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IIpenucnaoBue

Hacrosimmee mocobue mpeacraBisgeT coboit cOOpHUK 3a0a€ IO MaTeMaTH-
Ke, IPeJIHA3HAYEHHBIN TIPEK e BCETO JIJIs yIEHUKOB CTapIINX KJIACCOB, MHTE-
pecyromnmxcst TOYHbIME HayKaMu. OH TakzKe Oy1eT MoJIe3€H TPEoIaBaTesiM
MaTeMATUKU U CTYJIEHTAM, M3YyYaloIUM MaTeMaTHKy B BBICIIUX yYeOHBIX
3aBeJleHUsX. JHAUYMTEIbHAS YaCTh MAaTepHuasa MOXKET ObITh HMCIIOJIb30BAHA
JJIS TIOITOTOBKU K MHACBMEHHBIM U YCTHBIM BCTYIIUTEIBHBIM SK3aMEHAM B
BY3emr.

OcHoBy cOOpHUKA COCTABIAIOT 3aJa9M K KypCy ajredpbl, KOTOPBIA B
1995— 2000 romax uwmrasics O.A.Yanbix, H. B. Andyrosoit u A.B. Ycru-
HOBbIM. B npuioxkenun A mnpuBejieHa mporpamMma 3Toro Kypca. s Toro,
9T00BI CIe/IaTh COJIepyKAHNE KHUTH 00Jiee MHUPOKUM U IEJIOCTHBIM, ABTODBI
BKJIIOYUJIN B HEE JIONOJHATEIBHBII MaTepra, cOOpaB U YIOPSAI0INB 331891
U3 JIpDyTUX UCTOYHUKOB.

Maremarnyeckne Kypchl, ynTaemble B mkoJie-uaTepHare um. A. H. Kos-
MOT'OPOBa, TPAIUIMOHHO COIEpP:KAT pPasiesibl, KOTOpble MOXKHO Ha3BaTb
cvexxHbIMU. OHE HAXOIATCsT HA CTHIKE aJireOpbl ¢ KOMOMHATOPUKOIL, TeoMeT-
pueit, Teopueil duces U MaTeMaTUIECKUM aHAIM30M. [103TOMY HEKOTOpBIE
33/1a91 U3 KHUTU WMEIOT K ajredpe JINMIb KOCBEHHOE OTHOIIEHWE. DTH
3a/1a90 MPU3BAHBI TIOJYEPKHYTH CBSA3b PA3JIMYHBIX PA3JeJIOB MATEMATHKN
U TIPOUJLIFOCTPUPOBATH MHOIO0Opa3nue METO/IOB.

B kax0if 1yiaBe KpaTKO M3JIaraeTcs TeOPEeTUYECKHUil Marepuasi, Heob-
XOJIUMBIN s IOHUMaHUS 3a7a4. B KOHIle 3a/a9u WHOTIA JAIOTCST CCHLIKH
Ha 3aJ[a9¥ UM JIUTEPATyPy, KOTOPbIE HEITOCPEJICTBEHHO CBSI3aHbBI C JIAHHBIM
MaTepuaIoM.

IIpu moaroToBKe MOCOOHUS UCIOIB30BAIUCH PA3INIHbIE YICOHUKNA U MO-
HOrpadun, COOPHUKY OJTMMIINAIHBIX U KOHKYPCHBIX 334, O0JIbINas 9acThb
yIpaXKHeHUi ObLIa OYEPITHYTa U3 MHOTOUYNC/IEHHBIX ITIyOJIUKAIUN Ky PHAJIA
«KBanT». B pesysnbrare paboTbl Haj KHUTOW OBLI CO3MAaH CBOEODDA3HBIM
[Ty TE€BOJIUTETb, TOMEIEHHbIN B mpmiokenre b. B Hem 1o kaxkjoit u3 tem
3aJTATHUKA JIAHBI CCBLUIKK Ha COOTBETCTBYIONIHE yOmKanun. K coxkasenuio,
B HACTOSIIMI MOMEHT He IIPeJCTaBJIsIeTCsl BO3MOXKHBIM YKa3aTh ABTOPOB
BCEX 331, BOIIEIINNX B KHATY, U [IEPEUNCIUTH BCE OPUTMHAJIbLHBIE UCTOY-
Hukd. YacTh Marepuasia BCTPEUAeTCs Cpa3y B HECKOJbKUX cbopuukax. Co



MHOI'UMU 33/Ia9aMU aBTOPbI IIO3HAKOMIJIKCH €IIIe 38 BPEeMsI CBOEro 00y IeHust
B IIKOJie-uHTepHaTe. HeKOoTOpBIE yIpaskKHEHUs POXKIAJINCH B PA3roBOpax C
KoJLIeraMu o Kadeape MaTeMaTHKH.

B macrosimee BpeMsi B IEHTpE JIOTOJHUTEIHHOTO obpasoBanus «Jlu-
cTaHTHOEe o0ydeHHe» mJeT paboTa HaJ| CO3MAHUEM CETEBOr0 aHAJOra Kypca
ayreOphl ¢ UCTIOIB30BAHIEM MATEPHUAJIOB JJAHHOW KHUTH. ABTODBI HAJIEATCS,
9TO B OJInmzKaiilliee BpeMsi OH TAKKe CTAHET JOCTYIIEH YHTATEJIsIM.

ABTOpBI IPUHOCAT TIyOOKYIO OJIArOMapHOCTH TeJaroraM W MaTeMaTH-
kaM, paborasimuM B pasuoe Bpemsa B OMIIL Ne 18 npu MI'Y (no3zamee B
mkoste um. A.H.Konmoroposa), onblT KOTOPBIX OTPayKeH B ITOH KHHIE.
Ocobenno aBropsl 6aromgapsar B. B. Basusosa, A. A. Eroposa, 1. /1. Kana,
KOTOPBIE B3sLJIM Ha cebsi TPY/I IIPOYECTh IIPeIBAPUTE/IbHbIE BADUAHTHI KHUTH,
3a MX MHOTOYHUCJIEHHbIE JOOABJIEHNS, WUCIPABJIEHUS] W II0JIE3HBIE COBETHI.
Ornennroe crnacubo O. A. ConoBbeBy 3a Hem3MeHHYIO TEX-HUYECKYIO MO
JIEPXKKY.

ABTops! 6ytyT GIarogapHBl IUTATEISIM 38 OT3BIBBI, KPUTHIECKHIE 3aMe-
YaHUsl, MPEJJIOKEHUST U HOBBIE 3ajadu. VIX MOYKHO OTHIPABISATH IO 3JIEK-
TPOHHOI TIouTe miu 1o ajrpecy: 117630, Mocksa, yi. akan. Yemomes, 1. 8 B,
ILIO «/lucranTHOE O0yUeHHES.

H. B. Aagymosa
alpha@pisem.net

A. B. Yemunos
ustinov@mech.math.msu.su
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['tABA 1
Metoa maTeMaTnyecKoii MHAYKITANA

1. Axcuoma MHIYKIIANA

Axcuoma wHAYKIuU. Ecanm M3BeCTHO, UTO HEKOTOPOE YTBEPXKICHUE
BEPHO [JIst 1, ¥ U3 IIPEJIIIOJIOKEH S, YTO YTBEPKIEHIE BEPHO JIJIs HEKOTO-
POro M, BBITEKAET €ro CIPaBeJINBOCTD st L+ 1, TO 9TO yTBEPK IeHNEe BEPHO
718 BCEX HATYPAJIBHBIX TUCET.

1.1. denenune c octatkoM. JlokaxkuTe, ITO €Cau A 1 b — 1eIble 9ucia
u b # 0, To cymecTByeT eIUHCTBEHHAS [Iapa JUCeSl U T TAKUX, YTO

a=bg+r, 0<<r<ibl

1.2. ITo3unmonHasa cucTeMa cHucjaeHus1. J[oKaXure, 9TO IPH 1EJIOM
g > 2 KaxKJi0e HATYPAJIbHOE YUCJIO TL MOXKET OBITh €MHCTBEHHBIM 00pa3oM
IIPEJICTABJIEHO B BU/IE

n=aq"+a_ 19" +...+a;q+a,

rme 0 < ao, - .., G < . (Cm. Takzke 3.125, 11.68.)

Onpenenenune. Ecim ay, ax_1, ..., 7, Qo — Iudpbl 9uCIa N B (-U4-
HOIl CHCTeMe CUHCJIEeHUs, TO HCIOJIb3YeTCsl 3aluch N = (A1 ...010p)q-

151 3amucy 9uciia B JeCATUIHON CUCTeMe CINCIIEHIS NCIIOIb3YeTC s TaK-
2Ke 3alluChb (akak,1 e B Clo)10 =Qidy_7...0a;0,.

1.3. Ilycrs {a.} = ao, a1, ..., Qn, ... — HEPUOIUIECKAS TIOCJIEOBA~
TEeJILHOCTH, TO €CTb JIJIsi HEKOTOPOI'O HATYPAJIBHOTO T

Qnyit =0, (M =0).

JokazkuTe, 9TO Cpeu BCEX IMEPUOJIOB ITOMH IOCJIEI0BATETLHOCTH CYIIECTBY-
eT MepHuol HamMeHbInel qiuHbl t, mpudem T menuTca Ha t 6e3 ocrarka.

1.4. AkcuoMbl MHAYKIUHU. /loKaXXuTe, YTO aKCHMOMa, WHIYKITUU PaB-
HOCWJIbHA JTI000MY U3 crefyromux yreepxkaenuii. (Cum. takxke 12.1.)

1) Begxkoe HerycToe NoJMHOXKECTBO HATYPAJIbHBIX YUCETT COIEPIKUT HAU-
MEHBIIIee THUCJIIO.



2. ToxxnecTBa, HEPABEHCTBA U JIEJTUMOCTD 7

2) Bcesikoe KOHeUHOE HEILyCTOE HOJMHOXKECTBO HATYDAJIBHBIX UHCEN CO-
JEPXKUT HAUOOJIbIEe YHUCIIO.

3) Eciiu HEKOTOPOE MHOXKECTBO HATYPAJIBHBIX YUCEJ COUEPKUT | 1 BMe-
cTe ¢ KaXKJIBIM HATYPAJIbLHBIM YHCJIOM COJEPYKUT CJCAYIONEee 38 HUM, TO OHO
COJIEP’KUT BCE HATYPAJbHBIE YUCIIA.

4) Eciu u3BecTHO, YTO HEKOTOPOE YTBEDPXKJIEHUE BEPHO IS HEKOTODO-
IO @, U U3 MIPEJIIOJIOKEHUsI, UTO YTBEPKJIEHIE BEPHO JIJIsl BCEX HATYPAJIbHBIX
qncen K, Takux, 9T0 @ < k < M BBITEKAET €ro CIpaBeJInBOCTD JIJISI T, TO
9TO yTBEPXKJIEHUE BEPHO JJIs BCEX HATYPaJIbHBIX ducea k > a.

5) (O6parnas wamyknus.) Eciu u3BecTHO, 9TO HEKOTOPOE YTBEPXKIe-
HUe BEPHO i | U 2, U U3 MPEeJIIOJIOXKEHUsI, I9TO yTBEPXKIECHUE BEPHO JIJIst
HEKOTOPOro N > 1, BBITEKAET ero ClIpaBeJInBOCTD it 2n u . — 1, To 3710
YTBEPKJIEHNE BEPHO JIJIsl BCEX HATYPAJbHBIX UHCEI.

1
1.5. Yucmo x TaKOBO, YTO YUCIO X + — — mesoe. JlokasknuTe, 9TO IpHU
X
1
JIIO60M HATYpPaJbHOM T 9ucjio X" + o TAKIKE ABJIACTCS TeJIBIM. (CM. Tak-
ke 7.46.)
1.6. /Tanbr HATYpaJIbHBIE IUCTA X1, ..., Xn. JLOKAXKHATE, ITO IUCIO
2 2
(T+x7) ... (T +x3)

MOXKHO IPEICTAaBUTh B BUIE CyMMbI KBAIPATOB JIBYX HATYPAJbHBIX UUCEJL.
(Cwm. rakxke 7.14.)

1.7. Yucnosasi mocjeioBaTebHOCTE A, Ay, ..., Ay, ... OIpeesieHa
paBeHCTBaMU

A] = ], Az = —1, An = —An,1 —ZAH,Z (n > 3)

JokazkuTe, 9T0 npu 1 > 2 uncyio 2™ 12 —7A2 aBasSeTCs MOTHBIM KBAJIPATOM.

2. ToxagecTtBa, HepaBeHCTBA U JA€JINMOCTDb

Onpenenenne. Yepes n! (uuraerca «n daxmopuan») obozHAIACTCH
IPOM3BEJIEHIE BCEX HATYPAJBHBIX Yuces OT 1 710 M

nl=1.2.-...-n.

st ynoberBa cunraercsi, aro 0! = 1.
B zagauax 1.8—1.14 mokaxKuTe TOXKIECTBA.

1.8. 14+3+5+...+(2n—1)=n’.

2 _ nn+1)2n+1)

1.9.124+22+...+n c )



8 1. Merox maremMaTu4ecKoOi HHIYKIIHT

>, _ n(2n—1)2n+1)
= 3 )
1.11. B+ 2+ ...+ =(1+2+...+n)%

1.10. 174+ 3>+ ...+ (2n—1)

nn+1)n+2)(n+3)

1.12.1-2-342-3-4+...+nn+1)n+2) = 1

12 22 n? _n(n+1)
L3 7=t 35+ F 2n—1)(2n+1)  22n+1)"
1.14. 1-11 42214+ ... 4n-nl=Mn+1)-1.

1.15. PakTopuajibHasg cUCTeMa cUYucJieHud. /lokaxkure, 9TO KarxK-
JI0€ HATypPAJIBHOE YHMCJIO T MOXKET OBITh €IMHCTBEHHBIM 00pPAa30M IIPE/ICTaB-
JIEHO B BUJIE

n=aq-"+a-2'+az3-3'+...,

mel0<a; <1,0<a,<2,0<a; <3, ...

1.16. Yucna ap, aq, ..., Qn, ... ONPEIETEHBI CIAEIYIOMUM 00Pa30M:
=2, a4 =3, an=3a,—2a,1 (n>=2).

Haiinure n qokakute HopMys1y JJIst STUX TUCEJT.

Omnpenenenue. Ilycts a —nesioe u b — HaTypasbHOe uncia. b Ha3bIBaA-
ercst deaumenem @, €CJIU CYIIECTBYeT IeJI0e YUCJIO0 ( Takoe, 9To ad = b(.
B srom ciygae a nassiBaercd kpamhovim b, a q — wacmuovim om deaeHus a
Ha b.

CoorHomenne «b mesuT a» 3anuchbiBaeTcs B BUAE b | 4 WM B Buue
a i b («a kparHo b»). IIpudyem 3T 3ammcH BCerja BKIIOYAIOT B cebst
rpe/oioXKenue, 9ro b # 0.

Ecsu b me aBsiercs penuresiem a, To OyzeMm mucarh b f a.

Hoxkazkure, 910 B 3aga4dax 1.17—1.24, ykazaHHble COOTHOIIEHNUS BHITIOJ-
HAIOTCH JJIsI JII0OOr0 HATYPAJIBLHOIO M.

1.17. 10" +18n—1:27.
1.18. 112 4 122n+1 : 133,
1.19. 2573 4 5n . 3n+2 1 17,
1.20. n3 +5n: 6.

1.21. 62" +1:7.

1.22. 3°2"*2 4+ 8n—9: 16.
1.23. 4" +15m—1:9.
1.24. 23" 41:3n+7,

1.25. /lokaxkuTe, 4TO JJIsl BCEX HATYPAJBHBIX Tl YUCJIO, 3AMIUCHIBAEMOE
3™ eguHAIIAMH, JEJIUTCS Ha 3.
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1.26". U3 unces or 1 10 2n Buibpano n+ 1 uucio. JJokazkure, 9T0 cpein
BBIODAHHBIX YHCeJ HAiilyTCsl JBa, OJIHO U3 KOTOPBIX JEJUTCS Ha JIPYTOe.
(Cm. Takzxke 2.34.)

1.27. Pemmure ypaBHEeHHE

x(x—1)
L e

ax(x=1 ... (x=m+1)
n!

=0.

B zamagax 1.28 - 1.36 mokaxkuTe CIIpaBeJINBOCTh HEPABEHCTB JJIsi HATY-
PaJbHBIX M.

12022 32 n
1.29. L4 L4 4> m
29. =+ 5 . =2 .
(2n)! _ 4n
1.30. ) > —
1 1 1 13
1.32. HepaBencrBo Bepuymau. (14x)™ > 14nx npu jobom x > —1.
1.33. 2" >n.
1-3-5-...-2n—1) 1
.34. < .
L34 — s m ST
1.35.n""' > n+1)" (n>2).
1.36. |x; +...+ x| < |Xq1|+... 4+ xul, oOE X1, ..., X — IPOU3BOLHLIE
YHCIA.

1.37". HepaBeHCTBO MexKIy CpeJHIM apudMeTHIeCKIM U cpe-
HUM reoMeTpudeckmum. Jlokaxure HEpABEHCTBO

X1+ ...+ %xn

> UX7 e X,
n
TIe X1, ..., Xn — HOJIO?KUTEJbHDLIE YUCJIIA.

1.38. JlokazkuTe HepaBeHCTBO 2™ 2 > mn, rme m u N — HaTypaJbHbIe
qucIIa.

1.39. /I KaKuX T BBITIOJIHSIIOTCS HEPABEHCTBA:
a)n!>2"; 6)2" >n?

1.40. BpraucianTe mpou3BeieHne

-1 3¥-1 ']
P+1 341 77 P4




10 1. Merox maremMaTu4ecKoOi HHIYKIIHT

3. sayknms B reoMmeTpum U KOMOMHATOpPUKE

1.41. U3 kBagpara kjerdaroir Oymaru pasmepom 16 X 16 Bbipesasu
onny KjeTky. JlokaxKuTe, 94TO MOJIyYeHHYIO PUTYPY MOXKHO pa3pe3aTb Ha
«YTOJIKA» U3 TPeX KJIETOK.

1.42. Xanotickag 6amrtag I. ['ooBostomka «Xamoiickast GaImHsay mpe/i-
craBJjisieT coboii 8 JUCKOB, HAHM3AHHBIX B IOPsIJIKE YMEHbBIIIEHUS Pa3MePOB
Ha OJMH U3 TPEX KOJIBIIIKOB. 3aJ1ada COCTOUT B TOM, UTOOBI II€PEMECTHUTH
BCIO DAITHIO HA OIWH U3 APYTUX KOJIBIIIKOB, TIEPEHOCS KAXKIBI pa3 TOJBKO
OJIVH JINCK W HE TIOMeIasi OOJIBINII IUCK HA MEHBIIUIA.

JokazkuTe, 9TO 3Ta TOJOBOJOMKA MMeeT perrenue. Kakoit cmocob pe-
IIEHUsT TOJIOBOJIOMKH OyJIeT ONTUMAJbHBIM (110 uucty mepementennii)? (Cu.
Takxke 5.71.)

1.43. Xanoiickas Gamus II. 3anymepyeM KOJIBIINIKA B 3ajiade 0 Xa-
HOlicKoil Oamue wuciaamu 1, 2, 3. Ilpeanosioxkum, 9ro Tpebyercsl mepeme-
CTUTH JUCKH C 1-TO KOJBIMIKA Ha 3-if. CKOJIBKO MTOHAT00NTCS MepeKIaIbiBa-
HUIl, ec/ii MpsIMOe TIepeMEIEeHre UCKa ¢ 1-T0 KOJIBINIKa Ha 3-if 3amperneHo?
(Kazxoe nepekJia ipiBanue M0JKHO IPOM3BOAUTCH Yepe3 2-if Kosbiiiek. Kak
U paHbIle, GOJBINNH ICK HEJIb3s KIACTh HA MEHbBIIHII. )

1.44. Xamnoiickas 6armausa III. CkojIbKO MOHAI0OUTCS II€PEKJIaIbIBa-
HUM, ecJu B ycjaoBuu 3aja4qu 1.42 100aBUTH JIOMOJHUTETbHOE TpebOBaHME:
[IEePBbIil JIUCK HEJIb3s KJACTh Ha BTOPOM KOJIBIIIEK !

1.45. JlokaxkuTte, 9TO KBapaT MOXKHO pa3pe3aTh Ha T KBaJIPaTOB JIJIsi
JIFOOOTO T, HAYUHAS C IIECTH.

1.46. /lokaxkuTre, 4TO MPaBUJIbHBIN TPEYTOJBHUK MOXKHO Paspe3arTb Ha
T IPAaBUJIBHBIX TPEYTOJBLHUKOB JIJIsl JTIOOOTO M, HAYWHAS C IIIECTH.

1.47. 3osioras menoyka. a) Ha mocTossiom JBOpe OCTAHOBUJICS IIy-
TEIeCTBEHHNK, U XO3sIUH COIJIACHUJICSI B KAJeCTBE YILJIATHI 32 TPOKUBAHUE
O6paTh KOJIBbIIA 30JI0TOM IEMOYKM, KOTOPYIO0 TOT HOcua Ha pyke. Ho mpwm
TOM OH IIOCTABUJI YCJIOBHE, YTOOBI OIJIaTa ObLIA €2KeIHEBHON: KaXKIbIil JI€HDb
JIOJIZKHO OBITH OT/IAHO POBHO HA OJIHO KOJIBIIO OOJIbINE, YeM B IIPEIbILY I
JIeHb. 3aMKHYyTasl B KOJIBIIO IETI0YKa cojep:kaJia 11 KoJer, a myTerecTBeH-
HUK COOUMpaJics MPOXKUTh poBHO 11 mHeit, mostomy oH coryacuics. Kakoe
HaMMEHBIIEe YUCI0 KOJIEI[ OH JOJKEH PACIUINTb, ITOOBI MMETh BO3MOXK-
HOCTH IJIATUTDH XO3SIUHY 7

6) 13 cKOJIBKUX KOJIEI] JIOJXKHA COCTOSATD I[EIIOYKa, ITOOBI Iy TelIeCTBEeH-
HUK MOT IIPOXKUTH Ha ITOCTOSIJIOM JIBOPE HAaUOOJIbIIEE YUCIIO JHEH IIPU yCJIo-
BHUH, 9TO OH MOXKET PACIUJIUTH TOJBKO T KOJIert?

1.48. Bank nMeer HeOrpaHUYEHHOE KOJIMYECTBO TPEX- U MIATHPYOJIEBBIX
kymop. Jlokaxkure, 9T0 OH MOXKET BBIIATH UMU 0e3 cladd Jiroboe YUC/Io
py6ueit, Haunuas ¢ BocbMu. (CM. Takxke 3.72.)
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1.49". TennasbHbIe MaTEMAaTUKH. a) KaxK10My U3 JIByX reHIATbHBIX
MaTeMATUKOB COOOIIMJIM TI0 HATYPAJbHOMY YHUCIIY, MPUYEM UM H3BECTHO,
9TO 3TU YUCIa OTIMYaroTcs Ha eauHuily. OHM OOYEpEHO CIPAITABAIT
npyr apyra: «M3Bectro au Tebe moe wmcsno?» Jlokaxkmre, 9TO PAHO WU
[TO3/THO KTO-TO U3 HUX OTBETHUT «Ja». CKOJBLKO BOIPOCOB OHU 3aaJlyT JPYT
npyry? (Maremaruku IpejiosiaraiorTcsi IPABIUBBIME U 0ECCMEDPTHBIMIL. )

6) Kak M3MeHHTCs YUCI0 33J@HHBIX BOIIPOCOB, €CJIM € CAMOIO HavaJa
M3BECTHO, YTO JaHHBIE Yncja He mpeBocxoasar 10007

1.50. Ha ckoabKO dacTeil AeIST IIOCKOCTH TL IPSIMBIX «OOIIIEro IoJIo-
KEHUs», TO €CTh TaKUX, UYTO HUKaKWe JBe He MapasieJIbHbl U HUKaKWe TPU
HE IIPOXOJIAT Y€PEe3 OJHY TOUKY !

1.51. Ha mtocKocTr poBeIeHbI L OKPY?KHOCTEH TaK, ITO JI00bIE 1BE U3
HUX IIePEeCcEeKaloTcs B IIape TOYeK, U HUKaKue TPHU He IIPOXOIAT Uepe3 OJIHY
TouKy. Ha CKOJIbKO JacTeil JIe/IsIT IJIOCKOCTh 3TU OKPYKHOCTH?

1.52. Ha ckoabKO 1gacTeil Ae/IST MPOCTPAHCTBO M IJIOCKOCTEH, TTPOXO/Isi-
UX Yepe3 OJHY TOUKY, €CJU HUKAKWE TPHU HE MMEIOT OOIIeil mpsiMoii?

* o o
1.53". Ha ckoabKO gacTeif JeIsT MpOCTPAHCTBO T IJIOCKOCTEH «ODIIEero
nostoxkenusa» ! VI aTo 310 3a «0bIIIee moIoKennes !

1.54. IlnockocTs moesieHa Ha 00JIACTH HECKOJBKUMHU IpsiMbiMu. Jloka-
JKHUTE, 9TO ITH 00JIACTH MOYKHO PACKPACUTh B JIBa I[BETA TaK, ITOOBI JTIOOBIE
zBe cocesHue obsactu ObLIM OKparieHbl B pasuble 1sera. (CocennuMu Ha-
3BIBAIOTCS 0OJIACTH, UMEIOIHe OOIIUHA yIACTOK IPAHUIIBL. )

1.55. CymmMa yryioB N-yroJbHHMKa. /[0KaxKuTe, 9TO HPOU3BOJIbLHBII
N-yroJbHuK (He 00g3aTe/IbHO BBIMYKJIbI) MOXKHO pa3pe3aTh Ha TPEyroJib-
HUKH HEIEPECEKAIONMMUCS JIMArOHAISMA. BBIBENTE OTCIOMA, ITO CyMMa,
YIJIOB B IIPOMU3BOJIBHOM T-yTOJIBHUKE paBHa (N — 2)7T.

1.56. Knerku maxmarnoit mocku 100 x 100 packpaiiens! B 4 1Bera Tax,
9TO B JIIOO0OM KBaJpaTe 2 X 2 BCe KJIETKHM pasHoro msera. Jlokaxkure, 910
YIJIOBBIE KJIETKH PACKPAIIEHbI B Pa3HbIE IIBETa.

1.57. Nmeercs k stmukoB. B HEKOTOPBIX M3 HUX JiexKaT elle K sinKOB.
B HEKOTOPBIX M3 MOCIEIHUX JIeXKAT eIle AMUKKA (CHOBa K IITYK) W T. .
CKOJIBKO BCETO SIIUKOB, €CJIM 3aIOJTHEHHBIX M7

1.58. Teopema Diinepa. [lokaxkure, 9TO jisi JFOOOTO BBILYKJIOTO
MHOTOTPAHHUKA MMEET MECTO COOTHOIIEHTE

B-P+I=2,

rae B — aucno ero Bepmun, P — gucsio pebep, I' — uncso rpaneii.
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1.59". 3amaua Cuabbectpa. Ha IJI0CKOCTH B3ATHI HECKOJIBKO TOYEK
TaK, 9TO HA KaXKJIOH MpsIMOii, COeIUHSIONIEN JIF00bIe JIBe U3 HUX, JIEKUT 110
KpaliHeil Mepe ere ogHa Tovka. JloKazKuTe, 9To BCe TOUYKH JIEZKAT Ha OJHOM
OpAMOIA.

1.60. BeinmykJiast o6oso4uka. /lokaxknre, 9T0 J1J151 JII0OOTO 9UCTA TOUEK
IJIOCKOCTH HalileTcs BBIIYKJIbIE MHOTOYT'OJIBHUK C BEPIINHAMU B HEKOTOPBIX
13 HUX, COJIEPIKAIMil BHYTPH ce0sl BCe OCTAJIbHBIE TOYKH.

1.61. Crosbko cymecTByeT (HEBBIPOXK/IEHHBIX) TPEYTOJBHUKOB IEpH-
merpa 100 ¢ meabIMu JIIMHAMA CTOPOH?



I'TABA 2
KombuHaTopuka

1. ClaoXXuTh W YyMHOXKUTH?

2.1. a) B Crpane Yynec ecrb Tpu ropoga A, B u C. U3 ropoma A B
ropox, B Bexer 6 mopor, a u3 ropona B B ropox C —4 moporu. CkoabkuMu
crrocobamMu MOXKHO Ipoexarb or A go C?

6) B Crpane Uyzec nocrpousu eme oxus ropoz, D U HECKOJIBKO HOBBIX
nopor— e 3 A B D u aBe uz3 D B C. CroabKuMU CIIocObaMU MOXKHO
Tenephb m1obparhes u3 ropoga A B ropon C?7

IIpaBuno cymmbl. Ecian smeMeHT a MOXKHO BBIOpaTh M criocobamu, a
as1eMeHT b (He3aBHCHMO OT BBIOOpA jIEMeHTa ) — T cIIocobaMu, TO BHIGOD
«a win by MOXKHO ¢JIeIaTh M + T CrIocobaMu.

IIpaBusno npomusBeneHusi. Eciin 3jieMeHT 4 MOXKHO BBIOpaTh M CIIO-
cobamu, a 3JeMeHT b (He3aBUCHMO OT BBIOOpA JIeMeHTa a) — Tl CIocobaMH,
TO BBIOOP «Q U b» MOXKHO CII€JIaTh M - TL CIIOCODAMMU.

2.2. CKOJIBKO CYIIECTBYET PA3JIMIHBIX CEMU3HAYHBIX TeJIe(OHHBIX HO-
MepOB (CYMTaeTCst, YTO HOMEp HAUMHATHLCSI C HYJIsl He MOXKeT)?

2.3. Homep aBTOMAIIUHBI COCTOUT U3 TpeX OYKB PYCCKOTO aadaBUTa
(30 6yxB) n Tpex nudp. CKOIBKO CYMECTBYET PA3JIUIHBIX HOMEPOB ABTO-
MaIluH?

2.4. B HEKOTOPOII IKOJIE KAXKIBI MTKOJIBHUK 3HAKOM € 32 IKOJIbLHUIA-
MH, a KaxKkJas MKoJIbHUIa — ¢ 29 mkonpbaukamu. Koro B 1mkose GoJibie:
IITKOJIbHUKOB UJIH TIKOJIBHUIL ¥ BO CKOJIBKO pas?

2.5. B sa3bIKe 0IHOTO JAPEBHETrO IJIEMEeHH ObLIO 6 TJIACHBIX U 8 COIJIACHBIX,
[IpUYeM IIPU COCTABJIEHUU CJIOB TJIACHBIE U COTJIACHBIE HEIIPEMEHHO Yepejio-
Basnch. CKOJIBKO CJIOB U3 JIEBSITUH OYKB MOIJIO OBITH B 9TOM SI3bIKE?

2.6. Andasur mwiemenu Mym60-FOM60 cocrout u3z tpex 6ykB. CioBom
SIBJISIETCST JTI00AST TTOCJIEI0BATEILHOCTD, COCTOSIINAs He 60JIee 1eM U3 9eThIPeX
6ykB. CkoabKO cJIoB B s3bike muiemenn Mym6o-FOmGo? (Cwm. takke 12.9.)

2.7. CKOJBKO CyIIECTBYET MECTU3HATHBIX THCEJT, JeJIANNXCT Ha 57

2.8. CKOJIBKO CYINIECTBYET MECTU3HATHBIX UUCEJT, B 3AIIUCH KOTOPBIX €CTh
X0Ts OBI OfHa deTHas mudpa?
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2.9. CKOJIBKO CyIIEeCTBYeT JeCATHU3HAYHBIX YHUCEJI, B 3alUCU KOTOPBIX
MMeeTCsI XOTs Obl JIBe OJIMHAKOBLIE ITU(PHI?T

2.10. Kakux ceMU3HATHBIX THCEJ OOJIBINE: TEX, B 3AIIUCH KOTOPHIX €CTh
€JIMHUIA, U OCTAJIHHBIX?

2.11. Ilaccaxkup OCTABHJI BEIX B aBTOMATHYECKON KaMepe XpaHeHHs,
a KOTJ[a IIPUIIES HOJydaTh BEIIH, BBISCHUIOCH, 9TO OH 3a0bl1 HOMep. OH
TOJIBKO ITOMHUT, 9YTO B HOMepe Obin unciia 23 u 37. YTobbl OTKPBITH KaMepy,
HY?KHO [IPABWJIBHO HAOPATh MATH3HAYHBIN HOMep. KakoBo HanmMeHbIiee Ko-
JITIECTBO HOMEPOB HY?KHO HepebpaTh, 9T0ObI HABEPHSIKA OTKPBITH Kamepy?
(Yucna 23 n 37 MoKHO yBUIETH U B uncie 237.)

2.12. CKOJIBKO CyIIECTBYeT HSTU3HAYHBIX UHCEJ, KOTOPbLIE OJIMHAKOBO
YUTAIOTCs CJIEBa, HAIIPABO U CIIPABA HAJIEBO (HANPUMEpD, TaKuxX Kak 54345,

17071)?

2.13. CKOJIBKO CYIIECTBYET JEBATH3HAYHBIX YUCE]I, CyMMa U@P KOTO-
pbIx derHA?

2.14. CKOIBKUME CIIOCOOAMU MOXKHO PA3JI0XKUTH 7/ MOHET Pa3IUIHOIO
JIOCTOMHCTBA [0 TPEM KapMaHaM !

2.15. HazoBem HaTypaJIbHOE YHUCJIO «CHMIATHIHBIM Y, €CJIA B €TI0 3aIUCH
BCTPEYAIOTCH TOJBKO HedeTHble nudpbl. CKOJMBKO CYIECTBYET YeThIPEX-
3HAYHDBIX «CHMIIATHIHBIX» TUCET!

2.16". Ha 1Byx KJeTKax MaxMaTHOH JOCKHU CTOST YepHasi u 6esas bur-
Kd. 3a OJIMH XOJI MOYKHO TIEPEJIBUHYTH JIOOYI0 M3 HUX HA COCEJHIOI0 TI0
BEPTHKAJIA UJIA 110 IOPU3OHTANM KJIETKY. (1Be (DUIIKM HE MOTYT CTOATH
Ha OouHOM KiieTke). Moryr jiu B pe3ysbrare TakKuX XOJOB BCTPETHTCH BCE
BO3MOXKHBIE BADUAHTHI PACIIOJIOXKEHUSI ITUX JBYX (DUIIEK, IIPUIEM DOBHO
10 OJTHOMY pazy?!

2. Ilpunnun /Inpuxiie

Hpunnun Jupuxie (npuHuun smukos). [Ipu jio6om pacupemuese-
onn Nk + 1 wim Gojiee MPeIMeTOB IO M AIUKAM B KaKOM-HUOYIb SIIUKe
oKaxkercs He MeHee 4yeM k + 1 mpeamer.

2.17. Jlokazkute, 9TO CPEJIn MOCKBHUYEH €CTh JBa UEJIOBEKa C PABHBIM
YUCJIOM BOJIOC, €CJIM U3BECTHO, UTO Yy JIIOOOIO YeJIOBEKa Ha IOJIOBE MeHee
OJITHOT'O MUJIJIMOHA BOJIOC.

2.18. B memke 70 mapoB, OTJIMYAIONIIXCSA TOJIBKO BeTOM: 20 KPaCHBIX,
20 cuHux, 20 KeJIThIX, OCTAJIbHbIE — YepHbIe U Oeible. Kakoe HamMeHbIIee
9UCJIO MIAPOB HAJO BBIHYTH U3 MEIKa, He B/ UX, YTOOBI CpeId HUX OBLIO
He MeHee 10-TH ITApoOB OIHOTO IIBETA?
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2.19. HekoTopble TOYKHU U3 JAHHOTO KOHEYHOTO MHOXKECTBA COEINHEHDI
orpe3kamu. JlokaxkKuTe, UTO HAWIYTCS JIBE TOYKHU, U3 KOTOPBIX BBIXOIUT
IIOPOBHY OTPE3KOB.

2.20. Uwmeercst 2k + 1 kaprodek, 3aHyMEpOBAHHBIX YUCJIaMU OT 1 110
2k + 1. Kakoe HanboJIbIIee YUCI0 KAPTOUEK MOYXKHO BBIOPATh TaK, YTOOBI HU
OJINH U3 M3BJIEYCHHBIX HOMEPOB He ObLT PaBEH CyMMe JIByX JIDYTHX U3BJIE-
YEHHBIX HOMEPORB?

2.21. Kakoe HanboJIbIII€E TUCIO KOPOJIEH MOXKHO IIOCTABUTD HA, IITAXMAT-
HOH OCKe Tak, YTOObI HUKAKHUE /IBa M3 HUX He Owmwim apyr apyra?

2.22. Cro 9eJIOBEeK CUJAT 32 KPYTJIBIM CTOJIOM, IpHIeM H0Jiee TIOJIOBUHBI
13 HUX — MYKIUHBI. /IoKaxKuTe, 9TO KaKUe-TO JIBOE U3 MYKIUH CUJIAT JIPYT
HAIPOTUB JPyTa.

2.23. Ha ckiane nmeercsa mo 200 camor 41, 42 u 43 pa3zmepoB, mpudem
cpean stux 600 camor 300 seBbix m 300 mpasbix. /lokakure, 94TO U3 HUX
MOXKHO cocTaBuTh He MeHee 100 rogHbBIX map oOyBH.

2.24. HeckobKo hyTOOTBHBIX KOMAHI IIPOBOJISIT TYPHUP B OJIUH KPYT.
Jlokaxkure, 9TO B JIIOOOIH MOMEHT TyPHUPA HAWIyTCs JIBE KOMAH]IbI, ChIl-
paBIIIie K 3TOMY MOMEHTY OJMHAKOBOE YUCJIO MaTdeil.

2.25". Jlano 51 pasiu4HBIX JBY3HAYHLIX YUceT (OHOZHAYHDBIE UHCIIA
cUnTaeM JBY3HAYHBIMU ¢ IepBoii mudpoii 0). JlokarxkuTe, 9TO U3 HUX MOXKHO
BBIOPATH 6 TAKUX YKCEJI, ITO HUKAKWE 2 13 HUX HE MMEIOT OJMHAKOBBIX UMD
HU B OJTHOM pa3psijie.

2.26. Yucma or 1 1o 101 BeIIICAHBI B TPOU3BOJILHOM MOpsizike. JlokaxKm-
Te, YTO U3 HUX MOYKHO BBIYepKHYTH 90 dmces Tak, 9To ocrapmmecs 11 qucest
Oy/IyT CIAEeOBATH OIHO 3a JIDYTMM B IOPsJIKE BO3PACTAHWS UM YOLIBAHMUSI.

2.27. Nmeerca 2000 Touek. Kakoe MakcuMaIbHOE YUCIO TPOEK MOXKHO
73 HUX BBIOPATH TaK, 9TOOBI KAXKJIbIE JIBE TPOIKHU MMeIN POBHO OTHY OOIILYIO
TOUKy?

2.28. Jlaubr 1002 pazmumusabix uncia, He npesocxonsmumx 2000. Toka-
JKUTE, UTO U3 HUX MOXKHO BbIODATH TPU TAKHUX UHCJA, UTO CyMMa JIBYX W3
HUX paBHa TpeThbeMy. OCTAHeTCs JIM 9TO YTBEPKICHUE CIIPABEIJIUBBIM, €CJIN
quciio 1002 3amenuts Ha 10017

2.29". Jlama mpaMOyTolbHas Tabinma, B KasKIoil KJIeTKe KOTOpOil Ha-
[ICAHO BENIECTBEHHOE YHUCJIO, NIPUYEeM B KaXKJOIl CTPOKe TabJIAIBI 9uCiIa
PaCIIOJIOyKeHBI B IOPsIIKe Bo3pacTanusd. JlokaxkuTe, YTO €CIM PACIIONIOKUTH
YUCJIa B KAXKJIOM CTOJIOIE TaOJIUILI B MTOPSIIKE BO3PACTAHUs, TO B CTPOKAX
[TOJTy 9€HHO TabJIUIIBI YUCTIa O-TIPEYKHEMY OYIIyT PACIoIaraTbCsi B MOPsIIKe
BO3pacCTaHUs.
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2.30. B BoseiibombHOM TypHUPE KOMAHIBI UT'PAIOT JIPYT € JIPYTOM TIO OJT-
HOMY MaT4y. 3a mobey J1aeTcsi OJHO OYKO, 38 IOparkKeHne — HOJb. 3BecTHO,
9TO B OJWH U3 MOMEHTOB TYyPHHUPA BCE KOMaHIbI UMEJU PA3HOE KOJIUIECTBO
09kKOB. CKOJIbKO 0O9YKOB HaOpaJia B KOHIE TyPHUPA IPEIIIOCTIETHAST KOMAHIA
U KaK OH& ChIIpaJja ¢ 1mobeaureseM?

2.31. Beckoneunas KjeTdaTas JIOCKa PACKPAIeHa B TPU IBeTa (KaxK1as
KJIETOYKA — B OJUH U3 1BeTOB). JIOKayKuTe, 4T0 HAlyTCs YeThipe KJIeTOYKU
OJTHOT'O IIBETa, PACIIOJIO’KEHHBIE B BEPIIMHAX IIPAMOYTOJbHUKA CO CTOPOHA-
MU, ITapaJIeIbHBIMU CTOPOHE OJTHOM KJIETOYKU.

2.32. Jlokaxkure, uro u3 11 pasjimuHbIX 6ECKOHEUHBIX HECITUIHBIX JIPO-
Geil MOXKHO BBIODATH JIBe TaKWe, KOTOPhIE COBIIAIAIOT B OECKOHETHOM JHUCJIe
Pa3ps/10B.

2.33. Ha mmockocTu fgaHbl 6 TOUEK TaK, UYTO HUKAKHE TPU M3 HUX HE
JiexKaT Ha omHOM mpsamoil. Kaxkmas mapa TodYek coeUHEHA OTPE3KOM CH-
HEro WK KpacHoro mseta. Jlokaxkure, 9TO CpeJIu JAHHBIX TOYEK MOXKHO
BBIODATH TaKWe TPHU, YTO BCE CTOPOHBI OOPA30BAHHOIO UMW TPEYTOJbHUKA
GyayT okpartenbl B onun 1ser. (Cwm. Takxke 5.36.)

2.34. JloxkaxxuTe yTBep:KjeHHe 3ajadu 1.26 Tpu ITOMOIMU TPUHITUIIA
Hupuxe.

3. PaBMeHJ;eHI/IH, InmepeCTaHOBKHM M COYeTaHusd

Omnpepenenne. Ilyctb M = {a;, ..., a,}— MHOXECTBO U3 T 3JIEMEH-
ToB. Habops! Buga (ai,, ..., a;, ) OyaeMm Ha3bBaTh K-pasmewerusamu. JIpa
k-pasMernenust CINTAIOTCS PA3JIMIHBIMU, €CJIM OHM OTJIMYAKTCS JPYr OT
IpyTra BXOASIIUME B HUX 3JIEMEHTAMU UJIU MOPSIIKOM JIEMEHTOB.

Eciu B pa3mMemieHusX 31€MEHTBI O, ..., (i, IIONAPHO PA3JIMYHBI, TO
3TO pasmewerus b6es nosmopenudl. Eciu ke cpesi 3JIeMEHTOB 0y, ..., Oi,,
MOTYT IOIAAThCSI OJMHAKOBBIE, TO TaKue HAOOPHI HA3BIBAIOTCI DA3MEULE-
HUAMU C TLOBMOPEHUAMU.

KommgecTBa pasmerennii 6€3 MOBTOPEHMI U ¢ TOBTOPEHUIMI 0003HATA-
forcst AX uw AKX coorsercTremto.

2.35. rZLOKa)KI/ITe paBeHCTBa: -
a) Ak =nn—-1)...(n—k+1); 6) Ak =nk

2.36. B naccaxupckom moese 17 Baronos. CKOJBKUME CIIOCOOAMEI MOXK-
HO pACIpEJIE/IUTh 110 BAroHaM 17 TPOBOIHUKOB, €CJIN 38 KAYKJBIM BAarOHOM
3aKPEIIAeTCS OJUH TPOBOIHUK 7

Omnpepenenne. Ilepecmanoskamu HA3BIBAIOTCS N-pa3Melenus 6e3 mo-
BTOpEHWIT 91eMeHTOB MHOXKecTBa M = {a, ..., a, .
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KonuyecTBo mepecTaHOBOK MHOXKECTBA U3 T JIEMEHTOB ODO3HAYAET-
cst P,

2.37. Jokaxkute paBeHcTtBo P, = nl.

2.38. CKOJIBKO CyIIECTBYET CIIOCODOB pacCTaBUTh 8 JjiaJieil Ha IIaxmar-
HOI1 JIOCKe Tak, YTOObl OHU He O6uym JIpyr japyra?

2.39. CeMmHaaTh JIEBYIIEK BOAAT XOPOBOM. CKOJIBKUMU Pa3IHIHBIMU
crrocobamMu OHU MOT'YT BCTAThb B KPyT'?!

2.40. CKOJIBKO CyIIIeCTBYeT OyKepeJInii, COCTABJIEHHBIX U3 17 pas3/ImdIHBIX
OycuHOK?

2.41. Haitiiure cymMMy BceX 7-3HAYHBIX UHCENI, KOTOPBIE MOXKHO IOJTY-
9UTH BCEBO3MOXKHBIMU IepecTanoBKamu nmudp 1, ..., 7.

2.42. a) CkosibkuMu criocobamu 28 yUIEeHHKOB MOTYT BBICTPOUTBHCS B
odYepesib B CTOJIOBYIO?

6) Kak m3menntcs sro gucio, ecau Ilerio Manosa u Komo Bacuna
HeJIb3sT CTABUTH JPYT 3a APYroMm?

2.43. CKoIbKIME CIOCODAMI MOXKHO BBIODATH TIETHIPEX I€JIOBEK HA Te-
TBIPe Pa3/IHYHbIE JIOJ2KHOCTH, €CJIH UMEETCs JIEBSTh KAHIUIATOB Ha ITU
JOJZKHOCTI?

2.44. U3 kiacca, B KOTOPOM ydarcs 28 4ejloBeK, HA3HAYAIOTCS Ha Jie-
KYPCTBO B €TOJIOBYIO 4 1esioBeka. CKOJBKUME CHOCOOAME 3TO MOXKHO CJIe-
sgaTh? CKOJIIBKO CYIIECTBYET CIIocOO0B HaOpaTh KOMAH/Y JI€KYPHBIX, B KO-
TOPYIO TOMAJIET yIeHuK 31oro kiaacca Koss Bacun?

Onpepenenne. [Iycrs M = {a;, ..., a,}— MHOXKECTBO U3 T 3JIEMEH-
TOB. K-couemanuamu Ha3bIBAIOTCH HAOODPBI (Qy,, ..., d;i, ), B KOTOPBIX IO-
PSIIOK CIUTAETCST HECYNECTBEHHBIM. 10 ecTh mBa K-coueTaHus CIMTAIOTCS
PA3JIMIHBIMA, €CJIU OHU OTJIMIAIOTCS JIPYT OT JPYTra BXOJAIUME B HAX 3JIe-
MEHTaMU, HO He TOPSIJIKOM 3JIEMEHTOB.

AHaJIOrNYHO pasMeIeHnsIM coueTanns ObIBAIOT Oe3 MOBTOPEHUIT U ¢ I10-
BTODEHUSIMU.

KommgecTBa coderannii 6e3 MOBTOPEHUI W ¢ TOBTOPEHUSIMHU 0DO3HATA-
torcas CX u CX cooTseTcTBEHHO.

2.45. U3 nByx MaTreMaTHKOB U JIE€CATH SKOHOMECTOB HAJI0 COCTABUTH
KOMHUCCHIO U3 BOCbMHE 1ejI0BeK. CKOJIBKUMH CIIOCOOAMHU MOXKHO COCTABUTH
KOMICCHIO, €CJIM B Hee JIOJI?KEH BXOJIUTh XOTs Obl OJIUH MATEMATHK !

2.46. Ha mrockoctu gano n Todek. CKOJIBKO UMEETCsl OTPE3KOB C KOH-
[AMHU B 9TUX TOYKAX?

2.47. Ha 1iockocTu mpoBeeHO N IPSIMbBIX «OOIIEro moJjioxKenust». Haii-
JIUTEe KOJIMYIECTBO TOYEK IMepecedeHns ITUX npsiMbix. CKOJIBKO TPEYTrOIbHU-
KOB 00pa3yoT 3T MpsMble?!
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2.48. Ha aByx mapaJsiie/bHBIX OPSIMBIX 4 U b BBIOpaHbBI TOUYKH Aj,
Ay, ..., A, u By, By, ..., B,, coorBercrBerro. CKOJIBKO OyieT TOYEK Ire-
peceveHust, ecyiu IpoBecTH Bee orpesku Buga A;B; (1 <i<m, 1 <j<n),
[IPU YCJIOBUM, UYTO HUKAKNE TPU U3 STUX OTPE3KOB B OIHON TOUYKE HE IIepe-
cekaroTes?

2.49". Kmrounu ot ceficdpa. Mexxaynapoyinas KOMUCCHS COCTOUT U3 9
qejioBeK. Marepuajbl Komuccuu Xpausarcs B cefide. CKOJIBKO 3aMKOB J0JI-
JKEH UMeTh Ceiidy, CKOJIBKO KJIOUell Jjisi HUX HY?KHO U3TOTOBUTH U KaK UX
pa3menuTh MEXIY YIeHAMHI KOMUCCHHU, 9TOOBI JOCTYII K cefidy ObL1 BO3MO-
JKeH TOIJIa ¥ TOJIBKO TOTJIa, KOTJIa cobepyTcs He MeHee 6 UJIeHOB KOMUCCUU !

Paccmorpure 3ajady TakKe B TOM CJiydae, KOT/Ia KOMUCCHST COCTOUT W3
T YeJioBeK, a Ccefip MOXKHO OTKPBITH IIpU HAJUYUU M UJIEHOB KOMUCCHU
(m<n).

2.50. Y Huner 7 pasabix mokoaanabix konder, y Komm 9 pasabix ka-

pamesiek. CKOJBKAMU CIOCODAME OHM MOTYT OOMEHSATHCS JPYT € JAPYrOM
ATHI0 KOoHeramu?

2.51. JlokaxkuTe paBEeHCTBA
n! =
K _ . K _
a) C“_(n—k)lk!’ 6) Ck =C
2.52. [Tokaxkure, uTo 6GmHOMHANLHBIN KO3d dumment CX moxkno ompe-
JeUTH KaK KOJMIECTBO CIIOCOO0B BBHIOPATH K-3JIEMEHTHOE MTOJAMHOXKECTBO B
MHOXKECTBE U3 N JIEMEHTOB.

" m+kx—1)!

k=TT (= 1) k!

2.53. Bunom Hbrorona. Jlokaxkure cripaBejInBOCTb (hOPMYJIBI
0 T n—1 2. m-2.2
x+y)"=Cx"+Cx"'y+Cx" Yy +...+Cry".

Yucaa CX mazpiBaioTcst GHHOMUATBHBIMU KO3 MDUIUEHTAME, TOCKOJILKY OHUI
BO3HUKAIOT IIPU BO3BEJIEHUN B CTEIIEHb OMHOMA X + Y.

2.54. CKOJIBKO paIMOHAJIBHBIX CJIAra€MbIX COJIEPKUTCS B PA3JIOXKEHUU

4 100 3
a) (VZ+ V3)%% 6) (V2+ ¥/3)%07

2.55". Jlokaxkure, 4TO JId JIIOOOI0 HATYPAJLHOTO 4 HAilJIeTCa TaKoe
n
HaTypaJibHOE M, 9TO Bce ynciaa n+ 1, n™ + 1, n™ + 1, ... jxexsites Ha A.

2.56. CkoJIbKO jmaroHaseil mMeeT BBLIILYKJIbIL:
a) 10-yronbunk; 6) k-yromsauk (k > 3)?

2.57. B BBIIIYKJIOM T-YTOJBLHUKE IPOBE/EeHb! Bee juaroHau. OHu pas-
OMBAIOT €ro Ha BBINYKJIblE MHOIOYIOJIbHUKU. B0o3bMeM Cpejy HUX MHOIO-
YTOJIBHUK C CAMBIM OOJIBIMTUM 9nUC/IOM CTOPOH. CKOJIBKO CTOPOH OH MOXKET
MMeTh?!
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2.58. AnarpaMmbl. AHarpaMMOil Ha3bIBAETCsl IIPOU3BOJIBHOE CJIOBO,
MOJIy9eHHOE U3 JIAHHOTO CJIOBa MepecTaHoBKoil Oyks. CKOJIBKO aHarpaMm
MOKHO COCTABUTD U3 CJIOB:  a) TOYKa; 0) IpgMasi; B) Heperieek; I) Ouc-
cekrpuca; ) abpakanabpa; e) KoMOMHATOPUKA?

HexoToprie KOMOMHATOPHDBIE 33/1a9K PEIIAIOTCS, €CJIN YCIOBUE YIAETCs
repedpopMyJINPOBATH B TEDMUHAX CJIOB 1 aHarpaMmm. IIpumepom moxer ciry-
KUTH CJIEYIONAas 3a/a49a.

2.59. IMlaxmaTHBIA ropod. PaccMOTpuUM IPSIMOYTOJNBHYIO CETKY
KBaJIpATOB pa3MepaM: T X TL— IMaXMATHBIA TOPOJI, COCTOAIINA U3 «KBap-
TAJIOB», PA3/IEEHHBIX . — | TOPU3OHTAJNBHBIMA ¥ T — | BEePTHKAILHBIMA
«yrunamny. KakoBo 9nCI0 pa3nInaHbIX KpaTdallnx MMyTeil Ha 9TOH ceTke,
BeyIIUX U3 JieBoro HuxkHero yria (touka (0; 0)) B npaBblil BepxHUil yroJ
(rouky (m; 1n))? (Cwm. Takxke 2.77.)

2.60. Uwmeercst ky6 pasmepom 10 x 10 x 10, cocrosimiuii n3 mMaJieHb-
KUX eJUHUIHBIX KyOukoB. B miearpe O 0mHOTrO m3 yriioBbIX KyOMKOB CHJIUT
KysHeunkK. OH MOXKeT IphLIraTh B LEHTP KyOHKa, MMEIOLIEro OOIIyI0 I'DaHb
C TeM, B KOTOPOM Ky3HEUYMK HAXOIUTCS B JAHHBI MOMEHT, IPUYEM Tak,
qT06bl paccrosinue 10 Touku O yBesmuuBasioch. CKOJIBKUMU CIOCODAMU
Ky3HEYHK MOXKET JIOIPBIraTh 10 KyOHKa, IMTPOTHBOIOJIOXKHOIO UCXOIHOMY !

2.61. ITapasutesiorpaMM TepeceKaeTcsl JABYMs PsiIaMU TMPSMBIX, ITapaJi-
JIEJIbHBIX €r0 CTOPOHAM; KaXKIbIl Psi COCTOUT m3 M HpsaMbIX. CKOJIBKO
apaJjuIeIorpaMMOB MOXKHO BBIJICIUTH B 00pa30BaBIIeics ceTke?

2.62. CKOJIBKUMHU CIIOCODAMU MOXKHO Pa3JIeJIUTh HA KOMAaHJBI 110 6 de-
JIOBEK JIJIsI UTPBI B BOJIEHOOT TPYIIIy:
a) u3z 12; 6) u3 24 cnoprcmeHos?

2.63. Nnmeerca muoxkectBo C, cocrosimee n3 N sseMeHToB. CKOTBKUMEI
ciocobamu MOkHO BbIOpaTh B C mBa moaMuoxkecTtBa A u B Tak, 9T00bI

a) mHoxkecTBa A u B He nepecekaJuce;

6) MHOXKecTBO A cojllepKaJsioch Obl B MHOXKeCTBe BY?

2.64. IlonmmHoMuasbHast TeopeMa. J[okazkKuTe, YTO B PABEHCTBE

(X7 ... x )" = Z CKy, ovny Ky X5 oxKm
kKi+...+km=n
koadpdunumentor C(Kq, ..., Ky ) MOryT OBITH HafimeHbl o opMyIIe
n!

Yucna C(ky, ..., k) Ha3BIBAIOTCS MOJTMHOMUAILHBIMEI KO3 MUITHEHTAME.
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2.65. Ilpu urpe B npedepanc KaxkJI0My U3 TPeX UTPOKOB Pa3IaioT IO
10 kapr, a aBe KapThl KjaaayT B Hpukyl. CKOJBKO Pa3/IMYHBIX pPacKJia-
JI0B BO3MOXKHO B 310l urpe? (Cunraiorcs BO3MOXKHBIE pa3iadu 6e3 ydera
Toro, 4ro Kaxkiaple 10 KapT IocTaioTcs KOHKperHoMy HUrpoky.) (Cwm. Tax-
ke 2.95.)

2.66. CKOJIBKO CYIECTBYET 6-3HAYHBIX UUCEJI, Y KOTOPBIX KaXKas I0-
craenyormast mudpa MeHbIIe MPeIbTyInei?

2.67. meercsa m 06eJsibIX U T YEPHBIX IMAPOB, npudeM m > N. CKoJb-
KAME CITIOCOOAMH MOXKHO BCE IIaphl PA3JIOKUTH B Pl TAK, YTOOBI HUKAKIE
JIBa YepHBIX mapa He Jexkasuu psagom? (Cum. takxe 3.129, 11.84.)

2.68. Ilectn smukoB 3aHyMepoBaHbl ducaamu or 1 1o 6. CkoabKuMEI
CIoCcOOaMU MOXKHO PA3JIOKUTH 110 ITUM siukaM 20 0JIMHAKOBBIX MIAPOB TakK,
9TOOBI HU OJIUH SAIIUK HE OKA3AJICS IYCTHIM?

CKOBKUME CIIOCODAMU MOXKHO PA3JIOKUTh T OJIMHAKOBBIX IIAPOB II0
m (N > M) IPOHYMEPOBAHHBIM SAIMIUKAM TAK, 4TOObI HU OJUH SINUK HE
OKAa3aJICS IyCThIM !

2.69. Illects smuroB 3aHyMepoBaHbl yucjaaMu or 1 10 6. CKOJbKIMEI
criocobaMu MOYKHO Pa3JIOKUTD 110 ITuM dmukaM 20 0JMHAKOBBIX MapoB (Ha
9TOT pa3 HEKOTOPbIE SANIUKH MOI'YT OKA3aThCs IIYCThIMHE)?

2.70. CKOJIBKO peIlleHnii UMeeT ypaBHEHUE
X1 +X2 +XxX3 = 1000
a) B HATYPAJIbHBIX; 0) B [EJBIX HEOTPUIATEIbHBIX THCIIAX !

(Cm. Takzke 11.67.)

2.71. CkonbKUME CIIOCOOAME MOXKHO COCTaBUTH Oyker m3 17 I[BETKOB,
€CJIA B MIPOJIa2Ke UMEIOTCs TBO3J/IMKH, PO3bI, TVIAJINOTYChl, HPUCHI, TIOJIbIIAHBI
U BaCUJIbKU?

Onpenenenune. bunomuaibabie K03(MMUIUEHTH YI00HO pacIojaraTb
B BHUJe TaOJIUIBI, KOTOPAasi HA3BIBAECTCS mpeyz2oavhukom Ilackanrs

Own obsagaer caMbIMU Pa3HOOOPA3HBIMU CBOficTBaMu (cM. 3amaqau 2.76,

2.77).
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2.72. Tlouemy pasercrsa 112 = 121 u 113 = 1331 nmoxoxu Ha CTPOYKH
Tpeyronbuuka [lackana? Yemy pasno 1147

2.73. CKOJIBKUMH CIIOCODaMU JIBUTasICh 110 Cjleayomieil Tabume oT OyK-
BBI K OyKBe

K
B B
a a a
A A A s
p p p P p
a a a a a a
T T T T T T T

MOXKHO TIPOYUTATH CJIOBO «KBaJpaT» ?

2.74. llpunymaiite Kakoii-HUOYIH CITIOCOO TOCTPOUTH TpeyTroabHUK [lac-
KaJis BBEPX.

2.75. Ilpu kakux 3HAYEHUSX T BCE KOI(MDMUIMEHTHI B Pa3JIOKEHUU OU-
woma Heiorona (a + b)™ mevyerwnr?

2.76. Beraucsimre cyMMBI:

a) C2+2CL +22Ci+...+2°
6) CO—Cl+...+(=1)"C
B) CO+Cl+...+C

2.77. Hokaxxure TO}K;LeCTBa:
a) CmCk = CxC™ N,

6) ITL‘ = C‘“ el

B) ) +(CL)2+.. +(Ch)%

r) Ck, .= C° Ck +C}, Ck” R CrCoys
) Ck =Ck ] +C‘<*‘ ..+CE:}.

[TommpoOyitTe nOKa3aTh ITH TOXKIECTBA TPEMs Pa3HBIMHU CIIOCODAMUT:
nosb3ysach TeM, aTo CX — 310 KOMM4IecTBO K-3IEMEHTHBIX MOJAMHOMKECTB B
MHOKECTBE U3 TL 3JIEMEHTOB; ucxoist u3 toro, uro CX —sro koaddbunment
npu x* y muorowrtexa (1 + x)™; IOIL3YSICh <«IIAXMATHBIM TOPOJOM» U3
3a7a49m 2.59.

2.78. CBoiicTBO miecTuyrojibHUKa. JloKaXuTe paBeHCTBO

Ck Ck+] Ck+] — Ck A Ck+] . C1T<171‘

n+1

2.79. 120 oAWHAKOBBIX IAPOB ILJIOTHO YJIOXKEHBI B BHUJE IPABUJIBHON
TpeyroyibHON upaMuabl. CKOJBKO MAPOB JIEXKUT B OCHOBAHUN !

2.80. B passoxkennn (x + y)™ mo ¢opmysne 6unoma HproToHa BTOPOi
wireH okazajcst paser 240, Tperuit — 720, a gwerBeptoiii — 1080. Haiiaure x,
yun.
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2.81. BunoMmuanbpHaga cucreMa cuucjgaeHusi. [lokaxkure, aro Jjrodboe
1[eJI0e HEOTPUIATEBHOE THCJIO T MOXKET OBITh IIPEJICTABJIEHO B BUJIE

n=C]+C, +C;,
rae X, Y, z— mejble gucia takue, 9to 0 < x <y < z.

2.82. B komnanuu u3 10 yesjoBek mnpousonuio 14 monapusix ccop. Jo-
KaXKHUTe, 9TO BCE PABHO MOXKHO COCTAaBUTHb KOMITAHUIO U3 TPEX JAPY3eil.

2.83. Haiijiure m u n 3Hasi, 4TO

Cm+l. m . mfl:5:5:3.

n+l Y n+l1° Sn4l

2.84. Kakoe ciaraemoe B pazmoxenun (14 +v/3)'°° mo dbopayie Gumonma
Hprorona 6ymer HaubGoIbIIIM?

2.85. CKOJIBKO YeThIPEX3HAYHBIX YUCEJI MOXKHO COCTAaBHUTb, MCIIOJIBb3YsI
uudpst 1,2, 3,4 u 5, eciu:

a) HuKakas nudpa He MOBTOPAETCst 0oJIee OHOTO pasa;

6) noBropenus UdpP JOILYCTUMBI;

B) YUCJIA JOJKHBI OBITH HEUETHBIME ¥ HOBTOPeHUil 1udp ObIThH He 0K~
HO?

2.86. CKOJIBKO CYIIECTBYeT Pa3JIMYHBIX BO3MOXKHOCTEl paccajuTb 5

FOHOIIIel u 5 JeByIek 3a Kpyruiblii crost ¢ 10-10 KpecjgaMu Tak, 4TOObI OHU
qepeOBAINCH 7

2.87". B BBIIyK/IOM N-yTOJILHAKE MPOBEIEHBI Bee naronasu. V3secTHo,
9TO HUKaKWe TPU U3 HUX He IepeceKaloTcs B ofHOi Touke. Ha ckosbko
gacTell pa3mesnTCsS IPHU 9TOM MHOTOYTOJBHUK! BO CKOJBKIX TOYKAX mepe-
CEKYyTCs JIUAroHaJu?

2.88. T'apmoHuYeckuii TpeyrojibHUK JleiibHuma.

1 1
2 2
1 1 1
3 6 3
1 a1 a1 1
4 12 12 4
1 1 1 1 1
5 20 30 20 5
1 1 a1 a1 1 1
6 30 60 60 30 6

31ech m306parkeH pparMeHT TAOJIUIbI, KOTOPasi HA3bIBAETCS TPEYTOJIb-
HukoM JleitbHuna. Ero cBoiicTBa «aHAJIOTMYHBI B CMBIC/IE ITPOTHBOIIOJIONK-
HOCTH» cBoiicTBaM Tpeyrojbauka [lackass. Yuciia Ha rpaHuie Tpeyrosb-
HUKA OOPaTHBI MOCJIEI0BATEIbHBIM HATYPAJIBHBIM duciaM. Kaxaoe duciio
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BHYTDH PaBHO CYMMe JBYX YHCeJ, cTodAux noj nuMm. Haiimure dopmyiy,
KOTOpAasl CBI3BIBAECT YUCJIA U3 TPeyroabHukoB llackasns u Jlelibuura.

2.89. JlokazkuTe paBeHCTBA:
L O
1 1
§+7+7+%+ﬁ+
1 1 1 1 1
2.90. Haiiure CyMMy

W\—'N\—‘—‘\—‘

—+—+—+—+...

105
7 00O0OIIUTE MOy IE€HHBIN PEe3Y/IbTAT.
2.91. Haﬁ,ZLI/ITe CyMMI)I pH,ZLOB
a) ]1—2 + ﬁ tyatis T
0) 1 ; 3+2-;-4+3-31-5+4-;-6+"';
D Etrem e Tt 022,

Onpenenenue. Beposamnocmvio HACTYILIEHUsST KaKOTO-IHOO COOBITUS
Ha3bIBAETCS OTHOIIEHNE YUCJIa OJIATONPUATHBIX UCXOJ0B K YUCJIy BCEX BO3-
MOKHBIX MCXOJIOB, TIPE/IIOIAraeMbix pasHoBeposTHbMA. (Cum. [3].)

2.92. B amure mmeerca 10 6eanix u 15 depubix mapos. M3 smmka
BerHUMAOTC 4 mapa. KakoBa BepOsSITHOCTD TOrO, 9TO BCE BBIHYTBIE IIADBI
OymyT Gebivu?

2.93. IlumeTca Hayaady HEKOTOPOE JBY3HATHOE YHCI0. KaKoBa BEpPOSIT-
HOCTB TOT'O, 9TO CyMMa Iudp TOr0 UMuCJa paBHA 57

2.94. meercs TpH SIKUKA, B KAyKJIOM U3 KOTOPBIX JIEXKAT MIAPHI C HOMe-
pamu ot 0 g0 9. VI3 Kaxk10T0 sIIKa BBIHUMAaETCs 110 oaHoMY Inapy. Kakosa
BEPOSITHOCTH TOT'O, 9TO

a) BBIHYTBI TPU €JMHUIIbI;, ©0) BBIHYTHI TPU PABHBIX YUCJIA?

2.95. V urpoka B npedepanc okazauaoch 4 Ko3bIps, a eie 4 HaXoasTcs
Ha PyKaX y JBYX €ro MpoTUBHUKOB. KakoBa BEpOSTHOCTH TOTO, UTO KO3BIPU

asryT a) 2:2; 6) 3:1; B) 4:0?7 (Cm. Takxke 2.65.)

4. PopmyJia BKJIOYEHUI U NCKJIIOYEHUIA

2.96. 3oomapku. Bo Bcex 300mapkax, rje eCTh THIIIOIOTaMbI 1 HOCOPO-
ru, Het xkupados. Bo Bcex 300mapkax, riie eCcTh HOCOPOTH U HET YKuUPadoOB,
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ecThb rumnmnornoraMmbl. HakoHer, BoO Bcex 300IapKax, IJi€ €CTh TUIIIOIOTAMBI
u xKupadbl, ecTb U Hocoporu. MozKeT Jin CyIIecTBOBaTh TaKOil 300MapK, B
KOTOPOM €CTh THIIIONOTAMbI, HO HET HU YKuUpadoOB, HI HOCOPOIrOB?

2.97. JIBoeuynuku. B Kiiacce mmeercsi a; yYeHHKOB, ITOJIyYHUBIINX B
TedeHre rojia XOTs Obl OJIHY JBOIKY, (1, YYE€HUKOB, IOJyJYUBIIUX HE MEHee
IBYX JBOEK, U T.[I., (j YIEHUKOB, OJIyInBIInX He MeHee k nBoek. CKOJIBKO
Becero sBoek B aroM Kiacce?! (IIpenumosaraercs, uyro uu y Koro mer 6osee k
JIBOEK. )

2.98. IIycTh uMeeTcs N OJIMHOXKECTB A1, . .., A, KOHETYHOTO MHOYKECTBA
E u X;(x) — xapakrepucruueckue (OYHKIUHU ITUX MHOXKECTB, TO €CTh

1, x€eA;,

= 1,...n).
0, xcb\A, U ™)

X5 (x) =
Jlokazkure, 9To Tipu 3TOM X (X) — Xapakrepucruiueckast QyHKIUS MHOMXKe-
crBa A = A U...UA,, cBsa3ana ¢ yHKIuaMu X (X), .. ., Xn (X) dopmyioi

T—=x(x) =0 =x:(x))... (1= xa(x)).

2.99. ®opmysa BKIAOUEHU 1 UCKIIOYeHUM. /lokaxkure crpaBes-
JINBOCTH PABEHCTBA

ATUAU...UA | =A+ ...+ AL — AT NA, —
—ATNAs — . = AL NAL . (ED)AT N AN N AL

rie yepes |A| 0603HaYEHO KOJIMIECTBO 3/1eMeHTOB MHOKecTBa A. (CM. TakKe
4.138.)

2.100. U3 100 cTy/AeHTOB yHUBEpCHTETA AHIIMICKAN sI3bIK 3HAOT 28
crynenToB, Hemenkuii — 30, dpaniysckuii — 42, aHIIAACKANR W HEMeIl-
kit — 8, anrnuiickuit u dppanysckuii — 10, Hemenkuit u paniy3ckuii — 5,
BCe TpU sA3bIKa 3HAIOT 3 cryjenTa. CKOJBKO CTYIEHTOB He 3HAIOT HU OJIHOIO
U3 TPEX SA3BIKOB?

2.101. Kaxnas cropona B Tpeyrospauke ABC pasnesrena Ha 8 paBHBIX
orpe3koB. CKOJIBKO CYMECTBYET PA3JIMIHBIX TPEYTOJIHLHUKOB C BEPITHHAMU
B TouKax Jeijenus (rouku A, B, C He MOryT GbITH BEPIIMHAME TPEYIOJIb-
HUKOB), y KOTOPBIX HU OJIHA CTOPOHA HE MAPAJUIEJIbHA HU OJJHON U3 CTOPOH
Tpeyrospauka ABC?

2.102. CkoJibKO cytiecTByer 1eJibix unces or 1 g0 16500, koTopbie
a) He JesATCS Ha 5;

6) He nengarcsd Hu Ha 5 HU Ha 3;

B) He JessTCs HU Ha 5 Hu Ha 3, Hu Ha 117
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2.103. Ckosbko cytecTByer mebix duces or 1 go 33 000, koropble He
JIeJISITCsT HU Ha, 3 HU Ha 5, HO jessitest Ha, 117

2.104. Ckoabko cymiectByeT nesbix ducesa or 1 g0 1000000, koropsie
HE SIBJISIIOTCSI HU TIOJHBIM KBaJPATOM, HHM IMOJIHBIM KyOOM, HU YeTBEPTON
CTENeHbIO?!

2.105. Becnopsinku. B kiacce 30 ydennkoB. CKOJBKAMHU criocobamMu
OHM MOT'YT II€PECeCTb TakK, YTOObI HA OJMH He CeJl Ha CBOe MeCTO?

2.106. CroJIbKUMU CIIOCODAMM MOXKHO PacCeuTb 15 rocreii B 4eThIpex
KOMHATaX, ecjii TpedyeTcss YToObl HA OJHA M3 KOMHAT He OCTAJIach ILyCTOH?

2.107. B KoMHaTe IIOMmAIbo 6 M? HOCTEJIIIN TPH KOBPa, IPOU3BOJILHOM
dopmbr mnomanpio 3 M? Kaxkapii. JokazknTe, 9T0 Kakue-Jmbo aBa U3 HUX
HepeKpbLIBAIOTCs 110 ILIONIAIU, He MeHbleit 1 M2,

2.108. B upsiMoyroJibHUKE ILIOMAIN 5 PACIosoKeHo ¢ duryp moma-
mu 1 kaxmas. /lokaxkure, 9T0 HafiayTcs 1aBe (DUIYPHI, IIOMAbL OOIIEi
YacTU KOTOPBIX He MeHbie 1/9.

2.109". B npaMoyroJbHEKe IIomaau 1 pactosioxkeno 5 ¢puryp mioma-
u 1/2 kaxkast.

a) Jokaxkure, 94T0 HalyTCs ABa (DULYPBI, IIOMAL 00IIEl 4acTi KOTO-
pbix He MenbIre 3/20.

6) Jokaxkure, 94ro Haiiyrcs aBe DUrypbl, IWIOMAL ODOIIeil 4acTh KOTO-
pbIX He Menbie 1/5.

B) Jlokaxkure, 9To Haiiyrcsa Tpu DUryp, IIOMAIL OOl 9acTu KOTO-
pbix He Menbie 1/20.

2.110. Hdokazxkure, uro B ycuaosuu 3ai1a4 2.109 6) u B) uucaa 1/5 u 1/20
HEJIb35T 3aMEHUTD OOJILIIMY BEJTMINHAMH.

5. Hucaa Karasmana

Bo mHornmx KoMOMHATOPHBIX 3aJadax PEIIeHHEM sIBJISETCS OCJIEI0Ba-
TeJbHOCTDL uncea Karasamna

{Cn}:{COa Cla CZ) }:{1» 1)2v 5) ]4) 42» }

Onpenenenne. Ilycts umeercs N + 1 mepeMeHHas Xo, Xq, ..., Xn, U
MBI XOTHM BBIMUACIUTD UX IIPOU3BEIEHUE TIPU [TOMOINU N yMHOXKeHuit. Otmpe-
gemumM auciao C,, Kak KOJUYECTBO CIIOCOOOB PACCTABUTH CKOOKHM B IPOU3-
BEJIEHUU Xo * X| * ...+ Xn TAK, YTOOBI MOPSIOK YMHOXKEHUN ObLI TTOJTHOCTHIO
onpesiesien. Hampumep, mpu n = 2 cymiecTByeT aBa crmocoba: Xg + (X - X2 ),
(X0 *X1) - X2, aipm N = 3 yxke 5:

Xo - (%1 - (x2-%3)), X0 ((x1-%2)-%x3), (%0 -%1)-(x2-%3),

(xo - (x1-%2)) = x3,  ((x0-%1) - %x2) - X3.
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2.111. CrosbKO 1o IeJ0BaTeIbHOCTeH {a, s, ..., Oy}, COCTOSIIAX U3
+1u —1, obmagaioT TeM CBORCTBOM, 9TO a; + d; + ...+ dyny = 0, & Bce ux
YACTUIHBIE CYyMMBI

a;, a;+a, ..., a+a+...+az,

HEOTPUIATETLHBI !

2.112. CKOJBKO CYIIECTBYET CIIOCOOOB pa3pe3aTh BLIMYKJbIA (n + 2)-
YTOJIbHUK JIMArOHAJIAMU HA TPEyTOJbHUKHA?!

2.113. MapuipyThbl Jiagbu. PaccMOTpUM IIaXMaTHBIE JTOCKU CO CTO-
ponamu 2, 3, 4, ... Tpebyercs npoBecTH JIaJIbl0 U3 JIEBOI'O HUXKHErO YTIJIa
B IpaBblil BepxHUil. JIBUraThCst MOYXKHO TOJIBKO BBEDX M BIIPABO, HE 3aXO0JIs
[IpK 3TOM Ha KJIETKH IJIABHOM juaronasu u Huxke nee. (Jlaabs okasbiBaer-
cs Ha TJIABHON JIWMATOHAJU TOJIPKO B HAYAJBHBIN W B KOHEIHBIH MOMEHTBI
Bpemenu.) CKOJIBKO CyIMIECTBYET TAKUX MapIIPyTOB?

2.114. Ouyepenp B Kaccy. busersr crost 50 neHToB, 1 2N noKymaTeseit
cTosaT B odepein B Kaccy. IlooBuHA M3 HUX MMeeT IO OIHOMY HOJLIAPY,
octasbuble — o 50 mentoB. Kaccup Haumnaer mpojaxy OWIETOB, HE MMes
nener. CKOJIBKO CyIIECTBYET PAa3JIMIHBIX MOPSJIKOB B OY€Pe/d, TAKUX, ITO
KaCcCHUP BCErJla MOXKET JaTh CAady’

2.115. ®opwmyina aas yucen Karamaua. Ilycrs {a;, az, ..., a,}—
[TOCJIEIOBATEIHHOCTD TIEJIBIX YUCeJT, CyMMa KOTOPBIX paBHa + 1. Jokaxkure,
9TO POBHO Y OJIHOTO U3 €€ NMUKJIUIECKUX CJIBUTOB

{ahaZ"-wan}) {G-Zv-'-)an)a]}) sy {arnv a]'“)anf]})

BC€ YaCTUYIHbBIE CYMMBI IIOJIOZKHUTEJILHDI. BbIBe,ZLI/ITe OTCIO/Ila paBE€HCTBA:

c o_cn 1 1 (4n—2)u1
TN T T T2 1T (n+ 1)
raoe (dn—2)1 =2-6-10... (4n—2) — npoussenenne, B KOTOPOM yIaCTBYET

kaxk10e derseproe uncyo. (Cum. takxke 3.105.)

2.116. PexyppenTHoe cooTHoIlteHue Mg duces Karamana. /loka-
KuTe, 9To uncyaa Karanana yIoBIeTBOPSIOT PEKYPPEHTHOMY COOTHOIIIEHUIO

Cn_ == Cocn,] ‘|— C1 Cn,Z + e + Cn,] Co.
(Cm. Takxke 11.92.)



['/1ABA 3
Anroputrm EBkimmga
1 OCHOBHasl TeopeMa apupMeTuKn

1. IIpocTwie yucaa

Onpenenenune. HarypajibHOoe 4YMCIO P HA3BIBAETCS NMPOCMbIM, €CIIU
p > 1 u p He WMeeT MOJIOKUTEJILHBIX JIEJIATENIeH, OTJIMIHBIX OT 1 u P.
Ilo cormamenuto, 1 He sBisiercs mpocTbiM uncioMm. OcTajbHBIE YHCIIA,
UMeIoIIre TPU U DoJiee JieJInTelIeil, HA3bIBAIOTCS COCTABHBIMUI.

3.1. Teopema EBkaunpaa. /lokaxkure, 9TO MPOCTHIX UMUCE]T OECKOHETHO
MHOTO.

3.2. Haitaure Bce mpocThie YUCIa, KOTOPbIE OTINYA0TCS Ha 17.

3.3. Jlokazkure, 9TO OCTATOK OT JI€JIEHUsI IIPOCTOrO umcJia Ha 30 — mpo-

CTO€ YHCJIO.

3.4. ITycts n > 2. Jlokaxkure, 9T0 MEXK Iy N U N! ecThb 110 Kpaiineit Mepe
OJTHO TIPOCTOE UUCJIO.

3.5. Haiiiure Bce Takme mMpoCThIe 9ucia P U (, JJIsi KOTOPBIX BBITTOJIHSI-
eTcs paseHcTso p? —2q% = 1.
3.6. [okaxwure, uaro eciu uncyio n! + 1 gemures svan+ 1, ron+ 1—

IIPOCTOE THUCJIO.

3.7. Jlokaxkure, 9TO MHOXKECTBO HPOCTHIX unces Buga p = 4k + 3 Gec-
koreuHo. (Cwm. Takxe 4.127.)

3.8. JlokaxkuTe, 9TO MHOXKECTBO IPOCTHIX 4nces Buma p = 6k + 5 Oec-
konedno. (Cum. Takxe 4.128.)

39 ,HOK&)KI/ITQ, YTO COCTaBHOE YHCJIO T BCerjga HMeeT JIeJINTEJIb
d< Jm.

3.10. Korma maTypajabHOE UHCIO T UMEET HEIETHOE KOJUIECTBO IETIU-
TeJeit?

3.11. Pazyoxkure Ha mpoctble MHOXKuTequ dwmciaa 111, 1111, 11111,
111111, 1111111, (Cwm. rakxke 4.25.)
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3.12. Jokazxkure, yro cymectBytorT 1000 moapsii MIyIIMX COCTABHBIX
quCe.

3.13. Hokaxxure, 9T0 JiJis1 JIIOOOT0 HATYPAJIHHOTO T HAMIYTCS T IIOIAPS/T
AAYIUX HATYPAJIbHBIX UHUCEJI, CPEJIN KOTOPBHIX POBHO OJIHO IIPOCTOE.

3.14. CymecrByior qin a) 5; 6) 6 pocThIX duces, obpa3yoomux apud-
METHUYECKYIO TPOTPECCHIO?!

3.15. CymecTBytoT i apudMeTHIecKas IIPOrPeCcCrsl, COCTOSIIAS JIUITh
U3 IPOCTHIX YHCEsI?

3.16. Ilpeanosoxkum, 9TO HANLIUCH 15 MPOCTBIX YHCET, 00PA3YIOMIUX
apudmeTnaeckyio nporpeccuio ¢ pasuoctoio d. Jokaxkure, yro d > 30000.

Omnpenenenne. [IBa IpocThIX YKCIa, OTIANYAIONIAECS HA 2 HA3bIBAIOTCS
NPOCMBMU YUCAAMU-ONUSHEYAMU.

3.17. Hokaxkure, 9T0 3, 5 u 7 ABJSIOTCS €IMHCTBEHHON TPONKOI mpo-
CTBIX YHCEJI-OJIM3HEI0B.

3.18. Haiinure Bce mpocThle YHCIa, KOTOPbIE PABHBI CyMMe JIBYX IIPO-
CTBIX YHCEN U Pa3HOCTHU JABYX HMPOCTBIX UHCE.

3.19. Jlokaxkure, uro mpu N > 2 yncjia 2™ — 1 u 2™ + 1 He MoryT OBITH
[IPOCTLIMU OZHOBPEMEHHO.

3.20. Ilpu Kaxux menbrx N uncyao n* + 4 — cocrasmoe?

3.21. Bepno Jm, 4yro MmHorouwieH P(n) = n? +n + 41 npu Bcex n
MPUHUMAET TOJIBKO MPOCThIE 3HAYCHUS !

3.22. Ilycrb {p, } — HoCIe10BATEIBHOCTD IPOCTHIX Yuced (P =2, p; =3,
ps =5, ...). Hokaxkure, 9ro p, > 2n upu n > 5. IIpu xakux n Oymer
BBITIOJTHSITHCST HEPABEHCTBO P, > 317

3.23. JlokaxkuTe HEPABEHCTBO Pri1 < P1P2-.-Pn-

3.24. Bepno s, 4To BCe UMCIa BUIA P1P2...Pn + | ABISAIOTCS MpPOC-
TBIMEI?

3.25. YUucaa EBxkimpa. EBkimIoBo J10Ka3aTeILCTBO OECKOHEYHOCTH
MHOXKECTBA, IIPOCTHIX YHCEJl HABOIUT HA MBIC/Ib OIPEIEIUTh PEKYPPEHTHO
yucaa Fexauda:

er=2, e,=eez...e, 1+1 (m=2).

Bce s qncna e, sBiasiorcs npocteiMu? (Cu. Takzke 4.79.)

3.26. Yucaa Pepma. Jlokaxkure, uro ecian dncjao a™ + 1 mpocroe, TO
k
a:2wumn =2 (Ilpocruie uncna suja f, = 227 + 1 Ha3BIBAIOTCA “YUCAAMU
Depma.
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3.27. Jokazkure, uro f, gesaur 2fn — 2.

3.28. Jlokaxwure, uro unciaa Pepma f, mpu n > 1 He npejcraBuMbI B
BHJIE CYMMBI JIBYX IIPOCTBIX YUCEJI.

3.29. Ynucna Mepceuna. okaxkure, 9To ecau guciao a™ — 1 mpocroe,
TO A = 2 ¥ M — IPOCTOE.
[Ipoctoie uncia Buga q = 2P — 1 mazeBaroTcsa wucaamu Mepcenna.

3.30. I[Tycrs P, (%) = anx™+...+a; X+ 0y — MHOTOUIEH C TEJBIMU KO-
dunuenramu (n > 1, a,, # 0). Moxer ju 6b1Tb TaK, yro ipu x = 0, 1, 2, ...
Bee uncia P, (x) — mpocroie?

2. AaropurtMm EBKimga

Ounpenesnenne. Haubosvwum obuum deaumenem (HOL) nesbix am-
cel ap, ..., O, HA3BIBAETCI TAKOW IIOJIOXKUTEJbHBIN OO J1eJIuTes b
aj, ..., Qn, KOTOPBIA JeuTcsd Ha JIIOOONH Apyroil OOmuil Je/UTe/b STUX
aucen. HOJ gucen ay, ..., a, obosnagaercs (aj, ..., ayn).

Ecin naubosbmmuit obmwmii Jiemmresb 9ucest ag, ..., 0, paBeH 1, TO 3Tu
YUCJIa HA3BIBAIOTCA 63AUMHO NPOCTNOILMU.

3.31. /loxkaxkuTe, 9TO ecqu B HAOOpE TEJIBIX UUCEST A1, ..., A, XOTI OBI
OJHO OTJINIHO OT O, TO OHM UMEIOT HAUOOJIBIINI OOl Je/INTe b,

3.32. B npsaMOyTOJSIbHUKE C TEIBIMI CTOPOHAMU M U N, HAPUCOBAHHOM
Ha KJIeT4aToil Oymare, IpoBeJieHa IMaroHaJb. Jepes Kakoe YHCJI0 Y3JI0B OHA
npoxoaur? Ha CcKOJIBKO YacTeil 9Ta AUaroHa/b JEJTUTCS JIMHUSMEI CETKU !

3.33. Harypanbnble uncyaa p u ¢ B3auMuo npoctbl. Orpesok [0; 1] pas-
OUT Ha P + ( OOMHAKOBLIX OTPE3KOB. JIOKaXKHWTe, 94TO B KAXKIOM M3 3THX
OTPE3KOB, KPOME JBYX KPalHUX JIEZKUT POBHO OIHO M3 P + ( — 2 4mcel

) ) MR | ) ) ) MRS

P P P q q q

12 p—1 1 2 q—1

3.34. C 1 cenrsOps 4eThIpe IMKOJIHHUKA HAYAJMN OCEIATH KHHOTEATP.
[TepBerit ObIBaI B HEM KaXK bl Y€TBEPTHINA EHB, BTOPOIl — KAXK/IBII IISITHIH,
TpeTuit — KaxXKIbIit TIIeCToi 1 9eTBEPTHIN — KaKablii eBaThIit. Korma BTopoit
pa3 Bce MIKOJILHUKU BCTPETATCS B KHHOTeaTpe?

3.35. B zajade 1.1 mokaszana BO3MOKHOCTH JIeJIEHUsI C OCTATKOM IIPO-
U3BOJILHOT'O TI€JIOT0 YUCIa 0 Ha HATypaJibHOoe Yucyo b. Jlokaxkute, 9TO U3
paBeHcTBa a4 = bq + 1 ciegyer coornomenue (a, b) = (b, r).

3.36. Aaroputm Eskiinga. Ilycts my u m; — nesnbie uncia, m; > 0
um; 1 my. Jokaxkure, aro npu HeKOTOPOM k > 1 CyIIECTBYIOT HeJIble 9ucia
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Qo, A1, ..., Qg_7 B My, ..., My TAK@E, 9TO My > M, > M3 > ... > my > 0,
a > 1,
my = m,y 'ao+m2,

my =m; - a; +ms,

My 2 = My 7 - Q7 + My,

M1 = My - Ag,

u (my, my) =my.

3.37. Hokaxkure, uro ajs Jjxoboro s or k — 1 1o 0 cylmecTByoT duc-
J1a U, Vs TaK®e, 9To UM, + M, 1V, = d, roe d = (m,, m; ). B wactHocTn,
JIJIsT HEKOTOPBIX W ¥ V BBIIOJIHSAETCS PABEHCTBO:

mou+ myv =d.
(Cm. Taxxe 6.67.)

3.38. IIycts (a, b) =1 u a | be. Jdokaxnre, aTo a | c.
3.39. Haiiyimre (1...1,1...1).
— )

m n
3.40. Kakoe nHanbosbiriee 3HadeHne MOXKeT IPUHIMAThH HAUOOIbIIi 00~
NI IeJIUTeIb 9ices d U b, ecau u3BecTHo, 4To a - b = 6007

3.41. HarypaJsipuble uucaa ap, d,, ..., 049 YAOBJIETBOPSIOT PABEHCTBY
a; +a; +...+ ago = 540.

Kakoe mambosbitiee 3HaTEHWE MOXKET MPUHUMATH WX HAMOOJBIMHI OOIumit
JIeJIATEIIh !

3.42. MO>KHO Ji C IIOMOIIBIO IUPKYJIsl ¥ JIMHEHKN pa3/ieuThb yroja 19°
Ha 19 paBHBIX JacTeii?

3.43. Yucma or 1 mo 1000 BeImucanbl mompsii mo Kpyry. Hauwnast ¢
epBOro, BbIYepKuBaeTcs kKaxkjaoe 15-e umcso: 1, 15, 31, ..., npuduem npu
MIOBTOPHBIX 000POTAX, 3aUEPKHYTHIE UHCIa CIUTAIOTCSA CHOBA. Jucao 060-
poroB He orparndeHo. CKOJIBKO YHCeJI OCTAHYTCs HE3aYePKHYThIMU !

3.44. [Jokaxure, uro (5a + 3b, 13a + 8b) = (a, b).

3.45. Moxker Jin HanbOIBIIHIT OOITUI TeJINTENb JIBYX HATYPAJbHBIX M-
ces1 OBITH OOJIbINE UX PA3HOCTH !

3.46. /lokakure, 4TO IJIs HEYETHBIX UUCENT A, D ¥ C UMEEeT MECTO pa-
BEHCTBO

(b+c a+c a+b) (a, b, c).

2 2 2
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3.47. Ilo okpyxuocTu pasuyca 40 karurcs: Kosieco pajauyca 18. B ko-
Jleco BOUT T'BO3Jib, KOTOPBIN yaapsisich 00 OKPY?KHOCTb, OCTaBJIsIeT Ha Hel
ormeTku. CKOJIbKO BCEr0 TAKUX OTMETOK OCTABUT TBO3/b Ha OKPYKHOCTU?
CKOJIBKO pa3 MPOKATUTCST KOJIECO TI0 BCEl OKPYZKHOCTH, TTPEKJIE IeM TBO3Ib
MIOTIAJIET B YK€ OTMETEHHYIO DAaHEe TOUKY?

3.48. Jljis1 HEKOTOPBIX IEJIBIX X W Y 4YMCJIO0 3X + 2y gesurcs Ha 23.
Hokaxkure, aro yucjo 17x + 19y rakxke jesurcs Ha 23.

3.49. J/lokaxkure, UTO CJaeIyIONNE JpoOU HECOKPATUMBI IIPUA BCEX HATY-
PaJILHBIX 3HAYEHUIX M
2n+13 2n’ -1 n’—n+1
) ; 6) i B) 2
n+7 n-+1

n+1"’

3.50. HpI/I KaKHX IIEJIbIX TL COKPpaTUMBI ,HpO6I/I
2 3 2
+2n+4 — —
) n n . 6) n n 3T1?

n4n+3’ n?—n+3
3.51. [Ipu KaKkuX TEJABIX N TUCTIO

nt+1 nd4+n41
)n2+n+l’ )nz—nﬂ

TakKe OyeT 1eJIbIM?

3.52. HaiinuTe Bce HaTypasbHble L > 1 111 KOTOpBIX N2 — 3 jesuTcst
Han—1.
3m—n
5n+2m’
€CJIM U3BECTHO, 9TO OHA COKPATHMA M YTO YUCJA T U T B3AUMHO [TPOCTHI.

3.53. Ha xakue HaTypabHbIE YHC/Ia MOKHO COKPATUTD JPOOH

3.54. JlokaxkuTe, 9TO MPU M 7 T BBITOJHSAIOTCS PABEHCTBA!
a) (am—1,a"—1)=a™™ -1 (a>1); 6) (fn, fn) =1,
rae f = 22° + 1— ancia ®epma. (Cum. Takxke 3.39, 3.122, 6.69.)

n (Y] [ry
3.55. JokaxkuTte, uTo unciao 22 — 1 uMeeT 10 KpaitHel Mepe N pa3/md-
HBIX IPOCTBIX JIeJINTENIEeN.

3.56. [lokaxkuTe, 4TO JJjisI MPOCTBHIX YHCEJ BBITOJHSIETCS HEPABEHCTBO
z]l
Pn+1 < 2 + 1

3.57. Jlokaxxure, 9T0 paBeHCTEBO (@, Mn) = 1 paBHOCUIBHO BBIIIOJIHE-
Huio AByx yeqaosuit (a, m) =1u (a,n) =1.
3.58. Jlokazkure, uro ecau (a, b) =1, o (2a+b, ala+ b)) = 1.

3.59. [oxaxkure, uro ecyim (a, b) = 1, To Haubobmmii oOmuii geurens
umcen a+ b u a? + b? pasen 1 um 2.

3.60. Ilycts a m b— marypaJsbuble yncia. Jlokaxkure, 94TO Cpeau Yu-
cen a, 2a, 3a, ..., ba posuo (a, b) uuces gesurcs Ha b.
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3.61. Ilycrs (a, b) =1 u (X0, Yo) — HEKOTOPOE HMEIOUUCICHHOE PELICHIE
ypaeHenus ax + by = 1. Jlokaxkure, 4TO BCe pEIIEHUs] TOIO yPABHEHUs B
[EeJIBIX YUCjIax MoJydaroTcs mo dopMmysiam X = Xo + kb, y = yo — ka, rme
k — mpou3BOJIBHOE TI€JI0€ TUCTIO.

3.62. Kak ommcarh Bce perieHus B MeJIbIX YhcIax YpaBHeHUS aX+by = ¢
[IpU IIPOU3BOJIbHBIX A, b, c7

3.63. Pemure B 11e1bIX Ync/ax ypaBHeHUs (YKasKUTe 6Ce PEIeHUs):

a) 45x — 37y = 25; r) 109x + 8%y = 1;

6) 19x 4+ 95y = 1995; n) 43x + 13y = 21;

B) 10x+2y+18z2=7; e)34x—2ly=1.

3.64. JlokaxkuTe, 9TO UHUCJIO MAroB B aaropurMe EBKIMIa MOXKET OBITH
CKOJIb YTOITHO OOJIBITIIM.

3.65. CymiecTByer Jid B CyTKaX MOMEHT, KOIJa PaCIIOJIOzKEHHbIE Ha 00-
mel ocu YacoBasi, MUHYTHAs U CEKyHJIHAs CTPEJKUA MPABUIBHO WYX
9acoB 00pa3yIoT MOmapHo yribl B 120°7

3.66. Haiimnre Bce B3aMMHO IPOCTHIE A U b, JIJIsT KOTOPBIX

a+b _ 3
a?—ab+b%> 13’
3.67. Jlokaxkure, uro eciu (a;, dz, ..., @,) = 1, To ypaBHeHue

arx; +ax, ...+ anx, =1

pa3pemuMoO B OEJIbIX YHCIaX.

Onpenenenne. [lycts a4, ..., a, —orauunbie ot O nesbie ynciaa. Hou-
mernvwum obwum kpamuvimv (HOK) sTHX ancesr HasbiBaeTcsi HAMMEHBIIEe
MOJIOXKUTEILHOE YHMCJI0, KpaTHoe BeceM tuM umcaam. HOK wgwmcenr aq, ...

., 4, obosHagaerca [a;, ..., Aq].

3.68. /lokaxxuTe paBeHCTBa

a)[1,2,...,2n] =M, n+1, ..., 2n];

6) (a1, az, ..., a.) =(as, (az, ..., an));

B) a1, az, ..., a.) =lay, [az, ..., a,ll.

3.69. Ha mocke mammcaHO M HATYPAJIBHBIX UHCE. 3& OJHY OMEPAIIUIO
BMECTO JIBYX UHCEJI, HE JEJSIUX APYT JAPyra, MOKHO HAINCATD WX HAW-
OoJhITIuit 00U IETUTENb U UX HAUMeHbIlee o0Iee KpaTHoe.

a) JIokaxKuTe, 9TO MOYKHO IPOBECTH TOJBKO KOHEUHOE IHCJIO Olepaluii.

6) @uHaJbHBIN PE3y/IbTAT HE3ABUCUMO OT MOPAIKa jeiicTBuil Oyzer o-
HUM U TeM ke. Hampumep:

(4,6,9) — (2,12,9) — (2, 3, 36) — (1, 6, 36),
(4,6,9) — (4, 3,18) — (1,12, 18) — (1, 6, 36).
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3.70. Haiinure HanmMeHbIee ¢, Ipu KOTOPOM

a) ypasuenue 7x + 9y = ¢ umesio Obl POBHO 6 IEJIBIX ITOJIOKUTEIBHBIX
pelienuii;

6) ypasuenue 14x + 11y = ¢ umeso 661 POBHO 5 IEJIBIX ITOJOKUTEIBHBIX
pelienuii.

3.71. B kakux mpejenax J0KHO 3aK/II0YATHCA C, 9TOObI ypaBHEHHE
19x + 14y = ¢ umesio ObI 6 [EJIBIX [TOJIOYKUTE/IBHBIX PEIIeHU !

3.72. Ilycte a m b — HaTypasbHBIE B3aUMHO IIPOCTBIe uncia. Pacemor-
PUM TOYKH IJIOCKOCTHU C TIEJBIMU KOODJAUHATAMU (X, Y), JIeKaIye B M0JI0ce
0 < x < b— 1. Kaxknoii Takoit Touke npunumeM neaoe quciao N(x, y) =
= ax + by.

a) JlokaxkuTe, 4TO JIsl KarXKJOTO HATYPAIBHOIO C CYIIECTBYET DPOBHO
omna Touka (x, y) (0 < x <b—1), uyro ¢ = N(x, y).

6) Teopema CuibBecrpa. Jlokaxure, 4T0 HAMOOJIbIIEE C, JJis KOTO-
poro ypaBaeHne ax-+ by = ¢ He UMeeT PEIeHnil B IeIbIX HEOTPUIATETbHBIX
qmucaax, uMeeT BUI ¢ = ab —a — b.

3.73". IlycTb umcsa a u b B3auMHO HPOCTHI. JIOKaXKuTe, YTO JJIs TOTO,
9T00BI ypaBHEHHE aX + by = ¢ MMeJI0 POBHO M IEJIBIX IOJIOXKUTETHHBIX
pelenuii, 3HadYeHne C JI0JKHO HAXOJIUThCH B Ipeeiax

m—TNab+a+b<c<(n+1)ab—a—b.

(Cm. Takxke 1.48.)

3.74". OrMernM Ha IpsAMOIl KpPacHBIM IIBETOM BCE TOYKH BHja 81x +
+ 100y, e X, Yy — HATypajbHble, U CAHUM IBETOM — OCTAJIbHBIE IEJIBIE
touku. Haiiure Ha mpsiMOl TAKyIO TOUYKY, 4TO JIOObIE CUMMETPUIHBIE OT-
HOCUTEJILHO Hee IEeJIble TOYKHU 3aKpallleHbl B pasubie 1nBera. OObscHure,
MIOYEMY TaKasi TOUKa CyIECTBYET.

3. MyabTuniimKaTuBHbIE (DYHKIINN

OcHoBHasi Teopema apudmeruku. Bcesikoe HarypasbHOE YHCIIO,
Gosibiiee 1, PACKJIAIBIBACTCS U TOJILKO OJHUM CHOCOOOM (C TOYHOCTHIO 10
HOPsIZIKA COMHOYKUTEJIEl) B IIPOU3BEJIEHNE IPOCTHIX YUCEIL.

3.75. JlokaxkuTe OCHOBHYIO Te€OpeMy apu(METUKN IIPH TOMOIIN yTBEP-
JKJIEHUS U3 3aJa491 3.38.

3.76. Haiiure Bce JABy3HaUYHBIE YUCJIA, KBAJIpAT KOTOPBIX paBeH KyOy
CyMMBI uX 1udp.

3.77. Ha xakoe KomiecTBo HyJeil 3akan4duBaercs qucyio 100! 7
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3.78. Haiiqure HamMmeHblllee HaTypajbHOe M, 1Jisi KoToporo 1999! ne
nenuaTcs Ha 34™.

3.79. [okaxkure, 4TO Ipou3BeeHne unuces or n+1 go 2n geaures Ha 2™,
HO He jenuTcs Ha 2™HT.

s — B s
3.80. IIyctb a = py" ... p%, b =p7" - ...-pPs tme p1, ..., Ps—
MPOCTBIE, U Ky, ..., Xs, P1, ..., Ps = 0. JlokaxkuTe paBeHCTBA:

a) ((1, b) :prlnin(ochfﬁ) . _prsnin(cxs,ﬁs);

6) [a) b} :_pr]nax(txhﬁﬂ . ..plsnax(ocs,ﬁs);

B) (a, b)[a, b] = ab.

3.81. /lokaxxuTe paBeHCTBA:

a) la, (a, b)] =a; B) abc =|[a, b, c](ab, ac, bce);

6) (a, [a, b]) =a; r) abc=(aq, b, c)lab, bc, ac].

3.82. Jlokaxmnre, uto (bc, ac, ab): (a, b, c)?.

3.83. IlpuBeaure mpumep, Korja paseHcTso (a, b, ¢)la, b, ¢] = abc nme
BBIOJIHEHO. KaKuM HepaBeHCTBOM Beerna OyayT CBA3aHbl 9ucaa (a, b, ¢) X
x [a, b, ¢] u abe?

3.84. CKOJIBKO Pa3IMIHBIX JEJIATESeHl NMEIOT THCIIa
a)2-3-5-7-11; 6)2%-3%.5°5.77.11'"7

3.85. s kaxkzmoro k or 1 110 6 HaiiaguTe HamMeHbIEe HATYpPAaJIbHOE
YUCJI0, KOTOPOE UMEeET POBHO K PA3IMIHBIX JI€JTUTEIEH.

3.86. IlycThb T(N) — KOJIMYIECTBO TIOJIOKUTEIBHBIX JEJIUTEEH HATYPAIb-

HOro 4meaa N ="p;' -...-p¥, a o(n)—ux cymma. JfokaKnure paBeHCTBA:
oy +1 1 as+l
a)tm) =( +1) ... (&, +1); 6) on) =21 B
p1—1 ps — 1

3.87. Haiiure HATYPAJIBHOE YUCIIO T, 3HA, UTO OHO UMEET J[BA IIPOCTHIX
JlesnTelist U yJ0BJIeTBOpsieT ycyosusM T(n) = 6, o(n) = 28.

3.88. Hekoropoe HaTypaJibHOE YHUC/IO L UMEET JBa IPOCTBIX JIEJTUTEIS.
Ero xBanpar nmeer a) 15; 6) 81 mesnureneil. CKoIbKO Jieamreseil umeer
Ky0 sToro umciia?

3.89. Haiimure marypanabnoe umcsio Buma n = 2* - 3Y - 5%, 3mas, 4910
mojioBuHa ero mMeer Ha 30 jesnTesiell MeHbIE, TPeTb — Ha 35 W IsATasd
qacTh — Ha 42 Jle/uTestsi MEHbIIe, 9eM CAMO YUCJIO.

Onpenenenne. Pyuxnua f(n), ompemesennas Ha MHOMKECTBE HATY-
PAJIbHBIX YUCET HA3BIBAETCH MYALMUNAUKANUGHOT, €CIU OHA YIOBJIETBO-
PSIET IBYM YCJIOBHSIM:

Hf(1)y=1; 2)f(m-n)="Ff(m) -f(n) upu (m,n)=1.
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Ecma f(1) = 1 u pasencrso f(m -n) = f(m) - f(n) spmonneno mia
BCeX Iap HaTypaJbHBIX 9uces] M U N, To pyHKims (1) HasbIBaeTcs 6noane
MYALTMUNAUKGMUSHOU.

3.90. /IokazkuTe MyJbTHILIHKATABHOCTL PYHKIUA T(N) u o(n).
3.91. JlokaxkuTe HepaseHCTBO T(N) < 24/M.

3.92. IlycTb y ABYX IEJIBIX MOJOKUTEIHHBIX YUCEJT PABHBI CyMMBI JCJTU-
Tejiell U PABHBI CyMMBI BCeX OOPATHBIX BeJIMYMH K nejnressam. Jlokaxwure,
9TO 3THU YHUCJIa PABHBIL.

3.93. Ilycts (m, n) > 1. Yro Gosbime T(m-n) uau t(m) - t(n)? Uecme-
zyiire Tor ke Boupoc i dbyuxmun o(n). (Cm. Takxke 4.144.)

Omnpenesnenne. Ynucio n HA3LIBAETCS CO8EPUWEHHDbIM, eCTA O(T) = 2n.
Hanpumep, gucia 6 u 28 — coBepliieHHbIE:

1+2+3+6=2-6, 1+24+4+7+14+28=2-28.

3.94. Cosepmiennble uuciaa. Joxaxnre, uro ecmm 25 — 1 = p—
HeKoTopoe TIpoctoe uucyio Mepcenna, To n = 2871 (2% — 1) — cosepiennoe
YUCIIO.

3.95". Teopema Jiinepa. JJokaxKuTe, ITO €CIN T — YeTHOE COBEPIIEH-
HOe [mesio, To oHo mMeeT Bua n = 257 1(2F — 1), u p = 2¥ — 1 — mpocroe
qncyio MepceHHa.

[Tpobiiema cyIecTBOBaHUST HEYETHBIX COBEPIIEHHBIX YUCEJI OCTAETCS CPe-
¥ TPYIHBIX U HEPEIIEHHBIX 33/1a9 TeOPUU IUCEI.

Onpenenenune. Yucioa M u N HA3BIBAIOTCS 0PYIHCECTNEEHHDIMU, E€CTTA
cyMMa COOCTBEHHBIX JIeJIUTeNIell Yucja M paBHa N U, HA0DOPOT, CyMMa
CODCTBEHHBIX Jle/TuTeseil dncsa N papaa m. JIpyrumu cioBamu, 9ucjia M u
T SIBJISIFOTCSI JIPY2KECTBEHHBIMHE, €CJIU

om)—m=mn, on)—m=m,

nJjim
o(m)=m+n=o(n).

3.96. lpy>kecTBeHHBbIe uucija. Jlokaknte, ITO €C/in BCEe TPHU UNUCIIA
p=3-2"-1,q=3-2~1Tur=9-2*"1_—1—rnpocTble, TO 4nciIa
m=2".-p.-qun=2%.r— npyxecrseunnle. IlocTpoiiTe npuMepsI ApyrKe-
CTBEHHBIX YHUCEJT.

3.97. Moxer i OBITH TaK, ITO
a) o(n) >3n; 6)" o(n)>100n?

3.98. Bagauya ®epma. Haiiaure HanMenbIee 9ucjao Buga n = 2%pp,,
rjie P; U P — HEKOTOPBIE MIPOCThHIE YUCa, Takoe, 9To o(1n) = 3n.
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3.99. Ilycth &x — AeiCTBUTEIHHOE MTOJIOKUTETHHOE IUCIO, d — HATYPaJIh-
Hoe. JIoKaXuTte, YTO KOJTUIECTBO HATYPAJBHBIX UUCEJ, HE TTPEBOCXOJISIIITX

& u jendimuxcs Ha d, paBHO {%}

3.100. /IokakuTe, 9TO JJIsi JT€HCTBUTEIBHOTO TTOJIOXKUTEJILHOIO X U Ha-

o [«]
TypaabHoro d BCeria BLIIOJIHEHO PABEHCTBO 1 =17/

3.101. ®opmyana Jlexkanapa. Yucao n! pasaokeHO B MpOU3BEICHUE
npocThix ances nl =p7' ... p¥s. JlokaxkuTe paBeHCTBO

o = {%h{%h[%h...

3.102. /Tokakure, 9TO YUCJIO P BXOJIUT B PA3JIOKEHHUE N! C ITOKa3aTeseM,
HE TIPEBOCXOSATITIM [p—] .
3.103. IlycTh mpejcTaBeHre YUCAa N B JIBOUYHOU CUCTEME BLITJISIJIAT
CeayomuM 00pa3om:
n=2°" 4224 . 42 (eg>e;>...>e, 20).

JoxkaxknTe, 9To N! JenuTcs Ha 2™ T, HO He JenuTcs Ha 2™ T

3.104. Pesynbrar npemplayIneit 3ajauu jgornyckaer obootienue. Ilyctb
P — IPOCTOE YUCJIO W IMPEJCTABIEHNE JHC/Ia T B P-UYHON CHCTEMe MMeeT
BUJL:

_ K K1 1
n=qp +a_1p° +...+aqp +ap.

Haitnure dhopMyity, BEIParKaloILyio IOKA3aTelb X, , ¢ KOTOPBIM 9TO THCIO P
BXOJUT B KAHOHUYIECKOE pasyiokenue M!, gepe3 N, p u KodPPUIHEHTHI Q.

3.105. Hp]I/I omoru gopmyisl Jlexamnapa n3 3amaqn 3.101 mokaxkure,
O MHCIO C3., (n = 0) Bcerma neoe. (Cum. Takke 2.115.)
(2m)! (2n)!

m (my n = 0) BCeTJIa MeJIoe.

3.106. [lokaxkute, 9TO IUCIIO

3.107. C e
. - CymecTByer Ji Takoe 1eJioe T, H9TO THCIO Si= ABIACTCS NEIBIM
pu Jirobom n = 17

4. O TOoM, KaK Pa3MHOXKAIOTCHA KPOJIMKU

Omnpenenenne. [locrnenoBarenbHOCTh wuces Pubora iy
{Fo, F1,Fy, ...} ={0,1,2,3,5,8,13, 21, 34, 55, 89, 144, 233,377, 610, ...}

zamaercs ycaosusimu Fo =0, Fy =1, F ., =F..y +F, (n>0).
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Dtu yncsa 6p1n Briepsble onucanbl B « Kanre abaka» (1202 r.) urasbss-
ckoro maremaruka Jleonapao ITuzanckoro (Pubonauqn).

3.108. 3agaua Jleonapao IInzanckoro. Hekro mpuobpesn mapy Kpo-
JINKOB W TOMECTUJI WX B OIOPOYKEHHBIH €O Bcex CTOpOH 3aroH. CKOJBKO
KPOJIMKOB OyJieT 4yepes3 Iojl, ecjii CIUTaTh, 9TO KaXKIbIil MECHIl Iapa JaeT
B KadecTBe IPUILIOAA HOBYIO Mapy KPOJUKOB, KOTOPBIE CO BTOPOTO MECSIIA
JKW3HU TAKXK€ HAYWMHAIOT IPUHOCUTD MPUILION !

3.109. O ToM, KakK MPBLITAIOT Ky3HEYUKU. [Ipeanonokum, 910 ume-
ercsi JIeHTa, pa3buTast Ha KJIETKHU U yXOJIAIIas BIIPaBO 110 beckonedanocTu. Ha
[ePBOil KJIETKE ITOW JIEHTHI CUIUT Ky3HEIUK. V3 1000 KIeTKHA Ky3HEInK
MOXKET TIepelpbIrHyTh JTUOO0 HA ONHY, MO0 Ha JBe KJeTKH BrpaBo. CKOJIb-
KHMI CIIOCODAaMU KY3HEYHMK MOXKeT J100paThbCsd /10 MN-ii OT Ha4aJja JIEHTHI
kierkn? (Cwm. Takxke 3.114.)

3.110. HekoTopsrit agdaBuT cocTouT n3 6 6YKB, KOTOPBIE JIsT TEPETATH
1o Tesierpady KOJUPOBAHBI TaK:

IIpu nepeade oHOTO CJIOBA HE CIEIAJN IPOMEXKYTKOB, OTJIE/ISIFOIIIX OYKBY
OT OYKBBI, TAK YTO IOJIyYUIACH CILIOIIHAS IIEI0YKA U3 TOYEK U TUPE, COMIEP-
xkamas 12 3aakoB. CKOJBKUMHI CIHOCODAME MOYKHO IIPOYUTATH MIEPEIAHHOE
CJI0BO?

3.111. Yewmy paBubr yncia PuboHATIN C OTPUIATEHHBIMI HOMEPAMU
F i, Fo o0, Fo, 07

3.112. ToxxaecrBo Kaccunu. Jlokaxxute paBeHCTBO

Fn+]Fn—1 7F2 - (71)‘“ (TL > O)

n
Byner s roxxaecrso Kaccunu cnpaseymso st Beex 1eabix n? (Cw.
Takxke 12.13.)

3.113. Jlokaxkute cielytoriue cBoiicTBa dncess Oubonaddu:
a)FitFh+. . +F=Fo =1 B) R +F+. . +Fn=Fn —1;
6) F] +F3 +'-'+F2n71 :an; F) F%+F§++Fi :FnFn+].

3.114. Iokaxkure, aro pu N > 1 1 M > 0 BBIIOJIHSIETCS PABEHCTBO
Fn+m = Fn71 Fm + FnFm+1 .

ITompobyitTe mMOKa3aTh €ro JABYMs CIIOCODAMU: TIPU TTOMOIIM METOa Ma-
TeMaTHIeCKON WHIYKIIUU U IIPU IIOMOIIY UHTeppeTanuu duces Oubonadan
n3 3ajaan 3.109. JlokaxkuTe TakzKe, YTO TOXKJeCTBO KaccuHU siBJIsieTcst
YaCTHBIM CJIy9aeM 9TOr'O PABEHCTBA.
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3.115. JlokakuTe paBeHCTBA

a) F2n+1 = Fﬁ + Ffwr];

6) Fn+l Fn+2 - FnFn+3 = (_1 )n+1;
B)F;3, =FF +F _, —F

n+1 n—1-

3.116. Berancmure Fr, — F FoiFosFoga.

3.117. Borauciure cymmy
2 Fn

1
ﬁ+ 1.3 +“'+7an1 Tt
3.118. deaumocth duces ®udboHauyyu. J[oKakure CrpaBeTMBOCTD
CIIETYIONINX YTBEPIKICHUN:
a)2|F, «=3In; B)4|F —=6(n
6)3|Fn<=4In; 1) Fu|Fu = m|n

3.119. okaxxure, 94TO JijIst JIFOOOI0 HATYPAJBHOIO T CYIIECTBYET YUCTIO
@ubonavun F, (n > 1), kparHoe m.

3.120. Ilyctp mepsoe umciao PuboHawwdn, mesdiieecs Ha M €CTh Fy.
Hokazkure, uro m | F, Torna u Tonpko Torma, Korma K | n.

3.121. Jokazkure, 4To nBa coceauux uwmcia Pubonagyunm F,_; u F,
(n > 1) Bceryma B3aUMHO TIPOCTHI.

3.122". Teopema Jloka. Jlokaxute paserctso (Fn, Fi) = Finn).
(Cum. rakxke 3.141.)

3.123. B mocaenosarenbrocTn yuncea PuboHaIdn BHIOpaHO 8 UmCcel,
uaynmx nonpsig. Jlokaxkure, 9T0 UX CcymMMa He siBjsercs duciom Pubo-
HaY4U.

3.124. PaccMoTpuM MHOXKECTBO MTOCEI0BATETHHOCTEH IJIMHBI T, COCTO-
sux u3 0 u 1, B KOTOpBIX He ObIBaeT aByX | crosimux psimoMm. Jlokaxkure,
9TO KOJUYECTBO TAKHUX IOCIefoBaTebHOCTEl paBHO F, . ,. Haiiniure B3a-
MMHO OJTHO3HAYHOE COOTBETCTBUE MEXKJYy TAaKUMHU MTOCTIETOBATETHHOCTIAMYI U
MapIIpyTaMu Ky3HeunKa n3 3ajaqan 3.109.

3.125. ®duboHayuymeBa cucremMa cuuciieHus. Jlokaxkure, ITO MIpO-
U3BOJIbHOE HATYPAJIbHOE YHUCJIO T, He MpeBocxoisiinee F. ., eJInHCTBEeHHBIM
00pa30M MOYKHO IMPEJICTABUTH B BUJIE

n= i by Fy,
k=2

rIe Bce Yncia b, ..., by, paBabl 0 mubo 1, mpuyeM cpeay 3TUX YUCET HEeT
JBYX EIUHUIL, CTOSIIUX DPsJIOM, TO ecTh byby,; = 0 (2 < k < m—1).
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it 3anucu guciaa B (UOOHATINEBON cUCTEMe CUUCEHUST UCIOIb3yeTCsI
obo3HaUeHne:

n= (bk . ..bz)]:.
(Cm. Takke 12.14,4.193".)

3.126. ®opmysia Bune. [lokaxure mo nnaykiuu dhopmyny Bune:
" — 9"
FTL - )
V5
1+

rje ¢ = 5~ <30JIOTOE CedeHne» MM HCIIO Quaud, a ¢ =

S
S

1—
2

(«du ¢ kpbimKoii» ) — conpsizkerHoe K Hemy. (Cum. takzxke 11.43, 11.75.)
3.127. JlokaxkuTte cieayromuii BapuanT GpopMmyab bume:

[(n—1)/2]

)
Fo= ) Ch5
k=0

(Cm. Takxke 4.129.)
3.128. Jlokaxwure, uro uucao Pubonaqun F, coBmamaer ¢ Oamkaimmm
n

IIeJILIM YMCJIOM K @77 TO €CTb

V5
oo
Fo= 2o 451
%)
3.129. Hucna Pubonayum u tpeyroabHuk llackassi. Jlokaxkute

PaBeHCTBO:
CO+Cl ,+C ,+...=F. .

CymmMma, crosInast B JIEBOH YaCTH PABEHCTBA, MOXKET ObITh WHTEPIPETUPO-
BaHA, KaK CyMMa 3JIEMEHTOB TpeyroJyibHuKa llackaiis, cToAImX B OJHOIM
nuaronaymu (Cum. npunoxkenue B, IT u 3agaqau 2.67, 3.124, 11.44 u 11.45.)

3.130. Brruuciaure cymmy:
S, =C>—-Cl_,+C:,—...
(Cwm. rakke 11.44, 11.45.)

3.131. CKOJIbKO CyIIECTBYeT MOCeI0BaTebHoCTel 13 1 1 2, TakuxX 94T0
CyMMa YHCesl B KaXKJIOW Takoil mocsenosarebHocT pasHa N7 Hamnpuwmep,
ecyim N =4, TO TAKUX TOCJIEI0BATETHLHOCTEN MSITh:

1111, 112, 121, 211, 22

3.132. Pemure B 1eIbIX YUCAAX yPABHEHUE

n+1

x @™ +y-@t =1
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Onpenenenune. IlocienoparenbHocTs wucea Jwka
{Lo, Ly, Ly, ...} =1{2,1,3,4,7,11, 18, 29, 47, 76, 123, 199, 322, 521, ...}

zagaerca pasenctBamu Ly =2, Ly =1, L., =L, +L, (n>0).

3.133. Hoxaxkwure, uro umcia Jloka cBazanbl ¢ guciaamu PuboHaTIN
COOTHOIIIEHUSIMUA:

a) L, =F._1 +Fnir;
5F.=L.1+L..1;

(Cwm. rakxke 9.79, 11.41.)

3.134. B BepmuHax TpaBUIHLHBIX MHOTOYTOJTBHUKOB 3AITUCHIBAIOTCS TUC-
sga 1 u 2. CKOJIBKO CYIIECTBYET TAKUX MHOI'OYT'OJBHUKOB, 9YTO CyMMa YUCEeI
crosux B BepimHax pasua 1 (N > 3)? JIBe pacCTAHOBKHU YHUCEJI, KOTOPBIE
MOKHO COBMECTUTDH ITOBOPOTOM HE OTOXKJIECTBJIISIIOTCS.

3.135. Beipasure L, B 3amxmayToit dopme 1wepes @ u @. (Cm. Takxe
11.77.)

3.136. JlokakuTe paBeHCTBA

A743V5 4735
2) 2 2 b
6) §/11+25\/§+§/76—234\/§:1_

Haiimure obryio dopmyity, Ay KOTOPOI JaHHBIE PABEHCTBA SBIISIOTCS
YACTHBIMU CJIyJasiMH.

3.137". PemmTe B IE/ILIX YUCJIAX YPABHEHUA:

a)x* —xy—y* =1,

6) x* —xy —y* =—1.

3.138. a) Jokaxkure, 4T0 B IIOCTIEI0BATEIbHOCTH Ynce PuboHaIIn 1pu
m > 2 BcTpedaercd He MeHee 4 1 He 0Gojiee 5 M-3HAYHBIX YUCE.

6) dokaxkure, uro 4ucio Fsi, (t = 0) comep:Kur B CBOEH JeCATUYHOI
zanucu He MeHee t + 1 nudpsl.

3.139. Paccmorpum anroputm EBkianaa u3 3agaqu 3.36 cocrosmmit n3 k
maros. JIokaxkure, 9T0 HAYAJIbHBIE YUCTIA Ty U Ty JTOJ2KHBI yIOBJIETBOPSITH
HepaBeHCTBaM My > Fr 1, mo = Fi s,

3.140. Teopema Jlame. IlycTh yncimo m; B J€CATUIHON CUCTEME CIUC-
JIEHHSI 3alUCchIBaeTcs mpu moMornn t mudp. Jokaxkure, 910 mpu j1060M my
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YHCJIO MIAroB k B asropurMe EBK/IMIa 11g 9ucea My U My YIOBJIETBOPSET
HepaBeHCTBY k < St.

3.141. ®dubonauyuneBbl KO3 DPUIUEHTHI.

1 2 2 1
1 3 6 3 1
1 5 15 15 5 1
1 8 40 60 40 8 1
1 13 104 260 260 104 13 1

Hammas Tabaniia aHaJoru<na Tpeyroabuuky Ilackasis u cocrout u3 ¢pu-
GonaauneBbIx KO3 durmenTos F¥, ONpeensieMbIX paBeHCTBOM

Frn Fnor oo Facks
FE=-2_1 L (0K k<)
Fx - Fxk—1-...-F

a) okaxwure, uro dubonaduneBsl KOI(PUIUEHTHI 00J1a[AI0T CBOW-
crBoM cummerpun FF = FF .

6) Haityure hopmyity, KoTopas BeipazkaeT Koabduruent FX uepes Fr |
n F¥_ | (amanormanyio pasenctsy 6) u3 samaaun 2.77).

B) OO6bscuure, nouemy Bce buboHaudneBbl KOIDDUIMEHTHI ABIIAOTCS
[EJIBIMU IHCJIAMU.

3.142". O6o06menHble GuHOMHAILHLIE KOo3(ddunueHTsl. Ilycrs
A1, A,, ... — [IOCJIEI0OBATEILHOCTD HEHYJIEBBIX IEJIBIX UUCEJI, TAKasl, ITO

(AmyAn):A(m,n) (m>n> 1)
HoxkazkuTe, 9T0 BCce 000OIIEHHBIE ONHOMUATIbHBIE KOIMDDUITIEHTHI

Ak _ An - An—1 oo c Ancxt
" Ax - Ax—1 ... Aq

AaBstiorcst nenbiMu ancsiamu. (Cu. rakzke 8.89.)

5. Ilenubie mapobu

Omnpenenenne. Ilycrs a, — nemoe, a;, d,, ..., 0, — HATypaJbHBIE U

a, > 1. n-uaennol yennot (nenpepvisroti) dpobvio HA3BIBACTCS BhIPAXKEHUE
1

ap + (31)

ar +
az + -,
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(obosmavaercs [ag; ar, Az, ..., Au]).
Yucoa ay, dy, ..., 4, HA3BIBAIOTCS HENOAHBIMU Yacmubimyu 1podu (3.1).
3.143. Pazmoxkure B IeMHBIE APOOHU THUCIA % u %
P
3.144. IIycts == = [1; 1, ..., 1]. Yemy pasubl P, u Q.7
yerh 5 yp Q

n
3.145. Kak cBga3aHO pa3joyKeHWe paIloOHAJILHOTO YHC/Ia B IEITHYIO
Jpobb ¢ ajiropuTMoM EBKimaa?

3.146. I'eomeTpuveckass MHTepIIpeTalus ajroputMa EBKJuga.
PaGory amropurma Epkinzma (cM. pasmes 2) MOXKHO TIPEJICTABATH CJIEILYIO-
muM 06pa3oM. B OpsMOYrosIbHUK pasMepamu Ty X my (m; < mo) yKia-
IBIBAEM O, KBaJpaTOB pa3Mepa M; X M;, B OCTABIIMIACS TPIMOYTOJHHUK
pasmepamMu Ty X m, (m, < my) ykJagplBaeM 4; KBaJPaToB Dpa3Mepa
m, X My, U T.J. JIO Te€X MOp, [IOKa BECh MPSMOYTOJbHUK HE MOKPOETCs
kBagparamu. (Cu. rakxke 3.157.)

Boipasure o61ee IrCI0 KBAJIPATOB Uepe3 3JIEMEHTHI [EMHO 1pobu Tuc-
Ja m, /m,.

3.147. JIns KaXK10r0 HATYPAJIBLHOTO N IPUBEJIUTE IPUMED MIPIMOYTOJIhb-
HUKa, KOTOPBIA pa3pe3aJicsi ObI POBHO Ha T KBaJIPATOB.

3.148. ITennbie Apobu m 3ajaeKTpUYeckue tenu. J[jisi JaHHOTO pa-
[UOHAJIBHOTO YHCJIa a/b moCTpoiTe 3JEKTPUYECKYIO TElb U3 €IUHUIHBIX
COIPOTHBJIEHNUI, O0Illee COMPOTUBJIEHNE KOTOPOH paBHsoch Obl a/b. Kak
TaKyIO Iellb MOXKHO IIOJyYUTH IIPU IOMOINM DPa30ueHusi IPsSMOYTOJbHUKA
a X b Ha KBajpaThl U3 3amaun 3.1467

3.149. Ilycrs ay — nenoe, ap, ..., Q, —HATypaJabHble unciaa. Ompeje-
JINM JIBE IIOCJIE/IOBATEIEHOCTH

P,=1 Py=a, Pi=aPr1+P; (1<k<n)
Q1=0, Q=1 Q=aQr 1+Q . (I<k<n)
JlokaxkuTe, 94TO IIOCTPOEHHBIE IocaegoBarenbHocTn mid k = 0, 1, ,
00I8JIAI0T CJIEIYIONIUMU CBOHCTBAMIE:
Py
a) — =lae; ar, Az, ..., Qil;
) ar [ao; ar, a; ]
6) PiQr 1 — P 1 Qi = (=1
B) (Pk» Qk) =1
Onpenenenne. Pannonanbabie 1podu
Pe _ lao; ar, azy ..., a] (k=0,1,...,n)

Qx
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HA3BIBAIOTCS N0OT00AUUMUY OpobAMU K HETpepbIBHON npobu (3.1).
3.150. JlokakuTe CJIEAYIOIIIEe CBOMCTBA MOIXOIAIINX APODeii:

a) PrQue 2 — P 2Q = (—1)*ay (k > 2);

P P (—1)*!

Qx  Qk-1 QxQx-1 (k=1)

Q1 <Q2<...<Qu;

P2k Paryr
< k,1>0).
7 Qar  Qairr ( )

a
3.151. IlycTh yncia a u b onpejiesieHbl pAaBEHCTBOM b= [ao; ai, az, ...

a,]. Jokaxkure, 9To ypauenue ax — by = 1 ¢ HeM3BECTHBIMHA X U
nMeeT perrenneM oaay u3 map (Qn_q, Pn_q) mmm (—Qn_;, —Pn_1). OTuero
3aBHUCUT, KaKas UMEHHO U3 [ap SBJISIeTCs PEIIeHuem?

3.152. Paznaras 1mciio a/b B HenpepbIBHYIO ApOOb, PEIINTE B IEJIbIX
qucjiax ypaBHeHus: ax — by = 1, ecim

a) a=101,b=13;

6) a=79,b=19.

3.153. I'puropuanckuii KajieHaapb. OOBIKHOBEHHBIN 'O COIEPKUT
365 mHei, BUCOKOCHBIN — 366. N-ii Toj, HOMep KoToporo He aeiaurcd Ha 100,
SIBJISIETCSl BUCOKOCHBIM TOTJIA U TOJIBKO TOIJIa, KOrja N KpaTHo 4. M-if roj,
e n geautces Ha 100, SBIseTCs BACOKOCHBIM TOTIA U TOJIHKO TOTIA, KOTIA U
kpatno 400. Tak, manpumep, 1996-it u 2000-it roabl — BUCOKOCHBIE, a 1997-i
u 1900-it — zer. DTn npasusa 6puM ycraHosieHsl namnoit ['puropumem XIII.

JIo cux 1op MbI UMEJIU BBULY <«TIParKJIAHCKUI TOI», YUCIIO JHEH KOTOPOro
JIOJIZKHO OBITH HEIbIM. ACTPOHOMUYECKUM K€ TOJIOM HAa3bIBAETCs MEPHO/L
BPEMEHU, 33 KOTOPBIN 3eMJisi COBEpIIaeT MOJHBIH 060poT BOKpyr CosHia.
Cuwnrasi, 9TO «'PUTOPUAHCKUIA IO/ ITOJIHOCTHIO COTJIACOBAH C ACTPOHOMITIE-
CKHM TOJIOM, HANIMTE IPOIOJIZKUTEIBHOCTh ACTPOHOMUYECKOro roja. (Cu.
Takxke 12.7.)

Omnpenenenne. Beckoneunoti HenpepuieHoti dpobvio Ha3bIBAETCS BhIpa-
JKeHUe BUJA

lag; @iy .ovy Qp, ... ] =ao +

ar +

(12+'..+ 1

an + -

rjie ao, — I1ejoe, ay, dz, ..., 0, ... — HaTypaJbHble YHUCJIA.
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Benuuaunoit 6eckoHeIHOM HENPEPBIBHON JpOOM HA3BIBACTCS IIPENEN ee
[TOJIXO/IATINX JIpo0eii, TO eCTh TAKOE TUCIO0 K, ITO
Pn

x= lim —
n—oo Qn’

P
rae == :[ao§ ap, Az, ..., an]'

n
3.154. JlokaxkuTe, 4TO JI000€ UPPAIMOHAIBLHOE UHUCIO X JOIYCKAET
[IpeJICTABJICHIE
X = [ao§ Ay, ...y Qnoa, Oén],

e ao — 1meJsoe, dp, Ay, ..., 0,_1 — HATYpaJbHbIE, X, > | — UPPAIMOHAIb-
HOe JieiicTBUTEIbHOE ucia. OTCioma CeIyer, 9To KayKJI0My HPPAIHOHAb-
HOMY JIeACTBUTEILHOMY YUCJIY MOXKHO IIOCTABUTH B COOTBETCTBHE DECKOHEY-
HYIO TEIHYIO JIPOObh.

3.155. Jlokaxkure, 910 17151 JIIOOOI OECKOHETHOM METHO Tpobu
[(10; iy ooy Qn, ]

CYIIECTBYeT IIPeJesl ee MOJAXOAAIMNX JIpo0eil — UPpAIMOHATIBHOE YUCIO .
OObsicHUTE, TIOYEMY €CJIM ITO YUCIO K PA3JIOKUTH B OECKOHEUHYIO IEITHY O
JpOOb TIpU TIOMOIIY AJITOPUTMA, IPEILIAYINEN 3aa9u, TO MOy IUTCS HECKO-
HEYHAs IEIHas IPo0b, PABHAS MCXOIHOM.

Taxum obpa3oM, CyIeCTBYET B3aNMHO-O/THO3HATHOE COOTBETCTBHE MEXK-
Iy UPPAIMOHAIBHBIMU YUACIAME ¥ OECKOHEYHBIMH IeIHbIME Apobsimu. [lo-
3TOMY B JaJibHENIIIEM OYIeM OTOXKJIECTBISITH MEMHYIO JIPO0h C €€ YUCTIOBBIM
3HAYEHUEM.

3.156. IlpeamosioKum, ITO IUCIO X 33JaHO OECKOHETHON IEIHOi Ipo-

Ob10
o =[a; a, ..., an, ...
Hoxkazkure, 94T0
1 1 1

S R A 1 S
qoda qi192 q249s3 qndn+1

x=0ay +
3.157. Iocrenosarensuoctu {ay} m {by} cTpogrea mo cremylomeMy 3a-
KOHY:
a; =1, by =v2, an,; =min(an, bn), bnir =|bn — an m=1).

a) Hokaxwure, uro a, # 0 u a, crpemurcs K 0 npu n — oo.
— g2 2 2
6) Jdokazkure, 4TO MOCJIEIOBATEIHLHOCTD C,, = a7 + a5 + ... + ai umeer
IpeJie]l ¥ HafiguTe 3TOT Ipeed.
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3.158. FOnmmaHckuii KajmeHaapb. 13 acTpOHOMUM U3BECTHO, YTO IO
nmeet 365,2420... = [365;4, 7, 1, 3, ...] Tak Ha3BIBaEMBIX <«KAJIEHIAPHBIX
cyTok». B HOnmanckoM cTmiie KaxKIblit 9eTBEPTHI I'0Jl— BUCOKOCHBIN, TO
ecTh cocTouT u3 366 mHeil. 3a CKOJBKO JIET MPHU TAKOM KaJIEHIAape HaKAall-
JmBaercs omubOKa B ofgau cyTku! Ha ckonbko mmeit orcraer FOmmanckmit
kasteHtapb 3a 1000 jer? U BoOOIIIE, 1M0YEMY OH OTCTAET, €CIU FOJINAHCKUIA
roJI JJIMHHEE ACTPOHOMUYECKOTO?!

3.159. Ilepcuackuii KasmeHAapb. Hanbomee TOIHBIN KaJgeHIaph BBEJ
B Ilepcun B 1079 romy mepcujckuii acTpoHOM, mMareMaTuk u modr Omap
Aubxaiisimu. BoccraHoBHTE 3TOT KaJleHIAPHBINA CTUJIb, PACCMOTPEB TPETHIO
HMOIXOSAILYIO P00 [365; 4, 7, 1] K AJIMTEJbHOCTH aCTPOHOMHUYECKOTO T'O/IA.
3a CKOJIBKO JIET B 3TOM KaJleH/Iape HAKAILJINBAETCs OIMOKA B OJHU CyTKU!

Omnpenenenne. beckoneunas menpepbIBHAS IPOOL BHUIA

[ao; @1,y vty Qi Qrty vvvy QT Qigty oovy QigTy -on] =
=[ao; ary .ovy Qi, Tgry - o vy Qg
Ha3bIBAETCI NEPUOUMECKot ¢ NePuodom 1, ..., Qre7. Habop ao, a;, ...
., Qy Ha3BIBAETCS MPednepuodom.
Beckoneunas HenpepbiBHas ApoOb BUAA (Ao dp, ..., A1_; | HA3LIBACTCA

YUCMo nepuoduyeckot.

3.160. Boraucnure caemayromnme MenHbe pooi:
a) [5;1,2,1,10]; 6)I151,4,1,10]; B)I[2;1,1,3].
3.161. PazoxKuTe B IEIHBIE IPOOY THUCTIA:

a) V2; 6) V3; B)%Jr\ﬁ

3.162. ®opmar A4. Haiinure HanMeHbIllee HATYPAJIBHOE M, JIJIsT KOTO-
pOro CyIIECTBYeT TaKoe M, UTO

3.163. Yucmaa u3 sjgekTpuveckoii po3erku. Haiiinre nanMenbiee
HATYPAJIbHOE M, JIJIsi KOTOPOr'O CYIIECTBYET TaKOe T, YUTO

Onpenenenne. Yuciao Ha3bIBAaCTCA KEAOPAMUMHOT UPPAUUOHANDHO-

CMB10, €CJTH OHO SBJISETCsT MPPAIMOHABHBIM KOPHEM HEKOTOPOT'O KBaJIpaT-
HOT'O ypaBHEHUS C TEeJbIMU KO3MduUImeHTamu.
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Ecin « = b+ ¢v/d — kBagpaTuinas HppaoOHAIbHOCTD, TO THCI0 X/ =
= b — ¢V d Ha3BIBAETCH CONPANCENHBIM K TUCITY K.

3.164. JlokakuTe, ITO 3HAYEHHE JIIOOO MEPUOTUIECKON TIEIMHON IpO-
O — KBa/IpaTUYHAS UPPAIMOHAJILHOCTD.

Bepmo 0osiee cuiibHoe yTBEpKICHUE.

Teopema Jlarpanzka. Yuciio pasiaraercsad B MEPUOTUIECKYIO TIEITHYIO
Ipobb TOTJA W TOJBKO TOTJA, KOTJa OHO SIBJIS€TCS] KBAIPATUIHON MpPpPAIli-
onampHocThio. (CMm. [5], [28].)

3.165. Haitnure pammoHajbHOE YHCIO, KOTOPOE OTJIMYAeTCS OT (K He
6ostee uem ua 0,0001, rme

a) x=v2; 6) a=2++5 B)a=3+7.

3.166. /Iokakxute paBeHCTBO:

[2.2 2]:: “ +-v§)ﬂ+1__” __vi)n+1
- A+vV2" —(1—v2)"

n

3.167". Teopema Jlexxanapa. JlokaxKuTe, 4T0O eCiIu

TO E— TTO/IXOIATIAsT APOOh K IUCIY K.

3.168. Teopema Basena. dokaxure, uro eciu p,/q, (n > 1)—
MOJXOAAIIAST IPOOb K YUCITy X, TO UMEET MECTO II0 KpaiiHell Mepe OIHO
U3 HEPABEHCTB

1
< -5 mwm |X-—

2qn

1
Zqi,1.

Pn-1
qn—1

’o(_pi
an

Tlonyunre orcroma Teopemy Basena: jjist mo6oro oo Haitjercs 66CKOHETHO
MHOI'0 Apobeii p/( TakKux, 4TO

p‘ 1
ax— = < —5.
’ q 2q?

3.169". JlokaxkuTe, 4TO I JTOOLIX Mebix umcen p u ¢ (q # 0),
CIIpaBe//INBO HEPABEHCTBO

1
273’ L
‘\[ q >3q2

3.170. dokaxkure, uro upu k > 1 BBIIOJIHSIETCS PABEHCTBO:

aFk+2 —1

— [qFx- gFk—1 Fo
aFk+1_] [a‘ )a )"')a :I’
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rae {F} — nocnenosarenbHocTh ynces @uboHadydn.

3.171. [lokaxkuTre, 9TO IOJOKUTEIHHBIII KOPEHb KBAJIPATHOTO ypaBHEe-
g bx? — abx —a = 0, rAe a ¥ b— HaTypaJbHBIE WHCHIa, PA3IAraeTcd B
YUCTO MMEPUOMIECKYIO TEMHYI0 Ipobb ¢ JUIMHON mepuojia, paBuoit 2. Bepao
Jin 00paTHOe yTBEPXKieHne?

3.172. JlokaknuTe, YTO €CIU KBaJpaTHOE YPaBHEHUE C TEJIBLIMUA KO-
durmenTamu nMeerT KopeHb X = [@; b], TO BTOPBIM KOpHEM CJIY?KHUT YUCJIO

[a; b]

3.173. JlokakurTe, UYTO eCJaU TOJOXKHUTeJbHasl KBaJpaTHUdHasi Hppa-

A++vVD
B

OUOHAJIBHOCTh X = pa3jiaraeTcsd B YUCTO IIE€PUOJIUYIECKYIO IIeIl-

HYIO Ipo0b, TO COIpsi?KEHHAasi el KBaJIpATUIHAS UPPAIMOHAJIBHOCTh X' =
_A-VD
- B

3.174. JlokaxkuTe, YTO €CJIU KBaJ[PATHOE YPaBHEHUE C TEJIBIMU KO-
dbunmenTaMI UMeeT KopeHb X = [a; b, ¢], TO BTOPBIM KOpHEM OyIeT 9ucsIo
a—I[c, bl

npuHaexxuT uarepsaiay (—1; 0).



I'1ABA 4
Apudmeruka ocTraTkon

1. Yernocrnb

4.1. I[Tycrs m u n— nesibie unciaa. JJokaxkure, aro mn(m-+n) — gernoe
TUCIIO.

4.2. Pykonoxxkatusi. Kaxxaprit u3 mogei, Koraa-1mbo KUBITAIX Ha 3eM-
Jie, CIIeJIaJl OIIPEIeSIEHHOe YUCII0 PyKonoKaTuii. Jokakure, 9T0 9UCIIO JIIO-
e, caesaBlInX HEYETHOE YUCJIO PYKOIOXKATUMI — YeTHO.

4.3. B upsiMOyroJibHOM TPEyTrOJbHUKE [JIMHBI CTOPOH — HATYDPAJbHBIE
B3aUMHO IIPOCTBbIE Yucaa. J[oKaXKuTe, YTO [JIMHA T'HIIOTEHY3bl — HEYETHOE
YHCJI0, & JUIMHBI KATETOB UMEIOT Pa3HYI0 YETHOCTb.

4.4. Ha nocke namcano 10 mrocos u 15 Mmunycos. Paspemnaercs crepers
JIIOOBIE J[BA 3HAKA W HAIUCATH BMECTO HUX IJTIOC, €CJIM OHU OJINHAKOBBHI,
U MUHYC B IIPOTUBHOM cjydae. Kakoif 3HAK OCTaHETCs Ha JOCKE II0CJIe
BBINOJIHEHUS 24 TaKUX Omepanuii’?

4.5. 13 maxMaTHO# JOCKH BBIPE3aJIN JIBE IIPOTHBOIOJIOKHBIE YIJIOBBIE
kieTkn (a8 u hl). MoXKHO Ji OCTaBIIYIOCS YaCTh JOCKH IIOKPBITH Helepe-
KPBIBAIOMUIMHUCA KOCTOYKAMH JOMUHO?!

4.6. Topox umeer dbopmy kBagpara 5 x 5 (em. pucynok). Kakyio nan-
MEHBIYIO JJIMHY MOYKET UMETh MAPIIPYT, €CJIU HY?KHO MPOUTH MO KaXK IO
YJIMIIE 9TOIO FOPOJIA U BEPHYThCs B pexkuee mecro? (Ilo
KaXKJIOil yJIuile MOXKHO IPOXOJMTDL JII0O0Ee HYUCJIO pas.)

4.7. Moxer 1 Ja/1bs TIEPERTH U3 OJHOIO YIJIa MaX-
MATHOI JJOCKM B IIPOTUBOIIOJIOKHBI yrout (110 JuaroHa-
Ji), OOBIBAB 110 OJHOMY pa3y Ha Bcex 64 kierkax?! Tor
2Ke BOIPOC JIJIsT KOHSI.

4.8. BopoHbl Ha JIepeBbsaX. BoJib yauisl cTosT 6
JIEpEBBEB U HA KaXKJOM U3 HUX CUJUT 110 BOpoHe. Pa3 B
9ac JiBe U3 HUX B3JIETAIOT U KaXKJasl CAJINTCs Ha OJTHO U3 COCEIHUX JIEPEBHEB.
MozkeT Jin TmOJIyIuTCS TaK, ITO BCE BOPOHBI CODEPYTCsl HA OIHOM JsepeBe’

4.9. Tepmut u 27 xky6ukoB. IlpeacraBum cebe 600N KyD, CKe-
eHHBIA U3 27 MEHbIMUX KyOWKOB. TepMHUT camuTcs Ha IMEHTP TPAHU OJHOTO
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13 HAPYXKHBIX KyOMKOB M HAYMHAET IPOTrphi3arh xoi. [loObiBaB B Kybuke,
TEPMUT K HeMy y»Ke He Bo3Bparaercs. JIBuzKeTcs OH MpU STOM BCETIa
rapaJjuleJibHO KaKOMy-HHOy/b pebpy 6osbinoro kyba. Moker ju TepMut
MIPOTPBI3TH BCe 26 BHENTHNX KYyOMKOB M 3aKOHYIUTH CBOH XO/T B IIEHTPAJIHHOM
Kyouke? Eciin BO3MOXKHO, IOKaXKUTE, KAKUM J0JI2KEH ObITh IIyTh TEPMUTA.

4.10. Ha xokkeitnoMm mosie jexkar Tpu maiibor A, B u C. Xokkencr 6ner
10 OJHON U3 HUX TaK, YTO OHA IIPOJIETAET MEXKJY JAByMs Jpyrumu. Tak oH
nestaer 25 pa3. Moryr jin mmocjie 3Toro maibbl OKa3aThCs HA CBOMX MeCTax !

4.11. Bce KOCTOYKHU JOMHUHO BBLJIOXKEHBI B Itenb. Ha omHOM KOHITE OKa-
3aJ10Cb 5 09KOB. CKOJIBKO OYKOB Ha JIPYTOM KOHIIE?

4.12. Mo>XKHO Ji1 MHOXKECTBO BCEX HATYPaJIbHBIX 4uces OoJibine 1 pas-
OUTb Ha JIBA HEILYCTHIX IMOJMHOYXKECTBA TaK, 9TOOBI JJIs JTFOOBIX IBYX YHCET
a u b u3 ogHOrO MHO2KECTBa 4uca0 ab — 1 mpunra Ie)RaI0 Apyromy?

4.13. Jlan BBIIYKJIBIA 2N-yTOAbHUK A4, ..., A,,. BHyTpu Hero B3siTa
ToukKa P, He mpuUHAJJIEXKAIas HU OJIHOI m3 muaroHasei. Jlokaxkure, 4TO
TOYKa P NpUHAIJIEKUT YETHOMY UHUCIY TPEYrOJIbHUKOB C BEPIIMHAMU B
TouKax A, ..., Asn.

4.14. B psay semucannt gucaa 1, 2, ..., 10. MoKHO i1 pacCTaBUTh MEXK-
JIy HUMU 3HAKHU «+» U «—» TaK, YTOOBI 3HAYEHUE [TOJIy IEHHOTO BBIPAYKEHUS
OBLIO PABHO HYJIIO?7

4.15". K 17-3Ha4n0OMY 9HCJTy TTPUOABUIA YHCIIO, 3AITACAHHOE TEeMHU JKe
mudpamu, HO B obparHOM Topanke. JlokazkuTe, 9T0 XOTsd OBl oaHa Iudpa
MTOJTy9€HHOI CyMMBI YeTHA.

4.16. YuTKa MOJI3€eT IO IJIOCKOCTH C TMTOCTOSTHHONW CKOPOCTBIO, KaXKIbIe
15 MuHYT mOBOpavYMBasi MOJ, IMPSIMBIM YIJIoM. JIOKaXXuTe, 9TO BEPHYTHCS B
HCXOJTHYIO TOUKY OHA MOXKET JIUIIb 9epe3 IeJI0e TUCJIO YacOoB.

4.17. Ectp 101 monera, m3 KOTOpbix 50 (DabIIUBBIX, OTIMYAIONIXCS
mo Becy Ha | rpamm ot Hacrosmux. Koss Bacun B3sir onHy Monery u 3a
OJ/IHO B3BEIIMBaHUE Ha BECAX CO CTPEJIKOM, IIOKA3bIBAIOIIEHl Pa3HOCTh BECOB
Ha 4YalllKaX, XO4YeT ONpelejuThb dajbimuBas jJu oHa. CMOXKeT JU OH 3TO
crears?

4.18. 7 crakanoB. Ha crose crogr 7 crakaHOB — BCE BBEDPX JIHOM.
Paspermmaercs 3a oguna xoa mepeBepHyTh J00be 4 cTtakana. MoxHO 1 3a
HECKOJIBKO XOJIOB JIOOUTHCSI TOTO, 9TOOBI BCE CTAKAHBI CTOSJIN [TPABHJILHO?

4.19. B kierkax kBazapaTHO# Tabiaunbl 4 X 4 paccTaBjeHbl 3HAKA +
U — , KaK [TOKA3aHO HA PUCYHKE

++++

+++
++++
++++
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Paspermmaercss onHOBpeMEHHO MEHATH 3HAK BO BCEX KJIETKAX, PACIIOJIOXKEH-
HBIX B OJIHOU CTPOKE, B OJIHOM CTOJIOIE WJIM Ha TPSMOM, MMapasieabHOM
KaKON-HUOY (b auaroHasu (B 9aCTHOCTH, MOXKHO MEHSATH 3HAK B JIOOOH yr-
JoBOit kjerke). Jlokaxkure, 9TO, CKOJIBKO Obl Mbl HU IPOU3BOIUIIUA TAKUX
repeMeH 3HaKa, HaM He YIACTCs MOJIYYUTh TAOJIUILY U3 OLHUX ILIIOCOB.

4.20. MapcuaHckue ameObl. B mpoOupke HaxOIsTCSd MapCHAHCKUE
ameObl Tpex TunoB A, B m C. JlBe ameObI JiFOOBIX JBYX PA3HBIX TUIIOB
MOTYT CJATHCA B OAHY ameOy Tperbero tuma. llocie HECKOTbKHX TaKmx
CIUSHUI B MPOOMpPKe OKa3aJiach ogHa aMeba. KakoB ee THII, eCTM MCXOIHO
ameb tuma A 6buto 20 mTyk, Tuna B — 21 mryka, u tuna C— 22 mrykn?
(Cm. rakxke 5.78.)

4.21. Urpa «Mora». Ha none must Urpbl paccraBiieHbl 32 UK
(cmorpure puc. 1). Ilpu B3gTum onma QuilnKa epecKakuBaeT depe3 Ipy-
IyIO — [TOYTH KaK B IMAINIKAX, HO HE IO JMATOHAJIN, & 110 TOPU30HTAJIH WA
o Beprukasm. JlonyctuMm, B KOHIlE Urpbl octanachk | dunika. Obbscanre,
IoveMy JIJIsl €€ PACIOJIOYKEHUsI €CTh TOJILKO D BApMAHTOB, M300PaKEHHBIX
Ha pucyske 2. (CM. Takxke 5.79.)

[ 2K BX ] [ J

[ 2N BY J
[ 2K 2K 2K A K BN J A|B|C
[ 2 2K ) [ 2 2K ) [ J [ [ J
[ JK I JC A 2K 3K )

[ 2K BX ]

® 0 e [

Puc. 1. Puc. 2.

Yxazanue: Paccanure ma mose ajs urpel Mmapcuancknx amed. [lycrs B
kietkax A u B cumar amebnr, a kirerka C—mycras. Torma ameba A, mepe-
npeiruBast depe3 ameby B mpespamaercs B ameby C, a ameba B ncuesaer.

4.22. Kox, ucnpasssitoruii omuoky. [Ipeamooxum, aro Tpedyercs
nepeJaTh COODIIEHUe, COCTOsmee U3 T2 HyJdell W eJuHHUIl. 3aluIieM ero
B BUJE KBaJIpaTHOM Tabymnbl N X N. JlonumeMm K KaxKJa0i CTPOKE CyMMY
ee aeMeHToB 10 Momymio 2. IMomydurcs eme omuu cTOJOEN] BBICOTBI M.
AHAJIOrMYHO TOCTYIHMM C KazKJBIM CTOJIOIOM (B TOM 4UCJIe HANIEM U CyMMY
3JIEMEHTOB JONUCAHHOrO cTo/b1a). Hampumep, eciau Tpebyercs mepeiaTh

coobmenne 0111, To Tabiauna 2 X 2 OKaxKeTcs JOIOJHEHHON 10 TaO/IMIIbI
3 x3:

—_—_-
o

O — =
—_
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JlokazkuTe, 9TO €CJIM IIPH [epefade paciupenHoi Tadbumnsl (n+1) x (n+1)
MIPOM30IIET O[HA OMINOKA, TO ITY OIMMOKY MOXKHO OyJeT HaliTh 1 UCIIPABUT.
Kakoe mammveHnbiee dmcjio ommbOK OJKHO MPOM30HTH, YTOOBI 00 3TOM
HeJIb3s1 OBLIO y3HATH !

2. leaumocTb

4.23. Ilycrs p > 3 — npoctoe uncio. Jdokazkure, ato p2 — 1 : 24,

4.24. JlokaxKuTe, ITO JI000€ HATYPAJIHHOE UHUCJIO, JECATUIHAS 3aINCh
KOTOPOI'0 COCTOUT U3 3N OJMHAKOBBLIX IUMP, JeJuTcd Ha 37.

4.25. okaxkure, aro aucio 11...1 (1986 exunui) umeer 110 KpaitHeit
Mmepe &) 8; 6) 32 passMYHbIX JEIUTes.

4.26. /lokaxxure, ITO IUCIIA
a) 23200] + 17 6) 232001
4.27. JlokaxXuTe CJIeIyIONine COOTHOITEHUST:

a)2*' —1:83; 6)27°437°:13; 1) 2" —1:20801.

4.28. Jlokaxkure, 9TO Jjisi JIOOOTO MPOCTOrO YHCJIa P > 2 IUCIUTETH
JTpobu

— 1— cocraBHbIe.

1

+ 4. .+ —
p—1

213
—_ -

1
2
JeJIATCA Ha P.

4.29. HarypajbHble YUCIa T U T TAKOBBI, YTO M > T, M HE JICJUTCSI
Ha N 1 UMeeT OT ACJICHUAd Ha T TOT 2Ke OCTAaTOK, 9TO U M +n ot JeJIeHUA
Ha M — N. Haiigure orHOImEHNE M @ M.

4.30. anb! nesable gucaa da, b, ¢ Takue, 910 a + b + ¢ i 6. Jlokaxkure,
gto a® + b3 +¢3 : 6.

4.31. Joxazxknre, aro 11'° —1: 100.

4.32. CKOJIbKO UMEeTCsl PA3IUIHBIX IPIMOYTOJbHBIX TPEYTOJbLHUKOB,

JUINHBI CTOPOH KOTODPBIX BBIPAXKEHBI IIEJIBIMU UHCJIAMH, €CJIA OUH U3 KaTe-
TOB 9THX TPEYTOJbHUKOB paBeH 157

4.33. Pemure ypaBHeHus:

a) 3x*> +5y> =345; 6) 14+ x+x*>+x3=2v.

4.34. Joxaxkute, uro uncygo 1777 + 21997 4 +16'7%? nemurcs na 17.
4.35. HazoBeM IecTU3HAMHOE YHUCJIO CUACTIMBLIM, €CJIM CyMMa €ro Hep-

BBIX Tpex mudp paBHA CyMMe TocIeIHuX Tpex mudp. Jokaxkure, 4To cymma
BCEX CYACTJIMBLIX YHCEJI JeJIUTCA Ha 13.
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4.36. [okazkure, yro uucia or 1 g0 2001 BKJIIOUUTEIHLHO HEJIb3s BbI-
MUCATh TMOJPSIJ B HEKOTOPOM MOPSIJIKE TaK, YTOOBI IMOJIyIeHHOE YHUCIIO OBLIO
TOYHBIM KyOOM.

7
77 77
4.37. Jokaxure, uro 77~ —77" :10.
4.38. Yucyo x Taxopo, uro x* zakamumpaerca Ha 001 (B mecaTuuHoil

cucremMme C‘II/ICJIQHI/IH). HafI,ZLHTe TpUu IocjieJHue I_[I/I(bpbl qucJa X (yKa}KI/ITe
BCE BO3MOXKHBIEC BapI/IaHTbI).

4.39. VMeercss MHOTO OJIMHAKOBBIX KBaJpaTOB. B BepIIMHAX KaXKJIOTO
W3 HAX B IIPOU3BOJILHOM TOpsijiKe HamucaHbl uncia 1, 2, 3 u 4. Keagparsr
CJIOXKWJIM B CTONKY W HAMUCAJIU CyMMY YHCEJ, MONMABIIAX B KaXKJbI u3
YeThIpex YIVIOB cTONKH. MOXKeT Ji 0OKa3aThCs TakK, ITO

a) B KaxKJOM yIJIy CTONKH cymMMa pasHa 20047

6) B KaXJ0M yIJIy CTONKH cyMMa pasHa 20057

4.40. JTan MHOTOJIEH C TIeJbIMU Ko durmenTamu. Ecan B Hero BMecTo
HEU3BECTHOM OJICTABUTH 2 WJIA 3, TO IMOJIYYAOTCS YUCIIA, JEJISIINec Ha 6.
JlokaxkuTe, 9YTO eC/Ii BMECTO HEU3BECTHOI B HErO IOJICTABUTH 5, TO TaK¥Ke
MIOJTYIUTCs IUCJTIO, JeJISIeecs: Ha 6.

4.41. JlokaxkuTe, 9TO B TPEX3HAYHOM UMCJIE, JeJIsIneMcs Ha 37, Bceria
MOXKHO TIepecTaBuTh MUMPHI TaK, 9TO HOBOE UUCJO TaKXKe OyJIeT IeTUTCS

Ha 37.
4.42. Jloraxkure, 9To ecjqu p — npocroe yncio u 1 < k < p—1, 1o
k -
Cp :p.
4.43. Jlokaxkute yTBep2KaeHnE 00pATHOE TOMY, UTO OBLIO B 3aade 4.42:
ecm CX inmpun 1 <k <n—1, ro n— npocroe Iucio.

4.44. Jlokaxkure, 9To ecju p — upocroe yucio u 1 < k < p — 2, 1o
8 S
511 — CyTx 1 i p. Bepno smn obparnoe yrsep:kienue?

4.45. JlokaxkuTe, IYTO €CJIN P — MPOCTOE TUCJIO, TO IMIPH JIFOOBIX TEJBIX A

nu b BBIIIOJIHAETCA COOTHOIIIEHUE
(a+b)» —a®? —b?:p.

4.46". KaMuu esKaT B TpexX KydJKax: B OTHOH — 51 KaMeHb, B ApyToil —
49 kamHeii, a B Tperbeil — 5 kamHueil. Paspemiaercss oObeIuHSTH JHOOBIE
KYYKHU B OHY, & TaKzKe paz3lleiaTh KyUKy U3 YeTHOI'O KOJINUecTBa KaMHell Ha
Be paHble. MOXKHO Jiut 1tostyunTh 105 Ky4ek 1Mo OJHOMY KaMHIO B KayK 107!

B cnenyromux 3amauax monagoburcst BemoMHuTh npuHimn Jupuxie us
pazzena 2.

4.47. JlokaxkuTe, 9TO Cpen JIIOOBIX T HATYPAJBHBIX UUCE], HE Jes-
IMUXCs Ha M, €CTh HECKOJIBKO YHCeJ, CYMMa KOTOPBIX JIEJIUTCH Ha M.
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4.48. Jloxaxxurte, 9TO cpean JIIOOBIX JTECATU IOCJIEI0BATEIbHBIX HATY-
PaJBHBIX YHMCEN HAMJIeTCA YUCJIO, B3AUMHO ITPOCTOE C OCTAJIbHBIMU.

4.49. Ha 99 kaproukax nurryrcst gucia 1, 2, ..., 99. Barem kapTouku
TACYIOTCH M PACKJIAIBIBAIOTCS YUCTHIMU CTOpOHaMu BBepx. Ha dmcrhix cro-
pOHaX KapTO4YeK CHOBa muiryTes ducyia 1, 2, ..., 99. s kax 101 KapTOUIKH
9UCIIa, CTOSAINE Ha Hell, CKIIAIBIBAIOTC U 99 TOJIYYEHHBIX CYMM [IEPEMHO-
xkarored. Jlokaxkure, 9TO B pe3yJibrare IOJIyYUTCs YeTHOE YUCJIO.

3. CpaBHeHus

Onpenenenune. [lycte m > 1. /Iga 4ncia a u b HA3BIBAIOTCS CPABHU-
MBMU 1O MOOYAI0 T, €CJIN UX PA3HOCTH JIEJTUTCS Ha M. 3alUChIBAETCS ITO
B Bujie a = b (mod m).

4.50. Yo o3HayaroT 3ammucu:

a)a=b (mod 0); 6) a=b (mod 1)?

4.51. CaoiicrBa cpaBuenwuii. /Jokaxkure, uto eciu a = b (mod m) u
¢ =d (mod m), To
a)a+c=b+d (mod m); 6) ac =bd (mod m).

OHpeﬂeJ’IeHI/Ie. Kaaccom svivemos 1o JaHHOMY MOJYJIIO TN Ha3bIBACTCA
MHOXKECTBO BCE€X IIEJIbIX YHCEJI CPaBHUMBIX C HEKOTOPBIM JaHHBIM II€JIbIM
YUCJIOM A IO MOJYJIIO M. Taxkoii kiacc obozHagaercs a.

4.52. JlokaxkuTe, 9YTO KJacCc 0 COCTOUT U3 BCeX Juces Buja mt 4 a, rie
t — mpousBoJIbHOE [IEJI0€ YUCIO.

4.53. JloxakuTe, 9TO ABa KJjacca 4 W b COBMAIAIOT TOTA W TOJBKO
Torma, Korma a = b (mod m).

Onpenenenune. Iloanotl cucmemoti 8biuemos 0 HEKOTOPOMY MOJLYJIIO
Ha3bIBAETCH CHCTEMa YHCeJ, B3dATBIX II0 OJHOMY U3 KaXKJOro KJacca IIo
9TOMY MOJYJIIO.

4.54. JlokakuTe, 9TO JIOObIE M YHCEa Xi, ..., X;m IIOIMAPHO HECpaB-
HAMBIX [0 MOJYJIIO M, IPEACTABIAIOT CODOM MOJHYIO CHCTEMY BBIYETOB IO
MOJYJIIO M.

4.55. Ilycts ancaa Xq, Xz, ..., X, 00paA3yIOT MOJTHYIO CHCTEMY BLIUETOB
o mMozystro M. st kakux a u b umesa y; = ax; +b (j =1, ..., m) rakxke
00pa3yoT MOJHYI0 CUCTEMY BBIYETOB 110 MOLYJIIO M7

4.56. I3 cBOiicTB CpaBHEHUI CJIEYET, ITO C KJIACCAMHI BBLIYETOB MOYKHO
JeJaTh BCE Ollepaliii, KOTOPBIE JOIMYCTUMBI JIJIS IIeJIBIX YHUCeNT: CKJIa/IbIBATh,
BBIYUTATH, YMHOXKaTh, BO3BOJAUTH B creneHb. Orymdne OyeT JIUIIb B TOM,
9TO MOCTPOEHHAsT apuPMETHUKA TEeHCTBYET Ha KOHETHOM MHOYXKECTBE KJIaCCOB
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BbIueToB. Hanpumep, mist m = 6 mosrydaiorcs Takue TabJIuIbl CJI0KEHUST U
YMHOXKEHUS:

012345 x [0 1 2 3 45
001 23 45 0/0 00000
11123450 1/01 23 45
21234501 21024024
3134501 2 31030303
414501 23 410 4 2 0 4 2
5/5 01 2 3 4 510543 21

TTocTpoiiTe aHAIOrMYHbBIE TAOJUIBI CJIOXKEHAST M YMHOKEHHS JIJIs MOJLYJIeit
m=7,8,...,13.

4.57. Korna cpasnenuss a = b (mod m) u ac = bc (mod m) pasuo-
CUJILHEI?

4.58. Pasnocubabl i cpaBHerns A=b (mod m) u ac=bc (mod mc)?

4.59. Nmeerca 100 kammueii. Ipa urpoka 6epyT 1mo odepenu or 1 g0 5
kamueii. [IpourpsiBaer ToT, KTO Geper nocseauit Kamenb. OmpeienTe Bbl-
UIPBINHYO CTpaTeruio mepsoro urpoka. (Cu. takxke 5.81.)

4.60. PazouapoBannblii BKIagaukK donga «HedThanmmasnasects paso-
pBaJ aknuio Ha 8 KyckoB. He yI0BIeTBOPUBIINCH STUM, OH PA30PBAJ OIUH
u3 KyckoB emie Ha 8, u T. 1. Moryo ju y mero nosyuntbest 2002 kycka?

4.61. Ban-napeBud WMeeT JBa BOJIMEOHBIX Meda, OJUH M3 KOTOPBIX
Moxker orpyburh 3mero opbrabray 21 10s10By, & BTOpO#t — 4 TOJIOBBI, HO
Torga y 3Mmesi Topbiabrda Bbipacraer 1999 rosioB. Moxker s Ban orpy-
6uThb 3Mero [OpbIHbITY BCe TOJIOBBI, €CJIM B caMOM HadaJie y Hero 6su10 100
rosio? (IIpumeuanue: eciu, Hanpumep, y 3mes [OpbIHbBIYA OCTAIOCH JIUITH
3 10JI0BBI, TO PYyOUTDH UX HU T€M, HU JAPYTUM MEYOM HeJIb3s. )

4.62. B mara3zune Ob1I0 6 AMUKOB si0JIOK, MACChl KOTOPBIX COOTBETCTBEH-
uvo 15, 16, 18, 19, 20 u 31 kunorpammos. Be dupmbr mpuobpesu 5 amukos,
[IpUYeM OJTHA W3 HUX B3sLIa 110 Macce A0JI0K B J[Ba pa3a O0JIbIle, 9eM Ipyras.
Kaxoit stimuk ocrajcs B Marazue?

4.63. CocTaBbTe CIIMCOK BCEBO3MOYKHBIX OCTATKOB, KOTOPBIE JAIOT UHCJIa,
n? upu menennu Ha 3,4, 5, ..., 9.
4.64. Jlokaxkure, 9TO ecjid Bce KOIDPUIIMEHTHI yPABHEHUsT

ax?+bx+c=0

— IeJible HeYeTHbIC YUCJjia, TO HU OJUH U3 KOpHefI 9TOI'O YpaBHEHUA HE MO2KET
OBITD panuOHaJIbHBIM.
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4.65. JlokaxkuTe, 9TO KBaJpaT IEJOr0 UUCJIa HE MOYKET OKAHIUBATHCS
9eThIPbMsl OJIMHAKOBBIMU Iudpamu, oTandHbiMu oT 0. Kakumu Tpemst 1ud-
paMu MOXKeT OKaHUIMBATBHCSI IIEJI0€ YHC/IO, KBAJIPAT KOTOPOI'O OKAHINBAECTCS
TpeMs ONMHAKOBBIMHU ITudpamMu, OTandHbiMEA 0T 07

4.66. Jokakure, 9TO €CJIu JIBe TOCTIETHIE TUMPHI MIEJI0TO INCTIa HEIeT-
HBI, TO 9TO YHCJIO HE MOXKET ObITh KBAJIPATOM IIEJIOTO YHCJIA.

4.67. Haitmure octaTkm ot genenns umcia 22°°" ma 3,5, 7, ..., 17.

4.68. [MlecTuznaanoe uncio geauTtcs Ha 7. Ero mepsyio udpy crepin, a
3aTeM 3aIlNCAJIN ee 103311 Tocyeaneil mudpsl. JJokaknre, YT0 HOBOE YHUCIIO
Tak»Ke JIeJIUTCS Ha 7.

4.69. Haiinure Bce p Takwue, yro unciaa p, p + 10, p + 14 — upocreie.
4.70. UszsecTHO, uTO umcaa p u 8p? + 1 — npocroie. Haiture p.

4.71. UsBecTHo, 9TO uucaa P U P +2 — npoctoie. JJOKazKUTe, UTO YHCIIO
p3 + 2 TaksKe ABJISETCS IPOCTHIM.

4.72. Haiiiure KOHEUHYO apuMETHIECKYO IIPOI'PECCUIO C PA3HOCTHIO 6
MaKCUMAJILHOM JIJTMHBI, COCTOSAILYIO U3 IMPOCTBIX UHUCEJI.

7
4.73. Haiinure mocsenmion mudpy ducia 777",
2

n°+1
4.74. Moxer 11 9uCIIO0 3 OBITB IEJIBIM [IPU HATYPAJbHBIX N7

4.75. IIycts a u b —mennie gncia. /lokaxkure, 910

a) ecim @’ +b? 13, o a®+b?:9; 6) ecsim a®+b? : 21, To a® +b? : 441.

4.76. llenwle uncna a, b, ¢ u d Takosel, uro a* + b* + ¢* + d* : 5.
Hoxkazkure, aro abed : 625.

4.77. lenwle uncna a, b u ¢ Taxoswl, uTo a® + b® + ¢ : 7. JToxkaxkure,
qro abc i 343.

4.78. Haiinure octaTok oT neieHus Ha 17 wmema 2777 + 1.

4.79. BerperuTes i KasKJoe IIPOCTOe YUCJIO B KA4eCTBE COMHOXKHUTEJIS
Hekoroporo uncia Eskinna e, ? (Cm. takxe 3.25.)

4.80. IlycTs B NpsSIMOYTOJIBHOM TPEYTOJLHUKE JIJIMHBI CTOPOH BBIpasKa-
TOTCS IETBIMA TucIaMu. JIoKazkuTe, ITo JTAHA OJHOTO U3 KATETOB KpaTHa 3,
W JUIUHA OJHOI U3 TPeX CTOPOH JIEJUTCS Ha 5.

4.81. Ilycrs M — npousBelieHre NEPBLIX N OpOCTBIX vucesa (M > 1).
JlokaxkuTe, 9TO HUA OJIHO U3 UUCEJT

aym+1; 6) m—1
He SBJISIETCA TIOJIHBIM KBaJIPaTOM.

4.82. Ilpm Kakmx NeJbX M 9nuciao a, = bn’? + 10n + 8 nemmrea wa 37
A npu xakux na 47
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4.83. Tlpu Kakux IeJbIX T BBIpazkeHne N2 — 61 — 2 JIeuTces Ha

a)8 6)9; B)11; 1)1217

4.84. Ilpu Kakux IeJIbIX N BeIpazkenme N2 — N — 4 geamTes Ha

a) 17; 6) 2897

4.85. Hajiyiute Bce Takme Iejble dmesaa X, 9ro x = 3 (mod 7), x* =
=44 (mod 7%), x> =111 (mod 73).

4.86. JlokaxkuTe, a0 22225555 4 55552222 : 7,

4.87. JlokaxXuTe CIpaBeJIMBOCTD CJIEIYIONINX CPABHEHMI:

a)1+24+3+...+12=1+2+2>+...4 2" (mod 13);

6) 124224324+, . 4122=1444+4+...+4" (mod 13).

Bynyrt nu cipaBeiuBhI aHAJOTUIHBIE CPABHEHUS JI1sT OOIBINNX MOKA3a-
TeJrei?

4.88. okaxkwure, uro wmcymo 1% + 2% + .., + 12% memmrea wa 13 ms
k=1,2,...,11.

4.89. /lokazkure, uyro eciau 6n + 11m agemurcesa Ha 31, To N+ 7m TakxKe
nesmres Ha 31.

4.90. Ussecrno, aro ax* +bx>+cx?+dx+e, rme a, b, ¢, d, e — gannnie
HeJIble YUCIIa, TP BCEX TIEIBIX X JeauTcs Ha 7. Jlokaxkure, 9TO BCE IHMCIA
a, b, c, d, e mesurcs na 7.

4.91. JlokaxkuTe, 9TO €CJIA MHOTOYJIEH C IEJIBIMEA KO DUITHEHTAME
P(x) =a.x"+...+ a;x+ a

npunumaet pu X = 0 u x = 1 HeueTHbIe 3HaUeHHUsT, TO ypasuerue P(x) =0
HE UMeeT IeJIbIX KOpHeN.

4.92. Tokaxkute, 910 pP 2 + (p+2)» =0 (mod 2p +2), tme p > 2—
pocToe YUCIIO.

4.93. Pemure cpaBHEHUS:

a) 8 =3 (mod 13); B) 7x =2 (mod 11);

6) 17x =1 (mod 37); r) 80x =17 (mod 169).

Yrobel pemuTh cpasHeHne ax = b (mod m), monpobyiiTe cHagama pe-
IIUTH B TEJIBIX YUCJIaX ypaBHeHue ax + my = b.

4.94. Haiinure Bce mapbl unces sua 1xy2 u x12y, Takux, 9To 0oba duciia
JeJIaTcs Ha, 7.

4.95. B kakux ciygagx paspemmmo cpasHerne ax = b (mod m)? Omm-
HIATE BCE PEIEHUS 3TOTO CPABHEHUS B IEJIBIX YUC/IAX.

4.96. Jljnsg kakux duces a pernenueM cpasaenust ax = 1 (mod p) Gyuer
caMo IucyIo a?
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4.97. Teopema Buabcona. Jlokaxkute, 9TO /I TPOCTOTO P
(p—N!'=-1 (mod p).

4.98. OoOpaienne TteopeMbl Buibcona. Jlokaxkure, d9To eciu
n>1lu
(n—1)!=-1 (modmn),

TO M — IIPOCTOE YHCJIO.

4.98’'. Teomerppuvueckoe I0Ka3aTeJIbCTBO TeopeMbl BuibcoHa.
IIycte p > 2— npocroe unciao. CKOJBKUME CIIOCOOAMU MOXKHO IIPOBECTH
qepe3 BEPITUHBI TPABUILHOTO P-YTOJIbHAKA 3aMKHYTYI0 OPUEHTHPOBAHHYIO,
p-3Bennyio jomannyo? (JlomManHbIe, KOTOPbIE MOXKHO COBMECTUTH HOBOPO-
TOM, CUMTAIOTCs oxuHakoBbiMu.) Haijizmre dbopmyny u BbIBenuTe U3 Heé
Teopemy Buibcona.

4.99. Teopema JleiibHuiia. lokaxkure, 910 p — IPOCTOE TOT/A U TOJIb-
KO TOTJIa, KOTJa

(Pp—2)'=1 (mod p).

4.100. Teopema Kiemenra. /lokakure, 4T0 Yncjaa p U p+2 siBJIAIOTCS
MIPOCTBIMU YHUC/IAMU-OJIM3HEIIAME TOTJIA W TOJIBKO TOLJIA, KOTIa

Hp—-DI+1)+p=0 (modp?+p).
4.101. UssectHO, YTO YMCIa A1, ..., 0, PaBHLI =1 u
a;a, +aa3+...+a,_1a, +a,a; =0.

Hoxkazkure, 9aTo n : 4.

IIycrs F(xq, ..., Xn) — MHOTOYJIEH C TeJBIMA KOMDUIUEHTAMU OT Tie-
PEMEHHBIX X1, ..., Xn. OUEBUIHO, YTO KaXKJ0€ perieHne ypaBHeHIs
F(x1, ..., xn) =0 (4.1)

B IeJIbIX YUCJIaX ABJIAETCA W peIlleHueM CPpaBHEHUA
F(x1, ..., xn) =0 (mod m) (m=>=1). (4.2)

IMosTomy, ecau XoTst ObI IIpU OAHOM M cpaBHeHue (4.2) Hepa3pelmMo, TO
ypasrenue (4.1) He UMeeT peIeHUil B LEJbIX YUCIAX.

4.102. JokaxkuTe, 9TO CJEJYIONINE yPABHEHUs HE MMEIOT PEIeHuit B
[EJIBIX YUCJIAaX:

a) x* +y? = 2003; o) 15x% —7y? =9,

6) 12x +5 =y%; e) x> —5y+3=0;

B) —x*+7y3+6=0; x)x}+...+x], =1999;

r) X2 +y? +2z2 =1999; 3) 8 —13y® =17.
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4.103. JokakuTe, ITO CyMMa IISATHU MOCTIET0BATEILHBIX IEJIbIX TUCEs HEe
MOXKET OBITH TOJIHBIM KBaJIPATOM.

4.104. TapmoHunydeckue 4uucsaa. Jlokaxxure, 9TO IUCIA
11 1
Hn—1—|—§+§+...+ﬁ

npu n > 1 He OyIyT HEIBIMA.

4.105. Pemure B HATYpAJbHBIX YUC/IaX YPaBHEHUE
W42+ ... +nl=m’
4.106. Permure B 11€IBIX YUCTAX yPABHEHUE
2 —1=05Y.

4.107. Hokaxxkure uro ecou (m, n) = 1, To cpasaenne a = b (mod mn)
PABHOCIJIBHO OZHOBPEMEHHOMY BBIIOJHEHHIO CpaBHeHME a = b (mod m)
na=b (modn).

4. Teopembr Pepma u Diijaepa

4.108. Haitmure Takoe n, arodnl uucao 10™ — 1 geamiiocs Ha
a)7; 6)13; B)91; 1) 819.
4.109. /Tokaxkure, 9T0
a)111...1:13; 6) 111...1:17.
—— ——

12 16
Maujtast reopema @epma. Ilycrs p —upocroe uucsio u p 1 a. Torua

a* '=1 (mod p).

4.110. doxazkute TeopeMmy Pepma, pasmarag (1+ 14 ...+ 1)P mocpen-
CTBOM IOJMHOMHUAJIBLHON TEOPEMBI.

4.111. ITycts p —upocroe yucyo, p # 2, 5. Jlokaxkure, 4TO CyIIeCTByeT
qucio Buga 111...11, xkparHoe p.

[Tpumymaiite mBa perrenus: 3TON 3aa49n: OIHO, UCIIOJIb3YIOIIEE TEOPEMY
Ditnepa, u Bropoe — npuniun Jupuxie.

2001

4.112. JIjst KaKuX T 9UCJI0 N —n* neanrea na 117

4.113. [okaxkure, 4TO Ijis JIOOOr0 HATYPAJBHHOIO UHC/IA HANIETCs
KpATHOE €My YHCJIO, IeCITUIHAS 3aIUCh KOTOPOTo COCTOUT ToJIbKO u3 O u 1.

4.114. Jlano mpocToe p u 1ejoe a, He jensiieecad Ha p. Ilycts k—
HaWMeHbIllee HATypaJbHOe Iucyo, Takoe uTo a* = 1 (mod p). okaxkure,
qro p — 1 menurcs wHa k.
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4.115. C 10oMOIIBIO UHIYKIUU JTOKAXKUTE CJIEIYIONIEe YTBEPKIEHNUE, K-
BUBaJIEHTHOE MaJioit Teopeme Pepma: ecji P — MPOCTOE UUCJO, TO JJIsT JIFO-
60ro HATYPaJBLHOIO O CIIPABE/JINBO CPABHEHUE

a’ =a (mod p).
4.116. NUzeecTHO, YTO
a?4+b"4c"?4+d"? e+ 112113

Jokaxkute, uro abcdef : 13°.

4.117. TeomeTpuveckoe a0Ka3aTeJIbLCTBO Majioii Teopembr Pep-
ma. Ilycts p > 2— npocroe gucsio. CKOJIBKO CYIECTBYET CrocoboB pac-
KPaCUTh BEPIIMHBI IIPABUJILHOIO P-yrosbhuka B a usero?! (Packpacku,
KOTOpBIE MOXKHO COBMECTHTBH IOBOPOTOM, CUMTAIOTCs OfMHAKOBbIMH.) ITo-
Jiyaure pOpMyJIy U BbIBeIUTE U3 Hee MaJjyio Teopemy Pepma.

4.118. Haitaure ocraTku oT genenust Ha 103 ducesn
a) 5102. 6) 3104'

4.119. Hoxaxkure, aro uucio 30237 + 2393° — cocrasmoe.
4.120. Byzer i npocTsiM gucio 2571972 + 10927

4.121. [Jokaxkure, 9TO €CJid P — MPOCTOE UYUCJO, P # 2, 5, To JuHa
[epuo/ia pasJjioxkenust 1/p B jpecarudnyio apobb geaur p — 1. Ilpusennre
mpuMep, KOrja JJIMHa [IepHoIa CoBIajaeT ¢ p — 1.

4.122. Ilycts p — npocroe 4ucio. Jokakure, 4TO JII00OH MIPOCTOi Je-
smrens gucia 2P — 1 umeer Bug 2kp + 1.

4.123. Ilycts N — HaTypajabHOE Yncjio, He KparHoe 17. Jlokaxkure, 910
mu6o N8 + 1, mbo n® — 1 memrcea ma 17.

4.124. JlokaxkuTe, 9TO IPHU JFOOOM IIPOCTOM P
1...12...23...3...9...9-123...9 : p.
—— o ——
P p P P

4.125. Ilycrs fyist IpOCTOro 4ucja p > 2 U [eJIOro d, He JIeJIsIIerocs
Ha P, BBITOJHEHO cpaBHeHne x* = a (mod p). Jokaxute, 4To

a? 12 =1 (mod p).

4.126. Jokaxkute, uTo ecyu x> + | JequTcs Ha HeIeTHOe IIPOCToe P, TO

p=4k+1.

4.127. Ilpu nmomomu 3amaun 4.126 qoKaxKWTe, 9TO CyIIeCTByeT OEecKo-
HEYHO MHOTO IPOCTHIX unces Buga p = 4k + 1. (Cm. Takzxke 3.7.)
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4.128. Jlokazkure, 4TO JJIsi IpocToro ducia p suga p = 4k + 1 gucia
x = £(2k)! apnsorca pemenusmu cpashenust x> + 1 =0 (mod p).

4.129. Ilonp3ysach pesynapTaToM 3aja4n 3.127 HafiguTe oCTaTKH, KOTO-
pble mpu mpocToM p maroT uucia Pubonavum F, u F,.; npu nenenun Ha
p.

4.130. ITycrs p — mpocroe gucyio u p > 3. Jlokaxkure, 9T0 eciu pa3pe-

MO CpaBHEHUE
x> +x+1=0 (modp),

To p = 1 (mod 6). BeiBeiure orciofia 6ECKOHETHOCTh MHOXKECTBA TTPOCTHIX
qncen Buga 6n + 1. (Cm. Takxke 3.7.)

4.131. ITycts p — mpocroe gucsio u p > 5. okaxkute, 410 eciau paspe-
[IIIMO CpPaBHEHME

X'+ x4+ x+1=0 (mod p),
To p = 1 (mod 5). Beisenure orcroma 6€CKOHEIHOCTh MHOMKECTBA, IIPOCTHIX
qncesn suga bn + 1.

Onpenenenune. Qyrxyusa Jisepa @(Mn) onpenensercs Kak KOJTUIeCTBO
quces1 oT 1 10 M, B3aMMHO TPOCTHIX C M.

4.132. Haiinure

a) 9(17); 6) @(p); B) @(p?); 1) @(p*).

4.133. Yemy paBHa cymma

oM+ +eP)+...+op%),

rje o — HeKoTopoe HaTrypaJsbHoe unciao? (Cu. rakxke 4.149.)

4.134. OcHoBHBIM cBoiicTBOM GyHKIME Ditjgepa @(Nn) sBisercsa ee
MYALMUNAUKAMUSHOCMY. JIJIss B3aMMHO TPOCTBIX G W b paccMOTpUM
TaOTUITY

1, 2, 3, ..., b
b+1, b+ 2, b+ 3, ..., 2b
(a=1b+1, (a—1b+2, (a—1)b+3, ..., ab.

B kakux cTosbrax 3Toi TabaNIBI HAXOAATCS IUC/Ia B3AMMHO ITPOCTBIE C
qncyioM b? CKOJIBKO B KaXKJIOM U3 9THX CTOJIOIOB YMCEJI B3AUMHO IIPOCTHIX
¢ a? JlokaxkuTe MyJIbTUINIMKATUBHOCTD (DYHKIMK DiijIepa, OTBETUB HA ITH
BOIIPOCHI.

Onpenenenue. [Ipusedentoti cucmemoti 8vi4emos M0 HEKOTOPOMY MO-
JTYJIEIO TN HA3BIBAETCST CUCTEMA THCEJT, B3ITHIX II0 OJTHOMY U3 KaXKJIOT'0 KJIacca,
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B3auMHO Tpoctoro ¢ moayseM. (ToBopst, 9TO Kiacc @ B3aMMHO HPOCT C
MOJLYJIEM T, €CJIM CAMO YHCJIO0 O B3aUMHO IIPOCTO C T.)

4.135. CKOJIBKO KJIACCOB COCTABJIAIOT IPUBEJIEHHYIO CHCTEMY BBIYETOB
10 MOJLYJIF0 M7

4.136. Ilyctp ymcma x;, X2, ..., X, 00Pa3yiOT UPUBEACHHYIO CHCTEMY
BBIYETOB 110 MOystro M. Jlinst kKakux a m b uncmay; = ax;+b (G=1,...,71)
TakKe 06pa3yIoT MPUBEJICHHYIO CUCTEMY BBLIUYETOB 110 MOJLYJIIO T?

4.137. IIyctp (m,n) = 1, a unciaa X U Yy OpoberaioT IPHUBEICHHBIC
CHCTEeMBI BBIUETOB IO MOIYJSIM M M M cooTBeTcTBeHHO. JlokaxkuTe, 9TO
qucyo A = xn+ym npoberaet Ipyu 3TOM MPUBEICHHYIO CHCTEMY BBLIYETOB 10
MOy TI0 M. BeBenuTe oTCOa MyJIbTUINIMKATUBHOCTL (byHKIMN Jiiepa.

4.138. IIycts n = p;' ... p%s. JloKazKuTE PABEHCTBO

em)=n(1—-1/ps)...(01—=1/ps)

a) MOJIb3YACh MYJILTUILINKATUBHOCTBIO (byHKIMU Diljiepa;

6) nmosb3ysick bopMyJIOil BKIFOUeHHH 1 UCKIIoueHnit (e, 2.99).

4.139. Pemmre ypaBHeHUSsT

a) (x) =2 6) o(x) =8 B) @(x) =12 1) e(x) =14

4.140. ITo kakoMy Momym0 dncyia 1 U 5 COCTaBIAAIOT NMPUBEIECHHYIO CH-
CTeMY BBIYETOB?

4.141. Pemure ypaBHeHUS

a) @(x) =x/2; 6) ¢(x) =x/3; B) @(x) =x/4.

4.142. JInsa KaKAX T BO3MOXKHBI PABEHCTBA:

a) o(n) =n—1; 6) (2n) =2¢(n); 5) @(n*) =n""Te(n)?

4.143. Pemnre ypaBHeHHUA

a) ©(5%) =100; 6) ©(7%) =294; B) @(3*-5Y) =600.

4.144. UsBectHo, uro (m, n) > 1. Yro Gosbine @(m - n) mwm @(m) x
x @(n)? (Cm. rakxe 3.93.)

4.145. Pemare ypasuenue a = 2t(a).

4.146. JlokaxkuTe, 9TO €CJIU N > 2, TO YUCJIO BCEX MPABWIHHBIX HECO-
KpPaTUMBIX JIpo0eil co 3HaMeHaTeJeM T — YeTHO.

4.147. Haiimure cymMMy BCeX TPaBUJIBHBIX HECOKPATUMBIX Apobeit co
3HAMEHATEeJIEM .

4.148. Bommummem B psg Bce MPaBUIbHBIE IpOOW €O 3HAMEHATEJIeM T
U CcleslaeM BO3MOXKHBbIE COKpalleHusi. Hanpumep, aas n = 12 mosygurcs
CJICAYIOIIUN AL YUCeII:

0 1 111 5
1712

)

11 72
6’ 4 3 12 3

2)

N =
—_
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CKOJIBKO TIOJIy9YnTCsl pobeii co 3HameHareseMm d, ecium d — HEKOTOPBIH Jie-
JINTEJTh Jucjia n?

4.149. ToxxknectBo I'aycca. JloxakuTe paBeHCTBO

D eld)=n,

din

rIe 3HaK Z O3Ha4YaeT, YTO CYMMUPOBAHUE UJIET 110 BCEM JIEJIATEJIAM IUCIa TL
din

(Cm. Taxzke 4.133.)
4.150. Broucannabie jiomanbie. OKpPY>KHOCTb pazjesieHa L TOYKaMU

Ha N paBHbIX dacTeil. CKOJIBKO MOXKHO COCTABUTDH PA3JINIHBIX 3aMKHYTBIX
JIOMAHBIX M3 L P & BHBI X 3BEHBbEB C BEPIINHAMU B ITUX TOYKAX!

4.151. /lokaxkute paBeHCTBA:

a) ¢(m) ¢(n) = @((m, n)) @([m, n]);

6) e(mn) @((m, n)) = (m) ¢(n) (m, n).

Crenyromas TeopeMa siBiaseTca o600ImerneM Masioil Teopembr Pepma.

Teopema iinepa. IIycts m > 1 u (a, m) = 1. Torma umeer mecTo
CpaBHEHHE

a®™ =1 (mod m).

(Cm. Takxke 4.197.)

4.152. CymecrByer Jiu CTelleHb TPOHKH, 3akanunBaromasica Ha 00017

4.153. JTokaxkute TeopeMmy Diijepa ¢ MOMOIIBIO MaJioit Teopembl Pepma
a) B ciydae, Korja m = p";
6) B o0mmIeM ciydae.

4.154. Joxaxure, uro 7°' — 1 menutcs ma 103.

4.155. Ilycrs p > 2—upocroe ancio. JJokaxkure, 910
7P — 57 —2:6p.

4.156. IIpu nomomu Teopemsbr Ditepa HalIUTE YUCTO X, YIOBIETBOPSI-
omee cpaBHeHnO ax + b =0 (mod m), rme (a, m) = 1.

4.157. Jlokaxkure, 9TO TIpHU JIFOOOM II€JIOM Q:

a) a® —a: 30; B) a'' —a: 66;

6)a” —a:510; r)a*—a:2-3-5-7-13-19-37-73.

4.158. Jlokaxkure, 4TO JJIsI JTIOOOTO HEYETHOrO YHUCTA M CYIIECTBYET
TakKoe HaTypaJIbHOE IUCJIo N, uro 2™ — 1 :m.

4.159. JlokaxKuTe, 9TO IPH JIOOGOM HedeTHOM N 4meso 2™ — 1 menures
Ha M.
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4.160. Yucaa Kapwmaiikmaa. J[okaxkure, ITO JJisi COCTABHOTO YUCJIA,
561 cnpasemus anajor Masoii Teopembr Pepma: ecau (a, 561) = 1, To
BoInosHgeTcs cpasHenue a°®® =1 (mod 561).

Yucsa, 0b61a1ar01Ime STUM CBOMCTBOM, HA3BIBAIOTCH wucaamyu Kapmatix-
AG.

4.161. HaiinuTe Bece Takme Tesble THCIa d, IS KOTOPBIX gnciao a'® + 1
nmenutcs Ha 10.

4.162. YcuneHune TeopeMsbl Jitstepa. m = p;y' ... p¥s — pasioKeHne
HATYPaJILHOIO YHUCJIa MM Ha npocThie MHOXKuTeau. O60o3HaunM depe3 A(m)
HamMeHbInee obmee KpatHoe auces @ (pi'), ..., @(p¥s):

Am) = [e(p7'), ..., o)

Jokazkure, 9T0 1JIs JIFOOOTO MEJIOr0 Yucja a Takoro, 9ro (a, m) = 1, 6yzger
BBINIOJTHATLCS CPABHEHUE

>

a™ =1 (mod m).

5. llpu3Hakm neammMocTu

4.163. IIpusnaku gemumoctu Ha 3, 9 u 11. Yuciao N 3anucano B
JIECATUIHOM CHCTEME CUUCJICHUSI

N=a,a,_;...0; 0.

JokazkuTe caemayionme TpU3HAKU JEJTUMOCTH:
a)N:i3<=a,+a,1+...+a;+0a,:3;
6) N:9<—=a,+an,1+...+a1+0a,:%
B)Nill &< +a, Fa, 1+t...—a;+aoill

4.164. Moxer Jiu 4mciio, 3anucbiBaemoe npu momomu 100 wysteii, 100
equuuit u 100 1BoeK, OBITH MOJTHBIM KBAIPATOM?

4.165. Ilpuznaku gesiumoctu Ha 2, 4, 8, 5 u 25. Cdopmynupyiite
U JIOKA2KWUTE NMPU3HAKY JeuMocTu Ha guciaa 2, 4, 8, 5 u 25.

4.166. Haiinure Bce dncia Buma xy9z, koropble jeauanch Obl Ha 132.
4.167. Haiture Bce unciia Buga 13xy45z, koTropsie geauauck 661 Ha 792.

4.168. IudposBoii kopenb uucsaa. Paccmorpum amciio N, 3anucan-
HOE B JIECATUIHON cucteme cumcienus. Haiiem cymmy mudp aroro dmcia,
TOTOM CJIOXKUM T PBI, KOTOPBIME 3alllCaHa CyMMa U T. 1. BymeM mpomot-
2KaTh 3TOT IIPOIIECC, IIOKA B KOHIIE KOHIIOB He IIOJIyYUM OJJHO3HAYHOE YHCJIO,
KOTOPOE Ha3bIBAIOT yudpossim koprem aucia N. Jlokaxkure, 9To nudpoBoit
KopeHb cpaBHuM ¢ N 1o mojysto 9.
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4.169. demurest qu Ha 9 wucno 1234...5007 (B samwmcu sroro umcia
HOApsit BbIIUCAHBI Yucsia ot 1 70 500.)

4.170. Hdokaxwure, aro yucyo 192021 ...7980 nemurcs na 1980.

4.171. Tokaxkute, uro yucyuo abcd nesnurcs Ha 99 TOr1a ¥ TOJIHKO TOTIA,
Korga uuciao ab + cd geaurca na 99.

4.172. TocnemoBaTeILHOCTD {X,, | YCTPOEHA, CJIEIYIONMM 06pa3oM: X; =
= 32001 5 KaxkApIil COeAyIOmuil wieH paBeH cyMMe mudp HIpeIblIyIuero.
Haiinure xs.

4.173. Haiimure HanMeHbIIIee 9UC/I0, 3aITUCh KOTOPOTO COCTOUT JIUIIH U3
HyJIell U eIMHUIL, Jejisiieecs 6e3 octaTka Ha 225.

4.174. Kakwue mudpoBbie KOpHA OBIBAIOT y [TOJTHBIX KBAIPATOB U ITOJTHBIX
Ky060B?

4.175. Ipa umciaa a u b moydaloTcs ApPyT U3 JApPyra IIepecTaHOBKO
nudp. Yemy paBeH nudpoBoii KOpeHb yucja a — b?

4.176. Jokaxxure, 9TO eCJii L > 6 — YETHOE COBEPIIEHHOE YUCJIO, TO €r0
1 poBoil KOpeHb paBeH 1.

4.177. Ha jmocke HanmucaHo 9ucyio 8™. Y HEro BbIYUCISIETCST CyMMa ITudp,
y MOJIy9eHHOI'O 9YHCJIa BHOBb BBIUHUC/IAETCS CyMMa Iudp, U Tak jJajee, 0
TeX 0P, MOKa HEe MOJIYIUTCS OJHOZHAYHOE UHUCJIO. UTO 9TO 3a YHCIIO, eC/In
n = 20017

4.178. Jlokaxkure OMMOOYHOCTD CJIEIYIOMINX 3aIUCeii:

a) 4237 - 27925 = 118275855; 1) 1965% = 3761225;

6) 42971064 : 8264 = 5201; r) V371293 = 23.

4.179. Konsa Bacun BpInucaj npruMep Ha YMHOXKEHWE, & 3aTeM 3aMe-
HUJI Bee Iudpbl OYKBaMM: OIMHAKOBBIE IUMPHI OJIMHAKOBBIMU OYKBaMHU, a
pazmbie — pasabivu. [omyuniocs pasenctso ab - cd = effe. He ommbea s
Koima?

4.180. JToxazkuTe, uTo B 3amucu uucia 23° ecTh mo Kpaitneit Mepe JBe
OJIMHAKOBBIE UQPHI, HE BBIUUCJSIA €ro.

4.181. CymecTByeT Jiu 9uCI0, KOTOPOE SIBJISIETCS CTENEHBIO 2 TaKoe, ITO
[IepeCTaHOBKOH ero 1mudp MOYKHO IOJIYIUTh JPYTyIO CTeleHb 27

4.182. IIpusnak gesumoctu Ha 19. CymiecrByer ciemyomuit crrocod
MIPOBEPUTH JIEJINTCS JIU maHHoe dnciao N uHa 19:

1) or6paceiBaem nocsenuow nudpy v duciaa N;

2) npubaBiisieM K IOJYYEHHOMY 4YHCIY I[IPOM3Be/eHne OTOPOIIeHHOI
uudpsl Ha 2;

3) ¢ NOJIy9EeHHBIM YHUCIOM HPOJE/IbIBaeM orepanuu 1) u 2) 10 Tex nop,
[IOKa, HEe OCTAHETCH IUCJI0, MEHbIee Win paBHoe 19.
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4) ecm ocraercst 19, To 19 | N, B mpotusHOM ciyaae 19 1 N.
JlokazKuTe CrpaBeyInBOCTb 9TOTO MPU3HAKA JIETMMOCTH.

4.183. Amnajioruunble TPU3HAKU JIEJTUMOCTU CYIIECTBYIOT M JJIs BCEX
qucen Buja 10n + 1 u ux menureseir. Hampumep, cymecTByer TpU3HAK
JgesuMocTd Ha 21, U3 KOTOPOro TOJIyYaercs U IPU3HAK JAeJIUMOCTH Ha 7.

Kak ycrpoen npusHak jiesiumoctu Ha 217

4.184. IIpu KaKkuX X U Y IUCJIO XXYY SABIIETCA KBQIPATOM HATYPAJTILHOTO
qucia’

4.185. Haiiure Bce Takue Tpex3HAaYHbIE YKCJIa, KOTOPbIe B 12 pas 60J1b-
1€ CyMMBI CBOUX I(P.

4.186. lokaxkure, uro ecan ducga N 1 SN UMEIOT OJUHAKOBYIO CYMMY
mudp, To N menurcs ma 9.

4.187. Ipoe mumyT a) 30-3HauHOe; 6) 20-3HAUHOE YUCIIO, YIOTPEOIsis
ToJibKO 1udpst 1, 2, 3, 4, 5. TlepByto nudpy nuirer mepBbiii, BTOPYO —
BTOPOIl, TPETHIO — IePBbIii U T. 1. MoxkeT i BTopoil 100UThCS TOTO, 9TOOBI
[OJIYYEHHOE YUCJIO PA3Je/InIOCh Ha 9, €C/Id NEePBbIi CTPEMUTCS €My TIOMe-
marh?

4.188. PaccMaTpuBaioTcs BCEBO3MOXKHbBIE CEMU3HAMHDBIE THCIa, C g pa-
mu 1,2, 3, 4,5, 6, 7, 3aIucaHHBIME B IIPOU3BOJILHOM HopsiiKe. Jlokazkure,
YTO HU OJJHO U3 HUX HE JIEJUTCA HU Ha KaKoe JPYroe.

4.189. Ilpusnak gesiumoctu Ilackassa. Ilycrs 3anumcs umciaa N B
JECATUIHON crucTemMe cunciennsa umeer Bug N = @, @, ... d; Ay, Ty —OCTa-
ToK or generns yucaa 108 ma m (i =0, ..., n). Jokaxkwure, aro qmcmo N
JEeJINTCS Ha T TOrJa W TOJBKO TOrIa, Koraa unciao M = a,Th + an_q + ...
... +a;ry + ap geaurcda Ha m.

4.190. C nomornipio npusHaka geumMoctu Ilackasist ycTaHOBUTE TPU3HA-
KU JeuMocTu Ha quciaa 3, 9,6, 8, 12,15, 11,7, 27, 37.

WNuorma B KadecTBe T; yaoOHee OpaTh HE OCTATOK, & «HEIOCTATOK», TO
€CTh TaKoe HaubOoJbIIee HeloJOKNATeIbHoe Jnco, 9o 10° = 1; (mod m).

4.191. Onummure BCce CUCTEMbI CYUCEHUS, B KOTOPBIX YHCJIO JIEJIATCS
Ha 2 TOrJa W TOJIBKO TOIJa, KOrja cyMMa ero nudp jeanrcs Ha 2. Pemunre
3a/1a9y, 3aMEHUB MOJYJIb 2 MPOU3BOJIbHBIM HATYPAJbHBIM YUCJIOM M > 1.

4.192. Haiinure HANMEHbIIEE OCHOBAHUE CUCTEMBI CUUCJICHUS, B KOTO-
pOil OIHOBPEMEHHO UMEIOT MECTO CJIELYIOININE IPU3HAKY JIETUMOCTH:

1) 4dncio genurcs Ha 5 TOrJa M TOJIBKO TOTZA, KOIJa CyMMa ero mudp
JEeJINTCS Ha 5;

2) 9ucjIo JeuTes Ha 7 TOTAA U TOJBKO TOTJA, KOLJA YUCJIO, COCTABJICH-
HOE U3 JABYX €ro MOCJeTHUX Iudp, JIeIuTCs Ha 7.
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4.193. JlokakuTe, YTO €CJIU HEOODXOJMMBIN U JTOCTATOUHBIN ITPU3HAK
JIeJIMMOCTH, BBIPAXKAIOIININCS Yepe3 CBOMCTBA Iudp YUCja, He 3aBUCAT OT
MopsiaKa udp, TO 3TO MPU3HAK JeJIUMOCTH Ha 3 min Ha 9.

4.193’. YcraHoBuTe IPU3HAKA JeiuMOCTH Ha a) 2, 6) 3, B) 5, j1yia ducet,
3alMCaHHbIX B (PUOOHATIEBON CHCTEME CUUCICHUS.

6. Kuraiickas TeopeMa 06 ocraTkax

Kuraiickas Teopema 06 ocrarkax. [lycrs nesbie uncaa my, ..., m,
[OIIAPHO B3aMMHO HPOCTHI, TO €cTh (M, my) =T npui#j, m=my ... m,,
uda, ..., Q,, A— IPOU3BOJbHBIE TIeJble Ynuciaa. Torga CymecTByeT pOBHO

OJIHO IIeJI0€ YHCJIO X TaKoe, 9TO

nA<x<A+m. (Cum. takxe 6.51.)

OpauM u3 BaKHEHINNX IPUMEHEHUH KUTAaHCKO# TeopeMbl 00 ocTaTKax
ABJISIETCS CUCMEME CHUCAEHUA 68 ocmamKkar. B Hell 1iesioe IucsIo mpeicTaB-
Jigercst HaBOPOM €ro OCTATKOB (MJIM BBIYETOB) MO B3AUMHO [POCTHIM MOJLY-
aaM. B Takoii cucreme CIUCEHUsT ONEPAIny ¢ YUCIAMU CBOISTCS K Oepa-
[UAM C UX OCTATKAMMU.

4.194. IIpu Kakux HeJblxX N 9ucio a, = n? + 3n + 1 genurcs #a 557

4.195. Haiisiure ocTaTKu OT J€JIEHUSI:

a) 19'° na 66; ©6) 19" na 70; B) 17° ma 48; r) 14

414

Ha 100.

4.196. Harypasbable yucaa myp, ..., M, DOMapHO B3aUMHO IIPOCTHI.
Jlokaxkure, 9TO CpaBHEHUE

a=b (modm; -m,-...-m,)

PaBHOCUJIBHO CHUCTEME
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4.197. HatypaJjbuble qucia my, . .., M, ITOHAPHO B3aUMHO IpocThI. /lo-
KayKITe, 9TO YUCI0 X = (TM,M; ... M, ) ™) aBjsgeTcs pelreHneM CHCTeMBI
x=1 (mod m,),
x=0 (mod m,),

4.198. [lob3ysach pe3yIbTATOM MPEALLIYIIEH 3aa491, YKA2KUTE B SIBHOM
BUJIE YUCJIO X, KOTOPOE yJoBjeTBopseT cucreme (4.3).

4.199. Jloraxkure KUTAHCKYIO TeopeMy 00 OCTaTKaX.
4.200. YKaxkuTe BCe TeJIble 9UCIa X, YAOBIETBOPSIONINE CHCTEMAaM:
) {x:3 (mod 5), 5) {X:Z (mod 13),
x =7 (mod 17); x =4 (mod 19).
4.201. HaiimuTe HaMMeEHbIIee HATYPAJTBLHOE HUHUCIIO, JAIOIIee MPU Jesie-
wnn Ha 2, 3, 5, 7 ocrarku 1, 2, 4, 6 cOOTBETCTBEHHO.

4.202. Ha crosne JsekaT KHHWI'M, KOTOPBblE HaJ0 yIakoBaTh. Eciam ux
CBA3aTh B OJIMHAKOBBIE ITAYKHU 110 4, 110 5 miau 1o 6 KHUI, TO KaXKJbIil pa3
OCTaHETCA OJHA JUIIHAT KHUTA, & €CJIN CBA3aTh IO / KHHUI B MAdKy, TO
JIMITHUX KHUI' He ocTaHercs. Kakoe HanmMeHbIlee KOJIMIECTBO KHUI' MOXKET
ObITH Ha cTOJIE?

4.203. Haitmure octaTok ot memenns gmcia 1000! ma 1025,

4.204. Haiiiure HauMeHbIIee Y€THOE HATYPAJIHHOE YUCJO0 A TAKOE, ITO
a+ 1 gemurcss vHa 3, a+2—mwa 5 a+3—wnwa /7, a+4—mall, a+5—
Ha 13.

4.205. IlycTp HATYypaJbHBIE YUCIA My, My, ..., M, OIaPHO B3AMMHO
npoctel. JlokaxXuTe, 94TO €C/u YUCIa Xi, X2, ..., Xn IPOOETalOT MOJIHBIE
CHACTEMbI BBIUETOB II0 MOJIYJISAM My, My, ..., M, COOTBETCTBEHHO, TO YUCJO

X=XMy... M, +Myx,M3... M, +...+MymM,... M, _1X,

poderaeT MOHYI0 CUCTEMY BBIYETOB II0 MOJYJIIO TiM,; ...M,. BoiBeanre
OTCIO[a KUTAWCKYIO TEOpEMY 00 OCTaTKaX.

4.206. Kuraiickast Teopema o6 ocrarkax u QPyHKIus Ditgepa.
JlokazkuTe, 94TO UHCIO X SIBJISIETCS JIEMEHTOM IIPUBEJEHHON CUCTEMBI BbI-
9eTOB TOTJA U TOJIBKO TOT/A, KO/ IUCIa Aj, .. ., A, , ONPEJIeJIEHHbIE CPaB-
HeHusgME (4.3) IPUHAJIEKAT IIPUBEICHHBIM CHCTEMAM BBIYETOB 110 MOJLYJIAM
My, ..., M, COOTBETCTBEHHO. BhIBeauTE OTCIOIA MYJIbLTUILIMKATABHOCTD
dbyuknun ditgepa.
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4.207. IlpeamnosoKum, 9T0 IUCAA My, ..., M, TOTAPHO B3aUMHO IIPO-

c
ctel. Jlokaxkure, 4TO JIIOOYIO MPABUILHYIO JpOObL BUJIA T MOXIO
1...Mnp

[IPEJICTABUTh B BUJE aJreOpamdecKkoil CyMMbl IIPABUJIbHBIX JIpo0eil BuIa
n/mi (y=1,...,n).

4.208. Kakwue 1udpbl HAJIO TOCTABATH BMECTO 3BE3/109€EK, YTOOBI NCJIO
454 % x menunoch Ha 2, 7 u 97

4.209. Haitanre HamMeHblliee HaTypaabHOE YUHUCIIO, TTOJIOBUHA KOTOPO-
ro — KBaJ[paT, TPeTb — Ky0, a IdTas 4acTh — IIATas CTEIeHb.

4.210. Yucna-aBromopdsl. a) Tpexsuagnoe umcsio 625 obsagaer
CBOEOOPA3HBIM CBOMCTBOM CAMOBOCIIPOU3BOIUMOCTH, KaK TO:

625% = 390625.
CKOJIBKO YeTBIPEX3HAYHBIX YHCEJI YIOBJICTBOPAIOT YPABHEHHUIO
x> =x (mod 10000)?

6) Hokaxkure, uro upu Jiobom kK cymecrsyer posao 4 mabopa us k
mudp — 00...00, 00...01 u eme jBa, OKAHYMBAIOIINECS IIATEPKON H IIre-
CTEPKOil, — 06J1a1at0IIme TAKUM CBOMCTBOM: €CJIM HATYPAJIHHOE THCI0 OKAH-
YUBAETCS OIHUM U3 3TUX HAOOPOB IU@P, TO €ro KBaJIpaT OKAHIMBAETCSI TEM
Ke HabopoOM 1udp.

4.211. BoabHoe Boiicko. [enepas Xo4eT MOCTPOUTH JIJTsT Tapaia CBOUX
COJIZIAT B OJIMHAKOBBIE KBaIpaTHBIE Kape, HO OH HE 3HAeT CKOJIBKO COJIIaT (0T
1 5o 37) maxomurca B Jazapere. JlokaxKuTe, 9TO y reHEpasa MOKET ObITh
TaKoe KOJMYECTBO COJIJIAT, YTO OH, HE3ABUCUMO OT 3AIIOJIHEHUS JIa3aperTa,
CYMEET BBINIOJTHATEL CBOE HAMEPEHHE.

Hanpuwmep, Boiicko n3 9 desloBeK MOXKHO HOCTABUTH B BHUJE KBaJIpaTa
3 X 3, a ecji OJIMH YeJIOBEK DOJIEH, TO B BUJIE JIBYX KBaJIpaToB 2 X 2.

4.212. Bocrounsriit Kanenzmaps. B kuraiickoit narypduiocodpun Bbi-
JIENIAIOTCS TATH IePBOJIEMEHTOB IIPUPOIBI — JePEBO, OrOHb, METAJLI, BOJIA
U 3eMJIsl, KOTOPBIM COOTBETCTBYIOT ISITh IIBETOB — CHHWI (WJIN 3esieHblil),
KpPaCHBIN, OeJIblif, YepHDbI U KeJIThifl. B BocTOUYHOM KaJieHmape ¢ JPEeBHUX
BPEMEH UCIIOJIb3yeTcs 12-JIeTHUI KUBOTHBIA UK/ TaK, YTO KaXKIOMy u3 12
TOJIOB B IIUKJIE COOTBETCTBYET OJHO M3 YKUBOTHBIX. KpoMe TOro, KarKblif
TOJT TPOXOJUT TIOJ, TIOKPOBUTEIHCTBOM OJIHOM M3 CTUXUI U OKPAIIUBAETCS B
OJINH U3 IBETOB:

rojpl, okanunsaromuecs: Ha 0 u 1 — rozpl Merasuia (1iBeT Gesblit);

rOJIbI, OKAHIUBAIOIIUECH HA 2 U 3 — 3TO rOAbI BOAbI (I[BET YEPHDIIi);

roJibl, oKanyuBaormuecsd Ha 4 u 5— roael gepesa (uBer cunuii);
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rOJIBl, OKAHIUBAIOIINECS] HA 6 U 7 — TO7bI OTHsI (IBET KPACHBII);

roJIpl, OKaHUMBaroImecs: Ha 8 u 9 — rozpl 3emMut (IBET XKeJIThIH).

B 60-erneM KajieHIADHOM [UKJIE KaXK/I0€ YKUBOTHOE BO3HHUKAET D pas.
C mOMOIIBIO0 KUTAWCKONW TeopeMbl 00 OCTATKaX O0bsICHUTE, IOYEMY OHO BCE
5 pa3 ObIBaeT Pa3HOTO I[BETA.



I'JIABA 5
qncna, z;po61/1, CUCTEMBbBbI CUNCJIEHUdA

1. PaI_lI/IOHaJ'IbHI)Ie n nppanvoHaJIbHbIe 9YHuCJia

Omnpepenenne. Uncio o HA3BIBAETCS PAUUOHAABHBLM, €CITH OHO TPE/I-
CTABUMO B BHJE X = /M, Ijie M — HEKOTOPOe IIeJIoe, a N — HATyPaIbHOe
qncyaa. Bee ocTasibHble JefHCTBUTEIbHBIE YHC/Ia HA3BIBAIOTC UPPAUUOHANAD-
Hoimu. MHOZKECTBO BCeX paIMOHAIbHBIX dnces obosnadaercsa depes Q. Isa
qHCIa HA3BIBAIOTCS HECOUSMEPUMDLMU, €CITA UX OTHOIIEHNE NPPAITMOHAIHHO.

Omnpenenenne. [lecaruanas apoob
(X:O,Chaz ...akb1b2 ...bnb]bz ...bnb1b2 bn ey

rae byb,...b, — HamMeHbIHUil MO JIMHE OTPE30K IUMP, MTOBTOPHAIONIU-
csl HAYUHASI C HEKOTOPOI'O MECTa, HA3bIBAETCS Nepuoduyeckoli decamuinots
dpoboro. Ilpu Tom HabGop mudp byb,...b, HazbBaercs nepuodom, HAOOP
a;a; ... a, — npednepuodom, N — dauroti nepuoda u Apodb 3alUCHIBAETCS B
BUJIE

X = O,G] az... ak(b1b2 .. bn)

5.1. IIpeacraBbTe Ciemyonme panuoHaIbHbIE TUC/Ia B BUIE J€CITUTHBIX
Jpobeit:
1 2 1 1
a) ?7 6) ?7 B) ﬁa F) ﬁ
5.2. Haitmure nmudpsl a u b rakue, st KOTOPBIX

v0,aaaaa... =0,bbbbb...

5.3. Haitmure mepuosa qpobu

1
75 = 0,0204081632....

Kak M0KHO 00BSCHATE TOT (DAKT, UTO MOCJIE 3AIIATON [TOABJISIOTCS CTEIIeHH
qucya 27

5.4. Yucgo Peitamana. OObsICHUTE [TOBEJIEHNUE CJIEAYIOMIENH AeCaTHY-
HOH JApo0M U HaWWTE ee TIePUOJT:

1
3 = 0,004115226337448 . ..
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5.5. [IpeacraBbre cieyoliye Yucia B BUJIe OOBIYHBIX U B BHJIE JIECH-
TUYHBIX JIpobeii:

a) 0,(12) +0,(122); 6) 0,(3)-0,(4); ) 0,(9) —0,(85).

5.6. [lokakure, 9TO YUCIO PAIMOHAJIBHO TOTJA U TOJIBKO TOT/A, KOTJIa
OHO TIPEJICTABJIAECTCA KOHETHON WM TEPUOINIECKON TeCATUIHON JTPOOBIO.

1 .
5.7. Jljis KaKuX HATYPAJbHBIX TL YUCJIO — IPEIACTABJISETCS KOHEYHON
n
[ECATUYIHON IpoOhIo?

5.8. IlycTh unciio o 3a/1aeTcst JECATUIHON TPOOBIO
a) o =0,101001000100001000001 ... .;
6) o = 0,123456789101112131415.. ..

Byner s 970 uncsio panuoHa IbHBIM?

5.9. Jlokaxxure, 94TO B J1I0O0H OECKOHETHON JECATUIHON IPOOU MOXKHO
TaK IePeCTaBUTh IU@PHI, UTO MOJYUIEHHasi JpOOb CTAHET PAllMOHAJIBHBIM
YIUCJIOM.

5.10. Kons Bacun 3ajgyman HamucaThb TpOTrpaMMmy, KOTOpas Jiajia, Obl
BO3MOXKHOCTb KOMIIBIOTEPY II€9aTaTh OJHY 3a JAPYroil 1mudpbl JIeCaTUIHOM
sammcn ancia v/2. JIoKkaxKuTe, 9T0 Kaze ecii Obl MAIIHHA HE JJOMAJIACH, TO
Konuna 3arest Bce paBHO OBbI He yIaiach, 1 PAHO WIN MO3THO KOMIIBIOTED

HamevaTag  Obl HeBEPHYIO IudpYy.
1

n+1

. 1
5.11. Haiinure BCce Takuwe HATypaJbHbIE M, JJsd KOTOPBIX — U
n

npeacTaB/IdeTCd KOHEIYHBIMUA JIECATUIHBIMA ,HpO6H1\II/I.

5.12. Jloxaxmure, uto cpean ancen [2%v2] (k = 0, 1, ...) Geckomedro
MHOI'O COCTABHBIX.

5.13. JlokakuTe HppaAIMOHAIBHOCTD CJIEIYIONINX TUCET:

a) V17; r) V3 —-v2; x)sinl°;

6) V2 +V/3; 1) cos 10°; 3) log, 3.

B) V2+ V34 V5 e tg10%

5.14. Metoa coycka. Jlokaxkure, 9T0 ypaBHEHUA

a) 8x* +4y* + 2z =t*;  B) x> +y? + 2% +u? = 2xyzy;

6) x* +y*+2z*>=2xyz; 71)3"=x*+y°
HE MMEIOT PEIICHU B HATYPAJILHBIX TACIAX.

5.15. Jlokaxkute, uro ypapnenue x> + x*y + y> = 0 He umeeT paruo-
HaJabHBIX pemennit kpome (0; 0).

5.16. Moxert Jjin
a) CyMMa JIByX PAIMOHAJIBHBIX YUCE] ObITh UPPAIMOHATIHHON?
6) cymMMa IBYX UPPAIMOHAJLHBIX YUCE ObITH PAIMOHAILHON?
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B) UPPAIMOHAJBLHOE YUCJIO B MPPAIMOHAILHON CTEleHd ObITh Paluo-
HaJIbHBIM?

5.17. Ous u3 KopHeii ypasHenus x> 4 ax+b = 0 pasen 1++/3. Haiinure
a u b, eciiu U3BECTHO, YTO OHU PAIUOHABHBI.

.18. Th — pazJIMYHbIe IIPOCThIe Yncia. JJokaxkuTe, 4TO IUC
5.18. [Iyctp a, b, ¢ a3 e mpocThle aucaa. Joka €, 9TO IUCJIa
Va, Vb, \/C HEe MOryT GBLITh YICHAMH OJHOH apudMeTHIecKoil IPOrPecchi.

5.19. YupocTure BbIpaKeHUE:

2\/3+\/5\/13+M4T8.

5.20. okaxkuTe paBEHCTBO

3 1847 3 1847

5.21. Haiinure nepsbie 17 3HAKOB B JE€CATUYHON 3aIIUCU Y YUCEJT:

1 1 T
W i varvs T Ve vios:

V2432 VI=V32
V24243 V2-V2—V3

B) \/[40v/2 — 57| — \/40v/2 + 57.

5.22. Beruuciaure:

a) V20 + /392 + v/20 — /392;

6) V5v2+7—V5v2—7;

B) VX+6VXx—94+Vx—6v/x—9 (9<x<18).

5.23. 3agaua Bxackapbl. YpocTuTe BhIparKeHUe

\/10+x/2>4+x/4>0+\/@.

5.24. @opmyJia CJIOKHOTO paaukaja. JlokaxkuTe paBeHCTBO:

m:\/wﬁi\/a@'

(Cm. rakxke 7.15.)

5.25. Jlokaxure, 9ro uncio v2 + V3 + V5 4+ V7 + V11 + 13+ 17

UppPaIioOHaJIbHO.

5.26. IIpn xakux HaTypajJbHBIX 4 ¥ b 4ucio log, b Oyner panuonasnb-
HBIM?
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5.27. JlokaxkuTe, ITO Sin X U COS X PAIMOHAJILHBI TOT/Ia, U TOJIBKO TOT/IA,
Korjia 9ucyo tg(x/2) panuoHasbHo.

5.28. /lana KBajpaTHasl CeTKa Ha IJIOCKOCTU U TPEYTOJIbHUK C BEPIITUHA-
MU B y37aax ceTku. JlokaxKkuTe, 9TO TAHTEHC JIFOOOrO yIiia B TPEYTOJbHUKE —
YHCJIO PAIOHAJIBHOE.

5.29. MoxHO 11 HAPUCOBATH MPABUJIBHBIN TPEYTOJbHUK C BEPITUHAMEI
B y3J1axX KBaJPaTHON ceTKu?!

5.30. [an Jsmmcr kJerdaroii Oymaru. Jlokaxkure, uro mpu N # 4 He
CYIIECTBYET MPABUJIBHOTO T-YTOJBHAKA C BEPIIMHAMU B Y3JIaX PEIIeTKU.

5.31. Jlokaskure, 9TO Ha OKPY’KHOCTH C HEHTpOM B Touke (v2; v/3)
JIEXKUT He 6oJiee OJTHON TOUKH IeJIOUNCIEHHON PeleTKu.

5.32. N36aBbrech OT UPPAIMOHAIBLHOCTH B 3HAMEHATE/IE:

o S R S T
2 e v R TP
1

0

] .
Va+vb+ e A
1

Va+ vab ++vb’
1

B ;€ )
)17%+\/3a2 )Q/Z+<‘/71+<‘/§+2
5.33. IIpu Kakux HaTypaabHbix N uancao (vV2 + 1) — (vV2 — 1)™ 6yzer
eabIM?

5.34. JlokaxkuTe CJeIyIONIEe PABCHCTBA:

a) \/2+\/2+...+\/2+\/€: N2+ V34 P2 V3

10 pagukaJoB

6) \/2+\/2+...+\/2+\ﬁ:2coszn7i].

N paguKaJioB

5.35. ppanmnoHaJIbHOCTb YucJa e. Uucjio e ompejiessieTcs paBeH-
crBoMm e = lim (14 1/n)™. Hokaxkure, 410
n— oo
a)e= lim (24+1/21+1/314+...+1/nl);
n— oo
6)e=24+1/214+1/31+ ... +1/nl4+ 1., 106 0 < T, < 1/(nIN);

B) € — MpPAaIMOHAJILHOE YHCIIO.
(Cwm. rakxke 11.73, 7.51).

5.36". Yucao e m kombuHaTopuka. Jano N Touek, HUKakue Tpu
W3 KOTOPBIX HE JIeXKaT Ha OJHON TIpsMoil. Kaxiple aBe M3 3THUX TOYEK
COEJIMHEHBI OTPE3KOM, U KAaXKIbII OTPE30K OKpAIeH B OIWH M3 K I[BETOB.
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Jokaxkure, aro eciim N > [kl e], To cpeiu JaHHBIX TOYEK MOXKHO BbIOpaTh
TaKWe TPH, ITO BCE CTOPOHBI 0OPA30BAHHOIO MU TPEYTOJbHUKA OY/IyT OKpa-
menbl B oxud 1ger. (Cm. Takxke 2.33.)

5.37". OnpeesuM 10CJIEI0BATEIBLHOCTH duces! {x, | u {d,} ycioBuamu
X1 :]) Xn+1 :[ zxn(xn—l_])]a dn:XZn+1 _ZXanl (‘n-;])

JIoKazKuTe, 9TO YUCiI0 \/2 B IBOMYHOM CHCTEME CUHUC/ICHNS IPEICTABIISETCSI
B Buge V2 = (dq,dods ... ). (dBonvnyio 3anuch 4ucia V2 MOXKHO HaliTi
B IpuJioKeHuu B.)

2. lecaTu4dHble Japobdu

Paznoxxenne parnuonaabHBIX YACE B IECATUIHBIE IPOOH HEITOCPEICTBEH-
HO CBS3aHO CO CIEIUAJBHBIMU YHMC/IAMU, HA3BIBAEMBIMU PEIbIOHUTAMH.

Onpenenenne. Penvionumom HOPsSIKa T HALIBAETCH YHUCJIO, COCTOSI-
mee n3 N equann £, = 11...1.

n
PenbronnTer CYIIECTBYIOT HE TOJIBKO B ,ZLQCHTI/I‘{HOIU/I cucremMe CHYUCJICHUI.

Ho B apyrux cucremax cuucjeHusi OHU y2Ke He OYIyT CBSI3aHBI C JIECSITUY-
HBIMU JIPOOSIMU.

5.38. JlokaxkuTe, ITO PABEHCTBO
o=
—— =0 Q;...0,
PaBHOCHJIBHO TOMY, UTO JIECATUYHOE IIpeJcTaB/IeHne Apoou 1/m umeer BUL,
1/ m=0,(a;a,...a.).
5.39. JTokazxkure, aro ecau (m, 10) = 1, To cymecrByer penbioHuT E.,,
Jlesuiics Ha m. Byjer s ux 6€CKOHEYHO MHOTrO?

5.40. Kak cBs3ambl MexK Ty co00il JIeCATHYIHDBIE TPEICTABJICHAST IUCET
{p/q} u {10%p/q}?

5.41. JTokaxkure, aro ecau (m, 10) = 1, To y JeCATUIHOTO IIPEJICTABIIE-
Husl ipobu 1/M HeT mpeanepuosa.

Omnpenenenune. Ecnn y gecatuvnoit 1pobu OTCyTCTBYET IPEIIEPHUO/T,
TO TakKas JpoOb HA3BIBAETCS YUCMO NEPUOOUMECKOU.

5.42. Haiiure BO3MOXKHBIE 3HAYEHNST 3HAMEHATE I OOBITHOM Tpodu BU-
ga 1/m, koropasi peJCTaB/IsSIeTCs] YUCTO MEPUOTUIECKON TeCITUIHON JPO-
OBbIO C ABYMS IUPPAME B TIEPUO/IE.

5.43. IIyctp (m, 10) =1, m < n, (m, n) = 1, u t — HauMeHbIIEE YUCIIO
Takoe, yro 10* — 1 : n. /lokaxkure, 94T0 t KpaTHO JJIMHE TEPUOIA APOOU
m/n. Byger nu 310 ajmua nepuoja?
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5.44. Jlokazkure, aro ecau (m, 10) = 1, To wactnoe 9E,, /m, 3anucamnnoe
KakK M-3HAYHOE YUCJIO (BO3MOXKHO C HyJISIMH B HAYaJle) COCTOUT U3 HECKOJIb-
KHX IIePHOIOB JeCATHIHOrO IpeacTasienus apobu 1/m. Kpome toro, eciu
erie BBIOJTHEHBI yesious (M, 3) = 1 u B, — nepBbIil penbioHuT, Jesiuiics
Ha M, 1o uncjio 9E,, /m Oyaer coBHagaTh C IEPUOIOM.

5.45. Jlokaxkure, uro ecau (m, 30) = 1, To uucio, cocrosiiee u3 mudp
epuosa apobu 1/m genurcs na 9.

5.46". DddexT aessaToK. Ilepmomom mpobu 1/7 aensgercs wmcao N =
= 142857. Ono obiafaeT CIAEYIONUM CBONCTBOM: CyMMAa JIBYX IOJIOBUH
[IEPUOJIA — YHUCJIO U3 OnHUX AeBATOK (1424 857 = 999). Hokaxkure B 001eM
cJiydae, 9To JIIs IIPOCTOro ¢ > 5 1 HAaTypaJbHOro p < ( 1epuo apobu p/q
ecthb 2n-3aagnoe uncao N = N; N, Takoe, uro N; + N, =99...9.

n

5.47". 3aragounoe umciio. Yucio N = 142857 obiasaer u psiioMm
apyrux csoiicrs. Hanpumep: 2 - 142857 = 285714, 3 - 142857 = 428571 ...,
TO €CTh Ipu yMHOXKeHun Ha 1, 2, 3, ..., 6 nudpsl IUKINIECKH IIEPECTaBIIs-
torcst; 14428 +57 = 99; N2 = 20408122449, 20408 + 122449 = 142857 = N.

AHajioruyHble oneparun MOXKHO IIPOIEJ/IbIBATh U C JIPYTUMU IIEPUOIAMU
apobeit. Uro mosygaercs jyist aucesn 1/17, 1/197 O6bsicuure 311 haKThI.

5.48. O6o3naunm gepe3 L(m) mmny nepuojga jgpodu 1/m. lokazkure,
uro ecm (M, 10) = 1, To L(m) aBaserca meaurenem ducia @ (m).

5.49. Ilycts (m, n) = 1. JJokaxkure, 9TO CyMMa JIJIAH IIEPUOIA U TIPE/I-
[epUoa JECATUIHOrO MPEJCTaBICHUs JIpodu /N He mpeBocxoauT ¢ (m).

5.50. Joxaxwure, uro ecau (my, 10) =1 u (m,, 10) = 1, To cnpases-
JmBO paBeHCTBO L(mym,) = [L(m,), L(m,)]. Yemy paBrHa mjmua mepmona
,D;pO6I/I 1/TT1.1 + 1/m27

5.51. HaiiquTe Bce mecTU3HAUHbIE YHC/Ia, KOTOPbIE YMEHBIIAIOTCS BTPOe
IIpY TIepEeHEeCeHnN MOCTIeHeil mudphl Ha MepBoe MECTO.

5.52. Haitnure Bce miecTM3HAYHBIE YHC/IA, KOTOPBIE YBEJIUIUBAIOTCS B
[IeJIOE YUCJI0 Pa3 IPH [IEPEHECEHNH TOC/IeIHeN TUdPBI B HAYAIIO.

5.53. Jlokakute, 9TO HE CYIIECTBYET IEJIBIX TUCEJ, KOTOPBIE OT Tepe-
CTaHOBKM HAJYaJIbHOM IU(PHI B KOHEI[ YBEeJIMYNBAJINCH Obl B 5, 6 uiau 8 pas.

5.54. IIycts 4meno m umeer Bug m = 2°5°m,, rme (10, m;) = 1.
IMonoxxum k = max(a, b). Joxkaxkure, 9yro nepuos apodbu 1/m HaurmHaeTCs
¢ (k4 1)-if mo3uIum MocJe 3amsaTol, 1 UMEET TAKYIO XKe JIJINHY, KaK U IEPUO/T
apobu 1/m;.

5.55". Haitnure mocyeane Tpu mudphl Hepuoaos apobeit 1/107, 1/131,
1/151. (910 MOXKHO CleJIATh, HE CUnTasd IPeAbLLyImX udp.)
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3. ,Z[BOI/I‘IHaﬂ n TpOoM4YHas CUCTEMBbI CUMUCJIEHUA

5.56. merorcst Bechl ¢ JIByMsl dalllaMid U 110 OJHON rupe B 1 rpamm,
3 rpamma, 9 rpamm, 27 rpamm u 81 rpamm. Kak ypaBHOBecuTb I'py3 B
61 rpamM, TIOJIOKEHHBI Ha Yallry BeCOB?

5.57. Jlan MeNIoOK caxapHOTO IeCKa, JallledHble BeChl U TUPbKa B 1 T.
Moxkuo Jjin 3a 10 B3BemuBanuit orMepuTh 1 Kr caxapa?

5.58. Jlerena cras ryceit. Ha kaxkmom o3epe cajimiiach IOJIOBUHA Tyceil
u eme noJ-rycs. OcrajabHble JileTeTn Jajbliine. Bece rycu cesm Ha T 03epax.
CKoJIBKO Bcero ryceii 6b110 B crae?

5.59. Nwmerorcst 4 rupu u jaByxuaimedsbie Becbl 0e3 crpenku. CKOJIBKO
BCET0 PA3/IMYIHBIX 0 BECY TPY30B MOXKHO TOYHO B3BECHUTH STHUMU THPIMU
ecu

a) TUPU MOXKHO KJIACTH TOJIBKO HA OJIHY YAIIKY BECOB;

6) rupM MOXKHO KJIACTH Ha 00€ JAIlKU BeCOB?

5.60. Bbr umeere npaso caesrarh 4 rupu jroboro Beca. Kakue 3To q0mK-
HBI OBITH TUPHU, YTOOBI Ha BeCaxX U3 MPEIbIYINEH 3a/1a91 MOKHO ObLIO B3Be-
cuTh rpy3sl or 1 g0 40 kr?

5.61. a) Umerorca nge BepeBku. Eciu jio6yio 13 HUX MOZKEYb C OJJHOTO
KOHIIA, TO OHA CTOPHUT 3a 4Yac. BepeBKM ropsiT HepaBHOMepHO. Hampumep,
HeJIb3s FapaHTUPOBATh, UTO MOJOBHHA BepeBKH cropaeT 3a 30 munyT. Kaxk,
nMesl JIBe TaKHe BEPEeBKHU, OTMEPUTH MPOMEXKYTOK BpeMeHH B 15 muHyT?

6) CKOJIbKO IPOMEXKYTKOB BPEMeHHU (CuuTas HyJIeBON) MOKHO OTMEPHUTD,
UMes] TPU TAKHE BEPEBKH !

5.62. a) YV oxHOro 4esioBeka GbLI HO/IBAJ, OCBEIABIINIICS TPEMsl 3JIeK-
TPUYECKAMU JIAMIIOYKAMU. BBIKIIIOYATEIN STUX JAMIIOYEK HAXOIMINCH BHE
MoABaJIa, TaK YTO BKJIIOYUB JIIOOOM U3 BHIKIIOYATEEH, XO3IUH JOJIXKEH ObLI
CILyCTUTBHCS B MOJIBAJ, YTOOBI YBUJIETh, KAKas MMEHHO JIAMIIOUKA 3a3KIJIaCh.
OHaK a6l OH IPHUAYMAaJl CIIOC00, KaK OIPENE/NTh s KarXKI0ro BBIKJIIOYa-
TeJIs, KAKYI0 MMEHHO JIAMIIOYKY OH BKJIIOYAET, CXOJIUB B II0JBaJI POBHO OJIMH
pas. Kakoii 310 crioco6?

6) CKOJIbKO JIAMIIOYEK ¥ BBIKJIIOYATENICH MOXKHO HICHTUMDUIUPOBATD
JPYT C JIPYTOM, €CJIM Pa3peniaercsi 2 pa3a CILyCTUTHCS B MTOIBAJI!

5.63. C uncsioMm pas3pernaercs MPOU3BOIUTH JIBE OIEPAINN: «yBEIUINTH
B JIBa pa3ay U «yBeJUIUTHb Ha 1». 3a Kakoe HAUMEHbIee YHCJIO OTepAIii
MO2KHO 13 yucjia O moJIyIuTh

a) aucsio 100;  6) uucso n? (Cum. takxke 6.77.)

5.64. BunapHBIiT MeTOZ BO3BeJ/IeHUsI B CTeNeHb. lIpeamoioxkum,
9TO HEOOXOIMMO BO3BECTH YHCJIO X B cremeHb M. FKcmm, manpumep, n = 16,
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TO 3TO MOYKHO CJIeJIaTh BLINOJIHUE 15 yMHOMKeHuUit X'® = x-X-... X, a MOXKHO
OOOMTHUCH JIUITH YEThIPbMSI:

X1 =X-X=X2, Xa=%X1-X =X", Xz3=%X2:X2=%x5, X4 =%3-X3 =x'°.

IIycTs
n=2° 4224 .42 (e;>e;>...>e =0).

IIpunymaiiTe aqropuTM, KOTOPBIH TTO3BOJISN ObI BBIYUC/IATH X ITPU TTOMOIITH
b(n)=e; +v(n)—1
YMHOXKeHUH, rie V(n) = T— 9UCJIO eJUHUI] B JBOUYHOM IIPEICTABICHUN

qucsa 1. (Cu. rakke 11.88.)

5.65. Ilycrs 1(n) — HauMeHbIIee YUCIO YMHOXKEHUH, HEOOXOIUMOe JIJTst
naxoxjgenns x". Ha mpumepe umcen n = 15 u n = 63 mokaxure, 910
OMHAPHBIN METO/] BO3BE/IEHUS B CTEIIEHb He BCET/Ia ONTUMAJIEH, TO €CTh JIJIs
HEKOTOPBIX T BBIIOJIHSIETCA HepaseHcTso () < b(n).

5.66. Kosa Bacun 3aymast aucio or 1 10 31 BKIIOYUTEIBHO U BHIOpAJ
u3 5 JTAHHBIX KAPTOUEK

113|517 2 13|67 4 15|67
2 |11 ]13]15 101114 |15 12113 |14 |15
17119121 | 23 181192223 20 | 212223
25|27 |29 | 31 26 | 27 | 30 | 31 28 | 29 | 30 | 31

8| 2 |10]|M 16 |17 | 18| 19

12113 | 14|15 20 | 2112223

24 | 25 | 26 | 27 24 | 25| 26 | 27

28 | 29 | 30 | 31 28 | 29 | 30 | 31

Te, HA KOTOPBIX 9TO YHUCJO NpucyTcTByeT. Kak, 3Has 5TH KapTOYKH, yra-
IaTh 3aLyMaHHoe unucao? KakuMu JOJKHBI OBITH KAPTOUYKH, YTOOBI 110 HIM
MOXKHO OBILJIO yraJplBaTh 4mcJa oT 1 10 637

5.67. Kaprounsriii dokyc. a) Bepercsa kosoza u3 27 xapr (6e3 ogHoii
macTn). Bamn gpyr 3araasiaer ofHy u3 KaptT. Ilocse 9ero Bbl pacKiajipBa-
eTe BCe KapThl B TPU PaBHbIE KYUYKH, KJIa/ld KaXKJIblil pa3 110 oHol kapre (B
MepBYIO KyUYKY, 3aTEM BO BTOPYIO, 3aT€M B TPETHIO, IIOTOM CHOBA B TEPBYIO
u T.1.). Bam apyr ykaseiBaer Ha Ty Ky4Ky, B KOTOPOIl JIE2KUT €ro Kapra.
Jlasee BBI CKJIa/IbIBAETE BCE TPU KYIKH BMECTE, BCTABJIsISI IIPU 9TOM YKa3aH-
HYIO KYYKY MEXKJY JIBYMs JIPYTHMMH. DTa MPOIELypa MOBTOPSIETCs ellle IBa
pa3a. Ha kakoM MecTe B KOJIOJIe OKaXKeTCsl 3arajaHHasi KapTa, [1ocje TOoro,
KaK BbI CJIOXKUTE BMECTe TPU KYUKH B TpeTuii pas?
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6) Ha kakoM MecTe OKasKeTCs 3arajlaHHasi KapTa, €Cili ¢ CaMOro Hadaua
Ge110 3N (M < 9) Kapr?

5.68. Kons Bacun 3aaymast ancio: 1, 2 unu 3. Bel 3a/1aeTe eMy TOJIBKO
OJTMH BOIIPOC, HA KOTOPBI OH MOYKET OTBETHUTD «J1a», <HET» WU <HE 3HAIO>.
CMozKeTe I BBI yraJaTh 9UCIO0, 3a/aB BCETO JIUIIb OTUH BOIPOC!

5.69. Koust Bacun 3aaymait gucio or 1 10 200. Sa Kakoe HauMeHbIIee
YHCJIO BOIIPOCOB BhI CMOXKETE €0 OTraIaTh, €CJIM OH OTBEYaeT HA KarKIbIi
BOIIPOC

a) «J1a» WIN <HET»;

6) «la», <HET» WU <HE 3HAI0» !

5.70". Kak n panbine 3araisiBaercs qucsiao or 1 mo 200, a 3aragaBimmit
OTBeYaeT Ha BOIPOCHI «Ja» UJIM «HET». [Ipu 3TOM POBHO OJuH pa3 (3a Bce
OTBETBI) OH UMEET IPaBo coBpaTh. CKOJIBKO Ternepb MOHAI00UTCs BOIPOCOB,
9TOOBI OTTAAATh 3ayMAHHOE YUCIIO?

5.71. JokaxkuTe, ITO KaxKJI0€ TEJ0€ INC/I0 A TPEICTAaBUMO B BHUJE
A=a,+2a; +2%a, +...+2"a,,

rae kaxkpoe u3 ancea a, = 0, 1 mim —1 u ayay,; =0 guaseex 0 < k < n—1,
[IpUYEM TAaKOe IPEeICTaBJIeHNEe €IUHCTBEHHO.

5.72. MuoxectBo Kanropa. Orpesok uwmciosoit ocu or 0 mo 1
[IOKPAIlleH B 3eJIeHbI IBeT. 3aTeM ero cpeindas Jactb — unrepsan (1/3; 2/3)
[EePEKPAINBAECTCS B KPACHBINH IIBET, IIOTOM CPEIHSS YaCTh KaXKJOro W3
OCTABIKUXCS 3€JIEHBIMU OTPE3KOB TOXKE TIEPEKPAIIINBACTCS B KPACHBII 1IBET, C
OCTABIIIMMUCS 3€JIEHBIMUA OTPE3KAMU [TPOJIEIBIBACTCS TA YK€ OIEPAIUsl U TaK
10 GeckonednocTr. TOYKHU, OCTABITHECS 3€JIEHBIMHU, 0Opa3yIOT MHOXKECTBO
KanTopa.

a) Haligure cymMMy JIJIMH KPACHBIX UHTEPBAJIOB.

6) Jdokaxure, aro yucyio 1/4 ocraHercs OKpAIEHHBIM B 3€JI€HbBII IBET.

B) U3 cymmbl

2 2 2 2
§+§+277+a+-..

IPOM3BOJILHBIM 0OPA30M BBIYEPKHYTHI cjaraeMble. JIOKasKUTe, 4TO CyMMa,
OCTABIINXCS CJIATAEMBIX — 3€JIEHOE THCJIO.

r) Hokaxkure, uro Beakoe uucio x € [0, 2] mpeiacraBumo B Buje
x = o+ 3, tme o« u 3 — s;memenTs MHOXKecTBa KanrTopa.

5.73. IlocaenoBaTeabHocTh Mopca. Beckonednas mocseoBaTeb-
HOCTb U3 HyJIell U €JIMHUIL

01101001100101101001 ...
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[OCTPOEHa O cieyonemy mnpapmiry. CHadaja HAIMCAH HYJb. 3aTeM Jie-
JlaeTcs GECKOHEYHOE KOJIMYECTBO IMaroB. Ha KaskIoM mare K y»Ke Hallu-
CAHHOMY KYCKY TIOCJIEIOBATEIbHOCTY IPUIMCHIBACTCS HOBBIN KYCOK TOU K€
JUIAHBI, TTOJIyYaeMblii U3 HErO0 3aMEHOU BCeX HyJel eIMHUIIAMU, & €IUHAIL —
HYJISIMH.

a) Kakas mudpa crour nHa 2001 mecre?

6) Byuer am sra mocsienoBaTeNBbHOCTh, HAYNHASI ¢ HEKOTOPOIO MeCTa,
[IePUOINIECKOI 7

B) Jokaxkure, 9T0 JaHHAs IIOC/IEI0BATEIILHOCTD IIEPEXOIAUT B cebsl 1Ipu
3aMeHe KaxKJioro Hyss Ha komOuHarmio 01, a KaKJi0il eMHUIIE — HA KOM-
ounanuio 10.

r) JokaxkuTe, 9TO HU OJJHO KOHEIHO CJIOBO M3 HYJIeHl U eJIMHUI] HE BCTPE-
4Jaercs B HocjepoBarebnocTn Mopca Tpu pasa moapsi.

1) Kak, 3Has npejcrabienue 9ucjia N B JBOUYIHON CHCTEME CYUCIICHUS,
HajiTn N-if sjieMeHT JanHOi mocsenoBareabrocTr? (CM. Takyke 11.88.)

5.74. XaHoiickasa OGalllHs 1 ABOWYHAsS CHUCTEMAa CUYHCJeHus. Pac-
CMOTPUM JIBa Tpoliecca, KaxKIblif U3 KOTOpBIX cocronT u3 28 — 1 maros.
TlepBbIit — 9TO TpOIECC PEIeHrs! TOJOBOJIOMKH «XaHOoMcKast GarmHs» (CM.
1.42) npu oMoy ONTUMAIBHOTO aJIrOpUTMa. BTOpOoii — 9T0 mporiece mpu-
OaBIeHNs €IUHUIBI, KOTOPBI HaumHaeTcss ¢ 0 M 3aKaHIMBACTCA UHCJIOM
28 — 1. OnummTe cBA3b MEXKIy 3TUME JIBYMS IIPOIECCAMIM.

5.75. 3amaua Nocuda PaaBusa. n Te710BEK BLHICTPANBAIOTCS IO KPY-
Iy U HyMepyIOTCs aucjaMu oT 1 710 . 3aTeM U3 HUX UCKJII0YAeTCs KK IbIi
BTOPOIi JI0 TeX IOp, MOKa HE OCTAHETCs TOJHKO OJMH dejioBeK. Hampumep,
ecim 1 = 10, To mopsiioK ucKrodenns takos: 2, 4, 6, 8, 10, 3, 7, 1, 9, tak
qaro ocraercsa HoMep 5. it ganHOoro n 6ymem obo3nadaTs yepes J (1) nHomep
[TOCJIETHETO OCTABIIErocst desioBeka. Jlokaxkure, 9To

a) J(2n) = 2J(n) - 1;

6) J2n+1)=2](n) + T,

B) eciu m = (1b,_1bm_5...b1bo)a, o J(N) = (b _1bm_2...b1be1)5.

5.76. Hum-cymma. BynaeM roBopuTh, YTO YUCIO N SIBIAETCT HUM-CYM-
Mol quces mu K (M@K =), eciu OHO MOTyYAETCs U3 Yrces M 1 k moce
CJIEIYIONINX TTPEe0OPa30BAHMUIA.

1) m u k 3anuchiBaioTcs B JBOMYHOI CHCTEMe CUUCJICHUST

m:(ms...m1mo)2, k:(ks...quo)z

(MeHBIIIee IMCIIO JIOTIOJTHSETCS CIIEPEIN HYJISIMHE).
2) Tosyuennble HAGOPHI UMP KaK BEKTOPbHI CKJIAIbIBAIOTCS TOKOMIIO-
HEHTHO 110 MOJYJIO 2:

(Mg, ..., My, mo) + (ks .., Ky, ko) = (g, ..., My, o) (mod 2).
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3) Habop uudp (ng, ..., Ny, Ny) HEpEeBOAUTCS B YUCIO T
(Me...MMng)r =mn.
Hanpumep, 4 @ 9 = 3, Tak kak
4=(100)2, 9=(111),, (1,0,0)+(1,1,1)=(0,1,1) (mod 2), (011),=3.

JlokaxkuTe, 9T0 HUM-CYMMa YIOBJIETBOPSET CJIEIYIOMINM CBONCTBaM:
a)mem=0;6) mdk=kdm;B) (mOt)dk=ma (tdk);
r) eciu n # 0 u

mem,d...em =mn, (5.1)

To Hafizercs takoit Homep j (1 < j < 1), mast Koroporo m; G n < m;.

5.77. Urpa «Hum». Umeercsa HecKOJIBKO Kydek Kamueil. /IBoe 1o
odepes O6epyT M3 HUX KaMHHU. 3a OJIMH XOJ Pa3pelraercs B3sTb JI00oe
(HeHyJ1eBOE) KOJIMUECTBO KAMHEl, HO TOJIKO U3 OJHON Ky4Ku. Beurpoeisaer
TOT, KTO B3sLJI IOCJIEIHAN KAMEHbD.

s amanmsa urpbl KaXkKJIoMy HAOOpPY KydeK KaMHel Mg, My, ..., My
[IOCTABUM B COOTBETCTBHE ero HuM cymmy (5.1).

a) JlokaxkuTe, YTO €CJU WMIPOK JEJIAET XOJ U3 I[O3ULIUHU C HyJIEBOI
HUM-CYMMOIi, TO B pe3yJibTaTe IOJIyYaeTcsl IMO3UINs C HUM-CyMMoit 1L # 0.

6) Jdokaxkure, 4TO U3 MO3ULUY C HEHYJIEBON HUM-CYMMOil BCETia MOXKHO
cZIeIaTh X0/ B TO3UIUIO ¢ HUM-CyMMoit 1. = 0.

B) Onuimre BHIUIPBINIHYIO cTpaTeruio B urpy «Humwms.

r) Kakoii ciesyer czenarb xoj1, ecian 1epej BaMu TpU Kydku: 3, 4 u 5
KaMHeii?

5.78. Mapcuanckue ameosnt 11. [Ipu momoru HUM-CyMM MOXKHO HC-
CJIeZI0BaTh caMble pa3HbIe UI'PBI U Iporecchl. Hampumep, MOXKHO MOy IUTh
erie ofHO perenne 3a1a4u 4.20.

ITocrpoiiTe Ha MuozkecTse Mapcuanckux ameb {A, B, C} dynknuio f, nia
KOTOPOH BBITIOJIHSIUCH ObI PaBEHCTBA,

f(A) @ f(B) =f(C), f(A)a@f(C)=1~(B), f(B)af(C)=1=(A).

Kakue pacCyKJAeHUd OCTaeTCsl IIPOBECTH, 9ITOOBI peninTb 3a/1a49y IIpo ameb?

5.79. Urpa «Mora» II. IIpoananuzupyiiTe Ipu TOMOIIKA HUM-CYyMM
urpy «Moras u3 sazaun 4.21.

5.80. Urpa «IIlokomanka». VMeeTcs IOKOJIaIKa, COCTOSINAsT U3
6 X 8 =48 monexk. OxHa U3 MOIEK OTMEYEHA:
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JlBoe UIpOKOB 10 OYepe/id Pa3IaMbIBAIOT ee 0 KaKO-HUuOY/Ib MPSIMOii,
JEJIANEN MOKOIAAKy Ha JTOJBKU, W ChEIAI0T Ty IOJOBHUHY, KOTOpas HE
COJZIEPKUT OTMEUYEHHON JT0/1bKU. [IpourpeiBaeT ToT, KTO HE MOYKET CJIeJIaTh
XOJla, TO €CTh €My OCTAeTCs JIUINb OJTHA OTMEYEHHAs JOJbKA.

a) Onummre BBIMIPBHIIHYIO CTPATErHio B 3Toi urpe. KTo m3 Urpokos
BBINT'PAET, €CJIM OTMEYEHHAs! JIOJbKa PACIOJAraeTCs TaK, KaK HOKA3aHO Ha
pucyuke?

6) IIpu Kakux pasmepax IIOKOJIAJKA HAYMHAIONUNA UIPOK BBIMI'PLIBACT
IpH JIIOOOM PACIIONIOXKEHUN OTMEYEHHON JIOTBKH !

B) IIpu Kakux pasMepax MIOKOJIAJIKM HAYMHAIOIIMI UI'POK [IPOUIPLIBAET
[pu JIFOOOM PACIIOJIOXKEHUU OTMEYEHHOMN JI0JIbKU !

5.81. meeTcs neckombKo Kytek Kamueit. JIBoe o ouepeu 6epyT n3 HIX
KaMHH. 3a OJIMH XOJI Paspelnaercst B3sTh U3 OfHO Ky4ku or 1 70 5 kaMHeil.
Ompe/iesire BBIMIPBINIHYIO CTPATETUIO B 9TOH HUIPE, €CJIHM TOT, KTO B3sLI
HoCJIeJHI KaMeHb a) BeiurpbiBaer; 6) npourpsiBaer. (CM. takke 4.59.)

5.82". ITemeuynoe mpoTuBocTosiHNe. Ha 1ocke 3 X N paccTaBiIeHbI U
9epHBIX U M OeJIbIX IEIeK TaK, KaK [MOKA3aHO HA PUCYHKE:

O0000000OO

Ilemku xonAT M OBIOT IO MIAXMATHBIM ITPABUJIaAM, K KOTOPBIM J00aBJIsI-
eTcst OiHO: O6UTh 00st3aTebHO. TOT, KTO HE MOXKET CJEeJIaTh XOJ: &) BbIUI-
peiBaer; 6) npourpeiBaer. Kakoii u3 UrpOKOB BBIMI'DBIBAET B 9TON MIDE B
3aBUCHMOCTH OT 3Ha4eHus N7

5.83. 4 moHeTsI. 13 yerhipex MoHeT ojHa QaabinuBag (OHa OTIMIACTCS
[0 BeCy OT HACTOsINeli, HO He M3BECTHO, B KAKyIO CTOPOHY). Tpebyercs 3a
[IB& B3BEIINBAHUS HA JABYyXJAIIEYHBIX Becax 0€3 Impb HANTH (DAJIBIIHBYIO
MOHETY.

5.84". 12 moHetT. I3 jBeHa/IiaTH MOHET OJMHHANATH HACTOSIINX, 4
oA daspImBast (OHA OTIMIAETCsI TI0 BECY OT HACTOSIIIEH, HO He M3BECTHO, B
Kakyi cTopony). Tpefyercst 3a Tpu B3BeIMBaHWsI HA JBYXJAIIEIHBIX BECAX
6e3 TUpb HAWTHU (AJBIIUBYIO MOHETY U BBISCHUTD, JIErUe OHA WJIA TsXKeJee
HACTOMAIIEH.
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5.85". 13 monet. IIpeamosoKuM Tereps, 4To MMeeTcs 13 MoHer, U3
KOTOPBIX ofHa — (asbimbas. Kak 3a Tpyu B3BEIUBAHUS HA JIBYXYAIIEUHBIX
Becax 6€3 rupb HaliTH (HaJbIIUBYI0 MOHETY, €CJIi He TPeOyeTCsl BBbISCHATD,
Jlerde OHa WJIM TsIXKeJiee HaCTOsIet?



I'JIABA 6
Muoro4/ieHbI

1. KBaagpaTublii Tpex4jieH

Teopema Bwuera ajis KBazpaTHoOro ypaBHeHud. Ilycts Xx;, X, —
KopHH ypasHenus: x> + px + q = 0. Torma clipaBe MBI pABEHCTBA,

X1 +X2 =—p, X1X2=4(.

6.1. Ilycro X, X, — KopHHE ypasHenus x* +px + q = 0. Berpasure gepes
P ¥ g CIIEIYIONUe BeJTUINHBI

1 1 1 1

1 1
; 6) 5+ —; B)XX+x3; T + :
X2 )x% x2 ) xi4x >(X1+p)2 (x2 +p)?

6.2. JIna muorounenos f(x) = x2 +ax+bu gly) = y>+py+4qc
KOPHSMH X1, X, U Y7, Y, COOTBETCTBEHHO, BLIpa3uTe depe3 d, b, p,  uX
PE3YALMANHM, KOTOPLIA OIPEIEIIeTCS PABEHCTBOM

R(f, g) = (x1 —y1)(x1 —y2)(x2 —y1)(x2 —Y2).

Borunciienne pesyJibTaHTa II03BOJISIET IPOBEPUTH MHOTOWIEHBI f(x)
u ¢g(y) Ha HajMYMe y HUX OOIUX KOPHEH.

6.3. Ypasmenue x> + px + q = 0 umMeer KOpHH X H X,. Hammmmre
ypaBHEHHe, KOPHSAMI KOTOPOro OyIyT 4mciia Yy, Y, PaBHBIE:
1 1 1 1 X2 X
3 3. . . 2 x
a) X7, X33 6) 20 2 B) X1 +77X2+77 F) IRV
X7 X3 X2 X1 X1 X2

6.4. IlycThb X, X, — KOPHU KB IPaTHOTO ypaBHeHus ax? +bx+c=0u
Sp=x7 +x¥ (n > 0). Jokaxure dbopmyiry

aS, +bSn 1 +cSn =0 (m=>=2).

6.5. Ilpu Kakux 3HAYCHHAX [apaMeTpa ( CyMMa KBaJpaToB KOpHeEl
ypaBHeHHsI
x* +2ax+2a* +4a+3=0
aBgeTcs Hanbombmmeit? Yemy pasHa 3Ta cymma?

6.6. Kakumu q0J2KHBL OBITH P U ([, YTOOBI BBIMIOJIHSJIOCH PABEHCTBO

Ax* +Bx? + C=A(x* +px+q)(x* —px +q)?
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6.7. IIpu Kakux 3HAYEHHUAX ITapaMeTpa d OJMH U3 KOPHeWl ypaBHEHU:d
5, 15

X + a® = 0 gBagerca KBaJpaToM APYyroro?

6.8. IIyctn f(x) = x*+px+(q. IIpu Kakux p U  BLIIOTHAIOTCS PABEHCTBA
f(p) =f(q) =07

6.9. Ilpu kakux p u ¢ ypasHeHUIo x> + px + = O yIOBJIETBOPSIOT JIBa
pa3nuaHbIX yucaa 2p u p + q7

X

6.10. [Tpu KakuxX a ypaBHEHHE

a)ax*+(a+1)x—2=0; 6)(1—a)x*+(a+1)x—2=0
UMeeT JIBa PA3IUIHBIX KOPHSI?

6.11. Hapucyiite MHOXXECTBO BCEX TAKMX TOYEK KOOPIMHATHON ILJIOCKO-
CTH, W3 KOTOPLIX K mapaboiie Yy = 2x? MOXKHO IIPOBECTH JBE IEPICHINKY-
JISIPHBIE JIPYT JIPYTY KACATEJbHBIE.

6.12. PaccmorpuM rpadwukn GbyHKMHE Yy = x* + px + (, KOTOpEIe Te-
PEeCeKaOT OCH KOODJMHAT B TPeX PasjInIHBIX TOYKax. Jlokaxkure, 9TO BCE
OKPY?KHOCTH, OIUCAHHBIE OKOJIO TPEYTOJbHAKOB ¢ BEPIIMHAMU B 3TUX TOU-
KaX, UMEIOT ODIILYI0 TOYKY.

6.13. UssecTHo, uTo ypasHenue x> + 5bx + ¢ = 0 umeeT KOpHU X; U X,
X1 # X2, 4 HEKOTOPOE IHCJIO ABJIAeTCa KOPHeM ypapuenud Y2 +2x,y+2x, = 0
7 KOpHeM ypaBHeHHs z° + 2x,z + 2x; = 0. Haiitn b.

6.14. sBecTHo, 9TO MHOTOUIeHB ax? + bx + ¢ u bx? + cx + a (a # 0)
uMmeroT obmuit Kopeub. Haiiure ero.

6.15. [Tpu xakux a ypasuenns x> + ax+ 1 =0 u x> +x + a = 0 umeror
XOTsI OBI OAUH OOIUiT KOPEHD?

6.16. Ilycts & — Kopenb ypasaenns x> + px + q = 0, a 3 — ypaBHeHus
x? —px — q = 0. JIoKazKuTe, 9TO MEKIYy & U [3 JEKUT KOPeHb ypABHEHH

x? —2px —2q = 0.
6.17. YKaxkuTe BCe TOUKU IJIOCKOCTH (X; Y ), 4epe3 KOTOPbIE He ITPOXO/IUT
HHU OaHaA U3 KPHUBBIX ceMmeiicTBa

y=p>+(4—2p)x —x%.

6.18. YkaxkuTe BCe TOUKH IIOCKOCTH (X; Y ), 9epe3 KOTOPBIE HE TTPOXOJIUT
x0Ts OBl OfHA KPHUBasl ceMeiicTBa

y=p>+2p—1)x+2x%.

6.19. M3zo6paszure Ty 9acTh ILIOCKOCTH (X;Y), KOTOpas HAKPBIBACTCH
BCEBO3MOXKHBIMU KPYTaMU BUJIA,

(x—a)+(y—a)? <2+a.
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6.20. /TokaxxuTe, 9TO KOPHU ypaBHEHUS

a) (x—a)x—=b)+(x—b)(x—c)+ (x—a)(x—c) =0;

6) c(x—a)(x—b)+ax—b)(x—c)+b(x—a)(x—c)=0
— BCerJa BeIeCTBEHHBIE.

Onpegenenne. KaxioMy KBaJpaTHOMY Tpexdneny x* + px + ¢ 06y-
JIeM CTaBUTh B COOTBETCTBHE HA KOOPIMHATHON Itockoctu Opg TOUKY €
koopjuHaTaMu (p; ). DTy ILIOCKOCTH Ha30BeM ¢ha30601. Ilpsvble BuIA
a’ + ap + q = 0 6ynem Ha3LIBATbL KOpPHESHLMU, a Hapabory p? —4q = 0—
JUCKPUMUHAHMHOU.

6.21. Kakum Toukam (a30B0il MJI0CKOCTA COOTBETCTBYIOT KBaPATHBIE
TPEXWIEHbI, He UMEIOINEe KOPHEei?!

6.22. [l KaxkJa0ro JefCTBUTEHLHOIO A IMOCTPOUM Ha mirockoctu Opq
KOpHeBYIo npaMyto a+ap—+q = 0. JIoKasKuTe, 9To IOJIydeHHOe MHOXKECTBO
MIPSIMBIX COBII&IAET C MHOXKECTBOM BCEX KaCATEbHBIX K JTUCKPUMUHAHTHOMN
napabosie p? —4q = 0. (Cm. Takxke 9.20.)

6.23. O6o3HauUM KOPHHU ypaBHeHusa x> + px + ¢ = 0 4epes x;, x,. Ha-
pucyiite Ha dazoBoii mrockoctu Opq MuOoXKecTBa ToYeK M (Pp; ), KOTOpBIE
3a/1A10TCs YCIOBUSAMIE:

a)x1:0,x2:1; B)X]:XZ;

6)X1<0,X2>2; F)—]<X1<O,1<X2<2.

6.24. Haiinure BCce 3HaUEHUs MapaMeTpa a, g KaXKJIO0r0 U3 KOTOPBIX
ypasaenne 4x? — 2x + a = 0 umMeeT 1Ba KOpHA, IpuHaeM X; < 1, x5 > 1.

6.25. HajimuTe Bce Takue (, YTO IPH JTH000M P ypasHeHue x> +px+q = 0
UMEET JIBa JIEHCTBUTEbHBIX KOPHS.

6.26. Mazosag mrockocts Opq pasbusaercsa mapabosoit p2 —4q =0 u
upssmbiMua p+q + 1 =0, —2p + q + 4 = 0 Ha HeckoybKO objiacteii. s
TOYEK KaxKJI0il 00JIaCTH yKaXKUTE, CKOJIbKO KOPHEH UMeeT COOTBETCTBY IO
umM MHOTOUWIeH X2 + px + q = 0 Ha unTepBase (—2; 1).

6.27. Ha dazoBoii miockocTn depe3 TouKy (P; ) IPOBEIEHBI KACATEb-
HBIe K JMCKpUMUHAHTHOH mapabone p? — 4q = 0. Haitaure KoopauHATHI
TOYEK KaCaHWSI.

6.28. [Ipu Kakux 3HATEHUAX MapaMeTpa 4 OJWH U3 KOPHEH ypaBHEHUs
(a> +a+1)x*+(2a—3)x+(a—5)=0

6ombie 1, a npyroit — menbiie 17
6.29. H3pecrno, 9To MOIYIH KOpHeil ypasHenmit x> + ax +b = 0 u
x? + ¢cx + d = 0 menpme 1. JlokazkuTe, 9TO MOIYJIM KOPHEH ypaBHEeHHs

a+tc b+d
2 X+T—O

x> 4
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TaKzKe MEHbIIe 1.

6.30. B xBajpaTHOM ypaBHeHHH X> + px + q = 0 K03pPUIUEHTHI P
¥ ( HEe3aBUCHMO mpoberator Bee 3HavdeHust o —1 1o 1. Haitnure MHOXKeCcTBO
3HAYEHU, KOTOPbIE MOTYT IPH 3TOM IMPUHUMATH JE€HCTBUTEIbHbIE KOPHU
9TOr0 ypaBHEHUS.

6.31. Ilpm kakwmx 3HAYEHWAX TapaMeTpa d 00a KOPHsS ypaBHEHUS

(2 —a)x? —3ax + 2a = 0 Gobime %?

6.32. Ilpn kakwx 3HAYEHHWIX TapaMeTpa a 006a KOPHsS ypaBHEHUS
(1+ a)x?* —3ax +4a = 0 6osbme 1?

6.33. IIpu Kaxux 3HAYEHHAX IapaMeTpa a ypasHenue (a — 1)x? —
—2(a+1)x+2(a+ 1) = 0 uMeeT TOIHKO OJIHO HEOTPUIATETHLHOE peIIeHue?

6.34. IIpn KakOM 3HAYEHWM NapaMeTpa Tl CyMMa KBaJIpaTOB KOpHei
ypasaeang x? — (m+ 1)x + m — 1 = 0 gpageTca HauMeHbIeii?

6.35. Haiiure Bce 3HaveHnsT mapaMeTrpa T, IPpU KOTOPBIX YpaBHEHUE
(r—4)x? —2(r—3)x+71 = 0 uMeeT JBa KOPHS, IPITIEM KazKIbIH I3 KOTOPLIX
GoJibie —1.

6.36. Haiimure BCe 3HAMEHNUs X, YAOBIECTBOPSIONINE HEPABEHCTBY
(2—a)x®+ (1 —2a)x* —6x+5+4a—a* <0

XOTsI OB TIPM OJTHOM 3HadeHnu a € [—1; 2].

2. Aaropurm EBkiamnja nJisi MHOTO4JI€HOB
u Teopema Be3y

6.37. [denenue mHOrouwsaeHoB c¢ ocratkoM. Ilycts P(x) u Q(x)—
MHOrOwWIeHbl, npraeM Q(X) He paBeH HyIIO TOXKIECTBEHHO. JloKaxKuTe, 910
CyIIeCTBYIOT MHOTOYIeHbI T (Xx) m R(x) Takme, uaro

P(x) = Q(x)T(x) + R(x),

u deg R(x) < deg Q(x); u mokazkure, aro npu 3roM T (x) u R(x) onpemens-
IOTCS OZHOZHATHO.

Omnpenenenne. Ecou muorowren P(x) nogenen ma Q(x) ¢ ocraTkom
P(x) = Q(x)T(x) + R(x),

1o T(X) HasbIBaETCS HENOAHBIM “acmHvim, & R(x) — ocmamxom. Ecau muO-
roujied R(x) TOXKIECTBEHHO PABEH HYJIIO, TO B 9TOM cjydae I (X)— noanoe
wacmuoe, u Q(x) maspBaerca deaumenem P(x) (Q(x) | P(x)).
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6.38. Teopema Begy. Jlokaxknute, 9TO OCTATOK OT JI€JICHUSI MHOTO/IEHA,
P(x) ma x — ¢ pasen P(c).

6.39. /lokaxkuTe, ITO MHOTOYJIEH CTEIEHH N mMeeT He Oojiee ¥emM N
KOpHeil.

6.40. MoxxHO i M3 KaKOW-TO TOYKHU ILIOCKOCTH TIPOBECTH K TpaduKy
MHOTOYJIEHA M-l cTereHu H6OJIbINe, IeM T KACATEJbHbBIX !

6.41. IIycts X1, X3, . . . , X, — KOPHH ypaBHeHUT A, X" +...+a;x+a, = 0.
Kakwne xoprau OyayT y ypaBHenmit
a) ax™ + ...+ a1 x+a,=0; 6) a,x*"+...+ax*+a, =07

6.42. [Iycts MHorouaen
Px)=x"+a, 1 x" ' +...+ax+a
uMeeT KOPHHU X1, X2, ..., Xn, TO €CTh
P(x) = (x—%1)(x —%2) ... (x —x,).

Pacemorpum muorousen Q(x) = P(x) P(—x). Hokaxkure, aro

a) muorowien Q(x) umeer creneHb 2N U CONEPXKUT TOJLKO Y€THBIE CTe-
EeHU [IePEeMEeHHON X;

6) byuxuus Q(+/X) ABJIAETCS MHOIOYJIEHOM C KOPHAMHU X3, X3, ..., X
(Cm. rakxke 9.83.)

6.43. Pa3zesnre MHOIMOYJIEHBI C OCTATKOM:
a) x* —4x3 +6x? —3x+1max? —x+1;
6) 2x* + 2x* + x + 6 ma x* + 2x + 1;

B) x* 4+ Tmax®+1.

2
ne

6.44. Haiiure ocTaTok OT JeseHns MHorowrena P(x) = x> —17x+1 na
X+ 2.

6.45. IIpu xakoM 3HadeHnn a Muorodien P(x) = x'°%° +ax? +9 nenurcs
Ha x + 17

6.46. Haiiure octaToK OT JieieHusl MHOIOYJICHA,
P(x) =x¥" +x¥ +x" +x* +x
Haa) x—1; 6) x* —1.

6.47. Joxaxkute, uro MHOrounen P(x) = (x +1)® —x® —2x — 1 genutcs
Ha x(x + 1)(2x + 1).

6.48. Muorounen P(x) maer ocraTok 2 npu fesennn Ha X— 1, 1 0cTaTOK 1
npu genennn Ha x—2. Kakoii ocrarok gaer P(x) mpu gereHun Ha MHOTOYICH

(x—1)(x—2)7
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6.49. Haiiqure HeoOXoquMoOe U JIOCTATOYHOE YCJIOBUE JJIsi TOTO, UTOOBI
BBIpaXKeHHIe
x> +y* +22 +kxyz

JIeJINJIOCh Ha X + Y + Z.

6.50. IIpu xkakux N mHOorowrteH 1 + x? + x* + ... + x*"~2 nmenuTcs Ha
T+x+x+...+x17

Onpepenenne. [Tycrs m(x) — He paBHBINA TOXKIECTBEHHO HYJIIO MHOIO-
ajter. JIa Muorowrera a(x) m b(x) HA3BIBAIOTCS CPABHUMDBLMU NO MOOYAIO
m(x), ecim ux pasHOCTDb menauTcea Ha M(x). Kak n g duces1, cOoTHOIIEHne
CPaBHUMOCTH JIJIsi JIByX MHOTOYJIEHOB 3AIMCHIBAETCS B BUJIE

a(x) =b(x) (mod m(x)).

6.51. Kwuraiickassi Teopema o006 ocTraTkKax OJd MHOTOYJIEHOB.
IIycte my(x), ..., My(X) NODAPHO B3aMMHO NPOCTHIE MHOTOYJIEHBI, TO
ecrb (my(x), mj(x)) = 1 upu 1 # j, a;(x), ..., a,(x)— upousBosbHbIE
MHOTOWwIeHBI. JIoKaXKuTe, 9TO TOrAa CyIIEeCTBYeT POBHO OJWH MHOTOYWJIEH
p(x) Takoii, aTo

u degp(x) < degm,(x) + ...+ degm, (x). (Cm. Takxke 6.131 u 6.140.)

6.52. ITycts P(x) = (2x% — 2x + 1)'7(3x? — 3x + 1)'7. Haiimure
a) cyMMy K03(bOhUIMEHTOB 9TOr0 MHOIOYWICHA;
6) cyMMbl K03 MUIUEHTOB TP YETHBIX U HEUETHBIX CTEIIEHAX X.

6.53. IIpu kaxux a u b muorodwnen P(x) = (a+b)x® + abx? + 1 genurcs
ma x? — 3x + 27

6.54. Kybuueckoe u KBajpaTHOE yPABHEHUS C PAIMOHAJIBHBIMU KO-
durmenTaMu UMeIOT 0b1ee pernerne. JlokaxkuTe, ITO y KyOMIECKOTo ypas-
HEHUS eCTh PAIMOHAJILHBI KOPEHb.

6.55. Haiinure ocraTtok R(x) or jenenuss MHOorowieHa x" + x + 2 Ha
x? —1.
6.56. OuH u3 KopHeit ypasHeHus x> —6x? +ax—6 = 0 pasen 3. PemuTe

YpaBHeHue.

n—2

6.57. IIpu Kakux 3HaAYEHUSIX IapaMeTpa a MHorowieH P(x) = x™+ax
(n > 2) menures na x — 27

6.58. [Ipu Kakux JefCTBUTENBLHLIX P U ( aByduieH x* + 1 menurcs Ha
x> +px+q?
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6.59. [Ipu KakuxX A MHOTOUJIEH
Px)=a’x>+ (1 —a)x* + (1 +a®>)x* + (1 —3a)x — a?

nenuTcs Ha X — 17

6.60. Haiininre Bce MHOrOY/IEHBI, KOTOPBIE YIOBJIETBOPSIOT TOXKIECTBY

xP(x—1) = (x —26) P(x).
6.61. JTano ypaBHeHne X" —d, (X" ' —...—a;x—a, =0, e a,_, ...
., a1, ao = 0. Jlokaxkure, 9TO TO ypaBHEHHE HE MOYKET UMEeThb JIBYX
IIOJIO2KUTEJIbHBIX KOpHeﬁ.

6.62. IIpaBusio 3uakoB Jlekapra. Jokaxkure, 9T0 KOJMIECTBO TIOJIO-
JKATEJIbHBIX KOPDHEl MHOTOYJIEeHA,
f(x) =ax™+...+ a;x+ ao
HE TPEBOCXOJUT YHUCTA IepeMeH 3HaKa B IOCJEIOBATEILHOCTH (.,
..., Ay, Q.
6.63. Kak mpasuio 3nakoB /lekapra NpUMEHUTD K OIEHKE YUCJIA OTPH-
[ATEJbHBIX KOPHEHl MHOIOWIEHA
f(x) = anx™ 4+ ...+ arx+ ae?
6.64. /Toxaxxurte, 9YTO MHOTOUJICH
a®(b? —c2)+b3(c? —a?) + c3(a? — b?)
nmemurcesa Ha (b —c)(c —a)(a—b).

Onpenenenune. Hauborvwum obwum desumenem ABYX WA HECKOJIb-
KX MHOTOYJIEHOB HA3BIBAETCS MHOT'OUIEH MAKCHUMAJHHON CTEIeHU, Ha KO-
TOPBII HEeJIUTCS KaXKJbII 13 JAHHBIX.

Kax u jiyist gncesi, HanbGoJIbIIuit 001U JIeIUTe b MHOTOWIEHOB Py (X ), . . .

..., Pr(x) obosunaugaercs (Pq(x), ..., Pi(x)).
6.65. JlokazkuTe, uro u3 pasencrsa P(x) = Q(x) T(x) + R(x) cremyer
coornomenne (P(x), Q(x)) = (Q(x), R(x)).

6.66. Anropurm EBkiimpaa jajiss MHOrodsieHos. [lycrs P(x) u Q(x) —
MHOrowiensl, npudeMm Q(x) He pasen Hymio ToxgectsenHo u Q(x) {1 P(x).
JlokaxkuTe, 9TO NpU HEKOTOPOM S > 1 CyINECTBYIOT MHOTOWIEHBI Ag(X),
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Ai(x), ..., As(x) m Ry(x), ..., R(x) Takume, aTo
deg Q(x) > deg Ry (x) > degRy(x) > ... > degRs(x) = 0,

x) - Ao(x) + R (x],

u (P(x), Q(x)) = R¢(x). (Cpasuure c 3amageit 3.36.)
6.67. ITycto (P(x), Q(x)) = D(x). JdokaxknuTe, 9TO CymIECTBYIOT MHOTO-
aiersl U(x) n V(x) takue, aro deg U(x) <deg Q(x), deg V(x) <degP(x), n
P(x) U(x) + Q(x) V(x) = D(x).

(Cpasuure ¢ 3agaqeit 3.37.)
6.68. Haiiure nanbosbimii obumii geuress MaorowieHos P(x), Q(x)
n upeacrasbre ero B Bume P(x) U(x) + Q(x) V(x):
a) Px)=x"+x>—3x* —4x—1,Q(x) =x> +x* —x— 1;
6) P(x) =3x* —5x3 +4x2 —2x + 1, Q(x) =3x® — 2x* + x — 1.
6.69. Haiigure (x™ — 1, x™ —1).
6.70. ITocmeroBaTeIbLHOCTD Ay, A7, A3, ... 33JAHA YCJIOBUSIMU
Qo :Oy Ant1 :P(an) (TL}O),
rae P(x) — muorounen ¢ nembivu kodhgdummentamu, P(x) > 0 mpm x > 0.
Jokaxkure, 910 JyIst JIOOBIX HATYPAJILHBIX M U K (A, Q) = Q(m k) -
6.71. Pemmure cucremy
x® —x* +x' —x* +5x* =5,
x® —2x° +3x* —4x® +2x = 0.
6.72. IIpu KaKOM HOJIOXKATEILHOM 3HaMeHIH P ypasHenna 3x? —4px+9 =
=0u x*—2px+5 = 0 umeror obmuit KOpeHnb?

6.73. Haiimure muorounens P(x) u Q(x) Takue, aTo
(x+1DPx)+(x*+1)Q(x)=1.

6.74. IIpu nomMoum MeTOIa HEOIIPEIEJICHHBIX KO3GhMUIUEHTOB (CMOTPHU-
Te pazgen 3, c. 92) naiinure Takue suneitnbie Gynkuuu P(x) u Q(x), urobnr
BBITIOJTHAJIOCH PABEHCTBO

P(x)(x* —=3x+2)+ Q(x)(x* +x + 1) = 21.
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6.75. Haiimure Takue ymueitasle dpynkmun P(x) u Q(x), 9To6bI BBIIOI-
HAJIOCH PABEHCTBO

P(x)(2x* = 7x* +7x —2) + Q(x) (2> +x* +x —1) =2x — 1.

2n+1
nmn+1)
JBYX MOJIOXKUTETBHBIX JIpobeit co 3HameHaresyMu N u n + 17

6.76. CKOJIbKO IIPE/ICTABJIEHUIT JIOMyCKAET JIPOOh B B/l CYMMBI

6.77. Cxema I'opHepa. 3nadeHnne MHOrOWIEHA
P.(x) =anx"+an_ 1 x" ' +...+ax+a, (a,#0)

B TOYKE X = C MOXKHO BBIYHCJIUTDL, UCIIOJNb3ysd POBHO M yMHOKeHumit. Jlia
9TOr0 Hy?KHO IPEACTaBUTL MHOrouwieH P, (x) B Buge

P.(x)=(...(apnx+ an_1)x+...+a;)x+ ao.

(Cm. rakxke 5.63.)
IIycrs by, b1, ..., by —3TO 3HAYUEHNS BBIPpAYKEHU, KOTOPHIE TOJIyda-
I0TCd B Ipolecce Beruncienus P, (c¢), To ecrb

b,=an, by=c-byy+a (k=n-1,...,0).

JokazkuTe, 9TO IpHU AejeHun MHorodwiena P, (x) ma (x — ¢) ¢ ocrar-
KOM, Y MHOTOWJIEHA B YACTHOM KO3 PUIIEHTHI OYyT COBIAIATE C YNCTIAMI
b._1,..., by, aocrarkom Gymer umciio by. Takum obpaszom, Oyzer cripase/-
JIABO PABEHCTBO:

P.(x) = (x —c)(byx™ " + ...+ byx+by) + b,.

6.78. ®opMyJIbl COKPAIEHHOTO YMHOXKeHUd. JloKaxuTe caemyro-
e PaBeHCTBA:

att!' — b =(a—b)(a*+a* 'b+...+b");
aZn+1 +b2n+1 — (a+b)(a2n _ aZn—1b+ aanzbZ _ +b2n)
6.78’. Jlokaxkure, uro mpu n > 2
n 1 (m—1)?

6.79. ®opmysa Teitopa aisi mHorodsiaeHa. Jlokaxwure, 9T0 J11000M
MHOrO4sIeH P, (X) MOXKHO €JMHCTBEHHBIM 00PA30M PA3JIOXKUTD 110 CTEIEHIM
(x —c):

Pu(x) =) ci-(x—c)¥,
k=0
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npudeM Ko3(pOUIMEHTDHI €, MOTYT OBITh HalIEHBI 110 (hOopMyIe

P (x)

o 0<k<n).

Cx =

Il
o

(Cm. rakxe 11.21.)

6.80. ITombaysach cxemoit loprepa, pasnoxkure x* + 2x3 — 3x? — 4x + 1
o crerensim X + 1.

6.81. Paznoxure P(x + 3) mo cremensam x, rae P(x) =x* —x3 + 1.

3. PazjokeHne Ha MHOXKHUTeJIA

Meroa wmeornpeesieHHBIX Ko3dduiimenToB. B 3amgadax o pas-
JIO)KEHUU MHOTOYJIEHOB Ha MHOYKUTEIH YACTO OKA3BIBAETCS IOJIE3HBIM
[10/TXO0JT, KOTOPBIIl HA3BIBAETCS METOJIOM HEOIIPE/IeJIEHHBIX KO3 (MDUIHMEHTOB.
CHadajia 3allUCBIBACTCs IPEIIOIaraeéMoe pPa3JIoXKeHHe ¢ HEHM3BECTHLIMU
(meonpenenennbivu) Ko dunuentamu. [Tocie packpbITHs CKOOOK IOJLYy-
qaeTcsd BBIPAYKEHWE, KOTOPOe JOJIKHO COBIAJIATH C UCXOIHBIM. PaBeHCTBO
KO3 DUIHEHTOB IPU COOTBETCTBYIONIUX OJHOUIEHAX JAET CHCTEMY YPaB-
HEHU{l, U3 KOTOPOI HAXOIATCS HeOIpejeseHHble KOI(DMUIMEHTDI, a, TeM
CaMbIM, U PA3JIOXKEHUE Ha MHOXKUTEJIU.

CooTHollleHusI Ha, HEOIIPeJieJIeHHbIe KOI(M@UIIMEHTHI MOXKHO TaKKe I10-
JIy9aTh, TOJCTAB/IAS B IPEIIIOJAra€MOe PABEHCTBO KOHKDPETHBIE 3HAYCHIUS
MepeMeHHbBIX.

6.82. Pazsoxxure Ha MHOXKUTEJN C J€ACTBUTEIbHBIMEA KO3 duiimenTa-
MU MHOTOYJICHBI:

a) x* +4; ) (a—l—b—l—c)3—a3—b3—c3

6) 2 +x* +x—1; 3) (x +(y—2z)°+(z—x)%;

B) x‘°+x +1; H)a +a6b2+a b* + a?b® + bd;

r) a®+b3+c3 —3abg; K) (x*+x+T1)2+3x(x? +x+ 1) +2x%;
;L)x +3xy+y —1; a) at +b* +c¢* —2a?b? — 2ac? — 2b2c?

e) x* —x2+4xy—y2—|—1; M) (x+1)(x+3)(x+5)(x+7)+15.
(Cm. Takke 9.8.)

6.83. MoxKHO /i Pa3JLIOXKUTL Ha, MHOXKHUTEJH C IEJIBIMIA KOI(MDPUIIEH-
Tamu MEOTOWIEH X* + %3 + %2 + x + 127

6.84. [JokazknTe, 9T0 MHOrO9IeH X +pX? 4 ( BCerga MOXKHO Pa3/IOKHATDL
B IPOU3BeJIEHNE JIBYX MHOT'OYJIEHOB BTOPOI CTEIIEHU.

6.85. YupocTture BhIpaKeHue:

(a+b+c)’—a®—b5-¢°
(a+b+c)P—a®—b3 -3’
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6.86. /lokaxxuTe, ITO IPU HEIETHOM 1M BBIPAKEHHE
(x+y+2)" —xm —y" 2"

JeTATCS Ha

(x+y+z)P?—x>—y>—2>%.

6.87. Ilycty a, b, c — monapuo pa3nauvnble dnciaa. JJokaxKure, 9TO BbI-
paxKeHune

a’(c—b)+b*(a—c)+c*(b—a)
HE PABHO HYJIIO.

6.88. /lokaxkure, 9TO ecjii TPU JIEHCTBUTEIBHBIX YUCJIA A, D, C CBSI3aHbI

COOTHOIIIEHUEM 1

1 1 1

- +-t+t-=—
a b ¢ at+b+c’

TO 00S3aTEeIHLHO KaKne-Iub0 IBa M3 9TUX YHCEJ B CyMME Jai0T HOJIb.

6.89. okaxkure, uTo ecau a+ b + ¢ =0, To
2(a® +b° +c®) = 5abe(a® + b? +c?).

6.90. TeopeMa 0 palMOHAJILHBIX KOPHSIX MHOro4YJieHa. JloKaku-
Te, uTo ecau (p, q) = 1 u p/q— palMOHAILHBIH KOPEHb MHOTOWICHA,

P(x)=ax"+...+a1x+ ao

¢ TeaBIMI KO3 PUITHEHTaAMA, TO

a)aoip; 6)a,:iq.

OTHU COOTHONICHHS [TO3BOJIAIOT IIEPEUNCIUTD BCE PAIMOHAJBHBIE TUCIIA,
KOTOPBIE MOIYT OBbITH KOpHAMHU jganHoro muorodsiena. (Cm. takwxe 7.41.)

6.91. /lokarkuTe mpu IOMOIIM IpeAbIAyIei 3amadqu, 9ro \ 17 — uppa-
[IHOHAJIBHOE TUCJIO.

6.92. /lokaxkure, 910 cos 20° — IUCI0 UpPaAIOHATIBLHOE.

6.93. Haiimure pammonaabHble KOPHA MHOTOYIEHOB:

a) x> — 2x* —4x3 +4x? —5x + 6;

6) x° +x* —6x — 14x? — 11x — 3.

6.94. Pemmure ypaBHeHms:

a) x* +x3 —3a’x? —2a*x+2a* =0; 6)x*—3x=a*+a’.

4. MHOTOYJIEHBI ¢ KPATHBIMU KOPHAMU

Omnpegnenenne. Ilycts P(x) = (x — a)* Q(x), k > 1 u Q(a) # 0. Torma
YUCIO 0 HA3BIBAETCA KopHem MHOrOdjena P(x) kpammocmu k. Ecou a—
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KOPEeHb KPaTHOCTH 1, TO OH HA3BIBAETCS NPOCMbLM KOPHEM, €CJIU KPATHOCTH
6ospIre 1, TO YUCI0 0 HA3BIBAETCH KPAMHbM KOPHEM.

6.95. JlokaxkuTe, 9TO KOPEHb O MMeeT KPaTHOCTh OoJjibie 1 Toraa u
TOJILKO Toraa, Korga P(a) =0 u P'(a) =0.

6.96. /I manHoro MuorodwieHa P(x) omuireM croco®, KOTOPBIH MO3BO-
JIFeT IOCTPOUTL MHOrowieH R(x), mmerommii Te ke Kopuu, 9ro u P(x), HO
BCe KpaTHOCTH 1.

IMonoxmm Q(x) = (P(x), P'(x)) m R(x) = P(x) Q" (x). Jokaxkure, 1aTO

a) Bce KopHH MHOrowiena P(x) 6ymyr kopHsamu R(x);

6) mHOrOWIeH R(X) HE MMeeT KPATHBIX KOPHEH.

6.97. Ilocrpoiite MmHOrowien R(x) u3 npenbaymieil 3a1a4qu, eCm:
a) P(x) = x® —6x* —4x® + 9x? + 12x + 4;
6) P(x) =x> +x* —2x3 —2x* +x + 1.
6.98. /lokaxxurte, 9TO MHOTOUJICH
P =T4xt ot + X
o 2! ol
He UMeeT KPaTHBIX KOpHEH.

6.99. IIpn kaxux A u B maorowrer Ax™! +Bx™ + 1 mmeer umco x = 1
HE MEeHee YeM JIBYKPATHBIM KOPHEM?

1

6.100. Joxaxkure, aro MHorowien x°™ — nx™*! + nx"' — 1 npu n > 1

MMeeT TPeXKPATHBIN KopeHb X = 1.

6.101. Jlokaxkure, 9T0 MHOTOWIEH P(X) I€IMTCS HA CBOIO TPOU3BOIHYIO
TOIIa U TOJIBKO TOTZA, KOIJa OH mMeeT BHUI P(x) = a,(x — xo)™.

6.102. Joxkazkure, aTo mpa N > 0 mmorowized nx™*!' — (n + 1)x™ + 1
nmenured Ha (x — 1)2.

6.103. okaxwure, aro mpu N > 0 MHOTOYJICH
2 (2P 4+ 2n— 1M (1) —x — 1
nenutes Ha (x — 1)3.
6.104. Toxkaxkute, uro upu N > 0 MHOrOYJIeH

X (2n4+ DX+ 2n 4 1)x™ — 1

nmemures ma (x — 1)3.

6.105. Jlokakute, YTO MHOTOJIEH

P(x) =ap+a;x+...+a,x"
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“MeeT 9ucao —1 KOopHEeM KPpaTHOCTH 1M TOrJa XU TOJIBKO TOrJa, KOorja BbI-

IIOJTHEHBI YCJIOBUI:

aQ—a;+a—az+...+(=1)"a, =0,
—a;+2a; —3a;+...+(—1)"na, =0,

(Cm. Takxke 11.12.)

6.106. /lokakuTe, 9TO MHOTOYJIEH
P(x)=(x"""—=1)(x"*2 =1)...(x"*"™ —1)
6e3 ocTaTKa JIeJIUTCS Ha,
Q) =(x'"—=1H*=1)...(x™—=1).

(Cwm. rakxe 11.95.)

5. Teopema Buera
Teopema Bwumerta. Ilycts X1, X3,. .., X;, — KOPHH MHOTOUIEHA,
X"+ an X" a, X+ ax+ a
(an #0). Torma cupaBenINBBI PABEHCTBA

X1 +x 4+ . Xy = —an_1/an,
X1X2 +XoX3 + . F XXy = An_2/0n,

Onpenenenue. MuorowrieH, He N3MEHSIOMUICS TP JIIOOBIX IIEPECTa-

HOBKaX CBOHUX II€PEMEHHDBIX, Ha3bIBACTCA CUMMEMPUHECKUM.

Muorousiennsr
01 (X1, X2y ooy Xn) =X+ X2 o+ X,
02(X7, X2, ooy Xn) =X1X2 FX2X3 + 0o+ X1 X,
Gn(XhXZ) )Xn) =X1X2...Xn,

Ha3bIBAIOTCA IAEMEHMAPHBIMU CUMMEMPUHECKUMU,.

Teopema. Besakuili cummerpuyeckuii Muorowien F(xq, ..., Xn) Ipej-
CTaBUM B BUJIE MHOTOYJICHA OT IJIEMEHTAPHBIX CUMMETPUIECKIX MHOTOYJIE-

woB: F(xq, ..., x,) = G(oy, ..., 0) u eguncrsenabiM o6pazom (Cum. |

)
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[Tpu s3ToMm KoapdurmenTsr G nosydarTcs u3 KoapduiueHToB F TobKO
[IPY [IOMOIIU OTIePAIUil CJIOYKEHUsT, BEIYUTAHUS U YMHOXKEHUS, TO €CTh, €CJIN
Bce Ko3(ddurumenTsl F ObLIN TebIMU ducjamMu, TO U Kodhdurmentsl G
Tak¥Ke OYIyT NEeJBIMU IUCTAMU.

3a/1aun O BEIPAXKEHUHN CUMMETPUIECKUX MHOTOUJIEHOB Yepe3 dJIeMEeHTap-
HbIE CUMMETPUYIECKHE MOTYT OBITH PEIIeHbI IPHU TOMOIIU METO/Ia HEOIIpe/ie-
JieHHBbIX K03 durmenTos (cM. ¢. 92). st HaXOXK I€HUST KICKOMOTO TIPe/ICTaB-
JieHust Muoro4usieHa F(x;, ..., X, ) CTe€IeHn M JI0CTATOYHO PACCMOTPETH CyM-
My C HEONpeeNeHHbIME KoddhduinenraMn OIHOYICHOB BUia 05 ' ... 08",
cyMMapHas creredb (a; +2a; + ...+ na,) KaxIoro u3 KOTOPbIX paBHa M.

6.107. Boipasure depe3 3jieMEeHTAPHBIE CHMMETPUIECKAE MHOTOYICHBI
CJIEJTYIONIHE BbIPAYKEHUS:

a) (x+y)ly+z)(x+z); 1) (X +y?) Y +2?)(x* +2°);

6) x> +vy®+2° —3xyz; ) xF+x3+... %%

B) X3 +y3; e) x* +y* +z*.

6.108. Izsecrno, uro a+b+c = 0, a’?+b?+c? = 1. Haiiymure a*+b*4-c*.

6.109. Yucaa X, Yy, Z yIOBJAETBOPSIIOT CUCTEME

x+y+z=a,
1 1

R
X Yy z a

HokazkuTe, 9TO XOTs ObI OJIHO M3 ITUX UKCEJ PABHO .
6.110. Pemmre cucremy:
x+y+z=a,
2 2 2
X" +y +z
X +y’+2° =d’.

Il
o

6.111. HaiituTe Bce 3HAMEHUs TTapaMeTpa a, JJIsi KayK/I0ro U3 KOTOPBIX
KODHH X, X2, X3 MHOTOUJIeHA X> — 6X* + aX + A YJIOBJIETBOPSIIOT PABEHCTBY

(X] —3)3 + (Xz —3)3 + (X3 —3)3 =0.

6.112. IlocTpoiiTe KyOWYecKuit MHOTOYJIECH, KOPHU KOTOPOT'O PAaBHBI
KBaJIpaTaM KopHeil Muorousena x> +x* —2x —1=0.

6.113. 3BecTHO, UTO X1, X2, X3 — KOPHU YPABHEHUS
x* =2 +x+1=0.

CocraBbre KyOMYecKOll ypaBHEHHE, KODHSIMHA KOTOPOTO ObLIM OBbI YHCTIA
Y1 = X2X3, Y2 = X1X3, Y3 = X1X2.
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6.114. Broipa3uTre ¢BOOOIHDIN II€H C KyOMIECKOTO yPABHEHUS
X} +ax? +bx+c=0

qepe3 KodhPUImeHTs a u b, 3Has1, 9TO KOPHU 3TOTO YPaBHEHUsT 00Pa3yioT
apuMOMETHIECKYIO IPOI'PECCUIO.

6.115. IlycTs u3BeCTHO, YTO BCe KOPDHU yPaBHEHUs
X} +pxr +agx+r=0

MTOJIOKUTETHHBI. KaKoMy JOMOTHATEILHOMY YCJIOBUIO JIOJIKHBI YIOBIETBO-
paTh ero Koa(p UIMeHTbl P, U T JJIsi TOTO, YTOOBI U3 OTPE3KOB, JIJIMHBI
KOTOPBIX PaBHBI 3TUM KOPHSIM, MOYKHO OBLIO COCTABUATH TPEYTOJbHUK !

6.116. a) 13ssecTHO, uTO

x+y=u+v,
XZ _I_yZ :'LLZ +V2.

JIoKasKuTe, ITO MPH JIIOOOM HATYPaJbLHOM T BBITIOJHAETCH PABEHCTBO
6) UssecrHo, 9T0O

xt+tyt+z=ut+v+t,
XZ +y2 +Z2 :uz +v2 +t2,
Xy 4z =u v+t
JlokaxkuTe, 9TO TIpHU JIIOOOM HATYPAJBLHOM TL BBITOJHSIETCS PABEHCTBO

6.117. Pemnre cucreMsl:

x+y+z=6, x? y? 7

S SV NS LI S 4
x y z 6 1 .11,
xy +yz+xz =11, y x 2
x(y+z) =2, x+y+z=1,

6) < ylz+x) =2, n) < xy+xz+yz=—4,
z(x+y) =3 Xyttt =1

){xz—l—yz—l—x—l—y—ﬂ, {x2+y2—12,

B e

12(x +y) = 7xy; x+y+xy=29.

6.118. Yucna a, b, ¢ gaBIgI0OTCA TpeMs U3 YeTbIpeX KOpPHeil MHOTO/IeHa,

x* —ax® —bx +c.
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Haitnure Bce Takne MHOIOUJIEHBI.

6.119. N3BecrHo, 9TO I€/IBIE 9KCIA A, D, C YIOBIETBOPSIOT PABEHCTBY
a+b+c = 0. Joxkaxnre, ato 2a* + 2b* + 2¢* — kBajpar memoro uncia.

6.120. Haiinure 3aBHCHMOCTD MEXKAY KOIPPUITHEHTAME KyOHIeCKOrO
ypasaernsa ax® + bx? + cx + d = 0, ec/iz U3BECTHO, YTO CyMMa JBYX €ToO
KOpHEH paBHA& IIPOU3BEICHUIO ITUX KOPHEN.

6.121. [Ipu kaxux a u b ypasmenue x> + ax +b = 0 umeer Tpu paz/md-
HBIX PEIeHNs, COCTABJISIONMNX apuPMETHIECKYIO TPOrPECCHIO?

6.122. IIyTh a, b, ¢ — CTOPOHBI TPEYTOJHHUKA, P — €r0 IOJIYIIEPUMETD,
a T 1 R— pajuychl BIMCAHHON U ONUCAHHON OKPYKHOCTEHl COOTBETCTBEHHO.
CocraBbre ypaBHeHUe ¢ KO3hPUIHEeHTaAMHI, 3aBUCSIIUMEI OT P, T, R, KOpHIAMEI
KOTOPOTO SIBJIAIOTCS Yucaa a, b, c. JlokaxKuTe paBeHCTBO

1 1

1 1
ab The Tac T IR

6.123. Pemmnre B HATYPAJIbHBIX UUCIAX CHCTEMY
x+y =uv,
u+v=xy.

6.124. B kakoM u3 IByX ypaBHEHUI CyMMa KBaJpAaTOB KOPHEIl OOJIbIIe
a) dx3 —18x?* +24x =8, 4x3 —18x? + 24x = 9;
6) 4x3 —18x* +24x =11, 4x> —18x* 4+ 24x =127

6. NHTepnoJsiaiimoHHblii MHOrOo4YJieH Jlarpanzka

6.125. Pemure ypaBHeHUE

(x —a)(x—b) c) ( ) c)
e ac—b Ch-ab-c  “fa—blla—g

6.126. /Iokakute TOXKJIECTBO

2 (x—a)(x—b) 2 (x
c—aie—b "% b

— c) ( —c)
C — C)—I—a( C)_x.

6.127. Ilyctb X1 < X, < ... < X,, — JlelicTBuTeNbHBIE uncaa. [locTpoiiTe
muorowtens f(x), f2(x), ..., f, (x) crenenn n—1, KOTOPBIE YIOBIECTBOPSIOT
yemosusM fi(x;) =1 u fi(x;) =0mpui#j(i,j=1,2,...,n).

6.128. Onumure ABHBINA B MHOTOUICHA,

f(x) =1 (x) +f2(x)+...+f.(x),



. Unrepnonganuonnsrii Moorodsiex Jlarpamx.
6. Hurepmo (o) orousieH Jlarpamxa 99

rze fi(x) — MHOrOWICHBI U3 IPeAbLIYIIei 3a1a4u.

6.129. Ilyctb %1 < X3 < ... < X, — JieiicTBUTEIbHBIE Uncia. Jlokaxkure,
UTO JJIs JIIOOBIX Y1, Y2, - - - , Yn CYIIECTBYET €IUHCTBEHHHBIN MHOTOUIEH f(X)
crerienu He Bbime N — 1 takoii, uro f(x;) =yy, ..., f(Xn) = Yn-

6.130. IIycte A, B u C— ocrarku or menenusi MHorowieHa P(x) Ha
X —a, Xx—b u x — c. Haiimure ocTaToK OT JeI€HNsT TOTO YK€ MHOTOWICHA Ha
npousBegenne (x — a)(x — b)(x — c).

Omnpepenenne. MHOro4IeH cTerneHu He Beiie N— 1, 3Ha9eHusT KOTOPOTO

B JIAHHBIX TOYKAX X7, ..., X, (y3J1aX WHTEPIOJIAINA) COBIAJIAIOT C 3a/IaH-
HBIMU YUCJIAME Y1, - . - , Y, HA3BIBAECTCS UHMEPNOAAUUOHHDIM MHO2OUAEHOM,
Jlazpanorca.

6.131. Kakue ocratku maer MHOrowieH f(x) u3 npeapiayrieit 3a1a49u Ha
MHOrO4IeHBl B (X — X;)? I[Ipounrepnperupyiite 3T0T (hakKT MpH IIOMOIITN
KHUTAiCKON TeopeMbl 06 ocTaTKax Jyist MHOrOYIeHOB (cM. 6.51).

6.132. ITocrpoiite MmHOrO4YIeHH! f(X) CTENEHN He BBIIIE 2, KOTOPBIE YIO0-
BJIETBOPAIOT YCJIOBUAM:

a) f(0)=1, f(1)=3, f(2) =3;

6) f(—1)=-1, f(0) =2, f(1)=5;
B) f(—1) =1, f(0)=0, f(2)=4.

6.133. KopabJib ¢ mOCTOSHHON CKOPOCTHIO ITPOILIBIBAET MUMO HEOOJIBIITO-
ro ocrpoBa. Kamuran KayKJplii 9ac n3MepsieT PACCTOsTHUE JI0 OcTpoBa. B 12
14 u 15 yacoB paccrostHust paBHsLIUCE 7, 5 1 11 KHJIOMETPOB COOTBETCTBEHHO.
Kakum 66110 paccrosinue 0 octposa B 13 wacos? Hemy oo Oyjer paBHO B
16 wacos?

6.134. /IBa xopabiisi ABUTAKOTCS C MOCTOSHHBIMU CKOPOCTsiMU. PaccTo-
SHUST MeXKJ1y HuMU, usmepernbie B 12, 14 u 15 wacos pasusiics 5, 7 u 2
KHJIOMETPa COOTBETCTBEHHO. Kakmm OBLTO pACCTOSTHUE MEXKIY KOPadJIsMu
B 13 gacos?

6.135. Ha mrockocru pacnosioxkeno 100 Touek. 3BecTHO, 9TO depe3
KaXKJible YeThIpe U3 HUX MPOXOIUT I'PadUK HEKOTOPOro KBaJIPATHOIO TPEX-
anena. Jokaxkure, aro Bce 100 ToUek jexkar Ha rpaduKe OJHOIO KBaJIpaT-
HOI'O TpexXdJIeHa.

6.136. Pemmre cucremy
z+ay +a*x+a® =0,
z+by +b*x+b* =0,
z+cy+c?x+cd =0.
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6.137. Ilycts a, b u ¢— Tpu pasnudabix unciaa. Jlokaxkute, 910 U3

CUcCTeMbI
x+ay+a’z=0,

x4+ by +b?z =0,
x+cy +c’z=0,
caenyroT paBenctBa X =Y = z = 0.

6.138. IIpo muorounen f(x) =x'® + a¢x’ + ...+ ao u3BeCTHO, YTO
f(1) =f(=1), ..., f(5)="~(-5).

Joxkaxkure, uro T(x) = f(—x) g 1106010 KeficTBUTEILHOrO X.
6.139. Ilycrs P(x) = anx™ + ... + a;x + Qp — MHOTOWIEH C IEIBIMA
Koadppurnmentamu. Jlokaknute, IT0 XOTS OBI OTHO U3 UUCE]T

3T =P+ 1), ..., 3 =P(1)], [1 = P(0)]

He MeHbIre 1.

6.140. [okaxkwure, uro ecau f(x) ecrb MHOrOYJeH, CTENEHb KOTOPOIO
MEeHBIIe N, TO APOOH

f(x)
(x —x1)(x —%x2)...(x —xn)
(X1, X2, +.., Xy, — IIPOM3BOJIbHBIE TIONIAPHO PA3JIMYHBIE UNCJIA) MOXKET ObITh

[IpeJICTABJICHA B BUJIE CYMMbBI L TPOCTEUIIUX IpObeit:

Al Az A
—_—t —— 4+ —
X — X1 X — X2 X —Xn
rae Ay, As, ..., A, HekoTopbie KonctanTel. (CM. Takxke 6.51.)

6.141. Pemmre cucremy

X1 X2 Xn
e ———=1
a1—b1+a1—bz+ +C11—bn '
X1 X2 Xn =1
a> — b ar — by az*bn_ '
- R S, RS
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KoMmIiuiekcubie uncJa

1. KomMmnjekcHasi IJI0CKOCThb

Omnpepenenne. Komniekchoimu 4ucAGMU HA3BIBAIOTCS IACTIA BUJA Z =
=x+ 1y, rge X U Y — AefCTBUTEJIbHBIE YNCTIA, & 1— TaK Ha3bIBaeMas MHU-
MaA eJUuHUYA, TO €CTh YNUCI0, KBaJIpaT KOTOPOro paBeH —1; X Ha3bIBaeTCs
deticmeumenvHotl WIN 8EUWECTNEERHOT YACMBIO Z, & Y — MHUMOUT 4GACMBIO
(obosnauaercsa x = Rez,y = Imz). Yucona z ¢ x = 0, y # 0 HA3BIBAIOTCS “U-
Mo MHUMBIMU. TUCTO Z = X — 1Y HABBIBAETCH KOMNAEKCHO CONPANCEHHHIM
K 4nciay z = X + 1y. MHO>XKecTBO BCeX KOMILIEKCHBIX HYHCEJI 0DO3HAYAET-

csa C.
7.1. Ilycts z = x + iy, z’ = x’ + iy’. Haiiaure
a)z+z'; 6)z-z'; B)z/2.
7.2. TIpoBepbTe paBeHCTBA:
a)z+z' =z+7; B) z/z' =2/Z';
6)z-z'=2-2; r)(z)=z.

Omnpenenenne. KaxxaoMy KOMIZIEKCHOMY YUCTY Z = X + 1Y CTaBUTCA B
COOTBETCTBHE TOYKA (X; Y) HA KOOpAUHATHOI mmockoctu OXY U BEKTOD C Te-
MU 2Ke KoopauHaTaMu. J[jimHa BeKTOpa T = +/X? + Y? HasbIBaeTCsS MOJYaeMm
wucaa z (v = |z|). Yrona @, orioxkennbrit #a miockoctu OXy OpOTUB 9acoBOii
crpesiku oT ocu Ox J10 BeKTOpa (X; Y), HABBIBAECTCA GP2YMEHMOM HUCAL Z
(r = argz). O6br4HO cunTaercd, 9T0 (BYHKIMs argz IPUHUMAET 3HAYCHUS
OoT — 7T JIO TL.

Ecmu |z = 1, argz = @, TO KOMILUIEKCHOE YHUC/IO Z MOXKET OBITh 3aIIUCAHO
B BuJie z = T(cos @ +1isin ). Takas 3amuch HA3BIBACTCI MPULOHOMEMPUNE-
ckotl popmoti aucaa z. Ilpencrasienue z = x + 1y HasbIBaeTCa anzebpaue-
ckotll hopmoti anciia z.

7.3. JlokakuTe paBeHCTBA:

a)z+z=2Rez; 6)z—z=2ilmz; B)Z z=|z]%

7.4. JTaiiTe reOMETPUIECKYI0 HHTEPIIPETAIUIO CJIELYIONINX HEPABEHCTE:

a) lz1 + 22l < |zl +1z2l; 6) |21 — 22| 2 |lza] — |22l|; B) lz— 1] < |argz,
ecmu |z| = 1.
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7.5. IlpesncraBbTe B TPpUTOHOMETPUYIECKOH hopme duca:
. N S
a) 1+1; r) sin = + isin

) cos @ +1isin @
cos@ —isin@’

6) 2+ V3 +1;

B) 1+ cos @ + isin @;

7-6- KaKI/Ie MHOXKEeCTBa Ha KOMILJIEKCHOH IIJIOCKOCTHU OIIMCLIBAIOTCS CJie-
JIYIOIIMMH YCJIOBUSIMMU:

z—1 s . .
<1 — . _ — .
a) |zl < 1; o) arg i 7 3) |z ]1|+|Z]—|—l| 2;
6) lz—1<1; e) Re(z?) < 1; n) Imz<—§;
B) |z = z; X)) liz+ 1] = 3; K)%‘<arg(z—i)<§?
z—1
r) z+1‘<]’

7.7. Haitnure min |3 + 21 — z| upu |z| < 1.

7.8. 3anuiure ¢ MOMOIIBIO HEPABEHCTB CJIEYIOIINE MHOXKECTBA TOYEK
Ha KOMIIJIEKCHOI IIJIOCKOCTH:

a) MOJIYILJIOCKOCTD, PACIIOJIOKEHHAS CTPOrO JieBee MHUMOI OcH;

6) nepBblil KBaJIPAHT, He BKJIIOYasi KOODIUHATHBIX OCeii;

B) MHOXKECTBO TOYEK, OTCTOAIIUX OT MHUMOIl OCU Ha PACCTOSHUU, MEHb-
meM JIBYX;

r) moJaykpyr paguyca 1 (6e3 mOJyoKpy:KHOCTH) ¢ HeHTpoM B Touke O,
PAcCIIOJIOZKEHHBIN He BbIIIEe NefCTBATE/ILHON OCH.

7.9. N3zo6pa3ure HA KOMILIEKCHOHN TJIOCKOCTA MHOXKECTBO TOYEK Z, YJIO-
BJIETBOpAIONUX yeaosuio |z — 1 —1i| =2z + 1 — 1.

7.10. OkpyxkHocTb Amnosutonusi. Jlokaxkure, 9T0 Ha KOMIIJIEKCHOM
IJIOCKOCTH paBeHCTBOM |z — a| = k|z — b| upu k # 1 3amaercsa oKpyKHOCTh
(a m b— neficTBUTEIBHBIE YHCIA).

7.11. JloxaxxuTe, ITO JJIsT TPOU3BOJIbHBIX KOMIIJIEKCHBIX TUCET Z1 U Z;
BBITIOJIHSIETCS PABEHCTBO

1z + 2o + |21 — 22 = 2(|z1 1 + [2,]%).

Kakoii reomerprudeckuil ¢MbICJI OHO UMeeT?!

7.12. Jlokaxkute, 9TO NpH JIOOBIX BEIECTBEHHBIX aj, b; (1 < j < n)
BBITIOJIHSAETCS. HEPABEHCTBO

Vi +a+...+a)2+(by+by+...+b,)2 <
<vVa2+bi+vai+b3+...+ /a2 +b2.
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7.13. Iokazkure, 4To ecan x + iy = (s +it)™, o x? +y? = (s + t2)™.
7.14. ToxxnaectBo PuboHau4u. /[okakure paBeHCTBO:
(a? +b?)(u? +v?) = (au+ bv)? + (av — bu)?.

(Cm. Takxke 1.6.)

7.15. JlokaxknuTe, 9TO KBaJIpaTHbIE KOPHU U3 KOMILJIEKCHOTO YHUCJIa Z =
= a + ib HaxOIATCS Cpein ducest

W_i<\/\/m+aﬂ\/\/m_a)
- 2 2 )

Kak HykHO BBIOpaTh 3HAK IIPEJ BTOPBIM CJIATAEMBbIM B CKOOKE, ITOOBI
[OJIyYUTH JIBa HY?KHBIX KODHs, & He COIpsKeHHble K HuM uucia? (Cm.
Takxke 5.24.)

7.16. Berauciure
a) V3 — 4 B) V24 4+701; n) V—7 — 244;
6) VV2+iv2; 1) V1+iV3; e) V1251

7.17. PemmuTe B KOMIIJIEKCHBIX YHC/IAX CJAEAYIONUE KBAJIPATHLIE YPaB-
HEHUSsI:

a)z2+z+1=0; r) 22 — (3+2i)z + 61 = 0;

6) 2 +4z+29 =0; n) z2 —(3—2i)z+5—51 =0;

B) 22 —(241)z+2i=0; e)z2—(5+2i)z+5+5i=0.

7.18. Pemure B KOMIIJIEKCHBIX 9HCJIaX YPABHEHUSI:

a) z' —4z3 + 622 —4z—15=0; B)z'+(z—4)* =32,

3 5 A 1T—ix) .

6) 2* + 322 + 3243 =0; r) (Hix)_l.

7.19. Kak BoiriganT GpopMyaa i KOpHeit OMKBaIpaTHOTO yPABHEHUA
x" +px* +q =0, ectu p> —4q < 0?

7.20. Hokaxkure, uto ecau |z| = 1 (z # —1), T0 mjst HEKOTOPOTO JEii-
CTBUTEILHOTO t clpaBeiuBo pasencTso z = (1 +1it)(1 —it)~".

7.21. Tlocrpoiite rpadbuk byukmuu y(x) = [x + v/x? — 1| (x— npowns-
BOJIBHOE JIEHICTBUTEIILHOE).

7.22. IlycTh TOYKa z JBUKETCA IO E€IUHMYHON OKPYXKHOCTH IPOTHUB
qacoBoil crpeskn. ONuImmuTe IBUKEHUE CIEAYIONMNX TOUEK

a) 2z%; B) 3z+ 2% nm) (z—1)7"; k) Rz+ pz™ (p <R).

6) z+3z% 1)z 3% e) (z—2)1;

7.23. Touka z IPOTUB YaCOBOi CTPEIKH OOXOIUT KBAJIpaT C BepHIMHAMUI
—1—1,2—1, 2421, —1 4 2i. Kak npu 310M BegyT cebsi TOUKH
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a)z%; 6)z% B)z '?

7.24. ®opmyast MyaBpa. lokaxure ase popmysrsl Myaspa. [lepsas
73 HUX ONHUCHIBAET MPABUJIO BO3BEJEHUsI B CTENE€Hb KOMIIEKCHOTO YHCIA,
[IPEJICTABJIEHHOr0 B TPUTOHOMETpUYECKoit dhopme z = T(cos @ + isin @):

Z" =1 (cosne +isinng) (n>=1).
Bropasi mo3Bosisier BBIYUCISATH BCe T KOPHE N-ii CTEeHn U3 JAHHOIO
qucJia.

Wk:run(cos%zmﬂsm%m) (k=0,...,n—1).

(Cwm. rakxke 12.11.)

7.25. Haitinre Bce 3HaMeHUsT KOpHeit:
a) Vi, 6) V=T1; B) V=81, 1) VT—1 x) ¥—1; e Viv3—1.
7.26. Hdokaxkure, yro gnciaa wy (k =0, ..., n — 1), apigiomuecs: Kop-

HSIMU ypaBHeHUsI W™ = Zz TIpH JIIOOOM Z DACIOJIATAIOTCSI B BEPIIMHAX IIPa-
BUJILHOTO T-yroabHuKa. (CM. Takxke 8.2.)

7.27. Jlokaxkure, YTO BCE KOPHU ypaBHeHusi z" = 1 MOryT ObITH 3alll-
camwl B BHjie 1, o, o, ..., o™ 1.

7.28. Pemmure ypaBHeHnwus:

a) z' =7 r) 22 +z]* = 0;

6) 2> + 1zl =0; n) (z+1)* = (z—1)*

B)z22+2=0; e)z>—z=0.

7.29. Haiinure cymmy cTereHell MOpsiKa S BCEX KOPHEH ypaBHEHUs
=1, rae s — 1meyroe 9uco.

n

z
7.30. okaxkuTe paBEeHCTBA:

cosne 4 ~2 2 4 2 _ .
a) Coanj—] Citg?o+Crtgo—...;
6) sm:(p

cos’ @

=Cltgo—Citg®o+Cotg>—....
7.31. Boraucaunre
a) (1+1i)™; 1) (14 cos @ +isin@)";
6) (1+1V3); e) (V3+1)m;
1+1v3\2° cos@ +ising\™
B)( 1—1i ) ’ %) (coslI)Jrisian) ’

. (1 - \/gz_ .)20;

7.32. Pemure ypasmenue x* + x> +x% +x +1=0.
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7.33. Jlokaxkure, uyro Muorousien x* +x33 +x??2 +x'" +1 = 0 gemurca
Ha x* +x> +x*+x+1=0.
7.34. Beraucimmre:
21 a7 67 2n 47 67
a) cos —= + cos — + cos —-; 6) €OS == - €08 —= - CO8 —-.

7.35. a) Jlokaxkure, 9TO MHOIOYJIEH
P(x) = (cos @ + xsin @)™ — cosmne — xsinne

neyures Ha X2 + 1.
6) JlokaxkuTe, 9TO MHOTOUJIEH

Q(x) =x"sing —p™ 'xsinne + p"sin(n — 1)

JenuTes Ha X2 — 2px cos @ + p2.

7.36. JlokaxkuTe TOXKIECTBA
n—1
a) X —1=x*-11T] (xz —2xcos KT 1);
K=1 n
n 2km
241 1 — (v 2 .
6) x 1=(x 1)H(x Zxcoszn+]+1),

k=1

n

B) X"+ 1= (x+1)]] (xz + 2x cos

k=1

T

n+1 +1>’
n—1
+1).

r)x"+1=1T] (xz — 2x cos

k=0

2k + 1)m
2n

7.37. Ucnonb3yst popmyny Myaspa, JoKaxKuTe, 9TO
cosnx = T, (cosx), sinmx =sinxU,_;(cosx),

rae T.(z) u U, (z) — MHOrO4IeHEI cTenenn n. Beraucanre 3T MHOTOY/ICHE
B aBHOM Buje man =0, 1, 2, 3,4, 5.

Omnpepenenne. Muorowrens! Ty, (z) u U, (z) HazbIBaIOTCT MHO20UACHA-
Mmu Hebviwésa epBOro U BTOPOTO POJIa COOTBETCTBEHHO.

7.38. IIpoeepwre, aTo MuOrOwWIeHB Jebbimeéra T, (x) m U, (x) ymose-
TBOPSIIOT HAYAJIBHBIM YCJIOBUIM

To (X) = ]) T (X) =X U, (X) = 1) U, (X) = ZX’
7 PEKYPPEHTHBIM (DOPMyJIaM
Tn+1 (X) = 2xT, (X) —Thoy (X)) un+1 (X) = zxun(x) — U, (X)

(Cwm. rakxe 11.80.)
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7.39. Hokaxkure, yro y MuorowieHa 2T, (x/2) crapmmii koaddunuent
pPaBeH eJMHUIE, a BCe OCTaJbHbIe KO(DMUIMEHTHI — [eJIble IUCIa.

7.40". UsBecTtHo, uTO cos x®° = 1/3. SIBaserca MU & paIHOHAILHLIM
qucaom?

7.41. Iloab3ysich TeopeMoii O pallMOHAJLHBIX KOPHAX MHOIOYJIeHa,
(cm. 6.90), mokazkure, uro ecsim p/q € Q u cos(p/q)° #0, £1/2, +£1, 10
cos(p/q)° — 4ucyio uppanuoHaIbLHOE.

7.42. JlokazkuTe, 9TO

n n—1
cos™ x = E a, coskx, sin™x =sinx E by sin kx,
k=0 k=0

e Ao, -.., Qn, bo,..., b, — panmoHaJbHbIEe Yncaa. Haitmure sTn mpe-
cTaBJIeHUs] B IBHOM Bujle Jyisi 1 = 2, 3,4, 5. Beipasure sin™ x 1ipu 4eTHOM N B
n n
Buze sin” x = )_ ¢y cos kx, a npum HederHoM — B Buje sin" x = ) d, sinkx.
k=0 k=0
7.43. UssectHo, uro sinx = 3/5. Jokaxure, 94To Sin 25 mmeer BUJL
n

555> rIe N — IeIoe, He JeJIdIneecs Ha 5.

7.44. TlocremoaTeabHOCTE MHOrOWICHOB Po(x) =1, Py (x) = x, P,(x) =
=x%—1, ... 3amaeTcsa ycaoBueM

Pryi(x) =xPu(x) = Pnoi(x).
Jokazkure, ato ypaBaerue Pioo(x) = 0 umeer 100 pasnudnbix jeificTBu-
TeJILHBIX KOpHei Ha orpeske [—2; 2]. Yro 310 3a KopHHI?
7.45. JlokaxkuTe paBeHCTBO:
(l +itgtx)“ _ 1T +itgnoe
1—itga) ~— T—itgna’
1

7.46. lokaxknure, 9TO eciu Zz + z~
Kaxk Bwrpazkaercsa z" +z ™"

=2cosx, TO z" + z ™ = 2cosn«.
qepes Yy =z+z ' ? (Cm. Takxe 1.5.)
7.47. Ilpu mofCcTaHOBKE B MHOTOYJIEHBI JeOBIMIEBA 4YHCIa X = COS X
[OJIy JAIOTCS 3HAUCHUS
sinno
T.(cosa) =cosne, U, ;(cosa)= et
sin

Yro Gymer, ecin B MHOrOYWIeHb JeObIéBa MMOJACTaBUTh YUCJIO X = sin 7

7.48. Ilycrs a, b— marypasnbuble yucia u (a, b) = 1. JJokaxkure, 9T0
sesmmunna (/a + 1v/b)™ He MOxkeT GBITH JEHCTBUTEIHLHBIM UHCIOM 34 HC-
kioyenneM ciydaes (a; b) =(+£1; £1), (£1; £3), (£3; £1).
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OcHoBHasi Teopema ayrebpsl. Besikuii MHOrOUWIeH crenern 1L (n > 1),
¢ JeHCTBUTEIbHBIMYI MJIM KOMILIEKCHBIMU KO3 (PUITIEHTAMI UMEET POBHO T
(¢ yueroM KparHOCTH) KOMILIEKCHBIX KopHeil. (Cwm. [20], [217].)

7.49. Ilycte mMHOTOWIEH € meficTBHTENbHBIME KOdhdummenTamm f(x)
nMeeT KopeHb a+ib. Jlokazkure, 9To uncao a—ib rakxke Oymer KopaeMm f(x).
(Cm. Taxxe 7.82.)

7.50. /lokazkure, 9TO IIPOU3BOJILHBII MHOIOYJIEH C JIEHCTBUTEIBHBIMU
K03 huImeHTaMI MOXKHO Pa3JI0KUTh B IPOU3BEIEHIE MHOTOUYIEHOB TIEPBOiA
¥ BTOPOH CTENeHU, KOTOPhIE TaKXKe OyIyT UMeTh JefcTBUTEIbHbIE KO3(bhu-
[IHEHTHI.

7.51. ®opmyna Diinmepa. [lycrs a u b— jeficrBuresbHbIE YHUCITA.
OrnpesiesinM IoKa3aTeIbHYI0 QYHKIMIO HA MHOXKECTBE KOMILJIEKCHBIX THCEN

PaBEHCTBOM
ettt — fim (1 + ““b)

n— oo
Hoxkaxkure dhopmyry Ditnepa:
e —e%(cosb +1isinb).
Hokazkute Takxke, 4T0 (DYHKIIUN Sin X U COS X JOIYCKAIOT CJIEIYIOINIHE TTPe/I-
CTaBJICHUS Yepe3 KOMIIJIEKCHYIO SKCIIOHEHTY:
ix + efix ix efix
COSX = ———— sinx = ————
2 )

(Cm. Takzxke 5.35, 11.73 u 12.12.)

7.52. JlokaxkuTe, ITO JJIsT JTIOOBIX KOMILJIEKCHBIX UUCEJNT Z1, Z, CIIPABE]I-
JIMBO PABEHCTBO e*!e*2 = e*1722, (Cwm. Takxke 11.73.)

7.53. Ilepenumure popmysibl MyaBpa, HCIIOIB3YsT BMECTO TPUTOHOMET-
putiecKnx GYHKIHH KOMIJIEKCHYIO SKCIIOHEHTY.

7.54. Kak onpeenTs MYHKIUIO In z 1J1sT KOMIIEKCHOTO apryMeHTa z7
7.55. Kak Ha KOMIIJIEKCHON IIJIOCKOCTH OIPEJIEJINTH MOKA3ATEIbHYIO

dyuxmuo a*? (Cum. takxke 12.12.)

7.56. IlpuyaiiTe CMBICT PABEHCTBY v — AR 237

7.57. Ilycts z = e*™/™ = cos Zf +1isin 2{ JLJ1s1 IIpOU3BOJILHOTO [IEJIOTO
Q BBIYUCIUTE CyMMBI
a) 1+z¢+z2+.. 4z Ve 6) 14228 +322¢ + ...+ nzn Ne
7.58. a) Jlokaxkure paBeHCTBO:
sin(ne/2) cos((n+ 1)¢@/2)
sin(¢@/2) ’

CoOS@ + ...+ cosng =
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6) Berauciaure cymmy:
sin@ + ...+ sinne.
(Cwm. rakxe 8.11.)
7.59. JlokaxkuTe paBeHCTBO:

sina +sin30+ ... +sin(2n — 1)«
cosa+ cos3ax+ ...+ cos(2n — 1)

=tgn«.

7.60. Beraucanure cyMMBI:
a) cos? x + cos? 2x + ...+ cos? 2nx; 6) sin® x + sin” 2x + ... + sin” 2nx.

7.61. Ucnonbsysa pasnoxkenune (1 4+ 1)™ mo dpopmyse 6unoma HeioTona,

HalATEe CyMMBI:
0 2 4 100. 1 3 5 99
a) Cloo — Cloo + Cloo — -+ Cigos 6) Cgp — C3o + Cop — ... — C35.

7.62. a) JTokaxkure paBEeHCTBO:

Cﬁ—CfL—I—Cﬁ—...:Z“/Zcos%.
6) Boruucaure cymmy:
Cl-C +C —...
7.63. a) Jlokaxkure paBeHCTBO:
14C3+C5 ... = %(Z”—I—ZCOS?).
6) Beruncaure cyMMbI:
Cl+Ci4+Cl+..; CH+C+C ...
7.64. JlokaxkuTe paBeHCTBO:
1 1~z [ T _ " . nm
Cnf§Cn+§Cnf = WSID?.
7.65. Beraucanure cyMMBI:
a) 1+acos@+...+a*coske +... (Jaj < 1);
6) asin@+...+ a*sinke +... (Ja] < 1);
B) cos @ + C! cos2¢ + ...+ C*cos(n+ 1);
r) sin@ + C! sin2¢ + ...+ C'sin(n + 1) .
7.66. Haiiure mpejes
. 1 1
klggo (1 + 5 cosx +...+ 7* coskx).
7.67. Ilyctb 21, ..., Z, — OTJIMYHBIE OT HYJIsT KOMILIEKCHBIE YHCJIA, JIe-

2Kallye B MOJIYIUIOCKOCTH & < argz < « + 7. Jokaxkure, 9TO
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a)zi +...+zy #0; 6)z;' +...+2z; #0.

7.68. Ilycts 29, zp, ..., Z, — BEpPUIUHBI BBIIYKJIOTO MHOTOYTOJIbHUKA.
Haiiure reomerpraeckoe MeCTo TOUEK

Z:A]Z] +)\ZZZ+---+)\nZna

rme A1, As, ..., A, — HefICTBUTENbHBIE TOJOKUTEIbHBIE UNCJIa TAKWe, 9TO

)\1+)\2++An:1

7.69. JlokaxkuTe, YTO KOPHU YPABHEHUS

rae a, b, ¢— MOmapHO pPa3IUYHble KOMIIJIEKCHBIE UHCJ/IA, JIE2KAT BHYTPH
TPEYroJIbHUKA C BEPIIMHAME B TOYKaX d, b, €, WM HA €ro CTOpoHax (B
cJlydae BBIPOKJIEHHOTO TPEYTOJIbHUKA).

7.70. Ilycrs f(x) = (x—a)(x—b)(x—c) — MHOTOUIEH TpeThEH CTEITeHN ¢
KOMILJIEKCHBIMU KOPHSIMH d, b, ¢. JIoKarKnuTe, 9T0 KOPHU TIPOU3BOIHOM 9TOr0
MHOTOYJICHA, JIe?KAT BHYTPH TPEyroJbHAKa C BEPIHIMHAMU B TOYKax d, b, C.

7.71. Teopema TI'aycca— JIroka. [Tycrs f(x) — MHOrOWIEH cTenenn n
C KOpHAMHU &, ..., &,. OnpegesnM MHOrOyroJibHUK M Kak BBIITYKJIYIO
000JI0UKY TOYEK K1, ..., X, HA KOMILJIEKCHON II0cKOCTH. JloKaxkure, 910
KOPHU IIPOU3BOIHON 3TOr0 MHOIOUJICHA, JIEXKAT BHYTPH MHOTOYTOJIbHUKA M.

7.72. Ilpu Kakux n
a) muorowien x*™ +x™ + 1 jesnurca va x* + x + 17
6) mHOrOWIeH X*™ — Xx™ + 1 neqmres Ha x* —x + 17

7.73. Jdokaxkure, 94TO 1pU JIOOBIX MEJBIX A U HATYPAJIbHOM T BBIPDayKe-
mue (a+ 1) 4+ a™ + 2 gemurca na a? +a + 1.

7.74. Ilpu kakux N mHOrOwWIeH (x + 1)™ + x™ + 1 meqmrcs Ha:
a)x*+x+1; 6) (x> +x+1)% B) (x* +x+1)37

7.75. Ilpu kakux n muorowiten (x + 1)™ —x™ — 1 menurca Ha:
a)x?+x+1; 6) (x2+x+1)% B) (x* +x+1)37?

7.76. Ilycts (x — 1) | P(x™). Hdokazxkure, uro (x™ — 1) | P(x™).
7.77. Haitiure ocTaToK OT JIeJIeHUsST MHOTOYJIEHA,

P(X) :X6n +X5n +X4n +X3n +X2n +Xn +1
Ha

Q) =x° + x> +x* +x° +x* +x+1,

€CJIN M3BECTHO, YTO T KPATHO 7.
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7.78. Haiigure Bce Kopuu ypasaenus (z— 1)™ = (z+ 1)". Yemy pasna
CyMMa KBaJIpaTOB KOpHell 3TOro ypaBHeHUs?

7.79. okaxkure, 94T0 BCe KOpHU ypaBHeHusi a(z — b)™ = c(z — d)"
rae a, b, ¢, d— 3aJaHHble KOMILIEKCHBIE YUCJIA, PACIOJOMXKEHBI Ha OJIHON
okpyzkuHOCcTH Win npsamoii. (Cwm. Takzke 7.10.)

9

7.80. okaxkure, 94TO 1pu HEYETHOM N > | CIIpaBeJINBO PABEHCTBO

n—1

Z 1 . n?—1
ot sin? (rm/n) 3 7

7.81". Psi; o6paTHBLIX KBaJApaToB. a) JloKaxKuTe, 9TO TP HEIeTHOM
n > 1 cupaBejIMBO PaBEHCTBO

(n—=1)/2
2 7_[2

%—fe 0<e<1).

L
m? 2
m=1

6) Jlokaxkure TOXKIECTBO:

o0
> o
m?
m=1
7.82". IlonoxkurejibHbIE MHOTO4YJIeHBLI. Muorouien P(x) mpu Bcex
JIEeHCTBATEIbHBIX X MPUHAMAET TOJIBKO IMOJIOKUTEIbHbIe 3Hadenns. Jloka-
JKUTE, 9TO HafiyTCsa Takue MHOTOWIEHB! a(x) u b(x), ajs Koropbix P(x) =
= a’(x) + b?(x).

2. IIpeobpa3zoBaHUs KOMILJIEKCHOU IIJIOCKOCTH

Bynem nosb3oBaTbest 0003HAYEHUSIMUA:

T, — mapaJsuteIbHBII TIEPEeHOC HA BEKTOp d;

S| — cuMMerpust OTHOCUTENBHO TIpsMOii 1 (oceBag cummMeTpust ¢ 0CbIio 1);
R% — 11OBOPOT BOKDPYT TOYKH A Ha yroJl & IPOTHB YaCOBON CTDEJIKH;
HX — romorerus ¢ nearpom B Touke A u koadbdunmentom k.

7.83. Bo uro mepeiizier TpeyrosibHUK ¢ BepinmuHaMu B Touykax: 0, 1 — 1,
1+ 1 B pe3yJsibrare mpeobpasoBaHUs

W= (7 * 7)
7.84. Bo uro mepefijier yros & ¢ BEpIIMHON B Hadvaje KOODJMHAT B
pesyabTare npeobpazoBamua W = 237



2. Ilpeobpa3oBaHusT KOMIIJIEKCHOH ILIOCKOCTH 111

7.85. Kakum reomeTpudecKuM IMIpeodpPa3oBaHUSIM IIJIOCKOCTH COOTBET-
CTBYIOT CJIEJLyIOINE OTOOPAKEHUSI:
a)w=z+a; 6)w=2z B) W=z(cos@+1ising); r)w =27

7.86. Kaxk npejacraButh B Bujge W = f(z) cUMMETPUIO OTHOCUTEIHLHO
npsaMoii | mpoxosieil Yepe3 HAIaJ 0 KOOPJAMHAT MOJ, yrioM @ K ocu Ox?

7.87. Beipasure B Buge w = f(z) ciemyromme reoMeTpuIecKne mpeod-
pPa30BAHUS:

a) HY o T3,4:; B) RY* n) H2oH'Y?,

6) TsoaioHZ; 1) HY; ) R/ oR™ o R™ o RT/™.

Buech Touka O = (0; 0) — magano koopaunat. Kommosunus mpeobpaszo-
BaHMil mesaercd cupasa Haueso: (fo g)(z) = f(g(z)).

7.88. Ilpejicrasbre roMoTeTHIO HZ B BUjie KOMIIOBUIUU NAPAJLIEIHHOTO
IepeHoca 1 TOMOTETHUH C IeHTPOM B Touke O.

7.89. Teopema o Tpex IeHTpax moaodwmsd. JlokakuTe mpu MOMOIITH
KOMIIJIEKCHBIX YHCEJI, YTO KOMIIO3UIIUEN JIBYX TOMOTETHIA SIBJISIETCS TOMOTE-
THUSI WA TApaJjjIebHbIN IepeHoc:

sz Hk] _ TCU k1k2 - 1)
A2 0T T Y Kk £1
A 12 7é )
pUYeM B IEPBOM CJIydae BEKTOP A MapaJiiesieH mpsaMoit AjA,, a BO BTOpOM
cIytae MEHTD Pe3yIbTUPYIONeit TOMOTeTnn A JIeKAT Ha Ipsamoit Aj A, u

k:k] 'kz.

7.90. ITocTpoiiTe 06pa3 kBagpara ¢ sepumuamu A (0; 0), B(0; 2), C(2; 2),
D(2; 0) npu caeayromux npeodpa3oBaHUsIX:

ayw=1iz; 6)w=2iz—1; B)w=z* rjw=z"

7.91. Kyna nepexomut noJioca 2 < Rez < 3 npu orobparkeHusix:
ayw=z" 6)w=(z—-2)"" B w=(z—-5/2)""7?

7.92. Haiinure
a) obpa3 okpy2KHOCTH |z—a—Dbi| =+/a? + b? upu orobpaxkenun w =1/z;
2aR
6) obpa3 okpyzxnocTH |z — a| = R npu orobpazkenun w = ——5——.
z-—a“+R

7.93". IIpaBUILHBIH T-yroJILHUK BINCAH B €JIHHHYHYIO OKPY’KHOCTE.
Hoxkazkure, 9TO

a) cyMMa KBaJIpaToB BCEX CTOPOH U BCeX JuaroHajeil pasHa n?;

. T
6) cymMMa BCeX CTOPOH M BCEX JIMArOHAJIeH paBHA T ctg I

B) NPOU3BEJIEHUE BCEX CTOPOH U BCeX JMaroHaseil pasHo n/2.



112 7. KommiekcHbIe ducja

Onpepnenenne. pobHo-aumneldnoimy 0mMoOPpaNCERUAMU KOMNAEKCHOT
NAOCKOCMU HA3BIBAIOTCS TPE0OPA30BaHus, 3aIICbIBaeMble (hOPMyIaMu

_az+b
Ccz4d’ (7.1)
_az+b
T az+d’ (7.2)

e 8 = ad — bc #0.

7.94. Kax gefictByror orobpaxkenus (7.1) u (7.2) B caydae, korma & =
=ad—bc =07

Onpegnenenne. Pacwupennol xomnaekcrnol naockocmovio C HasbBaeT-
sl KOMILTEKCHast III0cKocTh C, K KOTOpoii j106aBiieHa GECKOHETHO Y IaIeHHAST

TouKa 00 = ~, 10 ecth C = C U{00}.

67
7.95. Jlokaxkure, 9T0 JIPOOHO-IMHENHBIE OTOOPAYKEHUsI SIBJISTFOTCS B3a-
MMHO OJJHO3HAYHBIMM OTO6pa}K€HI/I5{MH pacmnpeHHsz’I KOMILJIEKCHOH ILJIOCKO-

CTH.

7.96. /lokaxkure, UTO MPOU3BOJIBHOE JIPOOHO-IUHENHOE 0TOOparKeHue
Buga (7.1) MOXKeT GBITH MOJIYIEHO KOMIIO3UIUEH MapaJslIe/IbHbIX EePEHOCOB
1 oToOpazkeHus Buga W = R/z.



I'mABA 8
Anrebpa + reomerpus

1. 'eomeTpus momoraetr aJjreodpe

8.1. Jokakure, 9TO CyMMa BEKTOPOB, HAIIPABIECHHBIX U3 IEHTPA MPa-
BIJIBHOI'O N-yT'OJIbHUKA B €r0 BEPHIMHBI, paBHA HYJIIO.

8.2. JlokaknTe paBeHCTBA:
a) cos ® —cos 2 = 1
5 5 2’
1 1 1
0) sin(n/7) ~ sin(27m/7) + sin(37t/7)’
B) sin 9° +sin49° +sin 89° + ... 4+ sin329° = 0.

(Cm. Taxxke 7.26.)

8.3. Boruucmaure

3 + COSS—T[.

a) cos = cos I cos 77, 0) cosg +cos = 7

9 9 9’
8.4. Haitnure cos 36° u cos72°.
8.5. a) Mcnosb3yst reomerpudeckne coobparkeHust, JOKaKUTe, YTO OCHO-
BaHMe U OOKOBasi CTOPOHA PABHOOEIPEHHOIO TPEYTOJIBHUKA C YIJIOM 36° 1Ipu
BepIINHE HECOU3MEDPHUMBI (T. €. UX OTHOIIEHNE UPPAIMOHAJIBHO).
6) Ilpuaymaiite reoMeTpUYECKOe JOKA3ATEJNLCTBO HMPPAIUOHAIBHO-
cra V2.

8.6. Permure ypasuenus npu 0° < x < 90°:

a) V13 —12cosx + 7 —4v/3sinx = 2/3;

6) V2 —2cosx + /10 — 6cosx = /10 — 6 cos 2x;
B) V5 —4cosx + /13 — 12sinx = /10.

8.7. lokaxkuTe paBEeHCTBO:

1 1 U
arctg 1 4 arctg 5 + arctg 357
8.8. JlokakuTe paBEeHCTBO:

ctg30° + ctg 75° = 2.
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8.9. Ilyctb X, Yy, z— mosiokuTenbHble yucaa u xyz(x +y +z) = 1.
Haijinnre nanMenninee 3Hadenne Boipaxkenns (x +y)(x + z).

8.10. Heorpunareabuble aucaa X, Yy, Z yJAOBJIETBOPSIIOT HEPABEHCTBAM
5 <x,Y, z < 8. Kakoe Hanbosibiliee 1 HANMEHbIIIEE 3HAUECHUE MOYKET IIPU-
HUMAaTb BEJININHA

S =2x*y? + 2x*z2* + 2y*t —x -yt -z ?
8.11. Haitnure Bce KOpHH X, YpaBHEHUSI

cos X + cos 2x + cos 3x + % =0.

Kakomy anrebpandeckoMy ypaBHEHUIO yIOBIETBOPAIOT uucia 2 cos Xy ? (Cum.
rakxke 7.58, 8.88.)

8.12. Pemute cucremy

ay + bx =,
cx+az=D»,
bz+cy =a.

Kaxkoit reomerpuuaeckuit cMpicst ona nmeer? (Cum. takxke 8.83.)

8.13. IlosokuTenbubIEe YnCIa A, b, €, X, Y, Z TAKOBBI, IYTO

x> +xy+y® =a’,

Yy +yz+z° =b?
2 2 2
X* +xz+2z" =c".

Beipasute BesmanHy Xy + yz + xz depes a, b u c. (Cm. Takxke 9.16.)

2. KomIuiekcHbIe YucJia 1 TeOMeTpUs

B 3amagax 9T0ro myHKTa TOYKH HA KOMIIJIEKCHOM IJIOCKOCTH OTOYKIECTB-
Jgsores ¢ auciamu. [losTomy ¢ ToukamMu MOXKHO OyZeT IPOJEeJbIBATh Pas-
JuaHbIe apudMerndeckue oneparun. Hampumep, o1 cyMMoit IByX TOUEK Z;
u z; OyJIeM IOHUMAThb TOYKY ILJIOCKOCTH, COOTBETCTBYIOILYIO YUCILY Z1 + Z;.

8.14. Ilyctb 27 u z; — PUKCUPOBAHHBIE TOUYKNA KOMIIJIEKCHOM TIJIOCKOCTH.
JlaiiTe reoMeTpUIECKOE ONMUCAHNE MHOXKECTB BCEX TOYEK Z, YAOBJIETBOPSIO-
IIAX COOTHOIIEHUSIM:

a) arg =— =1 = 0; 6) arg?if =0.

z
zZ— 22

OHpeAeneHHe. Komiiekcrnoe unciio

Z2 —Zo

V(ZZ) Z7, Z’O) = Z1 — 2o
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Ha3bIBACTCA OMHOWEHUEM MMPET MOYUEK (mpex KOMNAEKCHDLT %UC@./L) Zy,
Z1, Zp.

8.15. JTokakuTe, 9TO yroJ MEXK/Iy IPsIMbIMU, IIEPECEKAIONTUMHUCS B TOU-
K€ Zo U IPOXOMIANINMHA U€pPe3 TOUKH Z; U Z;, PABEH apryMEHTY OTHOIICHUS
V(z,, z1, zo) TO9EK 2,, 21, Zo.

8.16. Jlokaxkure, 9TO TPW TOYKU Z, Zy, Zo JI€KAT HA OIHON TpsIMOit

TOIZIa ¥ TOJBKO TOorja, Korma V(z,, z1, Zo) — BEeIeCTBeHHOe YHUCJIO, UIIN

Z0—2Z2 _ Zo— 22

Z1 — 22 Z1 — 2z

8.17. JlokaxkuTe, 9TO MpAMasi, IPOXOIAIIAsS I€Pe3 TOUYKA Z; U Z; — ITO
reoMeTpUYecKoe MeCTO TOYeK Z, /11 KOTOPBIX

zZ—22  Z—Z2

z1—z2  zZ1—2Z2
8.18. Jlokaxkure, UTO ypaBHEHUE MPSIMON HA KOMIIJIEKCHON ILJIOCKOCTH
BCerJa MOYKET OBLITh 3AIMCAHO B BUIE

Bz—Bz+ C =0,

rjae C — 9MCcTO MHUMOE YHCJIO.

8.19. JlokaxkuTe, 4TO YCJIOBHEM TOrO, UTO YETHIpE TOYKU Zo, Z1, Zz,
Z3 JIEZKAT HA OJHOM OKPYKHOCTH (MJIM PSIMOIi) SIBJISETCs BEIECTBEHHOCTH
qUCTIA,
Vi(zo, z1,22)  zo—2z2 20— 23

V(zo, z1, z3) z1—2z2 z1 —2z3

Onpenenenune. KommiekcHoe 9ucio

V(zo, 21, 22)

Wz, 21, 22, 23) =
(Oy Ty 42, 3) V(ZO,Z]‘Z?,)

HA3BIBAETCA 060THVLM OMHOULEHUEM YEMBPET MOouer (UEMBPET KOMNAEKC-
HOLT WUCER) Zo, Z1, Z2, Z3-

8.20. IeBapuaHTHOCTE ABOItHOrOo oTHomreHus. Ilycrs z;, z), zi,
Z, — 4eTbIpe TOYKHU IIJIOCKOCTH, B KOTOPBIE JIPOOHO-JIHHEHHOEe 0TOOpazke-
uue (7.1) mepeBOIUT NaHHbIe YeThIpe TOUKH Z1, Z3, Z3, Z4. JLOKAXKHUTE, ITO

W(Z]lv Zé) Z?/,a Z‘i) :W(Zla Zy, Z3, Z4)'

8.21. Kax usmensiercsa jBoitnoe ornomenune Wz, z;, z3, z4) npu jeii-
crBuu otobpakennst (7.2)7?
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8.22. Kpyrosoe cBOICTBO ApPOOHO-JIMHEHHBIX OTOOpa>KeHUIA.
JlokaxkuTe, 9TO JPOOHO-JIMHEIHOE OTOOPaKeHNe MEPEBOIUT KaXK IO IIpsi-
MY JIMHUIO WM OKPY?KHOCTH CHOBa B IPSMYIO JIMHUIO WU OKPYKHOCTb.

8.23. okaxKkuTe, 4TO ypaBHEHHE OKPYKHOCTH (MM IIPAMOIl) Ha KOM-
ILIEKCHOM TIJIOCKOCTU BCET/Ia MOXKET OBITH 3allCAHO B BUIE

Azz+Bz—Bz+ C =0, (8.1)

riae A u C— 4ucT0 MHUMBIE YHUCJIA.

8.24. [okaxwutre, uyro ypasuenue (8.1) npu orobpazkeHusaXx W = z + U
n W = R/z mepexosuT B ypaBHEHHE TAKOrO K€ BHJA. llosydure M3 9TOrO
KPYTroBOe CBOMCTBO JPOOHO-TUHERHBIX OTOOparKeHHIA.

Onpenenenne. Husepcuet, 0MHOCUMENLHO OKPYHCHOCU S ¢ uen-
mpom O u paduycom R HaspIBaeTcs IpeobPa30BaHUE IIOCKOCTH, HEPEBO-
JidInee MPOU3BOJILHYI0 TOUKY A, ommdanyio or O, B TOUKy A’, JIeXKaIyio
na gyde OA ma paccrognmu OA’ = R?/OA. O6paszom touku O cuuraercs
OECKOHEYHO y/IaJIeHHAsT TOYKa, a 00pa3oM OECKOHEYHO yIaJeHHON TOYKH,
COOTBETCTBEHHO, Touka O.

WNuBepcueit 0THOCUTEIBHO OKPYKHOCTH S OyIeM TaKKe Ha3bIBaTh HHBEP-
cueii ¢ mearpom O u xKoaddumenTom R?, a OKPyKHOCTL S — OKPYKHOCTHIO
WHBEPCUH.

8.25. Ilokaxkure, 4ro oTobpazkerne W = 1/Z sBjisiercst "HBepcueil OTHO-
CATEJIBHO €JIMHUYIHON OKPYKHOCTH.

8.26. IIpencraBbre B BHUAe KOMIIO3UIIN JIPOOHO-JIMHEHHOrO OTOOpaske-
az+b
cz+d
TEJLHO OKPY?KHOCTHU
a) ¢ menTpoM i u pamuycom R = 1;  6) c menrpom Re'® u pammycom R;
B) C IIEHTPOM Z, U pajuycom R.

HUAd W = 1 KOMIIJIEKCHOI'O COIIPAXKEHUA W = z MHBEPCUIO OTHOCHU-

8.27. KpyroBoe cBo#icTBO nHBepcuu. Jlokaxkure, 9TO WHBEPCUS TI€-
PEBOJIUT KaXK/IyI0 OKPYKHOCTH WJIN TPSIMYIO JIMHUIO CHOBA B OKPYKHOCTH
WU TPSMYIO JINHUIO.

8.28. IlycTh ypaBHEHHME HEKOTOPO NMpPAMONl MM OKPYKHOCTH HMEET
Buy, (8.1). ITycrs 06pas sroit unuu pu orobpazkenun (7.1) 3amaerca ypas-
HEHUEeM

A'zz4+B'z—B'z+C' =0,

rme A’ u C’ TakxKe uncro MHAMBIE unciia. Beipasure A’, B’ u C’ gepes A,

BuC.
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Omnpenenenune. Cmenenvio mouku A 0OMHOCUMEALHO OKPYHCHOCTNU Pa-
Jduyca R ¢ yenmpom 6 moure O HazbiBaercs: eqmunna |OA[? — R2.

8.29. J/TokaxXuTe, 9TO CTENEHb TOYKA W OTHOCUTETHHO OKPYKHOCTH
Azz+Bz—Bz+C=0

paBHa
_ B B_, 6 C

WW+ —Ww— —W-+H —.

A A A
8.30. PagukanbHasi och ABYX OKpYy>KHocTeii. /lokaxkure, 9TO
PEOMETPUIECKOE MECTO TOYEK W, CTEleHb KOTOPBIX OTHOCHTEJIHBHO JBYX
HEKOHIIEHTPUYECKUX OKPYKHOCTel S; U S, O/JlMHaKOBa, SIBJISIETCSI MIPSIMOIA.

Takasi npsiMasi HA3BIBAETCS PadukasvbHOT 0Cblo OKpY:KHOCTEH S; u S,.

8.31. PanumkanbHBIII HEeHTP Tpex OkKpykHocteii. Ha mirockoctu
JIaHbI TPU OKPY2KHOCTU Sq, S, u S3. JlokaxkuTte, 4TO ecjiu JiBe pauKaIbHBIX
OCH 9THX OKPY?KHOCTeil repecekarorcss B Touke Q, TO TpeTbsl pa uKajbHasI
0OCh TaKKe IMPOXOJUT YePe3 ITY TOUKY.

Touka Q Ha3BIBaETCH PAOUKAALHBIM YEHMPOM OKPYKHOCTEH S1, S) 1 S3.

8.32. OproreHTp TpeyroabHUKa. TouKky a7, A, ¥ (3 PACIIOJIOXKEHBI
Ha eIMHUIHON OKpy2KkHOCTH 2Z = 1. Jlokaxxure, uro Touka h = a; +a, + a;
SABJISETCSI OPTOIEHTPOM TPEYTOJIbHUKA C BEPIIMHAMU B TOYKAX dj, A U A3.

8.33. OxkpyxkHocTh Diisiepa. Touku a;, A, ¥ A3 PACIOJIOXKEHBI HA
eIMHUYIHOM OKpyzkHOCTH zZ = 1. JloKaxkure, 9TO OKPYKHOCTH C IIEHTPOM
B Touke € = h/2 u pajguycom 1/2 mpoXoauT Yepe3 CepeMHbI CTOPOH Tpe-
YTOJTBHUKA (1 0, A3, OCHOBAHUS BBICOT W CEPEIUHBI OTPE3KOB, COETNHATOIIINX
BEPINUHLI A7, A, A3 C OPTOIEHTPOM h.

8.34. IlepTp Macc TpeyrojabHuKa. JJokaxkure, 4T0 TOYKa M = (a; +
+ a; +as)/3 ABAgETCS TOYKOM MEpeceveHnst MeIMaH TPeyTOJIbHAKA 1 0y (3.

8.35. Ilpsamas Ditnepa. Jokaxkure, 9T0 B IPOU3BOJIBLHOM TPEYTOIHHI-
K€ TOYKa IlepecedeHnsl MeJNaH, OPTOIEHTD U IIEHTD ONMHUCAHHON OKPYKHOCTH
JeXKaT Ha OHON IIPAMOA.

8.36. Ilpamass CumiicoHa. IlycTs U — TOUKa Ha €IMHUTHON OKPYIK-
moct zZ= 1 u Uy, Uy, U3 — OCHOBAHUS II€PIEH/IUKYJISIPOB, OIYINEHHBIX U3
U Ha CTOPOHBI (;03, A103, (;d; TPEYTOIBHAKA (;0;03.

a) Jlokakure, 94T0 YmCIa g, Uy, Uz BBIUUCISIOTCH 110 OPMYyIIaM

w; = (a; +a; +u—azaz/u)/2,

u, = (a + a3 +u—ajaz/u)/2,
uz = (ay +ax +u—ajay/u)/2.
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6) Jokarkure, 9T0 TOYKH U, Uy, U3 JIEKAT HA OIHOI IPIMOIL.

8.37. Ha mmockoctu pacmosiozkens! 4 mpsiMblie 0b1rero mosioxkennsi. Kax-
JIBIM TPEeM HPSIMBIM ITOCTABUM B COOTBETCTBUE OKPYKHOCTD, ITPOXOJISIILYTO
Uepe3 TOUYKHU UX repecederus. Jlokaxkure, 910 4 MOIyIeHHBIX OKPYKHOCTH
[IPOXOJIAT Yepe3 OJHY TOUKY.

3. Tpuronomerpus

8.38. Boruuciure ciieayromniue Tpon3BeIeHnsI:

a) sin 20° sin40° sin 60° sin 80°;  6) cos 20° cos 40° cos 60° cos 80°.

8.39. /TokaxxuTe paBeHCTBO:

cos X cos n cos 3m cos am cos o cos on cos m_ (1)7
15 15 15 15 15 15 15 \2/°
8.40. YupocTture BhIpaXKeHUE:
cosa-cos2a-cosda-...-cos2™ 'a.

8.41. YupocTuTre BHIPAXKEHUS:

a) sin T gin 2" _sinS% ... .gin- .
2n+1 2n+1 2n+1 n+1’
6)sin181n2—nsin3j-...-sinw'
2n" 7 2n 2n 2n
B) COS T o8 =2 cos =T+ ... cos T
2n+1 n+1 n+1 n+1’
r)cosicosz—ncoss—nm..-cosw.
2n 2n 2n n

8.42. JIokaxKuTe paBEeHCTBO:
tg 20° - tg40° - tg 80° = V/3.
8.43. Pemure ypaBHeHue:

X X X X X 1
cos ﬂﬁ cos 27t3—1 cos 4713—1 cos 8713—] cos 1 67r§ =3

8.44. Ussecrno, aro sin p = 1/5sin(2a + B). Jokaxkure paBencTso:
tgloe+ B) =3/2tg .

8.45. Ilycth & 1 3 —ocTpble U MOOXKUTETbHBIE YIJIbI, YIOBIETBOPSIO-
Iyie PaBEHCTBAM
3sin® a4 2sin? p =1,
3sin2x —2sin2f3 = 0.
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Hokaxkure, uro & + 23 = 1/2.

8.46. /lokakuTe paBeHCTBA:

a) sin 15° = @, cos 15° = M;
6) sin 18° = 4%‘/5 cos 18° = 7”012‘/5.

8.47. JlokaxXuTe paBeHCTBA:

V30-6vV5-V6+2V5 s €° — V18 +6v5 + 10— 25
8 : - 8 '

sin 6° =

8.48. JTokaxXuTe TOXKIECTBA:

a) sino+sin B +siny —sin(x+ f +vy) = 4sin o‘—; P sin P —ZH/ sin oc—;y;
6) cos oc+cos B +cosy~+cos(ax+ B +v) =4 cos (XJZF B cos & ery cos O(ery.
8.49. /TokaxXuTe TOXKIECTBO:

tgoc—l—tg[.’)—i—tgy—M =tgatgPtgy.

COos & cos 3 cosy

8.50. Haiinure anrebpanteckyio CBsI3b MEXKIY yIJlaMid &, [3 # Y, eciau
U3BECTHO, UTO

tgax+tgp+tgy=tga-tgp-tgy.
8.51. Jlokaxkure, uro ecjiu & + 3 +y =T, TO

sin & + sin 4 siny :4cos%cos%cos%.

8.52. Haiinure Hanbobiiee 1 HanMeHbIIIee 3HATCHUSA DYHKITHAH
a) f1(x) = acosx +bsinx; 6) f,(x) = acos? x + b cosxsinx + csin” x.

8.53. IlycThb cosx + cosy = a, sinx + siny = b. Beraucaure cos(x +y)
n sin(x +y).

8.54. JlokaxkuTe, uTo (DYHKIHsI COS /X HE SIBJISCTCS TTePUOTIECKO.

8.55. IIpu Kakux 1esIbIX 3HAYCHUAX T DYHKITIS
.5
Y = cosTX - sin —x

nmMeer mepuos 377

8.56. Pacemorpum dyukimio f(x) = Acosx + Bsinx, rme A u B—
HEKOTOpBIe TIoCTosTHHBIE. JoKaxkuTe, uro ecyu f(x) obpamaercss B HOJIb IpA
JIByX 3HAUEHUSX apryMEHTa X U X, TAKUX, 4TO X — X, # k7t (k— meroe),
To dyukius f(x) paBHA HYJIIO TOXKJIECTBEHHO.
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8.57. JlokaxxuTe, ITO €CJAU CyMMa,
a; cos(o; +x) + acos(o, +%x) + ...+ a, cos(o, + x)

mpu x = 0 u x = x; # km (k— nenoe) obpamaercss B HOJIb, TO OHA PABHA
HYJIIO TIPU BCEX X.

8.58. Haiinure mambosbliee n HanMeHbInee 3Hadenne ¢yaknun f(x) =
= sin® x + cos® x.

8.59. Pemure ypasnenue sin® x + cos* x = a.

8.60. Pemmure ypasruenue sin x + sin 2x + sin 3x = 0.

8.61. Pemure ypaBrenue tgx + tg2x + tg3x + tgdx = 0.

8.62. IlycTp o 1 3 — pa3judHbIe KOPHU yPaBHEHHS A COSX + bsinx = C.

Hoxkazkute, 94T0O 5
> a—1f c
COs” —5— = ———.
2 a’+b

8.63. Pemure cucremy:
xsin ¢+ ysin 2o + zsin 3x = sin4«,
xsin 3 +ysin2p + zsin 33 = sin4p,
xsiny + ysin 2y + zsin 3y = sin4vy.
8.64. Boruuciure:
. U . 33n
a) arccos {sm (—7)] ; 6) arcsin (cos ?)

8.65. /lokaxxurte, 9TO UMEIOT MECTO CJIEYIONINE COOTHOIITEHUSI:

a) cosarcsinx = /1 —x2; ) sinarccosx = /1 —x?;

6) tgarcctgx = 1;; e) ctgarctgx = %;
B) cosarctgx = S ) sinarctgx = ———:
V1+x2 VI+x2’
X . 1
r) cosarcctgx = ———; 3) slnarcctgx = ——.
) & V1+x? ) & V1+x2

8.66. /lokakuTe paBeHCTBA:

a) arctgx + arcctgx = g; 6) arcsinx + arccosx = %
8.67. Jlokaxkure pOpMyJIbL:
a) arcsin(—x) = —arcsinx, 6) arccos(—x) = 7T — arccos x.
8.68. Yemy paBna cymma arctgx + arctg %?
8.69. /TokaxkuTe paBeHCTBO:

arctg x + arctgy = arctg x_+ Y + €m,

1—xy
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rmee=0,ecmxy<l,e=—1,ecmxy>Tux<0,e=+1, ecizu xy > 1
ux > 0.

8.70. /lokaxkuTe paBEeHCTBO:

A

4 arctg % — arctg 2;—9 =7

8.71. /TokaxXuTe paBeHCTBO:

arctg % + arctg % + arctg ]7 + arctg % = %

8.72. Haiinure cymmy:

arctg ] X

ﬁ + arctg 1 (X > 0)

X
x4 t
232 T Tarte T

n-(n+1)x?
8.73. Haitnmure cymmy:

T T T
arctg m + arctg m +...+ aI’Ctg m,

ecam 9ucaa Qp, A, ..., 0,47 00pa3yloT apudMETHIECKYIO POTPECCHIO €
pasuocteio T (a; >0, v > 0).

8.74. Jlokaxwure, yro unciaa Pubonadun {F,} yaoBieTBOpsior cOOTHO-
ICHNTO

arcctg F,, —arcctg Fon o = arcctg Fopnyg. (8.2)
[Toy4auTe OTCIOMA PABEHCTBO

arcctg 2 + arcctg5 + arcctg 13+ ... + arcctgFor 1 +... = E.

SN

8.75. Jlokaxkure, 9T0 11pu X > | BBIOJIHSIETCS PABEHCTBO:

2 arctg x + arcsin =T
& 1+x2
8.76. Pemure ypaBnenue
arcsin © -8 _ 2arcsin> — %
o 4 2

8.77. Tokaxxute hopMyIy:
arcsinv'1 —x2, ecim 0 < x < T,

X
arccos x =
{ﬂarcsinxﬂ —x2, ecm —1<x<0.

8.78. JTokaxXuTe paBeHCTBO:

arcsinx + arcsiny =1 arcsin(x\/1 —y2 +yV1—x2) +em,
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rmen=1,¢e=0,ecmxy < 0mm x*+y? <1;n=-1,¢=-1, eciim
X 4+y?>1,x<0,y<0n=—l,e=1,ecm x> +y>>1,x>0,y > 0.

8.79. Hokaxkure, uro ecau 0 < x < 1 u

2

T+x 1T—x
= arctg —,
B g1+x2

1—x’

« = 2arctg

TOo X+ =m.

8.80. Haiimnre cooTHOmenne Mexk 1y GyHKIUIMA

arcsincosarcsinx ®  arccos sin arccosX.
s
8.81. /loxaxkute, aro ipu 0 < @ < 5 BBIIOJIHACTCS HEPABEHCTEO
cossin ¢ > sincos @.
8.82. Borunciure
sin (2 arct, ! arct > )
&5 £12)-
8.83. Teopema cuHycoB. JlokaxkuTe, ITO U3 PABEHCTB

a b c

sinoc  sinf ~ siny’

x+pB+y=m (8.3)
cJIeIyeT:
a="bcosy+ ccosf,
b =ccosa+ acosvy, (8.4)
c=acosf3 +bcosa.

(Cm. Taxxe 8.12.)

8.84. Ilokaxkure, 4To U3 cooTHOUIEHMH (8.4) U JOIOJHUTEIBHBIX YCJIO-
Buit 0 < a < mO0<P<mO<y<ma>0,b>0,c >0 crenyror
paseHcTBa (8.3).

8.85. Teopema kocuHycoB. Jlokaxkure, 4o cooTHoOeHus (8.4) pas-

HOCHUJIbHBI CUCTeMe 2 5 5
a® =b° +c° — 2bccos «,

b? = a* + ¢* — 2accos B, (8.5)
c¢> =a’ 4+ b? —2abcosy,

TO ecTh U3 paBeHCTB (8.4) BBITEKAOT paBeHCTBa (8.5) U HAOGOPOT.

8.86. Teopema cuHyCOB u IepBasi TeoOpeMa KOCUHYCOB JIJIsI TPeX-
rpaHHoro yrya. llycTe mmeercss TpeXrpaHHBIN YyTOJI C IUIOCKUME YTJIAMU
&, 3, Y u mporuBonexamumu uM JByrpanabiMu yriamu A, B, C. Ilasa
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HEro CIpaBe/InBa TeopeMa CHHYcoB (8.7) u sBe TeopeMbl KocuHYcoB (8.6),
(8.8) (cmorputre Hmxe). IToce TOro, Kak OJHA U3 STHX TEOPEM JOKA3AHA,
Jpyrue MOryT ObITb IOJIydYeHbI IyTeM ajre0pamdecKux Ipeodpa3oBaHMil.
OrBiredeMcst OT TE€OMETPHYECKOl IPUPOABI 334l U HPEIIOJIOKUM, UTO
HPOCTO JIAHBI PABEHCTBA

cos ¢ = cos 3 cosy + sin 3 siny cos A,
cos 3 = cos occosy + sin asiny cos B, (8.6)
cosy = cos & cos 3 + sin asin 3 cos C,

", KpoMe TOoro, BejuduHbl &, 3, Y u A, B, C saksrouensr mexmy 0 u 7.

Hoxkazkure, 9T0
sinA _ sinB _ sinC (8.7)

sinoe  sinf  siny’

8.87. Bropassi TeopeMa KOCHUHYCOB /IJisI TPEXT'PAHHOIO yrIJja "
anasior ¢popmynsl I'epona. Jlokaxure, uyro u3 cucrembl (8.6) ciaeayor
paBeHCTBA

cos A = —cos B cos C + sin B sin C cos «,
cos B = —cos A cos C 4 sin A sin C cos f3,
cos C = —cosAcosB +sin AsinBcosvy, (8.8)
A+B+C—n —x, p-— —
g =\/tg§tgp 3 tg® zﬁtgp zy,

rme2p=a+pB+y.
8.88. ®opmyabt Pamanyaxkana. JlokakuTe caeayIonne TOXKIeCTBA:

2n 47 8m 5/5-337
3 3 3 i .
a) \/0057 + \/COS7 + \/cos7 =\—7

3 Zj 3 4j 3 Sj - 3\3/§_6
6) \/cos o+ {fcos 5+ {/cos 5 = P
(Cm. rakxke 8.11.)

8.89. Ilycts

sin2nx -sin(2n — 1)x -...-sin(2n — k + 1)x
U = p 7 . .
sinkx -sin(k — 1)x -...-sinx
JlokaxkuTe, 9T0 YUCJIa W, MOXKHO IIPEeJICTAaBUTh B BUJIe MHOI'OYJIEHA OT COS X.

(Cm. Taxzke 3.142.)

8.90. IlycTp unmcima W, ompeseseHbl KakK W B Ipeablayiei 3amade. lo-
KaXKHUTe TOXKJECTBA:

a) l—u;+u,—. .. 4+uy, =2™(T—cosx)(1—cos3x)-...-(1—cos(2n—1)x);

2 I > asin(2n 4+ 2)x -sin(2n 4+ 4)x - ... - sin4nx

0) T—ui+u; —...+uz, = (1) sin2nx -sin2(n—1)x-...-sin2x




I'71ABA 9
YpaBHeHI/Iﬂ U CUCTEMBbI

1. YpaBHeHusi TpeTheii cTeneHn

9.1. Jokazkure, ITO

a) ipu p > 0 rpacdux MuOrousena x° + px + q = 0 nepecekaeT KaxKyio
OPU30HTAJIBHYIO MPSIMYIO POBHO B OJIHOM TOYKE;

6) upu p < 0 rpaduk mepecekaeT HEKOTOPHIE TOPU3OHTAIBHBIE [IPIMBIE

B TPeEX TOYKaX;
B) upu p < 0 rpaduk uMeer oJMH MUHUMYM U OJUH MAKCUMYM IIPU TOM
a0CIUCCHl TOYEK MAHAMYMa U MAKCAMYMa IIPOTUBOIIOJIOXKHBI.

9.2. Jlokakure, ITO MPOU3BOJILHOE YPABHEHNE TPETHEH CTEreHn
22+ Az +Bz+C=0

TP TIOMOIITN JINHEHHON 3aMEHBI TIEPEMEHHON Z = X + [3 MOXKHO TIPUBECTH K
BULY
x> +px+q=0. (9.1)
9.3. okazkute, YTO TpaduK MHOTOUICHA
a) x> +px; 6) x> + px+ q; B) ax® + bx? +cx +d
nMeeT IIEHTP CUMMETPUH.

9.4. Jlokaxkute paBeHCTBO \5/2 ++5 + 3/2 —vV5=1.

9.5. Perure ypaBuenue

x3+x2+x:f%.

9.6. lokakuTe, ITO ypaBHEHUE
x> +ax* —b=0,
r7e a u b semecTBeHHbe 1 b > 0, UMeeT OJMH U TOJILKO OJWH MTOJIOXKUTE b=
HBIII KOpEeHb.

9.7. KakumMu J0/I2KHBI OBITh YKCJIa A U D, 9TOOBI BBIIOJIHSJIOCH paBeH-

CTBO
x> +px+q=x>—a’—b>—3abx?
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9.8. PazioxkuTe MHOTO4JICH
a’>+ b’ +¢* —3abe
Ha TpH JIMHEHHBIX MHOXKUTEA. (CM. Takke 11.74.)
9.9. Bripasure 4epe3 a u b 1efiCTBUTENBHBII KODEHb yPABHEHMS
x> —a®> — b’ —3abx =0.

HaﬁﬂI/ITe npeacTaB/JIeHud JJId IBYX KOMIIJIEKCHBIX KOpHeI"/'I 9TOI'0 YpaBHEHUA.
9.10. /Ioxaxkure, 9TO
(a> +b?+c*—ab—bc—ac)(x* +y*+2> —xy —yz—xz) =
=X+ Y2 47— XY —YZ—XZ,

ecJjin
X =ax+cy + bz,
Y =cx + by + az,
Z=bx+ ay+cz.

9.11. ®opmysna Kapaauno. [loxyaure hopmysty /st KOpHST ypaBHEHUS
x> +px+q=0:

S/ R IS SIS ¢ B Y G i
"_\/fr 4+27+\/2 st

9.12. Pemmre ypasnenue x> + x — 2 = 0 mondopoM u 1o QopMyiie
Kappmamo.

9.13. Bomumure ypaBHEHHE, KOPHEM KOTOPOTO Oy/IeT THCIIO

a:%<\3/5\ﬁ+7— \3/5\&—7).

3anuimre 9ucja0 & 6e3 IOMOIIM PaIuKaJsIoB.

9.14. Ilpu Bcex 3HaYEHUAX HMapaMeTpa d HANRINTE YUCIO NeHCTBUTEb-
HBEIX KOpHeit ypasrernsg x> —x — a = 0.
2

3V3

9.15. Pemure ypasaenue x° — x — = 0. CKOJIbKO JefCTBUTETbLHBIX
KOpHeil OHO umeer?

9.16. JlokazkuTe, ITO eCIH X1 , X2, X3 — KOPHH ypaBHeHns X> +px+q = 0,
TO
2 2 2 2 2 2
XZ +X2X3 +X3 :X] +X]X3 +X3 :X1 +X]X2 +X2 = —Pp.

(Cm. rakxe 8.13.)
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Omnpenenenne. Ilycrs f(x) — HEKOTOPBI MHOrOYJIEH CTEIEHA N > 2
u nyerb f(x) = an(x — ;)...(x — &, ) — pasnoxkenue f(x) Ha JUHEHHBIE
muoxkureau. Torna duckpumunanm D(f) wmmozousrena f(x) onpenensercs
TaK:
D(f)=a2"? [ (—a)

1<G<1i<n

U3 onpenenenus: D(f) sicao, uro muorowien f(x) B TOM U TOJBKO B TOM
cJTydae MMeeT KpaTHBIH Kopenb, korga D(f) = 0.

9.17. InckpuMuHaHT KyOudeckoro ypaBHeHnus. [lycts ypaBuenune
x3 + px + q = 0 UMeeT KOPHH X;, X, U X3. BbIpasuTe 4epe3 p U ( JUCKPH-
MUHaHT 9TOI'O YypaBHEHUA

D = (x; —%x2)* (%2 — x3)* (x5 — x1)%.
9.18. J/lokaxkuTe, 9TO PABEHCTBO
4p* +27¢* =0

SABJISETCs] HEOOXOAWMBIM W JOCTATOYHBIM YCJIOBHEM JJIsi COBIAQ/IEHUS IIO0
KpafiHeit Mepe IByX KopHeilt ypaprenns x> + px + q = 0.

9.19. Haiinure Bce meificTBUTEbHBIE 3HAYEHUS G U D, MPU KOTOPBIX
ypaBHEHUS

X +ax? +18=0, x*+bx+12=0

HNMEIOT JABa O6H_[I/IX KOpHZ, 1 OIIpeae/InTe 3TN KOPHU.

Onpepenenne. Kpusaa 4p® + 27q% = 0 na ¢asosoit miockoctu Opq
Ha3LIBaETCA QUCKPUMUHAHMHOL Kpucoti ypasHeHus x> + px + q = 0.

IIpambie ap + q + a®> = 0, COOTBETCTBYIONTHE TPEXUICHAM, NMEIOIIIM
KODEHb @, HA3BIBAIOTCS KOPHEBILMU.

9.20. KakoBo B3amMHOe paciojiozkeHune Ha ¢a3oBoil miockoctu Opq
JINCKPUMUHAHTHOW KPUBOIl M KOPHEBBIX TPsIMBIX? VMeroT i oHu 0bIiie
TOYKH, ¥, €CJIM UMEIOT, TO cKoIbKo? (CM. Takxke 6.22.)

9.21. zo6paszure "a da3oBoii miockoctu Opq MHOXKECTBa To4eK (P; ),
JUIsi KOTOPBIX ypaBHeHue x> + px + ¢ = 0 uMeer a) ojuH KOpeHb; 6) jBa
KODHSI; B) TP Pa3JMYHBIX KODHS; I') TPHU COBIIAJAIOIIIX KOPHSIL.

9.22. zo6pasure Ha dhaszoBoii mrockoctu Opq MHOKECTBa TOUEK (P; (),
JI7IST KOTOPBLIX BCe KOPHHU ypaBHeHus x> + px + q = 0 He IpeBOCXOJAT IO
mozyitio 1.

9.23. l306paszute Ha ¢da3oBoii miockoctu Opq MHOXKECTBO ToUeK (P; ),
JUIst KOTOPBIX ypasHenue x° + px + ¢ = O MMeeT TpU pas/IUYHBIX KOPHS,
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IpUHAJIeXKAIUX 3aJaHHoMy MHTepBady (a; b). Paccmorpure, nampumep,
cirydaii, korga a = —2, b =4,

9.24. Merozn Bueta. Korna 4p3 +27q* < 0, ypasrenne x> +px+q = 0
UMeeT TPH JEHCTBUTEIHHBIX KOPHs (HEIPUBOAUMBIH KyOMIECKOrO ypaBHe-
HU#), HO JIs TOro, 4Tobbl ux Haiitu 1mo dbopmyrine Kapmano, neobxomumo
WCIOJIb30BaHNe KOMILIEKCHBIX uncest. OIHAKO MOXKHO yKa3aTh BCe TPH KOP-
Hsl B sIBHOM BH/IE€ Y€pe3 TPUTOHOMETpUUIecKre (DyHKITUH.

a) Jokaxkure, aro npu p < 0 ypasrenue 9.1 3amenoit x = kt comurcst
K yPaBHEHUIO

4 —3t—1=0 (9.2)

OT IIepeMeHHOH t.
6) okaxure, uro npu 4p> + 279? < 0 pemenusimu ypasnenust (9.2)
OyayT dmcta

©+2m @ +4n
3 t; = cos 3

t; = cos g, t, = cos
IJe (@ = arccosrt.

9.25. Pemure ypaBHeHus
a) x> —3x—1=0; 6)x>*—3x—+3=0.

YKayKATe B 9BHOM BHUJE BCE KOPHU ITUX YPABHEHMIT.

9.26. Jlokaxkute, 4To ecau Kopuu muorowiena f(x) = x> + ax? + bx +¢
00pPa3yIoT MPABUILHBINA TPEYTOJLHAK HA KOMILJIEKCHON IJIOCKOCTH, TO MHO-
rowren f'(x) = 3x? + 2ax + b uMeeT IBYKpPATHEIH KOPEHb, PACIIONOKEHHEII
B IIEHTPE 3TOr0 TPEyroJbHUKA.

9.27. JlokaxKuTe, UTO €CJIM YPaBHEHU

x* +px+q=0,
X3 _I_plx_l_q/:()

UMEIOT ODIIN KOPEHb, TO
(pa’"—qp)p—p')* =(a—q’)’.

9.28. a) Jlokaxkure, uro npu 4p® + 27q* < 0 ypasuenue 9.1 3ameHoit
X = &y + 3 cBOIUTCS K yPABHEHUIO

ay® —3by? —3ay +b =0 (9.3)

OT IIEPEMEHHON Y.
6) Jdokaxkure, 4T0o 1pu pemeHusiMu ypasuenust (9.3) GymyT ducia

+2m +4m
yZZtg(ps ) y]:tg(pg )

Y :tg%)



128 9. YpaBHuenust u cucreMbl

rJe (@ onpejesdeTrcs U3 yCJIOBUIA:

. b a
e =t T Vaqer

9.29. Meton @eppapu. DTOT METOJ, IO3BOJISET PEIIATH IIPON3BOIHHOE
ypaBHeHue 4-if cTeneHn IyTeM CBEIEHUs €r0 K PELIEHUIO BCIIOMOIaTeIbHOIO
KyOMYeCKOro ypaBHEHMsS U JIBYX KBaJPATHBIX yPaBHEHMUIA.

a) Jlokaxkure, 910 Jr060€ ypaBHeHre 4 CTEIleHn MOXKHO IPUBECTH K BUJLY

4)

(9.4
6) BeeeM JeiicTBuTe IbHBI TapaMeTp & U nepenuineM ypasuerne (9.4)
B BUJIE

(9.5)

Jokaxkure, 910 11 HEKOTOPOro & > —A /2 npasas 4actb pasencTsa (9.5)
NpPEeBpaIAeTCs B IOHBIT KBaapar (10 nepemennoil x). Ilonb3ysacs pasen-
crBOM (9.5), OHHIINTE METOJ] HAXOXK IeHUs KOpHeil ypaBaennst (9.4).

x* = Ax* + Bx + C.

x4 20x? + o = (A + 20)x* + Bx + (C + o).

2. TpuronomerpuiecKkne 3aMeHbI

9.30. Permure cucremy

XZ _|_y2 — ])
4xy(2y* — 1) =1.
9.31. Pemmure cucremy
y=2x*—-1,
z=2y*—1,
x =2z —1.

9.32. Jlokaxkurte, UTO CpeU CEMU PABIUIHBIX UHCEJT BCETAa MOYKHO
BBIOPATH J[BA YMCJIA X U Y TaK, 9TOOBI BBIOJIHSIOCH HEPABEHCTBO

xX—y 1
0< —.
T+xy V3
9.33. Cpeau Bcex peleHuii CUuCTeMbl
XZ +y2 — 4’
22 +t2 =9,
xt 4+ yz = 6,

BBIOEpETE T€, JIJIsT KOTOPBIX BEJINYIUHA X + Z IPUHUMAET HANOOJIbIIee 3HAE-
HHE.
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9.34. Permure ypaBHeHuSs

a) V1—x2=4x>—3x; B) VI—x=2x* —142x/1—x%;

x _ 35, T—Ixl 5 5
6)X+7m—]2, ) —5— =2x*—1.

9.35. IlocaenoBaresbHOCTD uncen {h, | 3a1aHa yCIOBUAMU:

112
hps u(

3 n=1).

o0
Hokaxkure HepaBeHcTso »_ hy < 1,03.
k=1

9.36. Ckonbko KopHeil Ha orpeske [0; 1] mmeeT ypasHenue

8x(1—2x2)(8x* —8x2 +1)=1?

9.37. Ilycrn x| < 11 |x;] < 1. Jokaxkure HEpABEHCTBO

2
V-2 +/T-x3 <2 1—(’“;"2) .

9.38. Pemure ypasnenne

2% — V1 —4x2| = V2(8x* — 1).

129

9.39". Ynucna x, Y ¥ z YIOBIETBOPAIOT COOTHOMIEHMIO XY + Yz +xz = 1.
HokazkuTe, ITO CYIIECTBYIOT YHUCIa &, [3, Y Takue, 9T0 x + P +vy =7 u

BBITIOJIHAIOTCA PaBEHCTBaA

x =tg(a/2), y=1tg(B/2), z=rtgly/2).

9.40. Pemmure cucrembl:

a) 3133232; 5) {3(X+l> :4<y+1_]?) =5(z+3),

z+ 3x = 4x3; xy +yz+xz=1,

2x +x*y =, 1-x* 2y 1-7
6)  2y+y’z=2z, 1)< T+4x> 1+y> 1+22’

22+ 22x =x; xy+yz+xz=1.

9.41. Ilycts xy + yz + xz = 1. JlokaxknuTe paBeHCTBO:

y I z 4xyz
—y*  1=Z2 (=X -y -2}

X
1—x2+1

9.42. Pemure cucremy:
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9.43. Pemure cucremy:

9.44. Pemure ypaBHenue:
\ /% L =1,

Omnpenenenne. Vreparueil HA3BIBAETCS PE3YJIbTAT IIOBTOPHOIO MPH-
MeHeHHMs KaKoii-mbo MareMaTmdeckoil onpeanun. Tak, ecim y = f(x) =
= f;(x) ectp Hekoropas dyHKuEsa or X, To dyukmuu f,(x) = f(f;(x)),
fi(x) = f(f2(x)), ..., fo(x) = f(f_; (x)) HA3BIBAIOTCA COOTBETCTBEHHO BTO-
Ppoii, TpeTheii, . . ., N-it nrepanuamu ¢pynkun f(x). Ilpu oreickanny mpemena
IOCJIEIOBATENBHOCTH X, = T, (X0 ) 92CTO OKA3BIBAETCA TIOJIE3HOM CIIEIY IOIIASA
TeopeMma.

3. Urepanun

Teopema BeiiepiiTpacca. Beskas Bozpacraromiasi I0OCIeI0BaTeb-
HOCTh, OPPAHUYEHHAs] CBEPXY, UMeeT Mpejiesl. AHAJIOTMYIHO, BCSIKas yObIBa-
OIAasi IOCJIEOBATEIbHOCTh, OIDAHUYEHHAs CHU3Y, TaKXKe MMeeT Ipesell.

9.45. Nwmetorest aBa cocyna. B nux pasauau 1 1. Bogsl. 13 mepsoro cocy-
J1a TePEeJINBAIOT [TOJIOBUHY BOJBI BO BTOPOIi, 3aT€M U3 BTOPOI'O IEPEINBAIOT
[TOJIOBUHY OKAa3aBIIeficsi B HEM BOJbI B IIEPBBIN, 3aT€M U3 IIEPBOIO COCY/IA
[EPEJIMBAIOT MIOJIOBUHY OKAa3aBIIeliCcsi B HEM BOJbI BO BTOpOil u T. 1. /loka-
JKUATE, YTO HE3ABUCHUMO OT TOT'O, CKOJIBKO BOJIBI OBIJIO CHaYa A B KaXKIOM U3
cocyos, nocsie 100 nepenusanuit B Hux 6yaer 2/3 j. u 1/3 1. ¢ TOYHOCTHIO
710 1 MuLTUIITpA.

9.46. BaBuioHCcKuii asroputM Bbraucsenust /2. Ilocienosareis-

HOCTh YHCEJT {X,, } 3a/[aHa YCJIOBUIMU:
1 2
XOZ], Xn+1 :E<Xn+7) (nZO)

Xn

Hoxaxmure, uto lim x, = V2. (Cm. Taxxe 9.65.)
n—oo
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9.47. K yeMy OyeT CTPEMUTDHCS TTOCTIEI0BATENHHOCTD U3 MPEIbIIY et
3a/1a9M, €CJIM B Ka4eCTBe HAYaJIbHOI'O YCJIOBHS BBIOpaTh Xo = —17

9.48. NrepamnonHas dopmyiaa I'epona. /lokaxkure, 94TO 1OCIIE0-
BaTEJIBLHOCTD YUCEJT {Xy, |, 3a/laHHasl YCIOBUAMU

1
only Xn+l:E(Xn+x£)v (TL}O),

cxomuTces. Haitnnre mpemes 3Toi moc/ie10BaTeIbHOCTH.

9.49. Ilycts a u k > 0 mpousBosbHbIe uncia. Ompeaesnm moc/ie10Ba-
TEJILHOCTD {d,, | paBeHCTBaAMHI

1 k
Qo =0, Qniq = E(a“ + —) (n>=0).
an
Jokaxkure, 9T0 TIpHU JIFOOOM HEOTPHUIATETHHOM T BBIIOJTHSIETCH PABEHCTBO
an —VvVk (a—\/E)Zn
an + \/E a—+ \/E ’

9.50. 3adukcupyem gncia a, u ;. [locTponm mocieo0BaTeIbHOCTD {ay, |
B KOTOPOI

+an,
(o g :w (n}])'

Bripaszure a,, uepes ay, a; u n.

9.51. Crapsrii kanbkyiasarop I. a) IIpeamosokuMm, 9ro MBI XOTUM
Haiit /% (x > 0) Ha KAJIbKyJIATOpE, KOTOPBI KPOME YEThIPEX OGBITHBIX
apudMeTHIeCKUX JeHCTBIIT yMeeT HAXOMUTh /X. PaccMOTpuM cJierytonTuit
ajiropur™. CTPOUTCSI TOC/IEI0BATETLHOCTD Yuces {Yy, }, B KOTOPOi Y, — Ipo-
U3BOJIBHOE MOJIOKUTEIBHOE YHUCJIO, HAIPUMEDP, Yo = \/ﬁ, a OCTaJIbHbIE
9JIEMEHTBI OMPEJIEIISTIOTCS COOTHOIIEHIEM

yn+1 = Xyn (n > 0)

Hoxkazkure, 94T0O

lim y, = V/x.
n— oo

6) IlocrpoiiTe aHAJOTUYHBINA AJIOPUTM JJisi BbIYUCIEHU KOPHS MSTOM
CTEleHH.

9.52. Crapsiii Kajabkyaarop 1I. Ilpomssommas dysakimun Inx mpu
x = 1 pasua 1. Orciona

. In(1+x) . In(14+x)—1In1
lm ——— =lim ————— =1.

x—0 X x—0 +X)—]
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Bocnonbayiirech atuM (pakTOM I TPUOIMKEHHOTO BBIYUC/ICHUS HATY-
pasbHOTrOo Jorapudma uucaa N. Kak u B 3a7ade 9.51, pazpemaercs UCIoIb-
30BaTh CTAHJIAPTHBIE apU(METUIECKUE IeHCTBUsI U OIEPAINIO U3BJICUEHUS
KBaJ[pPaTHOTO KOPHSI.

9.53. Meron urepamuii. i Toro, 4robbl NMpUOINKEHHO DPEIIATH
ypaBHeHue, JOIyCKAIoIee 3auch f(X) = X, IPUMEHSAETCsT METO/], NTEPAIH.
CrauaJjia BBIOMpPAETCs HEKOTOPOE YHCIIO Xg, & 3aT€M CTPOUTCS IOCIIeI0Ba-
TEJIbHOCTD {Xy, } 10 TIPAaBUILY Xq 41 = f(xn) (N > 0). Jokaxkure, uro ecyin 1a
MIOCJIeIOBATEILHOCTD MMeeT Ipees X* = nan;o Xn, 1 Qyukus f(x) nempe-

PBIBHA, TO 9TOT IIPEJIEJT ABJISIETCA KOPHEM UCXOIHOTO ypasHenus: f(x*) = x*.

Onpepenenune. [eomeTpuieckoil HHTEPIPETAIMEN UTEPAIIMOHHOTO IIPO-
mecca CJIyKHAT UMEPAYUOHHAA AOMGHAA. [ljis ee MOCTpoeHUst Ha ILIOC-
koctu Oxy pucyercs rpaduk bynkmun f(x) u nmpoBogurcs buccekTpuca
KOOD/IMHATHOIO yIyla— IpsiMas Yy = X. 3areM Ha rpadukre QyHKIUNA
oTMedaroTcss TOUKI Ag(Xo, T(xo)), Aqr(x1, T(x1)), -.., An(xn, f(xn)), ..., a
Ha OUCCEKTPHUCE KOOPAUMHATHOIO yTJa— TOYKU Bo(Xo, Xo), Bi(x1, 1), ...

.y Br(Xn, Xn), ... Jlomanas BoAyBiA; ... B A, ... Ha3bIBaeTCsa UTEpa-
IIUOHHOIA.

9.54. TlocTpoiiTe nTepanOHHbIE JTOMAHBIE [T CJIEAYIONNX TAHHBIX:

a) f(x):1+§, X0 =0, xog = 8§;

6) flx) =1, X =2
B) f(x) =2x—1, x, =0, xo =1,125;
D) fx) =246, x =13
) fx)=x>4+3x—3, x=1, % =099, x, =1,01;
e) f(x)=v1+4+x, x=0, x =38;
3 2
) fx) =% -2 4 B3y =3

9.55. IlocnemoBareqbHOCTD 9nCen {A,, | 3aJaHa yCIOBUAMA

1
(l]:], an+]:an+72 (n}])
n
Bepno s, 9To 3Ta moC/Ie10BaTEIbHOCTh OrpaHnYeHa ?
9.56. /s mociieoBaTeibHOCTH {d,, |
. a
lim (anﬂ — 7“) =0.

n— oo

Hoxkazxure, aro lim a, = 0.
n—oo
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9.57. Yucna a;, a,, ..., 0 TAKOBDLI, ITO PABEHCTBO

Im (Xp + a1 Xpn_1 + ...+ QX)) =0

n— oo
BO3MOYKHO TOJIBKO JIJIsi Te€X TOCJIEI0BATENbHOCTEH {X,}, JJIsi KOTOPBIX
lim x, = 0. Jokaxkure, 9T0 BCeé KOPHU MHOTOUJICHA,
n—oo

PA) = A+ a A"+ A2+

110 MOZYJIIO0 MeHbIme 1.

9.58. Uccnemyitre mocie0BaTeIbHOCTH Ha, CXOIANMOCTD:

1
a) Xni1 = T’

6) Xny1 =sinx,, x,=a € (0; n);

B) Xni1 =vVa+x, a>0,x%x =0.

9.59. Uro ocraHercsi OT MPAMOYTOJbHUKA? 30JI0TOi MPSIMOYTOJIb-
HUK — 3TO TAKO#l INPSIMOYIOJIbHUK, CTOPOHBI . M b KOTOPOTO HAaXOJAT-
Csl B IIPOIOPIUH 30JI0TOI0 CEYEHUsI, TO €CThb YIOBJIETBOPSIIOT PaBEHCTBY
a:b=>:(a—Db). lIpegcraBum, 9T0 TaKOl MPSIMOYTOJLHUK BLIPE3aH W3
OymMaru m JIEXKUT Ha CTOJie, OODAINEHHBII K HAaM CBOeil OoJiee JJIMHHOM

XOZ];

cropoHoii. OrcedeM TO JIEBYIO CTOPOHY IPSIMOYTOJBHUKA HAUDOIBIINN
KBa/[PaT, KOTOPBI MOXKHO U3 HET'O BBIPE3ATH; OCTATOK OYIEeT CHOBA 30JI0THIM
MPsIMOYTOJTBHUKOM. /Jlaslee cTaHOBHMCS TIO JIEBYIO CTOPOHY CTOJIa TakK,
4TOOBI CHOBA MMETh Iiepeji coboil Hosiee JJIMHHYIO CTOPOHY W IIOCTYIIAeM C
HOBBIM MPSMOYTOJBHIKOM TaK K€, KaK U C MPEIbIAYIuM. TakuM o6pa3omM
00XOIMM CTOJI BOKPYT 10 HAIIPABJIECHHIO XOa IACOBOI CTPEJIKU U I10 OYePeIn
oTcekaeM KBaaparbl. Kaknasg TOYKa HPAMOYTOJbHUKA 33 HCKIIOYEHHEM
OJIHO, Oy/leT paHbIlle Wian 1o3xKe orcevdeHa. Opesesnre MOJIOKEHAE STON
HUCKJIIOYNUTEJIbHOI TOYKM.

9.60. AsiropuTM TpuUGAMPKEHHOTO BbIuUcJeHus +/da. [locienosa-
TEJBHOCTD {Q,, } ONIPEIeIIeTCs yCIOBHAMME:

a=a>0, dnq :%(Zan+aiz) (n>0).

Hoxkaxkure, uro lim a, = /a.
n— oo
9.61. Ykaxkure criocod mpuOINKEHHOTO HAXOXKICHUS MTOJI0KUTETHHOIO
KopHg ypasHeHusa x> —x — 1 = 0.
9.62. IlocnemoBareqbHOCTD 9HCeT {A,, | 3aJaHa yCIOBUAMHA

3an 1
a =1, ang :T+a7 m=>1).
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Hoxkazkute, 94T0O

a) MOCJIEJ0BATEILHOCTD {Q, } OrPAHUYEHA;

6) lai000 — 2| < (3/4)'°°°.

9.63. Haitiute mipesiest mocae0BaTeIbHOCTH, KOTOPas 33/1aHa, YCIOBHUSI-
MU )
an |, Qn

A =2, Qnys =7+? (m=>1).

9.64. CxouMOCTh UTEPAIMOHHOTO mpomecca. [Ipesimnosioxkum, 9To
dyurmus f(x) orobpazkaer orpe3ok [a; b] B cebs, m Ha 3TOM OTpe3Ke
If'(x)] € q < 1. Hokazkure, aro ypasuenue f(x) = x mmeer Ha orpeske [a; b]
€JIMHCTBEHHBIN KOpeHb X*. JloKaxKuTe, 94TO MpHU PEIIEHNH ITOrO yPaBHEHUS
METOJIOM UTEePAIuil OY/LyT BBIIOIHATHCST HEDABEHCTBA!

n
it = xal S B = ol @™, = xal b =l 7o (120),

9.65. JlokaxkuTe, 9TO Iy 9UCeT {X,, } u3 3amadn 9.46 MOXKHO B SBHOM
BUJIE YKa3aTh Pa3JI0KEHNs B IEITHBIE IPOOM:

Xn=1[1;2,...,2] (n>=0).
—
2n—1
OueHure pasHOCTD Xy — V/2|. (Cm. Takxke 9.81)

9.66. C kakoil rapaHTUPOBAHHON! TOYHOCTHIO BHITUC/ISIETCS vk IIpA TIO-
MOIIH ajJropurMa 3ajgadu 9.48 1mocje nsiTu maros?

9.67. Pemure cucremy ypaBHEHUIT

9.68. Pemure cucremy:

Yy =43 +x—4,
22 =4y’ +y—4,
x* =42 +z—4.

9.69. TlocaenoBares/bHOCTD YnceT {X,, | 3aJIaHa YCIAOBUSIMU:

X1 = —a, Xni1 =V A+ Xq.
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JlokazkuTe, 9TO IOCJIEI0BATEILHOCTD {X,, | MOHOTOHHA U orpanudena. Haii-
JIATE ee Tpeae)t.

9.70. Urpa Ha moHOTOHHOCTH. J[OKaxKnuTe, ITO JIjIsi MOHOTOHHO BO3-
pacratomeit dbyuaknun f(x) ypasaenus x = f(f(x)) m x = f(x) paBHOCHIHHBL.

9.71. Pemure ypaBHeHnme \/a +vVa+vVa+x=x.

9.72. ApudmeTuko-reomerpudeckoe cpeanee. [lycts a n b— aBa
[OJIOKUTEIBHBIX YHCIa, npudeM a > b. IlocTtpoum mo sTum umcsiaam JiBe
nociefoBaTesbHocT {a, } u {b,, } mo npasuaam:

an +bn

G=a, bo=b, ay;="T20 by =yab, (n>0)
Jokazkure, 9T0 06€ ITU MOCJIEIOBATETLHOCTA UMEIOT OJIUH U TOT K€ MPeJIeI.

DTOT mpejiesl HA3BIBACTCS GPUPMEMUKO-2EOMEMPUNECKUM CPEIHUM U~
ces a, b u oboznagaerca p(a, b).

9.73. Apudmeruko-rapmonudeckoe cpeanee. llycrs a u b— npa
MIOJIOKATEIBHBIX 9HCIa, B a4 < b. OnpemesnM aBe IOCIEIOBATEILHOCTH
qnces {a, } u {b,} dbopmymanm:
ao=4a, by=b, ang=——, by = G“ZLb“ (n>=0).

a) Jlokaxkure, 9T0 06€ 3TU MOCJIEI0BATEIHLHOCTH UMEIOT OOIIHME TIpeIet.
DTOT TpeJesl HA3BIBACTCA APUPMEMUKO-2APMOHUMECKUM CPEOHUM TUCET A
ub.

6) Jokaxkure, 94TO ITOT IPEJEJI COBIAIAET CO CPEIHUM I'€OMETPUIECKUM
quces a u b.

B) Ilycre a = 1, b = k. Kak nocsieioaresnsrocts {b,, } 6yaer cessana ¢
[IOCJIeIOBATEILHOCTIO {X,, | 3 3amaun 9.487

9.74. TeomeTpuko-rapMoHnYecKoe cpeaHee. Hazosem zeomempu-
KO-2aPMOHUYECKUM CPEOHUM TACEN A U b 00Ul Ipeae T MOCIe0BATEIBHO-
creit {a,} u {b,}, HOCTPOEHHBIX 110 MpABUILY

2anbn
a = aq, bO = b) Anp1 = — bn+1 = anbn (n > O)
an + bn
O6ozuaunMm ero depes v(a, b). Hdokaxkure, uro Besuunna v(a, b) cesasana
¢ u(a, b) (em. zamaay 9.72) paBencTBOM

a5 =4 (6 6)
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9.75. Haiinure Bce JeficTBUTEIbHBIE PEIIEHUST CUCTEMBI

1—x7 =x,,
1—x3 =x3,

9.76. Haiinure ¢ Tounoctbio jo 0,01 COTBIA 4WiIeH X;oo IIOCIEI0BATEb-
HOCTH {X,, }, ecin

a) x; €0; 1, xpe1 =% (1 —%x,), (n>1);

6) x; €[0,1; 0,9, xni1 = 2%, (1 — %), (n>1).

9.77. Joxkaxkure, 9To KacareabHas K rpaduky pyukmun f(x), mocrpo-
eHHasl B TOUKe ¢ KoopmuHatamu (Xo; f(xo)) mepecekaer ocb Ox B TOUKe ¢

KOOPJAUHATON
. _ fxo)
° )

9.78. Metoa Hpiotona. g npubimKeHHONO HAXOXKJIEHUsI KOpHE
ypashenus f(x) = 0 HbloTOH NpeyiozKuI UCKATD MOCJIEI0BATEbHBIE TTPH-
O6mKeHnd 10 popMyJIe

flxn)

Xn+1 = Xn — m,
n

(HauaIBHOE YCIIOBUE X CJIEYET BBIOMPATH MOOJIMKE K UCKOMOMY KODHIO).
Joxazknre, uto mias dbyHmmn f(x) = x> — k ¥ HAYAILHOTO yCIOBHS
Xo > 0 HTEPAIMOHHBIA HPOIECC BCerma OYIeT CXOAuThest K VK, TO ecThb

lim x, = vk.

n—oo
Kak 6yzner Beipakarbest X, 1 depe3 X, 7 CpaBuure pe3ysibrar ¢ hopmy-

Jo#t u3 3amaan 9.48.
9.79. Meron Hbrorona m dumciaa PubGouauuun. [Ipumenum meron
HeroTona st TprOIMyKEHHOTO HAXOXKACHUST KOPHEH MHOTOUICHA
f(x) =x> —x—1.
Kakwne mocieoBaTeibHOCTH TUCES TTOJIYIaTCs, €CIN
a)x0:1; 6))(0:0?

K kakuMm gnciam OyayT cXOIuThCs 9TU HocenoBareabrocTu! Onuimnre
PAa3JIOYKEHUsI YUCeJT X, B IEIHbIe JTPOOHU.

9.80. Ilyctb p m q— OTIMYHBIE OT HYJS ACHCTBUTEJbHBIE HYHUCTIA U
p? —4q > 0. JlokazkuTe, 9TO CJIeILyIONIHE HOCIeI0BATEILHOCTH CXOMATCA:
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q .

a‘) Uo:O» Ynt1 = (n>o)7
P—Un
q

6) zo =0, Zni =P ;- (m>0).
mn

YcTaHOBHUTE CBA3b MEYKY IMPEISTbHBIMI 3HAYEHUSIMI ITUX IMOCTET0Ba~
TeJBHOCTEH Y*, z* W KOPHAME ypaBHeHHud x> — px + q = 0.

9.81. Meton HeroToHa m 1ienubie apobu. [Ipenmoroxkum, 910 11€1I-
HBIE IpOOH

cxongres. CortacHo 3aga4e 9.80, oHu OyIyT CXOAUTHCHA K KOPHSAM MHOIOUJIe-
Ha x> —px + g = 0. C Apyroit CTOPOHBI K TeM Ke KOPHSAM OYIyT CXOAUTLCS
U TIOCJIEJIOBATEILHOCTHU, TIOCTPOEHHBIE 110 MeToIy HbioToHa:

Xh—PXnt+4d _ Xa—g

2xn — P 2xn — P

Xn+1 = Xn —

JokazKkuTe, 9TO €CJIN Xy COBIAIAET C HYJIEBOHN MOAXOISIIEH IpOOBIO TIETHO
apobu & wiu 3, TO YmMcya X1, X2, ... TakKxKe OYIyT COBIAJATH C IOIXOJIs-
mumu pobsivu K & win B. (Cu. rakske 9.65.)

9.82. Meron HpioroHa He Beerjia Mmo3BoJjisieT MPUOJIU3UTHCS K KOPHIO
ypasuenus f(x) = 0. nsa muorounena f(x) = x(x — 1)(x + 1) naiigure
HavYaIbHOE YCIOBHUE X Takoe, 9To f(Xo) # Xo 1 X3 = Xo.

9.83. Metoxa JlobaueBckoro. Ilycts mHOrOUYIEH
P(x) =x"+an_1Xx" " +...+arx+ ao

UMeeT KOPDHH X1, X2, ..., Xn, HpAIEM |X1]| > [X2| > ... > |x,,|. B 3amaqe 6.42
OBLI IPEIbABIIEH CIIOCO0 mocTpoeHnst MHOrowIeHa Q(x) crenenn 1, KOpHAMHA
KOTOPOTO ABJSAIOTCA duciIa X2, X5, ..., x2. Ha ocHose 3TOro paccyxje-
uus JlobadeBckuit puIyMa I METOM JJisi TPUOJUKEHHOTO MOUCKa KOPHEit
MHorowrena P(x). On 3akimodaercs B caemytomeMm. CTpOUTCsT TOCTIEI0BA-
TEJIbHOCTH MHOPOWIEHOB Py (x), P1(x), P2(x), ... Takas, uro Py(x) = P(x) u
mmorouzen Py (x) mmeer kopun X2, ..., x2°. Ilycrs

k — k k
Pe(x) =x"+a x" "+ al x4 al.
Hoxkazkure, 9T0

(k) 1/2k
: (k) y1/2% . : n—-1
a) lim (—a =x 6) lim =x 1<1<n).
) " ( n71) 15 ) X ( ailk]l+1) 1 ( I lx )
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9.84. Meton JlobaueBckoro m uucia JIroka. Iloctpoiite mociemno-
BATEJIbHOCTh IIOJIMHOMOB, KOTOpasi MOJIydaeTcs, ecjau Meror, JlobaueBckoro
IIPUMEHUTS 1715 TPUOJIMKEHHOTO HAXO0K IeHN s KOpHel MHOTrouIIeHa, X2 —Xx—1.
Kakue mociemoBarembHOCTH OYAyT CXOAUTHCA K KOPHIM X W Xz, €CJIH
xq| > [x2]?

9.85. Metoa Apxumesna. s npubInKeHHONO HAXOXKACHUS TUCTa TT
PaccMOTPUM OKPY?KHOCTH paguyca 1/2. OnuineM oKoJIO Hee U BIMIIEM B
Hee IpaBuiibHble N-yrojapauku. O603HaYMM uxX nepuMeTpsl depesd P (ngist
OIMCAHHOTO) U P,, (151 BIIMCAHHOTO).

a) Haiinure Py, ps, P 1 ps.

6) JokaxkuTe, 9TO CIPABEIJIUBLI CJIELYIONINE PEKYPPEHTHBIE COOTHOIIIE-

HUA: 2P
PZn = %» Poan = V pnPZn (T\. 2 3)

B) Haiinure Pos u pos. Jokakure HepaBencrsa
10 1

9.86. ®opmysna @epma. Jlokaxkure paBEeHCTBO

2 N
n \2
9.87. Iloce10BaTEILHOCTD YHUCENT Xg, X1, X2, ... 33JIAETCS YCIOBUSIMU

Xo=1, Xpp1=a" (n=0).

Haiture Hanbosbiiee YucsIo a, Jjis KOTOPOTO 3Ta MOC/IEI0BATETLHOCTD UMe-
er npejies. Uemy paBeH 3TOT IpeJes Jijist TAKOTo a?

9.88. IlocmemoBaTeIbHOCTD 9MCeNT A1, Oy, A3, ... 33JAETCA YCIAOBUIMU

a =1, anH:an—i—L2 (n>=0).

n
Jokaxkure, 910
a) 3Ta MOC/IeI0BATETLHOCTD HEOIPAHUYEHA;
6) Q9000 > 30,

o . an
B) HaiizuTe npejena lim
n— o0

37.
m
9.89". Tpoiiku uucen (Xn, Yn, z,) (N = 1) cTposres 10 npasuiy:

X1 :2,91 :47 Z7 :77
2Xn Zyn ZZH
Xn+1 = 2Z_71 Yn+1 = 21 Znt1 = 21 (n> 1)-

n n n
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a) Jlokakure, 9TO yKa3aHHBIA [IPOLECC HOCTPOEHUS TPOEK MOXKET GBbIThH
HEOI'PAHUYEHHO TPOIOJIZKEH.

6) MozkeT Jiu Ha HEKOTOPOM IIare MOy IUTCA TPOHKA 9UCel (Xp, Yn,y Zn ),
TSI KOTOPO#t X, + Yn + 2, = 07

4. CucreMbl JUHEHBIX yPAaBHEHUN

9.90. Konsa Bacun ryssin mocse mkosbl Tk 9acoB. CHavasa OH 1ret
110 TOPU30HTAJIBHON JIOpore, 3aTeM IOJIHAJICS B TOPY U, HAKOHEIL, II0 CTapo-
My MapIIpyTy BO3BPATHJICH HA3aJl B UCXOJHBIN IyHKT. Ero ckopocth ObI-
Ja 4 KM/9 Ha TOPHU30HTAJIBLHOM YYACTKE IIyTH, 3 KM/Y IPH MOJbeMe B
ropy u 6 xkm/4— npu croycke ¢ ropel. Kakoe paccrosaue upomren Kosst
Bacun?

Meton I'aycca. [Ipeamonoxum, 9T0 UMeeTCs CUCTEMa U3 T JTUHEHBIX
YPaABHEHUIT OT MEPEMEHHBIX X1, . .., X, . OJHIM U3 BO3MOXKHBIX METOJIOB pe-
IIIeHUsT TaKOI cucTreMbl siBjisiercst MeTost Laycca. OH 3aK/IH09aeTCsl B TOM, 9TO
C TIOMOITBIO TIEPBOT'O yPABHEHUS [TEPEMEHHA X1 UCKIIOYAETC U3 OCTAJbHBIX
ypaBHeHUil. 3aTeM C IMOMOIIbI0 HOBOI'O BTOPOIO YPAaBHEHUS IEPEMEHHAsI
X, HUCKJIIOYAETCs U3 BCEX CJeayiomux ypaBHeHuil. VI Tak nasee, moka u3
TIOCTIEJTHETO YPABHEHHUS He IIOJIyINTCHA 3HAYeHHe IIOCIIe/IHeN ITepeMeHHOM.
ITocsie gero ocrabHbIE ITEpEMEHHBIE HAXOJATCS B OOPATHOM IIOPSJIKE.

9.91. Pemure cucreMbl

x—3y+2z—t=3, x+2y+3z=2,
2x+4y —3z+t =5, x—y+z=0,

a) 4x —2y+z+t=3, B) x+3y—z=-2,
x+y+z-—-2t=10; 3x+4y + 3z =0;
x+2y+3z—t=0, x+2y+3z—t=0,

6) Xx—y+z+2t=4, 0 Xx—y+z+2t=4
x+5y + 5z — 4t = —4, X+ 5y + 5z — 4t = —4,
x+8y+7z—7t=-3§; x+8y+7z—7t=6.

9.92. Ha pucynkax n300pakeHbl pa3dueHnst TPSAMOYTOJbHIKOB HA KBAJI-
parol. Haiiure cTOpOHBI 9TUX KBAIPATOB, €CJIM B IIEPBOM CJIydIae CTOPOHA
HaMMEHBIIErO KBaJpara paBHa |, a BO BTOpoM — 2.
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9.93. 3a KpyribiM cTosioM cuadaT 4 raoma. [lepes KaXKabIM CTOUT KPY K-
Ka ¢ MojoKOoM. OJMH U3 HOMOB mepesuBaer 1/4 CBOEro MOJIOKa COCeLy
cupaBa. 3aTeM COCeJl CIIpaBa JIeJaeT TO Ke caMoe. 3aTeM TO Ke CaMoe
JIeJIAeT CJIeYIONMUNA Cocell CIpaBa M, HAKOHeIl, YeTBepThiii raoM 1/4 oka-
3aBIIEroCsi y HEro MOJIOKA HAJIMBAeT IepBOoMy. Bo Bcex KpyzKKax BMeCTe
MoJt0Ka 2J1. CKOJIBKO MOJIOKa OBITIO MIEPBOHAYAIBHO B KPYXKKAX, €CIIN

a) B KOHI[E y BCeX IHOMOB MOJIOKA OKAa3aJioCh MOPOBHY? 6) B KOHIE ¥
BCEX F'HOMOB OKAa3aJI0Ch MOJIOKA CTOJIBKO, CKOJIBKO OBLIO B HadaJse?!

9.94. Pemure cucrembl ypaBuenunii. st Kaxk10#t 3 HUX BBISCHUTE, IIPU
KaKAX 3HAYEHUAX IIapaMeTPOB CHUCTEMa He MMeeT DeIleHuil, a IPH KaKuxX
rMeeT OECKOHEYHO MHOT'O DENIeHui.

ax +y = a?, ax+y = a’,
2) x+ay=1; ) =1
y=1 x+ay=1;
ax + ay = a?, ax — ay = ab,
6) e)
X+ ay =2; 2ax —y = q;
) (a+1)x + 8y =4aq, ) ax+ by = q,
° ax+ (a+3)y=3a—1; " bx + ay = b;
a’x+ (2—ajy=4+a?, lajx —y =1,
) ax+ (2a—Ny=a® -2 3) x+laly = a.

9.95. Moxker Jin cucTeMa JUHEHHBIX YpPaBHEHUH C JIefCTBUTETLHBIMUA
ko3 durmeHTaM UMEeTh B TOYHOCTH J[Ba, PA3JINIHBIX DEIIeHUsI !

9.96. CocraBbTe CUCTEMY, COCTOSIIYIO U3 JBYX JHHENHBIX ypaBHEHUH,
qyist Koropoit crpoku (1, 1, 1, 1) u (1, 2, 2/ 1) ciyKat pereHusIMu.

9.97. Nmeercs cucrema ypaBHEHAH
*X + xy + xz = 0,

*X + xy + xz = 0,
*X + xy + xz = 0.

JIBa 1eroBeKa BIUCHIBAIOT 110 OYEPE I BMECTO 3Be3/104eK yucia. Jlokaxkure,
9TO HAYMHAMOIINANA BCErJIa MOYXKET JOOUThCS TOrO, UTODBI CHCTEMA HMEJIa
HEHYJIEBOE PelleHue.

9.98. IlccrenyiiTe cucTeMbl ypaBHEHMI:
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2x+ 3y =5, x+ay +a’z=a’,

a){ x—y =2, r) { x+by+b’z=">7
x+4y = q; x+cy +c?z =c3;
x+ay=1, x+y+z=1,

6) < 2x+4y =2, n) ¢ ax+by+cz=d,
bx +4y =2; a’x + by +c’z = d*
ax + by =aq, ax+by+cz=a+b+c,

B){ (a—2)x+y=3, e <bx+cyt+az=a+b+c,
x+y=1, cx+ay+bz=a+b+ec.

9.99. Pemure cucreMbl ypaBHEHUIA:
X1+ X2 +XxX3= O,
Xz +%x3 +x4 =0,

a) { e B)

X99 + X100 + %1 =0,
X100 + X1 +%, =05
X+y+Z:a, X1 +2X2+3X3+...+nxn:a1a

X1 +%2 + X3+ X4 =20y,
X1 +X2 — X3 — X4 =205,
X1 — Xy +X3 — X4 =203,
X1 —X2 — X3 +X4 =204,

5) x+y-+t=b, r) nx; +% +2x3+...+(n—1)x, = a,,
X+Z+t:C, ........................
y+z+t=d; 2% + 3% +4%x3+ ...+ X, =a,.

9.100. Umetorcst 13 rupn. UzBectHO, 9TO Jt0OBIE 12 M3 HUX MOXKHO Tak
Pa3/IOKUTh HA JIBE YAIKH BECOB, MO IMECTh HA KaXKIyI0, 9TO HACTYIIUT
paBHOBecue. JloKaxKuTe, ITO BCe THPU UMEIOT OJIHY U TY 2K€ MAacCy, eCJIN U3-
BECTHO, YTO: &) Macca KaxK/I0il TUPH PaBHA 11€JI0MY YHCJLy IPaMMOB; 6) Macca
KaKJI0fl TMpU paBHA PAIMOHAJLHOMY YHCIY TPAMMOB; B)* Macca KaxKIon
IUpH MOXKeT OBbITh PaBHA JHOOOMY JefCTBUTEIbHOMY (HEOTPHIIATEIHLHOMY )
qUCITY.

9.101. zBectHO, YTO

a; —4a, +3a; =0,
ap —403 +3Cl4 = O,

Qoo —4aj00 +3ay =0,
A100 —4(11 + 3(12 > 0.

IIycTs a; = 1; yeMy paBHBI TOIIA YUCIA Qo ..., Qo7



['mABA 10
HepaBencrBa

B sToit rimase Bce BEJIMYUHBI, BXO/AINE B HEPABCHCTBaA (3a HNCKJIIOYEeHUuEeM
CIIemuaJIbHO OT'OBOPEHHBIX cnyqaeB), 6y,ZLyT CUUTATHhCA IIOJIOZKUTEJIbHBIMU.

1. PaziuyHble HEpaBEHCTBA
B zamagax 10.1—10.37 mokakuTe HEpABEHCTBA.
10.1. x+1/x>2
10.2. HepaBeHCTBO MeXK/Ay CpPeJHUM KBaJPATUIECKUM U CPe-

HUM apudMeTUIEeCKNM.

2 2
a“+b >a+b'
2 2

10.3. (a+b+c+d)
10.4. \/(a+c)(b + d)

10.5. /7193 a+3b

4(a® +b* 4+ c* + d?).

Vab + Ved.

\\/ //\

10

10.7. x> +y?> + 22 > xy +yz + xz.

10.8. x* +y*+ 1> xy +x+v.

10.9. x2 +x3 +x3 +x2 +x% = x1(x2 + X3 + X4 + %5).
10.10. x* + y* + 8 > 8xy.

3 <a+b+c
1/a+1/b+1/c = 3 ‘

10.12. (ab + bc + ac)? > 3abc(a+b+c).
10.13. 2 X 4 2Vx > 2.2
10.14. ab+bc+ac<Ompua+b+c=0.

10.15. | Xty

10
10.6. ab?c*d* < (M)

10.11.

‘<1 upu [x], yl < 1.
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10.16. x*yP < ox + By, npu yerosuu, uro v+ B =1 (&, p > 0).
10.17. a?b? + b?c? + a’c? > abc(a+ b +¢).

10.18. (a+ 1)(b+ 1)(a+c)(b+c) > 16abc.

10.19. (a+b+c+d+1)? > 4(a®*+b%+c*+d?), mpua, b, c, d € [0; 1].
10.20. x* +y* + 22 + 1> 2x(xy? —x+z+ 1).

10.21. (vx+ U)® = 64xy(x +y)? (x,y = 0).

10.22. (a+b)(b+c)(a+c) > 8abc.

10.23. (a + b +c)(a? + b? +¢?) > 9abc.

10.24. a2(1+b*) +b2(1 + a*) < (14 a*)(1 + b%).

10.25. a* +b* +c¢* > abc(a+ b +¢).

10.26. a*b + b3c+c3a > abc(a+ b +¢).

10.27. 2(a® + b3 +¢*) > ab(a+ b) + ac(a +c) + be(b + ¢).

ax ar +...+an ax

10.28. G @t Fan &
B N R ) L S

10.29. ( ) ( ) (1 + g) >3

10.30. 24+ 24+ £ >3

b c 3
10'31'b+c a+tc a+b>§'
10.32. ! ! ! ?

> .
b+c+a+c+a+b Z 2(a+b+c)

10.33. 3(a1b1 + azbz + 0.3b3) > (Cl] + a, + a3)(b1 + bz + bg) IIpu
a; > a; > as, by > b, > bs.

10.34. [lokakuTe, 94TO €Cau
a; > a; =...2= 0y, by >b,>...>2Db,,
TO HaMOOJIbINAST U3 CYMM BHUJA
arby, +axby, +.. .+ anby,
(k1, K2, ..., k, — mepecranoBka uuces 1, 2, ..., 1), 310 cymMMa
a;b; +a,b, +...+a,b,,
a HAUMEHbBIIas — CyMMa,

a1bn + azbn,1 +...+ (lnb].
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10.35. HepaBencTBo Yeobnnmuéna. Jlokaxkure, 9T0

arby +azby 4+ ...+ anbn S 0.1+(12+...+(1n.b1+b2+...+bn

=
n n n

10.36. okaxKkuTe HEPABEHCTBA:

2c 2b 2a S be | ac T ab’

2 2 2 2 2 2 3 3 3
a+b—|—c<a+b a® +c¢ b+c<a b c

10.37. HepaBenctBo Kopobosa. Jlokaxkurte, 9To 1ipu
azaz...z2a, =20

BBIIIOJIHAETCA HEPaBEHCTBO

2 2 a1
a;+a; +...+a; <

2
2 az an
(FEmt Attt )

10.38. Jokazkure HepasencTso (14x;) ... (1+x,) = 2™, e x; ... x, = 1.

10.39. [lokazkure, 9TO JJIs JIFOOOTO HATYPAJBHOTO T CIIPABE/JINBO HEPA-
1

BEHCTBO 1 1
aritaz ot o

10.40. [dokakure, 9TO [JIst JTIOOOT0 HATYPAJIHHOTO TL CyMMa
1 1 1
ey R A
JIEXKUT B nipejesnax or 1/2 mo 3/4.

1 1
10.41". JJannl panuoHaIbHbIE ITOJ0KATEILHBIE P, ¢, IPHYeM — + 3 =1.
)
HokazkuTe, 9TO s TOJIOKUTEIHHBIX 0 U D BBIOJTHSIETCS HEPABEHCTBO
P q
a b
ab < — + —.
P q

10.42. Haiiinte HANMEHBITYIO BEJTUYINHY BBIPAKEHUST

VAT =)+ VG + (0 —x)2 4.+ VX, + (1T —x)2
10.43. [lyis HATYPAJIBHOTO N IOKAYKUTE HEPABEHCTBA:

a) V< ¥l < M

(3 << ()
B) (%)n <nl< n(%)n.
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us
E) BBIIIOJIHAETCA HEPABEHCTBO

L L
sin? x x? )

10.44. JTokazkure, 4TO IIpH X € (O;

0<

(Cwm. rakxe 7.81.)

10.45. [Jokaxkure, 9TO [T JTIOOBIX HATYPAJIBHBIX 1M U 1L XOTs OBI OTHO
u3 uncen /M, Ym e Gosbime V3.
2
10.46. Kak paccraBuTh CKOOKH B BbIpaskeHHH 2% | 9TOOBI OHO OBLIO
MaKCUMaJbHBIM !

10.47. JlokaxkuTe CIpaBe/IMBOCTD OIEHOK:
1 1 1 1

et —— .t =2 (n21);

a)11-1—1—|—n—|—2—|_ +2n (n>1)

2
) 2<i+i4+. o <n (n>1)
2 2 2" —1 ’
15 "2 4 100 ~ 10’
L
2 4 77100 127
10.48. JlokaxkuTe, UTO ypaBHEHUE 3 + % + g = 1 mepazpemumo B

HaTypPaJbHBIX 9UCJIaX.

2. CyMMBbI 1 MUHUMYMBI

10.49. CymMmMa MUHMMYMOB U MUHUMYM cyMMbI. [Ipeamnosioxmm,
uro mMmeercda Habop dyukmmit fi(x), ..., Ty (x), onpeneneHABIX Ha OTPE3Ke
[a; b]. JTokaxknTe HEpaBEHCTEBO:

min f;(x)+...+ min f,(x) < min (f;(x)+...+ . (x)).

x€la;b] x€la;b] x€la;b]
10.50. [JokazkuTe HEPABEHCTBO:

b2 b2 (b +...+by)?
—+ .t —
a1Jr +an\ ar+...+an

10.51. BeiBeanTe w3 HepaBEeHCTBA MPEIBIAYINEH 3a1adn
a) HepaBerncrBo Koiu — ByHsikoBckoro:

(crdy +...+cndn)? < (cf+...+c2)(df +...+d2);

6) HEPABEHCTBO MEXKJIy CPEJHUM apu(PMEeTUIeCKUM U CPETHUM KBaJIpa-
TUYECKUM:
ar +...+an

[ 2 2
ai+...+a
< ! 5
n n
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B) HEPABEHCTBO MEXK/Yy CPEJHHM apuMETHIECKUM H CPEJHUM rapMo-
HUYECKNM:

n b1 +...+bn
/by +...+1/bn n )

10.52. JlokaxkuTe HEPABEHCTBO:

(b1+.‘.+bn)b‘+'“+b“ < (Q)"‘ (@)b“
ar+...+an S\ " \an '
10.53. Vcnonb3ys pe3yabraT mpeablayIneil 3a/1a9u, TOKaKUTe HeEPaBeH-

CTBa:
ar +...+ an,

a) ¥a;...a, < —
b +...+b bi+...+bn
6) (%) <bBYT ... bl

by

B) ¢! ...t <eyby+...4+cuby, e b +...+ b, =1.

n

10.54. Cnoprrnporuos. Ilpeamonokum, 910 02KUIAETCA OACKETOOH-
HBII MaTd MeXKJIy JAByMsi KOMaH aMu A u B, B KOTOPOM BO3MOXKHO TOJIBKO
JIBa UCXOJA: OJHA U3 KOMAaHJ[ BHIUIPbIBaeT. /IBe OyKMeKepcKue KOHTODBI
MPUHUMAOT CTABKU C PA3HBIMU KOI(DDUITHEHTAMEI kﬁ\] ), kﬁ; ), kf), k{az). Ha-
MIpUMep, €CJIM UTPOK cesia craBky N B IepBOil KOHTOPE HA KOMAaHIy A, u
3Ta KOMAaH/1a BBIUTPAJIA, TO UTPOK TOJIYIAET CYMMY k;\” - N. Ilyctn

3 Lo _4 Lo
=5 k=3 k' =3

(1 _ (1)
ky =2, kg
Kak, nmes kanuran N, pacropaauTbCs UM OITUMAIBHBIM 00Pa30M, TO €CTh
KaK CIIeJIaTh CTaBKU B JBYX KOHTOPaX, YTOOBI MOJIyYUTh MAKCHMAJIbHBIHA
20PaAHMUPOEAHHDIT BHIUTPDIII !
II " o k( 1) k“ )
poaHaIM3uUpy#iTe Cciydail mpon3BOJIbHBIX Koadduimentos k, ', kg,
2 2 o
ki\), K\ u maiimuTe CBA3D MEKILY MAKCHMAJIBHBIM 2aPAHTNMUPOSAIIbIM BbI-
UTPBIINIEM W CPEHUM TapMOHUYIECKNM HAMOOJIBINX KOI(MDPUITHEHTOB.

3. BreimykJsocTh

Omnpepenenue. Ilycrs I'— rpaduk quddepennupyemoit pyuxmun f(x),
3a7aHHOl Ha oTpeske [a; bl:

I'={(x,y): x € [a; b], y =f(x)}.

Oyukupms f(x) HA3BIBAETCA 6ULINYKAOLT 66€pT, €cau st 060 Toukn T € T
KpuBast [ jle2KuT Hu>Ke KacareJbHON K [, mpoBesieHHO B Touke 1. AHajo-
TUYHO OIPEJIETSIETCS GONYKAOCTND BHUS.

JlocTaTOYHBIM YCJIOBUEM BBIMYKJIOCTH (DYHKIUYU BHU3 (BBEPX) ABJISETCS
[OJIOZKUTEIHHOCTD (OTPUIATEILHOCTD) BTOPOI IPOU3BOIHOIA.
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10.55. Jlokaxkure, uro ecau dpyukusa f(x) BLIIyKJa BBEpX Ha OTPE3Ke
[a; b], To juIs TIOOBIX Pa3/IMYHLIX TOYEK X, X, U3 [a; b] 1 JII00BIX IIOJI0XKU-
TEJIBHBIX O, X; TAKUX, 9TO X1 + &X; = | BBINOJHSETCS HEPABEHCTBO:

flogxy + axaxa) > o f(x1) + apf(x2).

10.56. HepaBenctBo MHMemncena. Jokaxkure, 9T0 ecan QYyHKIAT
f(x) BbImyKJa BBEpX Ha OTpe3Ke [a; b], TO mIs JMOOBIX Pa3JIMYHBIX TOYEK
X1, X2y <+ -y Xn (N> 2) u3 [a; b] 1 JHOOBIX MOJOKUTENBHBIX X1, Ky, ..., Op
TaKuX, 9T0 & + &, + ...+ &, = 1, BLIIOJHSETCS HEPABEHCTRO:

floxy + .o+ onxn) > f(x) + ..o+ o f(xn).

10.57. Jlokaxkure, 9TO JJIsd JIOOBIX Xq, ..., Xn € [0; 71 cnpaBeaimBo
HEPABEHCTBO:

. (X1+...+Xn) sinxy + ...+ sinxn
sin > .
n n

10.58. JlokaxkuTe HEPABEHCTBA:

a) n(x; +...+x.) = (VX7 + ...+ VX)5

3

n 1 1
6) — = < 5 +...+ 5
) (x1 4 ...+ xn)? \x% x2
B) X ... %Xq <X} 4 ...+ X

r) HepaBencrBo MuHKOBCKOTO.
1 1
(X1 + ...+ %) (—+...+—) >n?.
X1 Xn
10.59. [okazknTe, aTo ecan X +Y +z = 6, o x* +y? +2z2 > 12.
10.60. HepaBsenctBo I'énpaepa. I[lycts p 1 q — moI0KuTEIbHBIE THC-
ga, npuaeM 1/p +1/q = 1. Joxaxkure, 9To

aby +aby+...+ab, < (@b +ab+...+a?)P(af +af +...+ad)/e.

Omnpenenenune. st aoboro geiictBuresbHoro & # 0 cpednum cmener-
HOLM YUCEA X1, ..., Xy NOPAJKE X HA3BIBAETCS THCJIO

x$‘+...+x${)”“
S .

S, (x) = (

YacTHBIMU CIydasiMU CPEJHUX CTEIIEHHBIX SBJISIOTCS: CPEIHEe rapMOHUYE-
ckoe (o« = —1), cpennee apudnmernyeckoe (o = 1), cpegHee KBaJIpaTUIECKOe
(¢ = 2). Cpeauum creneHubiM opsiaka 0 OyeM cIuTaTh CpejiHee TeoMeT-

puueckoe Sy(x) = ¥Xxy ... X,.
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10.61. /TokazkuTe, 9TO BBIMOJHAIOTCI KJIACCUIECKIE HEPABEHCTBA MEXK-
JIY CPEJIHUMU CTETIEHHBIMU:

S_1(x) < Solx) < Sq(x) < Sa(x).

10.62. Hokaxkure, uto ecan o0 < 3 m fp # 0, 10 So(x) < Sp(x).

10.63". Hoxaxkure, a0 ecau & < 0 < f3, To
Salx) < So(x) < Sp(x),

npuyeMm
lim S,(x) = lim Sg(x) = So(x).
a——0 B—+0
10.64. Jokaxure, uyTo ecau o« < 3, T0 S, < Sy, mpudeMm paBeHCTBO
BO3MOKHO TOJIBKO KOTJIA X1 = X3 = ... = X,,.

4. CuMMeTpuYecKre HepaBeHCTBA

10.65. JlokakuTe HEPABEHCTBA:

a) x* +y* +z* > xPyz + xy?z + xyz?;

6) x> +y* +2* > 3xyz;

B) x* +y* + 2 +t* > dxyzt;

1) X + 17 =y + Pyl

Omnpepnenenne. [lycth nMeercst HECKOJIBKO HEOTPUIATEILHBIX IePeMeH-
HBIX — JIJISI OLIPEIeJICHHOCTH, TPH IepeMeHHbIe X, Y U z. Habopbl n3 Takoro
JKe KOJIMYECTBA [EJIbIX HeOTPUIaTeIbHbIX auces, & = (k, j, 1), tme k > j > 1,
GyzeM HasblBaTh nokasamesamu. depes Ty (x, Y, z) = T j.1)(x, Yy, z) Oymem
0003HAYATH CUMMETPUYECKUI MHOTOUJIEH

Ty z)= ) xWye

{a,b,c}={k,j,i}

(cymmupoBanue Bezercs 1o BceMm Habopam {a, b, ¢} B kosmdecrse 3! sBiis-
IOIUMUCs [lepecTaHoBKamu duced {k, j, i}).

Hamnpumep uepasencrsa u3 3aga4du 10.65 MOXKHO mepernucarh B BUJIE:

a) Tia00 (%Y, 2) = T211)(x, 4, 2);

6) Ti3,00 (%, Y, 2) = Ti1 10y (x, Y, 2);

B) Ta000 %Y, 2, t) = Ta (%, z, t);

r) Tis,0) (%, y) = Ti3.2)(x, y).

10.66. SanumuTe 4epe3 MHOTOYJIEHBI BUAA |, HEPABEHCTBA

a) X'y +y'x = x¥*y? +x*y%

6) x*yz + y>xz + z°xy > x*y?z + y?z%x + z2?x%y.
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Omnpepnenenne. /Jluazpammoti Onea, coomsemcmeyrowel noxazame-
aAM o = (&g, ..., &y ) HA3BIBAETCS <«JIECTHUIA» U3 Tl CTYIIEHEK, Y KOTOPOH
BBICOTA, K-if CTYNIeHbKU paBHA Xy, & IMUpUHA — eauHnIe. Hampumep

41,1) - Eﬂj (4,2,1,0) — &

Yucao s = & + &, + ... + &, HaszbBaeTcd gecom auarpamMmbl FOmHra.

10.67. Hamumure MHOTOYJIEHBI |, M HApUCYTE COOTBETCTBYIONINE WM

guarpaMMbl FOHra J71st ey Iommux HabOpoB X:
a) (3,2); 6)(3,2,1); »)(3,3,0,0); r)(41,1,0).

10.68. Haiinure yncsio Bcex muarpamm FOHra ¢ BecoMm s, ecym

a)s=4; 6)s=5 B)s=6; r)s=7.

Omnpepenenne. Ilycts o« = (o, ..., 00) 1w B = (B1, ..., Pn) — OBa
Habopa IoKa3aresieil ¢ PaBHON CyMMON $ = & + ...+ 0, = B+ ...+ Pn-
Bygem ropoputs, uto oo masrcopupyem 3 (o = ), eciu cupaseuBa, CH-
creMa HePABEHCTB:

o = B,

O(]+0C2>Bl+62)

(o ST SIS e S >B]+---+Bn71v
0(]+...+06n:[3]+...+[3n.

B sroMm ciiyuyae OyjeM TakkKe NOBOPUTH, YTO juarpamma HOHra, cooTBer-
cTByMOmas Habopy &, masicopupyem auarpaMMy FOHTa, COOTBETCTBYOMIYIO
uHabopy f3.

Hampuwmep, (4,2, 1) = (3,2, 2), tak kak 4 > 3,442 >342,442+1 =
=34+2+2

10.69. [Joxkaxwure, uto & = (o1, &z, &3) = P = (B, P2, P3) Torma u

TOJILKO TOTJIA, KOTJA 3 MOXKHO II0JIyYUTh U3 X [IPOJIEJIAB HECKOJIBLKO (MOMKET
ObITH OJMH PA3 UJIM HU OJHOIO) OLEPAIHIO

(k—1,7+1,1)

DTy oOIepaluio MOXKHO IPEJCTABISATh cebe Kak cOpachbIBaHWE OJHOI'O
Kupnuda BHU3 Ha nuarpamme FOHra.
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10.70. Hapucyiite Bce JiecTHUIBI U3 S = 4 Kupnudeil B 1OpsijiKe yObI-
BaHWs, HaUMHasA ¢ caMoilt KpyToii (4, 0, 0, 0), u 3akaHIMBas CaMoii TOJIOroH

(L1, 1,1).

10.71. a) IIposepbre, uro mumarpammbl FOura (4, 1, 1) u (3, 3, 0) =e
CpaBHUMBI, — HU OJ[HA U3 HUX HE MaXKOpUpyeT JApyrywo. Ecrb ju eine Takue
HeCpaBHUMbIe HAOOPHI ¢ CyMMOit 67

6) Haiigure Bce HecpaBHUMBIE TTAPbI HAGOPOB Jyist § = 7.

10.72. Ilycre Tu(x, Y, z) = Ts(x, Y, z) mig Bcex HEOTPHIATEIBHBIX X,
Yy, z. Jlokaxwure, aro « > f3.

10.73". HepaBsenctso Miopxena. Ilycrs
OC:((X“...,OCH) " B:(Bl"-'vﬁn)

— ZBa Habopa mokasareJseil ¢ paBHoit cymmoii. Jlokakure, 4To, ecian « > 3,
TO IIPU BCEX HEOTPUIlATE/JIbHBIX X1, - .., Xy BBIIIOJIHAETCHA HEepaBEHCTBO

Toa(X1, ooy Xn) 2 Tp(xq, o000y Xn).

10.74. BreiBesiute u3 HepaBeHcTBa Miopxeia HEPABEHCTBO MEXKJLY CPe/I-
HUM apu(OMETHIECKUM U CPEIHUM MeOMETPUIECKUM.

CKOJIBKO «KUpIuYeli» Hy»KHO CBaJUTh, 4ToObI oT Habopa (M, 0, ..., 0)
u3 N guces nepeiitu K wadopy (1, 1, ..., 1)7

10.75. JloxaxkuTe cJieAyroIIe HePaBEeHCTBA HETIOCPEICTBEHHO U IIPH T10-
MOIIM HepaBeHCTBa Mroopxea:

a) x'y2z+y" iz Yt x4 2y 22y + 2%y > 2(CyPzE XAyt
+ 32,

6) x5 +1° +2° > x2ylz + x*yz? + xy?z?;

B) x> + 1y +2° +t5 > xyz + xyt + xzt + yxt.

10.76. dokakure HepaBencTBa u3 3aga4u 10.36 mpu momoru HepaBeH-
crBa Miopxesa. Kak 6yyT BoInisizers quarpammbl FOHTa J1J1sT COOTBETCTBY-
omux QyHKINA?



I';1aBA 11
IIocneAOBaTeﬂbHOCTM:ijﬂﬂbl

1. Koneunble pa3HocTH

OHpe,I[eJIeHI/Ie. HyCTb 3a/laHa II0CJIe10BaTC/IbHOCTD YnCe I
{bn}:b1>b23 RS bn)

Bynmem o6osmagars {Ab,} mocrenoBaTebHOCTD, COCTOAILYIO U3 PA3HOCTEH
COCEJIHAX YJICHOB I0CJIeJI0BATEILHOCTH {b,, }:

Ab, =b,.1—b, (n=1,2...).
(Cuuraercs, uto by = 0.) A Ha3BIBAETCS PASHOCTNHBIM ONEPATNOPOM™) W
ONEPAMOPOM KOHEUHOT PAZHOCTIU.

11.1. Haitiure
a) An?; 6) An(n—1); B) Ank; r) ACE.

11.2. IlycTh maHBI MOCIEIOBATEJBHOCTH UHCET {An, | U {b,,}, CBA3aHHbIE
coorHomenueMm Ab,, = a,, (n =1, 2, ...). Kak cBsi3aHbl YaCTUIHbIE CyM-
MBI S, IIOC/Ie10BaTeILHOCTH {d, }

Sa=a;+ax+...+a,

C TOCJIeJI0BATEILHOCTBIO {b, }7

11.3. HaitnuTe mocnenoBaTelbHOCTE {a, | Takyio, 9to Aa, = n?. Hc-
HOJIB3Ysl PE3YJIBTAT MPEIbLYINEil 33/1a4u, MoJydnTe (GOPMYILY JJisi CyMMBI
17 +22 43 +...+n%

11.4. Bosequre dopmyny jias cymmbr 1° 4+ 23 +3% + ..+ n’.

11.5. JlokaxKuTe TOXKJIECTBO

= 1 Fan_1

_— = _—_— >
E o0 3 . m=>=1).
k=0

*) OmnepaTop — 9T0 oTOGparkeHue, JEHCTBYIONIee Ha MHOXKECTBe (DYHKIHUI, [TOC/Ie10Ba-
TEJIbHOCTEN WJIA JIPYTUX OTOOPAXKEHUIA.
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Omnpenenenne. g dyukmuu f(x) soipaxkenne f(x + 1) — f(x) 6ymem
oboznauarh Af(x) u HA3BIBATE KoHeuwHOU PA3HOCBIO NEPE020 nopsadka. Ko-
HEYHbIE PA3HOCTU 0OJIee BBHICOKOTO MOPSIIKA, OIPEAE/ISIOTCS WHLyKTHBHO:

A™M(x) = AA™ (x)) (n>1)

(camraercs, uro A°f(x) = f(x)).

11.6. Jlokaxkure, uro eciu Q(x)— mHOrouwsjen cremenu m + 1, To
P(x) = AQ(x) — MHOrO4IeH CTermeHn M.

11.7. Jlokaxwure, 9ro jjist jroboro MuHorodaera P(n) cremenun m cyime-
CTBYeT €IMHCTBEeHHBIN MHOrO4YIeH Q(N) crenenn m + 1 Takoil, 4TO BBIIOJI-
menbl aBa yeaosus: AQ(n) =P(n) u Q(0) =0.

11.8. Jlokazkute hopmyty
AM(x) =) CH(=1)" *f(x+k).
k=0
11.9. JlokakuTe paBeHCTBO
flx+mn) =) CiA*f(x).
k=0

11.10. IIycts f(x)— mmorounmen crememm m. Jlokazkure, 9TO ecm
m < n, to A™f(x) = 0. Yemy pasna sesuunna A™f(x) = 07

11.11. Beraucaure cymmy

Y CE 1) (-5

11.12. J/lokaxkure, 9TO JJIst BCEX M B IpoMexkyTKe 1 < m < T BBIIOJI-

HAEeTCAd PaBEHCTBO:
n

> (=1)*kmCk =o.

k=1
(Cm. Taxzxke 6.105.)

11.13". Ilycrs 4mcna Yo, Y1, - .., Yn TAKOBBI, YTO JJIA JIOOOTO MHOI'O-
winena f(x) cremenn m < M COpaBeJIABO PABEHCTBO:

if{k)yk =0. (11.1)

okazkute, I9To Yy = A(—1)¥C¥, rme A — HekoTOpoe (PUKCHPOBAHHOE TUCIIO.
) no
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11.14. /TokaxKkuTe CJaeIyIONne CBORCTBA OI€PATOPa KOHEIHON pa3HOCTH,
11o/I06HBIE CBOMCTBAM orepaTopa JuddepeHIInpOBaHMS:
1 Abn 6) A(an) __ bnAan —anAby

) Ap = by b b1

11.15. Haiiaure npescrasienue ais A(a, -b, ) gepes Aa,, u Ab,,. Cpas-
HUTE TOJYyIeHHYI0 HopMyty ¢ hOPMYJION Jijist TPOU3BOIHON TPOU3BE/ICHMST
JBYX (byHKITHI.

11.15’. PasHocTHbIl anasior dopmyssl Jleitouuna. s n-oit mpo-
U3BOHON IpOU3BeIeHNs ABYX YyHKINN cymecTsyeT dopmyra Jleitbrua

(Fx)glx)) ™ = 3 CEF¥ (g™ ¥ ().

HokakuTe e€ pa3HOCTHBIN aHAJIOT
A" (f(x)g(x)) = ) CrA*f(x)A™ Hg(x). (+)
k=0

11.16. DKCIIOHEHTOI Y = e* Ha3bIBAETCs TaKasi (DYHKIHS, JJIsi KOTOPOit
BeImMoHEHBl yeqaoBus Y’ (x) = y(x) m y(0) = 1. Kakas mocaemosarenb-
HOCTB {a,, } Oyzmer 061a0aTh aHAJOITIHBIMI CBOMCTBAMME, €CJIN IIPOU3BOIHYIO
3aMEHHUTh HA PA3HOCTHBIN oneparop A7

11.17. IIpeobpazoBanue Abess. st nmomcaera HHTErPAJIOB HCIIOb-
3yercs (hopMyJia MHTErpUPOBAHUS MO YacTaM. J[OKayKuTe CJeLyIoIue J1Be
dopMyIIBI, KOTOPBIE SIBJIAIOTCS JUCKPETHBIM aHAJIONOM HHTErPUPOBAHUS 110
9acTsM M HA3BIBAIOTCs peobpasoBanueM AGejis:

 fx)o(x) =) 3 alx)— Y Af) S ol2),

3

n—1

f(x)Ag(x) = f(n)g(n) — f(0)g(0) — Y g(x + 1)Af(x).

x=0

®
Il
)

11.18. Haiigure mocnemoBaTenbHOCTh {A,} Takyio, uro Aa, = m2™.

(BcrioMHHTE KK BBIYHCIISIOT Jxex dx.)

11.19. Haitaure:
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) X m%
0 Y oy o) &
") Em; x) 2 Ktk

. .

11.20. Ilpu nomomu npeobpasoBanust A6ejist BBIUHCINATE CJIELYIONINE

CYMMBI:
n

a) > k*q*'; ©6) i ksinkx; B) Y k?coskx.
k=1

32 r r mn
Onpepnenenne. B manbueitmem 1oy cumBosiom CI' OyreM HOHUMATH

MHOTOUIEH
x(x—1)...(x—mn+1)

n!

Cy =

)

OIIPEIE/TEHHBIN JI7IsT BCEX MeHCTBUTENBHBIX X. 1Ipn mesbix X > M ero 3uade-
HUSA OYJIyT COBITAATDH C OOBITHBIMU OMHOMUAIBHBIMU KOI(DPUITHEHTAMU.

11.21. Nurepnonsinnonnasi dbopmyna Herorona. a) lokaxure,
qro s Jroboro MuorowieHa f(x) cremeHu M CyIIecTBYeT eIMHCTBEHHOE
[IPE/ICTABJIEHUE €r0 B BUJIE

f(x) = doCS +diC) +...+dnCL.

" k
3nech u gajee OmHOMUANIBHBI Koaddunuent C¥ mHTEpHpeTHpyeTCS KaK
MHOI'OYJIEH OT IIEpeMeHHOI X. B 9acTHOCTH, HYDKHUI WHIEKC Y OMHOMUA b
Horo koaddurmenta Moxer ObITh JIOObIM JeHCTBUTEIbHBIM JucaoM. (CM.
Takxke 6.79.)

6) doxaxure, uro koabbunuents! dgy, di, ..., d, B 9T0OM IpejcTaBiIe-
Huu Bhraucsiorcs no dhopmyse di, = AF(0) (0 < k < n).

11.22. ITeso3nayabie MHOTOYWIEHBI. [lycTh MHOrOWIeH f(X) crenernu
T IpUHUMAaET Iiejible 3Haderus B Toukax x = 0, 1, ..., n. Jlokaxwure, 9410

f(x) = doC% +d,C! +...+d,C",

rie do, dq, ..., d,, —HEKOTOpHIE TIE/IbIe TUCIA.

11.23. [xa muorounena f(x) = x* — x maiinure A?f(x). ObbacanTe, ne
NIPUMEHSS COOOPAaXKEHHs JIETUMOCTH, modemy f(x) i 6 Ipm Beex MesbIx X.

11.24. Jlokaxkute, 9T0 MHOTOWIEH f(X) CTemeHW M NPUHUMAET IieJIble
3HadeHus B Toukax X =0, 1, ..., I, TO OH IPUHUMAET TIeJIble 3HAUEHUS JIJIsT
JIFOOOTO TIEJIOTO X.
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11.25. a) Ilycre q — HarypadabHoe dncio u OyHKIHs
f(x) =cq*+anx"+...+a;x+ a

NpUHUMAET Tiesible 3Hadenus: mpu X = 0, 1, 2, ... n 4+ 1. [lokaxure, 410
pu Jo6oM 1esoM X = 0 uucio f(x) TakKke Oymer HesIbIM.

6) Ilycre BoinONIHSIIOTCA yCa0BUs yHKTA &) 1 f(X) mesmres na HeKkoTopoe
m>=2Tluapux=0,1,2, ..., n+ 1. Joxaxure, aro f(x) mesurca Ha m mupu
BeCex IeJbIX X = 0.

11.26. JlokaxkuTe, 9TO IPH BCeX HATYPAJLHBIX N gucio f(n) = 22" —
—9n? +21n — 14 nenurcs ua 27.

11.27". JIyng KaKuX HATypajbHLIX N B BLIPAKCHHI
+12 422437+ ...£n?

MOKHO TaK PACCTABUTDL 3HAKU + W —, 9TO B pe3yiabrare noayuntcs 07

Omnpepenenue. Ilycrs dynkmusa f(x, Y) 3amana Bo Beex TOIKAX ILIOCKO-
cTH ¢ meJbiMu Koopaununaramu. Hazosem dymkumio f(x, y) 2apmornuveckot,
eC/IM ee 3HAUEHHE B KaykKJ0il TOYKEe PaBHO CpejlHeMy apH(METHIECKOMY
3HaveHMl (DYHKIMH B YETBIPEX COCEJHUX TOYKAX, TO €CTh

—_

11.28. IIycrs f(x, y) m g(x, y) — rapmonngeckue dyaxunn. Jokarkure,
uTo 11 00bx a u b dyrkmua af(x, y) + bg(x, y) Takxke Oyzer rapMoHH-
YEeCKOH.

11.29. Ilycrs f(x, y) — rapmonudeckast dyukiusa. Jlokaxkwure, 910
(byHKHHH Axf(xa U) = f(X+1, U)—f(X» U) u Ayf(xy U) = f(Xy y+])_f(xa U)

TakkKe OYIyT rapMOHUYIECKIMU.

11.30". duckpernas teopema JImysmrsa. Ilycrs f(x, y) — orpa-
HUYEHHAs TapMOHUYECKast PYHKIIUsI, TO €CThb CYIIECTBYET MOJIOKUTETbHAS
KOHCTaHTa M Takas, 9To

V(x,y) € Z* [f(x, y)l < M.

Jokazkure, uro ¢pyukus f(x, Yy) paBHa KOHCTAHTE.

2. PekyppeHTHbIe 10OCJI€/10BATE€JIbHOCTUA

Onpenenenue. [locienoBaresbHOCTD YUCET Ao, A1, « .., Op, ..., KOTO-
pasi YIOBJIETBOPSIET C 3aJ@HHBIMEA P U ( COOTHOIIEHUIO

Qniz =PUni +9qa, (m=0,1,2...) (11.2)
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HA3BIBALTCS Aukelinol pexyppenmuol (803epammotli) nocaedosamesvHo-
CMBI0 8MOP020 NOPAIKA.
YpaBHeHue
x!—px—q=0 (11.3)

Ha3bIBACTCA XapakKmepucmuvecrum YpasHeEHUEM TTI0CJIET0BATEIBHOCTHN {Cln}.

11.31. /IokaxkuTe, 9TO €CJIN YUCIA Ay, A7 (PUKCHPOBAHBI, TO BCE OCTAIb-
HbIe WIEHBI MOCJIEIOBATEIBHOCTH {d,, } OIPEIEISIIOTCST OTHO3HAYHO.

11.32. Jokaxkutre, 94TO reoMeTpuyeckas rnporpeccus {a,} = bx§ yzo-
BJIETBOpsieT cooTHOMmenuto (11.2) Torga u ToJabpKo TOrIa, KOria Xo — KOPEHb
xapakTepucrudeckoro ypasuenus (11.3) nmocaenosarenbaoctu {a, }.

11.33. Ilycrs xapakrepuctuueckoe ypasuenue (11.3) mociemoBaresb-
HocTu {A,} MMeeT aBa Pa3IMIHBIX KOPHS X; M X;. JIoKakmre, 9TO Ipn
bUKCHPOBAHHBIX Oy, (7 CYIIECTBYEeT POBHO OJ[HA ITApa UUCEN Cq, C; TaKad,
q9TO0

A =X +eoxy (n=0).

11.34. IIycrs xapakrepucruyeckoe ypasaenue (11.3) mocsemoBaresnbHo-
¢ty {a, } IMeeT KOpeHb X, KparHocTh 2. Jlokaxkure, 94To npu (PUKCUPOBAH-
HBIX (o, 0 CYIIECTBYET POBHO OJHA IIAPa IUCE C1, C; TaKasl, ITO

a, =(c;+comn)xyg (m=0).

11.35. Haiigure dopmyny n-ro wiena JJis mOCIeI0BATEILHOCTEH, 3a-
JIAHHBIX ycaoBusaMu (n > 0):

a)ao=0,a; =1, any2 =5a,.1 —6ay,;

6) ao =1, a1 =1, anys =3an1 —20ay;

B)ay =1, a1 =1, an,2 =any1 + ayn;

r)ap=1,a =2, an:2 =201 — Qp;

n) a=0,a;=1,an:2=20an,1 +apn.

11.36. IIpu BO3BemeHUN umcaa 1 + V2 B pa3JIn4HbIE CTEIIeHU, MOXKHO
0OHAPYKUTH HEKOTOPBIE 3aKOHOMEPHOCTH:

(T4+V2)' =14+V2=V2+V1,
(14+v2)2 =3+42V2=V9+ 8,
(14+v2)> =7 +5V2 =50 + V49,
(1+v2)* =174 12v2 = /289 + /288.

ﬂ.HH UX U3Yy4YeHUusd OIlpeaeuM Yucjaa a, u bn Ipru 1moMomu paBEHCTBa

(1+vV2)" = a, + b, V2, (n > 0). (Cum. Takxe 11.59.)
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a) Boipasure wepes a, u b, uncio (1 —v/2)".

6) Jdokaxxure paBeHCTBO A — 2b% = 1.

B) KakuM pekyppeHTHBIM ypaBHEHUSIM YIOBJIETBOPSIOT MOC/IEA0BATE b
HocTH {a,} u {b,}?

r) [omp3ysacek mynkToMm a), HaiimuTe (DOPMYJIBI L-TO WIEHA JJIsT TOCIIEI0-
BaresbHOCTElH {a, } 1 {b,}.

1) Hafinure cBA3b MEXKIY YUCIAME O, b, U HOIXOASIIUME JAPOOSIMU K
qncay V2.

11.37. PaccmoTpuM paBeHCTBA:

2+V3=V4+3,
(24 V3)* = V49 + V48,
(24 V3)* = V676 + V675,
(2 +V/3)* = V9409 + V/9408.

O606muTe pe3yabTaT HAOIOAEHNS U JIOKaKUTe BO3HUKIIINE Y BaC JOTAIKMA.

11.38. JlokaxkuTe, ITO ypaBHEHUE
(x+yV5)* + (z+tV5)* =245

HE MMEET PEeIeHN B paIlMOHaJbHBIX YUCIaX X, Y, Z, t.
" 2 2 _
11.39. Haiture BCe Iie/I0UnCI€HHbIE PellleHns ypasHeHus a;, —3by = 1.

11.40. JokazkuTe, ITO MPOU3BOJIbHAST ITOCTEIOBATEILHOCTD Q) , 3a1aH-
Hasl YCJIOBUIMHA

QO =, Q1 :B) Qn+2 :Qn+l +Qn (n>o)a
MOXKeT OBITh BbIpakena uepe3 umcia Pubonauam F, m umcna Jlioka L,,.

Ounpenenenne. Mrozousenor Qubonayuu Fo(x) (n = 0) 3amatorcs upu
IIOMOINM HaYaJbHBIX yeaoBuii Fo(x) = 0, Fy(x) = 1 u pekyppeHTHOro coot-
HOIIEeHUST

Foir(x)=xF.(x)+F.1(x) (n>1).

Ananornuno, mmozousens. Jhoxa L, (x) onpesnessiorcs paBeHCTBaME
Lilx) =2, Li(x)=x%, Lig(x)=xL.(x)+L.1(x) (n>=1).

11.41. Muorousaennsl @Pubonauyuu u JIlroka. Boerancimnre HECKOIBKO
nepBbIx MHOTOUIeHOB Pubonawyn u Jlioka. Kakne 3Havennst 3T MHOTOMIe-
HBI IPUHUMAIOT Ipu X = 17

Hoxkazkure, 9T0 MHOTOUIEHB! JII0Ka CBA3aHBI ¢ MHOrOWIeHb PuboHaIIN
COOTHOIIEHUsAMHU (CM. Takxke 3.133):
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a)LnX)_Fnl()+Fn+1() ( 1)
6) Fnl(x) (x* +4) =L, 1 (x )+Ln+1(X) (m=>1);
B) Fon(x) =L, (x) - Fo(x) (n>0);
I‘) Ln X) + I—n+1 (X)z = F2n+1( )(Xz +4) (n 2 O)a
1) Frupa(x) + Fua(x) = (x* +2)F.(x)  (n>2).
11.42. Paznoxkure dyuxmmu Foopq(x)/Fo(x) m Loy (x)/La(x) (n>1) B
nenubie apobu, (Cum. Taxxke 3.144.)

11.43. Ilomsyunre dbopmyny mis mHOrowienoB @ubonaydyan un Jlioka ana-
sornunyio dhopmyse Bune. (Cum. takske 3.126 u 11.75.)

11.44. Hoxaxkwure, uro mHOrouwiensl @ubonauun u Jlroka cBs3aHbBI C
MHOTOWIeHAME 1eObIEéBa PABEHCTBAME

u, (5) _ Pl ZTH(g) _ Lalix)

2 i in

11.45. VYkaxkure sSBHBIH BHJ KOIMD@UIMEHTOB B MHOrowieHax Fr(x)
u L, (x). Pemmure 3amaun 3.129 u 3.130 ucnosb3yst Muorodienbl Pubonadqu.

11.46. JIarymika-myTeniecCTBEHHUNA. JIATyIIKa mperaeT mo BepIii-
naMm Tpeyroapauka ABC, mepemernasch KayKIblii pa3 B OIHY U3 COCEIHIX
BepiiuH. CKOJIBKUME CIIOCOOAMU OHa, MOXKET IIOIACTh U3 A B A 3a N IIPbIK-
KOB?

11.47. Jlarymka mpbiraer 1o BeprmmaaMm TectuyronsHuka ABCDEF,
KaXK/IbIil Pa3 IepeMeasiCh B OJIHY U3 COCEHUX BEPIIUH.

a) CkosbkuMu criocobamu oHa MozkeT ronacTb 13 A B C 3a L IPBIKKOB?

6) Tor ke BOIPOC, HO IIPU YCJOBHUHU, YTO €if HeIb3st Ipbrarh B D7

B)* Jlarymka-canep. IlycTb Iy Th JIAryIIKH HAYUHAETCS B Bepiuune A,
a B Beprmae D HaxomnTcs muHa. Kaxk1yio cekyHIy OHa EIaeT O9epeTHOM
IpbIKOK. KakoBa BEpOSTHOCTH TOrO, UTO OHA eIle OyJeT NPBIraTh Yepe3
n cexyua?! KakoBa cpejHsIsT TPOJIOIKUTETLHOCTD YKU3HU TaAKUX JISITYIIEK 7

11.48. Jlokazkure, 9TO 17151 JIIOOOTO YUCIA P >2 HARIETCA TAKOE TUCTIO [3,
q9To

\/2+\/2+...+\/2+ V2+p=p*"—-p 7.

n paguKaJioB

11.49. CanoBHUK, TPUBUB YE€PEHOK PEIKOrO PACTEHUS, OCTABJISIET €r0
pacTu JiBa rojia, a 3aTeM €KeroIHO Geper OT Hero 1o 6 4epeHKOB. C KarK IbIM
HOBBIM YEPEHKOM OH TocTyraer anajorudno. CKOJIBKO Oyzer pacreHuil u
YEPEHKOB Ha M-M T'OJIy POCTa [TEPBOHAYAJIBLHOIO PACTEHUS !

11.50. Haitoure y ancen
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a) (6+\/£)‘999; 6) (6+\/3>7)1999; B) (6+\/3>7)2°°°

nepsbie 1000 3HAKOB HOCJIE 3ATISITOIA.

11.51. /TokakuTe, 9TO IPU BCEX HATYPAJBHBIX Tl BBITIOJTHIETCS CPaBHE-
mue [(1+v2)"] =n (mod 2).

11.52. JlokaxkuTe, 4TO 1OCJIEI0BATEBLHOCT A, = 1 4+ 17n% (n > 0)
COAEPKAT GECKOHEYTHO MHOI'O KBA/IPATOB IEJIBIX THCEI.

11.53. OnpegenuM MoCae0BATEIBHOCTH { Xy, | U {Yy, | TIPH IIOMOIIH YCII0-
BUIL:

2
Xn = Xn_1+2Un_18i0% &, Yn =UYn_1+2%Xn_7cOs* &, Xog =0, Yo = COS .

Haiinure BhIpazkenue jst X, U Y, I€pe3 N U K.

11.54. IIaTh MOPSKOB BBICAIUINCH HA OCTPOB U K BeUepy HAOpaIu Kydy
KOKOCOBBIX 0pexoB. [lesrexx oryioxkuiu #a yTpo. O uH U3 HUX, IPOCHYBIIUCH
HOYBIO, YTOCTUJI OJHUM OPEXOM MAapPTBHIIIKY, & U3 OCTAJbHBIX OPEXOB B3SLI
cebe Touro 1/5 gacTh, mocse gero Jer crnaTh U OBICTPO YCHYJI. 3a HOYb Tak
2Ke TIOCTYIIMJINA OJIVH 3 JIPYTUM U OCTAJIbHbIE MOPSIKHU; IIPU STOM KarKJIbIil He
3HAJI O JIEWCTBUSX IIPEIIIeCTBEHHNKOB. Ha yTpo OHU 110/1e/IM/Ii OCTaBIINECs
Opexu MOPOBHY, HO JIJIsi MAPTHIIIKA B 3TOT Pa3 JIUIITHETO OpeXa He OCTAJIOCH.
Kakum morsio 66ITh HAMMEHBIIIEE YHUCJIO OPEXOB B COOpaHHON Kyde?

Omnpenenenmne. [locrenoBaTebHOCTD UnCENT Ay, A7y ..., Ay, ..., KOTO-
past Ipu 3aJIAHHBIX Dy, ..., D1 y/IOBJIETBOPSIET COOTHOITEHUSIM
Unik = by 1Qnix_1 +...+boa, (m=0,1,2,...), (11.4)

HA3BIBAETCA Auhelinol pexyppenmnol (6osspamnoti) nocaedosamenvro-
cmwio k-20 nopadka.
Ypasuenue
X —bp X — ... —by =0

Ha3bIBACTCA Tapaxmepucmu4ecCrum YypasHeHuem 1oCjaIe0BaTeJIbHOCTU {Cln}.

11.55". Kak 6y/eT BBINIAATH (OpMYyJIa T-I'0 4jIeHa, JIId PeKyPPEHTHOIR
[IOCJIEZIOBATEILHOCTU K-TO MOPSIIKA, ecJin

a) XapaKTePUCTUYIECKOE YPABHEHUE UMEET IIPOCTHIE KOPHU X1, .. ., Xi;
6) xapaKTepUCTUYECKOE YDABHEHUE MMeeT KOPHU X1, ..., X, C KPATHO-
CTSIMH X1, ..., Ky COOTBETCTBEHHO?

11.56. IIycrs xapakrepucruyeckoe ypasaenue (11.3) mocsenoBaressHo-
ctu (11.2) umeer KOMIUIEKCHBIE KODHH X1, = a +1ib = rett® . Jlokazkure,
9TO JIjIsl HEKOTOPOIA MAaphl YUCEN Cq, C; OyJ/IeT BBIMOJHSITHCS PABEHCTBO

a, =1 (cy cosn@ + ¢, sinneg).
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11.57. Haiinure dpopMysay N-ro wjaeHa s MOCIEI0BATEHLHOCTEN, 3a-
JAHHBIX yeaoBusivu (n > 0):

a)a,=0,a; =1, anyr =4a,.1 —5ay,;

6) ao =1, a1 =2, anyr =201 — 2a,;

B)ay=1,a1=2,an,2+an1 +a, =0;

r)ag=1,a; =8, a, 2 =6a,,1 + 25a,.

11.58. Kaknum pekyppeHTHBIM cooTHoIeHusiM Buja (11.4) ymosmerso-
PSIIOT TIOCJIEIOBATETLHOCTH

a) a, =n?; 6)a,=n37

11.59. Ilycrs (1+V2+V3)" = po+quV2+1mV3+5.V6 (n = 0).
Haiiure:

a) lim Pn. 6) lim Pn. B) lim L (Cm. rakxe 11.36.)

)
n—oo (n n—oo Tn n—oo Sn

3. IIpousBoasiiue dyHKIUU
Onpenenenne. Boipakenust Buia
Fix) =ao +arx+ax®+...+ax"+... (11.5)

Ha3BIBAIOTCH (POPMAALHOIMU CTNENEHHVMU DAOAMU.

DopMaIbHBIE CTEINEHHBIE PSJBl MOYKHO CKJIAbIBATh, BBIYATATH, YMHO-
JKaTh, JeJIUTh, UM OEPEHIIPOBATL U YyCTPAUBATD UX KOMIIO3UIMIO, He 6ec-
MOKOSICh O CXOJIUMOCTH.

Ounpenenenune. [Ipoussodnoti dbopmasbaoro cremnenHoro pana (11.5)
HA3bIBAETCS PsIJT,

F'(x)=a; +2ax...+na,x"" " +...

11.60. Haiigure mpousBeseHUst CJIEIYIONMUX (DOPMAJIbHBIX CTEIEHHBIX
PSIOB:

a) (T+x+x*+x3+.. )1 —x+x*—x>+...);

6) (T+x+x*+x>+...)%

2 n 2 n

B) (1 +x+%+...+%+...)(1 —x+ 35—+ (_sz) +)

11.61. O6pairtenue creneHHOro psizga. Jlokaxure, uro eciu ay 7 0,
To maga pana F(x) cymectsyer pag F-'(x) = by +byx + ...+ box™ + ...
takoii, aro F(x)F'(x) = 1.

11.62. Boruucanre:

a) (1T+x)""; 6) (1—x)""; B) (1—x%x)"2.

Omnpepenenne. Ilycrs {a,} = ao, a;, ... — DPOU3BOIbHAS YUCJIOBAS
MOCJIETOBATEILHOCTD. DOpPMAaJIBHBIN CTEIIEHHOM PsI

Fix)=ao+a1x+...+a.x"+...
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Oy/ieM Ha3BIBATD NPou3sodsuLet: Gynryuet IToH MOCIeT0BATEIHLHOCTH.

11.63. IIycts F(x) — npousBoasias pyHKIN MOCIEI0BATEIHLHOCTHA {Ay, |

F™ (%)
JokazkuTe paBeHCTBO @, = .
Tl' x=0
11.63’. [lokakure, 9TO JiJisi HEYETHBIX P BBIIIOJHSIETCSI PABEHCTBO
V5., _ Fup
Fn(up71 (7)) = ?)

HaIIPUMeED,

Fald) =22 (p=3);

F3
_ Fsn _ .
Fn(‘n)_i (p =5);
Frn
Fal29) =2 (p=7).

11.64. Buraumcaure npousBojsiiue (HYHKIMHA CIEAYIOMNUX OCIeI0Ba-
TeJbHOCTEI:
a)a, =n; 6)a,=n% B8)a,=C.
11.65. Beraucanre CyMMbIL:
a) Cl +2C2 +3C2 +...+nC"; 6) C! +22C2 +3%C3 +...+n?C™.
11.66. Ilycts a, —9ucyao pernreHnit ypaBHeHUs
X1+ ... Fx=n (11.6)

B IIEJIBIX HEOTPUIATEBHBIX YncIaX U F(x) — nmpousBomsimast QyHKIMS 110-
CJIEJIOBATENIBHOCTH O, . JIoKaxKuTe paBeHCTBA:

a) F(x)=(T+x+x*+...)% 06) F(x)=(1—x)"%

11.67. Ilycrs, Kak u paHblle, d, — YUCIO0 penteHuil ypasHenus (11.6)
B IIEJIBIX HEOTPUIATEIbHBIX dnciax. Haiinure dpopmyity Uist A, , MOJIB3YsCh
zajadeit 11.63. (Cum. takxke 2.70.)

11.68. /JokaxkuTe TOXKIECTBO:
(T+x+x2+ . XD+ +x2° + . +x7%)x

1
1—x’

X(1T4x"° %2 + ... +%x7%) ... =

(Cum. Takxke 1.2.)

11.69. BunoMm HpbloTOHa 19 OTpPUIIATEJBHBIX ITOKA3aTeJIei.
Jlokaxure, 9TO JIJIT BCEX HEOTPUIATEJLHBIX T BBIOJHSIIOTCS PABEHCTBA

a) Ck, = (~1)Ck,,_; 6) (140" =3 C*.x~.
k=0

n
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11.70. Boruucaute mpousBojsnine MYHKIUNA CAEIYIONIAX TOCTIET0BA~
TEJIbHOCTEH:

a)a, =Cnm 6) a, = Cm.

11.71. CuactauBblie OwmeTbl. lIpeamosioKumM, 9TO y HAC HUMEETCS
1000000 aBrobycHbix GusteroB ¢ Homepamu ot 000000 1o 999 999. Byaem
Ha3bIBATh OWJIET CYACTJIMBBIM, €CJIM CyMMa IEPBBIX Tpex nudp ero Ho-
Mepa paBHa cyMMme Tpex mocaemdauX. [Iyctb N — KOJIU9IecTBO CUaCTIMBBIX
6uneros. JJokaxKuTe paBeHCcTBa:

a) (T+x+...+XP0+x"+...+x7P =x+...+ax+ N+
+a x4 X

6) (T+x+...+x7)° =T+ . +Nx¥ 4...+x.

11.72. Haiimure 9ncao CIaCTIANBLIX OMIETOB.

m+n7

Onpenenenue. HazoseMm sxcnonenmoti CTEIeHHON st

2

Exp(z) = T+z+ 5 +.. +—+ Zk,.

11.73. JokaxkuTe cJaeyIoNue CBONCTBA SKCIIOHEHTDI:
a) Exp’(z) = Exp(z); 6) Exp((«+ p)z) = Exp(az) - Exp(Bz).
(Cm. Takxke 7.52.)

11.74. Oyuknuu a, b u ¢ 3aJ1aHbl PSIAMEI
a=14+Cx+Cox° +...,
b=Clx+Cix"+Clx +...,
c=Cix*+Cx>+Cx%+....

Hoxkazkute, 94T0

a® + b3+ —3abc = (14+x3)"™.
(Cm. Takxke 9.8.)

11.75. Jlokaxkure, 9TO IPOU3BOJAAINIAS (DYHKIIUASIIOCIEI0BATEIBHOCTH
yuces Pubonagyn

F(z) =Fo+Fiz+Fz’ + ...+ Fz" + ...

MOXKET OBIThH 3aIUCAaHa B BUIE

F(z) = z :L( 1 o1 )
1—z—22 5\1—¢z 1-—¢z/)’
T+v56 . 1-45

rae @ = 7 o = 7 Ilosw3ysack pesynabrarom 3agaqun 11.63,
nosyaure dopmyiny Bune. (Cum. takxke 3.126 u 11.43.)
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11.76. Jokaxkure, uTO G€CKOHETHAsT CyMMa
0,1+ 0,01 + 0,002 40,0003 + 0,00005 + 0,000008 + 0,0000013 + ...

CXOAUTCA K PAaIlMOHAJIBHOMY YHUCITY.

11.77. Haitnure mpousBoadamniyo MyHKIIAIO MOCTET0BATETHHOCTH TNCET
JIroka
Lz)=Lo+Liz+ L2 +...+Lz" +....

Tlonb3ysice sToit byHKIMEit, Boipasure L, B 3aMKHyTOI1 (hopme depe3 @ u
¢. (Cm. rakxke 3.135.)

11.78. Beraucanre cyMMbI

a I 0 Pt
) ngo 2 ) ngo 2

11.79. IlpousBojsiiue (pyHKIMU MHOro4ujieHoB ®PubGoHady4ym u
JIroka. Haiinnre nponsBomsiue byHKIMN TOCIEI0BATEIHHOCTH MHOTOYITE-
"o OuboHaTIN

F(x, z) = Fo(x) + Fi(x)z+ Fo(x)2* 4+ ...+ Fo(x)z™ + ...
1 HOCIE0BATEILHOCTH MHOIO4IeHOB JIoKa
Lix, z) =Lo(x) + Li(x)z+ Ly(x)z* + ... + Ly (x)z"™ +...

11.80. IIpousBoasiiue dyHKIuu MHOrodjaeHoB Heobimésa. Haii-
JIATE TPOU3BOJAIINE (DYHKIIUU TIOC/IEI0BATEILHOCTEH MHOTOWIEHOB UeObI-
mIéBa MepBOro U BTOPOro poja (cm. 7.38):

[e9) o
Frix, 2) =Y Ta()z", Fulx,2)=) U.(x)z".
n=0 n=0
11.81. Beruuciaure, UCHOIB3ys TPOU3BOAANINE (DYHKIMH, CJIEILYIONTE

CYMMBI:

—1 n—1
a) Y 2%x%;  B) > k*2K,
0

n
k=

n—1
6) > k2% r) > ksinkx.
K=0 k=0

a

- O

11.81’. Haiiaure npou3BObHYIO DYHKIMIO JIMHEHHON DEKYPPEHTHOI
[I0CJIeI0BATEIBHOCTU BTOPOro mopsika (11.2) ¢ Haua/IbHBIMU YIEHAME Oy U
a;.

Onpenenenune. Pazbueruem Ha3BIBAETCS IPEJICTABIEHNE HATYPAIBHO-
ro YWC/Ia B BUJE CYMMBI HATYPAJbHBIX CjaaraeMbIX. [[opsiiok ciaraeMbrx
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CUNTaeTCs HecyllecTBeHHbIM. Hanpumep, pasouenunss 3 =1+2u3 =2+ 1
HE Pa3IMIaloTCH.

11.82. Ilycts p(n)— komumvecTBo pasbuenuit dmcia n. Joxaxkure pa-
BEHCTBA!

PO +p(Mx+p2)x*...=(T+x+x*+...) ... (T+x +x**+...)... =
=(1—=x)""1=x3)"T1=x"...

(ITo onpenenenuio cauraercs, aro p(0) =1.)

11.83. Ha pocke mammcano N HaTypaJabHBLIX [dmces. [Iycrs a, — Kom-
9eCcTBO TeX M3 HUX, KOTOpble 6osbine k. Vcxomabie uncsaa cTepan u BMECTO
HUAX HAIHUCAJU BCE IOJIOKHUTEIbHbIE ay. JloOKaxKuTe, 9TO €Cjau ¢ HOBBIMU
YUCJIAME CJIeJIaTh TO K€ CaMoe, TO Ha JIOCKE OKAYKeTCsI MCXOJHBIA HADOD
qncest. Harpumep, juis aucest 5, 3, 3, 2, nosiydaeTcs CIeAyIONas MeovuKa

(5,3,3,2) = (4,4,3,1,1) = (5,3, 3, 2).

11.84. JlokaxkuTe, 9TO KaXK/I0€ IEJ0€ MOJOKUTEIBHOE UHCJIO T MOYXKET
OLITD 2™ — 1 pa3IMYHBIME CIIOCOOAMU IIPECTABJICHO B BHIE CYMMbI MEHb-
WAL TIeJIBIX ITOJIOKUTEIBHBIX CJlaraeMbIX, €CJIU JBa IIPeJICTaBJIeHNs, OT/INIa-
FOIIMXCS XOTsI OBI IOPSIZTKOM CJIaraeMblIX, CHUTaTh pas3indHbiMu. Hampumep,
s 2471 — 1 =7 cpretyromux cyMM UMeOT 3HadeHue 4:

T+14+1+1, 14142, 14241, 24141, 242, 143, 3+1.

11.85. Kaxkmoe mooKUTETHHOE YUCTI0 T MOXKHO MPEICTABUTHL B BUIE
CYMMBI Pa3JUIHBIX CIAraeMbIX, MPUYIEM 3TO MOXKHO CeJIaTh CTOJbKUMU
2Ke CIrocobaMM, CKOJIBKUME CIIOCODAMU 3TO K€ YUCJIO MPEJICTABUMO B BUJIE
CYMMBbI Pa3/IMYHBIX cJIaraeMbix. Hampumep, Bce BO3MOXKHBIE ITPEICTABICHUS
quCsIa 6 MOCPEICTBOM PA3JIUIHBLIX CIAaraeMbIX OVIyT:

6, 1+5 244, 1+2+3,
HOCpe,ZLCTBOM HEYETHBIX:
1+5 343, T+41+1+3, T+1+14+14+1+1.

st mokazaTenberBa 3T0ro hakta 0603HauNM Yepe3 d(n) KoamaecTBo pas-

OueHHUi Ymcaa M Ha pa3jMdYHbIE cjaraeMble, a depe3 l(n)— Ha HeYETHBIE.
VYcraHoBUTE PABEHCTBA:

a) d(0) + d(1)x + d(2)x? + ... =

6) 1(0) +1(1)x +1(2)x2 (

B) d(n) =ln) (n=0,1, 2 )

d

(CunTaercst o ONPEJIETIEHNIO, YTO

(T+x)(T+x2)(T+x) .. .5
x)7 (1 —x3)"! (1—x) T

(0)=10)=1.)
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11.86". IlpuaymaiiTe KaKoe-aub0 B3aHMHO OJHO3HAMHOE COOTBETCTBHE
MeKJly pa3sOHMeHUsIMU HATYpPaJIbHOIO YHC/Ia Ha PA3JIMYHbIE M HA HEYeTHBIE
caaraeMbie. B aroM MoryT nmomous guarpaMmbl FOHra, yke yIoMuHABIIAECS
B pazzeite 4, c. 148.

11.87. Oupenenure KO3POUIUEHT A, B PASIOKEHUN
(1+ax)(1+ax*)(1+ax") (1+ax®)(1+agx'®) ... = ap +ax+ax* +a;x* +...
(Cwm. rakxe 5.64.)

11.88. KakoB 3HaK T-TO WieHA B Pa3JI0KEHUU MTPOU3BEICHUST

(1T—a)1=b)(1=¢c)(1—=4d)...=
=l—-a—-b+4+ab—c+ac+bc—abc—d+... n=0,1,2,...)?
(Cwm. Takxke 5.73.)
11.89. Haiinure obmiyo dopMmyry st KoO3MDMUITUEHTOB psiia

U—Mr%:udeﬁ+mﬁ+m+%w+”.
11.90. Ilepemennble X U Y CBS3aHBI PABEHCTBOM
x=y+y +y’+...+y"+...
Pazyoxure y o cremensim X.

11.91. Ilepemennble X U Y CBS3aHBI PABEHCTBOM
2 3 n

x=y+ S+
n!
Paznoxute Yy 1o cremensam x.

o0
11.92. Ilycre C(z) = > C,z" — upousBoigdiias (HDYHKIMSA IOCTET0-

Barenbnoctn uncen Karamama {C,.}. [okaxkurTe, 9TO OHa YIOBJIETBOPSET
paBEHCTBY

C(z) =zC*(z) + 1
u nonyuure saBublil Bug dyukipn C(z). (Cm. takxe 2.116.)

11.93. Bwuseaure dopmynsr aas gaucen Karamama ms3 3amaam 2.115,
BOCIIOJTb30BABIINACH PE3YJIBTATOM MPEBIIYINEH 3889l U PABEHCTBOM

1/2 Z C]/z

o (/20/2-1)...(1/2—m+1)
/2 n!

rje

— 0006mIeHHEbIE GUHOMEUAIBHBIE KODMUIUEHTHI (CMOTpUTE OIIpeIe/IeHIe Ha

154).
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4. Mmuorowiennl I'aycca

Onpenenenne. I menbix HeoTpuaTeabHbIX k u | ompemenny GyHK-
mun gy 1 (x) paBeHCTBOM
(1 _X1+1 )(1 _ xl+2) L (-l _xl+k)
(1T=x)(1=x%)...(1=x)

gk,L(X) =

11.94. Beruuciure dyukuuu gy 1(x) upu 0 < k+ 1 < 4 u nokaxure,
YTO BCE OHM SIBJIAIOTCS MHOTOYJICHAMHU.

11.95. Hdokaskure ciaemyromiue cBoiicrsa MyHKImit gy 1(X):
Ryt (x)

a) gr,i(x) = () - (%)’
rme hy(x) = (1—%x)(1—=x2) ... (1 —x™) (ho(x) =1);

6) g1(x) = gu(x);

B) gx1(X) = gr1 (%) Fx¥gi -1 (x) = g () + XM gror 1 (x);

r) Gieti1 (%) = got(x) +xg1 1 (x) + ... +xgi 1 (x);

1) gi.1(x) — MHOrOUYIEH OTHOCHTENLHO X creneHu Kl.

MHuorowrensl gy () HasbBalOTCA MHo20uAeHamu [aycca. VIX cBoit-
CTBa BO MHOTOM aHAJIOTUYIHBI CBOMCTBAM OUHOMUAJIBHBIX KOI(MDMUIMEHTOB.
B gacTHOCTH, Cpear MHOIOYJIEHOB OHU UTPAIOT TY K€ POJIb, YTO U OUHOMU-
aJIbHBIE KOA(D(MUIIUEHTHI CPeId THCE.

11.96. Oupezenenue byHKIWMIA gy 1 (X) He IO3BOJISIET BBIYUCIIATD UX 3HA~
ugenus nupu x = 1. Ho, nmockosbky dbyHxmu gy (X) sSBIAOTCS MHOMOWIEHA-
M, OHE olpesiesiensl 1 pu X = 1. Jlokazkntre pasencrso gy (1) = Cf, . Ka-
KHe CBOCTBa OGMHOMHMAILHBIX KO3GDMUIMEHTOB TI0JIy4al0TCs, €CJIU B CBOii-
crBa 6) — 1) u3 3ama4n 11.95 nogcraBuTh 3Havenue x = 17

11.97. Haitinure cymmy

Si(x) = gO,l(X) — 0111 (x) + Qz,lfz(x) — . (-1 )LQL,O(X)-

11.98. O6o3HaumMM gepe3 Py {(n) KosmdyecTBO paszbueHnit Jncaa N Ha He
6oJstee ueM k ciraraembix, KaxKg0e u3 KOTopbix He npeBocxoaut L. Jlokaxkure
paBeHCTBa:

a) Pru(n) — a(
6) Pra(n) — Pk 11(n) =Pri i (n—kj;
B) P i(n) = Pri(n);
r) Pi(n) =Py (kl—n).
11.99. Ilycrs fy  (x) — nponssogsmias (HYHKINS IIOCIEI0BATEIEHOCTH

Py i(n):
fk‘[(x) = Pk,[(o) + XPk,L(1) + ...+ Xklpk,l(kl).
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a) Jlokarkure paBeHCTBa:

fio(x) = fii(x) + kak,l—1 (x) =fi i (x) + Xy 1(x).
6) Hokaxure, uro dyHKImu fi 1(x) coBuagarmor ¢ MHOrowieHamu Laycca
gk,l(x)'
11.100. Joxkaxkure, uro upu jobbix kK u | muOorowren gy (x) sBis-
eTcst BO3BPATHBIM, TO ecTh X*'gy 1 (1/x) = gy.1(x). Pemure 3amaqy nsyms

CIOCOOAMM: MOJIL3YSCh ONpeIeJIeHIeM MHOTOWICHOB ['aycca W IpH IOMOITH
cBoiicts uncen Py (n) u3z 3amauu 11.98.

11.101. /Toxaxxure, 9TO
Pt (0) 4+ Pra (1) + Pt (2) + ... + Pra(kl) = Cy,

He HCIOJIb3ys CBOIICTBa MHOro4JIeHOB [aycca.



['JIABA 12
IIyTku 1 ommoOKM;

12.1. Yuenuk Kousst Bacun nipu momorm MeTona MaTeMaTUYeCKONR HH-
JYKIUA CMOT JIOKA3aTh, UYTO B JIFOOOM TabyHE BCe JIOMIAIW OIHONW MAaCTH.

Ecau ectb ToNbKO OnHa JIOMAabL, TO OHA CBOEH MACTH, TaK UITO Oa3a
WHAYKIUN BepHa. [l WHIYKTUBHOIO MEPEXOa MPEINOI0KUM, 9TO €CTh
n jgomazeil (¢ Homepamu or 1 g0 n). I[lo UHAYKTUBHOMY NpENIOIOKEHIIO
JIomau ¢ HoMepaMu oT 1 10 Nn— 1 0JuHAKOBOI MacTU. AHAJIOITIHO JIOMIAJIH
C HOMepaMu OT 2 JI0 Tl TaK»Ke MMEIT OIMHAKOBYI MacTb. Ho Jomamgu c
HOMEpaMu OT 2 70 M — | He MOTYyT MEHSTh CBOIO MACTh B 3aBUCHMOCTH OT
TOTO KaK OHHU CTPYIIIPOBAHDBI — 3TO JIOIIAIH, a He XaMesieoHbl. [ToaToMy Bce
N Jioma el JOMKHbBI ObITH OJMHAKOBOI MACTH.

Ecrb jin omubKa B 3TOM pacCyzKJIEHUU, U €CJIU €CThb, TO Kakasi’ (CM.
Takxke 1.4.)

12.2. I/IHOI‘,Q& BbIdUTasd ﬂpO6I/I MOZKHO BbBIMUTAaTb UX YHUCJJIUTEJIN U CKJIa-
JbIBAaTh 3HaAMEHATEJIN. Hanpm\aep:

9-25 9 25 8-50 _8
6+10 6 100 2+5 2
st Kakux JIpobeit 9T0 BO3MOXKHO?!

12.3. Haitaure Bce apobu ¢ 4uCIATE]EM W 3HAMEHATEJIEM He IIPEBOCXO-
nsmumvu 100, B KOTOPBIX MOYKHO ITPOBOJUTH COKPAITEHNE HA PABHBIE UM PHI.
[Ipumepom MOKET CIIyKUATH PABEHCTBO

1g 1

g1~ 4
12.4. Jlerko mpoBepuTh PABEHCTBA
16 16 64 64
log (16—1— ﬁ) = log16+logﬁ, log (7 — 8) = 1og7 — log 8.
B kakwmx eme cirydasx MOXKHO BBIHOCHUTD JIOTAPUMM 33 CKOOKY?
12.5. Ilpn Kakmx 3HAYEHUSIX 0 U b BOZMOXKHO PABEHCTBO

sina + sinb = sin(a + b)?
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12.6. KBajgparsl JByX 3epKaJibHbIX uuces 12 u 21 TakKe SIBJISIIOTCS
seprasbabiMu aucsiamu (144 u 441). Kakue apy3HadHbIe Yncia 0GIaar0T
aHAJIOTUIHBIM cBoiicTBOM? U JOMOJIHUTETBHBIN BOIIPOC: B KAKUX CHUCTEMAX
cuncjenns aucao 441 Oymer mMOTHBIM KBAIPATOM?!

12.7. Yepuas natHuna. JlokazkKuTe, 9TO TPUHAIIATOE THCTIO MECSIIA
¢ GosibIeil BEPOSTHOCTHIO MPUXOJINTCS Ha MSATHUILY, 9eM Ha IPYTUA€ JTHU
uenesu. IIpemonaraercs, yro Mbl )kuBeM 110 ['puropuanckomy cruino (cM.
3.153).

12.8. Kons Bacun, permas 3amady, MOAYIUI B OTBETE IMECTU3IHATHOE
IUCJI0. A OTOM OH MOJYMaJj, 9TO 3TO HPOU3BEIECHUE JIBYX TPEX3HATHBIX
qrcesT U BBIIOJHII yMHOXKeHue. KakuM ObLI TepBOHAYAJIBHBIN OTBET, €CJIn
BTOPOIl OTBET OKA3aJICsi B TPU pa3a MeHbIe?

12.9. Boccranosure anidasutr miemern Mym6o-FOMmb0 u3 3agaun 2.6.

12.10. Haiimure K03 dunuenT npu X y MHONOYJIeHA
(x—a)(x—Db)(x—c)...(x—z).

12.11. «1 = —1». 3yuyus koMmIiuiekcHble uuncia, Kosias Bacun permi
BBIBECTH (DOPMYJLy, KOTOpasi Hocujia Obl ero uMsi. [locjie HECKOJIBKUX TIOIBI-
TOK €My 9TO YJIAJIOCh:

f\f;xr N R AR

[Tocse HexoTOpBIX pasmbliuiennit, Koss mpumgymas 6ojiee KOPOTKOE JTOKa-
3aTeJIbCTBO CBOEI'O TOXKJIECTBA!

=P =V1- VA== =V1=1.

He ommbcest m rye-unbyap Komst Bacun? (Cm. Takxke 7.24.)

12.12. ITocste sxciepumenToB ¢ MEnMOit eaunureii, Kons Bacun 3ansi-
Cs1 KOMILIEKCHOIT akcrionenToit. [lomb3ysich popmymamu 3amaqu 7.51, oH cmor
J0Ka3aTh, UTO sin X BCErJla paBeH HYJIIO, & COS X — eJIMHUIIE:

. eix _ e*ix (eZHi)x/(Zn] _ (efzni)x/(Zn) 1-1
SX =T T b = =0
cosx — eix + e*ix B (eZni)x/(Zﬂ) + (efzﬂi)x/(ZTE) B 1 +1 1
-T2 = 2 -T2 "

Tne ommbka B npuse/ieHHbIX paBeHcTBax? (CM. Takxke 7.55.)

12.13. «65 = 64 = 63». ToxknecrBo KaccuHu JIesKUT B OCHOBE OIHOTO
reoMeTpuIeckKoro mapagokca. OH 3aKII0YaeTCs B TOM, UTO MOXKHO B3ATh
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IIaxMaTHYIO JIOCKY, Pa3pe3aThb €€ Ha YeTbIpe 4acTU, KaK IIOKa3aHO HUZKE, &
3aT€M COCTABHUTh U3 ITUX K€ YacTell IMPSIMOYTOJIbHUK:

=
" ~

o

>
_
\ 7
\ |~
\ _—

Kak pacIosioKuTh Te yKe YeThIpe YaCTU IIaXMaTHOH JIOCKH, 4TOObLI J10-
Ka3aTh paBeHCTBO «64 = 63»7 (CM. Takke 3.112.)

12.14. I3 kmaomeTpoB — B MuJsn. B 3a1ade 3.125 6pL1a BBeIeHa bu-
bonauumeBa cucrema cunciienus. OHa OKa3bIBaeTCs YI00HOMN, KOIIa, HYKHO
clIesIaTh MIEPEBOJT, PACCTOSHUS U3 KUJIOMETPOB B MUJIA WU HA0OOPOT.

[Ipeamonokum, 9T0 MBI XOTHM Y3HATDH, CKOJIBKO MIIb B 30 KIJIOMETpAaX.
st sToro npeacrapisieM unciio 30 B puboOHAYINEBOI CUCTEME CUMCJIEHUS:

30=214+8+4+1=Fs +Fs+F, =(1010001)¢.
Teneps HYKHO CIBHHYTDH KaXKJI0€ 9UCJIO HA OTHY ITO3UIIIIO BIIPABO, [TOJLY 9ast
F,+Fs+F =134+5+1=19=(101001);.

TlosTomy npezamosaraembiit pesyabrar — 19 musb. (IIpaBusbHbIi oTBET —
okoJ10 18,46 Muiib.) AHAJIOrUYHO JEJIAeTCs IEPEBO, U3 MUJIb B KAJIOMETPDIL.

Ob6mbsicauTe, IOYeMy paboTaeT Takoil aaropurm. [IpoBepbre, 9T0 OH TaeT
OKPYTIJVIEHHOE YUCJI0 MIJIb B L KIjioMeTpax npu Beex n < 100, oryimaarorie-
ecsl OT IIPABUJIBHOIO OTBETA MEHbIIe YeM Ha 2/3 MuJu.

12.15. O6o3HaunM Yepe3 S CyMMy CJIeIYIOIIEro psijia;
S=1—-T4+1—-1+1—... (12.1)

ITpeoGpasorak paseHCTBO (12.1), MOXKHO MOy YNTH yPaBHEHNE, U3 KOTOPOTO
HaxoauTcs S:

S=1-(1-1+1-T+4..)=1-5S=5=1.

CyMMmy S MOXKHO Tak»Ke HaiflTu oObesuHsist caaraemble psiaa (12.1) B mapsr:

S=0-1)+0-1)+...=0+0+...=0;
S=1-1-1N-(01-1)—...=1-0-0—...=1.
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Haxkomnern, repectaBuB MecTaMU COCEJIHHE CjlaraeMble, MOJIydaeM eIle OJHO
3HadeHue S:

S=—14+1-14+1-14+...==14+0-1+00-1)+...=—1.

WNrak, geficTByst 9eTHIPbMs PA3HBIME CIIOCOOAMU, MbI HAIILIA Y€ThIPE 3HAUE-
HUS CyMMBI S:

Kakoe ke 3HadeHne uMeeT cyMMa S B IedCTBATEIbHOCTA !
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T'nmasa 1

1.15. Bocrionb3yiiTech TOXK1eCTBOM U3 3aja4un 1.14.

1.16. a, =2"+1 (n>0).

1.26. IIpu n = 1 yTBepxkmenune 3ajadau oueBUAHO. [Ipeanosokum, 9To
YTBEDXKJIEHUE CIPABEJJINBO JJIsI HEKOTOPOro M > 1 U JIOKaxkeM ero Jist
n+ 1. HazoBem HAOOP YucCesI JHOIYCTUMBIM, €CJIM HUA OJIHO M3 HUX HE JIEJTUTCS
HEU Ha Kakoe jpyroe. llycre Ham ymajoch cpemu uucesn or 1 jgo 2n + 2
HaWTH JIOyCTUMBIN HaOOp U3 M + 2 uuces. B saTom nHabope OyayT obst3a-
TeJIbHO MIPUCYTCTBOBATEL dncya 2n+ 1 u 2n+ 2, Tak Kak WHAYE [MOJIyIAeTCs
IPOTUBOpEYNE € WHJYKIIMOHHBIM IIpeJnoJiokennemM. JIpyrue mn gucen w3
JIOIyCTEMOro Habopa 0003HAYUM A, ..., d,. Cpeau HEUX HET Yuciaa N+ 1,
Tak Kak .+ 1 | 2n + 2. Tlostomy, momosHsss Habop ap, ..., G, YHACIOM
n+ 1, monydaem cHoBa jomyctuMbiit Habop. Ho o cocrout nz n+1 gyucia B
npejesax or 1 710 21, 9T0 CHOBA MPOTUBOPEYUT MIPEIIOTIOKEHIIO UHTYKITAH.

Mpr mokazanm gake 9yTh 060J1ee CHIBHOE YTBEPIKIEHUE: CPEIn JITIOObIX
N + 1 HATYPAJBHBIX YHCEJI, MEHBINUX 2N, eCTh JBa YNUCJIa, OTHOIIEHHE KO-
TOPBIX — CTeIlleHb Yncjia 2.

1.27.x=1,2,..., n.

1.37. 910 HepaBeHCTBO yIOOHO TOKA3BIBATH IIPU ITOMOIIU <«0OPATHOM
uHayKimny (eM. 3agaday 1.4), To ects jesnarh nepexon or 1k n— 1. Ho
[IpEeBAPUTEIHLHO MMOHAI0OUTCS JI0KA3aTh CIPABEIMBOCTD ITOIO HEPABEH-
CTBO JIJId Bcex N Buja N = 2k,

2 1

1.40. 5 (1+ m)

1.42. Camoe KopoTKoe pemienue cofepxut 28 — 1 nepemerennii.

1.43. 3% —1.

1.44.2-37 —1.

1.45. Ecim xBagpaTr momyckaeT pasbmeHme Ha T KBaJpaToB, TO OH
JloIycKaeT pasbuenre u Ha N+ 3 KBajpara (J0CTATOYHO OJMH M3 KBaJIPATOB
paspesaTh Ha 4YeThipe). Pa3obbeM Bce HATYpaJsIbHBIE YHCIIa HA TPU apudme-
trdeckue nporpeccun 1 = 3k, n =3k + 1, n =3k + 2, u B ka0 U3 HUX
HalileM MUHUMAJILHOE T, JijIsi KOTOPOTO 3aJiada UMeeT pelienue. B mepsoi
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[POrPECCUU MUHUMAJIBHOE TaKoe M PaBHO 6, BO BTOPOil — 4, B TpeThb-
eii — 8. (Tpebyemble pasbueHust CTPOSITCS U3 KBaAPaToB 3 X 3,2 X215 x 5.
1.47. a) 2 kompra (11 =1+1+43+46). 6) 3 (n+1)2" — 1 kouen.

1.48. Bamk moxker Bbimarh cymmbl 8, 9 m 10 pyOmeit. [Ipubasasaa x
HUM HYYKHO€ KOJIMYIECTBO TPeXPyOJIeBbIX KYIIOP, MOYXKHO TOJIYYUTh JIIOOYIO
BOJIBITYIO CYMMY.

1.50. T+n(n+1)/2.

1.51. n* —n+2.

1.53. (n* +5n+6)/6.

1.57. k + mk — m.

1.58. [IpoBeanTe MHIYKIUIO IO YUC/TY TpaHEil.

1.59. IlycTb He Bce TOYKU JiexKaT Ha OJHON mpsiMoii. [IpoBemeM npsiMyto
qepe3 KaxKJIyIo Iapy TOYeK M PACCMOTPUM BCEBO3MOYKHBIE MAPBI: IPsSIMAasi U
He JieXKallas Ha Hell Touka. [I[poruBopedne moJrydaercs, ecjii pacCMOTPETD
napy, B KOTOpPOil pacCcTOsTHUE OT TOYKH JIO MPSIMON MUHUMAJIHHO.

1.61. ITycThb @, YHUCTIO HEBBIPOKIEHHBIX TPEYTOJLHUKOB IEPUMETpa M ¢
[EeJIBIMA JIJIMHAME CTOPOH. JloKaxkure, 9T0

n—1

[T} , €eCJIK L — HEeYeTHO;
a, =Qa,_3 +

0, €CJII L — YEeTHO.

Orciona ajo0 =24 4+23+214+20+...+3+ 2 =208.

T'masa 2

2.1.a) 24. 6) 28.

2.2.9-10°.

2.3. 103 - 303.

2.4. Illkonpuukos B 27/25 pasza Gosbie.

2.5.6° -8 +6%-8.

2.6. 40.

2.7.9-10%- 2.

2.8.9.10% —5°,

2.9.9.107—-9.9..

2.11. 360.

2.12. 9107

2.13.9-107 - 5.

2.14. 37.

2.15. 5%,

2.16. Haiiaure 9mciio crmocob60B MOCTABUTL (DUIIKH Ha, IOJIst OZHOIO [IBETa,
U Ha I0JIA Pa3HbIX HBeToB. Omeem: HeT.
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2.18. 38

2.19. Eciu Bcero mmMeercss M TOYEK, TO U3 KaxKJI0i BbxoauT or O 10 N
smanii. Ho He MoxkeT OBITH JIByX TOYEK TAKWX, YTO U3 OIHON BBIXOIWUT T
JmHmi, a u3 apyroi — 0.

2.20. Eciiz B3sTh k + 1 KapTOuKy ¢ HEYETHBIMA HOMEPAMU, TO YCJIOBUE
3aj1a49u OyjieT BbIoJIHeHO. Ecim B3aTh K + 2 KApTOYKM, TO PacCMaTPUBAs
Pa3HOCTH YHUCeJI Ha HHUX, MbI IIOJy4YUM He MeHee K + 1 pas/jmuHbIX Yuces
or 1 o 2k. ITosromy xoTst ObI 2 M3 HHUX COBHAIYT C unciaamMu Ha k — 1
HEBLIOPAHHOI KapTOUKe.

2.21. [MTaxmaTHas AOCKa MOXKET OLITH pa3bura Ha 16 KBaaparoB 2 X 2.
Eciin 5Ha mocke Gojiee 16 KoOpoJieil, TO iBa M3 HUX IONAJAYT B TAKOM KBaapar
u OyayT 6uth npyr japyra. Omeem: 16.

2.22. B kaxkpoit u3 50 map >KeHIUHA HAXOIUTHCS HE MOKET.

2.23. IIycts N(k, 1) u N(k, 1) — KosmmdecTBa JIEBBIX U IIPABBIX caror k-ro
pa3mepa coorBercTBeHHO. [0 ycmoBuio 3amaqn

N(k, 1)+ N(k, 1) =200 (k =41, 42, 43);
N(41, 1) + N(42, 1) + N(43, 1) = 300;
N(41, 1) + N(42, ) + N(43, ) = 300.

He moxkeT cityunTbes Tak, UTO I KAXKJOIO pa3Mepa JIEeBBbIX ([IPaBbIX )
camor MeHbIlle 4eM TpaBbiX (J1€BbIX). Be3 orpanmvenus obiHOCTH Oyiem
CYUTaTh, 4TO

N(41,1) < N(41, 1), N(42,1) <N(42,7), N(43,1) > N(43,1).
Torma KomnaecTBO TOAHBIX AP
N(41, 1) + N(42, 1) + N(43, 1) = 300 — N(43, 1) + N(43, 1) = 100.

2.24. Cwm. 3amauy 2.19.

2.25. PacrnoyioxkuM JaHHBIE YHCIa B MOPAJIKE BO3PACTaHUS W Pa300beM
X Ha IPYNIbI M0 nudpe IecaTKOB. UHUC/I0 M TaKuX TPYII YAOBIETBOPSAET
yesopusim 6 < m < 10. Cpeu m rpymnm Haidijiercs rpymmna Ag, B KOTOPOit He
MeHee 6-Tu auces. AHAJIOTMIHO (METOIOM OT IPOTUBHOTO) yCTAHABINBAELTCS
cyIecTBOBaHme rpymni As, . .., Aj. [lepBoe uncyio BozbmeMm u3 A ;. Bropoe —
u3 A,, Tak 9T0OBI Iudpa eIUHUI] OTJIMIAIACh OT MUMPHI eIUMHUIL TIEPBOrO
qucsia U T. 1.

2.27. 999.

2.28. JlokazkeM I10 MHIYKIUH, YTO ecn u3 duces or 1 1o 2n—2 (n > 3)
BoIOpaHo N + 1 paszjmyHOe YHUCJIO, TO U3 HUX MOYKHO BBIOpATh TPHU TaKUX
4quciia, 9T0 CyMMa JIBYX W3 HUX paBHa Tperhemy. [lpm n = 3 yTBepx)aeHue
3a/1a9u 09eBUIHO. [IpemooKuM, IT0 yTBEPKIECHUE JOKA3aHO I N = K
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u paccmorpuMm ciydait 1 =k + 1. Ecim k4 1 u3 BoIOpaHHBIX YKCeI TIOHNAJIN
B IPOMEXKYTOK OT 1 110 2K — 2, TO IPUMEHUMO MPEIIIOIOKEHNE NHILYKIIAH.
Ecan ke 310 He Tak, TO 00g3aTENIHHO JOIXKHBI OBITH BLIOpaHbI uncaa 2k — 1
u 2k. JIpyrue k BoIOpaHHBIX YHCET HAXOAATCS Ha oTpeske or 1 jo 2k — 2.
PaszbuBag sTor orpesok ma maper (1, 2k —2), (2,2k —3), ..., (k—1, k),
oJIyJaeM, YTO OJIHA U3 Tap COCTOUT W3 BLIOpaHHBIX 4nces. Ho Torja onn
nator B cymme 2k — 1. Ecsin gnciio 1002 3amenunts Ha 1001, TO yTBEpXK Ie-
HUe repecTaHer ObITh BepHbIM. [Ilpumepom moxker ciyxuth wHabop 1000,
1001, ..., 2000.

2.30. Ilyctp B TypHEHpe y4YacTBYIOT N KOMaH. 10raa pa3bilPbIBAETCS

nn-—1)
———— oukoB. Komamabl Morim HaOpaThb pa3HOe KOJMIECTBO OYKOB

(0,1, ..., n—1) aumse nocse okoH4aHUsi TypHUpa. [losToMy mpemoces-
Hsisl KOMaHIa Habpasja | 09Ko m obsi3aHa ObLIa TPOUTPATH OOEIUTEITIO.

2.31. Ilycrs mocka packparliiena B ABa IBera. PaccMOTpuM mpOM3BOJIb-
HbIi crosiber. OIMH U3 IBETOB BCTPEYAETCS B HEM OECKOHETHOE YUCJIO Pas.
SadukrcupyeM STOT IBET. BhluepKHEM U3 TAOJIUILI BCE CTPOYKU, KOTOPBIE
B BBIOpAHHOM CTOJIOIE He cojiepKaT 3adUKCUpPOBaHHBIN 1BeT. [lokaxkuTe,
9TO B OCTaBIIeiicsd TabJiuie MOXKHO HAalTH deThipe HyXKHble KjeTku. Jljs
peIleHns 3a/1a9¥ ¢ TPOU3BOIBHBIM YUCJIOM I[BETOB, IPUMEHUTE UHIYKITHIO.

2.33. PaccmorpuM mpou3BOIBHYIO U3 6-TH JaHHBIX TOYeK. 1lo kpaiineit
Mepe 3 0Tpe3Ka, BBIXOISIINE U3 3TOI TOYKH, OKPAIIEHbI B 0JInH 11BeT. MoKHO
CUYNTATh 9TH OTPE3KU CUHUMHU. K/ JIBa U3 UX KOHIIOB COEIMHEHBI OTPE3KOM
CHHETrO I[BETa, TO HYKHBII TPEyroJIbHUK HalieH. Ecu 3To He Tak, TO KOHITBI
OTPE3KOB 00Pa3yIOT TPEYTOJbHUK KPACHOTO IBETA.

2.34. PaccMoTpuM M IIOCJIE10BATEIBHOCTEN

{1,2,4,8,...,2% ...},
(3,6,12,24,...,3-2% ...},

Kaxkmas u3 Hux mMeeT pOBHO OOUH JIEMEHT Ha OoTpeske [n + 1;2n].
3uaunt, n3 (N + 1)-ro BLIGPAHHOrO YUCIa XOTd ObI B OKAXKYTCHA B OXHON
W TOU 2Ke II0CJIeI0BATEIbHOCTH.

2.36. 17!.

2.38. 8.

2.39. 16!.

2.40. 16!/2.

2.41.28-6!-1111111.

2.42. a) 28!; 6) 28! —27-2-26!.

2.43. C4.
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2.44. Clg, C3,.

2.45.2-C7, 4+ 1-CS,.

2.46. C2.

2.47. C3.

2.48. C3 . C2.

2.49. Tlo ycnoBuio 3aja4au, Jo0bie 5 YeaoBeK ceiid OTKPBITH HE MOTYT.
3HAYUT y HUX HET KJIF0Ya OT HEKOTOPOro 3amka. IIpu sTom jr06oit japyroii
YJIEH KOMHCCHU JIOJIZKEH ITOT KJIIOY UMeThb. [lo9ToMy Hy2KHO moctauth Co
3aMKOB. 4 KJTI09a OT KaXKJI0r0 3aMKa OTIAI0TCS HEKOTOPOIl YeTBEpKe UJICHOB
KOMUCCHW, TIPUYEM pa3Hble KJIOYH Pa3JaloTCs pPa3HbIM deTBepKam. [lpwm
9TOM, €C/I COOEepyTCs 6 UeJIOBEK, TO CPeIu HUX OYIeT IO IPEICTaBUTEIIO
U3 KaXKJI0il YeTBEPKU W OHU CMOI'YT OTKPBITh BCE 3aMKH.

B obmem cayuae monanoburcs CTM~' zamkoB m 1 — m + 1 xmov K
KaXkKJIOMy U3 HUX.

2.50. C3 - C3.

2.54. a) 26; 6) 51.

2.55. Paccmorpure n =2a — 1.

2.56. 6) CZ — k.

2.57. n.

2.58. a) 5!5 6) 6!/2; B) 8!/3l; r) 111/(2!-31); n) 111/(4! .20 21);
e) 13!1/(21)%.

2.59. KaxgoMmy MapIipyTy MOXKHO ITOCTABUTH B COOTBETCTBHUE CJIOBO,
cocrosiiiee u3 M OyKB «X» U N OYKB «Y» 110 CJIEAYIONIEMY [IPABUJLY: €CJI
JeJiaeTcs mmar mapaJjuiesibHo ocu OX, TO muieM «X», ecu Brojb ocu Oy, To
numeM «Y». Takux cJIOB BCEro

(m+mn)!
Tminl = C$+n = C:n.+n‘

2.60. TTocTaBbTe B COOTBETCTBUE KAXKJIOMY MapIIPyTy Ky3HEUHUKa CJIOBO,
B KOTOpOM 110 9 pa3 Berpedaorest OYKBHI X, Y 1 z. Omeem: 27!/(91)3.

2
961 W} .
2
1 1 24!

2.63. Beibop muHOX)KecTB A u B paBHOCU/IEH HPUIMUCHIBAHUIO KAXKIOMY
anemenTy MHOKecTtBa C omHO#t m3 OykB a, b miam c. B oboux ciydasx
orser 3™.

|
2.65. 32!

10!-10!-10!-21-2°
2.66. KaxmoMy TakoMy YHCIy OIHO3HAYHO COOTBETCTBYET BBIOOD 6-THU

mudp u3 mabopa 9876543210. Omeem: CS,.
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2.67. U3 (m+1)-it mosuruu (m— 1 MecTo MeXK/ Ty GesbIMy IapaMu U 1Ba
MeCTa 10 KpasiM) Hy?KHO BBIOPATH T HO3UIHHA, B KOTOPBIE OYJIyT TOJIOXKEHBI
gepHble maper. Omeem: CT ;.

2.68. C3y; CY.

2.69. C35.

2.70. a) C2y0; 6) C2y4,.
2.71. C3,.

2.72. 113 = C310° + C310% + C310" 4+ C310°, 11* = 14641.

2.73. 27,

2.74. B sroil 3amade BO3MOXKHBI Pa3aUdIHble OTBETHI. MOXKHO, HAIpH-
Mep, PaCIOJIOXKUTh CBEPXY [epeBepHyThIi Tpeyrosbuuk Jleiibuuna (cmor-
pute 3a1ady 2.88). MoxKHO TakzKe J00NpeesuTh ONHOMHUAJIbHBIE KO3 du-
npenTsl CX 1py oTpUNATENbHBIX T IPH IIOMOIIM PABEHCTBA &) U3 33]1a-
qm 11.69.

2.75. llpu n = 2 — 1.

2.76.a) 3°; 6) 0; B)2".

2.77. a) JleBasg "acTb: 4uCIO CIOCOGOB BHIOPATH M JIEMEHTOB U3 T, &
[IOTOM U3 BBIODAHHBIX M BbIOpaTh eme K. [IpaBas wacTb: cpady BbiOMpaeM
k 9J1eMEHTOB U3 T, a U3 OCTABIINXCsI BHIOMpaeM erme m — K.

2.79. 36 mapos.

280.x=2,y=3,n=>5.

2.81. Ilpumenure «xkajublii> ajaropurM. CHava a U3 N HY?KHO BbIYECTh
Hanbosbinee uncyo Buga C2 Tax, 9To6bl OCTATOK ObLI HEOTPHIATETHLHBIM.
M3 Hero Hy»KHO BBIYECTH HAMOOJBINEE UNUCIO BUIA CfJ. To uro ocranercs
Beerjia MOzKHO 3ammcathb B Buge Cl.

2.82. Ob1ree anciio crrocobOB BRIOPATH KOMIIAHUIO U3 3 Y€JIOBEK PABHO
C3, = 120. Kaxast ccopa paspyiaer He 60J1ee 8 TaKUX KOMIAHUI, TI03TOMY
YUCJIO Pa3pYIIeHHbIX KoMIaHuit He 6osbire 8 - 14 = 112, BnaunTt ocranoch
1o KpaiiHeil Mepe 8 ApyKHBIX KOMITAHI.

283. m=3, n=2.

2.84. C8,,4(V/3)%.

2.86.2-5!-5!.

2.87. Kaxxmast Touka mepecevdeHust JuaroHajeili OqHO3HAYHO OIPeIesIsieT
9eTBEPKY BEPIINH, Yepe3 KOTOpble HPOXOAT 3T auaroHaan. Haobopor,
KazKJION JeTBepKe BEPIIUH COOTBETCTBYET POBHO OJIHA TOYKA II€PECEUCHUS
numaronajieit. [losromy 4mcsio Todek mepecedeHus auaroHasieir I, BbIYUC-
ngercst 1o dopmyne T, = C*. JTna naxoxyenus K, — ducia yacreil, Ha
KOTOpBIE N-YTOJIBHUK PA30MBAETCs JUATOHAJISIMU, HY?KHO IPOBEPUTH PaBEH-
CTBO

K1 — K = Tigs —Tntm-—1.
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CyMMupysi €ro 1mo m B mpejiejax or 2 10 N, HaXOIUM, 9TO

nn-—1
Kng1 = Tuir + %

Orcrona
nm—1)(n? —=n+10)
Kn+] = C‘rlLJrl + C121 = 24 .

2.88. 3HaMeHaTe/ M YKCEJI, PACIIOJIOKEHHBIX B PsiJlaX MapMOHUYECKOTO
TPEYTOJIbHUKA, MPOMOPIIMOHAJIBHBI 3JIeMeHTaM Tpeyroybuuka [lackass,
npudeM KO3(MOPUIMEHTAMEI TPOIOPIINOHAILHOCTH CJIy2KAT IPDAHUIHbBIE HJIe-

mel. Tam, e B Tpeyrompauke [ackama cromt wmesmo CX| B Tpeyronbauke

JleitbruIIA HAXOTUTCST . Pexyppenrtras dopmysta

(m+1)Ck
1 1 1

(mn+1)Ck™! + m+1)Ck  n.ck}

IIPOBEPSETCS HEIIOCPEICTBEHHBIM BBIACICHUEM.

2.90. i maxoxKAeHUs CYMMbBI JOCTATOYHO CJIOYKUTDH CJIEIYIOIINE pa-
BEHCTBAa, KOTOPbBIE CAEAYIOT U3 PEKYPPEHTHON (DOPMYJIBI IJIsT TPEYTOJHHUKA
Jleiibuuna (cM. pernenue 3amaun 2.88)

11 1 11 1 11

12 12" 1220 30" 20 30 60

N =

Obmas Gopmysia aHAJOIMYIHA PABEHCTBY U3 3a1a9u 2.77 7).

2.91. B) (e

2.92. C1,/C35.

2.93.5/90 =1/18.

2.94. a) 1/10%; 6) 1/10%.

2.96. Jla, mMoxKeT.

297. a; +a, +...+ ag.

2.100. 20.

2.101. ITycts N, — KOJIMY€CTBO TPEYTOJBHUKOB, ¥ KOTOPBIX OIHA U3 CTO-
POH mapaJuienbHa cropore BC HCXomHOro TpeyroabHuKa. AHAJIOMrTIHO OIIpe-
gesuM aucsa Ny, No, Ng v, Ny o, Ng o m Ny p .. Hepes N ob6o3naunM obiiee
gucao tpeyroabaukos. Torma N = 63, N, = N, = N, = 6%, N, =
=Ny =Ng. =6, Ny = 1. lckomoe uncio Haxomurcd 1o GhopMyiie
BKJIIOYEHUA W UCKJTIOYEHUIA:

6°—3-62+3-6—1=5
2.102. a) 13200; 6) 8800; B) 8000.
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2.103. 1600.

2.104. 998 910.

2.107. Ilycts S — myomaap BCeit KOMHATHI, S; — ILIOMA L i-I0 KOBpa
(i=1,2,3), Si; — miomaab, MIOKPHITas i-M 1 j-M KOBPaAMH OJTHOBDEMEHHO
(1<i<j<3),uSy,3—womaupb, HIOKpbITas BceMu TpeMst KoBpamu. [To
dopmyse BKIIOUEHNH U UCKJIIOUSHUIT

S—(S1+S:4+S3)+(S12+S13+S23)—S123=>0.
Orcrona

S12+S13+S,325 +S,+5;-5S=3.

[Tostomy xoTst GBI OnHa U3 WIOMmageR Sy ,, Sy3 win Sy ;3 He menbrre | M2,
2.108. Perrrerme 910l 33191 MOBTOPSIET paccykaenns u3 3amaqan 2.107.
2.109. 6) @opmysia BKIIOYEHUIT U UCKJIIOYEHUIT 1aeT:

S—) Si+ ) Siy—) Sijx+ D Sijea—Sizsas >0, (13.1)

3amuinem OTIeJIbHO PABEHCTBA, KOTOPBIE TIOJIYyYal0TCs €CJTH (DOPMYJLY BKJIIO-
YeHUIl ¥ UCKJ/IIOYUEHUI TPUMEHUTD OTJAEIBHO K KazKJIoMy KoBpy. Hampuwmep,
JIJIsl TIEPBOTO TMeeM

Si—D Sii+) Siei—) SiujktSiazas 0.

CxitafipiBast ITh MOJOOHBIX PABEHCTB, TOJIyIaeM

> Si=2) Si;+3) Sij—4) Sijnt+5S12545 >0 (13.2)

Haiinem Teneppb Takyio JjuHeiinyio komOunarumio pasencrs (13.1) u (13.2),
B KOTOPOI OTCYTCTBYeT cyMMa »_ S; 5 . O4UeBUIHO, ITO JIst 3TOTO K Hepa-
BeHCTBY (13.2) Hy»KHO IpHOGABUTH yTPOEHHOE HepaBeHCTBO (13.1):

35—2) Si+) Si;—) Sijer+5S12345 >0

D) Si;=2) Si—35=5-3=2.

3HAYNUT JIJIS HEKOTOPBIX 1 ¥ j BBINOJIHSIETCsST HEPABEHCTBO S; 5 > 1/5.

B) Haiigure smueitnyto kombunanuio pasencts (13.1) u (13.2), B koTopoii
OTCYTCTBYeT CyMMa )_ S ;.

2.110.

Orcroma

12 | 13 | 14 | 15 | 23
24 | 25 | 34 | 35 | 45
123 | 124 | 125 | 134 | 135
145 | 234 | 235 | 245 | 345
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udpbl Ha OTJEJBHBIX YaCTAX IOKA3bIBAIOT KAKUMHU U3 (PUIYD HOKPHITHI
cooTBeTcTByOmMe yuacTku. Hamnpumep, mudpsl 1 u 2 B mepBoil KjeTke
O03HAYAIOT, ITO OHA [TOKPBITA [IEPBOIl U BTOPOU (burypamu. Jra cXema moKa-
3pIBaeT, 9To onenku 1/5 u 1/20 — rounbie.

2.111. TloctpoiiTe B3aMMHO OTHO3HAYHOE COOTBETCTBUE MEXKIY TaKH-
MU ITIOCJIEJIOBATEIBHOCTSIMA U PACCTAHOBKAMU CKODOK B IIPOM3BEIEHUU
Xo * X1 * ... Xy IIO OJTHOMY U3 IIPABUII

|l(ll - +1; L - 71 WA non - +1; ll)ll - 71 .

2.112. Y10o0BI TTOCTPOUTH B3AUMHO OJHO3HATHOE COOTBETCTBHUE MEXKITY
TPHAHTYJIAIUAMA MHOTOYTOJIBHUKA U DACCTAHOBKAMU CKODOOK B IIPOU3Be-

JIeHIT Xg - X1 * ... - Xy, HY?KHO PACCTaBUThL Ha CTOPOHAX MHOTOYT'OJILHUKA
TIepeMeHHbIe Xg, X1, - - -, X, (OCTABIIENCS CTOPOHE MPUTIMCHIBAETCS BCE TIPO-
U3BEJEHUE X * X1 * ... Xp ).

2.113. IlpumgymaiiTe COOTBETCTBHE MEXK/Iy BCEMHM TAKUMH MapIIPyTaMu
JaJIbU U TIOCJIEI0BATEILHOCTSIMI YKCes U3 3aga4an 2.111.

2.115. Ytobbl joKa3aTh, YTO CYIMIECTBYET MUKJIUIECKUN CIABHUT IOCJTIE-
JIOBATEJILHOCTH {Q1, ..., Qn}, Y KOTOPOrO BCE YACTHYHBIE CYMMBI IOJIOKU-
TeJbHBI, TPUMEHUTE TPUHINI MAKCUMYMa: PACCMOTPUTE TOT IUKJINIECKUIA
CAIBUT, Y KOTOPOTr'O HAMOOJIbIIIEE KOJUIECTBO IEPBBIX TACTUIHBIX CYMM II0JI0-
JKUATEIbHO. EIMHCTBEHHOCTD CJle/lyeT U3 TOT'O, YTO HU OJHY U3 IOCJIeI0Ba-
TeJbHOCTEH HeMb3s Pa30UTh HA JIBA OTPE3KA C TIOJIOKUTETLHBIMU CyMMAaMH.
Yro6b! nosyunTs dopmyity s ances KarajgaHa, JOHOJHUTE TOCJIEI0BA-
TeIbHOCTD 3amadn 2.103 agemenToMm ay = 1.

2.116. PaccmoTrpuTre B MPOM3BENEHUH Xg - X1 * ...+ X, TO YMHOXKEHUE,
KOTOPOE JIeJIaeTCs TOCIIETHIM.

I'maBa 3
3.1. Ecau pq, P2, ..., Pn— BCE MPOCTBIE YHUCIA, TO 4ucaO0 N = Pp; X
X Pz ... Pn+ 1 He MOXKET OBITH HA TPOCTHIM,X HU COCTABHBIM.
3.2.2u19.

3.5. Iepenmmenm ypasaenue B sue 2q> = (p — 1)(p + 1). 3amerum, uro
P — HelpeMeHHO HedeTHOEe npocroe uucyao. Orciona g — vernoe. [losromy
q = 2. 3uauur p = 3.

3.7. llycte p1 =3, p2 = 7, ..., Pn— BCE TaKuWe IPOCTHIE 4YmcJa. Pac-
cmorpuM gucsio N =4p, -...-p, + 3. OHO He JIeIUTCs HU Ha, OJIHO U3 YUCeI
P1, P2, -+, Pn, HO 0OSI3ATEJIBHO COIEPXKUT IIPOCTOI JieuTe b Buaa 4k + 3.

3.8. okazaTe/qbCTBO MOBTOPSIET PaCCyKJIeHusd 33/1a9u 3.7. B kKadecTBe
qucia N MoKHO B3aTh N = 6p; - ... - pn +5.
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3.9. Kaxkaomy JenuTesio a 9ucjia 1 COOTBETCTBYET JIeJIUTENb b, JIIst
KoToporo a - b =mn. OHo U3 Ymces a4 Ui b He MPEBOCXOAUT +/TL.

3.10. Korma m — nmouabtit kBajpat. Bocmosb3yiiTech perenneM 3aJia-
qu 3.9.

311111 =3-37; 1111 =11-10T; 11111 =41-271; 111111 =3-7-11 x
x 13-37; 1111111 = 239 - 4649.

3.12. Pacemorpure uncia 10010+ 2, 10011 + 3, ..., 1001! 4 1001.

3.14.a) 5, 11,17, 23, 29; 6) 7,37, 67,97,127,157.

3.15. Bo3pMeM B KaduecTBe HAYAJBHOIO IJIEMEHTA ITPOTPECCHH DJIEMEHT
a sToit mporpeccun Takoi, aro a > 1. Torma Bce yncia a, = a + kd npwu
k = ma gendarcd Ha A, TO €CTh SIBJIAIOTCS COCTABHBIMU.

3.17. PaccmoTpuTe ocTaTKy OT JIeJIEHUsT Ha 3.

3.18. 5.

32000 n* +4=n*4+Mm?4+4—-4In?=n? -2 —-2)(n?+2n—2).

3.21. Toncrappre n =40 mmu n =41. [lpun =10, 1, ..., 39 ancna P(n)
OyIyT MPOCTHIMU.

3.23. PaccmoTpuTe 9uciao Prey ... P — 1.

3.24.2-3-5-7-11-134+1=30031 =59 - 509.

3.25. es = 1807 =13 - 139.

3.26, 3.29. Bocnonb3yiiTech hopMysaMu COKPAIIEHHOTO YMHOXKECHUS U3
3amaqan 6.78.

3.27. Tak kax 2" > n+ 1, ro 2" | 22", Orcioma 22" —1122°" —1.
Ho rorpa f, | 22" =122+ =2 =20 —2,

3.28. Cmotpure 3ama1y 3.19.

3.30. Ilpu x = 0 MHOTOYJIEH TPUHUMAET 3HAUEHHE Oy. [loaToMy ag =p —

HEKOTOpOEe TIpocToe 4uciio. Ilomcrasiss B maorodwien P(x) gucia x; = p,
x; = p%, x3 = p3, ..., nomyqgaem P(x;) : p. CuenoBaresnvuo P(x;) = p
(G = 1,2,...) u muorounen P(x) mpuHUMAET OJHO W TO ¥Ke 3HAYCHHUE B

OECKOHEUHOM YHCJIe TOYEK, UTO HEBO3MOXKHO. Omeem: HeT.

3.32. (m,n)+1, m+n—(m,n).

3.33. Paccmorpure npamoyropauk OABC, pacmosioykeHHBIIT HA KOOD-
JMHATHON IIJIOCKOCTH TaK, 9TO €ro BepmmHbl nMeioT koopauHarsr O(0; 0),
A(q, 0), B(q, p), C(0, p). IIposeaure B Hem auaronansb OB u npsimbie Buaa
x+y=k(k=0,1,...,p+ (), KoTopble pa3iejgar ee Ha P + ( PABHLIX
qacTei.

3.34. Yepes 180 mueii.

3.35. YV map (a, b) u (b, r) coBnagaoT MHOXKeCTBa OOIINUX JIEJUTENICH.
3HAYNT COBIAJIAIOT W HAMOOJIBIIINE JIEMEHTHI B 3TUX MHOXKECTBaX.

3.38. Eciz (a, b) = 1, To [j1s1 HEKOTOPBIX LEJILIX U ¥ V BBIIOJIHSIETCH
paBercTBo au + bv = 1. JIoMHOXKUE ero Ha C, HOJIyYaeM PaBeHCTBO ACW +
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4+ bcv = ¢, B KOTOPOM @ JIEJIUT JIEBYIO YACTh. SHAYUT (A JEJIUT U IPABYIO
49acTh, TO €CTh A | C.

3.39. Ecoum>num=nq+r, e r <N, TO OJUH IIar aJropuT™Ma
EBknuna npuBomuT K paBeHCTBY

(1...1,1...1)=(1...1, 1...1).
—— ~——

m n n T

To ecTb, npuMeHsist aJropuT™M EBKIAa K 9UCIaM, MBI IOJyYaeM, 9TO OH
NpuUMeHsIeTCs K UX JyimHaM M u 1 [losToMy, B KOHIE KOHIIOB, MOJIYIUTCS
YUCIIO, COCTOsAIEe U3 (T, TL) eJIMHUII.

3.40. 10.

3.41. 10.

3.42.19-19° —360° = 1°.

3.43. 500.

3.45. TosibKO ecin 3TU 9mCJIa PABHBIL.

3.47. 20 ormeToK, 9 060POTOB.

3.49. Ilpumenurte anroput™ EBKInIa K 9HCIAM, CTOANIAM B IUCIUTETIE
U 3HaMeHaTeJIe.

3.50. a) Tak kax (M? +2n+4, n>+n+3) = (n+1, 3), To Apobs GyaeT
cokparuma, korjga (n+ 1, 3) > 1. Omeem: n =3k — 1.

6) Tak kaxk (n®*—n?—3n, n?—n+3) = (n>—n+3, 61), To APOGL MOKHO
COKpaTUTh JinbO Ha 2, b0 Ha 3, b0 Ha HEKOTOPbIH JIeJINTEb YUCIa M.
IlepBrlit cayuaii HeBo3MoXkeH. Bo BTopoM cirydae HaxoauM, 9To 1 = 3K mwin
n =3k + 1. B tperbem caydae (N> —n + 3, n) = (n, 3), Ho3ToMy N CHOBa,
JOJIZKHO OBITH uncyioM Buga N = 3k. Omeem: n = 3k, n =3k + 1.

3.51. a) IIpeaosnoxum, 9To manHOe 9uciIo neaoe. Toria mocie neseHust
YUCTUTEsT Ha 3HAMEHATENb ¢ OCTATKOM, MMPUXOJINM K PABEHCTBY

n* +1 5 n+3
S =" —n+ .
n°+n+1 n°+n+1
JIubo mosryuenHas qpobb paBHA HYJIIO, YTO BO3MOXKHO IIpu N = —3, jubo
BoITIONTHSAETCS HepaseHcTBo 0 < [n? +n+ 1| < [n+3|. Tak Kak mpu JI00BIX U
0 <n?+n+1, To Hy>KHO paccMOTpeTh JiBa caydas: Nn+3 > 0un+3 < 0.
B nepsoM ciaydae, TpuXoIuM K HepaseHcTBy N2 < 2. M3 sHauennii n = —1,
n =0, n = 1 ycjioButo 3a/1a49u yI0BJIETBOPSIOT TOJIBKO IIepBbIe 1Ba. Omeem:
n=-3-1,0.
6) n=0,1.
3.52.n=2,3.
3.53. Ha 17.
3.54. a) IIpu m > n BeIONHsEeTCa pasencTso (a™ — 1, a™ — 1) =
= (a™ "™ —1, a™ —1). ITosromy asropurm EBKnga jijist 9ucesi CTaHOBUTCS
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ajroput™MoM EBKinma /s moKa3aTeseil M 3aKaHINBAECTCS apoii oKa3aTe-
geit (m, n) u 0. MoxkHO Tak»Ke CKa3aTb, UTO 3ajada PaBHOCHJIbHA 3ajade
3.39. [leficTrBUTE/ILHO, TIPUA pENIeHUN 3a0a49u 3.39 OCHOBAHUE CUCTEMBI CUKC-
JIEHWSI He MMEJI0 HUKAKOrO 3HAYEHWsl. B YaCTHOCTH, MOXKHO CUMTATDL, UTO
BBIUNC/IEHNUS TPOBOIUINCH B CUCTEME CINCJIEHUS C OCHOBAHUEM Q.

6) Boconbayiirecs pasencrsom f, 1 = fofy ... f, + 2.

3.55. Bocmosipayiitech B3auMHuoit mpoctoToii ducesn Pepma.

3.57. BocnoibyiiTech pe3yabTaToM 3a7a4un 3.38.

3.58. Bocmob3yiiTech pe3yabTaToM 3ajadd 3.57.

3.64. Hagnrure, Hanpumep, ¢ 1Byx cocemqaunx uncesa @ubonaaan Fou F . 1.

3.66. 7 u 2.

3.68. a) Bocmosb3yiiTech METOIOM MATEMATHIECKON MHILYKITUN.

3.73. Kak u B 3aja4e 3.72, KaxXkJ10if TOYKe C IEJIBIMA HEOTPUIATEIbHBIMA
KoopJuHaTaMu (X; Yy) cjiejlyerT mocTaBuTh B cooTBercTBre uuncyio N(x, y) =
= ax + by. Bce Toukn, mis KoTophIx

N(x,y) =c¢ (13.3)

MOJTy9alOTCS JIPYT U3 JIpyTa CABUTOM Ha BekTop (b; —a). Orciona ciemyer,
YTO HAMMEHbIIee YUCIO C, IJId KoToporo ypasaenue (13.3) umeer m + 1
pemrenue, paBHo nab + a + b. B saToM cirydae Bce pereHnst OMuChIBAIOTCS

dopmyioit
(% y) = (1 +kb; 1+ (n—k)Ja) (0<k<n).

AHasornuHo, HanMeHbIIIee YUCIIO C, IS KOTOporo ypasHenue (13.3) numeer
N pemennit, pasao (N —1)ab + a +b. I[TosTomy Te ¢, 7151 KOTOPBIX ypaBHe-
uue (13.3) umeer n perenuil, HAXOAATCA B IIPEJEIaX

n—1)ab+a+b<c<nab+a+b.

3.74. Touka ¢ koopaunaroit 4140.5.

3.76. 27.

3.77. 24.

3.78. 123.

3.81. ITpu momotu dpopmyit 3amadn 3.80, 10KA3aTETBCTBO KAXKJIOIO TOXK-
JIECTBa CBOJUTCI K JIOKA3aTeJIbCTBY HEKOTOPOTO PABEHCTBA, COJIEPIKAIIETO
MaKCAMYMBI I MAHUMY MBI.

a) max(cx min(e, B)) = «;

6) min(«, max(ce, B)) = o

B) o+ B +v = max(e, B, y) +min(a+ B, x+v, B +7v);

r) o+ +v =min(«, B, v) + max(a+ B, x+v, B+7v).

3.84.a)32;6)3-4-6-8-12
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3.86. PaBeHcTBa CJIYIOT U3 TOIO, YTO BCE JEJUTEIH YUCIa L = P -. ..
. - PJs MMEIT BUJ

d=p ...pfs (0<Bi <oxq,y...,0< B < ).

3.87.n=12.

3.88. a) 28; 6) 160 wu 169.

3.89.x=6,y=05z=4.

3.90. MymprunmkaTusHOCTb ByHKIui T(n) u o(n) caexyer us dpopmyir
3a7a49n 3.80.

3.91. Bee pesmresn quciia N MOXKHO pa3bUTh Ha IMaphbl YHCES A, D TAKUX,
9TO d - b = M, UpmYeM B KaxKJO# MMape OJHO M3 UHCeN O0A3aTeJbHO HE
IIPEBOCXOIUT +/T.

3.93. t(m-n) < t(m)-t(n); o(m-n) < o(m)-o(n).

3.94. Bocnosnbayiitech dopmystoit mis o(n) us 3amaun 3.86.

3.95. Ilpencrasum M B Bujie . = 2" 'b, rie b — mewernoe uucio, k > 2.
TTockombKy 0(X) — MyJbTUIIMKATUBHAS (PYHKIAS, TO

o(n) = o2 "No(b) = (2 — 1)o(b).
ITo ycnosuio, o(n) = 2n = 2*b, Tax 4ro
(2 —1)o(b) = 2*b.

Orcroma

b=(2*-1)c, o(b)=2*c=b+c.

Ecim ¢ # 1, To y uucna b cymecrByer 1o KpaiiHeil Mepe TpU HOJIOXKHUTE b~
HBIX jiesurensd b, ¢ u 1. B stom ciayuae o(b) > 14+ b+ ¢, uyro nporusopeyur
pasercTBy 0(b) =b+c. ITosromy c =1, o(b) =b+1, To ecTb b = 2K —1—
poctoe anciio. CoracHo 3aade 3.29, 9T0 BO3MOYKHO TOJIBKO IIPU IPOCTBIX
3HAYMEHNsAX MmokasaTens k. TakuM obpasoM N mMeeT Bua n = 2P~ (2P — 1),
rge p u b =2° — 1 — npocThlie Yuca.

[Teperie pocthie umcia Mepcenna p = 2, 3, 5, 7 1arT COBepIIleHHbIE
quciia N = 6, 28, 496, 8128.

3.96. 220 u 284; 17296 u 18416.

3.98. 120.

3.100. O6a uncia COBHAJAIOT C KOJMIECTBOM HATYPAJIBHBIX YUCE], HE
[IPEBOCXOJISIINX X U JeJisimxcs Ha d.

3.102. Orbpockre 3HAK 11€710i YacTu B popmyJie JlexkaHapa 1 JOMoTHUTE
CyMMy 110 GECKOHEYHOI reOMEeTPUIECKO ITPOTPECCUn.
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3.103, 3.104. IIo dopmyme Jlexxamapa

o =(ap" "+ ta)F(ap iAo =

=a P '+, +p+ D+ ta =

(a(P* =1 +...+a P’ —1)) _ m—ak—...—ar —aop)
p-1) p—-1)

3.107. Het. PaccmoTpuTe uncia N Buja N = 2% — 1 u npuMeHUTe K HUM
dopmyy Jlexanapa.

3.108. 377 map KpOJIMKOB.

3.109. Ilycrs @, — KOJUYIECTBO CIIOCODOB, KOTOPBIMU KY3HEUHUK MOXKET

mobparbea 1o n-it kaerku. Torma a; = a, = 1. Kpome Toro, B (n + 1)-10
KJIETKY KY3HEUYUK MOKeT ITOIacTh JIN0O U3 M-l KJIeTKU, JUOO [EePENPHITHYB
n-to kjaerky. [losromy a, .1 = a,_1 + a,. Orcroma a,, =F._;.

3.110. 233 crocobamm.

3.111. U3 magasnpubix yeaosuit Fo = 0, F; = 1 u pekyppeHTHOro COOTHO-
menns .., = F, 1 + F, ancia OuboHaI9In ¢ OTpUTIATETHHBIMI HOMEPaMU
oTIpeieNIAIoTea OHO3HAUHO: F_,, = (—1)"*1F .

3.112. ITpumennTe MHIYKITHIO.

3.113. Bce paBeHCTBa JIOKA3BIBAIOTCs IIPU ITOMOIIN METO/Ia MaTeMaTHde-
CKOIl MHIYKIIUH.

3.114. PasbeiiTe Bce myTn Ky3HEUNKa HA IBE TPYIIBL: IPOXOISIINE U HE
MIPOXO/ISAIIIE YePe3 N-I0 KIETKY.

3.116. 1.

317, o _Fnz

Fi-F2  Fn-Fnpr

3.118. a), 6), B) PaccmorpuTe 110C1€00BATEILHOCTD OCTATKOB OT JIEJIe-
nug F, #a 2, 3 u 4. r) Bocunosbsyiitech ToxIecTBoM u3 3amadn 3.114.

3.119. PaccmorpuMm octatku oT jJenmenns ducena Fp, Fo, ... #Ha m. Ilo
JIBYM COCEIHUM 3JIEMEHTAM ITOH [10CJIeI0BATEIbHOCTH OHA OJHO3HAYHO BOC-
CTaHABJIMBAETCST BJIEBO U BIpaBo. [1oaTOMYy 3Ta mocjenoBaTe/lbHOCTD ITUK-
Jinaecku nosropsercs u 0 (ocrarok or jesenus Fy Ha M) BeTperuTcs B Heit
OECKOHETHO MHOTO Pas.

3.122. a) Bocuoubsyiitecs pesyiabrarom 3agadn 3.35. 6) Bocnosb3yii-
tech paBeHCTBOM (Friin, Frn) = (Fm, Fu), KOTOpOE ciemyer u3 TOXKIECTBA
3aa9n 3.114.

3.123. U3 nyukra a) 3agauu 3.113 ciegyer paBeHCTBO

Fn + Fn+] +...+ Fn+7 = Fn+‘? - Fn+2'

D710 YncIo HEe MOXKeT ObITh yncjaoM Pubonauyn, mockKoabKy F, g < Foi o —
- Fn+2 < Fn+9-
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3.124. Haiiute peKyppeHTHYIO DOPMYJTY /I YUC/Ia TAKUX IIOCJIE/I0Ba~
TenbHOCTEH. MOXKHO TakKe BOCIOIB30BATHLCA pe3yabraToM 3ajadn 3.109.
JlJ1si 3TOro HYKHO KaXKIYI0 €IUHUILy WHTEPIPETUPOBATH KAK MPBIXKOK Ky3-
HEYNKA Yepe3 KJIETKY.

3.125. s paznoxkenns: gucia N B GUOOHATINEBON CHUCTEME CUUCJIEHUS
HY?KHO BOCIIOJIB30BaThCs «2Ka/THBIM» aJTOPUTMOM: BBIYATATDH U3 N HANOOIb-
mee 4ucyio Fp,, He IIpeBoCxosIee 1.

3.126. Hoxaxxure, uro uucia F, , Hafigennse mo ¢popmysie bune, yaose-
TBOPSIOT HAaYaJIbHBIM yciaoBusaM Fo = 0, F; = 1 u pekyppeHTHOMY COOTHO-
mrennio F . =F, +F._;.

3.127. Packpoiite ckobku B popmyse bute, monb3ysch popmysaoit 6uHo-
ma Hpiorona.

3.129. PaBeHCTBO MOXKHO JIOKA3aTh METOJOM MAaTEMaTUIEeCKOU WHIYK-
nuu. /Ipyroe pelreHre MOYXKHO IMOJIyIATH €CJIM BOCIIOJB30BATHCS 33/1a9a-
mu 3.124 u 2.67.

3.130. S, =0,ecimn =2,5 (mod 6); S, =1, eciim n =0, 1 (mod 6);
Sp. = —1, ec;imu n = 3,4 (mod 6). Bosiee KOPOTKO OTBET 3aJa49U MOXKHO
3ammcaThb TaK:

sint(n+1)/3 2 . nwn+1)
S T3 V- T

3.131. Fr4q.

3134. Fh o+ F,=L,1.

3.135. L, = @™+ @".

3.136.
n/Ln +FaV5 kL — /5
—— YT

3.137. a) Tloa6opoM MOXKHO HANTH IIEPBbIE PEIIEHUS JAHHOIO yPABHEHUSI
B nenbix gucaax (1, 0), (2, 1), (5, 3), B KOTOPBIX yrajpIBAIOTCS COCETHHE
qunciaa Pudbonagun. MoKHO TPEAMTOTOKUTH, 9TO OTBETOM K 3aJade OyIyT
napbl (Xn, Yn) = = (Fangr, F2n), Ile M — OPOM3BOILHOE IEJIOE YHUCJIO.
(Cwm. 3amaay 3.111.) [elicTBUTENBHO, TTOCIE TIOICTAHOBKY Taphl (Fan i1, Fa,)
B ypaBHEHUe, IIPAXOANM K YaCTHOMY caydaro Toxaectsa Kacemnm: F3 | —
—FanFonsa = 1. (Cm. 3amaay 3.112.) ITokazxkeM, 9TO y HCXOZAHOIO yPABHEHUSI
HET JPYIuX peleHuii. PaccMoTpuM, Hapumep, Te mapbl pemennit (x, y), B
KOTOpBIX X > 1 mwy > 0. HerpyaHo mpoBepuTh, 9T0 Takue X U Y JOJKHBI
OBbITH CBsI3aHBI HepaBeHcTBaMu Y < X < 2y. Kpome rToro, kaxkmast mapa
perenuii (X, Yy) MOPOXKIAET IEYIO ENOYKY PENIeHU 10 MPABUILY

oo (x—y,2y—x) > (x,y) = 2x+y,x+y) — ...
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HpI/I JABU2KEHUU 110 ITOM IIeII049Ke BJIEBO YHCJ/Ia B IIapaX YMEHbIIAaIOTCH:
0<x' ' =x—y<x, 0y’ =2y—x<uy.

ITosToMy Ha HEKOTOPOM Iare MMOJIy4MTCd Hapa, B Koropoit y =0, x =1, To
ectpb napa (Fy, Fo). Ho aTa mapa mopoxKmaer HenodKy

...H(F],Fo)*)(]:_?,,]:z)H...‘)(FZHJF],FZH)‘)...

BnauuT, ncxomHas napa gosnkHa uMeth Bug (X, Y) = (Fzni1, Fan)=Xn, Yn)-
6) Bce pemienus ypaBHeHust UMEIOT BUX, (Xn, Yn) = £(Fan, Fan_1), rue
TL— IPOU3BOJIBHOE TIEJI0E IUCJIO.
3.138. a) JlokaxkuTe CHauaja BCIOMOTaTesbHbE HEpaBeHCTBA F .5 >

2 %an Fn+3 < SFn
3.141.6) F¥ = Fuwni Fo) + FeaFry = Faowa Fio] + P FEy.

3.142. okaxwure, uro AX nomyckaer mpejicraBienne B BUje JTUHEHHOM
KOMOWHAIINY C TEJIBIMA KOIMDDUIIMEHTAME THCET A]flj u AX .

3.143. a) [11; 3, 4]; 6) [1; 6, 6].

3,144, et

Fn

3.147. Cmotrpure 3aga4y 3.113, myHkT r).

3.149. a) IIpu k = 0, 1 paBencTBO HpoBepsieTcs HerocpeacTBerno. Jasee
MPUMEHUM WHIAYKINIO. [IpeamomokmM, 4To0 paBeHCTBO JOKA3aHO I HEKO-
toporo k. Jlokaxkem ero jys k + 1. ITomxomsimas 1pobs ¢ Homepom k + 1
noJjtygaercs u3 K-if apobu 3amenoii a; Ha ay + 1/axq:

lao; a1, ..., G, Qry1] = [ao; ay, ..oy ax + 1/axq]
Jlenast TaKyio 3aMeHy B PaBEHCTBe

_ Px _ akPe1 +Pr2 (13.4)

[ag; Ay, ..., Q) = =—
o= ¢ Qx  axQx—1 +Qx—2’

MIPUXOAUM K COOTHOIIEHHUIO
(ax +1/ak11)Pr-1+Pe2  Pyy2
ar + 1/aki1)Qu-1+Qr—2  Qui2’

6) Ilpumenure naayknuo. B) 13 myHKTa 6) HEMEJJIEHHO CJIEJYET, U4TO
qucya Py m Q) B3aUMHO IIPOCTHI.

3.151. Bocmosbayiirech cBoiicrBoM 6) u3 3amaqu 3.149.

3.152. a) x,, =4+ 13k, yp =31+ 101k (k € Z); 6) x = —6 + 19k,
Y =—19+7% (k € Z).

3.153. Ecau 661 400 1ocjieoBaTe/IbHBIX «IPUTOPUAHCKUX» JIET B TOY-
noctu coorBercTBoBan 400 aCTPOHOMUYECKHAM TOJaM, TO HMPOIOJKATEb-
HOCTB OJIHOTO ACTPOHOMHYECKOTO I'OJIa PABHSIIACH ObI

97 - 366 4 303 - 365 97

400 =365+ 757

l[ao; ay, ..., ay, Q1] = (




188 OrBerTbl, yKa3aHUsI, PEIICHHST

JIHSIM, YTO BCErO JIUINb Ha 26 CeKyHJ| IPEBBIIIAET IPOJIO/KATEIHHOCT T'O-
J1a, HAlIEHHY 0 U3 aCTPOHOMIYECKUX HaOJIroIeHnil. PacxoxK ieHre HeBeIUKO:
OHO COCTaBJIsIeT ONWH HeHb B 3323 rosa.

3.157. PaccMoTpuTe TPSIMOYTOMBHAK O CTOpoHAMH 1, v/2 U BOCIONb-
3yHTeCh TeOMeTPUTIECKOil WHTepIpeTamnueil aaroputMa EBKanma n3 3a1a-
qu 3.146.

3.158. B KOsmanckoMm cruiie omubKa B OJHU CYyTKH HAKAILJIMBAETCS 3a
128 ner.

3.159. [365;4,7,1] = 365%. Owmap AsbxaiigMu BBeJ LUK U3 33 Jier,
B KOTOPOM CEMb pa3 BUCOKOCHBIN T'OJI CIUTAJICS YETBEPTHIH, a BOCBMOI pa3
BUCOKOCHBII TOJ OBLT HEe 9eTBEPTHIi, a MAThIA. TakuM oOpa3oM, 3/1eCh UMe-
ercs 8 muimHUX CyTOK B 33 roja. OmmbKa B OJHU CyTKH B 9TOM KaJieHIape
naberaet mpumepno 3a 5000 jet. Touree cka3aTh HEIb3sI, TOTOMY ITO CAMAa
[IPOJIOI?KUTEIBHOCTh ACTPOHOMUYECKOI'O I'OJ[a MEHSAETCH U3-32 3aMeJ|JIeHIS
BpaIleHns 3eMJI BOKPYT CBOeii ocu. DTOT 3P PeKT 3a1aeTCsI IPUDJIMAKEHHOM
dopmyitoit Caiimona Herokoma:

1 rox = (365,24219879 — 0,0000000614 - (n — 1900)) cyrox,

rJie N — HOMEpP rofa.
3.160. a) v/33; 6) V34; B) (1+17)/2.
3.161.a) V2=1[1;21;6) v3=[1;T,2:8) 1/24+V7 =13;6, 1, 6, 5.
3.163. 97/56.
3.164. JlokakeM cHadaJjia, UTO BCSIKas YUCTO IEPUOJUYIECKas IEITHas
Jpobb
o= 1[ap; Ay, ..., Ar_1, &

3a/1aeT KBaJIPpATHIHYIO UppanuoHajbHoCTh. [Ipu perrennn 3amaqan 3.149 a)
6bL1a ostydera dpopmysta (13.4), KoTopast BBIpayKaeT 3aBUCUMOCTD [IOJIXO07IsI-
1meit pobu OT MOCJEHEr0 HEIOJHOTO YacTHOrO. 3aMeHsisl B 9To# dopmyite
a, Ha O, IPUXOJNM K PABEHCTBY

_ Pk + pr-2
aqr—1+ qe—2"’

KOTOpOE TaeT KBaJIpaTHOe yPaBHEHUE IS O
o1+ (g2 —Px-1) — Pr_2 =0.

Takum O6p3,30M, X — KBaJApaTU4dHad UPPaANOHAJILHOCTD. Ocrajnocs 3ame-
THUTb, 9YTO €CJIN
B: [bO;b1) ) bm) Oda

TO [} TaK)Ke sIBJIETCST KBAIPATUIHON NPPAINOHATIBHOCTHIO.
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3.166. IIpoBepbTe, ITO MOC/IEIOBATEIHLHOCTD

B ]_'_\/Z)nJr] 7(]7\/2)n+1
Pn = NG
YAOBJIETBOpsACT HAYAJIbHBIM YCJIIOBUAM P — 2, P2 = S5mu PEKYPPEHTHOMY
YPaBHEHUIO Py = anH + Pn, a IIOCICI0BATEILHOCTD

_0+Vv2r - =V
n = 2v2
— HaJaJIbHBIM yCJIOBHUSIM (7 = 1, q; = 2 U PeKyppeHTHOMY yDPaBHEHUIO
Ani2 = 2qns1 + dn- OTCIO,IL& OyJ/IeT CJIeIOBATH, UTO Pr/(n — M- TOIAXOIs-
mas Apobsb K uncay (2] = 1+ v/2.

3.167. Hpe,ILHOJIO)KI/IM CHa4aJjla, 4YTO & — YUCJIO HPPAIMOHAJIbHOE U
P/ qn — HOAXOSIIIE JpobU K . B 3TOM Cityvae mocseoBaTebHOCTD 3HA-
MeHaTejiell CTPeMUTCsT B OECKOHEYHOCTh, 3HAYUT JIJIsi HEKOTOPOT'O T OyIyT
BBINIOJIHEHBI HEPABEHCTBA (r, < < (n 1. IIpu TaKOM BBIOOPE N ApOOL P/
MOYKET COBITACTH TOJIBKO € M-l mogxozsieit npobsio. [Tokarkem, uro gpyrue
BapHAHTHI HEBO3MOXKHBI. JlefiCTBUTEILHO, €CTM 9TO HE TaK, TO YUCJIO P/
[IOIIaJAeT B OJUH U3 TPeX MHTEPBAIOB (—00; Prn/dn), (Pn/dn; Prs1/Ans1),
(Pri1/dns1; 00) (GymeM cumrars, 910 Pn/dn < Pni1/dns1). B mepsom
clydyae U3 HEPABEHCTB

! > ‘ > ‘p Pn L
2q° ~ qqn
cJiejyeT OIeHKa (, > 2, KOTOpas IPOTHBOPEYHUT BHIOOPY M. Bo BTOpOM
clydyae MMeeM:
#ZM_EZ<M_E>+<E_&> >_1 .1
dndn+1 qn+1 an dn-+1 q q dn ddqn+1 qdqn
OTKYJa q = (n + Qny1, 9TO TaKXKe TPOTUBOPEUHUT BBHIOOPY M. B Tperbem
clyJyae M3 HEPABEHCTB

1 n
- ‘>>‘p Pt | s 1 ‘
2q qn+1 qdn+1
o<l p( ool o Bl < g
— < P+ ja— P < —+ —
ddn  ldn = ql = dndni1 | 247
qn q q
MOJIy9aeM OIEHKH (n47 > 2 1 1 < + 2=, Orcroma 1 < =— + — =
Yy 11 An41 q dmi 2q it 2q " 2q
Takum 06pa30M, HU OJUH M3 ITUX TPEX CJIydIaeB HEBO3MOMKEH, U % = Z—“
B cnyqae PALIOHAIBLHOIO X = % CJIeIyeT BOCIOJIb30BATHCA TEM, 9TO
HpI/I = 75 =
a 1
ENS TP
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3.169. IlpemmosioxKum, 9TO JJjisi HEKOTOPOil Apobu P/ BBITOJIHSIETCS
HEPABEHCTBO
f 1
Vi-il< s

Cornacuo 3agade 3.167, aucio p/q aBjgercs MOAXOIIICH IpoOLI0 K V2.
Ilycts p/q = P, /Q... Torna

‘\/j,% — lim Pnix P

‘Pn+an PnQnJrk‘

= lim

k=00 | Qn+x Qn k— 00 QnQnik
PaccmorpuM nocsienoBarebHOCTh 9uced A, = |[PrikQn — PrQnixl. Ona
VJIOBJIETBOPSIET HAYAJbHBIM yCJI0BUSAM o = 0, a; = 1 M pPeKyppeHTHOMY

coorHomenno q, = 2a,_; + a,_» (k > 2). Ilosromy 4mcia a, COBHAIAIOT
CO 3HAMEHATE/ISIME HOAXOIAMIX Apobeit K v2: ax = Qy_; (k > 1), To ecrb

d— Qx—1 _ 1 'Qan—l.

QnQn+k N Q%L Qn+k

Yrobbl IOJIYIUTD IIPOTUBOPEYINE C UCXOHBIM IIPEAIIOJIOZKEHUEM, TOCTATOTHO
JOKa3aTh HEPaBCHCTBO

Qan 1
2 —
Qn+k 3

CaoiicrBa uncen Q, moxoxkKu Ha cBoiicTBa unces Pubonauum. B gacTtHo-
CTH, JJIsi HUX MOXKHO JIOKa3aTh PABEHCTBO, aHAJOI'MYHOE COOTHOIIEHUIO U3
3amaan 3.114:

Qn+k = qu Qn+1 - Qk—ZQn'
Orcrona

QnQxr-1 _ QnQxr-1 _ 1
Qnix Qr-1Qnt1 —Qr—2Qn Qns1/Qn + Qu—2/Qi—1 "’

Ocraercst 3aMeTUTD, ITO

Qnir < 5 Qx—2 < 1

Qn 2 " Qx_1 27

3.170. Ilpumenure ajroputM EBKIHMga K MHOrouwaenaMm a'*+2 — 1 nu

afk+1 — 1.

) W

3171, %0+ “2;’ 490 _ q;p).

3.173. Yucno o = [dp; ..., An] 9BJIgETCS KOpHEM MHOrowreHa f(x) =
= qnX? + (gn_1 — Pn)X — Pn_1. BTOPBIM KOpHEM Oy/eT CONpsKeHHAd Up-

panuonajbHocTh. Tak Kax f(0) = —pn_1 <0 wu f(—1) =pr —Pn_1 >0, TO
BTOpPOII KOpeHb mpuHajiexkuT uarepsaiy (—1; 0).
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T'nmasa 4

4.3. Ecnmu a u b — HedeTHBIE YHC/Ia, TO paBeHCTBO a’ + b? = ¢? HeBos-
MOYKHO, TIOCKOJIbKY C* He MOKeT JaBaTh OCTATOK 2 IIpH JejeHun Ha 4.

4.5. Kaxkast KOCTb JOMUHO HAKPBIBAET OIHY YEPHYIO U OJHY OeJIyio
KJIeTKH [0CKu. Ho M3 ImmaxmarTHON JOCKMA BBIPE3AHBI J[B€ U€PHBbIE KJIETKU.
Omeem: Her.

4.12. PaccMOTpUTE MHOXKECTBA I€THBIX W HETETHBIX THCET.

4.18. Ilpocyieure 3a Y€THOCTHIO YHCJ/Ia CTAKAHOB, KOTOPBIE CTOSAT BBEPX
JTHOM.

4.19. He obparmaiite BHUMaHUS HA yIJIOBbIE U IEHTPAJBHBIE KJIETKU.

4.20. Bocmonp3yiiTech Te€M, 9TO IpH JIOOBIX CIAUSHUSX aMed, YeTHOCTH
CyMMapHOro kKojimdecTBa ameb TunoB A u B me mensercda. To ke camoe
MOXKHO cka3arh 1po tunbl A, C u B, C. Omsem: ocranercs: ameba Tuma B.

4.21. PaccraBbre ameb cHadaja Kak Ha pUCYHKe 1.

C|A|B C|A|B
B|C|A A|B|C
B|C|A|B|C|A|B C|A|B|C|A|B|C
A|B|C|A|B|C|A A|B|C|A|B|C|A
C|A|B|C|A|B|C B/C/A|B|/CIA|B
A|B|C B|C|A
CIAIB C|A|B
Puc. 1. Puc. 2.

Eciu B Havasie urpsl cusaTa (PUIIKa ¢ IEHTPAIBLHON KJIETKH, TO, PACCY K-
nas Kak B 3azade 4.20, moaydaeM, 9To MOCTeHsis (DUIIKA MOXKET OCTATbCS
TOJILKO Ha KJIeTKe, momedeHnoit 6yksoit A. Ho ameb ¢ camoro Hataja MOXKHO
PACHONIOKATH U TO-Apyromy (cmorpure puc. 2). Kierok, KoTopsle 06a pasa
OKa3bIBAIOTCS IOMEYEeHbl OYKBOI A OKa3bIBAETCsI D M 9TO UMEHHO Te KJIETKH,
KOTOPBIE YKA3aHbI B YCJOBUU 3aAN.

4.22. B pacmmpennoit Tabsmiie cymMMa 3JIeMEHTOB B JIIOOOM CTOJIONE U B
J11000# cTpoKe veTHasi. Ecu u3MeHUTh OJIUH U3 JIEMEHTOB, TO M3MEHSITCS
CYMMBI JIJIsI OIHON CTPOKH M OJHOTO CTOJIONA (CTAHYT HedeTHBIME). ITOOBI
WCIIPABUTHh TAKyIO OIIUOKY, HaJ0 Oy/leT M3MEHUTH TOT IJIEMEHT TaOJIUIIhI,
KOTOPBIIl HAXOIUTCS HA [T€PECEYeHNH CTPOKU U CTOJIONA ¢ HEYeTHBIMU CyM-
mamu. MuHIMAJIBHOE YHCJIO OMMOOK, KOTOPBbIe HEIb3si 0OHApYyKUTb — 4.
Hanpumep, MOKHO m3MeHUTDh Bece derhipe nudpbl B coobimenun 0111, Ilpu
9TOM CYMMBI BO BCEX CTPOKAX M CTOJIOIAX OCTAHYTCS IE€THBIMH.

423.p>—=1=(p—1)(p+1). Yernnle uncaa p — 1 u p + 1 ormuaroTcs
Ha 2, IO3TOMY OJIHO M3 HUX JeauTcs Ha 4.

4.24. Takoe uncao genurcs Ha 111 =3 - 37.
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4.25. a) 8 mesuresneit MoxKHO HafiTu cpenn yncesn suga 11... 1 (n exunnm)
Buibupast n =1, 2, 3, 6, 331, 662, 993. 6) Bocnosnb3yiiTech paBeHCTBOM

1M1111=1001-111=3-7-11-13-37.

4.26. 23k+1 $2K 41,23 —1:23 -1,

1 P

4.28. — —|— i

4.29. m/n 5/2.

4.30. IoncraBbre ¢ = 6k — @ — b mwm pacCMOTPUTE OCTATKHU OT JEJIEHUST
Ha 2 u Ha 3.

4.31. IIpoceaure 3a TeM, KaK MEHSIETCS [IPEJIITIOCIIE IHsIsI ITU(pa Y TUCeT
Buga 11M.

4.32. Ilycts b m ¢ — A7IMHBI BTOPOro KaTeTa W TMIOTEHY3bl. BO3MOXKHBI
cnenyromue BapuaHTeL (b, ¢) = (8, 17), (35, 40), (36, 39) u (112, 113).
Omeem: 4.

4.33. a) (x,y) = (&5, £9), (10, +£3). 6) IIpencraBbre ypaBHEHHE B
suge (1 +x)(1+x?) =2Y. Omsem: (x,y) = (0, 0), (1, 2).

4.34. K'"977 + (17 — k)'797 : 17.

4.35. Pazobbem HOMepa BCeX CYACTIMBBIX OWJIETOB HAa JIB€ T'DYIIIbI.
B mepByto rpymiy orHeceM HOMepa, KOTOPBIE COCTOSIT U3 JIBYX PABHBIX
TPeX3HAIHBIX umces (HampuMmep, 765765). Bee ocrasbHble HOMEPa OTHECEM
KO BTOpOii rpyiie. [TockobKy

abcabc =abc- 1001 =abc-7-11-13,

TO KaXKJIblil HOMEp U3 MEePBOil TPYIIILI IeTUTCA Ha 13, a, 3HAYUT, JIEJTUTCA HA
13 u cymma Bcex HOMEpPOB U3 mepBoii rpymmbl. Paccmorpum HOMep abcdef
u3 BTopoit rpyne! (abe # def). Bmecte ¢ 9TuM HOMEPOM BO BTOPOIi IPyTITe
naxoxurcst u HoMep defabc. Takum o6pasoM, Bce HOMEPa U3 BTOPOIi IPYIIIIbI
pasbuBarorcs Ha napbl. CyMMa HOMEPOB B KaXKJI0i mape Jiesnres Ha 13, Tak
KakK

abcdef + defabe = (abc + def) - 1001 = (abc + def) - 7-11-13.

[TosTomy senurcest Ha 13 1 cyMMa BCceX HOMEPOB M3 BTOPOIl IPYIIIIBI.

4.36. PaccmoTpuTe OCTATOK, KOTOPBIM TaKoe YHUCJIO Oy/eT JaBaThb IPHU
nejieHuu Ha, 9.

4.39. a) He moxer, Tak kax 2004 - 4 me genurcs Ha 10 =142+ 3 4+ 4.
6) Moxer. Moxno B3arh 401 napy KBaJIpaToB ¢ TAKUM PACIOIOXKEHUEM
qncen (1,2,3,4)u (4, 3,2, 1).

4.42. Cx = ﬁlk)' Ecmm 0 < k < p, To (kl(p —k)!, p) = 1, nostomy

YHCJIO P B YHUCJIUTEJI€ COKPATUTHCA HE MOZKET.
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4.43. IlycTb N coCTaBHOE YUCJIO U P — OJIMH U3 €0 MPOCTHIX JIeTUTEIeH.
IIpencrasum 1 B Buge n = p*m, rae (m, p) = 1. Ilo dopmyne Jlexanapa
(em. 3agagy 3.101) HaxomuM, 4TO P BXOAMT B passoxkenue CP B cremneHu
o — 1, mosromy n{ CP.

4.45. Bocmons3yiiTech pe3yabraToM 3agaqan 4.42.

4.46. Het. Hamrpumep, eciu MbI Ha TIEPBOM IT1are 00beINHIEM JIBE TEPBLIX
KYYKHU, TO JaJIbllle B JIFOOOW M3 IOJIYYAIINXCS KydeK KOJIMIECTBO KaMHel
Oyzer KparHo 5.

4.47. Boctionbp3yiiTech T€M, 9YTO CpeJId 9uces dq, a;+0asz, ..., a;+d+...
... + a,, mubo oxHO mesuTcs Ha N, JKUOO JABa MAIOT PABHBIE OCTATKU DU
JIeJIEHAN Ha M.

4.48. TTokaxkem, uro cpeau 10 moc/ie10BATEIbHBIX YUCETT HAIeTCs TAKOe,
KOTOpOe He jejurTca Ha umcia 2, 3, 5, 7. OHO u Oymer yIoBJETBOPSITH
yenoBuio 3agaan. JefictBurebHo, cpeau 3Tux unces 5 mensarces va 2. Cpenn
OCTaBIIUXCs YKce]l He 6ojee 2 nesrcd Ha 3, U He OoJjiee OQHOro —Ha b u 7.
Takum obpa3zom uCKIIOYTaeTCs He bosiee 9 dmcent.

4.49. Cpemu uncen 1, 2, ..., 99 ectb 50 HedeTHbIX U 49 YeTHBIX. DTO
3HAYNAT, YTO HA OJHON M3 KapTOYeK Ha 00X CTOPOHAX OYy/yT HAIKMCAHBI
HEUYETHBIE JHCIIA.

4.50. a) Hugero. 6) DT0 COOTHOIIECHNE CIPABE/IINBO JIJIs BCEX IETIBIX a4
ub.

4.51. Bocnonb3yiirecs pasencrsamu (a+c¢)—(b+d) = (a—c)+(b—d),
ac—bd=c(a—b)+b(c—d).

4.52. CoryiacHO OIpeJeIeHNI0, KJIacC 0 COCTOUT M3 TaKUX YHucesl D, 9To
b = a (mod m) wmm b — a = mt. Takum obpazom, KaxKjgoe 4ucjiao u3 a
JIOJIZKHO uMeTh Bua mt + a.

4.53. Ilycts @ = b. PaccMOTPUM 3JIeMEHT C, TPUHAJIEKAIINH 06OUM
sruM KJraccam. CoOTJIaCHO NpeIbIIyIneil 3ajade, JJisi HEeKOTOPBIX IEJIbIX t;
u t, OyIyT BBINOJIHSITHCS paBeHCTBa ¢ = a + mt;, b = a + mt,. Orcroona
a—b=m(t, —t;), To ectb b = a (mod m).

4.54. Tlo npuanuny upuxie Takue 9uCa MOMAIAIOT 110 OJTHOMY B KaXK-
JbIif U3 KJIACCOB II0 MOJLYJIIO M.

4.55. IIpu (a, m) = 1.

4.57. TIpu (m, ¢) = 1.

4.59. TlepsbIil UIPOK JIOJIZKEH CJAEIUTH 33 TEM, YTOOBI KOJMIECTBO KaM-
Hell, OCTABIIINXCS MOCJIE ero XOJa, JABAJO OCTATOK | Mpu JejIeHun 6.

4.62. Eciin onna dbupma nprobpesa X KHIOIPAMMOB si0JIOK, TO BTO-
pasi— 2x, MO9TOMY Macca TPHOOPETEHHBIX sIOJOK JIOJKHA JIEJIUTCS Ha 3.

4.64. JInCKpUMUHAHT JaeT OCTaTOK D IIpU JeJIeHUH Ha 8, U II03TOMY He
MOXKEeT OBITH TOJIHBIM KBaPATOM.
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4.68. Or unucia b - 10° + a genaerca mepexon k uueray 10a + b. Ilpu
JeJIeHUN Ha, 7 9TH YhCia JA0T ocTtaTku 5b + a m 3a + b. YTBepxaenue
3aJ1a49u cieyer u3 cpasaenust 5b + a = 5(3a + b) (mod 7).

4.69. Cpean 3TuX 9ncesl BCETIa €CTh OHO, KoTopoe menutcs Ha 3. Io-
sromy p = 3.

4.70. Ecam p # 3, To 8p? +1: 3.

4.71. 3mech, Kak u B 3amadax 4.69, 4.70, Hy?KHO pacCMOTPETH OCTATKU
OT JleJIeHns Ha, 3.

4.72. Cpenu JTIOOBIX MATH MOCJIEIOBATEILHBIX WIEHOB TAKOM apudmMern-
9eCKOil IPOTrPECCUH OIH 00s13aTesIbHO JiesuTes Ha 5. Ecmu ato me 5, To mpo-
CTBIX YHCeJI, UIYIIUX HoApsi, Oyaer He 6oiee 4. Omesem: 5, 11,17, 23, 29.

4.73. 3.

4.74. Tak Kak uncja N2 Ipu AeJeHud Ha 3 JaioT octaTky jauoo 0, gubo 1,
TO YKa3aHHOE YHCJIO TEJIBIM OBITh HE MOXKET.

4.75. Cpapmenue a’ + b?> = 0 (mod 3) BO3MOXKHO TOILKO eciu 06a
quciaa @ U b jensarcs Ha 3. AHAJIOTUYHBIE PACCYKJIEHUS TPOXOIAT U JIJIst
MO/t M =7

4.78. OcraTok pasen 2* = —1 (mod 17).

4.79. Her. PaccmorpuTe uncita EBkiua e,, mo Moystio 5.

4.80. IlepeitauTe oT paserncTsa a’ + b? = ¢? K cpaBHEHHIO II0 COOTBET-
CTBYIOIIEMY MOJLYJIIO.

48l.a) m+1=3 (mod 4).6) m—1=2 (mod 3).

4.82. a, i3upun=2+43k; a, :4upun=2k (k€ Z).

4.83. a), 6), r) uu npu Kakux n; B) npu n =3+ 11k (k € Z).

484.a)n=—-8+417k (k € Z); ©6) Hu npu KaKuUX.

4.85. x =17+ 73k (k € Z).

4.91. okakuTe, 9TO IIPU BCEX IEBIX X OYIET BLIMTOIHATHLCI CpaABHEHUE
P(x) =1 (mod 2). I3 nero Gyzer ciemoBarh, 9To 3HadeHus: P(x) He mMoryr
OBITH HYJIEBHIMU.

4.93. a) x = 2 (mod 13); 6) x = 24 (mod 37); B) x =5 (mod 11);
r) x =15 (mod 169).

4.94. 1652 u 6125.

4.96. a = +1 (mod p).

4.97. Bece unciia ot 2 10 p — 2 MOXKHO pa30UTh Ha Hapbl B3AaUMHO 00paT-
HBIX [0 YMHOXKEHUIO YHCEJI, TO €CTh IJIsi KaXKJOr0 ( U3 3TOr0 HHTEPBAJIA
maiizierca b (owmmunoe or a o 3amade 4.96) Takoe, uro ab = 1 (mod p).
ITostomy (p— 1)l =p —1 (mod p).

4.98. Ilycth n— coctaBHoe uncyio. Eciau p — HeKOTOPHBIi TpocToit neu-
resib uncaan (p < n), o (n—1)! =0 (mod p), 4T0 IPOTUBOPEUUT yCIOBUIO
(n—1)! = -1 (mod p).

499. (p—N+1=p-=-2lp—1+1=pPp—=-2lp—((p—2)!=1).
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4.100. HYucmo p — mpocToe Torjaa u ToJbko Torya, korga 4((p—1)14+1) +
+p =0 (mod p). Ocraercsa 10Ka3arTh, 9TO P + 2 — IIPOCTOE TOTAA U TOJILKO
torga, Koraa 4((p— 1)1+ 1)+p =0 (mod p + 2). C 310ii 11eJ1bI0 YMHOXKUM
06e gacTu o9eBHIHOro cpapHenus p = —2 (mod p +2) ma p + 1. Iloxygaem

pp+1)=-20p+1)=-2(p+2)—1)=2 (modp+2).
Yacru moJrydeHHoro cpaBHerust yMmuoxkuMm ua 2(p — 1)!:
2p+ 1) =4(p—T1)! (mod p+2).
K obenm gacTsiMm mosryueHHOTO cpaBHEeHUS pubaBuM 110 p + 4:
2p+MN+D)+p+2)=4(p—1)N!+1)+p (modp+2).

IIo Teopeme Buabcona p + 2 — 9nCI0 MPOCTOE TOTIA U TOJIBLKO TOTA, KOTIA
(Pp+1)!+1=0 (mod p+2) n, cregosarensuo, 2((p+ 1) +1)+(p+2) =
=0 (mod p+2), orkyma 4((p—1)!+1)+p =0 (mod p + 2).

4.101. U3 ycioBus 3ama49u cjaeayer, ITo a;d; + aaz + ...+ a,_1a, +

4+ a,a; =0 (mod 4). DTo cpaBHEHHE OCTACTCA CIPABEIJIMBLIM IIPU 3aMeHe
3HaKa y Jiroboro u3 gucena a; (j = 1, ..., n). 3amenus Bce uncia Ha +1,
npuxoauM K cpasaermio 1 = 0 (mod 4).

4.102. okaxkuTe Hepas3pelmMOCTb II0 MOIYIIO M, riae a) m = 4;
6)m=3 Bm=7 r)m=8 nxm)m=5 e m=25 x) m=16;
3) m=13.

4.103. CyMmma mOsITH TIOCTIEIOBATE/BHBIX TEJbIX YHCEJI BCErJa JIeJITCS
Ha 5:

M=2P4+MmM=1P+n"+M+1)P2+n+2)?>=5n*+2).

Ho wumcno n? + 2 #e MoxkeT jenuTcs Ha 5, mostomy 5(n? + 2) mOJHBIM
KBaJIPATOM HE SIBJISIETCS.

4.104. Boibepure cpemu umcen 1, 2, ..., M TO, KOTOpOE MEJUTCS HA
MaKCHMAJIbHYIO CTEIeHb NBONKU. Takoe uncso Oymer poBHO omuo. [TosTomy
[I0oCJjIe TIPUBEIEHUSA K OOIEeMY 3HAMEHATENI0 YHUCJIUTENb Oy/IeT HeIeTHBIM.

4.105. s perenust 3a/1a9u HY2KHO PACCMOTPETH IMOCTIEIHNIE UM PBI
YKa3aHHBIX YUCEJI, WK, YTO TO XK€ CaMOe, ePEiTH K CPABHEHUIO 10 MOJLYJIIO
10.

4.106. x =1,y =0.

4.107. Bocmompayiirecs 3amateii 3.38.

4.108. Bo Bcex ciiyyasix OTBET 6.

4.111. BocnonsayiiTech cooTHommenureM 10P~1—1=99...9=0 (mod p).

4.115. Tlpu a = 0 yrBepxkKjeHune O4UeBHUIHO. lIpemmosiokumM, ITO OHO
nokazano i Hekoroporo a > 0. Us pesyaprarta 3amaum 4.42 ciemyer
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coornomenue (a+1)? = a?+1 (mod p). Hanee, npuMeHsist IpeIoIoKeHIe
MHAYKIUA, IPUXOAUM K HY>KHOMY CPaBHEHHIO.

id

4.117. CymecTByer @ OJHOIBETHBIX PACKPACOK W PacKpacok, B

a? —a

KOTOPBIX yYaCTBYeT HE MeHee JByX IBeToB. Omeem: + a.

4.118.a) 1; 6) 9.

4.119. JTannoe uucjo gejaurcs Ha 31.

4.120. Jlanuoe uucjo aejurcs Ha 1093.

4.122. Ilycts @ — npocroii meaurens unciaa 2P — 1. Torga BIIOIHAIOTCS
cpasuenust 2P —1 =0 (mod q) m 297" —1 =0 (mod q) (Bropoe uz HEUX —
masag reopem Pepma). asee cielyer BOCHOIb30BATHCS PE3YJILTATOM 3a-
Jaan 3.54 a).

4.123. BocnombayiiTech paseHcTBoM N'¢ — 1 = (n® —1)(n8 +1).

4.129. lpumensist popmyity u3 agauu 3.127, Haxomum, uro F, = 5P~1)/2
(mod p), 2F,; =1+5®"1/2 (mod p). Kpome Toro, 57~ "/2 =1 (mod p)
mpu = 10k £ 1 u5%"1/2 = -1 (mod p) npu = 10k £ 3.

4.130. Ymcmo x # 1 ymosnersopser yciaosuam xP~' —1 = 0 (mod p)
ux>—1=0 (mod p). Hasee ciaeayeT IpUMEHUTb Pe3yJIbTAT 3ala4u 3.54.

4.131. Ucnonwayiite yeaosusa xP ' —1 =0 (mod p) ux’—1 =0 (mod p).

4.132.a) 16; 6) p—1; B) p(p—1); 1) Ipu noxcuere @(p*) HyKHO
OyeT oTOpachIBaTh BCEe YUCIIA, JeJIsInuecs Ha P. Takux ducen Ha OTPe3Ke
or 1 g0 p* 6ymer p*. Ilosromy @(p*) =p*"(p —1).

4.133. p*.

4.134. Ywucna, B3amMHO HpoCThie ¢ b, Haxomarca B @(b) cronbmax.
B kaxjoM u3 HuX @(a) unces, B3auMHO npocThix ¢ a. (Cm. 3amaqy 4.55.)

4.135. @(m).

4.136. (a, m) = 1 u b meaurcst HA BCe MIPOCTHIE YUCTIA U3 PA3JIOKEHUST M.

4.139.a)x =3,4,6; 6)x=15,30,20,24,16; B)36; r)Her peienuii.

4.140. Heobxomumo, urobnr @(m) = 2. Ho 1 = 5 (mod 4), nosromy
OTBETOM CJIyzKaT TOJILKO uncja 3 u 5.

4.141. a) x =2%;, 6) x =2%13%2 (o, &y = 1); B) HET peleHUH.

4.142. a) IIpu npocrom n; 6) Ipu YeTHOM T; B) OpH JIHOOOM TL.

4.143. a) x=3; 6)x=3; B x=2,y=3.

4.144. Kaxk1oMy POCTOMY YHCIY P, SBIAIOMEMYCs JeJIUTETeM KaK 1M
Tak U N, B gucjge @(m - 1) cooTBeTcTByeT MHOXKHUTEL 1 — 1/p, a B yucie
@(m) - @(n)— muoxurens (1 — 1/p)?. Tax kax (1 — 1/p) < 1, To npn
(m, n) = 1 Gyzer BBIIOJHITHCS HEPaBeHCTBO @ (M - n) > @(m) - @(n).

4.145. 8, 12.
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4.146. Bee Takue npobu MOXKHO pa3buThb Ha napel k/n, (n—k)/n. Yucna
B Takoi mape coBnagarh He MoryT. 13 pasencrsa k/n = (n—k)/n ciexyer,
49T0 N — YerHoe, kK = n/2 u apobb k/N MOXKHO COKpPATUThL Ha T/2.

4.147. Tlycrs S(n) — ncxkomast cymma. Ouesmano, aro S(1) = 1. Ilpnm
n>1
d 1 d n—dy 1 _ o)
Zn_Z (n+n>_ZZ1_2’
(d,n)=1 (dn)= (dn)=
1<d<n 1<d<n 1<d<n

Omeem: S(1) =1, S(n) = o(n)/2 mpu n > 1.

4.148. @(d).

4.149. Paccmorpum psi auces u3 3agaqu 4.148. C omHOi CTOPOHBI, OH
cocTouT U3 N jipobeit. C Apyroit CTOPOHBI, BCE YHUCIa PA3OUBAIOTCS HA TPYII-
bl Jpobeil ¢ paBHbIM 3HaMeHarTejgeM d, KaxKjas U3 KOTOPBIX COCTOUT W3
@(d) uncen.

4.150. @(n)/2.

4.151. a) U3 mynapruimmkaTuBHOCTH (GYHKIMA Diljiepa CjeiLyer, 9ro
dopMyIly TOCTATOYHO JJOKA3ATH B CIydae, KOI/Ia YUCIa M U N CyTh CTEIeHN
OJIHOTO W TOTO K€ MpocToro wucaa. Ilycts m = p*, n = pP (a > B >
> 0). Torma Hy>KHOE TOXKIECTBO CJEIyeT U3 PABEHCTB [m, n] = m = p*,
(m, n) =n =ph.

6) Eciau BOCIOJIB30BATHCS MYJIBTUILIMKATUBHOCTBIO (bYyHKIMK Diliepa,
TO 3a/1a1a CBOJUTCH K IIPOBEPKE PABEHCTBA

PP P)e(P?) = o(p*) @(p°) p°.
Ono, B CBOIO 0Uepe/Ib, cieayeT u3 coorHomenud @ (p*) = p*(p—1). (Cum. 3a-
nady 4.132.)

4.152. 39010 _1 =0 (mod 10%).

4.155. JlenumocTh Ha 2 M Ha 3 mpoBepsieTCs HEIoCpeacTBeHHo. Jlenun-
MOCTb Ha P cjeayer u3 mMajoit reopembl Pepma.

4.156. —a®(m™=Tp,

4.158. B kagecTBe N MOXKHO B3ATb, HAIpUMeEp, @ (m).

4.159. Hycrs n = pi' ... p¥s. HocraTouHo jgoKasaTb, uro 2™ — 1 i p;’
npuj =1,...,s. JIjs 3T0ro Hy?>KHO IPUMEHUTH TeOpeMy DijIepa K KarKIOMY
U3 dmces My = p; .

4.160. Tak kax 561 = 3-11-17, To HOCTATOYHO JOKA3AThH CIPABEIIUBOCTD
cpasrernii a®®®° = 1 (mod p), e p npuHEEMaeT 3HadeHus p = 3, 11, 17.
Kazxoe Takoe cpaBHeHUe BBITTOIHsIETCS 0 MaJjioit Teopeme Pepma.

4.161. OueBUIHO, YTO PeEIIeHUEM 3aJ1a9l MOTYT OBITH TOJIBKO T€ Q, JIJIsi
koroprix (a, 10) = 1. Tax xax @(10) = 4, To cpasmenme a'® +1 = 0
(mod 10) pasrocubHO cpasrenuto a’+1 = 0 (mod 10). IlepeGupas ciydan
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a = +1, a = 43, maxoqum, uro a = £3 (mod 10). Omeem: a = +3
mod 10).
4.162. Tlokazkure, uro npu (a, m) = 1 BBIITOJHIETCS COOTHONICHIE

™ =1 (modp;’) (G=1,...,5).

4.166. 3993, 3597, 6797.

4.167. Ilpumenure npusnaku jgeaumocta Ha 8, 9 u 11. Omeem: 1380456.

4.169. Her. Ina moka3aresbcTBa MOXKHO HaXOJIWTh HE CyMMy Iudp, a
[IPOCYMMHUPOBaTh apudMeTndecKyto nporpeccuto 1+ 2+ ... 4+ 500.

4.170. Ina nposepku jeauMocTd Ha 9 1 11 MOXKHO paccMOTPETh CYyMMY
JaHHOoro umcia ¢ gucaom 8079...2019.

4.173. 11111111 100.

4.175. 9.

4.179. Ilpumennre npusHak gejumocTr Ha 11.

4.180. ITlpumenuTe IpU3HAK JEJIUMOCTA Ha 3.

4.181. Her. PaccmoTpuTe ocraTku OT JiejieHust Ha 9.

4.182. Cpapraenus 10a+b =0 (mod 19) u a+2b =0 (mod 19) pasuo-
CHUJIHHBI.

4.184. Yuciio xxyy Bcerga genurcs Ha 11. Eciau oHO moJIHBIN KBaapar,
To u uncio X0y noskHO Aenurcs Ha 11. Omeem: 882 = 7744,

4.185. Yucyio mosrydaercss U3 CyMMbI CBOMX IUMP yMHOXKeHueM Ha 12,
3HAYNT, OHO KpaTHO 3. COorjlacHO NMPU3HAKY MIEJUMOCTH Ha 3, CyMMa Iudp
Takxke jesurcst Ha 3. Ilosromy camo ducsio moskno aeures Ha 9. Kpome to-
ro oHo jiesnrces Ha 4. ClemoBaTe/IbHO HyKHO HCKATh CPEJIA 9UCE, KOTOPBIe
nessatest Ha 36. [TockobKy cymMa 1udp TPEX3HAYHOI'O YKCJIa HE IIPEBOCXO-
AT 27, TO caMO YHCJIO MOXKET ObITh He 6osbine 27-12 = 324. Ilepebop MOKHO
elle COKPATUTh, €CJIU 3aMETHTh, YTO CyMMa (P MOXKET ObITh He OOJIbIle
18 (oma menmrca wa 9 u menbrre 27). ITostomy camo 4ucio me 6Gosbiine
18 -12 = 216. Ocranocs nepebpars ancsa 108, 144, 180, 216. Omeem: 108.

4.187. a) Crparerus BToporo: mucarhb udpy Tak, 9To0bl CyMMa [IPeIbl-
Jayreit 1 phl 1 ero paBHSLIACH 6.

6) Crpareruss IEepBOro: CHavaja HYy?KHO HAIUCATL |, a MOTOM MUCATDH
nudpy Tak, 9T00BI CyMMa IIPEIbLIyIIel udphl U €ro paBHsIACH 6. B aTOoM
cJIydae mepest TOC/IETHIM X0/IOM BTOPOT'O UTPOKa cyMMa Tudp OyIeT paBHa
55, 1 oH He CMOXKET JOOUTHCS CBOEH IIEJIH.

4.188. PaccmorpuTe ocTaTKu OT JejieHns Ha 9.

4.189. Tak kak a;10° = a;7; (mod m), To M = N (mod m). Ilosromy
qucia M u N MOPyT JeIUThCS Ha T TOJBKO OJIHOBPEMEHHO.

4.191. CpaBuenune

a.q"+...+aq+a=ap+...+a; +a, (modm)
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PABHOCUILHO CPABHEHHIO
a.(q"—1)+...4a;(q—1)=0 (mod m),

KOTOPOE MMEET MECTO HEe3aBUCUMO OT (; TOTJA W TOJBKO TOra, KO
qg—1=0 (mod m). B wacraocru, njis1 M = 2 FrOJUTCS CUCTEMa CUUCICHUS
¢ mobbIM HedeTHbIM ocHoBanueM. Omsem: ¢ =1+ mk (k > 1).

4.192. 21.

4.194. Uccnenyiite oTmeabHO mesuMocTh Ha 5 u Ha 11. Omeem: n =
=6+55k, k € Z.

4.195. a) O6oznaunM ocTaTok oT jesenus 19'° ma 66 uepes r. 3 cpas-
wenuit 19 = 1 (mod 2), 19 =1 (mod 3), 19 = —2 (mod 11), caenyer, aro
1=1(mod2), T=1 (mod3), r = (—2)'"° (mod 11). Ilo maoit Teopeme
@epma, (—2)'° =1 (mod 11). Orcrioma r=1. 6) 11; B) 17; 1) 36.

4.197. Bocrionb3yiitech TeopeMoii itsiepa.

my .m0

4.198. x = a;xy +...+apXy, TOE Xj = (T> G=1,...,n).

4.200. a) x =584+ 85k (k € Z); 6) x =78+ 13-19k (k € Z).

4.201.2-3-5-7—1.

4.203. 2-10%7,

4.204. 15803.

4.207. IIycts n = 2. PaBeHcTBO

c _a b

my - my mg m2

MOYKHO TIEPEIUCATh B BUJE C = a-My +b-m,. 1 Toro, 9To0BI PEIuTh 3TO
ypaBHEHUE, PACCMOTPUTE CpaBHEHWE C = a-M; + b -m,; (mod m; -m,) u
BOCIIOJIb3y#Tech 3asadeit 4.196. /[nga mpou3BOILHONO N HY2KHO MPUMEHUTD
WHJTYKIAIO

4.208. 45486.

4.209. 2'5 . 310. 56,

4.210. a) JaHHOe CpaBHEHHE PABHOCUIILHO BBIIOJHEHUIO JBYX yCJIOBUIL
x(x—1)=0 (mod 2*) ux(x—1) =0 (mod 5*). Orciona x =0, 1 (mod 2*)
nx =0, 1 (mod 5%). ITosromy mo momyso 10* nexomroMy cpasaenuto Gy Iy T
YIIOBJIETBOPSTH 4 4mnciia, m3 KOTOPHIX aBa— 310 yncaa x = 0 u x = 1. /Isa
Apyrux pertennss —31o X = 0625 u x = 9376, U3 KOTOPBIX YEThIPEX3HAYHBIM
sIBJISIETCsI TOJIBKO BrOpoe. Omeem: x = 9376.

6) JokaxkuTe yTBEpXKJEHUE [0 UHIYKIUH. EC/IU IPOIEce HAXOXKICHUST
TaKUX YKCeJl He OCTAHOBUTH, TO Kpome O u 1 mosryuarcs jiBa OECKOHETHBIX
«4qnciay

x1 =...8212890625, x, =...1787109376.

4.211. TlpumennTe KUTaliCKyl0 TeopeMy 00 ocTraTKax ¢ My = p%,
.e.y M37 =P3,, TO€ P1, ..., P37 — PA3IUYHBIE IPOCTBIE TUCIA.
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P P

o p=Di=p—1 _(p=DI+T1

I'maBa 5

5.1.a) 1/7 = 0,(142857); 6) 2/7 =0,(285714); B) 1/14 =0,(714285);
r) 1/17 = 0,(0588235294117647).

52.a=0,b=0umma=1,b=3.

5.3. 1/49 = 0,(020408163265306122448979591836734693877551). Eciu
IPOCYMMHUPOBaTh I'eoMeTpudecKyto Inporpeccuio 2/10% + 4/10* + ..., To
noJjiygaercss B Tounoctu 1/49.

5.4.1/243 = 0,(004115226337448559670781893).

5.5. a) 15926/111111 = 0,(143334); 6) 4/27 = 0,(148); B) 14/99 =
=0,(14).

5.7.m =2%.58,

5.9. Pacemorpure oT/1e/bHO Te g Pbl, KOTOPbIE BCTPEYAIOTCS] KOHEIHOE
YUCJIO Pa3 W T€, KOTOPhIE BCTPEYAIOTCH OECKOHETHO MHOTO Pas.

511.n=2% .51 n4+1=2% .52 Orciona n =1 wm n = 4.

5.12. Cpenu yKa3aHHBIX Yncel OECKOHEYHO MHOI'O YETHBIX.

5.16. a) mer. 6) vV2+ (—V2) =0.

B) Oupenesum 9UCIO ¢ PABEHCTBOM (V3)* = 2. BEom o« = %’ TO
oJIy9aeM HeBO3MOXKHOe paBeHCTBO 3P = 49,

o V2

JIpyroif mpuMep MOMKHO IOCTPOMTH IpU HOMOIM €ucaa f = V2 .

Ecnm ono panmonasibHo, TO 3a7a4a perena. Ecin oHO mppalmoHaabHO, TO
BVZ =2 u uckomMoit mapoii uncen GyayT B u V2.
5.17. Hoscrasmss B ypasHenne X = 1 + /3, IPUXOIUM K PABEHCTBY

(4+a+b)+(a+2)V3=0.

Tak Kak v/3 — HPPAIMOHAIBHOE YHCIIO, TO TAKOE PABEHCTBO BO3MOXKHO JIUIIb
kormad+a+b=0mwa+2=0. Omeem: a=—-2,b =2.

5.18. Ecn unena v/a, Vb, \/C SBISIOTCS WIeHAMI OJHOH apudMeTn-
YECKOH MPOrPEeCCUd, TO JJIS HEKOTOPBIX HEJbIX P U ( OyJeT BBITOJHATHCA
pasercreo q(vb — /a) = p(vc — vb) mm vVb(p + q) = pvc + gva.
Tlocie BO3BeIeHUST OCETHETO PABEeHCTEA B KBaJIpaT MOJIydaeM, 9To 1/ac —
paIgoHanbHoe 9uco. Ho 3T0 HEBO3ZMOXKHO, IIOCKOJILKY O U C— Pa3JIdYHbIe
IPOCTHIE YUCIIA.

5.19. V2 + V6.

5.21.a) 9=+100—1; 6)1; B)—10.

5.22.a)4; 6)2; B)6.

5.23. V24 V3 + V5.

5.24. Bo3BeauTe paBeHCTBO B KBJIpaT.
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5.25. Jlnsa pemtenust 3Toit 3a71a4u yio0Hee T0Ka3aTh OoJiee obInee yTBep-
XKJEHUe: ecad by, ..., b, — HEHYJIEBbIE TIeJIbIe YUCIA, A1, . .., O, — PA3JIHI-
HBIE HATYpAJbHBIE YNCJIa, CBOOOMHBIE OT KBaJIPATOB, TO

bi/ar + ...+ buy/an #0. (13.5)

Bribupast 3mech a; = 1, mojy4aeM UpparioHAJIbHOCTh CYMMbBI PaUKAJIOB
V@ + ...+ y/a,. g gokasarenbersa cooTHOMEHHs 13.5 mpoBeanTe HH-
JYKIUIO [0 YHCJIYy MPOCTBIX Pi, - .., Pm, BXOAINIUX B PA3JIOKEHUs TUCEI
a, ..., 0, HA MHOXKWUTEJIN.

5.26. TosbKo eciin a 1 b SIBJISIFOTCS CTEIIEHSIMUA OJIHOTO M TOI'O YK€ YHCJIa,
TO ecTh @ = d™ u b = d™ I HEKOTOPBIX HATYPAJbLHBIX d, M U N.

5.28. Tanrenc yryia MexKJy CTOPOHOM TPEYTOJbHUKA U JOOO0I U3 KOop-
JIMHATHBIX OCEH PAIMOHAJIEH. Y TJIBI TPEYTOJILHIKA SABJISIOTCS CyMMaMU UJTH
PA3HOCTSIMHU TAKUX yTJIOB W, CJIEIOBATENBHO, TAKXKE MMEIOT PAIMOHAIHHBIE
TAHTEHCHI.

5.29. Bocmosib3yfiTech TeM, 9TO IpsAMas, IPOXOIsIas depes3 IeJible TOU-
K1, ¥MEeT PAIlMOHAIbHbI TAHIeHC HAKJIOHA, a tg60° = /3 ¢ Q.

5.31. IlycThb Ha OKpyKHOCTH JiexkaT jaBe Touku (x;y) u (u; v). Torma

(x = V22 + (y = V3)2 = (u—v2)? + (v—V3)?,
2—x)V2+2v—y)V3 =u? +v2 — x> —y°.

HeBo3mokHOCTS 1TOCIIEIHETO PABEHCTBA JJOKA3BIBAETCS BO3BEJICHIEM B KBaJI-
par.

5.32. k) Cmorpure 3a1a1y 6.82 r).

5.33. Ilpu geTHbIX M.

5.36. Kak un B 3amate 2.33, umesa pelreHus OCHOBaHa Ha upunmune Jlu-
puxijie. IIpu k = 1 yrBepxKjeHne 3aja4un odeBuaHO. Jlajiee pUMEHUM WH-
aykiuio. [Ipe/osnokum, 910 yTBEPXK/IEHIE 3a/[a9 T0Ka3aHo it K — 1, u
nokazxkeMm ero s k. Pacemorpum npoussosbayto u3 N paHHBIX TOYeK. 13

Lo N
Hee BBIXOJWT 10 Kpaitaeir mepe N; = [T] OTPE3KOB, OKPAIIIEeHHBIX B

OIMH U TOT XK€ IIBET, IZe [X| — MUHMMAJbHOE ILeJI0e YUCJIO TL TAKOe, YTO
x < n. g N, crnpaBenuBa OleHKa

N> [0 149 - 8] < -,

(Cwm. zamaay 3.100.) Ecam KoHIBI Kakux-mbo AByX U3 3Tux N; OTPE3KOB
COEJIMHEHBI OTPE3KOM TOI'O Ke I[BeTa, TO HYKHBI TPeyroJIbHUK HaiijeH.
B nporuBHOM citydae, KOHIbI COEIUHSIIOTCS OTPE3KAMM, OKPAITEHHBIMU B
k — 1 meeros. Tax kak N; > [(k — 1)le], To, corsacHO TPEATIOIOKEHUIO
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UHJIYKITIH, MOYXKHO HAWTH TPEYTOJIBHUK OJHOIO I[BETa C BEPIINHAME B ITHUX
TOYKAX.
5.38. Ilo dopmysie ajst CyMMBI T€OMETPAYIECKOI ITPOrpeccun

ajaz...an
O,(a] ...an) 21103177]

10" -1 1
Orciona, eciit a; 4, ... 04, = o = 0,(ajay...an).

5.39. Ilo Teopeme Ditmepa 10%¢(™) —1 =0 (mod m) npu mobom k > 1.
Tostomy 9 Eyp(m) =0 (mod m). Ecam m ne gemurest na 3, 10 Ey (m) =0
(mod m). Ecin xxe m genmrest Ha 3 mm Ha 9, TO HA M Oy/IyT JEJIATCS IUCTIA
Eske(m) ¥ Boxp(m) COOTBETCTBEHHO.

5.40. Ecan {%} = 0,(11 a...ar0ygy1..., TO {7} = 0,ak+1

5.41. Ilyetb 19 = 1, 11 = 10 — m[10/m]. .. — ocTaTKn, KOTOpBIE BO3HH-
KaloT Tpu Jesernn 1 Ha m crombukoM. Torma 1 = 10% (mod m), Tax xKax
NPUIIICBIBAHUE HYJIsI PABHOCHJIbHO yMHOXKeHno Ha 10. Ecim (m, 10) = 1,
to 10°(™ =1 (mod m), TO €cTb Ty (m) = To = 1. OTcroma cieayer, 4ro y
JIpoOM OTCYTCTBYET TPEJIIEPUOJ, W 9TO JIJIMHA Nepuoa JenT @ (m).

5.42. 11, 33 u 99 — nenurenn uucia 99, e pensiaue 9.

5.43. Ecim 10 = 1 (mod n), 1o ocrarku Ty u 1 (cM. 3amady 5.38)
COBIIAJAIOT, TaK KaK To = m u 7y = 10*m (mod n). 3uaunTt nepunos apodu
m/n nequr t. Hao6opor, ecoin T — nummHa iepuoja, To T = Ty (1pobb aucto
HeproIecKas coracHo 3ajgade 5.41) m 1,107 = 15 (mod n). Tak kax
To = mu (m,n) = 1, To noJiy4eHHOE CPABHEHWE MOXKHO COKDATHUTDL HA
0. Cregosarensuo, 10T =1 (mod n).

5.45. Bocmonp3yiiTech pe3yabTaToM 3a/a4u 5.38.

5.46. Ilycre t = 2n— jymna nepuoja. CoracHo 3ajade 5.43, BbI-
nonnasierca cpaspuenne 100 = 1 (mod q). Orcioga 10 = —1 (mod q)

1 mn
u % + {%} = 1. Ho B mecaTuvHoit cucreme 9TU IPOOU MMEIOT BU,

10™p
q

%:O,N1N2, =0,N,N;,

moatomy N; + N, =99...9.

{

n
5.47. Tlpu paznoxenuu 1/7 B JAeCATHIHYIO TPOOb TOCTIEIOBATEIBHOCTD
OCTATKOB YCTPOEHA, CJIEYIONIM 00pa3oM:

TO:1» T1:3) T2:2a T3:6, T4:4) T5:5» T6:1)

IlepBoe cBoiiCTBO OOBSICHSIETCS PABEHCTBAMU

To T2 To ™ To T4
2'7_7’ 3'7_7’ 4'7 7



OrBeThI, yKa3aHUsI, PEIICHHST 203

O0ObsicHeHHE BTOPOI'O CBOICTBa IOJIydaeTcs, ecjii B paBeHcTBe 1/7 +
+2/7+4/7 =1 nepeiitn K AECATUIHON 3AIIUCH.

Y066l 00BICHUTL MOCTeaHee cBoiicTBo, 3ammimeM N B Bume N =
= (10° — 1)/7. Ozcioma N? = (10° — 1)? /49. Yncio, KOTOpoe HOIyIaeTCsa
CIIO’KeHreM TIOTOBUHOK uncya N2, GymaeT mepnomoM apobu

00 2 6
Z N2 2] 10°—1 142857
10 B '

— 106k - 6_1 = 49 7

Tak kax

142857 1
{ - } = 2 =0,(142857),

TO U3 MOJMOBHHOK uucia N2 momyuantes auciao N.

5.48. Cwm. pemenne 3aaan 5.41.

5.51. Ilycrs abcdef = 3 - fabcde. Paccmorpum dnciio o, KOTopoe pasJjia-
raercs B MEpUOJANIECKYIO IeCATUIHY0 Apo0b ¢ mepuogom abcedef:

o =0,(fabcde) = % -0,(abcdef).

Tora
10- o« = f,(abcdef) =1+ 3 - .

f
Orcioma & = 7 Ocraercs nepebpaTh pasandHble 3HadeHust f.

5.52. PaccmoTpute JiecaTudHbIe IpOOH, ¥ KOTOPBIX MCKOMOE UUC/IO $siB-
JISIETCSI TIEPUOJIOM.

5.56.814+94+1=61+27+3

5.57. Ha. IlpwdeM MEHBIIUM YHUCIOM B3BENINBAHUI OOOUTHUCH HEJIB3sI.

5.58. 2™ —1.

5.59.a) 2* —1=15; 6) (3* —1)/2 =40.

5.60. 1, 3, 2 u 27 xr.

5.61. a) ITepBy1o BEpEBKY CJeyeT MOJZKedb ¢ ABYX KOHIIOB, & BTOPYIO —
¢ oxuoro. Ilocse moropanus mepBoit BepeBKU BTOPOIl ocraHeTcs ropeTb 30
MuUHYT. UTOOBI COKPATHTH STOT MPOMEXKYTOK BJIBOE, CJIEIAYEeT MOJKEYL U
BTOpOil KoHell ocrasineiics sepesku. 6) 24 — 1.

5.62. a) JTaMIouKa MOYKET HAXOUTCS B TPEX COCTOSTHUSIX — BKJIFOUEHHOM,
BBIKJIFOUEHHOM ¥ B HarpeToMm. 6) 9.

5.63. 6) Ecom . = 2% 4+ 2%2 4 2km (kg >k, > ... >k, = 0), TO
HamMEHBIIee 9UCJI0 oneparuii paBuo kq; + m.

5.65. b(15) = 6, 10 1(15) = 5:
X1 =X X =% x=%X>, X3=%X1 % =%, X4 =%x3=%x"%, X5 =%3 x4 =x"°.

Amnayornuno 1(63) = 8 < 10 = b(63).
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5.66. JImg HAXOXKJIEHUS YUC/Ia HYXKHO CJOKHUTD IE€PBBIE YHC/IA C BbI-
OpaHHBIX KapTouyek. Hampumep, eciu 3arajaHo 4ucjio 23, To morpedyercs
caoxuth unciaa 1,2, 4 u 16.

5.67. 3araganHas KapTa BCETIa OKA3BIBAETCS B IEHTPE KOJIOMIBI.

5.71. Eciim A deTHO, TO MpeACTaBICHNE YUCTAA A TOJyIaeTCs U3 Mpesl-
CTaBJIEHUsI MEHBITEro Yucja M = A/2 «CABUTOM» Ha OJWH pas3psjl. FEcinm
Ke A HEYETHO, TO 0y = +1 ¥ YUCJI0 A JOJIZKHO PABHSITHCS HYJIIO; [IO9TOMY
qucyio A — ay JIeJIUTCst Ha 4 U IpeJICTaBIeHre Yrcia A MOy daeTcs U3 IIpe/l-
cTaBjeHus MeHblnero yuciaa m = (A — ay)/4 «caBurom» Ha JIBa pa3paua U
nobasitenneM 1udpol ay. B 060omx ciiydasix eIMHCTBEHHOCTD IPEICTABIEHUS
qucsa A cienyer U3 eIUHCTBEHHOCTH [IPEJICTABICHUs] IACTA M.

5.72. Yucna ot 0 j1o0 1 y106HO paccMaTpuBaTh Kak OECKOHEYHbBIE TPOWY-
upie apobu u3 uudp 0, 1 u 2. Yucia, 0 KOTOPHIX TOBOPUTCS B IIyHKTE B) —
9TO Te YNCJIa, B TPOUIHON 3AITUCU KOTOPLIX HET HU OIHOI 1.

5.73.a) 1; 6) Her; J) M-if 3J€MEHT TAHHON [OCJIEA0BATEIBHOCTH COB-
najiaer 1o Moxyso 2 ¢ v(n) (cymmoii nBondHbIX 1udp duciaa mn).

5.74. 3aHyMepyeM JUCKH B TOJIOBOJIOMKE « XaHOMCKas OAIllHsI» YUC/IaMU
ot 0 so 7. Ilpu yBesimdyennn Ha 1 duciia N, 3aMCAHHOIO B JIBOMYHON crCTeMe
CUMCJIEHUST, MOT'YT U3MEHUTBHCA UM PBI Cpady B HECKOJBKUX paspsgax. Eciu
Cpe/ii BCeX U3MEHUBIIUXCS PA3PsIIOB HANOOIBINNN HOMED uMeeT K-if pa3psij,
TO 5TO O3HAYAET, YTO HA T-M IMare PereHus NOJIOBOJIOMKH «XaHONCKast
OalHs» CJIe/IyeT IepeMerniarh IUCK ¢ HoMepoM K.

5.75. a) Ecam 1o kpyry crost uncia 1, 2, ..., 2n, 10 BHAYase BbIYED-
KHUBAIOTCs Bee deTHble uncia. Ocrasmmuecsd auncaa 1, 3,5, ..., 2n — 1 cHosa
[IOJIBEPraioOTCsl MPOIEyPEe BHIYEPKUBAHUS. K-€ YUCJIO B 9TOM CHUCKE MMEET
Byt 2k — 1. Tlocsie Toro, Kak u3 9TOro cnucka 6yIyT BHIYEPKHYTHI BCE IUCIIA
KPOME OJIHOTO, OCTAHETCS TIHCI0 ¢ HOMEPOoM ] (n), koropoe pasuo 2J(n) — 1.

5.76. 1) Ilycth N = (N ... My Ny)2, tae 1y = 1. Torma y ofHOrO U3 umnces

my, My, ..., My B S-M pa3psle TaKxKe CTOUT eJuHUNa. Ecau m; — ogHO u3
TaKUX 9UCesI, TO M; b n < m;.
5.77. a) Ecau n pasusiziocs 0 u 0fHO U3 9mcesa My, My, ..., My U3Me-

HUJIOCh, TO U3MEHUTCs U aucio . OHO cTaHET PABHO KOJIMYECTBY B3SITHIX
KaMHe, OTJIMIHOMY OT HYJIS.

6) CorutacHo 3aa4e 5.76 r), mas Hekoroporo j (1 < j < 1) BemosHsieTcst
HepaBeHCTBO ;AN < m;. IlosToMy u3 j-it Kyuku MOXKHO B34Tb M; —(M;Pn)
KaMHel, 9T0 MpUBeJEeT K OOHYJIEHUIO HUM-CYMMBI.

B) Urpok HaXOmuTCs B NPOUIPBIMIHON HOBUIMU, €CJOH IIEePel ero Xo-
gom 1 = 0. Bce ocranmbHbIe MO3UINN — BBIUTPHINIHBIE. J[7IsT TOTO, ITOOBI
BeIUIPaTh B «HuM», Hy>KHO OCTaBJIATH IOCJIE CBOEIO XOJa IPOUTPBIIITHYIO
MTO3UITHIO.

r) Hyxuo caenars nepexoz K nosumuu 1, 4, 5.
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5.78. Moxkno, nanpumep nojoxuthb f(A) = 3, f(B) =5, f(A) = 6. Tenepn
0CTaeTCst 3aMETUTh, UTO TIPH CJAUAHUN aMeb obIas HUM-CyMMa He MEHsIeTCs,
a B HaYaJIbHBI MOMEHT BpemeHu oHa pasHa 5 = f(B).

5.80. a) Urpa «Illokonagka» cBogurca Kk urpe «Hum» ¢ 4 xyuxkamwm
kamueii. Hanpumep, nosumusi, n3o0pakeHHasi Ha PUCYHKE, COOTBETCTBYET
TakoMy Habopy kamueit: 2, 5, 1, 4 (2 psina cieBa OT OTMEUYEHHOH OJBKH,
5—cnpasa, 1 — cHusy u 4 — cBepxy.

5.81. 6) IlycTh B Kyukax My, My, ..., M, KaMHEH, U Ty, Ty, ..., T —
OCTATKU OT JEJICHUsT IUCe Ty, My, ..., My Ha 6. [Toaoxum

n=m @Tz@...@Tl

— HUM-CyMMa 110 Mofayito 6. Ecim B HavaapHON mo3urun N = 0, TO BBIUT-
PBIBaeT BTOPOI UI'POK; BO BCEX OCTAJIBHBIX CIydasX — IepBblil. Mckaouenue
COCTaBJIET CJIydail

m=m,=...=m_; =1, m — moboe. (13.6)

(Paccmorpure sTOT ciryvaii otaenbro.) CrpaTerust BBIUTPHINIA [EPBOTO UT-
pOKa: ecjii Tepej XOJOM IIepBOIO UI'POKa HAOOp KaMHEH YI0BJIETBOPSET
paBercTBaM 13.6, mpuueMm | HeYeTHO, TO XOI HAIO JEJIATh TaK, YTOOLI HOBAS
HUM-CyMMa N’ paBHsiIach 1; ecym 1 weTno u 1y = 1, TO 3abupaercs Ja10060it 13
KaMHeH, JIesKaIX OTIeIbHO. BO BCeX OCTAIBHBIX CJIy4asix X0/ HAJO JesiaTh
TaK, 970661 N/ = 0. Eciu 370 HEBO3MOKHO, TO TIEPBbI UT'POK MTPOUTPHIBAET.

5.83. CraugaJjia cjeyerT CpaBHUTH 1-10 U 2-F0 MOHETHI, 3aTeM 1-10 u 4-10.

5.84. Bo-1epBbIX, CIEIUAJIBHBIM 00Pa30M MPOHYMEPYEM MOHETBI: IIPH-
cBomM nM Tpex3HauHbie HoMepa 001, 010, 011, 012, 112, 120, 121, 122, 200,
201, 202, 220.

st mepBOTO B3BEITUBAHUS TIOJIOKUM HA OJIHY 9YAIly BECOB T€ MOHETHI,
y KOTOphIX crapumii paspsin paser 0 (to ects 001, 010, 011, 012), a na
JIPYLYIO - T€ MOHETHI, y KOTOpbIX oH pasen 2 (200, 201, 202, 220). Ecau
nepersiHeT vamka ¢ «0», 3ammmem Ha Oymarkke nudpy 0. Eciau mepersimer
«2»—3anmiem 2. Fciin gammm BecoB 0CTaHyTCsl B PABHOBECHH — 3amuiieM 1.

st BTOpOro B3BEIIMBAaHMUA Ha OJHY Yalry BblLaoxkuMm MoHeTwsl 001, 200,
201, 202 (To ecTh BCe Te MOHETBI, Y KOTOPBIX BTOPOIl pa3ps paseH 0), a
Ha spyryto— 120, 121, 122, 220 (To ecTh Te MOHETHI, y KOTOPBIX CpeJHUI
paspgan paseH 2). 3amuineM pe3yJbTaT B3BEIIMBAHUS TAKUM Ke 00pa3oM,
9TO U TIPU TEPBOM B3BEIUBAHWUMN.

Tperbum B3emupanueM cpasuusaem 010, 020, 200, 220 ¢ 012, 112, 122,
202 (cOOTBETCTBEHHO, HYJIN U MBOMKHU B MJIAJIIEM Pa3psijie) U 3aliChIBAEM
TpeThIo 1udpy.

Mb1 nostyuniu Tpu 1udpbl — UHAUE TOBOpsi, Tpex3HadHoe uucyo. lasee
omnpeJiesisieM (PAJIBITUBYI0 MOHETY IO CJIEIYIOIIEMY DEIENnTy:
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Eciz 310 4nciio coBnajiaer ¢ HOMEPOM KaKOW-TO MOHETHI, TO 3Ta MOHETA
danbmmBast n TKeee OCTAIBHBIX. KCin HeT, TO 3aMEHUM B 9TOM YHCJIE BCE
HyJIH Ha JBOIKY, a Bce IBOIKN Ha HymH. Ilocse sTOro oHO JO/IKHO COBIIACTD
C HOMEPOM KaKON-TO MOHETHI. JTa MOHeTa (DaJbIINBas U JIerde OCTATbHBIX.

5.85. Hyzxkno npucsouts 13-ii Monere HoMep 111 1 He UCIIOIB30BATDL €€
pu B3BemuBaHUAX. K OCTaJIbHBIM MOHETAM CJIEIyeT IPUMEHUTH AJITOPUTM
u3 3a7a9n 5.84.

I'nmaBa 6
2

; _P. PY 20y o

6.1.2) ~2 6).0) (B) 2o ) —p(p? - 3a).

6.2. b2 — abp + bp? + a’q — 2bq — apq + ¢°.

2
2
6.3. a) y* +p(p> —=3ply +¢> = 0; 6) y zqy+q1—2:o,
1 1

B)y2+p(pq+ )y+(q+q) —0; )+ 2Py =0

6.5. Haubosibimree 3Ha9eHnE CyMMBI KBa,Z[paTOB kopHeit — 18. D10 3Haqe-
HUEe JOCTUTaeTCs Ipu a = —3.

6.7. Bocoss3yiitech Teopemoit Buera. Omeem: —5/2, 3/2.

6.8. (p, q) = (0, 0), (1, =2), (—1/2, —1/2).

6.9. Bocnosbayiitech Teopemoit Buera. Omeem: p =2/3, q = —8/3.

6.10.a) a € (—oo, —5—2V6)U(—5+2v6,0) U (0, + o0)

6) a#1, a#3.

6.11. Bce Takne Touku obpasyror mnpsmyio y = —1/8.
6.12. Bece okpy»KHOCTH IIpoxoaaT depe3 Touky D(0; 1).
6.13. b =1/10.

6.14. x =1.

6.15. PaccMoTpuTe pasHOCTb JAHHBIX MHOTOWIEHOB. Omeem: a = 2.

6.17. Bce Toukn, yI0BIETBOPSAIONINE YCIOBUIO 3aJa4N JIE2KAT O Iapa-
Gostoit Yy = 4x — 2x%. Omseem: y < 4x — 2x?%.

6.18.y > x* —x

6.20. a) Haiiure NUCKPUMUHAHT 3TOIO YPABHEHWs U BOCIOJIBL3YHTECH
HepaBeHcTBOM 13 3aza4an 10.7. 6) Bocosb3yiiTech HepaBEHCTBOM U3 3a1a-
qu 10.12.

6.21. KpagpaTHble TpexXdJIeHbI, HE WMEIONe KOpPHe#, COOTBETCTBYIOT
BHYTPEHHOCTHU JUCKPUMUHAHTHON 11apaboJIbl.

6.28. YcsoBue 3a/1avu PaBHOCUJIBLHO TOMY, UTO yKasaHHas (PYHKIHUS B
Touke x = | npuHIMaeT oTpuuaTensHoe 3nadenue. Orciona a € (—2—+/11;
-2+ V11).

6.30. [ *2‘/5, ‘ ?ﬂ.
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6.31. a € (16/17; 2).

6.33. a € [-1; TJU{3}.

6.34. IIpu m = 0.

6.35. v € (—o0; 5/2) U (4; 9/2).

6.37. B 3amade myamno Haiitu Te X, A1 KOTOPLIX (DYHKITHS
fla)=—a?+a(4—2x* —x3) + (2> + x> —6x + 5)

XOoTsI0bI Ipu ofxHOM a € [—1; 2] npuHMMaeT oTpunaTe/bHOe 3HadYeHue. Pe-
UM CHaJaJ1a OOpaTHYIO 3329y, T. €. HAWIEM Te X, JIJIsT KOTOPBIX

fla) >0 npu a € [—1; 2] (*)

Tak Kak rpaduk dynknuit f(a) —sTo mapabosa, BETBU KOTOPOIl HaIIpaBJie-
HBI BHU3, TOYCJIOBHE (*) PABHOCHJIBHO CHUCTEME

Tlocnennsist cucrema mocste mpeobpa30BaHMil TPUHUMAET BUJT

x(x—1)(x+2) >0,
(x—1)(x+3) <0.

MeromoM uHTEpBIOB HaxoauM, uto X € [—2, 0] U {1}. Bnaunt, pemennem
MUCXOJHON 3a1un Oyjer MuOoXkecTBO (—o00, —2) U (0, T) U (1, 4+00).

Omeem: : x € (—oo, —2) U (0, 1) U (1, +o0).

6.38. IlycTs mocne memennsa P(x) Ha X — C IOIyYHIICA OCTATOK T:

P(x) = (x — ¢)T(x) + .

TlopcraBiss cioga x = ¢, IPUXOAUM K paBeHCTBY T = P(c).
6.40. Her.
6.42. Tak kax

Q) = (x = x1)(=x =x1) ... (x = X ) (=x = xn) = (x] = %) ... (x} — %),

To Q(x) comepKuT TONLKO WeTHBIe crenenu x U Q(y/X) — MHOrowen cre-

nenu n. Kpome storo Q(1/x%) = P(x)P(—xi) = 0, mosToMy Bee umcia
X3, X3, ..., x2 asusmiorcst KopasaMu Q(y/X).

6.43. a) x* —4x3 +6x2 —3x+ 1= (x> —x+1)(x* =3x+2) + 2x — 1;

6) 2 +2x* +x+6=(x*+2x+1)(2x — 2) + 3x + §;

B)x*+1=0>4+1)-0+x*+1.

6.44. Corsacao Teopeme Besy, ocrarok pasen P(—2) = 3.

6.45. Corstacao TeopeMe besy, ocraTok or genenust P(x) mHa x + 1 paBen
P(—1) = a+ 10. Ou 6yger pasen 0 npu a = —10.
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6.46. a) Ocrarok pasen P(1) = 5.
6) OcraTok GyeT MHOTOUJIGHOM He BBIIe TepBoil cTenenu. IloacTaiss
B PaBEHCTBO

P(x)=(x*—=1T(x)+ax+Db

gnadenust X = 1, x = —1, maxomum a =5, b = 0. Omseem: 5x.

6.47. ocrarouno mposeputhb, uro P(0) =0, P(—1) =0, P(—1/2) =0.

6.48. 3anumem ocrarok R(x) or genenus P(x) ma (x — 1)(x — 2) B BUsE
R(x) = ax + b. Ilo Teopeme Besy P(1) = 2, P(2) = 1. Orciona a = —1,
b =3. Omseem: R(x) =3 —x.

6.49. k = —3.

6.50. Hy>KHO BBIACHUTH, IPU KAKUX N OYHKITHS

X1 XM =1 XM+ 1
2 -1 x—1  x+1

OysleT MHOTOWIeHOM OTHOCUTENbHO X. Ilo Teopeme Besy, mjis storo meobO-
XOJUMO U JOCTATOYHO, YTOOBI YUC/I0 — 1 OBLIO KOpHEM MHOrodwiena x™ + 1.
OTcroga N — HeYeTHOE YHUC]IO.

6.51. okarkure yTBepXKICHNE WHIYKIIHEH 110 M.

6.52. a) Cymma Bcex koaddunuentos pasua P(1) = 1.

6) Cymma K03 DUIMEHTOB IPU HEYETHBIX CTEIIeHAX HAXOAUTCH 110 dhop-
MyJIe

P(1)—P(—1) 1-5'77"7

2 o 2

Anajiornuno, cymMMa KO3MMUIMEHTOB TIPU YETHBIX CTEIEHAX PaBHA

PO)+P(=1) _ 145777

2 2
6.53. Ytobsr MHOTOUIEH P(x) memmmcs ma x2 —3x +2 = (x — 1)(x — 2)
HEOOXOAMMO U JTOCTATOYHO BBITOJIHEeHHE AByX yeaosuii P(1) =0 u P(2) = 0.
ITepsoe ycmosume maer (a + 1)(b + 1) = 0. Orcioma mbo a = —1, mmbo

b = —1. Eciiu a = —1, To u3 Broporo yciosuss b = 31/28. Ilpu b = —1
anajorndno HaxoauMm a = 31/28. Omeem: (—1, 31/28), (31/28, —1).

6.55. TloBropsist paccyxkienusi 3amadu 6.46, Haxomum 4dro R(x) =
=x(1—=(=1)")+7+(=1)"]/2.

6.56. Kopau—1, 2, 3.

6.57. a= —4.

658 x* +1 = (x—1)(x2+1) = 62— V2x+ 12 +V2x+1) =
= (x? — V2ix — 1)(x2 4+ V2ix — 1). I3 5THX pa3JIOKEHMl MOJIXOIAT TOIBKO
OJTHO — BTOPOE.
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6.59. Pasenctso P(1) = 0 pasnocuabHO ypasmenuio a® — 4a + 3 = 0.
-1£V13

—

6.63. Paccmorpure muorownen f(—x).

6.69. CmoTpuTe perrerne 3amaqn 3.54. Omeem: x(™™ — 1.
6.70. Tlonoxum

Omeem: a =1,

DT0 MHOTOYJIEH C IEJIBLIMA KO3(MPUIMEHTAMH, IPAYIEM A, = Py (o) 1 4y =
= P_x(ay) mpu m > k. Tax kak P, (x) = a, +x Qn(x), rme Qn (x) — Takxke
MHOTOYJIEH C TEJIBIMU KodddurmeHTamu, To pu m > k

(am, ax) = (Pm_x(ar), ax) = (am-x + @ Qnlar), ax) = (am_x, ax).
Hamee ocTaeTcst IOBTOPUTHL PACCYKJICHUSI U3 PeIeHns 3a1a49u 3.39

6.71. x = 1.

6.72.p = 3.
_ 2
6.73. P(x) = _(X”;i"“)’ Qlx) = %
6.74. Ilycts P(x) = ax + b, Q(x) = cx + d. Torma, mogcraBus tu
BEJIMMAHBLI B JIAHHOE PABEHCTBO, HAXOIUM
(a+c)x*+(—3a+b+c+d)x*+(2a—3b+c+d)x+2b+d=21.

TaK KaK 3TO paBE€HCTBO MOJIZKHO 6bITb TOXKIECTBEHHBIM, TO
a+c=0,
—3a+b+c+d=0,
2a—3b+c+d=0,
2b+d =21.

Orciona a =4, b=5c=-—-4ud=11, 10 ectb P(x) =4x+ 5, Q(x) =
=—4x+11.

4 5 4 11
= — . —
6.75. P(x) = 2]x+ 77 Q(x) 21x+ ik
R I
TR e

6.78. Haitnure koacddumnmentsr qacTHOrO M0 cxeMe LopHEpa.

6.80. T+4(x+1)=3(x+1)>=2(x+ 1)+ (x+ 1"

6.81. P(x +3) =55+ 81x + 45%x% + 11x3 + x*.

6.82. a) (2—2x4+x%)(242x+x?); 6) (—T14+2x)(T+x+x?); B) (T+x+x?)x
X (1=x+x>—x*+x°—x"+x?); r) (a+b+c)(a?—ab+b?—ac—bc+c?);
o) (x+y—1)(0+x+x*+y—xy+y?); e) (T+x—y+xy)(1—x+y+xy);

7
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%) 3(a+b)(atc)(b+c); 3) —5(x—y)(x—2z)(y—z)(x* —xy+y? —xz—yz+2z?);
n) (a*—a’b+a?b?—ab3+b*)(a*+a3b+a?b>+ab3+b*); ) (14x)2 (143x+x2);
) (a—=b—c)(a+b—c)(a—b+c)(at+b+c); M) (24+x)(6+x)(10+8x+x2).
6.83. x* + x> +x2 +x+12 = (3 —2x +x2)(4 + 3x + x?).
6.84. B ciyuae, korma p? — 4q < 0, sopazkenue x> + ¢/x? + p mocie
3amMenbl t = X + ,/q/X MOKeT ObITH Pa3/I0KEHO KaK PasHOCTL KBaJ[PaTOB.
6.85. 5/3(a? + b% +¢? + ab + ac + be).
6.86. zBecTHO, YTO

(x+y+2)°—x*—y* -2 =3x+y)lyu+2)(x+2).

Jokazkem, uro MHOrOWIEH (X +Y +2z)™ —x™ —y™ —z™ nenurcs HA X + Y.

IIo Teopeme Besy, mocraTtodno mpoBepuTh, 9TO OH OOPAINAETCS B HOJIb IIPH
y = —x. JeiictBurenpro, (x —x 4+ z)™ —x™ — (—x)™ — z™ = 0. enmmmocThb
Ha X +Z 1 Y + Z JOKa3bIBaeTCd aHAJIOTMIHO.

6.87. Pazyoxkure TaHHOE BBIPAXKEHHE HA MHOXKHUTEJIH.

6.88. Ecim a + b = 0, To paBeHCTBO sIBJIsIeTCsI BEPHBIM. 3HAYUT I1OCJIE
[IpUBEJIEHNs K ODIEMY 3HAMEHATEJII0, YUCIUTEb Oy1eT JenuThcs Ha a+ b.
Amnajiornuno, on jgeaurcs Ha a + ¢ u b + ¢. [ocse pasmoxkenus aucauTesist
Ha MHOXKHUTEJIU, PENIeHNue CTAHOBUTCH OYEBUIHBIM.

6.89. IlomcTaBbTe B JIEBYIO U B TPABYIO YACTH PaBEHCTBA C = —a — b.

6.91. Cormnacuo 3a1a4e 6.90, panuoHAIbHLIMUA KOPHSMHU YPABHEHUA X> —
— 17 = 0 moryT 6bITh TOBKO uucia +1 m +17. Ho onm me sBisiorcs
xopaamu. [losTomy ypasrenne x? —17 = 0 BooOIIIe He HMeEeT PAIHOHAILIBIX
KOPHEI.

6.92. BocnosbayiiTech TeM, 9TO Yncao & = cos 20° yI0BJIETBOPSIET ypaB-
HEHUIO

4% —3x =1/2,

KOTOpPO€ HE UMeeT pallMOHAJIbHbIX KOpHeﬁ.

6.93.a)x=1,3,-2; 6)x=-1,3.

6.94. a) x* +x3 — 3a?x? —2a’x + 2a* = (2a® —x?)(a® —x —x?);

6) x> —3x—a’—a?=(a+1/a—x)(x* +x(a+1/a)+a*+1/a*>—1).

6.97.a) x> —x—2; 6)x*—1.

6.98. TTokaxkure, aro (P(x), P’/(x)) = 1.

6.99.A=n,B=-n—1.

6.106. Moxkno, HampuMep, BOCIIOIB30BAThHCA 3aaaqeit 3.142.

6.107. a) 0,0, —03; 6) 0y(0?—30,); B) 0y(0?—30,); r)40,0,05+
+ 0203 — 203 — 0% —20303; 1) 07 —20,; e) 0] +40,03 + 205 —40%0,.

6.108. 2.

6.109. Paccmorpure Boipazkenne (a — x)(a —y)(a —z) = a®> — a?o; +
+ ao, — 03.
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6.110. (0, 0, a), (0, a, 0), (a, 0, 0).

6.111. a =—9.

6.112. x* —5x* + 6x — 1 =0.

6.113. y> —y2—2y—1=0.

6.114. ¢ = —22—7a3 + %ab.

6.115. st Toro, 9ToObI U3 OTPE3KOB C JJIMHAMHU X1, X2, X3 MOXKHO OBLIO
COCTaBUTH TPEYTOJIBHUK, HEOOXOIUMO U JOCTATOYHO, ITOOBI

(X1 +x2 —%x3)(x1 — %2 +x3)(—%1 +x2 +x3) > 0.

BuIpaskas JIeByIo 9acThb 9epe3 P, U T, IPUXOIUM K HepaBeHCTBY p° —4pq+
+8r > 0.

6.116. a) TokaxKkuTe, 9TO MAPDL YUCEJT X, Y U U, V ABJIAIOTCS APAMEI KOD-
Hell OIHOTO U TOTO XK€ KBaJPaTHOro ypaBHeHus. VI3 sToro Oymer ciaenoBaTh,
9TO YHUCJIA X, Y COBHAIAIOT C YUCIAME U, V C TOYHOCTHIO J0 IEPECTAHOBKH.

6.118. x* —ax®; x* —ax® —x+a; x* —x* +x—1; x* +x.

6.119. Bocmosbayiitech pesynbraTom 3anaau 6.107 e).

6.120. (c+d)(b+c+d) = ad.

6.121. b =0, a < 0.

6.123. IlpuBeiure pa3HOCTH JAHHBIX YPABHEHUN K BULY

x—Ny—-N+u—-"T)(v-1)=2.

6.124. B kaxKJI0M W3 C/IydaeB HY>KHO y3HATDL, CKOJbKO KOpHEH MMEIOT
YPABHEHUS: OJINH WU TPU.

6.125. IlogcTraBbTe B ypaBHEHHE X = A, X = b, X = C.

6.127. ,(x) = (x—x1) ... (x =xi—1)(x —%xit1) ... (x —Xn) '

(xi —%x1) oo (= X1 ) (%4 — Xig1) oo . (X — Xn)

6.128. f(x) = 1.

6.129. f(x) = yi1f1(x) + ...+ ynfn(x). Ecim Takux muOTOUIEHOB OymeT
JIBa, TO WX Pa3HOCTH OyJeT MHOTOWJIEHOM CTElleHW He Bbime M ¢ N + 1
JEeMCTBUTEILHBIM KOPHEM, 9TO HEBO3MOXKHO.

6.130. OcraTkom Oyzer mHOrOYJeH R(x) cremenu 2, njisi KOTOPOrO BbI-
TIOJTHAIOTCS PABEHCTBA

R(a)=A, R(b)=B, R(c)=C.
SBHBINI BU 9TOTO MHOTOYJIEHA BBIMUCHIBACTCS IPHU TMOMOITH 3aa4u 6.129:

(x—=b)(x—¢) (x —c)(x—
TP RS

Q) | ~(x—a)lx—b)
o T oo

6.131. TTo Teopeme Besy ocrarok pasen f(x;) = y;.
6.132.2) T+ (3—x)x; 6) 1+ (1+x)%; B)x.
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6.133. 1 u 17 Kuj0METpOB.

6.134. 21/14.

6.135. ITo Tpem Toukam rpaduK KBaJIPaTHOTO TPEXUJIEHA CTPOUTCS OJI-
HO3HAYIHO.

6.136, 6.137. Kaxkxmoe paBeHCTBO B CHCTEMe MOYKHO HMHTEPIPETHPOBATH
KaK PaBEHCTBO HYJIO COOTBETCTBYIOIIEIO0 MHOTOYJIEHA B TOYKAaX d, b u C.

6.138. Eciu f(x) — unrepnoasmuoHHbiii Muorodsien Jlarpamxa, To f(—x)
Tak¥Ke OyJeT MHTEPIOJSIIIUOHHBIM MHOTOWIeHoM Jlarpamxka. B cuny enun-
CTBEHHOCTHU TAKOro Muorowiena (cM. 3agaqay 6.129) f(x) = f(—x).

6.139. Ilycrs muoOrounen P(x) rakos, uro P(0) = 1, ..., P(n) = 3™
Hokazkure, uro Torma P(n + 1) < 3n+1,

6.140. Bocriop3yiiTech paBeHCTBOM

. (x —%x2)...(x —%Xn) (x—%x1)...(x —%Xn—1)
f(x) _f(xl)(m —x2)...(x1 —xn) +'“+f(xn)(xn—x1)...(xnfan)'
6.141. PaccmoTrpure (pyHKITIIO
X Xn _(7\—(11)...(7\—(1“]
= e, = T e o)
T'nmaBa 7

7.4. a) JInuHA CTOPOHBI TPEYTOJIBHUKA HE MPEBOCXOJIUT CYMMBI JIJIMH
JIByX JIDYIHX €ro cTopoH. 6) JIjiMH& CTOPOHBI TPEYIOJbHUKA HE MEHbIIE
MOJIyJIS PA3HOCTHU JBYX JPYTUX €ro CTOPOH. B) XOpJa KOpode JIyru, KOTo-
PYIO OHA& CTITHUBAET.

7.5. a) ﬁ(cos g + isin E);

4
T T m .. T
6) 2+\/§(cosﬁ—|—lsmﬁ)—Zcosﬁ(cosﬁ—l—lsmﬁ),
® P L 5n?).
B) Z‘COSZ (cos2 +1sm2>,
r) (1/\&)((308% —|—isin%>;

1) cos2¢@ +isin2¢.

7.7.V13 -1

7.8.a) Rex<0; 6)0<argz< us B) |[Rez|<2; 1)|zl<Tulmz<O0.

7.9. OkpyxHocTs (x +5/3)% + (y — 1)? = (4/3)2.

7.11. B mapaJjiesorpaMme cymMMa KBaJpaTOB JUAaroHa/ell paBHA CyMMe
KBa/IpATOB CTOPOH.

7.13. IoMHOXXBbTe PABEHCTBO Ha COIPSIKEHHOE.

7.14. Bocnosb3yiirech mynkToMm 6) u3 3agaqu 7.2.



OrBeThI, yKa3aHUsI, PEIICHHST 213

7.16. a) £(2 —1i); 6) i(\/1+1/\f+1\/1—1/f) B) +(7 + 51);
) £(V32+i/V2); 1) £B3 -4 e) £((5—1)/V2).

7.17.a)z:71% “3; 6)2:—2:|:51; B)z=21 71)z=232i
m)z=14+2,3—1 e z=3+12+1i
718 a) z = —1,3, 1+2i; 6)z :_1_\[_1+i +iv3):

B) z=2,242V6i; )x—tg(w—l—kf

7.19. Bocnosip3yiiTech pesyabraToM 3amadu 6.6.
7.20. Bripasuwm t gepes z:

) (k=0,1,2,3).

11—z

t:1]+z.

Cuauajia HaiizieM 3Ha9YeHUsI t, KOTOPBIE COOTBETCTBYIOT TOUKAM Z, JIEXKAIITUM
Ha eIUHUIHON OKPYKHOCTHU. IlycTh z = cos @ + isin @. IIpeacraBum ducia
1 —zu 14 z B Tpuronomerpuveckoii popme:

1_Z:2COS‘P+“<CO&+IS M))
2 2
_ @ Qi@
1—%.7,—20052(0082 -|—‘LSlIl2).

Tloxcrapsis aTu npeacrasieHus B GpopMysry g t, HaxoauM, 9To t— jefi-
cTBUTENbHOE Yncyio: t = tg(@/2). O6paTHble BHIYUCIEHUS TOKA3BIBAIOT, ITO
BBIOMpas t UMEHHO TaKUM OOpPa30M, MbI [TOJIYYUM BCE TOUYKHU €IUHUIHON
OKPYZKHOCTU KPOMe TOYKH z = —1.

7.21. Ina Toro, 4robbl mocrpouTh rpaduk Ha orpeske [—1; 1], npen-
cTaBbTe X B Buje X =sint (t € [—n/2; 7/2]).

7.29. Cymma cremneneit pasaa 0, eciin s # kn, u paBHa M, eciau s = Kn.

7.30. PaccmorpuTe JIeficTBUTEIBHYIO I MHUMYIO YaCTH EPBOt (hopMyIIbI
Myaspa.

7.31. IlpeacTraBbTe Kaxkjaoe M3 YNUCET B TPUTOHOMETPHIECKON (opme.

7.34. a) —1/2; 1/8.

7.35. a) IIposepbre, uro P(1) = P(—1i) = 0 u npumenure Teopemy Besy.
6) Kak u B mynkTe a), 70cTaTo9Ho nposeputh, aro Q(p(cos @ £sin @)) = 0.

7.37. Cmorpure npunoxkenune B, V.

7.39. Haitnure pekyppeHTHOE COOTHOIIIEHNE, KOTOPOMY YIOBJIETBOPHAIOT
Muorouyens! 2T, (x/2).

7.40. Ilycts o« = m/n. Torma cos(360na)® = 1. Tak xak cos(360nw«)° =
= T360n (COs &°), TO TOJIydaeM, 9TO MHOTOUJIEH T360n (X) — 1 OOpaimaercs B
vosib ipu X = cos &° = 1/3. Buaunr muorowren f(x) = 2Tzg0n(x/2) — 2
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umeer kKopaeM 4ucyo x = 2/3. Coryacuo 3agade 7.39, muoro4en f(x) ume-
er crapimit KoahduimenT paBHbIA 1, a ocTaJabHBIE €ro KO3(MPUIUEHTH —
neabie ducia. Ho, mo TeopemMe 0 panuoHabHBIX KOPHSIX MHOroWieHa f(x)
MOXKET UMETh TOJILKO IleJIble KOPHHU.

7.41. Paccmorpute MHOrOWIEH T3604(x) — 1.

7.44. P (x) = 2T, (x/2), rne T, (x) — muorounen Yebnimeésa.

7.45. 3aMeHUTE TAHI'€HC Ha OTHOIIEHUE CUHYCA K KOCUHYCY.

7.46. IepeiinuTe B paBeHcTBe Z+ 2~ = 2 COS 0t K COIPAKEHHBIM YHCIAM
U BBIYNC/IUTE Z.

7.47. IlockosibKy B MHOTOWIEHBI 1eObINéBa yI00HO MOACTABIATE IHCIA
BHUIA X = COS X, TO JJIsI PELIEHHs] 3aa4 CJIe/lyeT BOCIIOJIb30BATHCS PaBEH-
crBoM sin & = cos(ax — 71/2). Omeem: Ecim n = 2k, To

. _(_1\k . _(_1\k+1 sinmo
T.(sine) = (—=1)“cosnax, U,_;(sinx)=(-1) R
Eciun=2k+1, to
. 1k . _(_q)kcosnx
Ta(sinx) = (—1)*sinna, U,_;(sinax)=(—1) s

7.49. Econ f(z) =0, 1o f(z) = f(z) = 0.

7.50. KoMmIuiekcHbIE KODHA MHOI'OYJIEHa, MOXKHO pa30UTh Ha Mapbl B3a-
WMHO CONPSYKEHHBIX uncesl. [Ipu aToM mponsBesieHne cOOTBETCTBYIONIMX JIH-
HEMHBbIX COMHOXKUTEJIEN NacT KBaJPATHBIA TpeXdseH C JIeHCTBUTEIbHBIMU
Ko purmenTamm:

(x —a—ib)(x — a +ib) = x* — 2ax + a* + b>.

. ib\"
7.51. Boigenum B BhIpakermum lim (1 + %) Ty YacTb, KOTOpasi
n—oo

Oyzer cTpemuTcs K €%:

tim (1+ 922" = tim (14 )" 1 (14 )"

n— oo n— o0 n— o0 a+n

u HaiifileM BTODOIt mpejiest. 3aMeTuM, 9T0

. ib \™ . . b n
lim (1 + ) = lim (1 +1tgm> .

n— o0 a+n n— o0

Teneps myxkHBIN Tpeesn HaxoauTes 1mo dopmyite Myaspa:

. . b n . . .. mnb ..
nh_)nolo(1 +1tgm) —nh_)r{.lo(cosa_’_TL +1sma+n) =cosb +isinb.

7.52. Bocnosb3yittech dopmystoit Jitstepa u3 3amgagun 7.51.
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7.54. Ha xoMmIIIeKCHOM m1ockocTu MYHKIM In Z CTAaHOBUTCST MHOTO3HAY-
noii. Eciu z = |z]e'?, To B KagecTBe Inz MOXKHO 6paTh J11000€e U3 Yucel

wy = Inlz| +1i(ep + 2kn) (k € Z).

st KarK0ro m3 HUX

i(@+2km)

ek =elZl e = |z| (cos @ + isin @) = z.

— ezlna

7.55. a® , TJle 9KCIIOHEHTa ompesiesigeTcsd Kak B 3ajade 7.51, a

JjorapudmM — Kak B 3ajade 7.54.

7.56. Kopenb i-if crenenu u3 uncia z = e'® = el0+2kn)i

0+2km

paBeH e , T7Ie

k — npoussosbHoe neoe gucio. Ilpu z = —1 momyuaem v/—1 = elT+2K)7m,
3HadeHre KOPHsI, IPUBEJIEHHOE B 3aja4Ue, COOTBETCTBYeT K = O.

7.58. 6) sin(n(p/Z)'sin((n—l— 1)(p)/2’

sin(@/2)
7.60. a) n+ sinancoEs(Zn—i- 1)x; 6) n— sinanco§(2n +1)x
2sinx 2sinx
7.61. a) —25° ©) 2%7.
7.62. 6) 2"/% sin 47[
2 4

7.63.6) - (2“ + 2cos w), %(2“ + 2cos (n%)

7.67. a) Bce BEKTODHI Z1, ..., Z, UMEIOT IOJIOKUTEJIbHYIO IIPOEKITNIO HA
Jgy4 argz = o + 711/2.

6) Bee uncna z7', ..., z;' JleXKaT B HOJIYIUIOCKOCTH 7T — ¢ < argz <
<2m— «.

7.69. Ecim Touka z JIeXKUT BHE TPEyroJbHUKa abc, TO BEKTOPHI Z — A,
z—b, z— ¢ pacnoJiararorcss B HeKOTopoit nosryrtockocru. Cymma ux obpart-
HBIX BEJIMYMH HE MOXKET PABHATHCS HYJIIO COIVIACHO 3ajade 7.67, m. 6).

. , 1 1 1
7.70. BocnonbayiiTech pasenctsoMm f/(x) = f(x) (z— . + pop + p— c)
" pe3yJsIibTaToM 3aj1a4u 7.69.
7.72.a) n=1,2 (mod 3); 6) n==+1 (mod 6).
7.74.a) n=6k+2; 6)n==6k—2; B)HNM OPHU KAKHUX.
775.a)n=6k+1; 6)n=~6k+1; B)HE HpH Kakux.
7.76. Ecrm x = 1— xopenp muorowsnena P(x"), To ero xopHem OymeT

Jio6oe u3 yuces Xy, = cos(27k/n)+isin(2nk/n) (k =0, ..., n—1). [Tosromy
P(x™) memuTes Ha (X —Xo) ... (X —Xp_1) =x™ — 1
7.77. 7.

7.78. z. = itg(—m/2 + krr/n) = ictglkn/n) (1 < k < n—1). Hua
HaXOXKJIEHUsI CYMMbI KBaJIDATOB KOPHEl PACKPOEM B YPaBHEHUU CKOOKWU ITO
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dopmyite Gunoma HpioToHna u ciiesraeM COKPAIEHUsT:
n—-1_n-—1 n—-3.n—3 .
Ch 'zt +C 7z +...=0.

ITo Teopeme Buera

cn—3 n—1)n-2
G](Z],...,Zn,1):0, O-Z(ZHHWZTL*]):C“,]:( )6( )

Hasee, npumensist pesyiabrar 3agaqu 6.107, 1), HAXOIUM

2424t =0z Dm=2)

3
7.80. Tak xak
1 . m)\?
= 1+ct n—fl—(lct n—) ,
sin? m % & & n
n
TO
n—1 n—1 m 2 n—1 m 2
ict 7r—) ):n—l— (ict 71—) .
m=1 sin® ﬂi mZ1( ( ¢ n mzzl ¢ n
—1 -2
Coruracuo 3aja4de 7.78, TOC/IEIHSIS CYMMa PaBHA —%. CnemoBa-
TEJILHO,
= Pl (n—1)n—2) n?—1
Z( —I—ctgzﬂm):n—]—l— == .
ot sin? n— o n 3 3
7.81. Bocnosbayiitech TeM, ato 0 < % — lz < 1 mpu x € (0; /2)
s~ X X

(cm. 3agaqy 10.44) u pesysbrarom 3ajgaun 7.80.
7.82. Muorouen P(x) He umeer neficTBUTENHHBIX KOPHE, IO3TOMY BCe
€ro KOpHU pa3bUBAIOTCs HA APl KOMIJIEKCHO COIIPSIZKEHHBIX YUCEN Z7, Zj,
) Zn, Zn (M. 3aza4y 7.49). Ilycrs

x—zk = a(x) + ib(x).

H:ﬁ

Torua

3

Otcioma P(x) = a?(x) + b?(x).
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7.85. a) IlapaJjutesbHbIA epeHOC HA BEKTOP A; 6) TOMOTETHS C IIEHTPOM
B Hadajie KoopauHaT u Ko3(hMUIMEHTOM 2; B) IIOBOPOT MPOTUB YaCOBOI
CTPEJIKM Ha YyTOJI (9 BOKPYT Hadaja KOOP/IUHAT.
7.86. w=1z-e*'®, .
A1+T

787.a)w=2(z+3+4); 6)w=22z+3+4; B)w= (Z—l)w +1i;

Nnw=k(z—A)+A; H)w=z-2; e)w=—z+(1+1)(2-V2).

7.89. Kommozumuss romoreTnii
HY cw=Xk(z—A))+A; HZ:w=ki(z—A;)+A,

uMeeT BUJL

W:k] 'kz Z+k2(1 —k])A] +(] —kz)Az.

Ecmum k; -k, = 1, To mostyuaem napaJuiesibHbliii mepenoc. Femm xke kg -k, # 1,
TO 9TO TOMOTeTHs ¢ KO3 purmenTom K, - ky, meHTp A KOTOPO# HAXOIUTCSA
U3 ypaBHEHUS

k] 'kz‘Z‘I—kz(] —k])A] +(1 —kz)Az :k1 kz(Z—A)+A

7.93. a) Bocnosbsyiitecs 3amadeit 7.58, a); 6) Bocmonbsyiitech 3a7a-
veit 7.58, 6); B) Bocmosbsyiitecsh 3amaueii 8.41, a)—6).
7.96. ®opmyity (7.1) MOXKHO II€pPENUCATH B BUJIE

Lo
T ¢ clez+4d)’

rne 6 = ad — be # 0.

T'maBa 8

8.1. CymMa BeKTOPOB, HAIIPABJIEHHBIX M3 EHTPA MPABUIHLHOTO T-YT0JIb-
7
HIKa B €0 BepIIHbI, COXPAHAETCA IPH OBOPOTE Ha YOl —=, IOSTOMY OHa

MOKET OBITH TOJIBKO HYJIEBBHIM BEKTOPOM.

8.2. a) Bocrosb3yiirech pesyiabraTom 3aza4u 8.1 s HPABUILHOTO Iisi-
TUYTOJIbHUKA, BIIMCAHHOTO B €IUHUIHYIO OKPY?KHOCTD.

6) PaccmorpuM IpaBWIBHBIA ceMuyroabHuK AjA;...A;. Ilycrb M —
TOYKa mepecedeHus auaronasieir A; A, u A, As. PaBeHcTBO 3a1a4u ciemyeT
3 momobms TpeyroabHuKoB A1 MAs 1 A, Az A,.

B) Bocnosb3yiitech pesynabrarom 3ajaun 8.1 jis IPABUJIBHOIO JBEHA-
JITATAYTOIbHAKA, BIIMCAHHOTO B €IMHUIHYIO OKPY2KHOCTD.

o V541 @, s _V5-1_ @
8.4. cos36° = e cos72° = i
21 —/21 14 —+/21

2
8.6. a) x = arccos ;  6) x = arccos 3 B) X = arccos

24 20
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8.7. PaccmoTpuTe Ha KOOPAMHATHOM 1iockocTu TpeyroiabHuk OAB, Brm-
cannblit B npamoyronsauk OKLM, rae O(0, 0), A(T, 2), B(3, 1), K(0, 2),
L(3, 2), M(3, 0).

8.8. Paccmorpure paBHOGEIpEHHBIH TpeyroabHUK ¢ yriiom 30° mpu Bep-
[IUHe.

8.9. Cremaiite 3aMeHbl X =p — @,y =p — b, z=p —c. Omsem: 2.

8.10. Packpoiite ckobku B popmyne Lepona. Omeem: 3-5% < S < 3-8,

8.11. xk=2k7” (k=1,2,3):% +x2 —2x—1=0.

8.12. Cucrema mpuobpeTaeT reOMeTPUYECKUI CMBIC, €CJIH MOJOXKUTD
X =COSX, Y = cos 3, z=cosvy.

8.13. Pasenctso x* + xy + y?> = a? MOXKHO TPaKTOBAaTb KaK TEOpeMy
KOCHHYCOB B TPEYTOJIbHUKE CO CTOPOHAMU X, Y, @ u yryom 120°. Omeem:

xy+yz+xz\/p(p_a)(ps_b)(p_c),

a+b+c
mep:f.

8.14. a) YacTb mpsiMOii, IPOXOZSIIE Uepe3 TOUKH Z1 U Z;, PACIOJIOXKEH-
Hasl BHE OTPe3Ka [21; 2;].  6) BHYTpEeHHOCTH OTpE3Ka, COeAMHAIONEr0 TOYKI
Z1 U 2.

8.21. W(z1, z3, 2%, z;) =Wz, 22, 23, 24).

8.26. a)w=i+L' 6)w:Rei“’+R72.' B) W =12+ R’ .
z+1i’ z—Re '’ zZ—72
8.28. A’ = Aad + Bac — Bac + Ccc, B’ = Aab + Bad — Bcb + Ced,
C’ = Abb + Bbd — Bbd + Cdd.
8.38.a) 3/16; 6) 1/16.
7T

- . s 21 47
8.39. Haiimure OTIEIPHO IPOUBBEJEHUS] COS 15 Ccos 5 CcOs s CcOs 5 u

cos Sal cos on
15 15°

8.40. Craenaiite yMHOXKeHIE Ha sin d.

V2n+ 1, Vo 1. vn
8.41. a) PLI 0) = B) 5w r) =
8.43. JlomHOXKbTE ypaBHeHHE Ha 32 sin % Omeem: x; = 2n, n # 311,

xg = %(Zn—l-l), n#£331416 (n, L€ 7).

8.45. I3 maHHBIX COOTHOIIEHUI HAXOIUM:

sin2f = %sinZoc, 3sin? x =1 —2sin® B = cos 2p.
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Orcrona
cos(x + 2p) = cos & - 3sin? & — sin « - %sianx =0.
8.46. a) Bocmosbayiitecs pasencrBamu sin15° = sin(45° — 30°) u
cos 15° = cos(45° — 30°); 6) Bocnoub3syiitech pesyiabraTom 3aiadn 8.4.

8.47. Bocronb3yitrech paBencTBamu sin 6° = sin(60° — 54°) u sin54° =
= cos 36°.

8.48. a) Ha mepBoM mmare Hy»KHO OPUMEHUTH (GOPMYJIbL JIJIs CyMMBbI U
PA3HOCTH CUHYCOB K BeaumduuHaM sinx + sinf3 u siny — sin(a + f + v).
6) Pemaercs aHAJIOrMYHO IPEIBIIYIIEMY [IYHKTY.

8.49. Cymma tg & + tg 3 + tgy npuBoauTCcs K BULY
sin(a + B +y) + sin asin  siny

cos o cos 3 cosy ’

tgax+tgp+tgy =

8.50. o+ B +vy = km.

8.51. Bocnosip3yiiTech paBeHCTBOM a) U3 3ajadn 8.48.
8.55. n =41, £3, +5, £15.

8.58. Haubosbinee 3uadenue — 1, nanmenbiiee — 1 /4.
8.59. BocmopayiiTech paBeHCTBOM

1 = (sin® x 4 cos? x)? = sin® x + cos* x + 2 sin’® x cos? x.
8.63. x = 2(cos & + cos B + cosy) + 8 cos xcos 3 cosy;
y =—2—4(cosacos P + cos xcosy + cos B cosy);
z =2(cos & + cos B + cosy).
o s
8.65. a) ITyers y = arcsinx (—m/2 < x < 7/2). Torga siny = x, cosy =
= /1 —sin’y = V1 — %2, npudem mepes KOPHEM BBIOHPAETCS 3HAK ILIIOC,

Tak Kak cosy > 0. Ocrasbabie (hOPMYIIBI IOKA3BIBAIOTCS AHAJIOTHIHO.
8.66. Ha ocnoBanum orpeieieHus TMEEM:

7% < arctgx < E, 0 < arcctgx < .
Orcrona
—g < arctg x + arcctg x < 377[

Ocraercst TPOBEPUTH PABEHCTBO
sin(arctg x + arcctgx) = 0.

st mokazaTebCcTBa BTOPOr0 PABEHCTBA JOCTATOYHO 3aMETUTD, UTO

T . 31
3 < arcsin x + arccos x < >
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U HAUTH
sin(arcsin x 4 arccos x).

8.68. 7t/2 mpu x > 0 u —71t/2 npu x < 0.
8.69. IIpexk e Bcero HETPYTHO MOKA3aTh, UTO BEJTUYUHBI arctg x +arctgy
X+y
u arctg T—xy
HeticTBUTETIBHO,

OTJIMYAIOTCA JIPYT OT JIpyra Ha €77, TJie € — IEJIOE UHCJIO.

X+y Xx+y
1—xy _tgl—xy'

tg(arctg x + arctgy) =

Tak kak
—T7 < arctg x + arctgy < T,

TO € MOXKET NpUHUMATh JuIlb Tpu 3Hadenus 0 u +1. Jjia HaxoXKaeHus €
paccMoTpuUTe KOCHHYCHI JIEBOM U IIPABOil YacTeil MCXOIHOIO PABEHCTBA.
8.70, 8.71 Bocnosb3yiirech dhopmysioit u3 3amaqan 8.69.
8.74. Ilo dbopmyse KoTaHTEHCA CyMMBI

~ FanFonga+1

ctg(arcctg Fon — arcetg Fonsn) = =Fany1.

Fany2 — Fon

Tem cambiM pasercTBo (8.2) mokazano. Cymmupys ero mo n or 1 mo oo,
HaXOJIIM

arcctg 2 + arcctg 5 + arcctg 13+ ... +arcctgFo 1 + ... = arcctg 1 = /4.

. 2x
8.75. Ilycrs o« = 2 arctg x + arcsin T JloKaxkuTe, ITO YO X JIEKUT
X

B npegenax 0 < « < 37/2 u sinx = 0.
8.76. 0 < x < 4.
8.80. arcsin cos arcsin x + arccos sin arccos x = 7t/2.
8.82. o dopmyite uz 3amgauuu 8.69 2 arctg 1/5 = arctg5/12. Omeem: 0.
8.83. s mokazaresbCTBa COOTHOIIEHUsT A = b COSY + C cos [3 BOCIOJIb-
3yliTech PaBEHCTBOM

sin o = sin 3 cosy + cos B sinvy.

Jlpyrue cOOTHOIIEHUsI IPOBEPSIOTCH AHAJOTHTIHO.
8.84. 13 nepBbIX JBYX paBeHCTB cucTeMbl (8.4) HaXomuM:

c(cos & + cos 3 cosy) a— c(cos P + cos xxcosy)
, =

b:

sin’y sin’y

Ilocne IIOJACTAHOBKHN 3TUX PABEHCTB B TPETHE ypaBHEHUE CHUCTEMbI, IIPUXO-
JUM K COOTHOIIICHUIO

1 —cos? o« — cos® B — cos®y — 2 cos acos B cosy = 0.
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Orcroma cos @ + cos B cosy = sinasin 3, cos 3 + cosxcosy = sin asinvy,
x+p+vy=m asiny =csinx, bsiny = csin p.
8.86. I3 mepBoro paBeHCcTBa

cos & — cos 3 cosy
sin 3 siny

COosA =

Orcrona

1 — cos® & — cos® B — cos®y + 2 ¢cos & cos 3 cosy

sin? A = —— ,
sin“ 3 sin” vy

sin? A 1 — cos? & — cos® B — cos?y + 2 cos & cos B cosy
2 = 2 :

sin” o sin’ « sin? B sin?y

Tak kax maHHbIE (DOPMYJIBI IEPEXOAT OJHA B JIPYTYIO IPU KPYTOBOH TI€pe-
CTaHOBKE IIEPEMEHHBIX X, 3, Y, A, B, C u oT 5T0r0 npeobpa3oBaHusi paBasi
YacTh MOCJIEHEr0 PABEHCTBA HE MEHSIETCsI, TO

sinff A sin?B _ sin? C

sin®x  sin® sin®y

Tak kak Bce BesmuuHbl &, 3, Y, A, B, C 3akmouens! B upezenax or 0 10 T,

TO . . .
sinA _ sinB _ sinC

sinac  sinfp  siny’

T'maBa 9

9.2. Tlocse OACTAHOBKU Z = X + (3, K03 PUIMEHT TPpH X* OKA3BIBACTCS
pasen A + 3. Ilosromy HyzkHO BhIOpaTh B = —A/3.

9.3. a) @ynkmus f(x) = x> + px — HeueTHas, MOSTOMY ee TpadUK CHM-
MeTpUYeH OTHOCHTEJIbHO Havasa Koopaunar. 6) I'padbuk dynknuu f(x) =
= x> + px + q momywaerca u3 rpacduka dymkuuu f(x) = x* + px mapasn-
JIEJTHHBIM [IEPEHOCOM, TOSTOMY OH TAKKe MMeeT IeHTp cuMmmerpuu. B) U3
sagaun 9.2 caemyer, uto dyaxmma f(x) = ax® + bx? + cx + d MoxkeT ObIThL
nostyuena u3 dpyukmun f(x) = x* 4+ px + ¢ nuneiino# 3aMeHOl TepeMeHHoi
u ymHOXKeHmeM Ha ducyio. Oba 3Tu mpeodpa30BaHUs COXPAHSIOT CBOWCTBO
rpaduKa UMeThb IEHTP CUMMETPUH.

9.5. Ilpusenure ypaprerne K suay 2x> + (x + 1) = 0.

9.6. Bocmoib3yiiTech ycoBUsIME X1X2 +X1 X3 +X2X3 =0, X1X2x3 =b > 0.

9.7. Yucna a u b JOJKHBL YAOBJIETBOPAThH CUCTEME yPaBHEHUIHA

a®+b*=—q,
a’bd =—p3/27.
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ITostomy a® u b3 MOXKHO HaliTH KakK KOPHH KBaJIPATHOTO ypaBHeHHs Y2 -+
+qy —p3/27 =0. To ectnb

2 3 2 3
3013 q . r. _7_a I
b=\t a’b_\/ziV4+27'

9.8. Paznoxkenune BBINISIIAT CJAETYIONUM 0Opa30M:

rola

a*+b>+c®—3abc=(a+b+c)(a+bw+cw?)(a+bw? +cw).

3aech w n w? — Kybuueckre KOpHA U3 1:

_ 13 b 113

@ 7 2
99. %y = a+b, x, = aw + bw?, x3 = aw? + bw, e w T W? —
Kybudeckue Kopuu u3 1 (cmorpure 3amady 9.8.)

9.10. Tak xak
a’+b*+c*—ab—bc—ac=(a+bw+cw?)(a+bw?+cw),
X +y +22 —xy—yz—xz=(x +yw + zw?)(x + yw? + zw),
TO
a®+b°+c"—ab—-bc—ac)(x*+y"+z2°—xy—yz—xz) =
( 2 bZ 2 b b )( 2 2 2 )
=X+Yw+ZwH)(X+Yw? +Zw) =X+ Y + 7?2 = XY - YZ — XZ.

9.11. ®opmyna Kapmano mosrydaeTrcs, €Cii BOCIOIb30BATHCSI OTBETOM
zamadan 9.7 u dopmysoit s Kopaa X u3 3agadu 9.9. s Toro, 9To0BI
HafTH [Ba APYTUX KOPHS, 3aMETHM, YTO IIPU HAXOXKJIEHUU YHCe 4 U b
KyOmYecKuil KOpeHb MOYKHO U3BJIEUb TpeMs criocobamu. Beero mosryyvaercs
9 KoMOMHAIWIT X BUJIA X = a4 + b, HO TOJBKO TPU U3 HUX OY/yT KOPHSIMH,
[MOCKOJIbKY @ W b cBsizaHbl ycjaoBueM a - b = —p/3. Eciu B KavecTBe a u
b B3gTH mapy [mces u3 pemreHus 3a7auu 9.7, To Kpome KOpHS X; = a + b,
HCXoHOe KyOmdecKoe ypaBHeHHe OyaeT MMeTh KOPHH X, = wd + w?b u
X3 = w?a + wb, rae w — Kybudecknii KOpeHb U3 1.

9.12. ITonbopom HaxoauM KOpeHb Xo = 1. Tak Kaxk

X Hx—2=x—-1x*+x+2),

TO JAPYrux JeficTBUTEIbHBIX KOopHeil HeT. [losromy dopmysra Kapmrano naer

KOpEeHb X = 1:
1=+ 1+ s+ =1+
o 27 27°
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9.13. x> +3/4x—7/4, x = 1.

9.14. Ilpu a € ( ) ypaBHEHUE UMeeT 3 peIleHus, Ipu a =

2.2
3v3 3V3

— JIBa PeIlleHus U Ipu a & |—

L2 2.2
CT3V3 3v3' 3V3

9.15. ITo dopmyie Kapaano maxoanm kopens X1 = 2/+v/3. Ilocute gesenust
CTOJIOMKOM, TIPUXOJIUM K PABEHCTBY

s 2 2 , 21
X —x—m—(x—ﬁ)(x +ﬁ+§)'

IlorydaeHHBINT KBaJIpATHBI TPEXTJIEH OKA3bIBAETCS IOJHBIM KBaJIPATOM.
B urore mosiydaercs, 4TO ypaBHEHUE WMEET TPH JICHCTBUTEIHHBIX KODHS,
ZIBa W3 KOTOPBIX coBmagaior. Omeem: X, = 2/v/3, X, =x3 = —1/1/3.

9.16. Bocmos3yiiTech paBeHCTBOM X; + X2 + X3 = 0.

9.17. D(x® + px + q) = —4p> — 27q>.

9.18. Perrenne HEMoCpeICTBEHHO CJEIyeT U3 pe3yiabraTta 3ama4an 9.17.

919.a=1,b=2%,=14++/-5.

LHEk (0,1, 2);
1412k
= (k=0,1,2).

9.27. BerauTas u3 0IHOTO YpPaBHEHUS APYroe, HAXOIUM

} — 1 pemenue.

9.25. a) X, = 2coSTt

6) X, =2cosT

(p—p)x+(a—a’) =0. (13.7)

VMHoKas 1epBoe ypaBHEHHE Ha (', a BTOpPOe Ha ( U BBIYUTAs [TOUJICHHO,
OyzeM mMeThb

x*(q"—q)+x(pq’—aqp’) =0, x*(q’—dqd)+pq’ —qp’=0. (13.8)

Uckimouast renepb u3 ypaprenuii (13.7) u (13.8) mepeMeHHYIO X, TOJLYIUM
UCKOMBII PE3YJIbTAT.

9.29. Yrobbl mpaBasi 4acTb ypaBHeHUsi 9.5 ObLIa MOJTHBIM KBaIPATOM
HEOOXOIMMO U JOCTATOYHO BBIMIOJIHEHUE JBYX YCJIOBHUI: JTUCKPUMUHAHT Pa-
BEH HyJIIO; CTapIinii KO3 MDUIMEHT HEOTPUIATECH. SAMUIIEeM 3TH YCIOBUS
B SIBHOM BH/IE:

D(x)=(C+oa?)(A+2x) —B*=0, o«>—A/2.

IlepBoe cooTHOIIEHNE siB/IsTETCS KyOMYECKUM yPABHEHUEM OTHOCUTEIBHO X.
Ero kopau mMoryT 6bITh Haitjgensl 1o dopmyine Kapmano. Ocraercs 3ame-
TUTD, ITO

D(—A/2) = —B2 <0, lim D(«) = oo,

ox— 00
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MIO9TOMY OJINH U3 HAMJIEHHBIX KOpHeH 00s3aTe/IbHO OyIeT y/I0BJIETBOPSITH
ycJIoBuio o > —A/2.
9.30. Cuenaiite 3amensl X = cost, y =sint, t € [0; 2.

931, (x,y,2) = ( 21tk 41tk 87Tk> (k

21k 4
(x,y, z) = (cos %, cos %k, cos 8717]() (k=1,2,3).

9.32. IlpesncraBbTe ceMb JAHHBIX YHCEJI KAK TAHI'€HCHI HEKOTOPBIX YIJIOB.
9.33. Cuemnaiite 3aMeHbl X = 2c0S @, Yy = 2sin @, z =3 cosp, t = 351n1b

9.34. a) Cpuenaiire 3ameny x = cost. Omeem: x € _ﬁ’

V2 —; ﬁ, — V2 ; \/i}; 6) Omsem: x € {5/3, 5/4}; B) Cuenaiite sameny

x = sint, t € [—7/2; 7t/2]. OTHocurenvuo t ypasHeHue OyIeT UMeTh OIHO

perierne t = 71/5. Omeem: x = sin(m/5). 1) Cuenaiite 3ameHy x = cos t.
9.35. Eciim h,, = sin2«, 10 h,,;; = sin «. Ilockosnbky h; = sin(7/6),

. I3 mepasemncrsa

o0
.om
TO 3a/ada CBOAUTCS K ONEHKE CyMMBbI S = Y sin T

n=1

sinx < x (x > 0) Haxoaum
1 1
T T
S<§+ gizﬁ—§+g<],03.

9.36. Cnenaem 3ameny x = cost, t € [0; 7/2]. YpaBHeHUe epENUIIETCS
B Bugie 8 costcos 2t cos4t+1 = 0. JlomHokKast Ha sin t, mojrydaem, 970 KOPHH
[IOCJIEIHET0 YPaBHEHUsI JIEXKAT Cpelin KOpHeil ypaBHenus sin 8t 4+ sint = 0
nmm sin(7t/2) cos(9t/2) = 0. Pemas ypasHeHne u esiast IpOBEPKY, HAXOWM,
uro Ha orpeske [0; 71/2] mexur 3 kopua. Omeem: 3.

9.40. 6) Cucrema MoOXkKeT GBITH IEPEINCAHA B BHJIE

o 2x
v= 1—x?
_ 2y
=
Y= Zzy
172
Tlocne 3amensr x = tgo, & € (—m/2, m/2) momyuaem, uro y = tgla,
ik
z =tgda, x = tg 8«x. Pemast ypaBaenue tg & = tg 8, HaxommUM, 9TO X = =
—4 < x < 3. Omeem: (x, y, z) = (tg 7k, tg27Tk tg@) (=3 <k<3).

9.43. Caenaiire 3amenbt @ =2 —Xx, b=2—y,c=2—12z, a =2cos «.
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9.44. Tlocne 3amennr x = sint, t € [—71/2; 71/2], npuxoauM K ypaBHEHUIO

,/% = cos 2t.

Pemasg ero, naxomum sin2t = —1 wm sin2t = 1/2, rne t € [—mn/4; t/4].
Orciona t = —7/4 wm t = 7t/12. Omeem: x € {f\%, 2%\/3}

9.46. O6osnaunm depe3 d, pasHocth d, = X, — V2. Toraa mocsenosa-
TeJbHOCTD {d,, } Oy/IeT YIOBJIETBOPSATH PEKYPPEHTHOMY COOTHOIIEHUIO

da
2(vV2 4 dn)

dn+1 = (Tl > 1)
Ecan nas mekoroporo n oxkazkercs, aro 0 < d, < 1, To HauYMHAs C TOrO
momenTa d,, Gyjer yObIBaTh He MEJJICHHEE, YeM IeOMETPUIeCKasl MPOrPec-
cust: 0 < dnyy < dn/2. B mamewm cayuae d, = 3/2 — /2 ynosiersopsier
HY?KHOMY yCJIOBUIO, IIO3TOMY

lim d, =0, lim x, = V2.

n— oo n—oo

9.47. TlocsemoBaTeILHOCTD OYIET CXOAUTHCS K —V2.

9.48. Kak u mpu pemennn 3amaqu 9.46, obosnadanM depe3 d,, pasHOCTb
d,, = x, — Vk. Torna

dZ
dpsr=—" (n>0)
+1 = .
2(vVk + dn)
ITocenoBaTenbroCTD {d,, } OKA3bIBAETCA MOHOTOHHON W OTpaHMYEHHON. 3HAa-
YUT OHA UMEET IIPEJIEI, KOTOPBI MOXKEeT OBITh TOJILKO paBHBIM 0.
9.49. Bocnob3yiiTech METOJOM MATEMATUIECKON WHJLYKITAH.

2a1 + ao

9.50. an = S0 4 (SN 5

9.51. PaccmorpuTe moc/ie10BaTe IbHOCTh, KOTOPAS 33[a€TCsT YCJIOBUSIMUT:

Yo = ﬁ YUni1 = VVXyn, (m>0).

9.52. Tak Kak
InN'/2"
m ———
k— 00 N1/2 1

:])

TO

InN = lim 25(N"/2" —1).
k— 00
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[Ipu Beramcienuu In N Ha KagabKyasgTope He cieayerT 6paTh k ovueHb 060JIb-
[IIUM, TIOCKOJIBKY 9TO IIPUBOJIUT K POCTY IIOI'PEITHOCTH.

9.59. Ilycte OAKB — maHHbBIl TPSIMOYTOJIBHUK, PACIOJJIOKEHHBI Ha KO-
OP/IMHATHOM IJIOCKOCTHU TaK, YTO €ro BepimuHbl nMmeior koopauaarsr O(0; 0),
A(q; 0), K(a; b), B(0; b). Torma nckomas Touka OymeT UMETb KOOPIUHATEI

V51 ~
F;Lequzf(p

9.60. Kak u mpu permtennn 3ama49u 9.46, obosnadaum depe3 d,, pasHOCTb
d, = a, — V/a. Torna

243 +3d2 ¥/a
doyy = MC m=1).
3(Ya+dn)
Eciu mst mekoroporo ng amcio d, o OyIeT TMOJIOKUTETHHBIM (aTo ycaoBue
Oy/ieT BBIMIOJIHEHO TpU N = 2 HE3aBUCUMO OT 3HAYEHUS a), 1O 71 dy g
MOYKHO Oy/IeT HAIMCATh OIEHKY
3d3 +3d3 ¥a d2

e > .
dn+] < 3[\3/a+dn)2 %+dn < dn (n/TIo)

[MocnemosarenbrocTh {d,} CHOBA OKA3LIBAETCSI MOHOTOHHOW M OIDAHUYIEH-
noit. I[ToaTomy oHa mMeeT peiest, KOTOPBIA MOXKeT ObITh PABHBIM TOJIBKO 0.

9.61. JlanHoe ypaBHeHHe MOXKHO 3amucarh B suje x> = 1+ 1/x. Ioce-
J0BaTEIbHOCTD, IIOCTPOEHHAS 110 IPaBWiIy X1 = 1, X417 = V1 + 1/x,,, Oyzer
CXOJIUTHCST K TIOJIOYKUTEILHOMY KOPHIO JJAaHHOTO ypaBHeHusi. JIpyroii crocob
npUbIMKEHHOTO HAXOXK JIeHUsT KOPHsI (IpraeM Gostee GBICTPBIiT) 10Ty 9aeTcsl,
ecsiu npumenuth Mero, Heorona. (Cum. 3agaay 9.78.)

9.62. Hepasencrso 0 < 2 — a,, < (3/4)™ noka3bIBaeTCst M0 UHILYKIIAU.

9.63. Moxkno ykazarh 0 < < 1 Takoe, 4ro (HaYMHAsI C HEKOTOPOI'O M)
anyr1 < (qay.

9.64. Ilpumennte Teopemy Jlarpan»ka 0 KOHEYHOM IIPUPAIEHHUH.

9.67. (0, 0,0), (1, 1, 1).

9.71. U3z 3agaqun 9.69 cemyeT, YTO JaHHOE YpAaBHEHNE PABHOCUIHBHO yPaB-
veHuio y/a+x = x. OTcioma HAXOIUM, YTO ypABHEHHE DPA3PENIuMO IMpU

1++vV1+4+4a
—

9.72. Bocrionb3yiiTech HepaBeHCTBaMU b, < b, 1 < a7 < 4, ¥ Teope-
moit Beiiepmrpacca. fBHoe Boipazkenue mis p(a, b) yepes a u b Buepsbie

1
a> 7 U AMeeT KOPHH Xq 5 =
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nosyunt [ayce:

/2 1
dx
u(a, b):n(Z J ) .
J \/(12 sin? x + b2 cos? x

9.73. 6) Jokaxkure, 94TO IPOU3BEIECHIE JIEMEHTOB JAHHBIX II0CJIEI0BA~
TesIbHOCTEH He MeHsieTcs: A, b, = ab (n > 0). Barem nepelizure K npemery
B 9TOM PaBEHCTBE.

9.74.

1 Van+1/bn 1 [T 1

An 41 o 2 ! bn+1 o an bn.
9.79. a) Xn:F2n+]/F2n:[1;1,],...,1]%(0;

— ——
21’[
6) Xn = F,2n+]/F,2n = —an,1/F2n = [—1, 2, 1, ey ]] — @
——

2ng

9.80. ITocnenosarenbHocTn {Yn} 1 {z,,} cxondarcsa K pasiudHbIM KOPHIM
ypasrerus x> —px+q = 0. Kaxoit uMeHHO U3 KOpHeil ABJIsleTcs IIpe/Ie/IbHBIM
3HAYEHUEM, 3aBUCUAT OT 3HAKA IIapameTpa (.

9.81. Hokaxkure, 9TO MOAXOAAIIHIE APOOH P/, K GHCIAM X U [3 yiI0-
BJIETBOPSIIOT COOTHOIIIEHITIO

Pan _ Pn—4q-4d
dan qn(2pn—p-dn)’

9.82. Tak kak ¢dyuknus f(x) HedeTHass, TO MOXKHO IIBITATHCA HANTH
TaKyl0 TOUKY Xo 7# 0, 94T0 X; = —Xo. B 3TOM ciydae mosyauTcs, 9TO
Xy = —X1 = Xq. YCJIOBHE X| = —X 3aIlNCHIBAETCS B BHUJE yPABHEHUS
Xo (X% — 1) = —xo. Orciona xo = +v/2.

9.83. Herpymuo HaliTH 11€pBble MHOTOYJIEHBL:

Pi(x)=x*=3x+1=x>—Lyx+1,
Py(x) =x* —7x+1=x"—Lyx+1,
Py(x) =x> —47x + 1 =x* —Lgx + 1,
rae L, — aucia Jlroka. Obmas dpopmysia TOKa3bIBAETCS 110 WHLYKITUU:
Pe(x) =x* —Lyux + 1.
Orcroma

/2

x = lim (L) =@, %= lim (Lx) 2 = 6.

k— o0 k— 00
9.85. a) 4, 2v2,2V3, 3; 6) BocnosbsyiiTecs hopmynamMu JJist JJIUH CTO-
POH OIUCAHHOIO U BITACAHHOTO MHOT'OYTOJILHUKOB a,, = tg(7/n), b,, = sin(mr/n),
pn =nb,, P, =na,.
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9.86. I3 coorHOMIECHN ]

sinx = 2" sin X cos X cos X cos X cos
2" 2 22 2377 2"
W paBEHCTBa
lim 2" sin 7w =X
n— oo

HAXOJ[IM
X = cos X cos = cos =< ...
sin x 2 22 23
HaJsee, mojcraBisist 3HaYeHne X = T0/2, TPUXOJUM K HYKHOMY DABEHCTBY.
9.87. Jlnsa namboJibIliero ducaa a rpaduk GyHKmum Yy = a* JT0KeH
KacaTbCs IpaMoil Yy = x. Omeem: a = e'/¢, 1520 X, = e.
n

9.88. JlokaKuTe HEPABEHCTBO A2 > 3N M ONEHHWTE Pa3HOCTH A3 — 3M.
9.89. BocmompayiiTech paBeHCTBOM X + Yi + 21 = X1Y121.

9.91. a) (2, -1, -3, —4).

9.92. a) 13 x 115 6) 61 x 69.

9.93. a) (4/9,5/9,1/2,1/2); 6) (8/13, 6/13,6/13, 6/13).

9.94. a) Ecom a =1, 10 (x,y) = (t, 1 —t) (t € R); ecsiu a = —1, 10
oo _(d*+a+] a
pemeHHHHeT,eana#:I:LTo(x,y)—( . ,—a_H).
6) Eciu a =0, 1o (x, y) = (2, t) (t € R); ecsiu a = 1, 10 pernenuit Her;
a?—2 2—a
eCJH/Ia;éO,LTo(X,y)—(a_],a_1).

B) Ecsiim a =1, 10 (X, y) = (2—4t, t) (t € R); ecsiu a = 3, 1o perennit
4(a—2) l—a)

a-3 "a-3/"

r) Ecau a =0, 1o (x, y) = (t, 2) (t € R); ecsiu a = %1, 10 pewenuii ner;

a®—2a*+2a*—a+6 a®—a*—-2a—4

ecim a # 0, +1, 0 (x,y)—( A1) , AN )

n) Ecma=1,710 (x,y) =(t,1—1) (t € R); ecsim a = -1, (x,y) =
=(t,t—1) (teR);ecm a # +1, 10 (x,y) = (a®> + 1, —a).

e) Ecm a =0, 10 (x,y) = (t,0) (t € R); ecou a = 1/2, b = 1/2,
(x,y)=(1/24t,t) (t€eR); eciu a =1/2, b # 1/2, 10 pemtenuii Her; eciu

a—b a(l—2b)

a70, 1/2’TO(X’U):(2a—1’ 2a—1 )

k) Ecm a =b =0, 10 (x,y) = (t1, t2) (t1, 12 € R); ecsim a = b # 0,
X,y =@1T—t)(teR;ecma=-b#0, (x,y) =14+t t) (t €R);
ecau a # +b, To (x, y) = (1, 0).

3) Ecoim a > 0, 1o (x, y) :(

uer; ecom a £ 1, 3, to (x, y) = (

2a a’—1

(127“, ﬁ);ecﬂﬂ a << 0, (X, y) = (0, 1)
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9.95. Hetr. Ecau X u Yy— nBa BeKTOpa peIeHnit, TO perreHneM OyaeT u
BeKTOp AX + (1 — A)y upu i060M JeficTBUTETHHOM A.

9.97. TlepBblif UTPOK BCEryIa MOXKET JOOUTHLCS TOTO, ITOOBI PENIeHUEeM
cucreMbl 6611 BekTop (1, 1, 1).

T'imasa 10

10.1. IlomenuTe HepaserncTso (x — 1)2 > 0 Ha X.

10.2. BosBejinTe HEpaBEHCTBO B KBaJIPaT.

10.3. Bocronb3yitTech 1Ba pa3a HepaBeHCTBOM 3aadn 10.2.

10.4. BosBenure HepaBeHCTBO B KBaJIpaT M BOCIOJIB3yHTECh HEPaBEH-
CTBOM MEXK/Iy CPEIHUM apudMETUIeCKUM U CPEHUM I'€OMETPUIECKUM.

10.5. Bocrionib3yiiTech HEpaBEHCTBOM MEXKTy CPEeTHUM apuPMETUIECKIM
U CPEJIHIM T€OMETPUIECKIM.

10.6. Bocmonb3yiiTech HEPABEHCTBOM MEXK Ty CPEIHUM apU(pPMETHICCKIM
U CPEeIHUM FeOMETPUIECKIM.

10.7. PackpoiiTe ckobku B HepasercTse (x —y)? + (y—z)* + (x—z)? > 0.

10.8. Bocnionb3yiiTech HEpaBEHCTBOM TIPEIBIAYINEH 33 a0,

10.9. Cuoxkmre HepaseHcTBa (X1/2)% + X3 = xi1%2, ..., (x1/2)* +x2 >
= X1X5.

10.11. ITocire ympomieHUit BOCIOIB3YHTECh HEPABEHCTBOM MEXKIY Cpe/l-
HAM apUOMETHIECKAM U CPEIHAM [€OMETPUIECKUM.

10.12. IToce packpbITHS CKOOOK TOJTy9daeTcs HepaBeHCTBO 3amadn 10.7.

10.13. IIpumennTe gBa pasa HEPABEHCTBO MEXKIY CPEIHUM apu@MeTH-
YEeCKUM W CPEJIHMM T'€OMETPUYECKHM: CHAJaJla K YUCJIaM, & IOTOM K X
TMOKAa3aTeJIsIM.

10.14. a®> +b% 4+ c? +2ab+2ac+2bc=(a+b+c)?> =0.

10.15. Yucso 1+ xy Bcerma mo/ozkuTesbHO. ITociie mOMHOXKEHUs Ha, 9TO
YHUCJI0, HEPABEHCTBO MOXKeT ObITh 3amucano B uzge (1 £x)(1£y) > 0.

10.16. CravaJia JIOKa)KuTe HEPABEHCTBO JIJIsi PAIMOHAJIBHBIX X U 3.

10.17. Bocmonbayiitech mepasercrsoM a’(b—c)?+b?(a—c)?*+c?(a—b)? > 0.

10.18. PackpoiiTe cKOOKH 1 BOCIOJIb3yITECh HEPABEHCTBOM MEXKIY CPE/I-
HAM apudOMETHIECKUM U CPEIHAM [€OMETPUIECKUM.

10.21. Tlocste m3BIEYeHNS KBAIPATHOTO KOPHS 33/1a9a CBOJUTCS K HEpa-
BeHcTBY (/X —/Y)* > 0.

10.22. Bocnonnayiirecs nepasencrsom a(b—c)?+b(a—c)?+c(a—b)? > 0.

10.23. PackpoiiTe cKOOKH 1 BOCIOJIb3yTECh HEPABEHCTBOM MEXKIY CPE/I-
HAM apudMETHIECKAM U CPEIHAM [€OMETPUIECKUM.

10.24. Bocmonb3yiiTech HEPABEHCTBOM

(1+a*)(1 -1+ (1 +b")(1—a’)? > 0.
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10.25. Bocmosayititech HepaBencTBamu u3 3aa4 10.7 w 10.17.

10.27. JokaxkuTe cHadaJsa HepaseHcTsBo a® + b® > a?b + ab?.

10.29. Cmorpure 3amaay 10.22.

10.30. Bocmosib3yiiTech HEpaBEHCTBOM MEXKIy CPEIHUM apudMeTude-
CKUM ¥ CPEJHUM T'€OMETPUIECKIM.

10.31. ITocte moMHOXKeHUS Ha OOIUit 3HaMeHaTe/ b U COKPAIeHu T 3a1a-
Ya CBOJIUTCA K HEpaBEeHCTBY u3 3ajaqum 10.27.

10.32. Bocnosib3yiiTech HEpaBEHCTBOM MEXKIy CPEIHUM apudMernde-
CKHUM U CPEJHUM rapMOHHYecKnM (3a1ada 10.11).

10.37. Hokarkure HEPABEHCTBO O WHLYKITHH.

10.41. Becerma MoxkHO 1Mog00paTh HaTypaabHBIE X W Y TaK, ITOOBI BbI-
[IOJIHSLJINCHh PABEHCTBA,

_x+y Xty

L e

Iocne 3amens! o« = a'/*, B = b'/Y ucxonmOE HEPABEHCTBO IPUHUMACT BILL

xa XY +Uf5x+y > o By_
X+y

ﬂﬂﬂ €ro J0Ka3aTeJIbCTBa JOCTATOIHO BOCIIOJIB30BAThCA HEPABEHCTBOM ME>K-
Ly CpeJIHUM apI/I(bl\,leTI/I‘{eCKI/H\l u CpeJHUM I'eOMETPpUYICCKUM:

xo‘x+y +y[3x+y
X+Uy

> "*</ocx+” L oCTY BTY L RTY = ofBY.
x y
10.43. a) (Vn)?2 = ¢/(1-n)...(n-1) > ¥n" = n. Bropaa uactb
HEPABEHCTBA CJIEAYET W3 HEPABCHCTBA MEXKIY CPEIHUM apU(pMETHICCKIM
U CPEIHUM Ie€OMETPUICCKIM.
10.44. Tak kak miuga x u3 umaTepsBaja (0; 77/2) BLIIOJIHSIETCS OICHKA
x < tgx, TO

1 _ l < 1 1
sin? x x? sin?

=1.

X B tgzx
10.46. Ecim m, n, k > 2, To m™") > (mn)*,

10.47. a) Bocnosb3yiiTech HepaBeHCTBOM ]

> — (I1<kg<n—-1).
)

]
n+k 2n
6) Pasbeiite cymmy ma 6mo0kn 1o 2¢ craraembrx (0 < k < n). B) Cpasmute

Ipou3BeZIeHne N3 yCJIOBUA 3aJa9U C IIPOU3BECACHUAMN

2 4 100 1 2 4 6 98

3'5701 127375799
r) OneHure OTIENBHO IPOU3BEICHUE

7 9 99

8 10 °"100°
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1048. 2. ¥ . 2
y z x

10.50. Beibepure fy (x) = axx? + byx.

10.52. Pacemorpure dbynknmn f (x) = age® — by (x + 1).

10.53. a) Iomoxure by = ... = b, = 1. 6) Hoaoxure a; = ... =
=a, =1. B) Homoxure a; =bcy, ..., a, =b,c,.

10.55. Ilycrs l(x) — kacarenbuas K rpaduxky dyaknun f(x) B Touke
o1 X1 + &x,. Torma, Mo onpeneIeHnIo BBITYKJIOCTH,

CX]]C(X]) + (Xzf(Xz) < (X]l(X] ) + O(zl(Xz) = 1-(0(1X] + O(zXz) = f(OC]X] + O(zXz).

10.56. ITpumenum ungykimio. [Ipu n = 2 HepasencrBo Mencena 0bLIO
Jokazano B 3ajgade 10.55. [IpeamnosioxkumM, ITO OHO BEPHO JIIs HEKOTOPOTO
n > 2 u gokaxeMm ero npu 1+ 1. Ilycts f = oy + ... + «, > 0. Torma

X1 o4
— +4...4+ == = 1. Ucnosb3ys HEPaBEHCTBO ¢ N = 2, HAXOAM

B B

FloXs + .o 4 a1 Xns1) = f(ﬁ(%m ot “—B“xn) X ) >

> o1 flxen 1) + Bf(%m +...+ ‘%‘xﬂ)-

Jasee, IO TIPeIIOIOKEHIIO WHIYKIIAN,

f(%}q +.+ %xn) > %f(m) +ot %f(xn)'

CuleoBaTesbHO
floaxs + .o+ dnprxner) > o flx) + .0+ o f(xner).

10.58. Bocnouib3yiitech HepaBencTBoM MerceHa s cireyfomux GyHK-
muit: a) f(x) =+/x; 6) f(x) =1/x%; B) f(x) =e™; 1) f(x) =1/x.

10.60. ITpumenss repaencTBo Vencena Kk GyHKIUN Y = XP, MOIyIaeM
(otrxy + 0oXa 4 .o 4 A Xn)? <o) +ooxh + ...+ o xP.

ITociie 3amensl

_ Bl Bn
Bi+...+Bn’

[IPUXOJUM K HEPABEHCTBY

X1

(Bixi 4+ Baxa 4o+ Baxn)? <(Br4...+Bu)” " (BixX) +.o 4 BnxD)

nJjIm

B1x1 + Paxa + ...+ Puxn < (Bl +...+ Bn)”q(ﬁﬂ(? +...F ani)]/p‘
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s HOﬂyquHﬂ Hy}KHOI‘O HepaBeHCTBa OCTaeTCsd ClesaTb II0JACTaHOBKY

Bk— k—akb (k=1,2,,n)
10.()5. s moKa3aTeIbCTBa HEPABEHCTB JOCTATOYHO PACCMOTPETh (DyHK-
omio f(x) = e** u Touku Inx,, ..., InXx,.

st mosicteTa mMpeiesioB BOCIOIB3yEeMCs TTPUOINKEHHON hOPMYIIOi IIst
dyHKIMEM €, KoTopasi BepHa Ha oTpeske x € [—1; 1]:

= T4x+0x2 (0] <1).

[Ipu mocTaToYHO MAJIOM & IIOJIYIHM

S«lx) =

(e(xlnxl +

+e‘X1an 1/
; )

1/

= (1 + %ln(m o Xn) —l—oczA) ,
_ %ln(xl...x“) 1/0( 2 1/e
So(x) e 1+ = ln( .. Xn) +a’B ,

e A = 0;(In®x; + ... +In?x,): B = %mz(x] xn): 184],18a] < 1.

[Tosromy

Sal(x) . 1+ (o/n) In(xy ... xn) + &2AN 1/
a=0 So(x) ilg})(] + (/) In(x7 ... %n) + oczB)

10.71. a) dpyrux mwer; 6) (5,1,1) u (4,3,0); (4,1,1,1) u (3,3,1,0).
10.72. PaccmoTpuTe HECKOMBKO CaydaeB: X = Y = z = t; x = y = t,
z=1;x=t,y=z=1 u cpaBHUTE CTENEHN OJyIEHHBIX OJUHOMOB OT t.
10.73. OueBHIHO, YTO JOCTATOYHO JIOKA3aTh HEPABEHCTBO B CJIydae, KO-
ria Habop 3 mosrydaercs u3 Habopa o cOpachIBAHUEM OJIHOTO «KUPIIMYa» Ha
muarpamme FOura. Iposemem 1oka3aTeibCTBO st CIydast, KOTIa, JeIaeTCst
nepexonm or & = (¢, &y, &3, ..., &) K B = (g — 1, ocz—|—1 (X3, RE o ),

rae o — &y > 2. Ilpm 9ToM KazKIbIil OJHOYIEH BUIA x x x X
=1 _jor+1_ o3 xXn
3aMeHseTCs OTHOWICHOM BHIa X{ | X7 X, ... x{ . s ,ILOK&IBaTeIIbCTBa

HEPABEHCTBA To (X1, ..., Xn) = Tg(x1, ..., X, ) crpynmmpyem Bce OTHOUIIE-
HBI, BXOJSAINUE B JAHHOE HEPABEHCTBO IapaMu:

x] ., X2 X1, X2 AL ax1—1_axy+1 x1—1_axs+1
Xy AT X XA X xGTA X XA,

1

purnarenbaa. leificTBUTEBHO,

(A =x{]...x{" = 0) u mpoBepuM, YTO PA3HOCTH TAKUX IAp BCEIyla HEOT-

ox] XD oy oz =1 oax+l  oag—T1_ ax+1
Xy Xiy FX XD T XX Xi, X =

= (T = T (y —xi,) 20,

k3! 12 12

. 1
HOCKONBKY & — 1 > & 1 pasuocTh X{|' X{, — X3, X}

is iy i nMeeT TOT 2Ke
3HaK, 9TO U Xi;, — X4

2"
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YacTHble cilydae 3TOTO PACCY2KJIEHNsI MOYKHO HAWTH B PEIIeHNN 3a/a-
am 10.75.
10.75. a) Cioxkure Tpu HEPABEHCTBA BUIA

x'y’z+x*y'z — 2°y*x = x*y’z(x —y)* = 0.

6) s npeobpasosanus guarpammel FOura (5, 0, 0) B (2, 2, 1) Hy>KHO
TPHU TIara:

(50,0 = (41,00 =(3,2,00 = (2,2,1),

IIO9TOMY JIJIgdd HEIIOCPEICTBEHHOI'O JIOKa3aTe/IbCTBa HEPaBEHCTBa HOHaﬂO6I/IT—
Cd IelmovYKa U3 TpeX HEePaBEHCTB!:

X +y° —x'y—xyt = (x* =y (x—y) >0,
X'y +xyt —x*y? —x*y? =xy(x* —y?)(x —y) =0,

0
¥y? +y?2 —x*y’z—xy’z? =yi(x* —2*)(x —z) > 0.
I'maBa 11

k=1

11.1. a) An* = 2n+1; 6) An(n—1) = 2n; B) An* = Y C.n/;
i=0

r) ACk = Ck

n+1 " Clri = Ch71‘

11.2. S, = b1 — by,

11.3. st HAXOXKJIEeHUs O, MOXKHO BOCIIOJIB30BaThCsI METOIOM HeOoIlIpe-
JIeJIHHBIX KO3 dunmeHTon. Jjs 3TOro Hy»KHO NPEJICTaABUTH O, B BUJE
a, = An® + Bn? + Cn u onpenenuts xoaddumuents: A, B, C u3 ycnopus
Aa, =n°.

11.4. Haiinnre 1ocie1oBaTeIbHOCTD a4, Buaa d, = An* +Bn® + Cn? +
+ Dn, nns xotopoit Aa,, = n3.

11.5. Bocmosnb3yiirech T€M, 9TO JJIsi Y€THOTO IOJIOKUTEIHLHOIO T BbI-
nonasiercda paserctso 1/Fo = Fo 1 /Fo — Forno1/Form.

11.6. YTBepxKIeHUe 3a/1a9U JIOCTATOYHO MPOBEpUTh it Q(Xx) = x
B srom caygae AQ(x) = x™F —x™ = (m+ 1)x™ +...

11.8. ®opmMmyia JT0Ka3bIBAETCS UHIYKIIAEH 10 M.

11.10. Bocmonbayiirecs 3amaqeit 11.6. A™f(x) = mla,,, rue a,, — crap-
muit Koadppunpent Muorowrena f(x).

11.11. n!/n™.

11.13. Cormacno 3amauwe 11.12, mys wmcen Yy, = A(—1)*Ck neticTen-
TEJIbHO BBIINOJTHAIOTCS HYKHBIE PABEHCTBA. 1109TOMY I peIleHus 3a1a49n
oCTaercsl MOKa3aTh, YTO TaKOW HAOOpP 4uces {Yy} eIUHCTBEHHBIA C TOYHO-

m+1

CTBIO [I0 HOCTOSIHHOT'O COMHOMKHTEJI. 1IpeIIonoKuM, 9T0 TaKuX HabopoB
1 2
ma: yl, oy m oyl Lyl O6osmadmm wepes A u A, Te uncia,
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KOTODBIE IIOJIy4alOTCsl IIPU IIOJICTAHOBKE B paBeHCTBO 11.1 Habopos {Ui "y
n {yy} u dymnm £(k) =k

n n
anyl[(]) :A]’ anyl(f] :AZ
k=0 k=0

Torna Hossiil Habop uncen Yo = Ayt — Ayl (k=0, ..., n) obmazaer
TEeM CBONCTBOM, 4YTO

i fly’ =

k=0
JIsl BCeX MHOroujieHon f(x), deg f(x) < n. Ho muorowren f(x) moxHO
nonoGpars Tax, aroosr (k) =yl* (k =0, n). Orcona

> W) =0, moeers y¥ =y =...=yY =0,

k=0

YTO NPOTHUBOPEYUT HEIPOIOPIUOHAJILHOCTH HAOOPOB {y,il NufyPh
11.12. Bocmonsayiitech pesyabraramu 3aa4 11.8 u 11.10.
11.15. Ala,bn) = ans1Ab, + b Aa,, = a,Ab,, + b, 1Aa,.
11.16. @, = 2".

11.15". IIpu n = 1 dopmysta

A(f(x)g(x)) = f(x + T)Ag(x) + Af(x)g(x) = f(x)Ag(x) + Af(x)g(x + 1)

JIerKo nposepsiercd. st mokasareaberBa hopMyJIbl B OBIIEM CJIydae MpH-
MeHuM uHAYKImo. Ilycrs dopmyna (*) cupasemiuBa i HEKOTOPOrO Ti.
Torma npuMeHsis €8 B paBeHCTBE

A" (f(x)g(x)) = A" (A™f(x)g(x)) = A" (f(x)Ag(x) + Af(x)g(x + 1))
TIOJIy IUM

k

AN (f chsk x)Ak — k+1gx+k+chAk+” DATTE G (x+1).

k=0
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[Tocsie cupura nepeMeHHON CyMMUPOBAHHS BO BTOPOW CyMMe, IIPUXOIUM K
dopmyite

An+l ZCkAk An k+1 (X+k)+

n+1

+ch lAk An k+lg(x+k):

n+1

7Z Ck Ck 1 An ( )An7k+1g(x+k):

n+1

_ Z Cn+1Akf A““’kg(x—i— k)

1 Bn+2)(n—1) 1/1 1
19 2) 1= =3 0) gy ) E(E B (n+1)(n+2));
S O R S N T B o I
n+1 ’ n+1 n+4+1’ n!’ ) '
11.21. 6) Jna nsyx muorouienos crenenn n f(x) u g(x) = doC2+d, C! +
+ ...+ d,C! conpasemmuenr pasenctea AXf(0) = Akg(0) (0 < k < n).
ITosTomy onm copnazaroT B Toukax X =0, 1, ..., T, TO eCTh paBHBHI.

11.22. TTockosbKy MHOrOYIEH T(X) IPUHIMAET Ie/Ible 3HAYCHUS B TOUKAX
x =0, 1, ..., n, 1o Koapdurmentsr dy, HaiijeHHble 110 popmynam d, =
= A*(0) (cm. zamaay 11.21), oKa3bIBAIOTCS TIETBIMHA.

11.27. Ecoiu n =4k + 1 wim n = 4k + 2, To HE3ABUCUMO OT PACCTAHOB-
KU 3HAKOB OyJIeT MOJIyYaThCsl HedeTHOe Juco. 1losroMmy 3ajada perieHust
uMersb He Oyner. Mccaemxyem nporpeccun 1 = 4k+3 u n = 4k. Ilokaxkem, 910
JIJIsI 9HCeJI U3 TIePBOii IIPOIPECCU 3a/a4a UMeeT pellleHre HaduHasi ¢ L = 7,
a 13 BTopoii — HaumHasg ¢ 1 = 8. O4eBuAHO, YTO JjIst 1 = 3 u N = 4 pernenust
He cymectsyeT. U3 pasercrsa n? —(n+1)? —(n+2)?+(n+3)? = 4 cuenyer,
9TO U3 BOCBMU IOC/IEIOBATENIBHBIX YUCENI, MOJ00paB 3HAKU + U —, BCETJIA
mozkHO mtostyauTh 0. [ToaTomy, eciin 3aj1a9a mMeeT perieHune Jiyist HEKOTOPOro
N, To oHa GyjleT UMeTh perenue u s Beex ancest n+8k (k > 0). Ocrasoch
oKa3sarh cyiiectBoBanue pemenus i 1 = 7, 11 u 12. TTouck obsierdaercst,
€CJIN CHAYAJIA BBISCHUTB, JIJI KAKUX KOMOMHAIINI 3HAKOB MOYKHO IOJIy IUTh
0 110 MOJTYJTIO HEKOTOPOTO HATYPAJIHLHOrO M, HanpuMmep, st m = 8. Hyxubie
[IpEeJICTABJICHHST YCTPOEHBI CJIELyIOIINM 0OPA30M:

1+4—-94+16—-25—-36+49 =0
1—-4+94+164+25—-36—-49—-64+81—-100+ 121 =0;
1—-4+94+164+25—-36+49—-64+81—100— 1214144 =0.
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11.28, 11.29 T'apMOHUYHOCTD JTAaHHBIX (DYHKITUAN TPOBEPSIETCS IO OIIPEJIe-
JIEHUIO.
11.30. Paccmorpum dyHKIMN

Axf(xvy):f(x—i—]ay)*f(xvy) n Ayf(x,y):f(x,y—i—])—f(x,y),

KOTOPBIE TaKKe OYyIyT OrpaHUYeHHBIMEU U rapMoHmdeckumu. [lycrh dyHK-
musg A, f(x,y) me paBma mymo Ttoxaecrsenno. Jlomyctmm, aro M =
= sup(, y)ez2 f(x, y). Torma ma mmockocrn Z* moxkuO Haiitn KBajpar K
CKOJIb YTOJHO Gosbinoro pasmepa (1 X 1), aro A, f(x, y) > M/2 s Beex
To4ek 3roit obsmactu V. Orciona cieayer, uro dpyukius f(x, y) Bozpacrer
npu aprkennn Buytpu K mapasuiesnbuo ocu Ox 1o kpaiineit mepe na M-n/2.
Ho 1o mporusopeunT orpanmdyennocta f(x, y).

11.31. IIpoBenuTe M0KA3aTEALCTBO O WHIYKITHH.

11.33. Cormacho 3amaue 11.32, nocaenosarensroctn {a, }=cix]* (i=1,2)
JUIsL JIIOOBIX Cq, Cp SIBJSIOTCS pellleHusiMu ypasHeHus (11.2), mostomy ux
cyMMa OyJer yJIOBJETBOPATHL TOMY Ke ypapHenuio. C Jpyroil CTOpOHBI,
qmcsa Cy, C; MOXKHO MOZ00paTh TakK, 9TOOBI 0y =C; + C,, O; =C;X; + C2X2.
ITocute sTOrO MOy YaeTCs, Y9TO JBE HOCIEI0BATEIbHOCTH {any } 1 {C1X] +Cox }
YJIOBJIETBOPSIIOT OJTHOMY M TOMY K€ YPABHEHHUIO U MMEIOT OJMHAKOBbIE Ha-
qajbHbIe yejioBus. CorsacHo 3amade 11.31, oHM cOBIAIAOT.

11.35. a) a, = 3™ — 2"

6) a, = 1;

) an:;w)(”f)w;o—%)(“f)":m

r)a, =n + 1;

" ((1 2)).

n) a 2\[ +V2)h — (1—-v2)™)

11.36. a) (1 —vV2)" =a, —bn\f.

6) a2 —2b% = (a, —byv2)(an + b, vV2) = (1 +V2)* (1 —V2)" = 1.

) 13 paBencrsa (a, +b,v2)(1+v2) = (anﬂ +bni \f ) HAXOIMM, 9TO
qUCHIa A, ¥ b, YIOBJIETBOPSIOT PEKYPPEHTHBIM COOTHOIMEHAAM Ay 1 = Ay +
+2bn> bn+] = an+bn- OTCIO,ZL& an+2_2an+1 —an = Oa bn+2_2bn+1 _bn =0
(n>=0).

1
r) ap =51+ V2" +(1=v2)"), by = 2\[ (T+V2)r = (1 =v2)m).

11.38. Tlepeiiaure K COMPSKEHHBIM YHCJIAM.

11.41. B gBuoM Buige muorouwiennl Pubonaddu u JI1oKa MHOMeEIIeHbl B
npuioxkenne B, V. Muorowiensl, crosimue B paBeHCTBax a), 6) u 1) yio-
BJIETBOPSAIOT OJTHOMY PEKYpPPEHTHOMY cooTHomrenuio. [loaroMmy soctaTodHo
[IPOBEPUTDH JIUINb BBINOJHEHNE Hada bHbIX ycaosuit. (Cwm. zamagy 11.31.)
s nokazaTe/becTBa PABEHCTB B) U T'), HANUTE PEKYPPEHTHBIE COOTHOIIE-
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HHUA, KOTOPBIM YIOBJIETBOPAIOT MHOI'OYJIEHDbI, CTOAIIIE B JIEBBIX M IIPpaBbIX
JacCTdX U IIPOBEPHhTE CIIPaBEIJINBOCTDL HaYaJIbHBIX yCJIOBI/IfI. I‘IaHpI/IMep7 MHO-
rowienbl PuOOHAYYN C YETHBIMU HOMEpaMu yAOBJICTBOPAIOT PABEHCTBY

Fonga(x) = (x* + 2)Fan42(x) — Fan (x).

0 = () - ()
L.(x) = (X+ \/zxzﬁ)n + (X_ \/;zﬁ)n.
1145, Fopr(x) = 3 CRoax™ 26, La(x) = F (CRp 4+ CRmi X2k

k>0 k>0

11.46. Ilycts a,, b,, Cn, dn, €n, f, 0DO3HAUAIOT YMCIIO CITOCOGOB IO-
Oparbcad m3 BepmuHBI A 3a N npbRKKOB g0 Bepmumua A, B, C, D, E, F
COOTBETCTBEHHO. B cuiy cuMmmerpun 3amaqu, b, = f,, ¢, = e,. Jlerko
BHUETD, YTO BBIIOJHSIIOTCS PABEHCTBA

bn+1 = an +Cn»

dnyr = ZCn,
Ani1 = an»
Cni1 = bn + dn~

OTcioma HAXOMUM, 9TO BCE NMEPEIUCJEHHBIE TOCIEI0BATETHHOCTH YIAOBJIe-
TBOPAIOT PEKYPPEHTHOMY YPABHEHHIO Xpyq — Xtz +4x, =0 (n > 0). U3
HaYaJIbHBIX YCJIOBHUHA Ay = 1, a, = 2, HAXomauM d,, = (2 +4™)/3.

11.47. a) VI3 peKyppeHTHOIO YPaBHEHUSI Cp 44 — 5Cpny2 +4¢,, =0 (n > 0)
(cM. pemenue 3anaan 11.46) u HaganbHbIX yesaosuit ¢, = 0, ¢; = 1, Haxoqum
Con = (4™ —1)/3.

6) Ilpu yciaoBum, 4TO JArYIIKE HEJIb3d LpbIraTh B D, peKyppeHTHOE
yPABHEHHE 3aIUIIeTcd B BUJIE Cnyp = 3¢, (M > 1). Orciona ¢y, = 3™'
(n > 1). Ananornuso a,, =2-3" "

B) BeposTHOCTD TOrO, UTO JIAryIIKa GYIET eIe IphiraTh 9Yepes3 T CeKYH.T
pPaBHA OTHOIIEHUIO YUCJIA BCEeX IMyTei, He IPOXOAAmuX depe3 D, K obmemy
quCTy MapmpyToB. Jjis 9eTHBIX N mMeeM:

ax +cok e 3!
Pa = 52k :4k—] (k=1).

st HeIeTHBIX M

Poriy = b2k+12:r f2k+1 _ 2Zax +202k +e _ 3 (k= 1).
2 + 2 k+1 4k
Jlarymka MorkeT momacTb B BepmMHYy D TOJILKO Ha HEYeTHOM Iare.
BepositHOCTb Takoro cobuiTus s mara ¢ Homepom N = 2k 4+ 1 pasna

ok +exn  2-3!

22k+ 1 - 22k+ 1
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TOM Hsls 11 JIZKATEJIbHOCTD KU3HU TCS PAJIOM
[TosTomy cpe 0/10. €JILHOC 3HU 33/1a€TC o
3k 1
N = E (2k+1) 22k -
VkazaHHasi CyMMa MOXKET OBITh BBIYUCJICHA [IPU ITOMOIIU [TPOU3BOISIIEH

dyHKIINT
0 3
Z i k41 _ b
= 2% 4 -3t

Cpenmee IMCIO MAroB COBIAIAET CO 3HAYCHUEM Mpon3BoaHoil pyaknmn f(t)
B Touke t = 1:

w \

= f’(t)‘t:] =4.

Omeem: 4 cexyH/ipl.

11.49. (3™ — (=2)™)/5.

11.50. Cioxkute JaHHBIE YHCJIA C CONPSKEHHBIMU K HUM.

11.52. Bcee pemenns ypasrenus x* — 17n? = 1 B HATYpATbHBIX 9HCJIAX
MOTYT GBITH oMy ters 110 bopmyite (x1 + 1y v17)% = x + i v/17 (k> 1).

11.53. xn = 1/2sin «[(1 +sin20)™ — (1 —sin 2a)™], .

Yn = 1/2cos af(1 +sin2a)™ + (1 — sin 2a)"]

11.54. Ilycth ay — HAYAIBHOE YHUCIO OPEXOB, () — KOJUIECTBO OPEXOB,

OCTaBIIMXCSI B Kyde TIOCJIE TOTO, KaK «CBOIO» IO B3si1 K-it Mopsik. Torma

ak+]:4/5(ak—]) (k:O,,4)

Orcroa cieyer, 94To MOCIe0BATEIBHOCTD { ) OBJIETBOPSIET JIMHEHOM
)
PEKYPPEHTHOMY COOTHOIIIEHUIO BTOPOT'O MOPSIKA

5ak+]—9ak+4ak,] :0 (k:1,,4)
W3 pesympraTa 3amaqn 11.33 caemayet, ITo
ak:C1+C2(4/5)k (k:O,,S)

TloacraBnsist 9TO TIpeACcTaB/IeHNE B IEPBOE PEKYPPEHTHOE COOTHOIIIEHNE, Ha-
xomuM ¢; = —4. UTobBl a) OBLIO HEJIbLIM YHCIOM I Kaxkiaoro k or 0 mo
5, KOHCTaHTa C, JOJDKHa UMeTh Bui C, = 5°n. Ilockonbky mpu n = 1
oCTaBIIleecs IUCJIO OpexoB ds = 4° —4 KpaTHo 5, To HauMeHbIIIee BO3MOYKHO
YHCI0 OpexoB B Kyue pasHO 5° — 4. Omesem: 5° — 4.

11.57. 8) an=i/2(— (241" +(2-1)"); 6) ap=1=

B) Q3n = 1, Qzny1 = 2, Q3ny2 = —3; T) Ay = 1((
11.58. Bocn0ﬂb3yHTec1) pasenctBamu A’n? =0 u A4 3 =0.

(1+1) (1—1)*1;
4yr —( + 4.
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11.59. Bocnosb3yemcest meromom 3aaxu 11.36. Boibupast BceBoO3MOKHDBIE
KOMOUHAIIN 3HAKOB IIPH 9HCIax V2 1 /3, MOJydnM paBeHCTBA

A =14+ V24+ V3" =pp + quV2+ 1 V3 + 5,16,
Ay = (1=V2+V3)" =pp — aquV2+1,V3 —5,.V6,
A= (14+V2—V3)" =p, + quV2 —1,V3 — s, V6,
)\2=(1—\f V3"t =pn — qn V2 — V3 + s, V6.

CxnajpiBast 9Tu paBeHcTsa ¢ Koaddunuenramu (1, 1,1, 1), (1, =1, 1, —1),
(1,1, =1, -=1), (1, =1, =1, 1), Haxomum

pnzlwﬂzﬂwxz),

dn = (AT = AT + AT = A)),

4xf
TR = 4\[ (AT + AT — AT — A},
Sn = 4\f (AT = AT = AT +A7).
Orcrona hm 0 — 2, lim 2% = =3, lim 2 — V6.
qn n—oo Tn n—oo Sn

11.65. IIycrs f(x) = (1 +x)™ = Z Ckx*. Torma f'(x) =n(1 +x)""' =
k=0

n
=Y kCkx*'. Tloncrasnss B oty dopmyity x=1, HAXOUM CYyMMY U3 II. &):
=0

n
Z |x1_n2n]

AHnajsiornuHo HaxoMTCSI CyMMa U3 1. 6):
3 KECE = (xf/(x)) oy =nin +1)2" 2,

Omsem: a) n-2""1; 6)n(n+1).2"2,
11.67. I3 paBencrsa

FY0) _ o 1

S mkoT (K

HaxoquMm a, = Ck ;.

11.68. JTanHOE PaBEHCTBO PABHOCUIHLHO YTBEPKICHHUIO, ITO BCIKOE MTOJIO-
JKUTEJBHOE YUCJIO MOXKET OBITh 3aIICAHO B JCCATUIHON CHCTEMe CUUCICHIS
¥ TP TOM TOJIBKO OJTHUM CIIOCOOOM.
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11.69. Kak u B mpemplayieit 3ajade, npuMmeHuTe (hOpMyIy U3 3aa-
gu 11.63.
11.70. 31ech mepBoe COOTHOIIEHNE — 3aMaCKUPOBAHHBIN CJTyJaii OMHOMU-
AJILHOI TEOPEMBI, & BTOPOE MTOJIYyIaeTCs U3 IIePBOr0 yMHOXKEHHeM Ha X™
o0

‘I m

Zcm+n W‘ ZC:XH = (],XXW

n=0
11.72. N3 zamaam 11.71 ciemyer, 9TO YHUCJIO CYACTIMBLIX OmietoB N
1— 10
paBHO Kodddumuenty npu x>’ y GyHKIUN ] :(

N pasznoxum dyrkmmm (1 —x'°)° u (1 —x)~° mo crenensm x:

6
) . Ja HaxoXKIeHus

6

(1_X1o)6:Z( )10ka’

k=0
] _X ZXkCZJrk 1
Orcrona
N=C2.C3;—C} Cy);+C:-C],=55252.

11.73. IlepBoe paBEHCTBO HEIIOCPEJCTBEHHO CJIEIYET M3 OIPEIEJICHUSI
[IPOU3BO/IHON (DOPMAJILHOI'O CTEHEHHOTO psijia. st loKa3areabcTBa BTOPOro
paBeHCTBa cpaBHAM Ko dunumentsl npu z" B psagax Exp((« + p)z) u

Exp(az) - Exp(Bz). B nepsom cirygae, 3To %, BO BTOPOM —
Tl * ] - k Lk —k
Z k! n k 7' C“(X B :
k=0

PasencrBo stux roaddunmenton ciemyer n3 popmysasl bunoma HbroToma
(zamaga 2.53).
11.74. Bamerum, 4TO

a®+b*+c*—3abc=(a+b+c)(a+ wb+w?c)la+ w’b+ wce)
(cmorpure 3ajmady 9.8). Orciona
a+b+c=(1+x)",
a+ wb+ w?c = (1+wx)",
a+ w?b + we = (14 w?x)".
IIosTomy

a®+b*+c® —3abe = [(1+x)(1+ wx)(1+ w?x)]™ = (1+x3)".
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11.76. TlomcTraBbTe B MPOU3BOIMIIYIO0 (DYHKIIUIO IOCIEI0BATEIHLHOCTH
qncenn Pubonauun z = 1/10. lannaa cymma okasbiBaercs pasua 10/89.

2—z
11.77. L = —.
(2) 1—z—2°

11.78. a) 2; 6) 6.

11.79. F(x, z) = ;2, L(x, z) = 2_7XZZ
1—xz—2z 1—xz—2z
11.80. Fr(x, z) = _doxt Fu(x, z) = ;
’ 1—2xt + t?’ ’ 1—2xt +t2

11.81. a) O6osHaunM nckoMyto cymmy vepes f(x). Ipumensst popmyiry
JJIsl CYMMBI I'eOMeTPUYeCKOil IIporpeccuu, HaxXOquM, UTO

6) Kak u B 3amage 11.65 Bropas cymma pasna /(1) = 2™ (n — 2) + 2.
B) CHoBa, Kak u B 3aia4de 11.65 6), cymMa paBHa CJIeAYIONIEH BeJInIrHe

(xf" () |xey = f'(1) +£"(1) =2"(n*> —5n + 8) — 8.

r) ITo dbopmysy u3 3amaqau 7.58 a),

n—1

g(x) = i _ sin((n —1)/2)x - cos(nx/2).
k=

- sin(x/2)

Hckomas cymma pasua —g’(1):

nsin(n —1)x — (n — 1) sinnx
2(1 — cosx)

7gl(x)|x:1 =

11.83. IIpocnenure 3a n3menernnem nuarpaMmbl FOmra.

11.84. 3a/1a1y MOYKHO PEITUTD UCIIOIH3YsI KOMOMHATOPHBIE COOOPaYKEHUST
u3 3aja4u 2.67. Ecn ke ncnop308aTh METO TPOU3BOASIINX PYHKITHH, TO
pellleHre 3a/1a41 CBOJIUTC K ITPOBEPKE PABEHCTBA

1 1
T—x—x*—x>—... 1—x/(1—x%)

=14 x+2+... +2" x4 ...

11.87. a,, = @™, rne V(M) — UMCI0 €WHALL B JBOMTHOM TIPE/ICTABICHAT
qucaa M.
11.88. NuTtepecyrormiuit HAC PsIT MOYKET OBITH MOJTyI€H U3 MPOU3BEICHUST

(1 —ax)(1—bx?) (1 —ex*) (1T —dx®) ...,

ecyiu 11ojioxkuTh X = 1. Ilpu onpesesiennn 3HaKa MOXKHO IIOJIOXKUTh A = b =
=c¢=d = ... = 1. Torma uckomsiii 3uak Oymer coryiacuo 3ajade 11.87
pasen (—1)v(™),
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11.89. a, = C3,.
11.90. x =y/(1 —y), y = x/(1 + x). Takum obpazom,
y=x—x"+x—x"+...+(=1)"""x" +.

11.91. y=x—x2/2+x3/3=x*/4+ ...+ (=)™ "'x" /n+...
11.92. Bocnosb3yiiTech paBeHCTBOM H3 3anadud 2.116 m Tem, 9TO KO-
sbdunuent npu z" y dyuxmuu C?(z) coBmamaeT ¢ mIpaBoil 9acTLIO ITOTO

pPaBeHCTBA.
11.93. Pemas xsagpatnoe ypasuenne C(z) = zC?(z) + 1, maxomum
Clz) = 1— \2/1—42

(3mak «mMunyc» BbiOupaercsa u3 yciaosus C(0) = 1). Orcioma
- 1
Z ]/2 n Zn l, Cn — z(_4)n-¢—lc111/-%—21 —

11.94. Mmuorousnensr laycca, kKak u OmHOMHAJbHBIE KO3(DDUIMEHTHI,
YIOOHO PACHoJiaraTh B BUE TPEYTOJIbHUAKA:

go,0(x)
g1,0(x) g1,1(x)
g2,0(x) g2,1(x) g2.2(x)
g3,0(x) g3,1(x) g3,2(x) g3,3(x)

B aBrOM Bume muorousens ['aycca momernensl B npuioxkenue B, V.
11.95. CpoiicrBa 6) U B) HEMOCPEJICTBEHHO BBITEKAIOT U3 &).
CsoiicTBo r) JTOKA3bIBACTCSA WHIYKIMEH 10 K TpK ITOMOIIU CBONCTBA B).
CrolicTBO 1) J0KA3BIBAETCS MHIYKIMEH 110 | Py OMOIIM CBOHCTBA T).
11.96. Ilomenure dnciauTesib U 3HAMEHATE/b (DYHKIIUU U3 OIPEIEIeHUs
nosmHOMOB gy 1 (x) Ha (1 —x)*. CBoiicTBa MHOrOWIEHOB @) 1 (X) IpH nogCTA-
HOBKe X = | TIpeBpaInaioTcs B paBeHCTBa U3 3a71a9u 2.77.
11.97. S\ (x) = 0 upn mevernbix 1 n

hy(x)
hyy2 (%)

npu derHbix L. s qokasarenbcTsa NpuMeHuM uHAyKiuo. O4YeBuiHo, 9To
So(x) =1 u S;(x) =0. Bamaua GyjeT perieHa, eciau JOKa3aTh COOTHOIIEHNE

Six) =(1 _qu)slfz(x)-
Tomnb3ysich coiicTBoM B) m3 3amaqan 11.95, Haxonum

Si(x)=(1—x"")go11(x)—(1=x"2)gr 12 (x)+. . 4 (=1)" " (1=x°)gr_1,0(x).

SSx)=(1—-x)1=x*)...(1—x""") =
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IIpumensiz pasencrBo (1 — x')gi (x) = (1 — x* ') g1 1(x) kK Kaxkmomy
cJIaraeMoMy B IIOJIYYEHHOH CyMMe, IIPHXOAUM K Hy KHOMY PaBEHCTBY:

Six) = (1T=x"")(go12(x) = gri3(x) +...) = (1 =x""1)S1 1 (x).

11.98. B) Paccmorpure cummerpudnyio guarpammy FOmnra.

r) Pasbuenuio n = a; +a,+...+a;,j < k, a; < 1 gnciaa n conocrasbre
pasouenue kl-—n = (1—a;)+(1—az)+. . .+ (1—a;)+1+. . .41 gucaa kl—n, rue
ciaaraeMoe l—a; oThpachIiBaeTCsl, eCJI OHO PABHO HYJIIO, & YHUCJIO CJIaraeMbIX,
paBubix |, paBuo k —j. Kak cBsizanbr muarpammer FOura, coorBeTcTByIoriume
JBYM TaKUM Pa30MEHUIM !

11.101. Bocronmb3yiiTech KOHCTpyKIueit u3 3aga<n 2.59

I'maBa 12

12.3. 16/64, 19/95, 26/65, 49/98.
12.5. I[IpuBeuTe paBEHCTBO K BUIY

singsinksin atb
2 2 2
Omeem: mubo a = 2k, mbo b = 2lm, smbo a + b = 2mm.
12.7. Bocrionb3yiiTech TeM, 910 qncyo gueit B 400-1eTHeM MuKIIe JeTuTCs
Ha 7.
12.9. HasBamnue 1mieMeHn JI0J>KHO OBITH CJIOBOM B UX aJi(DaBUTE.

12.10. Cpesu coMHOXKUTEJIEH IPUCYTCTBYET CKOOKa (x — ). Omeem: 0.

=0.

X
12.12. Pe3ynbraT BO3BeAEHUS €IUHAIBI B CTEIIEHD 2,7 1€ OlpPeJeNeH Ofl-

HO3HAYHO. DTO IIPOUCXOIUT U3-3a TOr'0, 9YTO In z— MHOrO3HaYHAS (byHKL[I/ISI
12.13.

12.14. OTHomenne AAUHBI MUJIN K JJIAHE KujaomeTpa pasuo 1,609...,
9TO MAJIO OTJINYIAETCst OT unciaa @ = 1,618. ..
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IIPUJTOXKEHUE A
ITporpamma Kypca

B nanHOe mpusoxkeHue moMereHa mporpaMma Kypca ajarebpbl, YUTaBIIEroCst
B mkosie uM. A.H.Kosmoroposa Ha JIByXrogumdHoMm mHOTOKe. Tembl, B3sATbie B
KBaJIpaTHBbIE CKOOKH, BKJIIOYAJINCh B KyPC II0 YCMOTPEHHUIO JIEKTOPA.

Tema 1. Meron maremaTrudyeckoilt MHAYKOuu. HarypajbHble dYHCIA.
[TpuHun MmaTeMaTrdeckoi nHIyKIun. JloKasaTebCTBO TOXKIECTB U HEPABEHCTB.
[IpumeneHre MHIYKINN B TEOMETPUU U KOMOMHATOPUKE.

Tema 2. KomGunaropuka. MuoxkecTBa u onepanuu ¢ HuMu. OCHOBHBIE ITpa-
Buia koMmOmnaropuku. [lpuwamun lupuxite. Ilepecranosku. Pasmernenust ¢ mo-
BTOpeHUsAME U 6e3 moBTOpeHMil. IlepecTaHOBKU ¢ HOBTOpPEHUsSIMU (aHATPAMMBI).
Bunomunanbprass m nomuHOMHUAIBHAS TeopeMbl. CBOWCTBA OGUHOMHMAIBHBIX KOI(]D-
durmentos. Tpeyroapuuk [lackans u ero coiicrBa. CoueTaHns ¢ TOBTOPEHUSIMU.
Oyukruun Ha MHOXKecTBaxX. [PopMysia BKIIIOUeHUH-UCKIIIOYeHH. Ee npuioxennst. |

Tema 3. Lleawie umcia. Ilpocreie yuncia. lenumoctsh ¢ ocrarkoMm u 6e3
ocraTtka. Aynropurm EBknumga. Haubonbmmit o6mumii 1eiuTeib 1 HaMMeHbIee 00-
mee KpaTHoe. JIuHeitHOe TpeicTaB/IeHre HAUOOJIBIETO 00ITero aeuress. Perre-
HU€ HEOIIPEJICJICHHBIX yPABHEHUIl NEpBOil crereHu B 1ebix duciax. OcHOBHas
reopema apudmernku. Teoperuko-unciossle GyHknun. [Popmysa Jlexangpa s
MaKCUMAJIbHOI CTEMeH! MPOCTOTO YHUCa, Jessmero dpakropuai. llemase qpobu.
VYpasuenue e |

Tema 4. CpaBHenwusi. OTHOIIEHNE 3SKBUBAJECHTHOCTH. KJTacChl BBIYETOB.
CpaBHenusi 1 ux cpoiicrBa. HepaspenmmmocTb HEKOTOPBIX yPABHEHUIN B IEJIBIX
gncnax. [losHasi m mpuBeneHHast cucTeMbl BblueToB. DyHKIHUsS itepa U ee
cBoticTBa. Perenne cpaBuenuit ¢ ogauM HemsBecTHBIM. Teopembr Pepma, Ditnepa,
Bunbcona. [lnmaa mnepuojia OGECKOHEYHON JIECATUIHON JIPOOU PAITMOHAJJIHLHOIO
qncsa. Kurafickast Teopema 06 ocrarkax. [[Ipusnak nemumocrn Iackasst.]

Tema 5. PanmonanpHble M MppamuoHaJIbHbIe umcia. JlokazaresascTBo
UPPAIMOHAJILHOCTH paanKajaoB. Merox cimycka. Teopema 0 paruoHAJBHBIX KOP-
HAX MHOTOWIeHA. VpparnonaabHOCTh 3HAYEHHN TPUTOHOMETPUIECKUX (DYHKITAMN.
Conpsizkennble ynciia. V36aBieHne oT nppany@oHalIbHOCTH B 3HaMeHarese. |lecs-
TUYHOE IIPEJICTAB/IeHIEe PAIMOHAJIBHBIX dnces. CBONCTBA 11€pUOIOB. |

Tema 6. MHoro4usienbl. KBajipaTHblii TpexdsieH u (a3oBasi IIOCKOCTb. Pe-
3yJIBTAHT JIBYX MHOTOYJIEHOB BTOPOii cTemenu. /leileHne MHOTOY/IEHOB C OCTATKOM.
Ausropurm EBkiimpa my1st MHOTO4JIEHOB. JIMHEHOE TIpeicTaB/ieHre HanbOoJIbIIErO
obmiero genuresns. Teopema Besy. Cxema ['oprepa. Teopema o uncse kopHeit MHO-
rowrtena. P Taitmopa misa muorounena. Teopema eauacTBeHHOCTH. OIHO3HAY-
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HOCTBH Da3JIOXKEHUsI MHOIOYJIEHA Ha HEIPUBOJMMbIE COMHOXKHUTEH. NMHOrOUIeHbI
Cc KpaTHbIMEU KOpHsiMu. V36aBiienne oT KparHbIX KopHeii. Teopema Buera. Die-
MEHTapHbIE CUMMeTpHUIecKue MHOrO4IeHbl. OCHOBHASI TEOPEMA O CUMMETPUIECKUX
MHOro4ieHax. CHUMMeTpUYEeCKHE CUCTEMBI aJIredpandecKux ypasHeHunii. VIHTepmo-
JISIIMOHHBIN MHOTO'WIeH Jlarpamxka. @Popmyna Kapaamno. @opmysimpoBKa TeOpeMbl
Pydbdunn— Abens. HeobxonumocTs BBeIeHAsT KOMIUIEKCHBIX dncest. [aTepross-
npoHHbIH MHOorowteH Hprorona. IIpasumo 3nakos [ekapra.|

Tema 7. KomniekcHbie uncsa. KoMILIeKCHBIE 9HCIa U ONEPAIuN ¢ HUMU.
leomerpuueckas unTepuperanys. Anredbpandeckass 1 TPUTOHOMETpHUIECKass op-
MBI 3aIMCH KOMILJIEKCHBIX YHUCeJ; MOJYJIb U apryMeHT. Ajirebpandyeckoe u3BJede-
HIe KBaIPATHOTO KOPHsI M3 KOMIIJIEKCHOTO YHCya. Perenne KBaIpaTHbIX ypaBHe-
HU HaJ| MHOXKECTBOM KOMILIEKCHBIX yuces. Dopmysnsr Myaspa u Ditnepa. Kopuu
W3 eUHUILI. PellleHre ypaBHEHUI TpeTbeil CTeleHu MPU TOMOIY KOMILIEKCHBIX
ancen. [HenmpuBommmbrit cayvait kybmaeckoro ypasHenusa. CyMMUPOBAaHHE Dsijia
0OpATHBIX KBAPATOB IIPU HOMOIIY KOMILJIEKCHBIX YHCEsI ¥ TeopeMbl Buera. |

Tema 8. OTobparkeHust KOMIIJIEKCHOM 1stocKocTH. [yt n orobparkenust
KOMILTEKCHOM 1tockocTr. OcHOBHAsSI TeopeMa aarebpol. Paziorkenne Ha HEPUBO-
JUMbIe MHOTOYJIEHBI HAJ| ACHCTBUTEIHHBIMA U KOMILIEKCHBIMU uuciaamu. [[Ipun-
mun aprymesra. Teopema IlITypMma 0 KOPHSIX TPUIOHOMETPHYECKOIO IIOJIMHOMA. |

Tema 9. HepaspemmMocTs Tpex KJaCCHUYECKHX 3a4ad Ha IIOCTPO-
enune. [locrpoeHusi MUpKy/jeM ¥ JIMHEHKOW ¢ aJireOpanvecKoil TOYKH 3PEHWUS.
Yucsossie mosist. [loHsiTHE KBAAPATUIHOrO PACIIUPEHMST YUCTIOBOTO TOJIsT. Ajre6-
pamveckne [ucia. TpaHCIeHIeHTHOCTh uncia 70 (6e3 mokasarenncTBa). HeBos-
MO2KHOCTB KBa/IpaTypbl Kpyra. Teopema 0 HEBO3MOXKHOCTH IOCTPOEHUS IUPKYIIEM
¥ JIMHENKON KOpHe# KyOudueckoro ypaBHeHUsl. HeBOZMOXKHOCTBL yABOEHUsT KyOa.
HesoamoxkuocTh Tpucekimn yriaa. HeBO3MOKHOCTH TOCTPOEHUsT MPABUIBLHOTO
ceMmuyrosnbHrKa. [[locTpoeHre NPaBUIbHBIX NATHYTOJILHAKA ¥ CEMHAIIATHYTOJIb-
HUKAa. |

Tema 10. ITociemoBaTenbHOCTH U PpsAabl. ApmdmerndecKkas U TeoMeT-
puueckas nporpeccuu. Meros KoHeuHbIX pasHocTeii. CyMMupoOBaHue MOCIEI0Ba-
TeJbHOCTEN. JIMHElHBIEe PEeKypPPEHTHBIE MOCIEI0BATEILHOCTA BTOPOTO TOPSIKA.
Dopmysta n-ro wrena. Meros nmpousBoasamux GyHKImit. PopMaibHbIE CTEITEHHBIE
pagpl. Hucna @ubonauyun. @opmysia Bune.

Tema 11. HepaBeHcTBa, ypaBHeHUsi, cucreMmsl. J[oka3zareabcTBO Hepa-
BeHCTB. Bo3BpaTHbIe ypaBHEHHUs. Y paBHEHUS C 1eIbIMu Koad durmentamu. Mertos
TIOZICTAHOBOK W CBE€JIEHHE yPAaBHEHUI K CHUCTeMaM. | pUrOHOMETpUYeCKre 3aMeHBbI.
[Tpubsmkennoe pemenne anrebpanvdeckux ypasuenuii. Meron Herorona. Meton
urepanuii. Perenne ypaBuennit pekyppenTHoro tumna. CHCTEMBbI JIMHEHHBIX yPaB-
HEHU. AHAJUTUYIECKHE METO/IbI PEIleHHs 3824 C IapaMeTPaMu.
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IIyTeBomuTETH

VkazaHHAsS JTUTEPATYPa MOCTY>KHAIa HCTOTHIKOM 33,149 N TEOPETUIECKOTO Ma~
Tepuasia. 3/1eCh TAKKe YKA3aHbI CCHUIKY Ha 11y OJIMKAIMT, KOTOPBIE MOI'YT CJIyKUTh
y4eOHBIME OCOOUAME UJIH COZlEPKaT OoJiee OOIIMPHBIN MaTepHUAJI 10 JAHHON TeMe.
CceputKn moc/ie Ha3BaHWs IVIABBI yKA3bIBAIOT HA JIMTEPATYPY, KOTOPAs NMEET OT-
HOIIIEHNE K COZIEP’KAHMIO Beeil riaBbl. V31aHusl, BBIIEIEHHBIE JKUPHBIM IIPUA(TOM
cozepKaT HauboJiee MOIHY0 HH(MOPMAIMIO [I0 COOTBETCTBYIOIIEMY BOIPOCY.

1 Meroa, matremarudeckoil nuaykuun: [16], [38], [51].

1 Akcnoma unaykmun: [32], [35], [52].

2 Toxmecrsa, HepaBeHCTBa U AeauMocTh: [7], [32], [35], [36], [58], [60], [65].

3 Nnaykius B reomerpun u kom6unaropuke: [1], [6], [9], [36], [58], [195].

2 Kombunaropuka: [6], [14], [29].

1 Cnoxwurs nim ymuoxuts?: [8], [30], [38], [51], [113], [148], [170].

2 Ipuamun dupuxae: [26], [35], [36], [38], [46], [51], [93], [177].

3 Pasmerenusi, nepecranoBku u coderanust: [8], [11], [13], [19], [30], [38], [39],
(0], [51], [66], [71], [84], [101], [113], [165], [170], [173], [224], [227].

4 ®opmyna BrIrOUeHUH u ucksodenunit: [30], [51], [104], [170], [236].

5 Yuena Karanana: [13], [74], [121], [232], [246].

3 Asropurm EBkiimzaa u ocHoBHasi Teopema apudmeruru: [5], [13],
[33], [34], [36], [37], [38], [42], [49].

1 IIpocrete uncaa: [10], [16], [24], [30], [54], [80], [115], [116], [120], [192], [152],
[154], [157], [159], [171], [176], [187], [215], [238].

2 Asropurm Esknmpna: [9], [16], [24], [30], [35],[43], [59], [99], [104], [158], [175],
[203], [209].

3 Mynbrunimkarusasie dysxmun: [39], [54], [103], [104], [134], [192], [160],
[203], [137].

4 O Tom, Kak pasmHozatorcs Kposmku: [9], [11], [41], [47], [54], [57], [83], [193],
[172], [184], [196], [198], [235], [237].

5 Henuste apobu: [9], [24], [26], [28], [57], [88], [89], [L75], [226], [243].

4 Apudwmeruka ocratkos: [5], [13], [33], [37], [38], [42], [49], [50].

1 Yernocrs: [9], [26], [216].

2 Hemmmocts: [26], [142], [177], [229], [203].

3 Cpasermsz: [24], [26], [79], [82], [105], [114], [125], [138], [142], [144], [150],
[162], [167], [203].

4 Teopembr @epma u Ditepa: [10], [15], [24], [114], [125], [144], [152], [188],
[203], [238].
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5 Ipusnaxu pesumocru: 9], [10], [56], [69], [211].

6 Kuraiickas Teopema 06 ocrarkax: [138], [146], [221].

5 Hucsa, Apoby, CUCTEMbI CUMCIICHUSL:

1 PanmonanbHible n uppanuonanbHble uncaa: [5], [10], [16], [18], [26], [30], [32],
[33], [37], [41], (28], [51], [136], [100], [L19], [140], [151], [163], [167], [203], [219],
[227], [228], [197], [199].

2 Cucremaruueckue apobu: [15], [37], [127], [188], [218].

3 IBonunasi u TpoudHast cucreMsl cuncienust: [1], [13], [34], [123], [191], [200],
[210], [231], [244], [245], [247], [24]-

6 Mmuorouuenst: [7], [21], [25], |

1 Ksazgparubiit Tpexaien: [35], [43
[135], [139], [141], [147], [183], [212]-

2 Anropurm EBrimza fyist MEHOro4ueHoB u Teopema Besy: [20], [23], [30], [50],
[31], [111].

3 Paznoxkenne na muoxurenn: [22], [30], [43], [50], [222].

4 Muorousens! ¢ kparHeiMu Kopasimu: [20], [23], [30], [43], [212].

5 Teopema Buera: [22], [23], [44], [48], [50], [156], [168], [194].

6 VMaTepnossiimonnslii Muorousen Jlarpamska: [23], [30], [101], [194].

7 Komniekcubie aucaa: [3], [20], [31], [63], [77], [126], [217].

1 Kommutekcnas mwockocts: [23], [32], [39], [41], [43], [47], [50], [51], [76], [107],
[112], [122], [129], [178], [180], [186], [204], [208], [213], [224].

2 IIpeoGpa3oBanusi KOMIUIEKCHOI 11ockoctu: [17], [182].

321, [11].
I, 1251, 1501, [75], (901, [91], [94], [97], (98],

i,
[1

8 Asrebpa + reomerpus:

1 Teomerpust momoraer anrebpe: [26], [18], [109], [169], [242].

2 Kommiekcuble uncaa u reomerpust: [17], [31], [77], [214].

3 Tpuronomerpust: [11], [44], [50], [230].

9 VpaBHeHUs U cUCTEMBI: [41].

1 Vpasaennst Tperbeit crenenn: [25], [43], [44], [50], [97], [124], [126], [145],
[153], [174], [181], [189], [190], [212], [230], [239].

2 Tpuronomerpudaeckue 3amenst: [72], [130].

3 Wreparmu: [19], [23], [34], [51], [55], [67], [22], [95], [110], [143], [161], [205].

4 Cucrembl JimHeRHBIX ypasHeHuit: [32], [36], [43], [50], [61], [64], [132],
[135].

10 Hepasencrsa: [2], [27], [32], [34], [38], [25], [29], [51], [179].

1 Pazmmumsie mepasenctsa: [3], [35], [41], [43], [47], [50], [53], [73], [78],
[56], [87], [117], [128], [131], [139], [155], [164], [201], [202], [206], [207], [234],
[240].

2 CyMMBI ¥ MUHUMYMBL: [73]

3 Bemykaocrs: [3], [60], [149], [233].

4 CummerpuuHble HepaseHcrsa: [133], [179].

11 IlociemoBaTeILHOCTU U PS/IbI:

1 Koneunste pazunocru: [10], [12], [13], [30], [37], [47], [70], [85], [101], [108],
[166].

2 PekyppentHble nocenosarensrocru: [12], [13], [47], [57], [62], [100], [106].
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3 Ilpoussonsamue dbyuxuuu: [6], [19], [30], [45], [47], [57], [101], [102], [107],
[112], [118], [165], [220], [223].

4 Muorounenst aycca: [21], [30], [41].

12 IIMyrku n omubkm: [4], [9], [13], [39], [96].



IIPUJIOXKEHUE B
DopMyJIbl 1 9UCIIA

I. I'peyeckuii andasur

Ax ambda BB 6ora 'y ramma Ad  pmenbra
Ee sumcuwyiod  Z(  J13era Hn »sra 00 TITA

It HoTa Kk  kanma AN gambma Mu  wmio
Nv =0 Oo ommgpoH = Kkcu M  om

Pp po Y0 curma Tt Tay Yv  uncuiion
O¢p u Xx xu Y ncm Qw omera

II. Tpeyroapnuk Ilackasns u yucaa Pubonadqu

1
111
1 1
1 2
1 3
1 4
1 5 144 233
1 6 15 20 15 1 1377 610
1 7 21 35 35 21 7 T ] 987 1597
1 8 28 5 70 56 28 8 1 | 2584 4181
1 9 36 8 126 126 8 36 9 1 6765
1 10 45 120 210 252 210 120 45 10 1

ITII. Crenenn, uncaa Karasnana, dpakropuaibi

n o123 4 5 6 7 8 9 10
2" 11214) 8 | 16| 32 o4 128 256 512 1024
3" 1131927 |81 | 243 | 729 | 2187 | 6561 19683 59049
Co || T |1 [ 2] 5 |14 ] 42 | 132 | 429 1430 4862 16796
n! T 1 ]2] 6 |24 120 | 720 | 5040 | 40320 | 362880 | 3628800

IV. KoucrauTb!
JecaTnunas 3anmuch KOHCTAHT, HamboJIee YAaCTO BO3HUKAOIIMX B 3aJa9ax
(40 3HaKoB):
V2 =1 41421 35623 73095 04880 16887 24209 69807 85697 . . .
V3=1 ,73205 08075 68877 29352 74463 41505 87236 69428 . ..
V5 = 2,2360679774 99789 69640 91736 68731 27623 54406. ..
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= 3,14159 26535 89793 23846 26433 83279 5028841972 ...
e =2,7182818284 5904523536 02874 71352 66249 77572 . ...
@ =1,61803 3988749894 8482045868 34365 6381177203 ...

JlBoudHast 3amuch Tex ke KOHCTaHT (40 3HAKOB):

V2 =1,011010100000100 1111001100 11001 1111110011 ...

V3 =1,10111011011001111010 11101 00001 01100 00100. . .

V5 =10,0011110001101110111100110111001011111110.. ...
7=11,0010010000111111011010101 0001000100 00101 ...
e =10,1011011111 1000010101 0001011000 1010001010.....
@ =1,100111100011011 10111 100110111001011 11111 ...

V. MHuorod4jieHbI

1. Muoroujiensl Yebnimiésa:
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To(x) =1, Uo(x) =1,

Ty (x) = x, Ui (x) = 2x,

To(x) =2x* —1, Uy (x) =4x* —1,

Ts(x) = 4x3 — 3x, Us(x) = 8x3 — 4x,
T4(x):8x478x2+l, Us(x) = T16x* —12x% 41,

Ts(x) = 16x —20x3 + 5x, Us(x) = 32x% — 32x3 + 6x,
Te(x) = 32x% — 48x* +18x? — 1, Ug(x) = 64x° — 80x* 4+ 24x% — 1,
T, (x) = 64x” — 112x° +56x> — 7x, Uz (x) = 128x” — 192x> + 80x> — 8x.

Fo(X) = 0, Lo[X) = 2,
Fi(x) =1, Li(x) =x,
F2(x) = x, La(x) =x*+2,
Fa(x) =x*+1, Ls3(x) = x> + 3x,
Fa(x) = x> + 2x, La(x) = x4 +4x? + 2,
F5(x):x4+3x2+1, Ls(x) = x +5x%> + 5x,
Fe(x) = x +4x3 + 3x, Le(x) = x +6xt +9x% + 2,
F7(x) = x +5x* +6x2 +1, L;(x) = x +7x% + 143 4 7x,
Fs(x) = x +6x° +10x3 + 4x, Ls(x) = x +8x° +20x* 4+ 16x% + 2,
Fo(x) =x3 4+ 7x8 4+ 15x* +10x2 + 1, Lo(x) = x7 4+ 9x” 4+ 27x° + 30x> + 9x.
3. Muorousnens I'aycca:
1
1 1
1 1+x 1

1 14+ x+x2

1 T4+ x+x>+x%°

T4 x+2x% +x3+x*

14 x+x2
T+x+x>+x3

1
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VI. OcHOBHBIE TPUTOHOMETPUUYECKHNE TOXKIECTBA
4. ®opMyabl IPpUBEIeHUS:

cos(m £ x) = —cosx; sin(7 + x) = Fsinx;

cos (E :tx) = Fsinx; sin <g :I:x) = cosX;

2
cos (%Tj:x) = +sinx; sin (377{:|:x> = —CoSX;
U _ . s _
tg<jix>7q:ctgx, ctg(zix>7q:tgx.

5. TpuroHomerpuiyeckue (pYHKIMN CyMMbI U PA3HOCTH ABYX apry-

MEHTOB:
cos(x £yY) = cosxcosy F sinxsiny;

sin(x +y) = sinxcosy =+ siny cos x;

_ tgxttgy . __ctgxctgy F 1
telx+y) = 1Ftgxtgy’ ctg(x +y) = ctgy £ ctgx °

6. Tpuronomerpudeckue PyHKINA KPATHbIX apryMEHTOB:
. . 2 .2
sin2x = 2sinxcosx; cos2x =2cos"x—1=1—2sin" x;

3 . . . 3 . 2
cos3x =4cos” x —3cosx; sin3x =3sinx —4sin” x =sinx (4cos” x — 1);

cosdx = 8cos’ x —8cos® x +1; sindx = 4sinxcosx (2cos® x — 1);
_ 2tgx _ctg?fx—1
thXf m, CthXfm,
_tgd _
b 3x = 3tgx tzg x; ctg 3x = ctg x2 3ctgx
1—3tg"x 3ctg®x — 1

7. TpI/II‘OHOMeTpI/I“IeCKI/Ie (byHKIJ;I/II/I IIOJIOBUHHOI'O apryMeHTa:

X /1 —cosx, X _ /14 cosx,
smz—:l: — cosz—:l: —3
te X — 4 1—cosx _ sinx _ 1—cosx,
€27 1+cosx 1+4+cosx  sinx ’
cte X — 14+cosx 14cosx _ sinx
82 7\ T—cosx  sinx  T—cosx’

8. BoiparkeHmne TPUrOHOMETPUUECKUX (PYHKUUIl Uepe3 TaHreHC II0-

JIOBUHHOT'O apryMeHTa:

2

sin2x = Ztig;);; cost:]izx;

14+ tg"x 14+ tg™x

2tgx 1—tg?x

tg2x = —=5—;  ctg2x = ——=—.
& 1—tgx & 2tgx
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9. CyMMBI ¥ Pa3HOCTHA TPUTOHOMETPUYECKUX (DYyHKIIHI:

cos & + cos :ZCOS%BCOS(X;B'

Z )
cosocfcosﬁ:—Zsino‘+ﬁsin(xiﬁ;
2 2
sincxisinﬁ:lsinocjztﬁcoso‘:gﬁ;
_ sin(a £ ) _ sin(a £ B)

10. IIpousBeneHnsi TPUTOHOMETPUIECKUX (DYHKIIHIL:

sincxsinﬁ:%[cos(ocfﬁ)fcos((x+ B
cosoccosﬁ:%[cos(oc—ﬁ)—l—cos(tx-*— B);
sin accos B = %[si (¢ —B) +sin(a + B)];
_ tga+tgfP
e tEP = gt etg B

11. CrenneHn TPUrOHOMETPUUIECKUX (DYHKIIMIL:

sin?x = %(1 — cos 2x); cos? x = %(1 + cos 2x);
sin®x = %(3sinxfsin3x); cos® x = %(3cosx+cos3x);
sin? x = %(cosélx —4cos2x+3); cos'x = %(cos4x + 4 cos 2x + 3).

12. BBesjeHUEe BCIIOMOraTeJ/JbHOI'O apryMeHTa:

. . b
asinx xbcosx = +a?+b?. (*smxi 7cosx) =
VaZ 1 b2 VaZ + b2
vaZ 4+ b? - (sinxcos @ + cosxsin @) =
= Va2 +b?. sin(x+£ @),

rie @ = arcsin . B wacraoctn,

b
va? +b?

sinx % cosx = V2 - sin <xi%>.

13. Pemrtenne mpocTeHIIInX TPUTOHOMETPUYECKUX yPABHEHUI:
sinx=a, |a| <1 &= x=(—1)"arcsina+mm (n € Z);
cosx=a, |a| <1 & x=+arccosa+2nmn  (n € Z);
tgx =a & x =arctga+mm (n € Z);
ctgx = a & x =arcctga+mn (n € Z).



262 DopMysIbl U 9uCIa

VII. Tabuauna KkBagpaToB
0 1 2 3 4 5 6 7 8 9

10| 100 | 121 | 144 | 169 | 196 | 225 | 256 | 289 | 324 | 361
20 || 400 | 441 | 484 | 529 | 576 | 625 | 676 | 729 | 784 | 841
30 || 900 | 961 | 1024 | 1089 | 1156 | 1225 | 1296 | 1369 | 1444 | 1521
40 || 1600 | 1681 | 1764 | 1849 | 1936 | 2025 | 2116 | 2209 | 2304 | 2401
50 || 2500 | 2601 | 2704 | 2809 | 2916 | 3025 | 3136 | 3249 | 3364 | 3481
60 || 3600 | 3721 | 3844 | 3969 | 4096 | 4225 | 4356 | 4489 | 4624 | 4761
70 || 4900 | 5041 | 5184 | 5329 | 5476 | 5625 | 5776 | 5929 | 6084 | 6241
80 || 6400 | 6561 | 6724 | 6889 | 7056 | 7225 | 7396 | 7569 | 7744 | 7921
90 || 8100 | 8281 | 8464 | 8649 | 8836 | 2025 | 9216 | 9409 | 9604 | 9801

VIII. TaGauiia mpocThIX YUCesI

B Tabauiy momemnienbl nepsblie 275 TPOCTHIX YHCEJI.

2 | 101 | 233 | 383 | 547 | 701 | 877 | 1049 | 1229 | 1429 | 1597
3 | 103 | 239 | 382 | 557 | 709 | 881 1051 | 1231 | 1433 | 1601
5 | 107 | 241 | 397 | 563 | 719 | 883 | 1061 | 1237 | 1439 | 1607
7 | 109 | 251 | 401 | 569 | 727 | 887 | 1063 | 1249 | 1447 | 1609
11 | 113 | 257 | 409 | 571 | 733 | 907 | 1069 | 1259 | 1451 | 1613
13 | 127 | 263 | 419 | 577 | 739 | 911 1087 | 1277 | 1453 | 1619
17 1 131 | 269 | 421 | 587 | 743 | 919 | 1091 | 1279 | 1459 | 1621
19 | 137 | 271 | 431 | 593 | 751 | 929 | 1093 | 1283 | 1471 | 1627
23 | 139 | 277 | 433 | 599 | 757 | 937 | 1097 | 1289 | 1481 | 1637
29 | 149 | 281 | 439 | 601 | 761 | 941 1103 | 1291 | 1483 | 1657
31 | 151 | 283 | 443 | 607 | 769 | 947 | 11092 | 1297 | 1487 | 1663
37 | 157 | 293 | 449 | 613 | 773 | 953 | 1117 | 1301 | 1489 | 1667
41 | 163 | 307 | 457 | 617 | 787 | 967 | 1123 | 1303 | 1493 | 1669
43 | 167 | 311 | 461 | 619 | 797 | 971 1129 | 1307 | 1499 | 1693
47 | 173 | 313 | 463 | 631 | 809 | 977 | 1151 | 1319 | 1511 | 1697
53 | 179 | 317 | 467 | 641 | 811 | 983 | 1153 | 1321 | 1523 | 1699
59 | 181 | 331 | 479 | 643 | 821 | 991 1163 | 1327 | 1531 | 1709
61 | 191 | 337 | 487 | 647 | 823 | 997 | 1171 | 1361 | 1543 | 1721
67 | 193 | 347 | 491 | 653 | 827 | 1009 | 1181 | 1367 | 1549 | 1723
71 | 197 | 349 | 499 | 659 | 829 | 1013 | 1187 | 1373 | 1553 | 1733
73 | 199 | 353 | 503 | 661 | 839 | 1019 | 1193 | 1381 | 1559 | 1741
79 | 211 | 359 | 509 | 673 | 853 | 1021 | 1201 | 1399 | 1567 | 1747
83 | 223 | 367 | 521 | 677 | 857 | 1031 | 1213 | 1409 | 1571 | 1753
89 | 227 | 373 | 523 | 683 | 859 | 1033 | 1217 | 1423 | 1579 | 1759
97 | 229 | 379 | 541 | 691 | 863 | 1039 | 1223 | 1427 | 1583 | 1777
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