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8.3. YCJIOBUE. MoxXKHO i KPYT € JABYMS JbIpKaMu 0T0Opa3uTh B cebst Oe3
HEIIOIBUKHBIX TOYeK”? (M. JI. Konyesuw,)

PEEHUE. Kpyr ¢ gByMst jibIpKaMu — 310 cdepa ¢ TpeMst JIbIipKamMu, noo
KpYyT eCcThb chepa ¢ ONHOR ABIPKO. PaccMoTpuM cdepy U TPH JILIPKH ¢ IeHTPAMI
Ha 9KBATOpe, TaK 4TO TOBOPOT BJOJIb dKBaTopa Ha 120 rpajycoB nepeBOAnNT
uX Apyr B apyra. KoMmmozuiimst 9Toro noBopoTa ¢ CUMMETPHUEl OTHOCUTEIBHO
IJIOCKOCTH 9KBATOPa HE MMeeT HENOABHIKHBIX TOYEK (M. JI. Konyesu,)

KOMMEHTAPUM 1. KoHCTpyKIWS TPOXOIUT JIJIsI JIFOOOTO HWHCJIa JIBIPOK.
Jlist gucsia IbIPOK, OTJIMIHOTO OT JBYX, HPOXOMUT H JIpyTas KOHCTPYKITHA,
JIO KOTOPOii TICHXOJOIMYECKH MPOIIe TOAYMAThCS: JIBIPKH PACIOIOXKEHDI BIOJIb
KOJIBIIA U MEePEXOJIAT JPYT B JPyTa MPH MOBOPOTE.

2. Ecoim apipok 1iet, 1o meopema Bpayspa o nenodeusicroti mouke (Beprast
B JI000fT PA3MEPHOCTH) YTBEPKJIAET, “ITO HENPEPLIBHOE OMOOPUNCEHUE ULAPA
8 cebs umeem HenodsurcHyro moyky. Eciam ducio aplpok 60IbIIe OJHOM 1 0TO0-
ParKeHUe 11€PEBOUT I'PAHUILY KAXK IO JAbIPKU B Ce0sl, TO CYLIECTBYET HEIIOUBU K-
Hast TOYKa (& KOJIBIIO, T.€e. KPYT C OJHOM JIBIPKO#, MOXKHO [IPOBOpAYMBaThL 0€3
HCIOJIBUYKHON TOUKI). YHCI0 HCMOABIZKHBIX TOUCK CHMILIUIHAJILHOIO OTOG-
pakenusi (¢ y46ToM KpaTHOCTEIl) BhIpazkaeT 3HamenuTast opmyaa Jdedueua
(cM. https://ru.wikipedia.org/wiki/Uucno Jlepmweua). (A. 5. Kaneav-Benos)

8.6. YCJIOBUE. BuyTpy euHUIHOIO KBaJIPaTa PACIOI0KEHO OECKOHEUHOE
MHOYKeCTBO To4eK. Beerna jin HafiiéTes riajikast KpuBasi, TPOXOJISIas depes3
HECKOHETHOE €ro MOJAMHOKECTBO? A GECKOHEUHO IyiajKast? (Doavraop)

PEIIEHUE. BeckoneuyHoe MHOXKECTBO TOYeK KBaJIpaTa HMeeT IIPeIeabHYIo
touky O. I3 gaHHOr0 MHOXKECTBA BBHIOEPEM CUYETHYIO TIOCIEI0BATEIBHOCTL A;,
cxogsitytocst K O. MoxHo cauTars, 9to ¥V n A, # O.

Monoxum e; = OA;/|OA;] (i = 1,2,...). TIockoabKy €; TpUHAJIeKAT
€JINITNYIION OKPYZKIIOCTH, M3 IIUX MOZKIIO BLIOPATL MOIIOCIEI0BATEILIIOCTD,
CXOJSIILYIOCS] K HEKOTOPOMY BEKTOPY €. BeKTopsl €; 1pu O0JIbIINX ¢ LOHAIAI0T
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B HEKOTOPYIO €-OKPECTHOCTH BEKTOPA €, B KOTOPOH MOYKHO FOBOPHTH O TOM, YTO
OJINH BEKTOP OTHOCHTEILHO APYTOro PACIOJIOXKEH JIHOO 10 4acoGotll Cmpeaxe,
Jimbo NPoMue 4acosoli cmpeary. B KaKyio-To CTOPOHY OT € JIEYKUT HECKOHETHOE
MHOXKeCTBO &;. anplre paceMarpubaeM TOJILKO HX, IPUUEM MOMKHO CUNTATD,
YTO PACCTOSTHUE MEYKIY €; U € MOHOTOHHO YOBIBAET C POCTOM i.

MO2KI10 TakzKe cauTaTh, 9To |OA;| MOIOTOIIIO U JOCTATOUIIO OLICTPO YOLI-
BaeT ¢ PocTOM ¢. Torma TOUKH A; SIBISIOTCS BEPIIMHAMU HEKOTOPOM BBHIIYK-
Jioit stomanoil L. O4eBUIHO, YTO Yepe3 BEPIIMHLI BBHIIYKJION JJOMAHON MOZKHO
LIPOBECTU LJIALAKYI0 KPUBYIO, LPUYEM BblllyK/ylo. IIpu n — 0o equHuuHblil
KacaTeJbHBIA BEKTOP K 3TOH KPHBOIl CTpeMHUTCS K €, II03TOMY Kpubas Oyiuer
raajakoi u B Touke O.

Tenepb MOKazkeM, 90 GECKOHETHO TIaJIKON (1 Jlazke JIBAYK/ Tl TJTa/IKOIT) KpH-
Boit MoxkeT U He 6bITh. [lycts O = (0, 0) — Hava/I0 JIeKapTOBOI CUCTEMBI KOOP/THU-
HaT Ha rockocTn. Pacemorpim MuozkecTBo Towek A, = (n” 2, n3), n € N. [maj-
Kas Kpubas S, comepxKaiias Bce A, , obsgzana npoxoauTh depes O 1o HellpepLIB-
wocru. [Tycts S aBaxkasl miagkas. Fé kacarenbnas B O nanpagsiena mo ocu OX .
IlosToMy B 11eKOTOpOIE OKpecTiiocTr Toukd O Kpusast S — 310 rpadukK ABaKILI
neupepbiBHO fuddepentupyemoit dyukuun f(x). Torpa f(z) = % () - x®
JUTSL HEKOTOPOTO T, Te 0 < xg < z. Orciona f(z) < K x2 B okpecTHOCTH TOUKN O
8=n.(n2)?

Juist HeKoTopoii koHcTanTbl K. OuHako n~ , LIpoTUBOpEULE.

KOMMEHTAPUU. 1. MBI foKa3aIm, 9To U3 HECKOHENH020 MHOHCECMEA MO-
yex Keadpama MONHCHO 6b10PaMYL BECKOHEUHOE NOOMHONCECTNGO, AEXHCAULEE HA Gbl-
nYKAOU KPUGoT. AHAJOIMYHO JOKA3BIBAETCS, UTO U3 JOCMAMOUHO 60ABWLO-
20 KOHEUHO020 MHONCECTEA MOYUEK MOIAHCHO 6b10pamsd k, 00pasyousue Gunyk-
Abil K-y2oavHuK. DTH YTBEPIKIEHUST CJIEAYIOT TaKXKe U3 CJIETYIOIIel Te0PEeMBI.

OBOBIIEHHAS TEOPEMA PAMCE4. ITycmb dano mmoocecmeo M, ece
€20 M-2AEMEHMHBIE NOOMHOICECNGA Packpawenv, ¢ k ysemoas, u nycmsv £ = m;
moezda ecau k, £, m durcuposanvs, a mrootcecmeo M docmamourno seauro, mo
Hatioémes L-sAeMeHMHOE NOOMHOACECTNBO, 8 KOMOPOM 6ce k-aaemenmubie no0-
MHOAHCECTBA, PacKkpauLetds 6 00un ysem. Fcau orce muoocecmseo M beckonewro
(a k,m durcuposanst), mo 6 M natidémes u beckoneunoe nodMHONCECTNEO
¢ YKA3GHHDM CEOTCTNEOM.

ITpn n = 2 orcroyia mosrygaercst o0bIIHast Teopema Pamcest Jijist rpadoR: eyt
pébpa mosiHOrO rpada pacKpallleHbl B HECKOJIBKO IIBETOB, & THCJIO BEPIIIH 10~
CTATOYHO BEJINKO, TO HalméTca nosHblii moarpad 3 (manpumep) 2018 Bepmn,
Bce PEOpa KOTOPOTO OJIHOTO I[BETA.

IToxkarkeMm, Kak Hallle yTBEPXKJEHHE PO TOYKHU CJIeayeT u3 0DOOIMEHHOM
TeopeMbl Pamcest st m = 4, £ > 5. Eciin deTbIipe oTMedelble TOYKH 00-
Pa3yIOT BBILYKJIBI YeTHIPEXYTOJBHIK, TO HA30BEM 3TY UETBEPKY KpacHol,
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a B TIPOTUBHOM C.qua,e - CUHe?j. HpV[ JIOCTATOYHO 6OJTBTTTONT KOJINYEeCTBE TOYEK
B cujly 0DOOIIEHHOI TeopeMbl Pancest HaiaéTcst aubo Tako# f-yTrobHUK, YTO
KayKJasd JYeTBEPKA €0 BePIINH KpacHasd, JubO TaKOi, 9T0 KarxKJas JeTBEPKA
ero pepmul cungsd. Ho Bropoit ciyuail HeBosMoXKeH, TaK KaK CPeIX IIATH TOUEK
OOIIEro MOJIOXKEHNS Ha MJIOCKOCTH HAlIyTCsl YeThipe, 00PasyIoIiie BhITYKJIbIil
YETLIPEXYTOJILIINK.

2. PaccmarpuBas 6ECKOHEYHO YIASIONINECs] OT HAYAJIA KOOPIMHAT 1LI0CIe-
JIOBATEILHOCTU TOYEK, MOZKHO OBOOIIUTDL 3a/1a9y HA IIPOU3BOJIbHBIE (He 00si3a-
TEJIbHO Ol'paHM‘ieHHble) MHOZKeCTBa TO1EK.

3. Bamauya m KoMMmeHTapur 1 1 2 0000OMIAIOTCS HA IIPOCTPAHCTBO 00O
PA3BMCPHOCTH. (A. Kaneav-beaos)

8.11. YCJIOBUE. Psiin > a, cxodumes 6 cpednem, ecim cymecrByer upeje)t
cpeHnX apudMETHIECKIX er0 YACTHYHBIX CyMM

k

n
. —1 Sk
llm&%, sk,:E ag.

n—oo el
[Iycts paj D @ CXOAUTCS B CPEJHEM W LPH ITOM
a) ap = o(1/n) (r.e. lim,_  na, = 0);
6) ap, = O(1/n) (r.e. 3C > 0: Vn |na,| < C).
Hokaxkure, 910 TOTIA PSII Y |, Ay CXOIUTCSI. (A. . Beaos)

PEmiEHUE. IlosmoxuMm

(a) Iockombky nocaenoBarenbaocts { M, } cxonurest, nmeem |M,| < M st
wekoToporo M. Jlya jgoboro HATYpaabHOTO k CyIimecTByeT Takoe N, 4TO ecju
n > N, 710 |ay| < 1/(k*n). Cremosarensuo, ecm n < m < kn, To

1
|Sm - skn| < E (*)
Iautee,
M :ﬂM‘FL(S 1+ +8k)=lM +L(s 14+ Skn)
O T PP "7 T
Orcrona
‘ - 1 1 kn —
My, — B -S],;n‘ = ‘EMTL—F R(STH_I +"-+3kn) — %Skn‘ <
M| N Mo |11 M1
]
<H B Y Gm— )| < H | - 1n| < 2

m=n-+1
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ITpu ocTaTovHo GOBITIOM 12 MOYKHO ¢jienaTb M, CKOJIb YTIOjTHO OJIM3KAM

—1
K (v, I0O9TOMY IPH JOCTATOIHO OOJBIIOM k MOXKHO CHEJIATh ——— * Sk CKOJIb

YTOJIHO OJIM3KUM K (v, & TOTJIA U Sk, CTAHOBUTCH CKOJIb yro;LH(;C OJM3KUM K Q.
B cuny (%) BesmunHa Sp, TAKXKe CTAHOBUTCS CKOJIb YIOJIHO OJIMBKON K (v IPH
pocTe m, 9TO U TPedOBAIOCD.

(6) Ceeném 11. (6) x 1. (a). st 917010 JOCTATOTHO HOCTPOUTH TAKOE IIPe-
06pazoBaHue UCXOIHON MOCIEI0BATELHOCTH, [IPU KOTOPOM HE 3aTParuBaeTCsi
CX0AUMOCTb S u My, HO Besmuuna a, u3 O(n) cranosurcs o(n).

I'maBHYIO pOJIb B IIpeoOpasoBaHun UrpaeT jgobasienne Hyseil. Jobasienne
HyJIsL B IOBUIAH 1 OYJICT O3HAYATH 3aMCHY TOCIICIOBATCIBLHOCTH Gy, HA MOCIIC-
JIOBATEJLHOCTh

a1 = a1, a2 = a2, An—1 = Ap—1, Gn = 0, Apt1 = Qp, Apy2 = Apgl,---

T lim(L 57 6 i
ellepb IOCMOTPHM, MEHSETCs JIT 1m(ﬁ > ey Sk) UpH 100ABIEHHU HyJIeil
B HOBUIUSX P, 2p, 3p, ... (I TAIISIIOCTH MOXKIIO BLIGPATL KAKOe-TO GOJID-
moe p). [Ipu 6osbiom n Besnrnaa - > h—1 Sk ABIISIETCS B3BELICHHBIM CPEAHIM

. 1 ) o
LpesKHeil cyMMbl — o Sk (tue m & P i sec Gumsok K p — 1) u HoBoit

1
CYMMBIL 5 > 51 Skp (vme £ ~n/p n Bec 6ausok K 1). Ilepsast cymma crpemuTcs
K (v COIVIACHO yCJIOBUIO 3aua1u. BTOpYIo cyMMy upeicTaBum Kak

L £
1 1
DI RS DI
k=1 k=L+1
JIIsl HeKOTOPOIo hbukcupoBanuoro L u yerpemum £ k 6eckoneunoctu. Ilepsoe
1 Lp
claraeMoe CTPEMHUTCS K HYJII0, & BTOpOe ITPUOINKACTC K v Do Lp+1 Sk 110
ckOJIbKY 1pu |kp —n| < p, kp > L, n> L umeem sk, — s,| < Cp/L. C apyroii
lp

CTOPOHBI, BEJITIHHA W > Lp+1 Sk IPH pocTe { npubaukaercs K Q.

Hobapmernue 1ysieil B HOBUIHAX P, 2D, 3P, . . . OYIEM Ia3LIBATDL p-paspezKe-
HreM. Mbl okaszaju, 9To IpH P-PaspeskeHur BeJUYNHA - > p—q Sk HMeeT
upexknuit npenedt. [locae p-KpaTHOro p-pazperkeHust IOTHOCTh MCXOTHOM 110~
CJIe/I0BATEJILHOCTU B 110J1y1eHHOll paBua (1 — 1/p)P.

IomozxuM p, = 10107, TIpousseném p1 pas pi-paspezKkeHue, 3aTeM py pa3
po-paspexkenuc u T. 1. Ilvers N > pry1. Koaddurnuenr pazpexkenus mocicinoBa-
TEJTLHOCTH HA HAYAJIBHOM OTpe3ke jumnbl N npubimrkaercs K eF mpu pocre k.
Iosromy onenka C/n npespamaercs B |a,| < C/(e¥n), rae k — manGombmee
Takoe 9ucyio, 9o N > pipq. Ho kK — oo npu n — 00, m09TOMYy B UTOrE€ MBI
nostydaeM a, = o(n).

C npyroii CTOPOHBI, KayKAbIi UJIeH HCXOIHON OC/IeI0BATEIEHOCTH CIBUATA-
€TCsI JIUIIDL KOIIEUIIoe UUCJI0 Pas, MOITOMY CXOJUMOCTD Sj, Iie Melstercsi. B cury
1. (a) upenes Sy KOHEUEH. (A. 4. Beaos, JI. Pad3usunrosckuii)



Pernrenus 3amaq U3 OpoIibix BEITYCKOB 241

10.8. YCJIOBUE. MoykHO i TOKpAcHThb cepy Oesoif 1 KpacHo# KpacKamn
TakK, ITOOBI JIFOObIE TPH HCXOJSIIAX U3 IeHTPa c(hepbl B3AUMHO HEPIEH UK Y-
JISIPHBIX JIy4a MepeceKan eé B OJHON KPACHOM 1 ABYX OEJIBIX TOUKaX !

(S. Kochen, M. Specker)
OTBET. HerV.

PEIIEHUE. Peasusauueti koneanoro rpada Ha cdepe S? Ha30BEM Takoe
BJIOJKEHIE MHOYXKECTBA €r0 BepIIMH B S2, IIPH KOTOPOM PACCTOSIHHE MEXKLY
KOHITaM J1i000ro pebpa pasuo 90°.

JEMMA 1. ITyems o, B — makue mowku #a S2, wmo cunyc yeaa mescoy ux
paduyc-eexmopamu codepocumes 6 [0, 1/3]. Toeda cywecmeyem pearusavus
epagpa Ty (cm. puc. 1), npu xkomopot ag nepexodum 6 «, ag 6 f3.

JIOKABATEJILCTBO. Ilycrs Z, 4, Z— opTo-

ao
rouaJbHbIN penep Ha S2. IlepeBeném as B Z, ag
B z. llosoxxum jastee jiist HekoTopbix &, 1 = 0 “
g+ &2 Z+ny ag
a o IEE ny_
V 1+ 62 V 1+ 772 as
Torma obpasbl ag U a4 ONPEAESIOTCS ¢ TOYHO- an
CTDIO JIO 3IIAKOB 110 OPTOTOINAILIIOCTH K (a1, as),
(az, ag), 1 MBI BBIOEPEM as
&y —z nT — g Puc. 1. I'pa¢p T'q

ag > —/—, Q4> ——=.
/1 + 627 /1 + 772
3aTeM aHAJIOTHYHO IIOJIOXKIM
nT—Ey+z T+ny+&nz
&n qﬁy - 1+ &z
VI &+ V0?82
1, HaKOHEIL, C TOYHOCTBIO OO0 3HaKa OIIPEAC/IAIOTCA ag U ay. CI/IHYC yYIuia MeXK1y
ap 1 ag paBeHn
&n

VA+E2+E)(1+ 7%+ 77

I MOKeT [IPHHIMATH BCe 3HadeHus Mexkry 0 u 1/3. ]

ap —

JIEMMA 2. Paccmompum epag I's (em. puc. 2), Komopwvili noAyHaemcs u3
KAPMUHKL 0TOANCOECMBACHUAMY Gepwun a = Py, b = qp, ¢ = ro (6udumwie
nepeceverus pebep SHYMPU OKPYHCHOCTNU HE AGAAIOMCA GEPUUHAMY). IMOom,
epagp peanusyemea 6 S2.

1) BaMeTuM, UTO paruoHaibHbIe TOUKH cdepbl S? MOKHO PACKPACHTD TAKHM OODPA3OM,
cM. 3amagy 11.9 m eé pemrenme B Boimycke 21, c. 278. Poacrsennias 3amada paccMoTperra
B 3amerke JI. X. Mymrapn «O mpaBnibHON packpacke 16-MepHOit cdepbl», CM. HACTOAIIIIT
BBIITYCK, C.218-219. — Ipum. A. 5. Kaneav-Beaosa.
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Puc. 2. I'pacp Ty

JOKABATEJABLCTBO. Ilpu 0 < k < 4 moiaoxKuMm

whk

10

7k

m qkr—»cosﬂ—kgj—ksinﬂ—kz rkHcosﬁ—kaLsinﬂ—ka_:
10 & 10 10 ™ '

Pl — COS =~ T + sin 10 10

Tak kaxk sin(7/10) < 1/3, 310 oTO6paykeHre MOXKHO CHadasIa MPOJIOJIKATD
J10 peasmsaruu noArpada MexK Ly BepIImHAMA Po, P1 U 7', BOCIOJIb30BABIIHCH
[pe/IblIyIel JeMMoit. Bpaliast oy deHHy 10 pean3aluio BOKPYT g TaK, 9TOObI
napa (po, p1) nepenuia B (p1, p2), (P2, P3), - - -, MOIYIAEM DEATU3AIMUIO «HIK-
neil ayru» u ro. Anasorudnnie Bpamienusi BOKpYT 06pa3oB pg, o JAOCTABISIOT
pean3aInuio OCTaIbHBIX JBYX JIyT.

Paccmorpum nipomsBosibHOe oToOpazkenue f sepummn rpada I's B {0, 1}.
Jloiycrum, 410 POBHO OJlHA BEPUIMHA KaXK I0I'0 TPEYIo/JbHUKA llepexojut B 1
1 XoTsl Obl OJ[HA W3 BEPIIUH Kazk10ro pedpa nepexoaut B 0. Ilyers B Tpeyroiib-
HuKe {po, qo, o} Bepiuma py nepexogut B 1. Pacemorpum koo rpada I'y
MEZKJTy BEPIIMHAMIE Dg, 7', P1, OTOXAKJIECTBUE UX C d(, dg, A9 COOTBETCTBEHHO. MbI
Jo/kHBL uMeTh f(p1)= f(ag) =1. HeitcrBurenbho, Tak Kak f(ag) =1, noaysaem
f(ag) = 0. Hosromy ecim f(ag) = 0, To f(a7) = 1. Torma f(as) = f(as) = 0.
Awnanornuno f(ay) = f(az) = 0. Buaunr, f(as) = f(ag) = 1 — uporusopetne.

Teneps Bepuémest k I'y. Vicnonbsys pasenctso f(rg) = f(p1) — 1, anano-
rudio maxomun f(pe) = 1 u sarem f(p3) = f(ps) = f(qo) = 1. Ho f(q0) =1
upotuBopednt Tomy, aro f(po) = 1. Drum 3aBepraercs 10Ka3aTeAbCTBO. [

(o knuze FO. M. Manuna <«/Toxazyemoe u nedokasyemoes.
M.: Cosemcrkoe paduo, 1979. C. 95-97.)

13.11. YCJIOBUE. Hokaxure, 4T0 GECKOIEUIO MIIOTO HATYPAJILIILIX THCEIT
He IPeJICTaBIMO B Bujie pasnoctu x2 — gy (x, 1y — neswie). (Dosvk.aop)
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PEMEHUE. Tlomenstem mectamMm x W y M OyJieM pacCMaTpWBATL YpaBHE-
mne y? = 23 4+ a ¢ HesaBIM mapaMeTpoM @ (ITOCKOJIBKY 9TO CTAaHIAPTHBIA BH
YDPABHEHUS SJUINIITUYECKON KPHIBOii).

VTBEPYKJIEHUE. Ecau ueaoe wucao t me deaumea na 3, mo 6t5 ne npeo-

cmasumo 6 sude 'y2 — .CL'S.

JIOKABATEJBLCTBO. leficTBUTE/ILHO, PACCMOTPUM paldoOHAIbLHEBIE PerIe-
uus ypapuenus y2 = 23 + 6. Jlerko sujiets, uro x = r/t?, y = s/t3, rue r, s, t —
HeJible 9ucia, r, t B3aUMHO IPOCTLI U S, t TaKKe B3AMMHO IIPOCTHI. Y paBHEHHe
IPHUBONATCA K BILY 82 = r3 + 65, trie 7, s, 6t HomapHO B3amMHO IIPOCTHL. B 3T0M
cilydae 1 U § e Aenarcd 1ra 3. [Ipupeaén Teneplh ypaplienue K BULY

rd =5 —6t° = (s + *V6)(s — °V6).

Koubiio Z[v/6] siBisiercs: 06IaCTHIO MIABHBIX HEAI0B 2)

YacTH B3aUMHO MpOCThI. CJie/0BaTe/IbHO, CYMIECTBYIOT HeJible @ U b, it KOTO-
peix 5 + 13v/6 = (a4 bv/6)3 wmn s + t3v/6 = (54 2v/6)(a + by/6)3. Mb1 BocIOND-
30BaJUCh TeM, UT0 5 — 2v/6 = (54 2\/6)’1 1 5+ 26 Lopozk jaer rpylily Beex
0GpATHMBIX 371eMeHTOB B Z[v/6]. 113 BTOporo ypaBHEeHMsI MOy YaeM ¢ TOUHOCTBIO
10 3Haka pit a: 13 = 2a3 + 36ab? + 15b(a? + 2b%). Bee permienns 5T0ro ypasHeHus
10 MOJIYJTIO 9 HesisdTcs Ha 3, YTO HeBO3MOXKHO. V3 TIepBoro ypaBHEHUs TOJIyYaeM

, & MHOXKUTEJIN [IpaBOi

3= Sb(a2 + 2b2), OTKY/a CJEIYeT, 9TO  JOJIKHO AeInuThCd Ha 3. [losTomy ecou t

1e ieTcs 11a 3, To ypasierme s> = > + 6% nepaspermumo B nesnnix ynciaax. [

SAMEYAHUE 1. OTMETHM, YTO MBI HCIIOJIL30BAJIH TOJALKO AEJTUMOCTD 1A CTe-
IIeHH TPOiKH; (DAKTHIECKN MbI JIOKA3aJIM, 9TO YPABHEHUE HEJIb3sT PAa3PeIliTh
B 3-aIMYeCcKUX UUCaaX 7T, S, T, TJe t ABiIdeTcd 3-aIuvecKoil e TmHUIIEH.

3AMEYAHME 2. BoJjiee pa3BUTLIMU METOIAMHI MOZKIIO IOKA3ATD, UTO YpaBIIe-
Hre y2 = 23 + 6 Hepa3PEINMO B PAIMOHAIBHEIX THCIAX, I09TOMY OIDAHIICHIIE
Ha ¢ B JIOKA3aHHOM YTBEPXKIeHWH uzJyuirHe. VI3BecTHO Tak:ke, 4TO ypaBHEe-
nue y?2 = > + a He UMeeT pPalMOHANBLHBIX PeleHUil Jljis OECKOHEYHO MHOI'MX

HATYDAJIBHBIX @, CBOOOIHBIX OT KBAJIPATOB.
(M. IIImoanv)

17.3. YCIOBHE. a) Ha miockoctu jjano MHOXKeCTBO M, III10Ma,/16 KOTOPOrO
Menbine 1, u n Todyek. Jlokazarb, 4o MHOKeCTBO M MOXKHO CABHHYTDH Ha BEK-
TOP, JUIMHA KOTOPOTO MeHbIe /1 /7, tae m = 3,14159 ..., TaK, 970 MHOKECTBO,
HOJIyYeHHOe B pe3yJbTaTe CIBUTA, He OyeT MOKPLIBATL HU OMHON M3 JaHHBIX
N TOUEK. (B. A. Cendepos)

6) (3amaua na uccrienonanme.) IloctapaiTect MOIYIUT ONEIKH JIJIsT 1-Mep-
HOTO IIPOCTPAHCTBA. (A. 4. Kaneav-Beaos)

2 .
) B sTom mecTe penieHre HedJIeMEeHTapHO, HO He UCKJIIOYEHO, YTO 0e3 3TOr0 MOXKHO OOONTHCH.
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PEINEHUE. a) Beibepem nadano koopjmaar O Ha nuiockocT. C Kazk 0
U3 ToueK A; MOXKHO CBSI3aTh MHOXKECTBO BCeX TaKUX ToueK M, ITO Mpu CIBUTE
Ha 1100011 BekTOp ¥ € M; MHOKecTBO M + v 3akpoer TouKy A;. Jlerko Bujers,
9TO MHOXKecTBO M; mojydaercss u3 M npu MeHTpaJbHOW CHMMETPUR OTHOCH-
TesibHO A; m mocaeayomeM capure Ha sekTop —A;. ITosTomy ero romaab
Melbine 1, a WIomaaL obLeauIerns Becex M; MelnbIie n.

Teueps pacemorpum kpyr K ¢ nenrpom O pajmyca, MEHBIIETO 9eM /1 /7.
Eciu pagmyc 6;m30K K 9T0i BeJudnHe, TO MIOIIAAb Kpyra OJiu3Ka K 7, U TOTIa
K ¢ Ui, M;. Buauur, K couep:KuT BeKTOp ¥, UpU ciuBure Ha KOTOpbiil M
HEe 3aKpbIBaeT HU OJHY U3 To4ueK A;. IauHa 9TOro BEeKTOpa He MPEBOCXOIUT
pajiuyc Kpyra, T.C. MCHBIIC \/n /.

6) B k-mepHOM mpocTpaHCTBe BEJIMYHHA C/IBUTA ONEHUBAETCSI KAK PAJINYC
mapa obbémMa n. Bepst B kadectBe M Ky0O, paccMaTpuBasi KJIETKH PEIIETKH,
npubauzkaoe map oobémMa 7, u Oepa B KadecTBe A; 0Opa3bl y3iI0B ITOM
PEIIETKH MPU ITEHTPATBHON CUMMETPUN OTHOCUTEILHO IeHTpa M, yOexK jaeMcs,
YTO MOJIVUHBINALCS ONEHKA MPU 1 — 00 U (PUKCUPOBAHHOM K ACHMIITOTAIECKI
TOYIIA. (A. . Kaneav-Benos)

VYIPAXKHEHUSA K 3ATAYE 17.3

YTPAYKHEHUE 1. Ha kjeruaToii maockocTu fgaHa (purypa miomald MeHb-
me 1. JTokazkure, 910 3Ty PUTIYPY MOKHO [APaA/LIEJHHO IEPEHECTH TaK, YTO0BI
BIIYTPH I1e€ TIe 0KA3AJIOCH ITH OJIIIOTO Y3JIa PEIIETKH.

YIPAXKHEHUE 2. lana durypa momaan 60JbIIc HATypaabHOro ducia k.
Hokaxkure, 9T0 B Hell HajinyTca k TOUeK, PABHOCTH COOTBETCTBYIOLINX KOODIU-
HaT KOTOPBIX — IeJIble YUC/IA. (A. 4. Kareav-Benos)

VIPA>KHEHUE 3. W3 BblllyKJ/IOI'0 MHOI'OI'DAHHUKA ¢ 9 BepLIMHAMU, OJHA U3
KOTOPBIX A, IapalleIbHBIMI IEPEHOCAMH, IEPEBOIAIIMMI A B KaxKIyio U3 oc-
TaJILHBIX BCPIINH, 00pazycTes 8 paBHLIX CMy MHOrOIpanHuKoB. Jlokaxkure, 9To
XOTd 6BT JIBa N3 9TUX 8 MHOT'OTPaAHHUKORB MEePEeCeKaroOTCsd 110 RHyTpeHHVﬂW TOYKaAM.

(B. A. Cendepos, 57-5 Mockosckas mMamemamuieckas
onumnuada, 1994, 11 xaace, 3adaqa 4 )

20.10. YCIOBHUE. [lau mMuorowteH P(z) cremeHu n ¢ HeJabiMu Koahduiu-
€HTaMH, € — OCHOBAaHIE HATYpPAJIbHBIX JorapudmoB. Jlokakure, ITo

max _|P(z)] >e "
€10,1]
(I Kow, Meocoynapodrasn cmydenyeckan orumnuada, 2015)
[IEPBOE PEIIEHUE. IIpezjie Bcero oTMeTHM, YTO B CHJLY TPAIICIeIIelIT-
HOCTH YHCJIa € PABEHCTBO HEBO3MOKHO.
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2
[peauomnoxkuM, 9t0 maxo< <1 |P(z)| =e ™, rue ¢ > 1. Torga s noboro

yérnoro k umeeMm

1
e k> /P(:U)kdx Z T 1 ,
nk+1
0

rie L,, ecTh HaMMeHbIIee 0oblllee KpaTHoe 4mces oT 1 10 n. B aroM MOKHO
yOeIUThCsI, PACKIAIbIBAS P(x)]”’ [I0 CTEIEHAM I U MHTErPUPYA ITOUJIEHHO: MbI
BHJINAM, 9TO HIITErPaJ IMOJIOKHUTENEI U MOYKET OLITL MPeAcTaBiIell KaK IpobL
co 3uamenaresieM Lk 1. [losromy Lygyq 2 ec*nk g Beex 4érubix k. OTcrona
cienyer, 4T0 L,, > e“™ mjias Bcex AOCTATOYHO OoabmmX m. B camom nese:
BbibepeM Takoe dérHoe k, uro nk + 1 < m < nk + 2n. Torua

crm

2 _
Lip = Lyjyq > e (M720) > eom

IJIsT BCEX 1M, MPEeBOCXOIAImmxX mg. Ho, kKak m3BecTHO, L, aCUMOTOTUYECKN
pacTér Kak €, 94To cieayeT U3 3aKOHA PaCIPEIesIeHHs] IIPOCTHIX YKNCEL.
Ba1aqa perieHa, HO Mbl XOTHM Tenepb 00ONUTHICH 63 UCIOIb30BaAHNUS OICHKN
18 9UCJI0 MPOCTLIX YKCEJI, MEIILIIUX 72.
TTokazkem, ITO [JIsT BCEX JOCTATOYHO OoNbInx N MMeeT MeCcTO HEPaBEHCTBO

E<N

B camowm jiente,

N
N/(k(k+1 N/k—N/(k+1
T £Y/60+0) = T pA/e=N/+)
k<N k=1

L N/(N+1) N (L \NE NV N/p®
=Ly R(L“) — Ly IT »"",

ps < N<ps+1

rje moceHee IPou3BeieHIe bepéres 1Mo BceM mpocThiM p < N. g kaxioro
npocroro p < N paccMoTpuMm Takoe MakcumasibHoe s, 9to p° < N. Torma p
BXOJIUT B HAIIle IIPOU3BEJ/ICHUE B CTEIICHU

s

S S i S
AT AN Ay ey s
=1 X

i=1 =1 =1

[oCJIe/IHee BhIPasKeHHe eCTh CTelleHb, B KOTopoil p BxoauT B N!. lTak,

N N
N/(k(k+1 cN
NN>N!>HLk/(( ))>He]\/(k+1),
k=1

k=myg
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OTKY/a,
il 1
In N 2 & Z k—H,
k=mqo
9TO IPHU JIOCTATOYHO OoJbIUX N HEBEpHO. (@. B. llempos)

BTOPOE PEILIEHUE. [locTaTodiio J0Ka3aTh I1€paBeICcTBO

1
/In \P(x)| dz > —n.
0

IMycrs ay, .. ., ap, — KopHU MHOrOWIeHA P(X), a m — ero crapumii Koaddui-

ear. Torna
1

L1
/ln |P(x)| de =1Inm + Z/ln |z — oy dz.
0 =079
st smoboro « € [0; 1] umeem
1 a 1 a

/ln|x—a|dx—/lna:—a|dx+/ln|a:—a|dx—/ln:cda:+

0 0 a 0
=alha—at+(l—a)ln(l—a)-(1—-a)=alna+ (1—a)ln(l —a) — 1.

«

Inzdr =

o7

B gactHocTu, npu « = 0, 1 maTerpan pasen —1. 3uauut, ecym 0 win 1 — KOpeHb,
TO MOZKIIO pasiesuTh P(x) coorsercrsento na x wid x — 1, u obe dactu
HepaBeHcTBa yBesautTarcs Ha 1. [losromy manbnie MoxkHO cautarh o #£ 0, 1.

JIEMMA. /laa ecaxozo xomnaekchozo o # 0, 1 eepro nepasencmeso

1

/1n|m—a

0

In|l—a|+n
2

al

dr >

JOKA3ATENLCTBO. Ilyers a € (05 1). Tosoxkmm

1
In|l—a|+In|al

f(@) :—/ln lz—alde————F——+1= (a— %) Ina+ (%—a) In(1—a).
0
B s70it cymme Gobimmit m3 aByx JiorapudMOB BCEra NMEET OJI0YKATEIbHBII

K03 DUIIMENT, a MENLITNA — OTPUIATEILIILINA, TPUIEM 3T KO3DPUITHEIITLI
paBHbI 110 abcosorHolt Besmaune. [Tosromy f(«) = 0 upu « € (0; 1).
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[TIycrb Teneps |a| = R — Gosrbmoe nostoxknTenibioe guncio. Torya

1

f(a):/ln:c—a|dx—ln|1a2|+ln|a|—|—1:
0
1
1 +1
Z/lnad$+0(%)w+0(%)+1~0(%).
0

Bamerum, aro f(a)— oo upu a—0, 1, a snaunt, f(a) > 1 B HEKOTOPOI e-OKpecT-
HOCTH HYJISI WJIW € THHUIIBL.

Paccemorpum Teneps obnacts B(0, R)\ ([0;1]UB(0,e)UB(1,¢)), tue B(x, )
obosmadaer Kpyr pajamycoM 7 ¢ rentpom z. Pynkums f(a) — rapmorimaeckast
B 9TOil OBJIACTH, BKJIOUAsl €€ TPaHUIly, IHOCKOJIBbKY In |a] — rapmoHmrieckas
dyuxmus na C\ {0}. ITo ussecrnoit Teopeme f(a)mocTuraeT MUHAMYMa Ha Ipa-
Hulle yKazaHHoil obsiacru. Ho ram pyHkIiust Heorpulare/ibHa 110 JIOKA3aAHHOMY
Boirte, nosromy f(a) > 0 Bo Beeit obmacrtu. OObeuHenne Takux obJacTei
upu pasaundsbix R > 0 u e > 0 gaér C\{0}. Buaunr, f(a) > 0 mis mroboro
koMmILIeKkcuHoro o 7 0, 1. O

Tenepb JOKazKeM HY2KHO€ HaM HEPaBEHCTBO:

1
n n
In |1 — a;| + In |a;
1nm—|—§ /ln|x—ai|dx>lnm—|—g n| a‘)|+n|a|_
i=0 i=1
0

n
e
i=1

97O ¥ TPeOOBAJIOCH (IOCJIE/[Hee HEPABEHCTBO CJle/lyeT U3 Toro, uto P(x) umeer
nesbie Ko3hOUIIEHTH ). (0. Conan)

n

m H(l — ;)

i=1

=1In +1In —n=I|PO0)|+In|P1)] —n > —n,

TPETBE PEIIEHME (6m3K0e 1o uziesiMm Ko Bropomy). Jloctarogno moka-

3aTb, 9TO 1

/ln |P(x)| dz = —n.

0
ITycrs 0 u 1 — kopuu muorounena P(z) kparnocreil coorBercrBenHo k > 0
um > 0. Torma P(x) = 2*(1 — z)™g(z), tme g(x) — MHOTOWIEH ¢ HEIBIMI
koabdurmentamu u |¢(0)| > 1, |¢(1)| > 1. Ham ny>xn0 no0Ka3ars, 110

1
/1n|q(x)|d:c> kE+m —n=—degq(x).
0
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Boustee ob1iee HepaBeHCTBO (J171s1 BCeX MHOTOYJIEHOB ¢ € KOMIJIEKCHBIMU
ko3 durmenTaMin) TakoBo:

1

/ln lg(x)| dz > w —deg g(x).
0

Pasmarast maorowren g na muoxurenn ¢(z) = C [ (z — «;), Mb1 cBOIMM 33189y
K MHOrowIeHy ¢(z) = x — a g Hekoroporo o € C.

Bes orpanndenns oGIHOCTH MOXKHO CYUTATh, 9TO & = U + v i u < 1/2,
v 2 0 (B IPOTUBHOM CJIydae JOCTATOYHO IIPUMEHUTH [Ipeobpas3oBaHust o — &,
a— 1 — «). Ha orpeske [0; 1] upnu 060m o nmeem:

/ln|:c—a|dx—/Reln|m—a|dm—Re[($—a)ln(x—a)]—x.

Tlosromy HepaBeHCTBO, KOTOPOE HAM HYZKHO JOKA3ATh:

1
In|l-— 1
/1n|xad:v>n| a2\+n\a|71,

0

MO2KHO IIepeliicaTb B BHUJE
Re((1 - a)In(l - a) + aln(-a)) > 5 Re(ln(1 — a) + n a)

WM B BUJIE
Re(1 — 2a)(In(1 — o) — In(—«)) = 0.
(

Ho nocstesiee HepapeHcTRO BhiTekaeT n3 popmyn 1—2a=(1—2u)—2iv, 1—2u>0,
v>20n

1—« .
In(1—a) —In(—a) = ln‘ — | tiyp,
rae ¢ € [0; ] ecth yrosm mex iy Bektopamn —« u 1 — « (Takum ob6pa3om, Bere-
CTBellllag 1 MIIUMast 9acTd Beanautint In(1 — a) — In(—a) obe neorpuiaTenin).

(0. Coaan, @. ITempos)

XoTs OIEHKA € HE TOYHA, V/IMBHTEIBLHO, YTO COBEPITIEHHO PA3HBIE MTOIXO/IBI
IPUBOAAT K OMIION U Toll e KollcTanTe e! 3BecTIio, 9To mariydiiast oIerka Ia-
xomurest mexy 0,4213 u 0,4232. (Cwm. Pritsker I. E. The Gelfond — Schnirelman
method in prime number theory // Canad. J. Math. 2005. Vol. 57. P. 1080-1101.)

21.1. YcinoBUME. Kakas u3 IByX KPUBLIX JJIAIIIIEE:

2
JITHTIC {(x, Y): % + 9% = 1} i cuayconia { (z, sin(z)): 0 < z < 27 }?

(/1. Padsusunosckuil)
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I[TEPBOE PEIIEHUE. HauepTum rpacduk cuHyca Ha JUCTe OyMaru 1 CBEpHEM
ero B IUJMHJIP pajuyca 1, ckaenBas kaxkyio Touky (0,y) ¢ Toukoit (27, y).
Cunyconia IpeBPATATCA B 3JUINIC B IIOCKOCTH, MEPECEKAIOIEH TTUIHHID 101
yrom 45°. Tlostyocn sToro siumnica pasBHBL V2 1 1, KAk B YCIOBUH 33Ia9H.
JlmHa 1Ipu TaKOM MPeoOPA30BAHIN COXPAHAETCA, IOITOMY PACCMATPUBAEMbIE
JUTHIILT PABIILL.

BTOPOE PEIIEHUE. MOXXHO BBIYUCIUTE JJIAHY OOEUX KPUBBIX. DJIJIUTIC
YI00HO 3a/1aTh IIAPAMETPHIECKH: (\/§ cos t, sin t). Torpa mymHa ero GECKOHETHO
MaJIoro yJacrka papiia 1o teopeme lludaropa

v dz? + dy :\/2sin2t-dt2—|—0052t-dt2:\/sin2t+1-dt.

2T .
CrejtoBaTesibHO, JUTMHA BCETO JLTUIICA PaBHA fo V4 sin?t + 1 - dt.
Temepnr paccmorpum cunycouay. CHoBa npumenuM TeopeMy lludaropa
1 BbIpa3uUM JAJINHY 6eCKOHe‘{HO MaJIoro y‘{aCTKa B BIL e

Vdz? +dy? = \/da? + dy? = \/da? + (cos z-dz)? = /1 + cos? - da.

JumHa OTHOM BOJIHBI CHHYCOMJIBI OKA3LIBACTCS PABHOM fOQW V1 + cos? t-dt, aro
O'UeBU/IHO PABHO LIPEbLJLYLIEMY UHTEIPaJLy (IIOJIO}KI/IM t=x+m / 2). Jlroburesn
aHaJM3a MOTYT TaK2Ke 3all1CaThb €r0 B BAJE JIJIUITUICCKOrO HHTErpajia BTOPOro
pojia. (/1. Padsusunosckud)

21.2. YCJIOBUE. /lokaxure paBeHCTBO

n n n
(Z%) =Y @it Bt E)" +
i=1 j=1
Y @+ Ty e Dy T)"
J1<J2
b DS T @b B B b )"
<. <Jg

n

+ . (=)t (Z x?) = n! f[l 4,

=1

e T 03HAYAET, YTO COOTBETCTBYIONIEE CIAraeMOe OIlyCKACTCH.
(A. 5. Kaneav-Beaos)

PEIIEHUE 1. IlokaskeM, ¥TO IOy YIHUBITUNACS MHOTOUJIEH JETUTCS HA T; JIJIsS
IIPOU3BOJILHOIO ¢, TOLJA OH JEJIUTCA HAa MOHOM | |1 &, CTeleHb KOTOPOro n.
B nepBoM ciiaraeMoM o110 MPUCYTCTBYET ¢ Ko duimenToM n!, a B 0CTAILILIX
orcyrcrsyer. [Tosromy mpasast dacTsb okaxkercsa pasuoit n! [[1; @;.
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Jlnst nokasarenberBa nojicrasum x; = 0. Toryia kKaskioMy ciraraeMomy BHJA
J ~ o~
OIS @it E T )"
jucd
npu J Z 1 oTBeYaeTr cjaaraeMoe
J! ~ ~ n
OIS @+ A+ By e+ B )"
jagd’

e J' = J U {i}. TIpu srom |J'| = |J| 41, mak uaro (=)'l = —(=1)/| u coor-
BETCTBYIONIUE WIEHBI COKPATATCS, TaK Kak o; = 0.

PEEHUE 2. JocTarodHo mokasarh, YTO B CJIydac HC 00SI3aTCIBHO KOMMY-
THPYIONNX ePEMEHHBIX UMEET MECTO NOAAPU3AUUOHHOE PABEHCME0

n n n
(le> =Y @m A E @)+

i=1 j=1
Y @it Tt Tyt E)" +
J1<g2
ot DY @ By b B e E)" +
n<...<jp.1
+ ...+ (—1)”_1 (Z $:L) = Z :Ua(l) . za(n):

i=1 oe Sy

rae Sn — I'pYIIlla BCEX IIepeCTaHOBOK Ha MHOXKeCTBe U3 72 3JIEMEHTOB. ﬂeﬁCTBI/I—
TEJbHO, MO2KHO C KazKJIbIM CJilara€MbIM BIIa&

Z (@ 4. 4T+ T, )"
J1<..<gyJ

CBSI3aTb MHOZKECTBO MOHOMOB, KOTODBIE TaM BCTPEYalOTCs, M JJIs MOACYETa
X OOIIICIO KOJIMYCCTBA IIPHMCHATL (DOPMYJLy BKJIIOUCHUS-UCKJ/IIOUCHHS. B pe-
3yJIbTaTe OCTAHYTCS TOMBKO MOHOMBI BHIA o s, Lo(1) - - - To(n)- B camom
Jlesie, B TIEPBOM UJIeHe BCTpedaloTcsl Bce MOHOMBI 10 pa3y; B wieHax ¢ |J| = 1
BCTPEUYAIOTCA MOHOMBI, B KOTOPBIX yYacTBYIOT He Oosiee n — 1 mepeMeHHoit; mo-
cJie BEIYUTAHUS 110 (POPMYIIe BKAIOYEHUS-UCKIIOUYEHNS] OKAYKeTCsI, ITO MOHOMBI,
B KOTOPBIX yYIACTBYIOT He 0oJjiee N — 2 MEePEMEHHBIX, BIYTEHbBI [IBAXK Bl U 9TO
IIYZKIIO0 CKOMIIEIICHPOBATDL, U T. I,

SAMEYAHUE. V3 HOJISPUABAIIHOIIIONO PABEIICTBA BLITEKACT CICAYIOMNN (DAKT.
Mycrs f(x1,...,2k) =0 — TokzmecTBo B anrebpe (BooOIIe TOBODSI, HEKOMMY-
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TATUBHON) Ha/| aCCOIMATHBHO-KOMMYTATHBHBIM KOJIBIIOM, OJTHOPO/THOE 110 COBO-
KYITHOCTHU TIepeMeHHbIX. TorIa B Hell BBIMOJIHAETCS U €r0 TOJTHAS AUHEAPUSAUUA:
B KazKJIO0M MOHOMeE, COJIEPKAIIeM k; BXOXKJICHIIT MEPEMEHHON X;, KAXKJI0e BXOXK-
JIleHNe T; 3aMeHdeTCs Ha BXOXKJeHHe HOBOW HepeMeHHO# x; ;, j = 1,..., k;,
OPUYEM j JJTs1 PA3HBIX BXOXKIEHUIN BHIOMPAETCA PA3JIMYHBIM, & 3aTeM Oepércs

CUMMETPHYECKast CyMMa [0 BCEM TIePECTAIIOBKAM 0 (j).
(A. 4. Kareav-Beaos)

21.6(a). YCJIOBUE (no morusam 3ajaun M. [Tarepcon u 1. Cruncona). To
KPYT'Y CTOSIT 1 MyJPEIOB, Y KazKJIOTo Ia TOJIOBe HIAIIKa OIIOTO U3 k IBETOB.
Kaskapiit Mmyzper; Buaur Beex ocraBmuxcst. Myapenst 1o nopsKy (1o 4acoBoit
CTPEJIKe) TOBOPAT JIKOO «I1acy, JubO MPeIIoaaraeMoe Ha3BaHue CBOero IBera
(B 3aBUCUMOCTU OT TOI'O, UTO OHU BUJSAT U CKOJIBKO KPYlOB Lipouwio). Bee
pacupeenenusa IBeTOB paBHOBEPOSTHLL MyIpeIbl MOIyT 3apaHee COraacoBaTh
cBOU OTBCTHI. VX IC/Ib — 9TOOLI IICPBBINA, HA3BABIIMN CBOI IBCT, HC OIMUOCH.

Kakyo MakCHMalibHy[0 BEPOSITHOCTB 9TOTO OHM MOTYT 00eCHeInTh?
(4. B. Mumpodganos)

PELIEHUE.

BCIIOMOTATEJBHAS 3AJJAYA. Ha /0CKy BBITHCHIBAIOTCS N-OyKBEHHBIE
caoBa HaJT k-OyKBeHHBIM asidaBuToM. OdepeiHoe CJIOBO MOYKHO BBITIACATD, €CJIH
cymiecTBytor (n — 1) mo3unus, B KOTOPO 9TO CJIOBO HE COBIAJAET HU C OJHIM
npeasymuM. KakoBo MoxKeT ObITh HAUOOJIbIIIEe YUCIO BLITUCAHHBIX CJIOBY

JIOKABATEIBCTBO 9KBUBAJIEHTHOCTH 3AJIAYM 21.6(a) U BCIIOMOTLA-
TEJIbHON 3AJAYN. BeeBosmoxkunie k™ HaDOPOB IIBETOB MIAIIOK OyIeM 3aIUChI-
BaTh KaK CJIOBA, a BCE XOIbl 3aHyMepyeM HaTypaJbHbIMU yncjaamu. Ha nepsBom
XO/Iy POBOPHT TI€PBBIil My/Ipell, Ha BTOPOM — BTOPOii, Ha (1 + 1)-M cHOBa NepBbIi,
1 Tax jaJjiee.

CragaJia BLITAIIEM IIa, JIOCKY B IPOU3BOJILIIOM MOPSJIKE Te HabopLl, I1a KOTO-
PBIX MYIpPENbI IPUXOIAT K YCIIEeXy Ha [IEPBOM XOY, [IOTOM — Te HabOpbI, Ha KO-
TOPBIX MYIPEIbl IPUXONAT K YyCIeXy Ha BTOPOM XOIY, B Tak jsaJjee. [lomycrum,
MYJIPELOB BCero 4, U Ha 11eCTOM XOJ/Y OJMMH U3 BbIIMCAHHbIX HAOOPOB — 510 1123.
DTO0 BHAYMT, YTO €CJIM BTOPOM MyIpell BuauT 1723, rie 3HaK BOIPOCa 3aMEHSIET
IIBCT CrO IIAIKH, TO OH Ha IIICCTOM X0y FOBOPUT «1». OUcBUIHO, HUKAKOM HAOOP,
BBITIMCAHHBII TTOCJIE TITECTOrO X0/1a, He coBma/aer ¢ Habopom 1123 B mozurmsix 1,
3 u 4 cpasy. Takske IOHITHO, 9TO Bce HADOPDI, BLIIMCAHHBIE Ha IIIECTOM XOJY
(ecam MX HECKOJIBKO), OTJIMHYAIOTCA XOTA Obl B OJHON u3 nosunuii 1, 3 win 4.

BrinucpiBast gmnciia B 0OpaTHOM IMOPSIIKE, MOJYYHAM [HOCJIEI0BATEILHOCTD
CJIOB, YJIOBJIETBOPAIOINIYIO YCJIOBUIO 331841 2.

O6paTiIo: 10 TOC/IeOBATENLIIOCTH CJIOB MOIISITIILIM 0OPA30M CTPOUTCS CTPa-
Terus JJIs MYJIPEIoB.
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OTBET K BCIIOMOI'ATEJIbHOM 3AJIAYUE: k™ — (K — 1)™.

OTBET K 3AJIAUE 21.6(a): 1 — (%)n O

PEIIEHME BCIIOMOTATEJLHOM 3AAUN. IlycTh andpaBur — 510 MHOXKE-
creo {1,2,..., k}.

[IPUMEP mjist k™ — (k — 1)™: mepBLIM BLIMUIIEM CJIOBO, COCTOSIIIEE U3 OJIITUX
CIMHUIT. SaTel\I B IIPOU3BOJIBHOM IIOPsIAKE — BCE CJIOBA, B KOTOPBIX T — 1 CIUHUIL,
[IOTOM — BC€ CJIOBA, B KOTOPBLIX 72 — 2 €IMHUIL, ¥ TaK Jajlee. SAaKOHIUM CJIOBAMU,
B KOTOPbIX 110 OJHOH €JuHUIE, U HeBblIMCAHHbLIMU ocTanyTed (k — 1)™ cios
coBceM 0e3 eUHUIL. DTa MPOoIeIypa COOTBETCTBYET YCJIOBMIO 3a1a4n 2. B camom
JICJIC, BBIUCPKHCM B IIPOU3BOJILHOM BBIIIHCAHHOM CJIOBC HCKOTOPYIO MOZHIIHIO,
B KOTOPO# CTOWT 1, 1 BBIYEPKHEM 3Ty YK€ MO3WIHIO B JIFOOOM M3 TIPE/IBILYINX
cJioB. Torma mepBoe U3 JBYX MMOJIyYEeHHBIX CJIOB COIEPXKUT MEHBINE €IUHUIL, YeM
gropoe. OG03HAYMM TIOJIyIeHHOE MHOXKECTBO CIoB M.

OIIEHKA. PaccMoTpuM JIHHEHHOE IPOCTPAHCTBO HaJl Zg pasmeprocTr nk™ 1.
Kaskmass koopamHaTa B 9TOM IIPOCTPAHCTBE 0003HAYAETCS MTOCIIEI0BATEIBHO-
CTLIO JIMIILL 72, COCTOSIIIEN U3 OJIIION0 3IIaKa BOIPOCA B IPOU3BOJILIION TOBUIINAN,
1 CUMBOJIOB HaIllero ‘cLJICba,BI/ITa Ha OCTaJIBHBIX MecCTaX.

Kaxxaomy u3 k™ cjioB giuHBL n U3 OYKB ajadaBUTa COOTBETCTBYET B 9TOM
LIPOCTPaHCTBE BEKTOP, l/ll\rlelol_l_l,l/lfl N €JUHU'IHBbIX KOOP/MUHAT, a OCTaJ/JIbHble KO-
OpAMHATEI Yy Hero HyJeBble. Hanpumep, npu n = 4 cioBy 1231 cooTBeTCcTBYET
BCKTOP, ¥ KOTOPOI'0 YCTHIPC HCHYJICBBIC KOOPIMHATHI 0003HaTatoTCsT Kak 1231,
1731, 1271, 123?. BekTop, cooTBeTCTBYOMMIT CIOBY U, 0603HaIMM V (u).

OueBuIHO, pa3MepHOCTH POCTPAHCTBa, opozkaéanoro V (M), He npesoc-
xomur k™ — (k — 1)™ (ma camom jesie — paBra). [Tokaxkem, arto ms m1060ro
cyioBa u BeKTOp V(1) JIeXKUT B 9TOM TIpocTpaHcTBe. B canvom Jieste, ecid B u
eCTh €IMHUIA, TO ITO 04eBuIHO. FKcn ke Her, To paccmorpum 2 — 1 ¢jioB, mo-
JIVUENIILIX U3 % B3aMeIol JacTH CHMBOJIOB ITa e IUIUILL. BMecTe ¢ u noirydaercs
2" cioB, u Ha JIOOBIX N — 1 IMOBUIHSIX BCE CJI0BA IIOBTOPLAIOTCS IO JBa pPasa,
[OSTOMY CYMMa BCEX COOTBETCTBYIONIMX BEKTOPOB paBHA HYJIIO U BeKTOp V (u)
ABJISIETCsL JIMHEMHON KoMOuHaluel OCTa/lbHbIX.

Bepuénmcs k nareii 3a1aqe. Ecin na qocky Boinmcano 6osbiie gem k™ —(k—1)"
CJIOB, TO 9TH BCKTOPBI JIMHCHHO 3aBUCHMBI. 3HAUUT, CCTh HCCKOJILKO TAKUX CJIOB,
9TO BCE MOJITOCIIEIOBATELHOCTH JIMHBL (1 — 1) BCTpeualoTest B HUX YETHOe
9HCIO0 pa3. A 3HaYNT, ec/ii Ha JIOCKY yrKe BBIIHCAHLI BCE 3THU CJI0Ba, KPOME
OJTHOTO, TO eIé OJHO HAINCATHL HE YJIACTCA. (4. B. Mumpogaros)

21.9. YC/IOBUE. B BbImyKJIOM MHOrorpannuke M cTelleHb KaKJoil Bep-
IMUHBI PABHA D, a Y BCeX IPaHeil, KpoMe, MOXKET ObITh, I'panu A, 9uciio cTopoH
nenured 1a 3. JokazkuTe, 4TO 4mcyIo cTopol rpamd A Toxe Jesmres 1a 3.

(A. B. Mumpodiarios)
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TIEPBOE PEIIEHUE. Ilycts B muororpannuke M BepmmHa M; cMerxxkHA
¢ BepmmHON My, a My cmeskna ¢ Ms. 3 My BeIxogdT 5 pébep, MpoHyMepyeM
UX 110 9aCOBOI CTPEJIKE OCTATKAME 110 MO0 5. Torma pasnocts HoMepa My
u My HazoBéM wucaom nosopoma pebpa Ms M3 orHocuTenbHO pebpa My Mo
B Touke Ms.

[Iycrn mmororparniiuk N — ukocasap. B méM cTernelnn Kazk1o# BepIHIILI TOZKe
paBHA I[ISTH, U MOYKHO AHAJIOTUIHO ONPEHEIUTD i JIFOOBIX JIBYX CMEXKHBIX
pébep umcso moBopora. Llyers My, ..., My u Ny, ..., N — OprueHTHpOBaHHLIE
1yTu 110 pédbpam muororpanuukos M u N coorsercTsenHo. ByJjem roBoputhb,
YUTO 9TU MYTH AOKAADHO U30MOPPHL, ecan 1ipn ¢ = 1, ..., k — 1 gmcyio moBopora
pcopa M; 1 M; oraocurcasuo M; M; 1 B Touke M; coBIajgacT ¢ COOTBCTCTBY-
FOITMM 9UCIIOM JijIsT TiyTn 110 péopam N. Jlerko BHeTh, 9TO JJIst JTIOOOTO Ty TH
mo M cyiiecTByeT €IMHCTBEHHBIN MyTh 0 N ¢ (DUKCHPOBAHHLIM IIEPBBIM
pebpom, JIOKATILHO U30MOP(HEIT eMy.

PacemoTpum 06x011 KOHTYypa IrpaHd A MPOTHB 9acoBOH CTPESKU. DTO OpH-
E€HTUPOBAHHLIA IIyTh, B KOTOPOM BCE YHCJIa IIOBOPOTA CJIEAYIONIEro pebpa oT-
[IOCHATEJIBLIIO TIPEALITYIIero papint 1. JIIo6o# JIOKATILII0 U30MOPQIILIE €My YT
1o pébpam mkocaszapa N OyIeT UATH [0 HEePUMETPY OJIHON U3 TPEyroJbHBIX
rpaHeil, BO3MOKHO, 06X0/1d €6 HeCKOJIbKO pa3. Hciu umcio ctopon rpanun A
HE JIeJIUTCsl Ha 3, TO 11yTh 110 UKOCca’dupy OyjieT HesaMKHyThiM. [Tokaxkem, 1uTo
9TO HEBO3MOXKHO, JIOKA3aB CJIeJIyIOIlee YTBEepKIeHHUE.

ITyems My, ..., My — sammnymuodd (m. e. My = My) nyms no péépam M,
ne npoxodswuli nu no kakol eepwune dsa pasa (kpome My = My). Tozda
AOKAABHO U3OMOPPHBLT emy nymsd no pébpam N maroice 3amMKHYM, @ €20 NEPGOE
U nocaedHee PebPo JaMm MaKOe 2HCe HUCAO NOBOPOMA OMHOCUMEAbHO 0buLel
BEPULUHDL, KAK 8 NEPEOM TLYMU.

JOKABATEJJILCTBO. 3aMKITyTLIH IyThL pasouBaeT MOBepXIIocTh M 1ma jpe
qacTu — comeprKaiLyto rpaib A (Ha30BEM €€ BHeIIHel) H He COIEepKaIlyio
(HazoBéM €€ BHyTpeHHeii). Pasmepom nyTH OyJeM HA3bIBATH YHUCJIO TPAHEei
BO BHyTpeHHeil yacTu. [IpoBeliéM nUHyKIMIO 110 pa3Mepy 11y Tu.

basa. Ilycrb pasmep paBen 1, Torga myTh — 3T0 00X0 rpadu B M, OTIMYIHOI
oT A, uncio pébep B HEM JCJIATC Ha 3, a BCC YUCJIA [IOBOPOTA — 9TO CAUHUIIEL.
Toryia JokaIbHO M30MOPGHEIH TyTh B N — 00X0J1 KAKOTO-TO TPEYTOJIbHUKA
HECKOJILKO pa3 C BO3BPAIllEHHEM B HCXOIHYIO TOUKY.

Ilepexod. Tlycrs pasmep nytu My, ..., My Gosbine 1. Torma cymecTeyer
IIPOCTON IIyTh, JieXKalluil BO BHYTPEHHEU YacTU U COCJVHLAIONINN KaKue-TO
ase ero Beprunbl M; u M;, 1 <i < j < k. O6o3naunm s1oT myrs P, a myTu
My ... M;, M;M; iy ... Mj, M;j ... M — coorsercrnemnto Py, P u P3. Torna uc-
XO/HBI 1y Th uMeeT Buy Py Py P3, u ecthb qBa 3aMKHYTHIX uyTH P PPy u P~ 1Py,
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K KOTODBIM TIPUMEHUMO TTPE/IITOTIOKEHNEe WHJLyKITHU (MUHYC TepBast CTerneHb
0603HaYaeT MPOXOJ B 0OPATHOM HAIPABJIECHUN ).

Paccyorpun myts Py PP 1Py Py 8 M 1 10KaIbHO N30MOPQHbIA €My Iy Th
Q1QQ7'Q2Q3 B N (uactu @Q; comep:KaT CTOJBLKO e pébep, CKOIBLKO IIyTH

Py, P, ... coorsercrienno.) Iyts Q 1Qo nokanbno nsomopden mytun P~ L1P,
U 10 TIPEIIIOJIOAKEITHIO HILYKITHH 3aMKIIYT, 3IIATHT, MOZKIIO PACCMOTPETD Iy Th
@Q1QQs.

W3 oHO# BEPIIMHBI MKOCA3IPa BHIXOIAT TPH pedpa: KOHEI[ MyTH ()9, KOHEIT
uyru QQ u Hauaso uytu Q3. IlepBoe u3 3Tux pédep 1OBEPHYTO OTHOCUTE/LHO
BTOPOTO M OTHOCHTEJIBHO TPETBErO TaK Ke, KaK COOTBETCTBYIOMMe pébpa B M.
SuaunT, HAYaJ 0 (3 MOBEPHYTO OTHOCHUTCIBHO KOHIA () TaK K¢, KAK HAIAJIO
P35 norépryTo orHOocuTenbHO Kouma P. Crnenosarensho, nytn PL PPy n Q1QQ3
JIOKaJILHO 130MOP(HEL. [lo mpenmnonoskenno HHAYKIAA, TyTh Q1 (QQ)3 3aMKHyT
1 KoHell (3 TIOBEPHYT OTHOCUTEIHHO HadaJa ()1 Tak Ke, KaK KOHer| myTu P
OTHOCHTEJIFHO Havuaja Pi.

AHAJIONTTHO JIOKA3BIBAETC, YTO Hada 0 (o MOBEPHYTO OTHOCUTEBHO KOH-
a (1 Tak ¥Ke, Kak Madajo P, moBépilyTo oTiocuTenniio Komma P. Orciona
cresyer, 4To 3aMKHYTHIH 1yTh Q123 OKAIBbHO M30MOPQEH 3aMKHYTOMY
nytu Py PoPs, a. 1. 1. O

(U. B. Mumpodiarios)

BTOPOE PEIIEHUE (HABPOCOK). Ilepeiiiém K 1BOfICTBEHHOMY MHOTOIDAH-
HUKY. B HEM Bee rpaHu — NATUYTOIBHAKY U CTENEeHM BCeX BEPIIMH, KPOMe OJIHOIA,
Jledisirest Ha 1pu. Hy»KHO Jl0Kazalh, 410 €€ clellelb ToXKe JIeJuTcs Ha TPU.

ITpr102KMM HAIl MHOTOIPAHHUK K JIOJEKA3JIPY OJHO} IpaHbIo, CoJepzKaIeil
HCKJIIOYUTCILHYIO BCPITHHY, U 6yICM KaTaTh JOACKA3Ap 110 HeMy. 11pn nmpokaThl-
BaHUKM BOKPYT JIIOOOIT BEPIIHbBI, KPOME NCKJIIOYUTEIbHOI, 10eKa3[p BO3BpaIa-
eTcd B UCX0/HOe HoJjioxKerre. Ho Toraa To e BepHO IIpU NPOKATHIBAHUA BOKPYT
UCKJIIOUUTEILHON, TaK KaK IIyTh BOKPYT HEE TOMOTOIIEH KOMIIO3UIIH ITyTeil
BOKPYI' OCTAJbHBIX. SHAUUT, €€ CTeleHb ToyKe JeuTes Ha 3. (DTo pelienne
UJIefHO COBIIAJIAET C TIPEIBLYIIIM. ) (4. B. Hamecmoes)



