KaXaasda CJe-
OYIOIIAsA 33343 JOMXKHA OBIThH MOTHUBUPOBAHA JUOO MPAKTUKOU, JUOO yKe
PelLIeHHLIMIA 33 aaMu. 1looToOMy yIeHNK, 3aHIMAIOMUICA (MOTUBIPOBAHHON
[ HETO» MATEMATUKON (OOBIMHO GOJIEe DIEMEHTAPHON, HO OOBITHO COnepXKa-
TETBHOU M MMOTOMY OOBIMHO CJIOXKHOU) BMECTO (HEMOTUBUPOBAHHOW [JISA HETO»
MaTeMaTHKU (OOBITHO MEHEee DJIEMEHTAPHOU, HO OOBIMHO A3BLIKOBOU U IIOTOMY
OOBIYHO TPUBUAIBLHOU), UMEET MPEUMYIIECTBO B JAJbHEHNIIen yuebe U Hay |-
HOU paboTe.

OuMnnagHbIX 3a4a9 O9eHb MHOIO, OOMBLUIMHCTBO W3 HUX HHTEDECHBI
IIKOALHUKY U CPeIU HUX MHOT'O MAaTEeMATHYIECKH COJepXAaTeIbHBIX. Takume
33491 MOTYT COCTABUTHL OCHOBY M3ydaeMoro marepuaaa. QOmIHAKO penieHue
OJUMIIUATHBIX 33029 0€3 U3Yy9IeHUs MATEMATUYIECKUX UAEU U TEOPUU HEIO-
cTaToIHO DGMEKTUBHO axKe A «IACTOW» MOATOTOBKM K OAMMIUALaM (Ha
moarux — ron m 6osee — MPOMEXYTKAaX BPEMEHU, KaK W BOOOIIE pelleHune

MaTemaTu4eckoe npocsewenne, cep. 3, suin. 10, 2006(57-63)
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CHIOMUHY THBHIX 33134 0e3 pyHIaMeHTaIsHOro passuTusa). Kpome Toro, 60mb-
MIUHCTBY JIOJEHA Jerve JOCTUYhL yCIexa Ha OMMMIuanax (Kak u B APYyTUX BU-
aX TBOPYECKOU NEATETLHOCTH) B TOM CIydae, KOTJa OHUW He CIUTAIOT yCIex
riaBHOU Teablo. CIOXHYIO 3a0aty Jerde pelmTh, €CIN CIOKOWHO AYMATh O
caMoU 3aj1ate, a He 0 HAarpaje, KOTopasd HoCIeqyeT 3a ee pemennem. [losTomy
NIKOJMHHUK, MOTUBAPOBAHHBIA $0JEE BHICOKOU IETBI0, 9€M YCIEX Ha OJUMITAA-
Ie, IMEeT Ha 3TOU OJUMITHAIE TICUXOJIOTTICCKOE TIPEUMYIIECTBO.

Kak ymagno mogo6GpaTh 3amadm mis OOydIeHUA YIeHUKOB? DTOT BOMPOC
yuauTens 3agaBain cebe MOCIeqHMe AeCATb ThICAY JeT [2, npepuciosue|, [4],
[5, c. 26-33], [7, npegucaoBue]. Pacckaxy u g 0 9aCTU CBOErO MPAKTUIECKOT'O
OTIBITA, HAXOIAMIETOCA B PYCJIE OMBITA MPUBEEHHLIX ABTOPUTETOB.

B MockoBckoM meHTpe HEempephIBHOIO MaTEMATHUYIECKOTO 0Opa30BaHUA
(MITHMO) mom pykOBOACTBOM aBTOPa DTOW 3aMETKH MPOXOAUT KPYKOK
«Oaummuanst 1 MaTemaTukay. MouMu acCUCTEHTAME B PA3HOE BpeMs ObLLIA 1
asasiorca A. Akonsan, A. 3acopun, /1. [lepmsakos, C. Cnupugonos u U. Mluyp-
HUKOB. JTO CTYAEHTHI MEXaHWKO-MATEMATUIECKOTO (pakyabreTa MOCKOB-
CKOT'O0 TOCYJApPCTBEHHOT'O YHUBEPCHTETA, B TpouuioM mobemureaun Mex my-
HAPOMHBIX U BCEpOCCUUCKUX OMMMINA[ MKOJILHUKOB. BOJBIITHCTBO U3 HUX
OTJIVMIHUKY, HEKOTOPHIE W3 HUX yXK€ ABIAIOTCA aBTOPAMHU HAy9IHBIX paboT.
Anamormunsin kpyxok «MaTemaTudeckuu CemMuHapy 1 Beqy B (pU3UKO-MaTe-
Marudeckon mkosne-uaTepaare um. A. H. Koamoroposa (CYHIL MT'Y) ¢ 1994
roga (mo 2001 roga comectro ¢ B. H. /ly6posckum).

YaacTeoBaTh B kpyxke «OQmummuagsr u MaremaTrkay MMEET TPaBo Jio-
6ou xemaroumi. OIHAKO YPOBEHBb 3AHATUUA MOBOJBLHO BBICOK; GOJBITAHCTBO
YIaCTHAKOB HAIIIErO KPYXKa — yIeHUKZ 811 Kr1accoB, KOTOPBIE IMEIOT IIAHC
IpOUTH HA BCEPOCCUUCKYIO OMUMIAATY.

AxTuBHOE ydacTme B KpyXkKe TpeOyeT 3aTpaT BPEMEHU W CUJI, TODTO-
My ero XeJaTelbHO COMIACOBATHL C POAUTENAMU W yIuTeaaMu. Ha 3aHaTmAX
KPyXKa IIKOMbHUKW Yy9aTCA PEIIaTh MHTEPECHBIE 33,4291, TOAO0PaHHBIE TAK,
9TO B MPOMECCE WX PEIICHUA W O0CY X ACHUA YICHUKN 3HAKOMATCA C BAXKHBIME
MAaTEMATAICCKUMEA UAEAMUA W TEOPUAMU. B Hadamze KaXIOU TEMBI PeIraiT-
¢ 1 pa3bUparTCa B OCHOBHOM 3aa4y, MPEIJIAraBIIMECA PAHEe HA OJIUMIIUA-
nax (WM aHATOTMYHBIE TAKOBBIM). A B KOHIIE JEJI0 9aCTO JOXOMUT N0 3aday
ona uccaedosanus. MBI yaeaseM MHOTO BPEMEHHU UHOUBUIYAAbHbIM 3AHATH-
AM, pa3bupasd JUIHO C KAXKIBIM IIKOJLHUKOM €0 PEIIeHUA U AaBad eMy MOJI-
CKa3KU ¥/ WIN JONOIHUTEIbHBIE 33a41, & TAKXKe 3AaHUMAEMCA CO UIKOIbLHUKA-
MU, KOTOPBIE PEIIAI0T UCCAEAOBATEILCKUE 3a0a9d (U BBICTYHAIOT CO CBOMMU
pesyabTaTaMu Ha KOH(EPEHIUAX IKOJILHUKOB). Bosee moapo6HO 0 3amadax
[JLS UCCIeNOBAHUA CM., HApuMep, [6]. 3auaTus kpyx)ka 06beqUHAIOTCA B LA~
Kbl 3 1-3 3aHATHN, CBA3AHHBIX OOIEW TeMOU Wiau uieed. PasHble MUKILI
MOYTH HE3ABUCUMBI APYT OT APYra, & WX AHHOTAINU OOBLABIAIOTCI 3apaHee
(MO>TOMY MOXHO M3y9aTh TOABKO T€ MUKJIBI, KOTOPHIE MIKOILHUKY HAMOO0IEE
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uHTEpecHb). HEeKOTOpBIe MATepuaibl KPYXKa OIyOIUKOBAHBI B XKYDPHAIAX
«KBanty, cMaTemarudeckoe npocsemenuey, <MaremaTuaeckoe o6pa3oBaHmIE»
7 “Quantum”. B xoporryo moroay 3aHATHAI KPYXKKa, IaCTO MPOBOAATCS C BhI-
€3/I0M Ha MIPUPOIY.

Baxuou COCTABIAOIIEN KPYXKKA ABIAIOTCA BBIE3IHBIE MIKOJIBI. SAHATHUA
Ha, DTUX IMKOJIAX BEIYT 3aMEYATEIbHBIE MATEMATAKNA U YIUTENA, TAM IPEBOC-
XOHO OPraHU30BaH OLIT U JOCYT MKOJILHUKOB. [Ipuriammaiorcsa Tyga Hanbo-
Jee AKTUBHBIE YIACTHUKU KPYyXKKa, a Takxke Te mobegurean MOCKOBCKOU u
Bceepocceniickon omuMmnuam, koTopbie ®XuByT B Mockse wiu Gauxuaem [Togmo-
CKOBbE U HE 3aHUMAIOTCA B KPYXKKE.

[Moguepkuy, 9TO yCHemHoe yIacTue B KPyKKe He YIUTHIBAeTCA mpu Gop-
MupoBaHUE KOMaHab6I MockBbl Ha Beepoccuuckyio Onnvnuany. Ho, koredno,
OHO TIOMOXET YCIIEITHO BBICTYIUTDb HA JIOO0U OJUMITHAAIE.

[Mpuseny npumep ABYX MUKIOB 334349 3 pa3bupaBmmxca Ha Kpyxke. [lep-
BBIM IUKJ TMOABOJUT IIKOJLHUKA K OTKPBITHIO JeMMbI BepHucanga. 3aMeTuM,
9YTO B CYMIECTBYIOUMX yIeOHUKAX (B TOM HUHCJE IS UIKOJILHUKOB) M3YUCHUE
MPWIOKEHUN JeMMbI BepHCala HAYUHAECTCA C HEMOTUBUPOBAHHBIX MOHATUN
u Teopuu. Kaxpgas caegyromias cepus BBIIABAIACH MKOILHUKAM IOCTE Pas-
60pa mpeabIAyIer. BTOpON NWKJI MOABOAUT IMKOJILHUKA, K MOHATHUIO MEITHOU
Ipo0U Ha TpUMEpE AITOPUTMA, BHIYUCIEHUA KOIUIECTBA, IMEJBIX TOYEK (O]
npaMou y = «x». [pyrue NUKIBI MOXHO HAUTU B MHTEPHETE HA CTPAHU-
e www.mccme.ru/circles/oim. (Muorme MaTepuaibl Ha STOM CTPAHUIE HE
NpEeTEHYIOT Ha OPUTHHAILHOCTL. He Bce MaTepuaibl TaM COCTABJIEHBI MHOMU;
MMEHa, IPYTUX COCTABUTENEN YKAZBIBAIOTCA.

Bararomgapro 3a 3amevanua u 06Cy X [€HUs, CIIOCOOCTBOBABIINE YTy IIIEHUIO
macrosamen 3amerku, M. H. Banoro, B. H. [[o6poBoIbcKyo 1 ee HAyIHOTO Py-
kopoguTeas A. A. Pycakosa, a Takxke BCeX yIaCTHUKOB KPyXKa, «Qmumma, qst
n MaremaTukay.

KOMBUHATOPUKA KJACCOB 3KBUBAJIEHTHOCTH

1-4 CErPud.

1. Cxonbkumu Crocob6aMu MOXHO PACKPACUTEL T'PAHU Ky0a B KPACHBIU U
cepein mBeTa? Packpackm, coBMemaoomumeca B (TPEXMEPHOM) MPOCTPAHCTBE,
CIATAIOTCA OIWHAKOBBLIMU.

2. Hagure 9ucao pacKpacoK KapyCeau u3 1 BATOHIAKOB B ¢ IBETOB (T. €.
KOJIMIEeCTBO PACKPACOK BEPIIMH IPABWIHLHOTO N-YTOTLHUKA B @ IIBETOB, €CIN
PACKPACKM, COBMENIAIOUIAECS IOBOPOTOM, HEOTIMIAMBI) IS

(a) n="5; (byn=4; (c)n==6.
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3. HaitquTe KOMMYIeCTBO 3aKPAcOK B a IBETOB

(a) IPaBUIBLHOTO TPEYTOILHUKA, PA30UTOrO CPEIHUMHU JUHUAMET HA 4 paB-
HBEIX TPEyTOJLHUKA.

(b) To xe ama 9 TPEyrOTLHUKOB.

(c) xBagpaTa, pa3bUTOro CPEIHAMH TUHUAME HA 4 PABHBIX KBAIDPATA.

(d) To xe ama 9 paBHBIX KBAIPATOB.

4.* Hamaure 9MCI0 3aMKHYTHIX OPUEHTUPOBAHHBIX CBA3HBIX JOMAHBIX C
BEPUIMHAME B BEPIIMHAX TAHHOTO MPABUIBLHOIO pP-yTOABHUKA (rIe p — Mpo-
croe). JloMaHbIe, COBMEMAIOMMEC TOBOPOTOM, HEOTIMIUMEIL.

2-51 CEPU4.

AHAMOrnvYHO TIPUAYMAHHOMY BaMU CIOCOOY MOXKHO PEIINTD 3a0aMy 2 [T
MPOM3BOJIBLHOTO N, OMHAKO pelrerue Oy eT rpoMo3akuM. [IpuseneM Goaee mpo-
CTOM (I «OYEHb HEMPOCTHIX» M) CMOCO6 HA TMPUMEpPE PEIEHmA 33429 2C.

O603raquM depe3 X MCKOMOE IUCIO packpacok. HazoBeM zanymeposan-
Hoti packpackoti pacKpacKy KapyCemd W3 IIECTH 3aHYMEPOSaHHbLY BATOHYIN-
koB. Torga Bcero ects a® 3arymepoBanubIX packpacok. JlIs 3aHyMepOBAHHOM
packpacku « 00O3HAIMM depe3 (@] COOTBETCTBYIOUIYIO HE3aHYMEDOBAHHYIO
PACKPACKY.

[Mocunraem aBy™Ms ciocobamu uciao P nap (a,n), B koropeix n € {0,1,2,
3,4,5} m a — 3aHyMepoBaHHAsA PACKPACKa, HEPEXONAMAs B ce6sA IMPU MOBO-
pore Ha 27n/6. IlycTs stab o — wwmeao rex n € {0,1,2,3,4,5}, mma koTopbix
HOBOPOT Ha 271/6 mepeBoaUT 3aHyMEPOBAHHYIO PACKPAcKy « B cebs. Toraa

P = Z staba = Z Z stabla] = Z stab ﬁsta?oﬂ =6X

packpackam 3 {a:[a]=0} packpackam [

[IpenmocrenHee paBeHCTBO BHITOJHEHO, IOCKOTILKY

— IS 33HYMEDPOBAHHBIX PACKPACOK (| M (v3, TIEPEBOAAIIMXCSA APYT B APY-
ra mosopoTtamu, staba; = stabas (oTu pasmbie wmcaa 06Go3HAMAIOTCA
stabaq]), u

— KOJUYECTBO 3aHYMEPOBAHHBLIX PACKPACOK, IMOLYYaIOIIMXCA IOBOPOTAMU

73 MaHHOU 3aHYMEPOBAHHOW PACKPACKU (X, PABHO o
stab a

5. [lokaxwuTe moCaegHee yTBEPXK ICHUE.

C mpyrout cTOpoHBI, TOBOPOT Ha 27n/6 mepesBoauT B ce6Gs POBHO a(™6)

6)

5
3AKPEILIeHHBIX PACKPacoK, mosromy P = 3 a(™6). Mraxk,

n=0

X = %(aG +2a + 202 + d®).
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6. Hapgure gmcio
(a) packpacok Kapyceiu u3 1 BATOHYUKOB B @ IIBETOB.
(b) a-uBeTHBIX OX€Epemwit w3 1 Gyc.

7. CkonbKuUME CIOCOGAMEI MOXHO PACKPACATH B ¢ IBETOB I'paHu (a) mpa-
BunbHOTO TeTpasapa; (b) kyba? Packpackm, COBMEMAIOMMECA BPALICHUEM
(TpexMepHOro) MPOCTPAHCTBA, CIUTAIOTCA OJUHAKOBBIMU.

8. CKOIBKO CymIECTBYET PA3IU9HBIX (T.€. Hem30MOPQHBIX) (HE)OpUEHTH-
poBauHBIX rpadoB ¢ 4 Bepmmuavu?! A ¢ 5?7

9.* Orob6paxenus {0,1}" — {0,1} (T.e. dyHKIMHU anrreGpsl JOTUKHA OT N
NEePEMEHHBIX ) HA3BIBAIOTCA KOMZPYIHMHbIMU, €CTA OHU CTAHOBATCA PABHBIMU
HOC/Ie TeperMMEeHOBAHUA TIePEeMEeHHEBIX.

(a) Hamgure wmcno b, dbyHKIMi aare6pbl JOTUKH OT 7 MEPEMEHHBIX C
TOYHOCTBIO 0 KOHTPYSHTHOCTH.

(b) [Mokaxwure, 9TO CymecTByeT nll)rgo n!b,/2?" u maitauTe >TOT Mpege.

10. CpopmyaupyuTe o6LIyIO TEOPEMY, KOTOPYIO MOXHO GBLIO OBI TpUMe-
HATH BMECTO NOBTOPEHUA IPUBEIEHHOTO PEUICHUA 3313491 2C.

3-1 CEPUs. Bot oTser.

JIEMMA BEPHCAUIA. Ilycmob 3adanbl Koneunoe muoxrcecmseo M u cemeti-
cmeo {g1 = id M, go,...,gn} npeobpazosanuii 5mo2o MHONCECNEA, 3AMKHY-
moe OMHOCUMEAbHO KOMNOSUUUY U B3AMUL 00pamno20 saemenma. Hazosem
AEMENMbL MHONHCECMEG M DKBUBATEHTHBIMU, €CAU 00UH MONCHO NEPEEecmu
6 dpyeotli oodnum u3 dannbiz npeobpazosanut. Tozda wucao KiAaCCO8 IKBUBA-

1 n
aewmuocmu pasno — . fix(g;), 2de fix(g;) — wucao saemenmos mnoxrcecmea
n
k=1
M, xomopuie npeobpazosanue g; nepesodum 6 ceb.

(9TobBr caenaTb >TOT W CAEAYIONME PE3YJIbTATHI MEHEE NOCTYITHBIMU,
X OOBITHO (POPMYIMPYIOT W NOKA3BIBAIOT HA A3LIKE TEOPUU abCTPAKTHBIX
rpymm.)

Haszosem (koneunoti) epynnoti kKoneIHOE CEMENCTBO Ppeobpa3oBanui (T. €.
[EepPeCTAHOBOK) HEKOTOPOTI'O MHOXKECTBA, 3aMKHYTO€ OTHOCHTEILHO KOMITO3U-
WY ¥ B3ATUA OOPATHOTO bIeMeHTa. [lalbHermme 3a1a91 0COOEHHO HHTEPEeC-
HBI TeM, KTO yXe PelIal 3aJa9u PO NePeCTAHOBKM.

11. (a) Jloo6as rpymnma cOAEPRKUT TOXAECTBEHHOE IPEOOPA3OBAHUE.
(b) Ecau wwmcno n mpeobpasoBanuu B rpynme G IpocTOe, TO M JI060Tr0
HETOXIeCTBEHHOTO Tpeobpasosanua g € G umeeMm G = {g,¢%,...,¢" = id}.

Ecau B rpynne G mangercsa npeobpaszoBanue Js1 KoToporo G = 2

) ) )

.,g" =id}, To rpynna G HasbBaeTca yukauueckot. [pynmna G HazbBaeTCA
buyuravueckoti (3TOT TepMUH He OOMIENPUHAT), €CAU A HEKOTOPBIX IETBIX
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p>1muq > 1 u npeobpaszosauuu g,h € G Bumoaueno gh = hg, g° = id,
R =idu G = {¢gFh! |1 <k <p,1 <1< q}

12. IIpusBeguTe npuMep OCUIUKINIECKOX MPYIIL 13 4 DIEMEHTOB.

13. Jlrwobas au rpymnma u3 n Npeobpa3sOBAHUN ABIACTCA IMUKIXIECKON WK
6unukmudeckon qux () n=4; (b)n=6; (¢)n=28 (d)*n=29;
(e) n=10; (f)* n =157

14.* Teopema Jlazpanxca. Ecmu H — noarpynmna rpynnst G (T. . IOAMHO-
XKeCcTBO rpynnbl (G, TakXke ABIAIEECA TPynnon), To #G memurca wa #H.

15.* Teopemvr Cunosa. ycts p — mpocroe, n gemmrea Ha p* u me gemmrea
ma pF*t! a G — rpymma us n saemenTos. Jlokaxure, 9TO

(a) B G mmeerca mogrpymma u3 p* sremenTos.

(b) Yucno Takux mOATPYHI CPABHUMO ¢ 1 IO MOAYIIIO P.

(¢) Mg moberx aByx Takux noarpynn H w H' maigerca Taxoe mpeobpa-
soBanme g € G, uro H' = {ghg™' | h € H}.

(d) Ecom p mw ¢ — upocteie, p < ¢ mw ¢ — 1 He gemwTcsa Ha p, TO mobasg
rpynmna u3 pg Npeobpa3soBAHUN ABIACTCA NUKIAICCKOW UMW OUIHKIIICCKOM.

IIEABIE TOYKHU IO MPAMON

ot 3alaIi IOABOAAT INKOJIBHUKA K AJI'OPUTMY BBIYMUCICHUA CYMMBI
n

fa(n) = > [ak], T.e. KomudecTBa HEILIX TOYEK (IOJ IPAMOU Yy = ax». Tepes
k=1

[z] u {x} obosHauatoTCcsa meras U APOOGHAA IACTH UUCIA T, COOTBETCTBEHHO.

JlaTurckue 6yKBBI 0003HATAIOT METble YUCAa. AJIrOPUTM CTPOUTCA B 3a0a9aX

2abc, 3amada 1 mosesHa « IS pa3sorpeBay.

1. Hangure fo(n) pma  (a) memoro «;  (b) mesmoro 2«;  (¢) memoro 3q;

fa(n) )

2

(d) @« = a/n pna papsex nenbix ¢ u n;  (e) Hapgure lim
n—0o0 n

2. llokaxuTe, 9TO
(a) fa(n) = F(ay(n) + 5 [oIn(n + 1).
(b) fa(n) + fé([na]) - [Z] = n[nal,
rje ¢ — 3HAMEHATENb HECOKPATUMOU APOOH, IPEACTABIAIOIEN TUCIO (U, €CIU
Q PAIIMOHAJIBHO, U ¢ = 00O (T. €. [g] = 0), ecau o UPPAMUOHAILHO.

YkasaHuWe: MOCYATAUTE KOIMIECTBO LEJABIX TOYEK B IIPAMOYTOJILHUKE
1<z<n, 1<y < [nal
(c) Hauaure atropuT™ BHIYHACICHAA CYMMEL fq(n). Ykasanue:

Faps(m) = n[Z 1+ 5] = fap (5]
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fsp(5]) = 35005+ D) + (15D

2n 2nq,rn n n
Fuye(2D) = (2902) + (2] - £((2D),

373
2n
nockonbKy [[z]/n] = [z/n] mia uweroro n > 0 u, 3nauwnT, [E] =2

2 3
2D = 213 +1).

n
(d) Hamgure anropur™m BbramcaeHus cymmsr » | {ak}.
k=1

3ameuanus. TacTHBIN cryaain paBeHCTBa 2b (HA KOTOPOM OCHOBAH TIPE/IIA-
FaeMBIU AITOPUTM) /I HOMOKUATEIBHBIX HEUeTHBIX B3AUMHO MIPOCTHIX TUCEIT
p<q a=p/gun = (q—1)/2 (torga [na] = (p — 1)/2) moaBrsercsa mpu
JIOKA3aTeIbCTBE 3aKOHA B3AUMHOCTY KBaIPATUIHBLIX BEIUETOB [1, Bonpoc 16
raase II u V.2.1]; nokasarerscTBo 06mero caydas axasornaao. Cymma u3 2d
BHIUUCICHA (6oee TPOMO3JKUM CIOCOOOM, €M MpeNIOXKEeHHBIN 31ech) B [3].
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MaTeMaTu4eCKUM MUP

IHES

A. B. Cocunckun

NuctutyT BhlcuinX HAYYHBIX MUCCAELOBAHUM IO IIAPUXKEM

[MarsgecaT seT ToMy Ha3al, B CepeIUHE MPOILIOTO BeKa, (PPAHILY3CKUU
OPOMBIILIEHHUK pycckoro mpoucxoxgenus Jles Moman (Léon Motchane)
YBIEKCA UIeer co3AaTh BO DpaHIuu AHAJIOT 3HAMEHUTOTO AMEPUKAHCKOTO
TASY. B 1958 roxy Taxoil LeHTp, HA3BAHHBIN THES?), 6611 cosgan, u Jles Mo-
[IAH CTAJ €ro MepBBIM AUPeKTOpoM. O6 UCTOPUM U O CErOHALNIHEM JTHE STOr'0
VHAKAJIBHOTO HAYIHOTO IIEHTPA HAIl PACCKA3.

DiInstitute for Advanced Studies — Ipuacronckumit MacTuryT Boicumx Wccregopanmil.
DInstitut des Hautes Etudes Scientifiques — NucturyTt Beicumx Haywnaerx Uccaenosanumn,
ceroaua maxoammuuca B Bures-sur-Yvette mox Ilapumxem.

MaTemaTu4eckoe npocsewenne, cep. 3, soin. 10, 2006(64-70)
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HeEMHOrO 0B uctoruu IHES

Hageproe, cTouT cka3aTh HECKOJIBKO CJIOB O CO3MaTENe THES. Jles Momax
ponuica B Caukr-Ilerep6ypre B 1900 roay. Omurpuposas u3 Poccuu Bo Bpe-
MA paX JaHCcKoun BOUHLL, B 1918 roay on okazancsa B [lIserapun npakTuiecku
0e3 CpelCTB K CyIIECTBOBAHUIO. TOrga OH HE MMea BO3MOXHOCTU IOJYYUTH
Hay4dHOEe 00pa3oBaHMe, K KOTOPOMY C IOHBIX JeT cTpeMuics. [lpumwiocs cpasy
3apabaThIBATL HA XKU3HL, CHadana B [[IBennapuum, a saTem Bo Ppannuu, Kyna
Moman nepebpadicsa B 1924 rony. Y oH B 3TOM mpeycen: B OCIEBOSHHBIE T'O BT
Léon Motchane yxe 6611 KpyIHBIM (DPAHILY3CKUM ITPOMBIILIEHHAKOM. By 1y <un
06€eCIIeYeHHBIM I6I0BEKOM, OH BEPHYJICA K CBOEHU IOHOIIECKOU JIOOBU K MaTe-
MaTuke u, IpeacrasbTe cebe, B Bozpacte 54 mer (1), sammTun gucceprammio
y BeIgalomeroca ¢panmysckoro maremaruka ['tocrasa [lloke (Gustave Cho-
quet). ITocae »Toro o u 3aropencs MedTon Co3faThb BO OpAHIME HAYIHBIX
nenTp Hanogobme [AS, u NPpUIOKMT K DTOU IEAU CBOU HE3AYPATHBIE TETOBLIE
¥ OPTraHU3ATOPCKUE CIIOCOOHOCTH.

CosgaThb IHES ymanock He cpady. Heckoabko JeT yIuo Ha BLIOMBAHUE
meHer (kammrama camoro MolmaHa, KOHEIHO Xe, MIA DTOU Leau OBLIO Ma-
J0) W HA yrOBAPWBAHWE BIACTEN MO AEPKATH 3aTEl0. BaXkHYI0 POJb ChITPa-
na mogaepxka Pobepra Onnenrenmvepa (Robert Oppenheimer), smamennTo-
0 aMEpPUKAHCKOTO (u3nKa, B TO Bpemsa nupektopa IAS, u 2Kana /Inénomue,
OZIHOTO 13 OCHOBaTeIed Ipymmbl Byp6aku® m, moxalyil, caMoro aKTHBHOLO
dpaHILy3CKOro MaTeMaTuKa cepenuusl X X Beka. Hakowrer, 8 1958 rogy, THES
OTKpPBLT CBOU O(UCHI, EPBOHAYAILHO PACIOMOXEHHBIe B IeHTpe [lapuxa, u
TyIa HAYAIM TIPUE3XKATh HA OJWH, ABA, WIN TPUA MECAIA BEAYIINE MATEMATH-
ku Bcero mupa. Onpegenmiach aIMUHUCTPATUBHASL CTPYKTYPa U MTPUHITATIBL
HAYYHOU OPraHU3AIUU NEHTPA. DBUIM HA3HAYEHBI MEPBBIE [BA MOCTOIHHBIX
npodeccopa IHES: mvu cTamm [sénonne u BeMukun (PPAHIY3CKAN MaTeMa-
tuk A.I'porenguk (Alexandre Grothendieck).

Baxuoil Bexoir B cranoprenmn [HES crano npuobpeTeHne B MECTEYKE
Brop-ciop-UBerT (aBaguaTh maTh MUHYT OT HeHTpa [lapuxa Ha 3aropogHOM
METPO) AeCATUTEKTAPHOrO JECHOro ydacTka bya Mapu, kyna mepeexanu Bce
cryX)Obl MEHTPA U TAe OH HAXOIUTCA TO Cel NeHb. YXKe B CEMUIECATHIE T'O-
OB K 5TOU HEIBUXUMOCTHU mpubasmica apyrou ydactok, Opman (Résidence
Ormaille), B gecatu mumuyTax xoga or Bya Mapu; 8 OpMan pacmonoxeHsl
KBAPTUPHI IPAE3XKAIINAX YICHBIX.

B 1974 rony JleB Mormau ymen Ha meHCUIO, M0 HA JOMXKHOCTHU AUPEKTOPA
cmenmn rowrauackun maremaruk H. Kyumep (Nicolas Kuiper), ero B cBoo
odUepeab 3aMeHW1 3HaMeHUThIn dpanmysckuun reomerp M. Bepxke (Marcel

rpymmo KV MOXHO NIpOYUTaTh B «Maremarmieckom BELIEHUW», BBIIL.
)0 e Bypb6a: 0XHO IIPO a Maremarudeckom IIpocsermie , 2,

1998; c. 4-12.
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Berger). C 1994 roga dpanuysckuun maremaruk 2K.-II. Bypruason (Jean-
Pierre Bourguignon) — gupexTop THES.

KAK OPTAHU30BAH THES

B IHES coBceM HeGOIBION IITAT MOCTOAHHBIX PabOTHUKOB: IUPEKTOP,
HECKOJBKO JNL, 3aHNMAIUINX aIMUHUCTPATUBHBIC N CEKPETapCKUue NOJXHO-
cTHu, pabOTHUKY OBITOBBIX CIYyXKO WM BCErO MIECTh MOCTOSHHBIX MPOdeCCOPOB.
OcHOBHYIO X€e JaCTh PAGOTAONMX B MEHTPE JIOIeN COCTABIAIOT MPUTIAIICH-
HBIE YYICHBIC: MATEMATUKU N (I)I/IBI/IKI/I—TeOpeTI/IKI/I AOCTATOTHO BBICOKOT'O MEX-
AYHAPOAHOTO yPOBH{A, NOJABIIAEC UHIUBUAYAJIbHBIC 3aABKI U NPULIAIICHHBIC
B IHES ero Yuensmt CoBeTom (BO3rIABIAEMBIM JUPEKTOPOM UM COCTABICHHBIM
B OCHOBHOM W3 TIOCTOAHHBIX TPO(ECCOPOB).

B macTosmee BpeMsa IOCTOSHHEBIE TPOdeccopa IHES cregyomue: MaTeMa-
tuku — ¢panmnys A. Korn (Alain Connes), pycckue Muxant I'pomos u Makcum
Konuesn4, ppanmys JI. Jlapdopr (Laurent Lafforgue) m pusukm — ppanmys
T. Hamyp (Thibault Damour) u poccusama Hukura Hexpacos. Bce marema-
Tuku (Kkpome I'poMoOBa) — maypeaTsl BHICIIEN MATEMATHIECKOU HATPAJBI —
npemuu Pungca; 'poMoB ke camTaeTCsa KPYyMHEUIINM TeOMEeTPOM XX BeKa
(BmpoUeM, y HETO €CTh MPEKPACHBIE PAOOTHI U MO aarebpe, W MO AHATIU3Y).
[TpumedaTenbHO, ITO Cpefy UIECTH HA3BAHHBIX BHINIE MPO(ECCOPOB — TPOe
PYCCKIX. DTO COBCEM He CBA3AHO C IPOMCXOX feHneM ocHosarens IHES, a mpo-
CTO, KAK MHE KaXeTcs, OOBACHAETCS OOIIENPU3HAHHBIM BBICOKMM YDOBHEM
POCCUMCKON MATEeMATHIECKON MIKOMLI (B JAHHOM CIydae — mKoabl B. A. Pox-
auna B Camkr-Ilerepbypre u . M. lenbdanga B Mockse), a Takxe medaib-
HBIM COCTOAHUEM «3a00ThDy BIACTEN 00 OTEYECTBEHHOU HAyKe, (PaKTUIECKU
BBIHY X AIOMIEN Jy9IIIX MOJOABIX HAY9IHBIX TATAHTOB K omurpamuu (m ['po-
MOB, 1 KoHneBus — ¢paHIly3cKue rpax jaHe, u S He COMHEBAKCh, ITO BCKOPE
TakOBBIM cTaHeT Hekpacos).

B orawvme o gpyrux nomoOHBIX MEHTPOB, BEIOOP MPUMIANIEHHBIX Y I€HBIX
(OHU MpPUE3KAIOT HA MECSI UWIN ABA, B BU/AE UCKIIOUCHUA U Ha OOIBIINE CDOKN)
CO3HATENBHO HOCUT CTUXUUHBIN XaPAKTEP: HE TPOBOAATCA TEMATHAIECKAE KOH-
depeHnIUU, He OPraHU3YIOTCA CEMECTPhI WIW TPUMECTPHI IO ONpeJeJeHHBIM
pasmenraM MaTEeMATUKHI WK TEOPETUIECKON (PU3UKU — MIPUE3KAOIIAE Y ICHBIE
BCTPEYAIOT TAM B OCHOBHOM HE3HAKOMBIX KOLIEr, pabOTAIOMINX B CMEXHBIX
(mnm ganmekux) 061aCTAX. DTOT HEOOBIYHBIN OPraHU3AIMOHHBIN IIPUHIIALL, BOC-
XOAMIAN, BUAUMO, K OCHOBATEIIO IHES JIeBy Mormany, moxasaia cBow s>ddek-
TUBHOCTh. PyKOBOAUTEIN MEHTPA CIUTAIOT HEOXWIAHHBIE BCTPEUIU yIEHBIX,
IIyCTh MAJEKUX MPYT OT Apyra IO TeMaTuke, 6oJee IMJIOTOTBOPHBIMU, HoJee
B3PBIBHBIMU, €M O6IIIeHI/Ie CII€EIINAJINCTOB M TaK 3HAKOMBIX C pa6OTaMI/I n Me-
Tomamu ApyTr apyra. B IHES nocrosmno paboTaioT ABa WIX TPU CEMUHAPA,
rae MOXHO BBICTYIUTH WIN IMOCIYyHIATH KOJJICT.
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Pasymeercs, umeercs Xxopouas KOMIObIOTEPHAA MO AePKKA paboTHl mpu-
e3xux. EcTh Hemmoxas maremarudeckas Oubamoreka mpsamo B Bya Mapum,
u oramanaas — B yrmBepcurere Opces (Université Paris-Sud & Orsay). Ects
YAOOHBIA CIIOCOO MyOJUKAIMUA — TaK HA3LIBAEMBIE IIPEMPUHTHI IHES (koTO-
pBIE B TIOCJAEIHUE TOABI TPEBPATUIUCH U3 OyMaXKHBIX B IACTO DIEKTPOHHBIE).
Ca0BOM, CO3IAHBI UACATBHBIE YCIOBUA A HAYIHOU PAOOTHI — XUBU, MOJ, U
TBOpH!

YKusub B IHES

YTo Bac XAeT, ecIu BAC MPUTTIACAT B IHES?

[Ipuexas B Biop B kadecTBe mpuriameHHOr0 mpodeccopa, BbI MOIYIUTE
OTAETbHBIN OGUC B OCHOBHOM 31aHUU B Bya-Mapu u ymo6HYIO KBADTHUDY B
Opwmait (ecnm BB ¢ CEeMBEN W AETHMU — KOTTENX). B OIWH W3 MEPBBLIX AHEH
BBEI CKOpPEHU BCEro CAelaeTe MOKIAJ Ha ONHOM W3 MOCTOAHHO MEUCTBYIOIINX
CEMUHAPOB, T€M CAMBIM TO3HAKOMUTECH C YACThIO APYTrUX HAXONAUIAXCA B
9TO BpeMd B THES MaTeMaTuKoB 1 ¢pusmkos.?)

}KI/IE}H]) IPUE3KAIONNX YICHBIX HUIECM HE DErIaMEHTUPDOBaHA. B])I MOXKeTe
HE TPUXOAUTH B CBOU OQUC, IYIATH NEIBIMEA JHAMEA IO OTPOMHOMY JECHOMY
yaacTtky Bbya Mapwm mim nmpomaxats B Ilapuxe, oT KyJIbTYPHBIX COOJIA3HOB
KOTOPOT'0 HUKTO BAC OTrOBapuWBaThH He Oymer (passe 9TO coBecThb). HO BCKO-
pe€ BBI y3Ha€TE, 9TO XOTHh U HET XKECTKUX IIpaBUJ, 3aTO €CTh Tpaounuu, C
KOTOPBIMU CIEAYET CIATATHCA.

IlepBas u raBHas w3 HUX — 00en. Ha mero mpuuaTo xoqutsb. [IpoucxoguT
OH B 9YaC MHA B CTOJOBOU PAAOM C aJIMUHUCTPATUBHBIM 3panHueM. CTomoBas
YeM-TO HATIOMWHAET MOHAIIECKYIO TPAIE3HYI0: OYeHb [IWHHBIC [ePEBIHHBIE
cTonbl 6e3 ckaTepTen, BAOAL HUX cKaMmenku. O6en uneT HeTopomwInBo. MeHo
MEHAETCSA M30 IHA B [eHb, HO HA JAHHBIA JeHb (PUKCUPOBAHO. HemsMeHHO mmOo-
JAETCsA HEILIOX0e CTOMOBOE BUHO. 33 KaXIBIM U3 CTOJOB OJHOBDEMEHHO UIYT
[IBa, WIU TPU PA3rOBOPA HA MATEMATUIECKUE U OKOJOMATEMATUIECKUE TEMBI.
Onuu u3 MouX (PPAHIY3CKUX KOJNIET KAK-TO MHE CKa3aj, YTO, [0 €ro OIEH-
KaM, 33 dDTUMHU CToMaMu 33 nociaeguaue 50 JeT poauaoch 60JbIE TeoOpeM, deM
B J000M APYroMm mecte B Mupe. MoxeT ObITh, DTO U MpPEyBeJIUu<IeHne, HO, BO

)51 moMHIO, Kakoe BIEYATICHIe BCe 3TO IIPOU3BEI0 Ha MEHA, KOT4a i BIEPBBIE OKA3AICA B
Brope B 1992 rogy. Mue maau oduc Ha mepBoM dTaxke MeXAY IBYMA (PIISCOBCKAMU Jaypea-
ramu — Konnoum u P. Tomom (René Thom), Ha MoeM mepBOM JOKIa 1€ AKTUBHO yIaCTBOBAIM
B auckyccuu u Bepxe, u Tom, u I'pomos. fI Buagane uyBcTBOBaX Ce6s1 ABHO HE HA MECTE, 31a-
KM CaMO3BaHIEM, 0OMAHOM NPOHUKINUM B KPYyr w3bpaHHbx. HO BCKOpe HEIpUHYX IeHHASI
o6¢cranoska IHES mens YCHOKOWMIA U S MOJIYYWI OT TOrO HPeObIBAHUA MHOI'O Y JOBOJILCTBILA
7 MOJB3BI. A Mecsl cmycTs, yxke B MOCKBe, BHOBb BCIOMHWI MOAPOGHOCTY ku3HU B Opman
u pacxoxoranca, korga Axos ['puropsesma Cunan, TOABKO ITO BepHYBIUUCA u3 Biopa, Mue
ckazamr «JIéma, a A MEecAl Coal B TBOEU IOCTedm» (ero MOCEIWIN B TOU XK€ KBAPTUPE, ITO
7 MeH:).
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BCAKOM CIydae, 610poBckue 00embl 6eCCIOPHO ABIAITCSA CAILHBIM KAaTaJdW3a-
TOPOM HAYIHOT'O TBOPIECTBA U OOHEIUHEHUS YICHBIX.

Bot Toabko omgwa mpumep. B 1998 rogy Makcum Konmesut pacckasbiBat
CUAAIIAM 33 er0 CTOJOM B TPAIe3HOU IHES npo 3aHaTusa Hamoneona mate-
MaTUKOU M O TaK Ha3biBaeMou «reopeme Hamoneonar, 6yaTo Obl BIEpBBIE 10-
Ka3aHHOU OyayimuM (PPaHIy3CKAM UMIEPATOPOM. Kro ¢ mHTEpEecOM CIyInai
Komu, KOTOpBIZ 06 5TOM HUYEr0 HE 3HAJ, U TOIPOCUI CPOPMYIUPOBATE TEO-
pemy. Konnesuu mo omubke BMecTO Teopembl Hamomeona cdopmyaupoBai
MMOXOXYIO, HO 3HAYUTENHHO Oosee TPymHyio Teopemy Mopiau. Konn mpusa-
OyMaJCS HAJ MOKA3aTEIhLCTBOM, KOTOPOE €My AajloCh He CPa3y, HO, BUIUMO,
MOATOHAEMBIN MBICIBI0 — €CIM Hamomeon ¢Mor, TO HeyX)eln 1 He CMOTy? —
HAKOHEII HAIIIET TOKA3aTeIbCTBO. Fro MoxHO mpounTaTs B 9-M Beimycke «Ma-
TeMaTu4IeCcKoro npocsemenusy, 2005, c. 100-104. KcraTu, Bo BBeIeHUn K 9TOU
cratbe KOoHH 0TMewaeT BaXHYIO pOJb 00€I0B B IHES.

Menee 0613aTEIBHON, HO TOXE BAXHOU TPATUIUNEH ABIACTCA €XKETHEBHOE
qaenuTne — (PauB-0-KJIOK — TPOUCXOsAIIee, pasymeerca, B 17:00 B oguon
73 TOCTUHBIX AMUHUCTPATUBHOTO 3AaHUA, PAIOM C OPUCOM AUPEKTOpa. Jan
wim Kode, MUPOKHLIE, TeUeHbA, pa36pPOCAHHBIE IO GOMBIION YIOTHOW KOMHATE
C KAMWHOM XYPHAJIBHBIE CTOJIUKA, TUBAHBI U KPECIA, Mapa HeGOMBIINX TOCOK
¢ MenoM. KTo-To cuauT, KTO-TO CTOUT WX PACXAXKUBAET, ¥ ONHOU U3 TOCOK
cOOpATOCh IBA-TPU IEJIOBEKA, OXUBICHHO OOCY X IAIOINE HANMMCAHHBIE HA HEW
MaTEeMATUYIECKIE KAPAKYIN. 3AECh TOXE, OBITH MOXET, POX IAETCA O9E€PEIHOE
MaTEMATHIECKOE OTKPBITHE.

C KaMWHOM CBA3aHA CIEAYIOUWAA UCTOPUSI, TPOU3OUIEANIAA JET MIECTh TO-
My Ha3aj B 3TOU TOCTUHOU. Torga s 4yBCTBOBaI Ce0sA yXKe CBOUM YEJIOBEKOM
B HempuHYy X JeHHOM 06cTanoke IHES 1 GbLI He mpoUb KaXe MONIyTUTDH, KAK
roBopuTcsa, Ha rpaHu ¢ona. Haxomscs Ha waenuTum, s 0OpATUI BHUMAHUE
Ha, METALIUIECKYIO MO/IeIb MHOTOTPDAHHUKA KOHHeRn, JeXallyo PAIOM C Ka-
MWHOM, ABHO B POJU MEXOB. B IeHTpe rOCTUHOU JUPEKTOD THES Byprumbon
6ecemosan ¢ II. Kapree (Pierre Cartier), 3HaMeHUTHIM (DPAHILY3CKUM MaTEMa-
THUKOM, OJHUM W3 MEPBBIX aKTUBUCTOB Bypbaku. fl mogouren kK HUM U OYEHD
IPOMKO, ITOOBI OBLIO CIBIIIHO BO BCEU TOCTUHUIIE, 3AABULIL:

— Yro »T0 3a 6e306pasue y BaC JEXKUT B KAIECTBE MEXOB PIAAOM C KaMU-
moM?! Ero mcrnoas3oBaHme ¢ 3TOU IEIbI0 OPOCAET TeHb Ha, KBATU(DUAKAIIAIO TU-
PEKIINYU DTOr0 WHCTUTYTA U HA KOMIETEHTHOCTD €r0 HAYIHBIX COTPYIHUKOB!

— Kaxk, CocuHCKkul, HEyXeIu ThI HE Y3HAJI MHOTOTpaHHUK KoHuern, —
HAJETENT XOPOIIO 3HAIOMUU MeHA KapTbe, — BTO Xe 3HAMEHWTHIA TpPUMEpP
HEMPEPBLIBHO U3TUGAEMOT0 MOIUSAPA, KOTOPBIML. . .

— 3Hal0, 3HAI0, HO BBl X€ XOTUTE €ro UCIOJb30BATH B KA9eCTBE MeXOB!

— Hy un aro?

— A 70, uT0 MOCKOBCcKEUE MaTeMaTuk Mmgxar CabuToB HETABHO NOKA3A,
970 00bEM TAKUX MHOTOIPAHHUKOB HE M3MEHAETCSI IPU U3rubAHUM, TOITOMY
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CKOJBKO HU KA9al DTH «MEXU», HIKAKOTO [YHOBEHUA BO3AYXa ThI HE CO3IAIIb.
Bot s u roBopio npo kBaanpuKannio TUPEKIUA U YICHBIX. . .

XapakTepHO s IHES, aro Hu Kapree, au Byprunron me obugenucs Ha,
MOIO BBIXOJKY, OYU€Hb CMEAINChH, a MTOTOM MPOCHIN MEHA PacCKa3aTh paboTy
CabuToBa Ha ceMUHADE. . .

Konedno, OTKpBITHA 9aCcTO TPOUCXOAAT M OGojee TPAAUIIMOHHOM OOpa-
30M — B HENPUHYXJIEHHBIX MAPHBIX Oecelax 3a MOCKOW B ODUCAX, WIA B
Pa3MEpEHHBIX MPOTYIKAX 0 AJLIEAM XOJIMUCTON TEpPUTOpHUH Jeca Bya-Mapu.

Bedepom 3meck OBICTPO BCE 3aTUXAET — MATEMATUKU, B OOJBIIMHCTBE
CBOEM «COBBDY, OJAT MOMO3IHA 33 CBOUMU KOMIbIOTepaMu. OTBIEKAIOIIX MO-
MEHTOB BedepoM B TuxoM Biop-ciop-UBeTT mpocTo HeT HUKakuX. /[[HEM, mpaB-
[, JIOOUTEIN MeLIYJIONJHOTO MIAPUKA TOHAIOT €ro MO MUHC-IIOHI'OBOMY CTO-
ay, a maorga B OpMall TPOUCXOAAT BOJEUOOJBLHBIE CPAXKEHUS, OCOOEHHO 3a-
XBATHIBAIOIINE, KOTAa UX opramsyer Anekcanap Amekcanaposud Kupumwios,
HEIPEB30UAEHHLIN II0 DTOMY AelLy MacTep.

Bam cpok — Mecan wim gBa — mposeTaeT HesaMmeTHO. CaumkoM GhICTPO
MPUXOAUTCA BO3BPAMIATHCA K OOBITHOU XU3HUA Y ce0sA IOMA. . .

3ACHJIBE PYCCKOT OBOPSIIIINX

B nmocaeguun mpuess B THES (me Oyy“m mpuUrIANIEHHBIM TTIPOhECCOPOM, I
maxomuiaca B [lapuxe mpoesgom nocie koudepenruu B Heanone u 3aexan mo-
6ecenoBaTh ¢ [']poMOBEIM), A mOACYATAT (IO TOCTOSHHO OOHOBISEMOU AXPEC-
HOU KHMXKe OpMail) MPOUEHT PyCCKOTOBOPAIIAX CPEAY MPUTIANIEHHBIX TIPO-
deccopoB: UX 0Ka3aJ0Ch OKOJO ABAAIATHU MATU YEIOBEK W3 MIECTUIECATH C
JUIIHAM — OKOJO TPUAIATH MPOIMEHTOB! ITO OOBACHAETCA yXKE OTMETEH-
HOU MHOW BBICOKOU DEemyTaluel HAIWX (HBIHEITHWX W OBIBIINX) COT'PaX TaH-
MaTEeMATHUKOB, & TAKXKE UX KETAHUEM Ha, POIHOM A3BIKE MOOOIIATHCA C TAKAMEI
MaTeMaTHIecKuMu 3Be3gamu, kak ['pomoB m Kormeswd. Kak 3amerusn ogun
MO OCTPOYMHBLIM MOCKOBCKHN KOJLJIEra: «MbI DKCIOPTHPYEM IIAXMATHUCTOB,
HedTH U a3, XOKKEUCTOB U MATEMATUAKOB.

BoabmmmucTBO U3 pycckoroBopammx npuesxaioT He u3 Poccun, a uz CIITA,
wiu Uspanna, wiu ['epManum — u3 TOW CTPaHBI, KyJa UX 3a6pOCUIA UX DMU-
rpaHTCKag Cyab0a. BOIBIIMHCTBO HE UCHBITHIBAET 0COG0N HOCTAIBIUH IO TO-
KUHYTOMY UMM COBETCKOMY T'OCYJapCTBY, C TEX IMOP KaHyBineMmy B JleTy, oHun
yXKe CTAIN TPAXK JAHAME APYTOU CTPAHBI, HO MPO(eCCHOHATBLHOTO WK TYIIEB-
HOT'O OOIIEHUA HA POJHOM A3LIKE — OU KAaK HE XBATAET.

K coxamenuio, 5T0 06CTOATEILCTBO MTPUBOAUT K OTPUNATEILHOMY ABJIE-
HUIO B HbmHemHeH xmsmu THES. Pycckosisbrannie MaTeMaTuKu IepPXKATCA He-
CKOIBKO 060CO6IEHO U OGIIAIOTCA IPEUMYIIECTBEHHO APYT € APYyroM ([a eme
HA HEMOHATHOM DPYCCKOM #A3BIKE!), 9ITO BBI3BIBAET BHOMHE OGOCHOBAHHOE
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pasapaxenue MHOTTX KoJuter. [loka monwrTku Konna, Jladpdopra u gaxe ['po-
MOBa, KaK-TO YJIAJAUTH 3Ty IpobiIeMy K yCIIeXy He MPUBOIAT.

HecoMmaeHHO, IPUATHO OCO3HABATH 3HAYMMOCThL POCCUUCKON MaTEMATHUIe-
CKOWU MIKOJBI, KAK U MPUATHO OKA3ATHCA O [[apukeM B «(IPUBUIETTPOBAHHOM
COBETCKOM HAy9IHOM [OME OTIBIXa» (MO0 METKOMY BBIPDAXKEHUIO OJHOTO MOEro
kosneru). Ho, kKoHewIHO, IHES HeIb3s camTaTh LIEHTPOM, CO3IaHHBIM BBIXO[-
uem 3 Poccun masa Beixoaues w3 Poccum — 5T0 yHUKATBLHOE MECTO BCTPETIH
JAy9IUX MATEMATHAKOB (M MAaTEMATHIECKUX (PU3UKOB) MUPA, CO CBOUMU CBOE-
00pa3HBLIMU TPASUIUAMEA U yIUBATEIHLHON HAYIHOU aypOU.

A. B. Cocuuckuu, BKM HMY
E-mail: abs@diffiety.ac.ru



Hamr cemunap:
MaTeMaTH4IeCKHne CIOXeTEI

HeTrIpe aaropuTMUYECKUX JUIA CIYIalHOCTH

B. A. Ycnenckun

BBEIEHUE

Ecmu kTo-1u60 ckaxeT HaM, 9TO OH MOAOPOCHI «I€CTHYIO» MOHETY IBa-
OIATH pa3 U, 0003HAYMB repd eqUHUIEN, 8 PEIIeTKY HYJeM, IMOJYYMI TAKOU
pPe3yIbTAT:

10001011101111010000 (I)
WIN TaKOU:
01111011001101110001, (H)

MBI BpAg Jau Oygem yausieHbl. OQIHAKO €CIUM HAM CKAaXyT, 9TO PE3yJIbTAT
OpocaHny OBLLT TAKIM:

00000000000000000000 (I11)
I TAKWM:
01010101010101010101 (IV)

— MBI Oy1eM MOPaXKEHbI 1 BOOOIIE HE TIOBEPUM WU XK€ YCOMHUMCA B KOPPEKT-
HOCTH DKCIEPUMEHTa. BO3HUKAET BOIPOC: movemy”?

[Mo-Buaumomy, nenouku (I) m (II) BocupumHMMAIOTCA Kak CIydaudHBIE, a
nernouku (I11) u (IV) — xax mecryvanHbe.

Ho uTo 03HAYAIOT CJOBa (BOCIPUHUMAETCA Kak CiydanHamy! Kraccude-
CKasg Teopus BEPOATHOCTEH He NaeT OTBETAa Ha HTOT BaXHBIM Bompoc. He
CTOJB PEIKO MOXHO yCIBIIATE CIEAYIOmee 00bACHEHNE: BEPOATHOCTD KaX 0K
3 menowex (I11) m (IV) crwmrkom mama, oma pasma 2 20, 910 Menbme of-
HOU MunroHHON. HO BeZb POBHO Takyto Xe BEpOATHOCTH uMeroT nenodku (I)

u (I1).

MaTemaTuueckoe npoceewenue, cep. 3, soin. 10, 2006(71-108)
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Tpu BaXHBIX 3aMeTIaHUA.

Bo-niepBhix, BredaTieHre CIy<9alHOCTHU 3aBUCAT OT PACIPEIETICHUS BEPO-
aTrHocTen. Ecam ogHa CTOPOHA MOHETHI TSXKeIee APYTOU WIU €CIU 9eIOBEK B
mporecce 6pOCAHNA HAYIACTCA MOAKUABIBATE MOHETY TaK, ITOOBI OHA TAa-
Ja Ha HyXHyI0 cTopoHy, To nossirerue nernodek (IIT) mmm (IV) moxer crars
BIIOJHE OXUJAaeMbIM. BHadame — I NPOCTOTHI — MbI OyeM 3aHUMATHCA
JIWIIb HE3aBUCUMBIMU OPOCAHUAMEI C BEPOATHOCTAME OJHA BTOpaAA I repbHa
7 OJHA BTOPASA JJIA PEIIeTKH.

Bo-BTOpBIX, TOBOPUTE O CAYy9IaAMHOCTY UMEET CMBIC JUIIb B TPUMEHEHUYT K
OY€HDb JJIUHHBLIM IENOYKAM. BeCCMBICIEHHO CIIPAIINBATE, KOTOPAI U3 MEMOIeK
00, 01, 10, 11 6omee cayuanHa, IeM APyTHE.

B-TpeThux, TOYHON MPAHUIIBI MEX Iy CLy IAUHBIMU U HECTy TaHBIMY (B UH-
TYUTUBHOM CMBICJE) IIEMOIKAMA HET W HE MOXET ObITh. Bens ecau B Coryvan-
HOH IEIOYKEe 3aMEHWTHL OAWH 3HAK, OHA OCTAeTCA cIydamHou. Ho, 3ameHsas
MHOTO pa3, Mbl OoT aio0ou nenouku moxeMm npuitu K (III) mwmm (IV). Do
M3BECTHBIN HAPAJOKC KYH.

Urak, crenyer paccMaTpUBATDL TOALKO OYEHD [IMHHBIE IEMTOYKY, & B U164~
1e — Geckoreunsie. (Boobuie, 66CKOHETHOCTH — HTO TAKOE MOME3HOE IMPUOIU-
XKEHUe CBEPXy K OYeHb GOJIBIIOMY KOHETHOMY.) BeCKOHETHBIE NEMOIKY TPUHA-
TO Ha3BIBATEL Nocaedosamenbrocmamy. OKa3BIBAETCA, TOCICTOBATEILHOCTH
y&Ke MOXHO JOBOJBHO OCMBICIEHHO PAa3AeIUTh HA CIYYAUHBIE U HECTYIalHbIE.
Nupivu cioBamu, MOXHO He Ge3 ycrexa IBITATbCA HAUTH CTPOroe MaTeMa-
TUYECKOE OINpe/eJeHNe A MOHATHUA ,CIy JauHasd MOCAeI0BATEIbHOCTD HYIen
7 equHUI’. B HACTOAIIEM OYEpPKe MBI U3I0KUM PE3yIbTATH TAKAX MOMBITOK,
OPEANPUHATHIX pa3audabiMu aBropamu. OTHAKO ClefyeT YeCTHO NMPU3HATH,
YTO U NPAKTUYECKUX MPUIOKEHUN MHTEPEC MPEACTABIAIOT UMEHHO KOHEY-
HBIE CAYYaUHBIE NMEMOYKN U MOTOMY WACATU3AINA, MTPOUCXONAIIAL TIPUA Tepe-
X0/le K IEenoYKaM GEeCKOHETHOU [IUHBI, HEM30EXKHO COMPAXKEHA C «OTPHLIBOM
oT Xu3HW». Bpoduem, aHAIOTMIHBIN OTPBIB BO3HUKAET W ITPW W3y ICHUN COBO-
KYIHOCTHU 6CeT KOHETHBLIX MENOYeK, TMOCKOILKY B XXKU3HM BCTPEYAIOTCA JUIID
[EMOYKY OTPAHNIEHHON JUIUHBI, & B OY€Hb JIAHHBLIX CIYIaUHBIX IETTOYKAX BO3-
HUKAIOT Takue >P@EKTH, KOTOPble MOT'YT ¥ HE COOTBETCTBOBATH HAWBHBIM
PEACTABICHUAM O CIYIaNHOCTH.

Cpenas 5TO MPU3HAHUE, TPUCTYIUM K U3JI0KEHUIO.

Hawm GyayT mosesHbl HEKOTOpbBIE TEPMUHBI U OO03HAMEHUA.

Beakaa koneanas nenovka (ii, .. . ,i,) HyJIell U eIWHAL HA3BIBAETCA TAKXKE
080UNHBIM CAOBOM, & TUCIO N, — Jaunoti >TOTo ciaoBa. [[auHa crioBa x 0603HA-
qaeTcsa Tak: |x|. [JauHA CIOBA MOXET OBITH PABHA HYIIO; CIOBO JIAHBI HYJIb
HIYEro He COAEPXKUT W HA3BIBAETCA nycmbim. [lycToe cioBo 0603HATAETCA
OykBou A.

MHOXecTBO BCeX ABOMYHLIX CIOB 0003HadaeTca OyKBom =. MHOXeCTBO
BCEX MOCIEIOBATEILHOCTEN HyJel u equHuI] 0003HaYaeTca 6yksoun ().
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[as mocmegoBaTeabHOCTH (A1, a32,a3,04,...) KAXI0E U3 NBOUIHBLIX CIOB
(a1,a9,...,a,) aBugerca ee nauasom. [lycts x € 2 — nBomvHOE C10BO. MHO-
XKECTBO BCEX TEX MOCICAOBATENBLHOCTEN w3 (), IIA KOTOPBIX I CIYXWUT Hada-
a0oM, o6o3raIIM depes ;. Kaxnoe maOXecTBO BUaa (), 7A€ T € =, IPUHATO
Ha3bIBATE wapos. lapy , npunucsisaeTca ero 06wém v(z), pasubi 217,

ComepxaTenbHO, KaX Iy MOCAEJOBATEIBHOCTE U3 () MBI PACCMATPUBAEM
KaK CepUI0 Pe3yIbTaToB OpocaHuy MOHeTHI. Eie pa3 mogdepkHeM, UTO i
HAIVIAJHOCTA MBI OTDAHUIMBAEMCA HA MEPBBIX [MOPAX CATYaIWen, KOrAa pe-
3yJAbTATHL BCEX OPOCAHUU PABHOBEPOATHBL. Ha MaTeMaTWIecKOM S3BIKE 3TO
o3HaYaeT, 9TO Ha () 3a1aHO TAK HA3BIBAEMOE DABHOMEPHOE pacnpedesenue
gepoamuocmeti — a dTO, B CBOIO OYEPEb, O3HATAET CAEAYIOIee: I KaX I0-
IO MIAPa BEPOSTHOCTH TOrO, ITO CIYIAWHO BHIOPAHHASA II0CAEJOBATEILHOCTH
u3 () momageT B TOT mAp, paBHA 06BEMY DTOrO MIAPA.

Hama mens — mombITaThes BBIAEIUTH U3 () HEKOTOPOE TOYHO OMMCAHHOE
MOJIMHOXECTBO, MPETEHIYIOIee Ha, POJb MHOXECTBA, BCEX CAYIAUHBIX MOCIe-
noBaTeabHOCTeN. TpaJuIMOHHAA TeOPU BEPOATHOCTER HE TOABKO He Npubau-
KAETCA K PEIICHUIO DTOU 33a49d, HO TaXxe He MOXeT ee chOPMYIMpPOBATEH B
cBomx TepMmMumHaX. Ha momomp mpuxoguT Teopus aaropuTMoB. MoxeT moka-
3aTbCA TMAPATOKCATHHBIM, UTO IMOHATUE CIYIAUHOCTU yTOIHAETCA HA OCHOBE
TAKOT'0 YK AOT0 CIYIaUHOCTHU MOHATHA, KAK AJITOPATM, — TeM He MeHee JeJ0
00CTOUT MMEHHO TaK: BCEe M3BECTHBIE [0 CHUX IO ONPEIeTeHUS CIyIauHOCTH
UHIWBAIYATHHOTO 00BEKTA (B HALIEM TPUMEPE — WHIUBUIYATLHON TIOCAET0-
BATEALHOCTH HYJEU W €IWHUI]) OMUPAIOTCA HA MOHATHUE AJITOPUTMA.

Yrober HAUTH TpebyeMoe OmpefeleHne, IOCTYIalT Tak. PopMyIupyoT
HEKOE XaPAaKTEPUCTUIECKOE CBOMCTBO, KOTOPHIM 00Ia1al0T CIyIanHbe (B He-
(bopMaTEHOM, MHTYWTHBHOM CMBICIE) MOCAEIOBATETLHOCTU. A 3aTeM moce-
JTOBATEILHOCTH, O0MAAIONUINE STUM CBOUCTBOM, U OOBABIAIOT — IO OHpeJe-
JIEHUIO — CJIyIauHBIMU.

Kakumu xe cBorcTBaMu 061 1aeT CIyIaANHAA MOCAENOBATEILHOCTD HYJIEN
7 eguHUI?

Bo-nepBrix, oa wacmomoycmotivusa. BoT ITO 3TO 0O3HAYAET MJIA TOrO
MPOCTENIIErO CAyYasd, KOTAa HYJU U €IUHULBI PABHOBEPOATHBI: IaCTOTA, HY-
Jer, KaK U 9aCTOTa eJUHHUI, CTPEMUTCA K ofHou BTopon. ( Yacmoma nyaeti —
5TO WX [OJA B HAYAILHOM OTpe3Ke mocaegoBaTensHocTu.) Ho Gomee Toro: B
CIyYAHOU TOCAENOBATEILHOCTU YKA3AHHAA YCTOUIUBOCTEH YACTOT BHIMOJHSA-
eTCA He TOJBLKO I MOCIEIOBATEILHOCTH B TEJIOM, HO U A JIOOOU ee 3aKOH-
HOH, Pa3yMHON IOAIIOCAEL0BATEILHOCTH.

Bo-BTOpBIX, OHA £GOMUUKHE. DTO O3HAYAECT, ITO OHA CIOXKHO YCTPOEHA U
HE MOXET UMETH PA3yMHOT'O OIIMCAHUA. HCI/IXOJIOI’I/I‘IQCKOMy IKCIIEPpUMEHTY, C
KOTOpPOro Mbl Hauau, Koamoropos nanx Takoe obbacuenue. lenouku (I) u (I1)
IIOTOMY BOCHPDUHUMAIOTCA KaK CJIy‘Ia,I‘/)IHI)Ie, 9TO OHM CJIOXHBI, UX yCTpOﬁCTBO
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Hesb3s KOpoTKO onucaTh. A Bor menouku (III) u (IV) mmeror mpoctoe, rerko
ONMCBIBAEMOE YCTPOUCTBO.

B-tperbux, oHA MunuuKa. ITO O3HATAET, ITO OHA IPUHALIEKAT TOOOMY
Pa3yMHOMY GOJBUIMHCTBY.

B-geTBepThixX, OHA Henpedckasyema. DTO O3HATAET, ITO UrpaAs MIPOTUB
Hee Ha JeHbIU (T.e. NBITAACh yragaTh WIEHBl MOCIENOBATEILHOCTHA U Jedas
CTaBKM), MOCIENOBATEIBHOCT HEBO3MOXHO OOBITPATH, KAKOU OB PasyMHON
CTpaTeruer HU MOJIb30BATHCA.

CI0BO «pa3syMHBINY, BCTpeYaiomeecs B OObACHEHUAX HePeInCAeHHBIX Te-
TBHIPEX CBOMCTB, KOHEYHO, HYXKAA€TCA B yTOIHEHUU. Teopus aliropuTMOB KaK
pa3 7 mpeIaraeT TaKue YTOIHEHN, HATIOMHAL TO CJIOBO TOYHBIM CMBICIOM —
CBOMM [ KaXJOTO W3 HAIIUX YeTHIPEX CBOMCTB. Te€M CaMbIM BO3HUKAIOT
9YeThIpe AITOPUTMUYECKUX CBOUCTBAI YACMOMHAA YCMOUUUBOCTIL, TAOMUY-
HOCMb, MUNUUKOCMb, Henpedckasyemocmsb. Kaxgoe M3 HUX IpencTaBIAeT
CBO€ COOCTBEHHOE AITOPUTMUYIECKOE JUIO CAYIAUHOCTH, ¥ KAXKJ0e U3 HUX C
OGOMBIIMMY WU MEHBIIMMU OCHOBAHWAMY MOXET IPETEeH[0BAThH Ha POIb CTPO-
rOr0 MaTEMATHYIECKOTO OMPEeAeNeHrs IOHATHA Iy danHocTr. MOXHO cka3aThb
7 TaK: BO3HUKAIOT YeTHIPE TOYHO OUEPICHHBIX KIACCA [TOCIE[0BATEILHOCTEH,
KaX/IbIM U3 KOTOPBIX MPETEeHIYeT HA TO, ITOOLI CIYXKUTH (ACTUHHBIMY KIaC-
COM CJIYYaWHBIX MOCAEI0BATEALHOCTEN; HEKOTOPLIE U3 DTUX MPETEeH3un GoJee
OIIPAaBIAHBL, Y€M ApPYTHe.

JInmo IIEPBOE: YACTOTOYCTONYNBOCTDb U CTOXACTUYHOCTD

[To-BramMoMy, OTHUM U3 TIEPBBIX MOCTABWI BOIPOC O TOM, ITO TaKOe OT-
OETBHO B3ATAsA CIyYalHasd MOCAeNOBATEIHLHOCTD, 3aMEYATENLHBIN HEMEIKUN
MmaTemaTuk Puxapn ¢or Musec B nagame XX Beka — B 1919 r. Bo Bcaxom
CIy9ae, IMEHHO OH MEPBBIM MPENIOKMI CDABHUTENILHO yAadHOE (XOTA U He-
CTPOTrOE) OmpeneneHne, TMOCIY KUBIIEe OTIPABHON TOIKOW IIA JATHHEUIIErO
pa3BUTHA.

Muzec UCXOAWA W3 TOTO, UTO CIYYAUHOU MOCJAENOBATETBLHOCTHU TOJKHA
ObITH MPUCYIIA YCTOUIMBOCTD 9AaCTOT. A MMEHHO, MOTA equHuI (KaK W 1011
HyJIe) B HAYAILHOM OTPE3KE CILyIauHOU IMOCJIEOBATEILHOCTH NOMXKHA CTPe-
MUTBCA K OMHOU BTOPOU TIPU HEOTPAHUYIEHHOM YBEJIUYIEHUN IJIUHBI HAIAIBHO-
ro orpeska. Ho sroro megocrarouno. Hampumep, oTUM CBOMCTBOM yCTOUYHA-
BOCTH 9aCTOT OOJATAET 3aBEOMO HECIYUAUHAA MOCAEJOBATEILHOCTE

0,1,0,1,0,1,0,1,... .

OdeBugabIM 06Pa30OM HEOOXOIUMO, 9TOOBI YCTOUIUBOCTHIO YACTOT 00Ma 1A,
HE TOJBKO BCA IMOCJACOOBATEIBHOCTH LEJIUMKOM, HO WM €€ IIOAIOCICT0BATECIBHO-
ctu. OHAKO YCTOMYUBOCTHIO IACTOT HE MOTYT OOJANATH 6Ce TOIIOCIEN0-
BaTEILHOCTU. B caMoOM [ene, BO3bBMEM CaMyI0 9TO HUM HA €CTh CJIYYaAUHYIO
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TIOCIeOBATENHFHOCTL U OTOEpEeM B MOAIOCIENOBATENHLHOCTD T€ €€ WIEHHI, KO-
TOpPBIE PABHBI HYJIIO. . . SHAYUT, MOAIOCIEI0BATEILHOCTD, B KOTOPOU HOJKHA
COBMIOAATHCA YCTOMYABOCTE 9aCTOT, JOMXKHA, OBITH pasymnot, mim Jdonycmu-
moti. Hampumep, ecim oTo6paTh B IOANOCAEIOBATEILHOCTE BCE T€ WIEHBI, IbU
HOMEpa, CyTh IPOCTHIE TUCIA, WIN XKE BCE Te “LIEHBI, KOTOPHIE HEIOCPeICTBEH-
HO CJIEAYIOT 33 HYJIEBBIMU, TO HOJYIE€HHAI B KaXIOM U3 DTUX [BYX BAPUAHTOB
OO CAENOBATENLHOCTE ABIACTCA TOMYCTUMOM.

[MocaegoBaTEIEHOCTH, B KOTOPBIX YCTOMIMBOCTD IACTOT COOMONACTCA BO
BCEX €€ MOIMyCTUMBIX MOIOCAEI0OBATEABHOCTAX, KOIMOTrOPOB IPEMIOKMAI Ha-
3BIBATH CMOTACTUUECKUMY.

Cam Musec 06BACHAT, KaKWe MOCIEJOBATEIHLHOCTH CIEAYET CIATATH JIO0-
MyCTUMBIME, B PACIUIBIBIATHIX Te€PMHUHAX. [[epBoe yTOYHEHUWE MPEIIOXKUI B
1940 r. amepukanckum MmareMaTnk Anor3o YEépu — OaMH M3 CO3JATENEn TEO-
pum aIropuTMOB. UE€pT mpemiIoxuia, ITOOBI TOMYCTUMEBIE IOATOCAEIOBATEThb-
HOCTU CTPOWJIUCH HA OCHOBE OIMPEIeNeHHBIX aaropuTMoB. llocremoBaTeabHO-
CTH, B KOTOPBIX YCTOUYUBOCTH YACTOT HAOMIOMAETCA BO BCEX MAOMYCTUMBIX
no Yepuy moamociaenoBaTEIbHOCTAX, HMOXYYIUIN HA3BAHUE CMOTLACMUUECKUT
no Yépuy. OgHAKO OKA3aJ0Ch, UTO OmpeaeieHre 1épda CIAUIIKOM MIXPOKO:
CyIIECTBY€T, HAIIPUMEDP, CTOXACTUIECKAA M0 TEPTy MOCAETOBATEABHOCTD, TIe-
pecTamomas 6LITH TAKOBOU MOCJAE BHIYUCIAMON TMEPECTAHOBKY €€ LICHOB.

B 1963 r. Koamoropos ycoBepIIeHCTBOBAT KOHCTPYKIUIO Iépta, mpemio-
XKUB 60Iee OOMUPHBIA KAACC JOMYCTUMBIX AATOPUTMOB 0TOOPA, WIEHOB UCXO/I-
HOU TOCIEAOBATENHLHOCTH B MO AIOCAE[OBATEILHOCTD U TEM CAMBIM 3aBEI0OMO
He MeHbIIUK (a Ha fAeje 6omee OGMIMPHBIN) KIACC JOMYCTUMBIX IIOAIOCAEH0-
BATEILHOCTEN; B YACTHOCTHU, KOIMOTOPOBCKUU AITOPUTM PA3PENIaeT WICHAM
MO ATIOCAE NOBATEIEHOCTH UMETH WHOU TMOPAMLOK CICIOBAHUA, 9€M B MCXOJHOU
MOCJIEI0BATENLHOCTH. [103TOMY KIACC BCEX TOCIEAOBATEILHOCTEN, CIMOTACMU-
weckuz no Koamozoposy (T.e. TAKUX, Y KOTOPBIX YCTOMYUBOCTH IACTOT Ha-
60 TAETCA BO BCEX JOMYCTUMBIX 10 KOIMOropOBy MOAMOCIEN0BATENBHOCTAX ),
ABIAETCA MOAKIACCOM KIACCA TOCIEAOBATEILHOCTEN, CTOXACTUIECKUX TI0 Iép-
1y, — Ha CaMOM [ejle naxe CTPOTMM MOAKIACCOM, T.e. He COBIATAIONINM C
00BEMITIOMINM KIACCOM. [lJA TaTbHERIINX CCHLIOK KIACC BCEX MOCIEI0BATENb-
HOCTEH, cToxacTrieckux mo Koamoroposy, o6o3uaxum OykBon S.

Brusicumnocs, 4To kracc S Takxke cammkoMm mupok. OKaszajioch, HAIpu-
Mep, ITO MOXeT OBITH MOCTPOEHA Takad cToxacTudecKas 1mo Kommoroposy
MOCAEIOBATENBHOCTD, B KaX/JOM HAYAILHOM OTPE3KEe KOTOPOU eIUHUI] OOTh-
e, YeM HyJIed; a 3TO MPOTUBOPEYUT KAK WHTYHUIIUU, TAK W 3AKOHAM TEOPUU
BEPOATHOCTEN (HAIPUMED, 3aKOHY BO3BPATHOCTHU COCTOAHUN IIPU CIYIANMHOM
6y x marum). Takum 06pa3om, naxe HanOOIEE TPOABUHY TOE U3 U3BECTHBIX HA,
CErOHAINIHUY [€Hb MATEMATUIECKN CTPOTUX yTOUYHeHnn ugen Museca He ma-
€T MOMHOTI'0 OTPAXKEHUS UHTYUTUBHOTO MPEICTABICHUA O CIYIAUHOCTH (XOTS
U DTO HETOJHOE OTPAXKEHUE MOXKET OKA3ATHCA TIONE3HBIM).
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[1a Gonbllen ACHOCTHM IpHUBeAeM KOHCTpyKiumnm Uépdua m Koamoroposa.
[MeuTpanbubiM 11 06erX KOHCTPYKIUU ABIACTCA YKA3AHUE TEX MTPABUI, CO-
DIACHO KOTOPBIM U3 WIEHOB PACCMATPUBAEMOU IMOCIEAOBATEILHOCTU COCTA-
BIAIOTCA MOMYCTUMBIE TOAMOCIEIOBATEILHOCTH. [IOCKOMBKY KaXIoe TaKoe
IPaBUJIO IPOU3BOAUT OT60p 9JICHOB IIOCJAEIOBATCABHOCTHY [ BKJIIOYICHUA UX B
OOMMyCTUMYIO ITOAIIOCACJOBATEIBHOCTD, CaMU 3TU IIPAaBUJIA IIPDUHATO Ha3bIBATh
AONYCMUMBIMU NPABUAGMY OMOOPG.

[l HATIAZHOCTY TMPENCTABAM cebe, ITO WIEHBI UCCASTYEMOU MOCAeN0BA-
TEILHOCTY HAMUCAHBI HA KapTax. KapTel JexaT OmHa 33 APYrOU, JUIEBOU
CTOPOHOU BHU3, TAK ITO MBI HE BUIUM, UTO HA HUX HATUCAHO. Hama meas —
0TO6GPATHL HEKOTOPHIE M3 3TUX KAPT U COCTABUTH U3 HUX NPYTYIO MOCIETOBA-
TETBHOCTD — JOMYyCTUMYIO MO ATIOCIEN0BATENLHOCTD. (Kak MBr yBuauMm, B cry-
9ae KOIMOT'OPOBCKOU KOHCTPYKIIUU TEPMUH «ITOITIOCIEIOBATETEHOCTE)Y UMEET
60Jee MUPOKUN CMBICI, IeM DTO OOBIYHO NPUHATO.) [JomycTrMoe mpaBmio oT-
0opa mpeacTaBIgeT COO00 AMTOPUTM, KOTOPBIU HA, KAX IOM DTAIE MOCTPOCHU
TIOAIIOCTE[OBATENbHOCTHA TPEANNCHIBAET, BO-IEPBHIX, KOTOPYIO W3 KapT Ha-
JEXUT OTKPHITH U, BO-BTOPHIX, CASIYET WIKA HET BKIYATH 3Ty OTKPLIBAEMYIO
KApTy B MOAIOCIENOBATEILHOCTE. BXOIOM AJITOPUTMA, CIYXUT WHGHOPMAIIWIL
O BCEX YX€ OTKPBITBIX K 3TOMY MOMEHTY KapTaX. MO)KeT CIyIUuTHCA, ITO
AJITOPUTM OTOEPET JUIIL KOHETHOE UUCAO WIEHOB MCXOTHOU TOCIEOBATENb-
HOCTH; B DTOM CIyYae CIATAETCA, 9TO HUKAKOU NOMYCTUMOU MOAMOCIENOBA-
TerbHOCTH HE 06pa3oBanock. (Hamomuanm, 9T0 mexoqnas mocieq0BaTeasHOCTD
MPU3HAETCA CTOXACTUIECKON NMPU HAJIUYIUU YCTOUIMBOCTYU IACTOT B JIOOOU €€
JOILYyCTUMOU TIOATIOCIEOBATEIHLHOCTH. )

[Tepexomum k 60Jee TOTHOMY OMUCAHUIO.

DyHKIMA HABBIBACTCA 6bIUUCAUMOTL, KOTb CKOPO CYLMIECTBYET 6blUUCAAIO-
wuti ee anropuT™M. [Ipr 5TOM TOBOPAT, UTO AITOPUTM BblUUCAAEM PYHKINIO f
KOJb CKOPO OH MepepabaTHIBAET BCAKUU €€ apryMEHT T, HA KOTOPOM (DyHK-
oua OmpefeneHa, B COOTBETCTBYyIOmee 3HadeHue f(2) W HE BBIIAET HUKAKO-
IO pe3yabTaTa B IPUMEHEHWM KO BCAKOMY TaKOMY apTyMEHTY, Ha KOTOPOM
($YyHKIIUA HE OIpeaeaeHa.

Uccnenyemyo Ha yCTOUYIUBOCTE MOCIEAOBATEILHOCTE O0O3HAYUM a1, G2,
as, ..., TAK 9TO HA N-U KapTe 3a0ucCana mudpa a,, pasaas 0 wim 1.

[omyctumoe mo Yépay mpaBmio 0TOOpa ABIAECTCA IPOU3BOJLHOU BLIUL-
ciumvon pyHknuen G, OMpEeNIeTeHHON HA MHOXECTBE = BCEX MABOMYHBIX CJIOB
¥ MPUHUMAIOIIEN OAHO U3 ABYX 3Hadvenun: /la m Her. KapThl OTKPBHIBAIOTCA
IOCIeAOBATENLHO, OQHA 33 APYTOHM, HAUMHAA C IEPBOHU, M KAXILIL Pa3 — IO
OTKPBITHA OYEPEIHON KAPTHI — PEIIAETCA BOMPOC, BKIIOYATHL JU 3Ty Kap-
Ty B MOAMOCAEIOBATEALHOCTD. BOMPOC DTOT pemaeTcs caeqyomuM 00pa3oM.
HyCTb YXKe OTKDPBITHI N KapT, Ha KOTOPBIX 3alIUCaHbI, COOTBETCTBEHHO, ITU-
bpot ay, ..., ay. Ecm G(aq,...,a,) ects Her, To crepyromas, (n + 1)-a1 xap-
Ta He BKAKYAETCA B MOANOCIEAOBATETbHOCTh. Kemm G(aq, ..., a,) ects /a,
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To caepyiomas, (n + 1)-1 KapTa BKIIOYAETCA B MOANOCAEIOBATEILHOCTH B
KadeCTBe OYEPENHOrO WIeHA. BKIIYATh WIM HE BKIIOYATH B IO/IOCIEIOBA-
TETBHOCTH WIEH a1, 3aBucuT OT 3Hadenus G(A). Takum oOpasom, mpasmry
G oTBedaeT GECKOHEYHAA MOANOCIENOBATEALHOCTD (B CIydae, €CIU TaKOBasd

00pa3oBaIACh) Gyp(1), An(2)s Gn(3)s - - - » TA€ mcaa n(l), n(2), n(3), ... obpasy-
IOT BO3PACTAIONIYIO MOCAEI0BATEIBHOCTD, COCTABICHHYIO W3 BCEX TUCE 7, LA
koTopeix G(ay,...,an—1) = /a.

Wzmoxennio KOHCTPYKIuKM KoaMoTopoBa TpeAmolneM caeayioiee 0606-
[IeHre MOHATHUA HOANOCIeAoBaTeIbHOCTH. Ob6obwennot nodnociedosameds-
HOCMBIO TIOCAETOBATEIBHOCTH (1,09, - - . ,0p, ... HA30BEM BCAKYIO MOCIETOBA-
TEeTHLHOCTH B

Gip(1)s ip(2) 5+ + 5 Cp(k)s+ » »
Ui KOTOPOU BBITIOIHEHO YCIOBHUE

i <j = (i) # ().
[l OOBITHOM TOATIOCAENOBATENLHOCTH (KOTOPAA ABIACTCA TACTHBIM CIyTaeM
06OOIIEHHON) >TO yCIOBUE 3aMEHEHO Ha 60jlee CHIBHOE — C MPABOU YaCTHIO
oi) < pj)-

Kaxnoe momyctumoe mo KoaMoropoBy mpaBmao oTGOpa MMEET IEThbIo
CO3/IaTh HEKOTOPYI0 0GOOIIEHHYO MOAIOCIEI0BATEIFHOCTE UCXOMHON MOCTE-
IOBATENLHOCTH. MBI MOTOMY HANUCAIN (MMEET IETbI0 CO3MATLY, & He «CO-
3A€T», 9TO MPOIECC CO3MAHUA MOXET MPEPBATLCA, W TOTJA B PE3yabTaTe
MIPUMEHEHUS IPABUIA BOZHUKAET He 6€CKOHETHAA MOCIE[OBATEIBHOCTD, & KOP-
meic (T. . KOHEIHBIN HAOOP), COCTABIEHHBIN W3 “WIEHOB UCXOJHOU MOCAEI0BA-
TenbHOCTH. [la cToXacTUIHOCTH 0 KOIMOropoBy TpeGyeTcsa yCTOMIMBOCTD
YaCTOT B KAXK[OU M3 MOMYCTUMBIX, T.€. 0OPA30BAHHBIX KAKAM-IUOO TOIY-
ctumbiM o Konmoroposy npasuioM, 0600MIEHHBIX O ATOCIEI0BATEIEHOCTEN.

Camo kommoroposckoe (T.e. momyctumoe mo Kommoroposy) mpasumiao
COCTOUT W3 NBYX BHIYUCIUMBIX pyHkumi: F' u G. [lepBasa cayxut mias o6pa3o-
BaHMA HEKOU BCIOMOTaTEILHON 0600IIEeHHON IOAIOCcAe[0BaTeIbH0CT. OKOH-
JaTelbHAd Xe OO0OUEHHAd MOANOCTENOBATEIBHOCTh WCXOTHOU MOCIEIOBA-
TEILHOCTHU CTPOUTCA TMpu moMommu GyHKIUH G B Ka9eCTBE OOBITHOU IIOTIO-
CIEIOBATEILHOCTH BCIOMOTATEILHOU OGOOIIEHHOUN MOTIOCIEIOBATEILHOCTH.
Aprymenramu Gyukuun F' u G cIyX)aT ABOWYHBIE CIOBA, TAK UTO KaXKIasd
73 5>TuxX QYHKIUU ONpeIeJeHa Ha CBOEM MOJMHOXKECTBE MHOXECTBA =. SHA-
veHUAME GYHKIUA F' CIyXAT Teable MOJOXUTENbHbIE 9nucaa, y Gyskmun G
IBa BOBMOXHBIX 3HadeHus: /[a m Her. CuepBa cTpOUTCA MOCAENOBATENLHOCTD
HaTyparbHbIx qucen n(1l),n(2),n(3),...:

n(l) = F(A), n(2) = F(an(l)), ey n(k + 1) = F(an(l), e ,an(k)).

[TocTpoeHue >ToU MOCAeNOBATEIBLHOCTU TPEKPAIALTCA (M BO3ZHUKAET KOHEY-
HBI KOPTEX), KAK TOABKO HACTYTAET OJUH U3 TPEX CIyIaeB:
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> sHaenne F(a,(1),. .., apy()) HE OMPEIeIeHo;

> sHaenne Gy, (1), - - -, Gn(k)) HE OMPEIEICHO;

> sEaenne F(any(), .- - ,0n(k)) cOBIAgaET ¢ omamm u3 <mcer n(l),. .., n(k).
Ecau xe 0CTAHOBKM B MOCTPOEHUHU HE TPOU3OILIO W BO3HUKIA GECKOHETHAA
nocaegoBaTerbHOCTsE HOMEPOB 1(1),1n(2),n(3),..., To maree cTpowmTcsa BCIO-
MoraTerbHas 000OIEHHAA MOAIOCIEOBATENBHOCTD Gy (1), Gp(2)s Gn(3): - - - - s
Hee, HAKOHeIl, OTGUPAIOTCA — B MOPAJKe BO3PACTAHUA k — Te ee “WICHBI dy, (1),
[JIST KOTOPBIX BBITOJIHEHO PABEHCTBO G(an(l), . ,an(k,l)) = /la.

JInmo BTOPOE: XAOTUYHOCTD

BepreMcsa k mpuMepaM KOHEYHBIX [ENOYeK U3 BBegeHns m BCIIOMHUM 00b-
AacHenue, npepaoxennoe Koammoroposeim: nenouku (I) u (II) Bocupuammaror-
€A KaK CIydalHble, HOTOMY 9TO OHE caodxcnbvy, uenodku (I1T) u (IV) Bocupn-
HUMAIOTCA KaK HECIyYaWuHbIe, TOTOMY YTO OHM NPocmbi. 1lo-BUAMMOMY, MBI
OXMAeM, ITO PE3yIbTAT CLyIaUHOI'O HKCIEPUMEHTA OKAXKETCH CIOXKHBIM, I
YIUBIAEMCS, KOTJA IMOIYIaeM ITO-TO IPOCTOE.

HekoTopsie 066K TH MOXHO KBATU(MUIUPOBATEH KAK OOJIBIINE WU MAJICHD-
K¥e, IPyrue — KaK TAXKeIble WIN JerKue, TPETbI — KaK CJIOKHBIe WIK IIPO-
creie. B magamre 60-x romoB KoaMoropos HaMeTmI MaTeMaTHIECKYIO TEOPUIO,
HO3BOJIAONIYIO OLEHUBATH CIOKHOCTH 06beKToB. Celvac oTa Teopus HA3BIBA-
erca TEOPUEN KOJIMOT'OPOBCKOW CJIOYKHOCTH.

B ocrHOBe TeOpuu KOIMOIOPOBCKOU CIOKHOCTH JEKUT CIEAYIOMAA IPOCTAL
U eCTeCTBEHHAs W/es:

CAOHCHOCMD 00BEKMA UBMEPAELINCA daunoti e2o npamuaﬁweao onucarui.

B camom pnene, KaXabii OOBEKT MOXET WMEThH CKOMb YTONHO CJIOXKHBIE
ONUCAHUA, HO CJIOKHBIA OOBEKT HEBO3MOXHO ONUCATH KOPOTKO.

[IycTs Y — MHOXECTBO BCeX OOBEKTOB, KOTOPHIE MBI PACCMATDPHUBAEM, 2
X — MHOXEeCTBO BCEX MBICAMMBIX ONUCAHUN >TUX 00BEKTOB. Uepes |z| 06Go-
3HAYUM JIuHy onucanus . CroxHOCTH 00bekTa y o6o3radum Comp (y). B co-
OTBETCTBUH CO CKA3AHHBIM,

Comp (y) = min {|z| : z ecTb onucanue s y}.
xT

Ecan obwekT y HeommcyeM, T.e. AJId HETO He CYIIECTBYeT ONMUCAHUA, TO,
€CTECTBEHHO, €r0 CIOXHOCThH PaBHA 0€CKOHETHOCTH.

Pasymeercsa, aiumHBI HATO MEPUTH €IUHOOOPA3HBIM CIIOCOO0M, ITOOLI HE
MOy IWIOCH, ITO OMUCAHUE OMHOTO W TOTO Xe& OOBEKTA MMEET Ha KUTAUCKOM
A3BIKE IIWHY equHnna (0amH neporaud ), a Ha PyCCKOM — COPOK (COPOK OyKB).
[MosTomMy Bce ommcanws KOAUPYIOTCA B ABOMIHOM aJ(aBUTE — B BUJE IBO-
WYHBIX IenoveK. BOT 3Tu-ToO ABOMYHBIE KOALI MBI M OyJeM OTHLIHE CYUTATH
ONUCAHUAMUA, TAK ITO OTHBIHE X = Z.
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MHOXeCcTBO BCeX Takux map (T,y), 9TO T CIYXUT OIMUCAHUEM [ Y, €C-
TECTBEHHO HA3BIBATE A3bIKOM ONUCAHUS.

3aMeTuM, IYTO U OJWH U TOT Xe OOBEKT MOXEeT WMETh B JAHHOM f3bI-
Ke MHOT'O ONMMCAHWM, W OJHO W TO XK€ OMUCAHUE MOXET CIYXUTb OMUCAHUEM
MHOTUX OOBEKTOB — TAKOBO, HAIIPUMED, OMUCAHUE: « TBOMIHOE CJIOBO, COCTO-
AlIEE TONBLKO U3 Hyaen (a, CKaXeM, BHIPAXKEHUE «IBOUTHOE CIOBO» TOMUTCA B
KadeCTBe OMUCAHUSA A JIOOOr0 TBOMTHOTO CJIOBA).

Bcé ckazanHOE HOCWIO TPEABAPUTENBLHBIN XapaKTep, 9TOOBI ONpPaBIaTh
HEUXecaeaywoinee (poOpMaTLHOE U3T0XKEHUE.

B mexapToBoMm mpoumsBeaeHUE = X Y paccMaTPUBAEM IIPOU3BOJBLHOE TOJ-
MHOXECTBO E, KOTOpOe HazbBaeM A3bikom onucanus. Bemm (x,y) € E, Gygem
TOBOPUTH, UTO T ABIACTCA onucanuem obbvekTa y. Caoscnocms Compy 066
€eKTa Yy OMHOCUMELbHO A3BIKA F ompenenseTcs Tak:

Compp(y) = min{|z| : (z,y) € E}.

HamomuaUM, YT0 MUHUMYM IO IYCTOMY MHOXECTBY MPUHATO CINTATH PABHBIM
6€CKOHEYHOCTH.

Hna aspika F = Z X Y, B KOTOPOM KaXI0€ T CIYXUT OMUCAHUEM [JIA
KaXOT0 Y, CIOXHOCTH JI060r0 06BEKTa y PABHA HYJIIO, MOCKOIBKY OIHUM
73 ONMUCAHUU DTOTO Y ABIAETCA MYCTOE CIOBO; TAKOW SA3BIK MBICAUM, HO HE
OyIeT BCTPEYATHCA B TEX CEMEUCTBAX A3BIKOB, KOTOPBLIE MBI OyeM paccMaT-
pUBATH.

IIpencraBum cebe nBa A3BIKA, IPUTEM ONMUCAHWE KAKOrO-T60 00BEKTA HA,
BTOPOM f3BIKE MPOUCXOMUT IIYTEM YIBOCHUA ONUCAHUA DTOr0 XK€ 00BEeKTa Ha
MEPBOM A3BIKE. SICHO, ITO BTOPOU A3BIK «Xy¥XKe» MepBOro. Ilpeanodrureasuee
TE€ A3BIKN, KOTOPBIE B COCTOIHUM NaBaTh 6OJIee KOPOTKHUE OIMMUCAHUA.

Byaem rosoputs, 4T0 a3k A me zysxce aswvika B u mucats A < B, ecan
CYLUIECTBYET TaKas KOHCTAHTA C, ITO [JIS BCAKOTO ¥y CIPABEIINBO HEPABEHCTBO
Comp 4 (y) < Compg(y) + ¢, T.e. ecim

Jde Vy Comp 4 (y) < Compp(y) + c.

Ecan npusATh, 9TO 118 TAaK HA3BLIBAEMBIX €CTECTBEHHBIX SI3BLIKOB, T.e€.
[IJIA T€X, KOTOPBIMU OJIb3YEeTCA IeI0BEeIeCTBO, MOT'YT OBITH C(hOPMYINPOBAHLL
MPABUIA TEPEBONA ¢ OMHOTO S3BIKA HA APYTOU, TO CTAHOBUTCA OYEBHUTHBIM,
YTO KaXIBIM U3 DTUX A3LIKOB HE XyXe APYyroro. Bemb, CKaxem, Typemkoe
OIUCaHMEe KaKOro-1ubo oO0BbeKTa MOXHO COCTAaBUTH TaK: B3ATH IIPOU3BOMIL-
HOe ATIOHCKOE OIMCAHUE 3TOr'0 00beKTa U AONOJHUTDL €ro IpaBUIaMU AMOHO-
Typeuxoro nepesoga. VI Typeikoe, u SIIOHCKOE ONMCAHWA, W [IPABUIA IEPe-
BOZIa, CIATAIOTCI 3aKOAUPOBAHHBIMI B BUIE NBOWIHBIX CIOB. [losTomy miwHa
TaKOT'0 TYPEIKOr'0 ONMMCAHUA paBHA [JIWHE ANOHCKOT'O OINUCAHUA ILTIOC HE 3a-
BUCAIIAA OT BEIOOPaA 00BEKTA AIWHA MPABUI IepeBoga. B kadecTBe ATIOHCKOTO
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ONMMCAHUA BHIOEpEM KpaTdauiree. B uTore moaydaeM, 9TO TYyPEIKUU A3bIK HE
XyXe ATOHCKOTO.

BceraeT Bompoc 0 BHIGOpE ONTUMAILHOTO A3BIKA — TAKOr0, KOTOPBIN HE
xyxke aoboro apyroro. Ilycts £ — HekoTOpOe A3BIKOBOE CEMENCTBO, T.e€.
MONPOCTY HEKOTOPOE MHOXECTBO A3LIKOB. f3bik A m3 sToro cemeumcrsa L
HA3BIBAETCA ONMUMAALHbIM (11 L), ecom OH He XyXe JH000ro APyroro A3BIKa,
73 DTOrO CEMENCTBA, T. €. eCIn

VBe L AL B.

Ecau onTuManbHBIT A3BIK CYIMIECTBYET, TO UMEHHO C €r'0 TOMOIIBIO CIeIyeT
U3MEPATH CAOKHOCTH. CIOXHOCTH 00BEKTa OTHOCUTENILHO OJHOTO U3 ONTHU-
MAJTBHBIX A3BIKOB HA3BIBAETCA GA20PUMMUUECKOT SHMPOonuet dTOro o6beKTa.
OJHTPOMUI0 U PACCMATPUBAIOT KAK OKOHYATENILHYIO MCKOMYIO MEpY CJIOXHO-
CTHM — B PaMKaX 3aJaHHOIO A3BIKOBOIO CEMEUCTBA.

[l HEKOTOPBIX BAXKHBIX A3BIKOBEIX CEMEUCTB UMEET MECTO TEOPEMa, O CY-
IIeCTBOBAHUU ONTUMAJBHOTO A3BIKA, & TEM CaMbIM U SGHTPOIIUN. 3"1‘3, TEeoOpeMa
HaseiBaeTca meopemoti Coaomonosa — Koamozoposa.

[l 1aHHOTO CeMEeNCTBA MOXKET CYIIeCTBOBATH MHOT'O ONTUMAILHBIX A3bI-
KOB ¥ TEM CAMBIM MHOTO >HTponuu. OIHAKO, B CIIY OMPEAETCHUA OMTAMATh-
HOCTH, JI00BIE IBE SHTPONUH (B3ATHIE A OHOTO U TOTO Xe (PUKCUPOBAHHOTO
A3BIKOBOTO CEMENCTBA) PA3IMYIAlOTCA HE 60Iee IeM Ha, Al JUTUBHYI0 KOHCTAH-
Ty. NapiMu croBamu, ecin A u B cyTh ABA ONTUMAJILHBIX MiId L A3BIKA, TO
CyHIeCTByeT TaKad KOHCTAHTa ¢, ITO [IIA BCEX Y

| Comp 4 (y) — Compp(y)| < c

3AMEYAHUE. KoHEYHO, HEMPUATHO, UTO AITOPUTMUIECKAA DHTPOIN,
MPETEHAYIOMAA HA POIb (ACTUHHOU CIOKHOCTU» ONPENENAeTCA HE OTHO3HAM-
HO, & BCEro JHUIIbL C TOYHOCTHIO IO aAUTUBHOU NOOABKU, HE MPEBBIMIAIOMIEN
KOHCTAHTHI. O IHAKO TONBITKY HAUTHU CPEAU DHTPOMUNA (HAUOOJEE ONMTUMAITE-
HYIO» TIOKA ITO HU K UeMy XopoiieMmy He npusean. C Apyrod CTOPOHEI, BEIb,
CKaXeM, U [[JINHA, U BEC TAKKE OMPEIeJeHbl He OJHO3HAYHO, & C TOYHOCTHIO
10 MYJbTUMIUKATUBHON KOHCTAHTHI, 3ABUCAIIEN OT BHIOPAHHOU €IUHUIIHI U3~
mepenus (10 em=100 mym; 2 kr=2000 r; u T.11.).

N3 yBaxenus k KomMoropoBy airopuTMudecKyio SHTPOIUIO 00603HATAIOT
oberauo 6ykBon K; muHOrma k srou 6ykee K mobaBastoT eme BTOPyO GyKBY,
YKa3BIBAOILY IO TO A3LIKOBOE CEMEHMCTBO, K KOTOPOMY OTHOCUTCA PACCMATPH-
BaeMas saTponua. Eciz K' u K” cyTh aBe sETpomuu, oTHOCAIHIECS K OJHOMY
7 TOMY Xe A3BIKOBOMY CEMEUCTBY, TO, KAK OTMEJaI0Ch,

K'-K"| < e
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Koamoropos #e TOIBKO CHOPMYIAPOBAL MOHATHE AITOPUTMUIECKON DH-
Tponuu 00BEKTA, HO W TMTPUMEHMI €r0 K UCCAETOBAHUIO CIYIAUHBIX MOCAENO0-
BarensHOCTer. Habarogerune Koamoroposa cocTosmo B TOM, UTO B CIYIaWHON
IOCIEAOBATEAILHOCTH SHTPOIUA HAYAILHOIO OTPE3Ka PACTET JOCTATOIHO OLI-
CTPO NPU HEOTPAHWIEHHOM YBEIWYIEHUW JIWHBI 3Toro orpeska. (Huwero me
MIOIEMACITH, CIYIalHAA MOCAEI0BATEILHOCTE MOXET HAYUHATHCA C MUJLIUOHA,

HyJell — HO M TOT MWIIHOH HUYTO Iepej GeCKOHEYHOCTHIO, M €CIAU B3ATH
BCe HAYAIbHBIE OTPE3KU B COBOKYIHOCTH, TO X DHTPONUI HEeM36EKHO OyaeT
pacTu.)

Urak, B kKavecTBe ONUCHIBAEMBIX 00BEKTOB MBI Oy 1€M PACCMATPUABATE JBO-
nmuHble nenouku — takwme, Kak (I), (II), (III), (IV) u 7. 0. IlosTomy oTHBIHE
Y =E.

Ecan s3pix cogepxuT mapy (z,z), TO 5TO O3HAYaeT IONPOCTY, UTO Ife-
MOYKa z OMUCHhIBaeT camoé ceba. f3bik D, coCTOAIMA B TOYHOCTU W3 IIap
TAKOT'0 BU/A, HA3BIBACTCA JUA2ZOHAAbHbIM (TEPMUH M3 MATEMATHUKN), WIA (6-
mownummbim (TepMuH m3 auHrBEcTHKY). 11 Takoro sseika Compp(y) = |y|.
OrpaHuauMcs A3BIKOBEIMEA CEMEUCTBAMU, COAEPNKAIMMMUA ABTOHUMHBIN A3BIK
(Takum OygeT, B 9aCTHOCTH, CEMEMCTBO MOHOTOHHBIX A3BIKOB, ONMMCAHHOE HU-
xe). Torga mas xkaxpgou sHTponuu K, COOTBETCTBYOIIEN STOMY CEMEUCTBY,
n HO;[XO,D;}IIHGI?I KOHCTAQHTBHI C 6y,z|;eT BBIIIOTHEHO HEPABEHCTBO!

K(y) < |y| +c.

Takum o6pasoMm, ecau mpeHeOpedb aJIUTUBHON KOHCTAHTOW, MAKCAMAIHLHO
BO3MOXHO€ 3HAYEHUe I DHTPONNYU IMENOIKN PABHO AaWHe menodku. Komamo-
COPOB MPEANOJIOXKWI, ITO Y CIYIAUHOU MOCIEAOBATEIHLHOCTU DHTPOMUS Ha-
JaIbHOT'O0 OTpe3Ka AOCTUrAET 3TOr'0 MAaKCUMyMa, TO €CTh paBHA [IUHE DTO-
0 OTPE3Ka, — OMATH-TAKW, TIPU MPEHEOPEKEHNN A TUTABHON KOHCTAHTOU.
B sTom cocrosana ocuoBHas uges Koamoroposa 0THOCHTEIBHO XaOTHIHOCTH.

Urak, ¢pukcupyeM HEKOTOPOE SA3LIKOBOE CEMEUCTBO M OMHY W3 COOTBET-
CTByOUIAX >TOMY cemeuncTBy suTpormu K. HazoBem mocaemoBaTemrbHOCTH

a1,02y...,0p,...
TaomMuYecKoti, eCIi CyMeCcTByeT TaKad KOHCTAHTA ¢, ITO
K(a,a2,...,a,) >n—c.

Od4eBugHO, CBOUCTBO XAOTUYHOCTU HE 3aBUCUAT OT BHLIODAHHOW DHTPOIMUM, A
TOJBKO OT BHLIGPAHHOT'O CEMEUCTBA.

OKa3aj0ch, 9TO MPU MOIXOAANIE BHIGPAHHOM A3BLIKOBOM CEMEUCTBE CTPO-
roe TMOHATUE XA0TUIHOCTH XOPOIIO OTPAXKAET WHTYUTUBHOE MPENCTABICHUE
0 CIyYalHOCTH.

CosmaBasg TeOpUIO CIOKHOCTH OOBEKTOB, KOIMOropoB mpuaaz COOTHO-
MIEHUIO ,,OMUCAHNE — 00BeKT" aaropurMmudeckuu xapakrep. Crenys Koamo-
TOPOBY, OTPAHUYUMCI NEPEUUCAUMbIMY S3bIKamMu. [loHATHE nepeuucaumozo
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MHONHCECMBG — DTO OJHO W3 OCHOBHBIX MOHATHUM TEOPUU AJITOPUTMOB (Ia u
MATEMATHKY B IIEIOM). DTOMY MOHATUIO MOXHO NATH TAKOE HATMALHOE 00b-
acuenne. [IpegcraBum cebe 6€30CTaAHOBOYHO PAOOTAIONIMU IIPUHTEP, MOCIE-
JOBATEILHO MeYaTAIOINK CIO0Ba. 1locie HamevaTaHuA CIOBA MPUHTED JEIAeT
npobenr, TaK ITO CI0BA OTAEIeHBI O4HO OT Apyroro. [lepen namedaranuem owe-
PEmHOro CJI0Ba MPUHTEP OEPET BPEMA HA PA3MBIILIEHUE. DTO BPEMA MOXKET
O0Ka3aTbCA 6€CKOHEYHBIM, M TOLQa CIOBO HE IMEYATACTCA BOBCE; B TAKOM CJIy-
Jae HAeYaTAHHBIM OyIeT JIHUIIb> KOHEIHOE MHOXECTBO CIOB — B IACTHOCTH,
yCTOEe MHOXECTBO, €CJAU MIPUHTED B CAMOM HAYaje CBOEU pabOTHI 3a1yMAJICA
HaBcerga. Tak BOT, MHOXECTBO BCEX KOT'JA-IU00 HANEYATAHHBIX TAKUM IPUH-
TEPOM CJIOB OKAXKETCSA MEPEIUCIUMBIM — U BCAKOE MEPEUUCANMOE MHOXKECT-
BO MOXET OBITh MOIXYYeHO TAKUM 06pPa30M MPHU MOACOEIUHEHUHN MPUHTEPA K
«HIEATHEHOMY KOMIIBIOTEPY». [lepeduncinMo u MHOXECTBO TeopeM J6ou (op-
MaJbHOM TEOPHUU. 34eCh HET MECTa Pa3bACHATH, HA ITO TaKOe MAeaJbHBIN
KOMITBIOTEP, HA 49TO Takoe (popmaibHasg Teopus. Ho ompemerneHue MOHATHUA
,TIEPETUCINMOE MHOKECTBO® MBI CEMYAC MPUBEIEM.

[lIa HANIAZHOCTH HAYHEM C TEPMUHA, «CIYETHOE MHOXECTBO». TepMuH
STOT MMeEeT [Ba BAPUAHTA 3HadeHUsd. B mepBoM, Gosee yskoMm (um Goaee pac-
OPOCTPAHEHHOM) 3HAYEHWU CUETHOE MHOXECTBO — DTO TAKOE€ MHOXECTBO,
KOTOPOE€ MOXHO IMOCTABUTH BO B3aWMHO OJHO3HATHOE COOTBETCTBUE C HATY-
palbHBIM pagoM. Bo BTopowm, 6ojee MIMPOKOM 3HAYEHWH CIETHOE MHOXKECT-
BO — DTO TAKOE MHOXECTBO, KOTOPOE MOXHO MMOCTABUTH BO B3aWMHO OJHO-
3HAYHOE COOTBETCTBUE C KAKMM-AM00 HATAIHHBIM OTPE3KOM HATYPATIHLHOTO
paga. HamoMHEM, 9TO HAUAAbHBIM 0MPE3KOM HAMYPAALHO20 PAJG HA3LIBA-
€TCs MPOU3BOJBHOE MHOXECTBO M HATYPAIbHBIX YHCET, COAEPKAIIEe BMe-
CT€ CO BCAKAM CBOWM DJIEMEHTOM K BCE MEHBIIWE [Yucad. lakmm 06pasom,
U BECh HATYPAILHBIM DAL, U IyCTOE MHOXECTBO ABIAIOTCA HAYAILHLIMU OT-
peskamu. IlosToMy Mpu BTOPOM MOHMMAHWHA CIETHOCTH BCE KOHETHBLIE MHO-
XKECTBa, B TOM YHUCJIE IIYCTOE€ MHOXECTBO, OKa3bIBAIOTCA CueTHbIME. Vmen-
HO DTO BTOpOe, 60jee MUPOKOe MOHMMAHUE CICTHOCTH YAOOHO MIA HAIIAX
[mejer; ero Mbl W mpuMeM. A Torga CIeTHOMY MHOXECTBY MOXHO NATh U
TaKOEe OMPENCICHUE: MHOHCECMBO HA3bIBACTMNCA CUEMHbIM, CCAU OHO AUOO NY-
cmo, aubo moxcem 6bimb PACNOAONHCEHO 6 NOCACI0BAMEALHOCTNL (M. €. ABAA-
EMCA MHONCECMBOM UAECHOB8 KaKOl-aub0 nocaedosameapbrocmu). Hampumep,
KOHEYHOe MHOXeCTBO {a,b,c} MOXHO DACHIONOXUTH B IOCIENOBATEILHOCTH
a,b,c,c,c,c,.... 3aMeHAA B NPUBEAEHHOM OINPENEICHAN CIETHOI'O MHOXKECT-
Ba TEPMUH (IIOCIEIOBATEILHOCTDY HA TEPMUH «BBIYUCIUMAS MOCIEIOBATEIh-
HOCTB», MBI IIOJIY9IaeM OIpeAeIeHNe IIePeIUCANMOr0 MHOXECTBA. 1TO KacaeT-
CA ONPENEeNEeHns TEPMUHA, (BHIYUCIUMASA TI0CIEA0BATEILHOCTEY, TO OHO CENYac
OymeT maHo.

[TocneqoBATENBHOCTD W1, W2, ..., Wy, ... HABLIBACTCA BbIUUCAUMOT, KOIb
CKOPO CYIIECTBYET AJTOPUTM, BEIYUCIAIONIAN €€ N-1 WIEH Wy, TI0 er0 HOMEPY N.
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[TosTOMYy TTOHATHE BLITUCIUMOUN TTOCAEIOBATEILHOCTH HABBIBAIOT A420DUMMU-
YECKUM QHAA020M TR IPHPHERMUBHBIM GHAA020M TIOHATHAS MOCTEIOBATEIHHO-
CTH, & MOHATUE MMEPEIUCIAUMOr0 MHOXKECTBA — AITOPUTMUYECKUM AHAIOTOM
i >PHPEKTUBHBIM AHAJIOTOM MOHATHUA CIETHOI'O MHOXecTBa. [lepeunciaumbie
MHOXECTBA, Ha3bIBAIOTCA Takke affexmusno cuemmuvimu. [loBTopum onpene-
JIEHUE: MHOHCECMBO HA3LLBAEMCA NEPEUUCAUMBIM, Ul IPHERMUBHO CUEMHbIM,
ecau OHo AU60 NYcmo, Aubo moxcem ObiMb PACTLOAOHCERO 6 BLIUUCAUMYIO TLO-
caedogameavrocmsb (M. e. ABAAEMCA MHONCECMBOM UACHOB KAKOU-AUOO Bbi-
YUCAUMOTE NOCALIOBANEALHOCTU).

Bce paccmaTpuBaeMblie HAMY S3BIKU CYTh TOAMHOXECTBA [IEKAPTOBA MPO-
u3BeneHusn = X = u, caenoBaTenbHo, ciaeTHbl. U reonorns Kommoroposa cocto-
AT B TOM, 9TOOBI PACCMATPUBATH TOALKO dM(MEKTUBHO CICTHBIE (OHU XKe —
[EePEIUCTAMBIE) A3BIKU.

OKOHYATETHEHO HAIIEXAIAN BEIOOD A3ZBIKOBOIO CEMEUCTBA MPOU3BET KOJ-
MoropoBcku yuenuk Jleouun Jlesun. Umenno, B 1973 r. on BBEn B paccmo-
TpeHme CEeMEeUCTBO MOHOTOHHBIX A3BIKOB M M3YIWI COOTBETCTBYIOIIEE BTO-
My CEMEUCTBY MOHATHE XA0TUIHOCTH. [IpuBegeM HEOOXOAUMBIE OTIPeeIeHUS .

Byaem roBopuTh, YTO [BOUYHBIE CJIOBA U U U CO2AGCOB8GHbL I TINCATDH U &5 U,
€CJIV OJTHO U3 DTUX CJIOB €CTh HAYMAJIO APYTOTO.

A3k F HA3BIBAETCA MOHOMOHHbIM, €CIU OH MEPEIUCIUM ¥ BBHITOIHEHO
yCaoBue:

[(z1,91) € E & (w2,y2) € E & (71 = 12)] = [y1 = ya].

Besakyro nocienoBaTensHOCTD, ABISIOMIYIOCT Xa0TUIeCKOU I CeMENCTBA,
MOHOTOHHBIX A3BIKOB, OyIe€M HA3BIBATH MIPOCTO TAOMUUECKOY.

AnropuTMutdeckas SHTPONUA, COOTBETCTBYIONIAA CEMENCTBY MOHOTOHHBIX
SA3BIKOB, HA3BIBAETCI MOHOMONHOT dnmponuet u obosuataerca KM. Ycrosue
Xa0TUYHOCTH TOCIEOBATEILHOCTH (A1, A2, A3, .. .) MOKHO 3aIUCATH TaK:

deVn KM(aq, a9, ...,ap) >n —c.

Kiaacce Bcex xaoTmdaeckux mociaegoBaTensHocTen o6o3uadaeTca oyksou C.

CumTaeTcs, ITO CTPOroe MOHATHE XAOTHIECKON TIOCIEIOBATEILHOCTH MO-
KT CIYXKUTH XOPOIIMM OTPAXKEHNEM UHTYUTUBHOTO MOHATHUA CAYIAUHON IO~
Creg0BaTEIbHOCTH. K TOMY €CTh ABa OCHOBAHWA.

Bo-nepBoIx, 411 KaxX OO OTAEILHO B3ATON XAOTHIECKON IMOCIETOBATENb-
HOCTHY BBHITIOTHAIOTCA OCHOBHBIE 3aKOHBI TEOPUM BEPOATHOCTEN.

Bo-BTOpBIX, KIACC XA0TUIECKUX MOCIEAOBATEILHOCTEN COBMALAET C APY-
UM «IIPETEHIEHTOM» HA POJbL CTPOTOT0 AHAJIOTA PACIUIBIBIATOTO KIACCA CIY-
‘Ia,ﬁH]:IX HOCJIerD;OBa,TeJII)HOCTeI‘;I — a UMEHHO, C KJaCCOM T BCEX TUIINYECCKUX
nocaegoBaTeTbHOCTEN (0 HEM OyAeT PacCKa3aHO manee):

C=T.
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[TosToMy XaoTUYEeCKME TOCIETOBATEIHLHOCTA MOXHO OBLIO OBI HA3LIBATH
MUNUUECKO-LAOMUUECKUMY AT LEOMUYECKO-MUNUYECKUMY , & CAM KIACC 060~
suadaTh TC win CT. IToT KIace yxe KIacca S BCEX MOCAEI0BATEALHOCTEN,
croxacTuieckux mo Koamoroposy (mociaeguuu, Kak yxé OTMEYAIOCH, CIIWII-
KOM HIXPOK):

TCcCS, TC#S.

JInno TPETBHE: TUONYHOCTb

CkaszaTh mpo KaKOU-au00 0OBEKT, YTO OH TUMNWYEH — DTO 3HAYUT CKa-
3aTh, 9YTO OH OIPUHANIEKUT K JI060MY MoJaBIAAfomeMy 6oabimuacTBy. Hanpu-
Mep, TUINIHLIA IeJ0BEK, BCTPEIeHHLIN Ha, MOCKOBCKOH YJIUIE, UMEET POCT Me-
HEe IByX METPOB (T.e. IPUHAIEKAT K MMOJABIAIOMEMY OOMBITUHCTBY JTIO N,
UMEOIIX POCT MEHee NBYX METDPOB), BO3pACT Gojee Tpex JeT (T.e. IpUuHAI-
JEXUT K MOAABIAIOMEMY GOMBIITMHCTRY JIOAeN, UMEOIIX BO3pacT Gojaee Tpex
net) u T. 1. Korewno, m060e n3 GOIBIIHCTB, 0 KOTOPBIX WAET PEdb, JOIKHO
OBITH PA3yMHBIM: Beb KAKOU OOBEKT HU BO3BMHU, OH 3aBEIOMO HE MPUHA-
JEeXUT K TMONABIAIONIEMY OOJIBIIMHCTBY, 06PA30BAHHOMY BCEMU OCTAJIbHBIMU,
OTIXYIHBIMU OT NAHHOTO, O6’BeKTaMI/I.

MBb1 uCXOAUM U3 WHTYUTUBHOIO MPENCTABIEHUS O TOM, 9TO CJIYIAUHBIN
00BEKT MOMKeH 00Ia0aTh CBOUCTBOM TUMUYHOCTHU. Hala meias — AaThb CTPO-
roe MaTeMaTUIECKOe ONPENETEHNE STOr0 CBOUCTBA A TMOCIeT0BATEIEHOCTEN
HYJEd W eJUHWI] TPU PABHOMEPHOM pPACIpPENeJeHUN BEPOATHOCTEU Ha, MPO-
crpancTse {) Takux mocaegoBaTeabHoCcTen. [locaeqoBaTEIEHOCTH, YIOBIETBO-
PAIOIIKE DTOMY CTPOTOMY OMPERETeHU0, MBI OyIeM HA3BIBATE MUNUYECKUMU,
OCTABIAA CAOBO Munuukbll Njisd ynoTpebieHnus Ha MHTYUTUBHOM ypoBHe. B cu-
Jy CKa3aHHOT'O BBIIIE, HAM HAJA0 OMPENEINTh CIIEPBa, YTO €CTh MO AABIAIONIEE
OOJBIIIHCTBO MOCAENOBATEALHOCTEN, & 3aTEeM — KaKue OOJBITUHCTBA CIeIy-
eT CYATATH PAasyMHBIMU. A TOrga KIacC TUMUIECKUX MOCIETOBATEIHLHOCTEN
ABTOMATUYICCKU ONPEAEINTCA KaK IIEePeCCICHNE BCEX PA3yMHBIX 6OJII)HII/IHCTB.

OCTa.BJIﬂ}I TEPMUH «II0JaBJIAIOLICE 6OJII)IHI/IHCTBO>) OJIA THTYATUBHOI'O yIIO-
TpebiaeHus, MBI OyJeM TOBOPUTH O 004bUluT MHOXECTBAX MOCJIEJOBATEIHLHO-
cren. [lomosHenre K GOIBITIOMY MHOXECTBY IO Bcero ) 6yaeM Ha3bIBATEH M-
avim. OYEBUIHO, JOCTATOYHO OMPEAEIUTH, YTO TAKOE MAJIOE MHOXECTBO, —
a TOrga OOJbIINEe MHOXECTBA, ONPENEIATCA KAK MOTOTHEHUA K MAJBIM.

Wrak, mycTh gaHO KaKOe-TO MHOXECTBO () mociaegoBaTenbHocTer, (Q C (2.
MpbI XOTUM ONpeneInTh, KOT/a €ro CIeAyeT CIATATH Malbim. B TepMuHAX
TEOpUM BEPOATHOCTEN MBI CKa3aan Obl, 9TO () MaJjoe, KOJIb CKOPO BEPOATHOCTh
nonaganua B () paBHa Hym0. B TepMMHAX TEOPUM MephI MBI CKA3adu Obl,
970 () Majioe, KOIb CKOPO OHO MMEEeT Mepy HyJb. MBI, OTHAKO, TIOCTAPAEMCA
OTPEeNUTh, 9TO TAKOE MaJ0e MHOXECTBO B 601ee MPOCTHIX TEPMUHAX.
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MuoOXecTBO () HA3BIBAETCA MAAbLM, €CIA €r0 MOXKHO MOKDBITH LIADAMH,
cyMMa 06beMOB KOTOPBIX CKOJIb yrogHO Mana. OnpenenreHuio MaIoro MHOXe-
CTBA MOXHO JaTh TaKylo (POPMYINPOBKY: MHOXKECTBO () HA3BIBAETCA MAAbIM,
ecIu A KaXJ0r0 HATYDAIBHOIO FHCIA 1M HAUJETCS TaKasd IMOCIeJOBATENb-
HOCTb ABOMYHBLIX ci1oB (z(1),z(2),...,z(n),...), 9T0

QC UQ:L‘(n)a
—lz(n 1
Zv(Qx(n)):;2 |z (n)| <E'

n

OdeBuaHO, KaXAasg OTAeAbHAS MOCIEI0BATENLHOCTE U3 () 06pa3yeT Mamoe
MHOX€CTBO, & IMIOTOMY HIOHATUE 6OJII)IHOFO MHOXECTBa HE MOXET IIPpeTeHI0-
BATh HA POJb YTOYHEHWS HOHATHUS Pa3ymHoeo OoabmumHCTBA. llepecedenue
BCcex GOMBUINX MHOXECTB IyCTO.

«PasyMHOCTDB)Y BBOAUTCA Ty TEM CIASAYIONEN KOPPEKTUPOBKHY OIIP €/ICJICHUA.

Bo-nepBbrx, moTpebyemM, 9TOOBI YIOMUHAEMAA B ONPEAETICHUN MOCIeI0BaA-
TeNLHOCTD ABOMYIHBIX c10B (z(1),z(2),...,z(n),...) 6b1a Beraucaumon. [Ipy-
TUMU CJIOBAME, MBI TpeGyeM, ITOOBI CYIIeCTBOBAI AITOPUTM, BHIYUCIAIONIAN
ee N-7 WIeH T, [0 ero HOMEepY M.

Bo-BTopBIX, moTpebyeM, 9TOOBI TaKasd BBITUCAUMASA MOCAETOBATEILHOCTD
HE IMPOCTO CYIMIECTBOBAIA /IS KAXIOTO 1, HO CTPOMIACH OBI IO DTOMY M J(f-
gexmusno. CroBo 3dpPEeKTUBHOY 03HATAET ,,C TOMOIIBIO ATTOPUTMA”. 31eCh
HEOOXOTUMBI pas3bACHEHUA. [[eJ0 B TOM, 9TO aACOPUTM, TOIY IAIOMUA HA, BXO
M ¥ BBIIAIONMU HA BBIXOAE TPeOyeMylo MOCAeI0BATEILHOCTH, HEBO3MOXEH
MPOCTO MOTOMY, 9TO MOCAEA0BATEALHOCTE — DTO OECKOHEIHBIN 00BEKT, 8 AJl-
TOPUTMBI OIEPUPYIOT JUIIL C KOHEIHBIME 00BbekTamMu. QTHAKO B HAIIEM CIY-
Ta€, NOCKOJIBbKY IIOCICAOBATEJABHOCTH BBITUCINMA, TO Yy HEE €CTh aJrOPpUTM,
KOTOprﬁ €€ BbIIUCAACT — [aXe€ O9YCHb MHOT'O TaKHNX aJTr'OPUTMOB. AJIFOpI/IT—
MBI (B APYTOU CHCTEME TEPMUHOB — IIPOrPAMMEI AICOPUTMOB) ABIAIOTCA KO-
HEYHBIMU OOBEKTAMH U TOTOMY BIIOJHE OCMBICIEHHO TOBOPUTH 00 alropuTMe,
KOTOPBIU TIO 9UCIY 1, IOCTYIUBIIEMY HA, €r0 BXOJ, BHIJAET HA BBIXOAE OIUH
U3 aIrOPUTMOB (B APYTOU CHCTEME TEPMWHOB — OJHY M3 MPOTPAMM), BBIUH-
casromux nocaegosarenbuocts (z(1), 2(2),...,z(n),...).

Brecs B onpejesenne Maioro MHOXECTBA, 3THU ABA JOOABIEHUA, MBI IOIY-
qaeM ompefeneHne IPPexmuero Ma..020 MHOKECTBA — a TeM CAMBIM U OIpe-
nperenne 3@ddexmusno boapbuio2o MEOXeCTBa. Ilepecedenue Bcex 3ppeKTUBHO
OOJIBIINX MHOXKECTB OKA3bIBAETCA HEImyCThIM. bosee Toro, oHO camo sABaseTCA
o>(ppekTUBHO GOIBIIMM. DTO HauMeHblee cpean >PHEKTUBHO GOTBITUX MHO-
XKEeCTB U €CTh CKOMOe MHOXKecTBO T Bcex munuueckus mocief0BaTeIbHOCTEN.

Tunuaeckue TOCIeMOBATEILHOCTH HA3BIBAIOT TAKXKE CAyuatinbimy no Map-
mun-JAéPy — mo umenn yderuka Kommoroposa, 3amMevaTessHOTO MIBEICKOTO
maremaTuka [lepa Maprun-JIéda, koTopsin B 1966 r. cdhopMyampoBai TOILKO
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ITO M3JI0KEHHOE OIpefeleHrne TUOINIHOCTH B KaIeCTBE CTPOrOro yTOUHEHU
MOHATHSA CIIYIAUHOCTH.

Kak yxe rosopminock, kmacc T Bcex TUNMYECKUX MOCAENOBATEABHOCTEN
coBmagaer ¢ kaaccoM C Bcex Xa0TUIECKUX MOCIeOBATEIHLHOCTEN:

T =C.

HOBTOMy, KaK yX€ I'OBOPpUJIOCH, TUIINYIECKNE ITOCACTOBATEIBHOCT MOXHO
VMEHOBATH TAKXe TGOMUYUECKO-MUNUYECKUMY WA TMUNUUECKO-TAOTUYECKU-
MU, & CAM KJIACC BCEX TaKMX mocaenoBaTeabuocten o6o3uadars CT mwim TC.

Kax MBI yXe 3HaeM,

CTCS, CT#S.

JInino YETBEPTOE: HENIPEACKA3YEMOCTbD

Bot mauamo «/Ipemanmatu ctyabeBs Wabda um Ilerposa: «B yesmmom ro-
poae N 6bLIO Tak MHOTO TAPUKMAXEPCKUX 3aBEICHUU U GIOPO MOXOPOHHBIX
MPOIECCUN, ITO KA3ZAIOCH, KUTEIN TOPOLA POXKAAOTCA JUIIL 33TEM, 9TOOBI
MOOPUTHCA, OCTPUILCA, OCBEXUTL T'OMOBY BexeTraneM u ymepeTby. Cyxige-
HUE OCTAeTCA BEPHBIM, ecaum 3aMeHUTbH N Ha MOCKBY, mapumkMaxepcKue Ha,
3aJbI UCPOBBIX ABTOMATOB, ITOXOPOHHBIE OIOPO HA KA3WHO, a [EJb POX IEHUS
Ha, «UI'PAThy. JITOT MEYAIbHBIN (PAKT, OJHAKO, MO3BOIAET HATIALHO OOBAC-
HUTBb TO CBOMCTBO CIyYAMHBIX IOCIEJOBATEALHOCTEH, KOTOPOE MLl HA3LIBAEM
HEMPEeNCKA3YeMOCTBIO.

VHTYUTUBHO ACHO, YTO BCAKAA CIyYaUHAA MOCAEIOBATEALHOCTD ABIACTCA
HENPeICKa3yemoti B TOM CMBICIE, 9TO B KAKOM ObI TOPAJKE MbI HU BHIOUDAIN €€
WICHBI, 3HAHWE 3HAYECHUYU yKe BLIOPAHHBIX WIEHOB HE MO3BOJIAET MPENCKA3aTh
3HAYEHNE TOT'O CIEAYIONIEr0 WIeHA, KOTOPHIM MBI HAMEPEBaeMCA BHIGpATh. Ta-
kuM obpasom, Kazuuo, obnagarolee TaKoOU MOCIEJ0BATEILHOCTBIO W IPELIa-
rafotmiee Irpoky yraasiBaTh ee wWieHbl U AeJaTh IPKU 3TOM JIeHEXKHbIe CTABKH,
HE Pa3sopUTCA; TOBOpA Gosee TouHo, KasumHo yBepeHo, uTo Hukakou Urpok me
MOXET 00JaJaTh TAKOU CTPATErMel UrPbl, KOTOPasd MPUBEAET K PA30OPEHUIO
Kaswuno, kakum ObI KanmuTajaoM OHO HU 00.1a,1aJ0.

HempenckasyeMocTs Kakou-mu60 MOCIeIOBATEILHOCTH, TaKUM O0pa3oM,
ompefenseTca B TEPMUHAX UTPBI, KOTOpy Urpok Beger mporus obianaio-
IIEr0 DTOU MOCAEAOBATENLHOCTHIO Kas3wHO, win, Iisd KPATKOCTH — NPOMUs
dannoti nocaedosamesbHoCmu.

Urak, nmpeacrasum cebe uTo Urpok nmpuxoaut B Kasmuo. Kaxgaa us cTo-
pou — u Kaswuno, u Urpok — o6ramaeT CBOMM HAYATBLHBIM KamuTajaoM. Ka-
3UHO PACIOJIAraeT HEKOTOPOU (PUKCUPOBAHHOU, HO Hem3BecTHOU Urpoky mo-
CIeIOBATEALHOCTBIO HYJEU W e[UHUI, U npemiaraeT VUrpoKy mpencka3biBaTh
ee WIeHBl — Heo6A3aTeNbHO B MOHOTOHHOM TOPAAKE WX CICIOBAHUA U MAXKE
He00A3aTEeNbHO BCE €€ WIEHHI.
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[l HATIATHOCTH TMPEACTABUM cebe, ITO WIEHBI TOCIeI0BATEILHOCTH Ha-
NUCAHBI HA KapPTaX, KOTOPhIE JexaT pybamkavu BBEepx, Tak IT0o Urpok He
BUAWUT, ITO TaM HANKMCAHO. [10CIeq0BATETLHOCTE MpeacTaeT nepes Mrpokom
B Buje 6ECKOHETHOTO pAga Takux KapT. Urpa coctouT B TOM, ITO0 Urpok
HAa KaXJOM CBOEM XONy YKa3bIBA€T Ty KapTy, KOTOPasd MJOMXKHA OBITH OT-
KpPBITA, OJHOBPEMEHHO MpPEeACKA3bIBasd 3HAYEHUME, KOTOPOEe OOHADYXUTCA HA
DTOU KapTe, U OOBABIAI pa3sMep MeHEeXHOU CTABKU. Ecaum mpeackasanme oKa-
XKEeTCA MpaBUIbHBEIM, Kasuno BhimaduBaeT VrpoKy cyMMy CTaBKU, €CIU He-
npaBuabHEIM — Urpok Beimtadmsaer 3Ty cymmy Kaswwao. Cumraercs, 9To
Urpox swviuepas, ecau oH cymen pa3opuTh Kasuuo. Pazymeerca, ecau Urpo-
Ky OTKPBIT HEOUDAHWYEHHBIN KPEOUT, OH BCETJa MOXeT pasopuTh KasuHo,
yaBauBas craBku. Ho Urpa mmer Ha HaIWYIHBIE, TAK ITO BEIWYUHA, CTABKA
OTrPaHUYIEHA TEKYIIUM KaIllUTaAJIOM I/IFpOKa,.

[TocaeoBaTEIEHOCTE HA3LIBACTCA Npedcka3yemoti, eCaIu CyIeCTBYeT BhI-
ATPBIBAIOIIAY AITOPATM UTPHL Bblu2pbiéaiouwum MBI HA3BIBAEM AJITOPUTM CO
caenyromumM CBOﬁCTBOM: KAaKNM 6I)I Ha9aJIBbHBIM KAaIIUTAJOM HN O6JIa,rZ[aJIO Ka—
3UHO, OHO PAHO WM MO3AHO OydeT pasopeHo, ecan Urpok TpUMEHUT HTOT
arropuT™. [locaenoBaTEIEHOCTE HA3BLIBACTCA Henpedckasyemot, eCIu OHa He
ABIAETCA TPEACKA3YEMOM.

Ha MaTeMaTU9IecKOM A3LIKE CUTYAIMA OMUCHIBAETCA TAK.

PaccmaTpuBaeTcsa 6eCKOHETHAA TOCICAOBATEILHOCTD HYJICU W €[UHMALL

a = <a1, agz, as, .. >
[Ipu xax oM xome rpoka BO3HHKAET TPOUKA TUCEN
<n7 IL‘? v)?
rae
nelN, 1€{0,1}, veQ wv=>0.
ComepXxaTenbHO: HATYPAIBLHOE HUUCAO 7. €CTh HOMED TOTO WIEeHA MOCIeIOBA-
TEIHHOCTY, Ha KOTOPBIU [IEeIaeTCA CTABKA; | €CTh IPeNCKa3bIBAEMOe 3HAUCHNIE
DTOr0 WIEHA; HEOTPUIATEILHOE PAIMOHAIBLHOE UUCJIO ¥ €CTh Pa3Mep CTABKH.
XoBl [eTar0TCA IPYT 38 OPYTOM, HAYUHAA C TIEPBOTO; TPOUKA, BOZHUKAIOIIAL
Ha k-m xony, obozuagaerca (n(k),i(k),v(k)). Boree maTremaTmaecku rpamMoT-
HO OBLTO OBI CKA3aTh, YTO KAXABIM XOI €CMb TPOUKA UUCET, M 9TO XOMLI HE
TEIAIOTCA, & NPEIBABAMOMCA.

Kamuran Urpoka mepen k-m xogom obozuagaerca V(k — 1). Bes orpanm-
9eHUA OOMIHOCTU MOXHO CYUTATh, YTO HAYAIbHBIN KamuTana Vrpoka pasen
eguaunne: V(0) = 1.

[Tocae kax noro xoga KanuTal Irpoka MeHAETCsA (€CAM TOIBKO CTABKA HE
ObL1a HyaeBou). A MMeHHO:

> ecma i(k) = ay,y) (Urpox yragan), o V(k) = V(k — 1) +v(k);
> ecmu i(k) # a,(y) (Urpox we yragan), o V(k) =V (k — 1) — v(k).
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W eme nBa mpubaBieHUA K CKa3aHHOMY.

Bo-mepBbIX, X0OBI OBIBAIOT KOppeKmHbie U HEKOPPEKMHuble, U ITOOLI UTPA
IPOLOMKAIACL, HEOOXOAMMO, ITOOBI XOL OBbLI KOPPEKTHBHIM. A MMeHHO, k-1
XOZ CINUTAETCA KOPPEKMMHbIM, €CIN BBIIOTHEHBI 00a HMXecaexyomue Tpebo-
BAHU:

1) HOMEp OTKPBLIBAEMOU KAPTHI KOPPeKmMen; 3TO 3HATAT, ITO HOIeKAIIAL
OTKPBITHIO KapTa He ObLIa yXKe OTKDHITA paHee, T.e. n(k) He coBmagaeT
Hu ¢ oguauM m3 wucen n(l),...,n(k —1);

2) nemaemas VIPpOKOM CTaBKa K0ppexmua; 5TO 3HAYTHAT, ITO OHA MEHBIIE
ero Tekymero kanuraia, T.e. v(k) < V(k —1).

Ecnu xe xoTsa ObI OMHO U3 DTUX TPEOOBAHUN HE BBIMOJHEHO, X0 CYUTACTCA
HEKOPPEKMHBIM .

OCHOBHOE MPABUJIO OCTAHOBKHU. Eciu Urpok coBepimaeT HEKOPPEKT-
HBIX XO[, UT'Pa OCTaHABIUBAETCA. [Ipu sToM Vrpok 0CTaeTCA IPU UMEOIEMCA
y HEro K JaHHOMY MOMEHTY KAIWUTAajJe — U TeM CAMBIM 3aB€JIOMO He BHIUTDHI-
BaeT.

Bo-BTOpBIX, HE UCKIIOYIAETCSI BO3MOXHOCTEH TOr0, 9T0 Urpok BooOIIe He
JeTaeT OYepemHOro xona (maxe caMoro mepBoro xogal), mw B 2TOM Crydae
Urpoxk Takxke 0CTaeTCA MIPU UMEIOMIEMCA Y HErO K TAHHOMY MOMEHTY KAIlUTa-
Jie U, KaK U B CIy9ae HEKOPPEKTHOrO X014, 3aBeJOMO He BhurpbiBaeT. O 1HAKO
B OTOM Cayvae€ — B OTVIMYHE OT Cay'ad HEKOPPEKTHOT'O XO4a — MBI I/I36eFa.eM
BBIPAXKEHUS «UT'PA OCTAHABIMBAECTCAY. [le0 B TOM, ITO CATYALINIO HEACIAHUI
X0a MOXHO HAIVIATHO MPEICTABUTEL cebe caenyiomumM obpasom. Ilepen xax-
OBIM CBOMM X010M Urpok pemaer, KakKOW X0 eMy CIefyeT caelaTh. Pernenue
TpebyeT o6aymbIBaHud, 1 UTpok 6epeT Bpemda Ha ob6ayMbIBaHNEe. Bpema >To
HUYEM He OT'PAHUIEHO, W MPONIECC PA3MBIILIEHAA MOXET 3aTAHYThHCA Mo Gec-
KOHEYHOCTH. B TEYCHUC BPEMCHU O6rZI;yMI)IBa,HI/Iﬂ XO4a KaIllnuTaJl I/IFpOKa, HE
mensercs. [looromy eciu Urpok Hu 3a KaKOe KOHEIHOE BPEMS HE MPUHUMAELT
pelIeHus O CBOEM XO/ie, ero KamWTaJa 3aCThHIBAeT. B BTOM ciyvae BBIMTPHIIIA
Urpoka npousontn He MoxeT. O MHAKO B DTOM CIydae (B OTIHYIUE OT CIy9as
HEKOPPEKTHOT'O XOrZI;a,) HE HaCTylnaeT MOMEHTA OCTAaHOBKW WUI'DbI — HUKOI' A
HE MOCTymaeT curuaaa o6 ocranoBke. Takum 06pa3oM, y UTPHI €CTh TPU BO3-
MOXHBIX CIeHapus passuTusa: 1) Urpok gemaer GECKOHETHOE HHCIO XOIOB;
2) UIrpox menaeT JuNIb KOHETHOE YUCIO XOAOB, M MPUHUHOU DTOTO CIyKUT
TO, 9TO OBUI CHENAH HEKOPPEKTHHIN Xox; 3) VUrpok gemaeT auuib KOHETHOE
YUCIO XOMOB, U MPUUMHOU 3TOTO CIYRKUT TO, ITO HA KAKOM-TO HTAIE UTPHI
Urpok He B cocTOsHMM TpUUATH K periennio 06 ogepequom xoge. Pazymeercs,
CKa3aHHOE€ HOCHUT I/IJIJIIOCTpﬁ,THBHBIﬁ XapakKTep, 1 MaTeMaTUuIeCKOe OIInCaHnue
HE BKJIOYAET B Ce0s CCHUIKY HA TaKWe MOHATHUA, KAK ,Permars”, ,,001yMbl-
BATHL" W T.TI.
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[lo onpeaenennto, Urpok ewiuepvisaem (Ipu urpe IpoTUB a), eCan
sup V (k) = +oo,
k

T. €. eCIn
YW 3k V (k) > W.

CopmepxaTelbHO DTO o3HaYaeT, YTO Urpok pasopser Kasmuo, kKakuMm ObI uc-
xogabM KanuTaioMm W Kaszuuo nu obaagano. Odesugno, aro Urpok B cocTo-
AHUU BBIUTPATH JUIIL MPU YCIOBUU, 9TO BCAKUU Pas, KOTAA €My MPEICTOUT
IeJIaTh X0, OH €ro AEJAaeT W BTOT XOJ OKA3BIBAETCA KOPPEKTHLIM.

Kak BeimiaguT urpa, Mel onucaau. [lepergeM Temepb K MOHATHUIO CUCTEMBI
urpel, win cmpameeuty,. CMBICI cTpaTeruu B TOM, 9TOObI m36aBuTh Mrpoka
OT HEOOXOAMMOCTH CAMOCTOATEILHO MPUHUMATDL PEIIeHua: cTpaTerua 6GepetT
oTy QpyHknuio HA cebsa. CTpaTerusa ecTh NPABMIO, MAJIA KAXKIOTO XO4A YKA3bI-
Bafomee VIrpoky, Kakou HA DTOM XOAY OH AOJXKEH CAeIaTh Xon (T.e. KaKyio
TPOUKY NPEeABABATS). PasymeeTcs, cTpaTerus BEIAAET TAKOE YKA3AHUE JWIIb
B TOM CJIyd9ae, eCJIU X0 NOJXKeH ObITH CaenaH. Boimie yxe oTMedanach BO3MOX-
HOCTB TOrO, YTO HUKAKOT'O XO/a HE [eJaeTCA; B DTOM CIydae, eCTECTBEHHO,
CTpaTerus He BBIAAET HUKAKOrO yKasaHWA. [Ipw yKasaHHUU XO4a CTPATerus
OTMMPAETCA HA BCIO MPENIIECTBYIOIIYIO UCTOPUIO UTPHI. VICTOpUA X)e Urphl co-
CTOUT W3 BCEX YXKe CACJAHHBIX K PACCMATPUBAEMOMY MOMEHTY XOIOB W U3
BCEX CTABIINX YK€ M3BECTHBIMHU WIEHOB IOCAEIOBATEALHOCTH. MBI JNIIL IO-
TOMY HE€ BKJIIOYAEM B MCTOPUIO UCPHI MHMOpMaIuio 0 KamuTajie Vrpoka Ha
KaXIbII MOMEHT, 9TO 3Ta MHGOPMALUA JEI'KO BLIYUACIAECTCA U3 TOJIHBKO 9TO
[IepEINCICHHBIX CBEICHNMN.

Taxum 06paszoM, ICTOPUIO UTPHI IEPe] k-M X0 J0M MOXKHO 3aIIUCATh B BUAE
TaOIAIIET

n(l) n(2) ... nk—1)
i(l) 4(2) ... i(k—-1)
v(l) w(2) ... v(k-1)
ap(1) An(2) --- QAnk-1)

(Ecim k = 0, Tabmuma mycra.)

Ha maremaTuyueckoM sA3bIKe CTpaTerus eCTh (PYHKIUA, KOTOPasd KaxXJOu
nogo6uON Tabmune (B TOM YUCIE MyCTOW) AMO0 HUIEro HE CTABUT B COOTBET-
cTBue, IuGO CTABUT B COOTBETCTBUE HEKOTOPBIM XOM, T.€. TPOUKY (n,i,v).
TMox «kaxmon mogOGHON TAGIWIEN» MBI TOHUMAEM OTHIOAL HE TOMBKO TAKYIO
TabInIly, KOTOPas OTPAXKAeT PEATbHOEe TeUYeHWe UTPHI, 4 TPOU3BOIBHYIO Ta-
6MIly, B KOTOPOU B IEPBOU CTPOKE CTOAT IMOJOXKUTEIbHBIE Ielble TUCia, B
TpeThel — HeOTPHUIATEIbHBIE PAIMOHAILHBIE TUCIA, & BO BTOPOM U IeTBEP-
TOU — HYJIU U €IWHUIIHI.

Ecau Tabauma peansHO BCTPETUIACH B IPOIECCe UTPHI (B KAMeCTBE UCTO-
pUM UTPBEI HA KAKOM-TO DTAlle) W €CAW 3a4aHa CTPATErWA, TO MEPBbIE TPH
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CTPOKY TaOJMIEI OJHO3HATHO BOCCTAHABIMBAIOTCA O €€ YeTBEPTOU CTPOKE.
B camom gerne, npuMeHeHUe CTpATernu K IycTOM Tabaune naeT HAM IePBHIA
xon (n(1),i(1),v(1)). Tem camMbIM — IOCKOJBKY U€TBEPTasi CTPOKA MPEIIO-
JaraeTcsa M3BECTHOM — MBI IOXYdYaeM HUCTOPHIO WIDHL Iepe] BTOPLIM XOLOM
B BUIe TaOIUIIHI

n(1)
Teneps K 5TON TAOIAIE CHOBA IPUMEHAEM CTPATErHIO, IIOLYIaeM BTOPOU XOJ
(n(2),i(2),v(2)) n Tabauny

N Tax manee.

CkaszaHHOe MaeT HaM MpaBO IIPU ONPEIEICHUNM CTPATErud OpaTh B Kade-
CTBE apryMeHTa, He BCIO TAOIWILy B IIEJI0M, a JUIIb €€ 9eTBEPTYIO CTPOKY. 3a-
METHUM, 9TO B ATOU YETBEPTOU CTPOKE CTOUT ABOUIHOE CJIOBO, T.€. DIEMEHT
MHOXecTBa =. CTpaTerusa NOMXKHA, UMeA DTOT HIEMEHT, W He BHIJABATD
HUYEro, WK BHIAABATL XOX, KOTOPBIA €CTh TPOUKA, T.€. DIEMEHT AeKapTOBa
npomssegenna Nx {0, 1} x Q. 3necs cumponom Q20 o6o3rateno maoxecTBO
BCEX HEOTPUIATEILHBIX PAIMOHAILHBIX TUCEL.

Mbl mpuxoauM K OKOHYATEILHOMY OIPENEICHWIO TOHATUSA CTPATErUu:
cmpame2us ecTb 0TOOpaKeHWe HEKOTOPOTO MOAMHOXKECTBA MHOXECTBA =
BCEX JBOMYHBLIX GIOB B AeKapToso mpomssegenme N x {0,1} x Q=0:

= — Nx{0,1} x Q*°.

[lns HAIIMX 1EIEN 0COOBIM MHTEPEC MPEACTABIAET CAYdall, KOTIa, YKA3aH-
HOE OTOGpAXKEHNE 3aaeTCA KAKAM-TO AJITOPUTMOM. [[0ACHUM, 9ITO 3TO 3HA-
qut. [Iyctb A — aaropuTm, Ha BXOA KOTOPOT'O MOTYT MOZABATHCA SIEMEH-
THI U3 MHOXECTBA X, a HA BBIXOJE MOJYYAIOTCA DIEMEHTHI U3 MHOXECTBA, Y .
B muO%ecTBe X BBIAEIAETCA 004GCMb PE3YALMAMUBHOCTYU AITOPUTMA A,
COCTOAIIAA W3 TEX W TOJHKO TEX DIEMEHTOB, B MPUMEHEHUH K KOTOPBIM A
maer pesyabrar. Aaroputm A 3adaem cremymooee oTobpaxenue: 06JACTD
OIIpeeNeHNs HTOT0 OTOOPAKEHUA COBIAAACT ¢ O0JACTHIO PE3YIbTATUBHOCTHI
AITOPUTMA, U I KaXKJOTO DIEMEHTA STOU 06IACTH 3HAMEHUE OTOOPAXKEHU
Ha, DTOM DJIEMEHTE COBHOAJAET C TEM PE3YJIbTATOM, KOTOPBIU IMONYIAeTCA TPU
MPUMEHEHUN AJCOPUTMA, K DTOMY DJIEMEHTY.

Ecam crparerusa 3anaHa KakKUM-TO AJITOPUTMOM, OHA HA3LIBAETCA Bbiul-
caumoti. (Ecmm mogaTs Ha BXOM 3aJAOIIETO CTPATETHWIO AITOPUTMA, TAKYIO
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HUCTOPUIO UTPHI, A KOTOPOU OYEPEIHON X0 He OMPEIeseH, TO AJTOPUTM Pa-
60TaeT Ha 3TOM BXOoze 6ECKOHEYHO J0JIr0, HE IPUXOA HU K KAKOMY Pe3yIbTa-
Ty, HO ¥ HE BBIJaBasA COOOIIeHnEe 06 OTCYTCTBUU TAKOBOrO. JTa 6ECKOHETHAM
paboTa airopuTMa KakK pas U MPOUCXOAUT 3a TO B3ATOe Vrpokom Ha 0b6xy-
MBIBAHUE GECKOHETHOE BPEMA, O KOTOPOM TOBOPUJIOCH BHIIIE. )

Crparerusa HA3BIBACTCA 8bIU2PbI8alOWEt 044 NOCACIOBAMEADHOCTIU A, €C-
au Urpok, NpUMEHAIONUN DTy CTPATErWI0 B UCPE MPOTUB A, BHIUT'DLIBAET.

[TocneoBaTEIBEHOCTD HABBLIBACTCA Npedcka3yemoti, eClIu I Hee CYIIeCT-
BYET BLIUT'DBIBAONIAA BEIYUCAUMASL CTPATETUA, U HENPEICKA3YEMOT B TIPOTUB-
HOM CJIydae.

Kuacc Bcex HempemckasyeMbIX MOCHENOBATEALHOCTEN 0003HAaYaeTcsa Oy-
kxBou U.

NsBecTHO, 4TO BCAKasA HENpeCKa3yemasd MOCIeIOBATENHHOCTE SABIAETCA
croxacTudeckon mo KoaMoropoBy (DpUHAMIEKUT KIaccy S) M 9TO BCAKAA
TUNXYIECKO-XAOTUIECKAA MOCIEIOBATEIBHOCTE (IOCIE[OBATEILHOCTD KIACCA
CT) menpenckasyema:

CcCTrcucs.

NsBecTHO Takke, 9T0 Kiaacc croxacruieckux mo Kommoroposy mocaemo-
BATEIBLHOCTEN CYIIECTBEHHO IMIMPE KJIACCA HEMPEICKA3YEeMbIX:

S # U.

OTKPBITHIM OCTAETCA BOIPOC O COBNAJEHUN KIACCOB XAOTUIECKUX (OH XKe
KJIACC TUMUYIECKUX) U HETPEACKA3YEMbIX TOCIEN0BATEILHOCTEN:

CT=U"?
OTa BaxHad TpoOJeMa XKIET CBOET'O PEIIeHU.

O BE30OCTAHOBOYHBLIX CTPATEIUAX. KEcim Urpa HEUKOr'Ja He OCTaHaBIN-
BaeTCA, OHA HA3BIBAETCA 6e30cmano8ounoti. CTparerns HA3BIBACTCA 6€30-
CMaH080UHOT, ecin KaKoBa Obl HU OBbLIA MOCAENOBATEILHOCTH, IPUMEHEHUE
MPOTHUB HEe 3TOU CTPATErWu MPUBOAUT K GE30CTAHOBOYHOU Urpe. B ompe-
OEJCHU NPEACKAa3yEeMOCTU MOXHO OI'DAHUYIUTHCA 6630CT&HOBO‘IHI)IMI/I CcTpa-
TeruiMU U NaTh TaKyI0 PABHOCUIBHYIO (DOPMYJIUPOBKY: HOCIESOBATEIBHOCTD
HA3LIBACTCA Npedcka3yemoti, eCIu A Hee CYyNECTBYET BBIMTPHIBAIOIIASL BhI-
qucauMas 6€30CTaHOBOYHAA CTpaTerud. IToObI yOeIUTHCI B PABHOCUILHO-
CTH, JOCTATOYHO OOBACHUTDH, KAK MOXHO aJrOpuTM A, 33JafOUUU BHIUTDHI-
BAIOIIYIO CTPATErNWIO, TEPEAETIATE B AITOPUTM B, 33 1a10IINI BLIUTDLIBAIOILY O
6€30CTAaHOBOYHYIO CTpaTermio. Takasd Iepefenka OCYIIECTBIIETCA BeChbMa
npocto. Crnepga, M0 MOCTYNUBIIEMY HA, BXOJ AJITrOPUTMa, A [BOMYIHOMY CJIOBY
BOCCTAHABAUBACTCA UCTOPUA UI'DBI, 9TO IO3BOJAECT 3HATH KaK HOMEpa BCEX
OTKPBITHIX PaHee KapT, TaK U BEIMIWHY TeKyllero kanuramna Urpoka. 3aTem
BCAKUU XO[, TPENNUCHIBAEMBIN UCXOMAHBIM AITOPUTMOM A, MPOBEPAETCA HA,
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KOPPEKTHOCTh, W €CIU OH OKA3BIBAETCA HEKOPPEKTHLIM, TO HOBBIU AJITOPUTM
B mukaxoro xoja He BHIAET, & OOBABIACTCA HE OIPEIETCHHBIM HA YKA3AHHOM
IBOUYIHOM CJIOBE.

OBOBIIEHUE HA BBLIYUCJUMBIE PACIIPEIEJEHUSA BEPOATHOCTENR

[IPEABAPUTEJBHBLIE 3AMEYAHUSA

[lo cux mop, AAA MPOCTOTHL M GOJBIIEH HAIVIAZHOCTH, Mbl OIPDAHUIMBA-
JUCH CUTYAIMER, KOTa Ha MPOCTPAHCTBE () BCEX MBOMYHBIX MOCIEIOBATENE-
HOCTeN OBLIO 33IaH0 pasHomepHoe pacnpededenue seposmmuocmet. Bce ocHOB-
HBIE Ujeu ObUIM BUIHBI HA TIPUMEDPE 3TOU MPOCTenien curyanuu. [las moaHo-
THI KAPTUHBI MBI HAMEPEHBI PACCMOTPETH TeMeph OOUIYI0 CATYAIWIO, KOTIa
HA TPOCTPAHCTBE {) 3aaHO TPOU3BOIBLHOE BbIUUCAUMOE Pacnpedesenue 8epo-
amuocmeti. ITo aTO Takoe, OyaeT pasbACHEHO MO3XKe. A cemvac MbI XOTHUM
CKa3aTh HECKOJBKO CJIOB, HalIPpaBJICHHBIX Ha TO, TITO6]:J coenaTh M3JIOXKEHUE
TOCTYIHBIM W TAKOMY UMTATEN0, KOTOPLIM HE 3HAKOM C OOIIAM MOHATHEM
pacnpedesenus 8ePoOAMHOCMEL, WIA 8EPOAMHOCHOT MEPYL.

TosopaT, aTo ®a MHOXecTBe M 3amaHa MEPG |4, KOTH CKOPO, BO-TIEPBHIX,
BBIJIEIEH HEKOTOPBIN KJIACC MOAMHOXECTB MHOXECTBAa M, Ha3BIBAEMBIX U3-
MEPUMbBLMIU, W, BO-BTOPBIX, KaXIOMY U3MEPUMOMY MOAMHOXECTBY A oTHece-
HO HEOTPHUIATETbHOE ImCaA0 [i( A), HA3BIBAEMOE MEPOU BTOTO MOJAMHOXECTBA.
[Tpu sToM TpebyeTcs, ITOOHI BLIOMHAIUCH HEKOTOPBIE AKCUOMBI, IPUBOIATH
KOTOpPBIE MBI 3/1eCh He OyaeM; OTMETUM TOJIBKO, UTO CICACTBUEM S>TUX AK-
CHOM ABIACTCA TAKOU (PAKT: OOBEIMHEHUE HEMEPECEKAIOMMXCA W3MEPUMBIX
MHOXECTB M3MEPpUMO U €r0o M€pa paBHa CyMME€ MEp 3TUX MHOXECTB. ECJ[I/I
u(M) = 1, Mepa HA3BIBAETCA 68EPOAMHOCTIHOL, WIA PACNPEICACHUEM BEPOAM-
nocmeti. B arom cayuae p1(A) comepkaTenbHO TPAKTYETCA KaK BEPOATHOCTD
TOT'0, 9TO CAYYIAUHO BHIODAHHBIN dJIeMeHT MHOXecTBa M monamaer B A.

Kaxngas mepa Ha {) XapakTepusyeTCs MepaMu MApoB. Tax, mis paBHO-
MEpPHOTO pacmpegesenna (1 ToIbKo gua Hero) Vo € 2 pu(Q,) = 2717,

PasaOoMepHOE pacnpeenerne BepOATHOCTEN HA, IPOCTPAHCTRE () OTBeYaeT
TOMY CHEHAPUIO, KOT'Ia HYJAU U €AUHUNBI BOSHUKAIOT B MOCJACIOBATEIBHOCTH C
PABHBIME BEPOATHOCTAME. BamxaummM 0600MEHneM PABHOMEPHOT'O PACIPe-
IEeJEeHUs ABIAETCA pacnpedeaenue Bepuyaiu, mim 6epuyatsuescroe pacnpede-
aenue (Ha3BIBAEMOE TAKKe OUMOMUAAbHbIM), TTPU KOTOPOM HYJIW W €JAHUIIHI
BOBHUKAIOT C BEPOATHOCTBIO P I €IWHUIILI U BEPOATHOCTHIO 1 — p 1A HyJd;
DTO YUCJIO P YCIAOBUMCA HABBIBATL NapaMempom GEPHYJIIAEBCKOTO PACIpene-
nenusA. Kcam mapameTp paBeH OLHOW BTOPOU, TMONYy9Iae€M PABHOMEPHOE pac-
npegenerme. ['oBopsa ¢popmanbHO, pacnpeneneane BepHymm ¢ mapameTpoM p
sagaerca gopmymon 4(Q,) = pF(1 — p)l¥l=*, rae k — xommuecTno equmum B
CIIOBE .
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Cremyomum 0600MIEHAEM CIYyXRUT KIACC PACIPENETeHUH, KOTOPHIE MBI
OyeM Ha3bIBATH K6a3UOEPHYAAUECECKUMY. 1yCTh maHA MOCIENOBATEIHLHOCTD
neucrBarenbabix wucer p = (p(1),p(2),...,p(k),...), 0 < p(k) < 1. Tpo
pacupenenenue ( 6yaeM TOBOPUTH, 9TO OHO K8a3UOEPHYAAUECECKOE C NAPaAME-
mpom P, KOIb CKOPO A BCAKOTO ABOWIHOTO CIOBA & = (I1,...,T,) AMEET
MecTo paseHCTBO [1(Qy) = [[i=) ri, rae r; = p(i) mpm ; = L mr; = 1 — p(4)
npu x; = 0. Ha comepxaTerbHOM ypOBHE 3TO 03HAYAET, UTO eIUHUIIBI U HYJIN
HNOABIAIOTCA C TIEPEMEHHON BEPOATHOCTHIO, 3ABUCAIIEN TOJBKO OT HOMEPA, “LIe-
Ha. [Ina acrHOCTH: GEPHYIINEBCKOE PACTIPENENEHNE C TTAPAMETPOM ) ABIACTCA
KBa3MOEPHY/LIMEBCKAM C TAPAMETPOM (P, P, ..., P, .. .).

B 5TOM riaBke MBI yKakeM Kak ONpPeIeTeHnA CTOXACTUIHOCTH, XA0TUTHO-
CTH, TUOAIHOCTY U HEIPENCKA3yEeMOCTH MOJKHBI OBITH PACIIAPEHBI a1 06~
WEN CATYAUN BbIYUCAUMO0 PACTPEJeseHUs 8EPOAMHOcMeTl (TTO DTO Takoe,
GyneT pasbacHeno Hwke). OObABMM HANEPEN, ITO MPU DTUX PACIIUPEHHBIX
ONIpENEeNIeHUAX IJIA MPOU3BOJLHOIO BBIYACIUMOrO PACIPEIETCHUS [ COXPAHA-
IOTCA T€ Xe COOTHOUIEHUA, KOTOPBIE ObLIM BLIMUCAHLI BBIIIE A CIydIad PaB-
HOMEDHOT'O PACIIPENETCHA:

C(n) = T(p) C U(p) C S(p);
S(u) # U(u) (mpm ycroBum, 910 Mepa I060r0 mapa MOI0KATETHHA).

3necy 1gepes C(u), T(n), U(n), S(u) coorBeTcTBeHHO 0GO3HAYMEHBI Te
KJIACCHI TOCAEI0OBATEILHOCTEN, XAOTUICCKUX, TUINUICCKUX, HEMPEICKa3ye-
MBIX, CTOXaCTUIeCKUX M0 KOIMOropoBy OTHOCUTENHHO PACIIPENeNeHU (i, KOX
GynyT omnpenenenbl Huxke. (B mammx npexmux o6osmadenuax C = C(n),
T = T(n), U = U(n) u S = S(n), rae 1 ecTb paBHOMEPHOE pacIpese-
JeHue. )

ITa TIABKA — JJIA Jo0uTesen 0600MEHNN, U MBI TIPU3BIBAEM YBaKAEMOT'O
YuraTeas mogyMaTh, CTOUT JU €€ YUTATH. BO-EPBBIX, OHA HECKOIHLKO TPY/I-
Hee MPeIbIIYIUX MMAaBOK. Bo-BTOPHIX, cama 3a1ada 0 GOpMyIupOBKe CTPOrO-
IO OIpeNeTeHnA CIYIANHON HOCAeNOBATEILHOCTH JeIaeTCI TeM MeHee ACHOMU,
geM Gosee OOIIUPHBIM CTAHOBUTCA KIACC PACCMATPUBAEMBIX PACIIPEIeTCHUMN.
Benb camo mpexpcTaBieHue O CIyYaMHOCTY WHIUBUAYAILHOU TOCIEIOBATENb-
HOCTH WMEET CKOJLKO-HUOYAb ACHBIM WHTYUTUBHBIM CMBICA JUIIL A TIPO-
CTEUIINX PACIpPeNeJeHN BEPOATHOCTEM — TAaKNX, KAK PABHOMEDPHOE M ero
6auxanimme 06001IIeHnA.

BBIUNCIIUMBIE MEPHI U BEIUUCJIUMBIE PACIIPEIEJIEHUS

XoTemock ObI HA3LIBATH MEPY [t HA MPOCTPAHCTBE () BBIYUCIUMOU, €C-
JU CYyWECTBYET TAKOU AJCOPUTM, KOTOPHIU MO KaXIOMY NBOUYHOMY CJIOBY
x maer mepy p(€Q;) mapa Q,. OgHAKO AITOPUTMBI HE MOTYT UMETDH AEI0 C
rZI;eI‘/)IC'I‘BI/I"I"eJII)HI:»IMI/I qucCjiaaMu, a TOJBKO C IUCIaMU OEJABIMU, DaOIVOHAJIBHBIMA
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U T.II. — CTPOrO T'OBOPA, Aaxe He ¢ IUCIAME, & C UX UMEHAMHI B BUE CJIOB
B KakOM-1u60 (pukcupoBanHOM KoHETIHOM andasute. (Cro80m 6 TAHHOM aj-
daBuTe HazbBaeTCA AI00Ad KOHEYHAA IEMOYKA, COCTABICHHAA u3 OYKB DTOrO
andasura.) [JaTh Xe UMEHA BCEM TEUCTBUTEILHBIM UUCIAM HEBO3MOXHO, II0-
CKOJBKY IJIA KaXJO0T'0 KOHETHOTO aadaBuTa, BCE CIOBA, B HEM 00Pa3yIOT JIWIIH
CIETHOE MHOXECTBO. 1105TOMYy MOXHO TpPeGOBATH JWIIL HAMUYTUE ANITOPUT-
Ma, JAlouero He CaMOEé Mepy Wapa, a CKOIb YTOLHO TOYHOE PAIMOHAILHOE
OpuOIMXEHNe K Hel.

OxoHvaTenpHOE OmpeaeJeHre TakoBO. Mepy i HA3BIBAIOT 6bluUCAUMOY,
KOJIb CKOPO CYIIECTBYET AJITOPUTM, KOTOPBIN A KAXJOT0 ABOUTHOTO CJIOBA
T ¥ KaXJ0T0 MOJOXUTEILHOTO PAIMOHATHHOTO YUCIA € BBITAET TAKOE PAIMO-
HAJIBHOE 9YUCJIO, KOTOPOE OTIMIAeTCA OT Mephl (€2,) mapa 2, He Gonee, deM
Ha €.

WNuorga B ompefeleHAe BBIMUCAMMOCTH BKIIOYAIOT eme W TpeGoBaHHe O
CYIIECTBOBAHUU TAKOT'O AITOPUTMa, KOTOPHIN A KX AOTO JBOMTHOTO CJIOBA,
2 ompegeaseT, uMeeT Jau MeCTO paBeHCTBO [4((;) = 0. Beraucammbie meper,
YIOBIETBOPAIONIME HTOMY AOMOJHATEILHOMY TPeGOBAHUIO (KOTOPOE MBI HE
BKIIOYAEM B ONpEIEIeHNe BBIYUCIUMOCTH), OyJeM HA3BIBATH CUAbHO BbLUl-
CAUMBLMY. 3AMETHUM. 9TO U3 BEIMUCIMMOCTU Mephl He BLITEKAeT, KaK MOLJIO
OBl MOKA3ATHCA, €€ CUIbHAA BEITUCIIMOCTD.

BaXHBIM DOJKIACCOM KIACCA CAILHO BHEIYUCIMMBIX MEP ABIACTCA KJIACC
BEIMACIAMO-PAIMOHAIBHEIX MEp. Y CIOBUMCA HA3ZBIBATH MEDPY 6bIUlUCAUMO-Da-
YUOHAALHOT, €CTU MePa, KaX AOTO Iapa, €CTh PAIMOHAILHOE TMCI0 W CyIIeCT-
ByeT aArOPUTM, BEIMUC/IAIONIAN 3Ty Mepy TI0 3aJaHHOMY HIapy, T.e., Ha 6omree
TOYHOM A3BIKE, AITOPUTM, KOTOPBIU A4 KX JOTO JBOMIHOIO CIOBA, T BBEIJAET
apo0b, Bepaxaromyto mepy (€2, ) mapa Q. 3amMeTum 1A ACHOCTH, ITO €CAH
Mepa BEIUCIWMA, 4 €€ 3HAYCHUA Ha, MAaPaxX PaIMOHATLHBI, TO OTCIOA, CIIe He
CIefyeT, YTO OHA BBEMMUCINMO-PAINMOHAIBHA: YMEHHE HAXOAUTH IJIA NAHHOTO
PAIIMOHAJILHOIO 9HCIA CKOMb YTOSHO TOYHBLIE PATMOHAMLHBIC IPUOIMKEHAA K
HEMY €Ile He 03HAYAeT yMEHWUA BBIMUCATH CAMO DTO UUCJIO B BU/E OTHOIICHUA
OBYX IEJILIX “mcen!

Teneps HET HYXALI OTAETHLHO ONPENENATh, ITO TAKOE BBITUCIMMOE Pac-
TpeleJeHne BEPpOATHOCTEN, — DTO TPOCTO-HAIIPOCTO BLIYUCIAMAA BEPOAT-
HOCTHASA Mepa. IMEeHHO Ha BHIYUCINMBIE PACITIPEIEIeHUs eCTECTBEHHO 06001a-
IOTCSI MHOTTE KOHCTPYKIWM U (PAKTHI, M3MOKEHHBIE HAMU AJI1 PABHOMEDPHOT'O
pacupenenerusa. B 4acTHOCTH, A TPOU3BOJBLHOTO BEIYUCAUMOTO pacIpeaee-
HUA BepHBI Kak meopema Mapmun-Jéfa, yTBEepXK [aromas, 9TO mMepecevueHne
Bcex >(PpPeKTUBHO OOTBIINX MHOXKECTB CAMO ABIAETCA d(PPEKTUBHO OOMBIITNM,
TakK U meopema Jlesura, yTBepXK JAIOMAA, ITO TUINIHOCTL PABHOCHIBLHA Xa-
OTHUYHOCTH, ONPENEICHHON HA OCHOBE MOHOTOHHOU 3HTPOINM.
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CTOXACTUYHOCTD

[lna kakou-1ubo MOCIeJOBATEILHOCTA € ee k- wieH o003HadaeM e
i, nabel m36eXaTh MHOTODTAXKHBIX WHIEKCOB, €(N).

B ciygae paBHOMEPHOrO pacIpeesenus CTOXaCTUIHOCTE MOCIEI0BATENb-
HOCTHY MOHUMAJIACH KAK 240004bHaAA4 YCMOUUUBOCMb 4acmom, T.e. KaK YCTOU-
YUBOCTH FACTOT B Kaddoti W3 MOMYCTUMBIX MOAIOCIEIOBATEILHOCTEH.
r[[OHyCTHMbIe XK€ IIoAIoCaeJOBATECIBbHOCTN BO3HUKAJIN IIYyTEM IIPDUMEHCHUA MO-
nyctuMbix 10 Koamoroposy mpasmi oT60pa. B cuTyamnuu mpousBOJILHOU Be-
POATHOCTHOU MePHI 00IIaA CXeMa, COXPAHAETCA, TOILKO YCTOMIUBOCTE IACTOT
3aMEHAETCA Ha HEKOTOpoe 6osee o0lIee CBOUCTBO, 8 UMEHHO — Ha, TaK Ha3bl-
BAEMBIU 30KOH O0ALUUL UUCEL.

Omnpenenenne CTOXaCTUIHOCTH IA GEPHYLITEBCKOTO PACTPEIENeHA C Ta-
paMeTpOM p OYEBHIHO: HAMO MOTPEGOBATH, ITOOBI B KAXAOU TOMYCTUMOU
MO ATIOCAE IOBATEMBEHOCTH COOIIO [ATACH YCTOUYIMBOCTE YACTOT C OJHOU U TOU
®Ke MPeNeTbHOU YacTOTON p. VHBIMEM CIOBAMM, NOJA EIUHUI] B HAYAILHOM
OTpEe3Ke BCAKOU MOIMYCTUMOU MOATOCAENOBATEALHOCTH MOJXKHA, TP HEOTPa-
HUYEHHOM YIJUHEHUU OTpe3Ka, crpemutca K p. Caydaum, korga p = 0 wim
p = 1 ABAAIOTCA BBLIPOXEHHBIMU; JJIA MEPBOT'O W3 HUX HE CIUUTAETCA CTOXA-
CTUIECKOU TIOCTIEIOBATEIHLHOCTD, B KOTOPOU BCTPEUACTCA XOTA ObI OTHA €U-
HUIIA, IS BTOPOrO — MOCIEA0BATENLHOCTE, B KOTOPOU BCTPEIALTCA XOTA OBl
OIVH HOJb.

Do Musec moHUMAJI BEPOATHOCTH KaK MpeaeTbHyo dacToTy. IlosTomy
€ro MAEOJOTWd He TMPOCTUPACTCA 33 MPEeAeibl OEPHYLINEBCKUX PACIpeese-
aun. MocToM K O6IIeMy CIy<aio MPOU3BOJBHOTO PACIPEIENEHU CIYyXaT Pac-
TpefeaeHnsa KBa3ubepHymesckue. vu u 3aumMemcs.

AcHo, 9T0 Mg KBa3UGEPHYIINEBCKOTO PACIIPEAETICHUA TPEASTLHON IaCTO-
ThI B IIOAIIOCICAOBATEIBHOCTN MOXET W HE 6I)ITI), a ecanm OHa W eCThb, TO,
BOOOIIE FOBOPA, B KaX A0U MOAIOCIEAOBATEILHOCTI — CBOA. IIpuxoaurcs mo-
5TOMY F'OBOPHUTH O CTOXACTUIHOCTH OTHOCATEILHO JAHHOTO TPABUIA 0TGOPA.
[MycTts p — mapameTp KBa3uOEpHYJIMEBCKOTO pacnpeneneHus. [Ipexme Bce-
T'0 3adBUM, ITO HE CINTACTCA CTOXaCTH‘IeCKOﬁ IocCae10BaTECIbHOCTH, B KOTO-
pOu 3HadUeHUe XOTA ObI OMHOTO €€ IEHA MMEET HYJIEeBYIO BEpOATHOCTDL. Vim,
TOBOPA HA (POPMATLHOM A3BIKE: MOCIEAOBATEILHOCTE & HE CIATACTCA CTOXA-
CTUYIECKOU, ecau cymecTByeT Takoe k, aro au6o a(k) = 0 u p(k) = 1, mmbo
a(k) = 1 u p(k) = 0. [na ocTAIBHBIX NOCIELOBATEILHOCTEN OIpeeTeHune
TakoBo. [loCIem0BATEILHOCTD & GyIeM HA3BIBATL CMOTGCMUYECKOT 0OMHOCU-
meabHo NPasuas ombopa @, KOs CKOPO ee 0O0OIIEHHAS MOATIOCIE[0BATE b
HOCTbD

b = (a(m1),a(ms),...,a(mg),...),

IOy YeHHAA 110 DTOMY IIPABUILY, VIOBIETBOPAET TPEOOBAHUIO 3aKOHA, OOJBIITNX
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qHCe:
almy) + -+ a(my) _ plm) +-+pimy)
k k

npu k — o0o. [lanee, mOCIe[0BATEILHOCTD & HABBIBACTCA cmozacmuueckot (no
Koamozoposy), ecaiu 1ist 106010 KOIMOTOPOBCKOTO MPABUIA, IIPUBOIAIIETO K
6eCKOHEeIHOU 000O0IIEHHON MOANOCAEI0BATEILHOCTH, OHA, ABIAETCA CTOXACTH-
JeCKOU OTHOCHATEIBLHO BTOro mpasumia. (BAMEYAHUE. C1oBO «6eCKOHETHOM»
B IOpeabIAyInen (ppase n30BITOUHO, TAK KAK BCAKAA 0O0OIIEHHAA IIOAIOCIE0-
BaTEIBHOCTH ABIAETCA MOCAENOBATEILHOCTHIO, & ClIeI0BATENbHO, 6ECKOHEYHA
o ompejaenreHUI0. TeM He MeHee MBI OyleM WHOTA UCIOIB30BATH 3TO (Pop-
MaJBbHO M30BITOYHOE YIOMUHAHUE O OECKOHETHOCTH, a0l MOMIEPKHYTh, ITO
UMEeTCA B BUYy UMEHHO MOCIENOBATEIBHOCTD, 4 HE KOPTEX.)

Yr106bI 06BACHUTD, KAK HOHATHE CTOXACTUIHOCTH 10 Koamoroposy 0606-
maeTca Ha 6ojee MIPOKUN KIACC BEPOATHOCTHBIX PACIPENETCHUN, BBEIEM He-
CKOJBKO 00O3HATCHUN.

Iycrs n(l1),n(2),...,n(k) cyrs HATYpaTbHBIE YncHa 1 mycThb 4(1),1(2),. . .,
i(k) € {0,1}. Tepes A7L)nk)

i(1),...,i(k) 00603HAYIM MHOXECTBO BCEX TaKMX IIoCaemo-
ey

BaTenbHOCTEN & € (), y KOTOPBIX

an(ty = 4(1), ap@) =1(2), ...\ apry = i(k). (*)

pobn
BT i, DAY )

m | n(l), ..., n(k)
1 i(1), ..., (k)
POATHOCTHL TOCO, YTO M-I WIEH MOCIeJOBATEILHOCTH a OygeT paBeH 1 mpu
ycaoBum (*); 5Ta BEIMYWHA HE ONPENEJIEHA, KOIb CKOPO 3HAMEHATENb APOo0m
o0OpamaeTca B Hyb.

PaccmoTpuM aBa mpOM3BOABLHBIX, HO (DUKCUPOBAHHBIX OOBEKTA: IOCIET0-
BaTEIBLHOCTE a € ) u qomycTuMmoe o Koamoroposy mpasmio or6opa ©. Harma,
OeJb — OPUAATHh CMBICA BBICKA3BIBAHUIO «IIOCJACAOBATECABHOCTHh & CTOXACTUYI-
Ha OTHOCHUTEJILHO mpasmia O». [Ipomecc, mocpeacTBoM KOTOPOro mpaBmwio ©
0TOMpAaEeT U3 MOCIeHOBATEILHOCTH a WIEHLI 0600IIEHHON IOAIOCIEA0BATENb
woctu b, cocTouT n3 gByx sTamos. Ha mepBoM sTame CTPOUTCS BCIIOMOTaTeThb-
Hasg 0600IIEHHAS MOATIOCAEIOBATEIHFHOCTE C, U3 HEKOTOPBIX WIEHOB KOTOPOU
Ha BTOpOM dTare u crpourcsa b. Boree mogpobuo,

00603HAYNM CHIMBOJOM 1% ( > , 9TO €CThb yCJIOBHasA Be-

c= (an(l)aan@)a <oy An(k)s - - '>a

rae Homep n (k) BEITUCIAETCA aIrOPUTMUIECKH TIO0 KOPTEXY (Gp (1), An(2): - - - 5
an(k,l)). Nwmes ua BxOMIE 5TOT Xe KOPTEX, Tpasmio @ pemaeT, BKII0YATH WX
HET WIeH Gy ()) B OKOHYATENbHYIO MOCTeoBaTeIbHOCTH b. Taxum o6pazom,

b = (a(n(k1)),a(n(k2)),...,a(n(k;)),...).
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Ha xax oM m3 o60uxX DTAMOB MOXET HACTYIUTH MOMEHT, KOU[a MpaBmio ©
He TacT HUKAKOT'O Pe3yJIbTAaTa, T.€. HE BBIIACT HOMEPA HA MEPBOM DTAalle UIn
HE IPUMET PEeIeHus Ha BTOPOM dTale. Kcau Takoe mpou3ouaeT, mocieaoBar-
TEILHOCTH b 0KaXeTCa KOHETHOU — T. €., TOBOPA G0Jee CTPOro, OKAXKETCA He
MIOCIeJOBATEIHLHOCTHIO, & KOPTeXeM. B 5ToM ciyiae HUKAKOTO TpeGOBaHUS K
b He BHIABUTAETCA U, TOBOPA (POPMATHLHO, & MPU3HAETCA CTOXACTUIECKOU OT-
mocuTenasuo @. Ecnm ke b okazanock 66CKOHEYIHOU, TO IS TPU3HAHUA MTOCIE-
IOBATEIBHOCTH A CTOXACTUIECKOW OTHOCUTEILHO @ TpebGyeTcs BBIMOMHEHUE
HUXECTEAYIONEr0 CBOUCTBRA, MOCAEJOBATEILHOCTH a.
O6o3raMuM Uepes r; BeIXIUHY

M ( n(k;) n(1), n(2)..., n(k; —1) > .
1 a(n(1)), a(n(2))..., a(n(k; —1))
PaccmoTpum pasHoOCTb
rtretoo4r a(n(ki)) +a(n(k2)) +--- + a(n(k;)) .

5. =
j - -
J J
Bernuuna 0; He ompegereHa, ecIu He oIpejeneHa XOTdA Obl OJHA U3 BEIUIHH
T1,...,7j. CkaxeM, 9T0 b noduunsemca 3axony 60abuwius wucea, €Clim Bce Be-

NMUYIUHEL §; onpefeneHbl u §; — 0 mpm j — 0o. IlocregoBaTerbEOCTE & Ha30BeM
CMOZACTNUYECKOT 0MHOCUMEAbHO NPasuse O, ecau 060OIIEHHAS TOIOCIET0-
BATEIBHOCTH b, MONy4YeHHAS W3 a COMVIACHO MPaBUIy O, MOAIAHAETCI 3aKOHY
OOMBITUX IUCET.

Haxkomer, mocieqoBaTeasHOCTD a HA3BIBAETCA cmozacmuueckot, (no Koa-
M020p086Y), eciu M Mo60ro gomycTuMoro no Koamoroposy npasuna oT6opa
OHA, ABIAETCA CTOXACTUIECKON OTHOCUTEIBLHO 3TOrO MPABUIA, — MPU YCJIOBUM,
9TO 5TO IIPABUIO CTPOUT OECKOHEYHYIO 0O0OIIEHHY IO TOATOCIE0BATENFHOCTD
(a HE KOHEYHBIN KOPTEX).

BaMeTI/IM, 9TO B CaMOM OIIDpEACJCHUN BBITUCAUMOCTH MEPBI HE UCIIOAB3Y-
ercsa. OgHako 6€3 TPEeAIONOKEHUA O BEIMACIUMOCTH €IBA, JU BO3MOXHO CPaB-
HUBATH YACTOTOYCTOMYUBOCTEL (OHA K€ CTOXACTUIHOCTH) C NPYTUME aIro-
PUTMUYICCKUMU JUALTAMU CJIy‘Ia,fIHOCTH.

XAOTUYHOCTD

Omnpenenenre MOCIEIOBATEILHOCTH, XA0TUIECKON OTHOCUTEIHLHO MEPHI [,
takoBo. llocregoBaTensHocTh @ = (a1, a2, as, . ..) HABBIBACTCI La0MUUECKOT
OMHOCUMEALHO |1, ECTH CYMIECTBYET TaKad (3aBUCAMAA OT MEPHI /1) KOHCTAHTA,
¢, 9TO I BCEX 7 BHIIOJHAETCA HEPABEHCTBO

KM(ai,az,...,an) > —log 1t(Qa; as,....an) — G

e, KaK Bcerza, 3HaK jJorapudma 6e3 HIXHero WHIeKCa 03HavYaeT Jorapudm
110 OCHOBAHUIO NBA.
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MoOTHUBIDPOBKA 3TOr0 OIpEeNeleHusA, MMEIOIIEr0 COAEPKATEILHLIA CMBICI
A BEITUCINMBIX BEDOATHOCTHBIX MEP, TaKad XK€, KaK U B CJIy‘Ia,e pPaBHOMED-
HOI'O PaCIpefeIeHnsa BEpOATHOCTEN. [e0 B TOM, 9TO [JIA BCAKOU BHIIUCIAMON
BEPOATHOCTHON MEPHI BLIIOJIHACTCA COOTHOIICHUE:

deVx € 2 KM(z) < —logu(Qy) + c.

TUIINYHOCTD

[MouATHE TUNUIHOCTU 00OOIAETCA HA HPOU3BOILHYIO MeDPY AOCTATOTHO
04YeBUIHBIM 06pa30M — HAJ0 NPOCTO B TOM ONPEIENeHUM TUIMIECKOU II0-
CIe0BATEILHOCTH, KOTOPOE AaBAIOCH A CIydas PABHOMEDHOTO DACIpee-
JeHVA, 3AMEHATH 00BEM Iapa Ha ero Mepy.

Cuepsa onpegenaerca moHaTre >3POEKTUBHO MAIOr0 MHOXECTBa. Muoxe-
cTBO ) C () Ha3BIBACTCA IPPHERMUBHO MAABLM OTNHOCUMEALHO MEPDL [, KOIb
CKOPO CYWIECTBYET aarOpuTM A, yIOBIETBOPAIOIIAN HUXKECICAYIOMEMY TPe-
6osanuio. [Ipu mocrymiennn Ha BXO4 aaropurMma A HATYPATLHOIO HYUCIA 1M
HA €0 BBIXOJE BO3HUKAET AITOPUATM IOCTPOEHUA TAKOU IOCAEA0BATEILHOCTH
pBonaHbIX 0B (x(1),2(2),...,2(n),...) (T.e. AIrOPUTM BBLIYUCICHUSI TAKOU
dyuxuum n — x(n)), 9T

QC UQm(n)a

Hanee, sPexmusno 6oavuioe omuocumenbro Mepbl (4 MHOXECTBO OIpe-
menserca Kak nonoaHenue (10 ) k 5dHEKTUBHO MATIOMY.

[lnsa BeIMUCAUMBIX Mep uMeeT MecTo meopema Mapmun-JIéda: obbenu-
HeHue BcexX dP(PEKTUBHO MAJIBIX MHOXECTB ABAACTCA 3PPEKTUBHO MAIBIM, &
nepecedenue Bcex 3ddeKTuBHO Gombumx — 3dpdekTuBHO Goabmum. Cyire-
CTBYIOIIEE COMMIACHO DTOU Teopeme HauMmeHbIinee 3PGHEKTUBHO OGOMBII0E MHO-
XKECTBO HA3BIBAIOT KOHCMPYKMUBHbIM HOCUMeLeM Mepbt (1. B caydae, eciam
Jt — BBIYHUCINMOE PACIPEAETeHUe BEPOATHOCTEN, MOCISAOBATEILHOCTH, TTPU-
HaJIeXalue KOHCTPYKTUBHOMY HOCHUTENIIO PaCIpPeNeNeHusa [, ¥ Ha3bIBAIOT
MUNUYECKUMY OTHOCUTENHHO >TOr0 pacupenererus. Taxum obpasom, T(u)
€CThb He UTO MHOE KAK KOHCTPYKTUBHBIA HOCUTEIb PACIPEICTCHU L.

HENPEACKA3YEMOCTD

3/1eCh MBI yKaXeM, 9TO, IIPU MEPEXoie K MPOU3BOILHBIM PACITPEIEISHUAM,
HYXHO TOOABUTH K OIpPENeJeHUAM, C(POPMYIUPOBAHHBIM /IS PABHOMEPHOTO
caydas. Takux gobapirenuu OyaeT nBa: HEKUU MYJbTUILTUKATABHBIN KOd(pHU-
OUeHT (AIA PABHOMEPHOTO PACHPENEJeHWA OH PABEH EIWHUIE W TIOTOMY HE
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HYXEH) U JOMOIHUTEILHOE IIPABIIO OCTAHOBKY (B CIydUae PABHOMEPHOT'O Pac-
TpenereHus OHO MOTOMY HE HYXHO, 9YTO HE BO3HUKAET TAKOU CATYAIWU, IIPU
KOTOPOU OHO MOIVIO GbI OBITH IPUMEHEHO).

Pacnpenenenne BepoOATHOCTEN BIMAET HA MPABWIO W3MEHEHUA KATUTAIA,
Nrpoxka mocre ouepenuoro xona. Ecau UTpok He yramaj, ero KanuTaal YMeHb-
IAETCA HA CYMMY CAETAHHOU UM CTABKM — TaK Xe, KAaK U B CJIydYae PaBHO-
MepHOro pacupegenerus. Ho eciu Urpok yraman, TO mpupoCT €ro KamnuTaaa,
PABHAETCA CTABKE, YMHOXEHHON HA HEKOTOPBIN KOXDPUIUEHT . ITOT KO3 Hu-
OUEHT CPABHUTEIBHO BEIUK, €CJIU BEPOATHOCTH yraagaThb 6I)IJI3, HU3Ka, 1 CpaB-
HUTEJABHO MaJ, €CJIU BEPOATHOCTH yragaThb 6])1.713, BBICOKA. ,D;JI}I PaBHOMEPHOT'O
pacmpeieJeHnsa BePOATHOCTEL YradaTh BCETIa PABHA OMHOU BTOPOU, a KOI(D-
dunmenT Bcerga paBeH eguuwuie. TouHas (HOPMYIXPOBKA MPABWIA MIPUPOCTA
kanuTaaa OyIeT cerndac M3A0XKeHa.

[lna mocaemoBaTeIbHOCTH A ee k-U <iIeH 0003HAYaeM Gk, NIA MOCIeOBa-
TeIbHOCTH @’ ee k-1 wIeH 00603HAYaeM aj, I T. J.

Xop, meraeMbl HA j-M XO#y, ecTb Tpouka (n(j),i(j),v(7)).

[IycTs mocaegoBaTelbHOCTH, KOTOPOU pacmoaaraeT Kasuno, ecTs a. Ilo-
JIOXKUM

Alk—1)={a' € Q:ay =apgmpuj=1,2... .k —1}
(tak aTo A(0) = Q),
Aj(k)={a' € A(k—1): a;%(k) =i} qma i =0,1.
Pasymeercs, 5T 0603HAYEHMA MMEIOT CMBICI B IIPEAIONOXKEHUM, UTO BCE

y9acTByIOIME B ux onpeaenenusx Homepa n(l) ompegenensr. [Tomesno 3ame-
THTb, 9TO

Q=A(0)>A(1) D A(2) 5 (1)

1= p(A(0)) > pn(A(1)) > (A2 )) (2)

ecmm Urpok ma k-M xoxy yragat, To i(k) = an) A ik )(k) = A(k); (3)
ecrn Urpok wa k-m xoxy me yragam, 1o i(k) # any, A1) (k) = A(k);

Ak —1) = Ag(k) U Ay (k). (5)

B cayuae, ecmn i(k) = a1, (mporuos Urpoka ma ero k-m xoje onpas gai-
cA — OH yrajan), KanmuTal VrpoKa yBeImduBaeTCa M0 ¢hopMyJIe

V(E) =V (k=1) +o(k)p(Ar i) (k) 1(Aigr) (F))- (6)

Hama ¢opmyna (6) rapaHTEpyeT «9€CTHOCTB) UTPBL MATEMATHIECKOE
0XWJaHUE BBIUTDHIIIA, TO €CTh IIPUPOCTA KATTUTAIA, 38 OJUH X0 PABHO HYJIIO.
OnHAKO Ha MyTH MPUMEHEHUA dTOU (HPOPMYJIbI HAC IMOJCTEPEraeT HEMpUAT-
HOCTH, HEBO3MOXHAA I PABHOMEDHOT'O PACIPENENCHIA — KAK W A 000N
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NO3UTUBHOM MepHI (Mepa HA3BIBAETCA N03umueHot, eClu Mepa Jo6oro mapa
HNOMOXUTENBHA ). HEMPUATHOCTD 3aKTI0MAETCA B TOM, ITO CTOANIAA B 3HAMEHA-
Tene BepoATHOCTD (i1 Aj(k)(K)) MOXeT OKa3aThCa PABHOW HyIO. JTa HEPUAT-
HOCTBb yCTPAHAECTCA IIyTEM BBeAeHUA [[OMOTHATEILHOTO MPABMIA OCTAHOBKH,
KOTOPOE MBI CEN9aC MpUBeAeM. B caydae PaBHOMEPHOTO PACHPENETCHUA DTO
NPaBmIO OBLIO M3JUITHUM, TIOCKOABKY MPEAYCMOTPEHHAA B HEM CATYALUA HE
MOTJIa, BCTPETUTHCA.

JTOMOJMHATENLHOE IIPABIIO OCTAHOBKY. OHO IPEMEHAETCA TOMA, KO-
rJa B XOJe WIPHI 6nepebie HAacTymaeT Takaa curyaums, 1o pu(A(k)) = 0
(mpocum Yurarens B3rusayTb Ha dopmyry (2)). Hycrs u(A(k — 1)) # 0,
u(A(k)) = 0. Tlocaegauu xox, KOTOPBIA ObLT caexan, wven HOMeED k. [lemas
sToT X014, Urpok o6baBua csou nporuos i(k). Ecau mporuos okasanca sep-
HEIM, TO €CTh OKA3al0Ch, ITO i(k) = Gy k), UTPA OCTAHABIMBACTCA, & KaIld-
tan Urpoka cauraerca Bozpocmum 10 6eckoneanoctu: V (k) = +oo. Taxum
06pa3oM, B 5TOM Caydae VIrpok 00BABIACTCA BHIUTPABIIAM. Ecam Xe mporaos
OKa3alCA HEBEPHBIM, T. €. OKa3aloCh, ITO (k) # Gy, () (mmm, IT0 TO XKe camoe,
1 —i(k) = ay()), Urpa ONATH-TAKM OCTAHABIMBACTCA, HO C TEM KAIUTAIOM
Urpoka V (k), koTopeir y HEro ObLT K 5TOMY MOMeHTy. Takum o6pa3oM, B
»ToM caydae ITpoK He BLIMTDLIBAET.

flcro, uTo Mpob6IEeMa ¢ HyJeBBIM 3HaMeHaTeneM B dopmyae (6) ycTpams-
erca >tuMm mpasuiaom. [lencTBurensHo, dpopmyna (6) mpuMeHseTca aumb B
crydae, korgaa i(k) = any). B aTom cryuae, cormacuo (3), Ay (k) = A(k).
[To>TOMY MHTEpECYIOIUI HAC 3HAMEHATEIb MOXET OKA3aThCA HYJEBbIM JUIIh
B curyanun, korga p(A(k)) = 0. Ho umenno sTa curyanus kak pa3 u pery-
aupyerca He ¢popmyaon (6), a mammm /Tonomanrensabiv npasmiom. (MoxHo,
BIIPOUEM, CUATATH, ITO U HOpMyIon (6), — eciu pa3pemnTs JeJeHne Ha, HyIb
noN0KUTerbHOTO “ucra, (1(Aj_jy)(k)) W IPUHATE GECKOHETHOCTD B KATECTBE
pe3yabTaTa TAKOTO JENEHU.)

Onpegenenusa cTpaTerun, BHIYUCANMON CTPaTErnu, 6€30CTAHOBOIHOU
CTPATErnd, BLIMTPHIBAIOIIEN CTPATErUU OCTAIOTCA, C YIETOM CAEIAHHBIX [0~
GaBIeHUN, NI OOWEro CIydad TEeMU Xe, KaK W i1 9aCTHOT'O CIydas PaBHO-
MEPHOT'O PACIIPEIENeHU.

O BE3OCTAHOBOYHBIX CTPATEIUAX. B 3akmovYeHne mpOKOMMEHTHPYEM Te
MpeIyCMOTPEHHBIE TTPABUIAMEI CATYAINN, KOT I3 UTPA OCTAHABINBAETCA. 3a-
METUM, ITO OCTAHOBKY HE BKJIIOUEHBI B MOHATHE cTpaTeruu. CTpaTerns JuIlib
YKA3BbIBAET OYEPENHON X0 WM HE YKA3BIBAET HUYETO, €CJIU TAKOBOU HE OMpe-
[IEJEeH; HO B MOCTIEIHEM CIydae Wrpa HE OCTAHABIWBACTCA, a mpocTo WUrpok
3aIyMBIBAETCA HABEYHO — [JIA BBIYUCIUMOU CTPATECUU DTO O3HAYMAET, B Ma-
TeMaTUIECKNX TepMUHAX, ITO aJIl'OPUTM yKa3zaHUA Xoxa paboTaeT 6e3ocTa-
HOBOYHO, He TPUXOIS HUA K KAKOMY pe3yabTary. OCTaHOBKU XKe PEryIupyITCs
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CBOMMY COOCTBEHHBLIMY IPABUIAMMY, «(BHEIIHEMI» 110 OTHOUICHUIO K CTPATET M.
K coxanenuto, B obmem ciay<dae BEIMUCAAMOTO PACIPENEICHUS HAINNA TPABUIA,
OCTAHOBKHW HE CONEPKAT AJTOPUTMA, UX MPUMEHEHUA. Bojee Toro, aaropur,
MO3BOJIAIOMMNA B JIOOOM MOMEHT ONpPEeAeIAThb, CIeAyeT WIA He CIefyeT OCTa-
HABIWBATHL UTPY, B 00meEM caydae HeBO3MOxeH. KorkpeTHo, mia OCHOBHOTO
MpaBUIa PEIb UAET O MPOBEPKE HEPABEHCTBA, CBA3LIBAIONICTO CTABKY W Ka-
nuTan, a ;id [JONOTHATEILHOrO MPAaBWIa — O MPOBEPKE MOJOXUTEILHOCTH
MepBI HEKOTOPOTO MHOXECTBA. Pa3dyMeercs, eciu Mepa CUILHO BBEIYUCIMMA,
CIOXHOCTB CO BTOPOUW W3 YKA3aHHBIX MPOBEPOK OTCYTCTBYeT. Boidee TOro,
UL BCSAKOU BBIYACAMMO-PAIMOHAILHON (B YACTHOCTHU, PABHOMEDHOU) MeEphI
OYEBUIHBI AMTOPUTMEI 06EUX MPOBEPOK, HO, MOBTOPAEM, TOAOOHBIE AJTOPUT-
MBI MOT'YT ¥ OTCYTCTBOBATE B CIy4dae 6OIee CIOKHO YCTPOSHHON BEIMUACIAMON
MepBHI.

BBuay ckaszaHHOrO MPEACTABIAET UHTEPEC YTBEPXKACHUE O TOM, UTO IPU
onpeneJacHu’ IMMOHATUA IIPEACKA3yEMOCTHU MOXHO OT'PDAHUYIUTHCA OTHUMU TOJIb-
KO 6€30CTaHOBOYHLIMY CTpaTeruaMu. VIMeHHO 1jia 060CHOBAHUA >TOTO YTBEP-
XKIEHUSA HAM UM MOTPEGYeTCsA MPEANONOKeHNne O BBIYUCIAMOCTH Mephl (0TMe-
TUM, 9TO [0 CAX TOP OHO HE WCHOML30BAIOCH). B 3TOM MpEANONOXKEHUN MbI
cervac yKaxeM, KaKiM CIoco60M anropmT™ A, 3aJal0MUi BHLITPHIBAIONLY O
CTPATErnio, MEPENeIbIBATCA B AITOPUTM B, 310K BEIXTPLIBAOILY IO Ge-
30CTAHOBOYHYIO CTPATETHIO.

Wrak, Ham 3agad armroput™ A, Ha BXOJ KOTOPOrO MOCTYIAET JBOMTHOE
CIOBO & € E, a Ha BBIXO/E, B KAYeCTBE Pe3yabTaTa, Jub0 He NOABIAETCA HU-
9ero, mub0 MoABIAeTCA odepennon xox. ComepkaTenbHO, TBOMYIHBIE MU(PHI,
COCTABIAIOUIAE DTO CIOBO, CYTh 3HAYEHUA yXKe OTKPBITHIX K DTOMY MOMEHTY
“WIEHOB TOCJAE0BATEILHOCTH. KaK MBI 3HaEM, [0 CIOBY & BOCCTAHABIMBAET-
cA BCA TpeAbLAylnas ucropusa urpsl, T.e. Bce uucaa n(k), i(k), v(k), V(k)
opu k < s = |z|. Pasymeercs, >Tu ducia BOCCTAHABIMBAIOTCA, €CIA TOIBKO
OHU OmpeneneHbl (KCTaTh, MOXKHO BCErJa MPEANoNaraTh, ITO BCE OHU OMpe-
IEIEHBI, €CIU TOJILKO ONpPeNeTeH U KOPPEKTEH S-i X0, KAKOBOM €CTh TPOUKA
(n(s),i(s),v(s))). YTO6LI HOAIEPKHYTH 3aBUCUMOCTD YKA3ZAHHBIX IUCE] OT T,
6ynem mucats n(x, k), i(x, k), v(z, k), V(z,k); Bens kKorga Mbl panee nucaim
npocto n(k), i(k) w T. 1., MBI HpegnONAraTM (PUKCUPOBAHHOU Ty TOCIEAOBA-
TEIBHOCTH, IPOTUB KOTOPOU UAET UTPA U «IACTHIOY KOTOPOU ABIACTCA CIOBO
z. BMecTe ¢ yKa3aHHBIMU 9YUCIAMY BO3HUKAIOT, IpU BeeX k < S, U Te MHO-
XKEeCTBa, KOTOPBIE i (PUKCUPOBAHHOU TOCAEI0BATEILHOCTI MbI 0603HAYMAIN
panee kak A(k); Teneps MbI Gygem o603HadaTh uxX A(x, k).

Hamra mexs — mepenenars aaropurm A B aaroputm B, Hukorma me npu-
BOALINY K CATYAIINN, TPEOYIOIIEN OCTAHOBKY UTPHI U TAKOU, 9TO ecau A ObLI
BBIATPBHIBAIOIIMM, TO 1 B — BeIArpbiBafomui. /i1 BEIMUCIUMO-PATAOHATLHON
MepBI TIePeIeTKa OUeBU/IHA: MOIYIUB HA BXOJ NBOMYHOE CJIOBO I, IPOBEPAEM,



102 B. A. Ycnersckun

HE MPUBOAUAT JU XOM, YKA3ZAHHLIN A DTOTO CIOBA AITOPATMOM A, K CHTya-
MY OCTAHOBKU; €CIU HE IPUBOAUT, 00BABIAeM, 9TO B ykazam HaM 3TOT XO;
eCIu MPUBOAUT, O0BABIAEM, 9TO B Ha Z He HaeT pe3yabTaTa.

B ofmmem xe caydae TpOU3BOILHOU BBEIYUCIUMON MepHI epenenka A B B
TpebyeT Gomee m3ompenuoro npuéma. Hoswin anropurm B GymeT pabGorathb
Tak. B caydae, ecan X0[, YKa3aHHBIA aIrOpuTMOM A, HE IPUBOAUT K CUTYa-
A OCTAHOBKU, DTOT XOJ — KAK U I BBITUCIUMO-PAIAOHAILHON MEPHI —
o0BaBasgeTcsa pesyiabraToMm anaroputMa B. OxHako B caydae, eCliu B pe3yiib-
TaTe MpUMeHeHuA A K I BO3HUKAET CATYAIUA OCTAHOBKM, HOBBIA AJCOPUTM
B me OGygerT naBaTh HUKAKOTO pPE3yJIbTaTa B HpUMEHEHWUN K x. TeM caMbIM
okaxeTcs, 4To B 3amaeT 6€30CTAHOBOYHYIO CTPATETHIO.

s marmagaocTn mpencrasum cebe, 9o A n B paboTarT mapaiiensHo.
Hamomuwwm, 9o A mam 3agan, B mer crpouwm. Ilycts Ha BxOa 060mx arropur-
MOB IOCTYIWIO CJIOBO Z, || = s. Ecin A He gaer pesyabrara B IPpUMEHEHUN
K DTOMY CJIOBY, TO u B o0baBasercs He gaiommm pesyabrara. Ecam xe A B
NPUMEHEHWN K I BBIAAET OYE€PENHOU XOMd, TO alropuTMm B meITaeTcs mpex e
BCEr'0 MPOBEPUTD, HE BO3HUKIIA JIU CUTYAIAA, TOANATAONIAL IO IeUCTBAE O
HOT'O W3 TPAaBUWI OCTAHOBKHU. [IpoBEepKa KOPPEKTHOCTH HOMEPA HE BLI3LIBAET
sarpyauaernn. Eciu msomep n(z, $) OTKPHIBAEMON KaPTHI OKA3AICA HEKOPPEKT-
HBIM, aIrOpuTM B 06BABISETCA HE JAIOMIKUM PE3YJIbTATA HA BXOAE &; KATTUTAI
Wrpoxka B 5TOM ciaydae mepecTaeT MEHATHCH, OH 3acThiBaeT. Kciau xe HOMEp
KOPPEKTEH, BKIIOYIAETCA MPOBEPKA, KOPPEKTHOCTU CTABKH.

C mpoBepKOU KOPPEKTHOCTH CTABKHU AeJ0 00cTouT caoxuee. Kak yxe oT-
Me4aJoCh, MOXET ¥ He CYIIeCTBOBATH AJCOPUTMA, MPABUIHLHO OTBEYAOIIETO
Ha, BOIIPOC, MEHBIIIE JIU [elaeMas CTaBKa Tekyuero kanuraaa Urpoka. O gaako
He BCE Tak mwioxo. IIpexme wem caemats craBky, Urpoky ciregyer ybemmTnb-
€SI, ITO HAMEYEHHAS CTABKA MEHBIE TEKYIIEro KAUTAJA, U TOJBKO B DTOM
ciydae ee 00BABUTL. M3m0xXuM HOBBIM aaroputMm B mosegenusa Wrpoxka 6Go-
aee TOYHO. MBI ommpaeMcsa Ha CIEAYIOMUN (HAKT: €CIM Mepa, [t BHIYUCIUMA,
TO MOXHO NPENBABATH TAKOU BCIOMOTraTeabHbBI amrroputMm C (3aBucammi
0T A), KOTOPBIU VIS KAX/IOTO I MBITAETCA IPOBEPUTH, BLIOIHACTCS JIU He-
pasenctBo v(z,s) < V(z,s), u gocturaer nmpm >ToM creayomero sddexTa:
AITOPUTM MPUXOAUT K KAKOMY-TO Pe3yabTaTy (Ckaxem, K pesyabrary /la),
€CIV YKA3aHHOE HEPABEHCTBO BBIMOMHAETCS, U paboTaeT GECKOHEIHOE BpeMs,
HE IPUXONA HU K KAKOMY PE3YJbTATY, €CAU BBIMOMHAETCA IPOTUBOMIOIOKHOE
HepaseHcTBO v(x, §) = V(z, s). Cobupadcs creaaTs CBOU -1 X0/ U MOy IUB OT
arropuTMa A pekoMeHganuio o craBke v(z, s), Irpok, mpexae 4eM craenaThb
xon, BkaouaeT aaropurMm C u xjgeT pesyabrara. Hukakoro xoma He gernaet-
ca, moka C He NperbABUT €My CBOU pe3yabTaT. Takum 00pa3oM, aaropuTm
B He BBIIACT HUKAKOTO XOAa, €CIu A MPEIIOXMI HEKOPPEKTHBIN XO/; B DTOM
caytae kanutan Urpoka 3acteiBaeT. Eciau xe pabora amropurma C 3axan-
YUBAETCA, AITOPUTM B pekoMeHayeT Ty Xe CTaBKy, 9YTO U A, U NPUCTyIaeT
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K IPOBEPKE TOT0, HE CIeAYET JU MPUMEHUTH [OmoIHuTeNbHOE TPABUIO OCTA-
HOBKH.

Anropurmuyeckas curyanusa ¢ [[OMONIHUTENIBHBIM TIPABIIOM TIOXOXA HA,
CUTYAIWIO C MPABWIOM OCTAHOBKHU, NEIAEMOU IO MPUYMHE HEKOPPEKTHOCTHI
CcTaBK#. AJTOPUTM, PACHO3HAININN, BBINOJHAETCSA WJIN HET DPABEHCTBO
u(A(z,s)) = 0, 1erK0 CTPOUTCA B CIy9as CUIHHO BBIYUCAMMOU MEPHI, IIO-
CKOIIbKY MHOXECTBO A(Z,s) MOLydIaeTcs B pe3yibTaTe 00BeIUHEHWUS KOHEY-
HOT'O YHCJIA MIAPOB, YKA3BIBAEMBIX AITOPATMUYECKH O mape (z, s). B obmem
XKe CIy9Iae BEIYUCANMON MEPHI TAKOT'0 aICOPUTMA MOXeT U He ObrTh. Cymect-
BYeT, OTHAKO, 60Jee CAAOBIA ATTOPUTM, KOTOPOT'O OKA3BIBAETCSA JAOCTATOTHO.
Wmenno, ecim Mepa (4 BEIYUCIAMA, TO MOXHO TPEIBABATEL TAKOU BCIIOMOTA-
TenbHbI arropuTM D (3aBucamuit 0T A), KOTOPBIT /I KaX IOTO L MHITAETCA
POBEPUTH, BBINOAHAETCA U HepaBeHCTBO U(A(x,s)) # 0, u gocturaer npu
ToM ciaemyomero >h@eKTa: aIrOPUTM MPUXOAUT K KAKOMY-TO PE3yIbTaTy
(ckaxewm, k pesyabrary /la), ecim yKa3zaHHOE HEPABEHCTBO BBIMOJHAETCA, W
paboTaeT O6eCKOHEYHOE BpeMs, HE NPUXOAA HU K KAKOMY Pe3yJIbTaTy, €CIu
BImONHAETCA paBeHCTBO [(A(z,s)) = 0. [leucrBua aaropurma B B cBasm
¢ mpoBepkou [OMOTHUTEIHLHOTO MPABWIA ONMUCHIBAIOTCA — B TEPMUHAX TIO-
Bemenus Urpoka — caenyromum ob6paszom. Urpok BkaogaeT aaroputm D um
XKaeT pesyabraTa. [oXIaBmuCh, OH AeTaeT X0k, npumeHsas aaroputMm A. Ho
OH HE [elTaeT HUKAKOTO XOfAa, MOoKa D He MpeabaBUT €My CBOU pe3yabTar.
Takum o6pasom, aaroputm B BeIZacT TOT X)e xom, YTO m A, eciu HE BO3-
HUKJIO CUTYAIN, MOATANaomer no JonosHurensHoe TPABIIO, U HE BBIIACT
HUKAKOTO XOMa, €CAU TaKas CUTYyaldd BO3HUKIA. Kcam Xom mpomcxoauT, TO
kanuTan Urpoka meHsercs Ha oOMMX OCHOBAHMWAX — YMEHBIIAETCA HA Be-
JAWYUHY CTABKW MW yBETAIUBAETCA COraacHo dopmyae (6), mpmaem B 3TOM
cIydae OMACHBIM 3HAMEHATENb 3aBEJOMO HE PaBeH Hy 0. B caydae xe Heme-
JaHusa Xona KamuTatl rpoka, COracHO HAIIMM MPABUIAM, 3aCTHIBAET, €CIU
MOCHEIHUN TTPOTHO3 OBLT HEBEPEH, U OOBABIAETCA OECKOHEYHBIM, €CIU DTOT
TPOTHO3 OBLI BEpEH.

Tonbko YTO ommcaHHOE MOBeAeHME KanuTamna Nrpoka MOXHO CIeIyIOMM
o6pa3om omucaTh B TepMuHax paboTer airopurMma D. Eciu nporaos mesepen
(i(x) # an(z)); TO moka D paGoraer, xamuranr Urpoka ocraercs 3acThib-
muM. Ecrm xe nporros Beper (4(T) = dp(z)), TO ¢ KaXIBIM HIATOM PaGOTHI
aaropuTMa D xanuran Urpoka Bo3pacTaeT Ha equHuIly. Takum o6pa3oM, Ka-
nuTan OyIeT BO3PACTaTh HEOTPAHWYIEHHO (1, CIefoBaTensH0, Irpok BemMrpa-
er), ecim D Hukorga me 3akomuumT pabory. Ho ecium m kxorga aaropurm D
JOCTHUTAET pe3yabTaTa, pocT Kanutaia Vrpoka npekpamaercsa. boree Toro,
B 5TOM CJIydYae BeCh MPOM3OIIEIINN 33 BpeMsa paboTsr anroputma D nmpupoct
kanuTana Arpoka aHHYyIUPYeTCs, MOCAE Yero STOT KATUTAI MPUPACTAET IO
dopmyze (6). U eme: HuUKakoe 3HAYEHUE KANMUTAIA, TPOMEXKYTOTHOE MEXKIY
JneraeMbIMu XogaMu (T. €. BOBHHKAIONEE BO BPEMA 3a6epuiatoujetics paboTh
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arropurma D), HE TOMIKHO BKIOYATHCA B MHOXKECTBO TeX 3HAUYCHUU KAIUTA-
18, 6ECKOHETHOCTH CyIPEMyMa, KOUX BaeveT Berpein Vrpoka (B mpoTuBHOM
cay4ae y Urpoka moasmiack ObI OMOTHUTENHHAA BO3MOXHOCTE BHIMTPHIIIA 34
CYeT TOTO, UTO MIATEILHOCTH MEXIYXOMOBLIX 33JePKEK MOTYT OKA3ATHCA
HEOTDAHWYEHHBIMY B UX COBOKYITHOCTH ).

Hame mOBOe ommcanwe momemeHus kanuramna Vrpoka, mpepmoaararouee
POCT KanmuTaaa BO BpeMsa paboThl aaropurMa D ¢ BO3MOXHBIM TTOCIE Ty IOIIAM
O0OHyJIEHNEM TIPUPOCTA, MOXET BLI3BATH Y MPOCBEIIEHHOr0 duTaTens nBa 3a-
KOHHBIX 3aMEIAHUA.

[TepBoe 3amevyanme COCTOUT B TOM, YTO MBI (PAKTUIECKU U3MEHWIN ITPa-
BUJIA UTPBI — B TOW WX YACTHU, B KOTOPOU M'OBOPUTCA O MOPAAKE M3MEHEHUS
kanurajga. CormacuBImch ¢ DTUM yOpeKoM duTaTess, OTBETUM CAEeIYIOIIee.
[leNCTBUTEILHO, €CTh ABE CUCTEMBI MIPABUI, CTAPAI W HOBASA — a TEM CAMBIM
7 [IBa onpejaeseHus urpsl. Ho B OTHOIIIEHUN TIPEAICKAa3yeMOCTH 06€ UIPhI PaB-
HOCWIBHBI: BCAKAA MOCAEOBATEILHOCTE, TPEACKA3YeMAasA TIPU O JHOU U3 HAIIIX
IBYX CHCTEM MPABWI, MPEACKA3YEMa U TIPU APYTOU.

BTopoe 3amMedanme COCTOMUT B TOM, UTO MO HOBBLIM MPABUWJIAM MOBEICHUE
KaIUTAJIa 3aBUCAT OT BCIOMOTATEIbHOrO aaropuTMa D, a caMm >TOT aaro-
PUTM, KaK TOKA3bIBAET AHAIW3, 3ABUCUT HE OT MEPHI i KAK TAKOBOU, & OT
3aJAIOUIET0 €€ AITOPUTMA — T.€. OT TOTO AJITOPUTMA, IIPUCYTCTBYIOUIETO B
OTIPEIeNEHUY BHIYUCAUMON MEPhI, KOTOPBIN I JI00O0T0 MIapa HAXOAUT CKOIb
YTOJHO TOYHBIE MPUOIMKEHUS K MEPE DTOr0 Mapa. BO3HUKAET eCTeCTBEHHBIN
BOIIPOC, HE MOXET JU CIYIATHCA, ITO MPYU HOBLIX MPABUIAX W TMOHATHE MPE.-
CKA3YEeMOCTH OKAXKETCA 3aBUCANIAM HE OT CAMOU MEpPBI, a OT 3aJAOIIer0 ee
aaropurma. OTBeT: HeT, HE MOXeT. Beab TedeHue Urpsl Ipu OJHOM 33,JAK0-
EeM Mepy AJITOPUTME MOXET OTINIATHCA OT TEYEHUS WTPHI TIPU APYTOM aJl-
TOPUTME, 33JAI0MEM Ty XK€ Mepy, JUIlhb [IATETLHOCTHI0 HHTEPBAJIOB MEXK Iy
XOJaMU; 9TO XK€ KaCaeTCA KanmuTaia Arpoka, TO pa3HUIA MOXET ObITH JUIIh
B TOM, CKOJb BEIUK OKAXETCA TOT MPUPOCT KAMUTAIA, KOTOPBIA TOMIJICKUT
AHHYJIAPOBAHUIO.
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CaM 5TOT CIUCOK U3 BOCHMU HA3BAHUU HUKOUM OODPA3OM HE MPETEHAYeT Ha MOJ-
HoTy. OnHAKO B 5>TUX My6auKanusax (0CO6eHHO B [8]) MOXKHO HANTH JaTbHENIINE CChLI-
KU, U BKyTIE C DTUMU CCBLIKAMU HEKOE MOA0OUE MOMHOTHI YKEe TOCTUTALTCA.

B xuure [2] ciegyer obparurs BHuManue Ha § 2.6 «([Ipmioxkenus x Teopun Be-
POATHOCTEN: OTMPENeNEHNs CIyIanHON MOCaeNOBATEeTLHOCTY. ClaeqyeT Takke UMeTh
B BUIY, YTO TEPMUHOJOTHUA STOU KHUIM HECKOJIBKO APXAUIHA: XAOTUIECKUE MOCTe-
[IOBATEMILHOCTY HA3BIBAIOTCA TaM cayualinbimu no Koamoeoposy, a Tummdeckme —
cayuatnvimu no Mapmun-Jé@y. TacTOTOyCTONIMBLIE, OHU KE CTOXACTUIECKUE, TT0-
CJIEI0OBATEILHOCTH HA3HIBAIOTCA B [2] cayuatinvimu no Muzecy, cToxacTudecKue Io
Yépuy — cayuatinvimu no Muzecy — Yépuy, croxactuiaeckue mo KommoropoBy —
cayuatinoimu no Musecy — Koamozoposy — Jasandy (a B [3] — cmozacmuueckumu
no Koamoeoposy — Jasaondy; . Jdasmug (D. Loveland) oTkpeur atu nociexosa-
TEIBLHOCTU HE3aBUCUMO OT KOIMOropoBa, XOTS UM MO3XKe: COOTBETCTBYIOMIAA CTAThS
Konmoroposa 6bu1a onybaukosana B 1963 r., crares Jlasmsuga — 8 1966 r.) Yro xa-
CAeTCA HEMPEeACKA3yeMBIX TOCTeI0BATEILHOCTEN — B TOM TOYHOM TOHUMAHUU, KAK
OBLIO CPOPMYIUPOBAHO BBIIIIE, — TO OHU B YKA3AHHOU KHUT'€ OTCYTCTBYIOT, MOCKOIb-
Ky MOABWIUCH B JquTeparype auiib B 1998 r. B crarse [5].

IMpumep croxacTudeckon mo UEpuy MOCTCIOBATEIHLHOCTH, MEPECTAOIIECN OBITH
TAKOBOU TIOCJIE TOIXOIAIIE BHIOPAHHOU BEIMUCIUMOU TIEPECTAHOBKU €€ IEHOB, OIy-
6mukoBaa B 1966 r. /1. Jlapmsua. 3HadeHue 3TOr0 NpuMepa COCTOUT HE TOJBKO B TOM,
YTO OH MOKA3KIBAET HEANeKBATHOCTE ONMpeaeneHus 1épda, HO U B TOM, UTO OH OTKPHI-
BAET HOBOE KAYECTBO CIyYAWHOCTH, UHTYUTUBHO OYEBUIHOE, HO PAHEE HE 3aMeYUeH-
HOEe: CAyJanHas TOCAeNOBATENLHOCTE NOMKHA OCTABATHLCA CAYYAMHOU MOCTE JTHOO0U
BLIYMACAUMON (T. €. 3a0aBAEMOU KAKUM-TO AJICOPUTMOM) TIEPECTAHOBKU €€ HJICHOB.
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Teopus cr0xHOCTU 0OBEKTOB (B IONOMHEHNE K YK€ PA3BUBABILICNCA B TO BPEMs
TEOPUU CJIOKHOCTU BLIMUCJICHUN) ObLIA OCHOBaHA KOMMOTOpPOBBLIM Ha €r0 CeMUHAPAX
B MockoBckoMm yauBepcuTeTe B Hadate 60-x rogos XX Beka U UMena CBOGU TIIABHOU
LeJbI0 IEPECTPONKY IOHATUMHON 6a3bl Teopuu uHoOpManuu (HA OCHOBE MPEICTa-
BJICHUA O TOM, UTO UeM CJIOXKHEE OOBEKT, TeM OOIbIIe MHHOPMAIMHA OH COMEPKUT) C
MOCJEIYIONM MPUIOKEHNEM K Teopuu ciydauHocTu. B omyGaukosanuou B 1969 r.
crarbe Koamoropos mucai:

1) ocHOBHBIE IOHATHUA TeOpUU UHMOPMALUU LOMKHBL U MOI'YT OBITH
000CHOBAHBI 63 TTIOMOIIM OOPAIIEHUA K TEOPUU BEPOATHOCTEN U TAK, ITO
MOHATHUA (GHTPOMUAY U KOIMIECTBO MHPOPMAIMA OKA3LIBAIOTCA IPUMEHN-
MBI K VHIUBUIYATHHBIM OOBEKTAM;

2) BBeJeHHBIE TAKUM OOPa30M IIOHATHUA TeOpUM MH(MOPMALIUUA MOLYT
Jedb B OCHOBY HOBOU KOHIEIIUU CJIyYalHOrO, COOTBETCTBYIOIIEN €CTe-
CTBEHHOU MBICIA O TOM, UTO CAYIaUHOCTH €CTh OTCYTCTBUE 3aKOHOMED-
HOCTH.

[Ipepnoxenre U3MEPATDH CIOKHOCTD OOBEKTA JIMHOUN er'0 KPATIAUIIECrO ONUCAHUS
U TIOHATHE ONMTUMAJIBLHOIO A3BIKA OBLIN M3T0kKeHBI KoIMoropoBeM B ctaTthe 1965 r.;
3a roj IO TOrO CXOAHBLIE MAeu OLLIA OIIyOJMKOBAHLI aMEPUKAHCKUM KCCASIOBATE-
aem Psem Comomonoseim (Ray Solomonoff), o paorax koroporo Koamoropos ysuan
JIMIIB TI033Ke. BBUAY 5TOro TeopeMy O CyLIIeCTBOBAHUN OINTUMAIBHOIO SI3BIKA MBI Ha-
seiBaeM meopemot, Coaomonosa — Koamozoposa. B sru xe rogwr (T.e. B cepeiune
60-x rogos XX B.) KoaMoropos Beicka3biBaeT HA CBOMX CEMUHAPAX MPEINOIOKEHUE
O TOM, YITO OLICTPOTA POCTA SHTPONUM HAYATILHBIX OTPE3KOB IOCIEA0BATETHHOCTHI
MOXET CIYKUTh KPUTEPUEM CIYIAMHOCTH PACCMATPUBAEMOU MOCIELOBATEILHOCTH.
OaHako BBEIEHHOE UM B PACCMOTPEHNE A3BIKOBOE CEMEUCTBO MPUBOAUIO K DHTPO-
TIAU, HETTPUT'OIHON [ MOCTABICHHON Ienu. Kak y)e MroOBOPUIOCH BHINIE, B TIIABKE O
XAOTUIHOCTH, TOJAHOE [JIS YTOU IeJau ceMerncTBO obHapy )i B 1973 r. Jleouun Jlesum,
BBEJs B PACCMOTPEHIE MOHOTOHHYIO DHTPOIINIO.

Tunuueckue nocrenosareabHocT (H0L HazBarueM “random”, T.e. «CIy<IalHBIE))
OLLTM, KaK y»Ke OTMEYAJOCh B TVIABKE O TUMWYIHOCTHU, OTKPHITHI B 1966 r. Ilepom
Maprun-JIépom (Per Martin-Lof).

YTBepK AEHUE O TOM, UTO KJIACC MOCIEIOBATEILHOCTEN, cToXacTudeckux no Koa-
MOT'OPOBY, IIUPE KIACCA TUMUYECKUX (OHU K€ — XAOTUIECKUE) MOCJAEIOBATEILHO-
cren, nokasan Anexcanap llens (cm. [6], a Takxke [3, m. 6.2.4]).

IIycte K — saTpOnusa B KakoM-TO u3 BapuaHTOB >TOoro nousarusi. (B mureparype
MCCJIe[OBAHBI He MEHee IIIeCTH TaKUX BApUAHTOB: IPOCTAasl, AIPUOPHAI, MOHOTOHHAS,
[IPOLECCHAs, IPEePUKCHAS 1 DHTPOIWS PA3PEIIeHNs ; BCE 3T BAPUAHTHI CYIIeCTBEHHO
PA3IMYHLL B TOM TOYHOM CMEICTE, UTO PA3HOCTH DHTPOIUN, TTPUHA IIEKAIIUX JTIOOBIM
IBYM U3 MEPEUNCJICHHBIX BAPUAHTOB, HeorpanudeHa.) CkaxeM, 9To MOCIe[0BATE b
HOCTD (1, 02,03, . . ., Ay, - . . ABIAETCA TaOMUUECKOT omuocumeavno K (npu paBaomep-
HOM pacrpenejerun!), eciu

deVn K(ar,a2,a3,...,a,) >n —c.

(3amMeTuM AuIs ACHOCTH, 9TO HU [JIs IIPOCTOU DHTPOMIUU, HU IS DHTPOIUU Pa3pelie-
HIA [OCIENOBATEILHOCTEN C TAKUM CBOMCTBOM HET BOBCE, a [/ KaXKJOU U3 OCTAIb-
HBEIX YETHIPEX DHTPOIUI XAO0TUIHOCTb OKA3BIBACTCA PABHOOOBHEMHOU TUIUIHOCTH. )
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B Tou xe craree JleBuna 1973 r., B koTopou GbLIa BBEIEHA MOHOTOHHAS DHTPOIUA,
COEPKATOCH U JOKA3ATENLCTBO TOTO (haKTa, UTO MOHATUE XAOTUIHOCTU OTHOCH-
TEILHO MOHOTOHHOU HTPONUU PABHOOOBEMHO MOHATUIO TUMUIHOCTH. HezaBucumo
ot Jleuna B Tom xe 1973 r. Kuayc-Ilerep Iluopp (Claus-Peter Schnorr) ssea B
PACCMOTPEHUE CBOU BAPUAHT DHTPOMUU, TAK HABLIBAEMYIO NPOUCCCHYI IHIMPONUIO
(y IIuoppa — process complexity), u nokasan (mesaBucumo ot JleBuHa, HO OUeHB
[OXOXKUM CIOCOOOM), 9TO HOHATUE XAOTUIHOCTY OTHOCUTEIBHO IIPOLECCHON DHTPO-
MU TAKXKE PABHOOOHEMHO TTOHATUIO TUMTHIHOCTU. XOTsA MPOIECCHAA DHTPOIUA U MO-
HOTOHHAs SHTPOMUS CYILIECTBEHHO Pa3andalorTcsa (Kak nokasanl Baaguvmup Boiorun
[7, c. 35, crpokn 64 cHU3Y], UX PA3HOCTb He OCPAHUYEHA HUKAKOM KOHCTAHTOU) I
XOTA BHOCTAEACTBUU caM IIIHOpp TepecTans MOIB30BATHLCA CBOEU MPOIECCHOU BHTPO-
nmuen, GAKTUIECKNA OT Hee OTKA3ABIINCH, BLIIIEYKA3AHHYIO meopemy Jesuna maOraa
Ha3bIBAOT meopemoti Jdesuna — IInoppa.

IIpedukcuyio saTponuio Beex B 1974 r. JleBun u rogom mosxe (HO HE3aBUCUMO
ot Jlesuna) I'peropu Usurun (Gregory J. Chaitin) — cm. ero craroo A theory of
program size formally identical to information theory // Journal of the Association
of Computing Machinery, 1975, v. 22, no. 3, p. 329-340). B Ton xe crarbe Usurun
BBEJ MOHATHUE XAOTUIHOCTY OTHOCUTEIBLHO MPEePUKCHOU SHTponuu u o0basua (6e3
JOKa3aTeJIbCTBA), 9TO DTOT BAPUAHT XaOTUIHOCTH PABHOCWIEH TUNXIHOCTY; [IEPBOE
OIyOJIMKOBAHHOE IOKA3aTEIbCTBO DTOr0 (hakTa MOABUIOCH B CTaThe Boioruua [7]:
crencreue 3.2 Ha c. 38. IIpedurcrnas Inmponus MOXKeET OBITH ONPENETeHA KAK SHTPO-
mUs IS CEMEMCTBA NMPEePUKCHLIX A3BIKOB. fI3bik F HasbiBaeTca npedurcubim, ecam
OH TIEPEYUCIUM U BHITOJHEHO YCIOBUE:

[(z1,91) € E & (22,2) € E & (71 = 22)] = [y1 = ya]-

3aMeTuM emie, 9TO B JUTEPATYPE TEPMUH «CIOKHOCTBy (“complexity”) wacto
YIOTPEOIACTCA B CMBICIE ,DHTPONUAS, T.€. B CMBIGIE ,CI0KHOCTH OTHOCATEIHHO
ONTUMAJIBLHOTO A3BIKA.

HempenckasyeMble mocie10BaTebHOCTH (B CMBICIE HACTOAIIEH CTATHU) BIEPBbIE
BosHukIM Becaon 1991 r. B coBmecTHOM moKaane nonq HaspanmeM “Randomness and
Lawlessness” («CrydalHOCTb U GE€33aKOHHOCTBY ), KOTOpHIN AHapen Myunuk, Auek-
cen CeMEHOB M aBTOP ATUX CTPOK creaannm Ha kKoHdepernun B Kamudpopuum. Kon-
(epennusa ObLTa TOCBAMIEHA OCHOBAHUAM TEOPUM CIYYAMHOCTH U MPOXOAUIA C 4 Mo
7 mapTa B IHCTUTYTE MATEMATUIECKUX UCCICIOBAHUN B COMUANLHEIX Haykax (Insti-
tute for Mathematical Studies in the Social Sciences) Crandopackoro yuusepcurera.
Cogepxanue nokmana 6bL10 Omy6anKoBaHo B 1998 r. B Buge crarsu [5]. B aron craTse
IPUBENEHbI, B YACTHOCTH, TEOPEMEL O COOTHOMIEHUN HEMPEeACKA3yEeMOCTH C APYTUMA
AITOPATMAIECKUMHY JUIAMYA CIyIANHOCTH.

OTMeTuM, 9TO ONpeeNeHne HEMpPeICKa3yeMOCTH B HAIIEM HACTOAIIEM OYEPKe
OTIMYAECTCSA OLHOK AeTaablo oT onpenenenus B [5]. UmenHo, B [5] 414 KoppekTHOCTH
CTaBKHU TPe6OBAIOCH BHIOIHEHUE He cTpororo HepaseHcTsa v(k) < V(k—1), a 6omee
caaboro mecrpororo mepasercTsa v(k) < V(k — 1). Knacc menpenckasyemsix mocie-
NOBATETLHOCTEN OCTAETCA OTHUM M TEM K€ P 000UX MOHUMAHUAX KOPPEKTHOCTH.
3aMeHa B OMPeIeIeHn KOPPEKTHOCTY HECTPOrOr0 HEPABEHCTBA HA, CTPOrOE BLI3BAHA,
OBYMS MIPUIMHAMEA. BO-TIePBLIX, caMa Urpa CTAHOBUTCA 6OJIEE CONEPKATENLHON: BEqb
B CJIyYae PaBEHCTBA, CTABKU TEKYIIEMY KamuTary cTOuT VUrpoKy OmubuThLCA B CBOEM
MpeICKA3aHUN, KaK €r0 KAMUTAI OOHYIUTCA, U OH OyIeT BHIHYXKIEH B NaTbHEUIIeM
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[€JaTh JUIIb HyJEBbIe CTABKU. BO-BTOPHIX, IMEHHO CTPOI'0€ HEPABEHCTBO MO3BOJSI-
€T TIPU TePeHOCe ONPEIeNeHNN ¢ PAINOHATLHO-BHIUYUCINMBIX Mep (KaKOBBIE TOIBKO I
paccMaTpuBaIuch B [5]) Ha MI00BIE BEIMUCIMMEBIE MEPHI, COXPAHUTH PPEKTUBHOCTH
IENCTBUN UT'POKa. Benb Kax quii pa3 rpok MoKeH yIOCTOBEPATLCA B KOPPEKTHO-
ctu xona. IonyunTs )Ke Takoe yIOCTOBEPeHNe alrOPUTMUIECKIM IIyTeM BO3MOXKHO
JWIIb B BADUAHTE CTPOrOrO HEPABEHCTBA: CYLIECTBYET AICOPUTM, B TOM U TOJIBKO B
TOM CIydae JAIOLMI HOIOKUTeAbHB oTBeT Ha Boupoc «w(k) < V(k —1)7», korga u
B camoMm nene v(k) < V(k — 1); He cymecTByeT airopurMa, B TOM U TOJBKO B TOM
cIydae JAIOLIEro MOJOXKUTEIbHE oTBeT Ha Bonpoc «w(k) < V(k — 1)7», xorga u B
camom mene v(k) < V(k —1).

Cama mies O CBA3M CIyYaMHOCTYM C HEBO3MOXKHOCTBIO MapaHTUPOBAHHOIO BHI-
UIPHILA JOCTATOYHO odueBUAHA: eme (o Musec, He gaBas TOYHBIX (POPMYJIUPOBOK,
TOBOPWLT O (HEBO3MOKHOCTY CUCTEMBI UTPED. BIOCIEICTBAN BCTPEIATACH U CTPOTHE
OIIpeneeHns, OJHAKO BOCIIPOU3BOAUMAA 31€Ch (C KOCMETUIECKUM PEMOHTOM) (pOpPMY-
MMpOBKa 13 [5] KaxkeTcs Gomee GAM3KON K NHTYUTUBHOMY NIPEICTABICHUIO O CIydan-
HOCTH. JIeJI0 B TOM, UTO IPEAIMIECTBYIOMINE UTPOBLIE ONPEJeIeHNUs JN00 NCIOIB30BAIN
CTpaTeruu, B KOTOPHIX BEIMUCIAMOCTD (03HAYAIOIAA HAJIWYINE AITOPUTMA, YKA3LIBA~
IOIIEr0 UT'POKY €r0 OYepeTHON XOT) 3aMEHATACh Ha APYToe (XOTA U CBA3AHHOE C MOHS-
THEM AICOPUTMA, HO, BUAMMO, MEHEE eCTECTBEHHOEe) TpeGoBaHue, 1ub0 3aBeIOMO HE
IPUBOJWIN K KJIACCY MOCIENOBATEILHOCTEN, PABHOOOBEMHOMY KJAACCY TUIXIECKO-Xa-
OTUYECKUX TIOCTeN0BATEILHOCTEN. [I71s1 OpeneneHns HenpenckasyeMocTn u3 [5] ocra-
eTCcs HaJekKIa HA YKA3aHHYI0 PaBHOOOBEMHOCTH. fICHO, 94TO YeM GOIBIINM KOIHXYe-
CTBOM INII CIYYAMHOCTUY XapaKTEPU3yeTCs KAKOM-TO TOYHO OYEePUEHHBIN KJIACC TI0-
CIeJOBATETLHOCTEN, TeM 000CHOBAHHEE IPABO DTOM0 KIACCA CIYKATH GOPMATLHBEIM
AHAIOI'OM PACILIBIBIATOrO UHTYUTHUBHOI'O IPEACTABICHUA O CLyIANHOCTH.

B. A. Ycneunckuu, mexmat MY
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Anre6pa MHOIMOIPaHHUKOB

. 1O. [laruna

1. BBEIEHUE

CraThsa mpeqHA3HAYEHA CTAPIIEKIACCHUKAM, IEJCHANPABICHHO 3aHUMAIO-
[UMCA MATEMATUKOW, CTYJEHTAaM U MpernogaBaTeaaMm. Kpome TOro, oHa Mo-
XeT OBITh PEKOMEHIOBAHA MATEMATUKAM-IPOPECCHOHAIAM B KAIECTBE
JErKOT'O ITEHU.

[st yro6eTBa, IATATENS MBI UCIIONB3YEM JBYXYPOBHEBYIO CUCTEMY: (MEHb-
mas) IaCTh TEKCTA BHIAEICHA MEIKUM MPUPTOM — >TOT GOJIee CAOKHBIA Ma-
TepUaJI MOXeT OBITH IMPOIYIIEH HATMHAIOIMINME.

A BOT 332U IPOIYCKATH HETB3A — HAJ HUME HYXHO nmoaymaTs (B [Ipu-
JIOXEHUW MPUBEEHBI OTBETHI U YKA3AHUA K HEKOTOPBIM 3a1a9aM).

CoBceM HeTaBHO OBLIA, TPUIYMAHA 3aMEYATEIbHAS BEIIb — aarebpa MHO-
TOrPAHHUKOB. Kak 5T0 MHOT A GBLIBAET ¢ JEUCTBUTEILHO BAXHBIMU KOHCTPYK-
IAAMY, €€ MPUAYMAIA OJHOBPEMEHHO U HE3ABUCUMO Pa3HbIE JoAn — AJek-
caaap Ilyxaukos coBmecTrHO ¢ Ackoabaom Xosauckum u [lurep MakMamren
(P. McMullen). I xak sTo 4acto GbiBaer, anrrebpa MHOIOIDAHHUKOB HMeEET
OTHOIIIEHUE K PA3HBIM OOJACTAM MATEMATUKH.

Hampumep, ecTh Takon BApMAHT 320391 O PABHOCOCTABICHHOCTH: MHOTO-
TPAHHUK Pa3peIIaeTcs pa3pe3aTh HA KYCKU, & 3aTeM, MepPeIBUras KYCKU C
MOMOIIBIO TTAPALIENLHBIX TIEPEHOCOB, COCTABATEL HOBBIM MHOTOT'DAHHUK. (3BYy-
YUT MOYTHU KaK TPeTha mpobiema ['mns6epra, HO cMBICT 316eCh UHOM). Anre6pa
MHOT'OTPAHHUKOB, KOTOPYIO MBI TIOCTPOUM, TIOMOTAET HAUTYU KPUTEPUUN PAB-
HOCOCTABJIEHHOCTHU [JIA DTOU 33 Ja4H.

C apyrou CTOpPOHEI, aire6pa MHOTOMDAHHWKOB TECHO CBA3aHA C aarebpamde-
CKOU TeOMEeTPUEN TOPUIECKUX MHOTOOOPA3UU. DTa «BLICOKAA HAYKA» MOXKET OLIThH
[epeBeeHa Ha IPOCTOU M 3HAKOMBIA fA3BIK MHOI'OIDAHHWKOB (Tak XKe, KaK Jeja-
IOTCA MEePEBOBI C OJHOrO A3LIKA HA APYTOU). B COOTBETCTBYIOLIEM «CIOBAPE» Tep-
MUH «(MHOT'OT'PDAaHHUK» IIEPEBOIUTCA KaK «0OICHb O6I/IJIBHI)II>,I Ty I0K» . ((CJIO)KeHI/Ie MHOI'O-
I'DaHHUKOB IIO MI/IHKOBCKOMy» IepeBOOUTCA KaK «TEH30PDHOE IIPDOU3BEACHUE ITIYIKOB».
I/I3B€CTHO, 9YTO OYeHL OOWILHLIE MYyYKN MOXHO HE TOJBKO TEH30PDHO NMEPEMHOXKATh,
HO M OEIUTHL OPYr HA Apyra — OoHU mopoxkaator rpymnmy Ilukapa. Ecan nepesectu

nocaegHI (pa3y Ha A3BIK MHOTOIDAHHWKOB, TO MOJYYUTCA CIELYIOIIEe YTBEPXK-
[EeHUe.

MaTemaTuueckoe npoceewyenue, cep. 3, esin. 10, 2006(109-131)
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Brimykibie MHOTOrpAHHUKY MOXHO HE TOJBKO CKIAIBLIBATH, HO W BBHIYHU-
TaTh 10 MUHKOBCKOMY — OHU HOPOXK JAIOT IPYIIY BUPTYAJbHBIX MHOT'OPAH-
HUKOB. dTO 3TO 3HAUYMT reoMmerpumiecku, OyaerT pacckaszaHo B maparpade 6.

BOJIee TOT'0, MbI ITOKaX€M, YTO BBINIYKJ/JIbIE MHOT'OIDAHHUKU ITOPOX OAKT
eme Gosee GOraTyio CTPYKTYpPY — CpalyApOBAaHHYIO aare6py (9To U ecThb
anre6pa MHOT'OIDAHHUKOB).

l'oBOpA MPOCTHIM A3BIKOM, IO CBOUM AITreGpAMvIeCKAM CBOMCTBAM MHOTO-
T'PAHHUKU ITOXOXW Ha MHOT'OYJICHBI.

Ha nmpumepe 5Toi KpacBOU KOHCTPYKIIMY BBl YBUIATE, KAK B MATEMATUKE
JEUCTBYET CTapad HeTCKasd moroBopka: «Kciaum menb3s, HO OYEeHb XO4eTCs, TO
MOXHO.»

Hampuwmep, Heab3sa BeriecTh M0 MUHKOBCKOMY U3 MaJeHBKOT'O MHOT'OT'DAH-
HUKa, Goabmon. Ho ecan mpugymMaTs Kak, TO MOXHO.

BripaxeHnus «rorapudmM TpPEyrOIbHUKA» U (IKCIOHEHTA TETPadApay —
6eccmbicauta. Ho ecin nposBuTs (paHTA3WIO, TO OHU CTAHYT OCMBICICHHBIMY U
TIO3BOJIAT PACKJIAABIBATL MHOTOTPAHHUKK B CYMMY OTHODOMHBIX KOMIIOHEHT.

WsnoxeHune oTHIONL He MpeTeHAyeT Ha MOmMHOTY. Hama 3agada — gaTh
ob1Iee mpexcTaBIeHNEe 0 KOHCTPYKINY M METOAAX, Oy THO HAYIUB IUTATENA
HEKOTOPBIM O6IIII/IM MaTEeMaTUICCKUM IIPpUEMaM.

2. CJIOXXKEHUE 110 MUHKOBCKOMY

Bce reomerputieckue 06bEKTBI, KOTOPBIE MBI PACCMATPUBAEM, XWUBYT B
TPEXMEPHOM WIN [BYMEPHOM BEIIECTBEHHOM IPOCTPAHCTBE — BBIIIE MBI IO -
HUMATHCA HE OymeM.

B mpocTpancTBax GOJIBINEN pa3MEPHOCTH [EI0 OOCTOUT TOTHO TAK KE U HE BO3-
HUAKAeT HUKAKUX IOHNOJHUTEIBHBIX 3(PpPEKTOB.

Cuuras pUKCUPOBAHHBIM Hadaao KoopauHaT O, ;A ymgo6CTBA MBI OTO-
XKACCTBIAEM TOYKY MPOCTPAHCTBA C €€ PAJUYC-BEKTOPOM.

Boinykavim muozozpannurom (B R? mwmm R?) maseisaerca Bemykaas 060-
JOYKA HEILyCTOr'0 KOHEIHOT'O MHOXECTBA TOYEK.

Taxum 06pa3oM, TOYKA WIX OTPE3OK TOXKE CINTAIOTCA MHOTOIPAHHUKAMI,
a OTKDBITHIM KBAApAT (KBaApaT 6e3 CPAHWILI) — HET.

Hama nens — opranm3oBaTh MHOTOTDAHHUKY B AIre6PAnIeCKY) CTPYK-
TYpYy, T.€. HAYYATHCA TPOU3BOAUTEL C HUMU AJdrebpamvdecKue TeUCTBUA, IO I-
YMHEHHBIC O6BI‘IHI)IM AKCHMOMAM.

[TepBoe anrebpamveckoe mAencTBUE — CyMMUpPOBaHUE M0 MUHKOBCKOMY.

3/1eCh UMEEeTCA UCTOPUIECKN CIOXKUBIIAACA Ty TAHUIA: CKOPO MBI YBU UM,
9TO 5TO BOBCE HE CJIOXKEHUE, 3 YMHOXeHUe. [[00TOMY MBI MCIIONb3yeM IS DTOU
omepanuu 3HaK ®, KOTOPBIM OOBIMHO 0GO3HAYAIOT TEH30PHOE IIPOU3BENEHUE
u (MHOrIA) CBEPTKY.
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Puc. 1.

ONPEAENEHUE 1. Cymmoti Munkosckozo (Wim BEKTOPHOU CYMMOU) ABYX
BBINYKJIBIX MHOTOTPDAHHUKOB K m [ HA3BIBAETCI MHOXECTBO TOYEK

K®L={z+y|ze K,ye L}

3ATAYA 1. Hautu cymmy MMHKOBCKOTO ABYX MAPAIETLHBIX OTPE3KOB.
3AOAYA 2. Hattu cymmy MuHKOBCKOTO ABYX HEMapaJIeIbHBIX OTPE3KOB.

3ATAYA 3. YUTo mpouwsouger ¢ cyMMoun MMHKOBCKOrO, €CJAU IOIBUHYThH
OJIHO U3 CJIATAEMBIX MAPALIETLHBIM MEPEHOCOM?

3ATAYA 4. Hautu cymmy MUHKOBCKOTO TPEYyTOIBHUKA U OTPE3KA, JeXKAa-
X B OJHOU ILIOCKOCTH.

3AOAYA 5. Hattu cymmy MuHKOBCKOrO TPEyroJAbHUKA U OTPE3Ka, HE Jie-
XKaIlluX B OJHOU IJIOCKOCTH.

3AAYA 6. YTo npomsougeT ¢ cymmon MUHKOBCKOTO, €CIM U3BMEHUTD Ha-
9AJI0 KOOPIUHAT !

3ATAYA 7. Buimykiaon 060I09KON KAKUX TOYEK ABIAETCA CyMMa MUHKOB-
CKOT'O JBYX MHOTOTPAHHUKOB?

3ATAYA 8. Ybequrech, uro K ® K ecTh MHOrOrpaHHUK K, TOMOTETUYIHO
PACTAHYTHIN B 2 pasa.

Cremyroliee mpemaoXeHne MOITH OUIeBH JHO.
IIPENJIOXKEHUE 1.
> Onepayus ® KOMMYMAMUBHA.

> Cymma Munkosckozo codeprcum xancdoe u3 Caa2aeMbir NocAe NOOLOOA-
We20 NAPAALEALHOR0 NEPEHOCE.

> Cymma Munko8croz20 08YT GLINYKALIT MHO202PAIHHUKOE — BbINYKAbL
MHO202DAHHUK.
> Aan 1 = {O} u aobozo svinykaoeo muozoepannura K, cnpasediuso:

K®l=K.
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[Tocrennee yTBepX [eHNE O3HATAET UTO y HAC UMEETCA HEUTPAILHBIA SJIEMEHT
1 — MHOrOrpaHHUK, COCTOAIMUU U3 ogHOU TOIKU (.

BHuMAaTEILHLI IATATEIb YKEe 3aMETHI, ITO MBI IPHOIMXKAEMCA K ITOHA-
Tuo «abeaesa Tpynnay, HO — YBbIl — BTOPOE YTBEPXKAECHUE TIPEII0KEHUA
HE JaeT HUKAKOU HAIeX bl Ha CYNIECTBOBAHUE 00OPATHOrO, TAK KaK MPU CJIO-
XeHru Mo MWHKOBCKOMY cJaraeMble He yMmeHbIMaioTca. [losToMmy B Kiacce
BBIIIYKJIBIX MHOT'OTPAHHUKOB OOPATHMBI TOJBKO OMHOTOYEYHBIE MHOTOI'DAH-
HUKU.

Pasymeercs, monyrpynmna BBIIYKIBIX MHOMOIDAHHUKOB CTAHIAPTHHIM 06pa3oM
BKJAJBIBAETCA B CBOIO Tpymniy [poTeHanKa, T.e. DpyHIy (POPMAIbHBIX BBIPAKEHUN
Buga K ® L', Hama 3a1adMa — IpuIaTh TeOMETPUTECKAI CMBICT STUM BLIPAKEHIAM.
DT0 OyAeT CAEMAHO Ha A3bIKE BUPTYAIbHEIX MHOT'OCPAHHUKOB (1. 6) 1 HA TBONCTBEH-
HOM s3BIKE OMOPHBIX QyHKIuK (1. 3.)

3. ONOPHASI ®YHKIIMA U BEEP BBIIIYKJOIO MHOI'OI'PAHHUKA

ONOPEAEJNEHUE 2. OnopHOU (pyHKIMEN BEITYKJIOTO MHOTOrpaHHUKA K Ha-
spiBaerca pynkmus hx (z), 3agannas va R? (mma R?, B 3aBucumocTy o Toro,
rge xusetr K) dopmymnon

h — .
K (z) r;lgg(x,y)

(ckobka 0603HAYAET CKANAPHOE MPOU3BEAEHNE PAIILYC-BEKTODOB).

[l1s BEKTOpa T MAKCUMYM HTOrO CKAIAPHOI'O MPOU3BEAECHUS JOCTUrAET-
¢A B TOYKAX [epeceveHus MHOrorpanaumka K u npsamon, kacaomenca K u
OPTOTrOHATBHON Z (CM. puc. 2).

3ATAYA 9. BooObme-To, CymecTBYIOT OBE MPAMBIE C TAKUM CBOUCTBOM.
Kaxkyto umenso mbr 6epem?

BoT o4eBugHBIE CBOUCTBA OMOPHOU (PYHKITUAM.

<— MaX JOCTUra€TCsa B 5TOU TOYIKE

—
0]

Puc. 2.
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IIPENJIOXKEHUE 2.

1. B nauase xoopdunam onopuas Gywkyus pasna nyao: hi(0O) = 0.
2. Jas A >0 umeenm hi(Az) = Ahg(z).

3. Onopras Pynryus 00HOMOUEUHO20 MHO202DAHNUKE — auNetinads ynk-
yus. B wacmmocmu, smo oszmauaem, umo epagur onoprot GynryuL
BLINYKA020 MHOZOZPpanHUKE u3 R? ecmb NA0CKOCMb 6 MPELMEPHOM NPO-
cmpancmase.

4. Jhobas aunetinas Gynkyut, npunumatowaed snauenuve 0 6 nauase K0opdu-
HAM, ABALEMCA ONOPHOT PYHKYUET HEKOMOPO20 0JHOMOUCUHO20 MHO2O0-
2PAHHUKG.

3AIAYA 10. [okaxure, 9TO OmopHas (PYHKOUA CyMMbI MUHKOBCKOTO
pPaBHA CYMMe€ OMOPHBIX (PYHKIINMY CJAATAEMBIX:

hkor = hix + hr.

Paccmorpum mnockuu muoroyronsuauk K. [Ipu dpukcuposanuOM 2 cKaIap-
HOE TpOou3BeJeHue (CM. OmpefeneHue OMOPHOU (DYHKIWMM) JOCTUTAET CBOErO
MaKCUMyMa B HEKOTOpou Bepuinae A Mmuoroyroasauka K. Ecan Mot 6y aem mo-
TUXOHBKY MMOBOPAYUBATL PATUYC-BEKTOP T, TO HEKOTOPOE BPEMA MAKCUMYM
OyaeT DOCTUTAThCA B TOU Xe BepimmHe A, 3aTeM B HEKOTODPBIA MOMEHT —
Ha IeIoM pebpe, MPUMBIKAOIMEM K BepimHe A, a 3aTeM MepenpbIrHET Ha,
COCENHIOI BEPIINHY. JTO 3HAYUT, YTO OMOPHAA (PYHKIUA MHOTOIDAHHUKA
(CKJIEEHA» U3 KyCOYKOB OMOPHBIX (DYHKIIUU BEPIIUH, T. €. U3 KyCKOB JUHETHBIX
dyHKIINM.

[pocrpancTBo R? okaseiBaerca pa3buTo Ha MIOCKME KOHyca (3TO TO Xe
caMoe, UTO ILIOCKUE YIUBI) ¢ OOIIEN BEPIINHON B HAYAJE KOODIUHAT TAK, ITO
HA KaXJIOM U3 KOHYCOB OMOPHAA (DYHKIINA TAHEUHA.

Tem cambiM, rpaduk OMOPHON (PYHKIINY CKIEEH U3 TIOCKUX KYCOYIKOB, TPU-
YeM MEeCTa CKJICUKU — JyTd, OpTOroHalIbHbE pebpam K (puc. 3).

0 0

MHOTIOYTrOJbHUK K Beep K rpaduk onopaou GyHxiun K

Puc. 3.
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Y70 %e IPOUCXOAUT B TPEXMEDPHOM MPOCTPAHCTBE, KAKOBA OMOpPHAA (PYHK-
nmsa TpexmepHOro Mmuororpanuuka K7 [IpuHnmunuansHO 3m€Ch BCE TO Xe
camoe, TOJbKO KapTHHKA TodydaeTca Gorade: R? okasbiBaeTcsa pa3buTo Ha
MHOT'OTPAHHBIE KOHYCA ¢ OOIIEN BEPIIMHON B HAYAJIE KOOPAMHAT TaK, ITO HA,
KaX[OM U3 KOHYCOB OMOPHAA (PYyHKIUA JIUHEWHA.

ONPEJAEJEHUE 3. DTo pa3bueHre HA3BIBACTCA 6eepoM MHOTOTDAHHU-
ka K.

Ymo6HO PUCOBATH HE CaM Beep, a ero MmepecevdeHue ¢ equHUTHOU chepou C
neaTpoM B Touke O (cepuueckuti seep muororpanauka K). Mbr momydum
pasbuenue cdepsl Ha cepruuecKue MHOTOTDAHHUKY (KAemKy 8eepa).

VNmess MHOTOrpaHHUK, JIEMKO MMOCTPOUTE €r0 C(HePUIeCKUN Beep:

1. OrMmeTbTe Ha CPepe KOHIBI BHENTHUX HOPMAJEN CPAaHEN MHOTOTDAHHU-

ka K.

2. CoeguuuTe Ha cdhepe KaxIble ABE MOMYICHHBIE TOYKN KPATIANIIAM OT-
PEe3KOM (KyCKOM GOJIBLIOTO KPYTa), €CAU COOTBETCTBYOUIAE TPAHA JAEIAT
pebpo.

([lokaxwTe, 9TO B pE3yabTaTe 3TOU MPOUEAYPHI JEMCTBATENLHO MOLY IaeTCA
cdepmaeckun Beep.)

O6paTuTe BHUMAHWE HA KOMOUHAMOPHYIO 060TCMEeHHocmb MHOTOIPAH-
HOKA I €0 Beepa:

> BepIIMHAM Beepa COOTBETCTBYIOT I'DAHU MHOTOT'DAHHUKA,
> peOGpaMm Beepa COOTBETCTBYIOT pebpa MHOTOTI'DAHHUKA,

> KJeTKaM Beepa COOTBETCTBYIOT BEPHIMHBI MHOTI'OT'DAaHHUKA.

e
U s

K Beep K

Puc. 4.
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3AMAYA 11. TlocTpouTe cepuueckun Beep Kyba, TeTpasapa, TPEyTrodb-
HUKa (JIeXAIMEr0 B TPEXMEPHOM MPOCTPAHCTBE), OTPE3Ka (IeXKAIMETO B TPEX-
MEPHOM MIPOCTPAHCTBE).

TEOPEMA 1.

1. Onopnaa PynKuuA BLINYKA020 MHO202PAHNUKG BBINYKAG. IMO 3HAYUM,
ymo dasa 0 <A <1

hK(>\l‘1 + (1 — >\)$2)) < )\hK(J?l) + (1 — >\)hK($2),

uau (s mex, KMo a0bum KaPMUNKU 6oavwe Gopmys) wmo 2pafpur
Pynryuy h — BLINYKAGA BHU3 NOBEPIHOCTD.

2. Kascdas nenpepvisnas suinykaas gymsyus h, npunumatowas snauenue 0
8 HAUaAE KOOPIUHAM, KOMOPASA KYCOUHO AUHETHG OMHOCUMEALHO HEeKO-
mopoeo eeepa (m. e. pazbueHus NPOCMPARCMBA KA KOHYCA), ABALEMCA
onoprotl Pynryuet nekomopozo ewnykio2o muozozpannuka. (Muoace-
cmeo maxur Gynryut 0boznavum wepes H.)

3. Onopuas Gyrkyus 00HOMOUEURO20 MHOROZPAHKUKG — AUNETHAS PyYHK-
yus. B uacmmuocmu, amo osmauaem, wmo 2padur onopnoti GyHKyuU
mouku u3 R? ecmb naockocmb 6 mpermeprom npocmparcmee.

[Mossccaum myukT 2. BoCCTaHOBUTHL MHOTMONPDAHHUK JETKO: T€ JUHEUHBIE
GyHKIINM, U3 KOTOPHIX CKIeeHa h, MAI0T HAM KOODPIUHATHI BEPIINH.

IIpm caoxenmu mo MUHKOBCKOMY BBIMYKJILIX MHOTOTDAHHUKOB Beepa
IpOOGATCA: 9TOOLI HAPUCOBATHL C(PEPUIECKUN BEEP CYMMBI, HYXKHO HA OJHOU
” TOU Xe cdepe HAPUCOBATL Beepa 0O0UX CIaraeMbIX.

Mpur noHstmm, 9TO TPy0bO TOBOPsA, BHIMYKIBIA MHOTOIPDAHHUK — DTO TO XK€
caMoe, ITO U er0 OIOpHAaA (PYHKIUA: 3TU IBA 00bEKTa OTHO3HATHO OIpeaerd-
0T OpYT Opyra, IpUYeM CIOXUTL NBA MHOTOrpaHHWKA M0 MUHKOBCKOMY —
TO X€ CaMOe€, YTO CIOXKUTH UX ONOPHBIE (DYHKIIUH.

OdunuaiabHO TO 3BYYUT TaK: MOMYTPYINA BBITYKJIBIX MHOMOMDAHHUKOB KAHO-

HUYECKN U30MOP(HA MOIYTPYIIe BHILYKIBIX KyCOYHO-IUHEUHBIX (yHKIUU H. ITO
BJIEYET M30MOP(}U3M COOTBETCTBYIOIUX Ipynm ['porenuka.

O6pamars (1 BHIYMUTATH) MO MUHKOBCKOMY BBHIMYKIbIE MHOTOTDAHHUKA
MBI TIOKa HE ymeeM. HO 3aTO MOXHO 3ampoCcTO OpaThb CO 3HAKOM «MUHYCH
(1 BBIMMTATH APYT W3 APYra) OMOpHBIE (PyHKIMU. UTO MPU DTOM MBI MOTY-
qum? PasHoCTb OByX pyHKIMEN w3 H OCTaHETCA, pa3yMeeTCs HeNpepBIBHON
U KyCOYHO-JMHEXHON OTHOCUTEILHO HEKOTOPOro Beepa. A BOT CBOMCTBO BLI-
MyKJIOCTH TpomageT. 3abaBHAA CATYAIWA: MbI MOKa, HE 3HAEM, 9TO 34 00b-
eKT «oOpaTHBIX M0 MUHKOBCKOMY K KyOy», HO yXKe IOHAIN, €My DaBHA €ro
omopHaA GyHKIUA. XOTEIOCh OBbI MPUAAATH DTOMY OOBEKTY I'€OMETPUIeCKUN
CMBICJI. MI)I ITO CaemaeM, HO B HECKOJIBKO XOJ0B.
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4. VHTETPUPOBAHUE 10 DUJIEPOBON XAPAKTEPUCTUKE

OUIEPOBA XaPAKTEPUCTUKA — OECCIIOPHBIN JUAEP CPEAN MATEMATHIECKUX
MOHATUA MO COOTHOIIEHUIO (IIPOCTOTA — MOJE3HOCTHY. OO DTOM 3HAET KaXk-
[ObIA, KOMYy MPUXOQUIOCH TMPUYIECHIBATH €XWKA, PACKPAIIABATH KAPTHI WK
YYATBCA OTAMYATH TOp OT Kpeugend. OKasbiBaeTcs, M0 DUIEPOBOU XapaK-
TEPUCTUKE MOXHO MHTETPUPOBATH, OOPAIIAACH C HEU KAK C MEpOM.

ONPEAEJEHUE 4. MuOXecTBO TOdYeK OyAeM Ha3bIBATEH MHO202DGHHbIM,
€Ca’ €ro MOXHO IOJNIYyYIUTH KOHCIHBIM YTUCJIOM onepaumﬁ O6’I)erD;I/IHeHI/I}I, nepe-
CEYEHUA W JOMONHEHUA U3 HEKOTOPOro (KOHEYHOr'0) HAGOPA BBIMYKIBIX MHO-
FOrPAHHUKOB.

OUPEAEJEHUE 5. Kaemounbim pasbuenuem MHOTOTPAHHOTO MHOXECTBA,
M wuaswbiBaeTca pasbuenue M Ha HemepeceKamuecs MHOTOTPAHHBIE 110 [MHO-
XKecTBa (Kaemku pa3duenus) TAKUe, ITO KaXkAad KIETKA €CTb OJHO U3 Cle-
IYIOITAX MHOXECTB!

0: Touka (0-MepHasT KIETKA);

1: OTKpHITHI OTPE30K (OTPE30K C BHIOpPOMEHHbIME KOHIamwu) (l-mepHas
KIEeTKA);

2: OTKDPBITBII JBYMEDPHBIN MHOTOYT'ONbHUK (MHOTOYTOJBHUK C yAATEHHOU
rpanunen) (2-mMepHas KJIeTKa);

3: OTKDPBITBII TPEXMEPHBIN MHOTOIDAHHUK (3-MEPHAA KIETKA).

ONPEAEJEHUE 6. Jiiseposoti zapakmepucmukotli KIETOIHOTO pa3bueHus
MHOXecTBa M Ha3BIBAETCSA

X (M) = (aucno 0-MepHBIX KAeTOK) — (4mea0 1-MepHBIX KIeTOK )+

+ (ameno 2-MepHBIX KIETOK) — (MUCI0 3-MEPHBIX KJIEeTOK).

XoTAa OHO W TO k€& MHOXECTBO MOXHO MO-PAa3HOMY Pa30uTh HA KICTKWH,
suavenue X (M) ot sroro He MeHsAeTCA. (DTO NATEKO HE TPUBMAIBHBIN (DAKT,
KOTOPBIU MBI OCTaBIsgEM (€3 NOKA3aTeIbCTBA. )

OdeBugHOE, HO OYEHB BAXHOE CBOUCTBO DUIEPOBON XAPAKTEPUCTUKUA —
A IUTUBHOCTD:

x(My U Mz) = x (M) + x(Mz) — x(My N Ma).

WNuTerpmpoBaTh HAM IPEACTOUT TOIBKO OYE€HL IPOCTO YCTPOEHHbBIE (PYHK-
IIUN.

OnPEAENEHUE 7. Ilycte f: M — 7 — dyHKuusa, 3aJaHHAA HA HEKO-
TOPOM MHOTOUDAHHOM MHOXecTBe M, Takasg, 9T0 f OpPUHUMAET KOHETHOEe
MHOXECTBO IEJOYNCACHHBIX 3HAYEHUN, IpUdIeM Tpoo6pa3 KaxkJaoro HuciIa, —
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MHOT'OT'PAHHOE MHOXECTBO. Takue pyHKIuu MbI 6y 1eM Ha3BLIBATDL MHO202] GH-
HbLMU, 8 MHOXECTBO BCEX MHOTOI'DAHHBIX (PDYHKIWUH, 33 JaHHBIX HA BCEM TIPO-
cTpaHcTBe, Oyaem 0603HAYAThL Yepes M.

[TonoxuM MO OmpeaeTeHn o

/ (@) dx(z) = 3 a- x(f ().
M a€Z

OTO U €CThb uHmezpas Gynkyuy no 344eposoti TapaxmepucmuxKe.

I/I BCé: HET HUKAKWUX BEPXHUX W HUXKHUX WHTErPDAJIBHBIX CYMM, HUKAKWUX
MEepexoI0B K MPeIeLy, HAKAKAX GOPEIeBbIX MHOXECTB (BCeX aTpuOyTOB MHTE-
rpamra Jlebera).

3aTO eCTh MPUBLIYHBLIE CBOMCTBA MHTErpana (gokaxure!):

TEOPEMA 2.

1. Anumeepaa cymmovr Gynryut ecmsb cymma uHMeEZPaL06 CAG2AEMBLL

/M(f(x) T g(x)) dx(z) = /M £ () dy () + /Mg(x> dx(z).

2. Hnmeapan N0 06eIUHEHUIO HENEPECEKANUULCA MHOAHCECMB €CTNL CYMMA
UHMEZPAA06 NO H(l?fC&OMy U3 HUT

[ p0io= [ o s

3. (Teopema Dybunu.) Moxcno umwme2puposamv CHAUAAL NO KAHCOOMY
CA0N0, G 3aMEM — NOAYUEHHYIO GYHKUYUIO NPOUNMESPUPOBAMD NO CAOAM:

/fxydx(wy / /fxydx( ))dx()

5. OT MHOT'OI'PAHHUKOB K ®YHKIUAM. CJIOXKEHUE 10O
MUHKOBCKOMY KAK CBEPTKA 10 DUJEPOBOMN
XAPAKTEPUCTUKE

OnPEAEJEHUE 8. Cgepmikoti MO >WIEPOBOU XaPAKTEPUCTUKE ABYX MHO-
rOrpaHHBIX GYHKINK f ¥ ¢ Has3biBaeTCa GYHKIUA f & ¢, 3agaHHas pOPMYJIOn

f®g(e /f £ — )g(y) dx(v).
C Ka,)KrZU)IM BI)IHyKJH)IM MHOFOFpa.HHI/IKOM K eCTeCTBEHHO CBA3aHAa MHOI'O-
rpauHas GYHKIUA [ — ero XapakTepucTUIecKas PyHKIIAI:
1, ecmmz € K;
I b )
K pr—

0, wuHawe.
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[MPEANOXKEHUE 3. [Tycms K u L — swvinyxavie muozoepaunuru. Tozda

ceepmra I u Iy, ecmv zapaxmepucmuueckas ynryus cymmovr Munroscrozo
K u L:

Ig ® 1, = Igsr.

Huvimu caosamu, caorcums 064 MHO202PARHUKG — MO HCE CAMOE, YUMo c8ep-
HYMb UL Tapaxkmepucmuueckue GYrHKYUL no 304eposoti TapaKmepucmuke.

I[Tos>TOMy MBI MOXEM IO3BOINTHL Ce6e BOILHOCTH 0003HAYATDL BBIMYKJILIN
MHOTOrpaHHUK K ¥ ero XapakTepUCTUIEeCKYIO (PYHKIWIO [ OMHUM U TEeM XKe
cumBoaoM K.

OKA3ATEJILCTBO. HaMm HyXHO g0Ka3aTh, ITO

/fﬂx—wh@Msz{

[Tox 3HAKOM HMHTErpata CTOUT XapaKTePUCTUIECKad (PyHKIUA Iepecetde-
HUA ABYX BHIMYKJIBIX MHOIOTpaHHUKOB. ClIe10BATEILHO, MHTErPAJ IPYU (PUKCH-
POBAHHOM I PABEH HYJIIO, €CJIU DTW MHOTOMDAHHWKY HE TIEPECEKAIOTCA (1 cama,
(yHKIMA — TOXIECTBEHHBIN HOMB), M PABEH €IWHUIIE, ECJIN TIOABIHTEr DATLHAL
(pyHKIUA — HEe TOXAECTBEHHBIX HOMbL. OCTAIOCH 3aMETUTH, 9TO PABEHCTBO
Iv(x — y)I(y) = 1 cupaBegmmBO MPU HEKOTOPOM Y TOTAA W TOJLKO TOT[A,
KOT/Ia & TPEACTABUM B BHE CyMMBI TOYEK L — Y W Y M3 MHOTOTDAHHUKOB

KulL. U

1, ecmx e K®L;

0, wuHave.

6. OBPAIIEHUE 10 MUHKOBCKOMY. ['PYIIIIA BUPTYAJBHBIX
MHOTI'OI'PAHHUKOB. BEIBOPAUNBAHUE HAU3HAHKY

C 5TOro MOMEHTA BBINYKJIBIA MHOTOTPAHHUK — HE TOJBKO MHOXECTBO
TOYeK, HO U MHOT'OT'DAHHAA (PYHKIIUA.

OTO O6CTOATENBCTBO U MO3BOMAET OOPAIIATH BBIMYKJLIE MHOTOTDAHHUKI
(oTHOCUTENBEHO ®), HO HE B KJIACCE BBITYKIBIX MHOTOIPDAHHUKOB (ITO, KAK MBI
yOequInch, HEBO3MOXKHO), a B KJIACCe MHOTOIDAHHBIX (DYHKIUU. A MMEHHO,
BepHa TeopeMa 06 obparmieHur 10 MUHKOBCKOMY:

TEOPEMA 3. Juas at06020 svinykso20 muo2oepanwkure K cywecmseyem
muozoepannas Gywkyus K1 maxas, wmo

KoK '=1.

Oma Pynrkyus yempoena npocmo (cM. puc. 5), OHG NPUHUMAEM MOALKO
dsa 3HaUEHUA:
w1 (—1)4mE " eciu x € Int(S(K));

0, unaue.
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N

b \é (_1)dimK //
///////
i
K K1
Puc. 5.
[Mosicaum obosHavenusa: dim K — pasMepHOCTH MHOTOUDAHHUKA, S — IEH-
TpalbHaA CUMMETPHUA OTHOCUTEILHO HAYaIa KOOpAuHAT, Int K — MHOrOrpaH-
Huk K 6e3 rpanumsl (0T caoBa “interior” — BHYTPEHHOCTS).

3ATAYA 12. Yb6enurech, ITO TeOpeMa BEPHA
~ M OTPE3KOB HA TMPAMOU (OJHOMEPHBIX MHOTOTDAHHUKOB),
~ IJIi MHOTOYTOJTLHAKOB HA, IIOCKOCTH.
(ITocae >TOro AMA TPEXMEPHBIX MHOTOTDAHHAKOB OHA CTAHET OYEBHIHA.)

3ATAYA 13. Tlpexge, ¥eM IUTATH AAJbIIE, MTOAYMAUTE, KAK OMPEICIUTh
Pa3HOCTH 110 MI/IHKOBCKOMy ABYX BBINYKJIBIX MHOT'OT'DaHHUKOB.

Onpenenenne 31eCh €CTECTBEHHOE:

ONPEAEJEHUE 9. PaznocTs MUHKOBCKOTO ABYX BBIMYKJIBIX MHOT'OT'PAH-
aukoB K ® L™ ecth cBepTka dpynxumin K u L~!.

B orautdme oT 06paTHOrO K BBIIYKJIOMY MHOT'OCDAHHUKY (KOTODBIN, TDY-
60 TOBOPA, HE CHIBHO OTIAIAETCA OT BBIMYKJIOTO MHOIOTDAHHUKA), PA3HOCTH
MunkoBckoro ropasmo 6omee pasaoobpasusl. Hanpumep, pa3sHoCTh ABYX KBa-
IpaToB (OQWH W3 HUX — IOBEPHYTAsA KOMWSA NPYLOro) — MOPAaBWIbHAA 3BE3/a
¢ 8 mygamm (cm. puc. 6). Ha pucynke ykazanbr 3HadMeHUA >TOU HYyHKIAM, HO
HE BCe — M3-33 HEXBATKHU MECTA.

3ab6aBHO MPOCIEIUTH BLIBOPAUUBAHME HAM3HAHKY (CM. DHUC. 7): BO3bMEM
TPAIEIAIO U BLIUTEM U3 HEe OTPE30K, MAPALIETLHBIN OCHOBaHWI. Bymem mo-
CTENEHHO YBEINUMBATE [INHY BEIYATAEMOr0 OTpe3ka. [loka oTpe3ok MaleHb-
Kul, y HAC OyJeT momyvaTbCsa (Bbimykaas) Tpanenusa. Korga oTpesok mo-
CTUTHET [IWHBI MEHBIIET'0 OCHOBAHUA, PA3HOCTH BHIPOAUTCA B TPEYTOJLHUK.
3aTeM MOABUTCA PACTYIINU OTPULNATEIHHBIN KYCOK, a MOJOXUTENIbHAS IaCTh
OyIeT YMEHbBIIATHCA, TTOKA, HE UCIE3HET COBCEM.

Paccmorpum muOXeECcTBO P BCEX MHOTOTDAHHBIX (DYHKIIUU, MPEICTABU-
MbIx B Buge K ® L~'. Onepanus ceepTku mo MEHKOBCKOMY IpeBpamaer P
B abeneBy rpynmy. /[ledcTBUTENHHO, MBI YK€ 3HAEM, IYTO TAKOEe HEUTPATLHBIN
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DIEMEHT, yMeeM 00pAIATh BBILYKJIbIE MHOTOIDAHHUKY (2 3HAYAT, U BHIPAKE-
musg suga K @ L 1),

OnPEAENEHUE 10. P HaA3BIBAETCA 2pynnoti 6UPMYAAbHbIL MHO202DAH-
HUKOB.

7. BEEPA BUPTYAJIbHBIX MHOI'OTPAHHUKOB

Yro Takoe omopHas GyHKIUA BUPTYAIHHOIO MHOTOTPAHHUKA,, MbI TTOHIN
PaHBIIEC, Y€M IIOHAJAU, ITO TaKOE CaM BHpTyaJH;HI:IfI MHOT'OT'DAHHUK.

I'pynna P wzomopdHA TpYyIIe HEMPEPHIBHLIX (HDYHKIUN, KYCOTHO-THHEN-
HBIX OTHOCUTEILHO HEKOTOPOTO Beepa.

Kak MoxeT BrIMIALETH CHEPUIECKUN Beep BAUPTYAILHONO MHOTOTDAHHU-
ka K ® L~'? Harecem Ha cdepy muaum m3noma Gysxnmi hx u hr,. Korga Mbr
pacCMOTpPUM JUHUY n3a0Ma, pYHKIUA h g — hf, HEKOTOPBIE OTPE3KN MOT'Y T UC-
9e3HYyTb, 3/IeCh He OyIeT MPOCTOTO M3MENbYeHNA, KaK DU CJAOXKEHUU BHITYK-
JIBIX MHOT'OT'DaHHUKOB, U KJIETKH! IIOJNYI€HHOI'O B€€Pa BIIOJTHE MOT'YT OKa3aTHCA
HEBBLITYKJIBIM.

BoT kpacuBbIzl U BaXHBIU IPUMED.

[MTPUMEP 1. Tunep6onutueckuu Terpasap. Chepuaeckuu «Mup u AHby.

BosbMeM npaBuabHbIA TETPasap A, OTMETHM ABa MPOTUBOIMOIOKHBIX Peb-
pa u BeruTeM u3 A oTMedeHHble pEOpa. Beep moaydeHHOrO BUPTYAIBLHOTO
MHOT'OT'DaHHUKA (HpOBepre!) COCTOUT U3 Y€ThIPEX PABHBIX HEBBIITYKJIBIX Ta-
cren (cMm. puc. 8).

C BBINYKJIBIM MHOTOMDAHHUKOM €CTECTBEHHO CBA3AHA, BBIMTYKJIAA MHOTO-
TpaHHAA MOBEPXHOCTH — OOBEIUHEHNE €TI0 TPAHEH.

C HEKOTOPBIMM HEBBIMYKILIMA MHOTOTDAHHBIMU IIOBEPXHOCTAME (KOTO-
PBIM HE 3aMPEMAETCA IMETH CAMOTIEPECEIEHUA) MOXKHO CBA3ATH BUPTY ANbHBIN
MHOT'OI'DaHHUK.

Puc. 8.
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OTO AEJAETCA MODTAITHO COTJIACHO CAEAYIOUEMY aaroputmy. Moxer mory-
YUTHCA TAK, YTO OYEPETHON IMIAT HEBBIMOIHUM. JTO 03HAYAET, IYTO C JAHHOU
MTOBEPXHOCTHIO HEBO3MOXHO CBA3aTh BUPTYAJbLHBIM MHOTODAHHUK.

MoxeT monyIuThCA TaK, YTO BBIMOJIHATH HEKOTOPHIU AT MOXHO MO-Pa3-
HOMY. 3HAYUT, BUPTYAIHHLIX MHOTOTDAHHUKOB, CBA3AHHBLIX C DTOU MOBEPXHO-
¢TI0, HECKOIBbKO. (Hampumep, ¢ TeTpasapom MOXHO CBA3ATH 52 Pa3IMTHBIX
BUPTYATbHBIX MHOTOTDAHHUKA. )

IIAr 1. [Jaa xaxmgou CpaHd MOBEPXHOCTHU 3a(pUKCUPYEM OPTOCOHAILHLIA en
BEKTOP.

[ITAT 2. Hamecem KOHIIBI BCEX DTWX BEKTOPOB Ha eqmHUYHYIO chepy. [loay-
Y€HHBIE TOYKA MOJXKHBI OKA3ATHCA PA3IUIHBIMA.

IAr 3. IlocTpoum Beep Oyayuiero BEpTyaabHOro MHOrorpanuuka. Coemu-
HUM IIOAYYE€HHBIE TOYKU I'€ONC3NICCKUMU OTPE3KaAMU (He O6ﬂ3a.TeJH)HO
KpaTdanmumu!) Io CIegyomeMy TPABIILY: TOXY 9eHHAA KAPTUHKA, JOJIK-
HA OBITH KOMOMHATOPHO ABOUCTBEHHA MOBEPXHOCTHU. B YacTHOCTH, MBI
COeWHAEM [BE TOYKMA TOrAa, KOTAA COOTBETCTBYIOIINE T'DAHU IEJIAT
pebpo.

[TIAT 4. IocTpoum Teneps KycodHO-IuHENHYHO Qyukumio h. Oua 6ygeT ckie-
€HA M3 KYyCKOB OMOPHBIX (DYHKIIMU BEPIIUH TOBEPXHOCTH. Bo3bMeM KJeT-
Ky MOJyYIeHHOT'O Beepa, HATIHEM Ha Hee KOHYC U MOJOXuUM (PyHKIHUIO A
Ha KJIETKE PABHOM OMOPHOM (PYHKIIMU TOM BEPIIVHLI HAIIEH IOBEPXHO-
cTH, KOTOpas cooTBeTcTBYeT dTou Kierke. (To xe camoe mpoucxomuT
1 B BBINYKJIOM CJIy‘Ia,e). Hpo,u;eJIaB TaK CO BCEeMU KJIETKaMW, IIOJSYyIUM
KYCOYHO-JIUHENHY O (DYHKITAIO.

TIAT 5. IlpeacraBuMm h B BuAe Pa3sHOCTU ABYX BBITYKJILIX GYHKIUUA h =
= hy — he. (Iloyemy 5TO BO3ZMOXHO — OTAeJIbHAA 3a4ada. Pemure ee.
Dyuknuu h; u he COOTBETCTBYIOT BBINYKJIBIM MHOTOIpaHHUKAM K| n
K. NckoMBI BUPTYaJIbHBIM MHOTOIDAHHUK paBeH K| ® Ky L

3AIAYA 14. Kakum moBepxHOCTAM (puC. 9) COOTBETCTBYIOT BUPTYAIb-
HBIE MHOT'OT'PAHHUKHU !

8. OT PYIIILI K AJICEBPE. UHBAPUAHTHLI XAJIBUTEPA HA
I[MIJIOCKOCTH

Ha MHOXecTBe BCeX MHOTOTPAHHBIX (BDYHKIUU 3303 0AM CTPYKTYPY alre-
OpBI HA[ TOJEM PANMOHAJBHBIX wuced. [[ja 5Toro Hamo OmMCcaTh TPHU OHEePa-
U7, YAOBIETBOPAIONINE CTAHAAPTHBIM aKCHOMaM, — CJIOXeHWe ABYX (PYHK-
A7, YMHOXEHUE ABYX (PYHKIUM U yMHOXeHWe (PYHKIUU HA PAMUOHAIBLHOE
9HCIO.
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. 7
1
AN
N1
Y
v

Kyb C TeTpasapalbHOU AMKON CKJIENKa [BYX YCEUYEHHBIX TETPAdIPOB

Puc. 9.

1. Caoxenue B anrre6pe — dTO MPOCTO OOBLIYHOE CIOXKeHUe (DYHKIIUN:

(f +9)(z) = f(z) + g(z).
2. Ponb yMHOXEHMA UrpaeT CBEPTKA MO SMIEPOBOM XapaKTePUCTUKE f R g.
3. YMHOXATH PYHKIUIO HA, IEJ0€ TUCIO HYKHO OOBITHBIM CIOCOOOM:

(a-f)(z)=a- f(z).
A BOT Kak HAJO YMHOXATEL HA, PAIMOHATLHOE YUCI0, OOBACHUM 9y Th MO3XKe —
DTO U €CThb CAMOE WHTEPECHOE U HETPUBUAILHOE.
B namen anrebpe ecTh HEUTPAIBHBIN DIEMEHT 1 — XapaKTEePUCTUIECKASL
pyHKIMA HAIATIA KOODIUHAT.

3AZAYA 15. TIpoepbTe, 9TO BBEIEHHBIE OMEPAIVEA YIOBIETBOPAIOT aK-
cruoMaM aarebphI:

l. fe(g+h) =f®g+f®h.
2. fRg=9gR f.

[Moackaska: mocTaTodHO yOEAUTHCA B CIPABEMJIUBOCTU AKCHOM [JIA CJIYy9asd,
Korjga f M g — XapaKTepUCTUIeCKUe (PYHKIUU BHITYKIBIX MHOTOTPAHHUKOB.

Haxoner, BaXHBIA 3aBEPIIAIONIMY AT IOCTPOECHUS AIre6psl — (pakTopu-
3aIIMA TIO TAPAJUIETLHBIM TIEPEHOCAM. YCIOBUMCA CUMTATH B HAIEN airedpe
[IBa MHOTOIDAHHWKA (= WX XapAKTEPUCTUYIECKUE (DYHKIUU) PABHBLIMU, €CJIH
OHU OTIUIAIOTCA HA MAPAJIIEIbLHBIA TEPEHOC.

Mer pak TOpU3yeM KOJIBIIO MHOMOTPAHHBIX (DYHKIIMA O BCEM COOTHOIIEHUAM BUIA
K —tK = 0, rie K — BLINYKJIBIM MHOTOT'PAHHUK, & { — MapajIelbHbIN MEPEHOC.

3aMeTHuM, ITO TMPA 3TOM ABTOMATUIECKNA PABHBIMU MEXAY COOOU CTAHO-
BATCA MHOTHE MHOTOrpaHHbIe (pyHKmuu. Kaxmyio MHOTOrpaHHyio (yHKITAIO
MOXHO pPa3pe3aTh Ha KYyCKU, 3aTeM MapaIENbHO MEePEeHECTH KaX IBIA KYCOK
(I pa3HBIX KYCKOB MOXKHO UCIONB30BATH PA3HBIE MAPAJLIEALHBIE IEPEHOCHT! ),
7 TOJYy9YeHHAsA MHOTOTPaHHAA QPYHKIUIA OKAXKETCSI PABHOU MUCXOTHOU.
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070 0 1 1 1
/% 0 0 0

1 1 0 IW/// 0 1 1 1

1 1 0 1 1 %0 1 1 1

Puc. 10.

3ATAYA 16. Kakue w3 MHOrOTpaHHBIX (PYHKIUU, U300paAKEHHBIX HA
puc. 10, paBHBI MeX Yy cOG0U B aIre6pe MHOTOTPAHHUKOB?

3Iech YMECTHO CAenaTh OTCTyieHue. U nes paspesanns MHOTOTrDAHHUKOB Ha, Ky C-
KU ¥ CKIQIBIBAHUA U3 KYCKOB Y€r0-TO HOBOIO 3HAKOMA, T€M, KTO 3HAET O 3HAMEHUTOU
TpeThen npobmeme 'minbepra.

TpeTba npobiaema ['mrbbepTa OTAMYIAETCS OT TOTO, YTO MPOUCXOIUT B aarebpe
MHOT'OI'PDAHHUKOB:

BO-TIEPBLIX, KYCKU PA3PEIIACTCA MEePEIBUTNATh, TTOMbL3YICH JIOOBIMU TBUXKEHUAMUI
IIOCKOCTH, & HE TOJBKO MAPALICILHBIMYA IIEPEHOCAM,

BO-BTOPLIX, B aare6pe MHOIOI'PAHHUKOB YU TLIBAIOTCA KyCKH BCEX Pa3MEPHOCTEN
(TOYKM U OTPE3KM He PABHBI HYJK), TOMa KAk B TpeThel npobaeme [uasbepra nmu
mpeHebperaoT.

ITocne paxTopusaluu Mo mMapaiIelbHBIM IEpEeHOCaM B airebpe MHOMOTIDAHHUKOB
CTAJO TPYIHO PABIAYIATEH (PYHKIMU: [TOCTIE PA3PE3aHUA HA KYyCKU U [IEPEMEINBAHUA
KapTUHKA MOXET M3MEHUTLCI HEY3HABAEMO.

[l pacmo3HaBaHUA PABHBIX MHOTOMPAHHBIX (DYHKIIMU HA TIOCKOCTY BBEIEM CIIe-
IYIONINE MHBAPUAHTEL.

[IBa 13 HUX TPOCTHIE.

TTonoxum

ho(f) = / f(2) dx(a)

() = [ 1z da.

OTHU BEIUIUHBI HA3LIBAIOTCA HYAECEbIM U 8MOPbIM UKBapuarmom Xadeuzepa MHOTO-
rpagHon pyHkuyy f.

Bo BTOpOM mHTerpase mHTerpupoBaHUe OOBIIHOE, o Mepe JleGera. Bemuaumy
h2(f) ecTecTBEHHO HA3HIBATH MUIOMIAILI QYHKIUY f.
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Beegem 6oee CI0KHBI MHBAPUAHT, BEPHEE IEI0€ CeMENCTBO TaKOBEIX. IIpu (uk-
CUPOBAHHOM EIVUHUYHOM BEKTOpe & ompeneauM dauxy pebpa ¢ #opmaabio & MHOTO-
IpaHHOU (DYHKIUU B [BA IPUEMA:

1. Oycts K — Beimykasin MHOTOrpaHuuk. [lomoxkum mo onpegenenuto hq (K, €)
paBHBIM auHe pedpa K, BHENTHAA HOPMATIh KOTOPOrO paBHA &.

2. IIpou3BOIBHYI0O MHOTOTPAHHYIO (GYHKINIO f Pa3lokKUM HA BLITYKILIC MHOTO-
rpanauky f = Y. a; K; u nonoxum hy (f,§) = Y, aihi (K;,§).

Dyukiusa hy; HA3LIBACTCA Nepebim unsapuarmom Xadsuzepa.

S3ATAYA 17*. [lokaxuTe, 9TO 3TO ONpENEIEHAE KOPPEKTHO: 3HaYUeHue hy He 3a-
BUCUT OT NpeAcTaBieHua GpyHKIUA f B BULE JUHEMHON KOMOWHAIIMYA MHOTOT'DAHHU-
KOB.

TEOPEMA 4. Cucmema ungapuanmos Xadeuzepa noana, m.e. dée MHO202PaH-
uvte Pynxyuy f u g, 3adanuvie na R?, pasust (nocae gaxmopusayuu) moz0a u moav-
Ko mozda, Koeda

ho(
h2(f) th(g),
hi(f,&) = h1(g,€), 0daa arwboeo &.

S3ANAYA 18*. [loxaxkuTe 5Ty TeOpemy.

B nmpocrpascTBax Goablen pasMEpHOCTH CUTYANUA AHAJOTUYHAA: TAM TOXKE
OlIpefe/ieHa CUCTEMa, UHBAPUAHTOB XA ABUTEPA, ABIAIOIIAACA MTOJHOU. [Ipu sTOM uH-
BapUMaHT hj TakXKe (OTBEYAET» 33 T'PAHU PA3MEPHOCTU hj, MHOTOUDAHHOU (PYHKIIVH,
HO POJIb mapamMerpa £ UrpaeT He eJUHUTHBIN BEKTOP, a (Jar.

SANAYA 19. Beruaueniure WHBAPUAHTHI XaJBUrepa MHOTCOTDAHHLIX (DYHKIINN,
n300paxeHHLIX Ha pucynke 10.

9. TILITAEMCS YMHOYKATH HA [IPOBU

YT06bI MHOXECTBO MHOTOTPAHHBIX (DYHKIIUU MPEBPATUTL B aaredpy Ha[
Q, mamo 3a4aTh ONEPAMIO YMHOXEHUS MHOTOTPAHHBIX (DYHKIUU Ha PALMO-
HAJbHBIE IHUCIA.

IIpm sToM HamO 06€CmeYnTs BHIIOJHEHNE AKCUOM AUCTPUOYTUBHOCTH

q-(f+9)=q-f+q-g
1 aCCOIIMaTUBHOCTN
(gr)-f=q-(r-f).

Kak yxe roBopmioch, yMHOXHATH MHOTOIPAHHYIO (DYHKIIAIO HA [EJI0€ STHUCIO
JETKO — HYXHO IPOCTO MUCHOIB30BATH NOTOYEIHOE YMHOXECHUE:

(n- f)(x) =nf(z).

C mpobsamu geno obcrouT caoxuee. [lycrs f — mMHOrOrpannas gyHxums.
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[Monpo6yem ompenenuTs MHOTOTpaHHYO GyHKIUO 1/n - f 1as HaTypaib-
HOTO 9mcaa N (3TOr0 MOCTATOYHO JIA YMEHUS yMHOXATH Ha JIOOBIE PaImo-
HANBHBIE TUCIA,).

MBI IOMKHBI HAUTYM TAKYHO MHOTOTPAHHYIO (DYHKIUIO g, YTO B HAIIEH AJl-
reOpe BBIOIHEHO PABEHCTBO N+ g = f.

[IpocTo ymMHOXUTE f HA 1/n HEMB3A: y MHOMONDAHHBIX (DYHKIWH II0 OIpe-
METEHUIO BCE 3HAMEHUA MEMBIE.

Bosee Toro, uckomas GhyHKIUA ¢ MOXKET BOOOIIE HE CYIECTBOBATD: 3aMe-
TUM, 9TO

[ t@)ax@) =n [ o) axo).

T.e. [ f(z)dx(z) kpaTHO N, 9TO He BCerja BEpHO.

3HAYUT, Y HAC €CTh MIAHC HAYIUTHCA YMHOXATH HA IIPOU3BOJIbHBLIE APOGU
b Te dysknum, y kotopex [ f(z) dx(z) = 0.

Haxuem ¢ mpumepos.

3AIAYA 20. Hauru 1/2 - f, roe f — xapakTepuctudeckas GyHKIUI
— DOXYyOTKPBITOT'O OTPE3KA;
KBaIPaTa C BHIKUHYTHIMHA OBYMA CMEXHBIMU CTOPOHAMUY;

TPEYTOIHHUKA C BHIKHHYTOU BEPUINHOW;
— TeTpasapa C BLIKIHYTOU BEPIIXHON.

3AIAYA 21. Hanru 1/n - f, rge f — xapakrepucrudeckas QyHKINA
— MOJYOTKPBITOTO OTPE3KA,;

— MApPALIENIOrPAMMA, C BHIKUHYTHIMA ABYMS CMEXHBLIMEA CTOPOHAMU;

— TPEYTOJbHUKA, C BHIKUHYTOU BEPIIMHON;

— TeTpasapa C BLIKIHYTOU BEPIIXHON.

YT06BI yMHOXUTE HA 1 /N IPOU3BOIBHYIO MHOIOIDAHHYO (QYHKIUIO [, 1/
koropou [ f(z)dx(z) =0, HaKO mpoAEIATH CIEfyIOmEe.

> [IpencraBuTh f B Buje TMHENHON KOMOUHAIIY MIOTYOTKPBITHIX OTPE3KOB,
TPEYTOJILHUKOB C BHLIKAUHYTOU BEPIIUHOW, W TETPAIAPOB C BHLIKUHYTOU
BEpIINHOMU.

> YMHOXWUTBH KaXI0e U3 claraeMbix Ha 1/n.

> Bocmoab3oBaThca aucTpuby THBHOCTHIO.

Takum 06pa3oM, Ha, MHOXECTBE MHOTOTPDAHHBIX (DYHKITAIA MBI TIOYTY BBEIA
CTPYKTYpPy aireGpbl Ha MOJeM PamuoHaTIbHbIX qucelr. CI0BO «MOYTU» OTHO-
cuTca K ToMy (akTy, 9T0 (YHKIUE ¢ HeHyleBbIM 3HadenueM | f(z)dx(z)
HEJIb3 YMHOXUTH HA TPOU3BOILHYIO APOOb.
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10. JIOTAPU®M U SKCIOHEHTA

Ha mepBbIz B3TIAL, DTO COBEPIIEHHO TWKAA HEpearmsyeMas UIesd: MBI C
O0JBIIAM TPYAOM CIPABUINCH C YMHOXEHUEM HA PAIUOHAILHBIE YTHUCIA, &
3/[1eCh YIACTBYET TPAHCIEHAECHTHOE 9MCIO €, M BOOOIIE HEACHO, KAK BO3BECTH
9UCIO B CTEHEHBb (TPEYTrOJIbHUKY.

Ha camom mene BBemeHme morapudma 1 SKCIOHEHTHI — XOPOIIAYA TTPUMED
TOT'0, ITO YaCTO 0bInee OBIBAET MPOIIE YACTHOTO. DTOT mpueM Oyaer pabo-
TATh HE TOJBKO B airebpe MHOTOIPAHHUKOB, HO U B JIOO0U APYTOU Tpaayu-
poBaHHOU aarebpe ¢ 0OPLIBAIOIICACA I'PAIyUPOBKOM.

Iycrs f — muororparnas ¢ynknusa takad, 110 [ f(z)dx(z) = 0. Onpe-
npenum gorapudm f + 1, munysa qucao e. I3 kypca aHanmsa U3BECTHO, YTO IPU
(PUKCUPOBAHHOM I CTEMEHHOU PAL

o n
Z (_ l)n—l T
n=1 "
cxogurea K In(x + 1). (Uuraremo MOXHO He BCIOMWHATEH MOAPOGHOCTH BO-
IPOCOB CXOAUMOCTY PAMOB, HAM BAaXEH JUIIL €r0 BU[D).
OKCIIOHEHTA TOXE MPEACTABAMA, B BUIE PALA:

OO n
T

expr = =
n!
n=0
YTo ecau MOMBITATHLCA MOACTABATHL B OTH paAAbl ¢yHKnmio f?7 Mbr yxe
yMeeM IepeMHOKXATH MHOT'OTPDAHHLIE (DYHKITUY U CKJIAIBIBATH UX, HO KaK OBITDH
C MEPEXOIOM K Mpenerny?!
A 3pecw HAC XK AeT TOZAPOK CyALOBI (OKA3ATEILCTBO MBI OILYCTUM, IOAA-
POK TaK MOAAPOK):

[IPEAJIOKEHUE 4. /[aa sbinykao2o muoz2o02parnukra K
(K —-1)*=0.

SHAYUT, BMECTO OECKOHEYHOT'O PALA ¥ HAC OCTAHETCA MPOCTasd KOHEIHAA
CyMMa.

OnpPEAENEHUE 11. Ilycts f — MHOTOrpanHas (QpyHKIUA TaKasd, <ITO

[ f@ ax(@) =o.

ITonoxum 1o ompegeTeHn o

(f+ ) E3 ()l ey L
n=1 n=0

Baenennnie HaMu JorapudM 1 SKCIOHEHTa 001aal0T 3HAKOMBIME CO IIKO-
JIBbI CBOUCTBAMU:
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TEOPEMA 5. Ilycmb muocoepamunbvie gynryuu f u g marxoswl, 4mo

[ 1@ ax@ = [ gla)axt@) =o.
Tozda
L In((f+1)®(g+1) =In(f + 1) +In(g + 1).
2. exp(f+g9g) =expf®expyg.
3. In(exp f) = f.
4. exp(0) = 1.

3ATAYA 22. [lokaxuTe 3Ty TeopemMy. ITO HAIO0 AeaaTh B J00, KaK B Iif-
TOM KJIacCe Ha YPOKaX aiarebpBI: MPAMO HOACTABUTL CTEINEHHBLIE PANBI, PAC-
KDBITH CKOOKY, IPUBECTU MOAOOHBIE WIEHBI U HE 3a0BITH IIPHA DTOM, ITO HOIH-
e cTeneHu oOHYIAIOTCA.

11. 'PAOAYUPOBKA B AJI'EBPE MHOI'O'PAHHUKOB

MEer nokaxem, 9T0 TOCTPOEHHA HAME AIreGpa MOX0XKa Ha aare6py MHOTOWIEHOB.
ITogo6HO TOMY, KaK MHOTOUIEH €CTECTBEHHBIM 00Pa30M MPENCTABAM B BUE CYMMBI
OJHOYICHOB PA3HBIX CTENEHed, MHOIOrPAHHEIE (DYHKIWY IPEICTABAMEL B B IE CyMMEL
TaK HA3BIBAEMBIX OTHOPOIHBIX DIEMEHTOB. IIpM 5TOM OZHOPOIHBIE MHOIOTDAHHBIE
dYHKIUM, TaK ke KaK U OJHOPOJHBIE MHOTOWIEHEI, WIOBATCSIY MOMOTE TAAMU.

Haunem ¢ saemenrapuoro samedanus. Ilycrs f(z) — muorowren. Paccmorpum
HOBBIN MHOTOWIEH (2) f(x), MOTyYeHHBI FOMOTETUIHBIM CKATHUEM OCH &:

2)f(z) = f(2z)

IIpu 5TOM CBOGOIHBEIN YIEH HOBOI'O MHOT'OWIEHA OCTAETCA MPEKHUM, KO3 dumu-
€HT TIPY T YBEIMYMBACTCA B 2 Pasa, KOd(P(QUIMEHT Ipu 2 yBeIHUNBAeTCA B 4 pasa,
7 TaK gajee.

ITosTOMY ONHOYIEHBI CPEIU MHOTOYIEHOB JIETKO PACIO3HATE C IMOMOIILIO PACTA-
TUBAHUA TOMOTETUEN OCH I: HANPUMEP, OJHOWIEH TPEThEN CTEMEeHW — DTO TaKOU
MHOT'O'WIEH, KOTOPBIU HpU AercTBuu (2) yBeaunduBaeTcs B 8 pas.

WNubiMu croBaMu, CIpaBeIIuBa OYEBUTHAS TEOPEMa:

TEOPEMA 6. B aszebpe mmuoz2ousenos F om 00noti nepemennoti Moxcro sbvide-
aumb (nenepecexaowuecs) nodmnoxcecmea Fo, Fi, Fa, ... maxue, 4mo

1. Kaocdovii mnoecounen f eduncmeennvim o0pazom npedcmasun 6 sude f =Y. f;,
fi € F;.
2. FEcau f; € F;, fj € Fj, mo fi fj € Fitj.
3. Aeticmsue (2) yseauuusaem saemenmot F; 6 2° pas.
(B Takux ciydasx COBOPAT, 9TO HA MHOXKECTBE MHOIOWIEHOB €CTb CTPYKTypa pa-
OYUPOBAHHOU AJIreOpHI.)

MuoxecTBO F; HA3BIBAIOTCSA OTHOPOMHBIMU KOMIIOHEHTAMU CTEMEHU { aareOphl
MHOT'O'JIEHOB.
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Ha mMHOXeCTBE MHONOTDAHHBIX (DYHKIIMN €CTh AHAJOTUIHOE NEMCTBUE TOMOTE-
rum: monoxuM (2) f(z) = f(x/2). 3amMedaTeNbHBIN 1 HETPUBUATBLHEIN (HAKT COCTOUT
B TOM, UTO [/ aIreOpbl MHOMOIPAHHUKOB TAKXKE UMEET MECTO aHAJOT TEOPEMEI 00
ONHOPOIHBIX KOMIIOHEHTAX.

TEOPEMA 7. B ascebpe mnozo2pannukos M moxcno evidesums (nenepecexaio-
wueca) nodmnoncecrnea M;, i = 0,1,2,3 maxue, umo

1. Kaxcdas mmo2oepannas dynkuyus f eduncmeennbim 06pazom npedcmasuma 6

sude f =3, fi; fi € M;.
2. Ecau f; € My, fj € Mj, mo fi - fj € Miy;.

3. Aeticmesue (2) yeeauuusaem mrozozpannyto Pynxyuo f; € M; 6 2! paza: f €
M; pasnocuavrno momy, wmo (2)f =2'f.

MuoxecTBo M; HA3LIBAETCA OOHOPOLHON KOMIIOHEHTON aIreOphbl MHOIOrDaHHN-
KOB CTEIICHU ©.
DJIeMeHTH M; ABIAIOTCA AHAJOCAMY OJHOYWICHOB CTEICHN i.

HOKABATEJLCTBO. Ilompo6yem moOHATH, 9TO U3 cebsa MPEACTABAAIOT OTHOPOI-
HBEIE DJEMEHTH AIre6phbl MHOMOIDAHHUKOB (QHAJOTU OTHOWIEHOB B aire6pe MHOTO-
wnenoB). [Iycts K — BBIMYKJIBI MHOI'OMDAHHUK. 3AMETUM, ITO

2)lnK =2-InK.
[lencTBUTENBHO,
2-mK=In(K®K)=In(2)K)=(2)InK.
3ATAYA 23. [loxaxure, 9TO
2(InK@nK)=4-(InK ®InK)

I 9TO

(2)((InK)) =27 - (i K)?)

Hakounen ormeruM, uro (2)1 = 1. ([lercTBUTEIBHO, TOYKA OPU PACTATUBAHIN HE
MEHAETCA ).

IMosToMy ecTecTBeHHO 3a0aTh M; Kak MHOXKECTBO BCEX JUHEUMHBIX KOMOWHAIMN
dbyaxmmi Buga (In K)f, roe K — BBITYKIBIA MHOTOTDAHHUIK.

Ham HAZO HAYYIUTHCA PACKIALIBATE MHOTOTPAHHYIO (PYHKIWIO f B CyMMY OIHO-
POAHLIX WIEHOB. [l 5TOr0 TOCTATOYHO MPOAENATH 3TO MJIA BHITYKJIOIO MHOTOI'DAH-
nuka K.

ITonoxum p = In K. Torga

40
K =exp(lnK) = Z%
i=0

OTO ¥ eCTh UCKOMOE PABJIOKEHUE HA, OTHOPOJHBIE KOMIIOHEHTHI.
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[IPUIOXKEHUE. OTBETHI 1 YKA3AHUSA

3AMAYA 1. Cymma MUHKOBCKOTO €CTh OTPE30K CyMMAPHOU IIWHBI.

3AAYA 2. [Tapamresorpamm.

3AIOAYA 4. [latuyroasHuK.

3AAYY 6 U 3. CymMMa OCTAHETCA TOU XKe C TOYHOCTHIO [0 MaPALIETLHOTO
TIEPEHOCA.

3AAYA 11. Beep rerpasapa m3obpaxen Ha puc. 11.

Beep orpeska — pasbuenue chepbl GOIBIIMM KPYTOM (OPTOTCOHAIBHBIM
OTPE3KY) Ha IBe MOXyChephL.

Beep xyba — pasbuenue chepsl TpeMsa GonbimmMu KpyraMu. B 3ToM MOX-
HO yOEIUTHCA, MOMb3YACH AITOPUTMOM, HO MPOIIE 3aMETHUTh, UTO KyO eCTh
cymMa MUHKOBCKOTO TpPeX OTPE3KOB, Beepa KOTOPBIX MBI YK€ 3HAEM.

3ATAYA 14. BUpTyalbHBIM MHOTOT'PAHHUK CYIIECTBYET TOJBKO A BTO-
POH MOBEPXHOCTH, CM. puc. 12.

3AZTAYA 16. ITepsoie aBe.

SATAYA 20.

— [MonyOTKPHITHIN OTPE30K PABEH CYMMeE NBYX MOJIYOTKPBITHIX OTPE3KOB
MOJOBAHHON [JINHEI.

— Takol MOMyOTKPHITHIN MAPALIEIOrPAMM JETKO pa3OUTh Ha [BEe PABHBIE
YACTHU Pa3pe3oM, MAPAIETLHBIM OJHOU U3 CTOPOH.

— IIpeacraBbTe 5TOT TOIYOTKPHITHIN TPEYTOILHUK KAaK 00BeIMHEHNE IBYX
(rOMOTETHYHO B 2 pa3a MEHBIINX) MOIYOTKPHITHIX TPEYTOJILHUKOB U MAPAJ-
JeJI0rpaMMa.

— AHATOTUYHO IPEABLIAYIIEMY IYHKTY, TPEACTABLTE TETPAIAP B BUAE 00H-
eUHEHNUs ABYyX (COMOTETHYHO B 2 pa3a MEHBIINX) TETPAdAPOB U ABYX MPU3M,
C TPEYrOJBHBIM OCHOBAHUEM U MAPALIETOTPAMMOM B OCHOBAHUU. [IpusmMbr pe-
KYTCA TOMOIAM JETKO.

3ATAYA 21. CM. yKa3aHUA K OPEIBIAYINEH 3aa9e.

Puc. 11.
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Puc. 12.
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O cyMMe yTIOB MHOT'OT'DAHHIKA,

. B. UsmecTheB*

IIpenmoauocsa croprpus
CyMMol cBOUX YIVIOB,
Bernr BrImagaeT us
Harmrero mupa cioB.
Nocudp Bpomxckun,
Harropmopr VII

1. BBEIEHUE

B oTout cTaThe MBI JOKaXEM PAI COOTHOIIEHUN, CBA3BIBAIOIINX BEIUIUHBI
BHYTPEHHUX yTJOB MHOTOrpaHamKa. CaMoe m3BecTHOE 13 HUX (K COXATEHUIO,
MeHee U3BECTHOe, UeM OHO TOr0 3aciykuBaeT) — dopmyaa ['pama. [laa Tpex-
MEpPHOT'0 MHOTOT'DAHHWKA OHA I'VIACUT:

2) =Y o =2m(F —2), (1)

2de ae — dsyepannviti y2o4 npu pebpe e, oy, — Meaecubill Yy2oa npu 8epuLl-
e v, F' — Koauuecmeo epamneti mmHo202pannuKka, CYMmuposarue eedemcs no
8CEM BEPWUHAM U PEODAM.

TEOPEMA 1.

Hanpuwmep, ky6 umeer 12 pebep ¢ yriaamu mo 7/2, 8 BEPUIMH ¢ yIIAMEA TaKXKe
no 7/2 u 6 rpamen. [Togcranoska sTux Beauyaus B dpopmyry (1) maer sBepHOE
TOX TECTBO.

dopwmyaa 'pama 0606maeTCA Ha MHOTOIPAHHUKE 60J€€e BLICOKOUN Pa3Mep-
HOoCcTH. [IJ1 5TOTO HAM HANO ONPENENUTDH BEIWUWHY YIJIa TPU KAXIOU TPAHU
MHOTOrpaHHUKA. MOXHO MOCTYNATEL TPAJUIMOHHO: €CAU TUIOCKWN (1 BMECTE
C HUM [BYT'PDAHHBIN) YTOl W3MEPAETCA IIWHOU TYTH, & TEIECHBIN ILIOMA IO
006JaCTH, BLICEKAEMON Ha, €JUHUIHON chepe, TO MOJHLIA k-MEePHBLIX YTOI Cle-
IyeT TOJOXUTL PABHBIM ILIOWAIA eIUHUIHOU k-MepHOU chephl. O THAKO MHO-
raa yao6HO yriibl HODMUPOBATH, IPUHAB BETUYUHY IIOJHOTO YTJIa 33 €IUHUILY.
B mammem caygae 53TO NPUBOIUT K DICTAHTHOMY PABEHCTBY.

“PaboTra BLITIOMHEHA B paMKax mpoexTa «[loamsapaibHble TOBEPXHOCTUY, (PUHAHCHUDYe-
moro DFG (TlepmaHCKMM HCCIEI0BATETLCKAM OGIIECTBOM ).

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(132-150)
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TEOPEMA 2 (POPMYJIA ['PAMA).

n

Y (=)Fpr =0, (2)

k=0

ede pp — cymma (HOPMUPOBAHHBIT) BEAUUUH Y2408 NPU K-MEPHBIT 2PAHAL
0aHH020 N-MEPHOR0 MHO202PAHHUKG.

[Manum Gosee cTporoe ompenenenue BeamawHbl yria. [lycrs P — n-mep-
HBIA MHOTOT'PAHHUK, () — ero k-mepHas rpadb. BeibepeM TOYKY & BHYTPH
@ u paccmoTpuMm map B Mmanioro pajgmyca ¢ UeHTpoM B z. Bemuuwmua yria
MHOrOrpanuuka P npu rpanu () monaraercsa paBHOU gosie o0beMa mmapa B,
HAXOMAIIENCA BHYTPU MHOTOrPAHHUKA, P:

vol(BN P
wo(P) = v(ol(g) :

OKBUBAJEHTHLIM 00Pa30M MOXHO PACCMOTPETH MAIYIO CHEepy € MEHTPOM B T
7 OTIPEJEIUTh, KAKAd JA0JA €€ ILIOMAIA HAXOAUTCA BHyTpu P.

[larHOE OmpemeneHne MPOACHAET CMBICA CIATAEMBIX Op_1 U @Qn B GOpMy-
ae (2). Cnengys emy, 1 Bcex yriioB npu (n — 1)-MepHBIX TPAHAX MBI IOy IaeM
BeauuuHy 1/2. Kpome TOro, Mbl yCIaBIXBaeMCA CIATATH CAM MHOTOTDAHHUK
cBOEN (EMUHCTBEHHOMW) N-MEPHOU IPAHBIO, OTKYAa MO ONPEIEIEHUI0 HAXOAUM
¢n = 1. Teneps uuTaTens 6€3 TPyAa MOXKET yCTAHOBATH, ITO dopmya (1)
ABISAETCS YACTHBIM CIydaeM (hopMyast (2).

Kpome popmyawr ['pama, Mbl gokaxem u Apyrue COOTHOIICHUS MEXKIY
BEJUYUHAMU YIVIOB MHOTOTpaHHUuKa, popmyisl [lera — Commepsuaa. Ouu mo-
ABIAIOTCA B PA3MEPHOCTAX HAYMHAA C 4, M MBI OTJIOXUM UX (POPMYJIAPOBKY
o 6osee ynro6HOTO MOMEHTA.

* % % k % %

[l TOMHOTHI M3JIOKEHNA AAIAM OIpeIeJeHNA MHOMOTDAHHAKA U €rO T'pa-
uwer. Huxke npuBegeHsl Tak ke HEKOTOPBIE COMMAIIEHU, UCTIOIB3YEMbIE B TATh-
HEHUIIEeM.

OUPEAEJEHUE 1. Bunyxavim muoz2o02pannukrom B R" HazbIBaeTCA Orpa-
HUYEHHOE epecedeHrne KOHETHOr0 UUCIa MOAYIPOCTPAHCTB. MHOrOrpaHHUK
Ha3BIBAETCA 1 -MEPHbIM, ECIU OH HE COAEPKUTCA B moanpocTpaucTee R C R”
MEHBIIEA PA3MEPHOCTH.

Bce mMHOrorpanHuku B cTaThe OyAyT HIPEAIONAraThCsa BhINYKAbIMEU. Kak
IIPaBUJIO, MBI TaKXKe IIpefnoJaraeM, ITO pa3sMepPHOCTh MHOI'OI' DAHHUKA COBIIA-
IAeT C PA3MEPHOCTHIO 0OBLEMIIONIETO TPOCTPAHCTBA. DTO BaXHO, HAIPUMED,
IpU ONpefeeHNY BeIWINHBI yIvIa IPY T'DAaHU.
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ONPEAENEHUE 2. Onopnot naockocmsio MHOororpanauka P C R Ha3wl-
BAETCA TUMEPIUIOCKOCTH (MOATPOCTPAHCTBO Pa3MEPHOCTH N — 1), mMemas
HemycToe mepecedenue ¢ P u Ttakas, 9To P JexuT mo OgHy CTOPOHY OT Hee.
I'panbio MHOrOrpanHnKa P HasbBaeTca mepecedenne P ¢ 10001 ero OmopHOn
ILIOCKOCTHIO. IHOTIa, K TPAHAM OTHOCAT TaKXe CaM MHOTOrPAaHHUK P I/I/I/IJII/I
IIyCTOE MHOXECTBO.

Kaxmgas rpadb MHOTOTPDAHHUKA CAMa ABIAETCA MHOTOTPDAHHUKOM U UMEET
OIIpeJIeJIeHHY 0 Pa3MepHOCTh. (PasMepHOCTH MyCcTOr0 MHOXECTBA YIOGHO II0-
n0xuTh paBHou —1.) I'panu pasmepuocTu ) — 5T0 BepumHbL. ['panu pazmep-
HOCTU N — | B M-MEPHOM MHOT'OTDAHHUKE HA3LIBAIOTCA ero daceramu. MHO-
TOTPAHHUK MOXKET OLITh MPENCTABICH KaK MEePEeCeUeHUe MOMYIPOCTPAHCTE,
TPAHUYHBIE TUTEPILIOCKOCTA KOTOPBIX 3aMA0TCA (PACETAMU MHOTOTDAHHUKA.
Takke MHOTOIpAHHUK SBIAETCA BBITYKION 060motukon cBomx BepmuH. «Ca-
MBI MAJEHBKUNY 7-MEPHBIA MHOTOTPAHHUK B R — DTO CUMILIEKC, MMEIOIIUI
n + 1 dacery u n + 1 Bepmmnay. Ecau MBI pacCMOTPUM BBIIYKJIYIO 000J0T-
Ky KOHEYHOT'O YU, TOYEK B OOIIEM TOJOXEHUN, TO BCE TPAHU MOy IEHHOTO
MHOTOTPDAHHUKA, 33, UCKIIYEHNEM, OBITh MOXET, €r0 CaMOoro, Oy Iy T CUMILICK-
camu (OpUMep: OKTas[Ap, ¢ IOUIEBEICHHBIMA BEPIIUHAMY, €CJIM MbI HACTAW-
BaeM Ha o0meM mojoxeHuun). Takou MHOTOTDAHHUK HA3LIBAETCA CUMILIAIN-
anbHBIM. O CUMIUIMIIMATBEHBIX MHOTOTPAHHUKAX TMOUAET pedb B KOHIE DTOU
CTATBH.

Mui 6yseM uCIOAB30BATE (€3 MOKA3ATEAbCTBA (POPMYdy OWIepa [Iid
N-MepHOro MHOrorpaHHuka. Kcam mbr ob6o3mauuMm depes fi, £ = 0,1,...,n
KOJUYIECTBO k-MEPHBIX MPAHEN JAHHOTO N-MEPHOrO MHOTOrpaHHuKa P, To oTa
dopMyna rIachAT:

k —
S(-DFfr=1. (3)
k=0
[Mockonbky fp, = 1 (MHOrOrpAHHUK ABIAETCA CBOGU €NUHCTBEHHOU Nn-MEPHOU
IPaHBIO), 3Ty (POPMY.Ty IACTO 3AMUCHIBAIOT B BUIE

n—1

S =14 (1)

k=0
B ogrom w3 mokasareascTs (mokaszarerscTio llenapma B maparpade 3) mbr
npuMeHuM (GopMyIy Juwiepa B Gomee OOMIEH CATYAIMH, KOTAa PACCMATPH-
BaeTCsA pa3buWeHme MHOTOTPAHHWKA Ha 0oJee MeIKWe MHOTOTDAHHUKU, U fi
0003HAYAET KOMMIECTBO k-MEPHBIX 9acTel pa3OueHus.

Bousee 6au3K0 ¢ BOCXUTUTENBHBIM U [0 CUX MOP 3arafOYHBIM MUPOM MHO-

TOTr'PAaHHUKOB YUTATEAb MOXET IMO3HAKOMUTHCA IO KHUTE [8]
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2. ®oPMYJA 'PAMA OJ TPEXMEPHOI'O MHOTO'PAHHUKA

B srom maparpade mbr qokaxem Teopemy 1. [las sToro Ham monago6uTcs
BCIIOMOTr'aTeIbHOE YTBEPX JeHue:

JIEMMA 1. Aas cPepuueckozo mpeyzoavhurae A na chepe edunuumnozo
Paduyca BLINOAHAELTNCA PABEHCTE0

S(A)=a+p+y—m, (4)

2de S(A) — naowade mpeyeoabnuka, a , U Y — BEAUUUNBL €20 Y2A086.
[IOKA3ATEJLCTBO. [lo ompenenenuio, chepuiecKun TpEeyroabHUK Orpa-
HUYEeH IyraMu GOMLIIMX OKpYyXHOCTed. MHate rosops, A ABIAETCA mepece-

TYeHmEM TpeX Morycdep TAKWX, ITO UX TPAHUYHBIE OKPYXHOCTHU HE Iepece-
kaioTcsa B ogquou Touke. [lycrs Hy, Ho, H3 — 5Tu monycdepor. Torga umeem

HiNHyN Hy = A,
HiUHyUH; =S%\ A
31ech S2 — cdepa, A’ — TpeyroabHUK, IEHTPATLHO-CAMMETPAIHLIA TPe-
YTOMLHUKY A OTHOCHTEILHO IEHTPa Chephl (pnc. 1). Paccmarpusas qacTu, Ha

KOTOpBIe genaT cdepy rpaaunsl obaacren Hy, Hy u Hs, HETPpYIHO NOKA3aTh
PaBEHCTBO

S(HiUH;UH;3) = S(Hi)+S(Hz) +S(Hs) — S(Hi N Ha) —
—S(HQ ﬁHg) — S(Hg ﬁH1) +S(H1 N Hy ﬂHg)

(bopmyra Brmouerma-uckmoaenna). Oguaxo S(H;) = 27 qua i = 1,2,3, a
S(H; N Hj) paBHAeTCA yABOGHHOMY yIIy TPeyrolbHMKA A IpU BepIIMHE,

"‘

Puc. 1. Cpepudeckuyt TpeyroIbHAK U €0 AHTHIION
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Jexamey Ha rpaHmne moxychep H; m Hj. IlogcTapnias 5TH # HOXyIeHHEBIE
BBIIIIC PABCHCTBA, IIONYYIaeM

4 — S(A") =321 — 20 — 28 — 2y + S(A).
[ockomeky S(A') = S(A), orcioga BeITeKaeT paBeHCTBO (4). O

3AITAYA 1. JokaxuTe, 9TO ILIOMIA I BBIIYKJIOTO CHeprIeCKOro N-yroib-
HUKa M Ha eIUHUYHOU Cdepe BEIUCIIETCA M0 HOopMyie

S(M) =Y ai—(n—2)m,
=1

rae aj, it = 1,...,n — BeawumHBI yroB MHOrOyroabauka. ([lodckaska: Pas-
peXbTe MHOTOYTOJIbHUK HA TPEYTOMLHUKH. )

[JOKA3ATEJBLCTBO TEOPEMBI 1. [lj1g KaxX J0oU BEPIIXHLL ¥ MHOT'OI'DAHHU-
Ka BO3bMEM C(epy MaJoro paguyca ¢ MEeHTPOM B TOUKe v. llepecedenue >Tou
cdepbl ¢ MHOTOT'PDAHHUKOM ABJIACTCA CPEPUISCKUM MHOTOYTOJILHUKOM. Y Be-
amauM cepy Tak, ITOOBI ee PAAUyC CTAJ PABHBIM EIWHUIE M 0OO3HAYTUM
TOMYYEHHBIN C(epuaecknit MHOrOyroabauk vepes M,. Ilo zamade 1 umeem

S(M,) = Zvai(v) — (ny — 2)m,
i=1

rge 1M, — KOIAIECTBO CTOPOH MHOroyrombHuUka M,, a «;(v) — BeImaIuHbBI
ero yruos. Ilpm 5ToM (V) paBHBI, KAK HETPYAHO BUJETH, BEIUIMHAM [IBY-
FPAHHBIX YIVIOB Opu pebpax, UCXONAIMX U3 BepIuHbL v, a S(M,) paBHIeTCS
MO OMPENENeHUI0 BeIWIWHE (v, TEICCHOTO yTJa Nph v. IIpocyMMHMpOBaAB BCe
MOy YeHHBIE PABEHCTBA, MOy TAeM:

Zav :ZZae—WZ(nU—Q).

[TockombKy Kaxaoe peObpo e COAePXKUT ABE BEPIIMHBI, ABYTPAHHBIA YTOX
HOABIACTCA B TIPABOM IACTH PABEHCTBA POBHO ABa pasa. TOTHO Tak Xe mMe-
em ». n, = 2E, rge E — uncio pebep muororpanamka. Takum o6pa3om,
PABEHCTBO MEPENUCHIBACTCA B BHE

Y ay =2 a.—2r(E-V),

rae V 0603HAYAET YUCIO BEPUIMH MHOTOIDAHHUKA. [[pUHUMAS BO BHUMAHUE
dbopmyny dunepa V — E 4+ F = 2, mbr npuxoaum K paseHCTBY (1). O

HokazarenbcTBo JeMMBI 1 MOXeT GbITH 06001IeH0 Ha 60Jee BHLICOKTE Pas-
MEpPHOCTHU, KaK 3TO IPeIIaraeTcs CAeIAThL UATATEN0 B CAeAYIOIIeHN 3aJade.

3AIAYA 2. IIycts S™ — eawnuvHas cdepa pasMepHOCTH 1 (MHOXKECTBO
TOYEK Ha PacCTOAHUM 1 OT HaHHOW TOUKM B (N + 1)-MEpHOM IPOCTPAHCTBE).
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CdepudeckuM CUMIUIEKCOM Ha3BIBAETCA mepecederue (n + 1)-u moxycdepsr
TaKoe, YTO HU OJHA TOYKa CPEephl HE ABIACTCA UX OOLIEN MPAHUIHON TOIKOM.
[Iycts A — cummnekc vHa S”. [lokaxuTe paBEeHCTBO
- 14)
VO
~Fop =1+ (-1)")— . 5
(-1 = (14 (-1 22 (5)

k=0

3xeck vol o6o3ragaeT obbem’), (P — CyMMa HOPDMUPOBAHHBIX BEJUYINH yIJIOB
npu k-MEpHBIX TPAHAX CUMILIEKCA A. YTUIBI TPU TPAHAX CHEPUIECKOTO MHOTO-
T'DaHHUKA U3MEPAITCA aHAJOTUIHO YIVIaM €BKJ/JINI0BA MHOT'OI'DaHHUKA, CMO-
TpU BBeJCHUE.

Popmyna (5) maspBaeTcs gopmynaon I'pama mias chepuIecKoro CUMILIEKCA.
3aMeThTe, IYTO B HEUETHLIX PA3MEPHOCTAX MpaBad dacTh B Hen pasua (. Ta-
kuM 00pa3omM, naHHas (POPMYJIa HE MO3BOJIET BHIPA3UTEH 0OHEM TPEXMEPHOTO
c(hepruecKoro CUMILIEKCA Uepe3 BEIUIWHBI €0 YTJIOB.

[TombrTka 0606UIUTEL JaHHOE BBINIE AOKA3ATEILCTBO (popMmyasl I'pama Ha
BBICIIIE PA3MEPHOCTH HATATKABAETCA HA CEPbE3HBIE TPYIHOCTHU (OCO3HANTE,
kakwue!). [looTOMy MBI MOMKHBI IOUTU APYTUM Ty TEM.

3. [BA TOKABATEJHBCTBA ®OPMY.Jbl I'PAMA B BBICIINX
PABMEPHOCTAX

JTOKABATEJILCTBO COMMEPBUJISA

[Tepsoe mokazaTerbcTBO GOPMYIIHI (2) 1A BBITYKJIOTO N-MEPHOTO MHOT'O-
rpanauka P npu npousBoasHOM 1 66110 mpeaaoxeno CommepsuaeM B [6]. Omo
COCTOUT U3 MBYX DTAIOB.

JIEMMA 2. Dopmyasa ['pama sepra das cumnierca.

[ OKA3ATEJBbCTBO. 3amerum, uTo dopmyraa ['pama misa chepuiaeckoro
cummuiekca (5) BepHa Ha cdepe IPOM3BOILHOTO PAJUYCA: IPU TOMOTETHUA Be-
JITYIWHBI YIVIOB CUMILIECKCA HE MECHAIOTCA, OTHOIICHUE 06’beMa CUMILJIEKCA K 06’5-
eMy cdepsl TaKXe OCTAeTCA Hem3MeHHBIM. Vnes nokasaTennCTBa COCTOWUT B
TOM, 9TOOBI PACCMOTPETH AAHHBIM €BKJIUIOB CUMILIEKC KaK C(PEPUICCKUN HA,
cepe Geckoneunoro paguyca. O6bem Takou cdepbl GECKOHEYEH, MOITOMY
npaBas 9acTh paBeHCTBa (5) obpamaerca B 0.

Bomee cTporo: momecTum n-MepHOE TPOCTPAHCTBO R” BMECTE C JeXKAIIMM
B HEM eBKIMIOBBIM cHMILIeKcoM Ag B (n + 1)-mepHoe mpocTpamcTso RPT!,
PaccmorpuMm cdepy paguyca R B8 R'T!, kacaromytocs R” B6Im3m cuMirex-
ca, CKaxeMm, B ogHOU u3 ero Toduek. CrnpoenupyeM cuMmiLieke Ha chepy mnpu

I)I[Jm mOAMHOXKECTBa chepsl S™ MBI roBopuM 0 ero o6beMe, a He O IUIOIALU, IIOCKOIbKY
BCe paccMaTpUBaeMble 3JeCb MHOXECTBa, U Ipexae Bcero cummiekc A, cogepxarca B S”;
npocrparcTso R"T! urpaer Bcrmomorarensuyio pousb.
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MTOMOIIY TPOEKINY U3 €€ TeHTpa. [ unepmiockocTu B R™ meperayT mpu mpoek-
nuu B Gonbmue runepcdepst (TOTHEE, B WX MOJOBHUHBI), MOTOMY 00paszoMm Ag
Oymer chepuvdecKuil CUMILIEKC, KOTOPBIX MBI 0003HauuM Ag. Temeps Oymaem
YBEIUYIUBATE PAAUYC Chephl, CAeqA MPU HTOM, ITOOLI OHA MO-TIPEXHEMY Ka-
caJach IpocTpaHcTBa R” B OMHOM M3 TOYEK CUMILIEKCA. SICHO, 9TO mpu 3ToM
BEJINYINHBI YIVIOB CUMILICKCA AS CTPEMATCA K BCININHAM COOTBETCTBYIOINIUX
yrioB cuMminiekca Ar, 06beM Ag cTpeMuTcsa K 00beMy Ag, a 00beM chephl
crpemMuTca K 6eckorevHocTu. [losromy B mpegene dopmyaa (5) mepexoautT B

dopmyry (2). O

Bropon sTam mokasaTeabCTBa COCTOUT B pa3sOMeHMM MHOrOrpaHHUKA P
HA CUMILIEKCHI W BbIBOAE (popmyabl ['pama mis meaoro P w3 dopmyn mis
ero gacren. To cmenuaabHOE TOApa3eleHre, KOTOPOe MbI OygeM paccMa-
TPUBATD, [MOLYIACTCA MyTEeM IOCICLOBATEILHOI0 Pa30OMeHuA I'PAHel MHOLO-
T'PAHHUKA.

[Mycts (Q — rpans muororpannuka P. Breibepem BHyTpEU () IpOU3BOIHL-
HYIO TOUKY CQ U IOCTPOMM IMPAMUIEI C BEPIIMHOU CQ HAJ BCEMU I'DAHAMH,
cozepXamuMuca B (). ITa onepanua Ha3bIBAETCA 36€E30HbIM PA3OUCHUCM MHO-
rorpanuauka P B rpanu (). I'paHaMu monyvaiomerocs moqpas aeJeHns Ha3biBa-
I0TCA BCe TDAHU MHOTOrpaHHUKA P, oraudnbie oT () (u, TakuM 06pa3oM, He
3aTPOHYTHIE Pa3OMEHUEM), a TaKXKe BCE MOJLYIUBLIIMECT MUPAMUALI U TDAHA
STUX MUPAMULT.

Bynem ocymecTBaaTh 3Be3gHbIe pa3sOWeHUA B IPAHAX MHOIOIpDAHHUKA P
B MOPAJKE BO3PACTAHUA PA3MEPHOCTH: CHAYAA MOAPA3ACIUM II0 OYepenn BCe
pebpa, 3aTeM BCe AByMepHBIE T'DAaHU, U T. 1. B KOHIE mpousBeneM pasbueHue
B caMOoM P, BLIOpaB TOYKY Cp B €r0 BHYTPEHHOCTHU. PUCYHOK 2 WLIIOCTPUPYET
HOMYYAIOIAecs pa30ueHns B TPEXMEPHOM CiIydae (3[4eCh CHadala pa3sOuThI
OTHOBPEMEHHO BCe pebpa, 3aTeM BCe I'PaHU, MOCICIHUN MIAr ¢ TOYKOU Cp OIIy-
men). [Tocre kaxoro mara Mbl MOTYy9aeM HOBOE, 6OIEE METKOe TIOAPA3 Ieme-
nue P. 3Be3guoe pasbueHne B IPAHU TEKYIIErO IO APa3 JeJIeHAI OIPeaeIAeTCa

Puc. 2. Bapunearpuieckoe moapa3aeleHAe KaK PEe3yJabTaT MOCIEIOBATEIb-
HBIX 3BE3JHBIX Pa3OMeHun
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Tak ke, KAK ¥ BBIIIE B CIydae MHOTOIDAHHWKA. HOpMUpPOBAHHAA BEIWYHHA,
yTJIa, TPU CPAHU TOAPA3AEICHUA ONPEACTACTCA TOXKE AHAJOTUIHO BEJIWTUHE
yTJIa, TIPYA TPAHU MHOTOTPDAHHUKA.

IMokaxem, 9TO aTbTEPHUPOBAHHAA CyMMa, BEIWYAH YTJIOB TP TPAHAX HE
MEHAETCA TPU 3Be3aHOM pasbuenuu. [ycTh ¢ — CyMMa BeIWYWH YIJIOB MPHU
k-MepHBIX TPaHAX MOAPA3IETCHAA, HOMIYICHHOTO B PE3YJIbTATe HECKOIbKUX
IepBBIX WIATOB, (), — AHAIOIMYHAA CyMMa IOCIE 3BE3QHOTO pa3OMeHuA B
ouepennon rparau (). O6ozmawum wepes fi(Q)) kommaecTBo k-MepHBIX Tpa-
Hell TEeKyUIero MOAPa3 eIeHnA, CONePKAIINXCA B TPaHd (), 1 9epe3 o — Yroa
MHOrorpagauka P mpu rparm (). Torga uMeoT MECTO PaBEHCTBA:

@ = @ mpu [ > k, or = ok +a(fe-1(Q) — 1),
go; =@ +afi1(Q) mpuk >1>0, <,06 =g + .

CyMMupys ¢ 9epenyonuMucsa 3HaKaMu, 0Ty IaeM PABEHCTBO
n n

Y (=DF = > (=) or+

k=0 k=0
k—1 k
+a(l = fo(Q) + -+ (=1)" " fu—2(Q) + (=1)"(fe—1(Q) — 1)).
Tak kak fo(Q) = 1, 3 dbopmyasr Direpa AIs MHOrOrpaHHWKa () cremyer,
910 KOd(pdunueHT npu « paseH (. Takum ob6pazom,
n n
k, 1 _ k
> (—DFk = (=1
k=0 k=0
Teneps DOACIATACM CyMMY ZZZO(—l)ktpk HOCJIE TIOCAETHETO pa3OueHn.
Herpynuo mokasaTh MHAYKIMEN 1O PasMEPHOCTHU 1 MHOTOrpaHHUKA P, 9TO0
N-MepHbIE TPAHU IOy YUBIIETOCA MOAPA3eIeHud — CUMILIEKCHI ¢ HabopaMmu
BEPIIIH (Co,CQ1, ... ,CQn), TAe QF — oxma m3 k-MepHBIX rpaHeil MHOIOTpaH-
mnka P u QF C QFt! (rakoe mogpasgerenue Ha3LIBACTCA GAPHIICHTPIICCKIIM,
eciI B Ka9eCTBe TOYKM € BHIOMpaeTca neHTp mace rpann Q). Kaxnas rpass
MOAPAa3 AeIeHUA ABIACTCA TPAHBIO OTHOT'O WM HECKOIBKUX U3 TAKUX CUMILIEK-
coB. Kpome TOro, ACHO, 9TO yrof IpH KaXx JOU TPAHM PABEH CyMMe YIVIOB IIPU
HEU BCEX CHUMILIEKCOB, KOTOPBIM OHA MPWHAICXKUT. [[0DTOMYy UMEEeT MEeCTO

PaBEHCTBO
n

n
k _ k, A
S =DFor =)0 (=1
k=0 A k=0
rie CyMMHPOBaHUE BEAETCA II0 BCEM 7.-MEPHBIM CUMILIEKCAM IIOApa3geIeHUsdI, a

<pkA 0003HAYAaET CyMMY yriOB mpu k-MepHBIX rpanax cumiuiekca A. [Tockorsb-
Ky KaXngasg U3 BHYTPEHHUX cyMMm pasHa () mo paHee QOKa3aHHOMY, UMEEM
Zzzo(_l)k‘{?k = 0 A TOMYIUBIIETOCA TOAPA3ACTCHYA, & 3HAYUT U I MHO-
rorpanauka P. ®opmyaa ['pama mokasana.
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* k% K %k *

Yepes 40 meT mocie nmybaukamuu goka3aTerbcTBO CoMMepBmisa ObLIO He-
CIIPABEIIUBO COUTEHO OMUGOIHBIM. BEPOATHO, IPUUIMHOU TTOCTYKUIO TO, ITO
ComvMepBmib yrnoTpebiasn TEPMUH «(MHOTOTPDAHHUKY [ 1I0APA3AeJIeHUN, BO3-
HUKAIOIMUX B MPOIECCe MOKA3ATEAbCTBA, U DTO HE YAOBJIETBOPAIO MOBBLICHB-
[MIUMCA CTAHIAPTAM CTPOrocTu. B pesyabrare MOABWINCH HOBBIE JOKA3ATEb-
crBa ¢popmyast ['pama. OgHo u3 Hux, omybuaukosanHoe [llemapgom B [7] oTiwm-
FAeTCA 0COOOU BIEraHTHOCTHIO, M MBI €0 3/16Ch IPUBEIEM.

T OKA3BATEJILCTBO IIIEIIAPIA

Bepremcsa k onpenenennio BennanHer yraa ¢q(P) muororpanauka P mpu
rpaaz (). ['panm () MOXHO COMOCTAaBUTH KOHYC L@, OrpaHMYeHHBIA THIEp-
mwiockocTamu dacet, cogepxamux (). Konyc Lp — 5To Bce mpOCTPAHCTBO
R", xomyc daceTsr — morynpocTpascTBo. Ecmm cg — mpomsBonrbHas TOIKa,
BHYTPH I'paHu (), TO MBI UMEEM

vol(B N Lg)
‘PQ(P):OVOIW)Q,

rae B — map mpoms3BOJIBHOTO pajmyca ¢ HEeHTPOM B cg. Beibpas mo Touke
€Q B KaXJou rpaHu (), mepeHeceM KaxXIbIl KOHYC L@ Tak, ITOOBEI TOUKA CQ
momnaJa B Hadauao koopauaaT. Torma ¢popmyna I'pama paBHOCHIBHA PABEHCTBY

D (1)@ vol(B N (Lg — cq)) =0, (6)
Q

rae B Ha 5TOT pas 0603HAYAET IIap C MEHTPOM B Hada e KoopauHat. s mo-
Ka3aTerbCTBA, TIOCIEIHETO PABEHCTBA JOCTATOTHO NOKA3ATh, ITO MA (TI09ITH)
J060r0 Jyda, NCXOAAMEr0 U3 HAMAAA KOOPAUHAT, CyMMa +1, COOTBETCTBYIO-
X TeM KOHYCaM, BHYTPH KOTOPBIX COAEPXKUTCA dTOT Jyd, paBHa (. MHBIMUI
cIoBaMu, TOKPHITHE mapa B korycamu Lg — ¢g, B3BATEIME C COOTBETCTBYIO-
IUMHA 3HAKAME, UMEeT B IOYTH JI0O0M TOUYKe KPATHOCTD (.

Paccmorpum nyv x, He mapaeabHBIA HA OJHOU U3 (paceT MHOTOTPAHHU-
ka P. Toukum mapa B, He jexaiue Ha TAKUX Jy<IaxX, 00Pa3yoT MHOXECTBO
HYJEBOI'0 00BEMA, MOPTOMY AOCTATOTHO PACCMOTPETDH JIYYIH, YIOBIECTBOPIIO-
e >ToMy yeaosuio. CopoenupyeM MHOTOTPAHHUK P B HaNpaBIeHUW I HA,
IIOCKOCTh, OPTOroHadbHy0 x. O6o3HaduMm mpoekiuio depes PP, Herpynuo
BIJEThb, ITO JIyT & COAEPXKUTCA B KoHyce Lo — ¢ B TOM M TOIBKO B TOM
ciydae, et () = P wim ecim rpaHb () «OCBEIIEHA» JyIaMU, MAPALICTH-
HBIME 2 (TPaHW, TPOEKIME KOTOPBIX JeXaT Ha rpanune P¥, ocBemeHHBIMEI
He CYUTaoTCa). PUCYHOK 3 WLIIOCTPUPYET CUTYALMIO B TPEXMEPHOM CIydae.

2 [TokasareascTso lllemapia coIepKUTCA TaKxkKe B IePEBOLE HA AHMIMICKUN A3BIK KHATH
B. B. IIpacoxosa u B. M. Tuxomuposa «['eomerpuss [5]. loToBuTCsa ee pycckoe mepensgaHue.
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Puc. 3. Cer u Ters. Pebpa, M0 KOTOPBIM CBET «(CKOJIb3UT», CIATAIOTCA 3a-
TEeHEHHBIMA

O6os3Hasm wepes f;’ KOMMIECTBO OCBEIICHHBIX K-MEDHBIX I'DaHE, TTOTOXKIB
T _ n krr _
[¥ = 1. Tpebyerca gokasaTsk paBeHCTBO » . (—1)"fF = 0.

[las >TOrO paccMoTpuM 3aTeHeHHbIe rpaHu. B pasmepnocTtu k mx KoJau-
9ecTBO paBHO fr — fi/. B To xe Bpema ux mpoeknum o6pasyioT pasbueHue
(n — 1)-meproro muororpanauka P?. TlosTromy mo dhopmyne Dunepa umeem

n

S D - fE) =1.

k=0
Brranras 5To pasencTBO m3 dbopmymsr Dittepa Y p_o(—1)¥fr = 1 maa mmo-
rorpasEuKka P, mpuxoauMm K TpeOyeMoMy yTBEepXIeHUI0. Takum o6pasom,
pasencTBo (6) nokasano, a BMecTe ¢ HUM u popmyra ['pama.

4. CooTHOMmEHUA [IEHA — COMMEPBUJIA

Bepremca k cepraecKOMy CUMILIEKCY PA3MEPHOCTH 71
A = MisoHi, (7)

rge Hy, Hy, ..., H, — noxycdeps n-mepuon chepor S™. Popmyaa I'pama (5)
Ui C(hePUIECKOrO CUMILIEKCA ABIAETCA CIEACTBUEM PABEHCTBA 06HEMOB CAM-
IIJIEKCA A n CUMMETPUIHOTO €My CHUMILICKCA AI (CM. AOKa3aTEIbCTBO JEM-
mbl 1). Ograko rpasuner noxychep H; memat cdepy HA MHOXKECTBO APYTHUX
ob6aacTen. IIpm >ToM HETPYAHO 3aMETUTh, ITO CYMMAPHBI O0BHEM YUaCTEH,
k-xpaTHO TOKpBIBaeMbIix moaychepamu H;, paBern cymmapaOMYy 00BEMYy
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9aCTeN, TOKPBITHIX N + 1 — k pa3. DTu paBeHCTBA MPUBOAAT K IEIOMY HAGODPY
HOBBIX COOTHOHIeHI/II‘/)I MEX a1y ymiaMu CHUMILIECKCA, Ha3bIBAEMBIX (MeTpI/I‘IeCKI/I—
mu) coorromenmavu /lena — Commepsuasa. Kpome Toro, coorromenns [lena —
CoMMepBIIs pacCIpOCTPAHAIOTCA HA BEIUYIAHBI YIVIOB CAMILIUITAAIBLHOTO MHO-
TOrpaHHUKA. HO Ha,I/I6OJII)HIyIO U3BECTHOCTH OHU MOJYIUIN KaK COOTHOUICHUA
MEX Iy KOAMYECTBOM T'PAHEN TaHHOU PA3MEPHOCTU MHOTOTPAHHUKA TAKOTO
Buga. OG0 BceM BTOM W TTOUAET pPedb B AAHHOM THaparpade.

O603una4um 1epes S; rpaHudHyio chepy norycdepsr H;. I'panu cumrmiekca
(7) momyckaroT caepyiomee omnucanue. I[lycts I — MOAMHOXECTBO MHOXKECT-
Ba uHAekcos {0,1,...,n}, He coBnagaomee co BceM MHOXecTBOM. [lomoxum

Fr = (NierSi) NA.
Torga F;y — rpamb cummaekca A, umeomas pasmepaocts n — |I|. I'pann Fr
MBI COTTOCTABAM €€ AYHKY
Hr = NierH;
(cpaBHMTE ¢ OMpEmENeHNEM KOHYCA T'PDAHW €BKIMA0BA, MHOTOIDAHHWKA B IIPE-
aeiaymeM naparpadge). HeTpyano goka3aTh, 9TO OTHOUIEHHE 0OBEMA JTyHKH

K 00BeMy chephl eCTh BeIMYWHA, yIIa IIPU COOTBETCTBYOMEN rpanu. Takum
o06pa3oM, uMmeeM

1
Y| = W Z VOI(H]).
[T|=n—I

PaccmoTpum Temeps 06macTu, Ha KOTOpBIe pasbusatoT chepy S™ ee moacdepnt
S;. Kaxpomy muoxkecrsy J C {0,1,...,n} orBedaer o6macThb

Gy = (NjesHj) N (NjesHy),

rae H; o6o3ragaeT moxycdepy, mporusononoxuyio H;. fcao, 9To cummerpus
OTHOCUTENBHO LeHTpa chepsl nepeBoauT obnacts G B 06nacTs Go 1, .. n)\J-
[TosToMy nnsa BeTMIWH

Y = @ ;kVOI(GJ)

(moms o6bemMa cdepbl, TOKPLITOro monycdepamu H; poBHO k pa3) uMeoT Me-
CTO PaBEHCTBA

Yk = Ynt1—k -
Ecin Mbr cMOXeM BbIpasuTh Benm<uHbL {1V} gepes HabGop Beawuuns {p;}, TO
MOTYy9IaTCA COOTHOMEHWA MEX Iy BEIMIMHAME YIVIOB CUMILICKCA A.

Bxkaouenne G; C H; mMmeeT MeCTO TOrJa M TOABKO TOrAa, Korga i € .J.
[TosTomy

GyCH & JDOI.

Cregosarensno, ecm |J| = k, To nysku Hj, orBedaromme (n — [)-MepHBIM
) ) )
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TpaHAM, MOKPBHIBAIOT AAHHYIO 06JacTh (G ¢ KpPaTHOCTBHIO (If) D10 HAHBIIO-

JEHUE TIO3BOIAET BHIPA3UTH CyMMApPHBIN 00beM (n — [)-TyHOK ¥Yepe3 00BeMbl
obaacten (G ; cremgyoomuM 00pa3oM:

. (1)w- ©

k=l

(Hampuwmep, s [ = n umeeM @y = ¢, + (1 + 1)1bp41.)
3ameTnM, 910 ¢pn+1 = vol(A)/vol(S"). [ra ygob6cTBa BBegeM AOMOIHU-
TETbHYIO BEINIUHY

__vol(A)
Y17 Sl
Torga pasencTBo (8) BeimonHAeTCA mpH Beex [ oT 0 10 n + 1 U MBI oIy Iaem
cucremy u3 (n + 2) ypaBHEHUN OTHOCHTEIHHO HEU3BECTHBIX 10, Y1, - -+, Ppt1-

Ee MOXHO DEMUTH IIyTEM IIOCJAECTOBATECIBHOI'O NCKJIOYICHUA HEU3BECTHBIX, HA-
quHAA C Py 1. OTHAKO €CTh MpueM, TO3BOMAIIIAN PENIUTh CUCTEMY OBICTpee
U 3aIMCcaTh COOTHOUIEHWA MEXIy yriaaMu B OOlee 3amOMUHAIOMENCT (popme.

YumuoxEM Kaxgoe w3 pasencTs (8) ma t' m mpocymmmpyem mo | ot 0 g0
n + 1. B pesyabrare moay<uuM paBeHCTBO

n+1 n+1

Z (Pnfltl = Z wk(t + 1)k'
=0 k=0

[Mpowussoas 3ameny t — ¢ — 1 u cpaBHUBAA KO(PPUIMEHTHI IPU COOTBETCTBY-
IOIINX CTENeHAX t, IPUXOAUM K PaBEHCTBAM

n+1
(1
'l/)k:Z(_l)l k(k>90nz mpu k =0,1,...,n+ 1. (9)
I=k

[Tosrygatoummecss oTcioga Ipu MOACTAHOBKE B PABEHCTBA P = Ypyi_f COOT-
HOIIEHUA MEXIY yIJIaMM C(PepruIecKoro CUMILIEKCA MOTYT OBITH MepEeHeCEHbI
HA eBKJIUAOB CIydan. /JOCTATOYHO TOYHO TAaK XK€, KAK MBI DTO AETAIA TPU
MOKA3aTEIHLCTBE JEMMbI 2, MPUOIU3UTE BKANAOB CAMILIEKC C(HEPUIECKAM HA
cepe 6ombmoro paguyca. B pesyaprare BerutinHa @1, PABHAS OTHOIICHUIO
obbema cuMmmIekca K 06beMy cdepbl, 0OHYIIeTCA.

TaxuMm o06pa3oM, HAME TOKA3aHA

TEOPEMA 3 (COOTHOMEHUA [JEHA — COMMEPBUJA I/ CAMILIEK-
CA). ITyemb g, k =0,...,n, — cymma 8eauvun yei06 npu k-mepuois 2panis
n-meproz2o cumnaexca A (chepuueckozo uau esxaudosa). Beedem makdice
0bo3nauenue

vol(A)
(Pfl = VOl(Sn)
0 8 e6KAUNOBOM CAYUGE.

8 cepuneckom cayuae,
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Paccwwmpum MHO20YUAEH

n+1
o) = pnit”
k=0
u noaodxcum o(t — 1) = Zié Ypt? = (t). Toeda umeem mecmo pasencmeo
" () = (). (10)
Hau, 6 6oaee asnom eude,
Yk =Ynriok mpuk=0,1,....[Z]. (11)

H(ZHOH@H,, 68 MEPMUHAT BEAUYUH PI:

nil(—l)”c (;)‘Pn—l = Xk:(—l)’” (n;:il_l><pz_1, (12)

I=k 1=0
maxace npu k =0,1,...,|n/2].

[IpoananrusupyeM, CKOIBKO HOBOU MH(POPMALINY COTEPKUATCA B COOTHOIIE-
uuax [Jexa — Commepsmia. Moxuo nmokasaTs, 14To |(n + 2)/2| pasencts (12)
nuHeitHO HezasuenMbL?) O Ao cooTHomenwe AIf k = () PABHOCHIBHO pa-
BEHCTBY 1)y = Yn+1 ¥ TeM caMbIM dopmyite ['pama. Kpome Toro, us dopmyast
(8) mpm [ = 0,1 u coorHomenuu (11) crexyer:

n+1 1 n+1 1
n -+ n +
Pn1= Y k=0 D k=,
k=1 k=0
ITO BIIOJIHE €CTEeCTBEHHO, IIOCKOJIBKY IIO OIPEICJICHUIO Pn = ]. n op—-1 =

= (n+1)/2 (y cummrexca n + 1 dacera, u yroax npu kaxnou pasex 1/2).
Takum 06pa3oM, MOCIe SKBUBATEHTHBIX HpeobpasoBaHui m3 cucreMmbl (12)
MOXHO MCKIIOUATEH OJHO TPABUATILHOE DABEHCTBO, & OJHO U3 PABEHCTB ((pop-
myna ['pama) 6bw10 Ham yxe usBecTHO. VIToro Mel mmeem |[n/2] — 1 HOBBIX
HETPUBHAILHBEIX COOTHOLIEHUNU. B «ocA3aeMbIxy ciydaax n = 2 u n = 3 MHI,
TakuM 00pa30M, He IOIyYaeM HUYEro HOBOIO; B PA3MEPHOCTAX 4 u b mMeeT-
A IO OJHOMY HOBOMY JMHEXHOMY cOOTHOUeHuw. Bmecre ¢ popmymon ['pama
HOLY9IAI0TCA CAeAYIOUe CUCTEMBI DABEHCTB:

3
‘;00—9014-902—5:290—17

npu n = 4,
201 —3p2+5=0
Yo —p1+p2—p3+2=0, -
napn = 9.
P2 —203+5=0 7

3)ﬂJIH TOrO, ITOOBL B 3TOM yOEAUTHCA, yAOOHO MEPEUTH OT MEPEMEHHBIX ¢ K IIePEeMeH-
HBIM ).
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Teopemy (3) MOXHO 06OGIIATH HA CAYYAU CUMILTAIUAILHOI'O MHOTOTDAH-
Huka. HamoMHMM, 9TO MHOTOTDAHHUK PA3MEPHOCTHU 7 HA3BIBAETCSI CUMNAU-
YUGALHBIM, ECIU BCE €ro I'DAHM, 33 UCKIIOYEHUEM OBITH MOXET €ro caMoro,
ABIAIOTCA CUMILIEKCAMMU.

TEOPEMA 4 (COOTHOWEHUA /[JEHA — COMMEPBUJIA A CAMILIULIN-
AJIBHOT'O MHOT'OTPAHHUKA). ITyeme P — n-mepuvili cumniuyuaionbil
mnozo2pannur (cPepuueckuts uau eskaudos). Oboznavum uepes fr, k=0,1,
ey T, KoAuuecmso e20 k-mepuuir epanetl, uepes pr CYMMY HOPMUDPOBAHHBLE
BEAUNUN Y2408 NPU k-mepubix epanss. Kpome mozo, nosoxcum f_1 =1 u

vol(P)
@_1 =4 vol(S§™)
0 6 eskaudosom cayuae.

8 cepuueckom cayuae,

Paccwwmpum MHO20YUAEHDI

n+1

o(t) = on it
k=0

f(t) = Z fn—k—ltk
k=0

U NOAOHCUM
n+1

ot —1) = yyth = (1),

k=0
flE—=1) =" het* = h(t).
k=0

Toeda umeem mecmo paseHcmso

"t ) + Rt — 1) = () + h(t) - 1. (13)
B 6oaee asnom sude,

n

itk = hng1— — b k=1,..., %],
Vi — Ynt1—k n+l—k — hg  npu LQJ (14)
Yo — Yp+1 = hpy1 —ho + 1.

3ameTum, 9To 06€e IacTh mocIefHero paseHcTsa B (14) pasust 0 mo dopmyaam
Ounepa u ['pama.

JOKA3ATEJILCTBO. BribepeMm BHYyTpu MHOTOTI'DAHHWKA TOYKY Cp U pa-
300beM P Ha M-MEpHBIE CUMILIEKCHI — MUPAMUILI ¢ BEPIIUHOU cp u dace-
TaMU MHOTOIDAHHUKA B Ka4eCTBe OCHOBaHWU. [logcuauTaeM CyMMBI BEIUYIUH
YIJIOB BCEX CUMILIEKCOB MPU TPAHAX JAHHOU PA3MEPHOCTH. YTIILI IPU BEPIIA-
HAX MHOTOTPAHHWKA COCTABIEHBI U3 yIVIOB IPU BEPIIMHAX CUMILIEKCOB, DU
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DTOM OCTAIOTCA €Ie YIVIBI CUMILIEKCOB TIpU WX OOINen Bepimuue cp. BmecTe
OHU COCTABIAIOT TOJHBIN YrOJd, TIODTOMY UMEEM

> @o(A) =@+ 1.
A

Boo6e, g aro6oro k ot 0 go n— 1 yrusl npu k-MepPHBIX TPAHAX MHOTOI'DAH-
HUKA COCTABIEHBI M3 YIVIOB Mpu Kk-MEPHBIX TPAHAX CAMILIEKCOB pa3bueHwus.
Kaxmgas u3 He yYTEHHBIX TPU 3TOM k-MEPHBIX TPAHEN CUMILIEKCOB HATAHYTA
HA BEPIIMHY Ccp U HEKOTOPYIO (k — 1)-MepHyio rpanb mHOrorpanauka. Coor-
BETCTBYIOIINE YLl PPYOOUPYIOTCA B f_ | TOJHBIX yrioB. Takum o6pasowm,
MMEIOT MECTO PABEHCTBA

> or(A) =k + fro1 mpmk=0,...,n—1.
A

Kpowme Toro,

Z‘Pn(A) = fn—l )
A

Y oA =9 1.
A

O60o3HaYAA Y-MHOTOWIEH A CUMILIEKCA A depes goA(t), IIPUXOUM K PaBeH-
CTBY

Yoot =e(t) + f(1) - 1.
A

Teopema 4 momydaeTcsa Tenepb IPUMEHEHNEM TEOPEMBL 3 K KaXIOMY W3 CUM-
WIeKcoB A. O

3AIAYA 3. Boruucaure MuHOrOwien h(t) gns n-MepHOTO CHMILIEKCA.

OxasniBaeTcsa, K0o3GGUIIEHTH MHOIOWIeHA A TaKXe 00JaTal0T CBOMCTBOM
CUMMETPUH, MOAOOHBIM PABEHCTBAM Yk = Ypii—k [IA MHOTOWIEHA ). JTH
cooTHOUeHnsa 6OJee MUPOKO M3BECTHBHI, Y€M COOTHOIICHUA MEXIY yIVIaMU
CUMILTAIIAILHOTO MHOT'OMPAHHUKA, M UMEHHO WX HUMEIOT B BHIY, TOBOPI O
coornomennax /leuna — CommepBui.

TEOPEMA 5 (KOMBUHATOPHBIE COOTHOWEHUSA [[EHA — COMMEPBU-
). IIyemy P — n-mepubiti cumnauyuatbrubili mrozoepanuuk. 0603nawum
wepes fr, k = 0,1,...,n, Koauuecmso e20 k-mepHbix 2pameti u NOAOHCUM
f—1 = 1. Paccmompum mno20usen

f(t) = Z fn—lc—ltlc
k=0
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U NoOAOHCUM
n
flE=1) =" het* = h(t).
k=0

Tozda umeem mecmo pasencmeso
t"h(t™1) = h(t). (15)
B 6oace asnom sude,
hi = hp—k.

[JOKA3ATEJLCTBO. Bocmoabsyemcsa Teopemon 4. Ilockoabky HAC mHTe-
PECYIOT TONBKO KOIMYIECTBA TPAHEN MHOTOTDAHHUKA, MBI MOXEM CPEIU MHO-
POCPAHHUKOB TaHHOTO KOMOWHATOPHOTO THUIA BHIOPATH TAKOW, BEIMIUHBI
YyIJIOB KOTOPOT'O JErKO BBIMMCIUTL WM ONEHUTH. B ciaydae ymavdHOrO BHI-
60pa M3 COOTHOWIEHUU TeopeMbl 4 GyayT CIefoBaTh HYXHBIE HAM COOTHO-
MIeHNA.

[yctes P — pnauubil eBKIAUA0B MHOrOrpanuuk B R”. Paccmorpum n-mep-
HYIO cdepy, Kacalollyca TpocTpancTBa R’ BO BHYTPEHHEM TOYKE MHOIO-
rpamauka P, u cupoenupyeMm P Ha cdepy u3 ee neHTpa. Eciau paguyc cdephl
7 MaJ, TO TOXYYAIOIUUCA TPU MPOEKIUA MHOTOIPDAHHUK Pg 3aHUMAET TOo-
gty BCIO moxycdepy, obpamennyio Kk npocrpaacTsy R”. Kpome Toro, Moxuo
MOKAa3aTh, IYTO BEIUIWHBI YIVIOB MHOMOTPAHHUKA, P TIpu BCceX TpaHAX pasMep-
uHocten ot 0 1o n — 1 crpemsarcs k 1/2 npu crpemienun paguyca cdepst K 0.
Takum o6paszom,

lim ¢, = %fk npu k =0,...,n— 1.

r—0
3ameTum Takke, 910 lim, ,0p_1 = 1/2 n ¢, = 1 HE3aBUCUMO OT BEIUIMHEL
paguyca. OTcioga morydaem
lim(p(t) + f(t) = 1) = F(B) + 1+ f(B) — 1= (5 +1) f0),
r—0 2 2
e CXOQUMOCTDL IMOHHMAETCA KAaK CXOAUMOCTH IOCAeNOBATEILHOCTEN KOdd-
dunmerToB MEHOrowIieHoB. ClenoBaTeabHO,

tim(4(1) + h(t) — 1)

Torma u3 pasenctsa (13) crenyer

_t+1
= Lne).

—1
) = A,

OTKY/Ia HAIPAMYIO ClIefyeT paBeHCTBO (15). O
Kombunaropusie coornomenus Jena — CoMmmepBmisa ObLIM BIEPBBIE IO-

kaszaubl ComMepBmwieM B [6], HO HE3ABUCHMO OT METPUYUECKUX COOTHOIICHUN
Teopembl 4. Heobxogumo ymoMsaayTh, 9T0 ucciegoBanus ComMvepBuia Obuim
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BOXHOBIEHBI paborou [lena [2]. [len mokasam Teopemy 3 masn =4 un = 5,
YKa3aB TaKXe Ha BO3MOXHOCTEL O000OMIEHUA HA, CIyYall ITPOU3BOILHOTO 7. Me-
rpudeckue coorHomenus [ena — CoMMepBmisa JOKa3aHBI TaKXke B cTaThe [4]
IUIA (KBA3UCUMILIUIMAILHBIXY MHOTOTPAHHUKOB — 7-MEPHBIX MHOT'OIDAHHU-
KOB, Y KOTOPBIX BCE TPAHU PA3MEPHOCTH MEHBIIEH JUO0 PABHOM 71— 2 ABIAIOTCA
CUMILJIEKCAMMA.

5. I[PYFI/IE COOTHOHIIEHUA MEXKAY YTJIAMAU

Kpowme BHyTpeHHEro yraa mpu rpasu () MHOTOTpaHHUKA P, MOXHO pac-
CMOTPETh TaKXe W BHEITHUH yroa. [aa 5Toro onpegeamm HOPMaIbHBIA KOHYC
Ng(P) rpanu () oTHOCHTENBEHO P cregyrommm 06pasoM:

No(P) = {Zaini | a; > 0},

rae m,; — BHEIIHWEe HOpMaiu K aceTam, COAEpXKAIIUM I'paHb (). DKBUBA-
JEHTHOE OIpefeTeHrne: BO3bMEM TOUKY & BO BHYTPEHHOCTU I'paHu () U pac-
CMOTPHUM BCE TOYKHU TPOCTPAHCTBA R”, MJIA KOTOPBIX L — OJUKAUIIAL TOIKA
MHOrOrpaHHEKa P. DTu Touku cocraBiaoT MHOXeCTBO £+ N¢(P). Herpyauo
BHJETh, ITO pasMepHOCTb KoHyca Ng(P) paBra dim P — dim Q. B gacTHO-
CTU, HOpPMAJIbHBIE KOHYChI BEPDIUINH UMEIOT IIOJHYIO DPasMEPHOCTH. I/IB BTOPO-
T'0 onIpene/qeHnsaA BHCUIHET'O YIVIa HETPYAHO YBUAETH, ITO HOPDMAJBHBIE KOHYCHI
BEpUINH MOKPBHIBAIOT BCE IPOCTPAHCTBO, MEPECEKAACH JUIIb IO KOHYCAM MEHb-
IHefI pPa3MEepHOCTH. HOSTOMy, €Ca1 MBI OnIpeneanM BEINYIVNHY BHEIMTHETO YTIVIQ
npu rpasu () CTaHIAPTHBIM 06PA3OM:

vol(B N N,
vg(P) = = (vol(B)Q) ’

TO MOJIYYIUM PABEHCTBO

Y w(P) =1, (16)
v
e CyMMEPOBaHUE BeJeTCA [0 BCEM BeplImHAM MHOrorpaunuauka P. B caydae
TPEXMEPHOTO MHOrOrpaHHUKa dopmyna (16) ABageTca AMCKPETHBIM AHATO-
rom ¢opmyasl ['aycca — Boune mia cdeprl.

Haxkomer, ymoMsaaeM COOTHOIIEHU, BOBIEKAOIINE BHY TPEHHIE U BHEITHUE
yriasl opgHOBpeMeHHO. Ha »ToT pas mycts P — moaumsapaabHbBIN KOHYC (me-
pecedeHre KOHEYHOIO HUKCJIA MOMYHIPOCTPAHCTB, IPOXOIAIINX UYepe3 HAYIAIo
koopaumraT). ['panm komyca P, a Takke BEIMIUHBI BHYTDEHHWX W BHEITHUX
YIJIOB TIPU TPAHAX ONPEAEIAITCA OUeBUAHBIM o6pasom. [lutep Makmasmren
nokasaa B [3] paBeHcTBA
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Y @ @ue(P) =1,
Q

D (=1 Py (Q)ug(P) = 0,
Q

D (1) u(Q)po(P) =0,
Q

rae CyMMUDOBAaHUE BEIETCSA KAXIBIM pa3 10 BCEM I'paHAM KOHyca P, a Hadva-
JI0 KOOPJUHAT PACCMATPUBACTCA KaK I'PaHb KaXJA0r0 U3 KOHycoB. OTMmeTnmMm,
ITO HA CAMOM JeJie TIOJIU3 APATBLHBIN KOHYC — DTO TO Xe camoe, 9To chepuie-
CKUU MHOT'OTDAHHUK (PACCMOTPHUM €ro Imepecedenue co ¢hepon S ¢ HeHTpOM
B Hagane KoopawHat). [[pw 5TOM BemvamHaM BHYTpEHHUX yTJI0B ©0o((Q)) oTBe-
9af0T 00beMBI Tpaer S N P, a BHEIIHAE YIVIBI OCTAIOTCA BHEIIHUMU YTIAMH.
Ecau crmoxuTh mepBoe m BTOpOoe paBeHCTBa MakMalieHa, TO MOJYIATCA CO-
OTHOIIIEHNE, BOBIEKAOIEE TOALKO I'PAHU Y€THOU PA3MEPHOCTH CHEPUIECKOTO
MHOTOTPAHHUKA,. DTO COOTHOIIEHUE ABIAETCA UCKPETHBIM aHAJIOrOM (hOPMY-
aul aycca — BoHHE A4 BBHICHINX Pa3MEPHOCTEH.

MokaszarenscTa popmy.ast 'aycca — Borre u popmynst ['pama npusegensr
B raase 7 kuuru [1]. Tam paccMaTpuBaeTcs TakXke CIydall MHOTOIDAHHUKOB
B mpocTpaucTse JlobateBckoro.

AsTop mpusuaTenen J. B. BunGepry, M. H. Batomy u B. B. IIpacomosy 3a
[IEHHBIE 3aMETAHU.
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O60o6mennas Teopema Ban mep Bapaena

B. O. Byraenko

BBEAEHUE

B mBagmaThIX Tomax MPOILIOrO BEKA BHUMAHUE MATEMATUKOB MPUBIEKIA
3a/1a9a, C DIEMEHTAPHOUN (POPMYIUPOBKOU, PEIIEHNE KOTOPOU IJIUTEILHOE Bpe-
MS HAUTH HE yAaBAJIOCH. BOT »Ta 3a1a4a.

ITycmb MHOHCECMBO YECABIT UUCEA PACKPAUWEHO 68 KOHEUHOE UUCAO
ysemos. Tozda wnatidemca apudmemuueckas NpPoepeccus cKoOAb
Y200H0 604bwWoTi KOHEUHOT OAUMbI, UAEHDL KOMOPOT OKPAULEHDL 6
0dur uysem.

[Mocme ynopHBIX yeuaun 3a4a4y yIAI0Ch PEIIAThL MOJOJOMY TOJLIAH ICKOMY
marematuky B. JI. Ban nep Bapneny. Pemenue okasanocs sreMeHTapHBIM, HO
AOCTATOTHO CJIOXHBIM. I/ICTOpI/Iﬂ ITOr0 AOKa3aTeIbCTBa IMPUBEACHA B KHUTC
A. f1. Xunauna [3], a B uznoxenun camoro Ban gep Bapaena — B nononnenun
k kuure P. ['poxema [1]. B 06enx 5Tux KHUrax MOXHO TaKXKe HAUTHU NOKA3a-
TeIbCTBO TEOPEMHBI.

Kak wacto 6biBaeT B MaTemaTumke, 9TOOBI yIPOCTUTH PEIICHUE 3a,a9H,
HYXHO cOPMYJIUPOBATE ee s 6onee obinero cay4as. [lepBbiM marom x mo-
Ka3aTeIbCTBy camoro Bam mep Bapaena (u, mo BuaguMomy, KO BCEM H3BECT-
HBIM [OKA3aTeTbCTBAM) OBLIA AOTAIKA O TOM, 9TO JOKA3BIBATH HyXKHO (06
CUIBHOE yTBEPXK IEHNUE, 8 UMEHHO: TPEANOIATraTh, YTO PACKPAIINBACTCA HE BCA
YUCAOBAA TIPAMAS, & JUNIL HEKOTOPBIA €€ KOHEYHBIN KYCOK, PasMep KOTOPOTO
3aBHCHAT OT KOIXYIECTBA IBETOB PACKPACKU U [JINHBI IPOTPECCUM.

Mgt 0606mmM 33139y Cpas3y B HECKOIbBKWX HAIIPABICHUIAX, [VIABHBIM U3 KO-
TOPBIX OyZeT BBIXOM U3 TUCIOBOU MPAMOU HA TWIOCKOCThH. BMECTO pacKpacKu
MHOXECTBA, TEJIbIX TUCEJ PACCMOTPUM PACKPACKY MEMOUUCIEHHOU PEIMIETKY Ha,
IIOCKOCTY B KOHEYHOE YUCIO IBETOB. BHIOpAB B DTOU peIIeTKe KoKeuHyo Pu-
eypy M (KOHEYIHOE MHOXECTBO TOYEK ), MBI OyIeM JOKA3BIBATE CYIIECTBOBAHNIE
nogo6HOu er o fHOIBeTHOU uryphl. Halre 1okaszaTeabcTBo OyAeT B OCHOBHEBIX
naeAx MOBTOPATH JOKa3aTenlbLcTBO Bau mep Bapgena, Ho mpuobpereT reome-
TPUIECKYI0 HATMIAIHOCTD, YTEPAHHYIO B BBIPDOXACHHOM OJHOMEDHOM CIydae.

Cohopmyaupyem apyrue ob6obmeHus, KOTopble 6yayT chaemanbl. Bo-mep-
BBIX, ACHO, YTO MEPEUIA OT PA3MEPHOCTU OJUH K PA3MEPHOCTHU ABA, MOXHO

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(151-160)
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IBUHYTHCA U OAJBINE K CAYIAI0 PEIIETKA B MPOCTPAHCTBE JIOG0U PasMEpPHO-
cru. Bo-BTOpBIX, ycaoBue mogo6usa MOXHO 3aMEHUTDH Ha 60j1ee CHIbHOEe — ro-
MOTETUIHOCTE C IEIbIM MOJOKUTENBHBIM KodddunuerToMm. (B marpaenmem,
TOBOPS O TOMOTETHUHU, MBI Bcerga OyIeM UMeTh B BUAY TOMOTETHIO C IETBIM IO0-
JMOXUTENLHBIM KO3 dunmerTom.) [[0CTaTOTHO M3AMHOE JOKA3ATETLCTBO Ta-
Koro 0600menus Teopembl ObL10 npuseneHo I1. Angepconom [4], xoTopsin,
cebutadgch Ha P. Pago, mpunuchiBaeT mCXomgHOE TOKa3aTerbCTBO . I'pyHBaIB-
Ioy. 3aTeM MOKa3aTeabCTBO AHIepcoHa OBLIO MEPEeCKA3AHO HA PYCCKOM A3LIKE
B. B. IIpaconosbmm [2].

Mpbr mougeM HECKOIBKO AdbIle U OyaeM MpPearnoaaraTh, 9TO «0OBEKTOM
PaCKpaCKm» MOXKET CIYXUTb HE TOJBKO PEIIeTKa, HO W BCE MPOCTPAHCTBO
(mpu sTOM paccmarpuBaemas purypa M MOXeT He BKIAJLIBATHCA HU B KAKYIO
peLIeTKy B DTOM MpOoCTpaHcTBe). Boobiue roBops, Takoe 0600IeHne MOXKHO
BBIBECTH U3 TEOPEMHI /i pemerku. lIpemmaraeM IuTaTerio CAeIaTh 3TO Ca-
MOCTOATEIBHO (CM. ympaxuenue 4). Ml ke, MOJAEPHU3UPOBAB JOKA3ATEIb-
cTBO AHgepcoHa, 06bEMCA TOT0, YTOOBI OHO CPa3y TOAWIOCH JJIA CAydas He
TOJIBKO pEIIEeTKNW, HO U BCErO IIPOCTPAaHCTBA.

Ananoruuso yx)e ymoMAaHYTOMY YCWICHWIO UCXOAHOU (OTHOMEDHOM) Teo-
pemer Baun gep Bapgemna, 6ymem mpeamojaraTh B YyCJIOBUH, ITO KPACUTCA HE
BCE IIPOCTPAHCTBO, & IUIIb KOHeIHAA GUrypa B HEM (3aBUCALIAA OT JAHHOU B
YCIOBUY (DUTYPHI U KOIUIECTBA [[BETOB PACKPACKH).

O603HaMUM Yepes L 00beKT pacKpacK — Ju60 MPOCTPAHCTBO JI0O0U pas-
MepPHOCTH, Ju00 MEeTOYNCIEHHYIO PEIeTKY B IPOCTPAHCTBE. BbyreM roBopuTs,
aTo gurypa M C L sprserca MOHOTPOMAMUYECKOT HaAKpbIsaowel panaa k
durypst M C L, ecan gia 1060l PpACKPACKW MPOCTPAHCTBA (WIM pemeT-
ku) L B k uBeToB cymecTByeT ogHOuBeTHaA durypa F C M , TOMOTEeTHIHAA
M. 3amerum, 9T0 06pa3bl MOHOXPOMATHIECKON HAKPBLIBAIOIIEH TIPHU CIBUTE
71 TOMOTETUU TaKXe ABIAITCA MOHOXPOMATUYICCKUMU HAKPBIBAIOIINMN TOI‘/)I
X)e Uryphsl TOTO Xe paHra. Tenepb MBI MOXeM ChHOPMYIUPOBATH OCHOBHYIO
Teopemy.

TEOPEMA. [as 41060t xoneunoti gueypvr M C L u 406020 mamypasv-
H020 uucaa k cywecmsayem ee KOHeunas MOROTPOMAMUYECKAA HAKPOLE AIOULAA
panea k.

YACTHBIE CJIYYAU

B sToMm maparpade MBI JOKaXKeM HECKOIBKO YACTHBIX CIYIAeB OCHOBHOU
Teopembl. Hauas ¢ mpocrenmiero cay4das Teopemsl Ban gep Bapaena nis aByx
[IBETOB ¥ IPOrPECCUU W3 TPEX WIEHOB, MBI 0000IIMM €ro B TPEX HaIpaBJie-
HUAX: BBIXO[ HA IUIOCKOCTH, YBEIUYUEHUE KOJIWIECTBA I[BETOB U YBEJIUICHUE
KOJWYECTBA, TOUYEK. B pe3yabrare MBI MOIYyYIAM [AOKA3ATEABCTBO TOLO, GTO
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B PACKPAILIEHHOM B [Ba, IBETA IEJIOYMCICHHON PEIIeTKE Ha ILIOCKOCTH Hal-
IeTCA OMHOIBETHBLIN KBaApaT. TeM caMbIM, ¢ OHOU CTOPOHLI, OyAeT pelreHa
HEmpocTas 3a1a9a, MPEeICTABIAIINAI CAMOCTOATENLHBIN UHTEPEC, a C APY-
rOU CTOPOHEI, OyAyT TMPEACTABICHBI BCE OCHOBHBIE MIAEW, HEOOXOAMMBIE A
MOKa3aTeILCTBA TEOPEMEL B OOIIEM CIyUae, KOTOpoe OyaeT IPUBENEHO B Cle-
aytomeM maparpade. WmocTpanuaMy K HeMy CMOLYT CIYXUTH HIXEIPUBe-
JeHHBbIE TpUMephL. 2Kenaoume cpa3y mepenTn K o0IeMy CIydaio, MOT'yT DTOT
naparpadg OponyCcTUTh.

1. B packpawennom 6 06a UBEMaA MHONCECMBE UEALIT YUCEs HaTIYymca
MPU 00HOUBEMHBIT YUCAL, 00PABYIOUWUE APUPGMEMUUECKYIO NPO2PECCUIO.

OTO MmpocTad 3agada, MOIMYCKAIOMAd MHOT'O Pa3IMYHBLIX pemeHuu. Mol
MpUBENEM PeIeHne, KOTOPOe CTAHeT OCHOBOU A HaJbHeunero o600meHns.

PaccMoTpuM Ha 9uCIOBOM TPAMOU (TEM CAMBIM, BMECTO HIHUCEN GyneM ro-
BOPUTH O TOYKAX) AEBATH TPOEK TOUeK BuAa (1, + 1,z + 2) (manpumep, misa
1 < z < 9). CymecrByer 23 = 8 cH0CO60B PACKPACKH TAKOW TPOUKH TO-
J€eK, IOSTOMY, COINIACHO HmpuHIuLIy /lupuxie, Kakue-TO ABe U3 PacCMaTPUBa-
e€MBIX TPOEK pacKparieHsl oquHakoBo. C Ipyrou CTOPOHBI, B KaX JOU TPOUKE
HAWJYTCA ABE OJHOIBETHBIE TOYKW. TakuM 06pa30M, MBI IMOMYIUIN GE€THIPE
Touku Aq1, A1, A1 1 Ago, PaCKpALICHHbIE OUHAKOBO (mas ompeaenreHHOCTH

CKaXeM, B GEIBIN [IBET), TPUIEM A1 Ay = A9y Aoy (puc. 1). OTmeTnm Taxxe
Touku A3 m Aoz Tak, 9T0OLI Tpouku Aqi1, A1o, A1z m Asi, Ao, Azz 06pazo-
BBIBAJIU apudMeTUIecKre nporpeccuu. Keam kakas-To U3 DTUX ABYX TOYEK
Oenas, TO MCKOMAas TPOUKa HaugeHa. Ecau xe oHu obe YepHBIE, TO PACCMO-
TpUM TOUKY Asz, 00pasymollyn apudMETHICCKYIO IPOCPECCUI0 ¢ TOUKAMEI
Aq3 m Agz. Ecim Touka Az depHas, TO OZHONBETHOU OymeT TPOUKA TOUEK
(A13, Agg, A33), a ecau 6eJIa.ﬂ, TO TpOﬁKa (AH, AQQ, A33).

KoopauuaTsl Bcex TOYEK NPUBEAEHHOU BhINIE KOHCTPYKINUM JEXAT B UH-
TepBaie Mexay 1 u 21, mo>TOMY MOHOXPOMATHUIECKON HAKPBIBAIOIIEH PAHTa, 2
IVIA TPEX MOCIEOBATEALHBIX IEALIX TOYEK Ha IPAMOHR ABIAETCA MHOXECTBO
3 21 mocaesoBaTEabHON HEJIOU TOYKM.

2. B packpawennoti 6 d8a y6ema YesouuCAeHHotl pewemse na naiockocmu
natdemes odnoysemmbili pasHobedpennbiti NPAMOY204bHbIT MPEY204bHUK.

PaccmoTpum mpaMyio, mapamierbHyo OCH PENIEeTKY, U Ha, HEW HAUIeM |e-
TeIpe ofHONBEeTHBIE TOUYKU A1y, A19, Ao1 m Ago, pacrHoloOXeHHBIE TaK Xe,
Kak ¥ B npeasiaymeM mpuMepe. Touku A3, Aoz m A3z BHIGEpeM Tak, ITOOLI
TpeyroabHuku A1 A19A13, Ag1Asg Aoy u A13A23A33 ObLIM IPAMOYTOJBLHBIMEA
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Puc. 2.

paBHOOenpenubiMu (puc. 2). [lanbHenmee NOKa3aTeILCTBO MOBTOPAET Paccy-
xaerus w3 m. 1. Bce mocTpoenubie Toukm JgexaT BHyTpu KBagpara 11 x 11,
MO3TOMY MOHOXPOMATUIECKON HAKPBIBAIOIIEN DAHTa 2 [JAA PaBHOOEIPEHHO-
0 MPAMOYTOJILHOTO TPEYTOIBLHUKA OyeT MHOXECTBO TOYEK IMEIOTUCICHHOU
peleTKH, 3anoJaaomux ksaapat 11 x 11.

3AMEYAHUE. HeTpyaHo 3aMeTUTD, 9TO CIy9adl MTPOU3BOIBLHOTO TPEYTOMhb-
HUKA (DAKTAIECKA HE OTIUIACTCA OT pa3zoOpaHHOro. [[edCTBUTEILHO, YCIO-
BUE TEOPEMbI MHBAPUAHTHO OTHOCUTENLHO ahpPUHHBIX IPEOOPA3OBAHNUN, a BCE
TpeyroabHuKu ahGUHHO SKBUBATCHTHBL. CleayeT JUllb yTOYHATD B YCIOBUM,
ITO B KAYECTBE PENIETKYU HYKHO B3ATH MEIOIUCICHHYIO PEIIETKY B HEKOTOPOU
KOCOYTOJBHOU CUCTEME KOOPIUHAT.

3. B packpawennoti 8 mpu y6ema yeA0uucAeHHOl pewemre Ha naocKocmuy
natdemes odnoysemmbili pasnobedpennbiti NPAMOY204bHbIT MPEY20AbHUK.

PaccMoTpuM Ha MIOCKOCTH AOCTATOYHO GOMBIION (CMBICH CJIOB «IOCTA-
TOYHO GOJBLIONY OyoeT YyTOYHEH HUXKE) KBAIPAT, (HUXKHAA» CTOPOHA KOTO-
pOro JeXuT Ha Ocu abCIKUCC, W €r0 BCEBO3MOXHBIE CABUTH HA, IEJOYUCIEH-
HBIE BEKTOPHI BIOJEL 3TOU ocu. Cpeau monyYeHHbIX KBAAPATOB HAULYTCA ABA
OJUWHAKOBO OKPAIIEHHBIX, MOCKOABKY KOIMYIECTBO BCEBO3MOXHBIX PACKPACOK
kBagpaTa KoHedHo. O6o3HaduM >Tu KBagpaTel P u Po. Amamorumyno, BHY-
Tpu kBagpaTa P HalgeM ABA OJUHAKOBO PACKPAIIEHHBIX KBagpara Pi; u
&9 MeHbLIErO pasMepa (Takxke UMeOIIUe H0 cTopoHe Ha ocu abcmucc). Co-
OTBETCTBYOIINE UM KBAJAPATHI BHYTpH KBaapaTa Po obosHauum Po; um Doy
cooTBeTCTBEHHO. Ha cropone kBagpara ®11, Jexaimen Ha ocu abCIKUCC, HAM-
neMm mBe ogHOUBETHBIE TOYKM A111 m Ao (yCIOBMEM WX CyIIECTBOBAHUA U
OIpPEeneIAI0TCA pa3Mepbl BCEX YIOMUHAEMBIX KBAJAPATOB, B YaCTHOCTU, KBa-
apat ®11 nomxen mmets pazmep 4 X 4). COOTBETCTBEHHO OTHOIBETHBIE TAPHI
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(A121, A122), (A211, A212) m (A221, A202) GyayT BHYTPHE KBagpaToB ®1o, P9y u
®yy (puc. 3). [locrpoum Touku A; j,3 (1 < i1,49 < 2) Tak, ITOOB TPEYTOJIbHU-
KI Aj i1 446,244, ip3 OBLIN paBHOOEIPEHHBIME NPAMOYTOAbHBIME. [laree cTpo-
um Touky A; 33 (1 <41 < 2) Tak, aro6s1 TpeyronsHuku A; 134,23 A, 33 ObLIn
paBHOOEAPEHHLIMI IPAMOYTOAbLHEIMU. Hakonen, Haxomgum TOUKY Aszz, 9ITO-
Ob1 TpeyroabHuK Aj33Ao33As33 ObLI paBHOOEIPEHHBIM MPAMOYTOILHBIM. [l0-
JyIUBIHIAACA KOHCTPYKIUA u3 15 Touek A; j,;, COLEPKUT 8 TOUEK, UHIEKCHI
KOTOPBIX PABHBI | win 2 (AX MBI HA30BEM 0CHOBHbIMU), U T TOYEK, UMEIOIIX
XOTs ObI OJVH WHAEKC, PABHLIM 3 (a uxX HazoBeM dobasounbimu). Bee ocHOB-
HBbIE TOYKMU OJHOUBETHBIE. Fcam XoTda 6bl OgHA U3 A0OABOYHBIX TOYEK TOrO
ke I[BeTa, TO OJHOUBETHLIM TPEYyTOALHUK JErKO HAXOAUTCA. B mpoTusHOM
cIydae Kax[gasd U3 HEOX MOKPAIIeHa B OJUH W3 OCTABIINXCA ABYX IIBETOB, IIPHU
DTOM K KOHCTPYKIUH U3 HOOABOYHBIX TOYEK MOXKHO IPUMEHUTL PACCY XK IEHUE
u3 1. 2.

3AMEYAHUE. AHAJOTUYHBIM O06PA30M HAPAIIUBAA MPUBEAEHHYIO KOH-
CTPYKINIO, MOXHO [IOKA3aTb, UTO OJHOIBETHBIN DPABHOOEIPEHHBIN MIPAMO-
YTOJBHBIN TPEYTOMbHUK CYyMIECTBYET IPU PACKPACKE PENIeTKY B TI060e KOHEe -
HO€ IuCI0 IBeTOB. MBI 6yeM MCIOAb30BATE STOT (PAKT B I. 4, XOTA CTPOroe
€ro I0Ka3aTeIbCTBO OTJIOXWUM M0 OOIIEero Caytasd.
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4. B packpawennoti 8 0680 U8emMa UCAOUUCAERHOT PEWEMEE HaA NAOCKOCTIU
natidemesa odnoysemubiti xeadpam.

PaccmoTpuM HOBYIO pacKpacKy PeIIeTKH, MOMYIaeMyl0 U3 JaHHOU CAEery-
oM o6paszom. IIpeT ToukmM ompegenseTca mBeToM KBaapara 11 x 11 ¢ me-
BBIM HYXKHUM YTJIOM B Hell. KOIM<IecTBO 1[BETOB TAKOM packpacku pasHo 221,
Hamgerca oqHONBETHBIN (B CMBICAE 3TON PACKPACKH) PABHOOEIPEHHBIN TPA-
MOYTOJNBHBIA TPEYTOJBHUK. JTO 3HATUT, 9TO CYIIECTBYIOT TPU PABHBIX OU-
HAKOBO OKPAIIeHHBLIX KBaapaTa 11X 11, pacmoroxeHHbIX B BUEe PABHOOEIPEH-
HOT'O MPAMOYTOMLHOIO TPEYTOABHUKA,. B JI000M U3 HUX, COTIACHO M. 2, HAU-
IETCA OMHOIBETHBIN PABHOOEAPEHHBIN MPAMOYTOJBLHBIA TPEYTrOIbHUK. BriGe-
pPeM Takou TPEYyrOJLHUK B OJHOM M3 KBAAPATOB, B OCTAILHLIX PACCMOTDPUM
TPEYTOILHUKH, COOTBETCTBYIONINE €My IIPY HAJOXEHWH KBaApaToB. MLI mo-
JAy9aeM TPU OTHOUBETHBIX (6erbIx) PaBHOOEAPEHHBIX MPAMOYTOMBLHBIX TPE-
yrombuuka A1 A19A1s, A21 Agg Az m Az AsyAss (puc. 4). [JomomrHuM Kax s
13 HUX 10 KBajapaTa TodkaMmu Ai4, Aoy m A3y cooTBeTcTBeHHO. Ecanm ogna 3
DTUX TOYEK Genas, TO MCKOMBIM OMHOIBETHBIN KBAApAT HaugeH. Kceau xe Bce
OHUM YEpPHBIE, TO PACCMOTPUM TOYKY A4q, MOMOTHAIOIIYIO HO KBALPATA TpE-
yroabHuK A14A94As4. Ecan 3Ta Touka UepHag, TO MCKOMBIM OTHOIIBETHBHIM
KBaIpaTOM 6y,u;eT A14AQ4A34A44, a ecam 6emass — TO A11A22A33A44.

JTOKABATEJILCTBO OCHOBHOI TEOPEMBI

[Mepenmem K MOKa3aTEALCTBY OCHOBHOU TEOPEMBI, CHOPMYIUPOBAHHON HA,
c. 152. Bymem mcnonab30BaTh MHAYKIIAIO IO KOIUYIECTBY TOdUeK dpurypst M,
KOTOPOE MbI 0003HAMUM 1.
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BA3A MHAYKIUU (n = 2) oueBupgHA. [[eMCTBUTEIBLHO, MyCThH MHOXECT-
Bo M cocTouT u3 aByx Touek. Ha coemuusiomen ux npamoun oraoxum k + 1
TOYKY TaK, YTOOBI PACCTOAHUA MEX Y COCETHUMU TOYKAMU OBLIX PABHBI PaC-
cToAaHmio Mex a1y Toukamu purypst M. Cormacuo npunnuny /lupuxie, cpenn
DTUX TOYEK HAUAYTCA ABe omHOnBeTHBIE. OHU U OyayT COCTABIATH QUTYPY,
roMmoTeTnuHyl0 M. 3HAYUT, MOCTPOEHHOE MHOXECTBO u3 k + 1 Touku u Gyaer
MOHOXPOMATHYIECKON HAKPBIBAIOIIEH paHra, k.

AT mEAYKINA. [IycTs MBI mMeeM HaTypaabHOE Yucio k u durypy M =
={Myi,Ms,..., M, 1}, conepxamuryio n + 1 Touxy. 3adpukcupyem B L TOUKY
O, xoTopyio 6yeM Ha3bIBATH HAYAJIOM KOOPAUHAT. Panmyc-BeKTOpPBI TOYEK
durypet M o6o3Ha"UM U; = OW: . CormacHo TpeamoIOXeHUI0 MHIYKITAN, IS
duryper M' = {My, M>, ..., M,}, cogepXamen n TOIEK, MOHOXPOMATUIE-
CKasd HAKPBIBAIOWIAA MIOO0T0 paHra (a He TOABKO paHra k) CylmlecTByeT.

IIpu manmu<mm Hagana KoopawHAT a06Asd KOHEIHAsA (PUrypa MOXeT ObITh
3aJaHa HAOOPOM BEKTOPOB, & UMEHHO, MHOXKECTBOM PaJUYC-BEKTOPOB €€ TO-
1eK. Byaem Ha3bIBATH KOHEUHYIO (GUTYPY B MPOCTPAHCTBE C (PUKCUPOBAHHBIM
HAYAJIOM KOOpAUHAT wabaonom. [IabmoH MOXeT OBITH (IPUIOKEH» K JI000K
TOYKE MIOCKOCTU. DTa OMePAINsi 03HAYAECT €ro CABUT HA BEKTOP, COENUHIIO-
YA HAYAJIO KOOPAMHAT C TOYKOW IPUIOKEHWA. BCAKMM MIAOIOH U3 7 TOYEK
B IPOCTPAHCTBE, PACKPAIIEHHOM B k I[BETOB, €CTECTBEHHBIM 006pa30M MOPO-
XKIaeT HOBYIO pPackpacky B k™ mBeToB. lIBeT KaXIoUW TOYKM ONPEEIACTCA
HAGOPOM I[BETOB (B MCXOTHOM DPACKPACKe) MPUIOKEHHOTO K HeW MIalGIOHA.

Bribepem B L KOHEYHYIO HOCIEIOBATEILHOCTE ITAOIOHOB o) (7 =0,1,

., k) cregyrommm o6pazom. ITabmon ®() germerca mpusuaabHbIM (cocTo-
UT #3 OJHOU TOYKU — Hadvauaa Koopaumuar). [Ipu j > 1 mabiaon o) crponm
(MCTIONB3Y s yXKe MOCTPOEHHBIN MIAGIOH Pl _1)) crenyromuMm obpaszom. Crada-
JIa ompenenuMm purypy ") kak MOHOXPOMATHUIECKYIO HAKPBIBAIOIIYIO PAHTA
AL duryper M' (3HAK MOYIA O3HAYAET KOMUIECTBO TOYEK, COCTABIAI-
myx urypy). 3arem mocrpomm durypy o) = J @Ejfl) — obbequHe-

Acd"(@)
are mabaoros UL mpuaokeHHBIX KO BCeM TOUKAM durypsr " (4). Haxo-
nwer, pacumpum P9 1o ®U) Tak, wTo6sr g1 M060TO TOMOTETHIHOrO 06pa3a
{A1, Ay, ..., Api1} MHOXeCTBA M, maa xotoporo {Aj, As, ..., A,} C @),
ObLI0 BBITOMHEHO Ay € BU),

Tokaxewm, aro ®F) u Gyrer MoHOXpOMATHUECKON HAKDHIBAOIIEH PaHTa
k @urypsr M. [lna aToro mocTpouM mocieoBaTerbHocTh duryp C; (j = 0,
1, ..., k), koTopble MBI Ha30BeM Koncmpyryuimy. Kaxnas xoucrpyknua C;
COCTOUT U3 TOYUEK Ai1i2___z~]. (MHBIMU CIOBAMM, TOYKU KOHCTPYKIWA C; M Oy-
nem o6o3HadaTh OykBou A ¢ j mamekcamu). Manekcor uamensioTca ot 1 1o
n 4+ 1, HO CO CAEAYIOMINM OTPpAHUYIEHUEM, KOTOPOE MBI HA30BEM YCAOBUECM Ma-
HCOPUPOBAHUA: €CIU KAKOU-TUOO MHAEKC paBeH N + 1, TO U Bce mocaeayomme
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Takxe paBHBI 1 + 1. Touk®, Bce MHAEKCHI KOTOPLIX HE TIPEBOCXOIAT N, OyaeM
HA3BIBATH OCHOGHbIMU, & MMEIOIINe MHIEKC PABHBIA N + 1 — dobagounbimy.
[Tpu mocTpoennu KOHCTPYKIMKU MBI OygeM TOOUBATHCA BBIMOTHEHUS §CA0BUS
U30MPoOnHOoCcmU: ITOOBI MAOJOH ®*k~7) Grir OKpAIlleH O TWHAKOBO, Oy 1y I7 IIpU-
JOXEHHBIM KO BCEM OCHOBHBIM TO4uKaM ¢urypsr .

[MocTpoenne 6GymeM ONATHL OCYMIECTBIATH MO WHAYKIWW. KoHCTpyKIms
Cy cocrout w3 omuou Toukum A (6e3 MHAEKCOB). YCIOBHE M30TPOIHOCTH
I OJHOTOYEYHOU KOHCTPYKIWMHU, OYEBUIHO, BHIMTOAHAETCA. be3 orpaHude-
HEA OOITHOCTH MOXHO CUMTATh, ITO TOUYKa A COBHALAET C HAYAIOM KO-
opaumaar O. Omummem nmocrpoenue KOHCTPyKmuu Cj B OPEANONOXKEHAN, ITO
Cj—1 yxe nocrpoena. K xaxpon touke xoHCTpykiuym Cj_i IPUIOXUM IIa-
6o ®F—7+1D) | Jlna Bcex OCHOBHBIX TOUEK HTH IIAGIOHBI OKpPAIICHBI OJUHA-
KOBO, TIOCKOJBKY IO MPEANONOKEHUIO UHAYKINNA YCIOBUE M3OTPOMHOCTHU [
Cj_1 Bemomnugerca. Cy3uMm ouH U3 5TuX MAGIOHOB (IPUIOKEHHBIN K HEKO-
TOPOU BHIOpAHHOU OCHOBHOU Touke T') no mabaona P’ (k=3+1) a B HéM HAlZEM
OZHOLBETHYIO C TOUKM 3PEHHA PACKPACKH, MOPOXAeHHON mabmonom PF—7)
(3TO 06ecmeuuT M3OTPONHOCTH KOHCTPYKIUU HA CAEAYIOWIEM IIare), COMO-
reruanyio M’ ¢urypy. 3aTem momyumBuryioca Gurypy AONOTHUM 0 GUTY-
pBI, ToMoTeTHIHOU M, MpUHAIIEKAIIEN UCXOTHOMY HECYXEHHOMY MIAGIOHY
d(k=i+1)  BekTop, COEIMHAIOMMI TOUKY MPUIOKEHHA MAGIOHA C LEHTPOM
roMoTeTu#, 0603HAIUM Uj, & KodpdumumenT romorerru o603HaImM A;. Ile-
peHeceM MapaJIebHO TOMYYEHHYI0 (PUTYyPy BCEBO3MOXHBLIMU CIBUTAMU, TIe-
PEBOAAMIMMY BBHIOPAHHYIO TOYKY 1 BO BCE OCTANbHBIE TOYKYW KOHCTPYKIUU
Cj—1 (B ToMm umcne m goGaBounbie). Takmm 06pa3oM, Kaxjgad TOYKA KOH-
crpykunuu Cj_1 mopogmut n + 1 goduepnioro Touky. O603HAYUM UX, IPUIH-
CHIBaA K OOO3HAYEHWIO COOTBETCTBYIOIIEM MATEPUHCKON TOYKH OYepemHON
j-u mHAEKC, m3MeHaommuca oT 1 no n + 1. Torma BeKTOpHI, COEIUHAIO-
mue TOYKM KOHCTPyKumu Cj_i ¢ NOYePHUME TOYKAaMM, BBIPAXKAIOTCA (hop-
MYJION

> N
;= Uj+ )\j’l)z'].,

Aivig..i;_1 Aiyig..i
OTKY /4 JErKO MOXYy9IUTh GOPMYILY MIA PAJKYC-BEKTOPA, JIO0M TOYKN:
NN R R R R R R
OAiyiy..i; = (U1 + g + -+ + 15) + M Tiy + AUy + - + AT, (1)

J
Haxkonen, u3 Bcex mOmy<veHHBIX TOYEK AiliQ---ij coTpeM Te, Yerl HabOp WHIEK-
COB HEe yIOBJIETBOPSAET YCJIOBUIO MaXXOPUPOBAHWI. B pe3ynbTaTe MBI MOLY UM
HCKOMYIO KOHCTPyKIuio Cj.

Ham nomanobsrca Tpu BCIOMOTaTEIbLHBIX YTBEPXK ICHUA.

JIEMMA 1. Touxa A;i,..i, npu a060m j npuradsexcum wabiony i),
npuaoxcennomy x moure A iy i,_.. B wacmnocmu (j = k), sce mouru rom-

empyryuu Cy npunadaexrcam, k),
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[NTOKA3BATEJBLCTBO. [Ipumenum muaykmuio o j. Basa (j = 0) oueBugna:
M00ad TOYKa TPWHAMLICKAT TPUIOKEHHOMY K HEll TPUBHATBLHOMY IIAOJOHY.
IMlar nEgyKIMK cregyer w3 Toro, 9to mabmon ®U), mpuroxeHHbIl K TOUKe
Ajyiy..iy_; COMEPXUT B cebe obbequHenre GUTYP, TOTYICHHBIX TPUIOKCHAEM

ma6rora U1 k meckorbkum TOYKAM, B TOM YHUCIE U K AiliQ---ik—j+1‘

JIEMMA 2. ITycmo cpedu mouex A i,.. i), 6b16pano ynopadouennoe mmo-
sacecmso uz n + 1 mouku max, wmo 0das KaHcA020 UHIEKCA BBINOAHEHO
00n0 u3 deyz: Aubo on 00UHAKOB OAA BCEL MOUEK MHONCECTNEA, AUOO 04
Kadncdot mouru on pasen ee Homepy. To2da 8bIOPAHHOE MHONCECMEO 20MO-
memuuno M.

[OKABATEJBLCTBO. O6o3uasum BuiOpanasre Touku Fy, Fo, ..., Fyiq.
[IycTb mHAEKCHI (B UCXOAHBIX 0003HAYEHUAX ), I KOTOPBIX BLITIOAHIAETCS BTO-
POU M3 YKAa3aHHBIX B YCIOBUM CIy4YaeB, UMEIOT HOMEPA j1, j2, ..., jr. lOrda

u3 dpopmyasr (1) cregyer
F.F, = OF, — OF, = SN, (5 —5,) = | "\, | Mo,
=1 =1

A 5T0 ¥ o3HAMAET, YTO BLIGPAHHBIE TOYKU COCTABIAIOT (PUTYPY, TOMOTETHI-
r

Hyio M c xoaddunuenTom )y Aj,.
i=1

JIEMMA 3. Hszmenenue ne pasro2o n+1 anauenus 406020 underca 410601
mouky wa dpyeoe 3nauenue, maxice ne pasnoe n+ 1, ne mensem ee ysema.

[ OKA3ATEALCTBO. Toukm Ail___i;_.__ik

u Ail--.i;/--.ik’ OTIMYAOMUECH JUIIb

B j-M MHIEKCE ABIAITCA COOTBETCTBYIOUINMYU TOYKAMU MIAOJOHA, Plk—y ), npu-
JOXEHHOI'0 K TOYKaM Ail___i;_ u Ail___i;/. Ho mo ycmoBuio m3oTpomHOCTH >TH
mabI0HBl pPAaCKpalleHbl OJWHAKOBO, 3HAYUT M COOTBETCTBYIOUIAE WX TOYKU
OJHOIIBETHEL.

[Tepengem K 3aBepUICHUIO JOKA3ATEALCTBA OCHOBHOU TeopeMbl. COrTacHo
aemme 1, mabnor &) cogepxur B cebe koucTpykuuio C. W3 gemmbr 3 cie-
OyeT, 9TO BCE OCHOBHBIE TOYKM DTOU KOHCTPYKIIMM OKPAIIEHBI B OJUH I[BET.
HaszoBem »ToT 1mBeT mepBhiM. PaccMoTpuM HEKOTOPYHO MOGABOYMHYIO TOUKY
Aji,..i\, - BBeeM 114 Hee aabTepHATUBHOE o603HAYMeHUE [, 1, ¥ IOCTPOUM 7
ocHoBHBIX TO¥eK Fy (s =1,2,...,n), morygaembrx u3 Fj, | 3aMEHON B UHIEK-
cax ee HMCXOJHOTO BBIpaxeHUa A; ;, ;. Bcex umcea n + 1 Ha s. ITo temme 2,
oMy IeHHOEe MHOXKeCTBO Touek F' = {Fy, Fy, ..., F, 11} romoreruano M. 3ua-
9uT, ecim XOTA Obl OfHA NOOABOYHAS TOYKA OKPAIIEHA B MEPBBIN IBET, TO
MCKOMOE OJHOIBETHOE MHOXECTBO HAWAEHO. B MPOTUBHOM CIydae pacCMo-
TPUM MHOXECTBO TAKUX MJOOABOYHBIX TOYEK, Y KOTOPBIX TOMBLKO TOCTETHUN
uHaekc pased N + 1. OnaTe xke, 10 JeMMe 3 OHU BCe OKPAIIIEHBI B OJWH IIBET;
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HA30BEM €r0 BTOPLIM. Paccy X 1ad aHAJIOTUYIHO, TOSYIUM, 9TO €CJIU BO BTOPOU
[BET OKpAIlleHa XOTA ObI OJHA W3 TOYEK, Y KOTOPOU 4uciay 1 + 1 paBHBI gBa
IOCHeIHUX WHIEKCA, TO yTBEpXIeHue nokaszaHo. IIpogomxas a3Tu paccyxmge-
HUA (CTPOrO T'OBOPsA, MPUMEHSS UHAYKIWIO), MBI OPUXOAUM K BBIBOAY, UTO
yTBEpXKJIEHUE MOKA3AHO, €CAU MPU HEKOTOPOM § < Kk B ONVWH U3 MEPBBHIX §
UBETOB (MOPANOK HA MHOXECTBE IBETOB BOBHUKAET IPU DTOM €CTECTBEHHBIM
006pa30M) OKpalleHa XOTsA Obl OJHA TOYKA, Y KOTOPOU MOCAETHUAE S WHIEKCOB
paBubl n + 1. [locaenree xe, 0MEBUIHO, COPABENIUBO TP § = K, MOCKOIBKY
TO9KA Ay y1pn41,.. n+1 OKPAIICHA B OJWH U3 TaHHEIX K IIBETOB.

ApTop GmaromapuT B. A. Knenmwima u M. H. Baoro 3a moaesmnie o6cy-
X TeHU.

YTIIPAYKHEHUS

1. ITokaxwuTe, aTo Teopema Bau nep Bapgena sBasgeTcs 9aCTHBIM CIy9aeM
MOKA3aHHOU TEOPEMHL.

2. MoXHO Ju TIpU IOKA3aTEIHLCTBE TEOPEMBI B KadecTBe 6a3bl WHIYKIIUN
B3ATH GoJee mpocTou ciaydan n = 17

3. HexkoToprre u3 Touek A; j,. i, W3 IPUBEIEHHON B JOKA3aTEIbCTBE KOH-
CTPYKIIUK MOTYT COBIAAaTh. [loKaXuTe, ITO U B BTOM CAydae AOKA3ATENb-
CTBO OCTAETCS B CHIE.

4. B mpeanosoXeHnn, 9TO TEOPEMa, JOKA3AHA TOJBKO IS CIyYas MeT09u-
CIEHHOU PEIIeTKHU, MPUBEIUTE KOPOTKOE PACCYXKIEHUE, TOKA3LIBAIOIICE €€ B
IIOJHOU OOITHOCTH.

YKazanue: pemeTka GONbIIEN PA3MEPHOCTH MOXET OBITH BIOXKEHA (HAIPY-
Mep, ¢ MOMOIIBI MPOEMUPOBAHUA) B MPOCTPAHCTBO MEHBIIEH PA3MEPHOCTH.
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YHUKATHEHOCOCTABIEHHBIE (PUTYPHI

A. M. llerpyuun, C. E. Pykmun

B sTonm craThbe MBI pacCMaTPUBAEM OTHOIIEHUE PABHOCOCTABICHHOCTU HA, MHO-
JKeCTBE BBIMYKJBLIX ILIOCKUX (uryp.

ITepBBIM CyIIECTBEHHBIM DPE3yJIBTATOM B DTOM HAIPABICHUMN OBLIO TOKA3aTEIb-
ctBo @. Bousau u II. Tepsunom (1832) creqyromero yTBepKICHUA: J6a MHOZOY20Ab-
HUKG, UMEOUUE PABHBIE NA0WAOU, PABHOCOCMAsAeHbL (. €. 00U U3 HUT MOHCHO PA3-
pe3amp Ha KOHEUHOe UUCAO MHO20Y20AbHBIT wacmeti, NepesoHcus Komopvie, MOHCHO
noAYwuUmMb 0pYeoti MHOZOY20AbHUK ).

C mpobieMon paBHOCOCTABIEHHOCTU TPEXMEPHBIX T/ CBI3AHA 3HAMEHUTASA TPe-
Tbs mpobrema I'mis6epra [1]. Kak mokasan B 1900 r. Maxc [eH, naxke gis TeTpa-
SIPOB PABEHCTBO OOBEMOB HE BJIEYET UX PABHOCOCTABIEHHOCTH.

B naanmenmem Tteopema Bomsau — IepBuna u gpyrue pesyabTarThl, CBI3aHHLIE C
rperben npobuemon [misbepTa, 0600IAINCE B PA3IXIHLIX HAanpaBieHusx [1].

Tak, B MaTeMaTU4IeCKOM (POJLKIOPE M3BECTHO CIEAYIOLUIEE YTBEPXK JeHUE: KPYT HE
PABHOCOCTABJEH HUKAKOMY MHOT'OYTOMBHUKY. B npouecce o6obmmernus Teopemer bou-
su — TepBuHa Ha CIy9an Kpy206bi MHO20Y204bHUK08 [7], PPAHUIA KOTOPBIX COCTOUT
U3 OTPE3KOB U AT OKPYXKHOCTEH, YIAJIOCh YCUWINTL 3TO yTBEPXK IEHNE, OKA3AB, ITO
Kpy2 He PasHOCOCTaBAeH HUKAKOl svinykaol dueype, omauunot om kpyea. Taxue
BBIMTYKJIbIE (DUTYPHI, HE PABHOCOCTABIEHHBIE HUKAKOU APYTOU BHILYKJION (GUTCypPe, MBI
OyJeM Ha3BIBATH YHUKATLHOCOCTABICHHBIMU. B 5TOU CTAThe MBI IaIUM MOJHOE O~
CaHUe TaKuX Quryp.

ITu pesyabTaThl 6blIM momydeHsl HaMu nouTu 20 geT Hazand [6]. 3HAKOMCTBO C
3aMevaTelbHON PaboTon [12] mMO3BOIMIO CYLIECTBEHHO YHIPOCTUTDH J0KA3ATEIbCTBO.

[as moHMMAaHUA GOJBIIEN YACTU CTATBUA MOTPEOYeTCSA TOJBKO 3HAHUE [OKA3a-
TenbCTBa TeopeMbl Bousau — [epBuna, KOTOPOE MOXKHO HAUTH, HAIPUMED, B KHUKKAX
Boarauckoro [1] unn [2].

[lna ynpolneHus BOCOPUATAA MBI TOKA3LIBAEM IOCTIENOBATEIBHO HECKOTHKO TEO-
peM, Kaxaas CAeayIomas U3 KOTOPBIX 0000IaeT IpeabLIyIIyio.

1. OBO3HAYEHUSA U OIPEJIEJEHUS

F Gymer 0603HAYATH IMIOCKYIO W Yalle BCero BhIMyKayio urypy, S(F')
ob6osuadaeT miomans F, F 0003Ha9aeT KPUBYIO, OrPAHUIUBAIONIYIO F.

OUnPEAEJEHUE 1. /e miockux ¢purypsl F' u G HA3BIBAIOTCA PasHoCO-
cmasaennbimy (obozuatennme F' ~ (), ecim OfHY W3 HUX MOXHO DPa3pes3aThb
OTPE3KAMH IPAMOK HA KOHEUYHOE IUCIO JaCTEeW M COCTABUTL U3 DTUX IaCTEN

APYTYIO.

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(161-175)
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MOXHO paccMaTpUBATh W APYTHUE ONPENENeHUA PABHOCOCTABICHHOCTH.
BMmecTo pa3zpe3oB mo OTpe3sKaM MPAMOU MOXHO Pa3PeNnTh Pa3pe3bl BAOIb
CIPAMIAEMBIX XOPJAHOBLIX KPUBBLIX, WIM BOOOIIE BAOIb MPOU3BOTBHBIX
XKOPJAHOBBIX KPUBBLIX. B 00IIEM CIydae BTH ONpPeNeJeHUd AT PasIndHbIe
KJIAaCCHl paBHOCOCTaBIeHHBIX duryp. Ho, kak Gbuio mokasano B [12], masa evi-
NYKAbLE PUTYD DTU ONPETENEHUSA PABHOCUILHBL, T. €. €CIU IBE GbiNYK.Able (-
TyPHI (PABHOCOCTABICHBLI) IO OJHOMY M3 HOBBLIX ONPEACICHUN, TO OHA PABHO-
COCTABIEHBI ¥ B CMBICJE ONpegeaeHus 1.

PaBHOCUIBHOCTD DTUX ONPENENCHUN ABIACTCA AOCTATOTHO TIyOOKAM
(paKTOM, U UMEHHO OHA TO3BOJMIA CYIIECTBEHHO YOPOCTUTH MEPBOHATAIb-
HbIE ABTOPCKHUE NOKA3ATEILCTBA: YAAIOCH OTKA3ATHCA OT TOMOJOTHIECKAX IO~
OPOOHOCTEN W OCTABATH TOABKO HANIAJHBIE TEOMETPUIECKUE PACCY XK TCHUA,
U3JI0XKEHHBIE B HACTOALIEN CTATHE.

K cosepiiesro wHBIM 5ddeKTaM MPABOIUT TEOPETUKO-MHOKECTBEHHOE
ompefeseHre PABHOCOCTABIEHHOCTH. Ha30BEM PaB8HOPAZAOHCUMbIMY [BA MHO-
x)ecTBa Todek X u Y, ecaum cymecTByeT pasbuenme X Ha HemepeCceKaroln-
eca mHOXecTBa Ay, As, ..., A, u'Y ma By, B, ..., B, Takue, ITO MHOXe-
cTBa B; MOLyYaloTCA W3 COOTBETCTBYIOIIAX A; MOAXOMANMMU TBUXKECHUAME
fi: Bi = f(A;). 3mamennThin mapagokc Bamaxa — Tapckoro cocTOuT B TOM,
910 map B R? paBHOPAsIOXKEM € O0BEIUHEHWEM ABYX HEIepeCeKAIOUINXCA
mapoB Toro xke pamgmyca (cMm. [11]). OkasbiBaercsa, 9To BoOGIe MI00BIE ABA
MHOXecTBa B R?, nMeomue HEmyCTyI0 BHY TPEHHOCTD, PABHOPA3IOKIMEL. OT-
ChLIAEM 3aMHTEPECOBAHHOIO dmraTensd K kaure [10].

B panbHenmeM OnmMCAHUW YHUKAILHOCOCTABICHHBLIX (DUTYDP MBI OyA€M II0-
HUMATH PABHOCOCTABICHHOCTH UCKIIOUATENBHO B CMBICTE ONpeae e 1.

ONPEJAENEHUE 2. Broinykmas ¢urypa F Ha3BIBAETCA YHUKAALHOCOCTNG-
saeHHOol, ecau Jai00as BBINyKIas (urypa, paBHOCOCTaBieHHas F', saBaseTcs
KOHTpysHTHOU F.

Ka,K MBI YK€ YIOMUHAJIN, K YHUKAJIBHOCOCTABJICHHBIM (I)I/II’ypa,M OTHOCUTCA
kpyr. B [12] gokazaHa yHUKAILHOCOCTABIEHHOCTD DILIUIICA.

ONPEAEJEHUE 3. [[Be xpusbie (mim nBa HAOOPA KPWBLIX) (v U [ HA3bIBA-
I0TCA pasnococmasaenubimy (mim « ~ (), ecin nepsyo(bl) MOXHO pa3OUTh
HA KOHEYHOE YUCIAO AT U COCTABATH U3 HAX BTOPYIO(OMH).

ONPEAENEHUE 4. [IBe xkpuBble @ u [3 HA3BIBAIOTCA CMAOUALHO DPABHO-
cocmasaennbimy (Mma o X [3), ecIM W3 HUX MOXHO WCKJIIOYATH KOHETHOE
YUCIO0 OTPE3KOB MPAMOU TaK, YTO OCTABIIMECA ABA HAOOPA KPUBLIX PABHO-
COCTABJIEHHI.

Crenyromee yTBEpX IeHIE ABIAETCA IIPOCTHIM 060061eHneM Teopemsr Boi-
au — [epBuHA, yTBEpXKAAIOLWIEN, ITO PABHOBEIMKUE MHOIOYTOJILHUKY PABHO-
cocrasieHsr, (cM. [1] wm [2]):
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YTBEPXKAEHUE 5. /ge guinykavie guzypvr F' v G pagnococmasaenb mo-
2da u moavko moeada, K020a UT NAOULGOU PABHBL U KPUBHIE, UL 02D aHUUUBAI0-
wue, cmabuabro pasnococmadaenvt. Uau

F~G & S(F)=5(G) udF ~ G.

HOKA3ATEJIBCTBO. HeobxoqmmMoCTh: COBOKYIIHOCTh BCEX KPHUBBIX, OI'Da-
HUYUBAIOMAX KYCKU PA3OUEHUA, COCTOUT U3 AYT MEPBOU KPUBOU ILTIOC KAKOE-
TO KOMUYIECTBO «BHYTPEHHUX» OTPE3KOB MPAMOU, U U3 TEX XK€ KYCKOB COCTOUT
u BTOpas ¢urypa. Takum ob6pasom, eciu w3 rpaHunsl F' BeIpe3aTs oTpe3kn
MPAMOU, KOTOPLIE COOTBETCTBYIOT «BHYTPEHHUM» OTpe3KaM pasbuenus G, u
AHAJOTUYIHO MOCTYNUTH ¢ TpaHuner (G, TO OCTABIINECA KYCKU TPAHUI] OyAyT
PABHOCOCTABJIECHBI.

[locTaTouHOCTh: paccMoTpuM pasbuenue rpanui F' u G Kak B ompejese-
HNM CTaOMILHOM PABHOCOCTABICHHOCTH. Ecan kK Kax qon Takon ayre ¢puryp F
u G mposecTH X0pay, TO 06pa3oBaBIIIECA TOPOYIIKY (CErMEHTHI) IS PABHBIX
ayr pasabl. Tak kak S(F) = S(G), To 1 mioma,im OCTABIIKXCA MHOI'OYTOJIbHA-
KOB PaBHLI, 8 3HAMUT, OHM PABHOCOCTABICHEI 10 TeopeMe bonau — ['eppuna. [

2. YHUKAJTBHOCOCTABJEHHOCTb KPYTA
TEOPEMA 6. Kpye ynHuKasbHOCOCMABACH.
[ noxasarTenbCTBa HAM TOTPEOYETCA CASAYIOMAA JEMMA:

JIEMMA 7. Ecau epanuya suinyxaot gueypvr F cocmoum u3 Komeunoz2o
wuCAa ompe3ros npamoti u dye oxpyrcnocmetd paduyca R ¢ obwet yeso-
soti mepot 360°, mo owa asasemcsa R-oxpecmuocmovio 8binykao20 mHO20-
Y204 HUKA.

B wacmuocmu, F codepaucum 6 cebe xpye paduyca R.

Craamra MBI IDOKaXeM, ITO TeOpeMa 6 rII;eI‘/)IC’I‘BI/ITeJII)HO crenyeT U3 JeMMBI:

[ OKA3ATEJBbCTBO TEOPEMEI 6. O6o3uauum yepe3 K kpyr paguyca R.
[Iycts F' ecThb BhIMyKJaad durypa, Takad aro K ~ F. Torga u3 yTBepXme-
Hua 5 met umeem: S(F') = S(K) u rpanuna F' cmabuavho pasnococmassena
okpyxHocTu pagumyca R. B wacrrHocTu, F' ymosaerBopsaer gemme 7. Takum
obpazom, F' comepxut B cebe kommio K. Tak kak S(F) = S(K), norydaem
K=F. O

B mokasarenncTBe meMMBI MBI OyI€M MOIB30BATHCI CIEAYOIUM (DAKTOM,
KOTOPBIM TPEIOCTABIAEM AOKA3ATH YATATENIO B KAICCTBE YIPAKHEHUA:

YUPAXKHEHUE 8. Ilycts AjAs... A, ecTh 3aMKHyTas JOMAHAA, KOTOPAI
npu 06X0/ie IO HEU MOBOPAYUBAET BCE BPEMs MPOTUB YACOBOU CTPEJKU, u 00-
UK yToJa moBopoTa pased 360° — Torga somanaa Aj A, - - - A, orpanuamBaeT
BBIHyKJIBIEI MHOT'OYT'OJTbHUK.



164 A. M. llerpyunn, C. E. Pykmma

JOKA3ATEJILCTBO JEMMEI 7. IlycTh o eCTH BHIDYKJIAsA KPUBAA CTAOWIb-
HO PABHOCOCTABJICHHAA OKPYXHOCTH paguyca R. 3aMeTuMm, 9TO B DTOM CIy-
Yae KpUBasd HE MMEeT YIIOBBIX TOUeK. [lercTBUTENRHO, pu 06X0Je BOKPYT
KpUBOU HEOGXOAMMO TOBEpHYTH Ha 360°, m pos-
HO Ha DTOT X€ YrOoJ MBI MOBOPAMUBAEM, IIPOUIA
[0 BCEM IyraM OKPYXHOCTH; TakKuM 006pa3oMm, Ha
YIJIBI HE OCTaeTCa MecTa (T.e., ecim OBl MMeaach
elle W YyIVIOBasg TOYKA, TO OOIUU Yrod MOBOPOTA
ObL1 GBI Gombime vem 360°, 9T0 HEBO3MOXHO). Ta-
KM 00pa3oM, KpuBasg ¢ COCTOUT U3 MOOUYEPETHO
CMEHSIOIMAXCA YT OKPYXKHOCTEN U OTPE3KOB IPS-
MBIX, TAK ITO OTPE3KA U AYTUW MPOAOMKAT APYT
Apyra B TOM xe HampaaeHuu (cm. puc. 1). [lna
KaXJ0T'0 OTPE3Ka MPAMOUA B (¢ PACCMOTPUM €ro
MAPAIEIbHBIN IEPEHOC B MEPIeH IUKYIAPDHOM Ha-
npaBJIeHu” BHYTPb Gurypsr Ha paccrosaue R. [Ipu
DTOM KOHIIBI OTPE3KOB, COCETHUE Yepe3 Myry, MEPEUIyT B OOHY TOUYKY, U MbI
TOMY IUM 3AMKHYTYIO JOMAHYIO U3 TAPALIETHHBIX TIEPEHOCOB BCEX OTPE3KOB (.
3BeHbS HTOU JOMAHOU MOBOPAYUBAIOT B ONHY U TY Xe CTOPOHY (Tak Xe Kak
u @), W, TaK XKe Kak y «, obumu yroa mosopora Oyaer 360°. Bocnoaszosas-
[IIUCh YIPaXHEHUEM 8, MBI TOJIYYIaeM, ITO 3T JOMAHAA OIDAHUYIUBAET BHI-
MYKJIBIA MHOTOYTOILHUK. O603HaUM ero M, u u3 mOCTPOEHUsA Jerko BUIAETh,
aTo cama ¢urypa F' ects MHOXECTBO TOdUek Ha paccTosuuu R ot M. (|

3. YHUKAJBHOCOCTABJIEHHOCTbD JIMH3bI
Crenyromuu pakT UMEEeT HECKOIBLKO 00Mee CIOXHOE NOKA3ATEIHCTBO:

TEOPEMA 9. Ilepeceuenue d8yx xpy208 00unak06020 paduyca ecms Y-
KaAbHOCOCMABAEHHAA Puypa.

[lns kpaTKoCTH, TaBalTe HA30BEM MEpecedeHre ABYX KPYros paauyca R
auu30ou U Oymem 0603HAYATH ee L, rae w ecTh yrioBas Mepa AyT, ee orpa-
HUYMBAOIUX (B 9acTHOCTH, Loy ecTh Kpyr paguyca R). C mHOMONIBIO TOYHO
TAKOT'O X€ PACCYXKJAEHWA, 9TO U B NOKA3ATEILCTBE Teopembl 6, Teopema 9
CBOMUTCA K CICAYIOUIEH JeMMe:

JIEMMA 10. Ecau swinyxaas gueypa F umeem epanuyy, cmabuibHo pas-
nococmasaenuylo epanuye aundvt Ly, mo S(F) = S(Ly). Boaee mozo, ecau

S(F) = S(Ly), mo F = L.

lokazarenscTBO OygeT mpoBeaeHO B ABa mara. CHavama MBI TOKaXeM
crenytomee, 6oaee caiaboe yTBEpXKAeHUE, a yKe MTOTOM MPUCTYIUM K 00IeMy
CIIY9aI0.
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JIEMMA 11. Ecau uyeHmpaibro-cummempuunas suinykiai gueypa F ume-
em 2panuYyy, Cmabuabro PasHoCOCaBAeHHYI0 2panute aunavl Ly, mo S(F) >
S(Ly). Boaee moeo, ecau S(F) = S(L,), mo F = L.

[OKA3ATEJBCTBO. B mokasaTeabcTBe MBI BOCIONB3YyEeMCA IBYMs IPOIIe-
AYPAMH: «BBIPE3AHMEM MAPALIEIOrPAMMay (CM. PHUC. 2) U «IeTHIPEXIIAPHUD-
HBIM MeTOAO0M» (cM. puc. 3). [lepBrl (IPUMEHEHHBIN HECKOIBKO Pa3) 3AMEHUT
durypy F uwa purypy F) ¢ TeMu xe cBOUCTBaMU, 9YTO U F', HO C MEHBIIIEN TLIO-
mwaasio u 663 OTPE3KOB MPAMBIX HA MpaHule. Bropon (Takxke MpUMEHEHHBIN
HECKOIBLKO Da3) 3aMEHUT yxke moaydeHHyo F) ma F ¢ Temu xe cBOUCTBa-
mu, 9To u F), HO ¢ MeHbIEN MWIOWAALI0 U ¢ He (onee 9eM NBYyMsA yTJIOBBIMEA
TOYKAMU HA TPAaHUIE (3TO HEMEJIeHHO BiIedeT, 9To Fy = L,).

[Ipeamnonoxum, Ha rparune F ects orpesok mpamon AB, u nycts A'B’
0603HAYALT MEHTPAILHO-CUMMETPUIHBIA €My OTpe3oK. Torga u3 F MOXHO
BhIpe3aTh napamresorpamm ABA'B' w u3 ocTaBmmxca 1ByX KyCKOB COCTABATH
HEHTPATLHO-CUMMETPUYHYI0 BRIMyKaylo ¢urypy F'. Ilpm sTom, oueBmmaHO,
S(F') < S(F) u OF' =~ OF (T.e. X rpaHUNbl CTAOUILHO PABHOCOCTABICHE).
[ToBTOpPHUB BTy OMEPALUIO CTOABLKO Pa3, CKOJIBKO BO3MOXKHO, BHIOUPAA KaX IbIK
pa3 HOBYIO APy OTPE3KOB, MbI TIOLY I4€M IEHTPATHHO-CUMMETPATHY O BHITTY K-
ay1o ¢urypy F| 6€3 0Tpe3koB nmpAMon Ha rpaHune Takyio, 1o S(F;) < S(F)

[Ipeamonoxum, Ha rparune F’' ecTh 1Be Haphl MEHTPATHHO-CAMMETPATHEIX
yraoseix Touek A, A’ u B, B'. Paspesas F' orpeskamu AB, BA', A'B' u B'A,

Pwuc. 2. Beripesanne Puc. 3. YernIpeximapHUpHBIT
mapaJLIea0rpaMMa, MeTonq
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MBI mony4daeM mapamierorpamm ABA'B' u derwipe ropbymku (cMm. puc. 3).
He ymanaa o6mBOCTH, MOXHO CIUTATh, 9T0 yrox , AB A’ Tynou. ycrs 6 ecThb
BHemHUY yroa rpauunsl F npu B. [IpegcrasbTe, 9TO B BEPIIMHBI TAPAJLIETO-
IpaMMa BCTABJIEHBI MMAPHUPHI, 8 CTOPOHBI CAETAHBI U3 XECTKOI'O MATEPHUATIa,
[P DTOM FOPOYIIKY XKECTKO MPUAETAHbI K CTOpOHAM. [[aBaTe moBepHEM CTO-
pouy AB Bokpyr B ma yrox  tax, aTobet yron ,ABA' yeenmwawmaca. Tormga
wioma1b napamierorpamyma ABA'B'| a snauuT u miomans gurypst F|, o6pa-
30BAHHOUN TAPAJIEIOTPAMMOM U UE€THIPBMSA TOPOYIIKAMY, YMEHBIIUTCA; TPA
sToM Touku B u B’ nepectaHyT GBITH yrIOBBIMU.

[ToBTOpMB 5Ty MpOHEAYPY CTOIBKO Pa3, CKOILKO BO3ZMOXHO, BHIOUPAS KaXK-
OB Pa3 HOBYIO Mapy MAp MEHTPAIbLHO-CAMMETPUYIHBIX YIVIOBBIX TOYEK, MBI
nonyuum ¢urypy F” Taxyio, aro:

a) F" umeer He Gomee OMHON MAPHI YTVIOBLIX TOYEK;

6) F" nenTpaibHO-CUMMETpUIHA;

B) S(F") < S(F');

r) rpanuna F" pasrococrasnena rpanune F' (8 wactroctu, OF" ~ OF n
y F" Her oTpeskoB mpaAMOU Ha TPAHUIE).

W3 >THUX yCIOBHE HETPYAHO BUAETh, uTo F'' = L. Takum o6pasoM,

S(F) > S(F') > S(F") = S(Lu,).

OrmerumM, aro F" Gbuta noxydena us F' Kak pe3yabTaT MOCAELOBATEIBHO-
CTH IIATOB, B KAXJIOM U3 KOTOPBIX ILUIOMALL YMEHBIIAIACh. SHAYUAT, B CJIyYIae
pasenctBa S(F) = S(L,) MBI BOBCe He JelalW HEU OZHOIO IIara, TO €CThb
FXF' 2F">[L,. U

JOKA3ATEJILCTBO JEMMEI 10. ITycts F' ecThb durypa OmmcaHHOTO THU-
ma. [IpoBegem mBe mapajienbHBIE MpPAMBIE ¢ W b Tak, 9T0 BCa F jgexut B
MoJ0Ce MeX Iy HuMHU, u 06e npambie kacaiorea F. O6osuadum vepes A u B
TOYKHM mepecedeHus F' COOTBETCTBEHHO ¢ a U b (eciau mpsaMas CONPUKACACTCA
¢ F Bmoas oTpeska, TO CreqyeT BRIGPATH MPOU3BOALHYIO TOIKY HA OTPE3KE).
[Iycts o m 8 0603HATAIOT COOTBETCTBEHHO OOIIYIO YIVIOBYIO BEAUYIUHY BCEX
OyT OKPYXHOCTEH Ha ydacTKax rpaHunsl F' or A 1o B u ot B 1o A mporus
YACOBOU CTPENKH.

YTOPAYKHEHUE 12. IlokaxwuTe, 9To mapy A, B MOXHO BEIOpATH C IOMOJ-
HUTEJbHBIM CBOUCTBOM, YTO o = [3.

Iodckasxka. [1a >TOro HaLO MPOCTO HMPOKPYTUTHL Hapy A, B HEIPepLIBHO BO-
kpyr F', Tmak, urobut A mepemntio 6u1 B B, a B B A, U BOCIOIB30BATHCA TEM, UTO
HenpepbIBHAA (DYHKIMA HA OTPE3Ke IPUHUMAET BCe IPOMeXyTo4uHbIe 3HadeHusa. (Mer
COBETYEM TMOCMOTpeThb cTaThio BoaTsauckoro n Casura [3], B KOTOPOU 06CY XK aI0TCs
CEOMETPUYIECKUE 33241, B PEIICHUN KOTOPLIX MPUMEHAIOTCA CXOXKUE UIEH. )

Temepb MBI MOXEM CUMTATH, 9TO @ = (3 = w/2. Paspexem F oTpeskom
AB wua gBe wactu F_ u F,. I3 nByx konuu F_ MOXHO COCTaBATDH MEHTPATHHO-
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cummerpuuayo Gurypy F_. Amamormawo moctymnum ¢ Fy u noxy€um ¢pury-
py F. o

Cornacuo memme 11 kax gas u3 puryp F_ u F, nmeeT mioma s He MEHbIIE,
geM JuH3a L,,. A 3Ha9uT

S(F) = S(Fy) +S(F-) = ~(S(Fy) + S(F)) > S(Ly)

(cm. Takxe puc. 4).

2x@ = M > 92x

Puc. 4.

=

OTMmeTuM, 9TO PABEHCTBO MOXET NOCTUTATHCA TOJIBKO B CAyIae, ecau 06e
¢urypst F_ u F{ KOHTPY>HTHEHI L, a 3HaUT F uMeeT He 60Jee IBYX YIVIOBBIX
TOYEK M HE UMEET OTPE3KOB MPAMOU HA T'PAHUIE, a 3HaduT F =2 [, (|

4. KPYIrOBBIE MHOT'OYT'OJIbLHUKU

Ms! npucTynaem K n3y<deHUIO0 KPYTrOBBIX MHOIOyTroabHUKOB. HadHneMm c om-
peneneHnn:

ONPEAENEHUE 13. Brimyknas ¢urypa Ha3BIBAETCA KPY208blM MHO20-
Y20AbHUKOM, E€CITW €€ TPAHUIA PABHOCOCTABIEHA KOHEYHOMY HabOpy ayT
OKPYXHOCTEHN W OTPE3KOB IIPAMOMU.

ONPEAENEHUE 14. KpyroBou MHOTOyroabHUK M HA3BIBACTCA 08a4bHbIM
(mmm 06an0m), ecIu OH OOIATACT CICTYIOIMMEA CBONCTBAMHE:

a) He IMEET OTPE3KOB MPAMOU HA TPAHUIIE;

6) IMeeT [Be MepIeHIUKYIAPHLIE OCH CAMMETpHH a 1 b (MX TOYKH: mepece-
gJenus ¢ rparunen M 6ygem obozaadaTs depes A, A' uw B, B, kak mokazaHo
Ha puc. H);

B) ecau rpanuna M mMeeT yTiOBbIE TOYKHU, TO OHH HAXOAATCA HA OCH «,
T.e. B Toukax A u A’;

r') paauyChl IyT OKPYXHOCTEH, OrpaHuduBaiomei M, MOHOTOHHO BO3pa-
crator or A mo B.
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Puc. 5. OBax

Jlerko BUeTH, ITO KPYroBOM MHOTOYTOJILHUK OBAJEH TOTAA U TOIHKO TO-
I3, KOrIa OBAJIbHA €r0 KPYroBasd OKPECTHOCTb.

TEOPEMA 15. Kpy20801 MHO20y204bHUK YHUKGALHOCOCTNABAEN MO20a U
moabko mozda, Ko2da oH 068aAeH.

B crenyromem pasmene Mbl 0000IIUM 3TOT PE3YALTAT HA, CIYyIadl BCEX BhI-
OYKJIBIX PUTYP.

Herpymao BumeTh, 9TO B Ki1acce KPYyroBBIX MHOT'OYT'OJBHUKOB CO CTAOMIE-
HO PaBHOCOCTABJIEHHOU TPAHUIEN €CTh €IUHCTBEHHBIN, C TOYHOCTHIO 1O KOH-
TPYSHTHOCTH, OBaJ. Kak u B cIydadaxXx Kpyra ¥ JIWH3BI, TeopeMa 11 mas xpy-
TOBBIX MHOT'OYTOJbLHUKOB HEME/JIEHHO CAeAyeT U3 aHajora Jemmel 10:

JIEMMA 16. FEcau xpyeoeoti mmozoy2oavhukr M umeem epanuyy, cma-
OUALHO PABHOCOCMABAEHHYIO 2PAHUYE 08aAa V| MO

S(M) = S(V).
Boaee mozo, ecau S(M) = S(V), mo M = V.

Takum 006pa3oM, OBaJIbI O0JATAIOT CAETYIONIAM DKCTPEMAILHBIM CBOU-
CTBOM: CPEM BCEX KPYTOBBIX MHOT'OYT'OJBLHUKOB CO CTAOUIBHO PABHOCOCTA-
BJECHHOU TPAHUIEH OBAJLI MMEIOT HAMMEHBIIYIO TLIOIAb.

Kak u B caydae ¢ muH30U, 10Ka3aTEILCTBO OyAeT MPOBEIEHO B ABA IIATA;
CHaYAJIa, MBI JOKAXeM aHAJOrmdIHOe Hosee c1aboe yTBEPKIeHUE:

JIEMMA 17. Ecau yenmpasbHro-CuUMMeMPUuHbll KpYy2080t MHO20Y20AbHUK
M umeem 2panuyy, cmabdusbHO PAEHOCOCMABACHHYIO epanuye 08a4a V, mo

S(M) = S(V).
Boaee mozo, ecau S(M) =S(V), mo M =2 V.

llokazaTensCTBO JeMMbI 17 MPOXOAUT WHAYKIMEN MO KOMUIEeCTBY AYT Pas-
JUYHBIX PAJAyCOB HA TpaHuiie M, Ipu STOM MBI CIATAEM YTJIOBBIE TOUKHU 33
OyTU HYJIeBOrO paguyca. [[oKa3aTelsCTBO IS Kpyra MOXKHO MPUHATH 33 623y
UWHAYKIWU, & JO0KAa3aTEAbCTBO Mg JUH3BI MOXHO PDaCCMaTPUBATH KaK TaCThb
NEepBOro WAara B 3TOU WHAYKIUY (HA FPAHWIE JUH3BI IPUCYTCTBYIOT IyTH Pa-
muyca R u pagmyca 0). Tem He MeHee, B OKA3aTEILCTBE yIACTBYET elIe mapa
JOTIOHUTENBHBIX UIEU, KOTOPHIE HAM He OBLIU HYXHBI DAHBIIE.
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B gacTtHOCTH, HAM TOTPE6YIOTCA CIEAYIONINE YTBEPXKAEHUA, TOKA3ATEThb-
CTBO KOTOPBIX MBI TPENTOCTABIAEM UATATETIO:

YUPAXKHEHUE 18. Ilycts F' v G cyThb BBIIYKJIbIE (DUTYPHI C PABHOCOCTA-
BJIeHHOU TpanHunen, a Fp u Gr — ux R-okpectHocTn; Torga F ~ G Torga u
TOJABLKO TOrAa, Koraa Fr ~ Gp.

YTPAXKHEHUE 19. Ecim Bemykmnas ¢urypa F' mMeeT rpanuily, paBHOCO-
CTABJIEHHYIO T'paHuie oBaxa V', To qguamerp F' He mpeBocxoauT muamerpa V.
Bonee Toro, B cryvae paBencTsa muameTpos, F' kourpyosaTHa V.

[LOKABATEJBCTBO JEMMBI 17. Ilycte M ecTh KPyroBOW MHOTOYTOJNb-
HUK C 7 PA3IUIHLIMU PAAUYCAMU IYT HA TCPAHUIIE.

Kak u B ciyvyae TUH3BI, IPUMEHUB HECKOIBLKO Pa3 «BBHIPE3AHUE MAPAJLIETO-
rpaMMa», MBI CBOAMM 3339y K CIydato, KOTJAa Ha rpanune M OTCyTCTBYIOT
OTPE3KU NPAMOU. B 4aCTHOCTHU, MBI MOXEM CIUTATH ITO rpaHuna M, yxe He
TOJMHKO CTAOMIBHO PABHOCOCTABIEHA, HO W PABHOCOCTABACHA rpaHume V.

Ecau va rpanuie kpyrosoro MHOrOYroJabHUKA, M HET yrIOBBIX TOYEK, TO
CyIIeCTBYeT KPyroBou MHOroyroabuuk M', Takon aro M = M}, (HanoMHEM,
aro M}, o6osHataeT R-okpectHOCTh M'). Takum 06pa3oM, U3 yIpaXKHEHA
18 caemyer, 9TO OCTATOYHO MOKA3aTh JEMMY A CIydad, KOTAa HA TPAHUILE
M ecTb yrioBble TOYKH.

Ecmu y M Gonee oguOU Maphl yIVIOBBIX TOYEK, TO MOXHO MPUMEHUTH He-
CKOJIBKO pa3 «deThIpexXmapHupPHLIT METOM» U CBECTHU 330349y K CIYIal0, KOTIa
Ha rpaHune M ecTh POBHO IBE yIVOBBIE TOYKH.

Hanee, mycts A, A’ ecTh equHCTBeHHAa mapa, yrIOBLIX TOYek M, mycTh
( eCTb BHENIHUU yTOJd MPU KAXKIOU U3 DTUX TOYEK, U I'| €CTh MUHUMAILHBIN
HEHyJeBOU pajuyc ayr Ha rpamuie M. Paspexem rpamumy M Ha aBe Ayru
mo Toukam A m A’ m mpogomxuM 06a KOHIA MEpPBOM U3 AYT ABYMS AyTaMl
paguyca 11 C yrIOBOU BEIUIUHOU (. K MOIyYeHHOU Ayre MOXHO MPUCTABUThH
BTOpYyIO U3 Ayr oT A no A’ 10 06pa3soBaH;A BBIIYKION 3AMKHYTOU KPHBOI
6e3 yraoBeix Touek (puc. 6). O6o3matmM depes M urypy, orpaHIIeHHYIO
MOy YEHHOU KPUBOW.

Puc. 6.
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[Ipogeraem Ty Xe omepamuio ¢ oBajgoM V', OXy<IuM oBatx V' ¢ rpaHmIen
paBHOCOCTaBIeHHON M .
3aMeTHUM 49TO IIPU STOM

S(V) = S(V) = S(M) - S(M),

pU9IeM PaBEHCTBO NOCTUTAETCA TOIBKO ecau M KoHrpysHTHa V.

TencTBurensro: V moxyaaerca u3 V go0aBIeHHeM ABYX KPYTOBEIX Cer-
MEHTOB U HPAMOYTOIBHUKA, C OJHON CTOPOHOM, paBHOM gumameTpy V, u Apy-
rou, paBHo# 2r1 sin(a/2). C apyro#t cTopomelr, M momyuaerca ws M moba-
BJIEHUEM TEX XK€ ABYX CEMMEHTOB U MapaIEIorpPaMMa, ¢ OJHOU CTOPOHOU, HE
npesocxogamen guamerpa V (B cury ympaxserus 19), m Apyro# cTOpOHOM,
TakXke paBHOU 271 sin(a/2).

Temeps MbI TIOIY AT KPYTOBOM MHOTOYrOAbHEK M ¢ n — 1 pasmuwaabiMu
pagmycaMm ayr Ha rpaHune. [[o TpeanomoxeHnio WH Iy KIun,

S(M) = S(V).
CroxuB 5>Tv HEPABEHCTBA, MMOIYIaeM
S(M) > S(V).

Caydan paBeHCTBA BO3MOXEH, TOJIBKO ecau auaMeTp M paBeH nquaMeTpy
V. 3uauur, B cuny yupaxuaeaus 19, M =2 V. (|

Crenyroliee TOKa3aTEIbLCTBO OYMEHDb MOXOXKE HA JOKA3ATEILCTBO JeMMbI 10
LA CIyd9as JUH3BI, HO B HEM yYaCTBYET elle OAWH 3a0aBHBIN TPIOK.

[IOKABATEJBLCTBO JEMMBI 16. Ilyctes M ecTh KpyroBOM MHOTOYTOJMb-
wuk. [lyctes A u B cyTh TOuku Ha rpanute M, Takue, 9TO Yepe3 HUX MOXKHO
POBECTU MAPALIENbHBIE MPAMBIE TaK, ITO Bea M OygeT JexaThb B MOJIOCE
Mexay Humu. Paspexem M otpeskom AB ma nse wactu M_ u M. U3 nByx

ko M COCTABMM IEHTPAIBLHO-CAMMETPUYIHYIO BHITYKIyIo durypy M .
AHBJIOIE/I‘IHONHOCTYHI/IM ¢ M, u monyuum urypy ]Tf;. [aBauTe 0603HATAM
gepes Vi u V_ oBaJBI ¢ TpaHUIEn, CTAOWILHO PABHOCOCTABIEHHOU COOTBET-
CTBEHHO MJF u M.

[mnameTpsl OBAJIOB ‘7_1_ u V_ HEMPEPHIBHO 3aBUCAT OT BHIOOpa Touek A
u B. Takum o6paszom, mpokpyuuBaaueM A m B Bokpyr M, TakXke KakK B
JOKa3aTeIbCTBe [IA JWH3BI, MOXHO JOOMTHCA TaKoro Buibopa A m B, 4T0
nuamerpst V_ u V coBnaayr.

Paspesas V_ IBYMSA OCAMU CHUMMETPHUAN, MBI IOJSYIUM IeThIPE YeTBEPTUH-
KW, KOHTDYSHTHEIE, CKaXeM YN/_I /4 AHAIOTMIHO MOCTyHHM C XN/,, IOy UM

9eTHIPE 1eTBEPTUHKY, KOHTDYSHTHBIE V. /4.

U3 meyx xomumit V_y /4 u AByX Komuit V.| /4 MOXHO COCTABATD TEHTPATLHO-
CUMMETPUIHBIA KPYTOBOM MHOTOYTOJMBHUK [V, KaK MOKA3aHO HA PUC. T:
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Puc. 7.

[Ipumenus memmy 17 x N, moxydaem:

L(S(M) + S(M_)) >

S(M) = S(My) + S(M_) = -

> 2(S(V4) + (V) = S(N) > S(V).

OcraeTcsa npoBepUTH, 9TO PABEHCTBO B 000UX DTUX HEPABEHCTBAX BICYET
KOHTPY>HTHOCTL M u V', 9TO 01eBUIHO.

Mg mokaszanu, 9TO 000U OBAIBLHBIN KPYTOBOU MHOTOYTOJBHUK ABIAECTCA
YHUKAIbHOCOCTaBIeHHOU durypon. OcTaeTcsa elne mTpoBEepUTh, 9YTO HE CyIIe-
CTBYeT APYTUX YHUKAILHOCOCTABIEHHBIX KPYTOBBIX MHOTOYTOJILHUKOB. [Ipu-
MEHWB YTBEPXK JEHUE D, MBI TIOLYIaeM, ITO KaXK IBIA KPYTOBOW MHOTOYTOJBHUK
pPaBHOCOCTaBIeH HAOOPY W3 OBaJa M KBagapaTa. TakuM o06pa3oM, JOCTATOUHO
NpPEeIbABUTL [BE HEKOHT'DYSHTHBIE BHIMYKJIbIE (PUTYPHI, KAXKIAA U3 KOTOPBIX
paBHOCOCTAaBJEHA HameMy HabOpy U3 KBaapaTa U oBajta. BO3ZMOXHOCTE 3TOr0O
MIOCTPOEHUS OYEBUHO CIeAyeT u3 TeopeMbl bousau — [epBuHa. (|

5. HABPOCOK JOKA3ATEJILCTBA OBIIEI'O CJAYYASA

IT0 HaMbOIEe TEXHUIECKUN U HAMMEHEee FeOMEeTPUIECKUN Pa3/ie]l CTAThH.
[z ero noHuMaHusa TOTPeOyeTCsa 3HAHNE B HEKOTOPOM 00beMe Teopuu QPyHK-
[UI BEIIECTBEHHOT'O MEPEMEHHOr0 (JOCTATOYHO MEPBBIX Y€THIPEX IVIAB KHUTK
[4]), a Takke DIeMEHTAPHBIX CBOMCTB MeTpuKu Xaycaopda (KoTopyio Mbl 060-
3HadaeM dy ), A1 KOMIAKTHBIX IIOJAMHOXECTB ILIOCKOCTH (CM. Hanpumep, [8]).

Iycrs «: [0,T) — R? ecTs rpaHunma BHIIYKION (GUIYPHI, TAPAMETPHA30-
BaHHAA [JUHOU B HAIPABICHUM MPOTUB YACOBOU CTPENKU. Y « ONPEmeeHa
npasas mpomssogHas o (t). Onpegenum yron moBopoTa Kpusoh ((t) Kak
yrox ot o' (0) no o (t) (u3mepsemeiit o 0 10 27 TPOTUB TACOBOU CTPEIKH).
N3 Bemykaoctu « crepyer, 9To (t) MOHOTOHHO BO3pACTAOMWAA (DYHKIIUA.
ITO maeT BO3ZMOXHOCTH ONPEJEIUTD «BEPXHIO KpWBHU3HY» k(f) Kak BEpXHUN
mpemen

k(t) = lim M‘
t—to t—to

Tak Kak BoapacTawomas GyHKIWA IMeeT IPOU3BOLHYIO B IIOUTH BCEX TOIKAX,
MBI IOy daeM, 9To k(t) KoHedHA 1JIsg MOYTH BCEX t.
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Onpegenum «auxHUN panuyc KpuBusHbD depe3 R(t) = 1/k(t) (cuwmras
0 = 1/00). OTO gaeT BO3MOXHOCTH 0000IINTH OmpejeneHue oBata (Ompeme-
nerve 14) Ha crydail nmpomsBoabHOU BhIMykaoun ¢urypsr F. CremyeT Toabko
HOMEHATH IMYyHKT 2) Ha CJAEIYIOIWT:

&) nuascnutl paduyc Kpueudnvl Kpusot, ozparuuusaweld F, monomonno
gozpacmatom om A do B.

OTO CBOUCTBO MOXHO TIEPedOPMYIUPOBATE TAK: €CJIU BB €[I€TE HA, MAIIHE
oT A 1o B mo rpanune F, To BaM OIpUAETCA BCE BPEMA KPYTUTE PYJIb TOILKO
BIpaBo. Bamm Koméca Bcé Bpemda 6yAyT MOBEPHYTHI BJAEBO, wHade F' 6bL1a ObI
HE BBIYKJIOW, HO CaM PYJb BaM MPUAETCA KPYTUTH BIIPABO, YMEHBIIAA YTOJ
MeX 1y MePEeIHUMU U 33THAMU KOJECAMU.

B cay4gae, korga rpanuna F' — riagkas KpuBasd, YCJAOBHE &) COBIALAET C
MOHOTOHHBIM BO3PACTAHUEM OOBLIYHOTO PAgUyCca KPUBMU3HBL 0T A no B.

Mp1, HaKOHEI, TOTOBBI C(POPMYIUPOBATL TIABHBIN PE3YJIbLTAT 3TOU CTa-
ThU:

TEOPEMA 20. Bwinyxaaa guaypa yHuKaabHOCOCMABAENE MO20G U MOAb-
Ko moezda, ¥020a 0Ha 08AAbHA.

B moxazarenncTBe Ham moTpebyeTCA MOHATHE «IPOGMUIL BBITYKION (hu-
rypen. Ilycts F ecTh Bemykiaaa gurypa. O6oznaaum depes pp(r) yriaoByio
Mepy y9acTKa TPAHANBLl F ¢ HUXHAM pagumycoM KpuBU3HHI < 7. Dymkuma
pr: Ry — [0,27] maseBaerca npoduiem gurypst F.

Hanpumep, npoduns kpyra paamyca R ecTsb

(r) = 0 ecmm r<R
PET) = \on  ecan r > R,

a npoduab JI060r0 MHOTOYTOTBHUKA, TOX IECTBEHHO DABEH 27.

B caydae KpyroBbIX MHOTOYTOJBHUKOB MPO(MUIL TPAHUILI €CTh CTYTIEH-
vaTad GyHKIUA. PaBeHCTBO Mpoduien CpaHul] KPYTOBEIX MHOTOYTOJBLHUKOB
PABHOCUIBHO CTAOMIBLHOU PABHOCOCTABIEHHOCTH UX T'PAHUIl. B 00mmeM cirydae
DTO yXe He Tak. TeM He MeHee, «PABEHCTBO MPOPUICH) BHIMYKILIX (GPUTYD pa-
60TaeT MOYTH TAK XKe, KAK «CTAOWIHLHAA PABHOCOCTABICHHOCTD I'PAHUIL, T. €.
BEpeH CIeAYIOMUY AHATIOT yTBEPXK aeHus 1:

YTBEPXKAEHUE 21. Cuedyrowue dsa caoticmaa napvi suinykibix guzyp F
u G pasrocuabmbl:

(a) F u G umerom pasubie npoPuau 2panut, u pasuyo naowads,

(6) das arbo2o € > 0 natidemes napa gueyp F' v G', e-6.4uskuz no Xayc-
dopdy coomeememeenno x F u G u maxuz, umo F ~ G u G ~ F'.

Kpome Toro, serko BmaeTb, ITO B KIACCE BBIMYKIBIX (PUTYP C PABHBIM
npoduneM (He PABHBIM TOXJECTBEHHO 27T) HAUIETCA eIUHCTBEHHBIA, C TOY-
HOCTBIO O KOHT'DYSHTHOCTH, OBAJI.
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Takxe Kaxk B cIydae KPYroBBIX MHOTOYTOJIHLHUKOB, TeopeMma 20 caemyer
73 DKCTPEMATHLHOTO CBOUCTBA OBAJIOB, AHAJOTMIHOrO jJeMme 16:

JIEMMA 22. Ecau svinykaas gueypa F umeem npoduab, pasuvitd npodu-
a10 osaaa V., mo S(F) > S(V). Boaee mozo, ecau S(F) =S(V), mo F 2 V.

HABPOCOK MTOKA3ATEJILCTBA. IIpousBonbHYIO BBIDYyKIyIO Gurypy F
MOXHO MPUOIU3UTE TOCAEJOBATEILHOCTBI0O KPYTOBBIX MHOTOYTOILHUKOB M;,
Tak 4To mpoduau M; cxogarca K npodumo F. (DTO HOYTH PABHOCHILHO
TOMY, ITO U3MEPUMYIO (DYHKIWIO HA OTPE3KE MOXKHO MpUOIU3UTEL (IO Mepe)
CTyTmeHIaTON (PyHKIMEN. )

IIycre V; obo3naqator oBanabl, coorsercrBytomme M;. Herpynuo BugeTs,
aro V; cxomarca mo Xaycmopdy kK HekoTopomy oBaxy V. Boaee Toro, mo-
JyYeHHBIU OBaJa V mMeeT TOT Xe mpodmib, aTo F. U3 memmbr 16 momydaem
S(V;) < S(M;) n, nepenga x npegeny, S(V) < S(F). Ocraerca ToTbKO moka-
3aTh, 9TO B CiIyvae paBeHCTBa V u F' koHrpyosHTHBI. [l 3TOro HAIO CIerka
YTOYHUTE teMMy 16:

JIEMMA 23. Aas wwoboz2o € > 0 cywecmsyem & > 0 makoe, umo, ecau
M ecmb kpy20801 MHO20Y204bHUK, U V ecmb cOOmeemcmeyowut emy 06ad,
mo di(V, M) > eh eaeuem S(M) — S(V) > dh?, 2de h o6osznawaem wupuny
osaaa V.

[lokazaTensLCTBO COCTOUT U3 TOU XK€ MOCIEAOBATEILHOCTH MIATOB, YTO U
MOKa3aTEeThCTBO CAIBHOTO BAPUAHTA, JIEMMEI J. (|

6. IIPOABUHYTHIE YIPAXKHEHUA

1. A®®UHHASI YHUKAJTLHOCOCTABJEHHOCTDL. [loHATHE paBHOCOCTABICH-
HOCTH MOXHO TaK¥Xe pacCMATPUBATH IS PA3IUIHBIX TPy npeobpasosa-
HUU TIOCKOCTY, KAK, HATPUMED, IS TPYIILI MaPAIETLHBIX IEPEHOCOB WA
rpynns 1og06un. [[0BOTEHO MHTEPECHBIM CIydaeM ABagerca rpymma SL(2, R)
skBUA(GGUHHLIX Ipeobpa3oBaHud, T.e. ap@UHHLIX IPeoOpa3oBaHUl, COXPa-
HAIIAX WIoMmans. B sToMm cay4dae, Takumu apdUHHO-YHUKATHLHOCOCTABICH-
HBIME (PUTYPAME ABIAIOTCSI TOIHKO DJLIATICH.

[lns perieHns >TOro yrupaxHeHUs BaM MOHAL00UTCA moHATHE «adhPUHHON
muHBD, (cM., HanpuMmep, kaury Penema Tora [9].)

2. YHUKAJBHOCOCTABJIEHHBIE HABOPHI ®OUI'YP. YHUKAJILHOCOCTABJICH-
HOCTb MOXHO OOOOIIUTEL HA HAOOPHI W3 71 BBIMYKIBIX (PUCYD: HaOOD U3 1 6bi-
NYKALLL gﬁuayp HA3b18AEMCA YHUKAALDHOCOCTMABAECHHbIM, E€CAU U3 PABHOCOCMA-
BAEHHOCTIU 3MO20 HAOOPaA 8MOPOMY HGOOPY U3 N SLINYKALIL Pu2yp caedyem,
umo Kadcdaa u3 Pu2yp nepeoz0 wabopa Kowepyswmma 00nol u3 guayp 6mo-
poeo.
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Hab6op m3 n BRITIYKIBIX GUTYp YHUKAILHOCOCTABIEH TOTLA W TOJBKO TO-
raa, KOr[a OH COCTOUT M3 KOHCPYIHTHBIX MEXIY COO0U OBAIOB.

3. YHUKAJBHOCOCTABJIEHHBIE TEJIA.

A) [lokaxuTe, 9TO A1 TIOGOTO BHITYKIOTO Teaa B R® Ha#IeTCA IPOM3BOIBHO
6nuskoe (B MeTpuke Xaycaopda) YHUKAILHOCOCTABIEHHOE BBIMYKIOE TEJO.

B) IlompoGyiTe HAMTH TOYHBIM CMBICI CJIOB (IIOYTH BCE M NOKA3ATH, ITO
(IIOYTH BCE BBIMYKJIbIE TEIa B TPEXMEPHOM MPOCTPAHCTBE ABIAIOTCA YHAKATID-
HOCOCTaBJICHHBIMWY. [[JI1 9TOr0 BaAM OPUAETCA Y3HATH, 9TO TAKOE KATErOPUS
Bopa; 5T0 MOXHO CHenaTh, MOIATAB KHUXKKY [5].

4. PABHOCOCTABJIEHHOCTH HEOTPAHUYIEHHBIX ®GUTYP. DTy 33434y Ipej-
goxunt HaM A. B. I'mis.

PaBHOCOCTABICHHOCTh MOXHO OIPENEINTh JJAA HEOrPAHWICHHBIX (PUTYP,
IOIMyCKas Pa3spe3aHuA BIOJb KOHEIHOT'O YUMCIA Jydel M OTPE3KOB IPAMEBIX.

A) Cdopmymupyure u HOKaxuTe aHaIor Teopembl bouwsaum — ['epsuna miis
0eCKOHEUHBIT MHO20Y20AbHUKOS, T.€. Hisd (PUTYDP, OrPAHUIEHHBIX KOHEIHBIM
YUCIOM JyYell u OTPEe3KoB. VHade roBops, HAUAUTE HEOOXOAMMOE U AOCTa-
TOYHOE YCJIOBHUE PABHOCOCTABICHHOCTH ABYX OE€CKOHEYHBIX MHOIOYTOJBHUKOB.

B) [lokaxuTe, 9T0 ecau GeCKOHeIHAA BBIMyKaasa ¢urypa F yaukamsrOCOCTA-
BJCHA, TO U3 KAXKJOU €€ TOYKH UCXOAUT POBHO OAMH JIyd, HEIXKOM COIepXKa-
mmnca B F.

B) Omnumure Bce GECKOHEUHBIE YHUKAILHOCOCTABICHHbIE BHITYKJIbIE (DUTYDHI.
AgTopsl BeIpaxaioT 6aarogapaocts A. B. I'miio, o6paTusiieMy nx BHUMA-
HHUe Ha KJIacC 3aJa4, CBA3AHHBIX C PABHOCOCTABIEHHOCTHIO HEOTPAHMIEHHBIX

duryp, u ®. B. [leTpoBy 3a momesHbie 06CYXACHUA U PEIAKTUPOBAHUE OKOH-
9aTEIbHOI'O BapMaHTa TEKCTa.
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[IpuMephbl TpaHCHEHIEHTHRBIX YICeN

A. Kaubxanos A. Cxomenkos*

Wenn Sie unterrichten und davon ausgehen, dass sich
parallele Linien im Unendlichen beriihren, ergibt sich doch,
das miissen Sie zugeben, so etwas wie Transzendenz.

G. Grass, Katz und Maus

Ecin Ber yuure, 9TO mapaJ/iieIbHBIE IUHIA
nepecekanTcA B 6ECKOHETHOCTH, TO BBI BCé xe
JOJIKHBI COTVIACUTBCA: MOAYIA€TCA HEUYTO HEHOCTHXKUMOE.

I'. I'pacc, Komka n MbIka

[IpuBogUTCA MpOCTOE MOKA3ATEILCTBO TPAHCIIEHIEHTHOCTU YUUCIA,
JII/IyBI/IJIJIH 1 HOBOE IIPOCTOE MNOKa3aTEeJbCTBO TPAHCHECHICHTHOCTHU YHCJA
Maunepa.

BBEIEHUE

Hucno r HA3BIBAETCI MPAHCYEHIEHMHbIM, €CI OHO He SBIACTCI KOPHEM
anreb6pamvIecKoro ypaBHEHUs

e+ a N A+ ag =0

¢ menrsiMu ko> unuentamu a; 7= 0, ap_1,...,aq.

B yHuBepcuTeTe mim maxe B CTAPUIAX KIACCAX H3YIAETCA TEOPETHUKO-
MHOXECTBEHHOE [OKA3ATEIbCTBO CYUIeCTBOBAHUSA TPAHCIEH/JEHTHBIX THCeN [2,
[ 2, §6]. OTo mOKa3aTEIBCTBO HE NaeT KOHKPETHOr'O NPUMEPA TPAHCIEH-
JEHTHOT'O YUCaa. lIpuBeneHmre A6HbIT TPUMEPOB TPAHCIEHIEHTHBIX YUCET U
MOKA3aTeIbCTBO MX TPAHCIEHIEHTHOCTH ABIAETCA OOJee TPYIHLIM MaTepU-
aJOM, KOTOPBIA HE BCErja BXOAUT [aXe B MPOrPAMMY YHUBEPCUTETCKOTO

*A. Ckonenkos mogaepxkan Poccuuckum Pougom PDymmgamentanbubix VccregoBanuu,
rpaaTer HOMep 05-01-00993 u 04-01-00682, rpanramu [IpesumzenTa PP HIM-1988.2003.1 u
M/I-3938.2005.1, a Takxke crunenguen I1. Jeaunsa, ocHoBagHON Ha ero IIpemmu Baabzana
2004 roga.

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(176-184)
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Kypca. B maHHOU 3aMeTKe MBI IPUBEIEM TaKUe MPUMEPHI U JOKA3ATEIHLCTBA
WX TPAHCIEHIEHTHOCTU, KOTOphIe OyyT MOHATHBI TaXKe CTAPUIEKIACCHUKAM.

OTOT ab3al] MpeIHA3HAYMEH YUTATENAM, HE 3HAKOMBIM C TPAHCIIEHIEHT-
HBIME gucaaMu. fcHO, IT0 11060€ PANUOHAIBHOE YHCIO HE ABIIETCA TPAHC-
IEHAEHTHBIM. 1UCIO0 y HA3BIBAETCA GA2e0DAUUECKUM, €CTA OHO HE TPAHCIIEH-
meaTHO. [loaToMy amrebpam<ieckue GmMCIa — HEITO MPOMEXYTOTHOE MEXK Iy
PalMOHAJIBbHBIMU YIUCIAMU U IIPOU3BOJBHBIMU BEUICCTBEHHBIMU YUCJIAMMNU. 33,—
YeM HYXHO NOKa3bIBATH TPAHCIEHIEHTHOCTD ducea?! OmIHOU U3 MOTUBAPOBOK
ABISETCA TO, ITO BCAKOE NOCMPOUMOE TUCIO (T.€. FTUCIO, KOTOPOE MOXKET
OBITH IOCTPOEHO C IIOMOIIBIO MUPKYJIA U JII/IHefIKI/I) SABISETCA aareOpanmaecKuM.
Takum 06pa3oM, I060e TPAHCHEHIEHTHOEe YUCI0 He mocTpouMo [2, T 2, §6
u I'n. 3, §3].

[TepBBbIN ABHBIM MPUMEpP TPAHCIEHIEHTHOT'O YUCIA ObLT mpuBepeH 2Kosze-
dom Jnysmmnem B 1835 r. [2, . 2, §6].

o0
TEOPEMA JIMyBUWLIA. Qucao A = Y 2™ mpancyendenmuo.
n=0
JlmyBunns nokasan Takxe Gonee obmumu pesyibTarT. llpmBogmMas Huke
dbopmyrupoBka obImer TeopeMsl JIXyBUIIA UCIOAB3yeTCA B HACTOAIEM TeK-
CTe MOo.AbKO I MOTUBAPOBKY HUXecIexylomen Teopembl Mamepa.

OBIIAA TEOPEMA JIMYBUIAA. [lycmb z — aa2ebpauueckoe Yucao, A6.44-
nueecs Koprem mrozousena cmenenwu n > 1. To2da z we mooxcem 6bimov npu-

. 1
OauNCEHO PAYUOHAADHBIM YUCAOM P C MOYHOCMDBIO AYHYWEU, YEM ol H 0py2u—
q q

MU CA08AMU, TIPU doecmamouro 6oabwuL YEaAblt ¢ HENPEMEHHO BbINOAHAEINCA
1
.2, I'm. 2, §6].

qn+1

HEePasercmaeo ‘z - B‘ >
q
B 1929 r. KypT Manep mokasam TpaHCIEHAEHTHOCTD CIEAYIOMEro wmcia [4].

oo

TEOPEMA MAJEPA. Yucao pn= Y. 272" mpancyendenmmuo.

n=0

TpaHCHEHIEHTHOCTb 5TOr0 wucaa Maaepa He caegyeT u3 oOLEN TEOPEMbI
Jluysumns, a Takxke us reopem Tys, 3urens u Pora [2, ['n. 2, §6], [3]. B pa6o-
Te [4] 6buT mOnydeH 6omee obmmu pesyabTar. [JokasareabcTBo B [4] (Tak xe
kak u B [5]) HesmemeHTapHO M AuuHHO (cp. [1]).

[naBHBIN pe3yabTAT TAHHOU 3AMETKU — KOPOMKOE 3AEMEHMAPHOE JOKA-
3ameabcmeo mpancyendenmuocmu wucaa Maaepa (OCHOBAHHOE Ha TBOMIHOU
sanucu). Buammo, 5TO J0Ka3aTEIbCTBO ABIACTCA HOBHIM. OHO IpeICTABICHO
B pasgene «/lokazarenbcTBo Teopembl Marepay M He HUCHIOIB3YeT OCTATIBHOU
gacTu 3aMeTku. Ho maa yanob6CcTBa IUTATENeN MBI TPENCTABIAEM HEKOTOPHIE
UIed STOrO MOKA3aTeIbCTBa B pasfenax «Vmes mpocToro nokas3aTerbCTBa
reopembl Manepar u «OcHOBHOe HAOGIIOAEHUE A NOKA3ATEIbCTBA TEOPEMbI
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Mauxnepa». Hamm ummen maior Golee oOUMU pe3yIbTAT, KOTOPLIM IPUBOIUTCA
B MIOCJIEIHEM Pa3ele.

M=l TakXke MpuBegeM KOPOTKOE 3JIeMEHTAPHOEe JOKA3aTeIbLCTBO TPAHCIICH-
JEHTHOCTHU 9MCIa, JIMyBULIA. ITO MOKA3ATEALCTBO MPEACTABICHO B CIEYIO-
IeM pasjele X XOPOIIO U3BECTHO CIEHAINCTAM, OSHAKO MBI HE HAIILIM €r'0 B
orryOJIUKOBAHHOM BH €.

[annas 3aMeTKa ObLia mpegcrasaera B 2002 r. A. Kan6xaHoBLIM Ha, MeX-
nyHaponson koudepennuu Intel ISEF (CIHIA, JlyucBuiis), a Takxke W. Hu-
kokomieBbiM u A. CkomenkoswiM Ha, Jletnen Koudepennuu Typuupa [opo-
nos (Poccusa, Bemopenx). Mur Boipaxaem Gaarogapaocts A.lamoukwny un
. Jlemiko 3a mose3Hbie 06CYX TIeHU.

JMTOKABATEJBCTBO TEOPEMBI JINYBUJLIA

S
O6osmasmm Ay = Y. 27

n=0
Cuagama mgOKaxeM, 9TO uucao Jluysuiss N uppayuonaivro. Ipemmoro-
KUM, HAIPOTUB, YTO CYIIECTBYeT JUHEMHBIM MHOrouwieH f(z) = bz + ¢ ¢

neabivu Kodddummentavu b # 0 u ¢ Takou, aro f(A) = 0. 3amernm, aTO
DTO ypaBHEHUE MMeeT TOJBbKO OAWH KOpPeHb, 3HAIUT f(Ag) # 0 a1 HekoTo-
poro s > |b|. MBI moiyvumm mpOTUBOpEYME U3 CIAEAYIOUIMAX HEPABEHCTB LA
HEKOTOPOro s > |b|:

27 < IF ) = £ = FO)] = [b] - (A= Xg) < 2[p] - 27C+DE,

[IepBoe HepaBeHCTBO BepHO, Tak KakK f(A;) # 0 MOoXeT OBITH HmpeACTaBIE-
!
HO Kak npo6b co sHamenaTereM 2°°. [locrenree HEpaBEeHCTBO BEPHO, TaK KaK

o0
0< A=A, <2 (Y "gmm — 9. g+t
n=0
Teneps HoKaX)eM, ITO 4ucA0 JUYUsLs N He A8AAEMCA KEGOPAMUUHOT, UP-
PAYUOHAALHOCTMBIO, T. €. HE ABIIETCI KOPHEM KBAIPATHOrO ypaBHeHus f () =
= ax? + bz + ¢ = 0 ¢ ueasiMu xkoadunmenTamu o 7 0, b u c. IIpegmomoxmm,
HaIIpOTUB, ITO )\ ABJIACTCA KOPHEM TAaKOT'O YPDAaBHEHUA. Ta,K KaK KBaJApaTHOE
ypaBHEHUE uMeeT He 6oaee nByxX KopHen, 7o f(As) # 0 s goctaTodHo 60ib-
mmnx S. TOI‘,ZI;a, M1 1OCTATOYITHO 6OJII)IHI/IX S MbI IIOJAYYUM IIPDOTUBOpEYINEC U3
CIeAVIONUX HEPABEHCTB:

2 = 1) = Ol = A=A a4 As) +b] <
< (2lalr + [pf) -2 27

[Tepsoe HepaBeHCTBO BepHO, Tak Kak f(\s) # 0 mMoxeT ObITH mpemcTaBiIe-
]

HO KakK Ipo0Ob co 3HameHaTeneM 22%'. [locaeqHee HEPABEHCTBO JOKA3LIBAETCA

AHAJOT'ITIHO CJIy‘Ia.IO JII/IHGEIHOFO MHOI'OYJIEHA.
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Hakonemn, mpuBefeM NOKA3aTeILCTBO MPaHcuenoenmuocmu uucia Jluy-
suaas A. [IpeamnonoxumM, HATPOTUB, 9TO YUCIO A ABIAETCA KOPHEM aarebpa-
waeckoro ypassenus f(z) = a;z’ + a;_12' 4+ -+ a1z 4+ ap = 0 ¢ measvu
ko> duIuenTaM” ag, . .. ,a; 1,a; 7 0. Tak Kak 5TO ypaBHEHHE MMEET JUIIb
KOHEIHOE “mcao Kopuen, 1o f(As) # 0 maa pocrarouno Goabmmx s. Torma
OJIA 1OCTATOYTHO 6OJI])HII/IX S MBI HOJIquM opoTuBOpevIne m3 CJIerD;yIOHII/IX HE-
PABEHCTB:

27 < FOW] = TN = FO = =2 3 an™ 170 < 0o

0<i<n<t

rge C He 3aBucHUT OT § (HO 3aBUCAT OT KoahduimenTos muorownena f). Ilep-
BOE HEPABEHCTBO BEPHO, TakK Kak f(\s) # 0 MOXeT OBITH MPENCTABIEHO KAaK
Apo6b co sramenarenem 205, TlocaeqHee HEPABEHCTBO LOKA3LIBAETCA AHATO-
TUYHO CIy9ai0 MHOTOWICHOB IIEPBOU M BTOPOU CTEIEHM. O

W IEA IPOCTOTO JOKA3ATEJILCTBA TEOPEMBI MAJIEPA

Mger mpogeMoHCTPUPYEM A0 MOKA3aTEIbLCTBA HA CASHAYIOIIEM IIPUMeEpe.
Msr gokaxem, 910 wmciao JlmyBuiwisa

o
v =Y 107" =0,11010001000000010. ..

n=0
HE ABIACTCA KE8aOIPAMUUHOT UPPAYUOHAALHOCMBIO, T. €. KOPDHEM KBAIPATHOT'O
YPaBHEHUA z? + bz 4+ ¢ = 0 ¢ merBIMI ko>pdunuentamu b u c. (AnamoruaHo
JOKA3BIBAETCA, ITO 4uciao Mamiepa [ He ABIAETCA KBAAPATUIHOU WUPPALUO-
HATBHOCTBIO.) PaccMOTpuM JECATUYHYIO 3aMUCh 9ucaa —by — ¢ 1S HEKOTO-
PBIX HEJBIX b U ¢ OAHOrO 3HaKa (CIydal pPas3iIMdHBIX 3HAKOB TOKA3LIBAETCSI
aHanoOrmIHO). PaccMoTpuM HeEHyneBBIE HUMPHI B DTOU AECATUIHOU 3AIWCH,
PACIIONOXEHHBIE JOCTATOYHO NAJEKO OT 3alATOU. SICHO, YTO OHU 00pPa3yIOT
«CTYCTKI» OKOJIO TO3UINYA ¢ HOMepaMu 2™: KaX B «CT'yCTOK» MPEICTABIACT

wucao |b|. Hanmpumep pua b = —17 MBI uMeeM crenyromee:
17y — ¢ =...,87170017000000170...017... .
C mpyrou cTOpOHEL,
o0
v = Z 10722 = 0,0121220. .. 122020002000000012.. . . .
k,l=0

Takum 06pa3oM, B JECATHTHON 3AIMCH GUCIA V2 HeHy/IeBble Hu(PHI PACIO-

JIOXXEHBI OKOJIO MO3UIUU C HOMEPAMU 2k + 9! Ho A JOCTATOIHO OOAbImmX [
u k = 2l Ha »>Tux Xe mosmnumax uucaa —bv — ¢ croaTr myau. CregoBaTenbHO
v? # —bv — ¢. 3HAUWT, V He ABIACTCA KBAJPATHIHON HPPANUOHATEHOCTHIO.
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OCHOBHOE HABJIIOJEHUE IJSI TOKA3ATEJLCTBA
TEOPEMBI M AJIEPA

MBbI IpOAEMOHCTPUPYEM OMHY W3 HAIIMX TAABHBIX UAEU HA CJAEIYIOMIEM

o0
a o
npumepe. Mbr gokaxem, 1To wucto B = ) — uppayuonaabno das 41060t
n.

n=0
oepanuuennotli nocaedosameavrocmu {an }o , Henysesnr yeavis uuces. (3a-
oo
1
METHM, ITO € = ) — .)
n=0 "

[IpeanmonoxuM, HATPOTUB, 9TO F panmumoHaabHO. Toraa cymecTBYOT CKOIh
yroaHO 60JbIINE ¢, AT KOTOPBIX

q
Ag+41 an
E=2_— an a an
D by hs > o
n=0 n=qg+2

[TosTomy

q
Aga1 q'an
_ 1 ' _ q an — q+ §
p(q ) n! qg+1 + n!
n=0 n=q+2

mesoe aucao. Ho 5T0 HeBO3MOXKHO, TaK KaK A JOCTATOIHO OOIBIINX § UMEeM

(0] (e.@)
q'an q' 1 C 1 Ag41 1
§ E 2 < E = < < < -.
< (g+1)"  (a+1)g q+1\|q+1| 2
n=q+2 n= q+2

0

JTOKABATEJBCTBO TEOPEMBI MAJIEPA

Bosbmem muorowren f(z) = apr’ +ay_12'' 4+ -+ + a1z + ag ¢ mereivm
koa(punmentamu a; # 0, a;_1,...,ap. BeIbepeM JOCTATOTHO GOIBIIOE TUCIO
p u momoxwmm s = 2P (2! — 1) — 2P~!. (B mBowwmon samacw s = 1...1010...0 ¢
t equaVIaMy u p Hyaavum). [JoCTATOMHO A0KA3aTh, ITO

dpobras wacme {2°f(u)} ne pasna nyao.

(DTO 9UCAO ABAAETCA «S-XBOCTOMY MECATHIHOW 3anmucu «mcaa, f(p): ero
JQBOMYHOE PA3JI0KEHWE MOMYTEeHO W3 NBOUTHOTO pasnoxenus «umcaa f(u) or-
OGpacChIBAHUEM BCEX 3HAKOB CJEBA OT $-T'O 3HAKA MOCJIE 3AIATOM. )

PackpriBas ckob6ku, mory<anm

o0 q o0
—2" —n
u"z(E 2 ) = dn(q)2
rge dy(q) ecTh KOAMIECTBO YIOPAJOUCHHBIX MPEICTABICHAN TUCIA 7. B BUJE
CYMMBI ( CTENeHeN NBOVKY (HEe 00A3ATENBHO PA3IAIHBIX cTenenen). [[pyruvu
croBam#, dp,(q) ABIAETCA KOIMYIECTBOM YIIOPALOUYEHHBIX HAO0POB (W1, . . . , W)
ATUHBL ¢ TAKUX, 970 n = 2¥' + ... 4 2% (BosmoxHO w; = w;). Hanpumep,
d3(2) = 2, noc1<omy3-20+21 21+20 u do(0) = 1.
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Nnmeem
00

f(:“) = Z an_na rae dp = atdn(t) + at—ldn(t - 1) +- 4+ a()dn(o)-
n=0

Acuo, 4o dy,(q) = 0 Torga m TOILKO TOrAA, KOTAA N UMEET (GOJIee ¢ €JUHMUIL
B gBomdrON 3anucu. O6o3HamM Uepes U; MHOXECTBO HmCeNI 1, MMEIOIIUX He
6onee g exqwrun B ABOMIHOM 3amucu. Torga dp, = 0 gma n € U,,.

Yucno 51 = 2P(2 — 1) — manmensmee wucito us Uy, Goabiree, geM s (B ABO-
waroM 3amuck s1 = 1...10...0 ¢ t equwaunAMET 1 p HyAaME). Tucno sy = 24P
— HamMmenbIree quciao n3 Uy, 6oabmiee, gem s1. CiaenoBaTeasHO

(2 () = {fjdz} ~far e S ar)

n=so

Torga

1 2
Y 25751|d, | 2 1/2.

o0
> dy2"

n=so

{2°f(p)} #0, mnockoabKy

s nokasareabcTBa HepaBeHCTB (1) u (2) HAM MOHAZOOUTCA CIACAYIOMIAA JIEM-
Ma, KOTOPYIO MbI NOKaX€EM ITO32XKeE.

JIEMMA O NIPEACTABIEHUU. Koauuecmeo dy(q) ynopadouennviz nped-
cmasaenuti wucaa n 6 sude cymmvl g cmeneneti dsotixu ne npesoctodum (q!)?.

W3 nemmer 0 mpegcTaBaeHUy moTyIaeM, 9To cymectByet aucao D = D(f)
Takoe, 9T0 |d,| < D paa kaxpgoro n. CregoBaTelbHO HEPABEHCTBO (2) BEpHO,
Tax Kax |ds, |28 %1 < D -2 27" < 1/2 gna gocrarodno Gomemmax p. Hepasen-
ctBo (1) BepHO, Tak Kak AIsg OCTATOIHO GOMBIMX P (AHATOTUYIHO yTBEDX 1e-
HUIO 0 A — \g s uucia Jlmysumns)

00
Z dn2sfn

n==ss

o
<DY 2=t o pLgs st o

n==ss

< 2575 L 2570 d, |-
31ech TocaIeHee HEPABEHCTBO BEPHO, Tak Kak $1 € Uy — U1, u dg,(q) = 0
s g < t, cregoBarensHo dg, = apds, () # 0. O
JOKA3ATEJILCTBO JEMMBI O IPEACTABJEHUU. lna ¢ = 0 umeem
o0
do(0) =1 < 0. [lna g > 1 mmeem dp,(q) = > dy_2r(q — 1). CregoBaresuo,
r=0
[P DOMOIIYA MHAYKITAX 110 ¢ TIOIy9aeM, 9TO JOCTATOTHO JOKA3ATh CIeAyIomee
YTBEPXK IEHUE:

das waxcdozo n € Uy cywecmsyem ne boaee q> yeaviz v > 0 maxuz,
umon —2" € Uy_y.
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Paccmorpum gBomdHOe mpencTaBirenne qucaa n € Uy:
n=2Wk 4+ 2Wk-1 4 ... 42" pre wp>wp_1>--->w =20 m k<q.

O6osuauum wy = —1. Tak xak n — 2" < 0 moa r > wg, TO HOCTATOYIHO
OKa3aTh, ITO
das Kaxwcdozo 1 = 1,2,...,k cywecmsyem ne Gosee q yeavix r €
(wi—1 + 1, w;] maxuz, wumo n —2" € Uy_;.
CaenoBaTenbHO, JOCTATOIHO AOKA3ATH, ITO
das Kancdoeo i = 1,2, ...k ur € w1 + 1, w; —q] umeem n —2" ¢
Ug—1.

YT0o6Hl JOKA3aTh 3TO YTBEpXKAEHWE, 3aMeTHM, 4T0o 2Wi — 27 = 2wi—l 4
+2Wi=2... 427 ecTh CyMMa w; — T > ¢ PA3IMIHBIX CTEIEHEH JBONKH, KAX Iad
n3 KOTOpbIX Oombire 2%i-1 u menpire 2% < 2Witl. Tlosromy gwmcro n — 27
MPEACTABIAETCA B BAIE CyMMBI Gosee ueM ¢ — | pa3iuydHbIX CTENeHel TBOVKMY.

3uaunt, n — 2" € Uy_q. O

OBOBIIEHUAE

[Ipeanonoxum, 9TO AaHA CTPOrO BO3PACTAIOMAA HOCIEI0BATEILHOCTD {ay, }
HATYPAJIbHBIX TUCEJ.

IIycTe mamo marypaabHOe <mciao ¢. HaTypaabHOE €MCIO 1M HA3BIBAETCA
q-npedcmasumbim, €CIA M MOXHO IPEICTABATEL B BAJE CYMMEI HE 60JIee TeM
q “UTEHOB TIOCTENOBATETBHOCTH {a;}: M = a4y + G4, + - -+ + @j,. DT “WICHL He
00432 TEILHO PA3IAIHEL (HAIPUMED, TUCIO 1M = G2 + (9 ABIAETCA 2-IPEACTa-
BUAMBIM).

[MocrenoBaTenbHOCTD {a;} HA3BIBAETCS (-PA3PEHcENHOT, €CIU I JI060T0
neaoro M cymecTByeT TpH MOCIeNOBATEIbHBIX ¢-MPEACTABAMBIX IUCIA ¢, b 1
¢, IPOMEXYTKHU MEX Ay KOTOpbiMu Goabuie M (T.e. Takux, 90 b—a > M u
c—b>M).

[MocrenoBarensHOCTL {a;} Ha3BIBAETCA pazpescennoti, ecim OHa ¢-paspe-
XeHHada i Joboro q.

Hampumep, mocieqoBaTenbHOCTS ¢ = % BCEX IIEIBIX MOJOXUTENLHBIX YU-
Cel ABIACTCA 1-TIpeACTaBUMOMU, CACIOBATEILHO, BT IMOCACAOBATEILHOCTD HE
1-paspexena u TeMm Gosee He paspexena. [Ipu gokazaTerscTBe TeopeMmbr Ma-
Jepa, OGBLIO JOKA3aHO, 9TO MOCIELOBATEIBHOCTH 2! SBIAETCA DPA3PENKEHHOM.

[MocrenoBarensHOCTS {ay } HATYPAIBHBIX YUCEN HA3BIBAETCA (-PbILa0l, ec-
JIX KOTAIECTBO CIOCOOOB PEACTABICHAA TUCIA N B BUE CYyMMEI § WIEHOB 3TOU
NOCJEJOBATENLHOCTH (HE 06A3ATEIBHO PA3INIHBIX) HE MPEBOCXOIUT HEKOTO-
por koHCTaHTH Cy, He 3aBUCAEN OT 1 (HO, BO3MOXHO, 3aBUCAIIEN OT ().
Chopmyaupyem >TO HEMHOTO MO-ApyroMy. [las mo0bIX HATYPAIbHBIX ¢ U 7
o6o3uaduM vepes d,(q) KOIM9IeCTBO MPEACTABICHUN YUCIA 1 B BUAE CyMMBI
g (He 00A3aTENbHO PA3IMYIHBIX) WIEHOB IIOCIEIOBATEILHOCTH {a;} ¢ y9IeToM
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nopsagka. [Ipyrumu cioBamu, d, () — 5TO KOIMIECTBO yIOPALOICHHBIX HAGO-
poB (a;y,...,a;,) ¢ n = a; +---+a;,. HocregosaremrsHoCTs {0;} Ha3BIBaETCA
q-puizaot, ecmu cymecrsyer uucao C, Takoe, 9ro dp(q) < Cy mpu m060M n.

[MocaegoBaTenbHOCTS {aG;} HABBIBAETCA PbiTA0T, €CIU OHA ABIACTCA ¢-PHIX-
JOU s JI0O0r0 HATYPAIBLHOTO (.

Hampumep mocienoBaTenbHOCTS G = 1 HEe PBHIXJIAaA W TaXe He 2-PbIXJIad.
[lencTBATEILHO, HATYPAIBLHOE TUCIO N UMeeT He MeHee n/2— 1 mpeacraBieHun
B BUJE CyMMBbI ABYX HATYDaIbHBIX 9HUcel, TakuM o6paszom dp(2) > n/2 — 1.
/3 1eMMBI O IPEJCTABICHNN BEITEKAET, ITO HOCIELOBATETLHOCTE 2° ABIgETCA
PBIXJION.

AmanmoruvHO IpUBEIEHHOMY MOKA3aTEILCTBY TeOpeMbl Masepa MOXHO n0-
Ka3aTh CIEAYIOUUN Pe3yabTarT.

TEOPEMA. Ecau nocaedosameavnocms {a,} puizaas u paspexcenmuas, mo
(o)

wucao Y. 27% mpancyendenmmo.
n=0
Bruio 6B1 uHTEpEecHO 0600MUTE HAllle MOKA3ATETHCTBO TPAHCIEHIEHTHO-
ctu ncaa Majepa u IpuBeJEHHON TEOPEMEI [0 JOCTATOTHOT'O YCIOBUA TPAHC-
IEHIEHTHOCTU YHUCIA, BKIIOYAIONMIEr0 B3, «XOPOUIUX» MPUOIUKEHUA STOTO
qUCIA.

ABTOpPHI HEe 3HAOT, ABIAIOTCA JU CASAYIOUIAE GUCIA TPAHCIEHICHTHBIME
(nmu KBAAPATUYHBIME UPPATMOHATLHOCTAMY):

oo
—_9n v o
(a) Y d,272" nna m06GOM OrpAHWYIEHHOH MOCIEIOBATEILHOCTH dy, TIETBIX
n=0
HONOKUTEIbHBIX THACE.

(e.@)
(b) 3 d,27?" gna mob6oi mocrenosaTemsocTE 0 < dyy < M.
n=0

o0

(c) X (=127,

n=0

oo
(d) Y £,27%" pra mo6ow mocaesoBaTersHOCTH £, € {+1}.
n=0

(e) i 2_[1,1n] .
n=0

o0
() S 27 rne foio = fasr + fas fo = fi = 1 — mocaeoBaTeILHOCTD
n=0
Ddubonauayan.
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Dopmyaa 111 odbeMa mepecedeHna Kyoa
C TIOJMYTIPOCTPAHCTBOM

A. f1. Beros

B cBoe BpeMmsa s mccrenoBan pa3bueHme MacCUBA T'OPHEIX MOPOJX CHU-
cremamu TpemmH. Kaxnas Takas cucTeMa MOTEIAPOBATIACH CHCTEMOUN
MApALIETbHBIX PABHOOTCTOAMMX MIOCKOcTen. Crydal Tpex CUCTEeM TpU-
BHAJIEH — IOJYYaeTCsi pPa3OueHue IPOCTPAHCTBA HA PAaBHBIE MapaJLiese-
numensl. K coxanenuio pazbueHus mPOCTPAHCTBA OOIBIIMM YUCIOM CU-
cTeM (MHE KaXXeTCs) TOYTH He PACCMATPUBAINCH (XOTS TaKue Pa3OueHns
JOOJLKHBEL UMETh OTHOLIEHWs K KBasukpuctaiwiam). Ha npakrtuxe zaburo-
TAJICA CIy9Yadl YeTHIPEX CUCTEeM NPAMBIX. MeHs MHTepecoBato pacupene-
Jenue 610k0B Mo 06bemMaM. C TOYHOCTHIO 10 adQPUHHOrO TPEOOPa3OBAHUA
MOXKHO CUMTATh, YTO IEPBLIE TPU CUCTEMEI PAa30UBAIOT IPOCTPAHCTBO HA
eIUHUYHLIE KYyOBI, YeTBepTasd CUCTeMA UX gopasbmBaer. Tak A mpuien
x dopmyse obbema mepecedeHus Kyba € MOIYIPOCTPAHCTBOM, KOTOPAs
UMeeT KpacuBOoe n-MepHoe 0600IeHune.

Pacemorpum eguumunbim ky6 K: K = {(z1,...,2,) | 0 < z; < 1} m
NOTyIpPOCTPAHCTBO Py, 3anaBaeMoe HEPABEHCTBOM

Z a;x; <d.

Bribepem HAmpaBaeHUA OCEU KOOPAUHAT TaK, ITOOBI BCe KO3DPUIMEHTHI
@; CTaIW HEOTPUIATEIbHBIMEU. [ 3TOr0 moCTynuM Tax.

Ecmu Tonpko ogua KOd(pPUIUEHT ¢; OTPUIATEALHBIN, TO CAETAEM 3aMe-
Hy r; — 1 — x;; Opum >TOM a; 3aMeHUTCA Ha —a;, Ky0 K mepermmeT B ce-
61, a cBOOOAHBIA WieH d CTaHeT paBHBIM d + a;. Ecaim xe oTpumaTenbHBIX
kK03pPUImeHToB a@; 60JbIIe OJHOTO, MOCTYIUM AHAJIOTATHO: IS MHOXKECT-
Ba I C {l,...,n} uHgekcoB i, 3agaHHBIX ycaoBueM a; < 0, caemaeM Ty xe
MOJICTAHOBKY T; — 1 — x;, OCTaBUB BCE OCTAJIbHBIE KOOPIUHATH &; 6€3 m3Me-
wennn. Kak u panbme, ky6 K nepeugeT B cebs, a MOIyIpOCTPAHCTBO Py — B
moxyIpocTpancTBo Py = {(z1,...,%,) | D ;c;aiz; < d'}. Iocre Taxoro mpe-
ob6pasoBanua 00beMsbl mepecedennit K N Py u K N P OyayT 0AMHAKOBHIM,
d =d+3Y ;. ai, a Bce K0dDDUIUEHTHE 4] = |a;| CTaHYT HEOTPUIATETLHBIMIY,
9ero Mbl U 10OUBATUCH.

[Mamee, ectu a; = 0 gaa HEKOTOPOTO %, TO MOIYIPOCTPAHCTBO Py mapau-
JETBHO §-U OCH KOOPAWHAT U N-MepHb 00bem K N Py pasen (n — 1)-meprOMy

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(185-189)
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o6beMy mepecedenua Py ¢ COOTBETCTBYIOMIEN T'PAHBIO Ky6a, TAaK ITO CUTY-
Al CBOAUTCA K MEHBIIEH PasMEPHOCTHU. B JalbHEUIIEM CIUTAEM TTODTOMY,
aro a; > 0 mpuBcex 1t =1, 2, ..., n.

Pasfemns 06e 9aCTH HEPABEHCTBA »_;-; 4;%; < d Ha /Y. aZ, mpuxogmm

K CIy9alo, Korga (/> ..y a2 = 1. B arom cryqae Vy,(d) — o6bem nepecedenns
K N P; — 3apaeTcsa paBeHCTBOM:

Va(d) = chg;’n}(_l)lll (d— ;aZ)D (1)

31ech Bce a; MOMOKUTEIbHEL, T4 = max(z,0), a |I| — <YucIo 31eMeHTOB MHO-
xectsa [; ecm [ = @, To monaraem |I| =0m ), ;a; =0.
n

B gacrrocTu, ecm d < 0, To V,,(d) =0, aecmmd > )" | aj, o V,(d) = 1.

B pasmepnoctax n =1, 2 u 3 popMyasl 1ada o6beMa MPEBPAIIAOTCA B TaKUe.
Ecau n = 1, To miuua nmepeceveHns eIMHATHOIO OTPE3KA U JIyda & < d PaBHA

Vi(d) =dy — (d—1)4.

B xzBymepHOM u TpexMepHOM CIydasx MPaBas YaCTh MIPUHUMAET BUL:

Va(d) = (aras) - (d‘i —(d=a1)? = (d—a)? + (d—ar — a2)‘i)

u
1 _
V3(d) = 6(a1a2a3) L. (di —(d - a1)i —(d - ag)i —(d - a3)i+
+(d—a —a)} + (d—as—a3)} + (d—a3—a1)? +
—(d—a1—a2 —G3)i)a
COOTBETCTBEHHO.

13 dopmyasr (1) MOXHO MOXYyInTH (GOPMYIY AJIA TUIOMAIA CEIEHUA Ky-
6a TpaHWIEH NOXYIPOCTPaHCTBA Py. [I1a 3TOro 3aMeTHM, 9TO IUCIO d €CTh
paccTogrue OT Hadada koopamHaT (O M0 TPAHMIEI TOLYIPOCTPAHCTBA Py, a
paszaocTsb 06bemoB V (d+ Ad) —V (d) = S(d)Ad+ o(A), rae S(d) — uckomasn
wioma b cedenua Kyba. [Ipoguddepernuposas pasercTso (1) mo mapamerpy
d, momyvaeM CIenyonryto ¢bOpMyIy AId IIOMALA CeTCHUA:

S(d):m Z (—1)|I|<d—2ai)i_1 . (2)

IC{1,...,n} el
Pasenctso mymio S(d) npu d > Y a; (T.e. korga rpanuma 0P, moaynpocTpa-
cTBa He mepecekaeT Kyba K) osHavaeT 3a6aBHOE KOMOMHATOPHOE TOXAECTBO:

n—1

S (- (d _ Zai> = 0. (3)

IC{1,...,n} el
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(HuxHue 3HAYKYU «+» CHATHIL, KOO BCE WICHBI MOJOXUTEIbHBI, TODTOMY JeBAs
9aCTh — MHOT'OWIEH OT IePEeMeHHbIX d U a;, rae 1 = 1,...,n. PaBercTBo mHy1i0
MHOT'OWIEHA B OTKPBITON OOIACTH BIEIET TOXKIECTBEHHOE PABEHCTBO HYJIIO).

[TOKA3BATEJBCTBO ®OPMYJHBI (1)

n

1 -1 o
OTMmeTuM, 9TO BHIPAXKEHUE ] Hi:l a; -d’y xapakTepusyeT oObeM Ie-

pecedeHna Pd C IOJOXUTEJIbHBIM OPTaHTOM

Q={(z1,...,zy) | z; > 0}.

Bennauna
1 n 1 n n
E(Hai) d—> aifi
i=1 i=1 +

paBHa 0ObeMy mepecedenus Py co casurom QF momoxwrensroro opranTa Q
Ha BekTop f = (f1,..., fn) (T.€. c o6macTeo {(21,...,2,) | z; = fi}). Hycrs
VId — obbeM mepecedenus Py ¢ o61acThio

sz{(xl,...,xn)|xi>0, i%[, z; > 1, ’iE[}.

B gacraocrn, Uy = {(21,...,2y) | £; = 0}. Torga dopmyna (1) npumer Bux:
Vald) = Y (=DIIVE.
IC{1,...,n}

HyCTB QZ = {(xla s 7xn) | g = 07 .7 7£ ia T = ]-} Tor*,qa UI = miGIQi n
dopmyna (1) okaxerca gacTabIM crydaem (korga ® = Py) dbopmyas

Vol(KN®) =Vol(@NUg)+ > (=DF-Vol(@NQ;, N...NQs). (4)
1<k<n,
1< << <n

3aecs Vol(M) — obbem muoxectBa M, & — npoumsBonbHas durypa, mepe-
cegeHue KOTOpOﬁ C JIIO6I)IM COABUTOM IIOJOXUTEJABHOTO OPTAaHTA OI'PaHUYIECHO.
Moxaxem paserctso (4). Equmananbimn xky6 K nonomaserca mo () o6beam-
HeHreM MHOXeCTB ;. To Xe BepHO M A MepecevdeHusas COOTBETCTBYIOIMUX
muOXecTB ¢ ®. [Iycte @; = ®NQ;. Torga ®NQ;, N...NQ;, = P;;N...N

n 0OCTATOYTHO MPOBEPUTH, YTO BECIWINHA

1)

n

S(=DFT N Vol(@, NN D).

k=1 1< << <n

ecTb obweM obweumHeHma U;®;. Ho aTo ecTh wacTHBIA caydad (GOpMyIIEI
BKJIIOYEHUA MCKIIOIEHNA.



188 A. A. Beros

Hanomuuwm sty dopmyay. Ilycts U; — cemencTBo muoxecTs, |U| o3Hagaer
o6bem muOXecTBa U. Torma
n
U = (=DM N U, NN T,
k=1 1<y <-+<ip<n
(B auckperHOM ciydae 0OBIYHO moiaratoT B KadecTse |U| 9ucao saeMeHTOB.
Toraa moxygaercs popMyaa u3 o6braHON KoMOuHATOPHKY (CcM. [1].) )

CMBICK 5TOI (POPMYJIBL TAKOB: ITOOBL IOACIATATE TUCIO HJIEMEHTOB (00BeM) 06b-
eUHEHUs, HAIO0 IIPOCYMMUPOBATH KOJIUIECTBA 1eMeHTOB (00beMbl) MHOXecTB. Ho
TOr[Ia MOMAPHEIE MEPECeIEHNs OKAXKYTCA TOOABICHHBIMU JUIIHUU pa3. X HaTO BhI-
vecTh. HO TOra HAJO CAEMATH MOMPABKY Ha TPOUHLIE MEPECedeHus, u T. 1.

3AMEYAHUSA.

1. C kax abiM MHOXECTBOM U MOXHO CBA3ATH Lapakmepucmuueckylo @ymk-
yuio & Ey(x) = 1l upu z € U, €y(z) = 0 mpu z ¢ U. O6beM MHOXECTBA
U paser [&p. lycrs Az g(z) = g — T5(9), rae Ti{g)(z) = gz + f).
Ecmm L = [0,1], R = [0,00) To &1, = A1(£r). Xapakrepucruaeckas
dyukmua kyba {x MOMIYyIaeTCA U3 XaPAKTEPUCTUICCKON (DYHKIUM TTOI0-
KUTEILHOrO OpTaHTa () npuMeHeruem omeparopa [ [ ; A;. Ho

n

[TAil6) = (1= Tp) oo (1~ T, (&) =

=1

= Yo (DM (Ge) N N T (So)-
0<k<n,
1< << <n

Orciona Takxe crenyer gopmyra (4).

2. AHa,JIOI‘I/I‘{HI)IM o6pa30M C IIOMOIIBIO BKJIIOYICHUA NCKIIOYICHUA JOKa3bIBA-
eTCA NOoNApU3anuoHHaA POPMYyIa:

(@14t azn)" = (@4t D m) et

)

-|-(—1)]€ Z ($1+"'+1'/z'\1+"'+fi\k+"'+$n)n+

1 <-<ip
+...+(_1)”Zx? = Z Lo) --- " Lo(n)-

og€Sy

Ecnu mepemMeHHBIE T; KOMMYTHUPYIOT, TO TIPaBasd IacTh B DTOU (HOpPMYJIe
paBHA n!(xl S xn)
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3. B mkome Hac npuy4aroT uzberarb KpynHbix (popmya. O 1HAKO TPABUILHO
opraamsoBaHas (Gopmyaa (CBoero poma mepormud) OKa3bIBAETCA KPACH-
Bou! A KpacoTa CIyXWUT MPOBEPKE MPABUILHOCTH.

AsTop npusmarenen I'. A. laabmepuny, moGy IUBIIEMY €U0 HATTACATD NAH-
HyI0 3aMeTKy ¥ oOpaTuBIIEMY BHUMAaHWE Ha 3aJa4dy O ILIOWALN CEeIeHUd.

CIUCOK JIMTEPATYPHI
[1] Bunenkuu H. fI. Kombunamopura. M.: Hayka, 1967.

[2] Beros A. fI. Cmamucmuueckas 2eomempus U pasHOBecue OAOUNBIL MAC-
cusos. [ucc. HA comck. yd.cTen. Kaum. pus. maT. Hayk. M.: MI'U, 1991.

A. A. Beros, MUOO

E-mail: kanel@mccme.ru



190

O nmpencTaBIEHUN YUCET B BIUJE CYMMBI IBYX
KBa,IPATOB

M. H. Baawa

Kakwe mesnbie ancia ABIAIOTCA cyMMaMu ABYX KBaapaToB? OTBeT HA DTOT
BOIIPOC M3BECTEH: IUCIO TPEICTABIACTCA B BUE CYMMBI IBYX KBAJAPATOB TO-
r'Ta 1 TOJIBKO TOT'da, KOI'Ia B €0 PA3JIOXKEHUE Ha IMTPOCTHIC MHOXUTEIN KaX 10€
npoctoe Iuciao suga 4k + 3 BXOAUT B YETHOU CTEIECHU.

Kak manTu mpeacraBieHue Iucjaa 1 B BAIe CyMMBI AByX KBanpaTos? Ko-
HEYTHO, MOXHO mepebpars Bce mapsl 0 < z,y < 7 U OPOBEPUTH I KAXK JOU
HapBl PABEHCTBO T2 + y2 = n. Henb3sa au npugymMaTh aarOpuT™, KOTOPBIT
pemaeT oTy 3amady ObicTpee?

O P PEKTUBHBIX AMTOPUTMOB [JISA IIPEACTABICHNUA TUCIA B BUE CYMMBI TBYX
KBaApaTOB moKa HeT. Ho 3aava 3HAYMTENBLHO YIPOUIAETCA, €CIU W3BECTEH
kopenb u3 —1 mo Mogyao n. B oTom caydae moxHO 060uTHCH 63 mepebopa.

AnroputM OPMUTA — CEPPE.
1. Bxon: n, z, mpuuem 22 = —1 (mod n).
2. Tlomaraem ag = n, a; = 2.

3. K mape umcen ap, a; mpuMeHseM aaropuT™M EBKanga, T.e. BBITUCIIEM
[IOC/IEI0BATENBHOCTh OCTATKOB OT JEAEHUS @ HA (j41:

G; = qiGi+1 + Git2 .

4. OCTaHaBJIHBaeMC}I B TOT MOMEHT, KOT'Ia ABa IOCJACTOBATEJABHBIX OCTAaTKa
HE MPEeBOCXOAAT \/n: ap < /N, apy1 < /N. ITO U eCTh HyXHad Tapa
qHCe:

a% + a% 41 =M.

Yucnaa B MOCAIEI0BATENLHOCTHA OCTATKOB, BO3HUKAIOIMEN B aaropuTMe Hs-
KU 3, ObICTPO yObIBAIOT. [109TOMY BBEIMMCICHUS MO AITOPUTMY IPMUTI, —
Ceppe 3aHUMAIOT TOpa3[l0 MEHbIIEe BpEMEHHU, YeM mepebop BCeX BO3MOXKHO-
cTen.

OTkyna 6epercs CBA3L MeXIy alropuTMOM EBKIUIA M MpeacTaBICHU-
MU YHUCAa B BUAE CYMMBI IBYX KBaApaTos! ECTh mBa, COMEPXKATEILHO O9YEHB
6aM3KuX, crrocoba 060CHOBATE anroputM Jdpmuta — Ceppe. [lepBbiu ocHOBaH
HA CBA3M MEXAy aaropurMoMm EBKIuIa W HETHBIMU APOOSIMU M KCIOIB3YeT

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(190-194)
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CUMMETPUIHOCTD PA3MOKEHNsA B LEMHYIO Apo6b wwmcaa n/z [2]. Bropon npex-
aoxer A. Bar gep IToprenowm [4] (cM. Takxke [3]) 1 HCHOIB3yeT CUMMETPUIHbIE
pasnoxeHusa MaTpur pasmepa 2 X 2. Huxe 5TO n0Ka3aTemrsCTBO M3IaraeTcs
moapOOHO.

Mgt onmmrem CBsA3b MeX Ay aiaropuTMmoMm EBkimma m maTpunamu pasmepa
2 X 2 ¢ moMombI0 PYHKIIAN «CKOOKWY, KOTOPasA ONpENeNeHa, Ha TOCTIEJOBATENb-
HOCTAX HATYPAJIBHBIX (MOMOKUTEIBHBIX [EJABIX) TUCEN CICAYIOIMIMEA DEKYp-
PEHTHBIMU COOTHOIIEHUAMU:

[]:]‘7 [Q]:qa [q07q17q27"'7qn] :qo[q17q27"'7qn]+[q27"'7qn]' (1)

Hampumep, [qo, ¢1] = qolg1] + [] = qoq1 + 1.

Henocpencreenso u3 onpeaeneHus BUAHO, ITO 5Ta PYHKIAA TOJOKUTEb-
Ha Ha JI060H MOCIeA0BATEILHOCTH ¢Q, (1, 2, - - + 5 §pn TOMOKATEILHLIX HEALIX M-
cen. ITosTomy

(90,91, -+, qu] > [q1,- - -, qul- (2)

Takum o6pasom, u3 (1) cregyer, 4T0 mpuMeHeHue aIropuT™Ma EBkianga kK mape
qucer [qo,q1,q2,---,qn), (41,92 ---,qn] AAET MOCIEAOBATEILHOCTH OCTATKOB
a; = [Gi,- .-, qn], IPA DTOM MOCIEAOBATEALHOCTBIO IACTHBIX OYIET (o, . - -, (n-
OTcroia BBITEKAET CIeAYOmAsa

JIEMMA 1. Ilpedcmasaenue napbi 63auMmo npocmux uuced a,b 6 sude

a:[QOaQIana"'aqn]a b:[QIaQQa"'aQn] (3)
00H03HaAUN0 onpedeseno.
3aMETHM TaKXke, ITO Ta XK€ CaMasd MOCICOBATCALHOCTD 0, (1,2, - - (n

BO3HUKAET IIPU Pa3JokeHU” a/b B HenHyo Apo0h.
[Mar amropuT™ma EBKIMAA MOXHO IPEACTABUTH B MATPUIHOM BHUIE

a; \ _ (0 1 a1 a1\ _ (g1 1 a;
aivi)  \1 —gi1 a; o ai )\ 1 0)\ai1) "’

Mzt 6ymemM UCIIOAB30BATEH MPOW3BEIEHUA MATPUI] BTOPOro Buaa. Marpud-
HBIE DIEMEHTHI TAKUX MPOU3BEICHUN JErKO BBIPAXKAIOTCA Yepe3 CKOOKU [-| ¢
TIOMOIIBI0 MATPUIHOI'O PABEHCTBA

(o ity () (o] )

KOTOPOE TPOBEPAETCA NPAMBIM BhraucienueM. 13 (4) no weayknum cregyer,

(PRI Aian) B (1 [ () R G R
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13 (5) m temmbl 1 ciegyeT eIMHCTBEHHOCTD IIPEICTABICHUA MATPUIIBL 2 X 2

(e a)=(F o) (& o) (% o) ®

(KOHEYIHO, TaKoe MPEeACTABICHUE CYIIECTBYET HE BCETA).
Ham moTpe6yerca cregyomas emma.

JIEMMA 2. ITycmb ad = b> +1, a > b > d > 0. Tozda cywecmeyem
edUHCMBENHOE HAMYPAALHOE ¢ MAKOE, UMO

a b\ _(q 1\ [d V\[q 1 (7)
b d) \1 0 v o d 1 0
u aubo a' >0 >d >0, aubo b =0,d =d =1.

[TOKA3BATEJIBLCTBO. Jlerko mposeputs, 9To u3 (7) CIEAyIOT DaBEHCTBA
a=d, bV =b—qd, d = (a—gb) — q(b— qd):

(106t e iio-aa) (1 0) -

(@ o)-G o) e

[ToaTomy ycrosua a’ > b’ > 0 osmaqaror d > b — gd > 0. Taxum o6pazom,
q IOMXHO OBITH YACTHBIM OT MEJOYUMCAEHHOrO AeieHus b Ha d.

PaccmorpuMm BHadame caydam, korga b me meautca Ha d: b = qd + 1,
0 < r < d. Tlockomeky ad — b =1,

! /
det (Cb‘, Z,) =1 (9)
(pTa MaTpUIA TOLYIAETCA YMHOXEHIEM MATPUILI C OmpesennTenreM 1 Ha gBe
marpuns ¢ onpegemuTenem —1). Ilosromy w3 @’ =d > 0, b' =r > 0 cregyer,
aro u d’ > 0. Kpome toro, a’ = d > r = 1'. OcTanocs npoBepuTh HEPABEHCTBO
r=00>d.Ecmd >V, todd > +1)? > b?+1, aro mporusopeunt (9).
Temeps paccMoTpuM CIydaud, Korga b geautca Ha d. Torga

a b\ _[(d 0
od) \0 d)°
Onpegenurens 5Ton (AUArOHATBLHON) MATPUILL paBeH 1, mostomy a’ = d' = 1.

3aMeTHuM, ITO JeEMMY 2 MOXHO MPUMEHATH UHAYKTUBHO: IOy IeHHASI MaT-

/ /
puta ( Y d’) aubo efMHUYIHAA, TU00 TOXe yIOBIETBOPAET YCIOBUIO JEMMEI.
[Ipu mocaemoBaTeTbHOM TPUMEHEHUU JEMMBI 2 BHeIWATOHAJIbHBIE DIEMEHTHI
yOeBator, kax BugaO w3 (8). [losTOMYy paHO WAM MO3AHO MATPUIA CTAHET
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eIMHUIHOU. B pesyabTaTe TAKOro MPOIecca MOLyIaeTCa CuUMMEMPUuuHOe pas-
A0MCENUE UCXOTHOU MATPUIIBI, UMEIOIIEE BU/I
o 1\ (a0 1
A1 0 1 0

(b a)= (o) (5 o) (v o) (o)
b d 1 0 1 0 ' 1 0 1 0
(10)
Teneps BepreMca Kk o6ocHOBaHUIO anaropurma Jpmuta — Ceppe. Bes orpa-
HIIeH?A OGIHOCTH MOXHO CIATATh, IT0 z < n/2. Tormga k = (22 +1)/n < 2.

[TosTOoMy W3 mEMMEI 2 clregyeT CymIeCTBOBAHWE CAMMETPUTHOTO PA3JIOXKEHUI
1A MATPUIIBI

BRI R IR RGP IC)
=)= (1 o) o) (1 o)
(2 8)=2a=(C )0 oY)

Suasmr, n = 72 + y2. Tax xKax pasroxenue uga (6) exmHcTBeHHO, TO U3 (5)
3AKIIOYAEM, 9TO & = Gpil, Y = Gpi2, TA€ G; — OCTATKHA B aaroputme Es-
KJIua, TPUMEHEHHOM K Tape ag = n, a1 = z. SlcHo, 4To a?Hk < n npu
k > 1. [lna 3aBepmenus o60cHOBaHUsA aaroputMma JdpmuTa — Ceppe ocTanrocs
IPOBEPUTDH, ITO a7 > n 1pu i < n. [ 5TOro TOCTATOTHO HPOBEPUTH, ITO
an = Qnani1 + apio > y/n. U neucteurensHo,

a2 = (quz +y)? > (z +y)? = n+2zy > n.

—

O6o3Ha9IM

Torga

3AMEYAHUSA.

1. Y mensbx apo6en ecTh eCTECTBEHHAA TeOMETPUIeCKAA WHTEPIPETAINAA
(cm., manpumep, [1].) MHTEpecHO OBLIO GBI BEIDA3UTH SBHO CEOMETpPUYe-
CKIW CMBICI JEMMBI 2.

2. U3 (11) MOXHO BBIBECTH YHOMUHABIIAUCA BHIIIE (HAKT, ITO PABIOKEHUE
n/z B HenHyio Apo6b CUMMETPUTHO.

3. B xuure [IpBennopra [2] mpuBeneHO HECKOIBKO CIOCOGOB DPa3JIOKeHW
IUCIA B CYMMY ABYX KBAAPATOB. BCe OHM Tak WIM MHAME UCIOIbL3YIOT
PA3JIOKEHAA B TEMHBIE ApO6H 1 Hed((PEKTUBHEI B CMBICIE TEOPUU BBITA-
CJIHTeJIBHOfI CIIOXHOCTHU: BpEMA pa.6OTI)I COOTBETCTBYIOIIUX AJTI'OPUTMOB
DKCIIOHEHIIMATLHO 3aBUCAT OT JJIWHBI BXOAa (KOTOpag MPUMEPHO PABHA
JorapudMy GUCIA, LIA KOTOPOTO HAXOAUTCA TIPEACTABICHAE B BUIE CyM-
MBI IBYX KBAPATOB).
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4. B crydae mpocTOro n mMeeT MeCTO 3aMedaTeabHasa (opwmynaa laycca,
mokazauuas Komu u Akobmrrasem. [lycts n = 4k + 1 — mpocToe,

T l<2k> (mod n), y=2k)!lz (modn), |z|,|lyl <n/2.

2\ k
Torga z? 4+ y?> = n. HecmoTpsa Ha «iBHbIAY B dopMmyas Laycca, oHa
TaKXe He TPUBOAUT K dPPHEKTUBHOMY AITOPUTMY.
K coxanenuio, B [2] He mpuBogUTCA NOKaszaTeabcTBa dhopmyasl [aycca, a
JUIIL COOOMAETCA, YTO U3BECTHBIE NOKA3ATEIHLCTBA, HE OYEHB MPOCTHI.
Bosmox#o, kTO-HUOYAE M3 umTaTenen «MaTeMaTuIecKoro mpoCBeme-
HUSA» TPUALYMAET MPOCTOE H0KA3ATEILCTBO 3TOro dakTa?

AsTop 6aarogapen FO. A. PrépoBy, 3aMHTPUTOBABIIETO €I'0 BOIPOCOM 00
AICOPUTMAX PA3MOXKEHUs UUCIA B CyMMY KBaapaTos, a Takxke V. Borganony,
B. Byraenko, B. IIpacomoBy 3a wHTEpEC K CTaThe U MEHHBLIE 3aMETAHU.
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[lepuo quieckue mocaef0BaTEILHOCTH

M. III. ITa;rerxo

OcTaTKy OT JeleHus WICHOB IOCIe [OBATEILHOCTEH, ONIPEIeIAeMEIX Pe-
KYPPEHTHLIMEA COOTHOIIEHUAMM, HA, TAHHOE IUCI0 k 00Pa3yoT IePuo quie-
CKUe MOCIeI0BATENBHOCTH. [IpuMepaMy MOT'Y T CIIyKUTEH aPpUPMETHICCKIE
U TeOMETPUIECKUE IPOrPECCUH, CTEITEHHBIE BLIPAXKEHUA N, B KOTOPHIX N
npoberaet 3uadenus 0,1,2,..., a m apaseTcsa GUKCUPOBAHHBIM TTOJOXK M-
TEIBHBIM [EIBIM IUCA0M, Iucaa PubOHAYIIN U MHOTHE APYTUe MOCIEeNO-
BaTeILHOCTH. Haxox meHume mepuogoB HEKOTOPBLIX ITOCIEI0OBATEILHOCTEN
ABJAETCS OCHOBHOM TEMOU DTOU CTAaThLU.

Marepuai 5Tol CTaTbU MOXKET OBITh UCIOIL30BAH B MATEMATUIECKIX
kpyxkkKax. OH TakxKe IOJIE3€H M NOCTYIIEH yYaIlUMCsA CTAPIIAX KJIACCOB,
UHTEPECYIOMMUMCA MATEMATUKON U TPUHUMAIOIIAM YIACTUE B MATEMAaTU-
9EeCKUX COPEBHOBAHUAX.

1. PEKYPPEHTHBIE OCJEJOBATEJBHOCTHU

Mzl 6y 1eM pacCMaTpPUBATE [IOCICIOBATEILHOCTH MEAbIX IUCET WK, IPYT -
MU CIOBaMu, (PYHKIINY HEOTPULIATEILHOrO MEJOr0 apryMeHTa, IPUHIMAOIINE
nenble 3HaYEHnA. 110 Tpaaunuy 3HAYMEeHne Takou QyHKIUM ¢ Ha Tucre n (n-u
DIEMEHT MOCIENOBATEIBLHOCTH) 0O03HATACTCS Ay .

[TocneqnoBATENBHOCTD HABBLIBACTCA PeKYPPERMHOTL, €CIN OHA 331aeTCI (POP-
MYJIOn

On4k = ClGptk—1 + C20p4k—2 + -+ + CkQp,
rmge ci,...,Cr — (pUKCAPOBAHHBIC IUCIA.

[MpomantocTpupyem 2To onpegenreHne Ha HECKOAbKUX mpuMepax. [Ipocren-
I IpUMep — apudMeTHIecKasa IPOrPecCusa, KOTOpasd 3aTaeTCA COOTHOIIE-
HUEM apy1 = ap + d. Ee MOXHO 3agaTh W MHO-ApPyroMy, UCKIIOYUB d:
Op42 — 20p+1 + an = 0. Aragormauyo GOpMysy MOXHO HANKUCATH W IS IIO-
CIeNOBATEIHLHOCTU KBAJAPATOB Gy = n?: On+t3 — 3Gp+9 — 3Ap41 + an = 0.

3ALAYA. [okaxure, 9T0 A1 Mo6Oro k MOCIENOBATEILHOCTE Gp = nF
VIOBJIETBOPAET PEKYPPEHTHOMY COOTHOIIEHUIO

i(—l)i (f) an+i = 0.

1=0

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(195-205)
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PexyppeHTHBIME ABIAIOTCA M MHOTHE IPYTHUE XOPOIIO N3BECTHBIE BUIEI II0-
CIeIOBATEALHOCTEN, CKAXEM, FeOMETPUIECKAE MPOTPECCUN Gpt| = (dy WIN
qucna PuboHATIN Gp 42 = Gpt1 + Gn, a9 = 0, a1 = 1. HekoToprie pekyppeHT-
HBIE [TOCIeIOBATEILHOCTH IEPUOAUIHBI, HAIPUMED, HOCAEI0BATEILHOCTE

Un42 = Gpn41 — Gn, G0 =2, a1 =1
nepuoanaHa ¢ mepuogom 6 (mposepbre!).

YTPAXKHEHUE. IIposepsre, 4T0 ocTaTku, o6pasyembie duciavu DPubo-
HAYIM OpU JedeHun HA 2, 3, 4 COOTBETCTBEHHO OOPA3YIOT NEPUOTUICCKUE
IOCAEN0OBATENBHOCTH C mepuogamu 3, 8, 12.

2. CPABHEHUSA IO MOIYJIO

ToBOpAT, ITO meble IUCaAa a U b cpasuumbl no modyaro n > 1, ecaun npu
JeJEHUU Ha N OHU JAIOT OIUMHAKOBBHIM OCTATOK (0603HA4YeHue a = b (mod n)).
OTHOIHeHI/Ie CPpaBHUMOCTHU 110 JIIO6OMy MOAYJIIO ABAAECTCA OTHOHNICHUEM OKBU-
BaJeHTHOCTH. Bosee TOro, cymMMa 0CTATKOB CPABHUMA C OCTATKOM OT CYMMBI
U OIPOM3BEJEHUE OCTATKOB CPABHHMO C OCTATKOM OT IpousBeneHusa. Kiaccer
9KBUBAJIECHTHOCTHU II0 MOAYJIO 7} HA3BIBAIOTCA KJIACCaAMU BBIYMETOB WIN IIPDO-
CTO BBIY€TAMU IO MOAYJIIO 71. BI)I‘IeT])I MOXHO CKJIQOBIBATH U yMHOXATH IIO
CTeYIOUM [IPABAIAM

[a] +[b] = [a+b],  la]-[b] = [ab].

MHOXeCTBO IENbIX 9UCeT 7, U MHOXECTBA, BHIYETOB Z, HA3BLIBAIOTCI B aarebpe
KOJBIIAMMY, & COIIOCTABICHNE TUCIY G KJIACCA BBIYETOB [a], KOTOPOMY IpPUHAI-
JEeXUT OCTATOK OT AEICHUA ¢ HA N, ABIACTCI TOMOMODMI3MOM KOIbIIA, IETBIX
qucen 7, Ha KOJBbIO BBIYETOB Zp,.

Beruer [a] HasbBaerca deaumesem nyas B Zp, €CIm CymeCTBYeT TaKOU
BeraeT [b], aro [a] - [b] = [0]. Berder [a| HaswBaerca obpamumvim B Zy, ec-
aU cymecTByeT Takou Bbrder [b], uro [a] - [b] = [1]. MoxHO nposepuTs, 9TO
KaXIBIA BBIYET JUO0 ABAACTCA HeauTeneM HyJsd, mubo obpatum. OOpaTuMbi-
MU ABISIOTCA B TOYHOCTH T€ BBIYETHL [¢], 1A KOTOPHIX @ B3AMMHO HIPOCTO C
n. B mokasaTeancTBe 5TOr0 GaxTa MOME3HO UCIOMB30OBATL CJASIYIONEE CBOU-
CTBO HamOOMBIIEro 00mero mgeaurend (a,b) wmcer ¢ u b: (a,b) asasemea wau-
MEHBULUM NOAOHCUMEADHBLM UUCAOM, KOMOPOE MONCHO NPEICMasumb 6 ude
Yeaouucasennots aunetinoti xombunayuy ua + vb wuces a u b.

3. IIEPUOAUYECKUE IIOCJEJOBATEJILHOCTU

Haszosem mocienoBaTenbHOCTD ag, .. ., Gn, - - . NEPUOIUUECKOT, €CIU CYIIEe-
cTByeT Takoe memoe Jucao 1 > 0, aro

(p+T = Gy, A1 BCeX N GOIBIINX HEKOTOPOrO 7. (1)
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Haumensbuiee Boamoxuoe wucao T, s KoToporo BuimoasaseTcs (1), HazoBem
nepuodom MOCAETOBATEILHOCTH (y,.

Ucnonb3ysa cBORCTBO HAMOOJBLIETO OOIIEr0 AETATEN, YIOMAHYTOE BBIIIE,
7 OTIpeIeIeHre TIEPUO JUIECKOU MOCAEI0BATEALHOCTH, HETPYJHO JOKA3ATH CJIe-
ayiomuu GhaxT:

TEOPEMA 1. FEcau das nocaedosamesvnocmu a, cywecmsyom dea no-
aoscumenvubiz wucaa Ty u Ty, das xKomopwix evinoansemca (1), mo das D =
= (T, T) maxoce svinoansemes (1).

[MosTomy Bce wmcaa T, aas KOTOPBIX BhImOAHAETCA (1), KpATHBI IEPUOAY
TIOCIEeJOBATEIHHOCTH.

TEOPEMA 2. Ilycmb nocaedosamesbrocmsb a, 3a0GEMCA PEKYPDPEHMHBIM
COOMHOULEHUEM Qptt = ClUptt—1 +C20p1—2+ - - -+ Crag, 8 KOMOPoOM 6CE K03 (-
Puyuenmut ci,...,c; — yeable wucaa. Fcau ag, a1, ..., 01 — YEable YUCAa,
mo 6ce uAeHbl NOCACIOBAMEABHOCTIU ABAAOMCA YEALIMU YUCAAMU, OCTNAM-
KU 0OM Jeaenus KOmopulx Ha A1000€ YEA0E YUCA0 00PaA3y0mM NepuoduuecKyo
nocaedosamenbHoCmb.

[Tpexme weM HOKA3BIBATL TeOpeMy 2, pazbepeM Caydau TeOMeTPUTeCKOn
nporpeccuu a". PaccMoTpum ocTaTku cremeHen a mo moxayao k. [Tocaenosa-

TeabHOCTD [a]” = [a"] 0643aTeNbHO CONEPKUT ONMHAKOBBEIE WIEHBI (TaK Kak

BEIYETOB [0 MOAYII k KOHEYHOE HHCIO). 3HAUAT, BBIIOIHAETCS PABEHCTBO
mi_ [ ]me

[a]™" = [a] (2)

mpu mi # meo. Bes orpannvennsa oOmHOCTH cauTaeM, 9To T = mq — mgy > 0.
Ymuoxas pasencTso (2) ma [a]" ™2, y6exmaemca, aro [a|"TT = [a]® upn
n = mo. [loaToMy mociaeqoBaTeILHOCTH OCTATKOB OT AeieHud ¢ Ha k mepuo-
numaeckas. [logpobHee >TU mOCIE[OBATEILHOCTH U UX MEPUOIBI O6CY XK AATOTCA
HUXE B pasfene d.

[Ipumep mocregoBarerbrocTH 1,2,22, ... 1 MOAyIa 4 IOKA3BIBAET, UTO B
obuiem ciaydae mepuogrIecKoe MOBTOpeHne He 0643aH0 HAYMHATHCA C CAMOT'0
HaYaJda IDOCAeTOBATECIBHOCTHU: B JAHHOM Cly'ae MOCJIeqOBATEIbHOCTH OCTAT-
xoB ecThb 1,2,0,0,...

[JOKA3ATEJIBCTBO TEOPEMBI 2. OHO 06061IaeT IPUBEIEHHOE BHIIIE PAC-
cyxaeHnme 06 0CTATKAX WIEHOB MeOMETPHUYIECKON IPOrDECCUH.

[l OCTATKOB WIEHOB PEKYPPEHTHOU MOCAENOBATEILHOCTU TAKXKE BBITIOJ-
HIETCA PEKYPPEHTHOE COOTHOIIEHUE

[anti] = 1] - [ange ] + [eo] - [anyo] + -+ [e] - ao],

MOPTOMY JHOOBIE ¢ TTOCACAOBATENLHBIX DJIEMEHTOB PEKyPPEHTHOU MOCTeI0BA-
TEeIBHOCTU OJHO3HATHO ONPEACIAIT CISAYIONEee TUCIO B IOCIEAOBATEIBLHO-
cru. Ho mabopoB m3 ¢ ocTraTkoB (KOpTeXeW IMWHBL {) OT neseHWA Ha K
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KOHeTIHOe 9ucao — k'. 3Ha4mT, KaKoW-TO HAOOp BCTPETHTCA ABAXKILI, IIO-
CJIe 9er0 DIeMEHTHI TOCIE[OBATENFHOCTY CTAHYT EPUOAUTIECKY IIOBTOPATHCA.

4. CTENEHHBIE IMOCJIELOBATEJIBHOCTHU

IMocrenqoBaTeTbHOCTH G, = N ABIAIOTCA PEKYPPEHTHLIME, TAK 9TO TI0-
CIEOBATENLHOCTH OCTATKOB T, = N (mod k) mepmogm<HBl B cury Teope-
MBI 2.

JIEMMA 1. a) Iepuod T nocaedosameavrnocmu m, = n' (mod k) sas.44-
emeca deaumenem k.

b) Muoacecmeo npocmuiz deaumeaneti nepuoda T cosnadaem ¢ mHodxrcecm-
gom npocmuir deaumenet k.

¢) Cymma mT + (")T? + -+ ([, )T™* deaumea na k.

[TOKA3ATEJNBCTBO. a) g mo6oro i = 0,1,2,... numeem:

(i 4+ k)™ =™ 4 (T)im_lk n <T;>im_2k2 Yo d K™ =™ (mod k).

Mo caegcTButo Teopemsbr 1 mepwon 1 sBasercsa meaurenem k. [losromy us
HANMCAHHOI'O BBIIE cpaBHeHUA caegyer, 9o (i+71)™ =™ (mod k) s Bcex
12 0.

b) Ecau T sBaserca mepuonom, To, B 9aCTHOCTH, npu i = () umeem:

0" =0=0+T)"=T" (mod k).
Crenosarensno, aucao T™ neawrcs Ha k W TIO>TOMY CPEIM TPOCTHIX JEIUTE-
qeir T' MOMKHBI HAXOIUTHCA BCe MPOCTHIe AeauTent k. VI3 a) BUAHO, 9TO BEPHO
u o6paTHOe yTBepXkaeHHWE. [[03TOMy MHOXECTBA MPOCTHIX geauTencd k u T
COBIIAIAIOT.
¢) Ecm T — mepwon, To nipm 1 = 1 nmeem:

1=1"=(1+4T)" = 1+mT++ <”;>T2+. . .+< " 1>Tm‘1+Tm (mod k).

m J—
Cokpamas 1 B o6enx 1gactax sroro cpasenus u T = 0 (mod k) B npason
TaCTU, TOTYIaCM HYXKHOE€ CDaBHCHUE.

TEOPEMA 3. Ocmamxu om 0eaenHus YaeH068 nocaedo6amesbHoCmy noa-
Hbiz Keadpamos ma yeaoe wucao k > 1 obpasyrom nocaedosamesbrocmo,
nepuod T womopot pasen k, ecau k wne deaumcsa wa 4, u pasen k/2, ecau
k deaumca na 4.

[TOKA3ATEJIBCTBO. B cmry yreepxmenus a) remmsr 1 nepuon T’ asngerca
perureneMm k. Ecmiu T < k, ro T < k/2. Hosromy 2T < k. B cuny yrBepx ne-
Hua ¢) remmer 1 2T > k, r.e. 2T = k. Cregosarensno, qucao k 1eTHo. B cmry
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Puc. 2. 72 (mod 25)

yTBepXAeHus b) meMMbl 1 mepUOA TOXE ABIAETCA I€THHIM IucIoM. [losTomy
k menurca Ha 4, a mepuon T pasen k/2. Bo Bcex ocrambubix caydasx T = k.

3AILAYA. IIpo muorouren P(z) ¢ measiMu Ko>hdUIEEHTAME U3BECTHO,
aro P(1) = 2. Joxaxwure, uro P(7) He ABIIeTCA HOIHBIM KBAJPATOM.

[Tepengem Temepb K OOMEMY CIy9Yai0 MOCICAOBATEILHOCTH ap, = n'",

m > 2. Kak yxe 0TMe9aI0Ch, BCAKAA OCIEJOBATEILHOCTD (y, ABIAETCS DYHK-
el apryMeHTa, NPUHUMAOIEr0 HEOTPULATENbHBIE elble 3HadeHus. | pa-
$bUK TAaKOU (PYHKIUM COCTOUT U3 AUCKPETHOI'O MHOXeCTBA TOUeK. Kak BuA-
HO m3 cpasHeHmi n°™ = (—n)?™ = (T —n)?™ (mod k), B clIydae cTemeHHEIX
HOC/IeOBATENLHOCTEN C YeTHBIM [IOKA3aTeleM 9acTh Ipaduka, COOTBETCTBY-
fomas nepuoxy (ot 0 no T') cummeTpuyaHa oTHOCHTENBbHO npsamon © = T'/2. Ha
puc. 1 ¥ 2 MOXHO yBHIETH 5Ty CHMMETPHIO (KyCKU IMapabon JOOABIEHBI /s
KPaCcOTED).
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Temepsr mocTpouM Haumerbuiee TUCIO 1', MHOXECTBO IPOCTHIX AEJATe-
Je KOTOPOI'O COBIALAET C MHOXECTBOM IPOCTHIX geauTener qmciaa k u mT
genuTcsa Ha, k.

Hycrs k = p{tps? - ... p2s, rge p1, P2, ..., Ps — DPABIMIHBIE IPOCTHIE U~
crIa, a MOKa3aTelu CTENeHeh (o, . .., (s OOIbIIe Hyad. IIpeacTaBuM m B BUIE
m = pflpg2 . -pfsml, NOIMyCKad IjId IMOKa3aTedel cTemened [y, ..., s 3Ha-

gerue (. ITomoxum

T(k,m) =p]'p)-....pY*, vaevi = a;—fi, ecm a; > Bi, my; = 1, ecm o < ;.

s
Acuo, aro uucao T'(k, m) ABIAETCA HANMEHBIINM IeIATEIEM K, 00JIa TAIOMAM

yKaszaHHbIME BbIle cBorcTBamu. O6oszuadum d(k,m) = k/T(k,m). Jlerko Bu-
nethb, aTo m neamrca Ha d(k,m) n

51, 6 X _ _
d(k,m) = p{'py-....p}*, rae 6; = B, ecrm o > Bi, m6; = o —1, ecmm o < B,

TEOPEMA 4. Ilepuod nocaedosameavnocmu r, =n" (mod k) asasemcs
deaumenem wucaa T (k,m).

[TOKA3ATEJNBLCTBO. [laa ynpomernus samucu Bmecto T(k,m) w d(k,m)
6ynem nucath 1" u d. B cuny crencTBus TeopeMbl 1 mid HOKa3aTEIbLCTBA TEO-
PEMBI JOCTATOYHO MMOKA3aTh, 9TO A JIOOOrO IEJOro HEOTPUIATEALHOTO 1
semmonasgerca (i + 7)™ = 4™ (mod k). Tak kak

m

(i +T)™ =i™ + <T>Tim_1+---+ <l

>Tlim_l 4. _’_Tm,

TO MOCTATOYHO AOKA3aTh, ITO BCE HUCIA (T)Tl menarcs Ha k = dT upm
1<l<m.
Buagane pacemorpum caydan | < m. O6osuauum ¢ = m/d. Tak kak

<m>Tl: m(m—l)(m—l+1)Tl:(dT)<m_].> ‘QTZ,I,

I I (- 1) 1—1) "1

m—1
-1

(1) = (0) 4

B 3HAMEHATENTh MPENCTaBIeHUs A B BUIEe HECOKPATUMOU APOOU MOT'YT BXO-
IUTb TOJLKO fenutenau k (ecau p He ABIAETCA AeruTeneM k, TO p TaKke HE
apaserca gerureneM d). Ho ecmn k gerurcsa ma p, To TV~ gemuTcs mo xpaii-
ueir mepe Ha p' !, C APYro#t CTOPOHBI, P MOXKET BXOAUTH B Pa3lOKeHwe | Ha
npocThie MHOXUTeH He Gonee, wem |log, [| pa3 (3aeck | | obo3nataeT neryio
TacTh mera). U3 mepasencrsa log, | < logyl <1 —1 crexyer, aTo mero A —
esoe.

OOCTATOYHO NOKA3aTh, ITO A = (
PA3IOXKEHTE

) . %Tl_l — pnenoe. Kak mokaswiBaeT
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Ocraerca mokaszaThb, aTo T™ nemurca Ha k. Eciu p — mpocTou geruTent
k, Ha KOTOPBIU M HE AEIUTCA, TO P BXOAWT B T B TOW Xe CTENeHu, 9TO U B k.
Ecnu xe p — o0muu mpocTou gemurens k u m, TO p BxoguT B T 1m0 KpanuHen
Mepe OJUH pa3.

Ecm o < B (ansa ynpomenus 3ammcy MHAEKCHL OIYIIEHBI), TO P BXOAUT B
T B mepeoit cremenn. Torga p BxoguT B T™ mo kpanmen mepe p pas. Tak
kKak p=>2upf>a, rop®>2°>p>a uT™ gemurca va p°.

Ecmz a > 3, To p Bxogut B T 10 Kpaimei mepe (a — 3)p® pas. Ilokaxenm,
aro (o — B)p? > a. Tax xax B < p® —1, 10 1/8 > 1/(p® —1). Yaureisas, ar0
a— > 1, norydaem
a— 1 o’ B
ﬂﬂ >1+p5—1 < 3 >pﬁp—l
Tem cambiM moxasano, aro 1" memmrcs Ha k.

1+ & (a-B)p’ > a

CHIEACTBUE 1. Fcau k = pipa - ... - ps, 20€ p1,p2,...,Ps — Pa3AUY-
HbLE NPOCMBIE MHONCUMEAU, MO NPU A060M M, NEPUOD NOCAEA0BAMEALHOCTU
anp =n"™ (mod k) pasen k.

CHIEACTBUE 2. Ecau k u m 63aummo npocmsi, mo nepuod nocaedosa-
meabrocmu a, =n™ (mod k) pasen k.

HOKA3ATEJABCTBO. [Ipemmomoxum, aro mepuon 1’ mensbire k. MHoOXecT-
BO mpocTeIx aeaurenen y T takoe xe, kak y k (memma 1b). Tlosromy 6e3
OTpaHmYeHns OGMIHOCTE MOXKHO CIMTATh, 9TO k = p2q m T ABageTca ne-
marerem Ty = pq. Torga i™ = (i + T1)™ (mod k), a Tax xax T? memmTcs
Ha k, TO

m

2

Suaaut, m1| nemurca Ha k. Ilockoabky k m m B3aumMHO IPOCTHI, TO 1 T}
) 1 ) 1
memutca Ha k. Ilpuxomum k mpoTuBopednio, Tak Kak 17 < k.

1mE(1+T1)m=1+mT1+< >T12+---+Tlmzl+mT1 (mod k).

B Towm caywae, korga m u k mmeroT obIue MHOXWUTENN, IEPUO] MOKET
okazarhca Menbine T'(k,m), Kak TOKa3BIBAET caeayommu npuMep. Ecau k =
=32=2um=8 =23 10 T(32,8) = 4. Onnaxo nepmox T = 2, Kak
IIOKA3bIBAOT BBIYUCJICHUA:

n|0(1]2]34
rm |0]110]1]0

EIMHCTBeHHOE HEOTEBHWIHOE PABEHCTBO B »Tou Tabmmme: 3° = 1 (mod 32).
OHO 1erKo ycMaTpHBAETCA U3 PA3IOKEHUA

3B -1=0B-DB+DEB>+1)B*+1).

Bce MHOXUTEMN B IPABOU YaCTU YeTHHI, a 3 + 1 geautcsa Ha 4.
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CIEACTBUE 3. Ecau k = p{'py?-...-p¥, m :prpZ2 ----- 02 B> ai—1
oas 6cex i =1,2,...,8, mo nepuod nocaedosamesvrocmu a, = n" (mod k)

pbasexn p1p2 - -+ - Ps-

5. 'EOMETPUYECKHUE IPOI'PECCUU

U3 paccmoTpenusa cremneHHBIX (HDYHKIUU MOXET MOKA3ATHCA, 9TO TEPUO/
BCerga CBA3aH ¢ MoxyaeM k. OMHAKO yXe MIA Caydas MOKA3aTeTIbHBIX (DYyHK-
Ui (MM PeOMEeTPUYECKUX MPOrpPeccuu) a, = m'™, m > 1, nepuosg He umeeT
O‘IeBHﬂ;HOﬁ CBA3U C MOOYJEM.

[ToCKOMBKY CHACAYIOIAN WIEH TeOMETPUIECKON MPOrPECCU OTHO3HATHO
ONIpPENenAeTCA MPEABIAYIIIM, TIEPUOAOM G, OymeT Takoe Hammenbee T > 0,
9TO

m‘(m? —1) =0 (mod k) (3)

IIPX BCEX AOCTATOYHO OONBIIUX 1.

Brauane paccMoTpuMm CIydam, KOUAa m B3aUMHO mpocTo ¢ k. B sTom
cryqae T coBmamaer ¢ nopadkom [m| B kombue Zj, T.e. HAMMEHBIIUM IO-
JOXUTENbHBIM IuCJIOM T, 1 Koroporo [m]" = [1]. HamomuuMm, @T0 nopsagok
ABIAETCA MEIUTENEM KOIMIECTBA TUCEN, MEHBLIINX k W B3AMMHO IMPOCTHIX C
k. Dro nocnegmee wmeno oboszmadaerca (k) m maswBaeTca @ynryuet Ii-
aepa. PyHkuua Junepa 06JaTaeT CBOUCTBOM MYAbMUNAUKGTNUBHOCU: I
B3aMMHO MPOCTHIX %, Y Bumoauserca ¢(xy) = ¢(x)p(y). U3 cBoucTsa Myib-
TUIAKATUBHOCTH JIETKO BBIBECTH (Popmyay Ilaepa

PP - p) = (" — PP T (P =P - (Y,
rle p; — Pa3Iu<dHbIe MPOCTHIE TUCIA.

Mockonsky T gemut ¢(k), To Brmoanserca cpasuenue m¥F) =1 (mod k),
KOTOpO€ HasbBaeTcA meopemoti Jsepa. Ecim k — mpocroe, To (k) =
= k — 1 m Teopema Ouiepa NOPEBPAIACTCA B Maayto meopemy Depma:
mF1 =1 (mod k).

Bce npusenennbie Boie (GakThl XOPOIIO M3BECTHBI, U UX MOXHO HAUTHU
BO MHOIMX KHUTAaX [0 Teopum ducena, ckaxem, B kuure H.B. Arrydoson,
A. B. Ycrunosa «Anrebpa u Teopus ducen. COOpHUK 3a1a4 4 MATEMATHAIE-
ckux Koy, M.: MITHMO, 2002.

O6mmuu cry9gan Jerko CBOAUTCA K yXKe pacCMOTpeHHOMY. [l aioboro me-
aoro k > 1 momoxnm k = p*ps? - ... p¥ ki, vge p1,p2,...,ps — Bce obmue
npoctere gerurenu m u k, a a, 2, ..., s — HAMOOJBIINE CTEIEHW, B KOTO-
PBIX OTHU [IEIUTENIN BXOAAT B PA3iIOXKeHUe k Ha MPOCTHIE MHOXUTEMN. B naab-
HeyIeM npousBefenue p| ' py?-...-pds Oyger o603HadaThCA depes b(m, k) win
npocto depes b. Yucno ki pasuo k/b(m, k).
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TEOPEMA 5. Ilepuod nocaedosamenvrocmu ocmamkos r, = m" (mod k),
ede m u k — durcuposannvie yeavie wucaa, boavwue 1, pasew nopadky [m]
6 Zkl-

[TOKA3ATEJIBCTBO. [ockorbky b(m, k) ABIgeTCA MPOM3BENEHUEM CTeETIE-
Hel TMPOCTHIX YUCEJ, BXOAMMX B 1M, BCE JOCTATOYHO GOJBIIAE CTEIECHW 11
mensTcs ma, b(m, k). Ho Torga u3 cpasrenns (3) 3akmoaem, 1o m! — 1 =0

(mod k).

[IpounmiocTpupyem yTBepXkIeHUE TEOPEeMbI D HA CIeAYIOMEM IMIpuUMepe.
IIycte k£ = 12. Eciu m = 2, to ki1 = 4 u b = 4. Torga mepmoj mocaemo-
BATEIBHOCTH OCTATKOB, MOJYIAIOMINXCA Ipy AejqeHun qucea 2" Ha 12, paBen
2, Tak Kak BorueT [2] umeer nopsagok 2 B Zs. Ecoum =3, toky =4 u b=3,
u Torga mepuos nociregosarenrsHocTr 3”7 (mod 12) Takxke paBeH 2, Tak Kak
BBIUET [3] mMeeT mOpsaxoK 2 B Zy.

OTrmeruMm, ITO TeopeMma 5 OOBACHIET, B 9aCTHOCTH, TOT (PAKT, 9TO KPH-
TepUU ASIUMOCTH HA, PA3HBIE IUCAA k UMEIOT Pa3HY0 CIOXKHOCTH: CAOKHOCTH
KPUTEPUs ONPeIeNseTcs BeIuanHon nopsagka soraera [10] B Zy, . Hanpuwmep,
[10] mmeet nopsagok 2 B Zy; u nopsagox 6 B Zy.

6. HYucaAa ®PUBOHAYYU

HamomumM, ¥TO OCIE10BATENBHOCTD duce]T DPrOOHATTIN ONIpeneIieTCa pe-
?
KYPPEHTHBLIM COOTHOIIEHUEM

Qp12 = Qpt1 + ap

¥ HAYATBLHBIMEU ycaoBuaMu ag = 0, a; = 1. B cuny Teopemur 2 ama mo60ro
k ocTraTku 06pasyT MEPUOAUYECKYIO MOCAENOBATEILHOCTD. 3AMETUM, UTO
ocrarku guces PubOHATIN yAOBIETBOPAIOT TOMY XK€ PEKyPPEHTHOMY COOT-
HOIIIEHUO TIO JTI0O00MY MOIYII0. DTO MO3BOJAET YIPOCTATH BEIYUCICHNE LIEHOB
MOCIEAOBATENLHOCTH OCTATKOB. Kpome Toro, mo0ble [Ba, COCEIHUX WIEHA, MO~
CIeI0BATEABHOCTH Yucen PubOHATIN MOTHOCTHIO ONPEAEIAIOT BCIO MOCAENO0-
BATEIBHOCTH: €CIN U3BECTHBI “WIEHBI Gy, Gyt TO, UCIONB3YS PEKYPPEHTHOE
COOTHOIIEHNE, MOXHO HAUTYU HE TOIBKO (12, Gmid, - --, HO U Gy 1, G2,
., DIOCKOIBKY M3 Gm41 = Ay + Qmy—1 CIEAYET Qyyp—1 = Gm41 — G-

W3 nocaenmero 3aMedanusa cpa3y CISAYIOT IBA BAXKHBIX BBIBOLA!

a) ocmamxu 06pasylom nepuoduuecky Nocaiedos8ametbHoCmp, nepevil
nepuod Komopot HaUUHAEMCA C YACHOB Gy U G1;

6) cywecmeyem beckoneuno muo2o uuces Pubonauuy, Komopwvie Jeasmcs
wa ar060e 3adannoe k.

ITocrenmee yrBepx aenune orMmetdeHo Takxke B kaure H. H. Bopo6nésa «Hu-
cira, PuboHaxam.
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3aMeTuM, 9ITO 4100bie 084 COCEIHUT UAEHA NOCACIOBAMEALHOCTNY UUCEL
Dubonauuy 830UMHO NPOCMbL. ITO YTBEPKIEHUE YCTAHABIUBACTCA C TIOMO-
B0 METOa MATEMATUIECKOU WHIYKIUN.

O603Ha9UM €pe3 m HOMEP BTOPOro ducaa PuboHaI«In, KOTOPOe JeIuTCA
Ha k (mepBbIM aBaseTca wmucao ag = 0). Hucao a,, 1 B3AMMHO MPOCTO C Gy,
B CHIy CKa3aHHOTO BHIIIE W TEM CAMBIM B3aUMHO MPOCTO C Kk, TAK KAK G,
COTJIACHO HAIIEMY BLIOODY AEIUTCA HA k. SHAYUT, BBIYET [Gy,_1] 06paTUM B
Zj,, 0603HAYUM Uepe3 p ero MOpsInoK.

TEOPEMA 6. B 0003nauenusr, 88eJennbiL 8blwie, Nepuod nocacdosamensb-
HOCTNU 0CMAMEKOB, NOAYUGIOWULCA NPU desenus wuceas DPubonauuu na k > 1,
pasen pm.

[TOKABATEJLCTBO. [lepsoin nepuosn waduuaeTcs ducaavu 0, 1 u qomxen
koHYAThCA ducaoM 1, Tak kak 1 + 0 = 1. O6o3HaduM 4Uepe3 T 0CTATOK OT
OeJeHUs G, 1 Ha k. Torma wmens ¢ momepamu m — 1, m, m + 1, m + 2 B
MOCAEIOBATENBHOCTHA OCTATKOB BBIMVIAAAT CJACIYIOMIAM OOPa3oM:

r, 0, v, v, 2r (mod k).

3HAYMUT, OCTATOK ¢ HOMepoM m + 1, 0 < 4 < m MOIydaeTcsa U3 OCTATKA C HO-
MEpOM ¢ YMHOXEHUEM Ha 7" W MOCJIEIYIOUAM B3ATUEM OCTATKA M0 MOIYJIIO k.
HOSTOMy nepeag TpeTbuM HYJIEM B MOCAECOOBATECIBHOCTU OCTATKOB IIOABUTCA
ocTaTOK OT ferenus r2 Ha k. IIpogomkas Jagblie, MOXHO 3AMETHTE, UTO HO-
Clle TPETHEro HyJIA HAYAILHBIA OTPE30K MOCAEJOBATEIEHOCTH YMHOXAETCA HA
r? (c mocIefyIOmUM B3ATHEM OCTATKa 1Mo Mogy o k) u T. 1. CregosaTenbHo,
1 moABUTCA MEPBBIN Pa3 MEPET HYJIEM B MOCASIOBATEILHOCTH OCTATKOB, KOTIa,
nepen HyJaeMm okaxercs [rP]. Tak Kak BTOPOMY HYJIIO MIPEAMIECTBYIOT 177 “TUCEI
¥ 5TU 9MCIa YMHOXKAIOTCA TIOCIEOBATEIBHO Ha T, 72, ... 7P~ 1, 0 obmee amco
YUCeJ B MEPUOME PABHO Mp, 9TO U YTBEPKIATIOCD.

[TokaxeMm Ha TmpUMepax, KaK BBIMUCIAETCI MEPUOJ MOCIEIOBATEILHOCTH
ocTaTkoB yucen PubOHATIN, TOSY TAIOIMUXCA TPYA EICHUN HA TUCIO K.

[ycts £ = 3. Bropou wien B mocaemoBaTenbHOCTH wucen PubCoHaw9In,
KOTOPBIM AeIuTCA Ha 3, umeeT HOMep 4. [Ipeapiaymmu wren pasen 2. Tak
kak 22 = 1 (mod 3), To mopagOK »Toro wieHa paseH 2. ClefoBATEIBHO, HO
Teopeme 6 mepmon pasen 4 - 2 = 8.

[ BRIMUCACHUS MEPUOAA HEOOA3ATEIBHO 3HATH BTOPOE UUCIO G, KO-
Topoe meruTcs Ha k. [loCTATOYHO 3HATH TOMBKO OCTATOK Ty, | OT NEJICHUA
Om—1 HA k, TOCKOJABKY OCTATKN CBA3AHBI TEM XK€ PEKYyPPEHTHBIM COOTHOIICHU-
eM, aT0 u camu aucad Pubonaxau. [IpogemoncTpUpyeM CKa3aHHOE IS TACIA,
k = 10. BurauciaseM mocaenoBaTeIbHOCTE OCTATKOB:

10111234567 (8|9]10(11 12|13 |14 |15
r; 1011111213583 |1(4]5]91(4 3|70
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CregoBarensro, m = 15 u ocTanmocs HaUTH NOpAOK (7] B kombme Zj. Tax
Kak 72 3akamamBaercsa Ha 9, 75 — ma 3, 74 — ma 1, mopagok pasen 4. ITosromy
nepuox pasern 15 -4 = 60.

[TpuBenem Tabauity 3uadeHun nepuona aad k = 2,...,15. B sron Tabaure,
KaK " BBIIIE, — 771 O3HaYa€T HOMEDP BTOPOIr'O WICHA B IIOCACAJOBATEIBHOCTHA qDI/I-
OOHAYYIN, KOTOPBIU NEIUTCA HA 3aJaHHOE Kk, dy — COOTBETCTBYIOLIEE TUCIO
PuboHaTIN, p — MOPAAOK [Gy—1] B Zy, T'(k) — mepuon.

E\m/| apn |p|Tk)=mp
213 1] 3-1=3
3| 4 2| 4-2=3
416 21 6-2=12
51 5 41 5-4=20
6 |12 144 |2|12-2=24
7|8 21 | 2] 8-2=16
8 8 21 6-2=12
9 12| 144 |2|12-2=24
10]15] 610 |4|15-4=60
11]10| 5 |1]10-1=10
12112 144 (2| 12-2=24
137 13 |4 7-4=28
14124 | 46368 | 2| 24-2 =48
15120 | 6765 | 2| 20-2=40

AsTop ray6oko Graromapen I'. A. Tanrbmepuny, TIIATEIHHO TPOYIATABIIE-
MY TEPBOHAYAILHBIM BAPUAHT PYKONUCH U CAEAABIIEMY MHOTOYUCICHHBIE 3a-
MeYaHUsA, KOTOPbIe ObLIM YYTEHBI TP TOPAOOTKE TEKCTA CTATBHU.

Michael Tsalenko
E-mail: mtsalenko@sbcglobal.net



KOHKprBI A OJIMMIINA 1bI

CTyIeHIeCKI KOHKYPC PEIIeHnA 33,14
2004-2005 rr.

O OPABUIAX KOHKYPCA

BHUMaHUIO CTYAEHTOB YHUBEPCUTETA MPENIATACTCA TOMAITHUU KOHKYPC.
[Togo6HBIE KOHKYDPCHI TPOBOAUINCE HEOAHOKPATHO B mpomnuoM. (Hampuwmep,
o xoukypce 2001-2002 rr. coobmanocsk B «MaTemaTudaeckoM TPOCBEIIEHWMNY,
Boim. 7, 2003, c. 177-181.) Cpenu ux y49aCTHUKOB €CTh KaK HEJABHUE, TaK U
OYeHb [aBHUE BBITYCKHUKA MaT-Mexa. Vges KOHKypca (B OTIUYIre OT OJIAMIIH-
an) B PENICHUN 33,149, B OCHOBHOM, MCCIEJOBATENLCKOT0 XaPAKTEPA, KOTOPHIE
HE PEelIaloTCsa OJHUM MPUEMOM, a TPeOYIOT CEPHbE3HBIX W HECHEIIHBIX Pa3ry-
vun. Koukypc nmposogurca non srugoun Camkr-IleTepObyprckoro maremMaTu-
geckoro oomecTsa. O6mecTBo 06pa3yeT KIOPHU U BHIAEIAET JEHEXKHBIE TTPU3HI
IS HATPaX JeHUs 1M00e[nTeNen.

B komkypce MOryT mNpWMHHUMATH yUacTHE CTYAEHTHI BCeX KypcoB. MToru
cpenu NepBOKYPCHUKOB ITIOABOAWINCH OT OEJIBHO. ,D;OHYCK&JII/ICB KOJJIEKTUBHBIEC
(He Gomee Tpex WenoOBeK) PabOTHL

Huxe nmpuBogsaTca yciaoBua 3amad koHKypca 2004-2005 rr. B mpennara-
€MOM CIIMCKE MMEIOTCA 3389 PA3IUTHON TPYIAHOCTHU, OT CPABHUTEILHO HE-
CIOXHBIX [0 HEPEIIeHHBIX MpobJaeM. YJIaCTHUKZA MOTYT BBIOPATH 3aQa<M IO
BKYCY U MOJAaBaTh PEIICHUA 4106020 Habopa 3amad, daxce odwoti. [IpuHIMA-
IOTCA PEIIeHuA IACTEN 32039, COCTOANNX U3 HECKOILKUX MyHKTOB.

© C.-Ilerep6yprckoe maremarudeckoe obmectso, IIOMU PAH, Mar-mex CII6LY, 2004

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(206-209)
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YcJa0oBUA 3A0AY

3ANAYA 1. [Tano muOX)ecTBO A C R monoxkurensuon Mepwr JleGera. Dyukima
f: R — R Taxosa, 1aro mpu Bcex & € R u mpu Bcex a € A

flx—a)=f(z) + fa) - 1.
Hoxaxure, aro f(x) = 1.

3A0A4YA 2. @yukuua f: (—1,1) = R 6eckoneuno guddepeHumpyema u LJs Jio-
goro k =0,1,2, ... Touka x = 0 — eIMHCTBEHHLIN KopeHb mpomsouon f*)(z).
Mokaxure, 9TO
Ve >0 |f'|** =o(f) mpu = = 0.

3AMAYA 3. [auot uucnia 0 < a < b. YOwBaomas HenpepbiBHAsA (DYHKIUA
y(z): [0,1] — [0, 1] onpenerena ycroruem z¢ — z¥ = y* — yb. lokaxwure, aTo

1 2
/ ny, __7
0o T 3ab

SANAYA 4. B HEKOTOPHIX y3JaX METOUUCICHHON PEIIeTKN Ha TUIOCKOCTHU PACIIO-
JIOXKEHBI TOYEYHBIE UCTOYHUKU CBETA, & B HEKOTOPHIX — TOYEYHBIE 3ACAOHKU. Vc-
TOYHUKY CBETA OOPAa3yIT KBAIPATHYIO MOAPEIIETKY CO CTOPOHOU M, a 3aCIOHKYA —
KBAIPATHYIO MOAPEMETKY €O CTOPOHOU N (CTOPOHBI BCEX DEIIETOK MapaLIeIbHbBI
KOOPAMHATHBIM OCsAM). VICTOYHUK ¥ 3aCIOHKA HE MOI'YyT HAXOAUTHCSA B OJTHOU TOYUKE.

B onHOU 13 HE3aHATHIX TOYEK MIOCKOCTU HAXOAUTCA HAOM0 1aTens. Habaogarens
BUAUT UCTOYHUK CBETA, €CJIU HA, COCIUHAIONIEM UX OTPE3KE HET HU OJHOU 3aCIOHKMU.
[Ipu kakux orHomwenusx M /N pacnonoxeHue pemeTok 1 HabIooaTeld MOXKeT ObITh
TaKUM, UTO HAOIIOIATENb

a) HE BUJUT HU OJHOIO UCTOIHUKA, CBETA?

6) He BUAUT HU OLHOI'O MCTOYHUKA CBETA BHYTPU HEKOTOPOI'O HEHYJIEBOI'O yIVIa
C BEpIIMHON B TOYKE, TJe OH HAXOIUTCA?

3ATAYA 5. O6o3naunm depes T enuuntnyio okpyx)HocTs T = {z € C: |z| = 1}.
[lokaxuTe, 9TO CymecTByeT Takaa usMepuMasa pyuxuus f: T — T, 9410 misa 1o60u
uaTerpupyemont gyukiuy h: T — T (MOXKHO OrpaHUIUTHCA HEMPEPHIBHEIMY ) HAU-
IeTcs Takas BO3PACTAIOUIASA MTOCAE[OBATEIHHOCTE HATYPATHHBIX UNUCET N, ITO

/|fn'“(t)—h(t)|dt—>0 opu k — +o00.
T

(3mech f™ — OOBIYHOE BO3BEICHUE B CTENEHb.)

3AMAYA 6. a) [an chepudeckuil TPEYrOILHUK CO CTOPOHAME a, b, ¢ U TPOTUBO-
JIEKAIIAMEI YTIAME g, B, Ys. Y TVIBL TPEYTOJBHUKA CO CTOPOHAMI @, b, ¢ HA TWIOCKOCTHI
obosHauMM «, 3, 7. [lokaxure, 9TO

as —a< (B —B)+ (vs =)

6) BepHo /1 aHATOrUYIHOE HEPABEHCTBO [ TPEYTOILHUKOB Ha, IBYX Chepax pas-
HBIX paguycoB? [lisa miockocTu u mwiockocTu JlobadeBckoro?
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3AIAYA 7. a) Jau BemecTBeHHb MHOroweH P(z,y), umetomun B Touke (0, 0)
usonupoBaHuel Hyab (T.e. P(0,0) = 0 nu P(x,y) # 0 B HEKOTOPOU MPOKOJIOTON
oxpecraoctu touku (0,0)). [JokaxkuTe, 9TO CYMIECTBYIOT TAKUE HATYPAIBLHOE N U
BemecTBeHHoe C' > 0, 9TO B HEKOTOPOU OKPECTHOCTH HYJIS BEDHO HEPABEHCTBO

|P(z,y)| > Cla® + ). (%)

6) Hamgure ouenku mammensiuero nokaszarens n = n(k), k — +00, Takoro 4ro
HEPABEHCTBO (*) HMEET MECTO IJIA BCEX MHOrOIIeHOB P crenenn k.

3AnA4YA 8. Paccmorpum n-3HadHbIE YuCia B k-UYHOU CUCTEMe CUUCJIeHUs (mep-
Bou nudpon moxer ObiTh u 0). Hazoem [ucio xopoimm, eciau JioObe qBE €ro Co-
cequue mUGpPH OTIXIAIOTCA He Goaee veMm Ha, 1. [I1a xkax qoro n-3HavIHOTO unmcaa A
ompeneaunm f(A) kak HaumeHblee IUCI0 UMD, KOTOPOE HEOOXOAUMO B HEM 3a9€PK-
HYTb, ITOOBI TOJYIUBIIEECT YUCI0 CTAJO XOPOIINM.

a) [lokaxuTre, 9TO M1 HEKOTOPOro ¢ > () HAGIIOIAETCA CICAYIOEe ABICHAE KOH-
LEHTPALNN:

kinZLf(A)/n_d—)O, ompm n — +00,
A

rjae cyMMa 6epeTcs IO BCeM Nn-3HAUHBIM GHCTIAM.
6) Mokaxure, aTo mra k = 3 xKoucrauTa ¢ papsa 1/3 —/5/15.
B) IlonyunTe KAk MOXKHO JIyHINe OUEHKN I ¢ pu k > 3.

3A0AYA 9. HycTs dyHkuua f HempepHBHA B 3aMKHYTOM €IMHUIHOM Kpyre D
U TOXIECTBEHHO paBHA HYJIO HA ero rpaHulie. M3BecTHO, 9YTO B TOYKAX a U b, pu-
Haqexamux Int D, oHa nMeeT JTOKATbHBIE MAKCUMYMEL.

a) Moxaxwure, ato ecmm f € C%(D), o B Int D cymecTsyet eme oana (OTIHIHAS
oT a u b) cranmonapHas TOUKa, f.

6) Bepuo /s 3axmotenune myHkTa a), ecia f € CL(Int D)?

3AJAYA 10. 3aMKHYTEIE HeCaMOIePEeCEeKAOIIecs IIaIKiIe KpUBLe B R ¢ Kpu-
BU3HOU MeHbIe 1 6ya1eM Ha3LIBATL NAGEHbLMU.

a) [Mokaxwure, 9TO B Kpyr pajguyca 2.1 HeIb3s BOKCATH IIABHYIO KPUBYIO M-
ubl 6oabiie 100. Hangure 60omee pa3yMHYO OLEHKY CBEPXY IWHGLI TIABHOU KPUBOM,
KOTOPYIO MOXKHO IIOMECTUTDH B DTOT KPYT.

0) oxaxuTe, 9TO B KPYr paauyca 2.2 MOXKHO BOUCATH ILIABHYIO KPUBYIO CKOJb
YTOIHO GOJBIION JAJUHEL.

B) [okaxure, 94T0 cymecTByer Takoe ducao £ > 27, 94T0 B Kpyr pajguyca 2.2
HEJB3A BIUCATH IUIABHYIO KPUBYIO [IUHBL {.

r) Bepuo su, uTo 1100ble IBE MIABHBIE KPUBHIE, JEXKAIIUE B KPyre OOJIBIIOrO
paJuyca, FOMOTOIHBI B KIACCE IIABHBIX KPUBBIX !

3ATAYA 11. O6osHaduM 4Uepes ¢, MOCAEIOBATEILHOCTL dncel Karanana: ¢, =

L (2:) Mokaxure, 9TO

= n+1
Co C1 Co Cp
C1 C2 C3 Cn+1
det Co C3 e oo Cpg2 =1.
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3AMAYA 12. a) Jokaxwure, 9T0 Aus J00bIX m, n € N cymecTByeT Takas Hempe-

PBIBHAA (DYHKIIUSA f: Sn—l s R™ y toukn T1, T2, ..., Tp—m+2 HA Chepe Snﬂ’ 9TO
He cymectByeT nmosopora U € SO(n), 111 koToporo
fUz1) = f(Uz2) =+ = f(Uzp—m42)-

6) MoxaxuTe, 9TO A1a 060N HempepbiBHON dymkmmy f: S — R2 u nra mro-
6BIX TOeK T u Tp Ha chepe S?, cymectsyer mosopor U € SO(2), s KoToporo
fUzy) = f(Uzxs).

B) [okaxuTe, 9TO A1a MoOGOW HempephBHOUW (ymkmumm f: S? — R maigyTcs
TP TOUKE T1, T ¥ T3 Ha cdepe S?, apasommecs KOHIAME OPTOB, JIA KOTOPBIX
f(z1) = f(22) = f(x3).

r) MokaxuTe, 9T0 A1a OO0 HempepsBHON Gynkmun f: S2 — R u ara mo6erx
Tpex TOYeK T, T U T3 Ha cdepe S2, cymectsyer mosopot U € SO(3), m1s kKoToporo
fUz1) = f(Uzs) = f(Uxs).

1) Jokaxure eme mas Kakux-HUOyIb m, n 1 KoHpurypauun us k = n —m + 1

TOYeK Iy, ..., Tp Ha chepe S" 1 u mobow mempepwBHOU dymKkmmM f: S7L — R™,
uTo cymecTByer nosopot U € SO(n), mis KoToporo
fUz1) = f(Uz2) = -+ = f(Ump).

3AMAYA 13. a) HazoBeM BHEIYKJIBIN [IEHTPATLHO CUMMETPUIHBIN MHOTOTDAHHUK
BR" caasnvim, ecau Ha cepe S™ ! cymecTByeT 6openeBckan Mepa (i, TAKAS ITO IPH
Bcex ¢ € R”

]l = / (&, 9) du(y),

rae gepes ||+ || o6o3Hadena HopMa, MOPOXK JaeMas 3TUM MHOMOIPAHHUKOM. [lokaxkuTe,
YTO MHOI'OI'DaHHUWK CJIaBEH TOI'la W TOJBbKO TOI'Ma, KOr'Za BBIINOJHACTCA IIPWHIIUIL
YCPEeIHEHUs: MJIs JIOOBIX TOYEK X1, T2, ..., T € R 1 JI00BIX BEIIECTBEHHBIX THCEI
A1, A2, ..., A\; U3 yCIOBHsA, 9YTO HepaBeHCTBO Yy A\;|(z;,y)| > 0 cmpasegiueo s
moboro y € R, crenyer HepaBeHCTBO Y A;|2;|| > 0.

6) OcraneTcs U B KOHEIHOMEPHOM CIYYae YTBEPKICHUE BEPHBIM, €CJIU BMECTO
MHOTI'OI'DaHHUKA B3ATH aboe IEHTPAJBHO CUMMETPUYIHOE BBIMTYKJIOE TeJIO?

3AMAYA 14. Mycrs F — pacnpegenerue #a [0, 1], 0 — ero gucnepcus, a pg —
YETBEPTHIN IEHTPATLHLIN MOMEHT. /[okaxure, 4TO

pa + 3(74 < 027

IpUYeM PABEHCTBO BO3MOXKHO TOJIBKO [JIs BHIPOXK JEHHOI'O PACHPEIEJCHVS I PAC-
npeneneHus bepuymim.
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O606111eH1Ee TIEPECTAaHOBOYHOIO HEPABEHCTBA 1
MOHT'OTbCKOE HEPABEHCTBO

JI. B. PagsuBmiosckun

ITocae OpOYTCHUA DTOU CTATHU BAM CTaHYT OYICBUIHBIMU JOKA3aATECABCTBA

MHOT'UX HepaBeHCTB. Bce oHU 6y Iy T BHITEKATH B OHY-ABE CTPOYKY U3 OTHOTO
MPOCTOrO TPUHIATA, KOTOPLIN OOBACHASTCA B 3TOU CTAThe. BOT MpuUMephI
TOr0, YTO CTAHET OYEBUTHBIM:

1.
2.

T+ y5 +2° > x3y2 + y3x2 + 2322 (3meCh M manee IMCIA MOTOKUTENHHEI).
T Yy z T Y z
+ + + + .
1+ 22 1+y2 1-1-22\1-|-y2 1+ 22 1+ 22

1 1 1
(a1 +as+-+a)(—+—+-+—)>n’
ay ao an
(@ 4+ a3+ +ad) (a1 +as+ - +an) <nlaf +a3+ -+ +ap).

2

(1+Z—§)-(1+a—2)-...-(1+%) > (L4a) (L+as)-... (1+ap).

as
(16-u Typuup ['opomoB, OCEHb, OCHOBHOU BAPUAHT, CTAPIIUE KIACCHI,
sagaqga Ned, JI. [I. Kypasagank).

VE+22+y+ 294+ V2 + 22 <Vy+ 25+ V2 + 20 + Vo + 22,

[Jana Tabauna n X n, 3a00THEHHAA IUCAAME 10 CIEAYIOUEMY IIPABUIY: B
KJETKE, CTOALIEN B 4-U CTPOKE U j-M CTOJAOIE TAOIUIIHI, 3AMUCAHO IUCIO
(i +j—1) — 1. B Tabauue 3a49epKHYJIN N TACET TAKUM OOpPA3OM, UTO
HUKAKWE [BA 339€PKHYTHIX YMCJIA HE HAXOMATCA B OMHOM CTOJOIE WA B
omHOU cTpoKe. [lokaxuTe, 9TO CyMMa, 3a4EPKHY THIX YUCe] He MeHbIIe 1.
(13u Typuup ['opogoB, BeCHA, OCHOBHOU BAPUAHT, CTAPIINE KIACCHI, 3a-
naga Ne3, C. VBanoB)

Kpome Toro, MBI JOKaXeM MOHTOIBLCKOE HEPABEHCTBO. JDTO YXKE 3alMeT

He OJIHY CTPOYKY, HO BCE PABHO OyAeT TOBOJIBHO Ipo3padHo. O6 ucTopun MOH-
TOIBCKOT'O0 HEPABEHCTBA ¥ O JBYX €r0 CJIOXKHBIX JOKA3aTEIbCTBAX HAIUCAHO B
cratee A. U. Xpabposa [4].

S mamepenuo He GOpMYAUPYIO PAKTH KPATIAUIINM CIIOCOOOM, a MPe-

TIOYATAIO (IIOBO3UTHCIY W PACCKA3ATHL BCE B TOM IMOPAIKE, B KOTOPOM i 3TO
0CO3HABAJ. MBI HAYHEM C YACTHBIX CAYYAEB U MEPErugeM K OOIUM TeopeMaM,

MaTemaTuueckoe npocsewenue, cep. 3, esin. 10, 2006(210-224)
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a He Hao6opoT. Konedno, xaab OymMary, OadThl U Jeca, HO UMEHHO «BO3HI»
CIOCOOCTBYET PA3BUTHUIO WHTYUIUU. 1TOO HE OTHUMATL Y UATATENEU YIO0-
BOJBCTBUSA «IIOBO3UTHCAY, A OIIYyCTUJI MHOT'O rEI;e’I‘a,JIeI‘/JI. HOBTOMy, 9ITOOBI MOHATH
STOT TEKCT, BaM MOHAMOOUTCA PYyIKa n OyMaxKa.

[IEPECTAHOBOYHOE HEPABEHCTBO

[TepecTanoBkou (43 1 SIEMEHTOB) MbI HA3LIBAEM OUEKTUBHYIO (DYHKITUIO 13
MHOXecTBa dncer {1,2,3,...,n} B ce6sa. CI0BO «(OMEKTUBHALY O3HAYAET, ITO
BO BCAKOE YUCIO MOJ AEUCTBUEM DTOU PyHKIUY EPEXOTUT POBHO OTHO TUCIO.
O6o3HauaTh MEpeCTAHOBKY i Oyay rpedeckon 6yksou o (curma). Yucaa o (1),

0(2), ..., 0(n) —»To Te xe uncaa 1, 2, ..., n, HO MEPECTABICHHLIE B APYTOM
HOPsAIKE.

PaccmoTpum gBa mabopa kucen: aq,as,...,a, u by, bo, ..., b,. Bynem ro-
BOPUTD, ITO HAOOPHI 41, 42, - . ., Gy ¥ b1, bo, ..., b, YyHOPIIOTEHBI «O TMHAKOBOY,

ecau HAMOOJBIEMY YUCIYy B MEpPBOM HAaOOpPEe COOTBETCTBYET HAmOOJbIIEE BO
BTOPOM (T.€. MHIEKCH Y HUX ONWUHAKOBBLIE), BTOPOMY IO BEIUYWHE TUCIY B
epBOM HAabOpe COOTBETCTBYET BTOPOE MO BEAWYUWHE, U T. ., & HAUMEHbIIEe-
My COOTBETCTByeT HamMmenbinee. Hampuwmep, ecam a1 = ae = -+ > a, 7
by = by > -+ > by, TO HAGOPHI OJUHAKOBO YIOPALOYEHEBL [pyrou mpumep:
Habopsl a,b, ¢ m a®,b3, ¢ onuHAKOBO yHmOpAZOUEHBI. BygeM COBOPHTH, UTO
HAOOPHI 0OPATHO yHOPATOYEHBI, €CAX HAMOOJABIIEMY YUCIy B MEPBOM HAOO-
p€e COOTBETCTBYET HAMMEHBIIEE BO BTOPOM, BTOPOMY IO BEAUYUHE B MEPBOM
Habope COOTBETCTBYET BTOPOE C KOHIA BO BTOPOM U T. ., & HAWMEHbIIE-
My coorBeTcTByeT Hambombiiee. Hampuwmep, ecaum a1 > ag = -+ = G, #
b1 < be < -+ £ by, To HAbOpHI O6paTHO ynopsagodeHsl. Habopsl a,b,c u
1/a,1/b,1/c Takxke 0OPATHO YHOPSIOICHBL.

[as m06bIX ABYX HAOOPOB a1 = G = -+ = ap u by < bo < -+ < by, cymec-
TByeT TaKasd «CaMas MPABUILHASLY MEPECTAHOBKA 0, ITO HAOOPHI G, 42, - - - , Gy
1 by(1), b(2)5 - - - by(n) OMMHAKOBO yMOPANOIEHBL. AHAJIOTUIHO, I JIOOBIX IBYX
HaOOPOB MOXHO HAUTHU U «CAMYIO HENPABUILHYIO» MEPECTAHOBKY O, IIPHU
KOTOPOU HAOOPHI G1, A2, ..., 0, 1 b(,(l), b(,(Q), ... b(,(n) 00paTHO yHOpPAIOYIEHHI.

Kaxkoe oTHOIeHne nMeeT BCE DTO K NOKA3ATEALCTBY HepaBeHCTB? A BOT
Kakoe:

TEOPEMA 1 (IEPECTAHOBOYHOE HEPABEHCTBO). PaccmoTpum Bee BO3-
MOXHBIC ITIEPECTAaHOBKU U3 71 SJIECMEHTOB. Tor,u;a 3HAYCHUE BBIPDAXKCHUA

albg'(l) + a2bg—(2) + -+ anbg(n)

OyzeT caMbIM OOJBIINM, KOT'Aa IUCIa YIOPALOUEHBI OTUHAKOBO, X CAMBIM Ma-
JEHbKWM, KOT I3, YUCIa, OOPATHO YHIOPATOYEHHI.
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Wuade roeops, 3HAYEHUs, MOJYIEHHBIE IPU OCTAJBHBIX MEPECTAHOBKAX,
He GOMbIe 3HAYEHUA, TOJYIEHHOrO MPU «CAMOU MPABUIBLHOWY, U HE MEHBIIE
3HAYEHUS, IOJYIEHHOTO TIPU «CAMOU HEMPABUILHOWY IEPECTAHOBKE.

Hanpuwmep, u3 Teopemst creayer, aro a/b+ b/c+ c¢/a > 3: Begp a,b,c u
1/a,1/b,1/c 06paTHO yHOPAZOUIEHBI, & 3HAMUT, IpaBasd d9acThb a/a + b/b+c/c
MOy 9eHA TP CAMOU HEIPABUILHOU TEPECTAHOBKE W MOTOMY AAeT HANMEHB-
mee 3HateHue.

[Ipyrue mpuMepsl [al0T HEPABEHCTBA 1 W 2 W3 COMCKA B HAYAJE CTATHH.
Kouedno, mogqo6ubIe HEpABEHCTBA MOXHO 10Ka3aTh U Apyrumu merogamu. Ho
MEPECTAHOBOYHOE HEPABEHCTBO MO3BOJAET €IMHOOOPA3HO MOKA3LIBATH MHOTO
HEPaBEHCTB.

OTO HEPABEHCTBO OYEHb BIEIATINIO MEHA B IEPBLIA Xe Pa3, KOTAa 1 C HUM
CTOJKHYJICA, CBOEH MOIILIO U OOIIHOCTBIO. Y3HAT A ero B 11-M KiIacce mkombl
[MTesax-Modet (Tenrb-ABuUB) HA OYEHBL UHTEPECHOM YPOKE MO HEPABEHCTBAM.
[Ipoogua sToT ypoxk Muxann Poszenbepr (y4auTenas 5TOM XKe IIKOJHI).

[TepecTanoBOYHOE HEPABEHCTBO CIPABEIJIUBO I JIOOBIX HEUCTBATEILHBIX
qucea (HET OrPaHWYEHUA MOJOKUTETHHOCTH).

VHTYyUTUBHO JErKO TOYYBCTBOBATH MPABUWILHOCTD IEPECTAHOBOYHOT'O He-
PaBEHCTBa: €CAIN Bbl XOTUTE MOAYYIUTH YTUCIO HO6OJII)IH6, TO NMpuUCTaBbTE K
66nbmmM ducaaMm 64abime Ko3MOOUITEHTH TP CYMMUPOBAHUA. IJTO BBICO/I-
HEeH, 9eM TPATUTDL GOAbIme KOdpPUIAEHTHI HA MATCHBKAE TUCIA.

CTporo m0ka3aTh IepeCTAHOBOYHOE HEPABEHCTBO TaK¥Xe HECIOXKHO.

JIEMMA. Ilycts ay > ag, by > bs. Torma aib; 4+ asby > a1be + agb;.
HOKA3ATEJBCTBO. [lepenecem BCE B €ByIO IaCTh:
a1b1 4 asbs — a1bs — asby > 0,
(a1 — az)(by — be) > 0.

Ho IIPOU3BEACHNE NBYX IMOJOXUTEJIBHBIX TUCEN IIOJNOXUTEIBHO, U IIOJNYUICHHOE
HEPAaBEHCTBO PaBHOCWJIBHO UCXOITHOMY.

[JOKA3ATEJBbCTBO IEPECTAHOBOYHOI'O HEPABEHCTBA. Bosbmem aBa
Habopa uucen. Eciam ecTh Takaa mapa MHIEKCOB 4, k, ITO MOPATOK HEITPABUAIh-
HBIA (HATIPUMED, a; > af , b > b;), TO MBI moMenAeM ux mecTtamu. [Ipm sTOM
cymMma Bo3pacTeT (cormacuo aemme). Bymem noBTopaTE Takue onepanyuu, moKa,
5TO BO3MOXHO (B «(KOMIOBIOTEPHOU HAYKE) DTOT MPOILECC HA3BIBACTCA (COPTH-
poBkay). Ecam 5TO yke HEBO3ZMOXHO (COPTUPOBKA 3aKOHUWIACEH), TO JETKO
IOHATH, YTO MOPAAOK CTaJ IMIPABUIBHBIM. HO MBI HQIAHAJA C IIPOU3BOJIBHOT'O
TMOPAIKA M HECKOJBKO Pa3 YBEIMYMBAIU HAIIEe IUCIO! 3HAUUT, TPABUILHBIN
MOPAZOK COOTBETCTBYET CAMOMY GOMBIIOMY 3HATEHUIO.

AHATOTUYTHO TOKA3BLIBACTCA OGPATHOE HATIPABICHNE IEPECTAHOBOTHOT'O HE-
paBercTBa. [IpocTo HALO 3AMYCTUTHL COPTUPOBKY HAOOOPOT: KAXKILIA Pa3,
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€CJIM eCTh XOTh OJHA TPABUIbLHASA MMApa WHAEKCOB, HYKHO CAEIATH U3 Hee He-
npaBuibHy0. COrIacHo JeMMe Iuciao OyaeT TOCTOAHHO yOBIBATL. B KOHIE MBI
MOy UM CAMBIN HETPABUILHBIN MOPAMLOK U 3HadeHue OyaeT MeHbine. A Benb
MBI HAYWHAIA C TIPOU3BOIBLHOTO TTOPAIKA.

YHOPAYKHEHUE. [Ipocrenure mokasaTeabCTBO BHUMATEIHLHO W MOUMHUTE,
KOT'Jla B IEPECTAHOBOYHOM HEPABEHCTBE JOCTUCAECTCSI PABEHCTBO.

YTPAXKHEHUE. B mepaBencTBax 1 m 2 B Hadame cTaThbu MBI mOTpebO-
BaJU, ITOOLI YACIA OBLIM MOJOXUTEIHHBIMEA. [[eNCTBATEILHO JU 3TO HYKHO?
F;[e «CaI0OMaeTCa» MTOKa3aTEeABCTBO, €CaU MBI «3allyCTUM» B HET'O TPOU3BOJbHBIC
NEeACTBUTEAbHBLIE IrCaa,?

TEOPEMA 2 (HEPABEHCTBO YEBBIMEBA). IlycTe HAGOPEL a1,a9, .. ., dy
u by, bo,...,b, ymopagodensl oquaakoBo. Torma
n(aibr +agby + - +apbp) > (@1 + - +ap) (b1 +- -+ +by).
Ecmu xe oHE 06paTHO yIOPAAOYUEHBI, TO BHIIOIHACTCA HEPABEHCTBO C IPOTHU-

BOIIOJIOXKHBIM 3HAKOM.

Boo6ie-To HepaBeHcTBOM HeOBINEBA MpaBUiIbHEE HA3LIBATE Gosee obiee
HepaBeHCTBO (cM. [3]), HO TO Ha3BaHWe yXe NPIXUAIOCH (CM., CKaxeM, [2]).

[ OKA3ATEJILCTBO. B mepBoMm caydae
arby +agbs + -+ +apby = a1by + asby + -+ + apby,
a1by + asbs + -+ + apby, = a1bo + asbs + - - - + an by,

a1b1 + a2b2 +---+ anbn 2 albn + CLle +--+ anbn,l.

CyMMupys BCE T0, oAy IaeM UCKOMBIN pe3yabTaT. Keau xe Habopsl 06paTHO
YOOPAJOYEHBI, TO 3HAKM HEPABEHCTBA IMEPEBEPHYTCA BO BCEX CIAraeMbIX U B
CyMMe.

B xadecTBe HEMEIEHHBIX CAEICTBUAN MOIY A€M HEPABEHCTBA 3 1 4 U3 Cruc-
Ka B HaJaJe CTaTbU M MHOI'WE OpYyTHe.

IIOMEHAEM CJOXKEHUE HA YMHOXKEHUE

PaccmoTpuM HepaBeHCTBO 5 M3 CHOMCKA B HAYajIe CTATHU:
a% a% a%
(+2)-(1+2) - (14 2) > () (4 a) - (1 +an).
a as ay
Kaxk yxe roBopmiocsk, aTa 3aga4a npeanaraaack Ha 16-m Typrupe ['oponos, B

KOTOPOM A YyIaCTBOBAJI. Mze moka3aaoch €CTeCTBEHHBIM YMHOXUTH obe qacTu
Ha IIPOU3BEACHUE BCEX IHCEI. HOJIy‘II/IMI

(ag—i-a%)-(ag—i—a%)-...-(al—i—ai)2(al—i—a%)-(@—i—a%)-...-(an—i—ai).
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XoTA A HE CMOT TOT[a A0KA3aTh DTO HEPABEHCTBO, Y MEHA BO3HUKJIO OLLYIIIE-
HUE, 9TO «(3TO BCerga Taky. K ToOMy BpeMeHuU s elle He 3HAJA MePeCcTaHOBOTHO-
0 HEPABEHCTBA. HEKOTOPBIE INTATENN yXKE, HABEPHOE, AOTaIalINCh, KAK €0
IPUMEHUTDL B DTOU 3aJade.

TEOPEMA 3. PaccmoTpum aBa HAG0PA MOJOKUTENHHBIX UHUCEI 41,03, . - -
Gnp ¥ b1,by,...,b, U Bce BOBMOXHBIE MEPECTAHOBKHU YUCET BTOPOro Habopa.

SHAYMEHUE BHIPAXKEHUS
H (ai + bg(i)>

Oyner caMbiM OOIBIIMM, KOTAA HAOOPBL G1,a2,...,0n U by(1),b5(2),- -, bo(n)
06paTHO yIOPSAJOUEHBI, & CAMBIM MAJEHBKUM — KOT'/1a 3TU HAOOPHI O [MHAKOBO
YIIOPAOIEHEI.

3AMEYAHUE. BMecTo yCIoBUsA MOMOXKUATETLHOCTH MUCET JOCTATOYHO IO-
Tpe6oBaTDb, YTOOBI M BCAKAX ABYX UHIEKCOB %, k 9UCIO a; + b OBLIO IOJIO-
XUTENBHO.

O6paTuTe TakXke BHIMAHIE, ITO 3HAKYA HEPABEHCTBA B TeOpeMe 3 TI0 CpaB-
HEHUIO C IEPECTAHOBOYHBIM HEPABEHCTBOM TiepeBepHYTHL. OO bACHEHNE DTOMY
OymeT maHO HUXE.

Teopema cregyeT u3 JeMMBbI, KOTOPAA €CTh €€ YACTHBIA CIydall Iisd n = 2:
JIEMMA. Ilycts a1 > as > 0, by > by > 0. Torma (a1 + bl)(CLQ + bg) <
< (a1 + b2)(az + by).

YTPAXKHEHUE. /[[oka3aTh JeMMy ¥ Te€OpeMy IO aHAJOTUU C IMEPEeCTAHO-
BOYTHBIM HEPABEHCTBOM.

YTPAXKHEHUE. BriBecTn oTciona HEpaBEHCTBO
(az +al)-(az+a3) ... (a1 +a2) > (a1 +a?) - (ag +ad)- ... (an + a2).
S momospemato, 4TO aBTOpP 3ajadM 5 MMeI B BUAY APYrOe ee pelleHue,

a? (1+a)?
OBITH MOXET, UCTOJB3YIOIIee HEPABEHCTBO 1 + — > ———

b 1+0b
HAC MOIPOCUIN JOKA3aATh

a’? a’g a?t 2 2 2
a1

as as

. llycTo, craxewm,

YTIPAXKHEHUE. (a) /[fokax)uTe 3TO HEPABEHCTBO YEPE3 IMEPECTAHOBOTHOE
HEPABEHCTBO.
2 2
a 1+4+a
a5 (d+a)

i . Kaxkoe

(6) A Temepn uepes 0600menne HEpaBeHCTBA 1 +

0606mmenune? Camu goraganTecs!
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Pasymeercs, nyskT (a) nporue u TpeGyer Menbine uzobperareasaoctu. Ho
MBI MOXEM HAIMUCATL U 0OJEe CIOXHOE HEPABEHCTBO, KOTOPOE U3 TEOPEMBI 3
OYEBUIHO, & AOKA3ATh €r0 HANPAMYIO COBCEM TAXKEIO.

Temepb BO3bMEMCA 32 3a4a49Ky 7 U3 COUCKA B HAYAJNE CTATHUA. 3AYEPKHYTh
YUCaa TAK, KAK CKA3aHO B YCIOBUM 3aJa49d, — DTO TO XK€ CaMoe, ITO Pac-
CTABUTBL Ha TOCKE 1 Jajel, KOTOpble He ObIoT APYyr apyra. Ho paccraBuThb
JabU — 3TO Bellb, 0 CyTHU JAela, BHIOPATHL NEPECTAHOBKY. A Kakas mepecTa-
HOBKA, JacT caMoe MajeHbKoe ducao! CamMas HempaBUIbHAL.

Nrak:

TEOPEMA 4. PaccMoTpuM aBa HaGOpPa MOMOXUATETHLHBIX UCET G, 43, . . .
Gp ¥ b1,by,...,b, U Bce BOBMOXHBIE EPECTAHOBKHU YUCET BTOPOro Habopa.

SHAYMEHUE BHIPAXKEHUS
Z :
a; +by(i)

OyReT caMbIM OOMBIIAM, KOTAA HAOODHI a1,a2,...,0n U Dy(1),bg(2); -, bo(n)
OJIMHAKOBO YIOPAMLOYEHEI, 8 CAMBIM MAJEHBKUM — KOT'/[a DTU HAGOPHI 06PATHO
YIOPAJOIEHHI.

N reopema, u 3amada 0 TabAUIE JETKO CIEAYIOT U3 CAEAYIOMEN JEMMEL.
1 1 1
>

JIEMMA. - _—.
k+x m4z” = k+m+zx

Bce AeTaJan noKa3aTelIbCTBa JEMMBbI, TCOPEMBI 1 3a, a4 IIPDO Ta,6JII/IIIy npe-
ToCTaBIAIOTCA YnTaTesio. OHM He COMEPKAT HOBLIX HETPUBUAILHBIX UIEH.

Ects eme oquu cnocob pemnTh 334349y Tpo TabIUIy, BOCIOIB30BABIINCE
M3BECTHBIM HEPABEHCTBOM

(a1+a2+---+an)<a—11+i—k---—i—i) > n?,

Ono crenyer m3 Teopembl 2. Ho ero MoXHO MOKa3aTh W epe3 HEPABEH-
ctBo Kormu-B yHAKOBCKOTO, ¥ C TOMOIIIBIO IBYX HepaBeHCTB KoIu, u apyruMu
CHOCO63,MI/I. BHpO‘IeM, MBI OTBJEKJINUCH OT OCHOBHOﬁ nnoeun.

OcHOBHAA ugesa Xe, KAK HABEPHAKA YXKe COOOPA3MWIN CaMbIe IOTAIIABBIE
73 IUTATENeN, COCTOUT B TOM, ITO XOTA TeopeMbl 1, 3, 4 U BHITVIALAT OYEHD
0o0UIIMY, HO BCE OHU ABIAIOTCA Y3KUMU YACTHBIMU CJAYIAAMU IET'0-TO COPA3 L0
6osee obmero. M y sroro «ropasgo 6osee o0mero» mMacca TaKAX TACTHBIX
cay4daeB. Ho mas Toro 9robber ¢chopMyImpoBaTh 3TO «ropa3no Gomee obimeey,
HEOOXOAMMO 3HATH, ITO TAKOE BHIMYKIAA PYHKIINS.

HekoTopsie unTaTenn, HaBEpHOE, 3HAKOMBI C BBITYKIBIMUA PYHKIUAMA, HO
Ha BCAKNU CIYyYIaV MBI HAIIOMHUM OIIDpEAEJCHUE M OCHOBHBIC CBOUCTBA.
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BEBINYKJBIE 1 BOTHYTHIE OYHKIIUN

Hanrpaduk dbyskuum f(xr) — 5TO MHOXECTBO Takux TOYEK (z,y), AI1
KOTOpPHIX Y > f(x) (T.e. OHE HAXOAATCA «HAJ TPADUKOM) ).

Boimyknas yHKImus — >T0 Takasg (PyHKIUA, y KOTOPOU HAATpadpuk —
BBIMYKJIOE€ MHOXECTBO. VIHAYWe rOBOpsA, €CIU COEMUHUTD [BE TOYKY HA Ipaduke
wiu HaJ TpadUKOM OTPE3KOM, TO BECh OTPE30K OyIeT JeXaTh B HAATpAUKE.

[locTaTourno moTpe6oBATH 3TOT0 IIA TOYEK, MPWHAIIEKAIIAX TPadUKy.
Nubivu croBamm, pyHKOMA JOMKHA JTEXKATH TOL «XOPAon». MOXHO 3anucaTh
»To anarebpamdecku: ecam 0 <t < 1, To

t-fle) + (1 —=1) fza) = f(t 21+ (1 —1) 22).

Boruyrasa ¢yukmua — >To Takad YHKIUA, ITO, HA0O0POT, mOATpadpuK
(KOTOPBIT OTIPEAENACTCA AHATOTUIHO HAATPADUKY ) ABIAECTCA BBITYKIBIM MHO-
XKECTBOM, T. €.

t-f@) + (@ =1t) fz) < f(t a1+ (1—1t)- 22).

DyHKINA MOXET OLITH BHILYKJIOX WIM BOIHYTON KaK Ha BCEH IPAMOM, TaK
7 HA KAKOM-TO OTPE3Ke WX JIye.

CroBa, (BBITYKJIad» W (BOTHYTAasg» OYEHb TOXOXKHU. UTOOLI He 3amyTaThCd,
Kakad (DyHKIUA BHITYKJIad, a KaKad BOTHYTad, MOXHO NyMaThb O BECENbIX W
IPYCTHBIX (PYHKIMAX U BCIOMAHATL POT Y HYXKHOTO cMawimka (cM. puc. 1).

[Mpumepsr Boimykabx byaknmi: e?, a®, |z|, 22, 2% (k — meroe momoxu-
TenbHOE) Ha Bcel npsamon, tg(x) ma mpomexytke [0;7/2), 1/z u ™ (n —
[eI0€) Ha MOMOKUTEIbHBIX IUCIAX.

[Ipumepst BorayThix Gyuakmun: In(z) u log, () Ha MOTOKXUTENBHBIX TUCIAX,
sin(x) ma orpeske [0; 7], cos(x) Ha oTpeske [—7/2; /2], arctg(x) HA MOMOXKMU-
TEIbHBIX THCIAX.

Boo6me, pyakmusa ¢ Ha TOMOXATEIBHBIX TACIAX ABIACTCA BOTHYTOU, €C-
o gexuT Mexay 0 u 1, 1 BHIIYKIOM B TPOTHBHOM CJIydae.

[Tepevmcaum OCHOBHBIE CBOMCTBA BHIYKIBIX (DyHKIWM, HATUHAA C OIPee-
nerus. (Bcé, 9T0 MOXHO CKa3aTh O BHIMYKJILIX (PYHKIUAX, MOKHO CKA3aTh U
0 BOrHYTHIX. [[pr 5TOM HYXHO NEPEBEPHYTH 3HAK HEPABEHCTBA. )

1. Hagrpaduk — BBITYyKIOE MHOXECTBO.

©
@

a) 6)

Puc. 1. a) Becenas (Brimykaas) u 6) rpycrHas (BOrHyTas) QyHKIANA
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2.

10.

11.

Dyukiua mexuT mox xopaon: ecan 0 < t < 1, To
tofl@) + (1 =t)- fz2) 2 f(t-z1+ (1 —1) - 22).

DOyHKIINA JeXKUAT HAT TPOTOMKEHUEM XOPIbI, 8 UMEHHO, ecau t < 0 mwim
1<t, o

t-flz)+(L—1t) flzo) < flt-z1+ (1 —1) - z9).

f(z1) + f(z2) > f(l"l + 13
2 2 .
TOYHO, YTOOBI (PYHKIINA OBLIA BHITYKJIOHU, a B 00IeM caydae — HeT. Ho

Ui TI000U BBIMYKJIOU (DYHKIIUU DTO CBOUCTBO BBIMOMHAECTCA — IOCTA-
TOYHO MOACTABUTH t = 1/2.

). 1 HempepBIBHON (PYHKIIUU DTOT'O AOCTa-

k- f(z1)+m- f(z2) k-z1+m-xo
> f

k+m k+m . .

cra. O6o6ueHne yHKTa 4 U 9acTHBIU cay4dan nyHkTa 2. Ha camom mere

DTO CBOMCTBO BBIBOAUTCA (HO CJIOXKHBIM CIIOCOOOM) M3 ITyHKTA 4.

). 3aeck k, m — HATypalbHbLIE 9U-

n—m n—m
qnciaa. JacTHBIM CIydanl IIyHKTA J.

n-fla) —m- f(z2) < f(n'ml_m'm). 31eck n > m — HATYpAaJbHBIE

Ecnu y Boimykmon pyHKIUT €CTh MPOU3BOAHASL, TO (PYHKIUA JEXKUT HAI
KacaTeIbHOH, T. €.

f(@) > f(zo) + f'(x0) - (z — o).

Ecnir y pyHknum ects BTOpas MpPOU3BOAHAA, TO OHA HEOTPHUIATEILHA.
3HAYUT, €CaU eCTh BTOPas HIPOU3BOJHAA U OHA OTPULATENbHA (XOTA ObI
B OTHOU TOYKE), TO (PYyHKIWA yXK€ HE ABMIACTCA BhHIMykaon. C moMoImso
DTOT'0 CBOMCTBA, MPOIIE BCET'0 MPOBEPATH BBHIMYKIOCTD.

HepaserncTBo Uencena:

fl) + f(@a) +-- -+ f(xn) > f(”“ +a:2+---+a:n>_

HeuTp TaXecTH MHOTOYTOJBHUKA, BEPIIMHBI KOTOPOT'O JEXAT HAa r'pa-
duke yHkiumm, HaxoqUTCA Hag rpadukoM. A kyma emy merwnca? Hag-
rpaduK Xe BBITYKIBIN.

HepaserncTBo UeHceHa ¢ MOMOXUATETHHBIMU BECAMUT:

w1 f(z1) + waf(xa) + - +wnf(zn) S f<w1931 +w2m2+---+wnmn)
wy +wy 4 -+ wn - wy +wy + -+ wn ’
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Yro6b1 GBLIO MHTEPECHEH, HYX)HO CAMOCTOATEILHO ITPOBEPUTH, KAKWE
(DYHKIMU ABIAIOTCA BBHITYKJIBIMU, 8 KAKUE — BOTHYTHIME (8 HE BEPUTH aBTO-
Py Ha CIOBO), ¥ 9TO BBITEKAET W3 DTOTO U U3 TEPEINCAECHHBIX BBINIE CBOKCTB.

K npuMmepy, HepaBeHCTBO VeHCeHa [ SKCIOHEHTHI WK J0rapudMa CTa-
HOBUTCA HepaBeHCTBOM Komm (cpemmee apmdMeTHIeCKOE HE MEHBIIE, YeM
cpennee reomerpuaeckoe). VI3 Beex n-yrorsHUKOB, BIMCAHHBIX B OKPYXKHOCTh,
HAuOOJIbLINE IIOMALL U MEPAMETD — Y MPABMIBLHOTO (TO CIeAyeT U3 Hepa-
BeHcTBa Vencena qua cuHyca). A M3 BCEX M-yrOJIbHUKOB, OMUCAHHBIX BOKPYT
MAHHOW OKPYXKHOCTHU, HAMMEHBIINE ILIOMALb U TePUMETP — y IPABUILHOTO
(5TO crefyeT w3 HepaBeHCTBA MeHceHa 11 TaHTeHCA).

U3 nmysxTa 7 caegyer, uto €¥ > x + 1, unmu, Hampumep, 4To e’ > er.
OTCI0 18 MOXHO MOHATH, 9T0 Goabme: e” win w¢. Begp e™/¢1 > m/e.

WNurepecuo Takxe noacrasuth " win ¢” B myakT 11. Boobie, Mbr 3HAEM
MHOT'O BBITTYKJIBIX U BOTHYTHIX (DYHKITUN, & Y HUX MHOT'O WHTEPECHBIX CBOUCTB,
7 OTCIOJIa MOXHO IOJIYYIUTH MHOT'O 3aMeYaTeIhHBIX HEPABEHCTB.

[lokazaTensCTBa BCEX CBOUCTB, UX (DOPMYJIUPOBKY U NOKAZATEALCTBO LA
BOTHYTHIX (PYHKITUN, MHOXECTBO YACTHBIX CIYIAEB A KOHKPETHBIX (hyHKITIN
¥ pa3IdYHBIE CICACTBUA U3 HUX IUTATENb MOXET MOIYUYUTH CAM B KaIeCTBE
yupaxHeHusa. Jem 60/bIlle BpeMEHU BbI IOTPATUTE HA DTO yIPAXKHEHUE, TEM
60JIbIIIE OHO TOCTABUT BAM PaJOCTH.

Kpowme Toro, unraTens AOMXKEH CaM MOHATH, KOT/JA B HEPABEHCTBAX [0-
CTUTAETCA PABEHCTBO W Y€M OTJIMYAETCA CTPOTO BHIMyKJIad (GyHKOUA (Takasd,
Kak 72) OT HECTPOro BHIMYKIOH (Takow, Kak |x|).

OBIIEE HEPABEHCTBO

Urak, MbI TOTOBBI C(POPMYJIUPOBATEH U [0KA3aTh 0000meHre Teopem 1,
3ud.

TEOPEMA 5. Ilycts f — menpepsiBHas ¢yuknusa. Caenyromme ycioBus
DKBUBAJCHTHBI.

(a) Smagenme sepaxenns f(a1 +by(1)) + f(a2 +by)) +- -+ f(an + bs(n))
OyaeT CaMbIM OOJBIIMM, KOT/Ia YUCAA YIOPATOIEHBI OJUHAKOBO.

(6) Smaernne Berpaxenus f (a1 + by 1)) + f(az2 +by(2)) +- - + f(an + b))
OyZeT CaMbIM MAJCHBKUM, KOT/a, TACIa 0OPATHO yHOPALOIEHBI.

(B) Ecm ay > ag , by > bo, 70 f(a1+b1)+f(as+b2) = f(a1+bo)+f(az+by).

(r) f BeImyKIA.

Hy m xonewHO, TO Xe camoe ¢ 06PATHBIM 3HAKOM.

TEOPEMA 5'. Ilycts f — HenpepoiBHaa dynkmua. Cregyomme ycIoBus
DKBUBAJEHTHHI.

(a) Smavenne Berpaxenua f (a1 +by1)) + f(az2 +by(2)) +- - + f(an + b))
OymeT camMbIM OOJBIINM, KOT'/Ia YUCIa OOPATHO yIOPATOYEHHI.
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(6) Smaernne Berpaxenua f (a1 +by1)) + f(az2 +by2)) +- - + f(an + b))
OyZeT CaMbIM MAJEHBKUM, KOT/Ia, TUCIa YIIOPAZOICHBI OJUHAKOBO.

(B) Ecam a1 > ao , by > be, TO f(a1+b1)+f(a2+b2) < f(a1+62)+f(a2+b1).

(r) f Bormyra.

Ecin ¢pyuknusa BeIyKaa/BOrHyTa TOIBKO Ha KAKOM-TO IPOMEXYTKE, a HE
HA BCEU TMPAMOU, HYXHO MOTPeGOBATHL BO BCEX IMYHKTAX MPEABIAYIIAX TEO-
peM, 9TOoO6BI A BCAKUX IBYX WHIEKCOB 4, k BeIWYWHA a; + by TpUHAITE!KATA
OPOMEXYTKY, Ha KOTOPOM (DYHKIVA BHILYKJA/BOTHY TA.

[TOKA3ATEJIBCTBO. [lyHkT (B) ABIAETCA IaCTHBIM CIydaeM ITyHKTa (a)
U 9ACTHBIM CIydaeM IyHKTa (6) mpu n = 2.

Ho u o6paTHO: 3 nmyHKTa (B) BEIBOAATCA HMyHKTH (a) u (6) mpw moMomm
COPTHUPOBKU. DTO MBI yXKe IEJIAJH.

Ocranoch yCcTaHOBUTH SKBUBATCHTHOCTH IMYHKTOB (B) U (T).

O6osuasum © = as + by, k = a1 — az, m = by — by. Torga popmyna (B)
upuobperaet Buj f(z +k+m) + f(z) > f(z + k) + f(z +m).

[logcraBuMm k = m W HOIYyYAM OJHO M3 CBOUCTB BBIMYKJIOU (DYyHKIWA
(momep 4 B Hamewm coucke). OHO BOOOWIE-TO crabee BBIMYKIOCTH, HO JJIS He-
NPEPLIBHBIX (DYHKIWI 5TU JBA CBOUCTBA PABHOCWIBHBL. 3HAYUT, u3 (B) Crexy-
et (r).

YTo6br w3 (r) BHIBECTH (B), HAM TOHATOOUTCA B3TIAHYTH HA KAPTUHKY

(puc. 2).
Ha rpaduke ormedeno 4 Toukn:

(x, f(x)), (z+k,flz+k)), (z+m,flx+m)), (x+k+m,f(xz+k+m)).

[lBe cpemHme TOYKM JEXAT TOL XOPAOW, COEAWHSAIONEN NBE KPAWHUE TOU-
ku (z,f(z)) u (r + k+ m, f(r + k + m)) — Begp PyHKIEA JeKHUT IOJ
XOP/IOU. 3HAYAT, CEPEINHA OTPE3KA, COCNUHAIOUErO MBE CPEIHUE TOUKA —
z+k+z+m flzx+k)+ flz+m)
2 ’ 2
OTPE3KOM, COeIMHSAIOMUM ABe KpauHue ToIku. CepequHa BEpXHETO OTPE3Ka

a OHA MMeeT KOOPJWHATHI ( ), — JIEXUT O[]

T T+ k zT+m x+k+m

Puc. 2.
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(a:+k+a:+m flx+k+m)+ f(x)
2 ’ 2
9eM CeperHa HUXHEro oTpeskal 3HaduT,
flx+k+m)+ f(x)  flx+Ek)+ flz+m)
2 > 2 ’
9T0 ¥ TPeOOBATOCH JOKA3AThH.

) nMmeeT Takywo ke abcmuccy. Ho ona Brie,

[ToMHOCTBI0 AHAJOTHYHO AOKA3BIBACTCA Teopema b'.

YUPAXXKHEHUE. IlogcraBbTe BhINyKIyIO MYHKIUIO €¥ B TeopeMy 5 u IO-
JydUTe YaCTHBIU CAy9Iad TeOpeMbl 1, Korga Iucia B HaOOpax MOJOKUTETHHBI.
BriBeguTe 00NN CIydad U3 3TOCO IaCTHOLO.

YnpPAXKHEHUE. [logcrasere BOrHyTylo (yHkumio In(x) B Teopemy 5 m
IOy YIUTE TeopeMy 3.

Bor movemy sHakwm mHepaBeHCTB B TeopeMax 1 m 3 pasHBIe: DKCIIOHEHTA,
«BECEIAMN, a JOTAPUPM «I'PYCTHBINY.

YUPAXKHEHUE. [logcrasesre 1/ B Teopemy 5 u moxayuumre Teopemy 4.

YTOPAXKHEHUE. [loacrasbre dyHkmmo /2 (0Ha rpycTHas) B Teopemy b
1 MOy IMTE HOBYIO TEOPEMY.

YTOPAYKHEHUE. [Tourpaurte ¢ gpyruMu pyHKIUAMEA U TTOSYIUTE €IIe MHO-
T'0 Pa3HBLIX HEPABEHCTB.

MOHI'OJIbLCKOE HEPABEHCTBO
Ilycts a1 > a9 > --- > a,. Torma

a1 +as as+asg an + a1
2 . 2 *eae " 2
a; +az+az3 az+az+ay anp—1+an+ar an-+ap+as
= 3 ' 3 o 3 ' 3
YcmoBue a; > as = --- > a, Heab3sa oTbpocuTh. Hampumep, mociaemnoBa-
rersHOCTE 100, 1, 100, 1, 100, 1, ...HE yOOBIETBOPAET 3TOMY HEPABEHCTBY.
B ymomunaBuiencs Boimie craThe [4] pacckas’aHa MCTOPUS STOTO HEPABEH-
CTBa U JaHBI [BA CIOXHBIX NOKa3aTelhCcTBa. O IHO U3 HUX (PAKTUIECKU TOKA-
3bIBaeT 0000IIeHre MOHTOJBCKOTO HEPABEHCTBA.
BosbmeM Jorapudm oT ob6enx dacTen:

(252 o (5] v () <

<1n(%)+1n<wyrm

___+1n<an—1 +3an+a1> T In (an+l;1 +a2>.

<
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Mg yTBepXgaeM, ITO 5TO MPABWIBHO HE TOMBKO A JOrapudma, HO U
s r060u rpycTHOU GyHKImU. A misa ar060u Becemon (PYHKIUU MPABUIHLHO
TaKO€ XK€ HEPaBEHCTBO, HO C IPOTUBOMOJOXHBIM 3HAKOM.

Tax BoT, B cTaThe XpabpoBa 5TO AOKA3BIBAETCA Uepe3 HepaBeHCTBO Ka-
paMaThI, KOTOPOE ABIAETCA OOIIAM HEPABEHCTBOM [IA BBIMYKJILIX (DYHKITAN.
Y Hac ecTb cBoe, He MeHee 00Iee, HEPABEHCTBO A BHIMYKIBIX (DYHKIIAN, &
MMEHHO TeopeMa b. SHAYUT, MOXHO MOIpPOOOBATHL BLIBECTH 00O0OIIEHNE MOH-
TOJBCKOT'O HEPABEHCTBA M3 TEOPEMEI .

3"1‘0 OPpUMEPHO TO X€ CaMO€, ITO U BBIBECTU CaMO MOHT'OJIBCKOE€ HEPaBCH-
CTBO U3 TEOPEMEI 3.

Mbr s HADIAZHOCTH pa3bepeM YaCTHBIU CIydan (BBIBOJ MOHIOIBCKOTO
HEPABEHCTBA W3 TEOPEMBI 3), & OOIUU CIy9dall JeJaeTCa TOTHO TaK XKe.

[JOKA3ATEJIBCTBO MOHI'OJIBCKOI'O HEPABEHCTBA. IlycTh

ay | as az | ag n_1 |, an an | a1
Ty = — -, T2 = — - veey Ipn—1 = — . LTy = — —
1 3 + 6’ 2 3 + 6’ y Ln—1 3 + 6’ n 3 + 6’
_a o a2 ag _nt G _an @
Y1 = 6 + 3’ Y2 6 + 30 Yn—1 6 + 3’ Yn 6 3

Torma MOHTOIBCKOE HEPABEHCTBO MproOpeTaeT BU

(x1+y1) - (2a+y2) oo (Tn+yn) <(z1+1y2) - (T2+y3) ... (B0 +11)

3aMeTuM, ITO L1 2 Ty 2 T3 2 2 Tp—1 BY1 2 Y2 2 Y3 2 2 Yn—1.

Ho, x coxanenwio, MBI HE MOXEM CKa3aTh, 9TO Tp_1 = Tp WIA Yp_1 >
= Ypn, — DTO TPOCTO HEeBepHO. MBI MOXEM TONBKO CKa3aTh, UTO T| = Lp, a
Yn—1 < Yn-

Ecau Mb1 oTcopTupyem HaGOPHI 9UCET TI0 YOBIBAHUIO, TO YHUCIO Ly 3AUMET
B CIIICKE WKCOB MECTO 7 (HE MEPBOE), a TUCIO Y, 3aMMET B CIUCKE UTPEKOB
mecto k (He mocuexguee).

3aMeTum, 9TO X; = y; upu it < N — 1, HO %, < Yp. SHAYMAT, MECTO Tp
B CIINCKE UMKCOB HE 6JII/I)Ke K HavaJay, 9€M MeCTO Ypn B CIIMCKE UT'DEKOB, T.E€.
k< m.

[IepecTanoBKa, IpenCTABIAIONIAL JEBYIO IaCTh, OyIeT BHINIAAETH TaK:

k

(camBI GOMBIION ¢ CAMBIM GOJIBIIMM, BTOPOU CO BTOPHIM W T. ., HO HOMEP 17
¢ HOMepoM k). A mepecTaHOBKA M3 MPaBOU YACTU BHITVIAAUT BOT Tak (mpo-
BEpbTe):
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k

U uum omgHa m3 BTUX MEPECTAHOBOK HE ABIACTCA CAMOU MPABUILHOU WU
CAMOU HEMPABUIBLHOU. SHAYMUT, MOHTOILCKOE HEPABEHCTBO HE CIEAYET U3 TEO-
pembl 3. YBbI. MBI MOXBACTAIUCEH, YTO U3 HAMIKUX OOIIAX TEOPEM CAeNyeT MOH-
TOMLCKOE HEPABEHCTBO, & OHO U3 HUX HE CICAYeT.

Ho mbr me cmagumcsa. BemomuuM He (GOPMYJAUPOBKY, & HOKA3ATEIHCTBO
TeOpeMEBI 3, KOTOPOe, KAK OTMEYEHO BHIIIE, AHAJOTUIHO JOKA3ATEILCTBY TEO-
pembr 1. TaM MBI «yJIydImmagmy MEPECTAHOBKY, W 3HAYCHUE MEHAIOCH MOHO-
TOHHO.

Bo BTOpOuU mepecTaHOBKE BEpXHEE M CBA3AHO C HUXHAM 1, & BepXHEe
m — 1 cBA3aHO ¢ HMXKHAM M + 1. ITO «HeImpaBUIbLHO». [laBanTe MOMEHAEM UX
MECTaMU.

k

Tenepb Bepxuee m — 1 cBA3aHO ¢ HUXHUM 1, a BepxHee m — 2 CBA3AHO C
HUXHUM 7. DTO ONATH (HEMPABUILHO». [laBaliTe MOMEHAEM W WX MECTAMH.

m

k

U Tak majiee, mMOKa CaMBIM OOJLIION WI'PEK HE OKAXKETCA B Hape C CaMBIM
OOJBIIAM UKCOM.

k

Teneps k-1 O BEIUYIUHE UTPEK OKABBIBAETCA B MAPE C CAMBIM MAJTCHHKUAM
UKCOM. A mocmegHUN Urpek B mape ¢ OPeAnOCIeIHUM UKCOM. YJIYHIIUM DTO.
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Cenuac k-u urpek oxaseiBaercs B mape ¢ (n — 1)-m ukcom, a (n — 1)-u
urpek B mape ¢ (n — 2)-M ukcoMm. Yaydmmm u 3T0. Tak 3a HECKOIBKO MArOB
HpHIeM K IePBOY IIepeCTaHOBKe.

Urak, XOTA mepBasg MEPECTAHOBKA W HE «CaMasd MPaBWIbHAAY, & BTOPAL
He «CcaMas HENpPAaBWIbHAAY, HO MEPBad MEPECTAHOBKA (IIPABUWILHEE», YEM BTO-
pas. A sorapupm — QYHKIUSA TPYCTHAA, 3HAYAT, JEBAA 9aCTh HEPABEHCTBA
MeHbIIe TpaBor. YTo u TpeGOBAIOCH JOKA3ATH.

(Mopanb TakoBa: HyXHO 3HATH HE TOXBKO (POPMYJIMPOBKE TEOPEM, HO U
X MOKa3aTEIBCTBA).

PdynknuAa In(1 + €%)

BCHOMHI/IM HEPaBEHCTBO HOMED 5 M3 cIomcKa B HaYaJe CTATLU:
a2 a2 a2
(1+—1) . <1+—2) <1+—”> >(1+a) - (14a2) ... (1 +ap).
az as ai
Ilepen Tem kKak ero mOKa3bIBATH, MBI YMHOXWINW €ro Ha 3HaMeHaTenlb. Ho,
Kak 3amMeTua Miaba 'puHrIas, ero MoXHO HOKa3aTh M HAIPAMYO. A MMEHHO,

I (1 +bo(s) / ai) TOCTUTAET MUHUMYMA, TIPU CAMOU MPABUIBLHOU, 8 MAKCUMYMa,

Py CaMOU HEMPABUILHOU MEPECTAHOBKE. JTO TOXE O0O00IIEHNe HAIIErO He-
PaBEHCTBA, U OHO DKBUBATEHTHO Teopeme 3. O6oznavas ¢; = 1/a;, npuxogum

K BBIBOAY, 4TO [] (1 + ¢ - b(,(i)) JOCTUraeT MaKCUMyMa IIpU OTUHAKOBOM, a

MUHUMYyMa — IIPA 0OPATHOM IIOPAJKE.

JToT GaKT, B CBOI OUYepelb, 3KBUBAIEHTEH BHINYKIOCTUA (GyHKIUAU
In(1 + e%).

Beimykiocts dyskmmn In(1+e”) skBuBateHTHA HepaBeHCTBY VeHcena, ma
sTou pYHKINH, T. €.

In (1 +62xi/n) < 2hn+e™)
n

pumennm skcmorerTy u noxyauMm 1+ {/[Ja; < Y[1(1 + a;), rae a; = e®i. A
5T0 — HepaBeHCTBO ['fourenca (o Hepasercrse [onrenca cwm. [1]). Ero aerko
JOKa3aTh HaIpAMYy. Ecium BO3BecTH HepaBeHCTBO B n-I0 CTeNeHb, TO OHO
JerKo pa30o0beTca B CyMMY HEPaBEHCTB, KOTODBIE CIEAYIOT U3 HEPaBEHCTBA
Komrm.

Tak HEOXMJAHHO OKA3BLIBAETCA, YTO TEOPEMA J DKBUBAJIEHTHA HEPABEH-
cTBy ['toirenca. MbI He cTaHeM JOKa3bIBATH YTBEDXK IEHUA 3TOr0 nmaparpada,
a OCTABUM WX YUTATEIAM B Ka9eCTBE YIPAKHEHUMN.
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N36pannbie 3agaum 27 Typuupa ['oponos

C. A. JopuaeHko

B 5T0o1 HEGOIBITION 3aMETKE TIPUBOAATCA YCJAOBUA U PEIICHUA HECKOMb-
KX KPACHUBBIX 33,34, IpemaaraBmuxcsa B okTabpe 2005 roxa yJIacTHIKAM
OCEHHEro OCHOBHOTO Typa 27 TypHupa ropomos.

Ilo xpaw mHo20y20abH020 cmoaa noa3ym 064 Mypasvbs. Bce cmopomnb
cmoaa daunnee 1 m, a paccmosnue mexrcdy mypasvamy écezda posro 10 cau.
Crauasa 06a MYpasva HATOIAMCA KA 00HOT U3 CMOPOH CMOAA.

a) IIyemb cmoa svinykavili. Bee2da au mypasvu cmo2ym nponoasmu no kpaio
cmoaa mak, umoobl 8 Kadcdol mouke Kpas noowviBas KaHcIvLl U3 Mypasves?
6) IIycmo cmoa ne obazamenvro sunykavil. Beezda au mypasvu cmo2ym npo-
nOA3MU NO KPAI CMOAGL MAK, YMOObL KA KPAIO HE 0CMAL0CH MOYUEK, 6 KOMO-
PUIT HE NOOBIBAA HU 00UH U3 MYPABLEST (A. B. Axonsn)

OTBeT B 060MX MyHKTAX OTPUIATEILHBIN, XOTA MHOTHE IIKOJLHUKA ITHI-
TaJINUCh HOKA3aTh OOpaTHOe.

O6o3HaMuM mepBoro Mypasbi Oyksou P, a BTroporo — 6Gyksou (. Ilo
ycaoBuio jaumHa oTpeska P() Bcerga pasua 10 cM.

a) Paccmorpum pom6 ABCD, rae AC = 5 cm, BD = 2 M, n3HAYAIBHO
MYpaBbU HAXOAATCA HA OMHOUN U3 CTOPOH. [lna yno6cTBa O6BACHEHU PACIIO-
J0XuM poMb Tak, 9ToOBI quaronanst BD Oblia rOpU3OHTAILHON.

[MocmoTpumMm, kak Moxer aBUTATHCA oTpe3ok PQ). Ilycts cuadana P ae-
Bee (). Ecau Gb1 B pesyabTaTe HEKOTOPOrO IBUXKEHUS MypaBbeB P okazamics
mpasee (), TO B IPOIECCE DTOTO ABUKEHUA OTPE30K P() B KAKOU-TO MOMEHT
JOMKEH ObLT OBITH BEPTUKAIBHBIM (ITO ACHO U3 HENPEPLIBHOCTHU [BUKEHUA).
Ho 5T0 HEBO3BMOXHO: CAMBIN AIUHHBIA BEPTUKAILHBIN OTPE30K ¢ KOHIAMY HA

Puc. 1. MypaBbu mOI3af0T MO KParo BBITYKJIOTO CTOJIA

MaTemaTuueckoe npoceewyenne, cep. 3, esin. 10, 2006(225-229)
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Q

D _—————

Puc. 2. MypaBbu mOI3af0T MO KParo HEBBIIYKJIOTO CTOJIA

croponax pomba — ato AC, a ero gauaa Mmenbine 10 cm. 3uaqut P Becerga Gy-
netT xesee (), OTKyAa () HUKOT A He TOmageT B JeBY0 BepumHy pomba (a P —
B IIPABYIO).

6) Paccmorpum HeBRIMyKIBIM YeThIpexyroabauk A BC' D, noxoxuu Ha, y3-
KYyIO U BHITAHYTYIO OykBy V, moBepuyTyio Ha 90° mMPOTHUB YaCOBOU CTPEIKU:
nuaronaib AC ropmsoHTaIbHA U uMeeT aauHy 5 cM, A mpasee C, quaroHain
BD Beprukanwua u Toxe mveer aaunry 5 cm; CB = CD = 2 m (Touku A n
C o6e npasee B).

[IycTs m3HAYAILHO MypaBbM HAaXO4ATCA Ha cTopoHe AD, P mpasee (Q.
Kak u B myukTe a), orpe3ok P() Hukorjga ue Oyger BepTuKaabHBIM. [losToMy
Mmypasen P cHOBa Bcerga Oyaet mpasee ().

[lokaxeM, 9TO HU OJUH U3 MyPaBbEeB HE CMOXET MOonacTh B TOUKy C.

Ecau 661 oqum mypasen nonant B Touky C, APyrou B 3TOT MOMEHT OBLI GBI
neBee ero (Tak Kak camas gaabHas oT C TOUYKa He JeBee ee — >T0 To4UKa A, HO
AC < 10 cm). [TosTomy mypasenn (Q He cmoxeT okazaThea B C': BEqb OH TOTIA
6bu1 OB paBee P. A mypasenm P me mMoxeT okazaTbca B C, TOCKOIBKY HE
MOXET TOKHHYTH CTOPpOH AD u AB: momacTh Ha OBE OCTABIIUECS CTOPOHBI
OH MOT OBI TOJABLKO |epe3 OAHy u3 BepuuH B mau D, HO B >TOT MOoMeHT ()
okasaJcsa Obr ipaBee P.

Eme onquna wHTEpECHEIN BOMPOC HE OLLT BKIIOYEH B OJUMITUALY W3-338 €TI0 CJIOXK-
HOCTH: 6C€204 AU MYPGSbU CMORYM NPONOAZIMU NO KPAO BHINYKAO20 CMOAGL MAK,
umMoObbl, KA KPGIO HE OCMAAOCH MOUEK, 6 KOMOPLIT He MoObisas Hu 00UH U3 My-
pasves?

A BO BTOpOU MOMOBMHE MPONLIOrO Beka Ha cemuHape E. M. Jlanguca B Mockos-
ckom TocymapcTeerEOM YHUBEpCHUTETE Pa3sOUpAICA CIEAYIONMN, OJU3KAN IO TEMe,
BOIIPOC:

Ha npamoti dana nenpepvienas gynruui f, pasnas nyai0 6ne Hexomopo20 ompes-
xa [a,b]. Ha ocu abeyuce caesa om ompesxa [a,b] pacnoaoscen ompeszox 1. Beezda au
MOHCHO Nepedsurymsb e20 8 K0opIurnamuol NA0CKOCMY Mak, 4moobl €20 KOHYbL 6Ce
8peMA 0CMABAAUCy WA 2padure Gynkyuy f u d8u2asuch 6bl HENPEPLIBHO, G 8 UMO2E
[ oxazancsa 6vi wa ocu abeyuce cnpasa om ompesxa [a,b]?

IIpemraraem XemaoMuM IUTATENAM OTBETUTH HA DTU BOMPOCH CAMOCTOATEIBHO!



N36pannvie 3agaan 27 Typuupa I'opogoB 227

Y Kapacona ecmop 1000 banox ¢ sapenvem. Banwku ne obazamenpbro 0du-
narxosvie, Ho 6 Kaxncdol ne boavwe, wem 1/100 wacmov scezo eapenvs. Ha 3a6-
mpax Kapacow moaxcem cwvecmsb noposuy sapenvbs u3 woovir 100 6anox. Jo-
raxcume, wmo Kapacon moocem delicmeosamsb mak, umobbl 3a HeKomopoe
KOAUYECMBO 3AB8MPAKOE CHLECMb BCE BAPEHDE. (. MycaTos)

3agada ObLIa TpeIoKeHa yaeHnKaM 8 1 9 KIacCcoB, HO OKA3aJIaCh OYeHb CIOXKHOM:
MOKA, €€ PEIIWI JUIb OIUH YIACTHUK (K MOMEHTY HAMUCAHWUA DTOU 3aMETKU ObLINA
IpOBepeHs! He Bce paboThl). [IpusegeM pemenue, HamucagHOe WieHOM XKiopu TypHuUpa
Topoznos A. B. HukosnaeBbIM.

[Ipeamonoxum, Kapicon ymeer chegaTs Bce BapeHbe, ecan Bmecto 1/100
u 100 B ycaoBuu ykaszauo 1/99 u 99 (obmee KorudaecTBO 6AHOK HEBAKHO, TIAB-
HOE, ITO UX NOCTATOIHO MHOrO, He Menbme 100). Bygem rosopurs mpo stm
33491 COOTBETCTBEHHO «3ama4a-100» m «amata-99». O6biacHuM, Kak TOrIa
mencTBoBaTh Kapacony B caydae «3agaxa-100.

On MBICIEHHO neaWT BCe OAHKM BapEHBA HA CaMylo GOJbHIyIO (MO KOIU-
9EeCTBY BAPEHBA) U OCTANBHBIE. 3aMETUM, ITO [IA (OCTATbHBIX)» OAHOK BBI-
MOMHAETCA YCIOBHE 3ana4u-99» (Beob B «OCTAIBHBIX) GAHKAX HE MEHbIIE, YeM
99/100 Bcero BapeHbs, U B KaxXA0u u3 >Tux 6aHok He Goxee 1/100 Bcero Ba-
peHbs, TO ecTb He OGoxee (1/100) - (100/99) = 1/99 oT kormvdecTBa BApEHbA B
«OCTAIBHBIXY GAHKAX).

[TosTomy Kapacor mMor 6bI IeACTBOBATEL TAK: CHECTH U3 (OCTAIBLHBIXY 6a-
HOK BCE€ BapE€HbE IO aJIrOpUTMYy «3aaadu 99», Ha KaxmoMm mare 6epsa HaOOD
99 6aHOK M3 «OCTATHHBIX» U HOOABIAI BCE BPeMsa ONHY M Ty Xe COTyIO OaH-
Ky — «caMyio 6oablryios. [Iga Toro, 9To6LI BApEHbE B «CaMOU GOMLLIION) OaH-
K€ U (OCTATBHBIX» KOHIUIOCH OJHOBPEMEHHO, HEOOXO0 UMO, ITOOBI B HEU OBLIO
poBHO B 99 pa3 MEHbIIE BaPEHbA, I€M CyMMAapPHO B «OCTATBHBIX) OaHKax (Imo-
CKOJIBKY, PAa3yMeeTCA, U3 Hee KaX LI pa3 chegaeTca B 99 pas MeHbine, deMm
U3 (OCTAJIBHBIXY). TO ecTh HEOOXOAUMO, ITOOHL B «CAMOU GOIBIION) GAHKE 13-
HadanrbHO Ob1a poBHO 1/100 mKoa OT O6IIEro KOAMYecTBa BAPEHbS.

O6bacaum, xkak Kapacony moburhbesa sroro. IlycTs B «camMout GOMBIION»
6anke menbire 1/100 obimero korudecTsa BapeHbs. Kapiacon OygeT BHIOMpATH
100 HemycThIXx 6AHOK M3 «OCTAJIBHBIX» W CHEIaTh W3 HUX HEKOTOPOE KOJU-
9eCTBO BapeHba. [ona BapeHbA B «camMou GOJBIIONY OGaHKe mpu >ToM OygeT
YBEIMYIUBATHCA. [loKaX)eM, KaK €My JeUCTBOBATH, YTOOBI MapaHTUPOBAHHO
posectu >ty nomo g0 1/100. Eciu koam+aecTBO BapeHbA B CAMOU MAJIEHBKOU
G6anke (M3 BBHIOPAHHBIX CTA) MO3BOMAET CHECTH IACTh BAPEHBA TaK, ITOOBI
gpons «camom Gosbmiony Gamkm crata pasHa 1/100, om Tak u neraer. Una-
Ye ChefaeT BCEe BAPEHLE M3 CAMOU MAJEHBKOU GAHKW, YMEHBIIAA KOJUTIECTBO
memycThix 6aHok. Korga om ocramosurca? Jlu6o korga mobwercs Tpebyemo-
ro, muH0 KOT'[Ia HemyCThIX OAHOK cpenu «ocTanbHbxy craHeT menbire 100. Ho
B HOCHEHEM CIydae MOMA «CaMou GOabIIoN» TOYHO He Membmre 1/100, T.e.
Kapimcon momxen 6bLT OCTAHOBUTHLCA PAHBIIIE.
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Nrak, cravamra KapiacoH moarorapmmBaeT OGaHKU: TOOMBAETCA, ITOOBI B
«camont Goabuoiy Garke Obuta poBHO 1/100 KOs oT O6IMIEr0 KOIXYECTBa Ba-
penbsa (mpu sTom ycaosme «agaau 100», oueBugHO, OyI€T TO-IPEXHEMY BBI-
MOMHEHO). 3aTeM, UCIOIb3YysS AITOPUTM «3a1a49u-99», CbefaeT BCEe BAPEHbE,
KAaK HAaIIMCAaHO BHIIIIE.

[l1s 3aBepleHUs pemeHns OCTAIOCH 3aMETUTDb, ITO MbI HAYIUINCH CBO-
muTh «3aaa9y-100» k 3amade-99», HO TOYHO TaKXKe MOXHO CBECTU €€ Telepb
K «3amage-98», Ty B cBOIO oduependb K «3amade-97», m T.xa. Hy a «3amaga-1»
COBEPIUIEHHO OYEBUIHA.

Ha oxpyxcnocmu paccmasieno HECKOAbKO NOAONCUMEAbHIL YUCEA, Ka-
acdoe uz kKomopuix ne boavwe 1. Jorxaxcume, 4mo Mo#cHO Pa3deaumyb oKpYHc-
HOCMb MG MPU JY2U MAK, UMO CYMMbL YUCEL NG COCEINUT dy2azr 6ydym om-
AuNaGMbCA He boavwe, uem na 1. (3ameuanue. Ecau wa dyze mem wucea, mo
CYMMA Ha HET, CUUMAEMCA PABHOT HYA0.) (M. UI. Mankum)

Bepna u Gomee obumias 3agada: B TeX XKe YCIOBUAX MOXHO [ JI060T0
HATYPAJIBbHOT'O YIUCIA T Pa3ACIATH OKPYXHOCTH Ha N AYTr TaK, ITO CyMMBI
qrces HA COCETHUX Ayrax OyAyT OTIMYIATHCA He OoiabIre, deM Ha 1.

Cuavana pa3o6beM OKPYKHOCTD Ha, 1 YT IPOU3BOILHBIM 06pasoMm. IlycTs
HAUIYTCA ABE COCETHUE NYT'U, CYMMBI TUCET HA KOTOPBIX OTANIAIOTCA GOMbIIE,
4eMm Ha 1. Torma mepeaBuHEM I'DAHUILY 3TUX AYT TAaK, YTOOBI HAa Ayre ¢ 60Ib-
IIer CyMMOM CTAaJO Ha OJHO YUMCIO MEHbIIe, a4 Ha Ayre ¢ MEeHLIIEH CYMMOHM —
HA DTO Xe OMHO YUCI0 Goibine. Ecam u mocie Takoro M3MEHEHUA HAUIYTCI
COCemHME MYTU C PA3HOCTHIO, OOMBINEeN 1, CHOBA CHETAEM AHAJIOTUIHOE U3ME-
wenwue, u T.4. OCTaeTCA BOMPOC: MPUBEAET JU HAII AITOPUTM KOTJa-HUOY B K
[EIW, WIN OH MOXET MPOAOMKATHCA 6ECKOHETHO 0IT0?

ApTop zagaxu M. 1. MaJqkui opuayMal IpOCTOe U KPACUBOE JOKA3ATEIb-
CTBO KOPPEKTHOCTH AJATOPUTMA. 3aHyMmepyeMm ayru (uuciamu oT 1 1o n) u
paccMOTpUM CYMMY x% +...+ x%, rae r; — CyMMa Jucea Ha, i-u gyre. [lycTs,
HaIIpUMep, T;+1 — &; > 1. IlpuMeHnB HaII aATOPUTM, OIYINM IBE HOBBIE CO-
cemHUe MYTU C CYMMAaMU Z;11 — G U Z; + a. [Ipym 3TOM pasHuIta MeX Iy cTapou
CyMMOM KBaJPATOB M HOBOM DaBHa z7,, + 27 — (zip1 — a)? — (z; + a)? =
= 2a(zi+1 —x; —a) > 0, mocKobKY ;11 —x; > 1 u 0 < a < 1. 3HaauT, cymma
KBaIpaTOB yMeHbIUIACh. HO cyMMa KBaapaTOB MOXET MPUHUMATE JUIIL KO-
HEYIHOE INCJIO 3Ha,‘leHPIfI (HOCKOJII)Ky €CTh JUIIIb KOHEYTHOE€ YIMUCIO CHOCO6OB
pa3bUTh YUCIa HA OKPYXKHOCTHM HA 7 9aCTEM) W 3HAYAT HE MOXET YMEHb-
MATHCA OECKOHEYHOE FHMCIO0 pa3. [103TOMYy B KOHIE KOHIIOB MBI TIPUAIEM K

UCKOMOMY pa3IeJeHuIo.

Touro Tax ¥XKe MOKA3BIBAETCA CIEAYIOUMU (BAKT: Iid JIOOr0 HATYPAILHOTO N
JI000U KOHEYHBIN HAOOP MOMOKUTENLHBEIX YUCEI, He IMPEBOCXOAAMMUX 1, MOXKHO pa3-
O6uThL Ha N YacTen (Cpeau KOTOPHIX MOT'YT ObITH MyCTHE, C HYJIEBOU CyMMOU) TaK,
YTO CYMMBI YUCET B JTIOOBIX IBYX YACTAX OYAYT OTIUYIATHCA He OOIbIIe, UeM Ha 1.
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Hcropuss odepenuon samadum OYeHbL uHTepecHa. B xypuame «KsamTy Ne® 3a
1983 roxg U. ®. lMlapuirus omy6ankoBaa cTaTbio «BOKpPYr GUCCEKTPUCED, B KOTOPOU
chOpMyYIUPOBAT 3a0aBHLIN BOMPOC, MAJIO U3BECTHLIN TOCIA JaKe CPeIn JTH0uTeaen
reomerpun: IIpo danubiii mpeyzoabHuK U3BECMHO, UMO MPEY20AbHUK, 00PA306aH-
Hblh OCHOBAHUAMY €20 OUCCEKMPUC, ABALEMCA PasHoOedpennbim. Moxcrno au ymeep-
acdampv, wmo u dannbiii mpeyeoavnuk pasnooedpennbiii? M. . Mapuirun noxasa,
YTO YTBEPKAATH DTO Heab3s (IIOAPOGHOCTH CM. HampuMep B ero kuure «leomerpus.
nanumerpus. 9-11 xraccen, dpoda, 2001, sagaua 500), HO He CyMea MOCTPOUTH
KOHKPETHOI'O IIPUMEPa HEPABHOGEAPEHHOI'0 TPEYrOJAbHUKA (T.€. TOIHO yKA3aTh Be-
JWYUHBLL BCEX €r0 YIVIOB) C TAKUM DK30TUIECKAM CBOMCTBOM. HemaBHO mpumep yia-
aoce nocrpouth C. U. TokapeBy, mpuueM TpeyroabHIK OKA3AJICI XOPOIIO N3BECTHBIM
mobuTenaM reomMerpud. Tak BOZHUKIA CICAYIOMIAS 3a0A4A:

Lan mpeyzoavnurx ABC, AAy, BBy u CCy — e2o buccekmpucuvr. Uzgecm-
10, 4mo geauuunblt yeaos A, B u C omnocamcea xax 4 : 2 : 1. Joxaxcume, umo
AlBl = AlCI. (C n. TOKa,peB)

Onumem Bokpyr Tpeyroabauka ABC OKpyXHOCTB. YTJIBI HAIIErO Tpe-
yroabuuka pasabl 47 /7, 2w/7 u 7/7; mosTOMYy, pa3feluB OKPYXHOCTb Ha
7 paBHBIX AyT, HAYWUHAA C TOYKU A, TOTyIMM BIOUCAHHBIA B OKPYXHOCTH
npaBuiabHBIT cemuyroabauk ABXY ZCT.

3ameruMm cHadama, 9to AA; — Guc-
CEeKTpUCA yriia A, ¥ 3HAYUT IPOXOAUT |e-
pe3 Touky Y — cepenuny ayru BC. Ana-
goruduo BB — 6uccekTpuca yria B, u
3HAYAT TPOXOAUT dYepe3 Touky T — ce-
peauny ayru AC.

Mokaxem, aro ABCC; = AAY Bj.
Neucreureasuo, BC = AY u3 cummer-
pun; ,C1BC = 27/7 = ;B AY (ouumpa-
I0TCA HAa OAWHAKOBBIE nyru), u , BCC =
= 7n/14 = ,AY B; (nmepBoe paBeHCTBO
BepHO, Tak Kak C'C| — 6ucceKkTpuca yria,
C, Bropoe — Tak Kak Y By — 6uccekTpu-
ca yrna AY T u3 cummerpun). Tem cambiM
TPEYTOJLHUKA PABHBI IO BTOPOMY TIpH-
suHaky. A smauut Y B = CCY.

Ho Torma tpeyromvuuku Y A1 By u C'A1C| paBHBI 1I0 IEPBOMY NMPU3HAKY
(LA1YB, = /14 = JA1CCy, A1Y = A;C wu3 cummerpun, Y B; = CC) no
nokazaaaomy). Orkyna A; By = A1Cq, 910 1 Tpe6oBaIOCh NOKA3ATh.

C. A. flopuuenko, Typuup I'opogos, HMY, mxoasr Ne57 u Ne179 r.MockBer
E-mail: dsa@mccme . ru



IIo moTHBaM 3agavHMKA
«MaTeMaTHIeCKOr0 IIPOCBEIIECHAI)

B sToM HOMepe MBI IPUBOAUM perneHue 3amatdu 5.9 u3 3agadnuka «Mare-
MaTUYEeCKOTO TMPOCBEIIEHUA». JTa 3342493 CBA3AHA C JUCKPETHBIM AHAIOTOM
2apmonudeckur ynryut, T.e. GYHKIUN, yIOBIETBOPAIONINX YpaBHEHUIO Jla-
mIaca

Af =0.

Lapmonuueckoti na yeaouuciennot peuremse 7™ HA3BIBAETCA TaKag DYHK-
nua f: Z" — R, 3Ha9eHrEe KOTOPOU B KaXIOU TOYKE PABHO cpeaHeMy apud-
METHYIECKOMY OT 3HAYMEHUUN COCEen:

1

n

f(]:la"'a]:n) = %Z <f(x17"'7$i_]-7"'7$n)+f($17"'7xi+17"'7xn)>‘
i=1

Cynepeapmonuueckot Ha yeaouucaennoli pewemse 7" HA3BIBAETCA TaKasd

pyHKIMA, [I9 KOTOPOU BMECTO HAMUCAHHOTO BHINIE PABEHCTBA BBIMTOJHAET-

€A HEPABEHCTBO > B KAX/OU TOUKE (I1,...,Ty).

B mempepwiBHOM caydae Qs TapMOHUYECKUX (PYHKIUU CIIPABENINBA TEO-
pema Jlmysmmns: gcaxas o2panuuennas wa R* 2apmonuueckas Pymrxyus no-
cmoanna. JJoOCTATOIHO Haxke MOTPe6oBATH OTHOCTOPOHHEN OrPAHUIEHHOCTH.
AnanmoruvyHoe yTBepXK JeHNE BLITOIHACTCA U AAA (DYHKIIAN, TAPMOHUIECKAX HA,
PELIeTKE: €CAU 2aPMOHUMNECKAA HG Pewemre PYHKYUL HEOMPUYAMEAbHE, MO
OHa NOCMOAKKG. TACTHBIME CIYIAAME STOTO YTBEPK JEHUA ABIAOTCA TTYHKTHI
6) u B) 3ama4M 5.9, Ero IOKa3aTeIbCTBO, HAUJEHHOE MePMAHCKHAM IIKOJIb-
uukoMm [I. lloasue, npuBogurcsa Huxke. /[pyroe moka3aTemsbCTBO 3TOr0 (PaKTa,
ACTOMB3YIoee 6ECKOHETHOMEPHYIO BBIMYKIYI T€OMETPHUIO, HAMEIEHO B KHU-
re E.B. Jemkura, A. A. FOmkesr4aa «TeopeMsr u 3agaqm o mponeccax Map-
xoBay, M.: Hayka, 1966. B oTou 3amedaTenbHOU KHUTE OOBACHAETCS CBA3D
MeXIy TapMOHWYIECKNMU W CyHeprapMOHMYECKNMA (PYHKIWAMYU HA PelreTKe
U CIyIaUHLIMA OLyXIaHMAMHA. B 9YaCTHOCTH, Ha OJHOMEDHOW M ABYMEDPHOHN
PEIIETKAX 6CE CYNEP2APMOHUNECKUE HEOMPUYUGTEAbHbIE YHKUYUL NOCTOAN-
woi. Hawmaaa ¢ pasmMepHOCTH 3, CYIIECTBYIOT HEMOCTOAHHBIE CyTEPrapMOHM-
JecKkue HeoTpunaTenbuble GyHKyuy. (PasHuma Mex 1y MaIbIMu U GOMBIIAME

YOrmerum Takxe, 9TO IMyHKT 6) MOXHO HANTH B 3aJadHEKE BTOPOM Cepuy COOPHHKOB
«MaremaTuieckoe mpocsemenue» (Beir. 3, 1958, ¢. 269, zagaga 20).
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pasMepHOCTAME OOYCIOBJIEHA B MAHHOM CIy4Yae BO3BPATHOCTBIO WM HEBO3-
BPATHOCTBIO CIy9IallHOTO Oy X TAHUA. )

B craTre . . Borganosa u I'. P. YennokoBa npuBOAUTCA PEIICHUE Ty HK-
rta a) sagadm 5.9. Tam peds maeT O eCTECTBEHHOM OOOOLIEHUM MTOHATUSI
CyTeprapMOHUYECKUX (PYHKIUN Ha, 0 qHOMepHOU pemerke. Cpenu Takux 0600-
[IEHHBIX CYMEPrapMOHUYIECKUX (PYHKIUN BCIOAY HEOTPUIATEILHBIMUA ABIAIOT-
€S TOJBKO KOHCTAHTHI, KAK U B MPEABIAYIIAX CIYYIAAX. 3AMETHUM, ITO DTOT
pPE3yAbLTAT TAKXKe MOXHO MOMYIATH, U3YUad CAyIauHble OIyXIAHUA HA pe-
e TKe.

Penxomnerus «MaTeMaTUIeCKOr0 MPOCBEIIEHAY IAHUPYET TPOOIKATH
nyOJUKAIIIA HA 3Ty TEMY.

Tem, KTO 3aMHTEPECOBAJICA AUCKPETHBIMU MAPMOHUIECKUMU (PYHKITUAME,
coBeTyeM Takxke npoumTaTh craThio A.U. Xpabposa «/uckpeTHbie rapmo-
Hudeckue pyHknum» B cbopuuke «3agaum CamkT-IleTepOyprekon oammmma-
bl KOALHUKOB o MaTemaTuke 2005 romay, CII6: Hesckun guanexkt, BXB-
[MeTep6ypr, 2005; c. 112-145.
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O600I1IeHHBIE CYTIEPTrapMOHIYECKIEe
MTOCIEeIOBATENHLHOCTA

M. 1. bBormanos I'. P. HYeanoxos

B »rou 3ameTke mpuUBOAUTCA pemieHue 3anadu 5.9a) m3 3amadnuka «Ma-
TEeMATUYIECKOT0 mpocBemenusy. HamoMaum (hopMyaIupoBKy:

B kreTkax 6eCKOHEIHON KIETYIATON JeHTHL 3alIMCAHLL IOJOXNTENb-
HBIEe YuCaIa. 3BECTHO, ITO KaXJA0€ IMUCJIO HEe MEHBINE CPEeTHero
apupMEeTUIeCKOro TPEeX COCelder CIeBa W Tpex cupasa. [lokaxun-
Te, ITO YUCJIA, PABHHI.

DopMaATBEHO YMCIA, 3AMUCAHHBIE B KIETKAX OECKOHETHOU KICTIATOU JEH-
TBI, MOXHO PacCMaTPuUBaTh An060 Kak pyHKmuu Z — R u3 MHOXECTBA MEIBIX
YUCeNT B MHOXECTBO AEUCTBUTEILHBIX YHUCe], 00 KaK OECKOHEYHBIE B 00e
CTOPOHBI MOCIEOBATEILHOCTH NEUCTBATEALHBIX TACET

'7ffn7"'7f717f07f17"'7fn7"'

Mpur BeIGEpaEM BTOPOU CIOCO0 U gajiee TOBOPUM TOJBKO O TOCJIEOBATEIHLHO-
CTAX.

OnPEAEJEHUE. [lycts F' — HemycTOe KOHEYHOE MHOXECTBO IEIBIX 9U-
CeJl, CAMMETPUYIHOE OTHOCUTEIbHO HYJIA, IPpUIeM 9ucaa B F' B3auMHO mpoCThI
B coBOKymnHOCTH. [locieqoBaTenbHOCTL a, Ha3zoBeM F'-cynepeapmonuueckot,
eca’ I JTF0OOT0 1 BBIMOJHAETCA HEPABEHCTBO

1
Ay, > m Z Cln+f .
feF
Hanpuwmep, {—1,+1}-cyneprapMoHndeckue mOCIELOBATEIBHOCTH — DTO

TO Xe CaMoe, ITO CymeprapMOHmYIecKue Ha Z ' (hyHKImn.

TEOPEMA. Ecau F-cynepzapmonuueckas nocacdosamesbHocmsb HeOmpu-
YAMeEAbHA, MO OHG NOCMOAHHG.

3agada 5.9a) ABIAETCA FACTHBIM CIYYa€M JTOU TEOPEMBI, B KOTOPOM
F = {-3,-2,-1,1,2,3}. [lna npoCTOTHI U3IOKEHUSA MbI IPUBOJAM TOIHKO
OKA3aTEIHLCTBO DTOr0 JacTHOrO ciaydad. Oblmee M0KAa3aTEILCTBO MOLYIaeT-
€A AHAJIOTUHO.

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(232-235)
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Beckoneunbie B 06€ CTOPOHBI TOCIEIOBATEILHOCTH IUCET OOPA3yIOT BEK-
TOPpHOE TPOCTPAaHCTBO OTHOCUTEIBHO OHepaHHﬁ IIOKOMIIOHEHTHOI'O CJOXEHWUA
1 YMHOXEHUA BCEX YJICHOB HA KOHCTAHTY. Sarﬂ;a.rqI/IM Ha 9TOM BEKTOPHOM IIPDO-
cTpaHCTBe JuHeMHBIM omepaTop X casura BreBo: X(a,) = (b,), rme
bn = Qp+1-

Hac 6yayT naTepecoBaTs MHOTOWIEHB OT X OTHOCUTEIHHO CTAHIAPTHBIX
omepaIy: IpOu3BeeHre OEPATOPOB €CTh UX KOMIIO3UIINSA, HAIIPUMED, Ollepa-
Top X? HepeBoAUT MOCIE[OBATETLHOCTD (Cy,) B (Cpy2); CIOXKEHEE OHEPATOPOB
MEPEBOAUT TMOCIEAOBATEILHOCTE B CyMMy €€ 00pa3oB, HATIPUMED, OMEPATOP
X?24+2X 41 nepeBoanT MOCICLOBATETLHOCTD (Cp) B (Cpyo+2Cn 1 1-+Cy); TuCTO A
MOHUMAETCA KAK OIMEPATODP YMHOXEHUA KaX OO WIEHA MOCAeI0BATEILHOCTH
Ha A. Kaxauim Takol MHOTOWIEH ABIAETCA JAHEMHBIM OIEPATOPOM.

Ha.HOMHI/IM, 9ITO B 9TOM CJIyae KOMIIO3UIINA JIHHeﬁHbIX OIepaTopoB COBIIaA-
IaeT C MPOW3BENEHNEM MHOTOWIEHOB, T.e. KoMmo3unma onepatopos P(X) u
Q(X) ects oneparop PQ(X). Hampumep, X2+3X +2 = (X +1)(X +2), T.e.,
MOJEMCTBOBAB Ha, MOCAEA0BATEILHOCTL CHada a, oneparopom X + 1, a 3arem
X + 2 (mmm HAO60POT), MBI IOy 9IMM TOT XK€ PE3yJIbTAT, KAK MPU NEVCTBAN
omepaTopom X2 4+ 3X + 2.

Ha sToM A3BIKe yI0OHO 3alMCHLIBAIOTCA MHOTTE TIOHATHA. TaK, MHOXECTBO
JWHEVHBIX PEKYPPEHT C YPABHEHUEM Up+k = AoUn +G1Unt1+- -+ k-1 Untk—1
— DTO MHOXECTBO MOCTIEAOBATEIHLHOCTEN, MIA KOTOPBIX

XF(up) = (ag + ar X 4 -+ + ap_1 X Y (uy),

WY, IPOIE TOBOPS, MPOCTO MHOXECTBO BCEX MOCAENOBATEILHOCTEN, OOHYIA-
eMbix omepaTopom X* — a1 XF1 —... —q; X —ag, T.e. ero agpo. Orciozna,
PACKIAIBIBAA S>TOT MHOTOWIEH HA JUHEUHBIE COMHOXUTENN, HETPYIHO TOIY-
9UTH O0IIYI0 (POPMYJIY JUHENHOU PEKYPPEHTHI.

Ycaosme 3amau 5.9a) ¢popmyampyeTca Temeps B creayomem Buge. [lama
TaKas MOCAeAOBATEILHOCTD (Gy,) TMOMOKUATEIBHBIX TUCEI, ITO

6an+3 2 an + Gny1 + ani2 + Gnga + Gnys + anys,
WIn, IPYyTUMU CIOBAMU, IPUMEHEHNE MHOTOYIEeHA
PX)=1+X+X%-6X*+ X'+ X%+ X6

K IOCIeNOBATEILHOCTU (Gp) AT HENOJOXUTEILHYIO MNOCIeJ0BATEILHOCTb.
Tpebyerca A0Ka3aTh, 9TO (a,) €CTH KOHCTAHTA. ")

3amernm, ato P(z) = (z — 1)?Q(z), mpuaem Bce xKondpbummenTnr Q()
HeoTpuaTerbubL2) JleicTBITENbHO, JOCTATOTHO TPOBEPUTH ATOT (HDAKT I

DIlpn noxasaTerbCTBE TEOPEMBI MHOTOWICH P(X) HyXHO 3aMEHUTH HA COOTBETCTBYIO-
M7 MHOXKECTBY F' BO3BpaTHBIU MHOTOWIEH (F-MHOTOYICH).

2) AHATOTIMHOE yTBEPIKACHIE CIIPABEJINBO U LA IPOU3BOILHEIX F-MHOIOWICHOB, KOKa-
3aTEeIbCTBO MOBTOPAETCA MOYTH JOCIOBHO.
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muorowrenoB Ft" — 2zF + £ moromy uwro P(z) = (2% — 223 + 1) +
+ (2° = 223 + z) + (2* — 22° + 2?). [1a MHOrO<IEHOB yKA3aHHOIO BHA.
YTBEPXK JIEHUE OYEBUTHO:

xk+r o 2(L‘k T xkfr — xkfr(xr o 1)2 — (:E o 1)2xkfr(xr71 + xer 4ot 1)2.

Manee, xopuu @Q(z) mo moxymio He pasHbl 1, T.e. Q(z) # 0 mpu aH060M
KOMILTEKCHOM 2, |z| = 1. JleicTBurensro, |P(2)| > (623 — 1 — |z| — 22| — |24 —
—125| = 2% = 0, mpwem paBeHCTBO MOXKET HOCTUTATHLCA JUITH KOTAA THCIa, |
U Z UMEIOT PaBHBIE apTyMeHTHI, T. €. z = 1. Ho (1) # 0 u3 moaoxurenbHOCTH
KoscpcpnuneHTOB.?’)

O6osuaaum Q(X)(a,) = (by). Torga snemenTsr (by,) monygaoTca u3 sae-
MEHTOB (@) AMHEMHOU KOMOWHAIMEN C MOJOXUTEIbHBIMEA KOd(MhUIMEeHTAMY
(a mMeHHO, ¢ KO>DOGUIMEHTAMY MHOTOWIEHA (); TAKUM 00OpPa3oM, MOCIEHO-
BaTEALHOCTH (by,) momoxuTenbHa. 110 yCroBuio, OCIeR0BATENLHOCTE (d)) =
= (X — 1)%(b,) = P(X)(a,) menmomoxurersra. Ilokaxem, aro (b,) mocro-
aunag. [Iycrs (¢,) = (X — 1)(by), Torga (d,) = (X — 1)(c,). o ycaoBuio
noryaaem d, = Cpi1 — ¢y < 0, T.€. (¢,) me Bozpacrtaer. [Ipeamonoxum, 9T0
cymectByeT ¢ # 0. Ecam ¢ < 0, To u Bce ¢ < ¢ < 0 mpu [ > k. Torga
biy1 — b < cpmpul >k, T.e. by c BodpacTanumeMm [ Ha KaxXIOM mIare yObIBAeT
XOTs OBI HA |C|; DTO HEBO3MOXHO, TakK Kak (by,) momoxuTeabHa. AHAJIOrMYIHO,
ecau ¢ > 0, To mpu Bcex | < k ¢ ymeHbIneHUEM | BeIUIUHA, b YMEHBIIAETCSI
XOTsA OBL HA Cf, 9TO HEeBO3MOXHO. UTak, ¢ = 0, uro u o3Hagaer, ato (by)
MOCTOSAHHAA.

Tak kak KO>(pPUIUEHTH ¢; MHOTOIEHA, (Q() U WIEHBI TIOCAEI0BATEILHO-
cti (@) TOMOKUTETBHBL, TO by = qoan+qian 1+ -+ = qoan, T.€. ap < by/qo =
= by/qo, m mOCIENOBATENLHOCTD (G,,) OrpanudeHa. [laxee, 3amMeTuM, ITO TpU-
mererme omneparopa Q(X) K TOCTOAHHON TOCIENOBATENLHOCTH YMHOXKAET €€
Ha Q(1). Hockonbky mocregoBareasuocTs Q(X)(ay) nocrosuuas u Q(1) # 0,
TO u3 (@) MOXHO BHIYECTH MOCTOAHHYIO MOCIEIOBATEIBHOCTL ¢ = by/Q(1)
U MOMYYATH Takywo (OrpaHUYEHHYIO!) MOCIeOBATEIBHOCTD Al = a, — €, ITO
Q(X)(al,) = (0).

Pemmenve xorenoch 6bl 3aKOHIATH Tak. Mebl moxyuwiu, 9To (a),) ecTs au-
HEMHAA PEKYyPPEHTa, Y XapaKTEPUCTUIECKOrO YPaBHEHUA KOTOPOU HET KOp-
HEW, 110 MOAyat0 paBHbIX 1. [Ipumenus o6y GpopMyIy JUHEHHOU PEKYPPEH-
THI, IIOXY9IaeM, ITO (a)) ecTh JMHEeNHAsS KOMOMHAIUA MOCIEI0BATEILHOCTEN
Buga (R(n)a™), rae a mpoberaer MHOX)ecTBO KopHen Q(z), a R(n) — mHO-
rowied. Kaszanochk Obl, MOCKOABKY || # 1, TO Takas HOCIENOBATEILHOCTH

3)Hp1/1 IOKA3aTeIbCTBE TeOPEMbl AHAJOIMYHOE YTBEPKAEeHUE HYXKHO NOKAa3aTh NJIA IPO-
m3BOIbHOTO F-MHOrOUYIeHa. B 5TOM nOKa3aTembCTBe CYIIECTBEHHO KCIOAL3YETCA YCIOBUE,
4uTo yncaa w3 F' B3auMHO IpPOCTHI.

[arpHenmme pacCyXIeHUA OMUPAIOTCA HA yKA3aHHBIE CBOMCTBA F-MHOTOWIEHOB, a B
OCTaTHLHOM OT Buia F' oHU He 3aBUCAT.
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orpaHWYeHa JWIb Korga a), = 0. DTO U B caMOM [ele BEepHO, HO U3BECT-
HbIe HAM [I0KAa3aTeIbCTBA OCHOBAHBI HA JOCTATOYHO TOHKUX PACCYXKACHUAX C
npuMenerHueM teopembsl Kponekepa.

[TosToMy 3aBepmIuM JOKA3ATEILCTBO HECKOIBKO MHAME (UM IPOIIE).

Mg gomxHBI TOKa3aTh, 9T0, npuMenas (Q(X) K OrpaHUYEeHHON HEHYJIEBON
HOCIe[0BATENLHOCTH, Henb3s noryunTh (0). Pazmoxum @Q(z) Ha aunenHbIE
MHOXWUTEIN; TOTAA JOCTATOIHO AOKAZATH DTO A OJHOTO TAKOTO MHOXUTE-
as X —a, rae |a| # 1 (gencTBATEIBHO, TOCKOIBKY STOT OIEPATOP IEPEBOIUT
OrpaHWYEHHBIE IOCAEI0BATEALHOCTU B OTPAHUYEHHBIE, TO 110 WHIYKIWKA CPA3Y
noxy4daerca Tpedyemoe). Ogunako X — , 09€BUAHO, OOHYIAET IUIIb TOCIETO0-
BATEABLHOCTH BUIA U, = " Uy, KOTOpBIE npH || # 1 1 uy # 0 He OorpaHUveHEL,
9T0 ¥ TPeOOBATOCH JOKA3AThH.

3AMEYAHUE. [ToxoXuME METOZAME JETKO PEIIACTCA, HATIPUMED, 3212493
7.11 u3 3agaunuka «MaTemaTudeckoro npocsemenusy. Hamomunm ee yciosue:
Bce kommiexcHbIe KOpaT ypasaerns Ag X"+ A X" 1 +... 4 A4, =0
no moayaio crporo menbite 1. [Tocregosarensrocts {vg = Agugin+
+ Ayugyn—1+ -+ Apug} — cxogures. [lokaxure, ITO MOCIETO-

BATEILHOCTb {Uf} TOXE CXOJUTCA.
[locTaTOYHO TOHATH, YTO HA KJIACCE OMPAHWYEHHBIX MOCIEIOBATEIHLHOCTEN
BepHO omepaTopHoe paseHcTBO (1 — aX)(1 + aX + a?X?2 +...) = 1, ecim
la| < 1.

N. . Borganos, MPTU
e-mail: iibogdanov@yahoo.com

I'. P. YenrrokoB
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O HeoTpUIIATEIBHBEIX TAPMOHNYIECKIX (PYHKIIIAX
Ha peIeTKe

II. MToas1e

Lapmonuueckoti na yeaouuciennot peuremse 7™ HA3BIBAETCA TaKag PYHK-
nua f: Z" — R, 3Ha9eHrEe KOTOPOU B KaXIOU TOYKE PABHO cpenHeMy apud-
METHYIECKOMY OT 3HAYMEHUUN COCEen:

n
1
f(]:la"'a]:n) = % E <f(x17"'7$i_]-7"'7$n)+f($17"'7xi+17"'7xn)>‘
=1
[lanHas 3aMeTKa MOCBSAIIEHA T0KA3ATEIbCTBY CASAYIOMIEr0 YTBEDXK IeHNUS,
U3 KOTOPOro, B 9aCTHOCTH, CIEAYIOT IMyHKTHI 0) W B) 3ama<u 5.9 3amadHAKA,

«MaTemMaTuaeckKoro IIPOCBEIICHU ).

TEOPEMA. Fapwwnuuecmm HaA pewemre HeompuyameabHas gﬁy}muun no-
CMOAHHA.

Awnanoruano ogHOMepHOMY caydaio (cM. mpeabigyuryio crarsio U. U. Bor-
nanoBa u . P. YernokoBa) MBI BBeIeM omepaTopsr casura, Xi, ..., X, Aeu-
CTBYIOIIE HA HAMMAX (PYHKOMAX II0 CACAYIOMIEMY IPABUALY:

(le)($177xn) :f($17"'7xi+17"'7$n)'

Takum o6pasom, X; «caABUraeT» PaCCTAHOBKY UUCET B y3JaX pemeTku Ha, 1
O 4-U KOOPAWHATE. YCJIOBUE TAPMOHUIHOCTHU (PYHKIMY 3AMUCHIBACTCA C TIO-
MOIIIBIO OIIEPATOPOB CIABUTA KaK

X+ X, "+ X+ X+ X+ XN f =20
niamn
X+ X+ X+ X+ + X+ X = 2n)f =0,

rae (0 — TOX/IECTBEHHO Hy./I€BaA PACCTAHOBKA.

OmnepaTopsl cABUTa KOMMY THPYIOT. [l09TOMY MOXHO paccMaTpUBATEH MHO-
TOYIEHBI OT ONEePaTOpPOB X, Xzf1 C IeUCTBUTEIbHBIMA KOd(MUIIIEHTAMMY, [T0-
HUMasg YMHOXEHUE ONEePATOPOB KaK KOMIIO3UIINIO, & CJIOXKEHUE W YMHOXEHUE
HA YUCI0 — KaK CIOXKEHWe M YMHOXeHue Ha dmcao pyHkuma 7 — R™.

IlepeBoa u pegaxTupoBanue U. . Borganosa.

MaTemaTuueckoe npocsewyenue, cep. 3, esin. 10, 2006(236-242)
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3aMeTuM, ITO, IPUMEHASI MHOTOWIEH OT CABUTOB XZ-,X;1 K TapMOHUYe-
CKOU (PYHKIIMM, MBI ONATH MOJY9IaeM TapMOHUIECKYI0 PyHKIumIO. [Ipu sTOM,
ecm K03 UIreHTH MHOTO'IEHA U NCXOAHAA (PYHKINA HEOTPUIIATETHHBI, TO
¥ NOJydeHHadA (PYHKIINUA HeOTPHULATENbHA.

Mgu1 GyieM BeCTH AOKA3ATEILCTBO MHAYKIUMEHR 10 7. [[0Ka3aTeasCTBO IId
n = 1 TPUBMAIBLHO, TOCKOIBLKY OTHOMEDPHAS IapMOHUYECKAA (PYHKIUA JTAHEU-
Ha, 8 OrPDAHUYEHHAA JUHENHAA (PYHKIUA TOCTOSHHA.

s mara MHAYKOWY HOCTATOYHO NOKA3aTh, ITO (MPYHKIUA [ U3 yCIOBUS
TeopeMHbI YAOBIeTBOpAET HEPABEHCTBY

2n—1)f > (Xo+ X5+ + Xp + X, 1) f (1)

(moo6HBIE HEPABEHCTBA MBI BCEra Oy1eM BOCIPUHAMATE IOTOYETHO; B IACT-
HOCTH, TAHHOE HEPABEHCTBO O3HAYAET, UTO 3HAYEHME JeBOU (YHKIUU B Ka-
X JIOM TOYKE HE MEHbIE, 9eM COOTBETCTBYIONIEE 3HAUEHME TPaBon). [lencTsu-
TeIbHO, TOTa W3 CAMMETPUU BBIMOJHAIOTCA HEPABEHCTBA TAKOTO XK€ BUA C
3aMeHOM MHAeKCa 1 Ha 4; IPOCYMMHIPOBAB II0 BCEM %, MBI IOLYIUM, ITO

2n—X1 - X' = Xo— X5 = = X, - X, 1)f > 0.

[Mockoabky 5T0O HEPABEHCTBO 0OPAIIAETCA B PABEHCTBO, TO OOPAIIAINACH B Pa-
BEHCTBO U BCe CJaraeMmble, T.e. IpU Jo60M j

-1 .
(§ (X + X, ))f_2(n—1)f.
i#]

Sadpukcupyem mpomsBoabHOE ¢ € 7. Torna dpyHKuma

fii(zo, ... xn) = fla,z2,...,2p)
ABJIAETCA HEOTPUIATETHHON TAPMOHMIECKON hyHKImMen Ha, (N — 1)-MepHOU pe-
[IeTKe, MO MPEANONOKEHNI0 NHAYKIUU OHA, TIOCTOAHHA, TI0 TEM XK€ TPUIUHAM
u pyHKINA

f2: (xlax?n"' axn) = f(xlaa'ax%"- axn)
mocToAHHA. A Torma m GyHKIUA f TakXKe MOCTOAHHA.
Ocranoch 10oKa3aTh HEpaBeHCTBO (1).

_ —1 -1
Beegem MHOTOWIEH M (%2, ...,%,) = (2n—2) —29—25 — - —Zp—x;, U
oboszraum wepes M coorsercTBytommin emy onepatop m(Xs,. .., X, ). Ham
HYXHO f0Ka3aTh, ato M f > 0. 3amerum, aro (M f)(x1,x2,. .., Ty) 3aBucAT

TOJBKO OT 3HAYeHUU (PYHKIUU MPA TAHHOM (PUKCUPOBAHHOM 1.

Cymma caBuros BIOIb mepBou KoopaumHathl (Xi + X 1) f BBIpaxaercs
gepe3 cABUru [ BAOAbL OCTAAbHBIX KOODAWHAT; MHAYE TOBOPS, CyMMa ABYX
3HAYEHUN [ B TOYKAX, CAMMETPUIHBIX OTHOCUTEIHHO IOCKOCTHA £ = @, BhI-
paxaeTcda depes 3HAYeHMA f B DTOU TIOCKOCTHU. BBIACHUM, KaK MMEHHO OHA
BBIPAKAETCA.
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Beegem mMHorowieHs
po(t) =2, pi(t) =2+t prya(t) = (2 + )per1(t) — pi(?)-
Honoxum Py = pi(M).
JIEMMA 1. Ppf = (X¥+ X7F)f npu mobom k. Kax caedcmeue, Ppf > 0.

HOKA3ATEILCTBO. Nunykmus o n. xa n = 0,1 yTBepXaeHMe OIEBUI-
HO. [lnA OCTANBHBIX 3HAYEHUU M U3 OMPEIEJeHUS TapMOHUYIECKOU (DYHKIUU
IOy TaeM

(XT+X,5)f =
= (XFUX 4+ XY - X xR (X XY - XM =
= (X2 XX+ XS+ X+ X —2n)) f -
_ (Xl_k+2+X1_k+1(X2+X2_1 +"'+Xn+Xn_1 —om))f =
= (XF X TR+ M) - (XX =
=((2+M)Py_1 — Py_a2)f = Pif,
9T0 ¥ TPeOOBATOCH JOKA3AThH. (|

3AMEYAHUE. U3 nokazaTerncTBa JeMMbI CIenyeT, 9TOo JI00yI0 (PYHKIIUIO,
33 JaHHYIO Ha MIOCKOCTH 1 = (), MOXHO IPOJOMXUTL FapMOHUIECKUM 006pa-
30M Ha BCIO OOJACTH ONPENENCHWS: OHA BOCCTAHABIMBACTCA M3 MOKAZAHHON
JEMMBI, €CAU NPEINOAOHCUMDb, ITO OHA, CAMMETPATHA OTHOCATEIHHO DTOU XKe
miockocTu. [Ipu 3TOM, OUeBUAHO, OHA HE 0043aHA OBITH HEOTPUIATEILHOU,
Jaxe eclIN UCXOTHbIE TaHHBIE ObIIM HEOTPUIATEILHBIMU.

Teneps Mbr BpemeHHO 3a0yaeM mpo onepaTopsbl Py ¥ BBIACHAM HECKOJIBLKO
CBOUCTB MHOTOWIEHOB Py ().

JIEMMA 2. pg(2cosa — 2) = 2cos(ka).
HOKA3ATEJABCTBO. Uuaykuusa mo k. [Ipu k = 0 u k = 1 510 0ovueBHIHO.
Ucnonssys onpenenenne MHOMOWIEHOB Py (1), momydaem
Pr+2(2cosa —2) =2cosapii1(2cosa —2) —pr(2cosa — 2) =
= 2(2cos acos(k + 1)a — cos ka) = 2(cos(k + 2)a + cos ka — cos ka) =
= 2cos(k +2)a
73 MPENNOJOXKEHNA WHIYKIIAN. O

3AMEYAHUE. U3 semmer 2 cpa3y BeITekaeT, 910 pi(t) = 2T (% + 1), rge
T} (t) — muOrOwren Yebbuuésa crenenu k.

JIEMMA 3. pi(t) =2+ (t—t) ...~ (t— 1), ede t; = 2(:082‘% — 2. Kax
caedemsue, pr(t) =2 nput > 0.
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JTOKA3ATEIBCTBO. CormacHo JemMMe 2, KODHAME MHOTOYIHA Py (1) — 2
ABIAIOTCA t; = 2 cOS 22777 —2,9=0,1,...,k — 1. HexkoTopsre uucia BcTpeda-
I0TCA cpeau cumcka t; asaxjael. OpHako, ecma d = t, = tj, Tor +j = k,
—4 < d < 0; 3amernm, aTo npu ¢ € [—4,0] BLIIOTHAETCS HEPABEHCTBO

Ip(t)] =2 ‘cos (k arccos %)‘ < 2,

a p(d) — 2 = 0, nosTomy d — BHYTDPEHHAA TOYKA JOKATHHOTO MAKCUMYyMa,
pi(t) — 2 u, kax caegcTBUe, ero KopeHb KpaTHOCTH 2. Takum 006pasoM, MbI
HACUMTANA Kk KOPHEN MHOTOWIEHA Pk (t) — 2; KpoMe TOro, ero crapmui Kosg-

dunmenT pasen 1 (u3 onpenenenma). Torga pi(t) =2+ (t —t1) - ... - (t — tx).
[Ipu 5ToM BCe t; HEMOMOXUTEILHBI, OTKYAA CICAYET BTOPOE YTBEDXKJCHUE
JIEMMBI. U

IIycTs r — HauMenbIiliee HEOTPUIATEABHOE IUCIO TAKOE, ITO HEPABEHCTBO
(M + r)g > 0 BBIMONHAETCA MIA 410601 HEOTPUIATEIHLHON CAPMOHUTECKOU
dbyukumu g. 3amerum, uto (M +2)g = (X3 —l—Xl_l)g > 0 u3 memMmer 1; mosTOMY
r cymecTByeT u He npeBocxoaut 2. Tpebyemoe HepasenCTBO (1) SKBUBATEHTHO
Tomy, ITO 7 = 0.

[Ipeanonoxum, aro r > 0. Pazgemum mmorownen pi(t) ¢ ocrarkom Ha
(t—2(n—=1)(t+r):

pe(t) = (£ = 2(n — 1)) (t + r)qe(t) + re(t), degry < 1. (2)

JIEMMA 4. qx(t) mooxeno npedcmasumo 6 ude

k-2
ar(t) =Y Api(t),
=0

2de A; > 0.

IOKA3ATENLCTBO. IlogcTasum B (2) t = 2cos a — 2 u monoxnM z = €',
Torga t = 2z + 21 — 2, a pp(t) = 2¥ + 27%. CoorBercrrenno, wacrroe gy
NPUHUMAET BU[

ko, o —k —1
_ — -2
ar(z+2"1=2)=—= :Z rk(z+j ) _
(z4+z " =2n)(z+2 "+ (r—2))

= Ap2(ZF P+ 27+ A s (PP 42T o Ao, (3)

oCKoMbKy g, (2 + 21 — 2) cuMMeTpUvHO OTHOCHTETLHO 3aMeHbI 2 — 2 L. 3a-
MeTuM, 9T0 Toraa qi(t) = Ag_opk—o(t)+- - -+ Ag, ub0 mus moboro t HaAMAETCA
Takoe (BO3MOXHO, KOMILIEKCHOE) z, 9To t = z + z ' — 2. [loaTomy Ham HaIO
IOKa3aTh HEOTPULATEILHOCTh KO duuneHToB Aj.

IIpu z — 0o umeem

ez 421 —2) = Ap_02" 2+ Ap_32" 3 4o+ A1z + Ag +0(1).
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C apyrou cTOpOHBIL,

qe(z+27" —2) =
P L TR+ 27— 2)
(z + P 2n)(z + P (r—2)) (z+ 21— 2n)(z + 214 (r—2))

- (z+ 21— 2n)(z +2 1y (r—2)) + 0(1)’

HNOCKOIBKY 7 (t) He Gomee, ¥eM JIMHEEH.
SHAYUT, TIPA 2 — OO

Sk

(z+z'=2)(z 4271+ (r—2)

= A 02" 24 Ap 32" 3 Az + Ay +0(1).

Mogcrasus = 1/z n noMHOXUB HA z*72, nomygaem npu z — 0

1
(22 +1—2nz)(2® +1+ (r — 2)z)

=Ap o+ A 3z +---+ A1$k—3 + Aol‘k_2+

+o(z"7%),
T.e. A; ecTb KodhPuIImeHTH paga MakimopeHa QyHKIINT
1 j—
(22 +1—2nz)(2® +1+ (r — 2)z)
z? -2z +1 1

= = u(z)v(z).

22— 2nz +1 . (2> =224+ 1) (2% 4+ (r —2)z +1) o

[locTaTouHO HOKa3aTh, ITO pAL MaKIopeHa KaxXAOr'0 M3 COMHOXWUTEIeH
Heorpuuarenes. [Iycrs v1 > 1, 9 = 1 /vy — KOpHEU MHOTrOWIEHA 22 —2nz +1,
TOra,

22 -2z +1 . (2n —2)z .
2 —2nx +1 (1-viz)(1 — vaz)
(2n — 2) m—2 [~ >
n — xr 141 1} n — I 1 I 1
=1 ( — ) =1 vz — Vo' | =
+ v — U 1 -z 1 —wox +l/1—l/2 ; 1 ; 2

(e.@)
2n — 2
— 1+ 2225t

vy — 2
=1

u(z) =

rae Bce Koo PUIUEHTHI, O9EBUIHO, MOJOKATEILHEL
Pacemorpum v(x). 3amerum, 9T0 y paga

1

— xr

Bce KO PUIMEHTHI MOTOXUTETbHBIL. Torma, ecmum r = (0, TO COMHOXUTENIb
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v(z), paBHBIU KBaAPATy STOrO PAAA, moJoxuTereH. Eeau xe r > 0, TO

T 1 1 1
zv(2) = —5——— = - o S — - -).
(z®+1—-22)(z°+ 1+ (r —2)x) r\l—2z+z 1+(r—2)z+=z

AHa.]IOFI/I‘IHO OPOBEICHHBIM BBIIIE BBITUCJICHUAM, TMEEM

rae ¢, (' — kopHu Tpexunena 22 +14(r—2)z (oru ipum 0 < r < 2 KOMILIEKCHO
conpsaxens). OCTaIOCh 3aMETUTH, ITO

ClJrl _ C*l*l
S

¢—¢
no>ToMy s (nercTBuTeabHBIX!) KOdhOUIMEHTOB psaga rzv(z) BEpHO HEpa-
BEHCTBO

=10+ T <,

I+1 _ ,—1—1
TOILEEN
¢-¢7 ’
a 3HAMUT, U KO>PdunmenTH paga v () HEOTPUIATETHHEI. O

Paccmorpum oneparoper Qr = qx(M), Ry = ri(M) m npousBoasayIo HEO-
TPUIATEILHYI0 TAPMOHTICCKY0 (byHKIIAIO ¢.

JIEMMA 5. Ryg > 0.
HOKA3ATEJIBCTBO. Umeem

Ryg = Prg + (M +7)(2n —2 - M)Qrg =
=Pog+ (M +7)(Xo+ Xy '+ + X + X, HQug.
3amerum, uto P;g > 0 u3 memwmer 1, a mostomy QQrg > 0 u3 memmer 4. Torga
npumenenue oneparopa (M + r) Kk TApMOHUYECKOU HEOTPUIATENILHON (DYyHK-

uu (X, —i—X{l +- -+ X, + X, 1) Qrg maeT crOBa HEOTPHUTATETLHYIO (DY HKIIIIO.
Orcoga crenyeT yTBepX IeHUe JEMMBI. O

3aBepiIuM [JOKA3aTeIbCTBO TeopeMbl. MTak, MBI MPENNOMOXUIA, TTO

2 —
r > 0. Torma 0 < ¢ = arccosTT < m, m cymecTByer Takoe k, 9TO

/2 < ke < 7. Ilpu sTom k umeem pi(—r) = 2coskyp < 0 cormacHo mem-
me 2. Kpome Toro, u3 nemmer 3 morydaem pg(2n — 2) > 2.
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[Moacrasus B (2) t =2(n — 1) u t = —r, noxyIaem
re(2(n = 1)) = pr(2(n = 1)), ri(=r) = pr(=7),

OTKYya
74(6) = pr(2n — 1)) + (& — 2(n — 1)) CE D)
Torga
Ryg = pk(z(;’(;i)i)—f:(—r) Mg+
pr(2(n—1)) — pip(=7)
+ <pk(2(n—1))—2(n—1) R >g>0,

npudeM KodddunuenT npu M B 3TOM BHIpAXEHWUW TOJOXUTENeH. Pa3meaus
Ha 3TOT KO3(pUIUEHT, MOLYyIaeM

_ 2(n—1)+r B B
(M”’“@(” T e R ”)WO'
O amako
B 2n—1)+r _ 1) —
P2 = D) ) ey 2
— 2 —1) 41— o, gy o

pr(2(n—1)) — pr(-=r)
<2n—-1)+r—2n—-1) =r;
HEPABEHCTBA BHIMOAHAIOTC, 100 pi(2(n — 1)) > 2 > 0 > pi(—r). [lomyaaem

npoTuBOpeYme ¢ BLI6opoMm 7. 3HauuT, r = (), 0TKyga cregyer HepaBeHCTBO (1),
U3 KOTOPOTO, KaK ObLIO MOKA3aHO BHIIIE, W CIEAyeT TeopeMa.

Peter Scholze
e-mail: Peter.Scholze@ueb.de
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O npamberx Cumcona, kpuson IllTenHepa 1 Kyouke
Maxk-Koaa

E. . Kyranua

B crarbe paccMaTpUBalOTCA BOIPOCHL, 3aTPOHY THIE B [3], a TakXKe mpu-
BOJAUTCSA pelreHue 3amadn 8.4 m3 3a1avHuKa «MaTeMaTUuIecKoro mpocse-
MIEHUA) .

1. BBOIHBIE 3AMEYAHUA

Hamomuum cHaxama HekoTOpwIe ompeaerenud. [lycts P — Touka B mioc-
koctu Tpeyroabuauka ABC, A1, By, C1 — OCHOBaHUA MEPIEHANKYIAPOB, OITYy-
menabix u3 Todku P ua npaveie BC, CA, AB coorsercrenno. Torma Tpe-
yroasauk A B1C} Ha3bIBAeTCA MEIATBHBIM TPEYTOILHUKOM TOYKYU P OTHOCH-
TenbHO Tpeyroabuuka ABC. Ipambie, Tpoxoagimme Yepes BEpUInHy TAHHOTO
yIJa, U CUMMETPUIHBIE OTHOCUTENHHO OUCCEKTPUCHL DTOTO YIUIa, HA3BIBAIOTCS
M30TOHAJIBHBIMYA OTHOCUTEIHHO 3TOr0 yriia. OKpyX)HOCTb, Ha, KOTOPOU JIEXAT
CepequHbI CTOPOH TPEYTOILHUKA, OCHOBAHUA €T'0 BBLICOT U CEPEAWHBI OTPE3KOB
OT BEpIIVH [0 TOYKU HEePECeTeHNs BHICOT (OPTOLEHTPA), HA3BIBAETCA OKPY K-
HOCTBIO DWIEPA WIN OKPYXKHOCTBIO AEBATHU TOYEK DTOT'O TPEYTOJbLHUKA.

[IpuBegem HOpMyIUPOBKHU TeX TeopeM u3 [3], KOTOpbIe MOHALOGATCA HAM
B 5TOM cTaThe. 2Keramomue MOryT HAUTHU UX NOKA3aTelbCTBA B [3], M gero
B CKOOKaxX IPUBOMATCA HOMEPa DTUX TEOPeM, KOTOPbIe OHU UMEIOT B [3].

TEOPEMA 1 (7). IIycts P — Touka, He JeXaImas Ha OMUCAHHOU OKPY K-
moctu Tpeyroabanka ABC. Torga mpaMbie, M30MOHAILHBIE COOTBETCTBEHHO
npameiM PA, PB, PC otHocuTensuo yrioB A, B, C' »TOro TpeyroibHUKA,
nepecekalTca B OfHOU Touke P’

Touku P u P’ Ha3bIBAIOTCA M30TOHATLHO COMPAXKCHHBIMI TOIKAMM OTHO-
cutenbHO TpeyroabHuka ABC win mpoCcTO M30TOHATLHBIMEA TOYKAMU.

B mambHemimeM MBI TTOKAXEM, UTO €CIM TOYKA P JeXUT HA OMUCAHHOU
okpyxHuOCTU Tpeyroabauka ABC, TO npsamble, ©30roHAILHBIE TPAMBIM P A,
PB, PC otuocurensuo yrios A, B, C, napamiensusl. Jlerko BugeTs, 9TO
[EHTP OMUCAHHOU OKPYXHOCTHU TPEYTOJLHUKA U TOUKA MEPECEUCHUA ero BhI-
COT M30TOHAIBLHO COMPAKEHHI.

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(243-264)
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TEOPEMA 2 (9). Iycte P u P! — ToYKH, M30TOHAJIBHO COMPAXKEHHBIE
orHOCHTEnbHO Tpeyromsauka ABC, a A1B1C) u A| B|C| — negambuble Tpe-
YTOTBHWKY 3TUX TOYeK. Toraa BepmmHbl Tpeyroasaukos A1 B1Ch n A} BiC
JeXAT HA OJHOU OKPYXKHOCTH.

Tax kak meHTp O OMUCAHHON OKPYXHOCTH TPEYTrOJILHUKA U TOUKa H me-
pecedeHus ero BBICOT M3OTOHAJBHBI, TO U3 TEOPEMBI 2 CPa3y Xe BLITEKAeT,
9TO CEPEeNUHBI CTOPOH MPOU3BOJBLHOIO TPEYTOJbHUKA U OCHOBAHUA €0 BhI-
coT JexaT Ha ogHou okpyxuocTu. O6o3uadum yepes AH,, BH,, C'H3 BBICO-
THI HEIPAMOYTOIbHOrO Tpeyroabauka ABC. Torga Tpeyroasuuku AHoHg,
BH3H,, CH{H> nogo6ust Tpeyroabauky ABC ¢ kosddunumentamu mogobus
| cos A|, | cos B|, | cos C| coorBeTcTBEHHO.

Takum o6pasom, Tpeyroabuuku AHoHs, BH3H,, CH|H> sBrawoTca
YMEHBIIEHHBIMA KOMUAMEA Tpeyroabanka ABC, mo3TOMY MOXHO PaCCMATPH-
BaTb TOYKU, OJUHAKOBO PACIOJIOXKEHHBIE OTHOCUTENBHO IO J0OHBIX TPEYTOlb-

HHUKOB ABC, AH2H3, BH3H1, CHlHQ.

TEOPEMA 3 (10). Iycts Ay, By, C; — npoeknuu Touku P Ha CTOPOHBI
(unu npogoaxenus cropon) BC, CA, AB tpeyroavuuka ABC; Py, Py, P3 —
TOYKM, CUMMETPUIHBEIE P oTHOCUTENbHO cepeauu ctopon B1Cy, C1 Ay, A1 B
Tpeyroabauka A1B1Cy; Hy, Hy, H3 — ocuoBanus Buicor AH|, BHy, CHjs
rpeyroabauka ABC. Torga Ttouku P, P;, P, P3 OAWHAKOBO PACIOIOXEHBI
o oTHoIeHno K Tpeyroasunkam ABC, AH,H3, BH3H,, CH;Hs cooTBeT-
CTBEHHO.

CHneactBUE 1. Ilyctes Ay, By, C1 — mpoekmuu TOYKu P Ha CTOPOHBI
(mmm mpogomxenusa cropon) BC, C A, AB tpeyronsauka ABC; Hy, Ho, H3 —
ocuoBauus BuicoT AH1, BHs, C Hs Tpeyroasauka ABC'. Torga Touku P, Ps,
P3, 0iMHAKOBO PACIOMOKEHHBIE ¢ TOUYKON P 10 OTHOIIEHNIO K TPEYTOIbLHUKAM
AH,H3, BH3H, CH{Hy, ABC', cOBIagaroT ¢ OpTOLEHTPAMHA TPEYTOILHUKOB
ABCy, BC1Ay, CA1B;.

CaenctBUE 2 (5). Ilycrs Hy, He, H3 — ocuoBanusa seicor AHy, BH,
CHj tpeyromsuuka ABC; Touku P, Pj, P, P; 0IUHAKOBO PACIOIOXEHBI
mo oTHomeHwio K Tpeyroabaukam ABC, AH,H3, BH3H;, CH;H cooTt-
BeTCTBEHHO. Torga TpeyronbHuk P;P,P3; paBeH negaibHOMY TPEYTOIbHUKY
A1 B1C} Touku P orHOCUTENRHO Tpeyroabuuka ABC, nmpuyem CTOPOHBI TPe-
yroapaukos Py PoP3; u A1B1C] COOTBETCTBEHHO MapAJLIEAbLHEL.

TEOPEMA 4 (11). IIycts P — npomsBoabHAsS TOYKA B IVIOCKOCTH Tpe-
yroabauka ABC, He nexamaa Ha ero onucanuoun okpyxuoctu; AH,, BHo,
C H3 — ero BbICOTHI, iepecekaoinuecs B Touke H; Ei, Fo, F3 — cepenunsl
orpeskos AH, BH, CH; Py, P, P; — TO4YKH®, OIUHAKOBO PACIIOJOXKEHHBIE C
P oraocureasno Tpeyroasunkos AHyHs, BH3H, CH1Hy, ABC cooTet-
creerno. Torga npavsie B P, EsPy, E3P3; nepecekaoTca B TaKOU TO4Yke K
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OKpYXHOCTH Junepa Tpeyroibanka ABC, Uepe3 KOTOPYI MPOXOAUT OIU-
CAHHAA OKPYXKHOCTDb MEeJATHLHOrO TPEYTrOMbHUKA TOYKYM P OTHOCUTENBHO Tpe-
yroasauka ABC.

2. IIrpaMblE CUMCOHA

Paccmorpum Tenepns konduryparuio, uzobpaxennyio ua puc. 1. [Ipose-
pem depes oprouenTp H Tpeyrombuauka ABC npaMyio, KOTOpas Mepeceder
ONMCAHHBIE OKPYXHOCTU Tpeyroabuukos AHoHs, BH3H,, CH1H, B TOUKax
P,, Py, P. cOOTBETCTBEHHO.

Tak kak LPaHHZ = 4PCHH2 = 4PbHB, a 4AH2H3 = LCH2H1 =
= ,HBHj3, Tto Touku P,, P,, P, ooiuHAKOBO PACIOJOXEHBI OTHOCHUTEIHLHO
nogo6ubIx TpeyroasuukoB AHoHs, BHsH, CHy H>. Illycts P — ToOuka, oqu-
HAKOBO pAaCIoJoXeHHad ¢ Toukamu P,, P, P. OTHOCUTEILHO TPEYyTOJIHLHUKOB
ABC, AH,Hs, BHsH, CHH>; H,, Hy, H. — oCHOBaHHUA MepICHINKYJIA-
poB, omnyineHHbix U3 ToYku P Ha npaveie BC, CA, AB cOOTBETCTBEHHO.
Torga coraacuo caencreuto 1 Touku Py, P., P, coBmagaioT ¢ OpTOIEHTPAMHA

H,
P B
Py
H,
Hj
P} > h
P,
A T, C
H,
P,

Puc. 1.
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Tpeyroapaukos H,BH., H,C Hy, H.AH} coorBeTcTBenHo, T.e. BP, | H,H,,
CP. 1 H,H,, AP, 1. HyH.. Ho ,\BP,H = ,CP.H = /AP, H = 90° kxax Bnu-
CAHHBIE YIVIBI, ONMUPAIONINECT HA, NUAMETPHI ONMUCAHHBIX OKPYXHOCTEH Tpe-
yroamsuukos BH3H,, CH1Hy, AHyHs, nosromy H,H, | P,H, H,H, | P.H,
HyH, || P,H. Becnomuus, aro Touku P,, Py, P,, H nexat Ha OQHOU IPAMOWN,
mony4uaem, uro u Touku H,, Hy, H. Takxe mexat Ha oguou mpsmou. Kpo-
me toro, H H, = P,P,, HyH. = P,P., H.H, = P.P, xax TpOTHUBOIIOJOX-
HBIE CTOPOHBI mapasreaorpammos P, HyH, Py, P.HyH.P,, P,H.H,P.. Taxum
00pa3oM, CleACcTBUE 2 CIOPABEIJINBO W B CIyYae BBIPOXIEHHOTO IMETAIBLHOTO
TpeyroabHuKa. MTak, Mbl OPUILIA K CICAYIOIMIEMY Pe3yJbTATy: OCHOBAHUI
MEepIeHINKYIAPOB, OMYIIEHHLIX U3 TOYUYKN, B3ATON Ha OMUCAHHON OKPYXKHOCTH
TPEYrOJbHUKA, HA, €r0 CTOPOHBI WK MPOAOMKEHUA CTOPOH, JeXAT Ha, OJHOU
IPAMOU.
OTa mpAMas Ha3bBaeTcsa npamon CuMcoHa.

TEOPEMA 5. Ilpamas Cumcona Touku P OTHOCUTEIBHO TPEYTOIbHUKA
ABC mpoxogut [epes cepenuny oTtpeska PH, rme H — opTouenTp Tpe-
yroasauka ABC.

[TOKA3ATEJBLCTBO. Bepuemcs k mamren koudurypamun, u3o0paxeHHon
ma puc. 1. Mu ycranosunu, aro npamasa P, P, P. mapamiensaa npamon Cumco-
Ha TOYKHU P, 0IMHAKOBO PACIOIOXKEHHON ¢ ToUKaMmu Py, Py, P. 0THOCHTEILHO
Tpeyroasaukos ABC, AHoH3, BH3H, CH{H> COOTBETCTBEHHO, OITOMY
corsacuo Teopeme 3 Touku P,, Py, P, cumMmeTpudas ToYke P oTHOCHTENIHHO
cepenun orpeskoB Hy,Hy, HyH., H,Hy. [pyrumu croBamu, npsamvas CumMco-
ua HyH.H, Touku P nupoxomut uepe3 cepeauusr orpeskos PP,, PP, PP,,
a, 3HAIWT, U vepe3 cepexaumuy orpeska PH (mamomuum, aro npavas P, PP,
npoxoaut depes H). O

Naree, mycts P) — TO4UKa, AMAMETPAIbHO IPOTUBONONOKHAA Fj, OTHO-
CHTEIbHO ONUCAHHOM OKpyXHOCTH Tpeyroabuuka BH3H,. Torga ,PJHP, =
= 90°, T.e. PJH | P,H, no P,H napanreibta npsamon Cumcona Toukn P’
IUAMETPAIBHO TTPOTUBOIOJOXHON TOIKE P OTHOCUTEIBLHO OMUCAHHON OKPY K-
mocTu Tpeyroabuauka ABC.

Taxum 06paszoM, TOJYIEHO

[TPEATOXKEHUE 1. Ilpsameie CuMCOHA AUAMETPAIBLHO TPOTUBOIOIOKHBIX
TOYEK INEePICHINKYJIADHBL

[MycTs Touka P ABUXETCA IPOTUB YACOBOU CTPEIKU [0 ONUCAHHOU OKPY K-

HoCcTH Tpeyroabunka ABC ¢ MOCTOAHHON YTMIOBOU CKOPOCTHIO w. Tormga yrio-
1 1

Boie mepet ayr BP u BP, pasust u /BHP, = §VBP(’ = Ewt. ODTO O3HAYAET,

aro upamasa P, P.H P, Bpamaerca BOKpYTr TOYku H M0 IacoBOM CTPEIKE C IO-
CTOAHHOU yII0BOU cKOpOCThIO w/2. [Ipamas Cumcona Touku P, napanienbHas
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upsamon P, Py, Takxke BpalaeTcs ¢ yIIOBOM CKOPOCTHIO W/ 2 0 IaCOBOU CTPEJ-
K€ BOKDPYT' HEKOTOPOT'O MEPEMEHHOrO IeHTpa BpammeHwusd. [pyrumu caoBamu,
eciu pagauyc OP Bpamaercs ¢ MOCTOSHHOU YIJIOBOU CKOPOCTBIO W, TO MPAMAs
Cumcona Touku P BpamaeTcs ¢ MOCTOAHHOU YIIOBOU CKOPOCTHIO —w /2.

[MPEAAOXKEHUE 2. Ilpamaa Cumcona Touku P, jgexamen Ha OMUCAHHOU
OKPYXHOCTH Tpeyroibuuka ABC, mephneHInKyIapHa TPAMBIM, CAMMETPUY-
oM npaMmeiM PA, PB, PC otHOcuTensHo GuccekTpuc yraos A, B, C' Tpe-
yroabauka ABC coOTBETCTBEHHO.

[TOKABATEJLCTBO. [Iposemem otpesku AP,, BP,, CP.. Tak kak oT-
pesku AH, BH, CH ABIAIOTCA IUAMETPAMUI OMUCAHHBIX OKPYXHOCTEUN Tpe-
yromsuaukos AHsHs, BH3sH, CH Ho, 0 /AP,H = /BP,H = ,CP.H = 90°
u nooromy orpesku AP,, BP,, C P, napamteisusl. Ho mockoasky Touku P,
P,, Py, P. oquHAKOBO PACIOMOXKEHBI OTHOCUTEILHO Tpeyroabuukos ABC,
AH,H3, BH3H,, CH{Hs, To npsameie AP,, BP,, CP. cuMmMeTpUYHBI pP5-
meiMm AP, BP, C' P oraocurensuo ouccektpuc yriuos A, B, C' Tpeyroisuuka,
ABC'. OcTanoch TOIBKO BCIIOMHUTE, ITO nipaMasn P, P.H P, mapaireabaa mps-
mou Cumcona Touku P. O

Ucnonn3oBaB onpeneieHne w30rOHAJIbBHBIX IPAMBIX, IPEI0XKEHUEe 2 MOXHO
nepedOpMyINpPOBATE CIAEAYIOINM 0O6pa3oM:

[MPEAAOXKEHUE 3. Ilpamaa Cumcona Touku P, jgexamen Ha OMUCAHHOU
OKpy®)HOCTU Tpeyrombauka ABC, meprneHquKyIapHa MPAMBIM, U30TOHATh-
oM nipambiM PA, PB, PC otmocurensuo yrios A, B, C' TpeyroabHumKa

ABC.

3aMeTuM, 9TO MOMYTHO MBI JOKA3AIN, YTO A TOUYKA P ONuCaHHOU OKPY K-
Hoctu Tpeyroabuuka ABC mpsambie, m3oronaabubie npameim PA, PB, PC
otHOCcUTenbHO yrioB A, B, C' Tpeyrombhuka ABC, mapamreabHbl. Bynem
CYATATH, 9TO NAPALIETHLHBIE TIPAMBIE TIEPECEKAIOTCA B 0ECKOHEYHO Y IAIeHHON
touke. Torga MoOXHO cKa3aTb, 9TO Touka P, msoronanbHas Touke P, mexa-
e HA OMUCAHHOU OKpPyXHOCTEH Tpeyroabuuka ABC, 6eCKOHETIHO ymaJeHa.
Bepuo un o6paTHoe, T.e. Touka P, uzoronanbuas 6ECKOHETHO YIAJEHHOU TOY-
ke P’, ornHocurensro Tpeyronbauka ABC, 1eXuT Ha ONMMCAHHOU OKPYKHOCTH
DTOT0 TPEYroJdbHUKA. [pyruMu cioBaMu, CIpaBeIInBO

[TPEANOXKEHUE 4. Ilpambre £, £y, £, M30TOHAIBHBIE MAPALICIHLHBIM IIPA-
MbIM £, ¢}, ¢, oTHOCcHTenbHO Tpeyronbruka ABC, mepecekaloTcsa B TOUKe,
JeXalen Ha OMUCAHHOU OKPYXHOCTH 3TOT0 TPEeyTrOJIbHUKA.

HenmocpencreenabiM crencTBueM npemaoxenus 4 aBaseTcs

TEOPEMA 6. [lycTts mpamaa /¢, mpoXoAAmias <depe3 IEHTp OMUCAHHOU
OKpyx)HOCTU Tpeyroabunka ABC, 0quMHAKOBO PaCHOIOXKEHa, C MPAMBIMEA £,



248 E. /1. Kyragnna

Ly, £, orHOCUTEALHO Tpeyroabaukos ABC, AHyHz, BHsH,, CH H5. Torga
npsambie g, fy, £, TEPpECEeKaIOTCA B TOYKE, JeXKAIIel HA OKPYXHOCTHA JUIEpPa
TOrO0 TpeyI‘OJH)HI/IKa,.

[IOKA3ATEJLCTBO. [lycts F — menTp okpyxHOCTEH Junepa, a H — op-
TouenTp Tpeyroabuuka ABC; Ei, Fo, E3 — cepenunnt orpeskoB AH, BH,
CH. llposegem depe3 Touky F mpamyio £, mapamienbHyo /, a depe3 TOd-
ku Fy, Ey, F3 — npausie £,, {y, £., OMUHAKOBO PACIOJIOXEHHBIE C TIPAMOUN
¢ orocurensuo Tpeyroasaukos ABC, AHsHs, BH3H, C HiH5. Tlockomnn-
Ky Tpeyroasuuku AHoHs, BHsHy, CHyHs tipu cCUMMETPUU OTHOCUTEIBLHO
COOTBETCTBYIOIINX OuccekTpuc Tpeyroabauka ABC mepexoaaT B TPeyroib-
HUKY, PTOMOTeTUIHbIe Tpeyroabauky ABC, To npavbie £q, £y, £, m30rOHATLHBI
OTHOCHTEIBHO Tpeyroabuuka [ Ey By npambiv £, ), ¢\, mapaiieIbHbIM Ips-
Mou /1 M IPOXOJAIIMM dUepe3 BepUIMHLI TpeyroabHuka L FsFs. IlosTomy B
cuny npemiaoxenus 4 npameie g, £y, £, TEpeceKalTCA B TOYKE, JEXKAIIen Ha
ONMCAHHON OKPYXHOCTH TPEYroabHuKa F1FoE3, coBOAZAOMEN C OKPYXHO-
cThIo Junepa Tpeyroasauka ABC. O

TEOPEMA 7. Ilycts P — mpoOW3BOMbHAS TOYKA OMUCAHHOU OKPYXKHOCTHI
Tpeyroabuauka ABC; AHy, BHy, CH3 — ero BBICOTBHI, TEPECEKAOIINECA B
Touke H; F1, Fy, F3 — cepenuunt orpeskos AH, BH, CH; P, Py, Py — T0o4-
KN, OQMHAKOBO DPACIOJIOXKEHHBIE ¢ P OTHOCHTEILHO TpeyroabHukos AHoHs,
BH3H,, CH{H>, ABC coorsercrerno. Torga mpaveie [Py, EoPy, E3Ps
epeceKalTCa B Takou Touke K okpyxHOCTH Junepa Tpeyroabuuka ABC,
gepe3 KOTopywo npoxoauT mnpsamas Cumcona Todku P OTHOCUTENBHO Tpe-
yroasuuka ABC.

[IOKA3ATEJLCTBO. O6o3uauum depes A;, By, C; mpoeknuu Touku P
ua cropoust BC, CA, AB Tpeyroasuuka ABC, ,CAB = o, /ABC = (3,
+BCA = v (puc. 2). Tak xak P, u P; — opTouenTpsl Tpeyroasaukos A; BCy
u B1CA; (cm. crepcrsue 1), To

s PyAI Py = ,PyA1C + ,P3A1C =90° — ,C1PyA +90° — ¥ =
== ].800 - 401P2A1 - .
Ho ,Ci1P,A; = ,C1PA| xak IPOTUBOMOJOXHBIE YIVIbI MAPALIEIOTPAMMA,
PAP,Cy, a ,C1PA; + ,C1BA; = 180°, mOCKOILKY YeTHIPEXyTOJbLHUK
PABC, suucannw (,PA;B + ,PC1B = 90° + 90° = 180°). TTosTomy
4P2A1P3 = (1800 — LCngAI) -7 = LCIBAI -7 =
== ].800 - B -y =a= LEZKE?, == LPZKP?,.
U3 pasencrsa yrimos PoK Py u P, Ay P3 caegyer, aro Touku Po, K, Ay, Ps

JeXAT HA ONHOU OKPYXHOCTU. AHAJOTMIHO MOKA3BIBAETCA, ITO TOUKM Pj,
By, P, K Takxe JeXaT Ha OJHOU OKPYXHOCTH.
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[anee, Tak Kak Touka C7 JexuT Ha npamon Cumcona A, By, To ,B1C1 P+
+ 4P01A1 = 1800, HO 43101P = 4A1P2P3, 4A101P = LBlplpg KaK YIVIbL
C COOTBETCTBEHHO MAaPaLIEILHBIMA CTOPOHAMW, 8 W3 BIMCAHHBIX YTETHIPEX-
yroasaukos A1 Po P3K u By Py P3 K maxomgum

+PsKA) =180° — A1 PoP3; = 180° — ,B1C1P = ,PC1 Ay,
+PsKBy =180° — ,B1P,P; =180° — /A,C P = ,PC,B.

Oxonvarensuo moaydaeMm ,B1K Py +  P3sKA, = ,PC A + ,PC{By = 180°,
OoTKyma crexyer, 9To Todka K aexut Ha mpamoun Cumcona A Bj. (|

[Mpsamele CuMcoHA MOXHO CUMTATHL OMUCAHHBIMU OKPYXHOCTAME OECKO-
HeYHO OOJBUIOrO paluyca BBEIPOX JEHHBIX MeNATbHBIX TPEYTOILHUKOB, IIO3TO-
My TeopeMa 7 SBIAETCSA AHAJIOTOM TeopeMbl 4, m, 60jee TOro, STU TEOPEMBI
MOXHO OOBETUHUTDH B OJHY:

TEOPEMA 8. Ilycts P — mpousBoAbHAsA TOYKA B IIOCKOCTU TPEYTOlb-
wuka ABC; AHy, BHy, CH3 — ero BBICOTHI, IepeceKaomuecs B Touke H;
E., Ey, E3 — cepenunst otpeskoB AH, BH, CH; Py, P, Py — Touku, oqu-
HAKOBO PACIOIOXeHHbIe ¢ P oTHOCUTENRHO Tpeyroabuukos AHoHs, BH3H
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CH{H,, ABC coorBercrBenno. Torga npamoie P, EsP,, E3P; mepece-
KaloTca B Takou Touke K OkpyxHOCTE Juiepa Tpeyroasuuka ABC, gepes
KOTODPYIO IIPOXOAUT ONMNCAaHHAIA OKPYXHOCTH MEAAJIBHOTO TPEYT'OJBbHUKA TOYI-
ku P orHocuTensHO Tpeyroabauka ABC.

Teopemy 8 MOXHO mepedOpMyJINpPOBATE CAEAYVIOMNUM 06pa30oM:

TEOPEMA 9. Ilycte P — mpom3BOJbHAS TOYKA B INIOCKOCTHA TPEYTrOlb-
uuka ABC; AH,, BHy, C H3 — ero BBICOTHI, EpeCEKAOIMEca B ToUke H;
E,, By, E3 — cepenuunt orpeskos AH, BH, CH; O — 1eHTp OMUCAHHOU
okpyxuocTu Tpeyroabuuka ABC; {1, {5, {3 — npsamble, mapaLierbHbIe TPs-
mout OP u npoxopasamue depe3 Touku Ey, By, E3 coorBeTcTBenHo; ¢, 5, 5 —
MpAMbBIe, U30TOHAIBHEIE /1, {9, {3 OTHOCUTEIHLHO Tpeyroabuuka Fi EyFE3. To-
rpa npsamete £, £, 04 nepecekaiorcsa B Takou Touke K OKpPYyXHOCTH DUIepa
Tpeyroabauka ABC, depe3 KOTOPYIO MPOXOAUT OMUCAHHAA OKPYXHOCTH TIe-
TAJTBHOTO TPEYTOMbHUKA TOYKU P oTHOCUTEnsHO Tpeyroabuuka ABC.

TEOPEMA 10. IIpsvmeie Cumcona aumaMeTpanbHO TPOTUBOMOIOXKHBIX TO-
qek P u P’ mepneHAuKyIApHEL ¥ IEPECEKAIOTCA B TOUKE, JEKAIIEH HA OKPYX-
HOCTH JDunepa Tpeyroabanka ABC, nputdeM BTOPbIE TOYKHU TEPECEICHUA DTUX
IPAMBIX C OKPYXHOCTBIO JWIEpa ABIAIOTCA KOHIIAMU €€ IuaMeTpa, Mapa-
neasHOTO PP’.

[ OKA3ATEJBLCTBO. Cornacuo Teopeme 7 npambie CUMCOHA AUAMETPATb-
HO IPOTHUBONOJOXHLIX TodeK P u P’ mepecekarorca B Touke K, Texaien Ha
OKpyx)HOCTHU Jiaepa Tpeyroabauka ABC.

Ho, xax 6bumo ycranoBaeno Beime (cm. mpepmoxenue 1), npavere Cum-
COHA MUAMETPAIBLHO MPOTHUBOMOMOKHBIX TOYEK MEPIEeHIUKYIAPHLI, TOITOMY
K K| — puamerp okpyxHOCTH Juepa, rae Ki u K| — BTOpbIE TOUKH me-
pecevenusa npambrx Cumcona Todek P u P’ ¢ okpyxHOCTEIO Duiiepa (puc. 3).

Pacemorpum mpsamyo Cumcona ¢ Touku P. Touka K mepecedenus 3Tou
MPAMOU C OKPYRHOCTBIO JWIEPa COBMATAET C TOYKOU MEPECETEHUA TPAMBIX
E\ Py, Ey P>, E3P3, 0oTUHAKOBO PACIOMOXKEHHBIX ¢ TpAMou O P 0THOCHTETHHO
rpeyroasuukos AHyHs, BH3H,, CH1Hs, ABC (O — kax Bcera meHTp OIu-
caHHOU OKpyXHOCTH Tpeyroabauka ABC). Bropas Touka K; mepecedeHus
npamvou Cumcona ¢ Todku P ¢ OKPpYXHOCTbIO JWIEpa COBMAAAET COTIACHO
TeopeMe 5 ¢ cepenuHoun orpeska PH, rme H — OpTOIEHTD TPEYrOILHUKA
ABC.

Ananormaro, Touka K| cosmagaer ¢ cepegunon orpeska P'H, u, Takum
o6pazom, nuamerp K1 K| OKpyXHOCTH DUIEpPa ABIAETCA CPENHEN THHAEN TPe-
yroasauka PHP' u, cregoBarensno, mapamienes guamerpy PP [l

3AMEYAHUE. Iycts P’ — GeckoHEYHO yaaleHHaA TOYKA, W30TOHATLHAA
Touke P. Torga Touka K;, coBmajgawolmas C cepeamHou oTpeska PH,
M30TOHAMLHO compsaxeHa ¢ P’ orHocuTensno Tpeyroabuuka By FEoF3 (cMm.
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Ky

Pl

Puc. 3.

npepnoxenus 2—4). Torga, ecan caurars npamyto Cumcona ¢ Touku P obuen
nefalbHON OKPYXHOCTBIO TodeK P m P’ To Teopema 9 GyaeT copapBeaausa n
s 6eCKOHEeIHO yaateHHon Touku P’.

Hamomuum, ato Toukon Te6o HA3BIBAETCA TAKasd TOUYKA OKPYKHOCTH JU-
naepa Tpeyroabunka ABC, B KOTOpOU TEPECeKaioTca MpAMBIE JWIepa Tpe-
yroapuukos AHoHs, BH\H3, CH{H>, roe Hy, Hy, H3 — OCHOBAHWA BBICOT
rpeyroasuauka ABC.

CaencTBUE 3. Ilycts mpamas dunepa Tpeyroasauka ABC mepecekaet
ero ONMMCAHHYIO OKPYXHOCTH B Toukax P u P'. Torga npambie Cumcona Touex
P u P’ nmepecekatorca B Touke Te60 Tpeyromsauka ABC.

CaEnCTBUE 4. [Ipamebie CuMcoHa KOHIIOB AUAMETPA, OMUCAHHOU OKPY K-
HOCTH TPEYTOILHUKA, MPOXOAAMET0 Uepe3 MEeHTP ero BIUCAHHOU OKPYIKHO-
CTH, MEPECEKAIOTCA BO BHYyTpeHHen Touke PerepbHaxa dTOr0 TPEYroIbHUKA,
a npsamble CUMCOHA KOHIIOB UAMETPOB, TPOXOAAIIAX YePe3 MEHTPHI BHEBITHU-
CAHHBIX OKPYXHOCTEH, TEPECEKAIOTCA BO BHEIMHUX TOoUYKax Pemepbaxa »TOro
TPEYTrOILHUKA.
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TEOPEMA 11. Ilycts P u P’ — amameTpalbHO IPOTHUBOIOIOXKHELIE TOT-
KU OMUCAHHOU OKPyX)HOCTU Tpeyroabauka ABC, K — Touka mepecedeHus
npamerx CumMcona Todek P u P/, nexamas Ha OKPYXHOCTH Diiepa Tpeyromib-
uvka ABC, K1 u K| — BTOpBIe TOUKH nepecedennsa npaMbix CuMcoHA TOIeK
P u P' ¢ okpyxHOCTBIO Ditepa, Ky — TOYKa, CAMMETPUIHAA OPTOIECHTPY
H oraocurensuo Touku K.

Torga npsamas Cumcona touku Ky nepneHaukyaspHa guamerpy K K|
OKpyx)HOCTHU Jiaepa Tpeyroabuuka ABC.

JOKA3ATEJILCTBO. Bepremcs k puc. 3. Ilycts K — ToUYKa OKPYXHOCTH
Ounepa Tpeyroabauka ABC, a Ky — Touka, romorerudnas K ¢ meHTpoMm
romorernu H u xo3ddumumeHToOM roMmoTeTun 2.

Kak mbr yxe rosopunu, npaveie K Fy, KF;, K E3 n30ronaibHbl qrame-
rparbaOl mpamon PP’. Tloaromy u mapamienrsasie uM npameie Ky A, Kp B,
Ky C rakxe M30rOHAIBHBI 5TOU mpamMon. Ho, Kak MbI 3HAEM (CM. IpegIoxe-
uue 2), npamas CuMcoHa ToUku P nepneHguKyaapHa IapaiieIbHBIM IPAMBIM,
u3oroHaidbHbeM psaMbiMm PA, PB, PC. Orcioga ciegyer, aro npamas Cumco-
Ha Touku Ky nepnenaukyaapHa amameTpy PP, a, 3HAMAT, 1 DapaLIeIbHOMY
emy puamerpy K K| okpyxHocTu Dunepa tpeyroasauka ABC. O

CaencTBUE 5. [lycrs Ty — TOYKa, CAMMETPUYHAA OPTOLEHTPY OTHOCH-
TenbHO TOUKKM Tebo mpomsBoabHOTO TpeyroabHuka. Torpa mpamas CuMmcoHa
TOYKYU Ty MEePHeHIuKyYIAPHA IPAMOU JUIEPa, STOr0 TPEYTOJLHUKA.

CIEACTBUE 6. IIpamas CuMcoHA TOYKH, CUMMETPUTIHOU OPTOIEHTPY
IPOU3BOJBHOI'O TPEYTOJNBHUKA OTHOCUTEJIBHO €ro BHyTpeHHeﬁ TOYKN (Defl—
epbaxa, MepneHIuKYJIAPHA TPAMOU, TPOXOMAIIEH Yepe3 MEHTPhI BIUCAHHOU 1
OMMCAHHON OKPYXHOCTE! 3TOr0 TPEYrOMLHUKA.

[lokaxxeMm Tenepsb ClIeqyIOIIee yTBEPX IeHUE:

[TPEANOXKEHUE 5. Iycts Tpeyroasauku ABC u A'’B'C’ ¢ opronenTpa-
vu H u H' wmeroT o611yio OKPYyXHOCTH Jepa.

Torga, ecmm Kakue-mab0 IBE B3AMMHO TEPIEH UKy IApHBIE mpaMbie Cum-
cona tpeyrombauka ABC coBmagaroT ¢ KaKUME-TAGO AByMA B3aWMHO HEp-
neHuKyaApabIME npaMmbivu Cumcona Tpeyroasauka A'B'C, To coBmagaoT
1 BCce ocTambHbIe TpAMble CHUMCOHA DTUX TPEYTOJILHUKOB.

JOKA3ATEILCTBO. Kax caenyer u3 Teopemsr 10, coBmagaromme npsaMbie
Cumcona PiK u P, K Tpeyroasaukos ABC u A'B'C’' asraoTca npambiMu
CuMCOHa KOHIIOB MapaieqbHBIX IMaMEeTPOB ONMCAHHLIX OKPYXHOCTEH Tpe-
yromsaukos ABC u A'B'C’', nonywaromuxca w3 gmamerpa PP, ux obmein
OKPYXHOCTH DUIepa TOMOTETHAMH C TeHTpamu B Toukax H u H' u xoapdu-
nuenToMm 2 (puc. 4).



O npamerx Cumcona, kpusou IllTennepa u kyouke Mak-Koa 253

Puc. 4.

Haumem BpamaTh 5TH mapajlieqbHBIE AAAMETPHI BOKPYT HEHTPOB COOT-
BETCTBYIOIINX OKPYXHOCTEN B OAHY M Ty X€ CTOPOHY C OAUHAKOBOU YIVIOBOM
CKOPOCTBIO, TOT[a C TOU XKe YIIOBOU CKOPOCTBIO M B Ty XK€ CTOPOHY Oy-
JeT BPAIIATLCA U COOTBETCTBYIOIIAN STUM AMaMeTpaM auameTp P Py obmen
okpyxHOCTE Duaepa Tpeyroasankos ABC u A'B'C'. llpambie CuMcoHA KOH-
OB BPAIAIOIIAXCA AMAMETPOB OyyT TPOXOAWTE I€PE3 CEPENUHBI OTPE3KOB,
coeamHAOMUX 3T KOHNLI ¢ Toukamu H u H' (nna xoHnmos numamerpa onu-
CaHHOU OKpyXHOCTEH TpeyroiabHuka ABC — ¢ H, a I1a KOHIIOB BTOPOTO
muamerpa — ¢ H'), T.e. uepes Touku P| u P;.

Ho, xax 6b110 ycTaHOBIEHO paHee, mpamble CHMCOHA KOHIIOB TAPAJLICThb-
HBIX IMAMETPOB OyAyT BPAIlAThCA BOKPYT TO4YeK P| m P B IPOTUBOMOIOX-
HYIO CTOPOHY C yIVIOBOM CKOPOCTBIO B IBA Pa3a MEHBIIE CKOPOCTHU BPAICHUA
HAPALIETLHBIX AAMETPOB.

Nrax, npamele CUMCOHA KOHIOB MAPALIGIbHLIX AUAMETPOB OMUCAHHBIX
okpyxHocTenn Tpeyrorbaukos ABC u A'B'C’ B HavanbHBIM MOMEHT BpeMeHM
COBHAJAIOT, a 3aTE€M HAYMHAIOT BPAIATHCA BOKPYT OJHUX W TEX XK€ TOYeK
P, u P, B OHYy U Ty Xe CTOPOHY C OJWHAKOBLIME YTJIOBLIMEA CKOPOCTAMHA U
MOPTOMY COBHAJAIOT B JIOOOW MOMEHT BPEMEHHN.

Boaee Touno: nycts O u O — HeHTPHI ONMMCAHHBIX OKPYXHOCTEH Tpe-
yroamsaukos ABC u A'B'C’. Torpa, ecim ana apyx Touek P u P’, nexammx
HA OMUCAHHBIX OKPYKHOCTAX Tpeyroabankos ABC u A'B'C’, Bektoper OP n
O'P' conanpasnensl, To npamele CuMcona Touexk P m P’ coBmagaior. O

3. KACAHUE NIPAMBIX CUMCOHA C OKPY>KHOCTBIO JWJIEPA
OJAHHOI'O TPEYTI'OJIbHUKA

Hamomuuwm caegytomun haxT, SBIAIOUIAUCT HETIOCPEACTBEHHBIM CIeICTBI-
eM TeopeM 2 u 9.

IIyctes P u P! — #M30rOHAILHO CONPAXEHHBIE TOYKHA OTHOCATEILHO TPe-
yroasauka ABC. Torga, eciu npamas PP’ mpoxouT depes HeHTP ONUCAHHON
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OKPYXHOCTH 3TOT'0 TPEYTOJLHUKA, TO OOIAA MeAATbHAS OKPYXHOCTH TOIEK
P u P’ xacaerca okpyxHOCTH Diiepa Tpeyroibauka ABC.

B cayuae, xorga P mexuT Ha ONMUCAHHOU OKPYXHOCTU TPEYTOIBLHUKA,
ABC, npsambie, nzoronaibubie mpavmeiMm PA, PB, PC, napalieibHbl, T.e.
touka P’ 6eckoHedno ymaxeHa, a o0maa HegalbHAd OKPYXHOCTH TOYeK P
u P’ Bupoxaaerca B npamyo Cumcona touku P. Kak Mbl yxke 3HaeM (CM.
3amedanue mocie Teopembl 10), 6eckoneuno ypamenuou touke P’ coormer-
CTBYeT TOUKA mepecedenus npamon CumMcoHa TOYKU P ¢ OKPYyXHOCTbIO JU-
nepa Tpeyroabauka ABC, coBnagaromasn ¢ cepeauuon orpeska PH, rane H —
opTouenTp Tpeyroasuuka ABC.

Bropas Touka nepecedenus npamon Cumcona Todku P ¢ OKpYXHOCTBIO
OWepa MOAYIUTCA B PE3yabTaTe mnepecedeHus npambix Fy Py, Fo Py, E3Ps,
m30ToHATBHBIX TpaMou OP orHocuTenbHo yriioB Fy, Fo, F3 TpeyroaibHUKa
Ey\EsE5 (3pech, kax u panbite, Ey, Fy, E3 — Touku Junepa, T.e. CepeIuHbl
orpeskos AH, BH, CH). llpamas Cumcona Touku P GymeT KacaThCa OKPyX-
HOCTH Duiepa Tpeyroiabauka ABC B TOM W TOIBKO B TOM CIy4ae, KOTIA DTH
IBé TOYKU COBIMAAAIOT, & JJIA DTOCO HEOOXOAMMO W JOCTATOYHO, ITOOBI MPSI-
MbIe, m3oroHaabubie mpavmeiMm AP, BP, C'P otmocutensuo yriaos A, B, C
Tpeyroabauka ABC, 6buin napamiensast OP.

[lpyrumu crosamu, npsamas OP KomXHa TPOXOAUTL Yepe3 GEeCKOHETHO
yaalzeHHyI0 TOukKy P, T.e. m B sToM caydae mpamas PP’ mpoxoguT depes
menTp O ONMMCAHHOU OKPYXHOCTHU Tpeyroabauka ABC.

TEOPEMA 12. Cpenn Bcex npambix CUMCOHA, MPOU3BOILHOTO TPEYTOMb-
HUKA WMEETCA POBHO TPHU, KOTOPHIE KACAIOTCA OKPYRHOCTH JWIEPA 3TOTO
TpeyroabHuKa. TOUKM KACAHUS ABIAIOTCA BEPIIMHAMEA PABHOCTOPOHHETO TPe-
yroabHuKa. Heam «, 8, Y — BeIUWYWHBI YIVIOB JAHHOTO TPEYTOJbHUKA,
(¢ < B < ), TO CTOPOHBI 3TOrO PABHOCTOPOHHETO TPEYTOILHUKA, 00pa3y-
0T C COOTBETCTBYIOIIAME CTOPOHAMY JAHHOT'O TPEYTOJbLHUKA YTUILI, PABHLIE

(v —a)/3, (B—0a)/3, (v = B)/3.

[TOKA3ATEALCTBO. [lycts AL — 6uccekTpuca yria BAC, N — Touka,
auaMeTpasbHO mpoTuBononoxHas P, K — Touka nepecedenus AL u PN,
1/2_AP = ¢y (puc. 5). IIpamere AP n O P #30roHaJIbHBI OTHOCHTEILHO YIUIA
BAC Torga m Toapko Torga, korga ,PAK = ,PKA. Ilockonbky PN —
puametp, To ,PAN =90°u /APK = /APN =90° — JANP = 90° — ¢ u,
npexnonaraa, aro ,PAK = ,PK A, nangem

JPAK = %(180" — JAPK) = %(180" —(90° — 1)) =

= 2(90° + 1) = 45° + g1
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C mpyrou CTOpPOHBHI,
/PAK = ;PAB + /BAL = - _PB + 3 /BAC =
1 1 1 1

[Mosromy 45° 4+ ¢1/2 = v — @1 + /2, orkyma 3¢1/2 = v + «/2 — 45°,
01 = 2/3(y + a/2) — 30° = 2/3y + /3 — 30°.

Touno Tak xe HaugeM eme aBe TOUYkM R u (), II1 KOTOPBIX UX MPAMBIE
CuMcoHA KACAIOTCA OKPYXRHOCTH Jmiepa Tpeyroiabuuka ABC. Ouum onpene-
aAoTea yerosuamu @y = 1/2_BK = 2/3a 4+ (/3 —30°, o3 = 1/2_CQ =
=2/38 +v/3 — 30° (kax Bcerga, cauraem, 9To a < f§ < 7).

Hanpgem yruer Tpeyroasuuka PQR:

1 1 1
=y —(2/3y+1/3a—30°) +2/3a + /3 — 30° =
=v/3+a/3+ /3= (a+p+7)/3=180°/3 =60°.

Anamoruuno, ,PRQ = QPR = 60°.

Urak, Mbl moay9wan, aTo Tpeyroasauk PQ R pasaocToponuu. [Tockoms-
Ky Touku kKacanua P, ()1, R; npameix Cumcona Touek P, (), R ¢ okpyx-
HOCTBIO Juiepa Tpeyroiabauka ABC asiasiorcsa cepeguuamu orpeskos PH,
QH, RH, rne H — oprouenTtp Tpeyroasuuka ABC, To Tpeyroasauku PQR
u P;(Q1 Ry TOMOTETHUYHEI U, CIeA0BATENBHO, TpeyroabuuK P ()1 R Takxke pas-
HOCTOPOHHUM.



256 E. /1. Kyragnna

P
B
P2
D R
$1 0
A c

Q P3

Puc. 6.

Hanpgem yron mexnay croponamu PR u AC Tpeyroasaukos PQR u ABC.
[lna sroro mpoeegem wepes Touky R xopay RD, napamnersayio AC (cm.
puc. 6). Torga

JPRD='_pp=

AP-Y ap=L1_ap_-L cr=
2 2 2 2

N | =

=2 _AP — (5_BC— BK) = p1 — (a — ¢») =
=2/3y +1/3a — 30° — (a — (2/3a + 8/3 — 30°)) =
=2/3y+ /3 —30° —a/3+ /3 —30° =
=(y+a+p8)/3+7/3—a/3—60°=180°/3+ (y—a)/3—60° = (y—a)/3.

Amanoruvno, yrast mex gy croponavu QR u AB, PQQ u BC' paBHBI COOTBET-
crBerHo (B —«)/3 u (v —f)/3.

3aMeTuM, ITO B XOM€ MOKA3ATEIhCTBA TeOpeMbl 12 yCTAaHOBJIEHO, UTO
Ha, OMUCAHHOU OKPYXHOCTHU KaXJI0r0 TPEYTOMbHUKA CYMECTBYIOT POBHO TPHU
TO4UKH, IpAMBIe CUMCOHA KOTOPBIX KACAIOTCA OKPYXKHOCTH JUIEPA TPEYTOIb-
HUKA, IPUYEM 3TH TOYKK COBIAJAIOT C BEPIIMHAMU TPABUILHOTO TPEYTOIhb-
nuka. /[aHHOE yTBEDPXKJEHWE COCTABIAET COAepXKaHue 3ama<dn 8.4 3aTa<THUKA
«Maremarmaeckoro npoceemenms (Boir. 9, 2004, c. 246). Takum o6pazom,
MOy THO MBI TIPUBEJH PEIICHUE >TOU 3aJA4M.

HamomunwM, 9T0 reoMeTputdeckoe MecTo Todek P Taxux, aTo mpamas PP,
rae P! — Touka, mzoronanbaas P, TPOXOAUT Yepes3 MeHTP OMUCAHHON OKPY X-
HOCTH TPEYTrOJbHUKA, Ha3bIBaeTCa Kybukou Max-Kasa sToro Tpeyroabauka.
U3 Teopem 2 u 9 caenyer, uro kybuxa Mak-Kos Tpeyrompaumka coBmagaer
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Puc. 7.

C TEOMETPUYECKUM MeCTOM TOo4UeK P, 0600IeHHas mefaibHasd OKPYXHOCTH
KOTOPBIX KACAETCA OKPYXRHOCTU DUIEPA DTOTO TPEYTOJbLHUKA.

Tak xak npameie Cumcona todek P, (), R rae P, (), R — BepuIuHbI paBHO-
CTOPOHHErO TPEYTOILHUKA, JEXKAIINE HA, OMUCAHHOU OKPYXHOCTHU TPEYTOMb-
uuka ABC, KacaoTcs OKPYXKHOCTH JWIEPa DTOTO TPEYTOJbHUKA, TO TOIKU
P, @, R npunamgrexat kyouke Mak-K»sa Tpeyroasauka ABC. Takum o6pa-
3oM, kKybuka Maxk-Kasa mepecekaeT ommcaHHYIO OKPYXHOCTH TPEYTrOJIBHUKA
B TPeX TOYKAX, ABIAIOMIUXCA BEPIIMHAMU PABHOCTOPOHHETO TPEYrOILHUKA.

PaccmoTpum Temeps onHy m3 mpAMBIX CHUMCOHA, KACAIOMUAXCA OKPYKHO-
cTu Durepa TaHHOTO TpeyroabHuka B Touke M (puc. 7). Ilycrs sra mpsa-
masa Cumcona £ sasaserca npsamou CumMcoHa TOYKU P, jexalined Ha, OMUCAH-
HOU OKpYXHOCTH Tpeyroabunka ABC, u nycts paguyc OP moBepHYJICS mpo-
THB 9aCOBOM CTPEIKM Ha yTOl ( Tak, ITO ToIKa P mpuHata momoxenue P’

Torga B cmily rOMOTETUYIHOCTH OMUCAHHOW OKPYXHOCTU TPEYTOIBLHUKA,
ABC u OKpyXHOCTU JDUIEPa DTOT0 TPEYTOJbLHUKA C IMEHTPOM B TOYKE TIe-
pecedenns Beicor H mpamas Cumcona ¢/ Toukm P’ GygeT mpoxoauTh depes
Touky M' okpyxHOCTH Ditnepa Takyio, o _ M M' = «. llpu aTom, Kak yxe
HEOTHOKPATHO TOBOPUIOCH, pAMas £ moBepHeTCcA BOKpYT Touku M’ Ha yroax
a/2, T.e., ecmu nposectu xopay M'N, napamreasuytwo £, o L, KM'N = a/2 n
_KN =a. lyru M'M u MN cuMMeTpUIHBI OTHOCATEILHO auameTpa LM,
nooromy _NM = _MM' =awnw _KM = _KN + _NM = a+ a = 2a.

Uraxk, cupaBeaimBo

[MTPEANOXKEHUE 6. Ilycts M — Touka kacauus mpamoun CuMCcoHa Tpous-
BOJIBHOTO TPEYTOJBHUKA C €r0 OKPYXHOCTbIO Juiepa. Torga mpou3BOIbLHAL
npamaa CuMCOHA 5TOr0 TPEyroJbHUKA MEPECEKAET er0 OKPYXHOCTb JUIepa
B Toukax K wm () Takux, yTo Touku K u () JexaT mO pPa3HbIE CTOPOHBI OT
auameTpa, npoxogasmiero yepes Touky M u _ KM = 2_MQ.
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4. O KYBUKE MAK-K24a 1 KpuBo#l IIITENHEPA
B »ToM nyHKTE HaM MOHAZOOUTCS CIeAyiolee yTBepXKAeHue u3 [3).

TEOPEMA 13 (12). MzoronanbEbiM 06pa3oM mpaMou £, MpOXOIAMEn Te-
pe3 IEeHTp OMUCAHHOU OKPYXHOCTH TpeyroabHuka ABC u He comepxaiien
€ro BEPINWH, ABIACTCA PABHOCTOPOHHAA TUIep60Ja, ONMUCAHHAA OKOJO DTO-
'O TPEYTOJIbHUKA, TPUIEM aCUMIITOTAMNU STOI‘/)I FI/IHep6OJH)I ABJIAIOTCA IIPDAMBIEC
CuMcoHA TOYEK TTepeCceteHn MPAMOUR £ ¢ OMUCAHHOU OKPY KHOCTHIO TPEYTOMb-

auka ABC.

PaccmoTpum mapy B3amMHO TmEpHeH IUKYJIAPHBIX TpaMbix Cumcona, OnHA,
73 KOTOPBIX KACAETCA OKPYXRHOCTH JUiepa NaHHoro Tpeyroabauka ABC, a
BTOpas OPOXOAUT {Uepe3 IEeHTP 5Tou oKpyxkuocTu (puc. 8). Torga stu mps-
MBI€ ABIAIOTCA ACUMITOTAMY PABHOCTOPOHHEN runepOost [, omucanuon 0Ko-
a0 Tpeyroabauka ABC u coBIagaionen ¢ n30roHaIbHBIM 06pa3oM npaMon £,
npoxonAien depes meHTp (O OMUCAHHOW OKPYXHOCTEH Tpeyroabuuka ABC
MapaJuIeSbHO TOU ACUMIITOTE, HA KOTOPOU JEXUT IEHTP OKPYXKHOCTU JUIEPA
pToro TpeyroiabHuKa. [Ipamas ¢ mpoxoguT depes TO4YKy P mepeceveHus ru-
nep6ossl ' ¢ omucanuon OKpyXHOCTHIO Tpeyroabuuka ABC, neatp O sTon
OKPYXHOCTH 1 OGECKOHETIHO yAAJeHHYI0 TOUKy P’, m3oromambHyoo Todke P,
nosromy Touku P u P’ nmpunragrexat kybuke Mak-Koa Tpeyroasauka ABC.
Ecan Bpamats npaMyio £ BOKpyr Todku () O 9aCOBOU CTPEIKE, TO MPIAMAA

Puc. 8.
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Puc. 9.

Cumcona Touku P HaYHET BPAIIATHCA MPOTUB IACOBOM CTPEaKM (CM. HAdTa-
JIO yHKTA 2), COOTBETCTBEHHO TIPOTHUB IaCOBOU CTPEIKU OyIeT BPAIATHCA 1
MEePHIEHINKYIIPHAA €U TPAMAA.

Orcioga crenyer, aro npsamas £ nepeceder runepbory [, apraomyocs ee
U30TOHATBHBIM 06pa30M, B IBYX M30TOHAMLHBEIX Toukax P u P’ (puc. 9). Tak
Kak mpamMad £ IPOXOAWT 9epe3 NEHTP OMMCAHHOU OKPYXHOCTH TPEYTOIbHUKA,
ABC, To aT0 o3HadaeT, uTo Touku P u P’ mpurajgrexat kyouke Mak-Koa
BTOr0 TpeyroabuuKa. Ho mocie 6€CKOHETHO MAJIOT0 TTOBOPOTA, UCXOLHOU TPSI-
mou £ Bokpyr Ttoukm O Touka P’ GygeT Mamo OTIMYATHLCA OT GECKOHETHO
VAATEHHOU TOYKU, YePe3 KOTOPYI0 MPOXOAUT UCXOaHas runepbomra Iy a Tak-
XKe ee aCUMIITOTA, COAEPKAMAA MEHTP OKPYXRHOCTH DWIEPA TPEYyTOJbLHUKA,
ABC um TOUKY KaCaHUA 3>TOU OKpyXRHOCTE ¢ mpamon Cumcona Touku P. U3
NPUBEIEHHBIX PACCY XK JEHUN BHITEKAET

TEOPEMA 14. Ky6uka Maxk-Ksa mpousBOJLHOTO TPEYTOIBLHUKA WMEEeT
TPU ACUMIITOTHI, KOTOPHIE TEPECEKAIOTCA B IEHTPE OKPYXHOCTU IJUIEpPa
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DTOr'0 TPEYTOALHUKA U MPOXOIAT Uepe3 TPU TOUKN KACAHUA OKPYXHOCTH JU-
aepa, ¢ npambiMu CuMcoHa.

PaccmoTpum Tenepb paBHOCTOPOHHIOW rurepOory ' u u3 mpou3BOIBLHOU
Touku [ >TOu runepOOIbI KAK W3 IMEHTPa MPOBEAeM OKPYXKHOCTD, TPOXOId-
myio qepes uenTp O runep6omast [ (puc. 10). Ilycts D — Touka rumep6odst,
IUAMETPATBLHO TPOTUBOMOMOXHAA [, 8 OKPYXRHOCTD C HEeHTPOM [ 1 pagmycom
ID nepecekaeT Ty BeTBb IunepbOJIbI, HA KOTOPOU JEXUT ee UeHTp I, B TO4-
kax A m B, C — BTOpas TOUYKA MEPECEUYEHUA DTOU OKPYKHOCTH C APYrOn
BeTBbIO rumepbous: I'.

IMokaxem, aro Tpeyrombuuk ABC mpaswibubin. Omyctum u3 Touku D
Ha npamylo AB nepneHIuKyaAp, KOTOPBHIU MepecevdeT runepboay B TOYKE
H. Torga H — oprouenTp Tpeyroibauka ADB u Ttouka H', cummeTpud-
maa H orHOcmTenbHO meHTpa (O TUMEpGOMLI, JEXUT HA HTOU TrUmepHoe.
C apyrou CTOpOHBI, TOCKOIBLKY meHTp O rumepboabl ' JeXuT HA OKPYXK-
HOCTH Dunepa Tpeyroabauka AD B, Bnucanuoro B 5Ty runepbory (cm. JeM-
My 1 B [3]), a onmcaHHAA OKDPYXKHOCTH DTOTO TPEYTOJIbHUKA T'OMOTETHYIHA
OKPYXHOCTE Duaepa ¢ meHTpoM H u xosddunumentom 2, To Touka H' copma-
IaeT ¢ TOYKOM NepecedeHrs OMUCAHHOW OKPYXHOCTH TpeyroabHmka ADB
¢ runepbomon I', T.e. ¢ Toukou C. Ho Torma aumaroHamum HeTHIPEXYTOMb-
auka [CDH penatca Toukou mepecedenus () MOMOMAM U, TAKAM OGpa3oM,

Puc. 10.
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ICDH — napamnenorpamm. Tak kak CI || DH,a DH L AB,touCI 1L AB.
[Mockoabky I mexuT Ha runepbore I', orcioga BeiTekaeT, 910 I — OpTOUEHTD
Tpeyroabauka ABC. Becnomuus, 9T0 I — 1MEHTD ONUCAHHOU OKPYXHOCTH TPe-
yroabuuka ABC, monyauM, 9TO B 9TOM TPEYTOILHUKE OPTOIEHTD COBIALAET
C IEHTPOM OMUCAHHOU OKPYXKHOCTH, U, CIENOBATEILHO, TpeyroibHuk ABC —
PaBHOCTOPOHHUM.

Urak, cymecTByeT TpeyroibHUK, BINCAHHBIA B runep6oay [ 1 onucanubin
0K0I0 OKpyx)HOCTH I, mosTomy mo Teopeme Iloncene (cm. [4, ¢. 166]) Takux
TPEYTOILHUKOB CYMECTBYET OECKOHEYHO MHOT'O: 33, BEPIIMHY A MOXHO B3ATH
M00y10 TOYKY TUIEpOOIBL, JeXAIyo BHE OKpYXRHOCTH [ m ipoBecT: depes A
mpAMBIE 0 Tiepecedenns ¢ runepbogon B Toukax B u C. Torga mpamas BC
Gynet xacarsca okpyxuoctu I (pumc. 10).

TEOPEMA 15. Ilycth I — OKPYXHOCTH C IMEHTPOM Ha PABHOCTOPOHHEN
runep6one ', mpoxomamas depes meHTp F srou rumep6oawl. Torga acum-
nroThl Kybuk Mak-Kosa Bcex TpeyroabHWKOB, BOuCaHHBIX B rumnepboay I' m
O CAHHBIX OKOJIO OKPYXHOCTHU I, COOTBETCTBEHHO IIapPaJIJICIbHBI, & X TOYKA
Imepecedenn JexaT Ha npamMon FI.

[TOKA3ATEJLCTBO. Paccmorpum Tpeyromsuuk ABC, BOUCAHHBIA B -
nep6oay I’ u onucaHHBIT OKOMO OKPYXRHOCTH [. [T0CKOMBKY OKPYyRHOCTDL JU-
nepa Tpeyroabauka ABC mpoxomuT wepes mentp F rumep6oawt I' ogHOBpeE-
MEHHO CO BIIMCAHHOU OKPYXHOCTHIO I 3TOr0 TPEyroabHUKa, TO MO TEOpeMe
Dentepbaxa dTU OKPYKHOCTU KACAIOTCA B TOYKe F' u, Takum 00pa3oMm, TOY-
ka F' coBnamaer ¢ ogmon w3 Touek Penepbaxa Tpeyroabunka ABC. OTcona
crepyetT, 9TO UeHTp F OKpyX)HOCTH Juiepa Tpeyroiabuuka ABC mexuT Ha
npamvou F'I, wo mo Teopeme 14 meHTP OKPYXHOCTU IDWIEPA TPEYTOILHUKA,
SABIAETCA TOYKOU MEpECedeHusa acuMITOT Kyouku Mak-Kasa sToro Tpeyrois-
HUKA.

[lnsa mo6oro Tpeyroabauka ABC, snucansoro B runep6oay ' u omucan-
HOT'O OKOJIO OKpyXHOCTE I, rumepb6oiaa [ ABIfeTCA M30rOHAIBLHBIM 00pa3OM
npamou OI, rge O — UEHTp OMUCAHHOU OKPYXHOCTHU Tpeyroabuuka ABC.
Tak kax npavas O kacaercs runep6oast I' B Touke I, TO 3TO 03HAYAET, ITO
IEHTPHI OMUCAHHBIX OKPYXHOCTEN TpeyroabHukoB ABC mexaT Ha KacaTelb-
mou x rumep6one ' B Touke [, a aCUMOTOTHI STOU TUMEPOOTHI COBIATAIOT
¢ npambiMu CUMCOHA TOYEK MEPECEYEHUs DTOU KACATEALHOU ¢ ONUCAHHBIMUI
OKpyx)HOCTAMU Tpeyroasaukos ABC.

[Tpumenum k Tpeyroabuuky ABC romoreruio ¢ menTpom F| mepeso-
IANIYI0 OKPYXHOCTH JWIEPa DTOr0 TPEYroJdbHUKA B OKpyxHOCTH [. Torma
OKPYXHOCTE Juiepa Tpeyroabauka Ay B, MOIyYeHHOTr0 B pe3yabTaTe 3TOU
COMOTETUM, COBIALET C OKPYXHOCTBIO [, ABIAIOIMIENCA OKPYXHOCTHIO JUJIe-
pa TPaBUIBHOTO TPEYrOJAbHUKA, BOUCAHHOrO B rumepboay ' m omumcaHHOrO
okomo okpyxuoctu I. Tak kak, Kpome TOro, acCUMITOTHI rumepboILl OyayT
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npsamvbiMu CEMCOHA 060UX TPEYTOJIHLHUKOB, TO COTVIACHO TPEMJIOXKEHU H CO-
BIAJYT W OCTATHHBIE COOTBETCTBYOIME npsamblie CHMCOHA 3TUX TPEYTOIHHI-
koB. OTCcI0a CreayeT, ITO COBOAAYT TaKkKe TOYKM KacaHuA TpaMbrx Cumco-
HA DTUX TPEYTOJILHUKOB C UX OOIIEN OKPYXKHOCTBIO JUiepa u mo Teopeme 14
coBmaayT acuMnToThl ux Kyowmk Mak-Koas. [lockoabky Tpeyroasuuku ABC
nony4aioTca u3 Tpeyroabaukos A B1(C) romoreruen ¢ nearpom F, To acum-
nTOTH nX Kyouk Mak-Kasd cOOTBETCTBEHHO MapaJlIeTbHbI. [l

Kpuson IllTennepa Ha3bIBaeTCA Tpexporas TUIOMUKIOUIA, T.€. KPUBALI,
OTUCHIBAEMAA TOUYKOU M OKPYRHOCTH PAIUYCA, ', KOTOPasA KATUTCA IO OKPY K-
HOCTU paaumyca 3r 06e3 CKOIbXEHWA, BCE BPEeMA KacasiChb €e BHYTDPEHHUM
obpazom.

TEOPEMA 16. Ilycts S u S| — KOHIEHTpUIECKUE OKPYKHOCTH PATUAYCOB
3r u r coorBercTBenno, K — kpusas [lITennepa ¢ BepimHaMu Ha, OKPYXKHO-
ctu S, Kacaomasaca okpyxuoctu S; B Touke M. Torga kacarerbHas K Kpu-

Bou IllTennepa mepecekaeT OKPYXHOCTH S1 B 1BYX Toukax N u P Takux, 9T0
_PM=2_NM.

[LOKABATEJBLCTBO. O6o3HaxuMm 4epe3 So OKPYXHOCTH PAJTUYCA T, Ka-
CAOIIYIOCA OKPYXHOCTHU S] BHEmHUM 06pa3oM B Touke M u OKpyX)HOCTEH S
BHyTpeHHUM 06pa3oM B Touke M (puc. 11). Kpusas [lTennepa, ykazannasa B
YCJIOBUM, COBIALAET C TPaeKTOpuen TOYKu M OKpyX)HOCTU So MPU KAYEHUU

Puc. 11.
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BHYTPEHHUM OOPa30OM OKPYXRHOCTE So MO OKPYXRHOCTEH S 6€3 CKOJbXKEHUA.
[IpeAnonoXuM, ITO OKPYXRHOCTB Sy IOCIe MOBOPOTA MPUHALA MOIOXKeHHE S
7 cTana KacaTbCca OKpyxHOcTen S; m S B Toukax N m K COOTBETCTBEHHO,
npu stoM ,KEM, = o, rne E — nenTp okpyxuocren S u Sq, a Touku M un
M, nepemrtn 8 M' u Mj.

Tak kax K — IEHTP MIHOBEHHOT'O BPAIIECHUA OKPYXHOCTH S5, TO BEKTOD
CKOpOCTH TOYKK M, HApABICHHBIN IO KACATEILHON K €€ TPACKTOPHUH, COBIA-
nazomiert ¢ kpusoi [ITeirnepa, nepnergukyaapen npavou M'K. Ho /NM'K =
= 90°, KaK BIMCAHHBLIM YIOX OKPYXHOCTHU S5, ONUPAIOUWACA HA €€ JUAMETD
NK, nostromy npamaa M'N sapagerca kacaTenbHOn K Kpuson IllTennepa B
touke M'. Ilycts P — Touka mepecedenus kacareibron M'N ¢ oxkpyxHO-
creio S1, a O' — nenTp okpyxuOCcTH Sh. V3-38 OTCyTCTBUA CKOMBXKEHUA IyTa
KM, okpyxuoctu S pasua ayre KM, okpyxuoctu Sy _KM; = _KM]|
wm «-3r=f-r,orkyga B = ,KO'M| =3a= ,M'O'N.

Manee, u3 paBeHCTBa PaBHOOEAPEHHBIX TpeyroabaukoB PEN u M'O;N
BoBOoguM, IT0 ,PEN = ,M'O'N = 3«, orkyma momyaaem: PEM =
= PEN — /MEN = 3a — a = 2a u, Takum obpaszom, _PM =2_NM. O

W3 Teopembr 12, npemmoxenus 6 m TeopeMbl 16 BeITEKaeT

TEOPEMA 17. Orubatomen npambix CUMCOHA TPOU3BOILHOTO TPEYTOMb-
HUKa ABAgeTCsa Kpusasa lllTenHepa, KacAOIIAACA €ro OKPYXHOCTH JUIEPa B
Tpex TOYKAX.

Ha pwmc. 12 u3o6paxeHbl TPEYTOILHUK, €r0 OMUCAHHAA OKPYXHOCTD,
OKPYXHOCTEH Junepa u kpusas lllTerHepa 5TOro TpeyroibHUKA.
B cBoto ouepens u3 Teopem 14 m 17 BeIBOgUTCSA

CJIEACTBUE 7. AcumnTorsl Kyouku Mak-Ksa mpou3BoaIbHOTO TPeyroib-
HUKa, COBMAAal0T ¢ ocamu kKpusou Il Ternepa »TOro TpeyroisHuKa.

O6o03HauM, Kak Beerga, depes H oprouentp Tpeyroasuauka ABC. Torga
OKPYXHOCTEL Juiaepa Tpeyroiabauka A BC mpoxoauT depes cepeauHbl CTOPOH
TpeyroasuukoB ABC, ABH, BCH, C AH v osTOMY 5TU TPEyTrOILHUKYA UMe-
0T OOIIYI0 OKPYXHOCTH JWIEPA.

Ormerum 6e3 mokaszaTenbcTBa, uTO Tpeyroasuuku ABC, ABH, BCH,
CAH wumeror Takxe o6y kpusyio lllTennepa, a ux xkyomku Mak-Koa —
COOTBETCTBEHHO OOIIME ACUMIITOTHI.

[TpuBeneMm B 3akiOYeHme elle OAWH MHTEpecHbn dakT. Kak m3ecTHO,
MpAMBIE, KOTOPBIE MEJAT YroJ HA TPYU PABHBIE YACTH, HABBIBAIOTCA TPUCEK-
Tpucamu 3Toro yriaa. Teopema Mopaes yTBepx) aaeT, 9TO TPUCEKTPUCHI YTIIOB
TPEyrOoJbHUKA, TPUICKAIINE K €r0 CTOPOHAM, MEPECEKAIOTCA B TPEX TOYKAX,
ABJSIONIAXCA BEPUIMHAMEI PABHOCTODOHHETO TPEYTOAbHUKA (6ojee moapo6HO
o Teopeme Mopuaes cm. [2] u [1]). HazoBem 5TOT TpeyroabHUK TPEyTroIbHUKOM
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Puc. 12.

Mopuaes. OkasbiBaeTcsa, 9TO LA JIOOON0 TPEYTrOAbLHUKA, CTOPOHBI €r0 TpPe-
yroabauka Mopies u paBHOCTOPOHHETO TPEYTrOJbHUKA, BEPIIMHBI KOTOPOro
COBMAAOT C BepmuHaMmu KpuBou llITerHepa MCXOTHOTO TPEYTOILHUKA, CO-
OTBETCTBEHHO A PAJIENbHBI.
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O6 0HOM CBOUCTBE MHTErPUPYEMOU (PYHKITUH

M. Anmeas6aym B. ZKypasaéB I1. CamoBou

B sTou 3ameTke npusoauTcs pemenue 3anadu 9.10 us 3agagnuxa «Ma-
TEMATUIECKOT'O TIPOCBEIICHU .

Ha maTeMaTuIecKux COPEBHOBAHUAX CAMOT'O PA3HOT'O YPOBHA BCTPEIAIOT-
CA 330294 C HECKOIBKO Mapa,qOKCAILHON (pOpMyaupoBKou. Hanpumep, B KHure
[1, c. 105] maxomum:

SAIAYA 1. OguH JeroBeK KaxX AL MECAI 3aMMCLIBAI CBOU NOXOJ W Pac-
xon. MoxeT Ju OBLITHL TaK, ITO 34 JIO0LIE IATH UAYIIUX IMOAPAL MECAIEB €ro
OO [OXO[ MPEBBLIMIAT AOXOMd, & B IEJOM 34 TOJ ero JA0XOJ MPEBBICHI Pac-
xox?

(B popmyauposke A. A. Eroposa 3agaqa 3By<auT 601ee MHTPUTYIONIE: (KAK
IOAT0 MOXKET 3aKOHHO CYIIECTBOBATH OUM3HEC-COOOIIECTBO, €CAU MO UTOTaM
paboTHI 3a dOOBIE b MECANEB Y COOOIIEeCTBa €CTh NPUOLLTH, HO 33 T'OJ B Ha-
JIOTOBYIO WHCIIEKITAIO COOOIIECTBO MOAAET OTIET O TOM, UTO TPUOLLIA HET U
HAJOI'! IIJIAQTUTH HE U3 9€ro.. . )))

Bropoun mpumep mpemnarancs #Ha Mexaymapoguou MarTemaTudeckon
Omummmage (IMO) 1977 roga B Bearpage (6 oukos), cm. [2, c. 5, Ne19.2]:

3ATAYA 2. B KOHEYHOUW MOCJIENOBATEIHLHOCTA [AEUCTBATEIBHBIX HUCET
cyMMa JIOOBIX CeMM UAYIIUX TOAPAL WIEHOB OTPUIATEIBHA, & CyMMa, JIO-
OBIX OUHHAANATYA UAYIIAX TOAPA WIEHOB MOJOXUTEIbHA. HanTu HaGoabinee
YUCAO WIEHOB JAHHOU IIOCAEJOBATEILHOCTH.

B Ilectragnarom Mexayrapoaaom Typrupe ropogos (1994-1995, ocen-
HUW TYpP) HAXOIUM 3aJady:

3AMAYA 3. (A. Kanens-Benos) Ilepuoasl AByX MOCIE[OBATEILHOCTEN —
7 m 13. KakoBa MakcuMaibHaA IIWHA, HAYAIBHOTO KYCKa, KOTOPHIM MOXET Y
uux copnanars?! (Ilepmon mocrenosareasuocTH {a,} — 5TO HAMMEHbIIEE HA-
TypAIbHOE YUCIO P TAKOE, 9TO A JE0OOT0 HOMEDA 7 BBIIOIHAETCA PABEHCTBO
Qp, = Apip)-

MaTremMaTu9IecKyio uaei0 BCeX MaHHBIX 33039 MOXHO C(OOPMYJIUPOBATH TaK.

[las mMOCaeq0BATEIBHOCTY NEMCTBATENbLHBIX YUCEN, 3AMUCAHHBIX B CTPOY-
KY, BBIIOMHAIOTCA CIEAYIOIE YCAOBHAA (*):

MaTemaTuueckoe npoceewyenne, cep. 3, esin. 10, 2006(265-272)
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1. cymMma d00BIX M UAYIIAX TOAPAL “WIEHOB OTPHUIATETHHA,

2. cymMa JI00BIX N UAYIIAX MOAPAM WIEHOB HMOJOXUTENBHA.

Yemy paBHO Npjax — MAKCHMAIBLHOE TUCIO WIEHOB JAHHOU MOCIET0BATEIBHO-
ctu?
B sTout cTaTbe MBI PACCMOTPUM €II€ OMHY BEPCUIO JAHHOU MPOOIEMHEI.

3AMAYA 4. CymecTByeT qm Takas HenpepobiBHAA Gyrkmua y = f(x), 9T0
JI000U ONPEIENEHHBIN UHTETPAT OT DTOU (PYHKIINU MO JIOOOMY OTPE3KY [IIu-
HBI 1 = 3 OTPUILIATENEH, a M0 JI0O0MY OTPE3KY IMIAHLI 1 = 5 — MOMOKUTENCH?

Taxue GYHKIUA CYyMECTBYIOT. AHATUTHYIECKOE BHIDAKEHUE OJHON M3 HUX
U IpuMepHad CXeMma, ee rpaduka IpuBeIeHb Huxe Ha pucynke 1. paduk cum-
METpUYIeH OTHOCATEILHO mpaMon ¢ = 3. Kaxgaa w3 dacTen rpadguka Taxxe
CHAMMETDPUYHA: IEPBasA OTHOCATEILHO IpAMOn - = 1,5, Bropas (mpaBas) 4acTb
CHMMeTpPHYIHA OTHOCUTENbHO npsamont £ = 4, 5. Kpome roro, g z € [0; 3] Bbr-
noxaaeTcsa paBeHCTBO f(z) = f(z + 3) (mepmoawaHOCTS).

[TosToMmy

a+3 3 a+3 3 a 3
/f($)d$:/f(I)d$+/f(x)dxz/f($)dx+/f(x)d$:/f($)dx.
a a 3 a 0 0

(3mecs m gajgee MBI MPEAMIONATAEM, YTO PABEHCTBA BBIMOIHAOTCA A TEX
3HAMEHUH TAapaMeTPOB, IIPA KOTOPLIX OTPE3KKM MHTErPUPOBAHKUA IOHOAJAI0T B
06macTh onpeneseHna (HpyHKIUN. )

( —6,mpr 0 < z < 1, Yy
180z — 186, mpu 1 <z < 1,1, 1?1
12, mpum 1,1 <z < 1,9,
—180x + 354, mpm 1,9 < z < 2,
—6, mpu 2 < = < 3,
—6, mpz 3 < z < 4,
180z — 726, mpm 4 < = < 4,1, 0
12, mpum 4,1 < x < 4,9,
—180z + 894, mpm 4,9 < z < 5, —69
—6, mpu 5 < = < 6.

<
<

Puc. 1.
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C apyrou cTopobl, GyHKIuA f(Z) DPUHAMAET OZHO M TO XK€ 3HATCHUE
—6 ma orpeskax [0;1] u [5; 6]. [TosTomy
a+5

/f dx_/f 0<a<l).

WNuTerpan oT muHenHOU (PYHKIUU PABEH MPOU3BEIEHWIO [JIUHBI OTPE3KA
MHTErPUPOBAHVS HA MTOAYCyMMY 3HAYMEHNN (QYHKIUU B KOHIIAX OTPE3KA, WHTE-
rpupoBanua. [losTomy

6+12+08 12401 6+12Jrl (—6) =

- —12+9,6+2 0,3=-1,8 <0,

3
/f(x)dm =1-(—6)+0,1-
0

/f(m)dx:—1,8+1-(—6)+2-0,3+9,6:2,4>0.

Taxum 06paszoM, 411 JAHHOX (PYHKIUHA JIOOOK ONpeAeIeHHBIN HHTEerPaJ II0
OTPE3KY IIMHBI 3 OTPUIATENBLHBIN, & 0 OTPE3KY IIMHBI 5 — MOMOKUTEIBHBIN.
[lokaxeM CIeqyIoIyi0 TEOPeMy.

TEOPEMA 1. Humeepupyeman na ompeske [0,c] dynryus f(zx) maxrosa,
umo 406001 uMMe2Pas no ompe3xy OAUHbL T NOAOHCUMEAEH, G NO OMPEIKY
daunbt m ompuyameaen, ¢ > m >n > 0. Tozada

a) c < m+mn;

b) ecau m u n cousmepumvi, m.e. m/n = q/p, 2de p, ¢ — 63aUMHO NPO-
cmule yeavie uucaa, mo ¢ < m—+n —m/q.

[loKa3aTeIsCTBO a): MPeAIONOKIM, ITO ¢ > m~+n. O6o3adnm depes F ()
nepBoobOpasuyio pyakumu f(z), a wepes P (z ) — mepBOOOPa3HY (DyHKIAN
F(z). Ucnonssya dopmyry Helorona — JlemOHUNA W yIATHIBAA, ITO MHTETPAT
OT HOMOXUTEIHHON (DYHKIWA MIOIOKUTENEH, OT OTPULATEILHON OTPUIATEIEH,
IOoJayIaeM IIPOTUBOPEIUEC:

f 7nf ) dy dx_/( (z +n) — F(z))de =
=®(m+n) —®(m) — @(n) + 2(0) =
n [ y+m
/ (y+m) — F(y))dy = / / fla)dz| dy <o.
0 >

Urak, c < m + n.
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HokaszareascTBo b). [lomaraem d = m/q = n/p, Tak aro m = qd, n = pd.
O6o3uaUM

Sqr = / f(x)dx, kEeNd>0kd<ec.
(k-1)d

PaccmoTpum mocienoBaTeabHOCTD

Sa,1558d,2,54,35 -+ Sdptq—1- (2)

CoracHo yCIOBUIO TEOPEMBI 9Ta MOCIeJ0BATEILHOCTD YAOBISTBOPSAET Cle-
OYIOIIVM CBOUCTBAM:

1. cymma nOOBIX TOAPAN UAYIINX P €€ WIEHOB MOJOXUTENbHA,

2. cymMa JI00BIX TIOAPAN UAYIIAX ¢ €€ WIEHOB OTPUIATETHHA.

Ho, kax caenyer w3 mpuBOAMMOUN HUXKE JEMMBI, MOCIEIOBATEILHOCTEN C
TAKMMU CBOMCTBAMU HE CyIIECTBYET (MAaKCHMAMLHAA [IUHA TAKOW TIOCTENO-
BATEILHOCTH paBHA P + ¢ — (p,q) — 1). [Ipuxogum K IpOTHUBOPEHIMIO.

Teneps chopmyrupyeM 1 fOKaXKEM YIOMIHYTYIO JTEMMY.

JIEMMA 1. Bydem 2080pumb, umo nocaedosamesbhocms deticmsumensb-
Holr wuces ydosaemseopsem ceoticmey x(n,m), ecau cymma 40061z N woY-
WUL NOOPAD UACHOB NOCACIOBAMEADHOCTIU NOAOHCUMEALHE, (4 CYMMA AH0OBLL
m uwdywWuxr nodpad Uaenos nocaedosamesbHoOCY OMPUUEMEALH.

Ecau nocaedosameavrnocmv a;, 1 < i < N ydosaemsopaem ceoticmsy
x(n,m), mo N < m+n—d—1, ade d = (m,n) — wnaubosvwui obuui
deaumendb wuceas n u M.

HOKA3ATEJBCTBO. Be3 orpanwvenus OOIMIHOCTU CIMTAEM, ITO 1M > N.
OueBUAHO, ITO TPU BHIMOJHEHUYW YCIOBUA JEMMBI GHUCIA 17, U 7, HE MOTYT
6bITH KpaTHBL ApyT Apyry. [lostomy n > d = (m,n). O603uaxum n = nid,
m = mad, (mi,ny) = 1.

Bymem mokasbiBaTh JeMMy OT MPOTUBHOTO. [IpeAamonoxum, 9T0 B MOCIe-
poBaTenbHOCTH 1 4+ m — d = d(my + ny — 1) wrenos. Pazo6bem mocrenosa-
TeIBHOCTH Ha My + Ny — 1 rpynn mo d gucen B kaxgaou rpymme. CormacHo
YCIOBHUIO JIEMMBI TIOLYIAEeM, ITO CyMMa YUCET B JIOOBIX 171] TPYIIIAX MOMOKU-
TelbHA, a CyMMa YUCeN B JIOOLIX 1] IPYINaX — OTpUIaTedbHa. [1o cyTu nena
MBI CBEIN MOKA3ATEIbCTBO K YACTHOMY CIYy€al0 JEMMBI, KOTJa 7, 17 B3AUMHO
npocter. [losToMy B mampHenmeM pacCyXJeHuu MbI cauTaeM, 9to (n,m) = 1
7 TOBOPUM O WIEHAX MOCIEIOBATEIHLHOCTH NIUHEBL 1+ m — 1.

PaccmoTpum mr06b1ie m — N DOAPSAT UAYIINX WIEHOB MOCAENOBATEILHOCTH.
Kpome Hux mocregosaTeabHOCTH cogepxut (m+n—1) — (m—n) =2n —1
@wieHOB. Tak kak ducao 2n — 1 HedeTHOe, TO mpu J0O60M pa3OUeHUuu >TOrO0
YUCAa HA ABA CAACAEMBIX OMHO W3 HuX OymeT He MeHbIme n. Tak 9To caeBa
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WU CIOPaBa OT BLIOPAHHOU T'PYIIIEL U3 7 — N LIEHOB HAXOAUTCA elle He MeHee
N ICHOB.

Cymma m100bIX 7 MOAPAS UAYIIUX WIEHOB IOCISA0OBATEILHOCTY TOJOXK M-
TenbHA. Ecam 106aBATH M WI€HOB K BBIODAHHOU TPYIIE W3 771 — 71, LICHOB
MOCAEA0OBATEILHOCTH, TO CYMMA IOJIYYEHHOrO0 HabOpa U3 M MOAPAI UIYILIAX
9WIEHOB MMOCJEN0BATEIHLHOCTH OyneT oTpunarerbaa. 1[03ToMy cymMma BHIOpaH-
HBIX 7 — 7 WIEHOB IOMXKHA TaKXkKe OBITH OTPUIATEIHHOM.

WTax, Aad B3aMMHO TPOCTHIX 17, 7 MBI MOKA3AIU, UTO €CIU MOCIeNO0BA-
TETBHOCTH YAOBIETBOPAET CBOUCTBY *(7,7M), TO OHA TAKXe YIOBIETBODAET
cBoucTBy *(n,m — n). Jaree neucTByeM AHAIOTUYHO, 3aMeHAA OOmbluee u3
qUCEea M, N HA UX PA3HOCTH. IlodydaeM Takylo Xe MOCAeIOBATEILHOCTH Hap
qucel, Kak B aiaropurme Epkiauga. [lockonbky mcxXomubie aucaa 1, m — B3a-
WMHO MIPOCTHIE, TPUXOAUM K TOMY, YTO MOCIETOBATEILHOCTD YIOBJIETBOPAET
cBoucTBy *(g, 1), 9TO HEBOBMOXHO (€CIU BCE WIEHBI MOCIEAOBATEILHOCTH OT-
pPUIIATENBHBL, TO J00Ag WX CyMMa, Takke OyeT OTPUIATETLHON). O

3AMEYAHUE 1. Takum o6pa3zoM, MBI BAAMM, UTO ONUCAHHAS B HAYAIE
CTAThbU MaTeMaTHYeckKasd uaed MOXeT OPUHUMATH CaMble Pa3HbIe (POPMHI.
BwmecTe ¢ Tem mepexon B «MHTErPAIbHYI0 TEMATHUKY» TO3BOIAET PACCMOTPETH
CIyYau HECOM3MEPUMBIX MPENeNOB NHTEIPUPOBAHMUA.

Onenku B Teopeme 1 HEIb3A yIydNIUTb. ByaeM TOBOPUTDH, 9TO (PYHKIUA
f(x), onpenenennas Ha orpeske [0;c|, yAOBIETBOPAET MHTErPATLHOMY CBOU-
ctBy *(n,m), ecim maTerpan or () mo M06G0MY OTPE3KY NIWHBIL 1 TIOJOXKU-
TeJeH, a Mo A60MY OTPE3KY IJIUHBI 17 OTPUIIATEIECH.

TEOPEMA 2. 1) Ecau m u n couzmepumvi, m. e. m/n = q/p, 2de p, ¢ —
B3AUMHO NPOCMBIE UYEABIE YUCAG, MO 04f #100020 € > 0, m +n —m/q > ¢,
MOKHCHO mocmpoumsd uwmezpupyemyto Pywryuto f(z) na ompesre [0,m +n —
m/q — €], ydosaemsopaowyio unmezpasornomy ceotcmey *(m,n).

2) Ecau m u n wecousmepumvl, mo das aobo2o € > 0, m+n > &, modxrc-
no nocmpoumsv uwmezpupyemyto Pywryuto f(xr) wa ompesxre [0,m + n — ¢,
Y0064EMBOPAIOWYIO URME2PAALHOMY colicmey x(m,n).

[lna noKazaTeabCTBa TeOpeMbI MBI OyeM CTPOUTH (hyHKIIUH, yIOBICTBO-
PAIOIIME YCUIEHHOMY WHTErDATLHOMY CBOUCTBY *(m,n). A mmenno, @ynryuet
muna (L, m,Sp,n,S,) Ha3oBeM GyHKIMIO, onpenesennyo Ha orpeske [0; L],
7 TaKylo, 9TO MHTErpPAI OT ATOU (DYHKIUH MO JT0OOMY OTPE3Ky NIAHBL M
paBeH Sy, a 10 M060My OTPe3Ky AJWHBLI 1. paBeH Sp.

3AMEYAHUE 2. Ecau nocrpoena dyukumsa tuna (L, m, Sy, n,S,) Takad,
aro L, m, n — nensre, Sy, < 0, S, > 0, To mHTErpantnsl 0T 3TON QPYHKIIN
no orpeskam [k; k + 1] npegocTaBisioT npuMep «mapanoKCaIbHON) MOCTeN0-
BaTeasbHOCTH (cM. [4]). B wacTHOCTH, M3 TeopeMmbl 2 ciegyeT, UTO OIEHKA
B Jemme 1 Toura. [IpmBOAMMOe HUXE JOKA3ATEILCTBO TEOPEMBI 2 ABIACTCA
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OPAMBIM 0600MIEHTEM AITOPATMA HOCTPOEHRA (IAPaJOKCATILHBIX) MOCIC0BA-
TenpHOCTEN U3 [4].

JIEMMA 2. ITyemv L < m +n u das wmobviz A, B cywecmsyem Gynryus
muna (L,m, A,n,B), m >n. To2da das awbwiz A, B cywecmsyiom @Gynryuy
munos (L +m,m,A,n+m,B) u (L+n,m,A,n+m,B).

[NOKA3BATEJBLCTBO. Ilycts f umeer Tun (L, m, A,n, B). Torga dyuxinusa
f(x), ecir 0 < z < m,
g(z) =
flx—m), ecomm < x <L+ m,

umeer tun (L + m,m,A,n + m, A + B). [eucrBurensuo, ecaiu b —a = m,
a <m, TO
b m b
/g(x)dx—/ dx—i—/g dx—/f dx+/f
a m

aecaum b—a=n+m, tous L <m + n caegyer, I4To o < M, a 3HAIAT

b m b—m a+n
a/g(m)dx:a/f(m)dx—i-()/f dm_/f da:+/f
“ atn

/f dm+/f da:—i—/f )ydz = A+ B.

0
HoxaxeMm, ITO PYHKIIUA
() flx—n+m), ecmm0<z<n,
xTr) =
g flz—n), eciun <z < L+n,

UMeeT THII (L+n,m,A,n+m A+ B). Eciu b—a =m, a < n, TO

b n b—n
/g(x)dmz/ ()dx+/ / f(z dx—i—/f(x)dx:
a a n a+m—n 0
aecau b—a=n+m, to w3 L <m + n caexyer, 4To ¢ < n, a 3HAIAT
b—n a+m
/ / f(z dm+/f / f(z dm+/f(x)dx:
a at+m—n 0 a+m—n 0
a+m m at+m

_ / f(x)da:—i—/f(m)dx—i—/f(x)dm:B+A.

a+m—n a+m 0
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Temepb meMMa BBITEKAaeT u3 TOro ¢akra, 9ro orobpaxenue (A, B) +—
(A, A + B) B3auMHO OJHO3HAYHO. O

[ OKA3ATEJBLCTBO TEOPEMBI 2. [lta n < m < L = 2n — § 3agaguMm
dyskumio f tuna (L, m, A,n, B) asaon ¢opmy.oun:

(3)

Nurerpan or f no mobomy oTrpesky aawebl 1 paBeH B = da + (n — §)b,
a mo moboMy oTpesky mauHbl m pasen A = da + (m — §)b. onywaomasnca
CUCTeMa JUHENHBIX YPABHEHUN HEBLIPOXK IEHA U IO3TOMY UMEET €IMHCTBEHHOE
pemerne npu Jao0bx A, B.

[Tpeo6pas3oBanus, ONMCAHHBIE B IEMME 2, OMUHAKOBO MEHAIOT CyMMY 11+ 1
u puuuy L. [Jna dysakumn u3 (3) pasaocts m +n — L paBaa m —n + 0.

[TosTOMY, MHOMOKDATHO IPUMEHAA JIEMMY 2 M UCTIONb3YA GyHKImo u3 (3),
HOMYy9aeM CJAeyIOee yTBEPXKACHWE: ecau napa (1m,n) TEepexoguT B mapy
(mg,ne), ng < my < 2ny — €, TOCIE HECKOMBLKUX TMPEOOPA3OBAHUN BUAA

f() b, ecmO0<rs<n—0mwmn<z <L,
) =
a, ecun—0 <z <n.

(m,n) = (m —mn,n) wm (m,n) = (m,m —n), (4)

TO cymecTByoT dyHKIuu Tuna (n+m— (me—ny) —e,n, A,m, B) mu1 mo6brx
A, Bul0<e<n+m—(my—ny).

[IpuMerrM 5TO PaCcCykIeHWe IS NOKA3ATETbCTBA, IyHKTA 1) TEOpEeMEI.
[Monoxum d = m/q = n/p, oueBugso, aro n = pd u m = qd. Beibepem Ha-
rypansHoe uucao N, takoe uro 0 < d/N < e. Paccmorpum HATYpaabHBIE
qucna my; = Nq u ny = Np. Ouesugno, aro N = (mq,n1). [loctponm pynk-
o y = fi(z) Tana (my +ny — N — 1,mq, A,ny, B). B kagecTBe mckomon
DOCTATOIHO paccMoTpers dyukmmio y = f(z) = fi(dz/N), oupenerennyio Ha
OTpe3Ke

0‘m1+n1—N—1d]_|: m d

m
Oom+n————|D|0;m+n———¢
N g N q
AHanormIHO MOKA3BIBAETCA TYHKT 2) TEOpeMbl. B 5TOM ClIydae B CHIy
HECOM3MEPUMOCTH! 11, 1 MOCIENOBATEIBHOCTE mpeobpasosarmin (4) mpomo-

XKaeTCA HEOI'DAHU'IECHHO:
(m,n) = (m1,n1) = (m2,n2) = ... = (mg,ng) = ...,

npudeM my + ng — 0 mpu £ — 00 U CKOJIb YTOAHO YACTO BHITOMHACTCA HEPa-
BeHCTBO Ny < my < 2ny. Beibpas Takoe £, ato my+ny < £/2 mny < my < 2ny,
3AKJII0YAEM, ITO TaK 9TO CyMECTBYIOT GyHKImm Tuna (n+m —e,n, A,m, B)
g aobeix A, Bu 0 <e <n+m. O

3AMEYAHUE 3. [locTpoenubie B 10KA3aTEALCTBE CTYNEHYIATHIE (DYHKIIUA
MOXHO 0€3 Tpy/Ja IpeBpaTUTh B HEIIPEPLIBHBIE, YIOBIETBOPAIOMINE aHAJIOT Y-
HBIM yCJIOBUAM.
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B saxmovenue mpemiaraeM o600IIeHe HA MHOTOMEDHBIN CIyYall KaK 3a-
Jady IIA CAMOCTOSATENBHOIO MCCIETOBAHMU.

3AMAYA. [Ina kakumx obmacten @1, &y, $3 cymecTByeT HempepbIBHASL
dyuknusa f ¢ obracTeio onpenenenus Pg u Takas, 9TO UHTErpaa oT f 1Mo JH060-
My HapajierbHOMy mepenocy @i, sexammemy B @3, momoxwuTeneH, a WHTErPaI
oT f mo aboMy mapaireabHOMy mepenocy Po, rexamemy B ®3, oTpunaTeneH.
Paccmorpure caydan, korga ®1 — mpaMoyroabHuk, a $o — Kpyr.

AmToper BRIpaXaioT OmaromaprocTh Tmpodeccopy Kamens-Bemrosy (Mo-
ckoBckuu Vucturyr OTkperroro O6pasoBanus) 3a ydacTue B OOCYXJCHUU
5TOU TIPOOJIEMBL.
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KommenTapun x cratbe M. Anmnennoaywma,
B. ?Kypasnéea u I1. CamoBona

A. f. Kageas

3ajada WHTEPEeCHa U A CIydad HECTPOTUX HEPABEHCTB. B BTOM ciIydae
KapTUHA TaKOBa. PaccMOTpuUM HempepwiBHYIO GYHKIMO f (), ONpeaenéHHy 0
Ha, OTPE3Ke [IJIUHBLI 7Y, UHTErPAJ OT KOTOPOU MO JIOOOMY OTPE3KY MIUHBI (¥
HETOJOXUTENEH, a 10 JIOOMY OTPE3KY MJIWHBL (3 — HEOTPUIATEIEH.

Ecm a/f ¢ Q, uy > a+ 3, o f(z) =0. (ITO cregyeT us npuBeIeHHOTO
B CTAThe M0Ka3aTeabCTBa.) (A ecim v < a+ 3, TO COMEPKATENLHBIE TPUMEPHI
CyIECTBYIOT. )

[Iycts Temepb BemwuumHbI v U (3 comsMmepumbl. Torga mis HEKOTOPOTO
d >0, « =nd, f =nd, (mmn) = 1. I3 pe3ynbTaToB CTATBE CIEAYET, ITO
ecma ¥ > « + (3, To uaTEerpan or f mo ar60oMy OTPE3KY MJUHBI § PABEH HY-
110, a GYHKIUA [ IepUOAMIHA HA CBOEH OOJACTH ONPEIeTCHU C IEePUOIOM 0.

Cayuanm v < a + 8 — § IOKPBIBAETCA pE3yIbTATAMU CTATHH, IIYCTh 7y =
=a+pB-0+¢ <.

Toraa MOXHO yTBEPXK JATH TOIBLKO, YTO MHTErPAT OT f MO J0OOMY CABUTY
HAYATLHOTO OTPE3Ka [JIUHBI 0 HA BeluduHy ko + 7, rae 7 < €, paBeH HyJIIO.
[Ipu 5TOM MOXHO MOCTPOUTH TpUMEPHI PYHKIIANA C HEHYJIEBHIM HWHTETDAJOM
IUIA KX JOT'0 TAKOT'O CIBUTA.

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(273-273)



Ham noummy T

DBosee KopoTKue pererna 3a0a9 13 33, JaTHIKA
«MaTemMaTrIeCKOT0 TPOCBEIIEHNAY

M. . Bormzanos

3AIAYA 1.6B). (ABrop pemenus — A. Bagssn.)

[Tpeanonoxum nporusroe. [lycts 2y — kopens P(x) aprymenTa a. Torga
Argzy € (0,7) mpu mo6om 0 < n < w/a, T.e. Imzy > 0. Tak kak Q(z) —
HEKOHCTAHTHBIN MHOT'OWIEH CTEIeHN, MEHbIIen 7/« ¢ HeOTPUIATEIbHBIMY KO-
sddunmentamu, To Im Q(z9) > 0, T.e. Q(z0) # 0 u Q(x) ue gerurcs uva P(z).
[IporuBope-ue.

3ALAYA 7.3. (Arop pemenus — . Borganos.)

[ycrs P(r) — MuEEMATbEBI MEOTOWIeH MaTpumbl AAT | Torma

ATP(AATYA = Q(AT A) =0,

rge Q(x) = zP(z). Takum 06pa3oM, ecau A — HEHyJIeBOe COOCTBEHHOE 3HAME-
e AT A, To Q(\) = 0, a, cregoparensro, m P(\) = 0, T.e. A\ — co6cTBeHHO
suagennme AAT. O6parHOe [OKA3BIBAETCA AHAIOIMIHO.

% 3k k 3k Xk k

OT PEIKOJLIETMA

Hanmomunwm ycaosue sagaqdu 1.6: a) Jan muorowren P(X). duas mo6oro X > 0: P(X) >
> 0. Hokasars, aTto uro P = Q/T, rae Q mw T — MHOrOWIEHBI C HEOTPHUUIATEIbHBIMA
xodddunuentamu. 6)* mycTs P — KBaAPATHBEIN TPEXWIEH, @ — APTYMEHT €r0 KOMILIEKCHOTO
xopusa. Torga crenens Q He menbie 27/ .

Pemrenve A. BagssaHa 0ka3aaochk I HAC HEOXKUJAHHOCTHIO: PaHee OMyOINKOBAHHOE pe-
menwe 3aga47 1.6.6) 3aHEMAET CBBIIE ABYX CTDAHWI.

Mge! Ipu3BIBaeM YUTATENEN TPUCHLIATH CBOU PEIICHUA: ACHBIE, MOHATHBIE, C KPACUBBIMU
HOeAMU U, 0 BO3MOXKHOCTH, KpaTKue (ILIOXWe PEeLIeHVsA MbL W CAMU HAIWIIEM).

Ecmm Ber pemnm He 6yKBaIBHO TY 334349y, KOTOPAs ObLIA OIyGINKOBAHA B «3aIaTHIKEY
a 6IM3KYI0 K HeH, TO BCE PABHO IPUCBHLIANTE PEIIeHWe. JTO MOXKET ObITH MHTEPECHO CaMO
no cebe, a KpoMe TOr'0, B yCIOBUAX 33124 BCTPEYAIUCH OIINOKU.

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(274-274)
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3aada 0 COOCTBEHHDLIX UMCIAX

A. K. Kosass 1:xxn

[IpuBemem popMyIMpPOBKY U pelieHue 3ana49u 7.3 u3 3amavauka «Marema-
THUIECKOTO MPOCBELICHU).

3AIAYA (TEOPEMA). Iycte A — npamoyromsaas maTpuna, A’ — Tpamc-
HOHEpOBAaHHAA MaTpuna, Torga marpunsl AA' u A’ A umeroT ogmHAKOBBIE Ha-
60pr HEHYJIEBBIX CO6CTBeHHBIX qucesa ¢ OAMHAKOBBIMU KPATHOCTAMU.

[IOKA3ATEILCTBO. Ilycte AA'v = Av, rae v — COGCTBEHHBII BEKTOP,
A — co6erBennoe aucao. Torga A'AA'v = MNA'v, (A’A)(A'v) = A(A'v). 3ua-
9T, Kaxgoe cobcTBeHHOe umcao maTpunbl AA' argserca coO6CTBEHHBIM HH-
ciom maTpunsl A’ A u mao6opoT. [JokaxeM, 9TO COBNAJAIOT KPATHOCTHU TUCE,
UCXOMA W3 WU HEMPEPHIBHOTO W3MEHEHMUS.

Paccmorpum maTpuiry B Takoro xe pasmepa Kak A, MAaKCUMAIbLHBIA MU-
HOP KOTOPOUW — AUATOHAJILHASA MATPUIA C PA3JUYHBIMU DIEMEHTAMU, 3 OC-
TAJTbHBIE DIEMEHTHI — Hyau. Bce HeHyaeBble COGCTBEHHBIE WHMCIA MATPHUITHI
BB' pazauuanast. Pacemorpum matpuiy C = (1 — a)B + aA, rge o — mapa-
meTp, 0 < a < 1.

[Ipu menpepuiBEOM H3MeHeHIT @ OT 0 10 1 co6cTBennbie wncaa C'C' mempe-
PBLIBHO MEHAIOTCA OT Habopa co6CTBeHHBIX umcen BB’ no mabopa cob6cTBeH-
HBIX uncen BB', npuyuem, npu o = () Bce COOCTBEHHBbIE UMCIA PA3IUIHBI, a
opum @ = 1 OHU «CKJIEUBAIOTCA» U IMOAYYIal0T KPATHOCTH.

[TockombKy Mexay pasimaabMEu coOcTBeHHbIME auctamu CC’' u C'C' cy-
MIECTBYET B3aMMHO OJHO3HAYHOE COOTBETCTBUE, M OHU MEHAKTCS HEIPEePHIB-
HO, TO NPU KAXKAOU (CKICUKe» 3HAYECHUU COOCTBEHHBIX Yucen OyaeT coxpa-
HATHCA PABEHCTBO WX KpaTHOcTen. Teopema mokazaHa.

3AMEYAHME. JTa TeopeMa BaXXHa 1A NPUKIAIHBIX 33134, HAIPUMED
JUIA METOA MMIABHBIX KOMIIOHEHT, MOCKOILKY MaTpuma AA’ MoxeT okasaTsbca
OYeHb OOJBIIOTO pa3Mepa, W, ITOOBI HANPAMYIO BBIYUCINTEL €€ COOCTBEHHBIE
91CIa ¥ BEKTOPHI, He XBATUT PECypCcoB KoMIbloTepa, a MaTpuma A'A — mo-
XKEeT OKa3aThCA MAJEHBKOTO Pa3Mepa, TOT[a, BHIYUCIWE €€ COOCTBEHHBIE -
clIa \; M BEKTOPEI ¥;, MBI JEFKO HAJAeM COOCTBEHHBIC TMCIA M BeKTOpH AA’,
paBHBIE \; 1 Av;.
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Ncnpasnennsa x cratbe A. Ckorenkosa «Boxkpyr
KpuTepusa KypaToBCKOTO TIAHAPHOCTY T'PaoBy

A. CxonenkoB

B ymomsamyryio crarsio (N9, cc. 116-128) caegyer BHECTH caemyromme
NCIIPpaBJICHUSA.

C. 119, crpoka 3. [lepen caosom «IIpenmosoxum» cregyer nobasutsb «By-
IeM pacCMaTpuBATL rpadbl C METIAMA U KPATHBIMEA pebpamu.»

C. 119, crpoka 5. BMecTo «¢ MUHUMAIBHBIM YUCIOM Pebep» CIeayeT Yu-
TATh «C MUHUMAJLHBIM 9UCJAOM pebep, He COAepX AU U30IUPOBAHHBIX BEP-
IIIWH. »

C. 125, crpoka 7 camsy. BmecTo

«Paccmorpum o6weguuerne N gByMepHBIX rpanei 2-mommaapa N. Ilo-
CKOIBbKY KaxJbln m3 rpacdos Ky m K33 Broxum um B TOp, u B auct Mebu-
yca, To N eCTb HECBA3HOE OOBLEUHEHNE NUCKOB. SAMEHUM KX ILIA TUCK HA,
,, KOJIECO“ .»

CIeyeT YuTaATh

«Tak xax N He COIEPXUT 30HTUKA, TO OKPECTHOCTH JIOOOU TOYKU B
N spaseTca o6beIUHEHWEM [UCKOB W OTPE3KOB, CKJICEHHBIX 3a OTHY TOUKY
(puc. 1.a). Ecam 5Tux IUCKOB 6OIBIIE OJHOTO, TO 3AMEHUM DTy OKPECTHOCTH
Ha n306paxennyio Ha puc. 1.b. ObpaTHoe npeobpa3oBaHue ABIACTCA CTATUBA-
HUEM ,,3Be3[[bI C HECKOJIbKUMU JyIaMu" U MOITOMY COXPAHAET MIAHAPHOCTD.
3HAYUT, AOCTATOYHO AOKAZATH IUIAHAPHOCTDL A TOJTYIEHHOTO YKA3AHHOU
3aMeHON 2-moamdapa. Pacemorpum o6begurenre N ero AByMEPHBIX CDAHEN.

(b)
Pwuc. 1.
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Torza OKpecTHOCTH Mo6o# Touk: B N ABIAETCA JUCKOM. SHAYUHUT, IO TEOPeMe
KIACCH(DUKAIINY TTOBEPXHOCTEH N ABIACTCA HECBA3HBIM O0BeIUHEHUEM Cchep
¢ pyukamu, mieakamu Meébuyca n goipkamu. [[ockonbKy Kax b u3 rpados
K5 n K33 BIOXNM 7 B TOp ¢ ABIpDKOU, U B aucT Mebuyca, To N ecTb HecBas-
HOE OOBEIUHEHUE MUCKOB C ABIPKAMU. 3AMEHUM KaXIBIA U3 DTUX JUCKOB C
IBIDKaMU Ha rpad ¢ puc. 2.

Puc. 2.

ABTOp NPUHOCUT U3BUHEHUA 33 MOMYIICHHYIO HEOPEKHOCTD.



3afavHbIi pas ge

B sToM pasgene BHUMAHUWIO YUTATENEU MPEIIATAETCA MOAOOPKA 3a1ad PA3HOU
CTENEHU CI0KHOCTHU, B OCHOBHOM TPy IHEIX. HekoTopEhIe u3 3Tux 3a1a4 (He 0043aTenb-
HO CaMble CJIOXKHBIE!) TPeOyIOT 3HAHUS (HEIEMEeHTAPHOW» MATEeMATUKM — AHAI3A,
JIMHENHON aareOpel U T. II.

CocTaBUTEIAM 3TOU TOAOOPKU KAXKETCA, ITO TMpeLIaraeMble HIKE 3a0a91d OKa-
XKYTCs MHTEPECHBIMU KaK OJaA CAJIBbHBIX IMKOJIBHUKOB, HHTEPDECYIINNUXCA MaTeMaTHu-
KOﬁ, TaK 1 Iy CTY IEHTOB-MaTEMAaTUKOB.

Mur o6pamaeMcs ¢ Tpocboor KO BCEM YUTATENAM, UMEIOUIIM CBOU COOCTBEHHBIE
MOA0OPKU TAKUX 330a4, MPUCHLIATL UX B penaknuio. U, pasymeercs, MBI C YIOBOJIb-
cTBreM OyaeM ImyOIMKOBATH CBEXWE aBTOPCKUE 3aJaN.

B cxobkax mocsie yCaoBus 3a0a9d MPUBOIATCA (PAMUIUA aBTOpa (yTOIHEHUA CO
CTOPOHBI YUTATENEN MPUBETCTBYIOTCA). Eciau aBTOp 3amadu HaM HEU3BECTEH, TO B
CKOOKaX YKa3bIBAETCA «(POIBKIODY.

1. B Bepmmuaax ky6a HAIUCAHBI IUCIa. BMECTO KaXmAOro HUUCIA 3aMUCHI-
BaIOT cpefHee apupMeTHIeCKOe IUCEN, CTOALIMX B TPEX COCEJHUX BEP-
muHax (aucra 3ameHAT ogHoBpeMenHo). [locae 10 Takux omepanmi B
BEpIIMHAX OKA3AINCH UCXOMHBIE YUCaa. Haumaure Bce TakuWe FTUCIA.

(A. K. Kosaavdarcu)

2. Kpupasa C namama B R mapamerpumueckwm ypapmemmamum z; = P;(7),
i = 1,2,3,4, rue muorounensr P;(7) mmeror crenens 3. [Jokaxwmre, 9TO
C XWBET B TPEXMEPHOU TIOCKOCTH (T.€. HAuAeTCa 3-MepHoe addurHOE
HOJIIPOCTPAHCTBO, KOTOPOE €€ COAEPKHUT). (A. A. Beaos)

3. PaccmoTpuM mukamdeckme CaI0Ba ¢ OTMedeHHBIM HadaaoMm u3 0 m 1 ¢
YeTHBIM YHUCIOM HyJed. [[punuiemM equHunaM CJI0Ba 3HAKA + W — Tak,
9T00BI 3HAKN COCEMHUX €IUHUI] COBIAAIN WIN OTIAIATUCH B 3ABUCHMO-
CTH OT Y€THOCTH IUCAA HYJIEW MEX Ty HUMU (HATPUMED, WIYLIAE TTOADAT
eUHUILI 6ePYTCA ¢ OAMHAKOBBIM 3HAKOM). Cuznamypot ca08a HA30BEM
a0COMIOTHYIO BEIUYINHY aareOpanveCcKor CyMMbI equanl. [Jokaxure, 9T0
YUCIO CIOB [IJIWHBI N U CUTHATYPHI 1 — 2k paBHO YUCAY COYETAHUU U3 71
mo k mpu n — 2k > 0 u BaBoe menbure mpu n — 2k = 0.

(3. B. Bunbepe)

4. Ha mmocKoCTH MPOBEAEHBI 71 CUCTEM PABHOOTCTOAIINX MPAMBIX; -1 CH-
CTeMa COCTOWT W3 BCEX MPAMBIX BUIA o, + bjy = ¢; + k, k € Z. llpn
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DTOM HUKAKWE TPHU MPAMBIX HE MEPECEKATCA B OJHOU TOYKE, W HUKA-
Kre nBe€ CHUCTEMBbI HE ITapaJICJIbHbI. STI/I CUCTEMBIL pa,36I/IBa,IOT IINIOCKOCTH
Ha, MHOrOyroabHuku. [lycTs S — cpemHsAs mIomagb MHOTOYTOJLHUKA,
Sij — IIOIWAJb MapaLIeIorPaMMa PeIIeTKH, MOPOX IeHHOM -U ¥ j-U CH-
cremamu. [lokaxwure, 9T0

STh=>"5"

i<j
(Cpepmmss mwiomagb MHOTOYTOAbHUKA — 5TO BeawuauHa S = lim S /Ny,
t—+oo

rae Sy — oblasa mIomagb BCeX MHOTOYTOJIbHUKOB PAa3OUeHus, eTnKOM
COMEPKAIIXCA B KPyTe pagmyca t ¢ IEHTPOM B HadaIe KOopauHaT, Ny —
KOJIMIECTBO DTUX MHOTOYTOJBHUKOB. ) (A. A. Kaneav)

5. Ha 6epery kpyrioro ocrposa ['meToTam pacmosoxeHO n IepeBeHb, B Ka-
XK IOU KUBYT GOpILI. BBLT MpOBEIeH TYPHUD, B KOTOPOM KaX IbI GOper]
BCTPETWICA CO BCeMU OOpliaMm uW3 BCEX APYTUX gepeBeHb. llepesua A
camraeTca cuabree nepesru B, ecam xora 6wl (1 — r)-1 9aCTH MOEIMHKOB
MeX Iy OOpIlaMM U3 STUX AePEeBEHDb 3aKaHINBALTCA Mo0eIor 60pIa 13 qe-
pesam A. (Y Bcex 6OPIOB pa3Has CWIA, W B MIOEWHKE BCETAa, MOGEKIAET
cmrbEeNImY. ) BECHRIOCH, 9T0 KaX1ad IePEeBHA CUIbHEE CIeNYIOmen 3a

HEU 1o 9acoBou crpeake. [Jlokaxure, 910 o < (g = — npudaeMm
2
n+ 2

(A. Boedanos)

6. BHyTpu BBIDYKJIOr0 YeTHIPEXYTOIbBHUKA B3ATA TOYKA, PABHOYIATCHHAS
OT TMPOTUBOMOJOKHEIX CTOPOH. OKA3aTI0Ch, ITO OHA JEKUT HA MPAMOMU,
COEIMHAIONIEN CEePeINHBI AUaroHasen. [JOKax)uTe, ITO UeTHIPEXYTOdb-
HUK SABIAETCA JU00 BIOUCAHHBIM, JU00 ONUCAHHBIM, JuOO TpATEmuen.

(A. 3acaascruii)

4 cos
YNCJIO (g HEJAb3A 3aMEHUTH Ha MEHBIIIEE.

7. OT TpAMOYTOIBHUKA OTPE3AI0T KBAAPAT, & C OCTABIIMMCSI TPAMOYTOIb-
HUKOM TPOM3BOAAT Ty Xe mpouenypy. Moxer ju mocienoBaTeIbHOCTH
OTHOIIIEHUY CTOPOH Y DTUX MPAMOYTOIHLHUKOB OBITEH MIEPUOIATECKON, €C-
JI7 OHA U3 CTOPOH MCXOTHOTO IPAMOYTOILHUKA PaBHA 1, a Apyras paBHA

a) V2, 6) v/2, B) v/2005. (B. A. Ynaposcrui, A. A. Beaos)

8. MoxHO nu mokpacuThb chepy OeJorl U KPaCHOU KPACKAMHU TaK, ITOOBI
JM00bIe TPU UCXONANIAX W3 MEHTPa Chepbl B3AUMHO MEPIEH TUKYIIPHBIX
JIyda Mepecekain ee B OMHOU KPACHOU U ABYX GEIBIX TOUKAX?!

(S. Kochen, M. Specker)

9. G — rpynma nopaaka 2"(2k + 1), comepxamas saemenT mopagka 2.
[okaxuTe, ITO MHOXKECTBO DIEMEHTOB HEYETHOr'0 MOPAJKA ABIAETCA
HOATPYIIION. (3aounviii kKonxypc namamu Kupuasa Jouesa)



280

3aqavIHEIA pas el

10.

11.

12.

Cpenu k moueT ecTh ogHa QATbIUIUBAAL, MPUIEM HEUM3BECTHO, Jerde OHa
WM TAXKeNee. 3a KAKOe MUHUMAIBLHOE YUCI0 B3BEITUBAHUU MOXHO OIIPe-
MeauTh (PAJbIIMBYI0 MOHETY Ha, HYallleYHBIX Becax 0e3 r'mpb, €Cau Ipu

5TOM a) TpebyeTcsa y3HATH, Jerde OHA WIM Taxenee; 6) He Tpebyercs
Y3HATH DTO. (A. M. Azaom, H. M. A2a0m)

[MocregoBaTenbHOCTE HEMPEPHIBHBIX GyHKIMR (F), ), rae n-a pyHkums 3a-
BHCHUT OT 7l I€pEMEHHBIX, Ha3BIBACTCA cpedueli, eCIH OHA YIOBIETBOPAET
CIEAVIONIM CBOUCTBAM:

1) Ina mo6oro HaTyparsHOTo N GyHKIUA F), CAMMETPUIHA, OMHOPOTHA
(T.e. mpu MEpECTAHOBKE MEPEMEHHBIX 3Ha4YeHne F), He MeHgeTca u
E,(A-z1,..., - xp) =X Fp(z1,...,Tp)

IS MOOBIX aucenr \, X1, . .., %y ), Kpome Toro Fy(z,...,z) = x mia mxo-
6oro z, F5(1,0) = 1/2.
2) [lnsa moOBIX HATYPAIBHBLIX 1 ¥ Kk PABEHCTBO

Fn—l—k(xla sy Ty Lp4ly e axn-l-k) = Fn—l—k(xla s axnaYa tee aY)
rae Y = Fip(zp41,- .- Tnik), BBIIOTHEHO A JIOOBIX TUCENT X1, . . ., LTpik-

Hoxaxute, uTo PpyHKIUA F), ecThb cpeanee apupMeTuIeCKoe:

_ it HIn
Fo(z1,..0m0) = " : (A. A. Kaneav)

KBagpaT pa3OUT Ha TpPEyrOAbHUKA PABHOM IOmagu. /Jokaxure, 9TO
UX THACJIO IETHO. (Doavkaop)
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8.2. YCNOBUE. Haittu muckpumuaanT MEOTOWIeHa P(2) = 22003 4+ 2 + 1.
AUCKD

PEMEHUE. PaccmoTpuMm Godee 00Uyl 3agady: HAUTH JUCKPAMUHAHT
muorowrena Py (r) = 2209 + x4 ¢. Cragana 3aMeTuM, 9T0 JUCKPUMUHAHT Pa-
BEH PE3YJIbTAHTY MHOTOWIECHA W €T0 MPOU3BOLHOW, W IO M3BECTHOU (POPMyJIe
(cm., manpumep, B. JI. Bar nep Bapaen, «Anre6par) pe3yIbTaHT MHOTOYWIEHOB
apxz™ + a1z 4 ... 4 ap 1 boz™ + biz™ ! + ... + by, paBeH OmpeIeInTEIO

ap a1 ... ap 0 ..ol 0 O
0 ay a1 ap, 0 ... ... ... 0
.................... 0 ay aq an
by b1 ....... by 0 ...... 0 0
0 by b1 ....... by 0 ....... 0
................ 0 by by ....... by

Hockoasky P'(x) = 200322°°2 +1, BuaAHO, ITO B HAIIEM CIyHae PE3yIbTAHT
ects MHOrOwIeH oT t cremeru 2002 u crapumm kodddunmenTom 20032003,
Boraucaum sToT MHOrowrieH. [las sroro mocmoTpuMm, mpu Kakwx ty P u

P' ectb o6umit kopenb. Kopan P’ cyts z, = 2003~ 1/2002 exp (w),

2002

k = 1,...,2002. [Tooromy mckomble 3Ha4YeHUS | CyTh tf, = —T) — x%OO?’ =
2002 2002202

=~ 003k MHorowien ¢ KOpHAME tf, €CTh Hz[ff(t—tk) = t2002+W. o-

STOMY MCKOMBIM MHOTOWIEH MOMYYAeTCA U3 HEMO0 YMHOXEHUEeM Ha IUCIO (pas
oH TOU Xe cremenn). Mbl 3HAEM €ro cTapmui KO3(pOUIIEHT, TOITOMY OCTa-
JOCh BBIMCATH OTBET: IUCKPAMUHAHT MHOTOWwIeHa, P () pasen 2003200342002 1
+ 20022992 3 muckpuvumBaHT MHOrOwWIeHa P(z) momydaerca mpu t = 1.
OTset: 2003209 4 20022002, (B. B. Jouenxo)

8.3. YCJIOBUE. MoxHO Ju KpPyr C ABYMS OLIDKAMHU OTOOPa3uTh B cels
6e3 HemoIBUKHBIX TOYEK !

PEmEHUE. B ycroBum 3amasu gomyinena omwubka. Bompoc cocTout B cy-
IIECTBOBAHUU HENPEPBIBHOIO B3AUMHOOJHO3HAMHOTO OTOOpaxkeHus (romeo-
MOphu3Ma).

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(281-285)
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Kpyr ¢ gBymsa gripkamu romeoMmopden chepe ¢ TpeMmsa abipkaMu. MoxHO
CYATATH, 9TO DTHW NBIPKU MMEIT HeGorbmon pasmep (ckaxem, 1°) m pac-
MOJIOXKEHBI HA DKBATOPE CPepbl TaK, ITO PACCTOAHUA MEXAY WX HEHTPaMU
OJIMHAKOBHI 1 paBHBI 120°.

Tl'omeomopduam 6e3 HEMO IBUKHBIX TOYEK MOXKHO TelePhb OMKUCATD TaK: DTO
KOMTIO3UIIKSA TTOBOPOTa Ha 120° BOKPYT MOJAPHOU OCH M CUMMETPUU OTHOCHU-
TeTbHO IIOCKOCTH 3KBATOpa. [IoCKOIBLKY momyImapus MEeHSIIOTCSI MeCTaMu, TO
BHE DKBATOPA HEMOIBUXHBIX TOUYeK HeT. C IPYyrodl CTOPOHBLI, OIPAHUYIECHUE
TOro oTobpaXeHus Ha SKBATOP ABIAEeTCSI moBoporoMm Ha 120°, y koToporo
HEMOIBUXHBIX TOUYEK TOXE HET.

3AMEYAHUE. [lanHas KOHCTPpYKIUA 0600IIAETCA MJIA KPYTa C 1 > 2 ObIp-
KaMH. (M. JI. Konyesuu)

8.4. YCJOBUE. [Joka3aTh, 9TO HA OMUCAHHOU OKPYXHOCTHU KaX JOTO TPe-
YTOMBHUKA CYUIECTBYEeT POBHO TPU TOUKM, MJIA KOTOPHIX COOTBETCTBYIOIIAE
npsambie CUMCOHA KACAIOTCA OKPYXHOCTU IEBATHU TOYEK TPEYrOILHUKA, TPU-
9eM DTU TOYKH SABIAIOTCA BEPIIMHAMEA MPABUILHOTO TPEYyTOIbHUKA.

PEmWEHUE. [1a peurenns Ham mOHALOOITCA caeayromme n18a GakTa O mps-
Mbix CuMcoHa.

1°. Ecim H — Touka mepecevueHus BEICOT Tpeyroabauka ABC, P — Tod4-
Ka Ha ero ONUCAHHOU OKPYXHOCTH, TO mpaMas Cumcona Touku P mpoxomut
41epes cepeauny orpeska PH (puc. 1).

2°. Eciu P, m P, — TOYKHE OMUCAHHOU OKPYXHOCTH Tpeyroabuuka ABC,
$1 M 89 — COOTBETCTByIOmUE UM TpaMbie CHMCOHA, TO OPUEHTUPOBAHHLIN
YyTOI MEX[y TNPAMBIMEA S] U So (M3MEPEHHBIN OT S$1 K S2) PABEH TOJOBUHE
opueHTHPOBAaHHOTO yriaa PoOP; (O — umeHTp ONUCAHHOM OKPYXHOCTHU Tpe-
yroasuuka ABC), puc. 2.

Ncnonbsysa otm yTBepXk nenus (MX N0Ka3aTEILCTBA MOXKHO HAUTY, HATIPU-
mep, B kaure B. B. IIpacomosa «3amgaau no nmaauMerpumy, 3agaxn 5.92 u 5.96),
MOJYYUTh PEIIeHre 33029 OYC€HD JETrKO.

A umeHHO, TOCKOIBKY OKPYXHOCTH JDUWIEPa TPEYTOIBLHUKA, MOMYIAeTCA U3
€ro ONUCAHHOW OKPYXHOCTU TOMOTeTHen ¢ meHTpom H u xodxdduinumerTom
1/2, o, cormacuo yrepxaenuto 1°, mobas npamas CuUMCOHA UMeeT XOTA Obl
OJHY OOILIYIO TOYKY C OKPYXHOCTBIO DuWiIepa (Ha PUC. 3 5Ta TOUKA — cepe-
muHa oTpeska PH — o6oszmavena wepes L). Yrobwr npamas Cumcona kaca-
JACh OKPYXHOCTU JDUIEPA, DTA TOIKA JOMKHA OBLITH UX SIUHCTBEHHOU OOIIEN
TOYKOU, T. €. mpaMas CUMCOHA TOTKHA OLITH MEPIEHIUKYIIPHA OTPe3Ky F L
(E — nenTp okpyxuOCTH Junepa). Paccmorpum teneps Tpeyroasauk O H P;
nockonbky HE = FEQO, orpe3sok EL aBafeTcs ero CpegHed JUHUEU, TEM Ca-
MbiM, EL || OP. 3uadut, npavas CuUMCOHA KACAETCA OKPYRKHOCTH JUIEpa
TOT/Ia U TOJHKO TOT/a, KOTAa, OHA MEPIeHAuKyIapHa oTpesky OP.
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Ucmoabsyem yTBepxkaeHue 2°: MpU MPOXOAe TOYKOM P Bceu OmMMCaHHON
okpyxHOCTE (T.e. koraa orpe3ok OP mosopauusaerca Bokpyr O ma 360°)
npamaa Cumcona nosopouuBaetcsa ua —180°. [Ipu sToM ycaoBue mepriesuKky-
JIPHOCTHU BBITIOMHAETCA POBHO TPUXK B, IPUIEM MEX Y COOTBETCTBYIOIIMEI
nonoxeauavu Toukamu P (Ha puc. 4 orm o603uaqensr Py, Py, P3) orpesok OP
nosopaduBaerca Ha 120°. Tak aro Py Py P3 — paBHOCTOPOHHUYU TPEYTOILHUK.

3AMEYAHUA. 1. [TycTs Bepmmuam Tpeyroabunka ABC cOOTBETCTBYIOT
KOMILTEKCHBIE 9NCIA @, b, ¢, a MEeHTPy ero onucagHon okpyxuaoctu — 0. Mox-
HO IOKa3aTh, 9TO TOrma Todkam Pj, Py, P3 cOOTBETCTBYIOT TPHU 3HATCHUS
v/ —abc.

2. YTBepX JeHre 33,0291 OCHOBAHO Ha TOM, 9TO orubaromen npambix Cum-
COHA MAHHOTO TPEYTONLHWKA ABIACTCA AEABTOUAA (CUMIONUKIONIA C TPEMA
OCTPUAMM), OMUCAHHASA BOKPYT €r0 OKPYKHOCTU DWIEpa, PUC. 5.

(M. FO. ITanos)

9.4. YCHOBHUE. [/lana moCIefoOBATEILHOCTL {aj}pe,, TaKad 4To a1 = I,
ap = k-1 + a9 npm k > 1. JlokaxwuTe, ITO HU OJVH €€ WIEH HE NEIUTCS
Ha 4.

[IEPBOE PEIEHUE. [Iycts n = 25m, rge m — Hewerno. JlokaxeMm uH-
OYKIWER 10 1, ITO

1. ecau k medeTHO, TO an = 2 (mod 4);

2. ecnu k 9€THO M KOAUYECTBO MUMP B JBOUIHOU 3AMUCU TUCAA 7 HEIETHO,
TO ap = 1 (mod 4);

3. ecnmu k 9€THO M KOAMYECTBO HMU(MP B ABOUIHOU 3AMUCK TUCIA 7 IETHO,
TO ap = 3 (mod 4).

[Mocrenrme nBa caydas MOXHO OOBEIWHUTHL B OAWH: ecad k €ETHO, TO

an, = 2s(n) — 1 (mod 4), rae s(n) — xonruuecTBO MGP B ABOMYHOU 3AIIW-
c’ aucxa n.
Baza n = 1 oueBmana.llepexon: mycTs 3T0 Bepuo aiqa 1,2,...,n — 1, mgo-

KaxeM 11a n = 28m.

1. Ecau k medeTHO, TO MO MPEANONOKEHUIO HHAYKIWA ¢, = 25(n—1) — 1+
+2s(n/2)—1 (mod 4). YuursBas, aro s(n/2) = s(n), s(n—1) = s(n)+k—1,
Oy 9aeM
2s(n—1)—1+42s(n/2)—1=2s(n)—1+2s(n)—1+2k—2=2k =2 (mod 4).
2. Ecau k werno u k > 0, TO OpeAIONOKEHNIO MHAYKIAN ay, = 25(n—1) — 142
(mod 4). 3 s(n — 1) = s(n) + k — 1 nonxyaaem

2s(n—1)—14+2=2s(n)+2k—1=2s(n) —1 (mod 4).

Ecau k = 0, To nomaraem n — 1 = 2%, rae s megerHo.
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Ecan ¢—1 megerno, To u3 a, = 2+2s(n—1)—1 (mod 4) ms(n—1) = s(n)—1
noaygaem 2 + 2s(n — 1) — 1 = 2s(n) — 1.

Ecm ¢ — 1 werno, o w3 a, = 2 + 2s([(n — 1)/2]) — 1 (mod 4) u
s([(n—1)/2]) = s(n) — 1 momxyaaem 2 + 2s([(n — 1)/2]) — 1 = 2s(n) — 1.

NHaykTUBHBIN IEpexX0oq OKA3aH. SHAYUT, 4, He NeTUTC Ha 4.

(A. Badzan)

BTOPOE PEMEHUE. /loka3aTeabCTBO TOTO, ITO G, HE meauTca Ha 4, cie-
AyeT m3 Tpex (PaKTOB.

1. Ecmu n HEeweTHOE, TO @) HEIETHOE.

[encrBurensro, mpu k > 0 umeeM aspy1 = a9k + Gk = aok—1 + 2af, TAK
9TO G9k41 YU G2k—1 UMEIOT OAMHAKOBYIO 9eTHOCTb. [lockonbky @) HEYeTHO, TO
¥ BCE OCTAJbHBIE (k4] TAKXKE HEUETHHI.

2. lIpu k > 0 BemmonusAeTCA aq, = ap (mod 4).

[Mus k = 1 oT0 cpaBHeHwue BoIMOAHAETCA. [l OCTAdBHBIX k €ro MOXHO
MPOBEPUTH IO UHIYKITAN:

44 = Q4k43 + Q212 = Qg2 + 202841 + Qpy1 =
= Q4k41 + 302k 41 + Qg1 = Q4g + 3a2p41 + A2k + Qg1 =
= a4k + 4asg41 + apy1 — ag,

HODTOMY G444 — Gfp+1 = G4 — a (mod 4).

3. Eciu n weTHO, HO He genwTcsa HA 4, TO MJIA ¢, CHPABEIINBO TO XKE CAMOE:
OHO YeTHO U He AeIUTCA Ha 4.

W3 1. 2 moay4daem:

O4k+2 = Q4k+1 + A2k4+1 = G4k + G2k + Q241 =
= (a4 — ag) + 2a2k41 = 2a9,4+1  (mod 4),

[Jajee MPUMEHUM yTBEpXKAeHue mI. 1.

Temepsb yTBepX feHHE 321290 MOXHO JOKAa3aTh OT IPOTHUBHOI'O: €CIN 1 —
HauMeHbIIIee IUCI0, AJIA KOTOPOTO (y NEIUTCA Ha 4, TO N TOIXKHO TEIUTHCA
Ha 4 (B cmwry mm. 1 m 3), HO TOrma B cmy . 2 (/4 TAKKE NOIKHO JETATHCH
ua 4. [oxyuwnru npormBopetine, KOTOPOE 03HAYAET, ITO BCE Gy HE MEIATCS
Ha 4. (A. Beaesuncruii)
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