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[Mpeauncnosue

OTa KHWUra, IPEX[Ee BCErO, DIEMEHTAPHOE BBEJICHUE B 3aMe-
qarenbuele paborel Borama /Ixonca m Bukrtopa BacuineBa 06
VHBAPUAHTAX Y3JOB U 3AEIVICHAU U B UX MOCIACAYIOIIAE MOIU-
duxanuy u 0000mEeHnsA, BKIOYAA MATEMATHIECKOE K3JI0XKEHUE
(B myxe CaHKT-IeTepOYyPrCKOM MIKOJEI) WHBAPUAHTOB O IBAPIa
BuTrTeHa, M3HAYAILHO TMOCTPOEHHLIX UM HA (PU3UIECKOM YPOB-
He cTporocTu. Halny KHUTYy MOXKHO Takke PacCMaTPUBATL KaK
BBEJEHUE B HEKOTOPHIC HAUOOIEE TMPUBJIEKATEILHLIE TeOMETPU-
YeCKUE TVIABLI TPEXMEPHOU TOMOJOTHUM, B TOM YUCJIE B TEOPUIO
KOC, NEPECTPOUKY ((XUPYPIUIO») TPEXMEPHBIX MHOIOOODA3UI U
PA3BETBICHHBIE HAKPBITHS.

B nepeonauanpubx padorax [Ixonca u Bacmiwpesa ([Jonl],
[Vasl]) mcmomp3oBasoch HOCTATOYHO MHOIO HEDIEMEHTAPHEIX
CBEICHUN W3 PA3IAYHEIX PA3JEI0B MATEMATHKNA: TEOPUSA MIPEJ-
craBiaenuu, anrebpu ¢pon Henmana, crenq Oxueany, Teopema
MapkoBa 0 kocax y [[2kOHCA; CIEKTPAJIbHBIE [TOCIEI0BATEILHO-
ctu u Teopus ocobennocren y Bacuinesa. Iocmenyromue pabo-
THI APYTHUX ABTOPOB MPUBEIU K PEIIAIOIIAM YIPOIIEHUAM, TAK
9TO CeroaHsa moauHoM JIKO0HCa OT OJHOU IEPEMEHHOM [JIA 3aLIell-
JIEHVY ¥ MHBAPUAHTH BaCUIbeBa, 1A y3J0B MOXHO ONPENENATh U
U3y4aTh COBEPIIEHHO DIEMEHTAPHEIMY CPEACTBAMY (UCKIOICHAE
COCTABJIAET JWIIb JOKA3ATEILCTBO CYIIeCTBOBAHUA NHBAPUAHTOB
Bacuabena). [ToaTomMy 06e TeMBI U3I0XKEHEL B CAMOM HAYAJIe KHU-
ru, B ruase Il (mocie KpaTKoro BBENEHUA B I'€OMETPUYIECKYIO
TEOPUIO Y3J0B, COAEPKALLYIOCA B NIase 1), U BIOJHE JOCTYIHHI
CTYAEHTAM-MATEeMATUKAM MJIAMNX KyPCOB, MIPOCIYIIABIINM Ha-
YAIBHBEIN KyPC TOIMOJIOT M.

HI)IHeH_IHee IIOJIOXKEeHue C I/IHBapI/IaHTaMI/I BI/ITTeHa I 3aler-
JIEHUN B TPEXMEPHBIX MHOr000PA3MAX HECKOIBKO (0JIee CI0KHOE.
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3aMedaTenbHOE MEPBOHAYAMBLHOE OMpefeNeHne caMoro Burrena,
([Wit2]) moMmMO TOro, 9TO OHO COBCEM He DJIEMEHTAPHO (B He-
O BXOAAT UAEOJOTMS KAIMOPOBOYHOU TEOPUM, JAHTPAHKUAHEL
Yepua—CanHOHCA, MHTErPAIb 0 aQGUHHEIM CBA3HOCTAM U IP.),
K TOMY € HEeIOCTATOYHO CTPOrO [JA MATEMATUKOB (HE Cyle-
CTBYeT MEpHL, MO3BOIAIIEN OPATh UHTErPAIEL 0 BCceM adduH-
HEIM CBABHOCTAM). B koniue kuurm (raasa IX) mer gaem mate-
MATUYECKA KOPPEKTHOE ONMPENeJeHNEe dTUX WHBAPUAHTOB (HOIy-
gennoe B paborax H. Pemeruxuna, B. Typaesa, O. Bupo u ap.),
crenys cratbe Y. Jlukopuma [Lic 4] (mpaBja, He cOBCeM I0CIOB-
HO). DTOT MOAXOJ TAKXKe He IPOCT U TPeOyeT HOBOJILHO MHOI'O
IPEIBAPUTEIBHOIO MaTepuana (Kak-TO MEPECTPOUKEA TpexMep-
HBIX MHOr00Opasuu, ucuucienue Kupbu, amreOper Temmepuan—
JIu6a u ap.); STOT MATEPUAT U3TATACTCA B IIPOMEXKY TOTHBIX [UIa-
Bax (III-VIII).

Conepxanne raas [TI-VIII, oguaxo, HukonM 00pa3oM He cie-
IyeT PacCMaTPUBATL TOJLKO KAK MOATOTOBATENLHEIN MATEPUA
kK rmaBe IX: HampoTWB, 3TO — KJIACCHYECKVE W YACTO yIAUBU-
TEJLHO KPACUBLIE Pa3feabl TpexMmepHou Tomosoruu. [uasa II1
— BBe[leHWE B TEOPHUIO0 KOC, BK/IIOYasi KOMNBIOTEPHO peaausye-
MBI€ Pe3yJabTaThl 0 IpofieMe TOXAECTBA B I'PyIIe KOC U O Te-
opeme Anexcanpgepa 0 KOCaX, a TaK¥kKe HEKOTOPLIE PE3yJIbTATHL
0 KpameHbx Kocax. llocaeqame 06eCeInBaIOT €CTECTBEHHEIN
HEepPEexXo/l K OMUCAHUIO TOMEOMOP(U3MOB TIOBEPXHOCTEN (Teopema,
Mena—Jlukopuma) B raase IV, 9T0 3aTe€M NPUBOAUT, CTOML K€
€CTeCTBEHHO, K pa3buenusM Xeropa (rmasa V) u mepecTporkam
TPeXMEepHBIX MHOroobpasun (raasa VI).

Omnumenm cogepxanve rias [V-VI nogpo6uee. Paz6uenue Xe-
ropa — 3TO IPEJCTABIEHUE TPEXMEPHOI'O0 MHOroo6pasus B BU-
e O0BeJUHEHNs OBYX OAWHAKOBBIX TeJ € PYYKAMU, CKICEHHEIX
10 roMeoMopdu3My UX rpaHui]. TakuM 06pasoM, roMeoMophus-
MBI TTOBEPXHOCTEN KOAUPYIOT TPEXMEPHEIE MHOrO00pasus. JTa
KOJMPOBKa IOCTATOYHO d(hPeKTUBHA, 100 MOMEOMOPMOU3MEI IIO-
BEPXHOCTEN OKA3EIBAIOTCA KOMIIO3UIMAMY KOMOVHATOPHO ONUACHI-
BaEMBIX DIEMEHTAPHBIX [OMEOMOP(GU3MOB, HA3EIBAEMBIX CKPY M-
Banusamu [Jena (§12). Ilocaegnee 06CTOATENBCTBO MPUBOAUT K
Ipyromy cnocoly IpesCcTABICHIE OPUEHTUPYEMBIX TPEXMEPHEIX
MHOT000Pa3NU; UMEHHO, BCAKOE TAKOe MHOI00OPa3ue MOIyIaeT-
ca u3 ceprl S° mepexIenKol TOMHOTOPHIH: HECKOILKO MOTHOTO-
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puit B S° (BO3MOXHO 3ay3/eHHEIC WM 3AICTLICHHEIE MEXIY CO-
6011) BEIPE3AIOTCA U3 CepHl, a 3aTeM BKJICUBAIOTCA 0OPATHO, HO
Mo APYTUM TOMeOMOP(U3MaM TPAHUYHEIX TOPOB. Taxum o6pa-
30M, JT060€ OPHEHTUPYeMOe KOMIIAKTHOe MHOT000pazue M3 ko-
IUPYETCS OCHAINECHHEIM 3aIeILICHIEM, T.€. 3allelIeHneM B S°, Ka-
XK a8 KOMIIOHEHTA KOTOPOr'0 CHAOXKEHA PAIMOHAILHBIM YUCIOM,
VKA3BIBAKOIIAM COOTBETCTBYIOIIANA IOMEOMOP(MU3M TOPA; TAKOE
KO,[LI/IpOBaHI/Ie HAa3bIBAECTCs XI/IpprI/I‘IeCKI/IM HpeII[CTaBJIeHI/IeM MHO-
roo6pasuss M? (rmasa VI). EcrecTBeHHO BO3HMKAeT TaKOW BO-
HpOC: KOrjga aBa pa3JII/I‘{HI)IX OCHAIIEHHBIX 3alEIlLICHUA 3aal0T
OfHO U TO ¥e MHOrooOpasme? OTBeT mMPOCT: TOrAA U TOIBLKO
TOrAa, KOrJa OT OJHOTO K APYT'OMY MOXHO MEPEUTH KOHETHOU
LETIOYHOU DJEMEHTAPHBIX MPe00Pa30OBAHNY, HA3LIBAEMEIX Oepa-
uuavu Kup6u. CooTBeTCTBYIOMAA TEOPUS HABBIBAETCI UCIUCIE-
uuem Kupbu; ona onucana B §19.

B ormuuume ot rmar III-VI, rmasa VII, mocesimensas pasBeT-
BJEHHBIM HAKPLITUAM, HE UCIONL3yeTCa B ganbHeurneM. QHa Ha-
YUHAETCA C UBJIOXKEHUSA TEOPUU PA3BETBICHHLIX HAKPLITUU ABY-
MEpHEIX NOBEPXHOCTEN (OYeHb IPOCTAsA ¥ KPACUBAA TEMA, H0-
CTOVHAS M3y4ueHUs JIOOLIM Oy IyLIMM TOIOJOIOM HA PDAHHEU CTa-
[W¥), & 33TeM B HEUl CUCTEMATUIECKN U3JIAral0TCA MIyOOKHUe pe-
syaprarer [Jpx. M. Monresunoca, Y. XuibaeHa u ux COABTOPOB
0 HAKPHITUAX U TPEXMEPHHEIX MHOTO00pPa3uaX, PA3BETBJIEHHBIX
B[IOJIb Y3J0B U 3AIETLUICHUN.

B zaxmounTensHOU rIaBe, KpOMe UHBapUaHTOB BuTTeHa, pac-
ckazano o noauaoMe 0. [[o6pOTyXUHON [/ 3ALEIUIEHUN B TPEX-
MEDPHOM HPOEKTUBHOM IPOCTPAHCTBE (O9€HB mPOCTas MOAupU-
Karua noamHOMa, JIXKOHCA) ¥ NPUBOAUTCA KPaTKul 0630p OYEHB
MOJHOU HBIHE TEMATUKN — CBA3EU TEOPUM Y3JI0B U (PUBKUKMU.

* * *

Cuaegyer OTMETUTD, YTO UMEHHO CBA3b MEX Y (DU3UKOU U Te-
OpHel MHBAPUAHTOB Y3JIO0B IPUBEIA K PE3KOMY IMOBHIIIEHUIO MH-
Tepeca K DTOU TEOPUU CO CTOPOHBLI HETOIOJOI'OB U MATEMaTHIe-
ckux Gu3nkoB. B wacTHOCTH, 3Ta CBA3b IPOABIAETCS B IOAX01€
Braguvupa [puadenbna K KBAaHTOBLIM IDPYNNaM, € IOMOIIBIO
xoToporo Braguvmup Typaes u ap. cucremarudecku CTPOAT UH-
BApUAHTHI y3J0B (Yepe3 npeacrasienus aarebp Jlu), k uaTerpa-
a1y Makcrma KonneBuda, sBHO BRIpaXXaroIeMy MHBApUAHTH Ba-
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cuibeBa (mocpencrsoM ceasHocTr KamxHnka—3amMom0 19ukoBa 1
6uanre6p layccoBrix gmarpamm), ¥ K KaTErOPHOMY MOIXOIY
Mankena ATbs K TOMOMOrMYECKUM KBAHTOBEIM IOJEBLIM TEOPU-
am (gepes ckobky Kaygmana). OTu TeMBI HOBBI, HE3IEMEHTAP-
HEI 1 YK€ M3JI0XKEeHB B HecKONbKux MoHorpadpusax ([Turl], [Atil],
[BM], [Fu], [Kas], [CP], [Lus]) u noTomy He 06CyXAI0OTCS 31€Ch.

MuOro Apyrux BaXKHBIX DA3[eJOB TPEXMEPHON TOIOJIOIMU
Takxke He momany B Hamy kHury. Orbupas ee cogepxkanue,
KpOMe MaTepraja, HeOOXOAUMOr'0 A1 HNOCTPOEHWs WHBAPUAH-
TOB BurTeHa, MBI OTIaBAIM HPEANOYTEHME TEM DPa3AeJaM, KO-
TOPBIE TEXHUYECKU HE O09€Hb CJIOXKHBL X KOTOPEIE HAC IPUBIEKIN
C DCTETUYECKON TOYKU 3peHusa. HO B TPEXMEPHOU TOMOIOrUM
€CTh MHOI'O BaXKHEIX T€M, COBCEM He 33TPOHYTHIX B DTOU KHUTE.
B wacTHOCTH, MEI IPAKTHYECKN JaXKe He YIOMUHAEM (DyHIaMeH-
TaiabHble pesyabraTel C. HoBukosa, C. MaTBeeBa, Y. Tépcrona,
M. ®puamana, [. Tabau, A. Kaccona, Y. Ixexo, B. Xakena,
&®. Banpaxaysena, [x. Pybunmrenna, A. Tommncon u ap.

* * *

Me1 nBEITAMKCH CAETATH HAIIE U3JI0XKEHNE 10 BO3MOXHOCTHY 33~
MKHYTEIM, & TakKXe u30erarb JacThIX BHYTPEHHUX CCHUIOK HA
mpeaslyuue riaaBel.  [[puioxeHue B KOHIE KHUTHU IIPECJAeny-
€T NEepBYyI0 [el1b. B HEM KPAaTKO MPENCTABIEHBLI HYXHBIE HAM
OCHOBHBIE IOHATUS U PE3YJIbTATH HAYAJILHOI'O KyPCa TOMIOJOI I
(¢ TOYHBIME CCBITKAMU HA TOCTYIHBLIE UCTOYHWKY C TTOAPOGHEIM
manoxenueM). K COXaNTeHUI0, B IBYX BaXKHLIX CIydYaAX MEL HE
CMOTJIM HAUTU JOCTATOYHO DJIEMEHTAPHBLIX NOKA3ATEILCTB ([1J1s
TEOPEMHI CYIIeCTBOBAHNS NHBAPUAHTOB BacuwibeBa u 1isi 0OCTa-
TOYHOrO ycaoBus B Teopeme Kupbu) u monpocty onmycTuin ux.

Yro KacaeTcsa BTOPOU MU, JOCTUYL TTOJHOU HE3ABUCAMOCTHU
KaXK IOU TVIABHI OT MPEIIECTBYIOMUX OBLI0, KOHETHO, HEBO3MOXK-
0. OHAKO MEI CTAPATUCH MUHUMU3UPOBATE YUCIO BHYTPEHHUX
CCBUIOK U [€JaTh UX TOJBKO HA KOHKPETHHIE, JErKO HAXOIUMBIE
MeCTa, TEeKCTa, B PacieTe Ha TO, YTO HEKOTOPHLIE TOPOILIMBLIE
YUTATENN CMOT'YT HAYATH YTEHUE HE C MEPBOU TVIABBL, 8 C OHOU
3 nocjenyommx. HoO u 3TO HE BCIOAY HAM yAAJIOCh: BPSAL JIA
YATATENb CMOXET IMOHATH MaBy VI, He mpOYMTaB CHAYAJIA IJIa-
By V, win ycreauTs 33 waaoxenueM B BaxkHoM §31 ruasw X, He
IPOYMTAB TIepea dTuM 64abiIyio YacTh riassl VIIIL
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Tem He MeHee, ©MEETCSI HECKOIBKO CIOCOOOB UTEHUS KHUTH,
KpOMe II0CJIeI0BATEIHHOIO ee N3y IeHNs OT Hadaga 10 KoHna. s
DIEMEHTAPHOI'O BBEIEHUS B TEOPUIO MHBAPUAHTOB Y3JOB, CIEAY-
et npountarh raaBel I-1IT u §30 w3 ruaser IX. [Ins xpatkoro
BBEJIEHUs B HEKOTOPLIE M'€OMEeTPUYIECKIE TVIABEL MAJOMEPHOU TO-
MOJIOT MU, MBI TIpeaIaraeM npodects riassl 1, III-V u §§20-21 8
ruase VII; nus Gosee moJHOrO O3HAKOMIEHWs C DTUM MaTepua-
JIOM MOXHO n06aBUATH HECKOJIBKO naparpados u3 raas VI n VIL
TOpOmIMBEIN YMTATEND, XKETAIOMAN OBICTPO O3HAKOMUTHCA C HO-
BLIMU MHBAPUAHTAME, MOXKET HAMATH C MIaBkl 11 (BO3BpAIIAACh K
rase | mo mepe HagobHOCTH), & 3aTeM mepeutu K ruasam VIII
u XI (rge ccouiku Ha raasu V u VI, ckopee Bcero, 3acTaBaT ero
BEPHYTBHCA K 60/I€€ OCHOBATEIHHOMY ITEHUIO DTUX [VIAB).

* * %

Yurarenb, KOHEYHO, 0OpATHI BHUMAaHUE HA OOIBIIOE HNCIO
pucyHkoB B srou kHure. OHM CIyXaT HE TOIBLKO 3PUTEIHHEIMI
WLTIOCTPAUUAMEA K TEKCTY, HO BO MHOIMX CIydasx (Hampumep,
OpU ONPENENeHNAX U JOKA3ATEILCTBAX) 3AMEHSIOT €ro, MO3BO-
s HaM n30eXaTh MHOIOCJIOBHBEIX 00bsacuenun. [Ipegocrepera-
€M YMTATEeNs: BPS JU OH CyMeeT IMOHATb HEKOTOPHIE KIIYEBhIE
MeCTa B U3J0KeHuu 6€3 BHUMATEIHbHOI0 PACCMOTPEHUA PUCYHKOB
(uHOrZA IPU DTOM OKA3BIBAETCA MOJE3HBIM MOIb30BATHCA KAPAH-
JamoM 1 JacTUKOM). Ilocie HEKOTOPHIX KOIeGAHMN MBI PeLu-
JI HAPUCOBATH KAPTUHKY OT PYKU, OCTABIAA 338 KOMIBIOTEPHOU
rpadgUKON UL BXOISANNE B TEKCT U B BHEIKIYHEIE (hOPMYJILI
MaJleHbKWE CTaHIAPTHLIE AUarpaMMbl (BPOIe -}:/—‘»- wiu (./3)‘

lpyras BaxHas OCOOEHHOCTDb HAIIEYM KHWUI'M, TakxKe Tpebyio-
mas aKTUBHOI'O yYaCTHUs YATATENs, — DTO HAJIMINE MHOIOYH-
CJIEHHBIX 3a4ad. Permenus (MHOr4a B BHUIE OTBETOB WIM yKa3a-
HUI) IPUBOAATCS B KOHLIE KHATY, HO MBI Ha,I€EMCS, UTO YUTATEIb
HE CTAHeT JUIIATH ceOsl yIOBOJILCTBUS PEIIIUTH UX CAMOCTOATENb-
HO.

Haxkowen, 3amMeTuM, 9T0 Kaxk 1as r1asa (KpOMe TOCIeIHeN) 3a-
KaH4YMBaeTCs HeOObuM pa3fenoB mojs HasBanueM «KommenTa-
pum. B xaxnoMm TakoMm pasgene cogep:xaTcs KpaTkue u Hedop-
MaJIbHBIE HCTOPUYECKVE 3aMeYaHus, YKA3bIBAIOTCSA HAIK UCTOY-
HUKY, UHOT'a [IPUBOAATCS HEpelleHHbe 3a1a4u. Mul noquepku-
BaeM, UTO DTU UCTOPUIECKUE CBEJEHUS He MPETEHAYIOT Ha IOJ-
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voTy. OHU He ABAAIOTCA PE3YILTATOM CUCTEMATUIECKOTO U3y de-
HUA JUTEPATYPHL U, KOHEYHO, JOBOJIBHO CyObekTuBHEL. C npyroum
CTOPOHBI, MBI CTapPaJUCh HE BOCIPOM3BOIUTE YCJBIIIAHHBIE WUIU
OnyOIMKOBAHHBIE CBEIEHU, HE MTOATBEPK JEHHEIE KOHKPETHLEIMU
CCBLTKaMU.

* * *

HavanoMm 5TOM KHUTMM TIOCTYXUJA CEMUHAP, MPOBEICHHLIN AB-
Topamu coBMmecTHO ¢ Cepreem UmyroBmim B HezaBucumom Mo-
ckOBCKOM YHuBepcureTe B 1993-1994 rr.; 3anuckm 3T0ro cemu-
Hapa ObUTKM OMyOJUKOBAHEL B (DOPME BAMUCEN JEKIUU U3 TATENb-
cteom HMY (cum. [PS]) u cocTaBmim nepsyio BepCHIO 9TOrO TEK-
cra. ABTOpEI 6/1ar0faPHBL BCEM YIACTHUKAM CEMUHAPA, OCOOEH-
vo C. YUmyroBy, uen gokmaan ser B ocuoBy §4. Ham npustaO
BBRIPA3UTH Hamry OuarogapHocTs Bukropy Bacunwemy: mpucyr-
CTBUE Ha, €ro JOKIAIAX, MOJE3HbIE PA3TOBOPHL, 8 TAKXKE ero Op-
TaHU3AIMOHHAA MO AEPKKA DTOU KHUTU CYIIECTBEHHO TTOMOIVIN
B ee 3aBepmenun. Mo 61arogapus Muxanmny Bunorpanosy, co-
3MABIIEMY OUATPAMMHBIE MIPUQPTHT Knot.tex, mo3BOMABIITE HAM
B aBTOMATUYECKOM PEXUME BKIKYATH B TEKCT U B tex OBCKUE
dopmyanr pazuoobpasubie auarpammel, Eaene Edumoson 3a ee
momoIIs ¢ HabopoM tex’oBckux dopmya, Uropio Byraenxo 3a uHa-
60p pycckoro tekcta u Qubre CunadeBon 3a CO3JAHAE MAKETA, U
00pabOTKy PUCYHKOB.

Tloka »Ta kuHura mucaitach (CHaYala MO-PYCCKHU, 3aTeM IIo-
AQHIVINVICKHY, 33TE€M CHOBA MO-PYCCKH), 063 ABTOPA MOLY AN TOL-
nepxky ot PDDU (npoext Ne 95-01-00846), rpanTos Amepu-
kanckoro Maremarudeckoro O6mecrsa (AMS fSU grant), rpas-
toB Copoca (ISF Ne MQO-000 5 1994, Ne MQO-300 B 1995). Ee
U3aHNE HAa PYCCKOM S3BIKE CTaJ0 BO3MOXKHBIM OJ1aroaaps mpo-
exty PDODU Ne 96-01-14127.



[naga |

Y3J'Ib|, 3auenneHnda n nNeHThbl

OTa TaBa MPEeICTABIIeT COOOU BBEAEHUE B OJHY U3 KIACCHU-
9YECKUX TE€M TPEXMEPHOU TOIOJOTUA — TEOPUIO y3JOB W 3ALEl-
gean. B §1 MBI ompepeaseM u u3ydaeMm >TU OOBEKTEI C ['€0-
METPUYIECKON TOYKMU 3PEHMsA, & §2 MOCBAIIEH WX NPUIOKEHUAM B
PEATBHON XU3HM. JTY IPUIOKEHNA MOXKHO HA3BATDH (PU3MICCKH-
Mu (XKemas IPUAATH UM CEPbE3HBI CMBICI), & MOXHO Ha3BaTb
ux onucaHueM (POKYCOB C JEHTAMU U BEPEBKAMY NI (POKYCHUKA-
arobuTens (xenas IoqIePKHY Th UX HEOXKU JAHHLIN U 3aHNMAT b
HEI XapaxTep).

§1. TomosiorMA y3J0B U 3allEILICHAN

1.1. Y3ea MOxHO mpeacTaBiaTh cebe Kak TOHKYIO 3aly-
TAHHYI0 BEPEBKY B MPOCTPAHCTBE, KOHIILI KOTOPOU COENUHEHHI.
(Crporoe onpegenenue Gyaer gano B myunkTe 1.2.) Ilpocrenmmn
(mesamyTannbii) y3en u3obpaxen Ha puc. 1.1 (a); ero HasmmaioT
mpusuasbnbim yaaom. Ha puc. 1.1(b), (c) usobpaxenn nerpu-
BHUAJBbHEIE Y3JIEL. VX HA3LIBAIOT COOTBETCTBEHHO MPUAUCTIHUK T
80CbMEPKQ.

3ayenaenue MOXKHO IPEACTABIATE KAK HECKOIBKO BEPEBOK, ¥
KaXJIOU M3 KOTOPBHIX KOHIEI COEQWHEHHI. Ilpu 3>TOM BEpPEBKHU
MOryT OBLITH 3AIyTAHLI U 3ALEILIEHBI APYT 33 APYra. Jalleruie-
HI/Ie, COCTOsIIIee N3 HECKOIBbKUX TpI/IBI/IaJII)HI:JX y3JIOB, HE 3alell-
JIEHHBIX [IPYT 33 APYT'a, HA3BIBAIOT MPUBULALHbIM 3ALEIIEHUEM.
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Pwnc. 1.1

Ha puc. 1.1(d)—(f) nzobpakeHsl TPy HETPUBUAILHEIX 3ALEILTE-
Hus. VX HAa3LIBAIOT COOTBETCTBEHHO 3ayenderue Xonda, 3ayen-
aenue Yatimzeda n xoavya Boppomeo. Tlepsrie nBa 3amernieHus
ObLIM M3BECTHHL JAaBHO (MX, B 9aCTHOCTH, UCIOJIB30Baa [ayce).
Haseaubl OHE B 4€CTb 3HAMEHUTHIX TOMOJOTOB XewHIa Xomda
u [Ix. YaunTxema, KOTOpPbIE UCHOIL30BAIA UX B CBOUX 3aMeda-
TEJIBHBLIX TONOJOIMYECKUX KOHCTDPyKumsax. Hassanue Tperbero
3aLEIVIEHN CBA3AHO ¢ TEM, YTO Takas GUrypa HAPUCOBAHA, HA
rep6e 3HATHOT'O UTAIBIHCKOrO poaa Boppomeo. Omun u3 Haw-
60Jee M3BECTHEIX MpeacTaBuTeren 5Toro pora, Kapro Boppomeo
(1538-1584), npuvncieH K JUKY CBATHIX KATOJUYECKOU ILEPKO-
BBIO; €r'0 MMOYUTAIOT KAaK IeauTens oT dyMel. Konbua Boppomeo
MHTEPECHEI TeM, ITO JIOOBIE ABa U3 3TUX TPEX KOJEll He3aIleILe-
HEL.

s n306paXkeHns y3JI0B U 3aLEIIeHu yIOOHO UCTIOIL30BATh
(xak MBI yxe (GaKTUIeCKM HAYAIU [eT1aTh) UX OPTOrOHAILHEIE
[IPOEKIINK HA IUNIOCKOCTD. 1Py 5TOM MIOCKOCTH MPOEKINY HYKHO
BHIOMPATH TAK, YTOOBI BLIIOJIHAINCH CJAEAYIOIINE YCIOBUA:

(1) mpoexims KacaTeIbHOU K BALEILUIEHUI0 B JIOOGOU TOYKE
OPeCTaBIAeT COOOU HPAMYIO (T.e. MPOEKUIUA KACATEIbHOU HE
BBIPOX JAETCA B TOUKY);

(2) Hu B KaKy0O TOYKY ILIOCKOCTH HE IPOEIUPYETCA 6omee IByX
PA3MIUYIHEIX TOYEK 3AICILICHI;
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(3) MHOXECTBO Nepexpecmxos (TOYEK MIOCKOCTH, B KOTOPLIE
IPOELUPYIOTCA ABE PA3IMIHLIE TOYKM 3AUEILVIEHWUA) KOHEIHO U
IIPOEKINY KACATETbHBIX B COOTBETCTRYIOIINX IIEPEKPECTKY ABYX
TOYKAX 3AIEILICHUA HE COBNATAIOT.

/ >
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[ # ] [ x

(a) (b)

Puc. 1.2

-_(-_-__

B wacTHOCTH, 3ampelneHHl CAEAYIOUME [OBE CATYAlUM: BO-
[IEPBEIX, CATYauus, KOTJa TOYKA TPeX PA3INYHEIX BETBEU 3aIlem-
JIEHVS TIPOELUPYIOTCA B OJHY U Ty Xe TOUKY (kax Ha puc. 1.2 (a)),
a BO-BTOPHIX, CUTYals, KOI4a IPOEKINY IBYX BETBEH KACAIOTCS
(puc. 1.2 (b)).

WHTYUTUBHO ACHO, 9TO MAJLIM IIEBEJIECHNEM 3AIEIICHASI MOX-
HO f00uTHCA BeinoaHeHus ycaosuit (1)—(3). IlosTomy Gyzem cum-
TaTb, YTO HNPOEKUNs 3ALEIUICHNUA COCTOUT U3 HECKONBKUX TIaj-
KIX KPUBHIX C TDAHCBEPCATBHEIMY [TEPECEYEHUAME 1 CaMOIepece-
YEeHUAMHU, IPUYeM HaJ KX IBIM IEePEKPECTKOM DACIOIOXKEHEL 1BE
BETBU 3AICIUICHUA — NPoTo0d (HUXKHAA BETBb) U neperod (Bepx-
Hslsl BETBb).
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1.2. Ompepgesernsa. Tenepb MBI TOTOBHL 1aTh (HOPMAIBLHOE
OIIpeJeIeHNE Y3JI0B U 3AIEILIEHNN, 8 TAKXKe UX SKBUBAJEHTHOCTH.
Hau6onee npoct cregyromui nogxos. HazoseMm noaueonaasrbim
Y3.40M TIPOM3BOJBHYIO 3aMKHYTYIO HECaMOIEPECEKAIIYIOCA JO-
MaHyI0 B eBKIMI0BOM TpocTparcTee R® . TlpmMepsr momuroHas-
HBIX y3710B m3o0paxkentl Ha puc. 1.3. Iloauzonasvroe 3ayense-
HUe OIPEIEIAeTCS AHAJOTMIHO. JaleIUIeHnsT, 300PaKEHHEIE Ha,
puc. 1.1, 6e3 3aTpyJHEHUN MOXHO IPEOOPA3OBATE B MOJUTOHATb-
HBIC 3alICIIJICHUS.

YTO6bl ONpPEIEIUTh J3KBUBAJEHTHOCTH Y3JI0B (3aLEILVICHUN),
BBEJEM IOHATUE IAEMEHMaApHoeo npeobpazosanus. IIpenmono-
xwuM, 910 cToponsl AC u CB tpeyrosvuuka ABC sBasoTcsa
3BEHLAMU IMOJUTOHAJLHOTO 3amervienus L, mpudem L He mepe-
cexaer TpeyroabHuk ABC Hu B Kakux APYIMX TOYKAX. J3a-
venuMm aBa 3BeHa AC u CB oauuMm 3BeHoM AB, moayduB Ta-
kuM 06pasom HOBOE 3aneminenue Ly (puc. 1.4). [Isa 3aunenienus
(B wacrrOCTH, ABa y31a) K m K' Ha3BIBAIOT 9K6UBALEHMIHbIML,
€CIN MX MOXHO COEJUHUTEL II0CJAELOBATEILHOCTBHIO 3AllEILIEHUN
Ky = K,K1,...,K, = K', B KOTOPOU KaXable MBa COCETHIX
3aLEIVIEHIS IOy IaI0TCA PYT U3 APYTa DIeMEHTAPHEIM Ipeodpa-
30BAHWEM ONUCAHHOIO BHIIE BUAA (Mim OGPATHEIM eMmy).

Puc. 1.4

Tenepsb, KOrga y HAC €CTh CTPOrOE ONpeeTeHNe 3aleIVICHAI U
SKBUBATEHTHOCTY 3al[eIUIEHUN, MOXHO TOKA3aTh BHIIOJIHUMOCTD
yeaoun (1)—(3) 3 mynkTa 1.1. B camoMm fene, 11 DOIUTOHATEL-
HOT'0 3ALEIUIEHIs YCIOBYE (3) BHIIOJIHAETCA aBTOMATIIeCKu. Fc-
au ycaosue (1) HapyImaeTes 4us KaKoro-1ubo 3BeHa, MOXKHO CJIer-
Ka COBUHYTH OJUH M3 ero KOHUOB. HakoHer, eciu Ipoexiws
KaKOro-1mb0 3BEHA IPOXOAUT 9€PEe3 TOUKY IHEePECe<deHus ABYX
APYI'MX 3BEHBEB, TO IPOEKLUIO HTOrO 3BEHA MOXKHO CABHHYTH C
HTOU TOYKY, CIEIKA [NOMIEBEINB KOHEI 3BEHA.

TlonaTME MOIUTOHAIBHOTO Y3J1a HE BIOJHE COOTBETCTBYET Ha-
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VIAIHOMY MPEICTABICHUIO 06 y3Je KaK BEPEBKE C COeNUHEHHEIMU
KOHIIAMM. JDTOMY MPEICTABICHUIO JydIne COOTBETCTBYET MOHA-
THe MIaIKOTO y31a. Baoscenuem oxpyscnocmu S' B R® mazomem
HerrpeprBHOE oToOpaxkenue f : ST — R3 ) mpum xoTopom pasmule
TOYKHU OKPYXHOCTHU NEPEXOIAT B PA3HBIC TOYKU IIPOCTPAHCTBA.
Taadkum Y340M HABBIBAIOT 06PA3 OKPYKHOCTH TIPU GECKOHETHO
muddepenuupyemom Baoxkenuu f(t) = (z(t),y(t), z(t)) ¢ nemyme-
BLIM AupPEPEHINANOM, T.€. IPUA TAKOM BIOXKEHUU, YTO

dx dy dz
(a’ @ E) 70

IJIs1 BCEX TOYEK OKpyxKHOCTHU. [IBa rmankux yana Ko u K Ha3bI-
BAIOT IK6UBAAEHMHLLMY, €CIN CYIIECTBYeT ceMencTBo fy : R —
R3, t € [0,1], auddeomMopduaMoB, TIAIKO 3ABUCAMMX OT t, A1
KOTOpOro fo — ToxaecTBeHHbn quddeoMopdusM, a fi mepeBo-
mut Ko B K. (Tlog «r1afkout 3aBUCUMOCTBIO) [0 APA3YMEBACTCA
To, uTo oTo6paxenue F : R® x [0,1] — R3, zagannoe dopmy.ton
F(z,t) = fi(x), mudpdepennupyemo.) Cemenctso aupdeomMop-
du3MOB f; Ha3LIBAIOT u30mMonuel, cBa3nBaomen yaas Ko u K.
ITo sTou nprynHe SKBUBAJEHTHLIE TUIAIKUE V3Ll HA3LIBAIOT U430-
MONKLLMY.

3amedyanme. MOxXHO [10Ka3aTb, YTO [Js ABYX U30TOMHBIX
Y37I0B, MMEIMUX OOIIyI0 Ayr'y, CYIIECTBYET COEIUHMIOMIAT MX
M30TOMNUsA, OCTABJIAIONIASA HEIOABIXHLIMY BCE TOYKYM HEKOTOPOU
OKpecTHOCTH 00mmen gyru. Mbl He Oy1eM JOKA3BIBATEL DTOT GaKT
(cm. [BZ]).

Inagxuve 3amnenienus 1 B30 TONHOCTD 3ALEILIEHAN ONIPEAENAI0T-
Cs1 AHAJIOTUIHO.

Ha maTynTRBHOM YPOBHE M30TONNUSI COOTBETCTBYET AedopMa-
muu y3na. Ecim ysen nedopmupyercs B BI3KOU Cpene, TO IpH
OBUXEHUU OH YBJEKAET 33 COOOU OJIM3KUE TOYKU CPEABL. ITO
COOTBETCTBYEeT TOMY, UTO m3oronusa ya3ra Ky B yzex K; uuay-
nupyeT guddeomopdbuam R® ua cebs, nepeponammit Ky B K. B
YACTHOCTH, 3TO O3HAYAET, YTO NOMOJHEHUS Y3JIOB, T.€. MHOXKEC-
tea R \ Ko u R® \ K; romeomopdHEl. AHATOMUYHBIM 06pa3oM
JOOIOJHEHUs W30TONHLIX 3anerenny romeoMopduul. O6parHoe
YTBEDKJEHUE IUIs 3aLEIVIEHINI HEBEPHO: CYINECTBYIOT HEM30TOI-
HBIE 3aLEIVIEHNS, JOIOIHEHNs KOTOPEIX roMeoMopduer. [Ipumep
Takux 3anerienu npusened B §12 (sanaua 12.4). C gpyrou cro-
pOHI)I7 FIRIW: § yBJIOB N30TOMHOCTh OKBUBAJEHTHA FOMeOMOp(i)HOCTI/I
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IOTIOJHEHUU. DTO TPYAHAA TeOpeMa; OHa OLLIA MOKA3aHA, JUIIh
B 1989 r. (cm. [GL]).

1.3. BosHukaeT BONPOC, SKBUBAJEHTHEI JIU [IBA OAX0na, (10~
JUTOHAJBHEIN U [VIAAKUM) K TEOPUM y3JOB u 3auemteHunn. Mo-
KHO [NOKA3aTh, YTO DTU IOAXOLLI JEUCTBUTEIHHO NPUBOLAT K
ONHOU W TOU K€ TEOPUM, T.€. UMEETCA €CTECTBEHHOE B3AUMHO
OOHO3HAYHOE COOTBETCTBUE Me)KIZ[y KJIACCaMU 3KBUBAJEHTHOCTHU
IIOJINT"OHAJIBHBIX 3aHeH.HeHI/II‘;I " KJIaCCaMM O9KBUBAJIECHTHOCTHX IVIA -
Kux 3auenienurt. Mer He Gy qeM 10KasBIBaTh 3TOT (HAKT (CM., Ha-
npumep, [BZ, Prop.1.10]), #Ho 6ygeM ncnoas3oBaTsh 06a MOAX0AA,
He [eJas MeXITYy HAMY Da3Induil.

1.4. BMmecTO NOIUTOHATBLHOTO MIK [VIAAKOTO HOAX013 BO3MO-
JKEH TAaKXKe YUCTO TOMOJOTMYECKUAU HOAXOJ K y3JIaM ¥ 3alel-
JeHuAM. IIpu 3TOM OHHE ONPENeIAIOTCA ¢ IMOMOLILI0 HEIPEPLIB-
HEIX (6€3 KAaKUX-Tu60 JOMOJHATEIBHBIX YCIOBAY THANA, TJIA,IKOCTH
WA TIOMUTOHATLHOCTH] ) BJIOXEHUN OKpyxkHOoCcT. Ho 3TOT mogxon
TPUBOAUT K COBCEM APYrou Teopuu. B camoMm gene, Kak Tviaf-
KUU, TAK U TMOJUTOHAJBHEIN y3€I MOXKHO 330aTh IAATPAMMOU C
KOHEYHEIM YMCIOM MEePEeKPeCTKOB. HO CyImecTBYIOT TOMOIOTAYe-
ckue Baoxenns S' B R®, KOTOpHIe HeXb3s 334aThb IUACPAMMOMN
C KOHEYHEIM YHUCJIOM IIEPEKPECTKOB. B 9acTHOCTM, TaKue y3J/bl
He M30TONHEL [VIALKAM y3aIaM. Tomosormyeckoe BioxeHue S' B
R? Ha3HIBAIOT PYUMbIM, €CITM OHO W3OTOIHO TIAIKOMY Y3y (Wim,
9TO TO XK€ CaMoe, IOMUTOHAJILHOMY y3iy). B npoTusHOM Cirydae
V3€JI Ha3EBaloT JukuM. [[pUMepHl IUKUX y3JI0B, TPUHA IICKAIAE
J.Apruny u P.®okcy (cm.[AF]), uzobpaxkent Ha puc. 1.5.

(L9092 . S

Puc. 1.5

B nanbmemmeM MBI OyeM UMETb [€J0 JUIIb ¢ PYIHBIMU Y3-
JaMu U 3anenneHuaMu. Ho ofuH mpuMep MCIONB30OBAHUA JUKUAX
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V3JI0B A [OKA3aTEeJbCTBA TEOPEMEL O PYYHBIX Y3JaX 3aCTIyXKU-
BaEeT yIOMUHAHWA.

Komnosuyueti nnn cea3not cymmoti yanos K; n Ky HaswBaoT
BEPEBKY, Ha KOTODPOU 3aBsA3aH CHadaua y3en Ki, a 3aTem ysen
K, (Takoe HarusIHOE ONMUCAHUE HECIOXKHO MPEBPATUTL B MaTe-
MaTUYECKOE ONpEeIeHNe, B3TIAHYB Ha puc. 1.6).

K K, Kl:"_i K,

¥
i

Puc. 1.6

Komnosumuio yznos Ky u Ky o6osnagaror Ky #K,. dta ome-
panousa KOMMyTa,TI/IBHa, B CJIe.I[yIOH.IeM CMEICJIE.

3agaga 1.1. Joxaxwure, uro yaael K1 # Ky u Ko# K nso-
TOMHEBEL. Bojiee TOro, MOXHO CUIMTATh, YTO M30TOMUI OCTABJIACT
HEMOABIKHOU «BHEIIHIOK YaCTb» COCTABHOrO yaaa (Ha puc. 1.6
OHA M300PAKEHA KUPHOU JUHUEH).

1.5. I ope . S 3e4 em, 8UaAAEH A S
e Ma EC u K H uBU 2] mo @ 706020
340 KQ C8A3HAA CYMMQA K sz moxce HempusuaasbHa.

Hoxazameavcmso. Ilpeanonoxum, uro ysen Ki# Ko Tpusu-
amen. Torga cymecrsyer m3oromus f; : R — R3, s xoro-
pout fo = id u fi nepesoant ysen K1# K> B TpUBHAILHEIN y3ea
Ky. Coruacuo 3amedanuio B 1.2 MOXHO CIATATL, YTO IPU DTOU
M30TONNYU OCTAOTCSA HEOABUKXHEIMYU TOUKY, PACIOIOKEHHEIE BHE
ky6a C (cM. puc. 1.7 (a)). BocmonbzoBaBumcs pe3yabTaToM 3a-
naun 1.1, mosyyurM m30TONMIO gy, lepeBoasmyio y3er Ko# Ky B
TpUBKATBHLIT y3ea Ko 1 OCTABIAIIILYIO HEMOIBIKHLIMA TOYKH,
pacnonoxenssie BHe Kyoa C' (puc. 1.7 (b)).

K1| Ky ' ‘ Ky K,

Pnc. 1.7
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Paccmorpum Teneps ysen W, usobpaxkennnm na puc. 1.8 (a);
DTOT y3el, BO3MOXHO, Iukuit. I[o-IpyroMy ero MOXHO mpencTa-
BUTH TaK, KaK Noka3aHo Ha puc. 1.8 (b). Paccmorpum uzoronuio
F}, xoTOpas 0CTABIAET HENOABMKHLEIMU BCE TOYKU BHe Ky6oB (),
a BHYTPU KaXKJOT'0 U3 DTUX KyOOB YCTPOEHA TaK e, KaK yCTPO-
eHa u3oTonua f; BHyTpu KyOa C. DTa H30TONNUA IEPEBOIUT Y3EI
W B Tpunansuniz ysex Kg. C gpyrou cTopousl, y3en W MOxHO
NPEACTABATDH M TAK, KAK NOKa3aHo Ha puc. 1.8 (¢). Paccmorpmm
m3oTonui Gy, KOTOPAss OCTABJIAET HENOIBMXKHBLIMU BCE TOYKU
BHE Ky60B C' J", a BHYTPU KaXJOI'O U3 3TUX KyOOB yCTPOEHA TaK
Xe, KaK yCTPOeHa m30Tomua ¢; BEyTpu ky6a C'. DTa mzoronus
nepeogut y3ea W B yszen K;. Taxum obpaszom, K1 ~ W ~ K,
T.e. y3ea Ky TpuBHMAIEH, 9YTO IPOTUBOPEYIUT YCJIOBUIO TEOPEMEI.
DTO NpPOTUBOpEeYne MOKa3kIBaeT, 4To y3en Ki# Ky He TpuBma-
Jer. [

© “ W

Puc. 1.8

1.6. /Ipe nuarpaMMEI [IOJUTOHANBHBIX 3AUEILICHAN HASEIBAIOT
IKBUBAAECHMHBIMY WA NAOCKO U3OMONHBIMU, €CIA OHU MOIYIa-
I0TCA APYD U3 APyra KOHEYHOU MOCJAENOBATEILHOCTHIO Ipeobpa-
30BaHUN, U300PAKEHHLIX Ha puc. 1.9.
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O6paTuTe BHUMaHUE, YTO 3TU IPEOOPAIOBAHUSI HE U3MEHSIOT
YUCJI0 MEPEKPECTKOB AuarpaMmel. 1loaTOMy, B 4aCTHOCTH, Ipe-
oOpasoBanue, n3o00paxennoe Ha puc. 1.10, He ABIACTCA IWIOCKON
m3oTonuen. Tem He MeHee, 3TO IPeoOPA3OBAHNE IEPEBOIUT OJHO
3ALEIJIEHNE B DKBUBAIEHTHOE eMy (M30TOIMHOE B NPOCTPAHCTEE)
3alernaeHue, TIOTOMYy 9ITO BTOPOE 3aleIVIEeHUEe ITOayYaeTCa U3 nep-

BOT0 DIEMEHTAPHEIM TPE0OPA30BAHUEM — 3aMEHOU IBYX 3BEHLEB
AB u BC oauuwm 3serom AC.

Pwuc. 1.10

Ilnockyo M30TOMUIO MOXKHO ONPEAEIUTb W IS AAATPAMM
MVIAJKUX Y3JOB (C IOMOIIBI0 AHAMOIMYHBIX MMIAIKUX IPEo0pas3o-
BaHWZ). B mpomecce mIOCKOM m30TONUM HE MOTYT BO3HHKATH
CeNyomue CUTY AWN:

1) mOABJAETCA HOBEIM IEPEKPECTOK WX UCIE3AET CTAPLIN IIe-
PEKPECTOK;

2) mpoekuuu AByX BETBEU 3AlEILIeHUs KacalTCA APYT APYra;

3) TOYKU TpEX PA3JIVYIHEIX BETBEU 3ALEILIEHUS IIPOELUDPYITCA
B OJHY U Ty %€ TOUKY.

. -

Puc. 1.11

OTHU 3amperneHHbie (COMVIACHO ONPEIETIEHUI0 IIOCKOU U30TO-
HI/II/I) CHTyaHHH BO3HUKAIOT npu HpOCTpaHCTBeHHHX N30TONUAX
3anemnenn, n3obpaxenusix Ha puc. 1.11. CooTBercTByOmMUe
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mpeo6pPa30BAHNSA HA3BEIBAIOT NEPEbIM, 8MOPLIM U MPEMbUM NPE-
obpasosanuamu Petdemeticmepa u obozmagaor Q1, Qs um Q3.
OTu mPeobpPa30BAHUA UTPAIOT BAXKHYIO POJIL, TIOTOMY YTO OHW,
B HEKOTOPOM CMBICJE, CBOAAT MPOCTPAHCTBEHHYI) U30TOMUIO K
IIOCKOU. A MMEHHO, CTIPABEINRBO CIACAYIOIIEE YTBEPK JCHUE.

1.7. Teopema Peupgemencrepa. /[Jse duaepammvr coom-
6EMCMEYION UBOMONHIIM 3AYENACHUAM MO200 U MOALKO Mo20a,
%0200 UT MOHCHO NOAYUUMD 00HY U3 OpY20t C NOMOWDBIO KOHEU-
H020 wucaa npeobpazosanuti Petidemeticmepa u naockus uzomo-
nud.

Hoxazamesvbcmeo. B oqHy CTOPOHY N0Ka3aTEIHCTBO TEOPEMEL
oueBnHO. B camom gene, 6€3 Tpyna mpoBEPSETCs, 9TO JH000e
npeobpasosanue Pengemencrepa (cm. puc. 1.11) u npeobpaso-
BaHUs, ONPENEJAIIITE INIOCKY0 u30Tommio (cM. puc. 1.9), Mox-
HO IPEACTABUTDL B BUJE KOMIIO3UIAA HECKOJIBKUX DIEMEHTAPHBIX
npeobpasoBanuit (cMm. puc. 1.4 B myukTe 1.2).

Ipeanonoxum Tenepsb, 9T0 4B (MOIUTOHAIBHBIX) 3ALETLUICHA
¢ TAHHBLIMK OUATPAMMAMY M30TONHL B pocTpancTee. CormacHo
OIPEeICHUI0 IPOCTPAHCTBEHHON N30TONUY IOMUTOHAMBHELIX 3a-
LEIUIEHNI JOCTATOIHO PACCMOTPETh CIydad, KOrAa OGHO 3aLell-
JIEHVE TIOJLY9aeTCs U3 APYTOro JIEMEHTAPHEIM IPE00Pa30BaHAEM
[AB] — [AC|U[CB].

MoxHo cunrarh, 9T0 3BeHbs [DA] n [BE], BmIXOAAmME 13
KOHIIOB 0Tpe3Ka [AB] He mepecekanT BHYTPEHHOCTb TPEYTOlb-
uuka ABC. B camom gene, myctsb, HanpumMep, 38eHo [D A] BxoguT
BHyTpb TpeyroapHuka ABC. BriGepem Torga za orpeske [AC]
B6ummau Touku A Touky A' u cmenaem npeo6Gpasosanue {1y, Kak
nokasano Ha puc. 1.12(b). B pesynbrare momyamM HOBLII Tpe-
yroabvuuk A' BC, npuyeM 3BeHO, Buxoaamee w3 Touku A’ pacmo-
JIOXKEHO BHE DTOT'0 TPEYTOJIbHUKA.

OTMeTuM Tenepsb, YTO KOMIOHEHTH IEPECEICHNA BHY TPEHHO-
ctu Tpeyrombauka ABC ¢ Ly, rae Ly — mpoeknuus Hamero 3a-
nerienus L ua miockocTs ABC, OLIBAIOT OBYX TUIIOB: 6EPTHUE
U HUNCHUE, T.€. COOTBETCTBYIOLIVE UM BETBU 3auemvieHus L pac-
HOJIOXKeHBl Hajg uin noj miockoctsio ABC. (Hamomuum, uTo
COIVIACHO OIPEIENEHNs DIEMEHTAPHOr0 IPe0OPa30BAHUA BHYTPU
tpeyroasuuka ABC et Todek 3auenienus L.)

Paszobrem Tpeyromsauk A BC Ha Meakue TpeyroabHuku (CTo-
POHEI KOTOPHIX HE CONEPKAT BEPIIUH Lg) CIEIyIOIMUX IeTHIPEX
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Pwnc. 1.12

Tunos (cM. puc. 1.13). Tpeyrompruk tuna I cogepxur poeHO
ouH iepekpecToK Ly u BeTBu Ly IepecekatoT POBHO IBE CTOPO-
HEI DTOT'0 TPeyTroabHMKa. Tpeyroabauk Tuna Il conepxut poBHO
ofHy BepmuHy L¢ ¥ YaCT¥ BBHIXOJAIINX M3 Hee 3BEHbEB. Tpe-
yroapuuk tuna III cogepxut vacTs POBHO OAHOrO 3BeHA Ly 1 HE
coaepxkuT BepumH. Tpeyronapuuk Tuna IV HuYero He cogepxur,
T.e. Iepecedenne ero BHyTpeHHocTu ¢ Ly mycro. Takas Tpu-
anryasanusa Tpeyroiasauka ABC crpouTcs caeayomumM 06pas3om.
CHavauaa 1A Kaxa0ro MePeKpeCcTKa U IIA KAXK 10U BepuHbl L
CTPOMM IIOIIAPHO HEIePeCceKaolnuecs TPeyrOJbHUKN TUIoB I u
I1, a 3arem ocraBuyooca dactb Tpeyroabauka ABC paspesaem
Ha Tpeyroabauky TunoB III u IV.

Puc. 1.13
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Terneps BMeCTO MCXOLHOI'O DIEMEHTAPHOI'O IPEOOPA30OBAHU
s Tpeyroabuuka A BC Mel Oy aeM mociaeoBaTeaIbHO COBEPINATh
BJIeMEeHTapHBIe TPeoOPA3OBAHUA A1 MAJEHBKUX TPEYTOJILHUKOB,
HauuHas co cTopousl [AB] u nBurasce x [AC]U[CB]. Ipu sTom
crefyeT MOMHUTBH, YTO BCe BeTBHU 3arnemuieHus L pacnonaramorcs
aub0 Ha g, 10O MO dTUMU TPEYTOJbHUKAMIU.

W3 puc. 1.13 BuaHO, YTO 2I€MEHTAPHOE MPEOOPA3OBAHUE IS
TpeyroapHuKa Tuna I coorsercrByeT npeobpasoBanuio Penne-
mencrepa (13; m1sa TpeyroabHmka Tuma 11 — Qy wim miockou
m3oTONUY; NI TpeyroabHuka Tuma, 111 — Qs wim miockon uso-
TONUY; IS TPEYTOAbHUKA TUMa 1V — IIOCKON m30TOomum. JTO
3aBeplIaeT T0Ka3aTeabcTBO. [

&b ) @ @)
‘DO @ &

Pwuc. 1.14

3apgada 1.2. a) [Jokaxwure, 9TO BCe y3.bl, 1300paKeHHEIE HA,
puc. 1.14 (a), nomapHO U3OTOMHEL.

6) [lokaxuTe, 9TO BCE y3abl, u3obpaxkenunie Ha puc. 1.14 (b),
MOMAPHO U30TOIHEL.

3agaga 1.3. [[okaxwuTe, 94TO BCE ABYXKOMIIOHEHTHEIE 3ALIETI-
JeHus, n300pakeHHse Ha puc. 1.15, monapHo n3oTonH (T.€. BCe
5TU AUATPAMMEL U300PaXKaIOT 3AlEIUICHIe YAuTXena).

3agada 1.4. Y3esa Ha3LIBAIOT 3EPKAIbHBIM, €CIU OH U30TOIEH
CBOEMY 3€PKaJbHOMY OTPAaXeHUIO (T.e. 06pa3y Npu CAUMMETDPUN
OTHOCUTEIBHO IIOCKOCTH). [foKaXuTe, 9TO y3eJa BOCbMEPKA, 3€p-
kanen. (Kax ™Mbl yBuguM B §3, TPUWINCTHUK HE 3EPKAJEH, HO I1O-
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0 (1X)
A @@@

BHE G

Ka 9TO MEI HE MOXEM JOKa3aThb DTOT (PAaKT, KAK U OOJBIIMHCTBO
IPYTUX yTBEPKIEHAN «O HECYIIECTBOBAHUM. )

3agada 1.5. OpueHTUPOBAHHEIN y3ea (T.e. y3ea C BHIOpaH-
HEIM Ha HEM HAIIPABJIEHUEM, OOBIYHO YKA3EIBAEMOM CTPEIKON) Ha-
3LIBAIOT 00PAMUMbBIM, €CIU OH M30TOIEH CAMOMY cebe C 00paTHOU
opuenranmen. Jokaxure, 9TO TPUIACTHUK OOPATHM, T.e. ABA
OPMEHTHUPOBAHHEIX Y314, U300pakeHHbIX Ha puc. 1.16 (a), moxy-
YAITCA APYT U3 APyTa C MOMOIIbI0 mpeobpasosanuu Pengemen-
CTEpa ¥ TWIOCKUX U3OTOMUMN.

1.8. ApudmeTuka ysjoB. Y3ea HA3LIBAIOT NPOCMbIM, €C-
J OH He TPUBMAJEH U €r'0 HeIb3s IPEICTABUTH B BUE KOMIIO-
3ULMK [BYX HETPUBUAJIBHBIX y3/I0B. [DHMINCTHUK ¥ BOCBMEDKA
— OPOCTHIE y3JBI, 3 ABA M300pakeHHBIX Ha puc. 1.17 ysma —
cocmasnsie (T.e. He mpocTrie). HecMOoTpsA HA TO 9TO M30OTOIMYE-
CK¥e KJIACCHI y3J0B He 00pa3yoT IPYNITy OTHOCUTEIHHO KOMIIO3U-
UM — CBA3HOU CyMMBI (HET O6GPATHOrO DJIEMEHTA, CM. TEOPEMY
1.5), oHE 06IAJAIOT OCTATOYHO UHTEPECHEIMY APUPMETUIECKI-
MU CBOMCTBaMU. B wacTHOCTH, IpeacTaBieHue 00000 HETPUBY-
AJBHOT'O y3Ja B BU€ KOMIIO3UIIUY IPOCTHIX Y3JI0B CYIIeCTBYeT U
€IUHCTBEHHO (C TOYHOCTBIO 40 HOPAAKA). Taxkum 06pasoM, y3Jsl
00pa3yT MOLYTPYNIy, B30MOP(MHYI0 MYJbTUILIMKATABHON IO-
JyrpyIINe HEO TPULATENBHBIX MEJIRIX Yuces (HO 3TOT B30MOpdu3M
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HEe KAHOHUYECKW, MOCKOJIBKY HA MHOXECTBE y3J0B HET KAHOHU-
9YEeCKOI'0 JUHEXHOT'O [OPAIKA).

@)

Pwnc. 1.17

Mser He OyaeM QOKA3BIBATH TEOPEMY O DA3lIOKEHUN y3/Ia Ha
npocteie MHOXuTean (cM. [Sch] mmm [CF]).

3ameuanume. [[1s1 MHOrOMEpHEIX y310B (T.e. BIOoxeHunr S™ B
R™"*?) Toxe MOXKHO ONpeJeTUTL TIOHATHE MPOCTOrO Yy37la, HO B
DTOM CIydae IPeNCTABICHUE y31a B BUAE KOMIIO3UINH IPOCTHIX
y370B He Bceraa equHCTBeHHO (cM. [Kea]). 2Kemaromum nosHako-
MUTBCA C TeOpI/IeI‘;I MHOFOMeprIX y3JIOB MBI COBeTyeM JJI HAYaJ1a,
obparuThcs k padoram [Zee], [FM], [Bri].

§2. Tprokm c BepeBKamMu M JEHTAMHA

JToT maparpad HamwucaH B cTuwiIe, Gojlee MOAXOMAIIEM WH-
CTPYKIUN 15 (POKYCHUKORB, HEKEIN HAYIHOU MOHOrpaduu. IJTO,
OHAKO, HE O3HAYAET, YTO O0CYyXK JaeMble 31eCh (PaKTHI O0IIen3-
BecTHBI wiu TpuBraabHel. Haobopor, oguu u3 Haubosee ruybo-
KUX ¥ TAWHCTBEHHBLIX CBOUCTB TPEXMEPHOI'0 IPOCTPAHCTBA, IIO-
SABIAIOTCA B 3TOM nmaparpade B 00IuKe dSKCIIePUMEHTAIBHBIX (haK-
TOB O IIHYPaX, BEPEBKAaX, JEHTAX, PEMHAX U T.IL

DdopmassHO TOBOPA, 3TOT Haparpad HE CONEPNKUT CBEICHUNM,
HEOOXOIUMBIX [/ M3yueHus nocaeayomux rias. Ho ox naer He-
YTO BPOJE HAIVIATHOI'O OCHOBAHWA [JIA HEKOTOPHIX BAXKHBIX MO-
MEHTOB MAaTEMATUIECKUX TEOPUH, PA3BUBAEMBIX B HUX.

2.1. @okyc c BepeBkou. Ha cTor krageTcs HesaysleHHAS
BEPEBKA JIMHON OKOJO HOLyMEeTPa (BIOJIHE FOAUTCA MIHYPOK OT
60TUHOK). POKYCHUK MpeAIaraeT J60My U3 MPUCY TCTBYIOIIX
B3ATb BEPEBKY 32 KOHILI M 3aBA3aTh HA HEU y3eJ, He OTIIyCKAas
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kounos (puc. 2.1(a)). Korga Bce 3purTemu mpuayT K BEIBOAY,
9TO 3TO HEBO3MOXKHO, OH I'OPJI0 CKPEIIUBAET HA CPY AU PYKH, HA-
KJIOHAETCS HA,I CTOJOM (CO CKPEIIEHHEIMY PYKaMu), 0ePeT B PyKu
KOHI[bI BEPEBKY U PE3KO PA3BOAUT PyKu B cTOpoHH (puc. 2.1 (b)—
(d)). Ha BepeBke MOABWICA MAJIEHBKUI TPUJIACTHUK!

S ﬁ/?/ﬂ

a

&, ==

Pnc 2.1

(d)

B sToM maBHO M3BeCTHOM (POKyCE M TOMOJOTa, HET HUYE-
ro 0c060 3araJovHOro. ITOT (POKYC WILTIOCTPUPYET KOMMYTA-
TUBHOCTH ONEPALNU CBSI3HOM CYMMHI y3JI0B, & uMeHHo, K#0 =
O#K, rge K — rpumuctauk (OH CHavaJa OPENCTABIEH CKDe-
IIEHHBIMU PyKaMu (GOKYCHUKA, & 3aTEM BEPEBKOU C y3EIKOM), a
O — TpuBHAILHLI y3e1 (OH CHAYANA NPENCTABICH BEPEBKOU 063
y36JIKa a 3aTeM (POKYCHUKOM C PA3BEIEHHLIMU B CTOPOHBI PyKa-

. CxemaTwano 510 n306paxeno xHa puc. 2.2 (a)—(d).

e
AN =

(c) (d)
Puc. 2.2
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2.2. PasBasbiBaHue y3JI0B u paciuieTeHue koc. I[locae
TOT0 KaK MOKa3aH (POKYC C BEPEBKOU, MOXHO MEPEUTH K OPY-
romy skcnepuMeHTy. POKYyCHUK KJianeT Ha CTOJ BEpeBKy (Ha
KOTOPOU OCTaJICA MAJEHBKUYN Y3€I0K) U MPENIaraeT XKeAaIolM
B3ATb BEPEBKY 33 KOHIEL U PA3BA3ATH y3eJ, HE OTIYCKAas KOH-
1oB. OO6BIMHO 3a DTHUM CJIEAYIOT TINETHHIE MONLITKYN Da3BA3ATH
y3eqI, BCAYECKN CKpemuBas 1 m3BuBas pyku. Ho egusCTBEHHEIN
PE3yABTAT DTUX CTAPAHUN — CMEX 3PUTEIEN.

Pasymeercs, uynraTens yxke yCIel HOHATH, YTO BCE DTU IIO-
IOBEITKYM 3apaHee OOpedeHbl Ha IPOBAJT B CHIy TeOpeMEl 1.5, KO-
TOpAas KaK Pa3 U yTBEPKAAET, YTO HETPUBUAILHBLIN Y361 HEAb3s
pPa3Ba3aTh, 6€ps €ro CBA3HYIO CyMMY C ADYTHM Y3JOM.

3areM (POKYCHUK MOXKET NPOAEMOHCTPUPOBATL CJEAYIOLIYIO
BepCHUIO TOro xe camoro gokyca. Bepeska (Ha KOTOpOU Bce erme
OCTAETCS YIPAMBIN TPUINCTHUK) KIALETCA HA CTOJA U OAWH U3
€e KOHIIOB 3aKPEIUIIeTCA Ha, ¢Tole ckoTdeM. llocae aToro do-
KYCHVUK TIPEIJIAraeT ¥KeJAIOIIM MOMBITATHCA 3aBA3ATH HA CBO-
O0JHOM KOHIIE BEPEBKU y3eJ TaK, YTOOHI OH «YHUYTOXUIY YKE
UMEIOIUICA y3ea (MOCIeIHUN HEeJIb3s TPOraTh B MPOLECCE 3aABs-
3BIBAHIS HOBOI'O Y314, HO OH JOJIKEH PA3BA3aTHCA, KOI'A BEPEBKY
HOTAHYT 33 CBOOOJHEIN KOHEII).

Kax mpaBuio, B OTBET Ha DTO LOCTATOYHO PA3YMHEIE JIOIH,
HAyYEHHEIE IPEeILIIYIINM BapUAHTOM (OKYCa, BO3PA3AT, ITO ITO
HeBO3MOXHO (m GynyT mpasmt!). Takas peakuus, OmHAKO, He
pasogapyeTr (POKyCHUKA, MOCKOIBKY OHA MOArOTABIMBAET IIOY-
By s caepyiomero ¢pokyca — pacmierenus Kocel. OH nemaercs
TaK.

Puc. 2.3

KOHIIEI Tpex BepeBOK 3aKpeEILTeHb CKOTYEM Ha CTOJE U 3aILie-
TeHHI, KaK TMOKa3aHo Ha puc. 2.3 (a) wim eme GoJjee CIOKHBIM
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o6paszoM. BBI30B TOT ke caMbill, YTO U B TPeALIAyINeM (OKy-
ce: TpeGyeTcs 3aIUIECTH KOCY U3 CBOGOJHEIX YaCTEl BEPEBOK (HE
TPOras yxke 3alIeTEHHYI0 KOCYy) TaK, 9TOOBl OHA YHUUTOXKWIA,
3AIUIETEHHYIO KOCY. AyIuTOpus, He 3HAKOMAA C DTUM (POKYCOM,
KaK MPABUJIO, CHOBA CKAXKeT, YTO 3TO HEBO3MOXKHO. Torma ¢o-
KyCHUK (3apaHee HATDEHUPOBABILUICA) OLICTPO 3aIlIeTAaeT TPe-
OyeMy 0 «yHHITOXKAIOIIYIO KOCY», TAHET BEPEBKM 33, KOHILI — U
06e xocer ucaesmm (puc. 2.3 (b)—(c)).

C MaTeMaTU4eCKON TOYKYU 3PEHUS IBA NOCIEAHNX (POKYCA MH-
TEPOPETUPy0T TOT PAKT, YTO OTHOCUTEIBHO KOMIO3NINA KOCHI
00pa3yoT rpymnmy (B 9aCTHOCTH, Y KaXKJOU KOCHL €CTb 06paTHAA
KOCa), a ya3ael He 00pasywoT rpymnmy (6oree TOro, HA y Kako-
0 HETPUBUAIBLHOIO y3Ja HeT OOPaTHOro yaaa). Mbl 0TaoXuM
O0BACHEHNE B3aMMOYHUYTOXEHMs KOC 10 ruaswl 111, B xoTopon
OAETCA MATEMATUICCKOE ONMPEJENCHNE KOC M NOKABBIBAIOTCA UX
OCHOBHBIE CBOUCTBA.

2.3. Tpok ¢ peMHeM. JTO OAuH U3 HauOOJEE M3BECTHBIX
TONOMOTUYECKAX TPIOKOB. Ero MOXHO TNpPOJAEMOHCTPUPOBATH
crepyonmM o6pa3oM. BosbmuTe peMeHb (KOTODHIN HE JTOKEH
OLITH HU CJIUIIKOM XECTKUM, HU CIUIIKOM KOPOTKUAM) U MOJIOXKU-
Te ero Ha CTOX TaK, YTOOHL OH 00pasoBan metaio (puc. 2.4 (a)).
3aTeM BO3BMUTE PEMEHb 33 KOHILI ¥ Pa3BeJUTE UX B CTOPOHEL
TaK, 9TOOBl PEMEHb TYr'0 HATAHYJICA. UTO IPU DTOM NPOU3OU-
ner? HeoxummanubiM 00pasoM (€CIu, KOHEYHO, BHI HE [EJTAIN
DTOr0O PAHBLIE) MOCPEAUHE PEMEHb 3AKPYIMBAETCA HA IOJHEII
o6opot Ha 360° (puc. 2.4 (b)). " maoGopoT, 3aKpyIeHHEIN Ha,
HOJHEIN 060POT PEMEHb MOXKHO IOJOXUTH HA CTOA (HE BpAIIasd
KOHIIbL), CEIaB IPU DTOM U3 HErO HeTIIIO.

Puc. 2.4
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KOHI.U::I PEMHA HE ODKBUBAJCHTHEL (Ha OOTHOM U3 HUX €CTh IIPAXK-
Ka), MO3TOMY MOXHO PA3IMdaTh «WIEBOCTOPOHHUE» U (IIPABOCTO-
DOHHEIE» 3aKPYINBAHUSA PEMHSA, & TAKXKE WIEBOCTOPOHHUE) U «IIPa-
BOCTOPOHHUE» NIEeTJAN, COOTBETCTBYIOIUE M.

C MaTeMaTUIeCKON TOYKY 3PEHUsA, TPIOK C PEMHEM BBIPAXKA-
erT Jumb TOT (AKT, ITO ABA MOJOKEHUs peMHA (K KOTOPOMY
L00ABJIEHA, OIOCKA, N300PaKEeHHAsA IyHKTUPOM) IPEICTABIAIT
cob6out maoronubie Broxkenus S x [0,1] B R®| — u muuero 6omee.
Ho ¢ ¢wmauveckon TOYKM 3peHUsA 3TO — HEKOTOPOE TPUPOTHOE
sIBJIEHUE, MMeEIoIee [OCAJHEIE mocaencTBus. Hampumep, BeI, Be-
POATHO, 3aMedanu, 9TO TeaedOHHBIN IHYP HEPEeIKOo Bce Oomee u
00Jiee 3aKPYyIUBAETCA, & ITO MOCTENEHHO 3aTPYJHAET [TOJB30BA~
Hue Te1edOHOM. DTO IPOUCXOLUT U3-33 TOr'0, YTO GOMLIINHCTBO
[IPABIIEN YaCTO, KIAAA TPYOKY, HEIPOU3BOABLHO AEIAI0T HA, IIHY-
Pe IPaBOCTOPOHHIOK IETJIIO.

2.4. Tprok YutHH. [[11 5TOr0 TPIOKa UCIOJL3YETCA JEH-
Ta, KOHIIEI KOTOPOM CLIMTHI TAK, YTOOBI JEHTA, NOJOXKEHHAA HA
cTou, 06pa30BEIBAIA OBI ILIOCKOE KOJBLO. JIEHTY MOAHUMAIT CO
CTOJa U [JEeJal0T HA HEHW [Be IeTJIM — JEeBOCTOPOHHIOK U IIPABO-
CTOPOHHIOIO, IIPHYEM OJHA IeTJIs BHY TPEHHAA, & APy asa BHEIIHAA
(pme. 2.5(a)). IIpemnaraeTcs yZaniuTb 9T NETIM HE HOAHIMAL
JIEHTY CO CTOJA.

= J 7
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Puc. 2.5

Pemenue (ono 65110 m3BecTHO Yurhu [Whi]) gocraTowso mpo-
CTO, HO OGBIYHO IOCIE HECKOIBKUX MONBITOK JIIOAM IPAXOAAT K
JIOXKHOMY MHEHUIO, 9TO 3T0 HeBo3MOxHO. Ho puc. 2.5 (b)—(d) no-
Ka3bIBAET, YTO B [JE€MCTBUTEILHOCTH 9TO HETPYAHO CAEIATh.

3ameuanue. Ha opueHTHpOBaHHOU JEHTE IETIN OBIBAIOT Y€~
THIPEX PA3HBLIX BUAOB: METJIA MOXKET OBITH JEBOCTOPOHHEU WIN
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MPABOCTOPOHHEN, 3 TaK¥Ke BHYTDEHHEU WIM BHEIMHEU. B dact-
HOCTHU, HA OPUEHTUPOBAHHON JEHTE BHEITHIOK TETII0 MOXHO CIe-
JMATh ABYMS CIOCO6AMU, B 3aBUCUMOCTH OT TOT'O, 3AKAHIUBAECTCS
JU TIeTs HaJ JeHTou wim nof Jertou (puc. 2.6). O6parure

BHUMaHUE, 9TO IiA Tpoka YuTHu (cMm. puc. 2.5 (a)) Tpebyercs,
TOM.

4TOOLI 33 BHYTPEHHEU METVIEW, 3aKAHIMBAOIICUCI HA [ JEHTOU,
crenoBaJia Obl BHEIHSS ETIIA, 3aKAHINBAOIAACS TOXE HA,l JeH-
! \\ ’

- .- -

Puc. 2.6

Ecan Ha nenTe 10 CIIMBaHUA €€ KOHLOB CAEIATH OBE OLWHA-
KOBEI€ IIETJI, TO MOJOXKUTH €€ Ha CTOJN TAaK, YTOOBEI OHA K HEMY
IUIOTHO IPWIErasa, He yAAacTCsa. Jeno B TOM, YTO IPU DTOM HA
JIEHTE BO3HUKAOT IBA 3aKPYyIUBAHUA (BCIOMHUTE TPIOK C PeM-
HeM). DTH 3aKPYIUBAHAA HEMB3A yCTPAHUTD HE TOMBKO HA, ILIOC-
KOM CTOJIe, HO U B IpocTpancTBe. HO 1 10Ka3aTEIbLCTBA DTOrO
TpebyITCA WHBAPUAHTHI, KOTOPHIE MOABATCSA Yy HAC JUIIbL B MO-
CIeIYIOIINX IJIABAX.

3apgada 2.1. Kaxue napu nociaegoBaTenbHbx nereis (13 16
BO3MOXHBIX) HA JIEHTE, ILIOTHO [IPWIETAIOMEN K CTOLY, YHUITO-
AT OPYr APYra HOCPEACTBOM TPIOKA YUTHU?

2.5. Tprok Ha chepe. PaccMoTpuM mIoCKyro JIEHTY € ABYMS
[IOCJIEJOBATENbHEIMY BHYTPEHHUMY IIeTISAMA, OJHA U3 KOTOPBIX
3aKaHYMBAETCA HAJ JEHTOU, a APyTas Mo JeHTou. B mpocTpan-
CTBE 5TU NEeT/IN IPEBPAIIAIOTCA B IPOTUBONOIOXKHEIE 3aKPYIABA-
HUS1, KOTOPEIE YHUYITOXKAIOT Apyr apyra. OJIHAKO SKCIIEPUMEHTHI
€ TAKOM JIEHTOM NOKA3EIBAIOT, YTO DTH IIETIN HE YAAETCSI YHUITO-
XKUTH, HE MOJHUMAS JEHTy €O ¢Toxa. Ho 10xasaTh 5TO MBI IOKA
He FOTOBH! (HET MHBAPUAHTOB).

IIpegnonoxum Temepb, UTO TaKasdA JEHTA ILUIOTHO MPUIE-
raeT K MOBEPXHOCTU CPephl NOCTATOYHO OOJBIIONO pPa3Mepa
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(puc. 2.7 (a)). MoXHO 1 yHUUTOXUTH NETIN, HE yOUpas JeHTY
co cdepri? (B sTOM ciydae MBI IpeAraraeM JUIIb MBICIEHHEIN
skcrepuMeHT. OTMETUM TaKXKe, 9TO JEHTA CIUTACTCA PACTAKY-
MO1.)

Y nuBATEIBHEIM 00PA30M, OTBET Ha, HOCTABJIEHHBIX BOIIPOC —
na, MoxHo (puc. 2.7 (b)—(d)). CyTs Tproka 3aKI09aeTcs B TOM,
4TOOBl PACTAHYTh JEHTY U «IepeOpOCUTH ee Uepe3 OeCKOHed-
HoCcThY. (Cdepy MOXKHO MpPeACTABIATEL cefe KAaK INIOCKOCTh, MO~
HOJHEeHHYI0 OECKOHEeYHO yaaneHHou Toukon.) IlepeGpacriBanue
4Yepe3 GECKOHEIHOCTD MPEBPAINAET OAHY BHYTPEHHIOK IETIIO BO
BHEIIHIOWO, & €€ YK€ MOXHO B3aVMHO YHUYTOXUTH C OCTABIIENCA
BHYTPEHHEH! NeTJIeN, KAK U B TPIOKe YuTHu. B sToM u 3akmioua-
eTCs TPIOK Ha cdepe; OH Toxe 6Lt n3o6peren Yurau [Whil.

(a) (c)
Puc. 2.7

3apgada 2.2. Kaxue nmapw nociaegoBaTenbHbx nereis (13 16
BO3MOXHBIX) Ha JIEHTE, IUIOTHO MPUIEraiomen K chepe, B3auM-
HO YHUYTOXAKOTCA IPU HEKOTOPOM CKOJB3AIIEM IIEPEIBUXKCHAN
JIEHTHI I10 IIOBEPXHOCTHU Chephl?

2.6. Urps! ¢ nepekpydeHHLIMU JeHTaMu. Haubosee us-
BECTHAs MEPEKPYYEHHAsA JeHTa — 5TO auct Mébuyca. Mur ne
OyleM ONMUCHIBATH KIACCUYECKUE ONBITHL C 3TUM 06BEKTOM (BPO-
[le PACKPAIIMBAHUSA €0 TTIOBEPXHOCTY WK PA3PE3AHUA O CPEIHEN
JIMHUY), IOTOMY 9YTO OHU 1 (€3 TOr'0 CJIUIIKOM XOPOLIO BCEM W3-
BecTHel. HO, eciu YuraTens HUKOrAA HE IMOBTOPSII IPOLEAYDPY
pa3pes3aHusa, MBI OpefIaraeM IeAyIyio cepuio onbrroB. CHa-
yana paspexbTe Juct MEbuyca BAOML CpeNHEN JUHUU. 3aTeM
PaspexnTe TOMYYEeHHE O0BEKT BIONL cpemHen juuun. Ilocae
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BTOr0 MPOJOIKAUTE PA3PE3ATH IO CPEJHEU JUHWU TO, 9TO Oy-
IeT moJayvaThbcsa. 1pebyeTcs mpeacKas3aTb, YTO MOLYYUTCA HA,
TpEThEM, YE€TBEPTOM, ..., N-M IIare.

BosbMmeM Tenmeph JEHTY, HEPEKPYIEHHYIO HA MOJHEIX 060POT
(aucT Mé6uyca nepekpyden Ha noa-o6opora). UTo mpousonger,
KODJ[a MBI Pa3pexeM dTy JeHTy nocpegune? YUto mpowmsouger,
KOI'J[a MBI IOBTOpUM 5Ty mporeaypy? Kak »To cBazaHO ¢ TewM,
9TO Kpau JeHTHl npeacrasaser cobon 3anemnenne Xonda? Kak
5TO CBA3AHO C NPEIBLIAYIIAM SKCIIEPUMEHTOM ?

Haxkowen, Bo3bMeM JeHTY ¢ Tpemsa noryoboporamu (puc. 2.8).
O0OpaTuTe BHUMAHUE, 9TO KPAEM DTOU JEHTHI CIyXKUT TPUIUCT-
HUK. DTO 3aMEYaHUe IIOMOXET BaM DPEIIUTDH IOCIELHION 3a0a9y
3TOro naparpada.

Puc. 2.8

3agaga 2.3. YUTO moayuuTCa MOCTE Pa3pe3aHus MO CPpenHen
JIUHUY JEHTH ¢ TpeMmsa noayoboporamMu? UTo momyduTcsa mocse
[IOBTOPEHUS DTOU TIPOLEAYPHI?

2.7. 3asepmas >TOT maparpad, OTMETHM, ITO ObIIas Teopus
CKPYY€HHBIX IIOJOCOK B IIPOCTPAHCTBE CJIOXKHA IIOTOMY, 9TO Ha
HEU OTPAXKAIOTCA CPa3y ABA PA3IUYHBIX poga sasieHun. Opuu
POI MMeeT Ien0 C BHYTPEHHEN MeOMETPUEU M3yIaeMBIX 00BEK-
TOB, & BTOPOU — C UX PACIOJOXKEHNEM B IpocTpancTee. Hampu-
Mep, He3aKPYUEHHAsA MOJOCKA U TOJOCKA, 3aKPYUEHHAs Ha, MOJ-
HBIX 060OPOT, MPEACTABIAIT COOOUM TOMEOMOPQHLIE MOBEPXHO-
CTH, HO VX BJOXEHUA B IPOCTPAHCTBO PA3INYIHEL (HE M30TONHEL).
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KomMmenTapun

IIpaxTuka 3aBA3LIBAHUS Y3JI0B BOCXOUT K HAYAILY LABWIN3A-
LAY, €CIU TOJBKO HE JaJblle (HEKOTOPHIE BEICIIAE IPUMATHL yMe-
IOT 3aBA3LIBATD y3JHI). llepBhie TpakTaThl 06 y31aX OTHOCATCS
k srnoxe Bospoxaenus. OHu mpegcTaBisioT cOO0M, IO CyTH ae-
J1a, PYKOBOJCTBA [Js MOPAKOB. IIpuMepom 6oJee COBPEeMEeHHOU
KHUTHU, PACCMATPUBAIONIEN Y3JIEl C TPAKTUIECKON TOUKU 3PEHUS,
cayxut [Ash]. Ilepeas mayunas crares 06 ysnax (1796) npunan-
aexut Bangepmonay.

Yro xe KacaeTcs 3aIeIUIeHu, TO M HUX [EPBOE CEpbe3-
HOE JOCTMXEHuWE CBA3aHO ¢ mmeHem laycca. B ceoeu pabore
MO BJEKTPOAMHAMUKE [ ayCC HAMMCAT 3aMEYaTENbHBIA WHTErPAT
(cm. [DNF c¢.525] u [Cal]), Beamamaa KOTOPOr0 — LEIOE <HCIO,
3HAMEHUTHIU KOD(PODUIMEHT 3aLEIUIEHNs IBYX KPUBLIX (B IPUIO-
JKEHUSX DTUMU KPUBLIMU SBIAIOTCS OB, DIEKTPUIECKUX KOHTY-
pa). DJIEMEHTaPHOE TOMOJIOrUIECKOe ONpeneJeHre KO3hpumen-
Ta 3anemeHus nosBuTca y Hac Huxke B §15. Kaxk Hu crpamHO,
3aMeYaTeIbHEIN nHTErpat [ aycca ObLI OCTABICH TOMOJOraMu 0€3
BHUMAHUS; IEPBOE ero 0000IIeHne moaBUIOCs auib 150 meT cmy-
cTa B Bujge uHTEerpasaa KoHuesuya, qaroomero BEIPAXKEHNE UL NH-
BapuanToB Bacunbesa (cm. §4). Apxus Iaycca cogepxut xpacu-
BBEIe KADTUHKY y3JOB, HAPUCOBAaHHEIE UM B 1792r. Ilo-Bugumomy,
laycc Hagan coCTaBAATH TAOMUIY Y3JI0B, HO OTKA3AACA OT DTOU
3aTen, He HAUA MPUTOTHOTO VI DTOU IeJU WHBAPUAHTA, Y3JI0B.

IlepBoLit CyIECTBEHHBLIN AT B PA3BUTUMA TEOPUU Y3JIO0B OLLI
caenaH B KOHIE 19 B., HO He MaTemMaTukamu, a ¢pusukamu. Be-
aukni pusuk Yuibam Tomcon (mopa Kempsun), pasmenmwias o
CTPOEHUU MATEPUU, MONBLITAJICSI COIVIACOBATH KOPILYCKYJSIPHYIO
¥ BOJIHOBYIO TE€OPWUH, NPEICTABIAA JACTULLL B BUIE 3AMKHYTHIX
KPUBBIX B IPOCTPAHCTBE, KOTOPHLIE OH HA3BAJ BUXPEBHEIMU ATO-
mamu (vortex atoms, [Kel], 1867). Ilo uanunaruse Kenbsuna co-
crasrenueM Tadaur y3Ji0B 3adscs 1. T'. Tor, koTropomy npuua -
JIEXUT TAaKXKe IEPBOE OOIINeNOCTYIHOE I3JI0XKEHNE TEOPUH KBa-
TEPHUOHOB (OPUTMHAIBLHEIE PAabOTH ['aMUIbTOHA MHOMMM Kasa-
JIACH HEACHBEIMY U HENOHATHBIME). VTOrOM TUTaHUYECKUX yCH-
auu ToTa crana mepBas TabauLa, y37I0B U 3HAMEHUTHIE TUMOTE35I
Tora (ux 0630p cm. [Thi]), Ho HuKakon Teopun UM paspaboTa-
HO He ObLIO (B YACTHOCTHU, HE MOABUIOCH HUKAKAX 3(PHEKTUBHO
BLIYUACJIVMBIX VHBAPUAHTOB). XOTA U TEOPUI0 BAXPEBHIX ATO-
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MOB NOHAYANy HNOAfAepxkuBail MakcBelI, OT Hee BCKOPe OTKa3a-
suck. OCHOBHBIM MOBOJOM [JISI TOTO MOCAYKUIN YCIEXU APYTON
KJIACCU(PUKAIIIN ATOMOB — MEPUOJUIECKON CUCTEMEL DJIEMEHTOB
MengeneeBa, KOTOpas IO CBOEN NpuUpoae GBLTA CKOpee apudme-
TUYECKOU, IeM ['€OMETPUIECKON.

MaTeMaTuky HaYaiud 3aHUMATBCA TEOPUEH Y3JOB IOPa3fo
[O3XKe, HO U € O6abmmM ycrmexoM (6aarogaps UCIOMb30BAHIIO
(yHIaAMEHTATILHON IPYNIIEL ¥ HEKOTOPHIX M30LIPEHHEIX anre6pa-
MYECKUX TEOPU).

OCHOBHASI YaCTb ME€OMETPUIECKOT'0 MATEPUAIa DTOU [VIABHL
BKIIO4as TeopeMy Pengemencrepa m HOHATHE NPOCTOrO y37a,
BIIEPBEHIE OBLIA CUCTEMATHYECKY U3JI0XKEHA B 3aMeIaTeIbHON KHI-
re Pengemencrepa Knottentheorie, omyGaukosannon B 1932 r.
IToszuee mosBuaucy npuvepsr aukux y3108B ([AF],1948) u Teo-
peMa 0 CyIECTBOBAHUM U €AUHCTBEHHOCTHU [IPEACTABICHUS Y314
B BUJ€E KOMIO3UIMA IPOCTHIX Y3J0B, npuHaaexaimas [lyGepry
([Sch],1949). W3 umcaa Gonee coBpemeHHBIX MOHOrpadui o Te-
opum yaaoB caegyer ormeruts [CF], [Rol], [BZ], [Ada], [Kaw] n
[Kaul].



[naga Il

MHBapI/IaHTbI y3/10B U 3aL|,eI'IJ'IeHI/Ii;I

B npenwigymen riase HEOTHOKPATHO TOBOPUIOCH, 9TO IS J0-
Ka3aTeabCTBa TeopeM [¢] HeCyIHeCTBOBaHHH HYXHBI KaKue-T0O UH-
BapuaHThl. Hampumep, MBI IOKa He MOXKEM JOKA3aTh TAKOU IIPO-
CTON ¥ MHTYUTUBHO OY€BUIHEIN (DAKT, ITO y3€1 TPUIUCTHUK He-
TPUBUAJEH WX, CKAYXKeM, HE U30TONEH y3Iy BOCbMEpPKa. B Ton
[VIABE MBI IIOCTPOUM CaMEIE HOBHIE U CAMEIE MOIIHLIE HHBAPUAHTEHL
Y3JI0B U 3aueruienuir, oTkpuiTeie Boranom [Ixoncom (§3) u Buxk-
Topom Bacunbesriv (§4). OpurunanbHble KOHCTPYKIWA DTUX UH-
BapUAHTOB OBLLIU BECbMA 3aMBICJIOBATEHL, HO UHTEHCUBHAA PabOTa
HECKOJIBbKUX IPYTUX UCCJIEL0BATENEN IPUBEIA K UX CYIIeCTBEHHO-
My yopormernio. [loaToMy Temeps mouTy BCE MOXHO M3JI0XKUTH
smeMeHTapHO. EIUHCTBEHHAA TPYAHAA YACTh, HE IO IAIOMIAACA
[OKa, YIPOIIEHWIO, — JTO CyLIECTBOBAHNE WHBAPUAHTOB Bacu-
JabeBa. V3BECTHH TPU [NOKA3aTENbCTBA, UCIOIL3YIOIINE COBCEM
pasuete ngen ([Vasl], [Konl-2] u [BN], [Car]), HO BCe oTH gOKa-
3aTEIbCTBA BECbMA CIOKHEIE. 1103TOMY TeOpemy CyIeCTBOBAHUA
MHBApUAHTOB BacuibeBa MblI nmpuHuMaeM B §4 6e3 10Ka3aTelb-
CTBA.

§3. Iloamuom /IxomHca

O nuH 13 HaMbOJIEe ECTECTBEHHLIX BOIPOCOB TEOPHUHX Y3J0B CBA-
3aH C TeM, ‘ITOGBI II0 ABYM OAHHBIM AUAarpaMMaM y3HAThb, COOT-
BETCTBYIOT JU OHU OOHOMY Y3Jy WUJIU PA3HBIM. I/I €CliIi B TOM,
YTO AUATPAMMEI COOTBETCTBYIOT OJHOMY Y3JIy, €IIe MOXHO y0Oe-
IUTHLCSA, TTPOJIEIAB HECKOILKO TpeobpasoBauuu Peungemencrepa,
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TO NI JOKA3aTEeIbCTBA TOI'O, YTO AUATDAMMEI COOTBETCTBYIOT
DA3HEIM y3JaM, YK€ HyXXHBI Kakue-T0 xurpoctr. CTaHIapTHEN
MeTO/] 3aKJII0YAETCA B UCIOJb30OBAHUN UHBAPUAKHMOS, T.€. alre-
Opandeckux 06BEKTOB (HANPUMED, YICE WK TIOIMHOMOB), COTIO-
CTaBIAEMBIX AMArpaMMe y3JIa TaKuM 00pa3oM, IYTOOBI COIOCTa-
BISIEMEIN OOBEKT He M3MEHSICS P M30TOnNM y3ia. B Takom
CIydae ABe JUArDAMMBI ¢ PA3HBIMU 3HAYEHUAMY WHBAPUAHTA CO-
OTBETCTBYIOT PAa3HEIM y3l1aM. JTOT MeTojh d(h(PEKTUBEH JIUIIb
B TOM CJIy‘JIa,e7 KOorjaa I/IHBapI/IaHT BBIYIUCAACTCA JOCTATOYIHO HpO—
CTO. 3HaMeHI/ITI)II‘/)I IIOJINMHOM r[[}KOHCH, SABIAETCA MMEHHO TaKHUM
MHBAPUAHTOM A 3aUelieHul (a, 3HAYUT, B YaCTHOCTHU, U [JIs
y3anoB). Iloctpoenune moausoMa [KOHCA MBEL HAIHEM C TOr'O, YTO
COIIOCTABUM KaXIOU Auarpamme L HEOPHEHTHPOBAHHOI'O 3aLlEll-
aenus nommuoM (L), npeanoxennst JJyncom Kaydmanom.

3.1. TlombiTaeMcs COMOCTABUTEL KX 0U auarpamve L moau-
HoM (L) (wacTo HasweBaeMbl ck06k0U Kaydmana) oT mepemen-
HBIX @, b, ¢ Tak, YTOOBI BHITOJIHATACH CI€AYIOIINE COOTHOIICHUS:

(1) (/\/) = a(;‘_f//s‘_‘;) + b()()
(2) (LU Q) =c(L);
(3) O)=1

31ech MaleHbKUe KapTUHKY B cooTHomeHun (1) 0603Haga0T
AXATPAMMEI, KOTOPEIE COBIIA,AI0T BHE IIyHKTUPHEIX KPYKOIKOB,
a BHYTDH HMX yCTPOEHBI TaK, KK MOKA3AHO HA KAPTUHKAX. Ec-
au MBI 0603HaauM >ty guarpamvibl L, L4 u Lp (puc. 3.1), To
coorromenne (1) moxnO 3amucats B Buge (L) = a(La) + b(Lp).
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OTMmeTum, 4TO NI MEpEKpecTKa AuarpaMMul L, comepxkarie-
rocs B MaJEeHbKOM KPYyXOuke, nuarpaMMel L4 u Lp onpeneneHsr
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OHO3HAYHO, HE3ABUCAMO OT TOT'0, KAK OH MOBEPHYT. B camom
nene, nyru guarpamm L4 u Lp Beibuparorcsa B obnactax A u B
COOTBETCTBEHHO (puc. 3.2). DTU 06IaCTU ONPECTATCA CACLY-
omyM 06pa3oM. BymeM uaTu mo BepXHEW BETBU MEPEKPECTKA.
O603uaunM 6yKBOU A Ty 4eTBEPTH KPyTa, KOTOPasA MPU BXOJE B
KPYT' BUIHA CIEBA, U Ty Y€TBEPTH KPYra, KOTOPAsA MPU BHIXOE
73 KPyra BUIHA COPABA. JTO ONPEIEJEHUE HE 3aBUCUT OT TOrO,
€ KAKOU CTOPOHBI MBI BXOAUM B KPYT.

Puc. 3.2

Coornomenve (2) ozHadaeT, 9TO HOOABIEHUE K AUATDAMME
OKPYKHOCTH, HE MEPECEKAONIEN NPOEKIAN COOTBETCTBYOIIErO
oUarpaMMe 3alelIeHns, TPUBOIUT K IOJMHOMY, KOTOPOU TIOJIY-
YaeTCA U3 MCXOQHOIO MOJMHOMA yMHOXKEHWeM Ha c¢. Hakoser,
cooTHOmEeHNE (3) 03HAIALT, ITO OKPYKHOCTYU COOTBETCTBYET I10-
auHOM, paBubin 1. Kpome Toro, Mer 6ygemM mpeamnosararb, ITO
nosuaoM (L) He M3MEHAETCS IPY IWIOCKON N30TONUY JUACPAMMEL

TTonpo6yem Temeps CBA3aThH HMEpPEMEHHBIE @,b,C¢ TaKUMHU CO-
OTHOIIEHUAMU, ITOOLI MOJIYIEHHBIU TOJAVMHOM OLLT MHBAPUAHTEH
OTHOCUTEJIBHO npeobpasoBanun Pengemencrepa. Haunem ¢ npe-
obpasoBanus (2. MHOrokpaTHO mCHoab3ys coorHomenue (1) u
OJVH Pa3 UCIOMB3Ys COOTHOIIEHKE (2), oIy M

=@+ ¥ +a) () +a) ()

Taxum o6pasom, ecau ab = 1 u a? + b% + abc = 0, To moTAHEOM

OyjeT MHBAPUAHTEH OTHOCUTEILHO npeobpasosanus (2s. [losro-

1 2 2

My MBI HOJOXUM b = a™ " u ¢ = —a”—a™?, 06ecreduB TeM CaMbIM
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MHBAPUAHTHOCTD MOANHOMA (L) OTHOCHTEIBLHO MPeobpa3OBaHUA
Q. OTuUM MEI HCYEpHaIn Bee crerneHu csoboqul. Ho, kK cuacTwio,
I'[OJIy‘IeHHLIﬁ IIOJIMTHOM ﬁyrqe’r UHBAPUAHTEH U OTHOCUTEJIBHO IIpe-
obpasoBanusa {23. B camom gene, us coucta (1) momywaroorcs
CJIeAYIONVE 1B COOTHOIICHNA:

= a2 + a7 (R,
= a3+ (R). (3.1)

fcno, uro (%) = (S%), Tak KaK COOTBETCTBYIOLINE IHATDAM-
MBI ILIOCKO M30TONHEL APYT APYry. Jlazee, IBasKIHl MCIOMB3YS
MHBAPUAHTHOCTL MHOTOWIeHa, (L) oTHOCHUTEABHO (), TOMYIMM

BR= (0= 132

Teneps cpaBHEHVE NPABLIX YacTen COOTHOmeHUR (3.1) moKasbl-
BAET, YTO OHU MOWICHHO paBHEL. Clen0BATEILHO, PABHLL U JEBLIC
YaCTH, a 3TO KAK Pa3 U O3HAMACT MHBAPMAHTHOCTHL IIOJXHOMA
OTHOCHTEJILHO peobpasoBanus ()3.

3anMeMca Temepb mpeoOpasoBanueM (), CHOBA HAIEACH HA
ygady. Us coornomenun (1) u (2) cregyer, aTo

: =a( i =X 0:
(Ql)=alo)+a(Q)=X Q)
rae A =a(—a’*—a?)+a ! =-d’
AHaNOrvvHbIe BEIMUCICHNA MOXKHO IPOBECTH ¥ IS IETEIbKA
Apyroro tuma. B urore momydaem

(9\) — g3 <R)’ </Q) - <R) (3.2)
Ha sToT pas mac nocrurna meygada: npu a® # —1 nomaom (L)

HE UHBAPUAHTEH OTHOCUTEILHO TpeobpasoBanus (), MO3TOMY OH
HE SIBJIAETCS MHBAaPUAHTOM 3auemienus. Hanpumep,

COy=-a’, (CO)=-a"?,

X0Ts 1 00€ 3TU JUATPAMMEI COOTBETCTBYIOT TPUBHAIBLHOMY Y31y .

Tem He MeHee, € MOMOIIBIO MOAMHOMA (L) MOXHO MOCTPOUTH
moanHOM [[KOHCA, KOTOPBLI MHBAPUAHTEH OTHOCUTENBLHO BCEX
Tpex mnpeoOpasoBanun Pengemencrepa. Ho cmadama mHyxHO 10-
Ka3aThb, 94To moaunoMm (L) cymecTByeT u eauucTeeH. Haumem c
MIPOCTHIX TPUMEPOB €r0 BEIYUCICHUA.
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3.2. Boruuciaenus moamaoMa (L). Ilpn Breraucienusx mMui
6yieM UCIOJb30BAThH COOTHOmEHU (3.2).

IIpumep 1. [Ina mpocTeMnmmx AUArpamMM ¢ OJHUM WX ABYMs
IepeKpecTKaMu MOIydaeM

(—a®)? = df;
a8

(CQ) = —d*; ccO
OO

ITpumep 2. [Ias sauerienun Xormda mosydaeM

QD) = ol +a QD) =

=a(-a®)+a ' (-a"?) = —a* —a7
o = —a* —a™™
IIpnmep 3. [Ina TPUINCTHUKOB HOIYdaeM

<C</\3) = a(CQ)) + a‘l(&) =

=a(@®) +a'(—a' —a ) =a" —a® —a5;
= —a et

3agaua 3.1. Brraucaure noausom (L) 1J1a y3/ia u 114 3a1en-
JleHus, 1300paKEeHHBIX HA puc. 3.3.

D XD

Puc. 3.3

3.3. Urobbl ynpoCTUTh BEIYKACIEHUsS B IpuMmepax 1-3, MbI
YaCTO MCIOJb30BAJMUA PE3YJIbLTATHL MPEANIeCTBYIONNX BEIYUICIIE-
umu. Tak meraTh He 06sA3aTenbHO. ECIM HE CTPEMUTHCA CO-
KPATUTh BEMMUCAEHUA, TO MOXHO MOCAEIOBATENBHO YHUUTOXATE
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mepeKkpecTKu, moab3yiachk ceoucteoM (1). Ilocme ymumuToxenus
KaXX JOr'0 MIEPEKPECTKA, KOJUIECTBO JUarpaMM yaBauBaercs. 1lo-
S3TOMY NI AMATPAMMEI C N IEPEKPECTKAMU B UTOTe moryauMm 2™
OUATPAMM, KaX,1as U3 KOTOPBIX COCTOUT U3 HECKOJIBKUX MOIAPHO
HE TePECeKAOINXCA OKPYXHOcTen. 110 BUmy Kax qou u3 >Ttux 2"
OUArpaMM MOXHO BOCCTAHOBUTH IPEOOPA30OBAHNS, B PE3YIbTATE
KOTOPHIX OHA IOJIYYeHA.

(DBA AlB
AB ByA
B
ANSA
B
(a) @ (b)
Puc. 3.4

Tosicaum 5T0 Ha npuMepe TpuauctHUKa (puc. 3.4 (a)). IIycts
nuarpaMma, usobpaxennas Ha puc. 3.4 (b), morydena B pesyib-
TaTe YHUYTOXEHUs MEePEKPECTKOB DTOr0 TPUIACTHUKA. Toraa
MOXHO YTBEPXKIAThH, ITO HA IMEPEKPECTKaX ¢ moMeTrkamm 1 u 3
oyru 6epyTcsa B obmacTax A, a HA MEPEeKpecTKe C TIOMETKOU 2
nyru 6epyrcs B obiactax B.

Ilepenq moamHOMOM DTOM AMArPAMMEL CTOUT KOd(pduumeHT
a?b = a’a~! = a; 70T KOIhIUIMEHT HE 3ABHCHT OT TOLO, B
KAKOM UMEHHO TIOPSIKE YHUYTOXKAITCA NEPEKPEeCTKU. ITO —
o0mmui haKT; ero MOXKHO IPUMEHUTD /IS NOKA33aTeIbCTBA, CyIe-
CTBOBAaHWS U €AUHCTBEHHOCTHU NOMuHOMA (L).

3.4. Teopema. Cywecmeyem edumncmsennwvili noaunom (L),
ydosaemsopaouwut coomnowenuam (1)—(3) us nynxma 3.1.

Joxazameabcmeo. 3aHyMepyeM HePEeKPEeCTKU AUArPAMMEL L
U COIOCTABUM {-My IIEDEKPECTKY €ro COCMOAHUE, T.€. OJHO U3
dopmanbubix sHavenun r; = A wim x; = B. Onpenenenusiu
BEIOOD COCTOSIHUU AJIS1 BCEX MIEPEKPECTKOB HAB0BEM COCMOAHUEM
duaepammor L. TlycTs KOTUIeCTBO NEPEKPECTKOB AUArpaMMBL L
paBHO N. Torga KOIMYECTBO PA3IUIHEIX COCTOSHUYN AUACDAM-
Mer L pamo 2. Kaxgomy cocTogHmUio s AmarpamMmul L coor-
BETCTBYET CUCTEMA TOMAPHO HE TEPECEKAMNXCA OKPYKHOCTEN,



40 TyiABA II. UTHBAPUAHTHI Y3JIOB U 3AIEIJEHUR

TIOJYUEHHAA B PE3yIbTATE MEPECTPOUKH KXk JOT'0 MEPEKPECTKA, B
COOTBETCTBUU C €r0 COCTOSHUEM, KaK DTO MOKA3aHO HA puc. 3.5.

Puc. 3.5

Iycre a(s) n B(s) — KOIMIECTBA IEPEKPECTKOB B COCTOAHA-
ax A u B COOTBETCTBEHHO, Y(§) — KOIMIECTBO OKPYKHOCTEH,
NOMYYCHHLIX B PE3YILTATE TEPECTPONKHA, COOTBETCTBYIOMEH CO-
CTOAHMIO S. ECIU MBI YHUYTOXMM BCE MEPEKPECTKA TUATPAMMED
L ¢ momompo coorHomenus (1), a 3aTeM BOCHOJIB3yeMCs COOT-
HowmeHusaMY (2) u (3), 9TOOBL BLIYUCIATH OIXHOMEL IOy 9€HHBIX
IAATPAMM, COCTOAIMX U3 HETEPECEKAIIMMNXCA OKPYKHOCTEN, TO
B PE3YJIbTATE MOLYIAM

(L) = Y a2 @ppE =t =
— Zaa(s)—ﬁ(s)(_az D (3.3)

rae cymma 6epercs mo Bcem 2" cocrosiHuaM guarpaMmmel L. Ta-
K1M 006pa3oM, MOIMHOM, YAOBIETBOPAIOMUI COOTHOmeHnaM (1)—
(3), eguHCTBEH.

®Popmyna (3.3) MOKA3EIBAET HE TOJBKO €JUHCTBEHHOCTH IO-
aunaoma (L), HO u ero cymecTBoBanue. B camom geme, naBaure
onpedeaum muorounet (L) popmyaon (3.3). Toraa coorHomenns
(2) n (3) A1 5TOr0 MHOTOY/IEHA BEITIOJIHATCA OYEBUIHEIM 00pa-
30M. A 9TOOH KOKa3aTh CBOKCTBO (1) A1a mepekpecTka ¢ HoMe-
POM %, Hy>KHO pa30uTb CyMMy IO BCEM § HA CyMMY IO T€M S, IJIs
KOTOPHIX Z; = A, 1 CyMMy TIO TeM §, I KOTOpeIX x; = B. O

3.5. TIloamnom Kaydmana. B ocrasmencs dactu 3TOro
maparpadga Ml 6y 1eM PaCCMATPUBATL 0PUEHINUPOEAHHbLE 3ATETI-
JeHus, T.e. OyeM CUMTATh, YTO Ha KAXJOU KOMIIOHEHTE 33,JaHa
opueHTanus (Ha PUCYHKAX OHA U3006PaKaETCA CTPEIKON, YKA3bI-
BaloIel HanpasieHue oboxona). [las gmarpammer L opueHTHpO-
BAHHOT'O 3ALEIUICHUS ONPEIEINM YUCIO

w(L) = ZE"’
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rae cymMMa 6epeTcs o BCceM NePeKPEeCcTKaM, a IUCIa £; PABHEL +1
B 3aBUCHMOCTY OT 3HAKG {-T'O MEPEKPECTKA, KOTOPHIU ONPEeIEs-
eTcsA Tak, KaK ITOKA3aHO Ha puc. 3.6.

R X

Puc. 3.6

Jlerko mpoBepuTh, YTO €CAM OPUEHTALMYN BCEX KOMIIOHEHT 3a-
[EIUIEHAs 3aMEHUTh HA MPOTUBONOJOXKHBIE, TO uuciao w(L) He
m3menuTcsa. Ilpumepsl Brramcnenus uuciaa w(L) mpegctasieHsr
Ha puc. 3.7.

Pwuc. 3.7

Yucao w(L) MHBAPMAHTHO OTHOCUTEIHHO NPEOGPA3OBAHUN
Peugemencrepa Qo u Q3. B camom gese, ama mpeobpa3oBaHusa
)y 3HAKU OBYX BO3HUKAKOMUX (MIA UCIE3AMOLUX) IIEPEKPECT-
KOB MPOTHBOIOIOKHEL, a A MpeobpasoBanusa ()3 3HAKA mepe-
kpectkoB A, B, C (puc. 3.8) paBHBI COOTBETCTBEHHO 3HAKAM IIe-
pexpectkos A', B’ C".

A B’
~ -
C/ c’ :V
/ s
A
1B iy

Puc. 3.8
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IIpu npeobpazosauun 2, ogHako, OO OAUH IEPEKPECTOK
HOABIAETCA, AUO0 OJUH MEPEKPECTOK MCIE3AET, MOITOMY IUCIO
w(L) mamensercsa Ha +1.

Omnpegemum tenmeps muorowied X (L), roe L — muarpamma
OPUEHTHUPOBAHHOT'O 3AIIEILUIEHNS, TOJOXKUB

X(L) = (—a)~** "L, (3-4)

re HeOPMEeHTUPOBAHHAA nuarpamma |L| moxyyena w3 L 3abrBa-
HVEM OPUEHTANWU BCeX KOMIOHEHT (CTUPAHWEM CTPEJOK).

3.6. Teopema. [Hoaunom X (L) sasasemcs un8apuaHmom
OPUERTUPOBANKOZ0 BAUENAEHUA OMHOCUMEALHO U30monuli 6
npocmpancmee.

Joxazameavcmeo. Tak xak uu w(L), au (|L|) #e uamensiorcs
npu npeobpazoBanuax s u 3, To X (L) Toxe He U3MEHAETCS
pu >TUX IpeoOpa3oBaHusaX. ITO ke KacaeTcs npeobpa3oBaHus
Qy, To mpu sTOM npeobpaszosanuu wwcao w(L) u mommuoMm (|L|)
U3MEHAITCA, HO B noamHOMe X (L) 5Ti n3MEeHeHns B3aMMHO yHU-
qroxarTcsa. Hampumep,

(Qi=-a7(q)mwlg)=uwiq)=-1
HOSTOMY U3 onpenenenus MHorodnesna X (L) u uz dopmyas (3.2)
CIegyeT, 9To

X( Q)= () -a)X( Q)= X( Q)

Amnanoruynsie BEYUCAeHUA (UCIONB3YIONE BTOPYIO POPMYILy
(3.2)) MOXHO MPOJETATD U [JA NETEILKA IPYTOro BUAA.

Taxum o6pazoM, moauHoM X (L) nHBapmaHTeH OTHOCUTEIBHO
BCex Tpex npeobpaszosauun Pengemenctepa. [loaToMy cormacuo
Teopeme 1.7 OH MHBAPMAHTEH OTHOCUTEIHHO M30TONUN 3alleILIe-
Husa. [

C nmomorsio nommaoMa X (L) MOXHO, B 9aCTHOCTH, JOKA3aTh,
9TO JEBLI TPUIACTHUK U IPABLIM TPUIACTHUK — Da3HbIe (He-
M30TONHLIE) y3abl. B camoMm gerne, u3 mpumepa 3 Caeayer, ITO

X((Qb) = —a'% +a'? +d*,
X(CQ)) =—a % 4a712 g4
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Hamomunm, 4to mommsoM (L) GBIT OIpemeneH akCHOMaTHYe-
CKu ¢ moMoubio cooTHomenun (1)—(3). 3arem HaM yganoceh go-
Ka3aThb (3TO OKA3aJ0Ch HE TAKUM YK CJIOKHEIM [JI0M), 9TO I0-
JINHOM, yllIOBJIeTBOpHIOH_II/II‘/'I 9TUM COOTHOHMIECHUAM, CYIIECTBYET U
equHCcTBeH (Teopema 3.4). A Bor nmomusom X (L) 6vu1 onpegeneH
dbopmymnon (3.4), comepxamen (|L|). OxaspiBaeTCs, YTO TOIAHOM
X (L) Toxe NOIMyCKaeT aKCMOMATUIECKOE ONPENEeJeHNEe MOCPE]-
CTBOM HpOCTI)IX 1 BE€CbMa IIOJE3HBIX COOTHOmeHHﬁ.

Y1068 TOIYyYINTH OCHOBHOE ONPENEAIONIee COOTHOIICHNE IS
nonuaoma X (L), Bocnoab3yemcs aBaxk bt cBoucTsomM (1) momuno-

ma (L): -
<an'_‘;)
(X)

YMHOXMM IIEPBOE COOTHOLIEHUE HA, —G
XWB OTU PABEHCTBA, IIOJIYyYIUM

a( 3) a7 XD = (@ =a)) (-

Takoe pPaBEHCTBO BHIMOJHSAETCS, B YACTHOCTH, [ [UATPAMM
opueHTHpOBaHHLIX 3anemternii L+ u L°, m306pakeHHEIX HA
puc. 3.9, T.e.

a0 +a7 () (),

(X0 +al) (),

1

, a BTopoe Ha a. Ciao-

a(LT) —a Y (L7) = (a® —a ?)(L°).

N .. .- ~ L sy
/ N / .
,1\ N ; . g |
) t 1
\ I‘ 1 i
\ J \\/ 7 J
See e’ < - So .
4 -

\
L~ e Lo -

L

Puc. 3.9

Mus gmarpamv L* u L0 nerxo mpoeeputs, uro w(L*) =
w(L%) £ 1. CrenosaTensno,

a(—a)®*X(LY) —a ' (=a) 3 X(L7) = (a®* —a"2)X(L°). (3.6)

ME&1, HaKOHeIl, TOTOBHL JaTh OIpeeNeHne ToanHoMa [[KoHca.



44 TyiABA II. UTHBAPUAHTHI Y3JIOB U 3AIEIJEHUR

3.7. Omnpepgenenue moamnoma J[[xouca. Creraem B mo-
maome Kaydmama X (L) 3ameny a = ¢~'/%. B pesyabrare m0-
ay«amy mommEOM OoT ¢F'/4. Dror mommHom o6osmakair V(L) u
HA3BIBAIOT NOAUKOMOM [[HCOHCA OPUEHTUPOBAHHOI'O 3alleIJICHUs
L. Tomuuom [x0HCA yAOBIETBOPSAET CAEAYIOMAM COOTHOIIECHU-
AM:

1) ¢ 'WVEH) = gV(L7) = (@ =g A V(L);
(2)  VEZUO)=-(¢"*+d")V(L);
@) VO =1

B coorromenuu (1') gmarpammer LT, L=, L% cosnajaioT BHE
MAJEHBKOI'0 KPyTa, & BHYTPHU €r0 OHU YCTPOEHEL TAK, KAK IIOKA-
3aH0 HA puc. 3.9. D10 coorHOomeHue HA3BIBAIOT skein relation,
wmn coomnowenue muna Konees. [anee, B coornomenun (2')
muarpamma LU mpeacrasaser cobou auarpamMmy L, K KOTOpOou
B00aBIeHa OKPYKHOCTD, HE MEPECEKAIONIas IPOEKINI0 COOTBET-
cTByOIIEro guarpamme sanemienus. Hakonen, coornomenue (3')
03HAYAET, YTO HOAMHOM [[KOHCA 14 OKPYXKHOCTH paBeH 1. dTu
COOTHOIIEHUS CIEAYIOT U3 COOTBETCTBYIOIINX CBONCTB MOJIXHOMA
X (L). Hampuwmep, (1') cregyer u3 (3.6).

Coornomenus (1')—(3') mpenocTaBiasioT CHOCOO BHIYUACICHUA
nosuaoMa V (L), oTamyarommica oT cnoco0a BEIYUACICHUS I0JIY-
HOMA (L) (HAmMOMHUM, 9TO BEIMHCIEHUE DTOrO MOJMHOMA ONMPA-
JOCBh Ha yHI/I“ITO)KeHI/Ie BCEX HepereCTKOB C IIOMOIIIBIO COOTHOIIIE-
mua (1) gnsa nommroma (L)). B caygae xe nommuoma V(L) coor-
Homerue (1') gaeT He TOABKO AUATPAMMY C YHUYTOXEHHEIM II€pe-
KPECTKOM, HO U JUarpaMMy ¢ U3MEHEHHBIM THUIIOM IEePEKPECTKa.
IlosToMy cTpaTerus BBIMUCAEHUM HOIXHOMA [[XKOHCA 3aKIIOYa-
€TCA B (PACIIYy THIBAHWNY 3ALEILIEHNUS C IOMOIIBI0 W3MEHEHUS TH-
HOB IEPEKPECTKOB (IPY PACIYTHIBAHWA MBI CHAYATA DPACLEILIA-
€M KOMIIOHEHTHI 3ALlEILIEHNs, & 3aTeM Da3BA3BIBAEM KAXKIYIO U3
Hux). CoorHomenue (1') MBI IpUMeHsEM JIUIIBb K TEM IIEPEKPeCT-
KaM, KOTOPBIE HYXKHO U3MEHUTh, YTOOLL PACIYTATh 3aLEIICHHUE.

IIpexx e YeM OKa3LIBATBH, YTO TA CTPATErWs BCETAA MO3BO-
JISIeT BEIYUCIUTE NOJNHOM [[2KOHCA, TOKaXeM, KaK OHa paboTaeT
B ClIyvae TPWIACTHUKA. llpuMenus cootnomenve (1') x aro6omy
[EPEKPECTKY, IOLY MM TPUBUAIBLHEIN y3el 1 3auemienue Xonda:

Ja
' V(CD) - qV(({)D) = (¢ - q‘l/z)V(&)-
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Ilpumenus coorHomenue (1') k 3anemtenuto Xonda, moxyIuM

VD) - V() = @~ W)

W3 coornomenun (2') u (3') reneps cregyer, 9To

V(OO) =—q ¢+ ¢V - g (g - V) =

—1/2 _ _—5/2

=—q q

a 3HAYUT,

V(&) =q 2+ g g+ g ) (g P - g7 =
e q_l + q—3 _ q—4‘

OTO COBIAAAET C PE3YILTATOM HAIIMX IPEILLAYIINX BEIIUCACHAN

A

Tak Kak ¢ = a~ /4,

AHAIOrMIHO MOXKHO BEIMUCINTE HOJUHOM [2KO0HCA JTI000r0 M-
KOMIIOHEHTHOI'O 3al€ILICHU L, Hpe,[[CTaBJIeHHOFO |,Z[I/Ia,l"pa,MMOI‘/JI C
n nepekpecrkamu. B camom gene, mycrs Ly, ... , Ly — mocrexo-
BAaTE€IBHOCTH :3a,]_IeHJIeHI/II‘/JI7 HA4YMHAIOIIASACA II[a,HHI)IM 3aleIieHueM
L = L v 3aKaHYUBAOMIAACA TPUBUAJIBHBEIM 11-KOMIOHEHTHLIM
sanemenuneM Ly, mpudem Bce cocennue 3aneminenus L; u L
IOy YAI0TCA APYT U3 APYra M3MEHEHUEM THIIA, POBHO OJHOIO IIe-
pekpecTka. Toraa BLIIOIHAECTCA OMHO M3 ABYX COOTHOIICHUN

g V(L) — gV (Liy1) + (@72 = ¢/*)V(L}) = 0,
q 'V(Liy1) —qV (L) + (¢ = ¢/*)V(L) =0,

npudeM 3arerieHue L) mpencrasiaeHo gumarpammon ¢ n— 1 me-
pekpectkom. Tak kax mommaom V(Lg) = (—q~'/? — ¢*/2)m—1
M3BECTEH, TO MBI CMOXEM IOCJAEOBATENLHO BEIYUCAUTD OJMHO-
Mmer V(Lg_1),...,V (L) = V(L), ecin HAM yoacTCsA BLIYUCIATH
noxuaomst V (L}). Muarpamma samemtenus L) nmeer MeHee 7 Iie-
PEKPECTKOB, O2TOMY MOIMHOMEL V (L}) MOXHO BEIYUCANTD, IPH-
MEHUB MHIYKIUIO [0 9UCILy HEPEKPECTKOB AUATrDAMMEL.

Teneps, 9TO0B yOenWTHCH, ITO ONMCAHHBIN AJITOPUTM BEI-
mcaenns noamaoMa V(L) nelcTBuTeNbHO paboTaeT, OCTACTCS
JMIIb TOKA3aTh, 9TO CYLIECTBYeT TpebyeMmas PacCIyTHIBAIOIAL
MOCJIEJOBATENbHOCTE 3ameraenu Ly, ... , Lg.
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3.8. Teopema. Jwboe m-xomnonenmuoe 3ayenaenue L mo-
HCHO NPEBPAMUML 8 MPUBUAALHOE M-KOMNOHEHMHOE 30UeENIE-
HUE, UBMEHUE MUNLL HEKOMOPLIL €20 NEPEKPECNKOS.

Hoxaszameavcmeo. IlpeanmonoxuMm cHadama, 94To m = 1, T.e.
L — yzen. PaccMOTpuM BMECTO AMArpaMMEI Y3Ja €0 MOTHYIO
IPOEKIUIO (MeHb), T.e. IIOCKYI0 KPUBYIO C TOYKAMU CaMOIEpe-
cedenus. BrifepeM B INIOCKOCTH AWArPAMMEI HEKOTODPYIO IIPs-
MYI0, HEe IEPECEKAOIIYI0 TEHb y3Ja. DyxeM ABUraTh Npamyio [
NAPALIETBHO CAMOU ceGe MO HANPABIEHUIO K TEHW A0 TEX MOp,
OKA OHU HE KOCHYTCsA B HEKOTOpOU Touke P. Brmibepem B mpo-
crpancTBe aBe TOuku A u B, pacrnoi0okeHHEE BEP TUKAIBHO HA
Toukou P, mpuyem Tak, 9TOOBI TOYKa A Jexana Brime Todku B.
PaccMoTpuM TPaeKTOPUIO TOYKH, KOTOPASA BEIXOAUT U3 TOUYKU A
U JBUXETCS HAJ TEHBIO y3/7a, PABHOMEDPHO COKPAINAs PAaCCTOs-
HUe 10 IUVIOCKOCTH OUATPAMMEL, IIPUYEM IOCJAe OJHOT'O MOJIHOT'O
060poTa HAJ TEHBIO y3J1a OHa momanaeT B Touky B (puc. 3.10).
Coeaunue Touku A u B 0TpPE3KOM, MOJIYyYNM TPUBUAIBLHEIN y3ea
K. B camowm gene, npoeknus y3ia K Ha IIOCKOCTD, HEPIIEHINKY-
JIAPHYIO OMOPHOU MPAMOU [, HE UMEET TOYEK CAMOIEPECEICHUs.
Ocraercs 3ameTuTsb, 9T0 y3ea K MOXHO NOLyYUTh U3 UCXOJHOTO
y3J18 3aMEHOU TWIIOB NEePEKPECTKOB.

i
! E
i

Pwuc. 3.10

B Tom cayuae, xorga sanemnenue L COCTOUT U3 HECKOTBKUX
KOMITOHEHT, Ty € CaMyI0 KOHCTPYKLIWIO MOXHO TIPUMEHUTH K
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KaXIOW KOMIIOHEHTE. lIpu 5TOM HyXHO JUIIL MO3a00TUTHLCA O
TOM, 9TOOLI BCE MOIYYEHHLIE B PE3YJIbTATE TPUBUAILHLIC y3JIEI
K; 6Lu1m pacmooXeHsl Ha, PA3HOU BLICOTE HAJ MIOCKOCTHIO [UA-
rpaMMbl. HLIME CI0BaMu, TPOEKIMK OTPE3KoB A; B; Ha BepTuH-
KATBHYIO OCb JOKHEI TIOMMAPHO HE MEPECeKaThCA. [

Mpger nokazanau, 9YTO MOANHOM [[2KOHCA MOXHO BRIYUCIUTD C TO-
Mot cootromenusa (1'), ucxoma us moamsoMOB J[xKOHCA TpU-
BUATBHEIX 3aIlelieHni. M3 5TOro, B 9aCTHOCTH, CIEIyeT, ITO
nomuaOM J[XKOHCA ABILETCA moanHOMOM oT ¢F1/2 = qF2, 1.e. mo-
ausoM X (L) comepxuT Jumb deTHHE cTenenn a. OkaseBaeTcs,
uro pus y3na K nomuaom X (K) COQepXUT JUIIL CTENEHN a, ge-
Jgsmmecs Ha 4. Bosee Toro, cupaBeqiuBo ClAeAyIOMIEe yTBEPXK Ie-
HUe.

3.9. Teopema. a) Ecau K0oauuecmeo KOMNOKEHT OPUEHINU-
posanno20 sayenaenus L nevemmno (nanpumep, ecau L — yzea),
mo noaunom Auconca V(L) codeprcum auwv waenvt suda q~,
keZ.

6) Ecau Koauwecmeo KOMNOHEHM OPUEHMUPOBAKHO20 301UEN-
aenus L uemmno, mo nosuwom Juconca V(L) codeprcum auwo
waensr 6uda q2FtV/2 ke 7.

Hoxaszameavcmeo. Kak MBI yxe roBopmim, m3 COOTHOIIE-
aun (2') m (3') cregyer, wTo monmuOM [[XKOHCA TPMBHAIBHOIO
M-KOMIIOHEHTHOT'O 3ALCTLICHIA DABEH

(_q71/2 _ q1/2)m71 — q(mfl)/Q(_qfl _ 1)m71

’

[OSTOMY [1Js1 TPUBUAILHOI'O 3aI[eIUIEHNsI yTBEPK JeHNEe TeOPEMEL
BepHO. ITonunaoMm [Ixx0HCa 1106000 3aIEIUIEHNsT MOXKHO BEIYUCINTD
¢ momombio coorHomenus (1'), ucxoas ua momunomos [IxoHCa
TPUBHANBHLIX 3anemenunt. Bupn coornomenusa (1') mokaswia-
€T, YTO IOCTATOYHO MPOBEPUTH CJAELYIOIIME CBONCTBA 3allerLie-
aunn LT, L—, LO:

(1) umcna my u m_ OFHOU YETHOCTH,

(2) umcna my u Mo pa3sHOM YETHOCTH,

rae my, m_ ¥ mgy — KOTMIeCTBA KOMIIOHEHT 3arerienmin LT,
L~ u LY cooTBeTCTBEHHO.
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OueBugno, 910 My = M_. Jlerko Takxke MPOBEPUTH, UTO
my = Mo £ 1; masg BTOro HyXHO DPACCMOTPETH ABA CJIydas
(cm. pue. 3.11). O

TATTSNN emoa TN
- N L. D
q YO,
/
ey

/ ’
/ 5 ;oL \
[ 1 \
{ \ H ' )
I ! 1 [
‘l /I ' 1
NS .

my = mgy + 1

my =mgy — 1

Puc. 3.11

3agada 3.2. Borumciamre nmoaumunoMer [IXOHCA y3710B, #300pa-
JKEHHEIX Ha puc. 3.12, rByMa cmocobaMu: CHaYaIa C TOMOIIBIO IIO-
auroma (L), a sarem ¢ momomsio coorromenuit (1')—(3"). Cpas-
HUTE MOJYYICHHEIC OTBETHI.

20 (-
&G X

3.10. Tabummnel y3aoB. Teneps MBI MOXEM IPOBECTH KIac-
CcrUKAIUIO Y37I0B ¢ HEOOJABIINM YHUCIOM IEPEKPECTKOB, & MMEH-
HO, y3/10B, ¥ KOTODPHIX €CTh AMArPAMMBEI C KOIMIECTBOM Iepe-
KpeCcTKOB He 6omee 7. [lns 5TOr0 Hy»XHO CHAYAIA EPEYUCINTH
BCE PA3aWYHEE (C TOYHOCTHIO [0 ILIOCKOM M30TONUM) AUATrPAM-
mer y3a0B ¢ 0,1,2,...,7 nepekpectkamu. (DTa KOMOUHATOD-
HadA 33,343 BECbMa IPOCTa, HO TpebyeT mepebopa GOJIBIIIOTO Yu-
CJ1a, PA3IMYHEIX BAPUAHTOB; €€ PelleHne MBI 00CyX)aaTh He Oy-
nem.) Ilocae TOro kxak 5TO CAENAHO, HYXHO BEIYUCIUTD IIOJV-
HOMEI [[>XOHCA y3710B, COOTBETCTBYIOIIMX IOLYY€HHEIM AUarpaM-
vam. Ecam gByM gquarpamMmam COOTBETCTBYET OUH U TOT XK€ II0-
auHOM [[XXOHCA, MOXHO HONBITATHCA A0KA3ATh DKBABAJIEHTHOCTD
COOTBETCTBYIOMUX AUATPAMMAM Y3JO0B C MOMOUILIO TIpeobpaso-
Bauuu Pengemencrepa. OKa3wBaeTCA, YTO M1 UATPAMM C KO-
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CocTaBHEIE yaiaul ¢ He 60mee 9eM 7 mepeKpecTKaMu u300paxke-
HEI OTAEIBHO Ha puc. 3.14.

O

0005
98

()
X

Pwuc. 3.14

OrMmeTuM, 9TO BCe yaasl HA puc. 3.13 asvmepruposannbie, T.€.
pu 00X0€e AUarpaMMbI IEPEKPECTKY MBI IIPOXOAXM II00YEePefHO
TO CBepXy, TO cHu3y. IIpuMepoM IPOCTOro HeAIbTEPHUPOBAHHO-
IO y3J1a CILyXKUT y3el 819, 300pakeHHbll1 Ha puc. 3.15. (umeercs
B BUy, 9TO y TOrO y3/18 HET HU OJHOU ATHTEPHUPOBAHHON [UA-

TPAMMEL. )
\
d
|
819

Puc. 3.15

3.11. Hacrana mopa o6CyauTh BOIPOC, BCEr LA JIU HEU3OTOI-
HBIE y3Jbl (3aLEIUIEHNs) UMEIOT pasHele motuHoMe Jxouca. Or-
BeT, K COXAJEHNIO, — HeT, He Bcerga. Hambosee npocTon mpu-
Mep WCIONB3YeT OMEPAINI0 CBA3HOM CyMMEI. HamomumM, 9TO
CBA3HAA CyMMa y3J0B Oblta ompenenena B 1.4. [lns samerienu
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C HECKOJBbKUMY KOMIIOHEHTAMU DTa ONEPAlus ONpeIeJeHa HeOmI-
HO3HAYHO: DPE3yJIbTAT MOXKET 3aBUCETH OT TOr'0, KAKWE HMEH-
HO KOMIIOHEHTHI MBI COeIUHseM APYT ¢ apyrom. Tem He MeHee,
MBI OyJeM K“CIonb30BaTh 0603Hadenue Li# Lo, He 3a0biBas npu
9TOM, YTO OJHO M TO Xe 0003HAUYEHNEe MOXET COOTBETCTBOBATH
HECKOJBbKUM HEM3OTOIHBLIM 3AIEIICHAIM.

3agava 3.3. [Joxkaxure, 9TO I JIOOLIX ABYX 3alCILICHUN
L1 n Ly BHITIOMHSIOTCS CAEAYIOMINE PABEHCTBA:

a) V(Ll#Lg) = V(Ll) - V(Lg),
6) V(L1 ULy) = —(q" Y2 + ¢"/2)V(L1) - V(L2).

Nmeerca B BuLy, 9TO HOPMyYJIa 3349 a) BEpHA [Jd JHOO0K
73 BO3MOXHBIX CBSBHBIX CyMM L1 7 Lo.

3agadva 3.4. [JoxaxwuTe, 94TO HNOJMHOMEL [[KOHCA, 3ameruie-
HuU, U300PAKEHHEIX Ha puc. 3.16, coBmagaoT.

=D
QLS

Pwuc. 3.16

Jlerko ycTaHOBUTHL, YTO 3allemeHus, u300paxKeHHBIE HA
puc. 3.16, me msoronnsl. IlosToMy MBI mOnydaeM IpUMep IBYX
3aLEIVIEHNN, KOTOPLIE HEJIb3S PA3IUYUTH ¢ MOMOIIBIO MOIXHOMA
Mxouca. [Ipuaunon cTOIL HENPUATHOTO HAKTA, CILYKUT MOBEIE-
Hye HOAMHOMA [[XKOHCA IIPYM HEONHO3HAYHOUN ONEPALAU CBI3HOU
CyMMBI 3auerieHnit. s y3I0B 3TOT TPIOK IPUMEHATDH HEIb3,
HO MOXHO TIPUMEHUTL BEChMA, TIOXOXUN TPIOK, KaK 3TO BUIHO U3
CTeYIONIEN 33, JaYN.
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3agada 3.5. IIposepbre, uT0 nonrHOMEL /[:KOHCA y3JI0B, N30~
OpakeHHBIX Ha, puc. 3.17, coBnagaoT.

) (3

Puc. 3.17

MoxHO 10Ka3aTh, 9TO DTU ABA y3Ja HE M30TOnHBL [losTOoMy
nmosmaoM [[XXOHCA HE BCerja pas3andaeT U yaisl. JTO NOOyXK1aeT
K mouckam 6oJsee CwibHBIX MHBAPUAHTOB. OqUH U3 TAKUX UHBA-
puaHTOB OyJeT IMOCTPOEH B CAeAYIOMIEM maparpade.

3.12. [dpyrue moJuHOMUWAJILHLIE MHBapWMaHTHI. [losu-
HOM /[I>XOHCA — DTO JAIEKO HE €UHCTBEHHLIN IOJIMHOMUAILHEIN
VHBAPUAHT 3ALETUICHUN. 3a TOJBEKA N0 TMOAMHOMa, [[KOoHCa GhLT
OTKpHIT moauHoM Anekcangepa. Huxke Ml mepedncaum HaubGo-
Jlee€ M3BECTHLIE MOJIMHOMUAJIBLHBIE MHBAPUAHTEL. Bce OHuU sBIsA-
IOTCSl MHBAPUAHTAMY 3ALCIUVICHUN U TPUHUMAIOT 3HadeHue 1 Ha
TPUBUAIBLHOM y37€. KpoMe TOro, Kax bl U3 HUX yIOBICTBOPSI-
€T COOTHOIIEHUIO CIIENUAJILHOrO BuAa. MBI IepedncanM TOJIbKO
HA3BAHUS MIOJUHOMOB ¥ OIPEIESIOMNe UX COOTHOLIEHNS.

Hoaunom Konses V OT OIHOU TIEPEMEHHON Z

V- V(QX?) = zWT_} C)

Ioaunom Aasexcandepa A 0T OIHOU NIEPEMEHHON ¢

A -ACX) = \/l%—t}(x)



§4. VTHBAPUAHTHI BACUJILEBA 53

Hoaunom Anconca V 0T 0qHOU IEPEMEHHOU ¢

1

V() - VX) = (% VAV OO,

Hoaunom HOMFLY P oT nByX HmepeMeHHBIX I, t

P - PO =P O

Hoaunom Jrnconca X OT IByX MEPEMEHHEIX A, ¢

1 K —1
A O V() = () 00

OTMeTIIIM7 9TO0 JIIO60ﬁ N3 3TUX ITOJIMHOMOB MOXHO HOJIy‘IHTb n3
moanHOMa J[3KOHCA OT ABYX MEPEMEHHBIX MOAXOAAIIEN 3aMEHOU
IePEMCHHBIX.

84. MmBapmaunThl BacmineBa

4.1. Coruacuao Teopeme 3.18 060U y3ea MOXHO Pa3BA3ATL
(T.e. mpeo6pa3oBaTh B TPUBUAILHLIN Y3€J), COBEPIINB KOHEIHOE
YnCIO HBMeHeHHﬁ TUTIOB NEPEKPECTKOB. ECJII/I npeaCTaBaATh 3a-
MeHy THUIa MEPEKPECTKA KAK HEMPEPLIBHEIN MIPOLECC, TO CAMBIM
BaXKHBIM 6y,qu TOT MOMEHT, KOI'1a ABE BETBU Y3Ja BCTPEIAIOT-
¢, 00pa3ysa TOYKY CaMOIEepPeceyveHus, B KOTOPOU BETBU Iepece-
KAIOTCs TPAHCBEPCAIBHO. IMCIEHHBIE MHBAPUAHTHI, BBEICHHLIE
BaCHJIbeBhIM, OCHOBAHHI Ha HpOCThIX COOTHOIIEHUAX Me)KllIy 3Ha~
YeHUsAMU HHBapHaHTa HpI/I TAaKUX 3aMEHaX THUIIa HepereCTKa.
Ho oum TpebynoT pacumpeHus KIacCa OOBEKTOB, ¢ KOTOPHIMU
MBI paboTaeM: HapAAy C OOBIMHBIME y3J1aMHU MBI OyxeM paccMa-
TPUBATL CUHI'YJIAPDHBIE Y37Ibl, T.€. KPUBLIE, HE MMEIOIEe 0COOBIX
TOYEK, KPOME TOUEK CaMomepecedeHusa. TOIHOe OmpeIeneHne Ta-
KOBO: CUHRYAAPHbIM Y340M Kk HA3LIBAIOT KYCOIHO JUHEUHOE WIA
rmagxoe orobpaxenue k : S' — R3, me mmeromee apyrux oco-
OBIX TOYEK, KPOME KOHEYHOT'O YUCJIA TOYEK TPAHCBEPCAIBLHOTO
camonepecederns. (Ormerum, uTo opuentamua S! ungyrmpyer
opuenTarmio ee o6pasa k(S1). B aTom maparpade Bce cuHTyIAD-
HEIE U HECUHTYJAPHLIE Y3JEl CIATAIOTCA OPUEHTUPOBAHHLIMU. )
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YucnieHHBIN UHBAPUAHT ¥ HA3LIBAIOT UKBAPUanmMoM Bacuave-
80, €CIU OH YIOBIETBOPSET COOTHOIICHIIO

o) =) = o). (1)

Kak u B npegwigymem naparpade, (GOpMyJabl ¢ KapPTUHKAMN
BHYTPY MAJTEHBKUAX IYHKTUPHLIX OKPYKHOCTEH [10IPA3YMEBAIOT,
YTO MBI PACCMATPUBAEM HECKOIBKO OOBEKTOB, KOTOPHIE COBIA-
JAIOT BHE DTUX OKPYXKHOCTEH, & BHYTPH HUX OHUM YCTPOEHH! TAK,
KaK IOKA33aHO HA DTUX KAPTWMHKAX. lloxg 4YmMClIeHHBIM MHBapU-
AHTOM MEI IOAPA3yMEBAeM WM30TONAYECKUN NHBAPUAHT CUHLY-
JIAPHOTO Y3713, NIPUHUMAONAY 3HAYEHNS B HEKOTOPOM KOMMY Tar-
TUBHOM KOJbLE C efuHunel (B naJbHeumeM Mbl OyqeM CIuTaTh,
YTO BTUM KOILIOM sABAsgeTca noie R). OTmeTum, 9T0 M3oTomus
CUHTYJIAPHOr'O Y3713 JOJKHA COXPAHATL TOUKU CAMOIEDECEICHIS
U UX PACHONOXKEHWE, T.e. B OKPECTHOCTU TOYKU CAMOIEpecede-
HUA KPUBAA MPEAIOIATaeTCA JOKATBHO IIOCKOW, M DTO CBOUCTBO
JOJIXXKHO COXPAHATCA B IIPOLECCE M3OTOINM.

Ilo cpaBrenuro ¢ npegbraymuM naparpadoM MEIL, C OLHOU CTO-
POHBI, PACIIMPsIEM KJIACC PACCMATPUBAEMEIX OOBEKTOB, BKIIOYINB
B HEI'O CUHI'YJISPHBIE Y3/, HO, C JPYI'OM CTOPOHBI, MBI HCKJIIOYa-
€M U3 PACCMOTPEHUs 3aleIUIeHUsI ¢ AByMs U 60Jiee KOMIIOHEHTA-
Mu.

Cremyer TakXe OTMETUTH, YTO (BHOBb B OTJIAYME OT IIPE-
OBLIYIIEro maparpada) MHBAPUAHTH BacuineBa 1Mo OYEBU JHEIM
OPUYMHAM HE €UHCTBEHHBI (HAIPUMED, YMHOXKEHVE NHBAPUAHTA,
v Ha JI00yI0 KOHCTaHTY He Hapymaer coorHomenus (4.1)). Mu
[IOKa He 0y AeM 3aHAMATHCSI BOIIPOCOM O CYIIeCTBOBAHUY NHBAPU-
anToB Bacunbesa, a 3aiMeMCsi BMECTO TOIO U3y IE€HUEM CBOUCTB,
KOTOPBIMYU OHU JOJXKHEI 00/131aTh.

4.2. OaHOWIEeHHOE COOTHOIIIeHnEe
v(sz) =0. (4.2)
OTO COOTHOIIEHUE HENOCPEACTBEHHO CJAEIyEeT U3 OIPEeNeIeHUs
(4.1). B camom geue,

v(Q)=vlQ)=v( Q)
pUYEeM BBIPAXKEHNE B IPABOU YaCTU PABHO HYJIIO, TIOCKOIBKY ABA

y371a, BCTPEYaOMMIeCs B 9TOM BHIDAKEHUU, U3OTOMNHHI, a (PYyHK-
UK U Ha U30TOMHBIX y371aX NPUHUMAET OJHO U TO Xe 3HaUeHUe.
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3aga4ga 4.1. [loxaxure, 9TO €CJIU CUHTYJIAPHBINA Y3€I yCTPO-
€H Tak, KaK MOKa3aHo Ha puc. 4.1 (cTpoeHue yana BHyTpHU ABYX
«KOPOBOK» HE UMEET 3HAUEHUA), TO A DTOTO Y3J1a, 3HAYEHUE JIO-
60ro muBapuanTa BacuwibeBa paBHO HYJIIO.

CooTHomeHNe

v( bd )=0

OyeM HA3BIBATL 0600UWEHHbIM 0OHOUAEHHBIM COOMHOULEHUEM.

4.3. YeTsIpexX4iIeHHOE COOTHOIIIEHNE

Hoxazameavcmeo. IlpumeHMB YeTHIpE Pa3a COOTHOIICHUE
(4.1), noxy4um

o) = (S0 v =a—b,

o
5= u(—\&») - U(%) —e—d
W) =)~ o) =e—a
e =’U(7<'£>)—1}(_/A)_d_b,

rje OOMHAKOBHIMU OyKBaMu OOO3HAYEHBI 3HAYEHUS WHBAPUAHTA
U Ha U30TONHBIX y3uax. SICHO, 4TO

(a=b)—(c=d)+(c—a)—(d-b)=0. O
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4.4. Nusapuants Bacuibesa 06pasyoT JUHENHOE TPOCTPAH-
cTBO Haf moteM R (uwim Ha g JHOOBIM APYTUM HOJEM, BEIODAHHEIM
B Ka4eCTBe O0JACTU 3HAUEHWU WHBAPUAHTOB), TAK KaK JHOOAA
JMUHENHAA KOMOUHAIUA UHBAPUAHTOB Bacuibesa ya0BIeTBOPSAET
(nuuemHOMY) coorHomenuio (4.1). DTO mpPOCTPAHCTBO, OHA-
K0, OeckoneunomepHoe. B cBs3u ¢ dTuM ygoOHO paccMOTpPETH
BO3PACTAIONIYI0 [TOCIELOBATENLHOCT KOHEIHOMEDHEIX ITOAIPO-
CTPAHCTB, KOTOPasA COAEPXKUAT NOCTATOIHO MHOI'O MHBAPUAHTOB
Bacwmibesa. Bygem roBoputs, 9TO MHBAPUAHT ¥ uMeeT NOPadok
He 6osee n (3anuch: ordv < n), eciu OH TOX JECTBEHHO PABEH Hy-
JII0 Ha, JI00OM CUHIYJISPHOM y3Je ¢ 601ee 9eM 1 TOIKaMU TPAHC-
BepcarbHOro camonepecedenusa. Ilomoxum V, = {v|ordv < n}.
Torga kaxkgoe MHOXECTBO V,, ABIACTCA JUHEMHLIM IIPOCTPAaH-
CTBOM, [IPUYEM

VocVicVaCVs...

4.5. WuBapmantTsl nopajgka 0 m 1. Jlro6ou unBapuanT
BacuibeBa vy mopsigka 0 obOpamaercs B HyaIb HA J1I000M CHHLY-
JIAPHOM y3Jie, IMEIOIeM XOTs Obl OQHY TOYKY CAMOIIEPECEedIeHNs .
Ecan vy npuarMaer 3Hadvenue ¢ Ha KakOM-aubO0 y3ue 6e3 To4dex
CaMOIlepeCeyeHnsA, TO OH IPUHIMAET TO XK€ CaMOe 3HAYEHNE U Ha
BCEX IPYrux yarax 6e3 Toduek camomnepecedeHus. B camom gere,
cooTHomenue (4.1) MOKa3LIBAET, YTO €CIU IBA, Y3J1a MOLYIAIOTCA
OPYT M3 Ipyra 3aMEHOU THUIA OJHOI'O IMEPEKPECTKAa, TO 3Hade-
HUA Vg AJA DTUX ABYX Y3J0B OTJIMYAIOTCS HA 3HAYEHWE Vg AJIA
CUHI'YJIAPHOI'O Y3714 ¢ TOYKOM CAMOIEPECedeHus, COOTBETCTBYIO-
meu sToMy nepekpectky. Ho 3HadeHue vy Ha TaKOM yaie PaBHO
Hym0. A Tak xak 00BIe 1BA Y348 6€3 TOYEK CAMONEPECETeHMs
IOy 9A0TCA APYT U3 APYra C MOMOIIBI0 KOHEYHOr'O YNCIA 3AMEH
TUIIOB MEPEKPECTKOB (CM. Teopemy 3.8), TO 3HAMEHME Uy HA, JIO-
60M y3ise 6e3 0CoOBIX TO4UeK paBHO . Taxkum o6pasom, Vo = R u

Wrax, ¢ momompio nHBapUaHTOB mopsaka 0 y3iabl pa3aindaTh
Henb3sg. OKa3bIBAeTCs, YTO MHBAPUAHTHI TOpsiIKa 1 Toxe He pa3-
angaoT y3asl. Kax Mo cemuac ysuamm, V) = Vg, moromy dTo
M000U MHBAPUAHT v; OOPAIIAETCA B HYJb Ha, JIOOOM y3Je, uMe-
IOLeM XOTA OBI OJHY TOYKY CaMoIepecedeHus (XOTsa U B ompene-
JIEHUV TOBOPUTCSA JWIIbL TO, YTO OH PABEH HYJIO HA y371€ C 08YMi
TOYKaMu camonepecedenus). B camom nene, mycThb ki — yaeua ¢
ONHOU TOYKON CaMOIepecedenHus, a y3en ki momyden u3 yana kq
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OJHOU 3aMEHOM TUIA TepeKpecTKa. Torga ua coornomenus (4.1)
caeayer, 9to vy (k1) — vi (ki) = vi(k2), rae ysen ko umeer gBe
Touku camorepecedenus. Coruacuo onpegenenuio vi(ke) = 0, a
snauut, vy (k1) = vi(k]). Takum o6pasoM, mpu 3aMEHAX TUIIOB
[EPEKPECTKOB y3ia ki 3HAYEHUE UHBAPUAHTA U] HE U3MEHAETCA.
Ecau xoamguecTBo TOUYEK camonepecedenus yamua k; 6oabmre 1, To
v1(k1) = 0 mo ompegenenuo. [TosToMy ZOCTATOIHO PACCMOTPETH
carydan, kKOrga y3ea ki mmeer pOBHO OLHY TOYKY CAMOIEpecede-
uusi. OHa pasbuBaer y3erx Ha aBe 4acTu. Kax Iyl m3 HUX MOXHO
IPEBPATUTD B TPUBUAIBHEIN Y367, 8 33TEM NX MOXHO PACLENNTh,
U3MEHAs MOAXOAAIM 00pa30M THUILL IEPEKPecTKoB (puc. 4.2);
3HAQYUCHNE NHBAPUAHTA V1 IIPU 3TOM HE U3MEHACTCA. B pe3yJabTa-
Te MOTydaeM y3e1 O, 411 KOTOPOro 3HAYEHUE JI0G0r0 NHBAPY-
AHTAa BacﬂﬂbeBa PaBHO HYJIIO B CAJIYy OJHOWIEHHOI'O COOTHOIIICHUA
(4.2). UTak, MBI IOy YUIA HEY TEMATENLHEINL PE3YIBTAT:

Vo=V, =R (4.4)

K cuacTbio, TEOpUs CTAHOBUTCS COAEPIKATENLHON yIKe Ha Clie-
OYIOIIEM IIare, T.e. I MHBapUAHTOB nopsagka 2. Ho npexsapu-
TeJIbHO HaM NOTPeCyIOTCA elle HEKOTOPEIE OCHOBHBIE OIIpejele-

/i-\
) §
N/ N/

Puc. 4.2

OTMeTuM, 9TO UCTIOIL30BAHHBIE B CBA3M C puc. 4.2 paccyxae-
HUsA GHaKTUYEeCK! [OKA3BIBAIOT Claemyiolee Oosree oOIee yTBep-
XK IeHUTe.

4.6. JlemMma. 3uauenue unsapuanma Bacuavesa nopadka n
HA Y34€ C POBHO N MOUKAMU CAMONEPECEUEHUSL HE UMEHAETCA
NPU 3AMERAT MUNG NEPEKPECTNEOS.

4.7. CuMmBoOI. 3alMeMCS Temeph NHBAPUAHTAMU IIPON3BOIEL-
HOI'O HOpAAKa M. J[l1d DTOro MmOmBITaeMCsl ONUCATH CTPOEHUE



58 TyiABA II. UTHBAPUAHTHI Y3JIOB U 3AIEIJEHUR

dakropnpocrpanctea V,/V,_1. Eciu nac uaTepecyer unBapn-
aHT MOPSAKA N C TOYHOCTHIO JO MHBAPUAHTOB HOpsAgka n — 1, To
yZOOHO paccMaTpUBAThL HE CAM MHBAPUAHT, & €r'0 CUMBOJ.

Cumsoaom nuBapuanTa BacuineBa mopsagka 1 HA3BIBAIOT €0
OrPAHUYICHNE Ha MHOXECTBO CUHI'YJIAPHBIX Y3J0B, UMEKIIUX DOB-
HO 7 TOYEK CaMOIIepeCceyueHus.

Ba,}KHOCTb IIOHATUA CUMBOJA MHBAPUAHTA CBA3aHA C TEM, ITO
ABa HHBapHaHTa HOpf{,[[Ka, n C OJHUM U TE€M XK€ CUMBOJOM OTJIN-
9a0TCs HA MHBAPUAHT MOpsaka He 6oaee n — 1. B camom mene,
X PA3HOCTB ¥ O0OpAIaeTCsa B HYJIb HA JTIOO0OM y3J€e ¢ N TOYKaMu
camomepecedenus. Popmyna (4.1) moxasbiBaeT, YTO 3HAUEHUE
moboro naBapuanTa BacunbeBa Ha y3ne ¢ n + 1 Touxkoum camo-
[IepeCceveHnss PABHO PA3HOCTY €r0 3HAYEHUN HA ABYX Y3JIaX C N
TOYKaMM camoriepecedenus. [1oaToMy v 00pamaeTcs B HyJIb HA
BCeX y3Jax ¢ n + 1 TOYKOM camomepecevdeHus. AHAIOIMYHO v
0o0pamaeTca B HyJab Ha, BCEX y3IaX € N + 2 TOYKaMH caMoIepece-
YEeHUA W T.1O.

4.8. [Muarpammsbl TI'aycca. Jlemma 4.6 nokaswiBaer, 94TO
3HAYEHVUE UHBAPUAHTA TIOPALKA 71l HA, Y3JIaX C 7l TOYKAMU CaMOIIEe-
pecedenus (T.e. 3HAUEHUE CUMBOJIA, MHBAPUAHTA) HE U3MEHAETC
TP 3aMEeHe TUTOB MEPEKPECTKOB. Takum 00pa3oM, 3TO 3HAYEHUE
HE 3aBUCUT OT 3ay3JEHHOCTH, 8 3aBUCUT JUIIb OT TOrO, B KAKOU
MOCJIEJOBATENBHOCTY BCTPEIAIOTCA TOYKU CAMOIIEPECEICHUs IPU
00x0/e yaaa. Ty HOCIeI0BATEIbHOCTD YA00HO 3a1aBaTh CIeLy-
formum o6pasom. Pacemorpum ysen k : S' = R® ¢ n Toukamu
camomnepecedenusa. Bygem 06X01uTh OKPYKHOCTE S' B COOTBET-
CTBUMU C €€ OPUEHTALNEN ¥ OTMEYaTh Ha Hel TOYKH, 00OPa3Ll KOTO-
PBIX COOTBETCTBYIOT TOYKAM CAMOIEPECEICHUs. 3ATEM KAXK IYIO
mapy OTMEYEHHHEIX TOYEK, COOTBETCTBYIOIMX ONHOU W TOU XKe
TOUKe camonepecedenus, coequauM xopaou (puc. 4.3). To, aro
IOy 9aeTCs B PE3YJbTATE TAKOU OIEePAIH, HA3EIBAIOT LoPdosot
duaepammoti uiu duazpammot I'aycca nopsagka n.

2 1=4

Puc. 4.3
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[Be muarpammer [aycca cuUMTarOTCA DKBUBAJEHTHBIMU, €CJIN
OHU MHOJYYal0TCAa APYT U3 Apyra auddeomMopdu3MoM OKPYXKHO-
ctu S', coxpamsmiomuM opuenTanmo. Ha puc. 4.4 m306pasKkeHbI
BCe pasawyHble quarpaMmmbl Laycca mopsgka n = 1,2,3. Orme-
THM, YTO Y BCEX y3J10B 6€3 TOYeK CaMOIEepEeCedYeHUs XOPAOBasd
OUAarpaMMa OfHA U Ta ke (OHa COCTOUT U3 MyCTOIO MHOXKECTBA

X0pa)-

& 00K
fe=jesfes

Puc. 4.4

3apada 4.2. IIposepwTe, uTo BCe guarpaMmel ['aycca mops-
Ka n < 3 DKBUBATEHTHLI CBOMM 3€PKAJLHBEIM OTPAXKEHUAM, & IPU
n = 4 yKaxuTe NpUMep AUATPAMMLL, HEDKBUBAJEHTHON CBOEMY
3epKaIbHOMY 00pasy.

Jlerko ybeauTncs, 9T0 Ja06as XOpAOBas AUArpaMMa, COOTBET-
CTByeT HEKOTOPOMY CUHTYJIAPHOMY y3i1y. B camom meme, pac-
cvorpum B R® gemxymryiocs Touxy. Ha ee TpaekTopun HauHeM
oTMEe4YaTh 6y,qymne TOYKHA CaMOHepeCe‘IeHH}I B TOM HOp;I,qu, B
KAKOM OHU BCTPEYAIOTCA HA, JAHHOU XOPAOBOU nuarpamme. Ecim
NOJKHA, TOABUTHLCA TOYKA, CAMOIEPECEUeHNUs, COOTBETCTBYIOIIAA
yKe OTMEYEHHOU PaHee TOYKe A TPAeKTOPUU, TO HATIPABUM TPA-
EeKTOPUIO K TOYKe A U mepecedeM B HEU TPACKTOPUIO TPAHCBEP-
canbHO. Tak OygeM JeUCTBOBATH [0 TEX TOP, MOKA HE UCUEPIAEM
BCE TOYKHU caMornepecedenus. Ilocae 5TOro HAIPaBUM TPAEKTO-
PHUI0 K HAYAILHOU TOYKE, YTOOBI MOMYIUTH 3AMKHYTYIO TPACK-
TOpU0. B TpexmMepHOM MPOCTPAHCTBE HET MPENATCTBAU K DTOU
nporeaype. Ha puc. 4.5 m3obpaxkeHn 183 ya71a C AByMsA TOIKAMA
CaMOTepeCcevYeHns, COOTBETCTRYIOIUE BYM quarpammvam Laycca
mopsigka 2.
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00 &

Puc. 4.5

3agaua 4.3. Hapucyure 5 y310B, COOTBETCTBYIOIINX OUA-
rpammam l'aycca nopsaaka 3.

Jl1s mocre 1yomero n3I0XKeHus MONe3H0 mepedOpMyInpOBATh
aeMMmy 4.6 Ha S3BIKE CUMBOJIOB X XOPAOBBIX AMATDAMM.

4.9. Jlemma. 3nauenue cumsoqaa unsapuanma Bacuavesa
nopadka N Ha Yaae ¢ N MOUKAMU COMONEPECEUENUS 3a8UCUM
moavko om duaepammvr I'aycca smozo y3aa.

4.10. IlycTe ey, ... ,€; — MHOXECTBO BCEX DABMUIHHIX XOD-
IOOBBEIX AMarpaMM IOpsaka n. Tak Kak CUMBOJI 3aBHCAT TOJIBKO
ot guarpamMbl ['aycca u He 3aBUCUT OT 3ay3JeHHOCTH (CM. JeM-
My 4.9), TO 060 CEMBOJI MOPALKA 71 MOJIHOCTHIO ONPEAENAETCA
CBOMMU 3HAYECHWSIMU HA MUATPAMMAX €1,...,€Eg. lLlodTOMYy mi0-
60My DIEMEHTY U, OPOCTPAHCTBA V;,/V,—1 MOXHO CONOCTABATH
Habop umcer (v,(e1),...,vn(ex)) € R¥, a aromy mabopy moxmO
COTOCTABUTL JUHEUHYIO (QYHKIUIO HA MTPOCTPAHCTBE RF ¢ buk-
CHPOBaHHBIM 0a3ucoM ej,...,€x. B pe3yabTaTe moaydaeM Mo-
roMopdHoe mureiHOe oTo6paxkenue V,,/V,, 1 — (R¥)*. Jlerxo
ybeauThes, 4TO 3T0 oTobpaxenue He snumopdHo. Hanpuwmep,
m0601 MHBapUaHT BacmibeBa 00paaeTesa B HyJIb Ha yaiae (OO,
COOTBETCTBYIOLIEM JUArDaMMe @ IMosTomy amuenHON PyHK-
I[UY, IPUHUMAIOMEN HA JIEMEHTE 6 HEHyJeBOE 3HAYEHNE, He
MOMKeT COOTBETCTBOBATEH HUKAKOM SJIEMEHT IPOCTPAHCTBA V; V.

Ha si3bike XOpIOBBIX guArpaMM OJHOWIEHHOE COOTHOIIEHUE U
0000IIIEHHOE O THOYIEHHOE COOTHOIIIEHNE 3ANNCEIBAIOTCSA ClIEYI0-

muM 00pa3oM:
(-0 &30 (4.5)

OTu HOPMYJILI O3HATAIOT, ITO CUMBOJ JIOOOC0 MHBAPUAHTA KO-
HEYHOI'O MOPAAKA 00PAlIAeTCA B HYJIb HA XOPJIOBOU AUATPAMME,
OMIHA U3 XOPJ KOTOPOU HE MEePECeKaeT OCTAMbLHBLIE XOPIHL.
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Yo xe KacaeTCsa Y TEIPEXLWIEHHOrO COOTHOIICHUSA, TO HA, A3EI-
Ke XOPOBEIX IUATrPAMM OHO BHIPAXKAETCA CJAeIYIOMEen (pOPMYJION:

V- D@

dTa HOpMyJia 03HAYAET, 9TO AJTLTEPHUPOBAHHAA CyMMa CUMBO-
JIOB AMArpaMM, y KOTOPBIX 7 — 2 XOPALI COBHALAOT (HA PUCYHKE
OHU HE M300PaKeHHI), & ABE OCTABIINECST XOPJILI yCTPOEHHI TAK,
KaK IOKAa3aHO HA PUCYHKe, DABHA HY.II0 IPU YCIOBUM, YTO OT-
CyTCTBYIOIIVE N — 2 XOPAbI HE 3aKAHYMBAIOTCA B 3aNPETHHIX AY-
rax OKPy2KHOCTH (Ha PUCYHKE 3TH Iy BHLIEJIEHEL Y TOMILEHUEM ).
Y068l JOKA3ATH 3TO yTBEPXK ACHUE, BO3bMEM MIPEALIAYIIYIO BEP-
CUIO YETHIPEXWIEHHOO COOTHOMEHUs (4.3) U NOIOMHUM KPUBEIE,
PACIIONOXKEHHEIE BHYTPU IIYHKTUPHOU OKPYXKHOCTU 10 3aMKHY-
TOU KPUBOU (DTO MOXKHO CIEIATh ABYMA CYIIECTBEHHO PA3JIUY-
HEIME cioco6amMu: cM. puc. 4.6). U3 mony4eHHbIX IByX KAPTUHOK
BBITEKaeT cooTHomeHue (4.6).

=0
=0
Puc. 4.6
4.11. Mycte U — JuHEMHOE TPOCTPAHCTBO € 6A3UCOM
€1,-..,€k, a U — MIBOMCTBEHHOE IPOCTPAHCTBO, T.€. TPOCTPAH-

cTBO JuHenHbrx ¢yukuuu Ha U. Pacemorpum B U* moamuOXKe-
ctBO F', mo6ou saeMeHT f KOTOPOrO yIOBJAETBOPAET COOTHOIIE-
HUAM

Z)\hf(e,) = 0, ey Z )\p,f(e,) = 0,
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rge A;; — (UKCHPOBAHHBIE NENCTBUTENIbHEIE 4UMCIa. Paccmo-
TpuM Takxke mogmpocTpancTBo U; C U, mopoxIeHHOEe BEKTO-

paMu
wp = E /\h-ei, see, Wp = E /\piei.

JIro6ou saement f € F oOpamaeTcsa B HyJIb HA TPOCTPAHCTBE
U1, mosTomy F MOXKHO OTOXIECTBATH ¢ HEKOTOPHIM MO IMHOMXKE-
ctBoM B mpoctparcTse (U/Up)*.

Bepremca x paccMOTpeHmio mpocrpancTsa RF, 6asmcom ko-
TOPOTO CIyXAaT BCE PA3ITUYHEIE XOPIOBEE TUATDAMMEL €1, . . . , €,
nopagka k. 3anumeM B 5TOM 0a3uce BCE PABEHCTBA, BEITEKAO-
mye u3 OAHOWIEHHOrO COOTHOmeHus (4.5) M 9eTEIPEXWIEHHOrO
coorHomenus (4.6). IlycTb 5Ty paBeHCTBA UMEIOT BU[

viep) =0,...,v(es) =0,
v(ea) —v(es) +v(ec) —v(ea) =0,...,
v(ea) —v(eg) +v(ey) —v(es) = 0.

Torga cUMBOJI MHBAPUAHTA MOPAIKA 1 MOXHO OTOXACCTBUTH C
HEKOTOPOW JMHEHHOU (yHKImen Ha mpocTpancTse A, = RF /Uy,
rae npocTpancTso U MOPOXK IEHO BEKTOPAMU

€p,---,€5,6g —€p+€c—€q,...,6q —€3 + €y — €.

IIpocTpancTBo A,, MOXHO TPEACTABIATL cebe KaK MPOCTPAH-
CTBO, MOPOXIEHHOE BEKTOPAMU €1, . .., €e), KOTOPLIE YIOBIETBO-
PAIOT COOTHOIIEHUAM

ep=0,...,e5=0,e,+€ =€y +e€q,...,eq + €, =€ + €.

Mu mokasaau, 9TO CyMIECTBYET €CTECTBEHHBIM MOHOMOP(U3M
npocrparcrsa V,,/V,_1 B npocrpancreo Af.

OTO yTBEPXKIEHUE MOXKET, OJHAKO, HE BLIPAXKATH HUYIET'O CO-
AEPXKATEJIBHOIO: MBI HE€ OOKa3aJad, ITO HeHyJIeBBIe MHBAPUAH-
ThI Ba,CI/IJIBeBa, KOHEYTHOI'O IIOpAOKa |I[eI‘/}ICTBI/ITeJHoHO CymeCTBy-
oT. JlokaszaTeabCTBO X CYIIECTBOBAHUSA COAEDPXKUTCSI B pabdo-
Tax [Vasl], [Car], [BN]. CrnpaBeatuso Taxxe creaywoimee Goree
CIJIBLHOE yTBEpPXK JICHUE.
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4.12. Teopema Konnesuua. Husapuarwmur Bacuavesa no-
padka n obpasyiom maxoe aunelinoe npocmparncmso Vy,, wmo
Paxmopnpocmpancmeo V,, [V, _1 usomopgdro npocmpancmey A,
aunetinolir Gynryut wa ropdosuir JuazpamMmar nopadkae n no Mo-
OYa10 00HOUNEHHOZ0 U YEMBIPETUAEHHOZ0 COOMHOULEHUS.

JoxazaTeasCTBO >TOU TeopeMbl BecbMa Ca0xkHO (cm. [BN]);
MEL €r0 HE [IPUBOAYIM.

4.13. YTo06BI BLIYUCANTL 3HAYEHUS UHBAPUAHTOB Bacuinesa
A KOHKPDETHOI'O y371a, Hy>KHO BHIODATh 0a3uC B IPOCTPAHCTBE
A,, XOPIOBLIX AUATPAMM U PABJIOKUTH IO 3TOMY GA3UCY OCTAIb-
HEIE HEHyJeBEIE AUarpaMMbl. C yBeIUYEHUEM 7. CIOXKHOCTH Pe-
MIEHUs DTOU 339U CTPEMUTEIHLHO BO3PACTAET. Yxke mpu nn = 9
ee pelieHre TpeOGyeT MHOTOJAHEBHOU PAGOTHI MOIITHOT'O KOMIIBIO-
Tepa. Mul orpaHrYrMCs HAXOXIeHueM 0a3ucoB maiai N = 2,3 u
4.

IIpocTparcTBo As MOPOXKAECHO AUATPAMMOU Q@w [dpyras nua-
rpamMMa € gByMs XODIaMu Q:C PaBHA HYJIO B CUIY OJHOYICHHOI'O
COOTHOIIIEHUSI.

B npocrpancTee Az ecTh qB€ HEHYIEBLIE TUATPAMMEL, & UMEH-
HO, (é@ u @ Ho sTu gmarpaMMer TUHENHO 3aBUCUMBL. B camMom
JeJe, U3 YeTHIPEeXWIEHHOro cooTHomenus (4.6) caeayer, 4T0

_@+—@:0.

A TaK KaK TpeThbA AuarpamMma HyJaeBasad B CUIYy OMNHOYIICHHOI'O
COOTHOIICHUA, IIOJIYYIaeM

u(GR) = 2R (4.7)
3agaua 4.4. a) [oxazaTh CleLyOUe COOTHOIICHU:

B3
-+
@.

s moboro vy € V.
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6) [doxkazats, yro dimA4 = 3, mpuuem B KadecTBe 6asuca
3TOr'0 IPOCTPAHCTBA MOXHO BEHIODATH AMArpaMMbL

(2R}

4.14. Tenepb MBI MOXEM IIPOU3BECTU KOHKDPETHEIE BBIUKACIE-
HUs MHBapUaHTOB BacuibeBa g npocrenmmx yamoB. Mer yOe-
nunuck B 4.5, 910 mHBapuaHTH nOpAAkoB 0 u 1 He pasaumvaoT
Y3JIBL, IODTOMY HAYHEM C MHBAPMAHTOB HOpsagka 2. CumBosasbr
WHBAPUAHTOB NOPAIKA 2 00pa3ylT OJHOMEPHOE MPOCTPAHCTRO.
Yrober pukCupOBATH GA3UCHBIN MHBAPUAHT Uz € Vo, MOXKHO MO-
JIOXUTH

wu((X) =1, v(0)=0. (4.8)

IlepBoe ycaoBue onpenenseT CUMBOJI UHBAPUAHTA Vg, & BHIIOIHE-
HUA BTOPOrO yCJIOBWMA MOXHO NOGUTBHCS, BEIYTA (IIpu HEOOXOIU-
mocTm) mHBapHaHT nopsaska 0 (a mmenno, ecm v2(Q) =r # 0,
TO Hy2>XHO BEIYECTHb MHBAPUAHT nOpsaaka (), IPUHUMAKOLMY 3HA-
JeHUe T Ha BCEX y3laxX 0€3 TOYeK CaMOIEPECEueHNs]).

Beraucaenve Haunem ¢ TpuwaucrTHuKA. J[as KpaTkoCcTH BMe-
cro v(k) = v(k1) + v(ks) 6ynem mucate k = ky + ko, omyckas B
HNOJOOHBIX CIydasx v. Taxk Kax HOCTe M3MEHEHWs TUIa J060ro
[ePEKPECTKa, TPUINCTHUK IIPEBPAIAETCA B TPUBUAILHLIM y3el,
TO MBI IM€eeM COOTHOIIEHUs, n300pakeHHule Ha puc. 4.7.

& & &
B&&&

Puc. 4.7
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Ananorvvyubie BLMUCICHUA [JIA JEBONO TPUIMCTHUKA, TIPUBO-
OAT K Pe3yabTaTy, ndobpaxennomy Ha puc. 4.8. B oboux ciy-
YagaxX MOMydaeM y3el C XOPAOBOU AUarpaMMOu (X/\, TIO3TOMY, [JIA
060MX Y3/IOB 3HAYEHVME WHBAPUAHTA, Uy PABHO 1.

& - &

Puc. 4.8

Ho unBapuanTe BacuibeBa TpeTbero mopsgka yxe mo3BOJIs-
0T OTJIMYATH JEBLIM TPUWINCTHUK OT MPABOrO. B camom gene,
BEIYUCICHUS, U300paKeHHEIE HA puc. 4.9 mIpuBOAAT K CUHTYJIAP-
HOMY y3i1y ¢ guarpammou [aycca @ CueqoBaTeNIBbHO, €CIU MBI

[OIOXKUM 113(@) = 1, TO 3HAYEHUs MHBAPHAHTA VU3 HA JEBOM
TPUIMCTHUKE U IPABOM TPUWIMCTHUKE Oy YT OTANYATHCS HA 1.

& D DR

Puc. 4.9

Paccmorpum Temeps yaea Bocemepky (puc. 4.10). Y sroro
y37a €CTh ABa BUA IEPEKPECTKOB, TOMEYEHHEIX 3HAKAMYA + U —.

Pwuc. 4.10
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Corunacuo cooTromenuto (4.1), mocie 3aMeHbl TUNA IEPEKPECTKA
IS TIEPEKPECTKOB, MOMEYEHHEIX 3HAKOM + , y3€J ¢ HOBOU TOYKON
CaMOINEPECEUEHNA HYKHO NPUOABUTD, 8 [1J NePEeKPECTKA, MOMe-
YEHHOI'O 3HAKOM —, €0 HYKHO BHIYECTb. YUUTHIBAs DTO, MOIY-
4aeM paBeHCTBa, m3obpaxenunie Ha puc. 4.10. CaemoBareabHo,
S3HAQYCHUEC NHBAPUAHTA V2 AJIA y3Jd BOCBMEDKA PABHO -1.
Ha,KOHeH, BBEITUCINM 3HAQYUECHNE NHBAPUAHTA Vo MJIA TOPUICCKO-
ro yana Tuna (2,5) (#a puc. 4.11 3T0T y3en TpeTun ¢ KOHIA).

OG- OG- OGHO-Gr
- @ —2 5} — vQ(Q) :2v2(C67)+v2(@)=3

Puc. 4.11

Brraucaenus ygo6HO HAYATH € y371a ¢ ABYMA TOYKAMHA CAMO-
nepecedenus (HA PUCYHKE DTOT y3eJ IEPBBIU), & 33T€M YHUITO-
XKUTh TOYKM CAMOIIEPECEYEHNs ¢ IOMOIIbI0 cooTHomenus (4.1).
B pesyabTaTe mOIyuMM HAII TOPUYECKUUN Y3671, TPUBAAILHEIN
y3€I U [Ba TPUIACTHUKA. OSHAYEHUE Uy HA TPUBUAILHOM y3J€
pasHo 0 B cury ycaosus Hopmuposku (4.8). Coruacuo gemme 4.9
3HAYEHVE MHBAPUAHTA Vo HA y3J€ C ABYMs TOYKAMU CaMOIepece-
YEHUA MOJHOCTBIO ONpenensaeTcsa ero quarpammon aycca. s
mepBoro yana Ha puc. 4.11 gmarpamma laycca umeer Buf @,
MOSTOMY 3HAYEHWE vy Ha DTOM yaje pasHO 1. B mTore moryuaem,
9TO 3HAYEHUE Uy HA TOPUYECKOM y3je Tuma (2,5) paBHO 3.

KomMmenTapun

B HaIlleM W3JI0XEHUN IOJIVNHOMUAJBHBEIC WHBAPUAHTHI Y3JI0B
(sanerueHnil) NOABWINCH B HOPAAKe, OOPATHOM KX XPOHOJOLH-
YECKOMY MOPAIKY. DTO CBA3AHO C TE€M, UTO MO3JHEUIINE U300pe-
TeHusa OoJiee DJEMEHTAPHEI, UeM MPEAMIeCTBYIONEe, HO OHU IIO-
3BOJAIOT BOCIPOU3BECTH paHHUMe Bepcuu. McTopudecku mepBBIM
nosiBuics noauHoMm Anekcangepa ([Ale2],1923). TlepBonavaasHO
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OH OBLI TOCTPOEH, IPyOO I'OBOPs, KAK ONPENEeNUTETb OIlepaTopa
MOHOIPOMUU B OJHOMEPHOU T'PYIIE TOMOJOTUHA A0eNeBa HAKPHI-
TUs JONOJHEHUA JAHHOrO yana. Ilogpo6HOE W BECbMa MOHAT-
HOE M3JOXKEHME TIOINHOMA AJEKCAHIepa IMTATeNb MOXKET HAUTHA
B xuure [CF]. XoTs Anekcangep (Kak 1 MHOTHE IpYTHe, 3aHUMAB-
[MeCs TeOPUEN Y3JOB) 3HAA ¥ UCIOJAb30BAI COOTHOLIEHVE THUI,
Kouses (cm. (1') mHa c. 44), mums muOro ger cuycrsa Jx. Kown-
BeU OOHAPYKWI, ITO 3TO COOTHONIEHUE MOXKHO UCIONB30BATH B
Ka4dyeCTBe OCHOBEL IJLST AKCOMATUYIECKOI' O HOIZ[XOIZ[a. K IIOJIMHOMU-
ATBHBIM MHBAPUAHTAM, 1 n300pe CBOI0 BEPCUIO MOIMHOMA, A -
cargepa ([Con], 1973; crenyeT 0TMETUTD, YTO 5Ta IPE3BLIYANHO
BaxHas pabora B Coserckom Corose ObLIa HEJOCTYIHA — OHA
CTaJa U3BECTHA POCCUMCKUM TOMOJOTaM JUIb B KOHIE 80-X, mo-
cae nossiaerus pabotet [Jon 1]). ITocae 5Toro u nocae nossaeHns
nomHOMA [[2KOHCA HOBBIE TIOJMHOMEL, OIMPAIOIMUECT HA PA3IAY-
HEIe Bepcun cooTHowenns KouBes, Havaau noABIATHECA B u300u-
JIATL.

Haubosee ecTeCTBEHHEIN TOJMHOM OT ABYX IEPEMEHHBIX C «O -
HOPOAHEIM» cOOTHOIIEHUEM (M. 3.12) GBLT OTKPEIT OIHOBPEMEH-
HO HOYTH JIOXUHOU MaTeMaTukoB. Ha 3amane mecrepo w3 HUX
(P. Freyd, J. Hoste, W. B. R. Lickorish, K. Millett, A. Ocneanu,
D. Yetter) omy6aukoBaiu coBmectryio pabory [FH..], a aBoe
nonbckux uccaenosarenen (J. Pzryticki m P. Trazcyk) mosnuee
onybaukosanu pa6ory [PT]. B coorsercTBun ¢ nepeoin my6amka-
oUer 3>TOT MOJMHOM HE CIMMKOM Cnpaseniuso HasbmaoT HOM-
FLY B wecTs mecTeprix 3amagHbIX aBTOPOB.

OrkperTre moamaOoMa J[2XOHCA OBLIO BECbMAa HEOXKWUAAHHO 1
npamaruyso. Boran [lxonc, maremaruk u3 Hosou 3emangum,
3aHMMABIINKCA IpencTapieHuaMu aarebp ¢pou Hermmana, ucnouns-
30BaJ I VX UCCICAOBAHUA TaK HaswiBaeMmbin caeq Okueany. Ilo-
cJie 0HOrO U3 ero nokaanos [Ixoan Bupman, Begymmuu crenua-
JUCT TO TeOpu: KOC, YKA3AJIa, HA MOPA3UTENIbHOE (POPMAIBLHOE
CXOACTBO MEXIy CBOMCTBAMU DTOT'O CJAea U NPeOOPA3OBAHUA-
Mu MapkoBa (OHE yCTAHABIMBAIOT CBA3L MEXKIY KOCAMU U 3a-
LEIUIeHNAMY; MBI 00CyAuM ux B caeyromen ruaase). Ilocae sTo-
r'0, IPOAEIAB HEKOTOPEIE OCTPOYMHEIE BLIYUCAEHN, [2KOHC cMOr
nocrpouTs ceor mojuroM ([Jon 1]). MBI He BKIIOYUMIZ 5Ty KOH-
CTPYKIUIO B HAILY KHUI'Y [0 IBYM NPAYMHAM. BO-IIEPBBIX, OHA
IAMEeKO He 2IeMEHTApHA (OHA OMUPAETCA, CPEAM BCErO IPOYEro,
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Ha anreOput Lekxe, cren Oxueany u Teopemy MapkoBa 0 Kocax).
Bo-BTOpHIX, TOAPOOHOE UIMTOKEHUE DTOU KOHCTPYKIINAH, O3 IHEE
OnyOJINKOBAHHOE CAMBIM [[3KOHCOM, CTOJIB SCHO U IOJHO, YTO MBI
COBETYEM 3aMHTEPECOBAHHOMY YUTATEN0 OOPATUTHCA HEMOCPEI-
CTBEHHO K cTaThe [Jon 2].

Ha pa6ory Boraua [IxoHca HEMEIIEHHO O0PATAIN BHUMAHUE,
B yacTHOCTH, M. ATha (Ha ero cemunape [[x0HC crenan JoKIax),
«H. Byp6axu» (ma cemunape BypbGaxu mnepseie cooOuenus o0
srou pabore 6uutn caenansl A. Konnom u II. Kaptee), O. Bu-
po u B. Typaer B Jlenurpajie u OIUH U3 ABTOPOB >TOU KHUT'U
B Mockee. BoopgyieBnenne MaTeMaTUIECKOTO COOOIMECTBa, ObI-
JIO BBI3BAHO HE CTOJIBKO YKUCTO TEOPETUKO-Y3IOBEIMU ACIEKTAMU
9TOU PAaBOTHI, CKOJIBKO OTKPHIBAIOIIAMUCS [IIyOOKUMU CBS3SIMU
¢ omepaTopHEIMU aarebpamu (opuruHaabHas cTaTba B. [lxon-
ca), craructuaeckon dusuxon (B. Mxonc [Jon 3] u JI. Kaydman
[Kau 2]), amre6pamu Xonda (B. dpunrdpersa [Dri 1-2]) n xsan-
ToBor Teopuert moas (J. Burren [Wit2] m M. Aresa [Ati 1-3)).
Kak u cregoBasio oxugarsb, Boran /:xxoHC OBLI HATPAXK IEH Meqa-
abi0 Punzaca B 1990 rogy Bmecre ¢ [punduiszom n Burrenom.
MaremaTudeckas Bepcus nHBapuaHToB BurTena (ocHOBaHHAA HA,
paboTax MHOruX aBTOpOB, Bkmodasa B. Typaesa, H. Pemeruxu-
Ha, O. Bupo u B. B. P. Jlukopuma (cm. [RT 1-2], [TV], [Lic 4])
COMEPXKUTCA B riaBe IX >TON KHUTH.

Ilpn w3noxenuy moauHOMa, [[XKOHCA MBI MCIIOIL30OBAIU 3aMe-
varensubl noaxon Jlyuca Kaydmana, nuHCOupupOBaHHEIN METO-
naMy CTATUCTUIECKON (PU3UKU.

B nporuBomonoxuOCTE moiaumHOMY [[KOHCA MOTPEOOBAIOCH
BECbMA MHOT'0 BPEMEHHM, 9TOOh HHBAPMAHTH Bacmiresa (mHOrA2
UX HA3BIBAIOT UKBAPUGHMAMY KOHEUH020 MUNG) CTAIA U3BECT-
HBI JOCTATOYHO MIMPOKOMY KPYI'y MAaTEeMaTHUKOB. U 3TO HECMO-
TPs Ha TO, YTO OPUrMHAIbHAA PaboTa Bacunbesa 6vu1a omybuan-
KOBaHA, TO-aHTVIMUCKU C TOMHBIMUA NOKA3aTEILCTBAMU CPA3y XKe
HoCJIe TOro, Kak OHA OwLia 3aepmiexa ([Vas 1], 1990), npudem ¢
CaMOro HAYaJIa OLLIO CHO, YTO 3TU MHBAPUAHTHI CAILHEE TIOJIU-
HoMa [IKOHCA OT OJHOM IEPEMEHHOM M MX MOXKHO 000OIUTL U
Ha apyrue 06bekTh. OO0mas KOHCTPYKIUA CIEKTPAILHOU TIOCJIe-
nOBaTeabHOCTH BacuibeBa, NpeqHA3HAYMEHHOU [/ BLIYUCICHUS
3HAYEHUI WHBAPUAHTOB y3/J0B M APYIMX OOBEKTOB, MOABMIACH
Bckope B Buje kauru [Vas 2]. (M. I'ycapos, mesasucumo ot Ba-
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CIIBEBA, OOHAPY KU APYTOU HOIXON K NHBAPUMAHTAM KOHEIHOI'O
TUIA, HO €r0 MPENpUHT Ha 3Ty TeMy OBLT OMyOJMKOBAH IOPa3no
MO33Ke.) 3aMevaTeIbHyI0 CBA3b MEX 1y UHBapuaHTaMu Bacuibe-
Ba u [[xouca wanuiu Bckope /xoan Bupman un K.-C. Jlun; ux npe-
IPUHT OBLI MMPOKO M3BECTEH 33000 A0 MOSIBIEHUS COBMECTHON
crareu [BL]. Jokrazger [x. Bupman cnocobcTBoBanu Tomy, 94T0
aTa TeMma cTajta 6oaee momyasapHou. llomyaspusaiun WHBaPUAH-
ToB BacmibeBa nmociyxwmim Tak:ke NpenpuHT [S0S| U IUIeHADHEIT
noknan B.M. Apronega ma Ilepsom maremaruaeckom EBpokoH-
rpecce. Bousee comepxarenbHBIMYU OBLIM 3aMEYATEIBHBIE CTATHA
M. Komnnesunua [Kon 1-2], B KOTOPHIX IOABIICS BECHbMa HEOOBIU-
HBIM WHTErPaJ, BHIPAKAOIIN UHBAPUAHTH BacuibeBa, a Takxke
crares [I. Bap Harana [BN], koTOpEII fan JOKa3aTeIbCTBO Te-
opemer Konnesmaa (cm. 4.12) u mpeamoxmi COBCeM APYTOU mOA-
X0/ K ”THBAPUAHTAM BacmibeBa, OCHOBAHHEIN HA IPEICTABICHUAX
npocteix aaredp Jlu. Ilozguee II. Kaproe namen «aucto xombu-
HATOPHOE» JOKA3ATEILCTBO CYIIECTBOBAHUI NHBAPNAHTOB Bacu-
apeBa, a C. Umyros, C. dyxuu u C. Jagzo ([CDL]) obrapyxu-
I TMTYOOKYIO CBA3b MEX Y STUMU UHBAPUAHTAMY U TTOTUHOMAMMU
TarTa (0600IAIMMA XPOMATUIECKUN TIOJMHOM Tpada).

[lo cux mop He M3BECTHO, ABJSAIOTCSA U NHBAPUAHTH Bacuibe-
Ba, IIOJIHOY CACTEMOY MHBAPUAHTOB Y3JIO0B, T.€. BCErJa JK OHHU IIO-
3BOJISIOT PA3JIWYUTh ABA HEU30TONHLIX y31a (2unomesa Bacuave-
6a). Ho, kax MBI yOEXKJEHEL, NX BAXKHOE 3HAYCHUE HE 3ABUCUT OT
TOr0, CKOJIb XOPOIIO OHU OCYIIECTBJAIOT KIACCUDUKAINIO Y3JO0B.
OHO CBA3aHO C OGIIHOCTBIO MOAX0A K ONPEICICHUI0 MHBAPUAH-
TOB (MHOIX DPA3IUYHBIX OOBEKTOB), KOTOPHI MOXHO HAa3BaThb
moaxonoM Apnoabaa—Bacunibea. IloMuMo y310B 5TOT mOAXOX
ceryac MPUMEHEH K 3aIeIIEHUAM, KOCaM, INMOCKUM KPUBEIM, IIO-
TPYXEHUAM B TIOCKOCTb HECKOIBKUX OKPYXHOCTEN, HEKOTOPHIM
MHOT'OMEPHBIM 3AIIETUICHUSM , BIOXEHUAM IPapOB U 1aXKe K HUIb-
MOTEHTHLIM CPYNNaM. OTOT CHUCOK HABEPHIKA YBEIUUIUTCA K
TOMY MOMEHTY, KOT[a dTa KHUT'A BHILAET U3 TEIaTU.
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Kochbl

Kocsl — 5T0 04YeHb KPACUBHIU U MOJE3HBIN OO0BEKT. Mul yxe
PacCMaTPUBAIY KOCEHL HA NHTYUTABHOM YPOBHE B §2 1 OTMeTHIH,
9TO KOCH (B OTJWYME OT y3A0B) o6pasywor rpymmy. Ilepsona-
YAJIbHO OHU OBLIN MPEIIOXKEHH J. ADTUHOM B Ka9eCTBE MaTeMa-
TUIECKOM MOMAEMU IS UCHOJb30BAHUA B TEKCTYILHOU IIPOMBIII-
JIEHHOCTHY, HO MX IPWIOXEHNA OKA3AIUCH MHOTOIUCICHHEIMYA KK
B MareMaTuke (KOMIUIEKCHEIE IIOJIMHOMEI, y3JBl U 3aLEILICHU,
IpeacTaBieHre QYHKIUN OT 7 IEPEMEHHBIX B BILIE KOMIO3UIIAN
(YHKIME OT MEHBIIEr0 9UCA3 [EPEMEHHBIX), TaK U B (DU3UKE
(xkmaccuyeckas MeXaHUKa, CTATUCTUYECKAA (PU3UKA, KBAHTOBASL
TeopusA MOJA). B HEKOTOPOM CMBICHE (3TOMY MOXKHO MPUAATH
TOYHOE 3HAYEHNUE) MOXKHO CKA3aTbh, YTO KOCHI ABIAIOTCA KBAH-
TOBEIMY AHAJIOIaMU HOACTAHOBOK. IloMmMO TOro, coOTHOLIE-
Husg Apruna aas rpynnst koc (cM. (5.1)) OKasBIBAIOTCS IPOCTO-
HAMPOCTO APYTUM CHOCOOOM 3anucu ypasuenun flara—Bokcrepa
(bynzaMeHTATEHOE COOTHONMIEHNE B TBYMEPHON CTATUCTUIECKOU
(:I)I/I3I/IKe, KOTOpOe TaKXe€ ONUCHIBAET IIOBEJCHUE 1aCTuUll B OJHO-
MEPHOM KBAHTOBOU TEOPUM). DT AHAJOTUA ABJIAETCA ONHAM U3
[VIABHBEIX MCTOYHWKOB [NIyOOKUX CBSI3€M MEXIY (PU3MKOU U TeO-
pUeR y3JI0B.

NmenHO TeCHAs CBA3b MEX Y KOCAMUA U 3aLEILVICHUAMEA (KOTO-
Py MeL 06CyauM B §6) u aHanoruu ¢ Gpuaukon npusenau O. But-
TEHA, W €ro IMoCJaeg0BaTeNe K 0600menno noanaoMa, JxoHca 10
MHBAPUAHTOB 3ALEIIEHIY B IIPOU3BOJIBHEIX 3AMKHY THIX OPUEHTH-
PYEMBIX TPEeXMEPHEIX MHOroo0pasusax. Ho mam mpmgercs npou-
TU HEMAJIBIU [TyTh, IPEX e YeM 00PATUTHCA HEMOCPEICTBEHHO K
aron Teme (rasa IX).
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Mur HauHEM C TOrO, YTO B3TVIAHEM HA TPYMIY KOC C TOYKHA
3PEHUA IeOMEeTPHUH, AIreOpbl, KOMILIEKCHEIX IIOJMHOMOB, I'OMO-
TONMYIECKOU TOIOJOTUH U KIACCUIECKON MEXAHUKIA.

§5. I'pynma koc

5.1. T'eomeTpuveckoe onpeaerenne. Paccmorpum B mpo-
crpanctee R® Touxm A; = (i,0,0) uw B; = (i,0,1), rme i =
1,2,...,n. Bygem Ha3eBATH JOMAHYIO, COEAUHAOIIYIO TOUYKY A;
€ HEKOTOPOU TOukON B; s0czodawetl, €Ciu Npu IBUKEHNY TOYKM
o momaHou oT A; x Bj ee 2-KOOPJUMHATA MOHOTOHHO BO3PACTALT.
NupiMu c0BaMu, KaxX4as DOPU3OHTANBHAS ILIOCKOCTD II€PECeKa-
€T BOCXOIAIIYIO JJOMAHYI POBHO B OJHOM TOYKE.

X
8 32

Kocoti u3 n HUTEN HA3EIBAIOT HAOOD U3 7 IIOMAPHO HEMIEPECeKa-
FOIIUXCST BOCXOASIINX JOMAHEIX, COEIUHSIONMX ToYku Ay, ..., A,
¢ Toukamu By, ..., B, (B mpousBoabHOM mopsagke). Ilpumepn
KOC m300paxkeHEl Ha puc. H.1.

IKeuBaIEWMHOCIG KOC ONPENeIseTcs AHATOTUYHO SKBUBA-
JEHTHOCTY (HOMUTOHAMBHEIX) Y3JI0B U 3auemnenunn (puc. 5.2 (a))
C €AMHCTBEHHEIM [OMOJHUTEIbHEIM ycaoBueM: jaomanas ABC
NOJKHA, OLITHL BOCXOMAIIEH, T. €. IpeobpasoBaHue, n300pakeH-
Hoe Ha puc. 5.2 (b), HegomycTUMO.

TepmuH «k0ca» MBI Oy A€M UCIOIB30BATH KaK JJIS KIACCA DKBU-
BAJEHTHOCTU, TAK U [ KOHKDPETHOrO MPENCTABUTENA STOrO
knacca. ITo UMEHHO UMEeTCA B BULY, BCEra ACHO U3 KOHTEKCTA.

B

Pwuc. 5.1
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Pwuc. 5.2

MoxHO TakxKe paccMaTpPUBATH KOCHI, HUTSIMYU KOTOPHIX SABJS-
IOTCSI BOCXOJAIIME IVIaJKAE KPUBLIE, & He JJOMAHEIE. JKBUBAJICHT-
HOCTb KOC B DTOM CIydae OIpefeaseTcs KaK M30TOIusd, T.e. He-
npepsiBHAsA gedopmanus B Kiaacce koc. Kak u B ciaydae sauemne-
HUU, DTO IPUBOIUT K TOU K€ CAMOU TEOPUU, ITO U MOJUTCOHATb-
HBIN TI0 [XOJI.

5.2. I'pynmoBas cTpyKTypa. MHO0XECTBO KJIaCCOB DKBUBA-
JIEHTHBIX KOC U3 7. HUTEH UMEET €CTECTBEHHYIO CTPYKTYPY PYII-
IIBI.

a

Pwuc. 5.3

Tlpomssenenne aByx KOC @ u b MOAYy4aeTCA B PE3YABLTATE CO-
eUHEHUs] UX KOHIOB. Bojee TOYHO, 3TO O3HAYAET CIEAYIOLIEE.
CoxMeM KOCy @ B BEPTUKAJILHOM HAPABJICHUU B [BA Pa3a, OCTA-
BIsSL €€ BEpXHUE TOYKM HENOABIXKHEIMU, 3 KOCy b COXMeM B
BEPTUKATHLHOM HAINPABJEHUU B IBA Pa3a, OCTABJIAA HEIOIBUXK-
HLIMU €€ HUXHUE TOYKU. Torga mpousseedenuem IBYX KOC a U
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b HasbIBalOT OOBENUHEHME ABYX CXATHIX Koc (puc. 5.3(a)). Us
puc. 5.3 (b) BuaHO, 9TO ONpEAEIeHHOE TaKUM 06Pa30M IPOU3BE-
IeHUe ACCOLMATUBHO HA MHOXECTBE KJIACCOB DKBUBAJIEHTHOCTU
Koc, T.e. (ab)c = a(bc) s mO6BIX TpeX KIaccoB a, b, c.

EIuHUYHLIM 5JI€MEHTOM CIYKUT KOCA, COCTOSMIIAA U3 7, Tapa-
JIENTBHBIX BEPTUKAILHEIX HUTEH. Jlerko y6eautnes (puc. 5.4), 9To
o6paTHEIM dreMeHTOM b~ K maHHON KOoce b CIyXUT Koca, TIOIy-
“YeHHAA U3 KOCHL b CUMMeTprel OTHOCHTENIbHO IIOCKOCTH 2 = 1/2
(BcnomuUTE BOKYC C pacmieTeHueM Koc u3 §2).

K

LR

Puc. 5.4

MHOXECTBO KJIACCOB DKBUBAJCHTHOCTU KOC U3 71 HUTEH C 3a-
MAHHOU YKA3aHHBIM BBIIIE CIOCOOOM OTIEPAIINEN HA3KIBAIOT 2PYn-
not xoc u obosuagaT B,.

5.3. OG6pasyromme rpynnsl Koc. [pynny xoc B, MOXHO
3aaThb C MOMOIIBI0 OOPA3YIOMKX U COOTHOLIEHUN MEXIy 00pa-
3yromuMu. UTOoOH caenraTh 3TO, 3aMEeTUM CHAYAIA, YTO B KIACCEe
SKBUBAJEHTHOCTH KX JOU KOCEL €CTh IPEJCTABUTENb, IIPOEKIIN
KOTOPOr'0 Ha KOOPAWHATHYIO ILIOCKOCTh 2 00Ia1aeT CJIeTyonu-
MU CBOUCTBAMU:

(1) mpoekuum HUTEN He KACAIOTCA APYr APYra HA B KAKOU
TOYKe;

(2) Hu B KaKyI0 TOYKY IJIOCKOCTH X2 HE MONAJAI0T IPOEKIN
Tpex u 060Jee PABINIHEIX HUTEN;

(3) BCe mepeKpecTKU pPACTOJOXKEHLI HA PA3HOU BEICOTE (Han
IUIOCKOCTBIO ZY).
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MoXHO CUMTATD, YTO DTOT MPEACTABUTEND YCTPOEH TAK, KAK
nokasaHo Ha puc. 5.5(a). Iosromy m06y0 KOCYy MOXKHO Ipe[-

CTaBUTL B BUJE MPOU3BEICHUA DJIEMEHTOB biil, rae b; — ko-
ca, m3oOpaxennas Ha puc. 5.5 (b). Taxum 06pa3om, BIeMEHTEL
bi,...,bp—1 mopoxgaior rpymuy B,.

1 2 n

bnfl
(a) (b)

Puc. 5.5

5.4. CooTHomenus AprtuHa. YTOOE HAUTH COOTHOIIE-
HUs MeXIy 0Opa3ylomuMu, HYXXHO PAcCMOTPETh IpeoOpa3oBa-
HU, IPYU KOTOPHIX HapymaooTcsa ceouctsa (1)—(3). Crouncrso (1)
HapyLIIaeTCca IpU NPeoOPa30OBAHUY, U300pPaKEeHHOM HA puc. 5.6.
910 npeobpa30BaHue IPUBOAUT K COOTHOLIEHUIO ;b 1= 1, ko-
TOPOE BHIIOIHAETCA B JIOO0U IPyIIIE.

17
( - -
N

CeoucTBO (2) HApYIIAETCA MPU HECKOMbLKUX PA3IUIHBLIX TIPE-
obpaszoBaHuax. Tpu m3 Hux m3obpaxeHn Ha puc. 5.7. IlepBoe

Puc. 5.6
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IpeoOpa30BaHNE IPUBOIAT K COOTHOIIEHUIO
bibiy1b; = biy1bibiya, (5.1)
BTOPOE U TPeThe NpeoOpa30BaHUA IPUBOIAT K COOTHOIICHUSIM
bibig1b; " = b bibiy1, b7 'bir1bi = bipabiby,

HO DTH COOTHOIIEHWs OJKBUBAIEHTHHI cooTHomeHuoo (5.1).
OcranbHble IPe0OPa30BAHNS, IPU KOTOPHIX MOABIAIOTCSI TPOU-
HEIE TOYKU [IEPECEYUEHNs, 0Ly YaTCA 13 IPe0Opa30BaHNN, U30-
OpaXKEeHHBIX HA PUC. .7, C IOMOIIBI0 CUMMETPHN OTHOCATEIHHO
IVIOCKOCTH JMArPAMMEL. JTH NPEOOPAIOBAHUA TOXKE IPUBOLAT K
COOTHOILIEHWAM, KOTOPEIE CBOAATCHA K COOTHOmeHuo (5.1).

KR ok &

Puc. 5.7

Crouctso (3) mapymaeTcs npu mpeo6pa3soBaHuu, B306PaKeH-
HOM HA puc. 5.8. ITO npeobpaszOBaHUE MPUBOAUT K COOTHOIIE-
HUIO (HA3BIBAEMOMY 0aabHet KOMMYMAMUEHOCTIbIO)

bibj = bjb,' opu |Z - _]| 2 2, (52)

X X

Pwuc. 5.8
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Oka3LBaeTCA, YTO MOMYyYEHHBIE HAMU COOTHOIIEHUS TOJHO-
CTBIO OMUCHBAIOT Tpynny B, ¢ arre6panveckon TOYKU 3PEHU.

5.5. Teopema Aptuna. Ipynna xoc B, usomoppna ab-
cmpaxmnot epynne, nopoxcdennot oopasyrowumu by, ..., b,_1,
Komopuie ydosaemsopatom coomuowenuam (5.1) u (5.2).

Hoxazameabcmeo. Mu1 yxe nokaszanu, 9To rpynna B, mopo-
XK I€HA, DIEMEHTAM4 by, . .., b, 1 ¥ 3TU BIEMEHTHI yIOBJICTBOPAIOT
coomuowenuam Apmuna (5.1) u (5.2). Ocraerca gokas3aTh, 9TO
JI000€ COOTHOIIEHNE MEX 1y KOCAMU CJAEAYET U3 DTUX COOTHOLIE-
HU (M TPUBMATBHEIX MPYTTIOBEIX cOoTHOmeHu bb~1 = b~1b =1,
bl = 1b = b). C reoMeTpuyYeCKON TOYKU 3PEHUS 3TO O3HAYALT,
YTO €CIU HEKOTOPAsA KOCA DKBUBAJCHTHA TPUBUAILHOU KOCE, TO
ATy SKBUBAJIECHTHOCTH MOXHO YCTAHOBATE C MOMOMIBIO TEOMETPH-
9YECKUX TIPe0OPa3OBaHul, COOTBETCTBYIOMNX YKA3AHHEIM B GOp-
MyJUPOBKE T€OPEMBLI COOTHOIICHUAM.

Omnpeenenne SKBUBAIEHTHOCTA KOC TOKa3bIBAET, YTO AOCTA~
TOYHO DPACCMOTDPETH DIEMEHTapHOe mpeobpasosamme [AB] —
[AC]U[CB]. B »ToM caydae I0Ka3aTEIbCTBO AHAIOIMTIHO JOKA-
3areabCcTBY Teopembl Penpemencrepa (cm. 1.7). IIpexpge Bcero
pa3obbem Tpeyroapauk ABC Ha MelKne TPeyroJbHUKA TUIIOB
IV (cm. Hagaao gokasarenbCcTBa Teopembl 1.7 u puc. 1.13) u
3aMEHUM DPACCMATPUBAEMOE DJIEMEHTAPHOE NPeo6pa3OBaHUe TI0-
CJIeIOBATEILHOCTBIO DIEMEHTAPHLIX NPe0OPa30BAHUN [JIs TIOLY-
YEeHHBIX MEJKUX TPEyrOJbHUKOB, HAYMHAS CO CTOPOHH [AB] u
aeurasces k [AC] U [CB].

3aBepiieHne JOKA3aTEIbCTBA, AHAIOMYHO JOKA3aTEILCTBY
Teopemur Pengemencrepa, 3a UCKIIOYEHNEM IBYX MOMEHTOB. Bo-
HEPBBIX, HAM HE HyKHO 3a60TUTHCA O «(BXOIAIINX 3BEHbAX» (BCIIO-
mumTe puc. 1.12(a)), moToMy UTO B ClIydae KOCHI TAKUX 3Be-
HBbEB HeT (HATU KOCHI BOCXOZAINNE). BO-BTOPBIX, MBI NOMXKHEL
103a60TUTHCS O 3aNPeIeHHoN npoekimy Tuna (3) (mepexkpecTku
Ha OJHOU BEICOTE), KOTOpasA He uHTepecoBana Hac B 1.7. Takas
MPOEKIMA MOXKET BO3HUKHYTH B TOM CIydae, KOTJa 3JeMeHTap-
HOE TMPeo6PA3OBAHUE IS MATCHLKOTO TPEyTOJbHUKA, TPUBOLUT
K IUIOCKOU M30TONUY, U3MEHSIOIEN BLICOTY (T.€. KOODAUHATY Z)
nepekpecTtka. HO 3TO B TOYHOCTM COOTBETCTBYET CHTYAaIlWW,
B KOTOpOU mosBiasgerca coorHomenve (5.2). YUro xe xacaercs
OBYX ADPYTUX 3alpeeHHbx mpoekuui, To (1) cooTseTcTByeT
mpeo6pasoBaruio {ls, T.e. OJHOMY U3 TPUBUAMLHLIX COOTHOIIE-
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Hui B rpynme, a (2) coorBercTByeT mpeobpasoBanuio ()3, T.e.
COOTHOIIEHNIO, DKBUBAJEHTHOMY COOTHOIIEHuo (5.1).

Taxum 06pa3oM, Bce DIeMEeHTapHBIE MPEOOPA3OBAHUS A ME-
KIX TPEYTOJBHUKOB COOTBETCTBYIOT COOTHOIICHUAM W3 TIEPeYn-
CJICHHOT'O BBINIE CMUCKA, 9TO U JOKA3LIBAET TeopeMmy. [J

Ilpr manex n rpynnst B, yCcTpoeHBI caegyrommMm 06pa3oM.
T'pynna By cocTouT m3 OZHOrO €IUHUYHOIO DJIEMEHTa. 1 pymma
By uzomopoua Z, a rpynna B3 nopox geHa AByMs 00pa3yoInuMu
T ¥ Y, CBA3aHHBIMU €UHCTBEHHLIM COOTHOIIEHUEM TYL = YTY.

3apgaga 5.1. a) [Joxasars, uro rpynna B; msomopdra rpymn-
e, IOPOXK AEHHON O0pasyommMu @ 1 b, CBA3aHHLIMU COOTHOLIE-
muem a? = b3,

6) [lokasaTs, 9TO daeMenT (Ty)® JeXUT B IEeHTPe TPyIE Bs.

5.6. Mexaunmdeckada MHTepOpeTanusa. PaccMoTpuM KOH-
durypamumonnoe npoctparctso C(n,R?) mexammdeckon cucte-
MBI, COCTOAIIEN W3 7i HEPA3IUIUMEIX IONAPHO HE COBIALAIO-
mmx Toek Ha miockoctu. Ilpocrparctso C(n,R%) cocromr
73 HEyNOPANOYEHHLIX HAOOPOB U3 7 NONAPHO PA3IUIHEIX TO-
gex R?; OHO CHAOXKEHO €CTECTBEHHON TOmOIOrmel. B kaue-
CTBE OTMEYEHHOM TOYKM DTOrO MPOCTPAHCTBA BO3bMEM HAOOD
w = {(1,0),(2,0),...,(n,0)}. Jlerxo y6eaurncs, 9TO mETIN B
npoctpanctee C(n, R?) ¢ HaUaIOM U KOHIIOM B TOYKE W HAXOJAT-
€Al BO B3AMMHO OJHO3HAYHOM COOTBETCTBUM C KOCAMU U3 1, HUTEH.
B camom gene, mycTh B MOMeHT BpeMeHU ty, rae 0 < tp < 1, me-
T/1A IPOXOIUT 4Yepe3 anemenT x(tg) € C(n,R?). daement z(tp)
MPEICTABIAET COOOU INIOCKOCTE C BELICIEHHLIMY 1 TOYKamu. 11o-
MECTHM 3Ty IUIOCKOCTb B TPEXMEPHOM IPOCTPAHCTEBE, N00aBUB
TpeTBI0 KOOpAuHATY z = to (pumc. 5.9). Cpnenas Tak s Bcex
to € [0, 1], momyumm KOCy u3 N HETEn.

AcHo, 9TO M30TONMA KOC COOTBETCTBYET IOMOTOIUK METEb,
a yMHOXEHHME KOC COOTBETCTBYET yMHOXEHWIO II€TEeIb. LaKuMm
00pa3oM, MBI [OKA3aJu, 9TO

By =m(C(n,R?)),
T.e. GYHIAMEHTAJbHAA IPYNIA KOHOMUI'YDPAIIMOHHOIO IPOCTPAaH-

CTBAa CHACTEMBI M3 7, HEPA3IWYAMEIX TOYEK HA ILIOCKOCTU H30-
MOpdHA rpynne koc By,.
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Pwnc. 5.9

Kak nokasmbiBaeT creayromas 3a1ada, NPeICTaBICHHAS BHIIIE
MEXaHNYIeCKasaA MHTEPIPETANNA JOIYCKAET M YUCTO MeOMeTpUde-
CKO€ OIMCAHIUE.

3apgaga 5.2. Paccmorpum B npocrpaucrse C" Touku ¢ no-
[IAPHO PA3IMYHLIMEA KOOPAWHATAMU U OTOXJECTBUM BCE TOYKHU,
MOJYYeHHBIE [PYT U3 APyra mepecTaHoBKou koopauwHaT. [loxa-
XKUTE, ITO MOLYIEHHOE B PE3YIbTATE IPOCTPAHCTBO FOMEOMOPQ-
uo C(n,R?).

5.7. WHTepmpeTanuda ¢ KOMILUIEKCHBIMH IIOJMHOMA-
mu. O6osnauum depes P(n,C) Tonosormdeckoe mpoCTPaHCTBO
(c ecTeCTBEHHON TOIOJOTHEN) TIOAMHOMOB CTETIEHN 7 HAT HOJIeM
C co crapumM xoadppunmenTom 1 u 6e3 KpaTHLIX KOPHEN.

3apgada 5.3. [lokaxure, uro mi (P(n,C)) = By,

3apada 5.4. a) [Joxaxure, uro npocrpauctso P(3, C) romo-
Tonuyecku skeuBatenTtHo S° \ K, rae S — Tpexmepnas cdepa,
K — ysen TpuwincTHUK.

6) Mokaxute, uro By = 7 (S® \ K).

5.8. IIpo6Gaema Tox AecTBa AJA FPynnbl Koc. IIpobaema
moxcdecmaa s TPYNNLI, 33JaHHOU CUCTEMOU O0pPa3yIuX U
COOTHOIIEHUN, 3AKI0IAETCA B TOM, ITOOBI HAUTH AJITOPUTM, MO~
3BOAIOMMEA 1A 000U Taphl CIOB B andhaBuTe, COCTOAMEM W3
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00pa3yomux TPYNINEl 1 OOPATHEIX K HUM DJI€MEHTOB, BLIACHUTD,
IpeaCTAaBAAIT JU 3TU CJIOBA OAUH U TOT XK€ 3JEMEHT I'DYIIIEI NN
e pasHEIe DIEMEHTHI (T.e. MOXHO JI¥ OJHO CJIOBO IPe06pa3oBaTh
B PYTO€ CIOBO, UCIOIb3Y ST COOTHOIIEHNUS MEX Iy 0OPa3yOIUMHY).
TIpo6rema Tox gecTBa paspemmMa 1Jas TPpynnsl kKoc B, npu Bcex
n. JTa TeopeMma OblIa nokazaHa J. Aptunom (cM. [Art2]). Og-
HAKO COOTBETCTBYIOIIUK AJITOPUTM BECbMa CJIOXKEH U pafoTaeT
MEJIEHHO. BMECTO HEero MbI OmuImeM IPyTou aaropuTM, Goee
cBexuit u 6osnee dPPEKTUBHBIN.

5.9. AaropmtMm [lroopHya. OTOT airOpuTM, KAaK U AIro-
put™m ApruHa, pemaer npobaeMy TOXKIECTBA A CPYIIILL KOC.
Ero nerko peanmsoBarh HA KOMIbOTEpe. UTOOBI OmMCATH Pa-
60Ty 3TOr0 aIropuTM™Ma, HAM MOHAAOOUTCA OJHO OIIpPEAeNeHUE U
HECKOIBKO 0003HAYEHU.

Iycre By, n > 2, — rpynmna KOC CO CTaHIAPTHEIMEA 00pa3y-
oM by, ..., b,—1. CiaoBo w € B, Ha30BeM pedyuuposanHbim,
ecau OykBH b; bi_1 (B ToM caydae, KOrga oHE 06€ BCTPEIAIOTCA
B CJIOBE W) BCEr[Aa OTAENEHBEl APYL OT APYra IO KPAUHEH Mepe
ofHOU GyKBOU bjd, rge j < 4. Hampuwmep, cioBo byby by ! penymu-
POBaHHOE, & CIOBO babsby ! mepenymmpopannoe. ITokaxeM, Kak
n060u dremenT b € B, MOXHO IPEeACTABUTH PEIYyLUPOBAHHLIM
cimoBoM. IlycTs w — HEKOTOPOE CIOBO, IPEACTABIIONIEE DIIe-
venT b. Eciaum caoBo w HepenynmupoBaHHOE, TO OHO UMEET BUJ
wobfwi b; ‘wa, Tae e = %1, c10BO Wy PeAyUUPOBAHHOE, & B CIO-
BO W] BXOJAT TOJBKO OyKBBI b;tl, rge j > 4. 3aMeHUM CJIOBO W
CJIOBOM

R(w) = wobi (55 - - - bj__elf(wl)b;_1 o bE bYW,

rge j — HaUMEHBIIEe IeI0€ YUCJI0, 00I3Taolee CJIeIyIONuM
cBoucTBOM: mpu | > j OykBeI by u bl_1 HE BXOIAT B CJOBO Wi,
a mpeoOpasoBanue f 3aMeHAET b,cil Ha, bkifl mpu i < k< ju
He m3MmeHseT apyrue obpasywoomme. Ecaum j = i + 1, To b]-_e u
bi coxpamaloTcs u f ToxpgecrBenno. Teomerpudecku mepexon
oT w K R(w) BEIMIAANT Tak, Kak mokasaHo Ha puc. 5.10. Hazo-
BeM onepanuio w — R(w) auemenmaprot pedyxyuet. fAcuo, aTo
KOCa w m30TOmHa Koce R(w), mpuaem R(w) yxke He COmepxkuT
3anpereHHoOn KoMOuHanum bSws by €.

IlosTopss aTy mponeaypy, HNOIyYuM PeIynUPOBAHHOE CJIOBO,
OKBUBAJECHTHOE W.
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i i+l j j+1

) ||
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Pwuc. 5.10

Mycte, manpuvep, w = by "babiby 'by 1b; 1by. Bymem npomsso-
OUTH DJEMEHTAPHBIE PEAYKIUN [Js 3aIPEIeHHEX KOMOUHAINNY,
3aKII0YEHHBIX B CKOOKMU:

w = (b7 "bab1 )bz b7 b3 by
R(w) = by (b1by b3 b7 )bz by
R?(w) = (baby )by 1by by tb3bobs thy
R3(w) = b3 lb (b3 "b3b2)b3 by
R*(w) = b3 " (b "bsboby b3 ' by)
R*(w) = b3 "bobsbabiby by by by !

Teneps Mbr MmoxkeMm onucaTh anaroput™m [lwopuya. Ilycts nans
IBa, CIOBA W1, W2 € B,. ByieMm npuMeHATh K HUM DJIEMEHTAPHLIE
PeayKIuy 40 TEX IOP, IIOKA HE IMONLYyYUM PerylUupOBAHHBIE CJIO-
Ba wi u wh. Cpasumm caoBa w] m wh. Ecam omm coBmagaior
(moGyKBEHHO), TO JAHHBIE CJIOBA [IPEICTABIAIOT ONWH M TOT XKE
saeMeHT rpynnsl By,. B nporusroM caydae, croBa wi u wo mpen-
CTABJAIOT Pa3HBIE DIEMEHTH Ipynnsl B,.

Bo03MOXHOCTE IPUMEHEHUs TAKOr'O AJTOPUTMA, OCHOBBIBAETCS
HA, CIEIYIOUINX YTBEPXK IEHUAX, TOKA3AHHEIX [[100pHya:

(1) Auseopumm pedykuyuu 3aKaHUUBAEM €010 PAOOMY 30 KO-
HEUHOE UUCAO ULA206.

(2) Jsa caosa mpedcmasasiom odur u MOM Hce IAEMEHN
epynnvt B, moeda u moavko moeda, xo2da ux pedyuyu-
posannvie Gopmol COBNAAAIOM.
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Meur He OygeM OPUBOAUTEH BECHMA, CIOXKHOE NOKA3ATEIHLCTBO
arux yreepxaerunt (cm. [Duh]). Cam aaroput™, ogHaxo, BecbMa
IpoCT (€ro JEerko peatn3oBaTh HA, KOMIILIOTEPE) 1 OYEHb OLICTPO
paboTaeT: BpeMmsa pPabOTHI IPEATOJ0XUTEILHO IPOIOPIMOHAILHO
KBAAPATy IJIVHEI JAHHEIX CJOB.

86. Teopembr Asexcangepa m MapkoBa

B »rom maparpade MBI n3yuuM CBSI3b MEXK 1Y KOCAMU U 3aI[ell-
JIEHUSAMY, BO3HUKAIOIIYIO U3 OMEPAIIY 3aMBIKAHUS, TIPU KOTOPOU
KOCe eCTECTBEHHEIM 00Pa30M CONOCTABIAETCS 3auereHne. Mu
MOKAaYKeM, 9TO 3TO COMOCTABICHNE CIOPBEKTUBHO (Teopema, Ajex-
CaHfepa), HO, KK BUJHO U3 NPOCTHIX IPUMEPOB, HE UHBHEKTUB-
HO. «CTeneHb HEMHBEKTUBHOCTID ANre0paniecKu XapaKTepusy-
et Teopema Mapxkosa.

6.1. 3amvixanuem Kocel b HaswBaIOT 3anemtenue [(b), momy-
YEeHHOE U3 KOCHL b B pe3yabTaTe COeJUHEHWs BEPXHUX KOHIIOB
HUTEN C HUXKXKHUMU, KaK MOKa3aHo Ha puc. 6.1. Cpasy xe BO3-
HUKAeT €CTECTBEHHEIM BONPOC: A KAKAX KOC NX 3aMBIKAHUA
ABJIAIOTCA y31aMu, Kak Ha puc. 6.2 (a), a He MHOIOKOMIIOHEHT-
HEIMHU 3aleIUIeHnAMHE, Kak Ha puc. 6.2 (b)—(c). UTobsr oTBeTHTD
Ha 5TOT BOIPOC HYXHO IIPEIBAPUTENHHO ONUCATH BAXKHYIO CBI3b
MEX Iy TPYHION KOC ¥ TPYNIIOU MOACTAHOBOK.

Puc. 6.1

6.2. Nmeercs ecTecTBeHHbn stumopduam o : B,, — S, rpyn-
Bl KOC Ha I'PYIINY NOACTAHOBOK. C reoMeTpuYeckon TOYKY 3pe-
uus o(b) npeacTasiaseT cCOG0U MOACTAHOBKY KOHEUHEIX TOYEK KO-
CHI, MHIYIXPOBAHHYIO HUTAMU KOCHI; HATIpUMEp, 1ia puc. 6.2 (c)
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—

(a) (b) (f (c)

Puc. 6.2

noxy4aem o(b) = (2,3,1). B TepMunax o6pasyommx 0To6paxke-
HUE 0 33JaeTCA COMOCTABICHUEM b; +— §;, TI€ S; — TPAHCIO3U-
uus dAeMeHTOB ¢ HOMepamu ¢ u ¢ + 1. C TepmuHax COOTHOIIE-
Huu rpymna S, norydaeTrcsa u3 B, no6aBieHweM COOTHOIIEHUU
b2 =1, i =1,...,n — 1. CIOpBeKTUBHOCTL OTOOPaKEHUs o
CJeyeT HEeOCPEICTBEHHO U3 ONIPEIeIeHNUsI.

6.3. Temepbp MBI MOXKEM OTBETUTH HA BOIPOC, IIOCTABJICHHBIN
B 6.1: samvixanue B(b) Kocvr b asanemes yaaom moada u moab-
K0 moeda, xoeda nodcmanosxa o(b), coomeemcmeyowas Koce
b, nopoaxcdaem 8 2pynne S, yukAuUECKY N0IZPYNNY NOPAIKA
n. JoKa3aTenbCTBO OYEBUIHO: Y3€I MBI IOLYIUM TOT 13 U TOIb-
KO TOT/Ia, KOTJa U3 OJHOT'0 KOHIIA KOCHI MOXHO TIOMACTh BO BCE
OCTaNbHEE, 3 DTO SKBUBAJICHTHO TOMY, YTO MOJCTAHOBKA SBJIS-
€TCA IUKJIOM TOPAIKA, 1.

6.4. [Ipyrou eCTECTBEHHBLIN BONPOC C IPOCTHIM (IIOI0KAUTEIb-
HEIM) OTBETOM 3aKJIOYAETCA B CJACAYIOMEM: MOLYT JU 3aMBIKA-
HUS HEW3OTONHEIX KOC OBITh M30TONHEIMY 3ALETLICHAME !

3agaua 6.1. a) [lokaxure, YTO 3aMBEIKAHUA KOC by, bl_1 € By
COBMAAIOT W 3AMEIKAHUS KOC b2, bf2 € B, TOXe COBHAIAIOT.
6) Mloxaxure, 410 3ambikanus koc b, by € By pasmuanbi.

3ajgaga 6.2. Kaxoin yzen u kKakue 3aenIeHns 0Ly YaTCs IPU
3aMBIKAHUN KOC, M300PaXKEHHLIX HA puc. 6.27

Teneps, xorga MBI 3HaEM, YTO OTOOPANKEHUE 3AMBLIKAHUS HE
WHBEKTUBHO, €CTECTBEHHO 33,4aThb BOIPOC, OyIEeT JU OHO CIOPB-
€KTUBHO.

6.5. Teopema Aunekcanpepa. Omobpadcernue, conocma-
BAMOULEE KOCE €€ BAMBIKGHUE, CIOPDEKMUEHO, M.e. atoboe 3a-
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yenaenue (8 uacmmuocmu, 41060l yzea) MOHCHO NPeIcMasuUMy 8
sude 3aMbIKAHUA KOCHL.

Hoxaszameavcmeo.  IlycTs 3amama guarpaMMa, 3alelIeHUs
L. Bygem rosoputsh, uto L o6susaemcs sokpye mouku O, eciu
a060€e 3BeHO L (3anerienue L MBI CA@TaeM MOJIATOHAIBHBIM) U3
Touku O BUAHO KaK OPUEHTUDPOBAHHOE CIPABa, HAJAEeBO (KaK Ha
puc. 6.3 (a)); B Takom crydae GyeM rOBOPUTD, YTO 3BEHO 71040-
HCUTNEALHO.

Ecau gua 3anemnenus L ects Touka O, BOKPYT KOTOPOU OHO
OOBUBAETCS, TO HOKA3ATEILCTBO OYEBUAHO: paspexeM L BIOJIb
ayda, BRIXOAAMEro m3 Touku O, u pa3iBUHEM TOYKU DPas3pe3a
(pmc. 6.3 (b)).

(a) (b)
Pwuc. 6.3

YT0o6wl HOKA3aTH TEOPEMY, OCTAETCSA MOKA3aTh, ITO JH00E
3allellIeHNe M30TOMHO 3AIEILIeHN0, OOBUBAIOIEMYCA BOKPYT He-
KOTOPOU TOYKU. ITOrMO MOXHO JOOUTHCA C MOMOIIBIO MPOKG
Asexcandepa, KOTOPHIN 3AKIIOIAETCA B TOM, 9TO OTPULIATENb-
HOE 3BeHO 3anenyienus L (0THOCUTeNbHO IPOU3BOIBHON (GPUKCUPO-
BaHHOU TOUkU () 3aMEHAETCA Ha, OBE CTOPOHBL (KOTOPHIE OyayT
nonoxuTeabHeiMu!) Tpeyroasauka ABC, Bepumna C' KOTOPOro
pacnonoxena «mozagm Touku O (cMm. puc. 6.4 (a)). DToT Tprok
[IOBTOPSIETCS N0 TEX MOP, MOKA OTPULATEILHBIX 3BEHBEB OOJBIIE
He ocTaHercs. Torga moryveHHoe 3auerieHue 0y 1eT 00OBUBATHCA
BOKpyT Touku O.

Omumem 5Ty KOHCTPYKumio 6oiee moapobuo. B mpocreummmem
cIydae, KOT[a OTpUIaTenbHOe 3BeHO AB He comepxuT mepe-
KPECTKOB, TPIOK Alekcamgepa MpOU3BOAUTCA HEIOCPENCTBEHHO
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(puc. 6.4 (a)). B camom nene, mogaumas Touky C BBEpX mep-
MeHAUKYIAPHO MWIOCKOCTH ABQO, MOXHO HOOUTHCA TOTO, YTOOHI
BHyTpu Tpeyronburka ABC He 6bL10 TOYeK 3anemtenus L. [pu-
rasg Touky C BBepX BJOJb DTOrO NEPIEHIVKYJIPA, MOXKHO IO-
OUTBHCS BHIIOIHEHUS DTOr0 YCIOBUA U B TOM CJIydae, KOrqa OTpU-
[ATEIbHOE 3BeHO AB CONepXUT POBHO OAUH IIEPEKPECTOK, MIPU-
4eM 3BeHO AB pacnosoxeHo Beie gpyroro 3sesa (puc. 6.4 (b)).
Ecmu xe orpunaressnoe 3BeHO AB COmEPXWUT POBHO OJWH Tie-
PEKPECTOK, HO PACIOIOXKEHO HUXKE APyroro 3eena, (puc. 6.4 (c)),
10 Tpeyroabauk ABC MOXHO 0CBOGOANTE OT TOYEK 3ALEILUICHUS
L, nBuras touky C' BHU3 BJOJbL TOrO Xe IEpIeHInKy/1apa. Ha-
KOHEIl, eCJIA 3BE€HO CONEPKUT HECKOJIBKO IEPEKPECTKOB, TO €ro
MOXHO Da30UTh HA MEHBIINE 3BEHbS, KAaXI0€ U3 KOTOPHIX CO-
[EPKUT POBHO OAUH NEPEKPECTOK. [

Puc. 6.4

OTMeTuM, 9TO aACOPUTM, IPUMEHEHHBIN IS JOKA3ATEILCTBA
TeopeMul AnekcaHgepa, He ONTUMAJIEH: U TOCTVXKEHUS ILIean
MOXKET HOHALOOUTHCA O9€Hb MHOI'O Pa3 IPUMEHUTH TPIOK Arex-
caugepa, 0co0enHo eciu To4ka O BEIOpAHA HEYLATHO.

6.6. Auaropmrm Boxens. IIpennroxennoe Boime m10Kasa-
TeIbLCTBO TeOpeMbl AlleKcaHepa CONePKUT BIOIHE KOHKPETHLIN
anroputM. Ho 5Ta KOHCTpYKIWs HeyZOOHA IJS PeaTn3aluyl Ha
kKoMrbioTepe. W KOHCTPYKIWS, NCIOAb30BAHHAA AT JOKA3ATEMb-
cTBa TeopeMul Anekcannepa B kuurax [BZ] u [Ada], — Toxe.

Celryac MBI ONUINEM AJITOPATM NPENCTABIECHUA 3AICIUICHUA B
B 3aMBbIKaHUA KOChl, npemaoxenssn I1. Boxenem ([P.Vogel]).
Mz He OygeM ZOKa3bIBATH CXOAUMOCTH STOCO AICOPUTMA.

Haunem ¢ onpepneneHns HEKOTOPLIX OCHOBHBIX HOHATHH. By-
JeM FOBOPUTD, YTO AUATPAMMA OPUEHTUPOBAHHOIO Y312 WX 3a-
LEIUICHNA 3aNn4emena KaK KO0Ca, eI CYIeCTBYeT TOYKA, BOKPYT
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KOTOPOU OHA OOBUBAETCA. SalleILICHNE, J1arPaMMa KOTOPOro 3a-
IIETEeHA KAK KOCA, OYEBUIHLIM 00Pa30M IPENCTABIACTCA B BULEL
3aMBIKAHUA KOCH (BCIOMHUTE puc. 6.3).

Hampumep, mpocTenmas amarpamMma TPUIACTHUKAS, 3AILIETE-
Ha KaK KOCa, a HamboIee PACIPOCTPAHEHHAA IUATPAMMA y3Ja
BoCbMepka — HeT. OQIHAKO y y3/1a BOCBMEPKA €CThb AuarpamMa,
3aIIeTEHHAA KAK KOCA. JTa IUArpaMMa, THOTyIaeTCsa «Iepedpa-
CHIBAHUEM Yepe3 GECKOHEUYHOCTh) MOAXOAAIEN n1yru (BCIOMHUATE
TpIOK Ha cdepe us §2). D1y onepanumio (puc. 6.5), KOTOPYIO MBI
HA30BEM 3amenot 6eCKONeunoCU, B NeNCTBUTEILHOCTH MOXKHO
BBINOJHUTH ¥ Ha, INIOCKOCTH (2 HE TOJIBKO HA ABYMEPHOU cdepe)
€ TOMOIIBI0 BTOPOTrO U TPETHEro npeobpasosanu Pengemencre-

pa.

)

-
- -

ll Al
’

°x

)

Pwuc. 6.5

[lJIs1 OPUEHTUPOBAHHOTO Y3718 UMEETCA KOPPEKTHO ONPeIeIeH-
Has OIEPALUA YHUUTNONCEHUSL NEPEKPEcmKa, n300paKeHHAA Ha,
puc. 6.6 (a). Eciu yHUYITOXUTL BCe MEPEKPECTKYU, TO AUATPAM-
Ma y371a pacuaaeTcsa Ha (OPUEeHTUPOBAHHLIC) 3AMKHY THIE KPUBHIE,
KOTOpLIE HA3HIBAIOT okpyxchocmamy Jetdepma (puc. 6.6 (d),
(e)).

3agaua 6.3. C nomommbo OKpyxHOCTEN 3endepTa JOKAKU-
Te, 9TO M0O0K y3eT ABIACTCA KPAeM OPUEHTUPYEMOU TTIOBEPXHO-
ctu B R3.

MHOX)eCTBO OKpyXHOCTEN JenudepTa IUATPAMMEL y31a HA30-
BeM 21e300M, €CITU BCe OHU WHIYIMPYIOT ONHY U Ty K€ OPUEHTA-
WO TLTOCKOCTY U TIPA 3TOM OTPAHUYUBAIOT BJIOKEHHYIO CUCTEMY
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Puc. 6.6
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nuckos (puc. 6.6 (d)). Ecau MmHOXecTBO OKpyx)HOCTEN 3endepra
UL JAHHOM OUarPaMMBL Y3713 ABIAETCA THE3I0M, TO DTA IUA-
rpaMMa 3alleTeHa Kak koca (cMm. puc. 6.6 (b)).

PaccmoTpuM Teneps mens OPUEHTUPOBAHHOIO Y3714, T.e. IOJ-
HYIO NIPOEKLUIO y371a, 0e3 yKasaHWs TOrO, KaKas BETBb Ha, Iie-
PEKpeCcTKe MPOXOAUT CBEPXY, & KAKAsA CHU3Y. 1T€Hb MOXHO CYUM-
TATh OPUEHTUPOBAHHBIM ILIOCKUM I'DadOM, BEPIIMHAMEA KOTOPO-
0 CIyXaT IIepeKpeCcTKH, a pedpamMu CJIyKaT OPUEHTUPOBAHHLIE
OyTU, COequHAmmne nX. MOXHO pPaccMaTpPUBATL TAKKE I'DAHU
— obaacTu, orpaHuYeHHEe ayramMu. HazoBeM rpaHb Heynops-
douennot, eCin y Hee eCThb ABA NPOMUBONOLOHCHUL PeOpa, T.e.
IOBa pedpa, MPUHA,IJIEKAMUX PASHEIM OKPYKHOCTAM 3endepTa u
UMHIYUUPYIOMUX OJHY U Ty Xe opueHTanuio rpanu (puc. 6.7 (a)).
K mpoTuBomosoxubM pedpaM 00U HeynopAI09eHHON 001acTH
MOXKHO TIPUMEHUTHL BTOpoe mpeobpasoBanue Peungemencrepa {1y
(puc. 6.7(b)). B pesyapTare mpoMCXOAUT MEPECTPOUKa 0071a-
CTel: TOABIAETCA HOBAA IEHTPAILHAA 00MACTb (KOTOpas yxKe He
OyIeT HeymopsANOYeHHOU) 1 HECKOIBKO APYruX obaacten (COCTO-
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SLUX U3 9aCTel OBIBIIEN HEYNOPALOYEHHOU OOJIACTH U €e cOoce-
Ien).

Puc. 6.7

Teneps MuI npeacraBuM aaroputMm Boxens B Bujge «mporpam-
MBI», HANUCAHHON HA HePOPMAJLHOM I3BIKE TUIA A3BIKA [la-
CKalb:

DO: YHMYTOXUTH BCE [EPEKPECTKHU;

WHILE CYNECTBYET HEVIIOPALOYEHHAA OBJIACTB
DO: Qs
DO: VYHUYTOXUTE BCE IIEPEKPECTKH;

ENDWHILE

IF BCE OKPYXHOCTH 3EH®EPTA OBPA3YKT THE3]I0
STOP;

ELSE
DO: 3AMEHUTH BECKOHEYHOCTE;

STOP

YcaoBusi CYIIECTBYET HEYIOPANOYEHHAA OBJIACTE u BCE OK-
PYKHOCTH 3EMOEPTA OBPA3YHT T'HE3/0 GLLIM OGHACHEHED BHIIIIE,
kak u komagasl YHUYTOXUTE BCE IIEPEKPECTKH, 3AMEHUTE BEC-
KOHEYHOCTb u DO: (2» (B mpuMeHEHUU K HEYIOPAL0IeHHOU 00/1a-
cTr). DTY IPOrPaMMy HECJIOXKHO HAMUCATD U HA HACTOALIEM SA3bI-

Ke IPOrPAMMUPOBAHUS, €CIM 33JAH [0 IXO QSN CII0COO KO UPO-
BaHUA OUATDPAMM Y3JIO0B.
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Ha puc. 6.8 moxkasano, Kak AEUCTBYET 3Ta MPOrPAMMA, €CJIU
€e IPUMEHUTH K y3iy S u3 Tabauusl y3aos (cM. §3).
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Orpensuo, Ha puc. 6.9, MuI npeacTaBmIn 60Jee CUMMETPUIHOE
n300pakeHne 3TOro y31a, KOra OH 3aIIETEH KaK KOCa, 3 TakKkKe
COOTBETCTBYIOIIYIO KOCY.

Puc. 6.9

B 06mewm cayvae He 049€BHAHO, 4TO axroputM Boxens Bcerga
3aKOHYUT CBOIO pAbOTy 33 KOHEYHOE HUUCIO IIArOB.

3agaga 6.4. [Jokaxure, 94T0 aaroputM Boxeins 3akaH4nBa-
eT paboTy 3a KOHEYHOE YMCJIO IIArOB. A HMMEHHO, yCTAHOBUTE
CJIEYIOLINE OLCHKH:

a) anroput™ Boxeus sakanuuBaeT pabOTy MOCJIE IPUMEHEHU
He 6Gosee w omeparmn (Yo, rae w = (s —1)(s — 2)/2, a s — xonn-
YECTBO OKPYXHOCTEN 3endepTa [l TaHHOU NUArPAMMEL Y3J14;

6) MOJyYEeHHAA KOCA COCTOUT U3 7, HUTEW U ee AauHa, (T.e.
KOJIN4YIE€CTBO 06pa3y10mnx B €e IpencTaBJICHUU B BUAEC IIPDOU3BE-
neHus 00pasylomux) He npeBocxoaut n+ (s — 1)(s —2), roge n —
KOJIMYECTBO NEPEKPECTKOB.

6.7. IIlpeoGpasoBanma MapkoBa. Temepp MbI 06CyIUM
6onee OAPOOHO, B KAKWX CAydagX HEU3OTOIHBIE KOCHI MMEIOT
M30TONHBIE 3aMBIKAHUA. [JIg DTOro HAM IOHALOOSATCA CJAeLyIO-
mue aarebpandeckue mpeoOpas3OBaHusA KOC, IIPEICTABICHHLIX B
BU/I€ [IPOM3BEIEHUS CTAHIAPTHEIX 00pa3yomux b;.

Ilepsoe npeobpazosanue Maprosa. b <> aba™', rae a,b € B,,.

Bmopoe npeobpazosanue Mapxosa. b < bbl rme b € B, un
bbtl — snement, mao6Gpaxennsiit Ha puc. 6.10 (o6paTure BHE-
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MaHue, 410 b, ¢ B, mostomy o6Go3HadeHue bb, MMeeT CMBICT
JIAIIL B TOM CJIy4ae, KOI'Ja MBI OTOXAECTBUM b ¢ ero o6pasom

IIPU eCTECTBEHHOM BIOXeHuu B, < B, 1).

12 n 12 nn4+1

Puc. 6.10

6.8. Teopema MapkoBa. 3ambikarus 08YT KOC U30MONHYL
mo2da u moavko moeda, K020a 00HY KOCY MOHCHO NOAYUUMDb U3
Opyeoti Koneunvim wucsom npeobpasosaruti Mapxrosa.

JdokaszaTenbcTBOo. Mer He OygeM IOKA3EIBATH TPYAHYIO
(Tompko Toraa) dacTsb Teopemul Mapkosa (cu. [Birl] wiz [Mor2]).
Y1066 foKa3aTh JerKylo (TOrga) YacTb TeopeMbl Mapkosa, 10-
CTATOYHO IIPOBEPUTH, 4TO 06a npeobpaszosanus Mapkosa He u3-
MEHAT 3aMBEIKaHUE KOCHL. [lis mepBoro mpeoGpasoBaHus 3TO
Buauo w3 puc. 6.11(a). [as BTOpOro mpeoGpasoBaHUA TOKA-
3aTEILCTBO €Ille IPOIe: I[IOCHEe 3aMBIKAHUSA NPeoOpPa3OBaAHHOU
KOCBI IIOJIYyYa€TCA OOIIOMTHUTEIBbHASA IIETEIBKA, KOTOPYI JEI'KO
yCTpaHUTL (HAIpUMep, NMPUMEHUB IpeobpasoBaHue Pennemvenr-
crepa (U, cM. puc. 6.11(b)). O

-

Pwnc. 6.11
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§7. KpameHnbie KOChbI

7.1. TlycTs muTh KOCH b coeaunsaer Touky A; = (4,0,0) ¢ To-
ko B; = (j,0,1). Kocy b HaseBaoT kpawenotd, eciu Kaxias
€e HUTb COEUHAET TOYKM C ONVHAKOBEIMU HOMEPAMU, T.€. | = j
IJIS BCex 1. B 5ToM ciydae, eCiu Kaxk1yH HATH OKPACUTH CBOUM
IBETOM, TO BEPXHUU U HUKHUU DALl TOYEK OyAyT pacKpalie-
HBI OMHAKOBO. J[IBe KpAIleHEIE KOCHL CIUTAIOT 9K6UBAAEHMHbI-
MU, €CIU OHM DKBHUBAJEHTHEI KAK OOBIMHBIE KOCHL. Ilpom3sene-
HUE ABYX KPAIIEHBIX KOC ABIAETCA KPAIIEHOU KOcou. IlosTomy
KJIACCHI DKBUBAJCHTHOCTY KPAIIEHBIX KOC 06Pa3yoT IPYIILY, KO-
TOPYIO HA3HEIBAIOT 2pYnnoti kpawenbix xKoc u obosnHavaT K.

Koce u3 n muren coorBercrayet (cM. 5.6) meTas B IpocTpaH-
CTBe HEyNOPSAIOYEHHEIX HAOOPOB M3 N PABAUYHEIX TOYEK ILIOC-
KOCTH. AHAJIOTMYHBEIM 00pPAa30M KPAIIEHOU KOCE COOTBETCTBYET
[IeTJIS B IPOCTPAHCTBE YNopAdoueHHblr HAOOPOB U3 1 PABIMIHEIX
TOYEK ILIOCKOCTH, 8 M30TONMUA KOC COOTBETCTBYET OMOTONINN
nerens. [lostomy K, = m(C — A), rae

A:UAU’ AijZ{(zl,...,Zn)EC"|Z¢=Z]'}.
i#]

~
.

Puc. 7.1

7.2. Teopema. Y epynnet kpawenviz xoc K, ecmv xoneunas
cucmema 006pa3yOWUT, o umenno, xocvt byj, ede 1 < i < j < n
(puc. 7.1).

Hoxazameavbcmeo. Ilpumenum mugykiuio mo n. llpu n = 2
NOCTATOYHO PACIPAMUTEL BTOPYIO HUTD; TOTA HEPBAs HUTHL He-
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CKOJBKO Pa3 00OBBETCS BOKPYI BTOPOU U B PE3YJILTATE MBI IIO-
ayaum xocy bk, k € Z. TIpeamonoxum, 9TO yTBep:KJeHHe Te-
OpEMBI JOKA3aHO M KPAIIEHHIX KOC U3 7, HUTEH, T.e. JIOOYIo
KpAIEHyI0 KOCY G, € K, MOXHO IpeICTABUTL B BUIE IPOU3BE-
JeHUs CTeleHel >neMeHTOB b;;. PaccMoTpum Teneps kparmeryio
Kocy dpt1 € Kpt1. Ecam mb1 ybepem ee mepByio HUTH, TO IO-
Jy<IIM HEKOTOPYIO KoCy an € K,. NobGaeum k koce a,! BepTu-
KaJbHBI OTPE30K (OH Oy eT NepBOU HUTHIO HOBOU KOCHI u3 7 + 1
HUTEN), HE3AIEIUICHHEIN C OCTATLHLIMU HUTAME KOCHL. B peayib-
Tare norydnMm Kocy dy, ;. CymecTByeT u30TOmMs, MepeBOAAIIAL
TIOC/IeJHIE 1 HUTEH KOCH Cpq1 = dy, | 1dpy1 B HAPALIEILHEIE BED-
TUKAJbHBIE OTpe3ku. 1lpu >TOM nepBas HUTHL OygeT OOBUBATHCA
BOKPYT HuX. KOCy ¢p41 MOXHO IPEICTABUTL B BHAE IPOU3BE-
AeHusa KOC b;j. JTO meraeTcs Tak: KaXIBIL Pa3, KOIJa IepBas
HUTH IIPOXOAUT HAJ KAKOM-TuO0 HUTHIO, [EPBYI0 HUTH HYXKHO
IOPOTAIIUTE IO OCTAILHEIMEA HATAMY [0 JEBOro Kpas (puc. 7.2).

<

S|
A1 L

])1])2})2])1 = b12b13

Puc. 7.2

Ilo mpeAmoNOKe o MHAYKIMA Kocy a, ! (a 3HaumT, u Kocy
dy, ;1) MOXHO IpeJCTaBUTL B TpebyemoM Bujge. IlosTomy kocy
dnt1 = (dj41) " Cpq1 TOXKE MOXKHO IPEJCTABATH B TPeOyeMOM
Buge. [

7.3. O6osnaunm uepe3 H,, rpynmy m3oTonuueckmx KJIacCoB
SKBUBAJIEHTHOCTH IOMEOMOP(U3MOB KPyra € 7 IEIPKAMU, [IPU-
9eM 3TU IOMeOMOP(U3MEL HEIO IBUXKHEL ( TOX JECTBEHHE) Ha, IPa-
uure. OKa3bBAETCs, YTO IPYINA KPalleHbX KO¢ K, TeCHO CBs-
3aHa ¢ rpymnnon H,. [Ipexme YeM BLISICHUTB 3Ty CBI3b B O0IIEM
crygae, pacemoTpum caydan n = 0.
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7.4. Teopema AnekcaHjgepa o romeomopdusme. ['pyn-
na Hy edunuunas, m.e. 41060t 2omeomopdusm xpyaa, nenodeuic-
Hbith Ha KPAE, U30MONEN MONIECTNBEHHOMY 20MEOMODPPU3MY.

Loxaszameavcmeo. W3oronuio hy, 0 < t < 1, CBA3LIBAIOIIYIO
romeomMoppuaM h = h; C TOXIECTBEHHHIM TOMEOMOP(HUIMOM
id = hg, MOxHO onmucaTh caegyomuMm 06paszom. ['omeomopduam
h; ToxgecTBeH Ha koable t < |z| < 1, a Ha xpyre |2| < t oH
YCTPOEH TOYHO TAK XK€, KAK FOMeOoMOopdu3M h yCTPOEH Ha KPyTre
|z| <1 (puc. 7.3). Ecim mer monoxwum h(z) = z upu |z| > 1, To
s t # 0 romeomopdusm hy 3agaercs GOpPMyION

he(z) =t(h(t712)). O

Puc. 7.3

7.5. IlpeasiayIinyo TeOpeMy MOXKHO UCIOIBb30BATE [JIs BB~
crenus rpynnst H,,. Ilycts g € H,, — romeomopdusm Kpyra c
N IEIPKAMU, TOXJIECTBEHHBLIN Ha rpaHune. Ero MOXHO mpoaom-
XKUTH A0 romeoMopdumama h Bcero xpyra B cels, T.e. § MOXHO
MPOJOMXUATEL ¢ TPAHUILI IBIPKUA HA CAMy IBIPKY. JTO MOXKHO
CIeaaThb, 0TOOPA3UB KAXKAYIO IBIPKY, MPEACTABJIAIIIYI0 COO0U
KDPYT, B ce6s TOXIECTBEHHO (HA Kpae ¢ MO MPEAION0KEHUI0 TO-
xnecrsenno). CornacHo Teopeme 7.4 cymecTByeT uzoronus hy,
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CBSI3BIBAIOIIASA roMeoMOpdu3M h = h; ¢ TOXAeCTBEHHBIM ['OMEO-
mopduamom id = hy. Ilycts ¢ — pukcupoBanHAs TOUKA KPYyTa.
MuoxecTBO TOYEK

(t7 ht(.’L'())), 0t 17 (71)

npejgcTaBiaseT coO0W AYTY, COEIUHSIONYI0 TOYKU BEPXHETO U
HImKHero ocHosanua nutuaapa I x D? rae I — oTpesoxk [0, 1], D?
—xpyr. Ecim MBI paccMOTPUM TaKue IyTH 4JIA TOYEK T1, - - -, Tn,
IPUHAIIEKAIAX TEIPKAM, TO B PE3YIbTATE MOLyIAM KDPAIIeHYIO
kocy (puc. 7.4).

Puc. 7.4

ITa KOCa [aeT CYMECTBEHHYIO NH(POPMAIUIO O TOMEOMOP(U3-
Me h, HO >ToU MHQPOPMAIMM HEJOCTATOUHO [ MOJHOI'O OMUCA-
HUA TOMEOMOPU3MA, C TOYHOCTBHIO [0 M3OTOMUU. ITOOBI MOIY-
YUTHb NOMHYIO HHGOPMALKIO, HYXKHO PaccMOTpeTs gyru (7.1) mias
BCEX TOYEK Kpas nuipku. [[1a Kaxaou neipku 9Te gyru 06pasy-
0T [UIVMHIPUYECKYIO TOBEPXHOCTH. TOOHI OMMCATH MOMEOMOP-
¢u3M, JOCTATOYHO YKA3ATh ITU HUINHIPUYECKNE ITOBEPXHOCTHU
IS BCEX MBIPOK M HA, KAXKIOUW U3 HUX HAPUCOBATL OLHY W3 IyT.
Tlonyuennyo Takum 06pa3OoM KAPTUHKY HABOBEM YMOAWEHHOT
Kocod.

IMlycTs v — HexOTOpas 3aMKHYTasd KPUBASA B PACCMaTpPUBAE-
MoM Kpyre ¢ guipkamu. OmnpenenrM romMeoMop@usM CIeInaib-
HOT'O BUJA, CBA3aHHEIA ¢ KPUBOU y. PaccMOTpPUM £-OKPECTHOCTD
C xpusou v, romeomopduyio St x [0,1]. ycts 71 u 72 — KoM-
noneHTH Kpasa C' (puc. 7.5). 3akpenum KpuByIo i, 8 KPUBYIO Yo
HaYHEM [OBOPAYMBATH BAOJIbL ce0sl; KOAbIO C' MBI IPU DTOM CHU-
TaeM JJaCTUYIHBIM W BCIEACTBUE 3TOTO TOYKHU, OYECHb OnMu3KuIe



§7. KPAIIEHBIE KOCHI 95

K 72, HOTAHYTCA 33 TOYKAMU Y2, & TOUKH, OJU3KUE K Y1, €IBa
cOBUHYTCA ¢ MecTa. Korga kpuBas 7y, MOBEPHETCS BAOJbL ce6s
Ha 360°, Bce ee TOUKM BepHyTCs Ha CBOM mpexHume Mecra. [lo-
3TOMY B pPe3yJbTaTe MBI NOJYINM IOMEOMOPPU3M KpPyTra C ABIP-
KaMU, TOXJECTBEHHEIN HA Kpae. CXeMaTUIHO OH M300pakeH Ha,
puc. 7.5. Byagem Ha3wBaTH 3TOT rOMEOMOP(MU3M CKPYUUB AHUEM
8doab Kpueot .

2
) () N

Puc. 7.5

PaccMoTpuM B KadecTBe mpuMepa TOMEOMOD(U3MEL Kpyra C
nByMs abipkamu. CKpy4YMBaHUA BAOIb KPUBBHIX, N300DaXKEHHBIX
myHKTUPOM Ha puc. 7.6 (a) u (b), COOTBETCTBYIOT yTOMLEHHEIM
KOCaM, n300paxeHHBIM Ha puc. 7.6 (¢) u (d) coorBercTBeHHO.

Puc. 7.6

Mz 06bsicHnIN, KAK TOMEOMOP()U3MY COIOCTABISAETCS YTOI-
menHasa koca. [lokaxeMm Temepb, KAK yTOMIEHHON KOCE MOXHO
conocTaBuThb romeomopduaMm. He Hapymas obmHOCTH, MOXHO
CIUTaTh, ITO PACCMATPUBaEMas KOCA He BBIXOAUT 33 INpPeaelbl
HUIMHAPA HAaJ KPyroM. BepxHee OCHOBaHWE WIMHIDPA MOXHO
CUNTATH JJACTUYHHEIM KPYI'OM C M KPYTVIEIME OhIpkaMu. bBy-
IeM TaK¥Xe CINTATH, YTO BHEIIHUN KPAU KPYyra U Kpas OHIPOK
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MPEACTABIAIOT co60u xecTkue o0pyuu. Kpome Toro, mpeacra-
BUM KaXX[YIO BHIIEIEHHYIO ATy HA IDAHUIE YTOJIIEHHOU HUTU
B BUe HEGOJBINONO y3KOro xemoba. Kaxawm o6pyd, COOTBET-
CTBYIOIINYU IHIPKE, CHAOXKEH IIUIIOM, KOTOPHIU BCTABIEH B XKEI00
(puc. 7.7). OOpy4u NPUKPEILIEHH K JJIACTUYHON MOBEPXHOCTU
BEPXHErO OCHOBAHWS U TIPU ABIKEHUN YBJIEKAIOT 33 COO0U Oau3-
JeXallye TOYKN!.

HaumeMm omyckaTh IACTUYHBEIA KPYT C ALIPKAME TaK, ITOORI
TOYKU BHEITHET'O KpasaA IBUTAJINCH BEPTUKAJIBHO BHU3 IIaPAJIICIb-
HO OCH IWIWHADPA, & CaM KPYT OCTABAJICA BCE BpPeMs ILIOCKHM.
BuyTpennne 06pyun 6yayT Ipu DTOM BAUHTOOODA3HO OMYCKATH-
CA BHU3, CIAEIYys M3rubaM MUINHIPUIECKAX MOBEPXHOCTEU, O-
HOBPEMEHHO IIOBOPAYUBAACH BCJIEI 3a MINUIIAMU, CKOAB3AIINMU I10
xemobam. Korga kpyr omycTuTcsi 0 HUXKHErO OCHOBAHUS, MBI
oLy 9uM TPeOyeMBI rOMEeOMOPGhU3M.

Puc. 7.7

I'pynma yTOMIEHHBIX KOC SBIAAETCA PACIIMPEHUEM TPYIIILL
kparmeHsx kKoc K,,. Eciu ckazaTh TouHee, TO KaxX1as yTOJIIEH-
Hasg KOCA XaPaKTEePU3YeTCsA KPAIIEHOU KOCOM BMECTE C LEIBIMU
qncraMu (yKa3blBAIOMIUMY 9UCIO 0GOPOTOB XKem00a), COmOCTa-
BJICHHBIMU KAXOOU HUTU. TakuMm OOpa3oM, KaxKJOW HUTU CO-
OTBETCTBYET JOTMOMHUTEILHEIN DIEMEHT G€CKOHETIHOTO TTOPA IKA,
Jexamui B qeHTpe rpymnsl. [[o3ToMy rpynna yTOMMmEeHHEIX KOC
u3oMopdHa npamon cymme K, ® Z™, rae Z™ — npamvas cymma n
CJIaraeMuIX, B30MOP(MHBIX Z.

Teneps MBI MOXEM [OKA3aTh CJAeAyIOIee yTBEPXK JeHue, KOTO-
pO€ UrpaeT BaXKHYIO POJb NPU OMMCAHUY IPYIIIEI TOMEOMOPdhU3-
MOB IByMEpHBIX moBepxuocTen (§13).

7.6. Teopema. I'pynna H, 2omeomopdusmos xpyea ¢ n ovip-
xamu (PACCMAMPUBAEMBIT C MOYHOCTbIO 00 U30MONUL) NOPO-



KOMMEHTAPUU 97

HCOEHA KOHEUHBIM UUCAOM CKPYUUBAHUT 6004b KPUBLIT, PACNO-
AOHCEHHBIT 8 IMOM KDPY2e.

[Hoxazameavcmeo. Tpynma H, wmsomopdna rpymme (m30TO-
OUYECKUX KJIACCOB) YTOMMEHHEIX KOC. IlycTb romeomopduamy
h € H, cooTBeTCTByeT yTOJIIEHHAsA KOCA O, = Qn + @, Tae
a, € K, na € Z". CornacHo Teopeme 7.2 KpAIIEHYIO KO-
Cy Oy, MOXHO TIPEICTABUTL B BUIE MPOU3BENCHUs OOPA3YIONAX
b;j. Jlerko y6enuTeCa, ITO KOCa b;; COOTBETCTBYET CKDYIHMBa-
HUIO BJ0Jb KPUBOU, U300paKeHHOU Ha puc. 7.8 (a).

(a) (b)
Puc. 7.8

B3saB xoMnmo3unuio TaKuX CKPYUMBAIOIIAX IOMEOMOPGU3MOB,
[OJIyIMM [OMEOMOP(U3M, COOTBETCTBYIOUIMY YTOMIIEHHOU KOCE
an + b pas mekoroporo b € Z". Yrobwbl momyduTh BMECTO b
HYXHO€ 3HAYEHNE @, JOCTATOYHO IPUMEHUTH MOAXONANME CKPY-
YMBAHUA BIOJb KPUBLIX, #300paxkeHHex Ha puc. 7.8 (b). O

KomMmmenTapun

Kak MBI yx€ ynoMuHAIM B OCHOBHOM TEKCTE, IPyNIa KOC —
u3obpeTenune HeMEnKoro MareMaruka IMuist Apruna. OH moay-
YW1 IPEICTABICHAE IPYIIEL KOC C MOMOMBI0 06Pa3yomux u Co-
OTHOIIEHWI, 8 TaKXke (MIOJOXUTENBHO) PEMUI IPOLIeMy TOX 1e-
CTBa CI0B 1Js 9Tou rpynnsl. Ero mepsas paGota [Art 1] ma o1y
TeMy, HamucaHHaA B 1925 roxy mo-uemenku, ObL1a HeOE3yIpeydHa,
HO BrocaencTeuu, korga Aptun nepeexan B CIIA, ou mamucan
[O-aHIVIMICKY BIOAHE cTporuit TekcT [Art 2], 1948. Ilpencra-
BJIEHHOE B §5 MPOCTOE MOKA3aTeILCTBO TeOpeMbl ApTuHa, Ha-
CKOJBKO HAM M3BECTHO, HOBoe. Ilocme ApTwna MHOrme mMaTeMma-
THUKN 33HUMAINCL TEOPUEH KOC C aIre0pandeCcKon U aJrOpuTMU-
YECKOU TOYKHU 3PEHMA. BOJBITMHCTBO 3TUX paboT HE UMEIOT He-
MOCPEACTBEHHOrO OTHOIMICHNA K U3J0KCHHOMY HAMU MATEpUATy,
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[O3TOMY MBI YIIOMSHEM JUIIL O ([HOMOKUTEIHHOM) PEIIEHAN TIPO-
6memnl conpsixensoctu ([Gar], [Mak 1]) n orormnem sausTepeco-
BaHHOIO YuTaTesa K MoHOorpaduu Jxoan Bupman ([Bir 1],1975),
B KOTOPOU COJEPXKATCA MHOTUE APYTUE UHTEPECHHE Pe3yabTa-
e, Hamre manoxenue pemesus mpo6aeMbl TOXIECTBA, OCHOBAHO
Ha HegaBHen pabore Ilarpuxa [Jroopuya (cm. [Duh]).

Ham He m3BecTHO, KTO IEPBBIM H300pPEN ONEPALNIO 3AMBIKA-
Husg KOC (OHA OBLIA 3HAKOMA y¥kKe AJeKCaHgepy). OTa Omepaus
YCTAHABIMBAECT OCHOBOIOJATAMIOMIYIO CBA3b MEX Iy KOCAMU U 3a-
HerieHuaMy (B YaCTHOCTHU, y3JIaMu). SHAYEHUE STOU CBA3U YCU-
JVBAIOT 3aMedaTenbHble TeopeMul Anekcangepa ([Ale 1], 1923)
m A. A. Mapxosa ([Mar 1], 1936, cm. Takxke [Mar 2]). Ucro-
pus Teopembl MapkoBa BeCbMa IPAMATUYHA. XOTS OH BBICTY-
OWI C yCTHEIM M3JI0XKEHNEM CBOErO I0KA3ATeNbCTBA, OMyOInKO-
BaHO OHO HMKOrAa He Obuto. Ilo-BmammoOMmy, 5TO CBA3AHO C TEM,
9TO 00JACTDh MHTEPECOB MapKOBa MEepeMeCTIIACH U3 TONOJOT A
B (KOHCTPYKTUBHYIO MaTEMATUIECKYIO JOruky». OH ocTaBui aTy
3agady csoemy ydenuky H. BennGepry, koTopuiu morué Ha BOU-
HE BCKOPE MOCJIE MyOIuKAIUU CBOEU IEPBOU PAOOTHL HA DTy TEMY
([Wei], 1939). IlepBoe omy6IMKOBAHHOE JOKA3ATEILCTBO TEODE-
Mul Mapkosa npusagaexut Jxoan Bupman (cm. [Bir 1]). Boree
KOPOTKOE TOKAa3aTeJbCTBO OBLIO OMyOIMKOBaHO o3 aHee MopTo-
sHoM ([Mor 2]).

Pasymeercs, ¢ amropuTMuYeCKOU TOYKU 3PEHUs MPEICTABISA-
€TCsl €CTECTBEHHBLIM IIONBITATHCA IPUMEHUTDH KIACCU(DUKALIAIO
KOC K KJIACCU(DUKAIUYN Y3JI0B, ONUPASCH IPU DTOM HA TEOPEMY
Mapkosa. Takue NOnBITKE [€JaJIUCh HEOTHOKPATHO, HO K yCIIe-
Xy OHU HE IIPUBEJIH.

M3BEeCTHO HECKOJABKO MOKA3ATEILCTB TEOPEMEI AJeKCaHaepa
(Teopema 6.5). WzimoxeHHOE HAMU, HACKOJIBKO MOXHO CYyIUTh,
[OJpasyMeBaJoch caMuM AJekcaHaepoM B ero crarbe [Ale 1].
[pyroe mpocToe reoMeTpUIeCcKoe JOKA3aTEIbCTBO CONEPKUTCA
B kuure [BZ]. Aaropntm Boxens uanoxken B cratee [Vog]. Ma-
TepUaJI O KPAIIeHBIX KOCAaX BIIOJHE TPAAUIVNOHEH 1 6I:>IJI7 B OCHOB-
HOM, u3BecTeH Aptuny. UTO Xe KacaeTcsa CBA3M MEX Iy Kpalie-
HBEIME KOCaMU ¥ TOMEOMOPIU3MaMU KPyra ¢ AbIpKaMu (Teope-
Ma 7.6), TO OHa ObL1a OOHApPYXKeHa AJEKCAHAEePOM. JTa TeopeMa,
ABIAETCA OCHOBHBIM CBA3YIOIMM MOCTOM ME¥X 1y HACTOAIIEH TJIa-
BOU ¥ MOCJEAYIOMAMYI TIABAMYA O TPEXMEPHBEIX MHOT'O00OPA3UIX.
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Teopus KOC UMeeT MHOIOYUCJIEHHEIE PWIOKeHus. [[aneko He
BCe ee mpobieMbl (B TOM 9uUCIe U AICOPUTMUYIECKUE) DEIICHEL
CpaBHATEILHO CBEXEE M3I0XKEHVE HEPEIIIEHHEIX [TPOOIeM Teopun
koc cogepxurcsa B [Mor 1.



[naega IV

TpexmepHble MHOroObpa3us

Jra rmasa u nocrenyomue riaasel VI u VII nocesamens: pas-
JMYHEIM CIIOCO6aM IMPEACTABICHUA TPEXMEPHLIX MHOIOOOPA3UM.
BaxuoCTbL 5TOM TeMEI CBA3aHA, [0 KPAWHEN Mepe, C TpeMsa 00-
crositenscTBamu. IIpexpge Bcero Mup, B KOTOPOM MBI XKUBEM,
TPAIULMOHHO CYNTACTCSA TPEXMEPHBIM, U [aXKe NOOaBICHUE BPe-
MEHI B Ka4eCTBE Ye€TBEPTOU KOODAMHATHI, CTABIICE yKe OOLIY-
HEIM B (pU3UKEe, HE YMEHbBIIAET 3HAYCHUS U3YIE€HUs TPEXMEPHBIX
IPOCTPAHCTB. BO-BTOPBIX, MEI CHOCOOHBI 3PUTENBLHO IPEICTA-
BUTH cebe Hallle TPeXMEPHOE IPOCTPAHCTRO JUIIL JOKAJIBHO, IO-
DTOMY HYXHBI (POPMAJBHEIE CIIOCOOBI MPEACTABICHUSA TIOOATH-
HOU CTPYKTYPHI PA3JIUYHEIX «BO3MOXKHEIX MUDPOBy. Hakomer, He
U3BECTHA NPUTOMHAA N5 MPUMEHEHUsA Ha MPAKTUKE KJIACCUPU-
Kalys TPEXMEPHEIX MHOTOOOPA3UN, IPUIEM 3Ta OTKPHITAA IPO-
O1eMa B HacToOAee BpeMsa OypHO pa3pabaTHIBAETCA.

MeuI mpeamnoaaraeM, 9TO YMTATENb 3HAKOM C TEOPEeMOU KJac-
crpUKAIMY IByMEPHEIX MHOrOO6pasun (ecau HeT, TO ee dhopmy-
JaMpOBKY MOXHO HanTu B [Ipmnoxenun). Crenyer oTMeTUTE, 9TO
3HaMeHWTas TeopeMma, fokasauuas A. A. MapkoemiM B [Mar 3],
YTBEPXKIAET, YTO I 4-MEPHEIX MHOT000pas3uu npobaeMa, Kiac-
cuUKaAIUU AITOPUTMUYECKN Hepaspemmuma. J[as TpexmMepHBIX
MHOT'000pas3uit CymECTBYET AITOPUTM KIACCU(PUKALNUA, HO €ro
onucaHue 3aHUMaeT nenyio kuury [Hem], u M1 ero o6cyxgaTh
3geck He Oymem. Takum 00pas3om, HAIlg TVIABHAS I€JMb — OIU-
CaTb IPOCTHE YHUBEPCATbHEIE KOHCTPYKIIUY, UCIIONAb3yEMEIE IS
[PEICTABIEHUSA BCeX (KOMIAKTHBIX OPUEHTUPYEMEIX) TPexMep-
HBIX MHOT000PAa3ui. JTU KOHCTPYKIIUU MTPUBEIEHLI B UCTOPUYIE-
CKOM TIOpAJKE UX TOABJCHUA: AUACPAMMEL Xeropa (HacToAmasn



§8. PA3BUEHUE XETOPA 101

riaBa), nepectpouku chepnl (riasa VI) m passeTsieHHBIE Ha-
kpuiTus (riasa VII). YUro xe kacaercs rmaset V, TO OHA IOCBS-
meHa, CKpyIuBaHuAM [[eHa, KOTOPHIE CIyKAT MOCTOM, COEIUHAIO-
M TOMEOMOP(U3MEL JBYMEPHBIX HOBEPXHOCTEN U TIEPECTPONKA
TPEXMEPHBIX MHOT00OPA3UN.

B nocnepyromux riuaBax (Kak 1 OYTH BO BCEY 3TOU KHUATE) ML
paboTaeM B paMKaxX TONOJOIMYECKOM KATErOPUM. OTO BIOJHE
OIIPaBIAHHO B PA3MEPHOCTAX He Gonee Tpex. B wacTHOCTH, KAk
KyCOYHO-JMHENHAA, TAK U [VIATKAA KIACCH(PUKAIIA TPEXMEPHEIX
MHOI0OOPA3UY DKBUBAJICHTHA TOMOJOIMIECKON KIACCU(UKAIAN
(cm. [Moi 1-2], [Mun]), nosTomy HAM HE TOTPEGYIOTCA HU TJIA[I-
KWe, HU KyCOYHO-JIMHENHEIE CTPYKTYPHI HA TPEXMEPHBLIX MHOT'O-
00pasusax. 3a OJAHUM UCKJIIYEHHEM. 1TOOBI MOCTPOUTH pa3bue-
H1e Xeropa TpexMepHOro MHOT000pas3us, HaM IOHAJ00UTCA TPU-
AHTYJANNAA MHOrO00pa3ua. Kciu uuraTens He XO49eT IPUHATD Ha,
BEpPY, YTO BCE TPEXMEPHBLIE MHOTO0OPA3UA TPUAHTYJIUPYEMEL, TO
OH MOXET CYATATh, ITO MBI IMEEM [IeJI0 JUIIL C TPUAHTYIUPye-
MBIMU MHOr000pasusaMu. (JoKa3aTelbCTBO TPUAHTYIUDPYEMOCTHA
MHOroo0pasuy MoxHO Hautu B [Moi 1-2], [Mun]).

§8. Pa3zbuenme Xeropa

8.1. Tpexmepnvim mMH02000pa3uem MBI HA3LIBAEM KOMIIAKT-
HOe CBA3HOE XaycaopdoBo mpocTpaHcTBO M3, Kaxmas Touka
KOTOPOr'0 UMEET OKPECTHOCTH, TOMEOMOP(PHYIO €BKANIOBY PO~
crpauctey R3. Tpexmepnoe muoz000paszue ¢ Kpaem OMPELeIIeT-
Cs1 aHaJIOFI/I“IHO, 3a UCKJII4YEHUEM TOFO, 9TO0 MOMUMO OerCTHO—
CTer, TOMEOMOP(hHEIX €BKIUAOBY MIPOCTPAHCTBY, HOILYCKAIOTCS
U OKPECTHOCTHU, IOMEOMOPMHEIE €BKIUAOBY IOIYIPOCTPAHCTBY
R} = {(z,y,2) € R®|z > 0}. MHOXeCTBO TOUEK, y KOTOPBIX
€CTh JIUIIb OKPECTHOCTY BTOPOr'O TUIIA, HA3LIBAIOT KpPAeM MHO-
roo6pasus M3 u o6o3matator OM?3. Jlerko nposeputs, aTo M3
— aByMepHOe MHOroo0Opaaue. TpexmepHOe MHOr000Opasue HA3KI-
BaIOT MPUAGHRYAUPOSEGHHbIM, €CIU OHO IPENCTABIEHO B BIIE 00D-
€AVHEHUs] KOHEYHOI'O YUCIa TETPAdAPOB, KOTOPEIE IIEPECEKAIOTCS
60 Mo obInen TpaHu, Aubo Mo 00UEeMy pedpy, Ju6o Mo OOIen
BeplInHe, MO0 He IepeceKaroTcsa BooOme. TpranryrupoBaHHOE
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MHOroo0pas3ue Ha3BIBAIOT 0PUEHMUPOEAHHbIM, €CTU BCE €r0 Te-
TPa3APHL OPUEHTUPOBAHEI (T.€. B KAXIOM U3 HUAX 330aH [I0JI0KM-
TEJBHLIA Penep) COMMACOBAHHEIM 00pa3oM (T.e. JMIOOLE 1Ba, Te-
TpanApa, UMeIuX OOy IPaHb, MHAYIUPYIOT HA OOImen rpa-
HU [IPOTUBONOJOXHEE opueHTanun). MHOroo6pa3ne HA3LIBAIOT
0PUEHMUPYEMbIM, ECIIA OHO MOXKET OBLITH OPUEHTUPOBAHO.

8.2.. Tpexmepusrle MHOr00OpPaA3MUA MOXKHO IOIY4ATH C IIOMO-
IMIBIO CJIETYIOmeN KOHCTPYKImH. PaccMoTpuym cdepy ¢ g pyIKaMu
N2, crangapTHO BION)eHHYIO B R® (puc. 8.1). Bygem maswBaTh
meaoM ¢ g pyIKaMu Ty YacTh TpocTpaHcTBa R® | KoTOpas mexuT
BHYTpE 1 Ha rpanune N2. Bospmem aBa sxaemmiapa M u M3
Tena ¢ g pyukamu. ycts f : OM; — M3 — mpOou3BOILHLI TO-
meomopdmsm ux kpaes. Cxremm M3 u M3 mo aTomy romeomop-
busMy, T.e. BO3bMEM UX HECBA3HOE 00beJMHEHNE 1 OTOX TeCTBIAM
Kax 1y TOUKy = € OM; ¢ Touxon f(z) € OMS.

Puc. 8.1

[onyvennoe Taxum o6pasoM mnpocTpancTBo M3 apisercs
TpexMepHBIM MHOroo6pasuem. B camom gerne, OkpecTHOCTH TOU-
ku r = f(z) € M? MOXHO MOMyYUTH, CKICHB IBA TONYIAPUT
— oxpectHocTu Todek T u f(z) B M} u Mj cooreTcTBEHHO
(puc. 8.2). flcro, aT0 M3 — MHOTOOGpasmMe Ge3 Kpas.

/
J

Puc. 8.2

3agaua 8.1. [JokaxuTe, 9TO MOIyIeHHOEe MHOr0OOpasue M3
OPUEHTUPYEMO.
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Paszbuenuem Xeeopa OpUEeHTHPYEMOI'O TPEXMEPHOI'O MHOTO-
06pazus M?> HA3EIBAIOT €ro MpeJCTABICHUE B BUIE 00heIVMHEHUS
aByx Ten ¢ pyukamu M u M3 ¢ obmet rpanumen OM; = OM3.

8.3. Teopema. Jhoboe opuenmupyemoe muozoobpazue M3
(6e3 xpas) donycraem pazbuenue Xeeopa.

Hoxaszameavcmeo. Paccmorpum Tpuanrysasuuoo K mHOrO-
o6pasus M?. Onpenemum 6apuyenmpuueckoe noopazdeaenue K'
Tpuanryaanuu K crepyrommMm o6pazom. B mobom TeTpasape Ha-
ey TPUAHTYJIANUYA MEAUaHBl TpaHu pa3bUBaOT dTY TpPaHb HA,
6 MEHBIIUX TPEyrOAbHUKOB. Pa300beM KaXABU TeTPasap Ha
24 MeHBIIMX TETPAdAPA, PACCMOTPEB KOHYCHL (C BEPIIMHON B 6a-
PULIEHTPE TETPAdAPa) Hal MAJICHLKAMU TPEYTOJbHUKAMU. JTHU
HOBBIE TETPAdAPhI 00Pa3yIoT IepBoe OAPHUIIEHTPUIECKOE IIOAPA3-
neaenue K' rtpuamrymsmuu K. Ilpumenus x K' Ty xe camyio
KOHCTPYKIUIO, [IOLYyIUM 6Mmopoe bapuyenmpuueckoe nodpasde-
aenue K" tpuanrynamun K.

Bosemenm B xauectse M; o6bequHEHRE BCEX TETPAIIPOB BTO-
poro GapurieHTpuYeckoro nogpasaenenus K, koTopee uMeror
o6Lme TOYKM € OJHOMEPHEIM OCTOBOM Tpuanryaanuu K (T.e. ¢
o0bequHeHrEM BCEX pebep TeTpasApoB TpuaHrydamuu K), a B
kadecTBe M3 BosbMem sambikanue nomomHenus M7 B M3. To-
kaxeM, uto M7 u M3 — romeoMopdHEIe Tera ¢ Py IKaMI.

IIOIOIIBA

(NG
(a) (b) @ %) (c)

Puc. 8.3

IMycte A — oauu u3 Terpasapos Tpuanryaamuu K. Yacts
M3, nexamas B A, cxemaTwdHO m3o0paxkena ma puc. 8.3 (a).
Ona umeeT (OPMY «IETHIPEXHOI'Or'O CIPYTa»: UETHIPE 00BEeM-
HEIX [WIVHDPA TPUKJICEHL ONHUM U3 CBOUX OCHOBAHUU K LIEH-
TpaasHoMy mapy (puc. 8.3 (b)). OTu werBepoHOrHE MMEOT TO
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9YeThIpe CBOGOHEIX [0 IOMIBEL (0HA 13 HUX JETAJIBHO U300pake-
Ha Ha, puc. 8.3 (C)), 0 KOTOPHEIM OHU CKJIEUBAIOTCA APYT C APYTOM,
obpazys M.

Yrober omucaTs MY, HYyXHO B3ATH MIADHI C EHTPAMU B Bep-
mmHax TpUaHryaamuu K ¥ coeAuHUTH UX OOGBEMHLIMU IIAJTUH-
OpaMu, UAYIUMYA BAOAb pebep Tpuanryasnuu K (puc. 8.4).

Puc. 8.4

HArak, npocrpanctsa M{ u M3 MOXHO HOTyYUTD, IPUK/ICHB K
HECKOJIBKVM IapaM Py9Iku (OOBeMHEIE NUIMHAPH). ByaeMm Be-
MOJHATD 9TU MPUKIEUKN MO0YEPEnHO, TOKA3LIBAA 0 UHIYKIIUN,
YTO HA Ka¥KIOM IIare MOIyvaeTCsa TeIO C pyIKaMu (Wil HECKOIb-
KO Tea ¢ pydkamu). B ToMm crydae, KOTjia OCHOBAHUA LATUHIPA,
TMPUKIEUBAIOTCA K ABYM PA3HbIM TEIAM, HUKAKUX CIOXHOCTEU
mer. Ho eciu 00a OCHOBaHWS IWIMHIPA IPUKIEUBATCA K Of-
HOMY M TOMYy X€ TelIy, TO, BOOOIIEe IOBOPs, TPYIHOCTHA MOIVIK
OBI BO3BHUKHYTh. [[€10 B TOM, 9YTO TaKue MPUKICAKA MOTYT OBIThH
OBYX TUTIOB: opueHTupyeMbie (puc. 8.5 (a)) u HEOpUEHTUDyEMEIE
(puc. 8.5 (b)).

Puc. 8.5
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Ho ecam Ha xakoM-TO mmiare ObuLia OBI CAEMAHA HEOPUEHTUPY-
eMas TPUKJIEHKa, TO 3TO O3HAYAIO ObI, YTO MHOrooGpasme M3
HEOPUEHTUPYEMO, a DTO IPOTUBOPEUNAT YCAOBUIO TeopeMeul. Ilo-
BTOMY BCe TIPUKJIENKM OpUEHTUpyeMble, a 3HauuT, M7 u M3 —
Tesna ¢ pydkamu. X roMeoMopghpHOCT HEMOCPEICTBEHHO CAELY-
€T U3 TOr0, 9YTO OHU UMEIOT OOIIUI KPau, T.e. IACI0 PYyIeK y HUX
omnmHakoBoe. [

8.4. Ilpumepsl. Y KaxI0Or0 TPEeXMEpPHOI'O MHOr000pa3msa
€CTh MHOIO Pa3HLIX pasbuenun Xeropa. PaccMoTpuM HEKOTO-
phle pasbuenusa Xeropa Tpexmepnon chepur S3. IIpocTeiimee
pasbuenue Xeropa moTydaeTcs, ecim pa3pesaTs S° BAOIL DKBa-
Topa (AByMepHOU Cdhepr) HA ABA MApA.

Bonee nnaTEepeCHBIM IPUMEPOM CIYXKWUT KJIACCHIECKOe Pa3bu-
emne cheper S3 Ha gBa mommoTopua. Ilpegctasum chepy S°
KaK CIeIyomee MOqMHOXKECTBO ABYMEPHOIO KOMILIEKCHOI'O MPO-
CTPAHCTBA:

S% = {(z,w) € C? : |z> + |w|* = 2}.

|w[},

<
2 |wl}.

TMonoxum
3 _ 3.
M; = {(z,w) € S° : |2
3 _ 3.
Ms = {(z,w) € 5% : |2
OrmernM, 4TO B HameMm ciydae ycrosus |z| < |w| u |z] 2 |w
SKBUBAJEHTHH! yCI0BUAM |z| € 1 1 |z| > 1, cooTBeTCTBEHHO.
Moxaxewm, aro M} u M3 — nomroropus (Tena ¢ OfHON py4-
ko). Touxy cdepsr S° MoxHO TpegcTaBuTh B Buge (ae'®, belf),
rae a,b > 0 m a® + b2 = 2. Muoroo6pasme M; 3amaercs mpu
sTom coorHomenweM a < 1. Paccmorpmm moanoTopume, ocesoe
CevIeHne KOTOPOro COCTOUT W3 ABYX KPyros pagmyca 1. Beegem
Ha HEM KOOpawHATH (a,a, ), KaK MOKa3aHo HA puc. 8.6.

Puc. 8.6
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Conocrapnenne (ae'®,be?) — (a,a,3) ompemerser romeo-
MOppU3M MHOT000pa3us M13 Ha nomHoropue. (O6pature BHU-
manue, 9to (0,a,3) — OAHA U Ta Xe TOYKA [IJIA BCEX 3HAUCHUU
napaMeTpa @; 3Ta TOYKA 3aBUCAT JWIIhL OT mapamerpa 3.) Ana-
JOTHIHBIM 06pa3oM comocTartenue (ae®, bed) — (b, 8, «) ompe-
neseT ToMeoMopduaM MHOrooOpasusa M3 Ha moTHOTOpHE.

Nrax, chepa S® gomyckaer pasbuenme Xeropa Ha B3 IOIHO-
TOpHUS.

3agaya 8.2. IIpeactasum cdepy S° Kak 0 THOTOTCTHYIO KOM-
naxTudukamo npocrparcTea R®. Mokaxwure, uTo ecam 3 S°3
BEIPE3aTh CTAHJAPTHO BJOKeHHOE (B R?) OTKpEITOE TEO0 ¢ pyd-
KaMU, TO B PE3yJbTATE MOIYIUM (3aMKHYTOE) TeJO C PYyIKaMU,
[IpuYeM KOIAYECTBO PYUeK Y 060UX Tel OLHO U TO XKe.

8.5. Hazosem mepuduarom MOIHOTOPUA KPUBYIO HA €r0 KPae,
3a4aHHY0 (B ONMCAHHBLIX BEHILE KOOPAWHATAX) ypaBHEeHUEM (3 =
const; KpUBYIO, 3aJaHHYIO YPABHEHMEM (@ = COnst, Ha3zoBeM na-
paasesvro. O6mmit kpait Mmuoroo6pasuit M u M3 (B chepe S3)
coCTOUT M3 ToUeK ¢ KoopauuaTamu (e, e?F). Kpusas 3 = const
ABIAETCS OTHOBPEMEHHO MEPHUIMAHOM TIoTHOTOpuUa M7 u mapad-
JIEJIBIO IIOTHOTOPUA M23 3TO 3aME€YIaHHNE IIOMOXET IYNTATE/T0 Ha-
[IAHO IpeACTaBuTh chepy S° B BuAe IBYX CKICEHHBIX IIOJHO-
Topun (puc. 8.7).

Puc. 8.7
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3agaga 8.3. Kakoe mHOroo6pasme moiyyuuTcsa mpu CKICUKE
IBYX TIOJIHOTOPUY IO TOMEOMOPIU3MY, TEPEBO AAIIEMY MEPUAUAH
B MEPUIUAH ¥ MAPAJIEIb B TAPALICTH

8.6. /1A cTaHZAPTHO BIOXKEHHOrO B R MOIHOTODHUA HE Cy-
IIECTBYET IBIKEHUs, NEePEBOLAMIEr0 NMAPAIEIN B MEPUIUAHEL.
([leqo B TOM, YTO IIUHELI BCEX MEPUAUAHOB PABHEL, & IJIWHBL a-
pasrenert He Bee pasel.) Ho B R = C? oproromarsroe mpeo6pa-
30BaHNE, MEHSIOIEe MeCTaMU OA3UCHLIE BEKTOPHL €1 U €3, €3 U
€4, epeBoquT momHOTOpUE M{ B M3, mMputdem MepuaImaHBI Of-
HOI'O IOJHOTOPUS MEPEXOAAT B IAPALIENN APYTOrO IOIHOTOPH.
Takoe gBMX€EHNE 0KA3aJ0CH BO3MOXHBIM ITIOTOMY, ITO METPUKA
ropa T? = M} N M3, manymuposarras merpuxon R? | moxamsuo
eskimoBa. B camom gene, Touku Topa T2 C R* umeror xoopau-
HATEHL

(z1,22,23,%4) = (cOs @, sin a, cos G, sin G).

Bsegem ma Tope T? xoopaunath (@, 3). Ilycts dl — paccrosaue
B R* mexy Touxamu ¢ koopauaaTamu (o, B) u (o + da, B+ df).
Torma

di* = dx? + das + da3 + das =
= (d cosa)? + (d sin@)? + (d cos B)? + (d sin 3)? =
= (sin? a + cos® a)da® + (sin? B + cos® B)dB? =
= do® + dB?,

T.e. METpUKA, UHIyImpoBanHas Ha Tope T2 C R*, 1okambHO eB-
KIN0BA. JTO O3HA4YaeT, uTo B R! TOp MOXKHO CBEPHYTH U3 KBa-
IPATHOrO JHUCTa OyMarw. B IPOTMBOMNOIOKHOCTH 3TOMY B R°
MOXHO CeJaTh JUIIb [IEePBHIU IIAr, T.e. CBEPHYTH U3 KBaIPAT-
HOro JucTa OyMaru IUIXHIAD, HO CBEPHYTH M3 DTOrO [UIXHIPA
TOp yxke He ynaeTcsa. OmUCaHHOE BHIMIE PacHoJoxeHue Topa RY
ropasno 0oee eCTeCTBEHHO, YeM CTAHJAPTHOE BJIOXKEHUE TOPA
B R’. Ha WHTyUTHBHOM ypOBHE MOXKHO CKa3aTh, YTO MOCTE-
Hee BJIOXeHUe 1edOpMupPyeT TOP U MBI IPUBHIKIN K UCKAKEHHO-
My 00pa3y 9TOro 00beKTa, MPABUWILHLIL 00Pa3 KOTOPOrO MOXK-
HO yBujeTh umb B R*. ToBops 6Golee cTPOro, He CyIleCTByeT
M30METPUIHOrO BIOXKEHNA TOPA C €r0 €CTECTBEHHOU IIOCKOU Me-
TPUKOU B €BKJIUIOBO TPEXMEPHOE IPOCTPAHCTEO.
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8.7. TpuwiucTHUKEU Ha Tope. B TpexmepHou chepe
S® ={(z,w) € C : |2]® + |w|? = 2}

MOXKHO PACIOJIOXUTDH y3€Jl TPUIUCTHUK TAK, YTOOBI OH IIEIUKOM
aexan Ha TOpe |z| = |w| = 1. [daa »TOro mOCTATOYHO pac-
CMOTpeTh Iepecedenre chepbl S° ¢ KOMILIEKCHOH OBEPXHOCTHIO
23 = w?. B camoM fene, 3 PABEHCTB

2=w? n |22+ |w?=2

cjaexyeT, 9To

|2 + |2 = Jw|” + [2]* = 2.

Ipu z > 0 pysxnua 22 +22 — 2 MOHOTOHHO BO3PACTAET, IIOITOMY
oHa obparaeTcs B Hyb Jguiib npu £ = 1. CiaegoBareasHo, nepe-
cedenve cdepsl S° ¢ TOBEPXHOCTBIO 22 = wW? COCTOMT M3 TAKUX
Touex (z,w), 910 z = €* u w = ¥, rae 3a = 23 (mod27). Ha
puc. 8.8 (a) mzo6paxeHo MHOXeCTBO To4ek (o, ) KBagpaTa CO
CTOPOHOU 27, KOOPAUHATHI KOTOPLIX YIOBICTBOPIIOT COOTHOIIE-
Huo 3a = 26 (mod2r). U3 sToro xeagpara gByMms crnocobamu
MOXHO CkaenTb umwmmaap (puc. 8.8 (b)), a w3 KaxI0ro TAKOro
UIXHAPA MOXKHO CKJIeUTh Top (puc. 8.8(c)).

Puc. 8.8
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B o6oux cry4asx momydaeM TPWIMCTHUK, JEXALMYA HA TOPe
|2| = |w| = 1B chepe S3. Urak, ME 10KA3aTH, ITO HOBEPXHOCTD
2% = w? Brpesaer Ha cdepe S° C C? Tpmwmmctauk. W3 aToro

BEITEKAET CICAYIOMIUN HEOXUIAHHBIA PEe3yIbTaT.

8.8. Teopema. IIpocmpancmeo KOMNAEKCHBIL KYOUUECKUT
NOAUHOMOE O€3 KPAMHLIL KOPHET 20MOMONUYECKY IKBUBAAEHM-
no donoanenuto S\ K mpuaucmuuxa K 6 cfepe S°.

Hoxazameavcmeo. Hamomuum, urTo mpocrpamcTBa X m Y
HA3LIBAIOT TOMOTONUYECKY DKBUBAJEHTHLIMY, €CJAU CYIECTBYIOT
Takue HempepoiBHEIE oToOpaxenusa F': X - Y u G :Y — X,
ar0 FoG ~idy u GoF ~ idx, rae idx nidy — ToxaecTBeHHLIE
oToOpaxeHusa NpocTpancTB X u Y, a CUMBOJI ~ 03HAYAET T'OMO-
TOMHOCTHL 0TOOpaxeuun. B Tom ciywae, korga X C Y mocra-
TOYHO MPOBEPUTH, YTO CyIecTByeT oToOpaxenue G : Y — X,
obaaromee CIeyOMMMA JBYMS CBOACTBAMI:

(1) ecmm z € X, To G(x) = x;
(2) orobpaxenue G, paccMaTPUBAEMOE KaK OTOOPAKEHVE U3
Y B Y, roMOTONIHO TOX IECTBEHHOMY OTOOPAXKEHMUIO.

IIpex ne Bcero qokaxeM, 9TO MIPOCTPAHCTBO X IIOJIMHOMOB BU-
na z3 +px+q 663 KPATHLIX KOPHEU TOMOTOMUYIECKU DKBUBAICHTHO
mpocTpaHCcTBy Y moamHOMOB Buaa o + ax? + bx + ¢ 6e3 kpaT-
HBIX KOpHen. PaccmorpuMm misa Toro orobpaxenue G : Y — X,
nepesogsmee nomaoM f(z) = 22 + az? + bz + ¢ B f(z — a/3).
TomoTonus, coenunsiomasn orobpaxenue G ¢ idy 3agaercsa gop-
MyJIOK

fi(z) = f(z — at/3).

B camom gmene, ecmu f — momumHOM 6€3 KPATHEIX KOPHEU, TO fi
TOXe OyAeM moauHOMOM 6e3 KpaTHEIX KOpHen npu Beex t € [0, 1],
a DTO 03HAYAET, YTO f; NEUCTBATEIHLHO IOMOTONNSA B IIPOCTPAH-
crBe Y. Urak, X roMOTONWYECKN SKBUBAJEHTHO Y .

Ocraercs gokasarb, 94TO0 X TOMOTONUYECKN 3KBUBAJIEHTHO
POCTPAHCTBY

Z=8*\K ={(z,w) € C : |2)* + |w|* = 2, 2* #w?},

TaK KaK MBI yXe 10Kas3aju, 9TO B TOM ciaydae K — Tpuauct-
HuK. UT0OBI mOCTPOUTE TPpeOyeMyl IOMOTOIMYECKYIO DKBUBA-
JIEHTHOCTE, 3AMETUM ISl HA¥AIa, 9TO TIOJTUHOM T° + DT + ¢ uveer
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KPaTHEIE KOPHI TOTJa ¥ TOJBKO TOTJa, Korga 4p° + 27¢> = 0,
HOITOMY TIOIHHOM Z° — 32 + 2w UMeeT KPATHELIE KOPHU TOTA I
TOLKO TOT A, Koraa z° = w?. Taxum 06pa3oM, MOXKHO CIATATh,
9TO

X={(z,w) €eC*: 2> 4w’} uZCX.

ITocTtpoum orobpaxenune G' : X — Z caeayrommm 06pasoM.
peanonoxum, uro (29,we) € X, T.e. 25 # w3. Mer yTBep-
XKIAEM, YTO CyUIECTBYET €JUHCTBEHHOE ITOJOXWUTEILHOE YUCIO
Ao, VI KOTOPOT'O

(A320, Ngwo) € S°.

B camom nere, nyctb a = 2|2, b = |w|? u p = A\?. Torga dyaxmma
INz|” + |Nw|® = p®a + pPb = p’(a + ub)

MOHOTOHHO BO3pacTaer mnpu i > 0, mosromy Tpedyemoe Ay, Kax
¥ yTBEPXKIAIOCH, CYIIECTBYET X €IUHCTBEHHO. Temepb MOXHO
onpeneauTs oToOpaxkenue G’ popmyaon

GI (Zo, UJ()) = ()\(2]2}0, )\gwo)

flcuo, uro orpanmienue G va S® \ K Toxaecreenno. Kpome
Toro, orobpaxenne G' : X — Z roMOTOIHO TOXIECTBEHHOMY.
TomoTonusa 3anaercsa caeayromen GOpPMyIOM:

Ft(ZO,’U)o) = ()\220, )\3’1110), raoe A= (1 - t) + t)\o.
B TakoMm cayuae
(V20)* = (Nwo)” = A°(2§ — wp) # 0

npu Beex t € [0,1], a oT0 o3mavaer, uro F; neucrBuTenbHO Oy-
net romoTonuen npocTpancTea X. TpeGyemas romoronumyaeckas
SKBUBATEHTHOCTH yCTAHOBIEHA. [

3agauya 8.4. Hangure pasbuenue Xeropa BeIIECTBEHHOTO
TPOEKTUBHOrO TpOCTpancTBa RP3.

JTa 3aj4a4a, XOTsA U y Hee eCTb KOPOTKOE PelleHne, He TaK
yX& mpocTa. MOXHO CKa3aTh, 9TO B OOIIEN CATyauuu pa3bueHue
Xeropa, KOTOpOe 33JaeTCA KaK FOMeOMOP(GU3M MOBEPXHOCTH HA
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cebs1, He OYeHb JIeI'KO OnucaThb. Bruio 6u1 6osee y1o6HO u Gosee
5 PeKTUBHO UMETH KOMOMHATOPHOE ONUCAHKE Pa3bueHus Xero-
pa. Taxoe ommcanue IENCTBATENLHO €CTh; MEL €0 MPEACTABUM
B §10. Ho mpexae 3TOro MuI 06CYAUM CIyYal MHOTOOOpa3uu ¢
KpaeM.

$9. Pa3buenune Xeropa

JIJs MHOroo6pa3um ¢ Kpaem

9.1. Bosbpmem gBa Teqa ¢ pyukamu N u M, CTaHIaPTHO BJIO-
xKeHHEIX B R®, u pacmomoxum mx Tak, 4To6bl kpai M gemmr N
HA [IBE CUMMETPUYHBIE YaCTH, IPUYEM MMEHHO TAK, KAK [I0Ka3a-
O Ha puc. 9.1. Ilycte F — wacte M, nexamas sue N, a G —
qacThb Kpasa M, nexamas sae N.

Puc. 9.1

3agava 9.1. Joxaxwure, uto eciu M u N — Ttera c m u n
pPydYKaMu COOTBETCTBEHHO, TO F' — Temo ¢ m + n pydukamu.

Bosemem gBa sx3emmisnpa Fi u Fh Tena ¢ pyukamu F. Ilycrs
G1 u Gy — gactu kpaes F; u Fy, coorBercryomue G. Ckie-
M Teaa ¢ pydkamu F; m F, mo HEKOTOPOMY rOMEOMOP(U3MY
h: G1 = G3. B pe3yabrare moaydnM OpUEHTHPYEMOE TPexMep-
HOe MHOTOO6pasme M3 ¢ xpaem, romeomopdHbM Kpato Tera N.
Takoe npeacrasienue HA30BeM pazbuenuem Xe20pa Mu02000pa-
3ua M3 ¢ xpaen.

9.2. Teopema. Jwboe opuenmupyemoe mpermeproe MHo20-
obpasue M? c xpaem donyckaem pasbuenue Xezopa.

Loxazameascmeo. PaccMoTpuM cHavama, CIyvan, KOTa Kpan
OM? ceasen. Ilycts g — wmeno pydex moeepxuocT OM3, N3
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N3

Puc. 9.2

— Teno ¢ g pyukamu, a T — cepdyesuna N°, T.e. OZHOMEPHBIN
noaxKoMILieke B N3, w3o6paxenunii Ha puc. 9.2.

Mpukaenm Tero N3 x mamemy muoroo6pasmo M3 mo mpous-
BOJIBHOMY roMeoMopdusmy ux KpaeB. B pesyabrare moiaydnm
opueHTHpyeMoe MHOroo6pasue L® 6e3 xpas. Y L3 ects Takas
Tpuanryasamusa K, uro T — nmoakommtexc B K. Crenys moxasa-
TeabLCTBY TeopeMsr 8.3, paccmorpuM B L2 okpectrocTs L (0THO-
CUTEIBHO BTOPOro GapuileHTpudeckoro moapasaetenus K") ox-
HOMepHOTrO ocToBa Tpuanryasanuu K. Ilpu arom L — oxmo u3
IOBYX TelI ¢ PydYKaMmu, 00pasymoommx pasbueHme Xeropa MHOIO-
o6pasus L2 (puc. 9.3 (a)). Cymecrsyer maoromms f; : L3 — L3,
COEIVHSIONAA TOXIECTBEHHOE OoTOOpaxkenue fo = id ¢ rakum
orobpaxenuem fi, uro ogua nososuna fi(T) mHaxogurcsa B L3, a
apyras nonosuna naxoutcs B L3 (puc. 9.3 (b)). Ecau mu Teneps
serpexxem m3 L? oxpectrocTs muOXecTBa f1(T), TO B pesymn-
TaTe MOJY4YMM MHOr000pasue, TOMeoOMOP(HOe TaHHOMY MHOI'O-
o6pasuio M?3. Pazpesas ero Baoab o6Imero Kpas MHOI006pasui
L3 n L3, nonyuum Tpebyemoe paszbuenue.

’-‘ s

'Z “ 2
9/ //// LY ///
7,
7 g :
-L -4

”/// ~'~' ML ‘s.-‘

<, %,
O O
{ {

L 1t

o,
’//

Puc. 9.3

B ToMm cryuae, korga kpait M2 COCTONT 13 HECKOILKMX KOMIIO-
HEHT, ONMUCAHHYIO BHIITE TPOIEAYPY MOXHO TPUMEHUTD K KaxkK [OU
X HUX.
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§10. [Amarpammsbl Xeropa

Paz6uenue Xeropa OpHeHTHPYyeMOro MHOTooOpasms M3 6es
Kpas DOJTHOCTBIO 334aeTCs TOMeOMOPMPU3MOM ChEPHL C g PyIKa-
Mu Ha ce0s, yKa3BIBAIOMIM, KAK UMEHHO Tesa ¢ pydxamu M7 u
M3 myXHO CKIETH APYT C APYroM, 9TO6H moxyantb M3. Ta-
KO€ OIMCAHUE MOXKHO OBLIO OBl UCIOIB30BATH HA IPAKTUKE, ECIU
Obl y HAC ObLI DPPHEKTUBHLI CIIOCOO MPENCTABICHUA TAKUX [O-
meomopduamoB. Takou crnoco6 gaercs B »rom maparpade. Oun
OCHOBAH Ha TOM, UTO [JI HAIIUX IEJer 0 TOMEOMOPQpU3Me Hy KHO
JIAIIb 3HATH, KyAa OH IIEPEBOAUT ONPEIEJEHHYI) KAHOHUIECKYIO
CHUCTEMY KPUBBIX HA Cdepe ¢ g pydukamu. llosToMmy ckirenBaio-
I TOMEOMOP(pU3M KOAUPYETCS 00PA30OM 3TOU CUCTEMEI KPU-
BEIX, T.€. €M0 MOXHO TPEACTABUTL KAPTUHKOU, U300PaKAIOIIen
CHCTEMY KPUBBIX Ha, Cepe C g pydKaMu; 3Ty KAPTUHKY HA3LIBA-
0T AUarpaMMon Xeropa.

10.1. ConocraBum nanHOMY pasbuenutro Xeropa (MHOroo6pa-
sus M? ma Tena ¢ g pyukamu M7 u M3) cucrTemy 3aMKHYTBIX
KpUBBIX Ha cdepe ¢ g pyukamu N caepyrommuMm obpasom. Pac-
CMOTpUM CTaHgapTHHIE BrokeHua Ten M7 u M3 s R®. Ha ux
KPasX HAPUCYeM CUCTEME MEPUAUAHOB U, ..., Ug U V1, ..., Uy TAK,
KakK IOKa3aHo Ha puc. 10.1.

22,
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Pwuc. 10.1

Paay cuMMeTPUYHOCTM B HAIIEM OIPENENEHUN IIPEICTABUM
cxJenBaromuii romeomopdusm f : OM; — OM3 B BuAE KOMIO3H-
1M1 TOMeOMOpdhU3MOB fi u f, ! rme fi — romeomopdmam oM?
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Ha chepy ¢ g pyaxamu N. (Mer morsu 661 nonoxuts N = OM}
ufi =idwm N = OM3 u fo = id, HO B 060UMX CIy9Iasx Tmpu-
XOJUTCA IPEANOYECTh OJHO MHOr0OOpasue apyromy ). Hapucyem
Ha noeepxHocTu N kpusbie f1(u;) u fa(u;), 1 =1,...,9.

Onpegenenune 1. Cucremy kpusbix {f1(u;)} u {fa(u;)}, i =
1,...,9, Ha cdepe ¢ g pyukamu N Ha3LIBAOT duazpammoti Xe2opa
MHOroo6pazusa M3,

10.2. Teopema. FEcau deéa mnozoo6pazus M u M' umerom
odny u my ace duaepammy Xeeopa, Mo IMU MHO2000Pa3us 20-
MEOMOPPHDBL.

Joxazameavcmeo. Iycrs f; : OM? — N, i =1,2 — ckiensa-
OIIe TOMEeOMOP(U3MEIL 111 MHOr0ooOpasusa M; mis mHOroobpa-
sus M' ucnonpsyem amamormuaee o603HadeHusA. bes orpanmde-
HUA OOLIHOCTH MOXHO CYMTaTh, 4T0 My = Ml u N = OM, =
OM; (puc. 10.2).

Pwnc. 10.2

Tax xkax y M u M' ogua u Ta xe guarpamma Xeropa, To fi u
fi — maxme romeomopuamer OM; u OM] ma N, 9T0 06pa3sr Me-
PUAMAHOB u; 1 u}, { = 1, ..., g, npu 5TUX roMeoMopdu3Max COBIA-
naioT. IlokaxeM, 9TO B 9TOM CIy4dae TOX A€CTBEHHBIN I'OMEOMOD-
dusm hy : My — M) MOXHO OPOJOIKUTL 0O COMEOMOPHU3MA,
h:M — M'. Tomeomopduam (f])~' o f1 : OMy — OM, mepeso-
OUT KaXK BN MEPUINAH MHOr000pasusa My B COOTBETCTBYIOIIUN
Mepuauad MHOroo6pasusa M. Tax kak m060u roMeoMophusM
OJHOU OKPYKHOCTH HA APYI'YI0 MOXHO HPOLOJKWUTEL JO [OMEO-
MOPGhU3Ma, OrPAHMYEHHBIX MU KPYroB (IO PaauycaM), TO FOMEO-
MOPGU3M MEPUAUAHOB MOXKHO MPOJOIKNUTE 4O IOMEOMOpPdU3Ma
IVICKOB, KOTODPHIE OHU OIPAHUYMBAIOT B MHOroo6pasmsax M; m
M (cwm. puc. 10.1). Paspesas My u M| BOOAL DTUX IUCKOB, TIO-
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Puc. 10.3

JayauM MHOroo6pasus D;i u Dj, roMeoMOpdHEE TPEXMEPHOMY
mapy (puc. 10.3).

Tak xax m000M TOMEOMOPPU3M MEXAY ABYMA ABYMEPHLIMU
cepamMu MOXHO MPOJOIKUTHL 10 OMEOMOP(U3MA Or'PAHUYIEH-
HEIX MU IIAPOB (CHOBA MO PAINYCaM), TO FOMEOMODP(PU3M MEXK Ty
kpaaMu mwapos Dy u D} MOXHO IPOJOIKUTE 10 FOMEOMOPhU3Ma,
Mexnay camumu mapamu (puc. 10.3).

10.3. Iloxydennoe onucanue pas3dueHus Xeropa moka He yI0-
BJIeTBOpsieT HammM TpeboBanuaMm. Oupenenenue 1 Bce eme onm-
paercs Ha romeoMopdmsM f M, TeM CAMBIM, HEIOCPEICTBEHHO
KCIONB3yeT cTpoeHme MHOroobpasus. Kpome Toro, ms sroro
onperqe.ueHnﬂ HE BI/IIZ[HO, KaK MMEHHO MOXET (I/I KaK HE MO)KeT)
BEINVISIAETH guarpamma Xeropa. Cuegyiouiee onpemeieHue CBO-
00HO OT DTUX HEJOCTATKOB.

Onpegenenne 2. CucreMy 3aMKHYTBIX KPUBBIX Ui, ...,Ug 1
V1, ..., Vg Ha cdepe ¢ g pyukamu N HaA3HIBAOT duazpammot Xe-
20pa, eCJau BBIIOJIHAITCS CAETYIONME ABA yCAOBUA:

(1) xpuBEIE Uy, ..., Uy TIONAPHO HE MEPECEKAIOTCI U JOIOJHE-
HUE K UX 00BEeIUHEHUIO CBSI3HO;

(2) xpuBHIE V1, ... ,V, DONAPHO HE IEPECEKATCA U JOIOJIHE-
HHue K ux 06'beAI/IHeHI/IIO CBsA3HO.

IIposepum sxBUBATEHTHOCTDL onpenenenuu 1 u 2. fcHO, 4TO
MEPUAVAHEL TeJIa ¢ PyIKaMy HONAPHO HE IEPECEKAIOTCA U He Pas-
OmBaOT €6 Kpal Ha 9acTh. [l03TOMY HyXHO JUIIb IPOBEPUTH,
4T0 s06as guarpaMMa Xeropa B CMEICJIE ONPEIeJeHUs 2 COOT-
BeTCTByeT pasbueHuio Xeropa HEKOTOPOr0 MHOI00Opa3usi.

IIpexge Bcero gokaxeMm, 4To ecau cepy ¢ g pyukamu N pas-
pe3aTh N0 g OKPYXKHOCTAM, He pasbusaromuM N Ha 9acTH, TO B
peayabTaTe momyudmM chepy S?, U3 KOTOPOH BEIPE3AHO 2g IUC-
kOB. IIpeamosoxuM, 9TO BMECTO DTOrO MEI B DE3yJAbTATE IO-
Jy9uiu HEKOTOPYIO moBepxHocTs H — cdepy ¢ h pyukamu, u3
KOTOPOWU BHIPE3AHO 29 MUCKOB. BhIpe3aHme 0qHOr0 IUCKa yMEHb-
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maeT >uaepoBy xapakrepuctuky* ma 1. ITosTomy sumeposa xa-
pakTepuctuka nosepxuoctu H pasua (2 — 2h) — 2g. C npyron
CTOPOHBL, PAa3pe3aHre TIOBEPXHOCTU BAOIb OKPYXKHOCTEN HE M3~
MEHSET DUIEPOBY XaPAKTEPUCTHUKY, IOITOMY 2 —2h—2g = 2—2g,
a 3HaquT, h = 0, YTO U yTBEPXK JATOCH.

V1
V1

Vg

Pwuc. 10.4

Bosbmem Teneps nBa sk3emmisapa mosepxuoctu N. Pazpexem
OJVIH DK3eMILIAP BAOJIb OKpyxHOCTeR Uu; (puc. 10.4 (¢)), a gpyrou
SK3eMIUIAp paspexeM Bgoab v; (puc. 10.4(d)). B xaxgom ciay-
4Jae B pesyabrare nouayduMm chepy ¢ 2g aeipkamu (puc. 10.4 (b)
u (e)). Ity chepsl MOKHO TOMEOMOPPHO MPOAeHOPMUPOBATH
Ta,K7 “ITO6I)I Kpaﬂ AHPOK COOTBETCTBOBAJIN KAHOHUYIECKUM MepI/I—
gmanam ten ¢ g pyakamm (puc. 10.4(a) n (f)). Teneps nerko
moCTpouTs Tena ¢ g pyaxamu M7 u M3 BmecTe ¢ romeomopdus-
Mamu wx Kpaes Ha N, TepeBoaamuvu Mepuguasst Tex My u M3
B OKPYXHOCTHU U; U ¥; HA HOBEPXHOCTH N COOTBETCTBEHHO. DTO
maer Tpebyemoe pasbuenue Xeropa. [

§11. JIuu3bl

Iloxa 9TO MBI IpEeIBABUIN COBCEM MAJO MPUMEPOB TPEXMeEp-
HBIX MHOT0O00Pa3uil, MPEACTABICHHLIX DA30UEHUAMU WIM [UAA-
rpammamu Xeropa. B srom maparpadge MbI paccMoTpuMm Gec-
KOHEYHYIO CEPUI0 TPEXMEPHEIX MHOI000pPa3uil, KOTOPLIE ya00HO
[IPEACTABIAIOTCS C IOMOIIBIO ANATPAMMEL X€ropa: KIaCCUIeCKue
JIAH3EL.

* YuraTenb, He 3HAKOMBIA C OTUM TMOHATHEM, MOXET 00PATATHLCA K IyHK-
Tam 12.6 wim 21.2.
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11.1. EguucTBEeHHOE TpeXMepHOEe MHOroo6pasue, KOTOPOe
MOXHO CKJIEUTb U3 ABYX IIAPOB [0 IOMEOMODP(U3MY UX KDPAeB,
5TO TpexmepHas chepa S°. U3 IByX MOTHOTOpWE, KAK MBI yiKe
Bugemu, momumo cepur S (cM. 8.4) MOXKHO MOTYIMTH TPOEK-
TueHOe mpocTpancTso RP? (3anava 8.4). OgHako w3 ABYX moa-
HOTOPUH MOXKHO CKJIEUThL He Tombko S° u RP3, mo u gpyrue muo-
roobpasus. MbI HaYHEM C TOrO, YTO ZAOUM [EOMETPUIECKOE
OTIPENENEHNE DTUX MHOT000PA3UY, OCHOBAHHOE HA, IEVCTBUAU [UC-
KPeTHBIX rpymi Ha S°, u b 3amem 06y [uM uX peICTaBIeHe
IUArpaMMaMu Xeropa.

IIycrs p m ¢ — B3aMMHO IPOCTHIE HATYPAILHEIE YUCIA, IPAIEM
p > 3. Ha emummanon chepe S? C C? samaaum meiictsue (6e3
HEMNOABIXKHLIX TOYEK) IPYNIEL Z /pZ ¢ 06pasyomel o, I0J0XKIB

o(z,w) = (exp(2mi/p)z, exp(2miq/p)w).
Mpodaxropusyem S3 mo sTomy newrcrsuio rpynner Z/pZ, T.e.
OTOXJECTBUM KaxXIylo TOuKy r € S® ¢ Toukamu oz, ...,0P 1z
Tax kak paccMaTpUBaEMOe NEUCTBUE HE UMEET HEMO[BUKHEIX TO-
Y€K, TO JErKO yOeAUTLCA, ITO TOIYyIeHHOE (PAKTOPIPOCTPAHCTBO
OyIeT TPEXMEPHEIM MHOT'000PA3UEM; €0 HA3KIBAIOT AuK30% (miu
AUH306bIM NPOcMparcmeom) u obosnadaoT L(p,q). Us ompene-
aenus BugHO, uTo L(p,q) = L(p,q + np), T.€. ¢ MOXHO CIATATH
He HATYPAIbHBIM YHCIOM, & DJIEMEHTOM I'pynust Z /pZ.

11.2. IToxaxem, 410 npu dakTopmsamuu S° M0 YKA3AHHOMY
neucTeuio rpynnsl Z /pZ w3 noasoropui |z|? < 1/2u |w|? < 1/2
HOXY9al0TCA CHOBA, HEKOTODHIE HNOMHOTOPWA, T.€. JuH3a L(p, q)
CKJIEEHA W3 IBYX MOMHOTOPUA. PaccMOTPUM CIEAYIOmEee KIeTOq-
HOe pasbuenue cheprr S°:

(0) myabMepHEBIE KIETKA
(0, exp(2mik /p));
(1) omHOMepHLIE KIeTKI
(0, exp(27if)),
kElp<b<(k+1)/p;

(2) nByMepHBIE KIETKH

(pexp(2mik/p), w),

0<p<l, |uw[=v1-p%
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(3) TpexmepHbIe KIETKI

(pexp(2mif), w),

0<p<l, k/p<8<(k+1)/p, |w|=v1-p?
k=0,1,..,p—1.

Konn4ecTBo KI€TOK KaXI0W PAa3MEPHOCTU PABHO p (OHW Hy-
MepyloTcsa ungekcoM k). Ilpm memrcteum rpynnst Z/pZ xieTku
[IEPECTABIAIOTCA OPYT € APYTOM, IO3TOMY YKA3AHHOE KIETOYHOE
pasbuenue chepul S° MHIYIUPYET KIETOYHOE Pa3bueHue JUH3EI
L(p,q) c ogHOu KIeTKOU B Kax gou pasmeproctu ot 0 1o 3. 1o
03HAYAET, YTO JUH3Y MOXKHO HOLYYAUTH U3 OLHOM TPEXMEPHON
KJIETKY, OTOX JECTBUB II0 IX0IAMKUM 00pa30M TOYKU €€ Kpasd IO [
gevicTBueM rpynnst Z /pZ.

K coxanenunio, KOOPAMHATHOE TMPEACTABICHUE HAIIEU TPEX-
MepHOW KIeTK: B deThpexmeproMm mpoctpanctse C? meymo6HO
07 pabOTHL C HEW, MOITOMY HAYHEM C TOTO, YTO MepeumeM K
GoJee eCTeCTBeHHOM cucTeMe Koopauuar (T1,T2,3) € R®, B ko-
TOPOU HAIIA TPEXMEPHAA KJIETKA OyIeT IPOCTO €IMHNIHBIM IIa-
poM.

Puec. 11.1

Yrobrl CHenaTh 3Ty 3aMEHy KOOPIWHAT, COIOCTABUM TOYKE

(pexp(2mif), w),
0<p<l, k/p<b<(k+1)/p, |wf*+p*=1,
Touxy (z1,T2,73) € R®, rue

z1 +ize = w, z3=(2pf — 2k —1)p;
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npu sToM |z3| < p u xF + 25 + 73 < 1 (puc. 11.1). Touku cde-
pet 2 + 23 + 3 = 1, ana xoToprx T3 > 0 (COOTBETCTBEHHO,
x3 < 0) comocTaBasOTCA TOYKaM, 0is KoTopeix § = (k+ 1)/p
(coorBeTcTBenno 6 = k/p).

Touku, pas kotopwix 0 = k/p, obpasytomas o € Z /pZ nepe-
BOAUT B TOUKM, A KOTOpex 6 = (k + 1)/p, T.e. TOUKM HEXK-
HEeH NnoJIycdepsl 00pa3yomas o MePEeBOUT B TOYKM BEPXHEU I10-
aychepul. Ha KOOpAIMHATHI 1 U Tz DIEMEHT 0 JEUCTBYET KaK
HOBOPOT HA yroa 27q/p BOKpyr Hadana koopmmaar. OTOXge-
CTBUB IIOCPEACTBOM TAKOI'O IOBOPOTA TOYKY HUKHEN IOLyChephl
C TOYKaMU BepXHeN NOIyChepH, noayanM uasy L(p, q).

Tlo Tpagunum TpexMepHYIO KIETKY, MJIA KOTOPOU IIPOM3BOINAT-
€S YKa3aHHOE OTOXJECTBJICHUE TOYEK KPasd, U300paKaT He B
BH/€ IIAPA, 8 B BUJE CILIIOCHYTOrO JUCKA, HAIIOMUHAOIETO JIUH-
3y (puc. 11.2). HasBanue «wivH3a» CBA3aHO UMEHHO C DTHUM.

l\W/

HoanoTopre |w|? < 1/2 nepecexkaeT TPeXMEPHYIO KIETKY, U3
KOTOpOu Ml cTpomM Jauudy L(p,q), mo 06beMHOMY OUIMHADY
(co cdepmaeckuMu OCHOBAHWAMY), 3AJAHHOMY HEDABEHCTBAMU
22 + 23+ 23 < 1ma?+ 25 <1/2 (puc. 11.3). Ilpm ckietike
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[0 JEMCTBUIO DIEMEHTA 0 MBI NOJKHEL CKJICUTh HUXHEE OCHOBA-
HIE 3TOr0 HWIMHADPA C BEDXHUM OCHOBAHUEM, COBEPIIUB IIPU TOM
noBopoT Ha 27q/p. B peayrpTaTe noryuum noraotopue M7 . Mo-
Ka3aTeIbLCTBO TOrO, uTo gomnomnenue M; B muaze L(p,q) Toxe
Oy[eT MOJHOTOPUMEM, MBI OCTABIAEM YATATEmoO. (DTO HOKa3a-
TEJIBCTBO (PAKTUYECKH COAEPKUTCA B KOHCTPYKIMU, OIMUCAHHOU
Huxe, B 11.3.)

3agaua 11.1. Hauaure QpyHIaMEHTANBHYO TPyIITy* JMH3LI
L(p, q)-

11.3. Kax cregyer u3 pe3yabpTaTa IpeALIIyIen 3a,1a49u, JUH-

3e1 L(p,q) u L(p',q') me romeomopdus: mpu p # p'. C apyrou
CTOPOHBI, HETIOCPEACTBEHHO U3 OIPEAENeHUsT BUIHO, UTO JUH3LL

L(p,q) u L(p,q') romeomopdus: npu ¢ = ¢'(mod p).

Hama crenyrmoman memrs — A0Ka3aThb, ITO JuH3EL L(p,q) m
L(p,q") romeomopdrwr mpu q¢' = 1(modp). (Torga omm GyayT
romeomopdusr u mpu ¢¢' = —1(mod p), Tak kak muu3sr L(p,q) u

L(p, q') romeomopdun npu ¢' = —g(mod p).)

Punc. 11.4

Yro6wr goxasare Tpebyemoe, PaspekeM TPEXMEPHYIO KIET-
Ky Ha TeTPadAphI, MPOBEsA P MOJIYILIOCKOCTEU 4Yepe3 OChb T3 U
HyabMepHbie kieTku (puc. 11.4). O603HAYMM BEPXHIO U HUXK-
HIOI0 IPAHU HEPBOro TeTpasapa depes 11 u S; COOTBETCTBEHHO,
a JIEBYIO U TPABYK — COOTBETCTBEHHO, uepe3d A; u B;. I'pann

* YuraTenb, He 3HAKOMEIA ¢ 9TUM MOHATUEM, MOXeT 06paTuThea K §4 Ipu-
noxenus, c. 309.
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OCTAJbHEIX T€TPA’APOB 0003HAYMNM aHAIOIWYHO. llepBOoHAYANE-
HO rpanu B; m A;11 coBmagamu, a npeoGpasoBaHMe 0 OTOXIe-
crBisino rparu S; u Ty, (HOMepa rpaHern GepyTCs IO MOZYJIIO
p)-

Crenaem Tenepsb HA060POT, T.€. CKIEHM CHAYAJIA HE BEPXHIOK
¥ HIDKHIOI CDAHU TETPA3APA, a IPABYIO U JEBYIO, U JUIIb 3aTEM
CKJIEMM BEDPXHIOI ¥ HUXKHIOIO I'DaHu. B TakoMm cirydae coceaHue
rpaHu terpangpa OyayT mMeTb HOMepa J,j + q,5 + 2q,...,5 +
q'q,.... I'pasp B; oroxaecrsisercs ¢ rpanbio Ajii, KOTOpas
COBIIQIAET C IPAHBIO Aj} g4, HOCKOIBKY g¢' = +1(mod p). fAcwo,
YTO KOHEYHBLIN PE3yJbTAT HE 3ABUCUAT OT TOT0, B KAKOM MO IKE
[IPOU3BOAATCA OTOXIECTBICHUA. [03TOMY CKIEMKa CO CABUIOM
HA ¢ U CKJICUKA, CO CABATOM HA, @' IPUBOAAT K OJHOMY M TOMY K€
pesyabTary, T.e. muH3sl L(p,q) u L(p,q') romeomopdHEL.

q+1 ¢

a1

Puc. 11.5

11.4. Tenepb MBI FOTOBEI ONACATH CTPOEHNE TUArPAMMEL Xe-
ropa aus aunssl L(p, q). Buibepem B ka4eCTBE MEPUIUOHATLHOTO
nucka nomroTopus |w|? < 1/2 ero cevenne mrockocThI0 X3 =
(puc. 11.5(a)). Ha puc. 11.5 (b) Mer m306pasuam 9acTh MEPUIA-
OHAJIBHOI'O [WCKA, PACHONOXKEHHYIO B OHOM M3 TETPAadAPOB, Ha
KOTODEIE MBI Pa3Pe3au JUH3Y. JTa KAPTUHKA TOKA3EIBAET, ITO
CPAHUYHAA OKPYKHOCTb MEPUIUOHAILHOTO NUCKA COOTBETCTBY-
eT p OTpeakaM Ha Apyrom noasoTopuu |w|? > 1/2 (puc. 11.5(c)).
Ho npu 0T0X eCTBICHUN HUXHSAA TOIKA, C HOMEPOM § CKJIEHBACT-
cs ¢ BepxHen To4kou | + ¢, rae g¢' = 1(mod p). Tax kax 4wmcaa
p U ¢ B3aUMHO IIPOCTEHIE, TO HA TOPE MOIyIaeM 3AMKHY Ty KPU-
Byw (oHa msobpaxena Ha puc. 11.5(d)). 910 u ecTb Tpebyemas
auarpaMma Xeropa.
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KomMmenTapun

W nes MHOrO0O6pasmsa Kak reOMeTPUIECKOro O0bEeKTa, He pac-
[IOJIOXEHHOT'O0 B KAKOM-TO JMHEMHOM IPOCTPAHCTBE, & 00Iaga-
IOIIETO CBOEN COOCTBEHHON BHYTPEHHEN [eOMeTPHeN, PUHA,IJIe-
xut B. Pumany. 970 moHATHE TOABIIOCH 10 TOHATUA A0CTPAKT-
HOI'O TOIOJOIMYECKOr'O IIPOCTPAHCTBA, ¥ EPBOHAYAILHO MHOI'O-
obpasue Bcerga ObLIO CHAGXKEHO METPuUkON. Mer HE OygeM mb-
TATBCsA OIINCATH HOCJIeII[OBa,TeJII)HyIO «TOIIOJOI'M3alINI0» IIOHATUA
TPEXMEPHOr0 MHOr0O0pasms, KOTOPasA MPOUCXOAUIA B MEPBOU
Tpetu XX Beka. OcHOBHBIE mMeHa, mOMUMO Xeropa u Ilyan-
kape, oo Anekcangep, [len, Huincen, 3endepr. Knaccuaeckun
TEKCT, BOOPABLINY B Ce0s1 BCE OCHOBHBLIE JOCTHXEHUS B TOIOJIO-
rum 3a dtoT nepuog, 3to Lehrbuch der Topologie 3eudepra u
Tpemsdamnsa ([ST], 1934).

OcHOBHAs 9aCTHb MATEPUATA STOU IVIABEL BIIOJIHE TPALULMOH-
Ha U COAEPKUTCS BO MHOIEMX y4eOHMKax, Hampumep, B [MF] u
[ST]. Uckimodenne cocTaBaAOT §9, B KOTOPOM MBI CIEIyEM CTa-
The [Sco], u Teopema 8.8 — cTaHIAPTHHIN «hOIBLKIOPY (MBI He
CMOIVI HAUTH JOKA33aTEILCTBO DTOU TEOPEMEL B TOCTYIHON HAM
JATEPATYPE).



[naga V

[omeomMopdn3MblI NOBEPXHOCTEN

OcHoBHas cocTaBHAas JacTh pa3bueHus Xeropa — 3TO MOMEO-
MOpdU3M IBYMEPHBIX MOBepxHOCTeW. llosTOMy OyaeT momesHo
IOTy4IuTh 00Iee KOMOMHATOPHOE OIMCAHNE TAKUX I'OMEOMOPdU3-
MOB, HAIIPUMEDP, B TEPMUHAX KAKUX-INOO0 DJIEMEHTAPHBLIX OIepa-
muu. Taxwme onepanuu, Ha3LIBaeMbIE CKpyunBanuavu [lena, yxe
daxTruecky ObLIM UCIONB3OBAHEL HAMU B §7 B YACTHOM CIIy4ae
Kpyra C gelpkamu. B ofmem ciy4ae OHU ONPEfeIsiOTCA Hu-
e U WUCIOAB3YIOTCA M TOrO, 9TO0BI CHOPMYIMPOBATH U IO0-
kazars Teopemy [lena—J/lukopuma 0 romeoMopduaMax MOBEpPX-
HOCTEU. JTa TEOPEeMa UMEET MHOTO BAXKHBIX CIEICTBUU, KOTO-
puie 6yayT o6Cyx) aeHbl B 3Tou ruiase. Kak MBI yBUAUM, TEOpPEMA
Jena—Jlukopumia — 3TO HE TOJBKO MHCTPYMEHT [JIsi KOAUPOBA-
HUA QUarpaMM Xeropa: OHa, CIYKUT OCHOBOU 1Jis O0OJIee BAXHOTO
u 0onee ygoOHOrO cnoco0a IPenCTABICHUA TPEXMEPHEIX MHOI'O-
00pa3uil ¢ HOMOLIBIO NEPECTPOEK (MBI IOAPOOHO OGCYAUM €0 B
caeayromen riaaee). Hanbomee BaXHEIM U1 TOCAEAYIOMIEr0 U3J0-
KEHUS PE3YJbTATOM DTOU IVIABHL ABIAETCA CleacTue 12.4, B KO-
TOPOM YTBEPXKAAETCs CYIIECTBOBAHUE ONPEAEIEHHOrO MIPeICTa-
BJIeHUs 10000 TPEXMEPHOIO MHOroo0pasus C IOMOIIBIO Iepe-
CTPOEK.

§12. Teopema [lena—JIlukopuiua u ee ciegcTBuA

12.1. B npegbraymen ruase Mbr yOequauch, 9TO J000€ Opu-
EHTUPYEMOEe TPEXMEPHOE MHOroo0pasme M> MOXHO HOIy<YHTH,
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cKJemB 1Ba Tena ¢ pyaxkamu M u M3 no HeKoTopomy roMeoMop-
dbusmy ux xpaes f : OM; — OMS. Tpu >TOM MOXKHO CIATATb,
aro OM; = OM;.

3agaga 12.1. [JokaxwuTe, 9YTO B YKA3AHHOU BHIMIE CUATYa-
nuu 6e3 orpaHudeHus OOIIHOCTM MOXHO CUMTATH, YTO [OMEO-
mopduam f : OMP — OM3 = OM} coxpamseT opueHTaNHIO.

[Ipu mamom mamenenum romeomopbuama f : M} — OM3
mMHOTOOGpasue M3 (paccmMaTpuBaeMoe ¢ TOYHOCTBIO 0 TOMOJIO-
CUYECKON DKBUBAJEHTHOCTH) He U3MeHseTca. [loaToMy ans pas-
Ouennit Xeropa M30TOIHBIM 'OMEOMOP(U3IMAM COOTBETCTBYET
OJHO M TO € TPEXMEepHOe MHOrooGpasue.

12.2. TIpocTenmun mpuMep COXPAHAIOIIENO OPUEHTAINIO T'O-
MeoMOpdU3Ma, JBYMEPHON HOBEPXHOCTH [N, HE M30TONHOIO TO-
XK JIECTBEHHOMY I'OMEOMOPMU3MY, MOXKHO HOJIYYUTH CJIELYyIOIAM
o6pasom. Paspexem nosepxuocTs N BOOIL KPUBOU 7y, HE Pa3tu-
Baromen N Ha wactu (puc. 12.1).

v v

S

Puc. 12.1

3akpenuMm ONVH U3 ABYX DK3EMILIAPOB KPUBOU <y, MOJY9IEH-
HBIX MDY PA3PE3aHUU, 8 BTOPOU DK3EMILIADP HATHEM IIOBOPAMM-
BaTh BAOJbL CaMOro ceds. TOYkmM mOBEPXHOCTY, PACHOIOKEHHLIE
BOIM3YU MOBOPAYUBAIOIIENCS KPUBOU, MOCTEAYIOT 33 Heu. FEcawm
CKa3aThb 60J1ee TOYHO, TO OJHOCTOPOHHAA OKPECTHOCTEL C' KpuBOn
7 6yzeT roMeoMOpdHO 0TOOPAXKATHCA TaK, ITO HA Y ITO 0TOOpPa-
JKEHUe COBMAIET C JaHHKIM IIOBOPOTOM, & HA APYTOM KPAe IIAINH-
npudeckou mosepxuocTu C' 0TOOpaxkenue OyaeT TOXK JeCTBEHHO.
Ecan mbr noBepreMm kpuByio v Ha 360°, TO Kaxnas TOYKA, KpuU-
BOU BEPHETCA HA CBOE UCXOAHOE MecTo. Torga 06a sK3eMIusipa
KPUBOU MOXKHO CHOBA CKJIEUTD, MOJYy9IUB T€M CAMBEIM TOMEOMOP-
¢dusm nosepxuHocTr N Ha cebsi. ITOT rOMEOMOP(HU3M HABLIBAIOT
ckpyuusarnuem Jewa nosepxaoctu N BIOJL KPUBOU 7.
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Hanpuwmep, B crydae Topa ckpyuuBauue [leHa BIOIbL MEPUAM-
aHa o mepesoauT mapanieas § B kpusywo [ (puc. 12.2).

QD))= (O

Puc. 12.2

3agaga 12.2. [Jokaxwure, 9T0 CKpyunBaunue [leHa BIOIbL Me-
PUAMAHA TOPA HE M30TOIMHO TOXIECTBEHHOMY IOMEOMOPGhU3MY.

CkpyunBanus [leHa SABIAIOTCI BECbMa YaCTHBEIM CILy4aeM IO-
MeOMOpP(}U3MOB IMOBEPXHOCTEN, IPUIEM YCTPOEHHI OHUM CPABHU-
TeIbHO IMPOCTO. TeMm He MeHee, BO MHOT'MX CIY4YasX BMECTO I'O-
MeOoMOPGhU3MOB OOIIIEr0 B A JOCTATOYHO PACCMOTPETE DTOT y3-
KU KJIaCC rOMeOMOPhu3MOB. [[er0 B TOM, 4TO CIPABENIUBO CJIe-
OyIOIlee yTBEPXK ACHUE.

12.3. Teopema [lema—Jlukopuma. /w060t corpansowul
OPUEHMAYUIO 20MEOMOPPHU3M  OpUEHMUPYEeMOT O8YMEPHOT NO-
8epTHOCU 6€3 KPAA MONCHO MPedcasumd 8 8ude KOMNO3U-
yuu ckpywusanut Jewa u 20MeoMOpPu3mMos, U30MONKLIL MO-
HCOECTNBEHHOMY 20MEOMOPPUIMY.

3agaua 12.3. Ilycts romeoMopdusMEL 1, . . . , N ABYMEPHOU
moBepxHOCTH N M30TONHBI TOXKJIECTBEHHOMY IOMEOMODPGU3MY,
a hi,...,hy — npousBonbubie romeomopduamer V. [okaxure,

9TO0 rOMeoMOpPdu3M 111 0h1 0 - -0n 0 hy U3OTOIEH IOMEOMOPPU3MY
hl 0---0 hk'

Teopemy [lena—J/lukopuiia MBI JOKaXXeM B CAEIYIOIIEM IIapa-
rpage. A cHavasa MBI BHIBEIEM U3 HEE IBA BAXKHBIX CJIEICTBUA.

12.4. Caencrsue. Jwboe opuenmupyemoe mpermeproe
mnoz2006pazue M3 6e3 xpas moxcno noayuums, evipe3as u3 cfe-
poi S3 HeckoabKO NOAHOMOPUT, & 3aMeM NPUKACUS UT CHOBA, HO
no dpyaum 2omeomopPuzmanm kpaes. Ipu smom moxncno daxce
CUUMAMB, YN0 8CE IMU NOAHOMOPUS HE3QY3AEHbL.

[Aoxazameavcmeo. Muoroobpasue M® MOXKHO TOTYUUTH,
CKJIEVB JIBa TeJIa C g PyIKaMIU 110 HEKOTOPOMY roMeoMopdusmy f
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ux kpaes. PaccmoTpuM B chepe S? cTaHIAPTHO BIOKEHHOE TEIO
¢ g pyukamu. Ero gonmonnenwe romeoMOpdHO Tery ¢ g pyuIKaMu.
MosTomy S® MOXKHO TOTYYUTD, CKJIEHB IBA DK3EMILIAPA TeIa C g
pydUKaMu 10 HEKOTOPOMY romMeoMopdusmy fo.

Paccmorpum romeomopuam f L fy. Pasbepem crauama ciy-
9ay, KOr4a 9TOT OMEeOMOP(U3M M30TONEH CKpyduBaHmio [lema
BJOJb HEKOTOpOH Kpupoh . HamommmMm, 910 cdepa S° 6ria
ckJeeHa w3 ABYX dK3emmspos M7 u M3 rena ¢ g pyuxamu. Ha-
pucyem Ha kpae MHOrOOOpasms M; xpusyio 7, a 3aTeMm CiIerka
Brasum ee BuyTpb M. Ilycrs T — Manas OKpeCTHOCTH KPH-
BOU 7y, romeoMopdHas moaHoTopuio (puc. 12.3(a)). Paspexem
M3} no rpanume nommoTopus T u 1O TepenoHKe (IeHTe), KOTO-
pyto sameraer 8 M} \ T xpusas v npu Baasmsanuu BHyTpL M}
(ora mepenorka coenunsier T ¢ kpaem M7). Torga MOxHO mO-
crpouts romeomopdusm j : M7\ T — M7 \ T, xoTopsui Gyaer
TOXJIECTBEH BHE 3alTpuxoBaHHOUM Ha puc. 12.3(b) obxacrtu, a
ero orpanmdenue Ha O M} 6yieT coBmaIaTh ¢ pacCMATPUBAECMEIM
ckpy4uBanveM [leHa BIOIL KPUBOK 7.

JEHTA

HoxaxkeM Tenepb, 910 M3 MoxHO mOTyInTh U3 S, BEIpE3aB
nonHoTopre ', a 3aTeM NPUKJIEWB €ro CHOBA, HO IO APYTCOMY
romMeoMoppusMy KpaeB. UTOOBI JOKA3aTh 9TO, JOCTATOYHO IIO-
cTpouTh roMeoMopdroe oTobpaxenue S\ T ua M3\ T. Tpex-
MOJIOXKVM, YTO HEKOTOPOE MHOI000pasue Z IMOJIYyIeHO U3 MHOIO-
obpasunt X m Y ckrenkon mo romeomopdusmy fo : 0X — 0Y.
IIycre Taxkxe 3amaHbl gBa romeomopdusma j; : X — X' m
jo : Y = Y'. Yro6wl noayuurs u3 maoroobpasuu X' u Y’ muoro-
obpasue Z', romeoMopdHOE Z, MOXKHO TIPOM3BECTH CJIEIYIONIYI0
CKJIENKY: eC/IU paHee CKJIeMBaIUCh Touku £ € X u fo(z) € Y,
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TO Tenepb Hyx)HO ckienTb TOUkU ji(z) € X' u ja(fo(x)) € Y.
Taxum 06pa3oM, CKIEUKH 10 0TOOpaxeHusM fo u jo foj; ! npupo-
AT K TOMEOMOP(MHEIM MHOr0o6pasuam. B mmTepecyomem HAC
crysae X = X' = MP\T,Y =Y' = M, j1 = j u j» =id
(pmc. 12.4).

y=| M | 2Zd oo |y

- D =17 Q _y

MP T ME T

Puc. 12.4

Ipu ckrerike Muoroobpasuit MY \ T u M no oroGpaxe-
umo fo monysaem S® \ T, a mpu ux ckiIedke M0 OTOOPaKEHUIO
jafoirt = foj~! momywaem M3\ T. B camom mere, mo ycio-
BUIO roMeoMopduaM j : M7 — OM; mzoronen romeoMopduaMy
=1 fo, mosToMy romeomopduam foj ! 1 OMP — OMS3 maoromen
fo(f71fo)™! = f, a mpm ck7IeliKe MO MBOTOMHEIM TOMEOMOPhU3-
MaM IIOLYYa0TCSa TOMEOMOPdHEE MHOr0o0Opasusa. MTax, MbI fo-
Ka3anu TpeOyeMoe yTBEPXKIEHUE B CIy4ae, KOr4a CKICUBAIOLIIMN
romeomopduam mas M? OTIMYAeTCs OT CKICHBAOMErO T'OMEO-
vopduama ais S° Ha ogHO ckpyunBanue [leHa.

B cay4ae npousBonbHOr0O roMeoMopduamMa f HyKHO BOCIIOJIb-
30BaThCA Teopemon Jena—JInkopumia u npeacTaBuThL TOMEOMOP-
dusm f~!fy B Buge xoMmoamuu ckpyunBanuit Jena. Jas sTux
CKPYYUBAHUM MEI QHAJOTUYHBIM O0PAa30M BHIOUPAEM COOTBET-
CTByIOIIZE UM NOJHOTOPUA 13 u cTpouM romeoMopdHoe 0ToOpa-
xenue S3\|JT; ma M3\|JT;, kak 570 geranocs semme. [Ipu sTom
HY>HO JIWIIb N03a00TUTHCS, YTOOBI NOIHOTOpUA T; IOmapHO He
mepecekaauchb. [Js 3TOro NOCTATOYHO CHEJATH UX NOCTATOYHO
TOHKWMHU U PACHOJOXATEL uX B M} Ha pasnou ruybuse.

IlepBoe yTBepx) AEHME CI€ACTBUA NOIHOCTHIO JoKasaHo. Ocra-
€TCs JINIIb JOKA3aTh BTOPOE yTBEPXKIEHNE, T.€. N0KA3aThb, ITO
BHIpe3aeMble momHOTOpUaA T; C S MOXHO CUMTATHL HE3AY3TCH-
HuIME. ECIr HEKOTOpLIE UX DTUX MOJTHOTOPUU 3aY3JIEHEI, TO MbI
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npeofpasyeM UX B HE3ay3JeHHLIC, BHIPE3aB U3 S° TOMOMHUTEND-
HO HECKOJBbKO HE3ay3JEHHLIX MOJIHOTOPHUN, & 3aTEM TPUKIEUB UX
cHOBa. HamoMuUM, 9TO COTIACHO Teopeme 3.8 Mrob0u y3ea MOXK-
HO pa3Ba3aTh, MOAAIM 00pa30M W3MEHWB TUII BEIOPAHHBIX ITe-
pexpecTkoB. IloaTOMY ZOCTATOYHO AOKA3ATH CIEAYIOIIEE YTBED-
XK TEeHUe.

12.5. Jlemma. ITycmv D C R® — wap u T C D® — noa-
nomopue, uzobpaxcennoe wa puc. 12.5(a). Toeda cywecmeyem
2omeomopPusm npocmpancmea R \ T na ceba, nepesodsuuii
xpuevte AB u CD, usobpasxcennvie na puc. 12.5(a), 8 xpusbie
AB u CD, uzobpaxcennvie na puc. 12.5 (b), u ocmasasowut ne-
nodeudcnbimu 6ce mouru ene wapa D3,

Puc. 12.5

Hoxaszameavcmeo. Paccyxpenus OygeT jerde mpencTaBUTh
cebe HaAIMIAMHO, eCIyu MBI OyJeM CYNTATh, YTO Y NOIHOTOpHUA 1T’
BHYTPEHHUU AMAMETDP BO MHOI'O Pa3 MEHBINE BHEIIHErO NuaMe-
Tpa, T.€. «IBIPKa» BHINIAJAT Kak riayboxun komoner (puc. 12.6).

Puc. 12.6
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Crenaem BHyTpm mapa D® mrockumit paspes (B ¢dopme kpyra),
IPOXO A 9epe3 KOJAOJEl, KAaK MOKa3aHo Ha puc. 12.6 (a). Ha-
YHEM TeNephb MOBOPAYMMBATL BEPXHUN DK3EMILIAD paspesa (oH
OPeCTaBIACT COOOUM KPYr C ABYMA OTMEUYEHHBLIMU TOYKAMU) B
HAMIPABJICHUN, YKA3aHHOM CTPEIKAME; 5T IPOIEenypPa BO3IMOKHA,
nockobKy moaroTopue T yaaneno w3 D3. Cpenas moBopor Ha
180°, nomy4uum koHMUrypanuio u3obpaxenHyo Ha puc. 12.6 (b).
Crnenaem 3arem noeopot eme Ha 180° (puc. 12.6 (c)). B pesyus-
TaTe KaXAas TOYKA PAa3pe3d BEPHETCA B CBOE UCXOMHOE TTOMOMKEe-
uue. IlosToMy 06a DK3EMILIAPA PA3Pe3a MOXKHO CKJICUTH CHOBA,
noxyuus Tem cameiM romeomopduam D3 \ T na ce6s, KOTOpLIH
MOXXHO TIPOAOTKUTH 10 romMeomopduama R \ T ma cebs, Toxae-
creennoro Bue D3, DToT romeomopdusM ocymecTriseT Tpeby-
eMyIO 3aMeHy THIId IepekpecTtka. [l

3agaua 12.4. a) [Mokaxwure, 9To 3anemnenus L u Lo, uso-
OpaxkeHHbIe HA puc. 12.7, He M30TOMHLI.

6) Moxaxwure, uro ux gonoaxerus R® \ L; u R® \ Ly romeo-
MOP®HBI.

Puc. 12.8

3agaua 12.5. a) loxaxure, yT0 yanul K1 u Ky B IOIHOTO-
puu T (puc. 12.8) He M3OTONHLI, T.€. HE CYMIECTBYET U30TOIMAA
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nosHOTOpUA T', CBABBIBAIOMIEN TOXIECTBEHHOE OTOODAKEHUE C
romeomopduamom 1" Ha cebs, nepesogsmuMm K B Ko.

6) Joxaxwure, aro gonomuenusa T\ K1 u T\ K2 >Tux y3108B B
T romeoMopdHEL.

12.6. Caeacreue (Teopema Poxmmna). Jwboe opuewmu-
pyemoe mpermeproe muo2oobpasue (6€3 Kpas) ABALEMCA KPAEM
HEKOTOPO20 YEMbIPEIMEPHO20 MHO2000DA3UA.

IIpex e wem gokasbBaTH 9TO caeacTeue (B 12.7), paccMoTpum
HEKOTOPKIE TPUMEPE MHOT'000Pa3uil, KOTOPHIE ABIAITCA KPAAMA
OPYTUX MHOrOOOPA3Ud, U TPUMEPHEl MHOM000PA3Ui, KOTOPLIE HE
MOr'yT OBITH KPAEM HUKAKOr'O MHOr006pasus. Ml roBOpuM, 4TO
MHOT0O6pasue M™ apisercs kpaeMm MHOroo6pasus WnH, ecan
oWt = M,

3agada 12.6. Ykaxwute MHOroobOpasme, KpPaeM KOTOPOrO
asaserca OyTeuika Kaenua.

HamomunM, 9T0 HEeTOX AecTBeHHOE OTOOpaxernue o : X — X
HA3BIBAIOT unBooyuet, ecm o(o(x)) =z nas Beex x € X.

3agaga 12.7. [Jokaxwure, 94TO ecam HA MHOroobpasum M"™
€CThb MHBOJIIONWS (€3 HElOJBUKHEIX TO4eK, TO M ™ saBiseTCsa Kpa-
eM HeKOTOporo MHOroobpazms WL,

3ajgayva 12.8. IlocTpouTte nHBOMOIUY G€3 HENO IBUXKXHEIX TO-
YeK Ha CJAeYIOMNX MHOI0O0pa3uax:

a) RP2n+1;

6) Cp2ntt,

B) MPOU3BOJILHAA KOMIAKTHAA Ipynna Jlu.

Y106 NpebABATEH IPUMEPHI MHOT'O00Pa3U, KOTOPLIE HE MO-
YT CIYXUTh KPAaAMU HUKAKUX MHOrO0ODA3UU, HAM MOHA 100UT-
CA TIOHATHE 31UAep0680T TAPAKMEPUCTIUKY TPUAHTYINPOBAHHOI'O
MHOTr000pasus M". HamomuuM, 9T0 OHa 3a43eTCa GOpMyIon

x(M™) =ap—a1+az— -+ (—1)"ay,,

rjie a; — KOJUYECTBO CHUMILIEKCOB pasdMepHoCcTH ¢. Mur He Oyaem
[NOKA3BEIBATD, YTO DUIEPOBA, XaPAKTEPUCTUKA, HE 3ABUCUT OT TPU-
AHTYJIAINY, & 3ABUCUT JAIIb OT CAMOr0 MHOroo6pasus M™, xors
7 OygeM IOJb30BATHCA dTUM (DAKTOM.
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3agaga 12.9. [loxaxuTe, 9YTO DSUIEPOBA XaPAKTEPUCTHU-
Ka JI000r0 HEYeTHOMEPHOI'O0 MHOroo0pasus (6e3 kpas) paBHA
HY.TIO.

3agaua 12.10. Joxaxwure, uro ecmu M™ = OW™Hl To
x(M™) = 0(mod 2).

3agaga 12.11. [Toxaxure, 4T0 MHOroo6pazusa RP2" u CP2"
HE SABIAIOTCA KPAAMHI APYTUX MHOTOOOPA3UU.

12.7. [doxkaszaTeabcTBOo ciaeacTBusa 12.6. Cragana Mo
ONUITIEM OMPEAETCHHBIN TUIl IEPECTPOEK MHOT000PA3UU MPOU3-
BOJIHOU PA3MEPHOCTH, IIPX KOTOPHIX U3 MHOI000pa3nil, KOTOPLIE
SIBJSIIOTCS KPAsAMU, CHOBA, IIOJIy9YAI0TCs MHOI000Opasus, KOTOPLIE
SIBJSIIOTCS KPAsIMU. 3aTEM MBI [IPOAHAIU3UPYEM [OKA3ZATEIHCTBO
crencTeus 12.4 u ybemumesa, 910 MEOroo6pasue M3 6nu10 mory-
4eHO U3 ceprl S° MMEHHO TAKMMU HePeCTPORKAMI.

151 IPOU3BOJIBHLIX HEOTPULATEIBHBIX IEJILIX P U ¢ MHOIO-
obpasue SP x S9 gBrseTca Kak KpaeM MHOroo6pasusa DPHL x §9,
Tak u KpaeM MHOroo6pasus SP x D! TlosTomy m3 mo60ro
MHOroo6pazusa M7* paamepHOoCcTH 1w = p+ ¢ + 1 MOXHO BEIpE3aTh
DP*! x S u BrrenTs BMecTo Hero SP x D1t (no ecTecTrenHOMY
romMeoMopduamy kpaes). OBGO3HAYMM MOTYIEHHOE B PE3YJIbTATE
MHOroo6pa3ue depes M7'.

Jlemma. Cywecmsyem mnozo006paszue W™ xpaem xomopo-
20 caydcum wecsas’noe 00bedunenue mno2o0bpasut M w M.

Hoxazameabcmeo. Paccmorpum MHOroo6pasue
n+1 __ n
Wi =M x1,

rge I =[0,1]. Ero xpa# cocTONT 3 OBYX 5K3EMILIAPOB MHOT'O-
obpas3usa M, a UMeHHO,

MPx {0} w MPx{1}.

Paccmorpmu pyuky DPH x D911, Ee kxpatt coctonT w3 SP x Dt!
u DPT! x SS9 mpudem »Tu gBa MHOTOOODA3UA MEPECEKAIOTCA IO
SP x §4. OroxaecTsum MHOr0OOpasue DPH! x §9. npunanrexa-
mee pyaxe DPt! x DI+l ¢ muoroo6pasuem DPF! x S9. xoropoe
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6b110 BEIpesano u3 M{* x {1} (puc. 12.9). B pesynbrare nmomyunm
Tpebyemoe MHOrOOGpasue WnHl. B camom gere, OfHON KOMIIO-
HEHTOH Kpas DTOr0 MHOroobpasus cayxur M x {0} = M7,
a Ipyras KOMIIOHEHTa Kpas yCTPOEHA CIeAYIOMMM Oo0pa3oM: u3
muOTOO06pasua MJ* x {1} Brpesano muoroo6pasue DPH x S9 u
BMecTO Hero BkIeeHo SP X DIt! mo ecrecTBeHHOMY TOMEOMOp-
dusMy Kpaes; B pe3yabTaTe TAKOU ONEePAlMK MOJYydaeM MHOTO-
obpasue, romeomopduoe M3, O

SP x Detl
MP x 1
pr+1 q
xS M7 %0
Puc. 12.9
B wactroctu, ecm M = QU™ to MP = OV™HL, rne

MHOT006pazue V™! momyueno uz muoroo6pasus U+ u Wt
CKJIEHKOM TI0 TOX IeCTBEHHOMY roMeoMopduamy UL = M —

MP = owntt,
715 mepecTpoeK TPEXMEPHLIX MHOTOO0PA3UYA HAM HYKEH CIy-
qan p = ¢ = 1. B sTOM caydae BEIpE3aeTCs MHOr00Opasue

D? x S' u BmecTO Hero BrienBaercs S' x D?. Kaxgoe 3 sTux
MHOT000pa3uii rOMEOMOP(HO TOTHOTOPUIO, TPUYEM TPU E€CTe-
CTBEHHOM I'OMEOMOp(pU3Me KPAEB

o(D? x §*) — 9(S* x D?)

MEpUAUAHBL OTHOI'O IIOJHOTOPUA MEPEXOAAT B IaPALICIN APYLO-
ro nonruoropusa. Mtak, B caydae p = ¢ = 1 mepecTpouka yCcTpo-
eHa caegyoomuM 00pa3oM: K3 MHOr'000pa3us BHIPE3aeTCA IOJ-
HOTOpWE, & 33Te€M OHO BKJEMBAETCA CHOBA IO TOMEOMOPU3MY,
IIePEeBOIAIIEMY MEPUIUAHLI B IIAPAJLIIENH, & TaPAJLISIN B MEPU K-
AHBI.

B npouecce mokasarensbcrBa caeacTBus 12.4 MBI mOIyYuIn
MuOroo6pasume M3 w3 S, BeIpesas moiHOTOpPHUS, a 3aTEM BKIe-
WBas UX BHOBBb IO HEKOTOPHIM IPYI'MM OMEOMOPQPU3MaM KPaeB.
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Uccregyem Tenepb 5TH roMeoMOpPGU3MEL 00I€e BHIUMATEILHO U
yOeaUMCs, 9TO OHM OTHOCATCS MMEHHO K TPpeOyeMOMy TUIy ro-
MEeOMOP(PU3MOB, T.e. MOXKHO CIATATH, YTO OHU IEPEBOJAT MEPU-
OUAHLI B TIAPA/LIETN, a MAPALIETd B MepuAnaHul. IlycTts a —
MepUIMAH MOJHOTOPHUS, BHIpE3aHHOTO m3 S°, a b — wmepuaman
MOTHOTOPHA, BKJIeeHHOTO B S° (MpW mepecTpoKe, OMACAHHOM
B jJokasarenbcTse caegcreusa 12.4). Hapucyem st xpusne Ha
kpato MHOroo6pasus S\ T' (puc. 12.10).

Puc. 12.10

Pe3yapTaT IpUKIENKY TOTHOTOPUA K TOPUIECKOU KOMIIOHEH-
T€ Kpasad TPEXMEPHOr'0 MHOT006DA3NA 3ABUCUT JWIIbL OT TOTO, KAK
NPVKIEMBAETCA MEPUAVAH IOJIHOTOPHA. B camoM gene, mepexon
OT NOJHOTOPUSA CO CTAHIAPTHEIMYA NAPALIEIBI0 U MEPUANAHOM K
HOJHOTOPHIO CO CTAHAAPTHBIM MEPUAVAHOM ¥ IPOM3BOJILHON 114~
pamnensio (puc. 12.11) MOXHO BHIIOIHATE € TOMOIIBIO W30 TOMUIL
¥ KOHEYHOI'O YUCIa CKPYIMBAHUA MOIHOTOPUA BJAOJIb MEPHAMO-
HATBLHOrO Aucka. Ho 5Tu npeo6pa3oBaHus HE M3MEHAIT IAHHOE
MHOT0O0Opa3ue.

Puec. 12.11

Takum 06pa30M, ABe MIPUKJICUKN TTOJHOTOPUS, U300PaAKEHHEIE
Ha puc. 12.10, SKBUBATEHTHLI NPUKIENKAM, N300PAKEHHEIM Ha,
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puc. 12.12. CaemoBaTesbHO, TMEPEKICUKA MOJIHOTOPUA, MPOU3-
BOAVMMAs B [OKA3aTEIbCTBE CaeAcTBUsA 12.4, SKBUBAJEHTHA IIe-
PeKIenKe, MEHAIOMEN MeCTaAMU MAPAISTN U MEPUIAAHEL, YTO U
TpebOBATOCE.

60

Puc. 12.12

B cayuae, xorga u3 S° BEIpe3aeTCA HECKOIBKO MOTHOTODHIH,
I0KA3aTeJbCTBO aHAJIOTUYIHO. [

§13. /[lokazaTeanbLCTBO

TeopeMbl /lena—JInkopwuria

13.1. O7y Teopemy ymobHee NOKA3HBATHL B OOI€e 00IEM BU-
[e, BKIIOYWB B PACCMOTPEHNE U IBYMEPHEIE IIOBEPXHOCTH C Kpa-
em. Jlerko nmpoBepuTh, 9TO NI OPUEHTUPYEMOU NBYMEPHOU IO-
BEPXHOCTH C HEIMyCTHIM KPaeM JI00OU roMeoMopduaM, TOXae-
CTBEHHBIII HA, KPAe, COXPAHAET OpueHTAammi0. MBI gokaxeMm cie-
OyIOIlee yTBEPXK ACHUE.

13.2. Teopema. ITycmv F' — xomnaxmuos opuewmupyemas
deymepras noseprnocms ¢ kpaem OF. Tozda w060t 2omeomop-
dusm h : F — F, moowcdecmsennviic na OF, usomonen xomno-
suyuu ckpyuusanut Jena. (B cayuae, xoeda OF = &, nyscno
donoanumeavno nompebosams, umobvr 20meomopdusm h corpa-
HAA OPUEHTAYUI0. )

Bynem HasweBaTh C-20Me0MOPPHUIMOM TIOOYIO KOMIIOBULIIO
ckpyuuBanun [leHa m romMeoMOpdU3MOB, M3OTONHBIX TOXKIE-
cTBeHHOMY ToMeoMopduamy. [okazaTenbcTBO TeopeMur 13.2,
KOTOpPOE MPUBOAUTCA B 13.4, OCHOBAHO HA CJAEAYIOMIEN JEeMMe.

13.3. Jlemma. [Tycmb o u 3 — 3aMKHYMbIE KPUBLIE HA KOM-
naxmmnotl opuenmupyemots dsymeprot noseprrocmu F (803moonc-
HO, C KPAEM), NPUueMm KaHcoas u3 IMUT KPUSHIL He pa3busaem
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F (m.e. ee donoanenue 6 F ceasno ). Tozda cywecmeyem c-
2omeomopdusm noseprrocmu F, nepesodawut o 6 (.

Hoxaszameavcmeo. Pazbepem caeayromme Tpu CIyvas.

Cayuat 1. Kpusnie a u  nepecekaiorcs (TPaHCBEPCAIBLHO)
POBHO B ogHOU TOuke. Torma xommosumnus Ckpyumusanuu [lena
Tq W Tg BROJb KPUBBHIX (¢ U [3 IIEPEBOAUT KPUBYIO (¢ B KPUBYIO,
w3oTonuyo kpusou § (puc. 13.1).

P N Ta
,,’ \ —> —_
B
1
\
‘\\N -
Puc. 13.1

Cayuai 2. Kpuseie a u 3 He nepecekaiorcsa. Ilokaxem, 4To
B DTOM CJIydYae CYLIECTBYET 3AMKHYTas KPUBAS 7y, KOTOPas He
pasbuBaeT noBepxHOCTH F' U IMEPECEKAeT KAXKAYIO U3 KPUBHIX (
u (3 (TpaHCBepCAIBbHO) POBHO B O4HOU Touke. Torga MoxHO Oy neT
TMPUMEHUTD CIydan 1 u mepeBecTu CHAYama & B Y, & 3aTeM Y B .

o]
(a) @ o7

8

Puc. 13.2

Paspexem moeepxuocts F' Bpoas kpusou «. B caygae, xo-
rpa a U § pasbuBaer F', TpebGyemas KpuBas 7y M300pakeHA HA
puc. 13.2(a). Ecau xe a U § me pasbusaer F, TOo kX paspesy
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BIOJBL o go0aBuM paspes Bpoab 3. TpeGyemas kpusas uzobpa-
xena Ha puc. 13.2 (b).

Cayuati 3. KommgecTBo To4ek mepecedenus a u [ 6ouabie 1.
Ecau kpusbie a u [ mepecekanTcsa B 0€CKOHEYHOM YUCIE TOUEK
(nnm ecav HEKOTOPBIE TOYKU MEPECEUEHUsA HE TPAHCBEPCAIBHBI),
TO C TIOMOIIBI U30TONUHA (MAJIOTO MIEBEJICHUA) KPUBYIO (3 MOXKHO
3aMEHUTb HA KpUBYIO (', KOTOpasA TPAHCBEPCAILHO TEPECeKAeT
a B KoHeyHOM umucie Touek. [loaTomy Oyzem cumrarh, 9TO O U
B TPaHCBEPCAIBLHO MEPECEKAIOTCA B N TOUKAX, I'ae n < 00.

Tenmeps JOCTATOYHO [OKA3ATh, YTO CYILIECTBYET KPUBASI Y,
0013, TA0IIAA CICAYIOMAMA CBOMCTBAMMU:

(1) ~ me pasbuBaer nosepxHOCTH F;
(2) «y mepecexaeT a He 6onee I€M B OJHOU TOYUKE;
(3) 7y mepecekaer (3 meHEe 9€M B 1 TOUIKAX.

DTOro B CAMOM JeJle JOCTATOYHO, IOTOMY YTO TAKYI0 KPUBYIO
7 MOXHO IIEPEBECTU B @ (COIVIACHO Pe3yabTaTaM cIydaes 1 u 2),
a 3aTeM MOXHO IPUMEHUTD UHIYKIIMIO TI0 7l U TIEPEBECTU KPUBYIO
v B f.

Yrober 10Ka3aTH CymeCTBOBaHUE TPeOyeMOU KPUBOU 7y, PaC-
CMOTpUM HA KPWBOU [ ABE COCeqHME TOYKM nepecedernus P u ()
(aT0 o3mauaer, uTo ayra | xpusou (3, orpanuveHHaA TOYKaMu P
u (), nepecekaeT KpuBywo ¢ Juilb B Toukax P u Q). Touxu P
u () pa3bUBaOT KPUBYIO ( Ha ABE OYIW ( U Q2. Paccmorpum
KpuBbie 1 = a1 Ul u y2 = as Ul (puc. 13.3).

Puc. 13.3

M=er yTBepXKAaeM, 9TO IO KPauHen Mepe OJHA U3 KPUBHIX 7]
7 7y» He pa3buBaeT MOBEPXHOCTH F.
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7 o
Py 1
______________ =12
’Y2'{ s
Puc. 13.4

IIpegmonoxum, yTo 06e xpuewie paszbusator F. Torpa us
obaactu 1 (cM. puc. 13.4) Henbas nonacTs B 06J1aCTh 2, a 3 001a-
cTu 3 Heab3s nonacTb B 06xacTs 2. CaenoBarensHo, w3 o6nacTu
2 Henp3s nonacTh HU B 06aacThb 1, Hu B o6nacte 3. IlosTomy kpu-
Basg o pasbuBaeT F', 4TO nmpoTmBOpeunT yCIOBHIO JeMMbl. Harme
YTBEPXKJEHNUE TOKABAHO.

P

8
Q

Pwnc. 13.5

IIpeanonoxuM Aas ONPEENEHHOCTH, YTO KPUBAS 7y, HE Da3-
6usaer F. Crerxa CIBEHYB ee, MOXHO IOJIYy4UTH TPeOyeMy:O
kpusyio v (cm. puc. 13.5). HoxasareancTso JemMsl 13.3 3aBep-
meno. [

13.4. [MokxazareancTBo Teopemsbr 13.2. CornacHo kiaac-
cuprKanUy TBYMEPHEIX MOBEPXHOCTEN C KPAEM MOBEPXHOCTH F'
mpeACTaBAgeT COO0U cepy C g PyIKaMu, U3 KOTOPOU BEIPE3AHO
k mgucko. Paspesas F' mo mMepuamasam ms,...,m, (puc. 13.6),
[IOJIYYMM AUCK, U3 KOTOPOr'o yaajaeHo k + 2g — 1 MajeHbKUX [uC-
KOB.

Puc. 13.6
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IIpu romeomopduame h : F' — F mepuaman m; NEePEXOIUT B
kpuByw h(m,), ve pazbusawomywo F. Cornacuo semme 13.3 cyuge-
cTByeT c-roMeoMopduaM fi, mepesoasimu h(mq) B my. Hpen-
MOJOXKVUM CHAYaIa, ITO OpUeHTanuu Kpuswix fih(mq) m my co-
BIagaioT. Torga CymecTByeT roMeoMopduaM fi, M30TOMHEIN [,
IJIST KOTOPOro romMeoMopduaM fih TOXAECTBEH HA KPUBOU 1101 .
Kpusas m; pasbusaer cBoi0 e-okpectHocTh U Ha aBe uactu U
n Us. Tak xax romeomop¢usm fijh COXpaHAET OPUEHTALVIO W
TOXJIECTBEH HA M1, TO OH nepeBoquT Touku U;, Oiu3kue K myq,
B TOuku BHyTpu U;. ITO 03HAYAET, ITO €CAU MBI PAZPEKEM
F Bpoas xpusou my, TO romeomopdusm fih OygzeT roMeomop-
(bU3MOM MOIYIEHHOU IOBEPXHOCTH, TOX JECTBEHHEIM Ha, €€ KPae.
Mocne g Takux pas3pesanumit noxyduMm romeomopdusm f, --- fih
Kpyra ¢ ILIPKAMU, TOXJIeCTBEeHHBIN HA kKpae. CoruacHo Teope-
Me 7.6 5TOT roMeoMopdhu3M U30TONEH KOMIIO3UIAK CKPY IUBAHAN
[ena, a sHaduT, romeoMopdu3aM h TOXE M30TONEH KOMIIO3ULAA
ckpyuuBanun [lena.

OcTaeTcsa NOHATH, YTO HYXKHO J€IaThb B TOM CIydYae, KOIAa
opueHTauuu KPUBHIX fi1h(m1) 1 my TPpOTUBONOIOKHEL Tak Kak
KpuBasA a = m;y He paszbusaer F, TO cymecTByeT kpusas 3, me-
pecekaromas « pOBHO B 04HOU Touke (puc. 13.7).

5 9

(% [0

Puc. 13.7
1

MycTs @~! — KpuWBas, TOTOYETHO COBMAAOMIAL C (v, HO MMe-
IOIIaA MTPOTUBOIIOJIOXHYIO OPUEHTAIINIO. KOMHO:‘}HHHﬂ CKpy1UBa-
HUW T3T, T3 NEPEBOAUT KPUBLIE o U (3 B KPUBLIE, H30TOMHLIE [ I
a~! coorBercTrenno (puc. 13.8).




KOMMEHTAPUU 139

MosTomy romeomopdusM (737,73)? MEPeBOAUT KpUBLIE o 1
3 B xpuBHIe, m3oTonHEe o ! um 37! cooTsercTBenHo. i Hac
BaXXHO TO, UTO OH MEPEBOIUT KPUBYIO & B KPUBYIO, U3OTOIHYIO
a~!. D10 nmosporser mocTpouTh c-romeomopduaM fi', 1A KO-
Toporo kpusas fi'h(mi) MOTOYEYHO COBHAJAET C My U UMEeT
Ty X€ CaMyI0 OpUeHTammoo. A Takou caydan Obul yxke pa3oOpad

Bemme. [

KomMmenTapun

Pas6uenne Xeropa ABIAIOTCI MOCTOM MEXAy NBYMEDPHOU U
TPEXMEPHOU TOMOJOTUEN, TOUHEE TOBOPS, MEX Iy TOMEOMOP(U3-
MaMU [BYMEDHEIX NOBEPXHOCTEN U TPEXMEPHEIMU MHOT00GDA3M-
amu.  OPGEeKTUBHOE OMUCAHUE TEPBHIX MO3BOIAET 3PhHEeKTuB-
HO onmcaTh nocaegure. (OCHOBHAsA IeOMETPUYECKas COCTABHASA
YaCTh B ONMUCAHUY IOMEOMOPMI3MOB IOBEPXHOCTEN — DTO CKPY-
quBanue [lena, maobperenHoe nemenkuM mMaremaTukom M. le-
HOM (cM. [Del]), KOTOpHIT IPEACTABIAI JOKA3ATEILCTBO TEOPEMEL
0 TOM, 4TO J0601 rOMeOMOP(U3M TOBEPXHOCTH ABJAETCS KOMIIO-
sunmer ckpyuuBauui. OOHAKO 3TO TOKA3aTEALCTBO COAEPKAIO
cymecTBeHHBIE Ipobensl. Beaynpednoe nokasaTeanCTBO TeOpe-
Mul [ena 65110 gaHo JlukopurmeMm (cu. [Licl], 1962). Hare usmno-
XKeHMe OCHOBAHO Ha cratbe [Rou] u xuure [MF].

Caenyer OTMETUTH, YTO GOABIIMHCTBO PAbOT MO TOIOJOIAA
[ena u ero coBpemeHHukoB (Hampumep, Xeropa u Huabcena)
OBLIO, C HEIHEIIHEM TOYKN 3DEHWs, TEXHUIECKN HeOe3ympedHO,
XO0TsA OCHOBHEIE €N 6I>IJII/I BIIOJIHE 3,[[paBI)I. JII/IIHI) I1ocjae BTO-
POV MUPOBOU BOUHEI B DTOU 001aCTH OBLIA NOCTUCHYTA, yI0BJIE-
TBOpUTENBHAS CTeneHb crporoctu. B uacraocru, Ilamakupbs-
KOITYJI0C JAT IEePBOe CTPOroe JoKa3aTenbcTBo [Pap| sHamennToOn
aemumul [lena (0 guCke, HATAHYTOM HA CTACUBAEMYIO KPUBYIO), &
lumanr nakonen gokasan (cm. [Zi], [ZVC]) Teopemy Hunbcena
(xoTopas yTBepx aaeT, rpybo rOBOPS, 9TO JIOO0U aBTOMOPHU3M
(pyHIaAMEHTATLHOU CPYNNLI IOBEPXHOCTU MHIYLUUPYETCSI [OMEO-
MOPGU3MOM).

OcuoBHEIM cireacTBueM TeopeMbl [lena—JIukopuina ssiseTcs
TOT (axT, 9TO JI000E TPEXMEPHOE MHOI00OPA3NE MOXKHO IIOJLY-
YUTH U3 Cephl, BEIPe3as MOTHOTOPUS U BKJIGUBAA UX CHOBA, IO
OPYruM roMeoMopduaMaM KpaeB. DTOT GaKT, B CBOIO OYEpeb,
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[IOCJIY XK VUI OTIIPABHOY TOYKOU [JIs1 MHOI'MX 3aMe4YaTEIbHEIX PA00T
II0 TOIOJOIMK TPEXMEPHBIX MHOI'00OPA3UY HECKOIBLKIX ABTOPOB,
cpenu KOTOphX Haubosee sHaMeruTH B. A. Poxauu, C. I1. Hou-
k0B, P. Kup6u u Y. Tépcron. Hama kuura aumes B Majion cre-
TEHU 3aTPAruBaeT dTy 00macTb uccaenoBanuu. COBpPEMEHHBIN
0030p aToK obsacTu (C yHOPOM Ha AICOPUTMUIECKUAE ACHEKTHI)
cogepxurcs B kuure [MF].



[nasa VI

MepecTponku

TpPexMepHbIX MHOroo6pasui

B mpegpigymen riuase Mbl OpeoOpPa3sOBHIBAIM TPEXMEDHEHIE
MHOr000pa3us, BEIPE3asd U3 HUX IOMHOTOPUA U BKIEGUBASA UX
obpaTHO WO ApyruMm romeomopdmamam kpae. Mbr gokasanm,
9TO C MOMOMIBIO HECKOIBKUX TAKUX OMEPALNYU MOXKHO JTI000€ Opu-
eHTUPyeMOe TpexMepHOe MHOroobpasume, Hampumep chepy S°,
mpeo6pa3oBaTh B JH000€ OPYroe OPUEHTHUPYEMOE TPEXMEPHOe
mHOTOO6pazme M? (cremcreue 12.4). DTOT MOAXOM K 3aTaHUIO
TPEXMEPHBIX MHOT'000pas3ui Oy 1eT OCHOBHOU T€MOU 3TOU TUIABHI.
PasBuBas 5Ty TeMmy, MBI M3y4YUM PA3JIUYHEIE TUIEI NEPECTPOEK
(814 u §16), mangem ymgo6HOE MHOXKECTBO ONEPALMN, KOTOPHIX
NOCTATOYHO Ui TOMYYEHUsA BCEX MHOr0oOpasuul, a B KOHIE 00-
CyauM 3aMedaTrensHoe ucauciaenve Kup6u (§19), koropoe mo3so-
JISIET OIKCATH BCE MEPECTPONKHU, NPUBOIALIME K OLHOMY U TOMY
e MHOroo6pasmwo. OpHAKO Halle M3JIOXKeHNe He OyAeT CTPOro
HOCJIEI0BATEILHEIM. MEI Gy 1eM 9aCTO OTKJIOHATHCA OT OCHOBHO-
ro myTu, 9T00BI HoApoOHEE 06CY AUTH BCTPEYAOMINECS TEMEL. B
9YaCTHOCTHU, MBI HAKOHEI] BBEAEM KO(DUIMEHT 3ALEIUIEHUS JBYX
kpuBbix (§15), BHOBBL BepHeMcs k Juu3zaMm (§17) u paccmorpum
OPYTYI0 3HAMEHHTYIO OECKOHEYHYIO CEPUI0 TPEXMEPHBEIX MHOIO-
06pasun — romosmormaeckue chepur (§18).
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§14. PanmmoHaibHBIE NEPECTPONKH Chepul

IO TPUBHUAJILHOMY Y3JIY

14.1. B §12 6pw10 noKas3aHo, 4To J1060€ KOMIAKTHOE OPMEH-
TUpyeMOe TpexMepHoe MHOroobpasue (6€3 Kpas) MOXKHO IOIy-
auTh U3 cheprl S°, BLIPE3aB HECKOILKO HE3AY3JEHHHIX IIOJHO-
TOPWU, 3 3aTeM MPUKJIEUB WX CHOBA 10 TOMEOMOPPU3MY KPAEB,
MEHAIIEMY MeECTaMM IIapaJiIeJan 1 MEePpUIUAHBI. HO BO MHOI'UX
cuTyauusx yao0Hee pacCMaTpUBATBL IEPECTPOuKu Oosee 0oOme-
o BUAa C IIPOU3BOJBHBIMU CKJICHBAIOIMINMUA FOMeOMOpCI)I/IaMaMI/I.
TTonyuennoe Takum cnoco60M MHOr006pas3ue OJHOSHAYHO OIpPe-
IenaeTcsa 00pasoM J MepuauaHa (o IPU CKJIEUBAOIIEM IOMEOMOD-
¢dusme kpaeroro Topa S x S' Ha cebs, TOUHEe FOBOPS, M3OTOMN-
geckuM kiraccoMm kpueon J. Ilpennonoxum, uro J = pa+¢f, T.e.
J — 3aMKHyTas KpuBas, 0OBIBAIOIIAA TOP P Pa3 B HANIPDABICHUN
MEPUIVAHA W ¢ Pa3 B HANIPABICHWU Napawemm. Ecim cka3aTb
TOYHEE, TO 3TO O3HAYAET, 9TO KPpUBad J MPEACTABIACT DIEMEHT
(p,q) € Z+7Z = m (St x Sh).

Yreepxaenue (a) NOKA3LIBAEMOrO HUXKE Opeaioxenusa 14.1
O03HAYAET, YTO YKA3AHHBIE 9NCIA P U  B3AMMHO NIPOCTEHL, & YTBEP-
xnenue (6) 03HAYAET, 9TO YUCAA P U ¢ ONPENEJAIT KPUBYIO J
OMHO3HAYHO C TOYHOCTBIO [0 W3OTOIMWH.

IIpepnoxenue 14.1. (a) Ecau 3amrxnymasn xpusas po + qf
HECAMONEPECERAOULAACA, O AUOO UYUCAG P U ¢ 63QUMHO NPOCINbL,
aubo 00no u3 wuz pasno 0, a dpyzoe pasno +1.

(6) Ecau dee 3ammxnymole HECAMONEPECEKAIOUUECA KPUBLLE Ha
Mope 20MOMONHbL, MO OHU U30TMOTVHYL.

[Aoxazameavcmeo. (a) Top MOXHO NOLYIMTH M3 ILIOCKOCTH
R?, oroxaecteus Touku (x,y) u (x +m,y + n), rae m,n € Z.
Bonee Toro, mobas KpuBas Ha TOPE MOXKET OLITH IOJLY9€HA, Ta-
KM CIOCOO0M U3 HEKOTOPOU KPUBOU HA, TIOCKOCTU. MEI qoka-
XKEeM CIeyIllee YTBEPKICHUE: ecat d — HAMYpasbroe 4ucao,
mo na w060t xpusot v C R2 ¢ wonyamu A u B natidymces maxue
mouru P u ), ymo PQ|AB u |PQ| = |AB|/d.

IIpex e BCero mokakeMm, ITO U3 3TOrO yTBEPK ICHUA BEITEKA-
er yreBepxkjaenue (a). B camom merne, kpusou pa + ¢ coorser-
CTBYET IIOCKAsA KPUBA, y KOTOPOU KOOPIWHATHI KOHIOB OTJ/IV-
9aI0TCA HA P U ¢. [lodTOMY ecau p u ¢ neaaTcs Ha d, TO pa3HOCTHU
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KOOpauHAT TO4YeK P u () — mesasle 9ucia, a 3Ha9UT, HA, TOPE TOY-
kaM P u () cOOTBeTCTBYeT OfIHA U Ta XKe TOYKA. Takum 00pas3oM,
KPUBAs HA TOPE CAMOIEPECEKAIOIAACS, ITO IPOTUBOPEIUT YCIO-
BUIO.

YTo6El HOKA3aTh BLIJEIEHHOE KyPCHBOM YTBEPKICHUE, MBI
nepedpas3upyeM ero, NCIOAL3Ys CIeLyommee onpegenenne. byem
COBOPUTH, YTO PACCTOSHUE p PEGAU3Yyemcs Ha INIOCKOU KPUBON
¢ xoHnamu A u B, ecm CymecTByeT OTPE30K [IJIMHOU p, MAPAT-
neabHBM AB, ¢ KOHDaMu Ha KpuBou. TpebyeTcs A0Ka3aTh, YTO
paccmoanue |AB|/d peasusyemcea na a1060% xkpusol ¢ Konyamu
A u B.

Moxaxem cHagamaa, 9to ecim 0 < § < 1, TO Ha 10OOU KPUBOK C
koHmamu A u B peamusyercs xoTs 661 0GHO 13 paccTosHun 0| AB)|
u (1 — 0)|AB|. He Tepsas 06mHOCTH, MOXKHO CIATATH, 9TO A =
(0,0) m B = (1,0). IIpegnonoxum, 9T0 418 HEKOTOPOU KPUBOU Yo
¢ xouamu A u B He peanusyorcsa paccTosuusa 6 u 1 — 4. Torga
[IpM CABUraX dTOM KPUBOUM BAOIbL ocu O Ha paccTosHua § u
1—0 momy9arTCa KPUBBIE, HE MMEKNME 00X TOYEK C UCXO THOK
KpuBOU 7. IIyCTb Y5 U 7y — KPUBBIE TIOLYYEHHEE U3 KPUBOU Yo
casuramu BAOMb ocu O Ha paccTOAHUA § U 1 B MOJOKUTEILHOM
HanpasjeHuu. Torga KpuBas s HE IEPECEKACTCA HU C Yo, HU C 71 -
TMocTpoum xpusyio L crexyromum o6paszom. BribepeMm Ha KpuBou
Y5 TOYKY C MAKCUMAaJLHOU OPAMHATOU U NIPOBEAEM W3 Hee Jyd,
napamwtensbae ocu Oy, IO HANPABIGHUIO K +00, a U3 TOYKHU C
MUHIMAJIbHOU OP JUHATON IIPOBEAEM JIyY II0 HAIPABIEHUIO K —O00

(pmc. 14.1).

e

Puc. 14.1

Kpusas L cocTouT m3 5TUX OBYX Jy9ed U IaCTU KPUBOU 75,
UIYIIEN W3 HAYaJIa OJHOTO Jyda B Hadaao aApyroro. Kpuswie 7
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4 71 HE IEPECEeKAIOTCs HU C KPUBOU 7Y, HU C PACCMATPUBAEMBIMUA
aygamu. [TosTomy onu He nepecexkarorcs ¢ kpusou L. Ho kpusas
L pa3buBaeT IIOCKOCTh HA IBE YaCTH, IPUYEM TOYKA KPUBHIX Yo
7 71 C MAKCUMAJIbHEIMUA OPAUHATAMU JEXKAT B PA3HEIX YACTAX.
C Opyrou CTOPOHEI, KPUBEIE g U 7y; UMEKOT OOIIYyK TOYKY, &
umenHo, (1,0). Ioxydeno nporusopedne, 103TOMY XOTA GBI OLHO
u3 paccTosHun 6 u 1 — § peanusyercs.

Joxaxem Tenepsr magykumen no d, 9to paccrosuue |AB|/d
peamusyerca Ha Jaio6ou kpusou. Ilpu d = 1 yTBepxkaeHue ode-
Buguo. lllar mugyknum pesaetcsa caeayoomuMm obpaszom. Ilyctn
6 =1/d. Torgal—0 = (d—1)/d, nosTOMy 0ZHO U3 PACCTOIHUL
|AB|/d u (d—1)|AB|/d peamuayercs. Ecau peanusyercs paccTo-
auue |AB|/d, To goxazarenbcTBO 3aBeprueHo. Eciu ke peaumsy-
ercs paccrosaue (d — 1)|AB|/d, To aas KpuBOM, COEIUHAIOIEN
KOHIIE! oTpe3ka gauHou (d—1)|AB|/d, cormacHo npeanonoxenun:o
WHIYKOUY PEATn3yeTCs PaCCTOAHMIE

1 (d—1)|AB| |AB|
d—1 d od

4TO0 1 TpeboBatock. [

(6) MokasarenscTBO yTBepXKaeHusa (6) mMpoBeAeM 3a IeTHIPE
mara.

Mar 1. Moxcro cuumams, wmo darnbie KPUBble 20MOMONHKbL
mepuduany mopa. B camoM gene, mycTh JaHHBIE KPUBBHIE MMEIOT
tun (p,q). Cornacuo (a), uucaa (p,q) B3amMuO npoctrie. Ilo-
HTOMY CyLIECTBYIOT TAaKHe LeJble 9UCIA T U §, 9TO ps — qr = 1.
Jlunennoe npeo6pasoBanue

e1 — pe1 + gea, ey — re1; + ses

HHIYIUPYET TOMeOMOpdU3M TOpa Ha cebs, MepeBOIANIl KPH-
By tuna (1,0) B kxpusywo Tuna (p, q).

Mlar 2. Jocmamouno 00%Ka3amb, Mo HeCamMoNePecexaoua-
aca xpusas muna (1,0) uzomonna mepuduany mopa. B camom
nefe, TOCTPOUB U30TOMWU KPUBLIX Y] M Y2 B MEPUIMAH, JETKO
HOCTPOUTE M3OTONMIO KPUBOU 7y, B KPUBYIO 7.

Mlar 3. Jocmamouno 00%Ka3amb, wmMo HeCamMONePecexaoua-
aca xpusas muna (1,0) uzomonna xpusoi, ne nepecexarowet
mepuduan. Paspexem TOp BIOTL MepuamaHa. B pesyibTaTe



§14. PAUMOHAJLHBLIE IEPECTPOUKUA CHEPEL 145

MIOJIYyYUM KOJBIIO, BHYTPY KOTOPOI'O PACIOJOXKEHa HecaMoIepe-
CeKaIaaCs KPUBas, TOMOTOIHAs KPasM Koabla (puc. 14.2).

Puc. 14.2

JlocTaTOYHO 09E€BUAHO, UTO ITA KPUBAA U3OTOIHA JIOO0OMY U3
KPAaEeB KOJIbIIA.

Mlar 4. Hecamonepecexarowaacs xpusas muna (1,0), nepece-
Kawwas mepuduan 6 n > 0 moukaz, uzomonna Kpusot, nepece-
Kawel mepuduan menee wem 8 N Moukax. Paspexem Top Boas
Mepuauana. B pesyabrare moayunmm mmimeap. W3 GeckomedHo-
0 MHOXECTBA, TAKAX IIINHIPOB CKJIENM 6€CKOHEYHBIA TUITHID,
HakphBaoouwu Top. PaccMorpum mogHsTHE Yo AAHHOU KPUBOU
~ B 5TOT UWIMHADP, T.e. OMHY 13 KOMIOHEHT IPOOOpa3a KpuBOU
~ mpu HaKpEIBaOmeEM OTo6paxenun (puc. 14.3).

( meaams\a,
Ny $ RY

Puc. 14.3

N, -

Bygem canrars, 9T0 79 — KpuBas OOIIero noroxeHus. 'lorga
OHA 33JAeT HECKOJIBKO (IIAN0YEK) , 3AIITPIXOBAHHEIX HA PUCYHKE.
N3 ycnoBust n > 0 cregyer, 9TO €CTb XOTs ObI OJHA (IIATIOYKAN
(n maxe aBe, a UMEHHO, KpanHuX). Tpebfyerca Q0Ka3aThb, 9TO C
MOMOIIBI0 M30TONNY BCEr LA MOXHO YHUITOXUATEL XOTS OBL OTHY
«ranouky». OTMeTuM, YTO B IPOIECCe N3OTONUY HA TOPE JOIK-
HA MIOJIYYaThCsA HECAMOIEPECEKAIOMAACT KPpUBaA. A 3T0 03HA4A-
€T, 9TO KPUBaf Yo LO/KHA ObITH HE TOJBKO HECAMOIIEPECEKAaIo-
IIeNCsT, HO U OHA, JOIKHA HE IEPECeKATh OCTAIbHLIE IIOAHATHL Yp,
DaHHOU KpuBou 7. HoO «mamovukay HaMMEHBINEW BEICOTHL HE CO-
IEPXUT BHYTPU Ce6S1 TOUEK KPUBHIX Yy, TAK KaK UHAYE KPUBASL
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~ 6bL1a OBI caMomepeceKaomencs. [[0oTOMY TaKyIO (IIAMOYKY»
BCer'qa MOXHO YHUYITOXUTH C IIOMOIIBIO U30TOIINU, IIPUIEM 3Ta
M30TONUS OMYyCKAeTCsa Ha Top. [

14.2. OmnpegenreHusa m corviameHus. Paccmorpum nepe-
CTPOUKY chepnl S, IpM KOTOPOH CHAMAIA BEIPE3AETCA TPYOHa-
Tas £-OKPECTHOCTHL TPUBHATLHOTO yaxa J C S°, a zarem momy-
9YEHHOE IOJHOTOPWE BKJICMBAETCA CHOBA TAK, 9TO €r0 MEpUIu-
aH o OTOXJAECTBJsETCS ¢ KpuBou pa + qf. Jlerko mposeputs,
9TO IEPECTPOUKA, NPU KOTOPOU MEPUAUAH (¢ OTOXK JECTBIACTCS
¢ kpueon —a (puc. 14.4(a)), e uamenser mMuHoroo6pasue. Ilo-
DTOMY NIEPECTPOUKA, IPU KOTOPOU MEPUANAH OTOXJECTBIACTCA
¢ KpuBOU —pa — g3, SKBUBAJIEHTHA MEPECTPOUKE, IIPU KOTOPOU
MepUINAaH OTOXASCTBIACTCI C KPUBOU pa + ¢f3.

YCI0BAMCSA CIMTATD, YTO OPUEHTAIMY NAPAJLIEIN U MEPHU 1A~
Ha BBIODAHBI TaK, KaK MOKa3aHo Ha puc. 14.4 (b).

—_—>

®) Puc. 14.4 (b)

Tenepr u3 npemnoxenus 14.1 cremgyer, 9TO PacCMOTPEHHAS
BBILIIE [I€PECTPOUKA CHEPHI O THO3HAYMHO 38,1a€TCs PALMOHAILHEIM
amcaom 7 = p/q. Bymem Ha3BIBATH 3TO 9UCIO OCHAWERUEM TPH-
BHAJIBHOIO y37a J, a COOTBETCTBYIOUIYIO ONEPAIUI0 — PaAyU-
onaabrotli nepecmpotixoti ¢ ocmamenuem r. OO6paTruTe BHMMA-
HUE, 9YTO TOXJECTBEHHOU MEePECTPOUKE COOTBETCTBYET OCHAIIE-
ure 7 = 1/0 = 00, a mepecTpouke ¢ ocHamenueM r = () COOTBeT-
CTByeT roMeOMOP(U3M KPAEB, MEHAOIIUNA MECTAMU TTAPAIICINA U
MepUuAuaHbL.

PaccmoTpuM Temeps mpuMepsl MHOrO0OPA3ud, KOTOPEHIE IO-
Jy9alOTCs TIPU TIepecTporkax cdepsbr S° 1Mo OCHAIIEHHBIM TPUBH-
ampabEM y3aam 7.

14.3. Ipeanoxenune. )° = S! x §2.

Moxazameavcmseo. Chepy S° MOXKHO MOTYUIUTH, CKICUB IBA
nonaoTopusa 17 u Tp mo romeomopduamy f : 0Ty — 0T, me-
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HAIOIEMY MECTAMU MAPALICNIA U MEPUAMAHEL llepecTpouka mo
OKPYKHOCTU C OCHAaIeHneM 1 = () 3aKII0YaeTCsa B TOM, YTO CHA-
9aTa ME BHIpe3aeM moaHoTopue Th u3 S°, a 3aTeM BKICHBaeM
€ro CHOB3, II0 I'OMEOMOP(PU3MY, MEHSIOIMIEMY MECTAMU AP AJIICIN
¥ MEPUIUAHEL. B pesyabTaTe MmosyvaeM CKIEUKY NBYX MOJHOTO-
pun 71 u Tp no TOXAECTBEHHOMY TOMeoMOpduaMy Kpaes. Tak
kak T; ~ S' x D2, a npu ckreiike D? ¢ D? mo ToxXIeCTBEHHOMY
romeoMopdusMy Kpaes noiydaeMm S2, TO mpu CKIeHKe ABYX TOJ-
HOTOPUY N0 TOXACCTBEHHOMY T'OMEOMOP(PU3MY KPAEB MOLYIaEM
Sl x S§2. 0O

14.4. TIpepnoxenne. OP/9 = L(p, q)

Aoxazameavcmeo.  Jluusy L(p,q) MOXHO HOLIyIUTH OpPU
CKJIENKe ABYX IOJHOTOPHUU MO TOMEOMOP(U3MY KPAEB, MEPEBO-
gameMy Mepuauad B kpuByio ga + pf (cm. §11). C gpyrom
cTOpoHLL, chepy S MOKHO TOMYYUTH IPU CKJICHKe TBYX TIOJHO-
TOPUU IO TOMEOMOPPU3MY Kpaes, meperosamemy a B 3, a 3 B a.
Hoostomy L(p, q) M0xHO mOnyauTs m3 S° mepeKIerkoi moIHOTO-
pusa o roMeoMOphU3MYy, TEPEBOAAINIEMY MEPUIUAH B KPUBYIO
pa+gp. O

14.5. Ipeanoxenme. /" = 3.

Loxazameavcmso. Ecau ucxomurs us ompenenenus L(p,q),
naHHoro B §11, TO 3TO mpemsoXeHWe SABISETCS YACTHBIM CIYy-
gaeM npegbigyinero. B camom gere, L(p,q) onpemenserca Kak
(baKTOPIPOCTPAHCTBO eIMHUYHON TpexMepHOu chepul B C2 mo
OTHOLIEHWUIO DKBUBAJIEHTHOCTH

(z,w) ~ (exp (27i/p) z, exp (2mig/p) w) .
W3 sToro onpenesesna BUAHO, ITO mpu p = +1 HUKAKMX OTO-
X JECTBJICHUN TOYeK He TpomssoguTcs, T.e. L(£1,n) = S3. O

1
14.6. IIpepnoxenne. O ~ O+ .

Hoxazameavcmeo. W3 omnpememenus JIuH3 BUIHO, €TO
L(p,q) ~ L(p, q£np), HO UIMEHHO BTO U YTBEPKAALTCA B JAHHOM
npennoxenuu. [

14.7. OTmeTuM, YTO rOMEOMOP(}U3M U3 MPEABIIYLIIETO IPe-
JOXEHUSA NAJEeKO He OYEBUIEH, €CIN MBI OyJeM WNCXOIUThH He-
MIOCPEACTBEHHO U3 ONPEIEIEHUs MEPECTPOUKY, He O0PAIasiCh K
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OIPENeNEHUI0 JIUH3bL. JTOT romMeoMopdusMm f (Mexgy MHOro-
06pa3uaME, TOTyYeHHEIME 13 S° HIpU HepecTPOMKax Mo TPUBH-
aTBHEIM yaJaM ¢ ocHameruavu 1 u (£n+r~1)~1) urpaer paxmyo
POJIb B TEOPUU TIEPECTPOEK TPEXMEPHEIX MHOrooGpasuu. IloaTo-
My HU3y4UM NOAPOOHO €ro CTPOEHUE.

IepecTpoiika cdepsl S MO OKPYKHOCTH C OCHAINECHHEM T =
P/ IPUBOAUT K MHOIOOOPA3MIO, KOTOPOE MOy IaeTCs IPY CKJIEH-
ke aByx noaroTopui T u Ty mo romeoMopdu3My KPaes, MePeBo-
IAIEMY MEPUIMAH & B KpuBylo ga + pf (puc. 14.5).

Tl T2

Puc. 14.5

OTa KpUBas NepeceKaeT MePUINOHAILHEM qucK D B p TOYKaX.
Paapexem nonuoropue T, mo MepuanonansHomy aucky D u cuae-
JIaeM CKPYy4IuBaHME NOaHOTOpuUsA 12 HA n 060poToB. Torna xpusas
ga+ pp nepengem B kpusywo (¢t np)a+pl (3HAK 3aBUCAT OT Ha-
npaBiaeHus CKpy4uBanus). Eciau kpusas qa + pf cooTBeTCTBYET
[ePECTPONKE IO OKPYKHOCTH J C OCHAINEHUEM T = p/q, TO KpU-
Bas (¢ £ np)a+ pfB cOOTBETCTBYET MEPECTPOMKE [0 OKPYKHOCTHU
J ¢ ocuamenuem p/(q £ np) = (£n + r~1)~1. 3xecy moasOTO-
pue T} ABAsTETCS 3aMBIKAHUEM €-OKPECTHOCTHU OKPYXKHOCTH J, &
orparmyenue romeomopduama f Ha Tp ABIACTCA CKPYyIMBAHUEM
BAOJb napamtenu Topa T (puc. 14.6).
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CkpyuuBanue noanoropus Ty, nzo6paxenHoe Ha puc. 14.7 (a),
nobaBisgeT oquH 060POT B HAIIPDABIEHUN MEPUNAHA (L, & CKPYIU-
BaHue, usobpaxennoe Ha puc. 14.7 (b), nrobasaser oqua 060poOT
B MPOTHUBOIOJOXHOM HAIpaBieHuu. 110oTOMY CKpPy4IUBAHUE TIEP-
BOT'O TUNa COOTBETCTBYET 3HAKY ILIIOC IIepenx 7, a CKPy4IYUuBaHUEC
BTOPOro TUila COOTBETCTBYET 3HAKY MUHYC. BTI/IM MEI 3aBEPIIUM
HAIle OMUCAHUE TOMEOMOpdUaMa, f.

i

(a)

Puc. 14.7

§15. KoaddunuenT s3anenieHunsa

15.1. B mpegmigymem maparpadge MBI MOKA3aJad, 9TO Iepe-
CTPOUKA ChEpHI 0 TPUBUAIBLHOMY y3ay J 330aeTCsA PAIMOHATIb-
HEIM 4YKCJIOM 7 — OCHaIeHueM y3aa J. Jdrobel onpegeauTs oc-
HAII[EHVE Y34, HyXKHO BEIOPATH MAPALIENb U MEPUAUAH HA €ro
Tpy64IaTOU E-OKPECTHOCTHU.

B caydae mpoOM3BONBHOIO y3ia MEPUIMAH MOXHO BHIOPATH
0e3 Tpyma: MBI IPOCTO BO3bMEM CEYeHME TPYOIaTON OKPECTHO-
CTU Y3713 IUNIOCKOCTBIO, OPTOIOHAIBHOU Y31y B HEKOTOPOU TOYKE
(puc. 15.1 (a)). Ho BrIGOp mapaJienu BEIBEIBAET 3aTPyJHeHNUA. B
CIy49ae TPUBUAILHOIO Y3738 MOXKHO OLLIO B3ATH IUarpammy 6e3
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(b) (c)
Puc. 15.1

MEPEKPECTKOB U B KAYECTBE MAPAJLIENN BEIOPAThL KpuBywo K, u3o-
6paxennyio Ha puc. 15.1 (b) myuktupom. Ho ecau 661 MBI B3sIu
IUArPAMMy TPUBUAJBLHOIO y3Ja C OJHUM MEPEKPECTKOM U aHa-
JOru4HBIM o0pasoM BrIOpanu 6wl kpusyoo K' (puc. 15.1(c)), To
2Ta KPUBAA OKA3AJIOCh OBl HE DKBUBAJCHTHOU KpuBou K B TOM
CMEBICIE, 9TO AByXKOMNOHeHTHEE 3auemenus {J, K} u {J,K'}
HE M30TONHLI. B ciay4yae TpWIMCTHUKA ABE mapasuienu, u3o0pa-
JKEHHBIE Ha puC. 15.2 TOXe He DKBUBAJICHTHEL.

Pwnc. 15.2

15.2. YT0o6bI ONyIUTH ONpEeneIeHNe NAPAJUIEaN, HE 3aBUCH-
mee OT BHIOOpPA gUArPAMMBI y37a, MBI BOCIOIB3YEeMCA OJHUM
"3 CaMBIX CTAPBIX TOMOJOTUYECCKUX NHBAPUAHTOB — BBCICHHBIM
Tayccom xooddpunmeHTOM 3aLeIIeHns IBYX OPUEHTHPOBAHHBLIX
3aMKHYTHEIX KpuBblx J u K B S3. [lna mammx mereir HaumGo-
Jee yanoOHO crenyromee onpeaeneHue KoahuImeHTa 3aIenIe .
PaccMmoTpuM quarpaMMy OpuEeHTUPOBAHHOTO 3aIEILIEHUS, COCTO-
smero u3 aByx kpuBkix J u K. Byaem o6paiaTh BHUMaHVE JIUIITH
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Ha, Te mepexkpecTku, rae kpusas K npoxoaut Han J. Takue mepe-
KpecTku ObiBaoT AByX Tunos (puc. 15.3). [laa kaxgoro paccMa-
TPUBAEMOI'0 IEPEKPECTKA BO3BMEM COOTBETCTBYIOIIEE 3HAUCHUE
€; = £1 u cmoxuMm Bce ducaa €;. IloaydeHHOe B pe3yabTaTe Iie-
JIO€ 9HCIO HA3HIBAOT K0IPPHUUUEHMOM 30YENIEHUS 3AMKHY THIX
opuenTuposanHex Kpusbix J u K B S® u o6oznatator k(J, K).

SN

Puc. 15.3

15.3. Teopema. Kosdduyuenm 3ayenaenus A6ALeMCca uH-
sapuawmonm 3oyenaenus {J, K}, m.e. on ne 2asucum om svibopa
Jua2pammbt IMO20 30UENACHUA.

Loxaszameavcmso. Cornacuo Teopeme Pengemencrepa (Teo-
pema 1.7) pocrarouno gokasare, uro 1k(J, K) me m3mensercs
npu npeobpasoBanusx Peummemencrepa. IlpeobpasoBanusa ) u
)3 HUKOra He W3MEHSIT HAOOPOB YUCel €;, & TPeoOpPa3oBaHUE
Qy b0 TOXE He M3MEHAET HAOOD ImCen €;, b0 f06aBAseT (Win
YHUITOXAET) ABA 9UCIA £; PA3HOrO 3Haka (puc. 15.4). O

A AN
o 0 N
<> <> |
|+1
K J K .J

Puc. 15.4

3apaaua 15.1. Ilycte xpuBas —J moxy<ena us kpuson J us-
MeHeHreM opueHTanuu. [Joxaxure, 9TO

k(—J,K) = —k(J,K) u lk(J,—K) = -1k(J,K).
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3apgaua 15.2. [lokaxwre, uro lk(J, K) = Ik(K, J).

15.4. JIse samkuyTeie kpuskie J u K B S® maswBaior me-
30YENAEeHHLIMY, €CT CYLIIECTBYEeT U30TOINS, IEPEBOLAIIAI UX B
kpusele J' u K', pacrnonoxenHee B 1ByX HENEPECEKAOMMXCA IIa-
pax. B nporuBHOM cayuae kpusbie J u K Ha3BBAIOT 3ayenaeH-
normt. KodhPUIMenT 3aleieHns ABIACTCA IPOCTENIINM NHBA-
pI/Ia,HTOM, IIO3BOJIAKIIINM BO MHOI'IX CJIy‘{aﬂX JAOKAa3bIBATh 3all€eII-
JIEHHOCTB JIBYX KPUBLIX. [[€10 B TOM, YTO CIPABEIINBO CIELYIO-
1ee yTBEepXK JeHUe.

15.5. Teopema. Ecau lk(J,K) # 0, mo xpusvie J u K
3ayensennvle.

Hoxaszameavcmeo. Ilpeanomoxum, uro xpuewsie J u K He-
3alemeHHEe. PaccMoTpuM guarpaMMmy, Ha KOTOPOU IPOEKIUN
mapos, cogepxamux kpusbie J' u K') ne nepecekarorca. Ha Ta-
KOU IuarpaMme HeT OOIIuX MepekpecTKoB Kpusbix J' u K'| mo-
sromy lk(J', K') = 0. Torga u3 mpensiayIiels TeOPEMEI CIeyeT,
uro lk(J, K) = 0. Iloxy4eno nporusopedne, n03T0My Kpussie J
u K zanemnennse. O

, ‘f\(@

(a) (b) (c)
Puc. 15.5

3agaga 15.3. [oxaxwre, 9YTO mMaPLI KPUBBIX, U300paKeEH-
HeIX Ha puc. 15.5 (a)—(d) sanenuenuee.

Ormerum, uro u3s coornomenus lk(J, K) = 0 me cregyer Hesa-
nerteHHOCTh KpuBhX J u K. Hanpumep, nBe nmapel KpUBLIX, U30-
OpaxKeHHBIX Ha, puc. 15.6, 3auemieHHble (9TO MOXKHO NOKa3aTh,
BEIYUCAUB TMOJMHOMBL J[2KOHCA, ABYX 3aleIIeHnd, 0OPa30BAHHBIX
STUMU KPUBLIMH), HO UX KO3(POUIUEHTH 3ALENICHUS PABHEL HY-
JTEO.
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@7
>D ()

Pwuc. 15.6

15.6. Tenmepp MBI IOTOBEL JaTh WHBAPUAHTHOE OIPELEICHUE
NAPALIETH HA TPyOIaTOU E-OKPECTHOCTH NIPOM3BOJBHOIO OpH-
eHTUPOBAHHOTO y371a J. [Ipexjge BCEro Hy»XHO UCKIIOYUTH CH-
Tyamuoo, u3obpaxennyio Ha puc. 15.7(a). [na sToro nyx-
HO mOTPeboBaTh, YTOOHl KpuBkie J u K OBLII COHANPABAEHLY
(puc. 15.7(b)). WubiMu croBamm, €CiM ¥ U v — BEKTOPHL CKO-
pocTen ABuKeHUs 0 KpuBkIM J 1 K B TOUKAX, IPUHA[ICKAIAX
OIHOMY ¥ TOMY K€ MEPUIUOHATLHOMY OUCKY, TO WX CKAJIAPHOE
npomssefenue (u,v) IOMKHO OHITH HOJOXUTENBHO. Kpumsywo K|
PACIIOJIOXKEHHYIO HA KPAI0 TPYOIATOUN E-OKPECTHOCTH KpUBOU .J,
Oy IeM Ha3LIBATDH NAPaAteavto, ecin Kpusbie J u K cOHAampaB/eHb
u lk(J,K) = 0.

Y

(b)

Pwuc. 15.7

3agaua 15.4. Ilycts J — OpueHTHPOBAHHEBIN Y361, 1 — LIE-
a0e “wmcno. JlokaxwTe, 9TO CymeCTBYET COHANPABIEHHAA C J
kpuBaa K, nas koropoun lk(J, K) = n.
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3agaga 15.5. Hapucyure mapamremu mas £-OKPECTHOCTEU
KPUBEIX, I300paX€eHHBIX HA puc. 15.8.

Puc. 15.8

§16. IlesounCIeHHBIE TEPECTPOUKHI

16.1. Ilocse TOro Kak MbI yCIOBIIACH O BHIOODE MAPAJLIESN U
MepUINaHA, IePECTPOHKA cheprl S° 0IHO3HAMHO 33,12 TCA Y3IOM
J ¥ ero ocuammeHmeM, palMOHATBHBEIM YHCJIOM 7. B camoMm nerne,
ecau gaHbl J ¥ r, TO MBI HaYHEM C TOr'O, YTO IIPOM3BOIBLHO OPU-
enTupyeM y3en J, 3aTeM BriGepeM MepuauaH @ (Kak OOBACHEHO
B 15.1) u mapamneas 3 (kax o6bAcueno B 15.6) u opueHTUpYEM
UX TAK, 9TOOBI BHIIOJIHAJIOCH paBeHCTBO lk(a, J) = +1 u xpuswe
J u 8 6bumu conanpasiaensl (puc. 16.1).

J
AB

—_ _——

(6%
l Jl' V3

Pwnc. 16.1
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IIpu romeomopduaMe Kpaes, 3a4al0MeM IepecTPOUKY, Mepu-
OUaH ( IMEPEXONUT B KPUBYIO BUAA pa + ¢f, rge p u ¢ — B3a-
MMHO TIPOCTEHIE Heabie yucaa (cM. npegroxenue 14.1). Yucna p u
¢ He 3aBUCAT OT OPUEHTAIWNX y3J1a J, Tak Kak Npu OOpalleHun
OpHeHTAIuM y31a J MPOUCXONUT JWIIL OOpPAIleHUe OPUEHTAIIAN
MepUAnaHa o 1 ero 00pasa, a caMm 00pa3 KakK MHOXECTBO TOYEK
He uaMeHseTcsa (cM. puc. 16.2, Ha KOTOPOM U300paKeHa KPUBAs
a+ (3 nna obeux opuenTanun). Vtak, nis 3a1aHUA IEPECTPOUKH
cheprr S? mocTaTouno ykasaTh (HeOpUeHTHUpPOBAHHLIN) y3ea J u
ero ocHameHue r = p/q.

Puc. 16.2

B sToMm maparpadge mbr OyxeM 3aHUMATHCSI B OCHOBHOM IIEpe-
CTPOUKAMH IO 3ALEIUICHUAM, Y KOTOPHIX OCHAIIEHUA BCEX KOMIIO-
HEHT SBJIAITCA MEJLIMA 9uCIaMu. Takue mepecTpONKYU HA3LIBa-
0T YeA0UUCAEHHBIMU.

16.2. Teopema. Jlioboe Komnaxkmuoe O0pUEHMUPYEMOE
MPETMEPHOE MHO02000pa3UE O3 KPAs MONCHO TOAYUUMDb U3 ce-
por S® yeaouucaennoti nepecmpoiixoi.

Aoxasamespbcmso. Ira TeopeMa ABIAETCA epedOpMyIUpPOB-
KOU caencTBus 12.4, IOTOMY 9TO IepeKIenKa He3ay3IeHHOr'O IO~
HOTOPUA IO FOMEOMOPPU3MY, MEHSAIOMIEMY MECTaMU MaPaJLIeNN
¥ MEPWIVAHEL, ABIAETCSA NEPECTPONKOU MO TPUBUATBHOMY Y3y
¢ ocuamenreM (. Heckonbko mepexisieexk HeE3ay3I€HHBIX IIOJIHO-
TOpUU IO TAKUM FOMEOMOP(MU3MAM ABAACTCA MEPECTPOUKON IO
3aLEIVIEHIIO, BCE KOMIIOHEHTH KOTOPOI'O HE3ay3JIE€HEl U UX OCHA-
menus paBusr 0. [

16.3. IlepecTpouka mo JeHTe. llpw meIoInCICHHON me-
PECTPOUKE IO KOMIIOHEHTE J TaHHOT'O 3AIEIICHUA MEPUIUAH O
oTobpaxaercs B KpuByio K = pa + . JTa KpuBas coBepaeT
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POBHO OuH OGOPOT B HAMPABICHUN IAPALIEIN [, HOITOMY MO-
XKHO CIATATh, 9TO KpuBaa K u ysen J comampasienul. B Taxon
CUTyalluy Ha UX MOXHO HATAHYTb JeHTy (puc. 16.3).

Pwuc. 16.3

Takum 06pa3oM, LEJOUUCICHHYIO MEPECTPOUKY IO y3iay J ¢
OCHAILEHUEM " = P MOXHO 33,13Th C MOMOIIBIO0 3AMKHYTOU JE€HTEI
c xkpasmu J u K, rae

k(J,K) = Ik(J,pa + B) = p,

tak kak lk(J,3) = 0 mo onpegenenuo napawremu u lk(J,a) = 1.
Bonee Toro, HeT HEOOXOAMMOCTH PA3AMYATbL KPas JEHTHI, MO-
CKOIBKY

Ik(J, K) = Ik(K, J).

JlBa mpumepa 33 aHusA IEPECTPOEK 10 TPUWINCTHUKY C OCHAIIECHN-
avu ¢ = 3 u r = 1 DoCpeaCTBOM 3aMKHYTHIX JEHT U300DaKEHBL
Ha puc. 16.4.

16.4. OKBUBaJeHTHEIEe MepecTPOUKH. llepecTponkn
cheprr S® MO pasHLIM OCHAIEHHEIM 3AIETLICHAAM MOTYT NaBATh
04HO ¥ TO ke MHOroo6pasue. Hanpumep, Mu1 yxe Bugeau (npex-
aoxenve 14.5), 9To nepecTporKa Mo OKPYKXHOCTU C OCHAIIECHAEM
+1/n, n € N, ToxgecTBenna. Kpome TOro, mepecTponku Mo
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okpyxuOCTH ¢ ocHamerusavu 7 u (£n+7r"1)"1 rre n € N, sxeu-
BaleHTHHI (npegnoxenue 14.6).

Coepy S? MoxHO MOTYyInTH TPU CKJIelKe ToTHOTOpHA T (KO-
TOPOE MHEI PACCMATPUBAEM KaK E-OKPECTHOCTb OKPYXKHOCTH J) U
nonHoTOpUA Th MO rOMEOMOPGU3MY KPaeB, MEHAIIIEMY MECTa-
MU napaJuienu u Mepuauassl (puc. 16.5). Paspexem monnoropue
T5 no mepuguoHaIbHOMY aucky D u cuemaem CKpydwWBaHUE HA 1l
nOHEIX 060pOTOB. B pesyabrare ocHameHue 1 OKpyx)HOCTEH J
samenutcsa Ha (+n + r~1)~7!; 3max nmepex n 3aBucuT OT Hampa-
BJIEHUA CKpyuuBaHusa (puc. 16.6).

B Tom ciydae, xOrga mepecTpOMKa e1aeTCs He TOJBKO IO
OKPY2KHOCTH J, HO IO IIeJIOMY OCHAIIEHHOMY 3aLEILIEHNIO, O HOU
73 KOMIIOHEHT KOTOPOI'O CILYKUT OKPYKHOCTD o , OIMCAHHBIN BEI-
1mie roMeoMOpGhU3M YCTAHABINBAET DKBUBATEHTHOCTD IIEPECTPO-
ek, n300pakeHHBIX Ha puc. 16.7. IIpu sTOoM MEI mpeamonaraeM,
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YTO YUCIO T'y 00A3aTENBHO LIENI0E, a YUCIO 7' MOXeT OBITH pa-
MOHANBHEIM. VM3MeHeHre OCHAINEHUS Iy ONPEIeNIeTCA TEM, 9TO
KO2(PUIIMEHT 3alellIeHNs KPAaeB JEHTHI U3MEHAETCA, KaK JEr'KO
BUAeTh, Ha +1 (HANOMHUM, 9TO Kpas JEHTHI COHAIPABJIEHHI U
oOpalreHne UX OPUEHTAINY He BIUAeT Ha KOd(pPUIMEHT 3arlel-
aenus). Ecau Mub1 creraeM ckpyduBaHue Ha 11 060POTOB, TO OCHA~
IIeHUA 71 U T 3aMenaTca Ha T = (£n 4+ )" wrh = +n 41y

3
N

@...

T

i

1

(a) Pwuc. 16.7

3agaga 16.1. [loxkaxwure, 9TO

1 n n—1
QD" ~ 0,
T.C. HepeCTpOfIKH 10 yKaBa,HHbIM OCHAIIIEHHBEIM 3aleIVICHUAM da-

0T TOMEOMOPQHBIE MHOT'000Da3UI.

16.5. 3akpyuuBaHWE JEHTHI MOXHO MPEACTABATHL U APYTUM
Coco60M, KOTOpHI WHOTa ObiBaeT Gomee ymoben (puc. 16.8).
HamomMuUM, 9TO ¢ 3TUM Opeo6pa30oBaHUEM MEI YK€ BCTPEUATINCH

B §2 (TpIOK C peMHeMm).

e | s

b
Th

Puc. 16.8
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B wacTHOCTH, TO mpeacTaBIeHNE BECHbMa, YIOOHO B TOM CIy-
4ae, KOrja, CKBO3b AUCK D mpoxoauT He OLHA, & HECKOIBKO JEHT
(puc. 16.9). C moMoOIIBI BTOr0 PUCYHKA JErKO BEIACHATD, KAK
M3MEHAETCS OCHAIIEHVE Y3JI3, IPU CKPYYIUBAHUM BAOIbL IUCKA D
B TOM CJIy4ae, KOTJa y3ea mepecekaeT auck [ He B OgHOU, a B
HECKOJBKUX TOYKaX. Hac uaTepecyer KOa(p UIUEHT 3aLEIICHAS
OJHOI'O KPAas JEHTHI C IPYTUM KPAEM, I0TOMY MOXKHO CINTATH,
910 HA puc. 16.9 n306paKeHBI TOABKO IaCTH OTHON U TOU K€ JIEH-
Th1. [lyCTb $ 9aCTEN JEHTH UMEIOT OHO HATPABJICHUE, & t 9acTen
“MEIOT Apyroe HampasieHue. [las CKpydmBaHUA, N300PaAKEHHO-
ro Ha puc. 16.9(a), mepekpecTok, Ha KOTOPOM YaCTb HOJOCKA
[IPOXOAUT HAJ YACTBIO TOr'O XK€ HAIPABJIEHWs, 1aeT BkIal +1 B
KO UIMEHT 3aleIIeHnsa KPaeB, & NePeKPeCcTOK, Ha KOTOPOM
YaCTb MOJOCKY MPOXOAUT HAJ YACTHI0 IPOTUBOIOIOKHOIO HA-
npapaenus, gaeT Bkaag —1. [Ias ckpyunBaHus, n300paKEHHO O
Ha puc. 16.9 (b), Takue Bxrage pasasl —1 1 +1 COOTBETCTBEHHO.
IosTomy B cayuae (a) monydaem

rh=ro+ 82 +t2 —st—ts=ra+ (s — 1) = ry +1K*(K, J),
rae K — yseir, COOTBETCTBYIOMMEI PACCMATPUBAEMOU JIEHTE, &

J = 8D. B cayuae (6) moxyuaem ry = ry — k*(K,J). Ilpu
CKPYYMBAHUYU HA £N DOTHBIX 000POTOB IOIYYIAEM

ry = ﬁl/n rh =ry + nlk?(J, K).
s /L\Il (K
T | = =~ ] | J | el ol
71 # " 71 ;
Sy gy gnllt gy
(a) (b)

Pwuc. 16.9
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3agada 16.2. a) [lokaxuTe, 9TO MEPECTPOUKY 110 OCHAIIEH-

HEIM 3aleIIeHUAM, n300pakeHHbeIM Ha puc. 16.10, sxBuBageHT-
HHI.

Pwuc. 16.10

6) TokaxuTe, YTO MEPECTPOUKY TI0 OCHAIIEHHEIM 3aIleTLICHY-
sIM, n300pakeHHLIM Ha puc. 16.11, oxBUBaJIEHTHEI.

n—4
n

- b
GO~ K

Puc. 16.11

§17. CHoOBa JUH3BI

17.1. B sToMm naparpade MbI paCCMOTPUM HEKOTOPEIE CIIOCO-
6wt npeacTasnenna aue3 L(p, ¢) mocpencTBOM nepecTpoek cheprr
3
S® no ocnamennrm 3anemnennam. Hamomumm, aro auasa L(p, q)
MOy aeTCs TP TiepecTporke chepsbl S° Mo OKPYKHOCTHU € OCHA-

IIeHUeM p/q.

17.2. IIpeanoxenme. Ilycmv m,n € N. Tozda

moon = L(mn —1,m) = L(mn — 1,n).
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Joxasameavcmeo. Cpenaem cHadIana CKpyImBaHUE HA ¢ 060-
POTOB BIOIL OKPYKHOCTH C OCHAITICHUEM 17, & 3ATE€M CKDYIUBa-
HEE Ha s 0G0POTOB BIOJb OKPYXKHOCTH C OCHAIIEHWEM 7i. B pe-
3yJbTaTe OCHAILEHUS 1 U 1 3aMeHATCs cHavana Ha 1/(t+ 1/m)
u t+ n, a 3aTeM Ha

1 1
S+t+1/m " s+1/(t+n)’

COOTBETCTBEHHO. UTOOBI yHUYTOXUTE OMHY U3 OKPYKHOCTEH, €€
OCHAINIEHNE HYXHO CIeJaTh PABHEIM O0. JTOrO MOXHO JOOUTH-
csa, momoxuB § = —1 ut = 1 —n. B pesyabrare ocraroimascs
Opr)KHOCTB HOJIy‘II/IT OCHAIIICHUE

14 1 . mn-—1
l—-n+1/m m-—mn+1

Taxum 006pa3oM, pacCMATPUBAaEMas IIEPEeCTPOMKA TaeT MHOTO-
obpasue L(mn — 1,m — mn + 1), xoropoe coBnanaet ¢ L(mn —
1,m), mockonsky m — mn + 1 =m mod (mn —1). O

17.3. IIpemnoxenwme. ITycmov ay,...,0, € Z u an+1 € Q.

Toz2da @ @Q = L(p,q),

a1 az Qp An41

2de p/q 3adaemca wenpepviekoti dpobvio

P 1

- =a — . 17.1

il N (17.1)
as —

Joxazameavcmeo. CreraeM CHAYANa CKPyIMBAaHWE HA t =
—(an + 1) 060pPOTOB BAOIL OKPYXHOCTA C OCHAIECHUEM (i1 -
B pesysibTaTe OCHAIMEHUA OKPYXRHOCTEN ¢ HOMepamu 1w 1 (n + 1)
CTaHyT PABHBI

1
—Qp — 1+1/an+17

! ! —
a,=—-1 m a,; =
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Puc. 17.1

COOTBETCTBEHHO; OCHAIIICHUA OCTAJBHBIX Opr}KHOCTeﬁ HE N3Me-

HATCA.
Teneps MOXHO YHUITOXWUTL OKPYXKHOCTL C HOMEPOM 71, ClIe-

JIAB CKPYYUBAHUE BAOJb Hee Ha ofuH 060poT (puc. 17.1).
Hosbie ocHamenus nocae 5Toro Oy IyT TAKMMU:

!
A, =1+ an_1,

1
! =1 ! =1 =
1£0% + a4 + —a, — 1+ 1/an+1 14 1

Ay —

1

Gn+1

(HoBas OKpYXHOCTH C HOMEPOM 7T, TIOLYYAETCA U3 CTAPOU OKPY K-
HOCTH ¢ HOMepOM 1 + 1.)

3aTeM aHAJIOrWYHBIMU CKPYYMBAHUAMU BOJIb IOCJACAHEN U
IpeAnOCIe HeN OKPYKHOCTEN MOXHO YHUYTOXUTEH OKPYKHOCTH
¢ HomepoMm 1 — 1. B pesyabrare nomryuuM OCHAIIEHUS

" _ " _
Op_o =1+apn_2, a,_;= 1

Ap41
IIpogomkas qeNCTBOBATHL TAKUM K€ 00Pa30M, MOXKHO YHUITO-
XKUTH BCE OKPYKHOCTH, KpoMe OqHon. OCTaBIIAsACA OKPYKHOCTh
OyzeT MMeTL OCHAIIEHUE

1+
a; —

ag — ——
as+...
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Ho sTa nenpepriBHas npobb paeHa 1/(1+ 1/r), rge r — Tpe-
6yemoe ocuammenue (cM. 17.1). Ocraercsa 3aMeTUTh, 9TO CKPYIu-
BaHUE HA OJUH OOGOPOT YCTAHABINBAET JKBUBAJEHTHOCTH IIEPE-
CTPOEK IO OKPYKHOCTH ¢ ocHamenusmu r u 1/(1+1/r). O

§18. I'omouiormieckue cgepsnl

18.1. B »Tom maparpade OymeT mpeacTaBICHA 3HAMEHUTAS
chepa Ilyankape, xkOTOpas ChIIpata BaXHYI POJb B Da3BU-
T AIredbpamdecKOn TOMmOJOruu. PaspaboTaHHAA TEXHUKA IIe-
PECTPOEK TO3BOJAET C PA3HBIX TOYEK 3PEHUS BIIVIAHYTH HA IIO-
JyJaeMBle B PE3yJAbTaTe mepecTpoek MHOroobpasms. Kakx mbr
yBuauMm, cdepa Ilyankape nossiaseTcs BO MHOIMX KPACUBBIX 00-
JINKAX, B KOTOPHIX yYAaCTBYIOT 3HAKOMEIE HAM OOBEKTHI: TPU-
JMUCTHUKU, 3AlETUICHNE YauTxena, Koabia BoppoMeo, a Takxke
OMHAPHASA MKOCADAPAIbHAL I'PYNIa U auarpamma, [uiHkuHa A1
anrebper Jlu Eg.

18.2. KommakTHOE TpexMepHOe MHOrooGpasue (6e3 Kpas)
M? masmBaloT eomoqo2uveckoli cfepoli, ecmu ero GpyHIAMEH-
TambHas rpymma 7 = 71 (M?) coBmagaeTr co cBOMM KOMMYTaH-
TOM

7, = {aba"*b"*|a,b € m }.

PasencTso 7] = 71 03HaYaeT, 9TO HPAKTOPrPYNIIa 71 /7] COCTOUT
JIAIIb U3 eIUHIYIHOO DJIEMEHTA.

MOoXHO J0Ka3aTh, YTO y JHOOOU TOMOJIOTUIECKOU Chephl TPy~
OBl TOMOJOTHH Takue ke, Kak y cdepsl S3. OTmeruM Takxe
6e3 IOKAa3aTeILCTBA, UTO IepecTpoika S° mo mo6oMy yary
ocuamenueMm +1 gaer romonorumdeckyio chepy. Ilosromy meyam-
BUTEIBHO, YTO CYLIECTBYET OECKOHEYHO MHOI'O TOMOJOTUYIECKU
PA3IMYHBIX TOMOJOTMYECKUX CPepP, XOTA U MEPECTPOUKH IO Pa3-
HBIM y3JaM C OCHameHueM +1 MOryT gaBaTh OOHY U TY XK€ I'O-
MOJIOTHIECKYIO0 cdepy.

Cpenu pasamdHBIX TOMOJOTUIECKUX Chep HaudoIee 3HAMEHM-
Ta romosoruyeckas chepa Ilyankape, dyHgaMeHTaIbHAA TPYIIIA
KOTOPOU KOHe4YHAa. llyaHkape CHAYANa BHICKA3AJT MPEANOJ0kKe-
HEe, uTO Mobag ToMoJormueckan chepa romeomopdua S3. Ho
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BCKOPE OH CaM IOCTPOII KOHTPIPUMED U BOCIOIL30BAICA DYH-
NAMEHTATBHOU IPYNHON* I [0KA3aTeIbCTBA TOr0, ITO MOCTPO-
€HHOEe MM MHOroo0pasue He OymeT HacTosmen chepou. 3aTeMm
Ilyanxape BBICKa3aJ MPEANONOXKEHWE, UTO JM000E KOMIIAKTHOE
OpPHEHTUPYEMO€e TpexMepHOe MHOrooOpa3ue 6e3 Kpas, IMelolee
TPUBHAIBHYIO MPYHIAMEHTAILHYIO I'DYIILy, TOMEOMOP®HO cdepe
S3 (eunomesa Iyawxape). DTa TUIOTE3a — CaMas 3HAMEHUTAA
HEPEMIEHHAA NPO0IEMA TPEXMEPHOU TOMOIOTWN.

18.3. MHOroo6pasue, MoJly9€HHOE B PE3YJIbTATE IIePEeCTPOu-
ku chepsl S° 1m0 mpaBOMy TPUIMCTHHKY ¢ OCHaImeHmeM 1
(pmc. 18.1(a)) HasEBAIOT 20MOa02UuecKol cPepott [Tyankape min
npocro chepod Ilyanxape.

1 -1

Puc. 18.1

JIerko mpoBepuTh, YTO IPU CUMMETPUYN OTHOCUTEIBHO JH0001
IUIOCKOCTY OCHAINEHNE y3/1a MeHseT 3Hak (cM. puc. 18.2). IToato-
My chepy Ilyankape MOXHO TaKkXke MOIYIUThH MEPECTPOUKOU IO
JIEBOMY TPWIMCTHEKY ¢ ocHamenueMm —1 (puc. 18.1 (b)).

K‘\/\'J K/ /J

Pnc. 18.2

Boraucnenve dgyngavenTansuon rpynmsl chepwr [lyamkape
MBI HQYHEM C TOr'O, YTO HAIIOMHUM, KAK BBIYUCIACTCS T'PYyINa

* Ilyankape fal onpefenenue ¢pyH aMEHTAILHON TPYIILEL B CBOEH OCHOBO-
nosaratomen pabore Analysis situs, 1895, a KOHTpIPUMED OCTPOEH B IATOM
nononuenuu kK Analysis situs, 1904.
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m1(S® \ K), rne K — Tpumctaux. Bygem cumratsh, 9TO OT-
meuennas Touka O Geckomedno ygaremnas, T.e. S° = OJR®.
JIo6yro TeTi0, BEIXOAANY0 uX TOUYku (), MOXKHO TPEICTABATH
B BUje KOMIIO3ULUY TIETEIb T, y U z (puc. 18.3) u o6paTHBIX K
HUM.

Puc. 18.3

Nubivm criosamu, 3tu et nopox gaoot rpymry 71 (5% \ K).
IlepexpecTku guarpaMMbl y3Ja OIPEIEeNsiOT COOTHOIIEHUS MeX-
oy obpasyroumvu. Hanpumep, nepekpecTok pacroiIoKeHHBIN Ha,
puc. 18.3 BHYTpY MyHKTUPHOU OKPYXKHOCTU U TIPEICTABICHHEINA
OT/eNbHO Ha puc. 18.4, 1aeT HAM COOTHONIEHHE z = YT !, T.e.

zz = zy (cM. puc. 18.4 (b)).

¥ I N l
[ tJ

Puc. 18.4

l I\

Yy (b)

AnmanormasbiM 06pa3oM 1Ba IPYTUX MEPEKPECTKA, AT COOT-
HOIIEeHWs XYy = Yz u yz = zx. IllosTomy

m(S?\ K) = {z,y,2; oy = yz = zz}.



166 I'mABA VI. IIEPECTPOMKMA TPEXMEPHBIX MHOT'OOBPA3UA

Tax Kax z = zyx !

raa IIOJyYIUM

, TO OOPA3YIOIIYI0 2 MOXHO UCKIIOYATh. 10-

m(S*\ K) = {z,y; zyz = yzy}.

L

Pwuc. 18.5

Iocae mepecTporku chepsl S° Mo IPaBOMY TPIINCTHUKY C
ocuamenneMm 1 Ha xpusyio J (puc. 18.5(a)) Oyger HATAHYT Me-
PUIVOHAMLHEIM AMCK TOJHOTOPUA. IlopTOMY (yHIaMEHTAILHAA
rpynma cheprr [lyankape monygaerca ua w1 (S3\ K) nobasrenuem
coorrommenus J = 1. Jlerko nposeputs (cm. puc. 18.5 (b)), uro
J = 27 2yxz = o 2yx?yx~!. Taxkum 06pa3om, GyHIAMEHTATLHAL
rpynmna cdepur [lyankape naomopdua rpymme

I* = {z,y; ayz = yay, yz’y = °}.

3agaga 18.1. Jokaxure, 94T0o rpynna I* coBmamgaeT co CBO-
uM KoMMyTaaToM I*.

3agada 18.2. Iloasoxwum a = x, b = xy. Jokaxwure, 94T0

I* =2 {a,b; a® = b = (ba)?}.

3ameuwanue. Iycrs I C SO(3) — rpynma COGCTBEHHBIX Ca-
MOCOBMEIIIEHUN UKOCadaApa. MOXHO JOKasaTb, 4To rpymma [*
u3oMopdHaA npoobpady I npu aByauctHOM Hakpoituu SU(2) —
SO(3). Mo sTou npuuaune rpynmy [* HABEIBAIOT 6UKAPHOT UKO-
caadpasvrnoti 2pynnoi.
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18.4. Cdepy Ilyankape MOXHO MOMYyYIUTH MEPECTPOUKOU HE
TOJBKO 110 TPUIUCTHUKY, HO U TI0 MHOTMM IPYTUM OCHAIEHHEIM
sanemeHuaM. Mul onuimeM HEKOTOpLIE HAauOOMEe UHTEPECHBIE
TMPUMEPH TAKUX OCHAINEHHLIX 3aIleTLICHUN.

IIpex e BCero sameTuM, 9TO K PACCMATPUBAEMOMY TPUIACT-
HUKY MOXHO MOGABUTH OKPYXKHOCTH C OCHAIEHUEM OO, IMTOCKOIb-
Ky IEPECTPOUKA [0 OKPYKHOCTH C TAKUIM OCHAINEHWEM TOX[Ie-
creenHa (cm. 14.2). Hac GyayT urTepecoBaTs ABa ciocoba 5o6a-
BJIeHUA Takou OKpyxuHOCTH (puc. 18.6). OHu oTimyaarTca Tewm,
YTO B OJHOM CIy4ae KOD(PQPUIMEHT 3aIEMIeHNs OKPYKHOCTU U
TpUINCTHUKA paBeH 0, a B IpyroM ciIydae OH paBeH +2.

Puc. 18.6

CprenaB ckpy4uBaHUE BIOJIbL TOOABIEHHOU OKPYXKHOCTH, TPU-
JMCTHUK MOXKHO Da3Ba3arh. [Ipu 5ToM B caydae (a) HyXKHO cae-
aatk +1 o6opor, a B cayvae (b) myxuo cgenars —1 o6opor. Ha-
nomuuM (cM. 16.4), 9T0 ecau 9ucao 060POTOB PABHO 71, TO OCHA-
IIeHNe OKPYKXHOCTY CTAHOBUTCA PABHEIM 1/n, a ocHaIeHue GLIB-
1Iero TPUINCTHUKA CTAHOBUTCS PABHBIM 1 +nlk2, rae lk — xoad-
(PULMEHT 3aLEIUIeHNA OKPYKHOCTHU U TpuiucTHUKA (puc. 18.6). B
caMOM Jiefle, B HAIIEM CIy4ae 7y = 00 U Ty = 1, moaTomy 7] = 1/n
ury =1+ nlk?. B pesyabraTe, IOCIE PA3BA3LIBAHUA TPUIACT-
HUKA, IOIYy9IUM [ABa OCHAIIEHHBIX 3ALIEILIEHNs, N300PAKEHHEIX Ha,
puc. 18.7.

Sauemienue, n300paxkeHHOe Ha puc. 18.7 (a), aBasercs 3auen-
aenvem Yaurxena (cm. 1.1 u puc. 1.15). Taxum o6pasom, Ml
IOKa3aIu CAeIyIoNee yTBEPXK JeHNe.
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-3
1 m
_ ab
&
(a) 1 (b)
Puc. 18.7
18.5. IIpeatoxenue. a) Ilepecmpotiva cheprr S® no

ocHawenHoMYy 3auendenulo  Yaimaeda, U300PAHCEHHOMY HG
puc. 18.7 (a), daem cepy IMyanxape.

6) ITepecmpoiixa cepur S® no ocnawennomy 3ayensenuro,
uzobparcennomy na puc. 18.7(b), momwce daem cepy ITyanxa-
pe.

18.6. 3anmemeHme YauTxena CAMMETPUYHO B TOM CMBICTE,
YTO CyIIECTBYeT W30TONWS, MEHSIOMAsS MECTaMU €ro KOMIIO-
menTel. Ha pumc. 18.8 m3006pakeHBI pPA3IWYHBIE IUATPAMMEL
3aUereHns yanrxena (Iepexoasl MeX1y COCEIHUMHU AUATDAM-
MaM¥ BBINOJHAIOTCS JOCTATOYHO IIPOCTO; BCIOMHUTE TAKXKe
puc. 1.15). 3amemueHune, COOTBETCTBYIOIIEE BHIIEJICHHOU IUA-
rpamme (d), umeeT 0Cb CUMMETpUU.

BT

(b) (d)

(AD) A ﬁ

Puc. 18.8

/

3anemienue YanuTxena IPUBOAUT K JBYM MHTEPECHBIM CIIOCO-
6am 3aaanusa chepsl Ilyankape ¢ TOMOIIBIO TEPECTPOEK MO OCHA-
WIEHHBIM 3alEeIUIEHUAM, UMEOIIUM OCU CUMMETPUM MOPAIKA 3 U
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5 COOTBETCTBEHHO. YYUTHIBAA, YTO CAMO 3alEIUICHUE YaUTXena
“MeeT OChb CHMMETPUM HOPSIKa 2, moiay4daeMm, 4to chepa Ilyan-
Kape “MeeT OCH CUMMETDPUM MOPSAIKOB 2, 3 u 5. ITO CBA3AHO C
TeM, 4TOo cepy Ilyankape MOXHO MOy INTH, OTOX JECTBUB OIIPEe-
IEJEHHBIM 00pa30oM TOYKYU T'PAaHEN NOMEKAdAPa, KOTOPHIA UMEeT
ocu cuMmeTpuu mopsaaka 2, 3 u 5 (puc. 18.9).

Puc. 18.9

18.7. Ipennoxenne. Ilepecmpoiixa cPepvr S° no xoavyam
Boppowmeo ¢ ocnawernuem 1 (puc. 18.10) daem cepy Myanxape.

1

VaY

Pwnc. 18.10

Hoxazameavcmeo. IlepopMupyeM CHAYANI H3OTOMUIECKU
koublla, Boppomeo, kak 3To mokasaHo Ha puc. 18.11 (a)—(b) Te-
epb MOXHO CAeJIaTh CKPYYINBAHUE I YHUYITOXUTH OAHY U3 OKPY-
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XKHOCTen. B pesyibrare momydmM sareruieHue, M300paKeHHOe
Ha puc. 18.11 (¢). OcrHamenus AByX OCTABIINXCA KOMIIOHEHT IIPU
DTOM He U3MEHSIOTCA, MOCKOIbKY OKPYXKHOCTH B Koablax Bop-
POMeO MONAPHO He 3allellieH . 110cae N30 TOMMY Oy UM 3aI[en-
Jenue, usobpaxennoe ua puc. 18.11(d). Ono coenagaer c 3amermn-
JaeHueM, u3obpaxenuoiM Ha puc. 18.8(b). Ho sTo To xe camoe
3allelVIeHne, 9TO U Ha puc. 18.7 (a), mpudeM OCHAIIEHUA KOMIIO-
HEHT y HEro TOXKE Te Xe caMble. A MBI yXe BUJEIN, 9TO Tepe-
CTPOVKA IO MOCJAEAHEMY OCHAIIEHHOMY 3ALEILIEHUIO JAeT chepy
IIyankape. O

18.8. Ilpeanoxenne. Ilepecmpotixa no namu 3aUuenaeHHbIM
OKPYHCHOCTNAM C OCHawenuasmy 1, uzobpasxcennvim na puc. 18.12,
daem cepy Iyanxape.

1

1 ) 1
2\

Puc. 18.12

Hoxazameabcmeo. YHUUTOXUM CHAYAIa CAMYI0 BEPXHIOIO
OKPYXKHOCTb. [IJIs1 TOr0 HyXHO CAEIaTh CKPYIYNBAHUE BAOJIb HEE
Ha —1 o6opor. UT0oO6HI JIerYe GLLIO MOHATH, KAK 9TO CKPYYIUBa-
HUE JIEeUCTBYET HA OKPYXKHOCTH, 3AIEIUIEHHLIE C YHUYITOXAEMOU
OKDYKHOCTBIO, HAPUCYEM MX TaK, KAK IIOKA3aHO Ha puc. 18.13(a).

SR A
N

Pwnc. 18.13
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Iocne ckpyumBaHMa 5TH OKPYKHOCTH OyAyT BALEIIEHE TaK,
Kak mokasaHo Ha puc. 18.13(b). Kospduument sanenienus xa-
KIOU M3 DTUX OKPYKHOCTEN € YHUITOXKAEMOU OKPYKHOCTHIO
paBen *1, mosToMy mx ocHamenus craHyT pasBHb (0. B pe-
3yJAbTATE MOIYIaeM OCHAIIECHHOE 3aleILIeHNe, N300PAXKEHHOE Ha,
puc. 18.13(c).

YHUYTOXMM Tenepb OJHY U3 OKPYXKHOCTEH C OCHAIEHUEM
1, manpumep, geByoo. B pesyabrare moIydmM OCHAINEHHOE 3a-
nemienue, u3o6paxenHoe Ha puc. 18.14(a). Yrmaroxwm, Ha-
KOHEIl, OKPYXHOCTb ¢ ocHameruem —1 (puc. 18.14 (b)). Ioxy-
YEHHOE B PE3yJbTATE OCHAINEHHOE 3alleIUVIEHNe M300DaKEHO Ha,
puc. 18.14(c); ero moxHO Takxke HauTH Ha puc. 18.8 (c) cpeam
Pa3IMYHLIX MOAM(UKALINY 3ALEIVICHUA YauTxena. lemepb Tpe-
OyeMoe yTBepXKIeHue caefyeT u3 nmpemioxenus 18.5. [

-1 o I 0 1
(a) @ (b) 0\> 1

(c)
Puc. 18.14

18.9. [as caengyromero mpumepa npeacrasienus cdepsr Ily-
aHKape MOCPEeACTBOM NEPEeCTPOEK HaM HOHAZoOuTcs crocod 3a-
OAHWA BAUEIVIEHMI CIENUAJBHOrO BHAA C MOMOIBIO rpados.
OTOT CrIOCO6 NPUrOEH JUIIL B TOM CIy4ae, KOrAa 3aLeIeHne
COCTOUT U3 N He3ay3JIeHHhIX KOMHOHeHT, KaxXbl€ NBE U3 KOTO-
pBIX JU60 He 3alleTIeHbl, Tu00 3AIEILUIEHE TPOCTEUIIIM 00pa3oM
(xak xoMmoHeHTH 3anerenus Xomda). TakoMy 3anennienuo Mel
comocTaBuM r'pad ¢ n BepIIMHAME CIEAYIOMIM 00pa3oM: coeu-
HUM BEpUIMHBI C HOMepaM” ¢ U j peOpOM, eCIu KOMIIOHEHTHI C
HOMEpaMU | U j 3alelieHsl. Ecan monydeHHu rpad OyaeT ae-
peBoM (T.e. OH CTATMBAEM, WM, UHEIMUA CIOBAMU, HE COAEPIKUAT
LUKJIOB), TO, KAK JErKO BUAETH, 3aLEILICHUE OJHO3HAIHO BOC-
CTaHABINBAETCA IO dTOMY rpady. UTo0bl 3a1aTh OCHAIIEHU,
MOXKHO PAJOM C KaxKJOU BEPIIMHOU Tpada HAMKUCATL OCHAIICHUE
COOTBETCTBYIOIIEN KOMIIOHEHTHI 3AIIEILICHI.
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18.10. IIpepnoxenmne. Ilepecmpotixa no ocHaWEHHOMY 30~
yenaenwio, coomeemcmeyrowemy epady E ¢ ochawenuAMY —2
(puc. 18.15), daem cdepy Iyanxape. (I'pad Es asasemca dua-
epammoti Joiwkuna cucmemvbl Koprel npocmoti aszebpur Jlu Eg.)

Pwnc. 18.15

foxazameavemso. Cuemaem ckpyuuBanus Ha +1 060poT
BJIOJIb TPEX KPAVHUX OKPYKHOCTEN: TIEPBOU CIIPABA, IIEPBOU CJIe-
Ba U HIDKHEW. B pe3yabTaTe MOLydYMM OCHAINEHHOE 3ALEILICHIE,
COOTBETCTByIOIEe Tpady, u30OpaxkeHHOMy Ha puc. 18.16(a).
IocregoBaTeapHO yHUYTOXAA OKPYXKHOCTU C OCHAmleHmeM —1,
3a TPU LIara noxyyduM rpad, n306paxeHHsm Ha puc. 18.16 (d).

2 -1 -2-2-1-12 3 -1-20 3

(a) ) 12 ~7 (b 12 )
5 1 3 4 -10 3 4)
(d) I_2 — Iz (c)
Puc. 18.16

CooTBeTCTByIOIEE  BaIEILICHWE MPEICTABICHO HA, PHC.
18.17(a). YHHYTOXUB OKPYyXHOCTH C OCHAIIEHWEM 1, TOLy<IuM
3anerienue, n3obpaxkennoe Ha puc. 18.17 (b). Omo uzoronHo 3a-
Herenuno, n3obpaxennomy Ha puc. 18.17(c). Cuosa yuuuTO-
JKUB OKPYXKHOCTL C OCHAIIeHWeM 1, MOMYyYIuM 3aIlelIeHue, U30-
Opaxennoe Ha puc. 18.17 (d). OHO ©30TONHO 3aUenIeHuIM, U30-
OpaxenueiM Ha puc. 18.17(e) u (f). Ho mocregnee saumerenue
MOXKHO TIOIY9IUTh 3€PKAIBHON CUMMETPUEN U TMOCIEAYIOMIUAM 13-
MeHEeHUeM 3HAKOB OCHAIEHUN U3 3aIlCTUICHUS, yKe PACCMOTPEH-
HOTO HAMU paHee (& WMEHHO, 3aIeTUICHUA, N300PAKEHHOTO Ha,
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Puc. 18.17

puc. 18.7(b)). IlosTomy TpeGyemoe yTBEpXKACHWE CICAYET U3
npemiaoxenus 18.5. O

18.11. [Ipyrou mpuMep romMoJorudeckou chepnl. Kak
MuI Bujgenu, chepa Ilyankape momydaercs mpu nepecTpouKe mo
MPaBOMY TPWIACTHUKY C ocHamenueMm +1. Ecan xe Mul cnemaem
NEPEeCTPOUKY IO TOMY K€ CAMOMY y3.y, HO C OCHameHuem —1,
TO B PE3YJIBTATE IOLYIMM APYrOe MHOr000pasue (Mbl 0003HAMMM
ero M?), xoTopoe Toxe 6yIeT TOMOJIOTEIeCKOM Chepoi.

3apgaga 18.3. [loxaxwure, 94TO

m(M?) = {z,y; ayz = yzy, yz°y = 2°}
={a,b; a" = b* = (ba)?}.

3agaua 18.4. [Joxaxure, uTo M3 — romomorudeckas cde-
pa.

3amevanue 1. Moxno gokaszats, uTo rpymma m(M3) Gecko-
HevHa, a rpynna I* cogepxur posHo 120 sxemenTos. IlosTomy
M3 — me chepa Ilyankape.

3amevanue 2. Muoroobpasme M3 MOXHO MOTYyIHTH TaKKe
MEPECTPOUKON MO JEBOMY TPWIMCTHUKY ¢ ocHamenweM —1. Bo-
Jlee MHTEpPecHo, 910 M3 MOXKHO TONTYyYUTH ¥ MEPeCTPOMKON Mo
Y37y BOCbMEpKa, ¢ ocHameHreM +1 (3TOT y3er u3oToneH cBoemy



174 I'mABA VI. IIEPECTPOMKMA TPEXMEPHBIX MHOT'OOBPA3UA

3epKaIbHOMY 06pa3y, IOITOMY HEPECTPOUKM IO HEMY C OCHAIIE-
HuaMu +1 u —1 ngamoT 0fHO u TO Xe MHOroo6Gpasue). UTo6ni
JOKa3aTh 3TO, MBI BOCIOIB3YEMCA TEeM, UTO 3allellIeHne, n300pa-
JKeHHOe Ha puc. 18.8, CMMMeTPUYHO B TOM CMEICTE, YTO AIA He-
I'0 CYLIeCTBYeT M30TOIM, MEHAIOIAA MECTAME €r'0 KOMIIOHEHTHL.
Ho Ha 3TOT pa3 MBI CHa0AMM KOMIIOHEHTHI 3AlICINICHUA DA3HEI-
Mu ocHameHuaMY (puc. 18.18). YHUYTOXUB KOMIIOHEHTY C OCHa-
meHreM —1, MOTy4YUM BOCBMEDPKY, & YHUYTOXWUB KOMIIOHEHTY C
ocHamenueM + 1, noTyYuM JE€BBIU TPUIMCTHUK. []

+1

&)

2
OO

6

D &

Q

Puc. 18.18

§19. Ucuucaenne Kupbn

Ucuncnenne Kupbu — 5T0 Kak pas TO, 9eM MBI 33HUMAINACH
B IByX MIPENLIIYIUX maparpadax: pasindHbie Tpeobpa3oBaHusd
OCHAIIICHHBIX BaHeHJIeHI/IIL;I, IIPU KOTOPBIX HE U3MEHAKTCA MHOI'O-
00pa3us, MoJydaeMEIe B Pe3yIbTaTe MEePECTPOUKY 110 3TUM OCHA-
IMIECHHBIM 3alleIICHUAM. MI:I BU AN, YTO OABA BAXKHBIX KJaacCCa
MHOT'0O00pa3ull — JWH3LI U TOMOJOIMYECKUe CPepsl — IOmyc-
KAIOT BECbMA DPAa3HOOOPA3HEIE [IPENCTABICHUs OCHAIEHHEIMU 3a-
nensteHuamu. Cemdac HAIIa, OCHOBHAA IEJIb 3aKII0UAETCA B Oosee
CUCTEMATUYECKOM OMUCAHUY MPEOOPA3OBAHUN OCHALIEHHEIX 3a-
HeHJIeHI/II‘;I, IpU KOTOPHBIX HE M3MEHAKTCA NPEeNCTaBJICHHBIE UMN
MHOT000pa3usi.
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19.1. IlepBoe npeo6pasoBanue Kup6u. Jo6asum kx nan-
HOMY OCHameHHOMY 3areriernio L C S° meaayarenHyio okpyx-
HOCTB C OCHAIIeHNeM +1, He 3alIeIUIEHHYIO ¢ OCTAJIBHEIMU KOMIIO-
HeHTaMy 3auemieHusa L (T.e. 3Ty OKpyXHOCTb MOXHO OTEIATh
or L chepor S?, mroxennonn B S®). ITo mpeobpazopaHme He
I3MEHAET Pe3yAbTUpYIomee MHOrooOpasme, Tak KaK MPHU IIepe-
crpoiike S® 10 He3AY3IEHHON OKPYXHOCTH ¢ ocHamenueM +1 (u
naxe ¢ ocramenuem +1/n) caosa norygaercsa S° (mpemproxenue
14.5). Taxyo onepaimio q06aBaeHUA (WM yHUITOXKEHNA) OKPY K-
HOCTHU C OCHaIeHueM +1 HA3EIBAIOT NEPsbiM NMPEoOPA30BaAHUEM
Kup6u (puc. 19.1).

1
L;‘ZLUQ

Puc. 19.1

19.2. Bropoe npeo6pasoBanue Kup6u. 1o npeotpazo-
BaHMe yCTPOEHO 6ojee 3aMBbICJIOBATO, YEM IPEALIAYINee, HO ero
[IPOUCXOX IEHVE TOXKE BIIOJHE eCTeCTBEHHO. MEI HaYHEM C TOrO,
4T0 OOBSICHUM, OTKYJa OHO BO3HUKAET.

HamoMuuM, Kax IpOU3BOAUTCA MEPECTPOUKA IO IEIOUUCISH-
Homy 3anemnenuio. Ocuamenune komnouenThl K 3amernenus L
3aa€TCS 3AMKHYTOU KPUBOU J, JeXaImen Ha, Kpaio TPpyOuaTou
okpecraoctu kpuson K. (Ilpu srom kpuswe J u K obpasywor
IBa Kpas JEHTHI, KOTOPYI0 TOXE MOXHO HCIOIb30BATH [N 3a-
OaHUA OCHaneHus.) IlepecTpouka 3aKI0YaeTCA B TOM, YTO ML
BEIPE33aeM TPYGUATYI0O OKPECTHOCTL KpuBOU K, a 3aTeM BKIen-
BaeM ee CHOBA II0 IOMEOMOpP(U3MY KpAeB, MEPEBOAAIIEMY MeEpPU-
IuaH nonHoTopus B kpusyio J (puc. 19.2(a)). Ilocre Takon me-
pPecTponKy Ha KpUBYIO J OyAeT HATAHYT MEPUIAOHAILHEIN TUCK
(puc. 19.2 (b)).

Pwnc. 19.2
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ITO O3HAYAET, YTO B MHOrOoOOpasmm M3, momydenHOM TIp;
mepecTpouke mo KoMmnoHenTe K, nis ao60u APyrou KOMIIOHEH-
T C' TaHHOT'O OCHAIIEHHOT'O 3ALEILTEHUS, UAYIIEN MapaJlIeib-
Ho J (puc. 19.3(a)), cymecTByeT m3oTomua (IPOTACKUBAHUE TIO
MEpUIMOHAIBLHOMY [UCKY), TepeBonsmas ee B monoxenue C'
(puc. 19.3(b)). Oamaxo B ucxoaHOM MHOrOOOpasuu S° kommo-
nents C u C' He 063aTETBHO UBOTONHEL, TOTOMY 4TO B S \ K
Ha KpUBYIO J He BCer[ja MOXHO HATAHYTH HECAMOTIEPECEKAIOIIY-
CS UCK.

Puc. 19.3

B ucxoqHOM MHOT006pasuu S° mpeo6pa3oBaHme KOMIOHEHTEI
C' ¢ 33JaHHBIM OCHAIIEHVEM B OCHAIIEHHYIO KOMIoHeHTY C’ y1n06-
HO OIIMCHIBATH HA s3bIKe JeHT. Ilycts Ry — senTa ¢ kpasmu J u
K, a Ry — seHTa, COOTBETCTBYIOMIAA OCHAIIEHHON KOMIIOHEHTE
C. PaccMOTpuM CHAYATA CIydUal, Koraa JeHTel By u Ry B S3 He
sagerwiensl (puc. 19.4(a)). ycts menter Ry u Ry 3axpyveHs HA
u k 060pOTOB COOTBETCTBEHHO. PaccmoTpum Jenty R), koTopas
coBmajgaetT ¢ Ry 3a uckmodenueM vactu P, uaymen BIOIbL J€HTH
Ry, ocTaBasch BCe BpeMs el MapaLIeIbHON, 33 CIET Yero JEeHTA
R, coBepiaeT n JOMOJTHUTEILHEIX 060POTOB MO CPABHEHUIO ¢ Ry
(puc. 19.4 (b)).
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Mer yTBepx)gaeM, 9TO MEPECTPOUKY II0 OCHAIIEHHLIM 3aIlem-
aerusaM {R1, Ro} u {R1, Ry} RaroT 0fHO ¥ TO ke MHOrOOOpasue.
Yro6L1 [OKA3ATHL 3TO, CAEIAEM TIEPECTPOUKY 10 KOMIOHEHTe R .
Toraa B moty4yerHOM MHOrOOGpasuu M} k kpusoir J 6yxer npu-
KIeen Mepugunonatbab quck D? (puc. 19.4 (c)). TlosTomy UacTs
P nenrsr R) MOXHO NPOTAIIATH IO DTOMY AUCKY U IIOLYy9ATH
ety Ry. Taxum o6pazom, B MEOr00Opasuu M nents Ry u R)
M30TOMHEI, a 3HAYUT, mepecTpoiku M mo sTum renTam garT
OHO U TO e MHOroobpasme.

B onucansON BhIIIE KOHCTPYKLINN IPEANOJIOKEHIE O TOM, ITO
geuTel Ry m Ry He 3aleieHsl, UCIOIb30BAIOCH JUIIb [ TUCTO
apudMeTHIECKOro OnpegeaeHus OcHammenus JeHTel R, Teome-
Tpudecku JeHTa Rl cTpounTes TOUHO Tak ke UM B CIydae, KOIAa
JeHTH Ry n Ry 3anenieHsr.

3ameny ognoro u3 saunennenuin {Ry, Ro} u {R;1, Ry} na npy-
roe Ha3LIBAIOT 8Mopbim npeobpazosarnuem Kupbu. Konkpernsin
mpuMep BTOPOro mpeobpasosanus Kupbu (B ciydae, Korga JeH-
THL 3allelyiensl) n3obpaxked Ha puc. 19.5. Ha sToMm xe pucys-
K€ OTIEJIBHO N300PaKEHO B3ANMOPACIIOIOXKEHYE JIEHT U IOJHOTO-
pusa. [lia 3alETUIEHHLIX JEHT NMPeoOpa3OBaHMe OCHAIECHUN TOXKE
MOXHO OIpeaeJauTb INCTO a,pI/Iq)MeTI/I"IeCKI/I, HO B COOTBETCTBY-
formen popmydae OyaerT yIaCcTBOBATH KOX(PMUIMEHT 3aIEIICHUs.
Ir1a popMmyaa HaM MOHANOOUTCA aumb B §29, TaM MEI ee U 00-
cyaum. IIoxka HAM ZOCTATOYHO M MEOMETPUIECKOr'O ONPEETeHNUs
BTOpPOro npeobpasosanus Kupou.

Iy

Puc. 19.5

,[[JIH ABYX HE3allCTUVICHHBIX KOMIIOHEHT OCHAIIIEHHOT'O 3allerie-
HUS BTOpOe npeobpasoBanue Kupbu ycTpoeHo Tak, KaK MOKa3a-
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HO Ha puc. 19.6. B ob6mem ciayuae ocuamenue k 3aMeHseTCsS HA
k+n+2lk(C, K) (cm. 29.2).

K n K
k k+n
C
(X =,

Pwuc. 19.6

19.3. Teopema Kup6m. /Js8a ochoweHHbiz 3auenaenus 6
S? (¢ yeaouucaennvimu ocnawenuamu) 3adatom odwo u mo e
mpermeproe MH02000pazue mo20a u Moasvko mozda, K0eda oOHY
noayuaomes 0pye u3 0pyaa Konweuwnolt nocaedosamesbrocmvio
npeobpazosanuti Kupbu (nepevir u 6mopuir) v u30monut.

B oaguy cropony 5Ty Teopemy MHI yxke mgokasaau. Jlokasa-
TEJILCTBO TEOPEMEL B APYL'YIO CTOPOHY BECbMA CJIOXKHO. JTO I0-
kasareabcTBo MOoxHO Hauty B [Kir], [FR] u [Lu].

19.4. BmecTo gByx npeobpasoBanue Kupbu MOXHO mCIIOIB-
30BaTh OAHO NPEOGPA3OBAHME OCHAIIEHHBLIX 3ALEILIEHUN, KOTO-
poe muI cenmgac o6cyaum. HamomMumM, 9T0 mOMUMO 0GABICHUA
U yJaJeHus OKPYXKHOCTH C OCHamleHuweM +1, He 3aULeIUIEHHOU C
OCTAJbLHBIMYU KOMIIOHEHTAMM, MBI YK€ UCIOJIb30BaIU (HAIpuUMep,
B 16.4) nobaBreHue u ynaneHne OKPYXHOCTH C OCHaImeHueM +1,
CKBO3b KOTOPYIO IPOXOAAT HUTU APYIUX KOMIIOHEHT 3aIeIICHU.
Ha puc. 19.7 (a) u (b) mokazano, kak yCTpOEHO 3TO Npeobpa3oBa-
HUe [0Js OKPYXKHOCTH C OocHameHuaMu +1 u —1 cooTBeTCTBEHHO.

Pwuc. 19.7
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Hazosem 5T0 mpeoOpas3oBaHne OCHAIEHHLIX 3ALCILICHUN Npe-
obpazosarnuem Penna—-Pypra, xors Penn u Pypk me nepBeiMu
ero obHapyxwmin (CM. KOMMEHTapuu K 5Tou riase). Ilpu sTom
MBI HE WUCKIIYAEM CIy9adl, KOTQa CKBO3b YIAIAEMYIO OKDPYK-
HOCTBH HE MPOXOIUT HU OJHOU HUTHU APYTUX KOMIIOHEHT, T.€. Tep-
Boe npeobpasoBanre KupOu sABIAETCSA YaCTHBIM CIy4YaeM Ipe-
obpasosanus Penna—Pypka.

19.5. Teopema (®enn-Pypk). Ocrawennoe 3ayenaenue
L1 moxcno npeobpasosamv 6 ockauennoe 3auyenaenuve Lo ¢ no-
mowplo npeobpazosanuti Kupbu (nepsozo u emopozo) mozda u
MoabKo moeda, Koeda Mo MOHCHO COeaamsv C NOMOWDIO Npe-
obpasosanuti Penna—Pypxa.

Hoxazameavbcmeo. IlpoBepuM CHAYAIA, 9TO MPEOOPA3OBAHKE
Penna—Pypka MOXHO IpPEACTABATL B BUAE KOMIIO3UIWK IIPE-
obpaszosanut Kup6u. Ha puc. 19.8 (a) usobpakena OKpyKHOCTb
¢ ocHameHueM +1, CKBO3b KOTOPYIO TNPOXOAUT ONHA, W3 HUTEH
OPYTUX KOMIIOHEHT 3aIleTLICHUS.

Puc. 19.8

Bropoe npeo6pazosanune Kupbu mosBomseT nepenta 0T 3TO-
IO 3allETUICHUA K 3aleILIeHnI0, n300paxennomy Ha puc. 19.8 (b).
ScHo, 4TO MONyYeHHAs B pe3yabTaTe OKPYKHOCTH C OCHAIIEHU-
eM +1 He 3amemIeHa ¢ PACCMATPUBAEMON HUTHIO. TaKy OKPYX-
HOCTH MOXKHO YHUYTOXWUTH, IPUMEHUB II€PBOE IPeoOpa3OBaHUE
Kup6u. Eciu ckBO3b OKPYXHOCTH IPOXOAUT HE OLHA, & HE-
CKOJIbKO HUTEH, aHAJOIMYHBIE NIPEOOPA30BAHUA MOXKHO CAEIATH
HECKOJBKO pa3. B ogHy cTOpOHY TeopeMa IOKa3aHA.

IIpoBepum Temepb, 4TO mepBOe M BTOPOE NPeoOpPa30OBAHUSI
Kupbu MOXHO mpeAcTaBUThH B BUe KOMIO3UIIU TIpeoOpa3oBa-
uun Peuna—Pypxa. IlepsBoe mpeobpasoaume Kupbu, kax Mb
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K,

Pwuc. 19.9

ye TOBOPWIM, SBISETCS YaCTHBIM CAydaeM IIpeoOpasoBaHus
denna—Pypka, mo3TOMy AOCTATOYHO PaCCMOTPETHL BTOPOE IIpe-
obpasosauue Kup6u. Ilpenmonoxum, 4ro k seare Ky Tpebyercs
NOOABUTH JEHTY, mapaiienabayio geate K (puc. 19.9). Capena-
€M CHadYaJaa HEeCKOJIbKO mpeoOpasoBanuun Pemna—Pypxa, 9T00BI
npusBecTu JeHTy K71 K 6omee ymroOHOMY BHIY.

n nt1l
\ /
A
— ~ ~
Q +1
(a) (b)

Puc. 19.10

IIpeo6pazosanue, uzobpakennoe Ha puc. 19.10 (a), BmecTe ¢
AHAJIOTMYHEIM [IPEOOPA3OBAHUEM IS OKPYKHOCTU C OCHAIIEHU-
em —1 mosBoaseT passa3aTh yzea K (cMm. Teopemy 3.8). Iocae
aTOro mpeobpasoBaHue, npeacrasiesnoe Ha puc. 19.10 (b), mo-
3BOJIIET CAENATH OCHAIIEHUE HE3ay3JI€HHOU KPUBOU, IIOJLYIEHHOU
u3 K7, paBueiv 1. Ilpu 5TOM MOXHO CUMTaTh, YTO BCE DTU Ipe-
00pa3oBaHUs MPOUCXOLAT BHE HEKOTOPOU OKPECTHOCTH JIEHTHI
K,. Wrak, B JajbHEMIIIEM MOXHO CYATATh, 4T0 K1 — (Hesa-
Y3JeHHASA) OKPYKHOCTh C OCHAIenueM +1.
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0
1)
nl
2l

(a) (b)

Pwnc. 19.11

Hanomuum, uTo no6aBieHue U yIateHne OKPYKHOCTY C OCHA-
menveM 1 mpuBOAAT K ckpyuuBauuaM (puc. 19.11). Paccmorpum
Terepb BTOpoe npeobpasoBanue Kupbu, mpu KOTOPOM K JEHTE
K, nobGasasiercs nenta, napawtenbsas K (puc. 19.12(a)). 9o
peobpa3oBaHue MOXKHO IPEACTABUTH B BUI€ KOMIIO3UIUA CIELY-
fomwmx npeobpaszosanun Penna—Pypka. [pexae Bcero mobasum
okpyxHOCTb K| ¢ ocHamennem +1, napamrensayo K n 3anen-
aennyio 3a Ko (puc. 19.12(b)). 3arem yzamum okpyxHOCTH K
(puc. 19.12(c)). Korga mer gobasasem okpyxHOCTs K|, npouc-
XOOUT 3aKPY4IMBAHIE HUTEU, IPOXOLAIUX CKBO3b K;, HO mocie
yaaneHus OKpy:xHOCTH K DTH HUTH 3aKPYy4MBAIOTCA B [IPOTU-
BOITOJIOXXHOM HAIIPABJICHUM U B UTOI'€ BO3BPAIIAIOTCS U UCXOLHOE
nosoxenune. Takum 06pa3oM, MBI MOIYyYIWIN TpebyeMoe BTOPOE
npeobpasoBanne Kup6u. [

Puc. 19.12
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19.6. [uarpaMMbl OCHAIEHHBIX 3allelLIeHEA. B 3a-
KJIIO4YeHre maparpada obcyauM elle OAWH CIOCO0 3aqaHUA Iie-
JIOYUCJIEHHOTO OCHaIeHus 3anenienus. OH OCHOBaH HA TOM, UTO
JIEHTA, 33TAI0IIAs EeTOUNCACHHYIO IePEeCTPONKY, U30TOIHA, JEH-
Te, IWIOTHO HPWIETAOMIEN K HEKOTOPOW IUIOCKOCTHU, T.€. BCIO-
Iy, KpOMe MEePEKPECTKOB, JEXKAIIEU B DTOU ILIOCKOCTH, 4 HA Te-
DPEKPEeCTKaxX CJErkKa yAaIMomencs oT mwiockoctu. (BcmomuuTe
TpIoK ¢ pemHeM u3 §2.) Takywo HOTOCKY y2K€ MOXHO 3aMEHUTh
Ha TI000U 13 ee Kpaes; nHpOpManua 00 OCHAIEHUN COXPAHUTCA
B Buje netenek. J[laa OokpyxHOCTEM ¢ OCHameHmavu +1 m —1,
COOTBETCTBYIOIINE TUArPAMMEI n300pakeHwl Ha puc. 19.13.

Q)

@ O
.0.0,

Pwnc. 19.13

O

@@

—1

K monyvennbiv Takum 06pa3oM quarpaMmaM OCHAIIEHHEBIX 33~
LEIUIEHUY MOYXHO TPUMEHATH BTOPOE U TPEThe MPeobpa3oBaHusa
Pengemencrepa; OCHAIIEHUs TP DTOM HE W3MEHAIOTCS, 3 3HA-
YT, HE U3MEHAITCSI U PE3yJIbTUPYIOIMEe MHOroobpasusa. Iro
e KacaeTcs mepeBoro npeobpasosanus Penpgemencrepa, To ero
NIPUMEHATH HeJIb3s, IOTOMY YTO OHO U3MEHAET OCHAIIeHue Ha +1
7 TeM CaMBIM II03BOJIET 3aMEHUTH OCHAIlleHre m € 7 Ha aboe
Ipyroe ocHamlenue n € Z. YTo6ul He TOTEPATH UHGOpMAIUIO 00
OCHAIIEHUY, MOXKHO MPUMEHATH TOJIBKO KOMIIOBUIUIO ABYX (IIPO-
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TUBOMOJOXHEIX» TIEPBHIX NMpeoOpasoBanuu Pengemencrepa, T.e.
OPUMEHATH npeobpasoBanue ()], m3oOpaxenHoe Ha puc. 19.14.
C nomomiso puc. 19.13 MoxHO yH6equThCs, 9TO IpeoOpa30OBaHNIE
)} comocraBiaseT IeHTe M3OTOMHYIO €M JEeHTY, & 3HAYUT, He U3-
MeHseT pe3yJbTUPYIoliee MHOr0ooOpasue.

Q 0
> <>

Puc. 19.14

OTmeTnM, 9TO ¢ mMOMOmBI mpeobpasoBanma ()] mO0EE 1BE
MIeTJIN «PAa3dHOI'O 3HAKa» MOXHO DPACHOJOXUTH TAaK, KaK MOKa3a-
HO Ha puc. 19.15(a). Iocae 3Toro meTim MOXHO OyAeT YHUUTO-
XUTh, IPUMEHAA BTOPOE U TpeThe mpeobpasoBauusa Peumgemen-
crepa (puc. 19.15(b) u (c)).

/

t

4

w

" N4
\ s
v

Pwuc. 19.15

IIpuBenenubie BBINE PACCYXKACHUSA NOKA3HIBAIOT CJIEAYIOMAN
aHAJIOr TeopeMul Penmemencrepa njis OCHAIEHHBIX 3ALEILICHUN.

19.7. Teopewma. /Jse Ouaepammvl O0CHOUEHHBIT 3aUENLE-
HUlh COOMBEMCMBYIOM UBOMONHLIM 3AYENAEHUAM C 00UHAKOBbI-
MU OCHAULEHUAMY MO0200 U MOoAbKo mozda, Koeda Imu Juaepam-
ML MOHCHO NOAYUUML dpYye u3 dpy2a ¢ NoMowblo Npeobpa3osa-
nutd Q), Qa, u Q3 (u naockur uzomonud).
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(a) (b) | |
Puc. 19.16

19.8. Omumem reneps npeobpasosanue Penna—Pypka Ha
SA3BIKE |,Z[I/Iaf'paMM OCHAILIEHHBIX 3aLIeHJIeHI/II‘/JI.

B cnyuae okpyxHOCTEH € OCHameHumeM +1, CKBO3b KOTODYIO
npoxoasT Tpu HuTH, npeobpasosanue Penna—Pypka m3obpaxe-
HO Ha puc. 19.16(a). B cayvae, xorga OKpyXHOCTBH C TeM xke
OCHAalIlleHneM He yOmpaeTcs, a JOOABIAETCA, COOTBETCTBYIOIIEE
npeobpa3oBanve ynoOHee m300paXkaTh TaK, KaK ITOKA3aHO HA
puc. 19.16 (b).

3agada 19.1. [Jokaxwure, YTO IBE JUATPAMMEI OCHAIIEHHBIX
3alleTUIeHNN, n300pakeHHEe Ha puc. 19.17, 3a1a10T OIHO U TO Xe

MHOTOOOpasue.

Puc. 19.17

KomMmenTapun

OcHOBHAA reoMeTpPWYIECKas KOHCTPYKIuWs, OOCyXnaemas B
DTOU I'VIaBe, — BLIPE3AHWE TOJHOTOPUA U BKICMBAHUE €T0 CHOBA
N0 APYyTroMy TOMEOMOpGhU3My KPaeB — MPUHALICKUT, HACKOTIBKO
HaM u3BecTHO, Jeny ([Del],1910).
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BaxHoe 3HaYMeHME 5TOU KOHCTPYKIY /IS U3YIE€HUSI TPEXMep-
HEIX MHOT'000pa3uil OBLIO OCO3HAHO TOMOJOIaMU IOPa3 a0 MO3xKe,
B YaCTHOCTH, TIOCIE 3aMevaTeqbHbIX uccaeqosauuu B.A. Poxuan-
Ha B 50-e oAbl ¥ He MeHee BIEYAT/AIMNX pe3yabTaToB Kupbu
B 70-e rogur. K 5TOMYy BpemMeHr OCHOBHBIM MHCTPYMEHTOM B TO-
MOJIOT AU MHOTOOOPA3UN CTANO PABNOKEHUE HY PYIKU. JTOT WH-
CTPyMeHT pab0OTaeT TOJBKO B TIAJKOU KATETOPUU, TIOTOMY 9ITO
oH ocHoBaH Ha Teopur Mopca. OcHoOBHAs oneparus — IPUKJIe-
MBAHMUE PyYeK PA3JUWYIHBEIX WHIEKCOB, COOTBETCTBYIOMNAX OCOOBIM
Toukam (pyHkuu Mopca — TECHO CBA3aHA C MEPECTPONKAMEA
MuOroo6pazuu. IIpeobpasosauus Kupbu mosBuinch, B CBA3M C
Teopuen pydek. B uwacTHOCTH, BTOpOe mpeoOpasoBanue Kupbu
COOTBETCTBYET KIACCHIECKOMY IIPE0OPaA30OBAHMUIO PA3JI0XKEHUS HA
PYUKH, TAK HA3LIBAEMOU IIEPErPyNIMPOBKE PydIeK (3TO mpeobpa-
30BAaHME 3AKIIOYAETCSI B TOM, 9TO OCHOBAHUE OTHOU PYIKU IIPO-
TACKUBAETCA N0 APYIOM PydUKe, B PE3YJLTATE U€r0 U3MEHSEeTCS
[IOPAJ0K PYyUeK B PA3JIOKEHUU HA PYUKHU, HO HE M3MEHSEeTCs Ca-
MO MHOroo6pasue). B pasmeprocTu 3 10CTaTOYHO OJHOrO THIA,
nepecTpoek (BHIpE3aHue MOJHOTOPUSA U BKJIEUBAHUE €ro o6pat-
HO), TODTOMY HEeT HeOOXOIUMOCTH Pa3pabaTHIBATL BECh TEXHUIE-
CKU CJOXKHBIN anmapaT qudGepeHnmnaibHON TOMOIOT I U TEOPUN
Mopca. 3HAYUTEIBHYIO 9aCTh BCEI'O TO'O, YTO U3BECTHO B 0013~
CTH TOMOJOTUA TPEXMEPHBIX MHOT00OPA3UN, MOXHO TOIYIUTh U
6e3 aToro.

OrMmerum, 9yTo TepMuH «ipeobpasoBanne Kupbu» reneps yxe
OOCTATOYHO CTAHAAPTEH, Y€r0 HEMb3sA CKA3aTh O TEPMUHE «IIPe-
obpasoBanue Penna—Pypkar. eao B Tom, 4T0 3TO npeobpaso-
BaHue OBLIO U3BECTHO A0 HuUX, HO mMeHHO Penn u Pypk nepsrr-
MU OKA3aJ1, 9TO 3TO IPE06pPA3OBAHNE YHUBEPCATBLHO (Teopema
19.5). Kax dopmansHOe mpeo6pa3oBaHue OCHAIEHHBIX 3AIEI-
JIEHUV OHO KCIOJB30BAJIOCH paHee PombdcenoMm, B yacTHOCTH, B
ero 3amedarensHon kuure [Rol] (1976), Ho xak npeobpasoBanue
3aLEIUVIEHIs, IO KOTOPOMY JEeNAeTCs IEPECTPONKA, OHO BCTpeda-
JIOCB U elrle paHblle, HanpuMep, B cratbe [Hemp] (1962).

IlepecTporku — 3TO JAIEKO HE €IMHCTBEHHBIN 3JIeMEHTAPHBIN
TOMOMOTUYECKUN METO[ U3YUEHUS TPEXMEPHBIX MHOC00OpA3UU.
ITomumo HUX ClIegyeT OTMETUTH TEOPUIO HOPMAIBHBIX [IOBEPXHO-
CTen, KOTOPasA MO3BOMMIA, XAKEHY PemuTh mpobaemMy pacro3Ha-
BaHUA TpI/IBI/IaJIbHOFO yBJIa. BHOCJIeACTBI/II/I TeOpI/If{ HOpMaJIbHI)IX
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[IOBEPXHOCTEN XaKeHa MPUBeJa K (PYyHIAMEHTAIBLHBIM DPabOTaM
Banbgxaysena no KaacCupUKAIUM «I0CTATOYHO OOJBIINXY MHO-
roo0pasuil, K TOHATUI HECKUMAECMBLIX TMOBEPXHOCTEN U K BBE-
neunomy C. B. MaTBeeBEIM MOHATUIO CHENUATBLHOTO CrianHa. He-
OABHUE NOCTVXKEHWS B DTOM HANPABJIEHUM BKIOYAIOT PeIIeHue
IPOOIEMEL AITOPUTMUAYECKOrO PACIIO3HABAHUS TPEXMEPHOU Ce-
pul ([Rub] u [Tho]). Xors Me He 00CyxkgaeM PAOOTHL HTUX U
OPYTUX aBTOPOB B HAIIEU KHWATE, PA3PAOOTAHHBEIE MU METOIbI
YPE3BLIYANHO BAXKHEI A TOMOJOTMU TPEXMEPHBIX MHOrO00pa-
3UN.

IMepBLin npuMep romMogOrudeckon chepsl TOABUICI B paboTe
ITyaukape, a 3arem [len mpemaoxun GECKOHEIHEIN HAOOP TOMO-
mormyeckux cpep. Ilpumep Ilyamkape mosBuiacs B CBA3K C €ro
OmMOKOU: MOCTE TOr0, KAK OH m306pes roMoaorun®, 0l omub0d-
HO yTBEPXKJAJ, YTO MOMOJOIUY IO3BOJSIOT BELIEIUTE Chepy cpe-
O IPYIMX TPEXMEPHBIX MHOrooOpasuu. Ho BCkOpe 0H 0CO3HAI
OLIMOOYHOCTD DTOI'O YTBEPK IEHIS U C IIOMOIIBI0 JUArPAMMEL Xe-
ropa MOCTPOMI KOHTPHpUMED (Mg AOKA3aTEILCTBA TOrO, YTO
IIOCTPOEHHOE MHOr0oo0pasue He TOMeOMOPdHO cdepe, OH IpuMe-
HIWI CBOE HEJaBHEE U300peTenre — (QyHIaMEHTAILHYIO TPYIILY ).
Mupoxo pacnpocTpaHeHo MHeHme (cM. HampuMmep, o63op [KS]),
oyaro Ilyankape Obu1o m3BecTHO npeacrasaenue chepu [lyanka-
pe IOCPenCTBOM CKIENKY I'paHer nogskasapa. Ho Mur He cMorin
HAUTU NOATBEPXK JEHIE DTOMY B ero paborax. Jeudepr u Tperb-
damne B cBoen 3namennton kuure [ST] masemaior Knesepa as-
TopoM stou korcTpykuuu ([Kne]).

Hamwumy 0CHOBHEIMU MCTOYHUKAMY UL STOU [VIABHI TOCILY KU~
au kuura [I. Poxsdceena [Rol], crares P. Kup6n [Kir] u mocae-
poeapmias 3a Hen cratba P. denna n K. Pypxa [FR], B koTo-
pou GELTO AAHO APYTOe NOKA3aTeIhCTBO TeopeMul Kupou, 0630p
P. Kup6u u M. Mlapremana [KS], a Taxke MHOrOYACIEHHEIE 3a-

* IlyaHkape IPUIMCHIBAET 3TO BEIMKOE OTKPHITHE HTAILAHCKOMY MaTeMa-
TUKy u ¢usuky OJHpuko BerrTu. Boisee BEpOATHO, 4TO OHO, II0 KpauHen
Mepe 4aCTUYHO, BocxoauT K Pumany. B 1860-e rogsr Puman MexneHHO yMu-
pa1 oT TybepKylre3a B MalJeHbKOM ropoake Bep6Gana Ha ceBepe Uramuu. B
9TO BpeMsa OH MHTEPECOBAJICA B OCHOBHOM pexuruen u ¢Gpuiaocoduen, HO C
YAOBOJIBCTBHEM OOCYXJAJI M MaTEMATAIECKIE BOIPOCH CO CBOMMU PEeIKUMU
rOCTAMU, INIABHBIM 00Pa30M UTATbAHCKIME MAaTEMATUAKAMU, CPEAU KOTOPHIX

61 u BerTu.
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TIUCKY JIEKIUA U CEMUHAPOB TI0 TPEXMEPHOU TOMOJIOT U, KOTOPHIE
OJIVH M3 aBTOPOB TOU KHUTM Bed coBMecTHO ¢ JI. B. Keagwmmn u
A. B. Yepuaeckum, a B nocreguee spems — ¢ 0. II. Conosre-
BeiM. HoO HaIe u3J0XeHWe CYMIECTBEHHO OTANYAETCS OT BCEX
STUX UCTOYHUKOB. K COXAIGHUIO, HAM TaK U HE yIAJIOCh HAUTU
NOKa3aTeIbCTBO TPYJHOU JacTu TeopeMul Kup6u, koTopoe 6uLI10
OBI IPUCOJHO I BBOLHOIO Kypca. 1lopToMy HaM mpUULIOCH €ro
OHyCTI/ITb. HaI/I6OJIee HpOCTOe "3 U3BECTHBIX HAM NOKAa3aTE/IbCTB
Teopembr Kup6u cogepxurca B [Lu].



['nasa VII

PaseeTBneHHbIE HaKpPbITUA

OTa IIaBa TOXKE MOCBSAIIEHA MPEACTABICHUAM TPEXMEPHBIX
MHOTO000pasun. Kax MbI yBUAUM, TI000€ OPUEHTUPYEMOE TPEX-
MepHOe MHOr000pasme MOXKHO MPEICTABUTL B BUIE 3-JIUCTHOT'O
Pa3BETBICHHOT'O HAKPHITUA cepsl S° ¢ BeTBIeHMEM HAI Y3J0M
(8§23). Kpome TOro, CymecTBYIOT YHUBEPCAIbHEIE Y3JbL U 3aLEI-
Jenus (Hanpumep, Koabna Boppomeo), 06aagaomme Cie Ly onmmm
CBOUCTBOM: J1000€ OPUEHTUPYEMOE TPEXMEPHOE MHOr00Opasue
MOXHO IIpEACTAaBUTDb B BA € N~-JIACTHOI'O PA3BETBJICHHOI'O HAKPBI-
Tus chepul S° ¢ BeTBICHNEM HAJ TAHHEIM Y3J0M (samemienuem).
OTu pe3yabTaTH HOIy4YeHE MOHTECMHOCOM M XWIJEHOM UM UX
COTPYIHUKAMU.

Mui, 0iHAKO, HAYHEM C PA3BETBICHHLIX HAKPEITUYU IBYMEPHBIX
muOroo6pasun (§20), KOTOpBIE MOCIYKAT OCHOBAHUEM TEOPUU B
TPEXMEPHOM CIy4dae, KaK M3ydeHHe IOMeOMOPGU3MOB IByMEp-
HBIX [TOBEPXHOCTEN HMOCIYKIJIO OCHOBAHMEM TEOPUU IEPECTPOEK
TPEXMEPHBIX MHOT000Pa3uil. 3aTeM MBI O0CY IUM KIACCAIECKYIO
dopmyny Pumana-I'ypBuma, OTHOCAINYIOCA K HAKPHEITUAM [IBY-
MEPHBIX TIOBEPXHOCTEN, U JIWIIH MOCIE DTOT0 IePENJIeM K OCHOB-
HOU TeMe DTOU TVIABEl — DA3JAWYHBIM MPENCTABICHUAM TPEX-
MEPHBIX MHOT006Pa3Ui OCPEACTBOM PA3BETBICHHEIX HAKPLITUAN

(§522-25).
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§20. PaszBeTB/IEHHBIE HAKPBLITUA

ABYMEPHBIX HOBerHOCTeﬁ

20.1. Onpeaenenus. Ilycrs M2 u N? — nByMepHBIE MHO-
roo6pasus. Hanomuum, 4TO HempepwiBHOE 0TOOpaXKEHWE P
M? — N? maswaror nawxpoimuenm (co cioem I', rae I' — nuckper-
HOe MHOXECTBO), eCIM ¥ KaxkJoh Touku T € N2 eCThb OKpecT-
nocts U u romeomopduam ¢ : p~1(U) = U x I, ana xoToporo
orparmyaenus p va p~ ' (U) copmagaer c mop, raew: U x T — U
— eCTeCTBeHHAA NPOeKIUA. B TaxoM cayuae M? HA3LIBAIOT Ha-
KPbLE AIOUWUM MHO2006pasuem, a N2 Ha3BIBAIOT 6301 HAKPLIMUAL.
Ecau cmon I' cocrour u3 n TOYEK, TO HAKPLITHE P HA3BLIBAIOT
T AUCTIVHBIM.

Henpeprisroe oTobpaxenue p : M? — N2 Ha3LIBAIOT paseem-
BAECHHBIM HAKPLUNUEM, €CIU CYIIECTBYeT KOHEYHOE MHOXECTBO
TOYEK Z1,...,%T, € N2, obrajamomee CIeIyIONIIM CBOMCTBOM:
muO)ecTtBO p~1({T1,...,T,}) AUCKPETHO M OTPAHUIEHUE P HA
muoxectso M2\ p~t({z1,...,z,}) aBaserca HakperTueM. VIHEL-
MM CJIOBAaMH, IIOC/J€ BBIKAJIBIBAHNA KOHECTHOI'O MHOXECTBA TOYEK
B N2 u quckpeTHOro MHOxKecTBa TO4ueK B M? oToOpaxkeHue p
CTAHOBUTCA HAKPLITHEM. Te TOUKHA Z1,...,T, € N2, KOTOpHIE
HEOOXOUMO [JIA 3TOrO BEIKOJIOTH, HA3KIBAIOT MOUKAMY 6EMEAE-
nus. Caemyromee 09eBUIHOE YTBEPK IEHUE HE TOJBKO [AET MpPU-
Mep paBBeTBJIeHHOFO HaKphITI/IH, HO U HOKa3bIBaeT, KaK yCTpOeHO
Pa3BETBJIEHHOE HAKPHITUE IBYMEPHEIX MOBEPXHOCTEN B OKPECT-
HOCTH TOYKU BETBJICHUSA.

20.2. TIIpepnoxenume. ITycmv D? = {z € C : |z| < 1}.
Paccmompum omobpascenue p : D2 — D2, 3adannoe gopmyaot
p(z) = 2™ Toeda p A6aAEMCA PA3BEMEACHHLIM HAKPLUIMUEM C
eduncmeennoti moukotli semeaenus z = 0. O

IIpumep pasBETBICHHOTNO HAKPHITHSA, YKA3AHHBIN B MPEIJI0KE-
Hur 20.2, Ipu PA3IWYHLIX 71 ONUCLIBAET CTPOEHUE MPOU3BOJIb-
HOT'O KOHEYHOIUCTHO'O PA3BETBIEHHOI'0 HAKPBITUS ABYMEPHBIX
MHOT000pasun. B camoM nese, MOXHO A0KA3aTh, ITO €CJAU P —
KOHEYHOIUCTHOE HAKPHITHE U U — MOCTATOYHO MAJLIA OTKPHI-
THI JUCK, COJepIKamumit TOIKy BeTBaenus, To p~ - (U) cocrout
3 OOHOI'O WIN HECKOJBbKUX |,Z[I/ICKOB, Ha KaxXaO0OM U3 KOTOphIX OTO-
OpakeHue p yCTPOEHO TOYHO TaK XKe, KAK OTOOpaKeHue u3 Ipe-
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moxenus 20.2. Mur He 6ygeM NOKA3BIBATH DTO yTBEPKACHUE B
obmieM caydae, HO 1A BCEX PACCMATPHBAEMBIX HAMU IMPUMEPOB
PA3BETBIEHHLIX HAKPBITUN €0 JIEI'KO IPOBEPUTE HEITOCPEACTBEH-
Ho. Ecam B Manou OKpecTHOCTUM HAKPHIBAIOLUIEIO MHOT'0OOODPA3UA
HAaKPHITHE YCTPOEHO KaK 2 > 2", TO TOBOPAT, YTO ITA TOUIKA
umeeT undexc semsaenus m. SICHO, YTO 1S N-IUCTHOIO PA3BeT-
BJIEHHOI'O HAKPHITHAA CyMMa MHIEKCOB BETBJEHUS BCEX IPOOOpa-
30B 000U TOYKM OA3BI PABHA 7.

20.3. Ilpepmoxenue. Omobpancenue f : C\ {0} = C, za-
dannoe gopmyaot f(z) = 2(z+1/2), asasemes 2-aucmuvim pas-
BEMBAEHHBIM HAKPLIMUEM ¢ ouKamy semsaewus 4 u —4. IIpo-
06pazamu Imux mouex cayxcam mouky 1 v —1, umeruwue underc
semenerus 2.

Aoxazameavcmeo. Ypaererue 2(z + 1/z) = ¢ apasercsa xBa-
IpaTHLIM ypaBHeHueM. Ero muckpumuHasT ¢ /4 — 4 paBeH HyI0
npu ¢ = +4. Otu 3uavenusn ¢pyHkuus [ npuHuMaeT npu z = +1.
O

20.4. IIpepmoxeume. Ilycmv p — oepanuuenue omobpa-
acenus [ uz npedaoxcenus 20.3 na K04640

C={2e€C:1/2< |z| < 2}.
Ecau z = pe'¥, mo
p(z) =2((p+1/p)cosp +i(p—1/p)sinyp),

Nn03MoMy 06pa30m Koavya C Npu 0mobpatcenuu p CayHcum MmHuo-
HCECTNBO MOUEK, ACHCOUULT BHYMPU IAIUNCO

{z="5cosp+3isinp, 0 < ¢ <27}
(puc. 20.1). O

Pwuc. 20.1
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Bouee narasagno onucars 0TOOpaKeHrEe P MOXKHO CIEAYIOIIAM
ob6pasom. IIpercrasum kombuo C kax chepy ¢ AByMsS ALIPKAMU,
umenyo ock cummerpun | (puc. 20.2). OToxIeCTBUM TOYKHA
cdeprl, CUMMETPUYIHLIE OTHOCUTENBHO ocu [. Jlerko nposepuTs,
4TO B peayabTare moayumM guck D?. TlocTpoerHOe 0TOGpaXe-
mue p : C = D? apnsercs ABYINCTHEIM PA3BETBICHHEIM HAKDEI-
TUEM C ABYMS TOYKAMU BETBJICHUS.

Puc. 20.2

3agaua 20.1. JoxaxwuTe, uTo ecau 6a3a M? pa3BeTRICHHO-
ro HakpuTua p : N2 — M? opuwenTmpyema, TO HaKpPLIBAIOIICE
MHOT006pazne N2 Toxe OpUeHTUPYeMO.

20.5. Teopema. IIycmo Mg — cfepa ¢ g pyuxamu. Tozda
cywecmeyem pazeemeaennoe naxpoumue p 2 M2 — S2.

Ilepsoe doxazameavcmeo. Pacmonoxum chepy ¢ g pydxa-
My TakK, 4TOOBI OCb cuMMeTpuu [ ObUIA TAKOI'O BUIA, KAK HA
puc. 20.3. OrToxpgecTBuM HAPHI TOYEK, CUMMETPUYHLIX OTHO-
cutersuo [. B pesyabraTe momyumm chepy S2. EcrecTsennas
npoextusa p : M 92 — S? gBIsgeTCA ABYMUCTHLIM PA3BETBICHHLIM
HAKPBLITHEM C 2¢g + 2 TOukaMu BeTBaeHUs. [

Puc. 20.3
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Bmopoe dokazameavcmeo. PaccMoTpuM mpuaneyasyuio MHO-
rooGpasusa M. (9o osnadaet, 4ro M; paspesaHo Ha KPUBOM-
HEUHbLIe TPEYTOJBHUKIY, JIOOBE MBA U3 KOTOPHIX IIEPECEKAIOTCS
o O0IIeN CTOPOHE WK MO OOIIed BepuInHe, Jub0 He IepeceKa-
rorca Bosce.) Ilycrs Aq,..., A, — BEpUIVHEI PACCMATPUBAEMOU
TpuaHryasuuu. Breibepem Ha chepe Touku By, ..., B, obmero
[IOJIOXEHUS B CJIEAYIOIIEM CMBICJIE: HUKAKIE TPU U3 HUX He JeXaT
HA OJHOU AyTe GOMbIIEN OKPYXHOCTU U HUKAKUE IBE HE IMaAMe-
TPaJIBHO MPOTUBONOMOXKEEL. Torga mobere Tpu Touku B;, B, By
OMHO3HAYHO onpeperaoT chepuwaecknu Tpeyroasauk A;. Ilycrs
A, — sammxanue ero gonommenus S? \ A;. flcmo, uTo Ay To-
meomopduo A;p. ITosToOMy CymecTBy0OT roMeoMOpPdU3IMEL

f1 : A,AJAk — Al, f2 : AiAjAk — AQ,

KOTOpEIE 0TOOPAKAIOT CTOPOHBI TPEYTOJIbHUKOB JUHEUHO B CJIe-
nyiomeM cMeIcte. Bynem canrarsb, 4TO HA M!? u Ha S? onpejeie-
HO MOHsTUE NIuHBI KpuBou. Toraa Mel morpebyeM, 4TOOB TOIKA
X pemuna gyry A,A,; B TaKOM e OTHOIUEHHU, B KAKOM TOYKa
fr(X), r=1,2, nemut nyry BpB,.

Puxcupyem opuenTanuu MHOroobpasus M, 3 n coeper S2.
Opuenramuu tpeyronsuuxos A;A; Ay u B; BB}, nHIyIupOBaH-
HBIE TIOPAKOM UX BEPIIUH, MOTYT OBITH COMIACOBAHBI WX HE CO-
[VIACOBAHLI C opueHTaumsaMu M 92 z S2. Ecau o6e OpUEHTALNN
OJHOBPEMEHHO COIVIACOBAHBLI WX HE COIVIACOBAHLEI, TO OTOOpa-
sum A;A;Ar va Ay = B;B;jBj nocpescrsoM romeoMopduraMa
fi- Ecam xe ognHa opmeHTAUMS COrVIACOBAHA, 8 APYras OPUEH-
Tauusa He COrMacoBaHa, TO orobpasum A;A; A, Ha Ay mocpes-
cTBOM ToMeoMopduama fr. Oupenenus Takue 0TOOPAKEHUA 1A
BCEX TPEYTOJBLHUKOB TpUAHTyIsamu M 92, MOy YUM OTOOPaXKEHUE
f:M; — S*. TIposepum, 4T0 5TO OTOOPAKEHME ABIACTCH Pas-
BETBJEHHLIM HAKPEITUEM.

Jlna xKaxToul BHYTpDEHHEM TOYKH To TpeyrombHuka A; AjAj
cymecTByeT okpecTHOCTD U (Zg), KoTopywoo f oToOpaxkaeT Ha ee
o6pa3 romeomopduo. [Jokaxkem, 9TO dTO BEPHO HE TOJBKO MJIA
BHYTPEHHUX TOYEK TPEYTOJIbHUKOB, HO U [JiA BHY TPEHHUX TOYEK
CTOPOH TPeyroibHuMKOB. B camom gene, mycrs cropoHa A;A;
npuHagIexuT AByM TpeyroabHukaM A; Aj Ay m A;A;A;. Ha cde-
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pe S? GonbIas OKPYKHOCTE, IPOXOIAIIAA Yepe3 TOYKY B; u B;,
MOXeT Jub0 Pas3fensaTh TOUYKU By u Bj, aub0 He pa3menaTb UX.
B nepeom ciyvae mpumensaoTca orobpaxenus fi u fi (wim fo u
f2), a Bo BTOpOM Cayuae fi u fo (wmm fo u f1). Bo Bcex ciayuanx
NOCTATOYHO MAJIasA OKPECTHOCThH TOYKWU, JEXKAINEU BHYTPU CTO-
pousr A;A;, 6yzer romeoMopdHO 0TOOpaXKaTHCI Ha CBOM 00pa3
(puc. 20.4). Taxum 06pa3oMm, TOUYKAMU BETBIEHUS MOI'YT OBITH
suib TO9Ku By, ..., B, (X0TA 1 HE BCE OHU NOKHELI OBITH TOY-
KaMu BeTBJIEHUs). [

A;

: qﬁ B, B
VNSV

By,

B,

Puc. 20.4

20.6. Teopema. ITycmp Mg2 — cepa c g pyuxamu, g > 1.
To2da cywecmsyem pa3semssennoe HAKPLIMUE D : Mg2 - §?2
DOBHO C MPEMA MOYKAMY 6EMEACHUA.

Hoxaszameabcmeo. BosbMeM HNPOM3BOJBLHYIO TPUAHTY.IAIIUIO
MHOr000Opasusa M 92 ¥ PAacCMOTPUM ee DAPUILIEHTpUIeCKoe OAPa3-
JeNeHne, T.e. Pa3pexeM KaXABIM TPEYTOJbHUK €r0 MeIuaHaMU
Ha 6 TpeyronpuukoB. Bepmmunam 6apuneHTprYecKoro noapase-
JeHus conocTaBuM uucaa 0,1,2 cregyrommm o6pa3oM:

(0 — BepImMHE UCXOTHOIO TPEYIOIBHUKA;

1 — cepeguHe CTOPOHE;

2 — OapuneHTpY TPEyrOJbHUKA.

Ecan opuenTamnus HekoToporo Tpeyronsuuka 012, nagymmpo-
BAHHAA MOPAJKOM €r0 BEpINUH, COBIAIAET O OPUEHTALNEN MHO-
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roo6pasus M, 92, TO OKPACUM DTOT TPEYTOJbHUK B YEPHBLIA IIBET,

a ecau He coBIagaeT, To B Geaninn (puc. 20.5).

Puc. 20.5

MoXHO COnTaTh, 9TO chepa S? CKIeeHa U3 IBYX TPEYTOJbHI-
koB. ITycts 0/, 1',2" — Bepmmun 5Trx Tpeyroabankos. Oxpacum
OJIVH TPEyTrOJbHUK B YEPHLIN [[BET, a APyrou B 6easnt. OTobpa-
3UM Tenepb Kax asii 6esi Tpeyronasauk 012 6apunenTpuyaecko-
ro noapasgeneHus TpuaHryssuma M, 92 HA OeJBlll TPEeyrOJbHUK
0'1'2" cheprer S?, a KaxXILIH YEPHEIH TPEYTOJLHUK OTOOPA3UM
Ha vepHb Tpeyroabuuk 0'1'2'. Bomee moagpobuo 5T0 0TOOpaXKe-
HUE ONMCAHO BO BTOPOM IOKal3aTeabcTBe TeopeMul 20.5; TaMm xe
MPUBEACHO AOKA3ATEILCTBO TOTO, 9TO MOCTPOEHHOE OTOOpaXKe-
HUE ABJIAECTCs pasBeTBJIeHHbIM HaKpI)ITI/IeM. TO‘{KaMH BE€TBJICHUA
MoryT 6biTh Jqums Touku 0,17, 2. B crenyromem maparpade Mo
ybenumcsA, 9TO BCe OHM 00A3aTEIBHO JOMXKHEI OBITH TOYKAMU Be-
TBaeHus (Teopema 21.7). O

§21. Popmyaa Pumana—IypBuna

21.1. B sToMm maparpade MEI CHa4aJa HAIIOMHUM OIIpefele-
HUA ¥ HEKOTOPHIE OCHOBHEIE CBOMCTBA SUIEPOBON XaPaKTEPUCTU-
KU, & 33T€M BOCIIOJIb3YEeMCs DTUM IIOHATHEM, YTOOBI chOpMY.In-
pOBaTH M J0Ka3aThb Kiaaccudeckyio ¢dopmynry Pumana-I'ypsuia,
KOTOPAs CBA3BIBAET TOMOJIOTMIECKIE CBOMCTBA 0A3BI M HAKPHIBA-
I0IIEr0 MHOT000pa3usi C MHIEKCAMYU BETBICHUA.
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21.2. OmuaeposBa xapakTepucTuka. Ilycte M" — xom-
MMAKTHOE TPUAHI'YINPOBAHHOE MHOr0OOpa3ue DPa3MepHOCTH M.
Ero siiaeposoti zapaxmepucmuroti x(M™) HaswBaOT anrbTepHU-
POBaHHYIO CyMMY

X(M") =qap—a;+az—---+ (—1)"an,

e a — KOJMYIECTBO CUMILIEKCOB pasMepuoctu k. Tor daxr,
aTo wmeao x(M™) He 3aBuCHT OT BHIOOPA TPUAHTYJALNA, CJIE-
OyeT U3 TeOopu:u COMOJOrud. B ofmeM ciydae NOKa3bIBATBL 9TO
Mer He Oygem. Ho mpu n = 2 noxasaTeabCTBO BIIOJIHE DJIEMEH-
Tapuo. IIpusenem ero Bkparue. HamoMHuUM, 9TO TPUAHTYIALNIO
K' masmBaioT nodpasdesenuem TpuaHrydanuu K, ecau mo6ou
CUMILTEKC TPUAHTYIANNU K MOXHO TPEICTABUTE B BUIE OOHEIU-
HEeHMA CUMILIEKCOB Tpuanry sanuu K'. e Tpmanrymamum K
u Ky AByMEpHOU MOBEPXHOCTU HA3LIBAIOT MPAHCEEDCAAbHbIMU,
ecau ux pebpa mepecekarTCs TPAHCBEPCAILHO B KOHEYHOM YH-
cae To4dek. JIrobbe nBe TPUAHTYJIALMM [BYMEPHOU IIOBEPXHOCTU
MaJIEIM IIE€BEJEHMEM MOXKHO IPEBPATUTHL B TPAHCBEPCAJIbHLIE.

3agada 21.1. a) [Jokaxure, 9TO SUIEPOBA XAPAKTEPUCTUKA,
TPUAHTYIUPOBAHHOTO ABYMEPHOT'O MHOT'OOODA3USI HE U3MEHSET-
Cs TIPU TEPEXOe K MOIPA3AETCHUI0 €0 TPUAHTYISIIVN.

0) JoxaxuTe, 9T0 y JIOOBIX ABYX TPAHCBEPCAILHEIX TPUAHLY-
JMANAY ABYMEPHOTO MHOT'OOOPa3usa eCTh 06Ilee Moapas IeieHue.

B) [oxaxure, 9TO SWIEPOBA XAPAKTEPUCTUKA, ABYMEPHOIO
MHOr000pa3us He 3aBUCUT OT BHIOOPA TPUAHIYJLALVIN.

Jlerko mposepuTh, YTO €cau (KOMIIAKTHOE) MHOr000pas3ue
A U B nonyaeno n3 muoroo6pasu A u B Ckienkou mo MHOrO-
obpasuto AN B, To

x(AUB) + x(AN B) = x(A) + x(B). (21.1)

[na MuOrOoO06pasun pasmeproctu 2, korga A N B cocrout u3
OJ/THOU WY HECKOMBbKUX OKPYXHOCTEN, MOAy4IaeM 60oaee MPOCTYIO
dopmyy:

x(AU B) = x(4) + x(B). (21.2)

B camom nene, B sTom cayuae x(A N B) = 0, Tak kax 3u1epoBa,
XapPAKTEPUCTUKA OKPYXKHOCTHU PABHA HY.JIIO.
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21.3. IIpepnoxenue. Ecau Mg — cepa ¢ g pyukamu, mo
x(M;) =2-2g.

Hoxazameavcmeo. Tycrs Fy = M7\ (D*>U D?), T.e. F} —
cdepa ¢ g pyIKamm, u3 KOTOPOU BEIPE3AHEL 1Ba AuCcKa, (puc. 21.1).
Toraa

X(M7) = x(F?) +2x(D?), me. x(F;)=x(M])-2.

Ho M2,, moxuO nomyunrs u3 F;, npuxiems pydky (cm.
puc. 21.1), siepoBa XapaK TEPUCTUKA KOTOPOU paBHA Hy0. 1lo-
2TOMY

x(Myy) = x(Fy) = x(MJ) - 2.
Jlerko mposepuTs, uTo X(S?) = 2. IloaTOMy 1O MHAYKIUN TOTY-
qaem x(M2) =2—2g. O

o) {Q,
Q O

Puec. 21.1

Takum 00pa3OM, TOMOJOTMYECKUNA TUM JHOOOTO KOMIIAKTHO-
I'0 OPUEHTUPYEMOr'0 IBYMEPHOI'0 MHOrooOpa3us 0e3 Kpas IoJ-
HOCTBIO OMPEIENACTCA €0 SUIEPOBON XAPAKTEPUCTUAKON.

21.4. Teopema (¢dpopmyna Pumana—T'ypsuma). ITycme
p: M? — N? — pazsemesennoe n-iucmuoe HAKPHUNUE KOM-
NAKMHLIL 08YMEPHLIT MHO2000Pa3UL, Y1, . .., Y — MOUKY, U3 KO-
MOPLIT COCNOAM NPOo06PA3LL MOoUEK 6emeaenus, dy,...,d; — co-
omeemcmeyuue undexcor semeaenus. Toeda

1
X(M?) 4+ " (d; — 1) = nx(N?). (21.3)
i=1

JoxkasareascTBo TeopeMur 21.4 Oy geT Jerde mMOHATD, €CJIU CHA-
9yasa ME pa3bepeM ee YaCTHBIN CIydall, KOraa p — OObIdHOe (He-
Pa3BETBIEHHOE) HAKPEITHE.
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21.5. Teopema. ITycmo p: M2 — N2 — n-aucmuoe naxpbi-
mue KoMNaKmuor dsymepubiz muo2oobpasut. Tozda

X(M?) = nx(N?). (21.4)

Hoxazameavcmeo. Eciu B TpuaHryIamuu MHOT000pasus N2
TPEYTOJbHUKY JOCTATOYHO MAJIEL, TO IPOoOpa3 KaxkIOro Tpe-
YTOJIBHUKA COCTOUT U3 7, IOMAPHO HEMEPECEKAIOIINXCSI TPEYTOlb-
HUKOB. Ilpu 3TOM Kaxk 0 BEPIIUHE, KAXK JOU CTOPOHE, KAXK JOMY
TPEYTrOMbHUKY TPUAHTYIANuE N2 COOTBETCTBYIOT N BEpIINH, N
CTOPOH, N TPEYTrOIbLHUKOB Tpuanry amuu M2. TlosTomy u3 dop-
myasr X(N?) = B— P + I', rie B — 4mcio BepUIIMH TPUAHTY-
asmun, P — wwcao pe6Gep, I” — umcao rpasen (TpeyroJbHUKOB),
cremyer, aro x(M?) = nx(N?). O

3agaua 21.2. a) Ilycrs p: M) — Nj — HakpeiTue ceper ¢
h pyukamu chepou ¢ g pyukamu. Jokaxute, 4To g — 1 nemurcs
Ha h— 1.

6) Hpexnonoxum, ato g, h > 2, npudem g— 1 geaurca va h—1.
JlokaxwuTe, 9TO TOT/a CYIECTBYeT HAKphiTHe P : M7 — Nj.

21.6. [dokasareanbcTBO ¢dopmyasl Pumana-T'ypsm-
ma. Ilpexge Bcero mepenvmem gpopmyiy (21.3) B Goree yno6HOM
Buge. MoxHo cuurarhb, 4TO di,...,ds, — HHOEKCHI BETBJEHU
IpOoO6PA3OB OLHOU TOYKU BETBIEHUS, dg,41,.-.,da;+a; — WH-
IEKCHl BETBJICHUA TPOOGPA3OB APYTrOM TOYKM BETBJICHUA U T.[.
Kak 6110 ckasano B 20.2,

dy 4+ dyy =daysr -+ dayray = - =1,

IO TOMY

l
Z(di—l):(n—a1)+(n—a2)+---:kn—al—ag—---—ak,

i=1

rae k — KOIM4eCTBO TOYEK BETBJEHUA, (; KOJMIECTBO IIPOOOpa-
30B -1 Toukw BeTBIeHUA. CaemoBaTeabHo, popmyay (21.3) mo-
KHO 3aIMCaTh B BUIE

X(M?) =n(x(N) k) + a1+ +a.  (2L5)
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Ham 6ymer 6omee ymo6HO gokaswiBaTh (opmyay Pumana—
prBI/ILIa UMEHHO B 9TOM BHUE.

Muoroo6pasua M? u N2 MOXHO IpeJCTABUTH CJIEAYIOMINM
obpasomM:

MQZAMUBM u NQZANUBN,

rae Ay — oObeInHEeHNEe 3aMLIKAHUM £-OKPECTHOCTEN BCEX TO-
uek BeTBIAeHUA, Ay — mpoobpas muokecTBa Ay, a By u By
— sambikanusa gonoasenuit M2\ Ay u N2\ Ay. Muoxectsa
Ay N By uw Ay N By COCTOAT U3 MOMAPHO HEIEPEeCEeKAIOMNIX-
CA OKPYXKHOCTEH, TTOITOMY MOXHO BOCIIOIB30BATHCA (POPMYJION
(21.2). B pesyabTare norydum

x(M?) = x(Am) + x(Bu), x(N?) = x(An) + x(Bn).

Orpanudenue 0TOOpaXKEHWs p HA MHOXKECTBO B)s sasiser-
cs (HEPA3BETBJCHHBIM) HAKPEITHEM, TIO3TOMY COTVIACHO TEOPEME
21.5 morygaem

X(Bu) = nx(Bn)-

MuoxectTBo AN cocTouT u3s k [uckoB, a MHOXeCTBO Ajs cocTout
u3 aj + - -+ + ap guckos. IlosTomy

x(Am) =a1+---+ar, x(An)=k.
W3 nony4deHHBEIX GHOPMYT CIEAyeT, ITO
X(M?) = a1+ +ar +nx(By) = a1+ +ax +n(x(N?) — k),

a 3T0 u ecTb TpeGyemasn gpopmyaa (21.5). [MokazaTeancTBO HOp-
myasl Pumana-T'ypBuna 3aBepmeso. [

Popmyna Pumana-T'ypeuna nMeeT MHOTOYUCIEHHEIE TIPUIO-
xenusa. OOCyArM HEKOTOpPHIE U3 HUX. lIpex e BCEro LOMOIHUAM
IOKa3aTeabCTBO TeopeMul 20.6, KOTOpas yTBEpXKIaeT, UTO IPHU
g > 1 cymecrsyer pasBerBieHHOe HaKpBITHE P : My — S? pos-
HO C TpeMs TOYKaMU BeTBJAeHUA ((PAKTUIECKH OBLIO IOCTPOEHO
PAa3BETBJIEHHOE HAKPHITHE, Y KOTOPOr'0 He 0oJiee TPeX TOYEK Be-
TBJIEHUA). BLIACHUM, YeMy PABHO MUHUMAILHOE YUCIO TOYEK Be-
TBJIEHNUS PA3BETBICHHOT'0 HAKPHITUA P : M, 92 — 82, rne g > 1.
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21.7. Teopema. Ecau g > 1, mo ne cywecmeyem pa3eem-
BAEHHO20 HAKPLIMUL D : Mg2 — S%, y xomopozo menvuie mpex
MOoUer 8eMeAEHU.

foxazameavcmeo. Cornacuo gpopmyae (21.5)

2—29=x(M])=n(x(S*) —k) +ar+- +ar =
n(2—k)+ai+-- +a.

Ecm k < 2, Ton(2—k) > 0, asmaawmr, n(2—k)+ay+---+ag > 0,
Tak Kak paBeHCTBAa a1 + -+ ap =0 (T.e. k=0)mn(2—k)=0
HE MOI'YyT BBINOJHATHCSI OgHOBpeMenHo. lloatomy 2 —2g > 0, a
3HauuT, ¢ = (, YTO IPOTUBOPEYUNT yCIOBUIO TEOPEMEL. Takum
obpasoMm, k > 2, 9TO U yTBEPXKJAJIOCH. []

3agaua 21.3. [oxaxwure, uro ecau p : D2 — D? — passet-
BICHHOE HAKPHITHE JUCK JUCKOM, MMEIOIMee POBHO OJHY TOUKY
BETBJIEHNS, TO IPOOOPA3 TOYKN BETBICHUSA COCTOUT POBHO U3 O
HOU TOYKMU.

21.8. Poj KoMILIeKcHOM aarebpandeckon Kpusou. Dop-
myay Pumana-TypBuiia MOXHO OPUMEHUTD [/ BLIMUCJICHUA PO-
na anre6pamieckon kpusonr B CP2. Haumem ¢ ompegereHus
OCHOBHBIX TOHATHUU. Ascebpauveckas Kpueas CTEIEHU 1 B
CP? — 3T0 MHOXECTBO TOYEK, YJIOBICTBOPAIOMIUX OTHOPOJHO-
My ypasHenuwo F(z,y,z) =0, rae

F(z,y,z) = Z aijriyiz"""I z,y,z € C.
i+j+k=n

Ipu z =1 u x,y € R, noaydaem naockyo as2cebpavuweckyro Kpu-

8Y10
Z aijmiyj =0.
i+jgn
Ecan rpaauenT
OF OF OF
dF = | —, —, —
g (6:17’83;’62)

He 00PAalIaeTCs B HyJIb HA B OJHOU TOYKe aIre0pandecKor KPIUBOI
B CP?, T0 KpuByI0 Ha3LIBAIOT Heocobol. A ectu mmorowren F
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HENPUBOOUM, T.€. €r0 HeJb3s IPEICTABUTDL B BUE IPOU3BELEHUS
IBYX OJHOPOAHEIX MHOTOYWIEHOB MEHBINEU CTEMEeHU, TO KPUBYIO
HA3BIBAIOT HeNPuBodumot. MOXHO NOKa3aTh, 9TO HEOCOOAA He-
npuBoguMan anrebpamdeckas kpusas B CP2 romeomopdua che-
pe ¢ g pydkaMu s HeKOTOporo g > 0; Yucao g Ha3HBAIOT NpU
3TOM P0JOM KPUBOMU.

21.9. IIpeapnoxenme. Kpusas Pepma x" + y™ + 2" = 0
umeem pod
n—-1)n-2)
-

Hoxaszameavcmeo. Ilpex e Bcero aamerumM, uTo xkpuas Dep-
ma I' C CP? meocobas, Tax Kak

gradF =n (z"',y" 12" 1) #0 V(z:y:2) € CP%.

Paccmorpum oto6paxenue p : CP? \ {(0:0:1)} - CP!, xo-
Topoe mepeBouT TOUKY (z : y : z) € CP? B Touxy (z : y) € CP!.
Touxa (0:0: 1) me nexut Ha kpuson I', mosToMy oTOGpaKeHUE
p uagynupyeT orobpaxenue p' : ' = CP! = §2. TIpoo6pas Tou-
ki (7o : Yo) € CP! cocTout us Takux Touex (g : yo : 2) € CP?,
aro 2" = —(zf + yg). Ipm zf + y§ # 0 npoobpas cocromr
m3 n TO4eK, a npu zy + yg = 0 mpoobpas cocToMT M3 OZHOU
Touku. IloaTomMy p' — N-IMCTHOE PA3BETBICHHOE HAKPHITHE C
Toukamu BeTeaenus (1 : e,) € CP!, rue £, — xopeHb cremenu
n "3 €OIUHUIIbI. I/ITaK, KOIXYIEeCTBO TOYEK BETBJICHUSA PABHO 7,
mpudYeM Ipoo0pa3 KaXkJOU TOYKYM BETBJIEHUSI COCTOUT POBHO U3
oguon Touku. CornacHo gopmyae (21.5) moayvaem

x(T) =n(x(S*) =n) + n=n(2—n) + n=—n’ + 3n.
IToaTomy

2—x(D) n2—3n+2:(n—1)(n—2)

9= T 3 2

O

21.10. IIpegmoxenne. [unepsssunmuueckos Kpueas y> =
P, (x), 2de P, — muoecousen cmenewu n > 5 6€3 KPAmMHbLT Kop-
net, umeem pod [(n+1)/2] — 1.

3ameuanue. ITO yTBepxkjaeHme BepHo u npu n < 5. Ilpnm
n = 3,4 xpuryio y2 = P, (r) Ha3BBAIOT s44unmuuveckot.
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Loxaszameavcmso. Hycrs P,(x) = ag + -+ + apz™. Torga
runepammunTodeckas kpusasa I B CP? 3anaercs ypaBHeHueM

n
Y22 = Zakxkzn_k. (21.6)
k=0

[na runepammuntuydeckon kpuBou umeeM grad FF = 0 B Touke
(0:1:0) € T, nosromy xpusas [' ocobas.
Paccmorpum orobpaxenue

p:CP*\{(0:1:0)} > CP', CP? > (z:y:2)+ (z:2) € CP'.

Oycre p' : T\ {(0:1:0)} - CP' — orpaaudenue 5Toro 0To-
Opaxenus. Iokaxem, uro npu £ = 1 npoo6pas Touku (T : z)
crpemurca k ocobon Touke (0 : 1 :0) € ' mpu 2 - 0. B ca-
mowm jene, w3 ypasuenus (21.6) momywsaem y? X an,z2 " — oo.
ITosTomy

l:y:2)=QJy:1:2/y) = (0:1:0).

Takum 06pa3oM, oToOpaxenue p' MOXKHO OPOJOIKUTL OO OTO-
6paxenus seert kpuson p' : ' — CP!, momoxws p'((0: 1:0)) =
(1:0).

Yro6m1 HatTE MPo06pas Touku (To : 29) € CP! mpu oTobpa-
x)enun p' B caydae zg 7 0, HyXXHO PermmThL ypaBHEHUE

k
2 2 o 2 Zo
=z E ap - | — =z P, — ).
/ ° " * (20) ° n(z)

0

Ecmu z9/z9p — He xopenb MHOrowiesa P,, To 5T0 ypaBHeHue
IMeeT POBHO ABa pemenus. lloatomy orobpaxkenume p' : I' —
CP! spnsercs NBYTMCTHBIM Da3BETBJCHHBIM HAKDHITHEM, MPU-
JeM TOYKaMm BeTBJCHWA CIyxaT To4uku (xg : 29) € CP!, rae
xo/%zp — xopeHb MHOrowieHa P, u, BoamoxHO, Touka (1 : 0).
ToxaxeMm, uro Touka (1 : 0) OyzeT TOYKON BETBICHUA JUIIb
npu HedeTHOM n. Ilpw manbix z mpoobGpas Touku (1 : z) co-
crout m3 Touex Buma (1 : y : 2), rae y? = a,z?™". Ilycts
z = pe'?. Tpu mamenenuut ¢ ot 0 10 27, T.e. Ipu 06X04€ BOKPYT
rouxku (1 : 0) € CP!, apryment wmcra y € C msmensercsa Ha
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(2—n)27/2 = (2—n)r. IlosTOMY IIPU HEYETHOM 71 IHUCIO Y U3ME-
HSET 3HAK, T.€. MBI [IONANAEM HA APYLYI0 BETBb, a IPU YETHOM
N 9YUCJO Yy HE U3MEHSETCA, T.e. MBI OCTAEMCS HA TOU XKe CaMOu
BETBIL.

Nrak, konmaecTBo TOYeK BeTBIeHua pasHO 2[(n+1)/2]. IycTs
g — pog xpusou I'. Torpga cornacuo popmyae (21.5)

1 1 1
2—2‘(1:2(2—2[";L ]>+2[”; ] ng:[";r ]—1. 0

$22. Pa3BeTBJ/ICHHBIE HAKPLITHUA

TPEeXMEPHLIX MHOr000pa3uu

22.1. Muorue ompegenenus u TeopeMul u3 §20 MOXHO mepe-
HECTU HA CIyYall TPEXMEPHEIX MHOT000Pa3un 6€3 CyIeCTBEHHBIX
mamenenun. OnpeneneHue HAKPHITUA HE TpeOyeT BOOOIIE HUKA-
KUX u3MeHeHUU. Pazeemsaennoe waxpvimue TPEXMEPHBIX MHO-
roo0pasu ONPEaeaAeTCA KAK TAKOE HEIIPEPLIBHOE OTOOPAKEHME
p: M?® = N3 «gro B N® cymecTByeT OZHOMEDHBIH IIOZKOM-
miexc L', mpoo6pas xoroporo p (L) seaserca ogmOMepHEIM
IO IKOMILIEKCOM, TIpuyeM orpanudenue p ma M3\ p~1(L') apus-
eTCcAa HAKpHITHEM. B Taxon curyamuu M3 HA3LIBAIOT HAKPHIEal0-
wum muozoobpazuem, N° — 6a30t nawpoimua, a L' — mmoxce-
CMBOM 6EMEAEHUL.

Teopemur 20.5 u 20.6 BMecTe ¢ UX AOKA3ATEALCTBAMU JETKO
MIEPEHOCATCA C PA3MEPHOCTH 2 HA PasMepHOCTh 3. [las TeopeMur
20.5 MBI TIpE 3TOM UM€EeM B BUIY €€ BTOPOE I0KA3aTEIbCTBO.
Takum 06pasoM MOLyIaeM CIEIYIOLINE YTBEPXK JEHU.

22.2. Teopema (Aunexcaugep). ITycmv M3 — womnaxm-
Hoe opuenmupyemoe mro2006pasue be3 kpas. Toeda cywecmsy-
em pazsemeaennoe naxpoimue p: M3 — S3. O
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22.3. Teopema. Ilycmv M® — xomnaxmuoe opuenmupye-
Mmoe muo2006pasue 6e3 kpas. Tozda cywecmsyem pazsemesen-
noe naxpormue p : M3 — S, mnoxcecmeom semeaenus xomopo-
20 cayxcum odnomepwvili ocmos mempaadpa (m.e. 6 ezo pebep).

3ameuanue. Teopemnr 22.2 u 22.3 6e3 TpyJa NepeHOCATCS HA
n-MepHEIe MHOT000Opasusa. B o0600menuu TeopeMul 22.3 MHOXe-
CTBOM BeTBaeHUs OyneT (n — 2)-MEpHBEIX OCTOB 7-MEPHOT'O CAM-
ILIeKCa.

3agaga 22.1. [Iycte M3 — KOMIDAKTHOE OpDHEHTHPYEMOE
MHOroo0Opasue 6e3 kpasa. J[lokaxuTe, 9TO CYIIECTBYEeT Pa3BET-
BIeHHOe HakpeiTue p : M3 — S3, MHOMKECTBO BeTBIEHUA KOTO-
POr0 YCTPOEHO TaK, KaK MOKAa3aHO Ha puc. 22.1.

Pwuc. 22.1

22.4. B panbmenmeM "Hac OyyT MHTEPECOBATDH JUIIbL PA3BET-
BJICHHBIE HAKPHITHA P : M3 — N3, 118 KOTOPEIX MHOXECTBOM Be-
TBJIEHUA CILyKUT HE TPOCTO TIOJKOMILIEKC, & IOAMHOr000pasue (B
CIydae MHOTOOODA3Uil Pa3MEPHOCTH 3 — 3alEILICHUE), TIPUIeM
Ipoo6pa3 MHOXECTBA, BETBJIEHUA TOXKE ABIAECTCI IO IMHOr000pa-
sueM. JliA TakuX Pa3BETBICHHLIX HAKPLITUM AHAJOIM TEOPEM
22.2 1 22.3 10Ka3LIBAIOTCA IOPa3 a0 cloxkuee. MBI fOKaXXeM UX B
§823-25.

22.5. Iluknandeckme pa3BeTBJIEHHbIe HAKPLITUA. Bax-
HBIM TPUMEPOM PA3BETBICHHOTO HAKPHITUA CIYXKUT N-JIUCTHOE
IUKINYECKOe Pa3BeTBICHHOE HakpuITHe p : S° — S3. Omo ompe-
Jensercs creayiommm obpasom. IIpeascrasum S° xakx R? U oo.
Brrgemny B R® npamyio [ u oTox gectsum Touku R? , koToprie mo-
Jy9aloTCsa APYT U3 APYyra IMOBOPOTOM Ha yroa 2m/n BOKpYT ocu [.
B peayabTare moayumm otobpaxenue p; : RS — R /Z, rae Zy,
— rpymnma moBopoToB Ha yroa 2mk/n Bokpyr ocu l. Orpaxude-
HIE OTOOPAKEHUS Pi HA, IOCKOCTD, MEPIEH IUKYIAPHYIO TPAMOU
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l, n306paxeHo Ha puc. 22.2; CTOPOHBI yIVId, OTMEYEHHEIE CTPEeJ-
KAaMH, HYXXHO OTOX JE€CTBUTh.

fcno, uro R*/Z,, ~ R®, npuuem orobpaxenue p; : R? — R3
SIBJSIETCS PA3BETBICHHBIM HAKPHITUEM C MHOXECTBOM BETBJEHUs
. Mo6aBUB K KaxKJOMy U3 DTUX IPOCTPAHCTBE R° 6GeCKOHEYHO
yIAJIeHHYIO TOYKY, MOAYINM Pa3BeTBICHHOE HAKPEITHE P : S° —
S3, KOTOpOe Ha3HIBAIOT YuKAuueckuM. MHOXKECTBOM BeTBIe-
HUS OUKJIAIECKOTO PA3BETBICHHOIO HAKPHITUA CIYXKUT OKPYXK-
HOCTB [Uoo. IIpoo6paszoM MHOXECTBA BETBICHUSA TOXKE SIBJIACTCS
OKPYKHOCTE | U 00.

22.6. Ucxonsa m3 HUKINIECKOrO PA3BETBICHHOI'O HAKPBITUS
p: 8% — 53, MOXKHO MOCTPOMTH ApyIHe IPUMEPEl PA3BETBJICH-
HEIX HAKPBLITUH, IEJIAs IEPECTPOUKM 10 OCHAIIEHHLIM 3alEILIe-
HusaM (cMm. §16). Bribepem B Gase pasBeTBIEHHOIO HAKPHITHA
P OCHAITIEHHOE 3aueryienue L ¥ crenaeM mo HeMy IepeCTPOUKY.
B pesyabTaTe momyumm HekoTOpoe MHOrooGpasme N°. Paccmo-
TpUM IPOO6pPa3 OCHAIEHHOrO 3aLeIVieHusa L u crejaeM mo HeMy
epecTpouKy. B pesyabTaTe moayduM eme 0JHO MHOr0OOpa3ue
M?3. Pasperniennoe HakperTue p : S° — S ungynupyer passer-
BIeHHOE HakpuITHe P : M3 — N3; ero Me1 Toxe 6y1eM HA3LIBATE
YUKAUYECKUM.

Ocramenmns KoMmOHeHT 3arenienus p~ (L) ompegersrorcs
crenyomuM o6paszoMm.  OcHaIlleHne KaXK A0 KOMIIOHEHTHI 3a-
uemenus L 3agaguM mocpescTBOM KPUBOUM HA Kpae ee e-
okpecTHOCTH. TOrga Ha Kpae £-OKPECTHOCTH KaXK IO KOMIIO-
HeHTHI 3anerenus p~ L (L) Toxe GygeT 3ajaHa HEKOTODAA KPHU-
Bass. Cuemyromee yTBEDXKJEHUE CIYXKUT IPUMEDPOM, WLIIOCTPU-
PYIOLIUM 3Ty CUTYAINIO.
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22.7. IIpepnoxenme. IIpoobpazom Kpusotd ¢ OCHAWEHUEM
1, uzobpascennot na puc. 22.3 (a), NPU N-AUCTHOM YUKAUUECKOM
DPA3BEMBAEHHOM HAKPOIMUYU CAYHCUM OCHOWEHHOE 30UENACHUE,
uzobpaxcennoe na puc. 22.3(b) das n = 2,3,5. (Jas npous-
80461020 T 3QUENAEHUE COCMOUM U3 T KOMNOKEHM U YCMPOEHO
AHAA02UUHO.)

l
1 —. - Ll
(a) l n=2 n=3 n=2>5
(b)
Puc. 22.3

Loxazameavecmso. PaccmarpuBaembin npoo6pas moaydaer-
CA B PE3YJAbTATE CKICUKH 7 DK3EMILIAPOB 3AIEILUIEHHBIX KPUBBIX,
um3obpaxkeHubix Ha puc. 22.4. Iosromy mpoobpas IeuCTBUTENb-
HO YCTPOEH TaK, KakK moka3aHo Ha puc. 22.3 (b). Ocraercsa muum
HaﬁTH OCHAIIIeHUsA €0 KOMIIOHEHT.

Puc. 22.4

Puc. 22.5

B 19.6 Mb1 ganu ompenesieHre IUArPAMMEBI OCHAIIEHHOI'O 3a-
uemenus. [ MCXOQHOUM KPUBOU C OCHameHueM +1 quarpamma
BLIVIAIUT TaK, KaK MOKAa3aHO Ha puc. 22.5(a); oTpunarerbHas
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[eTeabKa, JAIOIas B OCHAIeHUe BKaan —1, 106aBJIeHa MOTOMY,
9TO KaX[IHA U3 IBYX HNEPEKPECTKOB NUAarpPaMMbL Jae€T B OCHA-
menve Bkian +1 (a B cymme MBI gomxHEL nonyunts +1). Ilpnm
n = 2 ImarpaMMa OCHAIEHHOTO 3anertenus p_ ! (L) maobpaxena
Ha puc. 22.5(b). OcHamenne Ka)xI0U KOMIIOHEHTHI DTOTO 3a-
LEIUIEHUs] TIOJHOCTBIO ONpPeneIseTcs NOOABIEHHON OTPULATENb-
HOU ImeTeNbKOoN. [IJIsa MPOU3BOMBLHOIO 7 OCHAIIEHNE KAXK I0U KOM-
moHeHTH paBHo —1. [

22.8. IIpeanoxenune. Jas muo2o06pasus M3, noayuennozo
u3 S3 nepecmpotinoti N0 0CHAUEHHOMY 3AUENAEHUIO0, U30ODAHCEH-
nomy wa puc. 22.3(b), cywecmeyem n-aucmuoe passemsienwoe
naxpormue p : M3 — S® ¢ semeaenuem nad mpusucmuurom.

Loxazameavemso. CoraacHo mpemaoxenuo 22.7 mpoobpas
kpusBou J ¢ ocHameHreM +1 npu N-IUCTHOM HIUKIAIECKOM Pa3-
BETBJEHHOM HAKpHITHE p; : S° — S° cocTomT m3 n KpPUBEIX
Ji,...,Jn ¢ ocHamenusamu —1. Pacemorpum sanenienue {J, K},
um3o6paxenHoe Ha puc. 22.6 (b). HecuaoxHo yOeauThCsa, 9TO 3TO
3alemJeHre N30 TOMHO 3AEILIEHUI0, N300paXeHHOMY Ha, puc. 22.7
(mogpo6HO Tpebyemasn usoTonus n3oOpaxkeHa Ha puc. 18.8).

l ICK=1lUx

J
Puc. 22.7
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Caenaem mepectpoiiky S mo xpusoit J ¢ ocuamernuem +1. B
pe3yabTaTe MHOXECTBO BeTBICHUSI K IPeBPATUTHCA B TPUINACT-
HUK, a caM0 MHOroo6pasue S° me mamenuTcs (MOTOMY ITO Kpu-
Baa J Hesayanena). Takum o6pa3oM, MOCJIE MEPECTPOUKEA GAZHI
U HAKPHIBAIOILErO MHOI'00OPA3UA 0 OCHAIIEHHBIM 3aLEILIEHUAM
Ju {J1,...,J,} coorBeTCTBeHHO OTOOpaxkenue p; : S° — S
IPEBPAIAETCA B Pa3BeTBJIEHHOE HakpeiTue p : M3 — S% ¢ Be-
TBJECHUEM Ha T TpI/IJII/ICTHI/IKOM. O

3agaga 22.2. /Jokaxure, 9TO CyIIECTBYET 2-IUCTHOE Pa3-
BeTBIeHHOE HaKpeITHe P : L(3,1) — S® ¢ BeTBIeHMeM Han Tpum-
JIICTHUKOM.

22.9. IIpepnoxenme. Cgepa [Iyanxape 5-aucmmo HaKpvl-
saem cepy S° ¢ eemeaenuem Had MPUAUCTIHUKOM.

Hoxazameabcmeo. B caydae n = 5 mpepaoxenue 22.8 gaer
5-nucTHOE HAakpuiTHE p : M3 — S3 ¢ BeTBIEHMEM HaJ TPUIMCT-
mukoM. Ilpwm aTom mMHOrOOOpasme M3 momyveno ms cheprr S°
MEPECTPOUKON IO OCHAIEHHOMY 3aLCIUICHUIO, U300DPaKEHHOMY
Ha puc. 22.8(a). Cuenas 3epKaTbHYI0 CUMMETPUIO, MEI MOy 9UM
OCHAIIEHHOE 3anerenne, n3obpaxenHoe Ha puc. 22.8 (b). Ho mur
ye yCTAHOBUWIN, 9TO IEPECTPOUKA CPEPHI MO TAKOMY OCHAIIEH-
HOMy 3anemenuio gaet cgepy Ilyankape (cm. puc. 18.12). O

1 +1

o oN
&b/;m. o o

22.10. IIycts a u f — MepuauaH ¥ mapaiienb CTAHAAPT-
HO BJIOXEHHOT'O TOPA, P U ¢ — B3AWMHO IPOCTHIE HATYPAILHEIE
ugncia. Torga 3aMKHYTYI0 KPUBYIO pa + ¢ Ha TOpEe HA3HIBAIOT
mopuveckum yaaom tana (p,q).

3agaua 22.3. [JokaxuTe, 9TO TOPUYECKUU y3ea Tuna (p,q)
U30TONEH TOPUYIECKOMY yamry Tuna (g, p).
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22.11. Ipegnoxenue. Cgepa [Tyankape 3-aucmmuo Haxpvi-

saem cfepy S® ¢ semesenuem Had MOPUYECKUM Y340M MUNG
(2,5)
,5).

Hoxaszameavcmeo. PaccmoTpum 3-IuCTHOE HUKIMIECKOE PA3-
BeTBJIEHHOE HakpeiTHe Py : S° — S3 (puc. 22.9).

I, l

~N

Puc. 22.9

Js3

/

Kpusas J mesayanena u ee ocHamenue pasuo 1. [osromy mo-
c1e mepecTpolku 6a3nl S° mo kpueon J CHOBa momydaeM cdepy
S3. A xak mokasmBaer puc. 22.10, xkpusag K = [ U oo npu Taxon
[ePECTPOUKE NPEBPALIAETCA B TOpUYIeCKUd y3ea Tuma (2,5). B

(- B>

Puc. 22.10

)

HAKDPBLIBAIOMIEM MHO006pasun S° Hy:XHO CAEIaTh IEePeCTPONKY
no npoo6pasy xkpuson J, T.e. o sanemnenuio {Ji, Jo, J3}. Ita
mepecTpoika 1aeT chepy Ilyankape M3 (cu. puc. 18.10). Iocre
YKa3aHHEIX MepPecTPOeK pasBeTBICHHOe HaKpeITHe p; : S° — §°
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IpeBpaIaeTcsa B TpebyeMoe pa3BeTBICHHOE HAKpEITHE p : M3 —
S3. 0

22.12. IIpegmoxenue. Cgepa ITyankape 2-aucmuo HaKxpui-

saem cfepy S® ¢ semenenuem Had MOPUYECKUM Y340M TUNG
(3,5).

Hoxazameabcmeo. PaccMoTpuM 2-IUCTHOE IUKITIECKOE Pa3-
BeTBJICHHOE HakphITHE P1 : S° — S° (pue. 22.11).

D

|
Puc. 22.11

l

Puc. 22.12

Kpusas J mesaysneHa u ee ocHamenme paBHo 1. Kax moxa-
swiraeT puc. 22.12, kpusas K = | U oo mpu mepecTpoitke S° mo
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kpuBou J mpesBpam@aercs B Topudeckunn ysea tuma (3,5). Ile-
pectporka 1o sanemrenuio {Ji, Jo} npespamaer HakphIBaroIiee
MuOr006pasue S B cdepy Iyankape. O

Tpegnoxenus 22.9, 22.11 u 22.12 nokaseBaoT 4T0 chepa [Iy-
aHKape p-TICTHO HAKPEIBAeT chepy S° ¢ BeTBICHMEM HAJ TOPU-
geckuM y3aoM Tuna (¢,r) 4 mobou Tpouku (p,q,T), KOTOpas
NOXy9aeTcs u3 TPOUKy (2,3, 5) mepecTaHOBKOM DIEMEHTOB.

§23. TpexmepHbIe MHOT000Opa3usa

KaK pa3BETBJEHHbLIE HAKPHITUA CepPhI

B sTom maparpade MBI gOKaxkeM CleAyIiollee yTBEPXKAEHUe,
yTouHsAomee Teopemy Anekcanmepa 22.2 0 pa3sBeTBICHHBIX HA-
KPBEITUAX.

23.1. Teopema (Xmages—Monrecunoc). Jas 4106020
KOMNAKMHO20 0PUENMUPYeM0o20 mHo20006pasus M3 6e3 xpas cy-
wecmeyem S-aucmuoe pazeemesennoe naxpuimue p 2 M3 — 3
¢ eemsaeruem Had Y340M.

OTMeTuM, 9TO 3TO yTBEPXKAEHUWE yTOIHAET Teopemy Amek-
CaHIepa CPasy B TPEX OTHOUICHUAX:

(1) ykasmBaeTCs TOYHOE YUCIO JUCTOB HAKPHITUA P

(2) mokaswIBaeTCs, YTO B KAYECTBE MHOXECTBA BETBIECHUS
MOXKHO B3ATb He IIPOCTO [0 IKOMILIEKC, 8 IO0AMHOr000pa-
3ue;

(3) 3T0 MOAMHOrOO6PA3NE MOKHO CIATATH CBAZHEIM.

Teopema Xungena—MOHTECHHOCA CIYXKUAT MOCTOM MEXIY Te-
OpHeN y3JI0B U TeOpUeN TPEXMEPHEIX MHOMOOOPa3Ny.

HokaszareascTBo Teopemur 23.1 10BOIBHO mauHHOE. Ero 06-
Ias CXeMa TaKOBa: MEI BO3bMEM HEKOTOPOE 3-JUCTHOE Pa3BeT-
BIeHHOE HakpuITEe p : S° — S% m ¢ momompio mepecTpoex
NpeBpaTuM HaKpEIBaomee MHOrooOpasue S° B 3aJaHHOE MHOTO-
obpasue M3. TlperBapuTeTbHO HYXKHO BEIACHUTE, KAK JOKHLL
OBITH COTVIACOBAHEI TIEPECTPONKA, 0A3HI U MEPECTPONKA, HAKPLIBA-
IOIIEr0 MHOr000pa3usA, YTOOHl B Pe3yJbTAaTe CHOBA MOIYUUIOCH
Pa3BeTBIEHHOE HAKPBLITHE.
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MpeamonoxmM, 9T0 6a33 PA3BETBICHHOIO HAKPLITHA p : M3 —
N? ckneena w3 muoroo6pasutt N7 u N3, a HakpEIBaoOIIee MHOTO-
obpasue ckIeeHO u3 MHOroo6pasmit M7 u M3 (me o6s3aTenbHO
cB3HBIX), npudeMm M?P = p~1(N?2). Moxuo cunTaTsh, 9TO

ON} =0N3 =N? u OM}=0M; = M?,
opuieMm CKJIQI:IKPI IPpOU3BOOATCA IIO TOXICCTBEHHBIM I'OMEOMOD-

dbusmam MHEOrOOOpasmin N2 u M2,

23.2. Jlemma. IIycmbv p1 — o2panuuenue omoopaxcenus p
0] M?. Iped 0; N2
HAQ MH02000Da3UE . IIpednosorcum umo mnoz2006pa3ue
nepecexaem MHOHNCECMBO BEMBAEHUA MPanceepcasbho. Toz2da
nocae npukaetiwu N7 x N3 u M3 % M3 no 2omeomopdusman

f:ON} = ON3 u g:0M}— oM

COOMBEMCMBEHHO O0MOOPAHCEHUE P OCMAEMCA PA3BEMBAECHHBIM
HAKPOLIMUEM 8 TOM U MOALKO 8 MOM Cayuae, Ko2da pr1g = fp1.

p
M3 —> N}

Puc. 23.1

foxazameavemso.  Ycaosue p1g = fp; HEOOXOOAUMO U
IOCTQTOYHO [JIs TOr0, YTOOBI OTOOpaXKEHWE P OCTAIOCH THO-
Clle YKA3aHHOU MEPEKJICUKA OJHO3HAIHO ONPENeIeHHBIM U He-
npepuBEEM  (puc. 23.1). W3 Toro, uro mmorootpasume N2
[IEPECEKAET MHOXECTBO BETBICHUA TPAHCBEPCAIBLHO, CJIELY-
eT, 4To OTOOpaxkemme p, : M? — N? gmasercsa pas-
BETBICHHEIM HAKPHITHEM (AByMEPHBIX MNOBepxHOCTen). Tak
kak f m g — romeomMopduaMbl, mpuueM pig = fpi, ¢
B3AUMHO OfHO3HAYHO oToOpaxkaer p ' (f~!(z)) ma p~!(z).
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CaemoBaTenbHo, f MEPEBOAUT TOYKY BETBJICHUA B TOUKY BETBJE-
HUf, a ¢ IepeBOUT mpoobpa3 TOYKHM BETBIEHWS B NIpoobpas
TOYKU BETBICHUA. TakuMm 00pa3OM, TPU YKABAHHOU MEPEKIEU-
Ke TTPOUCXOIUT TAKKe MEPEKJICNKa MHOXECTBA BETBJICHUA U €0
mpoobpasa. IIosToMy mocsie mepecTpouKu OrpaHudeHre 0ToOpa-
JKEHUs P Ha JOIOJHEHNE IPoo0pa3a MHOXECTBA BETBIECHUS CHOBA
OynmeT HakpuITHEM. [

23.3. Ilycts p; : M? — N? — pasBeTBICHHOE HAKPHITHE.
Bynem roBoputh, 910 roMeoMopdusM g : M2 — M? naxpuisaem
namHBA TOMeoMopdumam f : N2 — N2 (mo oTHOmeHWIO K pi),
ecnu p1g = fp1-

Jlemma 23.2 mMOKa3BIBAET, YTO ONUCAHUE OJHOBPEMEHHHIX IIe-
pecTpoek 06a3bl M HAKPHIBAIOIIE'O MHOI000Pa3usa pa3BeTBICHHO-
ro HakpuTua p : M3 — N3, cornacoBaHHEIX ¢ OTOGpaXKeHTEM
P, CBOJUTCA K ONUCAHUIO TOMEOMOPMU3Ma, f U HAKPHIBAIOMIET'O
ero romeomopduama g. PaccMoTpuM gBa HpuMeEpa HAKPHIBAIO-
mux romeomopdmamos. O6a 2Tu mpuMepa HaM IOHALOOATCA B
NATLHEUIIICM.

23.4. ITpumep. Paccmorpum 2-aucTHOE pPa3BETBIEHHOE
HakphuiTHe, u3oOpaxenHoe Ha puc. 23.2(c). Jlerxo mnpose-
pPUTh, YTO HAKPHIBAIOIlee MHOrOOOpa3ue roMeoMOpPGHO KOIbIY
(cm. puc. 23.2 (a) u (b)).

Puc. 23.2
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Iycts f — TOXOECTBEHHBEIN HA KPae TOMEOMOP(hU3M AUCKA,
Mer[IOH_II/II‘/JI MeCTaMM TOYKH BETBJICHUA IIOCPEACTBOM 3aKPY'IU-
Bauus Ha 180°; mHa pmc. 23.3 usobpaxen obpas orpeska I mpu
romeoMmopduame f.

‘p l

¥

©-9

Puc. 23.3

Torga dasa comeomopPusma [ cywecmeyem momxcdecmsennvii
no Kpae 2o0meomopPusm g, noxpouisarowut f. OH ycTpoeH Tak,
KaK TOKa3aHo Ha puc. 23.3.

Y1066 NOCTPOUTH FOMEOMOPHU3M ¢, PA3PEXKEM IBa DK3EM-
IIApa JUCKa ¢ m3oOpaxeHueM o6pasa orpeska I (puc. 23.4 (a))
U CKJIEUM UX TaK, IYTOOHI IOJIYyYIUTh HAKPHIBAIOIIEE MHOI000Opa3ue
HakperTEa p (puc. 23.4 (b)).

i

Puc. 23.4
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23.5. IIpumep. Paccmorpum 3-1ucTHOE PA3BETBIEHHOE HA-

KpHITHE, u306pakennoe Ha puc. 23.5 (a). Jlerko nposeputs, 4TO
HAKPHIBAIOIIEE MHOr006pasue romeoMopduo aucky (puc. 23.5 (b)

<o
SER
-

Crpoenne 5TOro pa3BeTBICHHOI'0 HAKPHITHA P 60Jee JeTAILHO
u300paxkeno Ha puc. 23.6. O6paTuTe BHUMAHUE, YTO 3AIITPUAXO-
BaHHBIE 00IaCTH MEPEBOLATCA APYT B APYra MIOCPEICTBOM IIa-
PAJLIETBHEIX TIEPEHOCOB U, BO3MOXKHO, CUMMETPUN OTHOCUTEIHHO
TOYKHU.

Puc. 23.6
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Iycts f — TOXOECTBEHHBEIN HA KPae TOMEOMOP(hU3M AUCKA,
MerIIOH_II/H‘(JI MeCTaMU TOYKU BETBJICHUA ITIOCPEACTBOM 3aKPYIUBaA-
uus Ha 3w (puc. 23.7). Toraa cywecmeyem moxrcdecmeenmvili wa
Kpae 2omeomopPpusm g, naxpusarowut f. OH ycTpoeH Tak, Kak
mokKasaHo Ha puc. 23.7.

}

<
5S)

VI

Puc. 23.7

Y1068l HOCTPOUTH MOMEOMOPDU3M ¢, BO3BMEM TPU DKIEMILIS-
pa 6a3el, pa3pexkeM UX, a 3aTE€M CKJIEUM TakK, YTOOLI B PE3yJb-
TaTe MOLyYUTh HAKPHLIBAKOIIEE IPOCTPaHcTBO (puc. 23.8). flcwo,
YTO OMEOMOP(GU3M ¢ MEPeCTABIAET TOYKU BETBIEHUS IOCPE[-
CTBOM 3aKPYYIUBAHUA HA 7T, IIO3TOMY MBI ,C[e]‘/)ICTBI/ITeJIBHO IIOCTPO-
win TpefyeMBI TOMeOMOP(pU3M.

Puc. 23.8

3agaua 23.1. [okaxwure, 4T0 ecau Obl B mpumepe 23.5 MbI
BMecTO romMeoMopduaMa f, 3akpyduBaromero 6a3y Ha 37, B3saIu
OBI 3AKPYYIMBAHUSA HA T WIN 27, TO HE YAAJIOCH ObI HAUTYU TOX Je-
CTBEHHBIA H3 KPAae TOMEOMOP(U3M ¢, HaKpuIBaromuu f.
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23.6. BosBpamasce Kk 0Ka3aTEALCTBY TEOPEMBI XWIAEHA—
MoHTecuHOCa, OmpefeInM Pa3BeTBICHHOE HAKpEITHE p : S5 —
S3, mpeobpasysa KOTOpOe, MBI TOCTPOMM Tpebyemoe 0TOGpake-
mue p : M3 — S3. Komcrpykmus makperTus p 6ygeT OCHOBaHA
Ha npuMmepe 23.5. BosbMeMm mpsmoe nmpousBefeHue HAKPHITUS U3
aToro mpuMepa Ha otpesok [0, 1] (puc. 23.9(a); BEIgENTEHHEBIE OT-
PE3KM B HAKPHIBAIOIIIEM MHOIO00PA3NY COOTBETCTBYIOT TOYKAM C
ungexcom BeTsaeHus 2). Kak 6a3a HAKPHITUA, TAK U HAKPHIBAIO-
mee MHOr006pasue sSBIAITCS TpexMepHeiMu mapavu. 1loaromy,
CKJIEVB [Ba JK3eMILIApa 0a3bl II0 TOXAECTBEHHOMY I'OMEOMOp-
dU3My KPaeB U CKJIEUB QHAJOIMYHO OBA JK3E€MILIIPA HAKPBEIBAIO-
ero MHOroo0pasus, HOJyIuM 3-JIUCTHOE PA3BETBICHHOE HAKPHI-
e p: S° — S° (puc. 23.9(b))

50 (B

Puc. 23.9

Paccvorpum B 6aze pasBeTBIEHHOIO HAKPHITUSA P IIOJMHOIO-
o6pazue D3, romeomopdHOe mapy, KOTOPOe NePeceKaeT MHOXKe-
CTBO BETBJIEHUA TAK, KaK ITOKAa3aHO Ha puc. 23.10.

73
D} s

Puc. 23.10

CTpoeHre HAKDHITUA P ONPEJENSETCS CTPOEHHEM BCIOMOIA-
TeIBLHOT'0 HAKPHITUA P, m3oOpaxeHHOro Ha puc. 23.6. Buuwma-
TEJLHOE M3YYEHWE >TOU KAPTUHKM MOKA3HEIBAET, UTO MPOOOpa3
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p~1(D}) manenwvxoro uzornytoro aucka D cocTouT uz ManeHb-
koro aucka D3 u manenvkoro nomsoTopus Ty (puc. 23.10). Ilpu
BTOM orpanudenue oTobpaxkenus p na D3 apaseTcs romeomop-
duamom. Tlokaxem Temepn, uTo orpanuyenue p Ha Ty ycTpoe-
HO KaK NPAMOe IIpou3BeeHne Ha oTpesok [0, 1] paseersaeHHOrO
HakperTUsa u3 npumepa 23.4. s 3Toro mpeacraBuM 0ToOpaxe-
Hre u3 npumepa 23.4 creayrommym obpazom. Pacmomoxum Koabo
TaK, 9TO0BI OHO MMEJO OCh cuMmmeTpuu | u nepecekano | B aByx
Toukax (pumc. 23.11(a)). OTOXIECTBUB TOYKM KONBIA, CEMME-
TPUYHBIE OTHOCUTEIBHO [, mosyumM TpebyemMoe pasBeTBIEHHOE
HakperTHe. Temepb sCHO, YTO HMPSMOE MPOU3BENEHUE DTOrO Ha-
KpuITHs Ha 0Tpe3ok [0, 1] ycTpoeHO Tak Xe, Kak OrpaHUYeHue
otobpaxernus p ma Ty (puc. 23.11 (b)).

Puc. 23.11

Mzr 6yaem mpeo6pas3oBLIBATE OTOOpaxkenue p : S° — 3, BoI-
pe3as u BKJIEHBAsA O0OPATHO MAJIEHbKUE AUCKYN U MAJIEHBKUE IIOJ-
HOTOPHUA TAK, YTOOBI MOXHO OBLTO IPUMEHUTE JeMMYy 23.2.

23.7. Ilycts p1 : M? — N? — paspeTBIeHHOE 2-IUCTHOE
HaKpHITHe u3 mpumepa 23.4. 3gecs M? — xombno, N2 —
muck. Urobbl mpuMeHUTH JeMMy 23.2, HYXXHO MOCTPOUTH I'O-
meomopduam fi : O(N? x I) — O(N? x I) u HaKpHIBAIOMIMAH
ero romeomopduam g : O(M? x I) — O(M? x I). Tomnoxum
f1(2,1) = £(z) u g1(z,1) = g(z), rae f u g — romeomopdmsMEL
3 npumepa, 23.4, u OygeM CYATATH, 9TO BCE OCTAJIbHBLIE TOYKH
f1 u g1 ocraBusmor Ha mMecte (puc. 23.12). Taxue romeomoppus-
ME f; W g CyMECTBYIOT, MOTOMY 9YTO TOMEOMOPU3MEl f 1 g
TOXJECTBCHHLI HA, KPae.

Buipexxem Teneph 3 6a3bl Pa3BETBICHHOTO HAKPHITUA P
S$3 — S3 mogmuoroo6pasme D3, a 3aTeM BKIEUM ero o6paTHO
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L,

o
\
’
-
o

Pwuc. 23.12

no romeomopduamy fi : 0(D3) — 8(D3). OanospemeHHO ¢ 3TUM
BEIpesKeM nogMHOroo6pasua D3 u T3 u BKIenM mx 06paTHO 10
romeomopdmamam fi : O(D3) — (D3) u g1 : O(T35) — O(T3).
Corutacuo jeMme 23.2 MBI CHOBA [OJIYYMM PAa3BETBICHHOE HAKPEI-
Tue. O6aactb, B KOTOpOU romeoMopdu3M fi He TOXIECTBEH,
3aIITPUXOBaHa Ha puc. 23.13 (a). ITOT romMeoMopdu3M MeHsEeT
MeCTaMU AB€ TOYKM BETBIEHU, Jexkamye B oToun obxactu. Ilo-
DTOMY MHOXECTBO BETBJIECHUS NEPECTPAUBACTCA TAK, KAK MOKa-
3aH0 Ha puc. 23.13 (b) wiu (c). leso B TOM, 9TO HAPALY C TOMEO-
MOPGU3MOM f] MOXKHO PACCMOTPETH FOMEOMOP(U3M ], COOTBET-
CTBYIOLINN 3aKPYIMBAHUIO B IPOTUBOMIOIOKHYIO0 CTOpony. O aue
U3 DTUX rOMeOMOppU3MOB cooTBeTcTByeT nepectpouke (b), a
apyrou nepecrporke (¢). O6paTure BHUMAHUE, 9TO KOIAIECTBO
KOMIIOHEHT MHOXKECTBA BETBJCHUA DU TAKUX IEPECTPOMKAX HE
U3MEHACTCA.

.
.
.

(b) § ()

Puc. 23.13

Korga mur Bripesaem guck D wm D3, a 3aTeMm BKIewBaeMm
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ero o6parHo (1m0 romeoMopdusMy f1), COOTBETCTBYIOLIEE MHO-
roo6pasue He maMmeHseTcA. HO KOrga MBI BHIPE3aE€M HECKOJIb-
KO TIOJIHOTOPUE TaKOTo BUja, Kak moaHoTOpue Ty, a 3aTeM uxX
BKJIEMBAaEM OGPATHO 10 MOMEOMOP(U3MAM BUIA §1, TO HAKPHIBA-
Iolee MHOrOOOPa3ue MOXET W3MEHUTHCA. BuiACHUM 6osee 1mo-
OPOGHO, KaK yCTPOEHA IEePECTPONKA MO TOMEOMOpu3My ¢ 1
romMmeoMopdusMy ¢j, HakpuBamomemy romeomopdusm fi. Ilpm
romMeoMophu3Max g; u g MEPUAUAH @ IEPEXOAUT B KPUBYIO a3
(puc. 23.14). Takum 06pa3oM, PacCMaTPUBAEMOE HAMU TIPEOOpPa-
30BaHUE HAKPLIBAIOLIEr0 MHOIO0OPa3UA ABIAETCS EPECTPOUKOU
[0 HEe3ay3JEeHHOU KPUBOU ¢ OCHalmenuem +1.

Puc. 23.15

Muck D3 we o6a3aresbHO JOMKeH GEITH pacnosoxen B S°
MMEHHO TakK, KaK 1oka3aHo Ha puc. 23.10. Cpenas usoromnuio,
He 32 TParuBaolly 0 MHOXKECTBO BETBJICHNA, MOXHO PACIOIOXUTh
BTOT AWCK, HATIPUMED, TAK, KaK MOKa3aHo Ha puc. 23.15 (b). To-
ra COOTBETCTBYyOImee MoTHOTOpUe T35 6yaeT BHIIIAIETH Tak,
kak mokazaHo Ha puc. 23.15(a). Tlonyuennoe momnotopue Ty
HE33y3JE€HO U CUMMETPUYHO OTHOCUTEILHO IPAMOU [, COOTBET-
CTBYIOLIEN OQHOU W3 ABYX KOMIIOHEHT MHOXECTBA, TOYEK C UH-
nexcoMm BeTBaeHus 2. Taxkum 06pasoM, B Pa3BETBJIEHHOM HAKPHI-
Tum p : S® — S? maxprBaromee MEOro06pasue S° MOxKHO HmEpe-
CTPOUTE TIO CUCTEME HE3ay3MeHHEIX KPUBLIX C OCHAIeHUAMHA +1,
KaX 1asg U3 KOTOPLIX CUMMETPUYHA, OTHOCUTEILHO OTHOU U3 IBYX
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MAPAJIENBHBIX IPAMBIX [1 ¥ [, IPUYEM KPUBaAs MEPECEKAET CBOIO
OCh CUMMETPHUM POBHO B [IBYX TOYKAX, 8 C APYTOU MPAMOU KPU-
Bas He 3alleIUIeHa U He nepecekaer ee. Hazoeem Takymo cucremy
OCHAIIEHHBIX KPUBHIX CNEYUQAbHOU.

23.8. Jlemma. Jhwboe xomnaxmmwoe opueHmupyemoe Mmo-
2006pazue M3 6e3 wpas moxcno noayuumsv uz cepvr S° nepe-
CcMPotKot No 0CHAWEHHOMY 30UENAEHUI0, KOMOPOE NPEICMas.ast-
em co6ot CNeYUaIbHYIO CUCTNEMY OCHAUEHHIT KPUBHIL.

[Aoxazameavcmeo. Cornacuo 12.4 u 12.7 mmoroo6pazue M3
MOXKHO TIOTYYHUTH U3 chephl S2 mepecTpOHKON MO HeI0unCIeH-
HOMY OCHAIIEHHOMY 3alelyieHuio L, Bce KOMIOHEHTEI KOTOPOr'O
HeszaysneHsl. lIpeobpasyeM L B CHEIUAIBLHYIO CACTEMY KPUBBIX
TaK, KaK II0Ka3aHo Ha puc. 23.16.

Puc. 23.16

OTH TPU IIara MOXKHO OIUCATL IOAPOOHEe TaK.

Illa2 1. BeibepeM IIOCKOCTh TaK, YTOOLI 3alrlerieHue L meau-
KOM JIeXAJO0 MO OJHY CTOPOHY OT Hee. 3aTeM BHIOEPEM B DTOU
mwiockocTu mpaMyio [y. TloasemeM OfHY U3 AYD KaxKJOU KOMIIO-
HEHTEHI 3aleIUIeHnsa L HemoCpeaCTBEHHO K IPAMOn [1. ITo mena-
€TCs IOCPEeSCTBOM M30TOMNIM.

Illae 2. Paccmorpum sanennenue S(L), cummerpudnoe L or-
HOCUTEJILHO TpAMOu [1, u mocTtpoum xommosunuio L#S(L) 3a-
verwenunn L u S(L). Tlomyuennoe saunemnenue L#S(L) moxer
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0Ka3aThCA He n30TonHeM L. Kpome TOro, Mur moka He ykasaiu
OCHAIIEHNS €0 KOMIOHEHT. ITO0B NOIyYnTs TpebyeMoe Creny-
ATBHOE 3ALEIUIEHNe, HYXKHO CAEMATD eIlle OJUH IIar.

Illge 3. MobaBrM HE3ay3JEHHBIE KPUBLIE C OCHAmeHusaMu +1,
OXBATLIBAIOLINE HEKOTOPHIE U3 [IEPEKPECTKOB 3anemtenus L Ta-
KM 00pa3oM, 9TO MOCHIE IEPECTPOUKH 10 J0O0ABICHHBIM KPUBLIM
3anemtenre L pacnanaeTcs Ha IIONApHO HE 3alellIeHHBIE KOMIIO-
HeHTHI. He Tepsia 06IMHOCTY, MOXKHO CINTATH, 9YTO JOOABICHHLIE
KPUBLIE HE 3aIeIUIEHLI APYT € APYTOM U CUMMETPUYHEI OTHOCU-
TenbHO npaMmou ly. CHabaum kaxayw koMmmouenTy K; 3amemn-
aenus L#S(L) TakuM OCHaILeHMEM, YTO MOCIE IEPECTPONKY IO
BCceM 100ABJIEHHBIM KPUBHIM OcHammeHue K; cOBmajgeT ¢ OCHaIe-
HUEM COOTBETCTBYIOIIEN KOMIOHEHTHI 3auemnenus L. B wurore
MBI HOJIYYUM OCHAIIEHHOE 3aIEIIEHUE, COCTOALIEE U3 BCEX KOM-
nonenT 3anemtenus L#S(L) (¢ HoBeIME ocHameHusaMu) u 106a-
BJEHHBIX KPUBBIX C OCHAINeHusaMu +1.

IMoxaxem, 94TO mEPECTPOUKA [0 MOJLYIEHHOMY B UTOrE OCHA-
LIEHHOMY 3aIleILIEHUIO JAeT TO XK€ CaMOe MHOroo0pasme, 4UTo
U [epeCcTPONKa 10 OCHAMEHHOMY 3auemieHnio L. ITo mouTtm
O4YEBUIHO: KO3 MBI COEJIAeM [EPECTPOUKY II0 BCEM NOOABIEH-
HBIM KPUBBIM, KOMIIOHEHTHI L pACHENATCSA, & 3HAYUT, 3ALEIICHIE
L#S(L) crauer mzoromuo S(L) (T.e. msoronHo L), mpudem Bce
€ro KOMIOHEHTHI Oy IyT UMeTh TAKUEe YK€ OCHAINEHUs, KaK U CO-
OTBETCTBYIOIIME KOMITIOHEHTHI L.

JlOKa3aTeNbCTBO JEMMEI IIOKA HE 3aBEpIIeHO, MOTOMY 4TO
OCHAIIEHN KOMIIOHEHT IOCTPOEHHOIO OCHAIIEHHOTO 3ALEILICHUS
MOFyT 6I)ITI) HpOI/IBBOJII)HI)IMI/I neabIM Y1 CJIaMU (AJI}I KOMHOHeHT7
HEePEeCEKAIOMMX TPAMYIO [1 ), & HAM HyKHO, YTOOLI OHU OBLTA PAB-
Hel +1 (UMb B TAKOM CJIydae OCHAIIEHHOE 3aLenenue Oy AeT CIie-
HUAJIbHEIM). UTO6EL JOOUTHCSA 3TOr0, 00paTuMcsa K puc. 23.17.

i
Iy

Il
.
.

'«
L}
.
]
]
1)

Puc. 23.17
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OTOT PUCYHOK MOKA3HIBAET, KAK TPUBUAJLHLIN y3eJ C OCHa-
LIEHMEM T MOXKHO IIPe0OpPa30BaTh B TOT K€ CAMEIA TPUBUAILHLIN
y3es1 ¢ ocHamenueM 1 + ne, rage € = 1 un > 0. Buibpas nog-
XOAAMMUM 0OPA3OM YUCAY, N U €, MOXKHO NOOUTHCS BBHITIOJHEHUS
paBeuctBa r + ne = +1. Taxum 06pa3om, MpenCTABICHHAS HA
puc. 23.17 KOHCTPYKUMs HO3BOJSIET HPeoOPaA3OBATH HE3AY3JIEH-
HYI0 KPHBYIO C IPOM3BOJLHEIM LEJIQYUCIEHHLIM OCHAIIEHUEM K
TpebyemMoMy crenvanabHOMYy Buny. [

23.9. Tloasemem mroru. C momomuipo JeMMEL 23.8 MOXHO TO-
CTPOUTEL 3-TMCTHOE pa3BeTRICHHOE HAKphITHE p : M3 — S3 ¢ Be-
TBJIEHNEM HAJ JBYKOMIIOHEHTHHIM 3auemieHueM. B camom nerne,
MBI HAYUHAJIY C BYKOMIIOHEHTHOI'O MHOXX€ECTBA BeTBIEHU B 6a3e
S3 (puc. 23.9), a mpu MOCIEIYIONMX TEPECTPORKAX KOIXIECTBO
KOMIIOHEHT MHOXECTBA BETBJICHUS HE M3MEHAIOCh. [losToMy mus
3aBEPIICHNUS T0KA3ATENbCTBA TEOPEMbl XuineHa—MOHTEeCuHOCA
OCTAETCA CHENATh MHOXECTBO BETBJIEHUS CBI3HBIM.

HamoMuMM, 9TO MCXOQHOE 3-IMCTHOE Pa3BeTBJICHHOE HAKPLI-
Tue p : S% — S3 ckiIeeHO U3 ABYX DK3EMILIAPOB IIPAMOTO HPO-
U3BEJCHNUA HA OTPE30K PA3BETBICHHOI'O HAKDLITUA U3 TPUMEPa,
23.5 (puc. 23.18).

Puc. 23.18

MOXHO CYMTaTh, 9YTO BCE MEPECTPOUKU MPOUCXOIAT B OTHOM
73 DTUX DK3EMILIAPOB; BTOPOU SK3EMILIAP MBI UCHIOIb3YEM U
TOr0, 9YTOORI CAEMATH MHOXECTBO BETBICHUS CBA3HBIM. [l 5T0-
ro npuMeHuM romeomopguamel f u g uz npumepa 23.5. C ux
MTOMOIIBI0 MOYXHO TOCTPOUTEL TOMEOMOPGMU3MEL fi U g1, KAXK LI
U3 KOTOPBLIX OTOOpaXaeT MUINHAD B ceOs, a UMEHHO: fi U ¢



§23. TPEXMEPHBLIE MHOTOOBPA3USA KAK PA3BETBJEHHBIE ... 223

COBHNAJAIOT C f U g HA BEPXHUX OCHOBAHUAX IUINHAPOB U TOX 1€~
CTBEHHHI BO BCEX OCTAILHEIX TOYKax (puc. 23.19).

Puc. 23.19

Ecau Mb1 BEIpEXeM AUCKY, 3aKIOYEHHEBIE BHY TP DTUX [[AJITH-
IPOB, a 3aTeM BKJEUM UX OOpPATHO MO roMeoMopduaMaM fi u g,
TO MBI HE U3MEHUM HU 0633y, HU HAKPBLIBAIOIIEE MHOT00Opa3ue
HakpuTuA p : M® — S3. Ho Tak xak roMeoMOpGUIMEI fi I
g1 SBIAIOTCA 3aKPYYMBAHUAMU HA 3T U T COOTBETCTBEHHO, TO
MHOXECTBO BETBJEHUA U €ro mpoodpas mocie nepecTpouku Gy-
OyT BBEIMVIAIETb TAK, KAK MOKAa3aHO HA puc. 23.20. MuoxecTBo
BETBJIEHUSA [IPU DTOM CTAHET CBA3HBIM. JTO 3aBEPIIAET JOKA3A-
TeabCTBO TeopeMur Xmigena-Monrrecunoca. [

—_—

Puc. 23.20

3amenwanue. BMecTo TOro 4TOOH NIPUBOAUTE OCHAIIEHHOE 33~
Hemtenue, 3ajaiomee M3, K CHeNMATLHOMY BULY, MOMKHO BOC-
MOJB30BATHCA CIEAYIOMEN TEOPEMOML.
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23.10. Teopema (JIuxopum). Jw60i corpansowus opu-
ENMAYUIO 20MEOMOPPHU3M CcHeEPbl € g PYUKAMY HA CEOA U30OMONEN
KOMNOBUYUY CKPYUUBARUl 800ab 39 — 1 Kpuevix, u306panceHHbIL
Hna puc. 23.21.

S

Puc. 23.21

JokazarenscTBO dTOU Teopemml MOxXHO HauTy B [Lic2-3],
[Birl] wmm [MF].

N3 Teopemu 23.10 crexyer, 4To M000€ KOMIIAKTHOE OPUEH-
Tupyemoe MHOroo6pasme M*® 6e3 Kpas MOXKHO MOTyIuTh 13 S°
[IEPECTPOUKON MO 3ALEIUIEHUI0, KOMIIOHEHTHE KOTOPOI'O Mapa-
JIETIBHBL OKPYKHOCTAM, n300paxensasiM Ha puc. 23.21. (IIpumep
TAKOrO 3aLEILUIeHNs U300pakeH Ha puc. 23.22.)

Puc. 23.22

OcHalenusa KOMIIOHEHT PaBHBI TIpU 3TOM *1, kak u Tpebyer-
ca. C noOMOIIBIO M30TOMUN MOXKHO TOOUTBCA, IYTOOBI KX Iasa 13
STUX OKPYXKXHOCTEHU IEPECEKaIa IpAMYyIo [y mwiu l> POBHO B AByX
TOYKAX U ObLIA OBl CUMMETPUYIHA OTHOCATENBHO DTOU IPSIMOU.
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§24. PazBeTBI€HHbIE HAKPBLITHUSA

M KpaIllleHbI€ JHUAT'DAMMBbI 3auermennﬁ

24.1. B srom maparpade Mbr 06Cygum crocob 3a1aHus pas-
BETBICHHEIX HAKDHITHH cdepel S° mocpeicTBOM 3allerLIeHui,
MPEACTABIEHHEIX AUATPAMMAME, TYTU KOTOPBLIX (PACKPAIIEHED,
T.€. KAXJOU Ayre COMOCTABICH DJIEMEHT TPYIIMHI TOACTAHOBOK
Sn- Ham uaTepec x 3TOMYy Cmocoby 3aAaHUsA PA3BETBICHHBIX
HAKPLITUN CBA33aH C TOTPEOHOCTAMU CJAEAYIOMEro naparpada, B
KOTOpOM OyAeT JOKa3aHO, YTO KOJIbLa Boppomeo — yHuBepcaib-
HOe 3amerienue (T.e. Jo60e MHOroo6pasme M° makprBaer S°
¢ BeTBICHEMEM HaJ Koabnamu Boppomeo). [las gokasaTenbCTBa
3TOr0 YTBEPKAEHUSI HAM IIOHAT00ATCA Pa3IuvIHbIe IPeoOpa3oBa-
HUsI MHOXKECTBA BETBJECHUS, HE M3MEHSIOIE HAKPLIBAIOIIEE MHO-
roo6pasue. TexHUKA KPAIIEHBEIX JAATPAMM I03BOJAET [IOLYIUTH
BCE HyXHBIE I8 DTUX Iejaen npeobpasoBanus. Mer He Oygem
MMOB30BATHCSA HU CYIIECTBOBAHUEM, HU €IWHCTBEHHOCTBIO Pa3-
BETBJICHHOT'O HAKPLITUSA, MPEACTABICHHOTO KPAIIIEHON IUarpaM-
vou. Ilo3TOMY MBI OCTAaBMM B CTOPOHE DA U3BECTHHIX B DTOU
00JaCTH PE3YIBLTATOB.

24.2. IlpaBmabHBIE pacKpacKu Amarpamm. Jlobomy n-
JUCTHOMY Da3BeTBICHHOMY HakperTmio p : M3 — S® moxHO co-
noctasuTb roMomopduam p : w1 (S®\ L, z¢) — Sy, rae L — muO-
XeCTBO BeTBJeHUs, Tg € S \ L — HexoTopas (pUKCUpOBAHHASA
TO4YKa, S, — CpYINa HOACTAHOBOK. ODTO NEIAETCS CIEAYIOIIAM
obpazom. IlycTb yi,...,Y, — IpOOOpA3El TOYKK To. BoabMem
netmo v B 5%\ L ¢ HaaIOM 1 KOHIIOM B To ¥ PACCMOTDUM IIyTh B
M?3 ¢ mauamoM B y;, HaKpLIBAOmMUHA TeTI0 v. OG03HAMIM KOHEII
5TOro myTH 4epes o, (y;). Takum 06pa3om, nerie y Mbl CONOCTA-
BUM IOJCTAHOBKY 0~ € Sp. fICHO, 4T0 5Ta MO4CTAHOBKA 3aBUCUT
JIUIIB OT "OMOTOIINYECKOI'O KJaCCa IIeT/IN 'Y n HOCTpOeHHOe OTO-
opaxenue p : m1(S®\ L,z9) — S, ABIAeTCA roMOMOpPGUIMOM
CPYIIIL.

Yro6er 334aTh 3TOT rOMOMOP(DU3M, JOCTATOIHO YKA3ATH €r0
aHadenus Ha o6pasytommx rpynnst 71 (S3\ L, zo). [Ipesnonoxum,
9TO 3aleIrieHne L MpencTaBiIeHo AuarpaMMOK, COCTOALIEN u3 k
nyr. Torga rpynma w1 (S®\ L, 79) nopoxaena k nerisMu Takoro
Buaa, kKak Ha puc. 24.1(a); 3ty netam yno6HO n306paxkaTh TaK,



226 T'yiABA VII. PA3BETBJEHHBIE HAKPBHITUA

kKak nokasaHo Ha puc. 24.1(b). Taxum obpasoM, eciu 3agaHa
JIMATPaMMa, MHOXKECTBA BeTBICHNA HaKpuITua p : M3 — S3 ¢ na-
PUCOBAHHEIMU HA HEW CTPEIKAMHU, OPTOTOHAJILHEIMEA JyTaM, TO
OYTH DTOU AMArPAMMEI MOXKHO (PACKPACATEY DIEMEHTAMU TPYTI-
nel S, (3E€MEHTHI COOTBETCTBYIOT LIBETAM).

3} To (@) /7‘ (b)

Puc. 24.1

W3MeHeHne HAIPABIEHUA CTPEIKN COOTBETCTBYET U3MEHEHUIO
HAPaBICHUs 00XOLa MEeTIN, T.e. COOTBETCTBYET 3aMeHe 00pa-
aytomett a € 71(S% \ L,zo) na anement a~'. Ecm xe p(a) =
p(a~!), To HET HEOGXOAMMOCTH YKA3LIBATL HampapJeHwe. Pa-
BEHCTBO 0 = 0! BLIMIONHAETCA, B 9ACTHOCTH, /A TPAHCTIO3UITNAY
o = (ij). [dyre amarpammel 3auemteHus L 6yaeT cOOTBETCTBO-
BaTb TPAHCIO3unuA (4j) B TOM CIy4dae, KOraa npu 06X0ae TOUKA
X BOkpyr sToM ayru npoobpas Touku X HepexoauT C JUCTA i
Ha JUCT j ¥ HA000pPOT, a HA BCEX OCTAIBHEIX JUCTAX IPO0Opa3
BO3BDAIIAETCA B UCXOQHOE HOJOXKEHVE. JIerko mpoBepUThH, ITO
3-TmcTHOE pasBeTBICHHOE HakpeITHe p : M® — S® w3 Teopemer
23.1 obaagaet >tum cBoucTBOM. CleOBATENBHO, DTOMY Pa3BeT-
BJIEHHOMY HAKPHITUIO COOTBETCTBYET JUACPAMMA MHOXECTBA, Be-

TBIEHUsA, PacKpalleHHas B Tpu useta (12), (23), (13).

) Zo

a b71

b\}_%

Puc. 24.2

B paccmaTpuBaeMou cuTyaruu pacKpacka AMATPAMMEL MHO-
JKeCTBa BETBJICHUS He IIPOW3BOJBHA, TAK KAaK BHIOPAHHEIE 00pa-
aytommue rpynnst m1(S% \ L, 7o) yI0OBIETBOPAIOT ONpEJeIeHHEIM
COOTHOIIEHNAM, 8 WUMEHHO, AJII KaXJ0r'0 IepeKpecTKa BHIMIOMI-
HAeTCA cooTHOmenne a = beb~! (pme. 24.2). Jlnsa guarpamwmsr,
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okparmmenson B useta (12), (23) u (31), »T0 coOTHOIIEHNE O3HA-
9aET, YTO Ha KAXKJOM IEPEKPECTKE CXOAATCA JUO0 OyT'd OLHOTO
1BeTa, aubO Oyru BCEX TPEX PA3HBIX LIBETOB. B camoMm gere,
(12)(13)(12)~1 = (23).

IlycTe gyrm amarpaMMBl 3alleTIEHUS PACKPAIIEHBI B TPU IBe-
Ta (BCE TOYKU OMHOU U TOU ¥Ke JYIU OKPAIIEHEl ONHUM IIBETOM).
HazoBeM Takyio DacKpacKy npasusbkoti, €Cau Ha KaxKJIO0M Ie-
DPEKPECTKe CXOAATCA AuB0 AYTH OJHOTO I[BETA, MO0 AYTH TPEX
Pa3HBIX IIBETOB. B TOM CIy4Yae, KOrjga B Ka4deCTBE€ IBETOB UC-
[IOJIB3YIOTCA DJEMEHTHL IPYIIIEL IO ICTAHOBOK Sy, U KAXAasA Iyra
[IOMEYEHA CTPEJIKON, YKA3LIBAIOIIEN HaIpaBaeHue 06x01a o6pasy-
foIen (PyHIaMEHTAIBHON IPYIIILL, PACKPACKY HA30BEM 7TPaA6ULb-
#01, eCIn Ha KaXKJOM IEPEKPECTKE [JIS [BETOB BHIIOJIHACTCA CO-
oTHOmenue a = bch™L.

3apgaga 24.1. [[okaxuTe, YTO KOJUIECTBO NPABWILHEIX PAC-
KPaCOK JUarpaMMhbl 3allellIeHUs B TP LIBETA HE U3MEHAeTCA IIpu
npeobpasoBanuax Pengemencrepa. [Ipumenunre 5TOT UHBapUAHT
OIS JOKA3aTeIbCTBA TOO, YTO y3eI TPUIUCTHUK HEeTPUBUAJIEH.

24.3. JonmycTuMble mpeoGpa3oBaHUd. Tenepb MOXHO He-
[IOCPEACTBEHHO OOPATUTBLCA K M3Yy9IeHUIO NPeoOpa3OBaHUU aua-
IpPaMM MHOXKECTBA BeTB/IeHus HakpeiTus p : M3 — S3. Ilpen-
[IOJIOXKUM, YTO AUACPAMMA MHOXECTBA BETBJECHUS HAKPHITUS P
NMPABWIBHO packparieHa. PaccmoTpum mpeobpa3oBaHue pa3BeT-
BJIEHHOI'O HAKPBITUSA, KOTOPOE NIEPEBOAUT P B PA3BETBICHHOE Ha-
KPEITHE C TeM K€ CAMEIM HAKPHIBAIOIMM MHOroo6pasuem M3,
HO C IPYT'OU MPABUILHO PACKPAIIEHHON AUATPAMMON MHOXKECTBA
BeTRJICHUA. Takue mpeoOpa3OBAHUA KPAIIEHBIX TUATPAMM MHOXK-
€CTBa BETBJIEHUA OyAeM Ha3BIBATHL donycmumbimu. B ocrasmen-
€A 9aCTU 3TOr0 maparpada Mbl ONUIIEM HECKOIBKO JAOMYCTUMBIX
npeo6pa30BaHUN, KOTOPHIX OyAeT NOCTATOYHO MJIA meien §25.

3agaga 24.2. Jokaxure, 9TO ILIOCKKUE M30TOIMY U IIPEOOpa-
30BaHUIO Pennemencrepa aBaA0TCs JOIIyCTUMBIMY IPe0Opa3oBa-
HUAMUA.

24.4. Tlommmo mpeobpasoBanun Pengemencrepa ecTs u qpy-
rue gomycrumseie npeobpasosanus. Hampuwmep, B §23, nas Toro
49T00BI CHEe1aTh MHOXECTBO BETBIEHUS CBA3HBIM, MbI KCIIOJIb30-
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Basu ipeoOpasoBanue, ndoOpakennoe Ha puc. 24.3. B §23 moxa-
3aHO, YTO DTO IPEOOPAIOBAHNE NOILYCTUMOE.

12 12 23 12
\//\/ /
S
13 13 13
Puc. 24.3

HamomMuuM, 4T0 3TO mpeoOpa3oBaHre OCHOBAHO HA, TOM, UTO
CKPy4MBaHZE OCHOBAHUA LILIXHAPA B S° HA 37 IPUBOJUT K CKPY-
YMBAHUIO OCHOBAHUA UUINHIPA B M 3 wa .

3agada 24.3. [JokaxwuTe, 94TO MPEOOPA3OBAHUSA MHOXKECTBA,
BETBJIEHUS 3-TUCTHONO PA3BETBICHHOTO HAKPHITHA p : M° — S3,
r300pakeHusie Ha puc. 24.4, OMyCTUMEL.

L

12 12 12
w <> 230 ( — )23 <>
IS/ 23 13| 13 13
Puc. 24.4

24.5. [las n-IuCTHOrO PA3BETBICHHOI'O HAKPLITUS B TOM CJIy-
4qae, KO 4a IuCaa, i, j, k IOMapHO Pa3JudHbl, Oy CTUMO Ipeodpa-
30BaHue, n300paxkeHHoe Ha puc. 24.5.

ij ij ik ij
= OO
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JloKa3aTeIBLCTBO DTOr0 YTBEPXK EHUS IOYTH TAKOE XKe, KaK U
IJIsL 3-TACTHBIX HAKpHTHU. B camom nerne, mpoobpas (mpu pac-
CMATPUBAEMOM N-TMCTHOM HAKPLITHE) gucka D®) BEIpesaeMoro
u3 6a3bl, COCTOUT ux Aucka D3, pacmomokeHHOTO Ha JUCTaX C
HOMEpaMU 4,j U Kk, M HECKOJbKUX APYIUX AUCKOB, KAXKILIN U3
KOTOPBIX HOEINKOM JICXUT Ha OAHOM M3 APYI'UX JUCTOB. ,HI/ICK
D3} 3-mactrO HakpeBaeT D3, a ocTalbHLIE TUCKA OTOOPAKAIOT-
csa va, D? romeomopduo. Iloaromy s AMCKOB 0GOMX THUIIOB Cy-
IIECTBYIOT HAKPHIBatOmme romeomopdusmurl. I[lprvenus semmy
23.2, nory4rM HOBOE PA3BETBIEHHOE HAKPHITUE C TEM K€ CAMBIM
HAKPBIBAIOIIIM MHOI000Opa3ueM.

24.6. PaccmoTpuM Tenepb aHAJIOTMIHOE IPeoOpPa30BAHUE IS
NapAIENBHBIX HUTEW, OKpamenHex useramu (i,5) u (k,1), roe
qucaa, i, j, k,l monapuo pasauunnl. Ilokaxem, uTo npeobpasosa-
Hus, u3o0paxenuse Ha puc. 24.6, gonyctumer. (Jlerko mpose-
pUATH, YTO 3TU MPEOOPA3OBAHUSA DKBUBAJEHTHEL B TOM CMEICIE,
YTO OHU MOJYYAITCSI APYD U3 APYra I0CPeICTBOM IIpeodpa3oBa-
uun Pengemenicrepa.)

iR N Lj
<>
) M 4

Puc. 24.6

Ilpexxge BCero orTMeTwM, YTO pacCKpacka AguUarpaMM Ha
puc. 24.6 npasmibHas, Tak kak (ij)(kl) = (kl)(ij) B Tom cay-
Jae, KOrga 4ucia i, j, k,! nomapuo pasnuuns. Hakpeirue xpyra
C ABYMs TOYKAMU BETBJEHUA, OKpalneHHbIMu B 1peTa (ij) u (kl),
peacTaBIeHo Ha puc. 24.7.

k l

Puc. 24.7
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Ecau MBI yMHOXUM 5TO HakpeITHE Ha oTpesok [0, 1], To yBu-
OUM, YTO MHTEPECYIOWAs HAC YaCThb NMPO0OpPa3a, BBIPE3AEMOrO
3 03Bl MUIXHIPA YCTPOEHA TAaK, KAK MOKA3aHO HA puc. 24.8
(Ha OCTANTBHBIX KOMIIOHEHTAX MPO0GPa3a 0TOOPAKEHUE P TOMEO-
MOpdHO). [l KaxkI0U U3 ABYX KOMIOHEHT Ipoobpasa, u3obpa-
XKEHHBIX HA 9TOM PUCYHKE, MOXHO IIOCTPOUTH HaKpBIBaIOIHI/Iﬁ ro-
MeOMOP(U3M C HOMOILILI0 TOMeOMOpPU3MOB f U ¢ u3 npuMmepa
23.4. TIpu sTom B 6aze S° mpPOMCXOUT mEPECTPORKA, 3AKIIOHUA-
IOLIASCA B 3aKPYIMBAHUY OCHOBAHUS UWINHAPA HA 27. [lomycTu-
MOCTh IpPeoOpPa30BaHUA IUATPAMM CAEIYeT u3 JeMMbL 23.2.

Puc. 24.8

24.7. Tlocaeguee pomycrTumoe npeoOpa3oBaHME, KOTOPOE MEI
00Cy M, HA3BIBAETCA J06aB.AeHUE MPUBUGALHO20 AUCTG. MBI
CHaYaJa ONHUILIEM er0 CTPOeHue MIOOATBHO (A1 MHOr000pasni),
a 3aTeM MOCMOTPUM, KaK DTO MPeoOpa3OBaHUe TEUCTBYET Ha,
MHOXECTBO BETBJICHU. PaCCMOTpI/IM N-TUCTHOE PAa3BETBJICHHOE
makprrTie p : M3 — S3. Ha puc. 24.9 3amTpuxosana 06.1acTh,
B KOTOpOﬁ JIEXKUT MHOXECTBO BETBJICHU; 3allITPUXOBAH TaKXKeE
poo0pas 3Tou 00JIaCTH.

n—+1 n
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PaccvoTpum Hecasuyto cymmy M3 u cheper S7, koTopas To-
3 JECTBEHHO 0TOOpaxkaeTca Ha 6a3y S°. Mueivu croBamu, k M3
nobapasem S} B kauectse (n + 1)-ro mucra. UTO6HI MOMYyIUTH
(n+ 1)-amucTHOE PA3BETBICHHOE HAKPEITYE CO CBA3HLIM HAKPHLIBA-
IOIM MHOI000pasueM, MOCTymuM ciaenyoommM obpazom. Bribe-
pem B 6aze S3 xpyr D?, nexamuit B HE3AMITPIXOBAHHON 00JACTH,
u paccmorpuym KomnorerTe DF u D2 || ero mpooGpasa, texarmye
B i-M u (n + 1)-m qucrax. Paspexem -1 u (n + 1)-u1 aucTer 1O
kpyram D? u D2 41, & 32T€M CKJIEMM BO3HUKIIVE IPU DTOM KPas
TaK, KAaK [IOKa3aHO HA puc. 24.10.

Ty

n+1

Puc. 24.10

C TOmOIOr©9IeCKON TOUKY 3PEHUS T, ONEPALN 3AKI0IAETCA
B TOM, 9T0 M3 paspesaercs Mo HEKOTOPOMY IBYMEPHOMY [UCKY,
a 3aTeM K TOJYYEeHHOU TPU DTOM pPaspe3e TPAHUYHOU IByMep-
HOU cepe MPUKIEHBAETCA TPEXMEPHBIX AuUCK. fIcHO, 9TO momy-
JeHHOe B pe3yabTaTe MHOroobpasue M} romeomopdHO ncxogHO-
My MHOTOOOpasmio M3. [laa muoroobpasus M; ecTecTBeHHBIM
obpasoMm ompenenserca (n + 1)-1uCTHOE PA3BETBICHHOE HAKPHI-
e p1 : M7 — S®. B okpecTHOCTM MOGOU TOYKU TDAHUTHOM
okpyxHOCTH Kpyra D? mwma D2 | 0TOGpaxeHue p; ABIACTCS 2-
JUCTHBIM PA3BETBJICHHLIM HAKPHITUEM; OHO YCTPOEHO TaK, KaK
MOKa3aHo Ha puc. 24.11.

P
n—+1 — s

Pwuc. 24.11

Takum 06paszoM, COOTBETCTBYIOIIEE MPeOoOPa3OBaHNe Kpallle-
HOfI AnarpaMMbl MHOXECTBA BETBJICHUA 3aKJII0IA€TCA B TOM, ITO
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K TIEPBOHAYAILHOMY MHOXECTBY BeTBIeHUs L mo6aBiseTcsa He-
3ayaieHHas Kpusasd useta (i,n + 1), KOTOPYI MOXHO OTAEIUTH
ceporr 0T OCTATHLHLIX KOMITOHEHT 3aremienua L. CxeMaTuaHO
5Ta omepanus n300paxena Ha, puc. 24.12.

t,m+1

Puc. 24.12

Ha 5TOM MBI 3aKOHYMM M3y4Y€HME AOMYCTUMBIX MPeoOpa3oBa-
HI/II‘/i KPaIlICeHBIX JUuarpaMM MHOXECTBa BETBJICHUA.

§25. Koanma Boppomeo —

YHUBEPCAaJBbHOE€ 3alCIVICHUC

25.1. Hazosem mogaxommiexkc C' B chepe S° ynusepcasvnbim,
ecau s JI060r0 KOMIAKTHOIO OPUEHTUPYEMOr'O MHOT'000DA3Us
M3 6e3 Kpas CymecTByeT pa3BeTBICHHOE HaKphITHe p : M3 — §°
¢ MHOXecTBOM BeTBieHUus C.

Meur yxe mokasaau, 9To pefpa Terpasdapa 00pasyioT yHUBED-
canbHEN nogkommmieke (Tteopema 22.3). Ho sror mozkommiexc
He sBJseTCA HOAMHOrooOpasuem. B srom maparpade Mer npuse-
IeM [OpUMep YHUBEPCAILHOI'O [OAMHOI000DA3NsA, & MMEHHO, MBI
IOKaXeM CJAEIYIOIIee YTBEPXK IeHNUe.

25.2. Teopema. Koavya Boppomeo — ynusepcaabHnoe 3a-
yenaexnue.

Jloka3aTeabCTBO DTOUM TEOPEMBI 3aUMET BCK OCTABIIYIOCA
9acThb >TOro naparpada. O6mas CTpaTerusa J0Ka3aTeIbCTBA, Cle-
ayomaa. Ilycrs 3agaso MmEOroo6pasue M3, IIpexge Bcero Mer
BOCTIOJB3yeMcs Teopemon Xuigena-MonTecunoca (23.1), 4To0wt
HOJIYYUTH 3-IMCTHOE HAaKpEITue p : M3 — S3 ¢ BeTBIeHMeM Ha
HEKOTOPHLIM 3allerienueM L. OTO 3alleIUIeHWe MBI TPEeICTaBUM
KparmeHou quarpammon (M. 24.2). Ilocae 5T0ro, 3a nATH MAros,
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MBI IIOCPEACTBOM [JOIIYyCTUMBIX NPEO6PA30OBAHUN CHAYANA YBEJIU-
YUM YKCJIO0 KOMIIOHEHT 3alleILUieHus, YTOOBI CAenaTh ero Oosee
ogHOpoaHbIM (maru 1-4), a 3aTeM ynpoCcTUM 3allelUIeHe U Ipe-
BPATUM €r0 B K0ablla Boppomeo (mar 5).

25.3. Iar 1. Ilpespawenue L 6 xocy. B cury Teopembr
Asnekcannepa o 3aMblkaHuu Koc (TeopeMa 6.5) MOXHO CIMTATH,
9YTO MHOXeCTBO BeTBeHuA L C S° mpescTaBleHO B BHIE 3aMbI-
KaHua Kochl. Packpacka amarpaMMbl 3anemnneHus L mHAynupy-
€T PacKpacKy IUATPAMMBI 3TOU KOCHL JuarpaMa 3allerieHus
L se MoxeT OBITH OAHOIBETHOU, TOTOMY YTO [JIA AUATPAMMEI
useTa (ij) PasBeTBIEHHOE 3-JUCTHOE HAKPLITUE PACIALAETCa Ha,
2-mucTHOE U 1-1MCTHOE.

Bonee TOro, MOXHO CYNTATH, YTO HA KAXKIOM IIEPEKPECTKE
IUATPAMMBIL KOCEIL, IIPEICTABJAIONIEN 3anerienne L, BCTpedaoT-
Ca nyru BCe€X TPEX IBETOB. B caMOM peJqe, OT OJHOIIBETHBIX II€-
PEKPECTKOB MOXHO M30aBUTHCA C IMOMOLIBI0 U30TONNN, N300pa-
JKEHHOU Ha, puc. 25.1.

Puc. 25.1

TIpu 5TOM HyKHO JIUIIBL TO3a60TUTHCS O TOM, YTOOLI HATD 1IBE-
Ta (jk) He mpoxoauia HaL APYTMMU HATAME TOrO ke npera. Ho
DTOr0 MOXKHO TOOUTHCA, B3AB OIMKANIIYIO K PACCMATPUBAEMOMY
[epPeKpecTKy HUTH useTa (jk).

25.4. Mlar 2. Ilpespaujenue 8CeT Nepexpecmros 8 noAoOHCU-
meavubie. Temepb HaM TOHATOOUTCA TOIMYCTHMOE IPeOOpPa3OBa-
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Hue, n300paxKeHHoe Ha puc. 25.2 (Bcmomuure puc. 24.4 u 3agady
24.3).

ij ik ij ik
. ! _ Y
ik~ ik \
ij
Pwuc. 25.2

C nomorrsio npeobpa3oBaHus, n306paKEHHOT'0 HA puc. 25.2,
BCE MEPEKPECTKU KOCBI MOXHO CHeIaTh IMOJOXUTEIBbHBIMU, T.C.
TakuMu, Kak Ha puc. 25.3(a), a He OTPUNATEJILHLIMU, KAK Ha
puc. 25.3 (b). B camom gene, ykazanHOe Ipe00pa30BAHUE 3AMEH-
€T OAuH OTpI/II_Ia,TeJIBHBIﬂ NEePEeKPEeCTOK Ha ABa IMOJOXUTEJIbHBIX.
TIpu 5TOM CBOMCTRO PA3HOIBETHOCTY MEPEKPECTKOB, MOJYICHHOE
HA MIEPBOM IIIare, He HAPYIIAeTCA.

Puc. 25.3

25.5. Illar 3. Tpusuaausoyus xKocbi. ITOT IIar COCTOUT U3
npeobpaszoBaHuy, n306pakeHHEIX Ha puc. 25.4 (a)—(f).

/A VR
: 23t
12° 12 — 13 12° ln 13
: J

13, .23 13, .23 13, y :23

b ¢ ~
(a) 12 ( 32 (¢) ”,2
13 13 cma “«~ 12@
Ut | | Tereree 15
__/j_ _ 2.%._'3__ _23:]_ |
12° 1312 N L B ST

Puc. 25.4



§25. KoJubllA BOPPOMEO — YHUBEPCAJILHOE 3ALEINJEHUE 235

[as nepexoga ot (a) x (b) u (c), a Takxe A1a mMEpexona OT
(d) x (e), HyXHO BOCHOJB3OBATHLCA PE3YILTATOM 3agadu 24.3.
Tlepexox ot (b) x (c) 3axkn09aeTCs B M3OTONUU BHIIEJICHHOU
okpyxHOCTU. OKPYXKHOCTD, BEIIEICHHAA Ha, pUC. (€) mpespaina-
eTCcs B JOMONHUTENbHYI0 HUTH Koch (puc. (f)). Ormerum, uTo
B [aJbHENUIIEM TIPY TPEBPAICHAN OKPYKHOCTU B JONOIHATEIE-
HYI0O HATH KOCHI BEIICICHHYIO OKPYXKHOCTb HYXHO NBUCATH TAaK,
9TOOBEI OHA MPOXOAMIA 700 OONBIIMMU OKPYXHOCTSAMU, HOABUB-
IIMMUCA HA TpegbIrymux marax (puc. 25.5).

Puc. 25.5

Korga Bce ¢ mepexpecTkoB KOCH OyayT TakuM 00pa30oM yHU-
YTOXKEHBI, MBI TIOIY9IUM 2¢ OOJBIINX OKPYXHOCTEN, HAJETHIX Ha,
[apaJLIeNbHEIE HATY TPUBUAJLHOU KOCHI, KAK DTO IMOKA33aHO HA,
puc. 25.6. Ob6paTuTe BHUMAaHUE, YTO NPABAs [MOJOBUHA OKDPYXK-
HOCTH OyIeT PACIOIOKEHA, Had HUTAMU TPUBUATHLHOU KOCHL.

Puc. 25.6

25.6. Iar 4. Ilepexod ¥ CUMMEMPUUYHOMY 3AYUENAEHUIO HO
mope. CrenaeM Tenepsb NOMYyCTUMBIE IPEOOPA3OBAHMUSA TAK, YTO-
ORI JleBas TIOJOBUHA GOMBINION OKPYXHOCTU OKa3alaCh PACIONO-
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JKEHHOU N0J HUTAMU TPUBUAILHOU KOCHL [[J1s 3TOr0 HyXHO U3-
MEHUTDL TUIILI IEPEKPECTKOB, 0OBEIEHHBIX Ha, PUC. 25.6 TyHKTUD-
HBIMY OKPYKHOCTSIMU. OTHU U3MEHEHUsI TUIIOB IIePEKPECTKOB MO-
JKHO CIeJaTh C IOMOIIBI0 Olepanuy J00aBIEHUs TPUBUAIBLHOTO
aucta (cM. 24.7) u nOmycTUMOro Npeobpa3OBaHUA, U300PAKEH-
HOro Ha puc. 25.7 (3gecp uucaa 4,7, k,! KomkHBI OBITH mOmAp-
HO pa3am4sbl). [lepekpecTok, TN KOTOPOro HyXKHO M3MEHUTD,
MOXKeT OBITh MO0 OJHOIBETHHIM, OO COAEPXKAIMAM IYT'U BCEX
Tpex LBETOB.

Puc. 25.7

s TpeXIBETHOTO IEPEKPECTKA, TpebyeMule TpeoOpa3OBaHUS
m300paxkensl Ha puc. 25.8. CHadana Mbl 10OABISEM TPUBUAIb-
HBEIU JUCT, T.6. JOOABIAEM MAJEHBKYI OKPYXHOCTbH BeTa (i,l).
3areMm geraeM mpeobpasoBanusa Peugemencrepa, a B KOHIE Ie-
JaeM [omycTumoe npeobpasoBanue, w300paxeHHoe Ha puc. 25.7.

Puc. 25.8

1 OIHOIIBETHOT'O TNEPEKPECTKa AHATOTWYHOE J00aBIeHUE
TPUBUATHLHOIO JUCTA, IPUBEJIO OBl K TEPEKPECTKY € AyraMU IIBe-
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ToB (i,7), (i,1) u (j,1). Ho npeoGpaszosanue, uao6pakeHHOE HA,
puc. 25.7 MOXHO IPUMEHNUTE JALIb K IEPEKPECTKY € AYTAMHA L(Be-
ToB (1,j), (k,l) u (k,1), voe aucna i, j, k,| monapHo pasmIuyHEHL
TlosTomy ero Hemb3ss OyfeT NPUMEHUTH K MOTYyYEHHOMY Iepe-
KpecTKy. UTOO6HI MOMYyINTh MEPEKPECTOK € HYKHOM PACKPACKOM,
npuAeTcsa J00ABATH 4B TPUBUAILHEIX JAUCTA. [T 5TOr0 MOXKHO
IBasK JBI NCIIOIB30BATD ONHY U TY K€ OKPYXHOCTS (puc. 25.9 (b)).
Ona 6yger umets user (4,1)(j,1 4+ 1).

0GI+1)

018

(i, D,
=

Ly

Pwuc. 25.9

3aTeM MBI CaenaeM TpeoOpa3OoBaHUsA, W3OOPAKEHHEIE HA,
puc. 25.9 (¢c)—(e). Wsmenenms pacKpacku AMATPAMMEL OPU IIPE-
o0pasoBaHuAX Pengemencrepa ONPENENsIOTCA CASTYIOMUMHA CO-
OTHOUICHUAME B IPYIIIE MMOACTAHOBOK:

@00+ 16 NED0T+1) = (11 +1),
(,5)( DG, 1+ 1), 5) = (G, D1+ 1).

Korga MBI ¢ HOMOIIBIO HTUX NPEOOPA3OBAHUU CHETAEM BCE
HYKHEIE I3MEHEHUS TUIIOB IIEPEKPECTKOB, MHOXKECTBO BETBICHUA
OyeT BHIIVIALETH TaK, KaK OKa3aHo Ha puc. 25.10. Ha srom pu-
CYHKE HUTY TPUBUAILHOU KOCHI CJIyKAT MaPAJLIEIIMI TOPA, O0Ib-
e OKPYKHOCTH, BO3HUKIIINE HA IIare 3, CIyXKaT MEPUINAHAMU
TOpA, a MaJleHbKUE OKPYXHOCTU, OXBATHIBAIOIINE MEPEKPECTKY,
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DOABUINCH IIOC/IE 3aMEHBbI TUIIOB IMEPEKPECTKOB. HpI/I 9TOM MEI
moapadyMeBaeM, 9TO HEKOTOPBIE N3 3TUX MAJEHBKUX OKPYXHOC-
Teﬁ MOT'yT U HE BXOQUTH B MHOXECTBO BETBJICHUSA (BCI'IOMHI/ITG,
YTO Ha PUC. 25.6 He BCe MePEKPECTKN ObLIA OTMEYEHHl MYHKTUP-
HEIMU OKDPYXHOCTAMMU).

Puc. 25.10

25.7. Ilar 5. Iocaednwue ynpowenus. Ilpexmge Bcero Ha-
MOMHUM, KaK YCTPOEHO LUKINYECKOE N-TUCTHOE PA3BETBICHHOE
makpuitue p : S — S3. Chepy S? moxno mpeacraruTh Kax
R? U co. OTOXIECTBUM TOYKU, KOTOPHIE MOMIYYaIOTCA APYT 13
Ipyra IOBOPOTOM Ha yrox 27 /n Bokpyr ocu . B pesyabTarte mo-
JIyYUIM N-IACTHOE Pa3BeTBICHHOE HAKpHITHE p : S° — S3, koTO-
pOe HA3BIBAIOT IUKINIECKUM. MHOXECTBOM BETBIEHUS HAKPHI-
THUA P CILyXHAT OKPYXKHOCTH [ U 0o msera (12...n).

Puc. 25.11

IMycTs p; u py — HUKIUYECKUE HAKPHITUSA C BETBICHUEM HAJ
[EHTPATBHON OKPYXHOCTBIO S1 TIOMHOTOPUA U HAJ IEHTPATLHON
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OKPYXHOCTBIO Sy [NOMOJHATEILHOrO moaHoTopus (puc. 25.11).
KoamaecTBo MCTOB HAKPLITAA P U P2 IIyCTH Oy AT PABHO COOT-
BETCTBEHHO KOJIMIECTBY MAPALICICH U KOTHIECTBY MEPUIUAHOB,
BXOIAIIIX B MHOXECTBO BETRJICHUA, KOTOPOE IOy 9€HO MOCJTE TIIa-
ra 4 (puc. 25.10).

MO)KHO C‘II/ITa.TI), 9T0 9TH HapaJIJIeJII/I n MepI/IrlU/IaHhI paCHO—
JIOXKEHBI Ha, Tope CI/IMMeTpI/I‘{HO. TOFrZ[a MHOXECTBO BETBJICHUA
KOMIIO3UIIU OTOOPAKEHUN

M3 2y 53 Py g3 2y g8
OyeT BEIMVIALETH TaK, KaK IOKa3aHo Ha puc. 25.12 (a). C momo-

IIBIO ITOCJIEOTOBATEIBHBIX I/IBOTOHI/II‘/)I 9TO 3alCINICHNE MOXKHO IIpe-
00pa3oBaTh B 3aljeILieHne, n306paxkenHoe Ha puc. 25.12 (d).

Puc. 25.12

Kowmnonenty, o603nadennyo ua puc. 25.12 (d) 6yxsou S, mo-
JXHO BEIOPATb B KAYECTBE OCH CUMMETPHUMA U OTHOCHTEILHO DTON
ocn CI/IMMeTpI/II/I HOCTpOI/ITI) 2—JII/ICTHOe OUKINYIEeCKOe paaBeTB.}IeH—
HOe HakpeITHE P3 : S° — S3. Torga MHOXECTBO BETBICHMSI KOM-
MTO3ULIMK OTOOPAKEHUN

M3 p S3 P1 S3 P2 53 p3 Sg
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Pwuc. 25.13

OyleT BEIVIAETH TaK, KaK MOKaszaHo Ha puc. 25.13(a). Jlerko
IPOBEPHUTEH, ITO MOIYYEHO HE UTO WHOE, KaK KOabna Boppomeo
(puc. 25.13(b)). O

KomMmenTapun

Bropas mosoBuHA 5TOU TIaBHI MOCBANEHa paboram MouTe-
cusoca (J.M. Montesinos) u Xungena (H.M. Hilden). Wx mep-
BOHAYaJBHBIEC NOKa3aTeJIbCTBaA OBLIM TEXHUYECKU BEChMAa CJOXK-
HBEI. HO BIIOCJICACTBUU OHU COBMECTHO CO CBOMMU COTPYIHUKAMU
OOOMINCH CYIIECTBEHHOI'O YIIPOILIEHUA U IPOSACHEHUA dTUX JOKa-
3aTeIbCTB. B 49aCcTHOCTH, HaIlle U3JI0XKEHWE KPACUBOU TEOPEMEI
0 TOM, 4TO Koabla Boppomeo B — yHUBepCATbHOE 3aleILTeHUE
(T.e. moboe M?® maxprmaer S° c BeTmrenuwem Hag B), cregyer
craree [HLMW](1987).

IlocTpoenne pasBeTBIEHHBIX HAKPHITUM TPEXMEPHBIX MHOI'O-
o6pasuit 0600IIAeT U UCIOIb3YEeT PA3BETBICHHEIE HAKPLITHS ABY-
MepHEIX moBepxHocTen. Ilocmennss Tema mosBuaack B 19 B. B
KOMILIEKCHOM QHAJIN3E, HO 110 CBOEU MPUPOIE OHA B 3HAIUTEILHOU
Mepe OTHOCUTCA K TOIOJOTUN. Mur HE CMOIVIN yIEepXKaThbCA OT
UCKYIIeHus 00CyIUTD DTy U3YyMUTETBHYIO TeMy 60Jiee o 1po6HO,
9eM 3TO HEeOOXOIMMO HEMOCPEICTBEHHO A IeJel TPEXMEPHOU
TOIIOJIOT'UHU. CJIe,uyeT OTMETUTH, UTO IIEPBEIC BaXHBIC PE3YyJb-
TATH O PA3BETBICHHLIX HAKPHITUAX TPEXMEPHEIX MHOI000pa3uu
OBbLIY MOy 9€HBl AJIEKCAHIEPOM.

Harmre n3noxeHue TeOpun pa3BETBIECHHBIX HAKPEITUN TPEXMEP-
HBLIX MHOT0O0pa3n JAaIeKo He noaHO. HampuMep, MBI He BKIIIOUR-
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JI UHTEPECHLIE PE3YILTATEL O TOM, YTO y3€l BOCbMEDPKA YHUBED-
canen ([HLM], 1983), a ysexn TpuinctHuk He yHuBepcares ([GH],
1972). Yto ke KacaeTCa NMPWIOKEHUA 3TOU TEOPUU, TO MEI HE
BKJIIOYIIN HOBOE J0Ka3aTEILCTBO TO'0, YTO M000€ KOMIIAKTHOE
OpPUEHTHPYEMOE TPEXMEPHOE MHOI'000pa3ue 6e3 Kpasd mapaJlIeTn-
ayemo ([HMT], 1976).

Marepuan 5TOU IIaBHL He UCIOIL3YETCA B OCTABLIEUCA YaCTH
KHUI'U. 1\/[]:17 Or[[Ha,KO7 BKJIIOYWIN €I'0 HE TOJBKO N3 3CTETUYECKUX
COOOPaXKEHUN, HO U MOTOMY, 9TO 3Ta O0OJACTH CEMIaC AKTUBHO
PA3BUBAETCA U B HEU €CTh WHTEPECHBIE HEPEHMICHHEBIE TPOOIEMEL.



[naea VIII

Skein-uHBapunaHTbl

TpPexMepHbIX MHOroo6pasui

W3BecTHO MHOrO PA3HBIX MHBAPUAHTOB TPEXMEPHEIX MHOI'O-
obpasun. KraccuieckuMu npuMepaMu MHBAPUAHTOB SABJISIOTCS
COMOTONUYECKNE I'PYINEL ¥ CPYINEI TOMOJOIMY, 8 TAaKXKe Das-
JIMYHEIE YUCIOBBIE XaPAKTEPUCTUKHA, IPOUCXOAANME U3 HUX (Ha-
mpumep, ducia BeTTu wiu siiepoBa XapakTepucTuka). B sTon
[VIaBe MBI NIPEJICTABAM OTKDPHITHIE COBCEM HEJABHO KOMILIEKCHO-
3HAYHEIE MHBAPUAHTEL, OCHOBAHHEIE HA IIPENCTABIEHUN TPEXMeD-
HBIX MHOI0O0OPa3uil IOCPENCTBOM HEPECTPOEK [0 OCHAINEHHEIM
3anemnyieHusaM u Ha, skein-anre6pax, NpouCXO0 AAIUX U3 BBEIEHHOIO
B § 3 mommuroma Kaypmana. OcHOBHAA maes 5TOU KOHCTPYKIUU
BeCbMa HpOCTa N eCTEeCTBEHHA.: Hy)KHO HperZ[CTaBI/ITI) JAaHHOE MHO-
roo6pasue M3 mocpencTBOM OCHAIIEHHOTO 3allelIeHuA B che-
pe S, a 3aTeM HYXHO OmpeneTUTH KOMILTeKCHOe 1ucao W (M3)
TaK, YTOOBL OHO OBLIO MHBAPUAHTHO OJHOBPEMEHHO OTHOCUTEIb-
HO npeobpasoeanuu Pennemencrepa u npeobpasosanun Kupou.
K coxanenmio, peamu3anmsa 3TOU IPOrPAMMEL OKA3BIBAETCA BECh-
Ma CI0XKHOU: ompegerenue uucaa W (M?3) nossurca mums B ca-
MOM KOHIE Tou riasel, B § 29. Ilpm BOCXOXIeHUE K DTOMY
ONPEIENEHNI0 HAM IPUIETCS TOKA3aTh HEOOXONUMEIE CBOUCTBA
BCIOMOTaTEIbHEIX 00BEKTOB, KOTOPEIE BCTPETATCA TI0 TOPOre.

NuBapuanTt obosuadaerca W B wecrs Burrena (E. Witten),
XOTS €r0 MEPBOHAYAILHOE OIpeeTeHe OLLIO OCHOBAHO HA COBEP-
IIIEHHO MHOM MOJXO0/€, BO3HUKIIIEM U3 KBAHTOBOU TEOPUU IO, U



§26. AJUrEBPA TEMNEPJU—-JIUBA U JPYTUE SKEIN-AJICEBPHI 243

9TO ompefeneHre ObLTO JaHO JIUIIE «HA, (PU3UIECKOM YPOBHE CTPO-
roctw. (Bosee nonpobHEIe CBefeHusa 06 UCTOPUX STOIO UHBAPU-
aHTa MOXKHO HAUTU B KOMMEHTAPUAX B KOHIIE MVIABEL U B § 32.)

§26. Aare6pa Temmnepan—JIn6a

u apyrue skein-anreGpni

26.1. Auare6pa Temmnepan—JIu6a OTHOCUTCA K KIACCAIECKUAM
00BEKTaM Teopuu OonepaTopHbix anrrebp. OHa BO MHOTOM CXO-
xa ¢ amrebpon lekxe. OQgHAKO B DTOU IJaBe OHA MPEICTAET B
Opyrom o0vKe, KaK OJHA U3 TaK Ha3kBaeMuIX skein-aare6p. Ilo-
caenuue, rpybo roBOps, ABIAITCA alredpamu, KOTOPHIE ITOTyIa-
I0TCA IpU (PAKTOPUIALUN IIPOCTPAHCTBA, JIMHENHEIX KOMOMHALIMN
HEKOTOPKIX IUArPAMM 0 COOTHOIIEHUAM, C IOMOIIBI0 KOTOPHIX B
§ 3 ompegensuica nommaom Kaypmana (mpex e BCero Mer umeem
B Bugy coorHomenwe tuna Komses (1) ma ¢. 35 — skein rela-
tion). Ux poss B HaIIEeM W3I0XKEHUU CBA3aHA C TEM, ITO OHU IIO-
3BOJISIOT 00ECIEeYUTh MHBAPUAHTHOCTD OTHOCUTEIBHO NPeodpa-
30BaHUU Penpemencrepa Tex 06HLEKTOB, KOTOPHIE CTPOATCA C UX
nomonslo. (Hurarens, BepoATHO, MOMHUT, 9TO moiuHoM Kayd-
MaHa, UHBAPUAHTEH OTHOCUTEILHO 2y u (13, HO He UHBAPUAHTEH
OTHOCUTEILHO (1.)

26.2. Skein-mpocTpanctso S. Muoroo6pasume M3 Mbr
[PEACTABIM IIOCPEACTBOM OCHAIEHHOr O 3anemrenns B S°. Ocua-
mieHus KOMIIOHEHT HaM OyneT yaoOHO 3a1aBaTh TeM CHocoO0M,
KOTOpHIU onucan B kKoHIE §19. Hanomuuwm, B 4eMm OH 3axirodaer-
cs. PacnomoxmM monocku, 3aJaromme OCHAIEHHOE 3aLeIIeHIe,
TaK, YTOOLL OHU IIOTHO MPUAJIEraIl K IWIOCKOCTHU JUarpaMMel (3a-
MEHUB 33KPyYMBAHUA [NETEIbKAMU, KaK U B TPIOKE C PEMHEM).
ITocae 5TOr0 BMECTO TOJIOCKM MOXKHO B3ATH JIOOOU U3 €€ Kpa-
€B U PACCMOTPETH €r0 MPOEKINIO HA MIOCKOCThL AUArpaMMbL. B
pe3yabTaTe MOLyYdM AMArpaMMy 3allellIeHus, KOTopas COonep-
XUT BCIO HEOOXOAUMYIO MH(MOPMALUIO 00 OCHAIEHUAX KOMIIO-
HeHT (dTa mHGOPMANWA 3AKOAUPOBAHA, MOCPENCTBOM IETENEK).
Muoroo6pasue M?, nmpescraBieHHOE STUM OCHAMIEHHBIM 3aIler-
JIEHUEM, He W3MEHAeTCA mpu npeobpasoBanusax Penpgemencrepa



244 T'yiABA VIII. SKEIN-UHBAPUAHTHI...

0

Pwuc. 26.1

Qy u 3, a TakXKe NpU JBOMHOM CKDPYYIMBAHUA TeTeabKu ()}
(puc. 26.1).

B §3 Mmr conocTaBwim kaxgou guarpamme D sanensenus L
nommaoM (D) OT IepeMeHHLIX @ 1 a”!. DTO MOTMHOM WHBAPUAH-
TEH OTHOCAUTEAbHO mpeobpazosanuu ) u {dy u ymoBIETBOpSET
CIENYIOMUM COOTHOLIEHUAM:

1) (X =al ) +a7 () (O
(2) (DU -

O) = (-a™* — a*)(D);
(3) O)=1.
[nsi pUKCUPOBAHHOIO KOMILIEKCHOrO umucia a¢ = ag € C

3Hadenne NoauHOMa (D) MOXHO BHIYUCIATH CJAEAYIOMEM 06pa-
som. Pacemorpum MHOX)ecTBO {D;} mOIapHO He M3OTONHLIX AMa-
rpamum 3anemierun. Ilycts V' — JuHEMHOE TPOCTPAHCTBO HAL
C, cocrosmee u3 KOHEYHBLIX JUHEMHEIX KOMOWHAINN IUACPAMM
D;. B mpocrpancree V paccMoTpuM moamnpoCcTpaHCTBO Vp, mO-
POXIEHHOE BEKTOPAMHU BUIA,

{X _ a0>/\ _ a0_1><’ DU O + (aa2 + a%)D}

(mmarpammy D wmBl paccmMaTpuBaeMm kak BekTop 1-D € V).
Monoxum S = V/Vy. Ipocrpancreo S HaswBawoT skein-
npocmpancmeonm. Ilpn ecrectsenson npoekunu p : V — V/Vy =
S sremenT D mepexomuT B Aep, ©Ae A — 3HAYEHME MHOLOYIE-
Ha (D) B TOUKE ag, & € — 00pa3 B S AuarpaMMel, COCTOSALIEN
73 OMHOU OKpYyXHOCTU. B camom geme, mycts E; — muarpam-
Ma, COCTOAIIAA U3 § TIOTIAPHO HE TEPECEKAIOUNXCA OKPYKHOCTEH.
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W3 noxasaTebcTBa TEOPEMEL CYIECTBOBAHUS M €JUHCTBEHHOCTH
nommaoMa (D) (cM. 3.4) caexyer, 9To

Dzz/\iEi+w1 u Z/\zEz:/\El + wa,

rae wi, ws € Vp, a A — 3uavenus nomunoma (D) B ToUKe ag.

OrMmeTum, 9T0 06pa3 a060U IUATPAMMEL NPU €CTECTBEHHOU
mpoexkuuy nopoxjaaer S, mosromy dimS =1, r.e. S =2 C.

IIycrs Teneps € — 11000U HEHYJIEBOU DIEMEHT IPOCTPAHCTBA
S. Torma p(D) = f(D)e, rae f(D) € C. B xagectse e yno6-
HO BHIOPATDH DJIEMEHT €g, COOTBETCTBYIOUUN IIyCTON AAATPAMME.
IIpu Taxom BEIGOPE GA3UCHOIO 21€MEHTA 0y AT BEIIOIHATHCS CJIe-
OYIOIIee MYJIbTUILTUKATUBHOE COOTHOIIICHNE:

f(D1UDs) = f(Dy1)f(Ds2). (26.1)

B camom gexe, nycte Dy = ) NiE; +wy u Dy = ) ;i Ej 4+ wo,
rae wy,ws € Vp. [aa HEOTPUIATENbHBIX IENBIX YUCeI 1M U 7
BHITTOJHAETCA cooTHOIenue mE; UnEy = B, U By = Epsint.
ITosToMmy

p(D1 U Ds) = p((z NiE;) U (Z NEj)) =
i J
=p(Y_ Einiriny) = (D ()N () eq,
%,J ¥
rae ¢ = (—ad — ay ?). CaegopaTensuo,

(DL UDy) = 3 (e x () =

= Z(cz‘)*i x Z(cﬂ')w = f(D1) f(D2),

9TO M JOKA3HIBAET coOTHOmEHue (26.1).

26.3. KoncTpykums npocTpascTBa S JOIMyCKAeT CIEAYIOIee
o606menue. Ilycte F' — opuenTupyemas AByMEPHas IOBEPX-
HOCTB ¢ kpaem OF (BoamoxHO, kKpan myct, T.e. OF = &). O1me-
TuM 2n Tovek kpas (ectu OF = &, 7o n = 0). Bynem paccMaTpu-
BaThb Jua2paMmMbl Ha TIOBEPXHOCTH F', IJs1 KOTOPHIX IEpecevdeHune
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¢ OF cocTouT B TOYHOCTH U3 271 OTMEYeHHBIX TOYeK (puc. 26.2).
®Puxcupyem unciao ag € C u paccMOTPUM BEKTOPHOE IPOCTPAH-
cteo V(F,2n) nax C, cocTosmee 3 KOHEIHBIX JUHEMHBIX KOMOU-
HAIUU U30TOMUIECKUX KIaccoB gauarpamm. Iycrs Vo(F,2n) —
noanpocTpancTBo B V (F, 2n), NOPOX IEHHOE BEKTOPAMY BUIA

{ X —a X =t ) (s DUO+(a" + aé)D} :

Tonoxum S(F,2n) = V(F,2n)/Vo(F,2n). [as KpATKOCTH HIPO-
crpancteo S(F,0) Oynem o6osnadars S(F).

//////////////////4

Puc. 26.2

3ameuanue. Ipeanonoxenue 06 OPUEHTUPYEMOCTH [TOBEPXHO-
ctu F' CcymecTBeHHO OTOMY, YTO HA HEOPUEHTUPYEMOU MOBEPX-
HOCTH Helb3s PA3IMIuTh mepekpecTku Tunos Y u X . Iloaro-
My HEIb3s OJHO3HAYHO OIPEJENnThb, Iepel KaKOW AUArPAMMON
Hy>KHO CTaBUTL KOXDUIUEHT ag, & Tepef KaKou — ag L

26.4. Teopema. Ob6paz p(D) Juaepammor D npu ecme-
cmeennot npoexyuu na npocmparncmeo S(F,2n) unsapuanmen
omuocumeabho 06801in020 3aKpyuusanus nemesvky ) u omuo-
cumesbHo 6mopo2o u mpemvezo npeobpazosanut Petidemeticme-
pa Q2 u Q.

Loxazameavcmso. Eciu w € Vp, To p(w) = 0. Hosromy

p(s,j}X}) = aop(fx;) + aglp(<‘._>f":<',‘;), (26.2)
U

p(DUO) = (a3 + a)p(D). (26.3)
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B §3 6buio mokasano (cm. 3.1), uro w3 (26.2) u (26.3) caegywor
COOTHOIIIEHUSI

p('ﬂ'v> 3{ (/\) (\/)
p(!_;Q_,l) = —alp(’ R BE p(p\) =—ay°p(: R)

IlepBLIe 1Ba COOTHOINEHUSA O3HAYAT WHBAPUAHTHOCTH OTHO-
cuteasuo 2 u 3, a U3 ABYX MOCAEHUX COOTHOIICHUU CJACTYET
MHBAPUAHTHOCTHL OTHOCUTEIBHO (). B camom nexe,

TAK KaK (—663)(_‘18) =10

26.5. Teopema. FBasuc npocmpancmea S(F,2n) cocmoum
u3 00pa308 NPU ecMecmeenrot NPOEKYUY 6CET U30MONUYECKUT
xaaccos duaepamm D;, xomopvie we codepacam wu nepexpecms-
K08, HU CMAUBAEMIT 3AMKHYMBIT KPUBHIT.

Loxazameavcmso. Coornomenve (26.2) no3BomAeT NpeacTa-
BUTH 06pa3 mwo6oi gumarpammer B S(F,2n) B BUge JMHETHOU
koMOuHanuu 06pa3oB guarpamm 6e3 nepekpectkoB. CooTHOLIe-
uue (26.3) no3BoaseT npeacTaBUTL 06pa3 AUArpaMMEL 6€3 mepe-
KPECTKOB B BUIE \e;, I'ae e; — obpas guarpammel D; npu ecte-
crBerHOU mpoeknyu. ClenoBaTelbHO, BEKTOPHL €; MOPOX AT
npocrtparcTso S(F,2n).

OcraeTcs A0Ka3aThb, YTO BEKTOPHI €; JUHEUHO HE3aBUCUMEL.
Hamomunm, dto dopmyast (26.2) u (26.3) MOXHO IPUMEHATH B
a000M Mopsagke, T.e. IpeacTapieHne oOpasa guarpamMvmel D B
S(F,2n) B BuAe JMHENHON KOMOMHALNM BEKTOPOB €; HE 3aBU-
CuT OT TOI_‘O7 B KAaKOM HOpr.I[Ke MBI yHI/I‘ITO)Ka,eM HepereCTKH
n CTATUBAECMEBIE BaMKHyThIe KpI/IBI)Ie (CM. rqOKaBa,TeJII)CTBO TEO-
pemnr 3.4). Taxum o6paszom, kaxgou auarpamme D OTHO3HAM-
HO CONIOCTABIAETCA KOHEUHasA cymMma », A\;D;. D10 comocrasie-
Hue mHAynupyeT JuHenHoe oTobpaxemme f : V — S’ rme S’
— MHOXECTBO BCEX KOHEIHEIX JUHENHEIX KOMOMHAIINY BEKTOPOB
D;. Acno Takxe, aro f(Vp) = 0. Hosromy f mugynupyeT auHen-
Hoe orobpaxenue f : V/Vy — S, mpmaem f(e;) = f(D;) = D;.
OJIEMEHTHI €1, €2, ... IPU JUHENHOM OTOOPAXKEHUN f [IEPEXO AT
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B GA3WCHEIE DJIEMEHTH IPOCTPAHCTBA S’, MOSTOMY OHH JOJIKHEL
OBITH JUHEMHO HE3aBUCHMEL. [

PaccMoTpuMm Temepp mpoCTemme NpUMEPHl IPOCTPAHCTB
S(F,2n).

26.6. Ipepnoxenue. S(R*) = C.

[Aoxazameavcmso. Tlo onpenenenuto mpoctpanctso S(R?) co-
BnagaeT co skein-mpocTpancTBOM S, PO KOTOPOE MBI Y3Ke BhI-
SICHWJIM, ITO OHO OMHOMEPHO. []

26.7. Ilpegnoxenne. S(S?) = S(R?) = C.

Moxazameavcmeso. Ipegcrasum chepy S? xax R U co. Ka-
KON quarpamMe Ha S2, He NPOXOJAIMIEH Yepe3 TOUKY 00, MOXKHO
COTOCTABUTH AMATPAMMY Ha ILIOCKOCTH RZ. B m06oM m3oTo-
MIYeCKOM Kiacce guarpamu Ha S2 CymmecTByeT ImarpaMMa, He
[IPOXOAAIIAs Yepe3 TOUKy 00. I[l03TOMy MBI HOIy4aeM HEKOTO-
pO€e COOTBETCTBUE MEXK Y U30TOMUIECKAMU KIACCAMU JUATPAMM
Ha chepe S? ¥ MBOTONMYECKUMM KIACCAMM UACPAMM HA, ILIOC-
kxoctu R%. Jlo6oMy KiIaccy ILIOCKMX IUATPAMM COOTBETCTBYET
POBHO OUMH Kaacc chepudeckux nuarpaMmm, HO OJHOMY KJIACCy
OUarpaMMm Ha Cpepe MOr'yT COOTBETCTBOBATHL HECKOJIBKO KJIAC-
COB ILIOCKUX auarpaMmm. Ilokaxkem, 0QHAKO, 9YTO NpU HEPEXOIE K
daxToprmpocrparcteam S(R?) u S(S?) coorreTcTBUE CTAHOBUT-
Cs1 B3aMIMHO OJHO3HAYIHBIM.

A A QP

(a) (b) (c)
Puc. 26.3

Ipex e BCero moKazkeMm, ITO M3OTOMHBIM JuarpamMvaM Ha, S2
COOTBETCTBYeT OJMH W TOT XkKe daeMeHT mpocTpancTsa S(S2).
[as 3TOro KOCTATOYHO MPOBEPUTH, YTO «IE€pebpACHIBAHUE HU-
TU AUarpaMMbl depe3 GeCKOHeIHOCTH» (puc. 26.3 (a); BCcmoMHEI-
Te TPIOK Ha chepe u3 § 2) He uaMeHAET 00Opa3 AUATPAMMEL B
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S(R?). Ha maockoctu R? 5T0 mpeo6pa3oBaHme BEITIAIAT Tak,
Kak mokasaHo Ha puc. 26.3(b). C momompio BTOpOro um Tpe-
THEr0 IPeoOpa3oBaHuy PernemMencrepa OT MOLYYEHHOU [P Ta-
KOM TTPE06PA30BAHNN TUATPAMMBL MOKHO TIEPEUTH K UATPAMME,
m306paxkeHHou Ha puc. 26.3 (c). A »Ty mguarpamMmy MOXHO IIpe-
00pa30BaTh B UCXOAHYIO guarpaMMmy npeobpasosanueMm {2). Bee
2TH TPEOGPA3OBAHUA HE M3MEHAT COOTBETCTBYIOIIAN DIEMEHT
npocrpaucrea S(R?).

Ucnonb3ysa ToT hakT, 9TO M3OTOMHBIM quArPAMMaM HA cdepe
S? cooTBETCTBYET OUH U TOT e daeMeHT npocTpancTsa S(R?),
HeTPyIHO noKazaTh, uto S(S?) = S(R?). B camom mere, cooT-
womenus (26.2) u (26.3) nua auarpamum za S? n quarpamv za R
OTIMYAIOTCA JUITH TeM, 9TO 3aMKHyTyI0 Kpusyto C Ha S2, oxBa-
THEIBAIOMYIO TOUKy 00 (puc. 26.4(a)), MOXKHO CTAHYTBH B TOUKY
[0 3aKPAMIEHHON O6IACTH, & HA ILIOCKOCTH TAK NOCTYIUTH HE-
ab3s. Ho xpusyio C' MOXKHO 3aMEHUTH HA U30TOIHYIO €U KPUBYIO
(cuAB ee ¢ TOYKK 00), KOTOPYI0 MOXHO CTAHYTb Ha ILIOCKOCTH
[0 COOTBETCTBYIOIIER 3akpameHHon obnactu (puc. 26.4 (b)).

Puc. 26.4

26.8. TIIpeanoxenwme. IIpocmpancmeo S(I x S') umeem
ecmecmaennyto cmpykmypy as2ebpor nad noaem C. Ima aqze-
bpa usomopgua Cla] (aszebpa muoeousenos nad C om odnot
nepemennot ).

Hoxaszameavcmeso. Cormacuo Teopeme 26.5, B kauecTse 6a3u-
ca mpoctpancTsa S (I x S') MOKHO B3ATH CEMEHCTBO AUATPAMM,
KaX 1as U3 KOTOPEIX COCTOUT U3 1 OKPY2KHOCTEN, MaPaLIeIbHBIX
ocuoBamuaM mamaaapa I X S'; agece n = 0,1,2,... (aman = 2
cM. puc. 26.5(a)).

OmnpegenmuM npousBeeHre IBYX AAACPAMM CIEIYIOMIAM 00pa-
30M. CkienM BepxXHee OCHOBAHUME OJHOTO IUWINHADPA C HUXKHUM
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eessetians,

()

Puc. 26.5

OCHOBAaHVEM IPYrOr0 UWIMHAPA, 4 3aTEeM MOJYyYEeHHBIN [IAINHID
COXMeM B JABa pasa mo BeicoTe (puc. 26.5(b)). Dra omepamus
cuabxaer mpocrparcTteo S(I x S) cTpykTypou anrre6ps ma C.

IMycts @ — 006pa3 mpu eCTEeCTBEHHOW TPOEKIWHA [UATPAM-
MBI, m300paxenHon Ha puc. 26.5 (¢). Torga 6asuc npocTpancTsa
S(I x S') umeer Bug o’,at,a?,..., roe a® — obpaz mycroun
muarpammel. Cregosarersno, S(I x S') = Cla]. O

26.9. Auare6pa Temnepan—JIu6a. Paccmorpum Temepn
npoctpancteo S(D?, 2n), koTopoe 6yIeT UrpaTh BaXKHYIO POIb
B ganbHenmmwmx mocTpoenusx. CoruacHo Teopeme 26.5 Gazuc
5TOr'0 MPOCTPAHCTBA COCTOUT U3 M3OTOMUIECKUX KIACCOB M-
rpaMM, He COAEPXKAIlUX HU [IEPEKPECTKOB, HU CTACMBAEMBIX 3a-
MKHYTHIX KpuBkiX. Ho B cryuae F' = D? Bce 3aMKHYTEIE KpUBEIE
MOXKHO IIOCJIEI0BATEILHO YHUYTOXWUTH, HAYWHASA C CAMBIX BHY-
TpenHux. lloaToMy 6asmcHBIE AMArPAMMEL COCTOST U3 MOIIAPHO
He MePeCeKAIOMUXCsA Iyr ¢ KOHIAME Ha, Kpae gucka D2

3agava 26.1. IycTs ¢, = dim (S(D?,2n)). lokaxuTe, 910

n
1 2n
@ an=Yaas © a=7(7)

Mpocrparcteo S(D?,2n) MoxHO CHAGAUTHL CTPYKTYDPOH au-
rebpur Hag C, xoTsa u He kaHOHUWYecKuM obOpasom. [laa sToro
HYKHO TIPEICTaBATEL mucK D? ¢ BLIAeIeHHLIME 21 TOIKAME B BU-
I KBaApaTa, y KOTOPOro Ha, NBYX MPOTUBOMOJOKHEIX CTOPOHAX
BhIeNeHO 10 1 Tovek. (Takoe mpencTaBieHue, pasyMeeTcs, He
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emquncTBeHHO.) Torga mpousBefeHUe OBYX AUATDAMM OIPeness-
€TCsI €CTECTBEHHBIM 00PAa30M: MEI CKIEMBAEM I3 IBYX KBAIPATOB
IPSAMOYTOJBHUK, 8 3aTEM CXKUMAEM ero B IBA Pa3a U MOLYIaeM
cHoBa kBaApaT (puc.26.6). JTa onepanusa NpeBpalaeT JUHENHOE
npoctparcTteo S(D?,2n) B anre6py, KOTOPYIO HA3LIBAIOT a.42€-
opot Temnepau—JIuba u obosuagaror T L,.

)

—e > > A

4

Puc. 26.6

Y106 yOPOCTUTL OGO3HAYMEHUA A TUATPAMM, YCJIOBUMCA
0603HAYATE k MAPALIETLHEX YT OMHOU IYTOU, TOMEYEHHOU YU-
ciom k. Ilycts e; — smemenTt anre6pst 1L, COOTBETCTBYOIMAN
ouarpaMme, u3o0paxenHou Ha puc. 26.7 (a). (Jas n = 4 Bce Ta-
Kye guarpaMMel n300pakeHsl 6e3 cokparnenun Ha puc. 26.7 (b).)
Ilycre, manee, 1, — saement aare6per 1'L,, COOTBETCTBYIOMIMN
IuarpamMme C 7 MAPAVIeIbHEIMYA TyTaMU.

n—1—1

> 94§ dp ¢

D

€1 ()] €3
(a) (b)
Puc. 26.7
26.10. Teopema. Jaemenmbr l,,€1,...,en_1 NoOpoAcdatom

an2ebpy TL,.

Hoxazameavcmso. PaccMoTpyuM NPOM3BONBHYIO AMATPAMMY,
COOTBETCTBYIOIIYIO dueMeHTy 6a3uca npocrpauctsa 1 L, Hanpu-
Mep, guarpammy, u3obpaxkennyio Ha puc. 26.8 (a). IIpeobpasyem
AnarpaMMy TakK, qTOGb[ee AYru COCTOAMN U3 I'OPU3OHTAJIBHBIX
OTPE3KOB U MOJYOKDPYKHOCTEU C BEPTUKAILHLIMU NUAMETPAMUI
(puc. 26.8 (b)). Takoe nmpeoGpa3oBaHNe BO3MOXKHO IOTOMY, 9TO
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I 060U 6A3UCHOU AMATPAMMEI BHIMOJHAECTCA CJAEAYOIIEee CBOU-
CTBO: Iyra COEIVHSAIONIAA TOYKA OJHOU U TOU K€ CTOPOHBI KBA-
ApaTa, TOAHUMAECTCA MO0 BEPTUKAJIU Ha HEIECTHOE YUCIO ITaros,
a Ayra, COeAWHAIONIAA TOYKUN IIPOTUBOIOJOXHBIX CTOPOH KBa-
npaTa, NOJHUMAETCA Ha 9eTHOe 9ucio maroB. (OCHOBHAS maes
NOKA3aTeJbCTBA 3TOr0 CBOKCTBA 3AKIIAETCA B TOM, YTOOBI MO-
CI€I0BATEIBHO YHUYITOXATE AYyI'd, COCAUHAIOINNE ITaPBL COCEeIHUX
OTMEYEHHBIX TOY€EK Ha CTOpOHe KBa,rqpaTa (HpI/I OTOM HE U3MEH-
€TCA YeTHOCTb HOMEPOB OCTAIOMMXCA TOYEK). DTy UICK JETKO
HpeBpaTI/IT]) B IZ[OI(HBa,TeJII)CTBO C IOMOIIIBIO MHAYKIINN.

- -

Puc. 26.8

Ha puc. 26.8 (b) xaxgon 3Be3fOYKe COOTBETCTBYET OJHA, U3
obpasymwomux e;. Cueraem n30Tonuio (BUras TOYKYU JAMIb 110 T'O-
PU3OHTAIN) TaK, IYTOOHI IPOEKIUN STUX 3BE3409€K Ha MOPU30H-
TAIBbHYI0 CTOPOHY KBAPATA PACIONOKIIACH DABHOMEPHO. JTO
MOXKHO CIEIaTh HECKOTLKUME crnocobamu (cpasauTe puc. 26.8 (¢)
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u puc. 26.8 (d)). IMoxyuennyo auarpaMmy OYE€BUIHBIM O0OPA3OM
MOXKHO NIPEACTABUTD B BUAE NPOU3BEJEHUA DIEMEHTOB €;. [
3amevanue. HecmoxXHO HAUTU COOTHOIIEHUS, OMPEIEIAIO-
mue anarebpy Temmepan—Jluba xak abCTpPakTHYO aaredpy HaL
C (cm. [Jon 2]), HO MBI >TuM He GyZeM 3aHUMATHCA, IOCKOIBKY B
IaJbHEUIIeM HAM TU COOTHOIIEHUA He TOTPEGYIOTCA.

§27. NUpemmorentT /lxoHca—Beumia

27.1. [dns nocrpoenus skein-mHBapUAHTOB TPEXMEPHEIX MHO-
roo6pasuit HaM noTpebyeTcs crenmaibHem saement f( anre-
oper Temnepaun—JIuba T L,,, n3BeCTHLIN IO HA3BAHUEM UJEMNO-
menm [awconca—Benyas. Ilycrs A, — momamrebpa TL,, no-
POXIEHHASA DIEMEHTAMU €1, - ..,€n—_1 (OTCYTCTBYET POBHO OIHA
00pas3yomas, a UMEHHO, 1,). DJIeMeHT f, ONpPemerAeTcsa CIAeLy-
IOIIMU ABYMs COOTHOIIEHUSIMIU:

(1) fMA, = Ap fM = 0;

(2) 1, — f™ € A,.

Takou sremeHT f(") CyIIECTBYET JUIIL IIPU OINpEIETeHHOM
OrpaHUYeHNN Ha mapameTp ag € C, KOTOpLI BXOAUT B ONpee-
neuve aare6psl 1'L,,. HanmoMuuM, 9TO 3TOT napaMeTp y4acTBYeT
B OIPEJEIEHUN 3IeMEHTOB noanpocTpancTsa Vo C V (cm. 26.2),
T.€. OH BXOJUT B OMPENEJCHUE BUI3 COOTHOIIEHUU MEXAY AUA-
rpaMMaMuU.

27.2. Teopema. (a) ITycmv ag® #1, k=1,...,n—1. Toeda
cywecmeyem eduncmeennvili anemenm f € TL,,, ydossemso-
parowut coommowenuam (1) u (2).

(6) Daemenm [ agasemca udemnomenwmom, m.e.

flr fln) = f(n),

Loxazameavcmeo. IIpex e Bcero 3aMeTuM, 4TO U3 CYLIIECTBO-
Banus orementa f(™) cleqyeT Kak ero eMHCTBEHHOCTH, TAK 1
€ro MIeMnoTeHTHOCTh. Jleno B ToM, uro 1, — f() — equmma-
HEIU DJeMeHT aareOpel A,. JencTBUTEILHO, COMVIACHO COOTHOLIE-
Huio (1) mus m06oro saemMenTa & € A, BHIIOJHAIOTCS PABEHCTBA
(1n—f™z =z uz(l,—f™) = 2z, a cornacuo ycaopuo (2) se-
menT 1, — f() npunagrexur nogarreépe A,. EgmcrennocTs
srementa f(") cremyer Temeps M3 €IMHCTBEHHOCTM €IMHUYHOIO
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2JEMEHTa, B 000U anrebpe, a ero UAeMIOTeHTHOCTD CAeqyeT U3
pasenctra (1, — f(M)(1,, — f(M) =1, — f").

MocTponm Teneps saement f( mmpyknmenn mo n. AareGpa
TL, nopoxpaena snemernToMm 1p, mosromy A; = 0. Takum oGpa-
som, f) =1, € TL,.

daeMenTH atre6per 1 L, ABIAIOTCA JUHEHHEIMA KOMOWHAIIA-
samu o6pasoB (nmpum ecrecrBenHon mnpoekimu V. — V/Vy) nma-
rpamm. Ho npum onpenenerny HEKOTOPEIX ONEPALUE HA,T DJIEMEH-
TaMu DTOU aare6pul y100HO MPEnCTABIATD Ce6e DTu 00PaA3LI KAK
OpoCTO AuarpaMMH (a He KJIACCH guarpamm). B Takou curya-
1y MBI 6y €M MPeAnoJaraTh, 9TO BCe AMArPAMMEI, BXOIAIIE B
JUHENHYI0 KOMOWHAINIO, IOABEPTAIOTCA OMHOU U TOU JKEe Omepa-
. B COOTBETCTBUM C DTUM COTVIAINEHUEM OTPEISTAM DICMEHT
A, € S(R?) mocpeIcTBOM ONEPAINM 3AMbIKAHUA, W300DPAKEH-
oy Ha puc. 27.1. Ilpwm sTOu omepaunum I KaxXKAOU IUATCPAM-
MBI, BXOJALIEN B PA3JI0XKEHUE DJIEMEHT, f (n), Gepercs ee 3aMbl-
KaHme, a 3aTeM paccmarpuBaercs obpas B S(R?) momyvennon
IuarpaMMEl Ha miockoctu R2. B pesyabTare JmHeHHAs KOMOU-
Hanust r[LI/Ia,I"‘pa,MM HepeXOrZ[I/IT B JIHHeﬁHyIO KOM6HHaHIIHO JJIEMEH-
toB npocrpancTsa S(R?). Hanomuum, aro S(R?) = C, nosromy
An MOXHO CYATATh KOMILIEKCHBIM YUCJIOM (B Ka4deCTBe 683HCHO—
ro aremenTa mpoctpancTea S(R?) M BEIOUpaeMm 06pas MyCTOH
OUATDAMMEIL).

f(n)

Puc. 27.1

Hampumep, mpu savekammn srementa f(U = 1; monryuaem

MIPOCTO OHY OKPYKHOCTB, IO3TOMY A; = —a62 —ag.
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Pasencrso f(O f(0) = f(0) p coorBercTBIN ¢ HammM coruale-
HEEM MOXHO m300pa3uTh TaK, KaK Ha, puc. 27.2.

Puc. 27.2

TTokaxxem, 9TO 3TO PABEHCTBO IOMyCKaeT 0000meHne, n3o0pa-
JKEHHOe Ha puc. 27.3.

2 G l_z_ SO Litj|  litg | pltd) ity

Puc. 27.3

IIycts f;z) — omeMeHT anreOpsl T'L;y ;, MOTyIeHHBIN 13 DIe-

merTa f() € TL; mocpescTBoM omepaiuy, M306PasKeHHOHM Ha
puc. 27.4.

f(i)

Puc. 27.4

IIpu TaxoMm mpeobpasorauuu snremeHT 1; € T'L; mepexoauT B
1,1 € TL;;j, a obpasyiomas e, € T'L; mepexoauT B 06pa3yro-
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myto e, € TL;;; (B Goree rpoMo3akux, HO GOIE€ TOYHEIX 000-
BHAYEHUAX CIELOBAIO OB CKA3ATh, 9TO €p; MEPEXOIUT B €p it j).
A tak kak

f(l) =1;+ Z)\ily---yiseil ... €5,

MBI TIOTY9IaeM

i
f;) =1liy; + E Aisy..yis€iy - - - Eiy -
CueoBaTenbHO,

f;z)f(z'-i-j) - <1z.+j + Z)\ih.__,iseh ---ez-s) fl+) = p+d)

Homoxum ¢ = n—1 umw j = 1. Torga m3 paseHcrsa, m30-
OpaykeHHOro Ha puc. 27.3, 0YeBUIHBEIM 00PABOM CIEAYET DABEH-
CcTBO, m300Opaxkenunoe Ha, puc. 27.5. IlycTte ¢ — smement anre-
opet TL,,_1, CTOAIMNA B MPABOU YACTU DTOCO PABEHCTBA. IIpo-
CTasd M30TONUA MOKA3BIBALT, YTO B JIeBOﬁ YaCTU CTOUT SJIEMEHT
f(=Vg.  Takum o6pazom, f(» YUz = 2. C apyroir cropo-
HBI, JI000U smeMeHT £ € TL, | MOXHO NPEICTaBATL B BUIE
£ =A,_1+2,r1e 2’ € Ap_y. Hoosromy f(*Dg = Af(n=1) 4
aaunr, (0D = X 1fnDg = X\ 1g.

( iy . _._—_.1

= f(n)

n—1

=
|
—

n—1

-

Pwuc. 27.5

Yro6bl BEMMCIATH )\, 3aMKHEM guarpammbl & u f(? 1)
(puc. 27.6), a 3aTeM paccMOTPUM OOPA3EI OTYI€HHBIX TUATPAMM
B S(R?).

n—1 n—1

f(n—l)

x f(n—l)
Puc. 27.6
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B pesyasrare z mepeiger B A,, a f*~1) B A,_;. Tosromy
A, = AA,_1, a 3HaunT,

Anfl _
f(nfl) — _f(n 1):5;
A

n

IIoCJIeJHee COOTHOIIEHNE N300pakeHo Ha puc. 27.7.

1
n—1 f(n—l) n_1 — A‘gfl n—1 f(n—l) n—i f(n——l) n—l1
Puc. 27.7

Tor dakr, uro A,, # 0 mpn aé(nﬂ) # 1, MBI TOKaxXeM OT-
nenbHO (aemma 27.3). A moka Mbl GygeM CIMTATh, 9TO DJIEMEHT
™ yxe mocrpoen (mpegmonoxenne naaykimn) u A, # 0. Ilo-
kazxeM, 9410 Torga (npu n > 1) B kauecrse f("t1) MoxuO B3sTH
DIEMEHT

n An— n n
() _ Anot (), o(n)

A nil

n

(pmc. 27.8). YUT0o6HI 5TO yTBepXKAeHUE OBLIO BepHO mpu n =
u n = 1 Gygem cumrars, aro f(O) — mycras gmarpamma (sT0

o3HavaeT, 9T0 Ag =1)m A_; =0.

1 1 1
D (G
7 f(n) nyo AX_1 L7 f(n) n—1 f(n) L
Puc. 27.8

[l1s onpenereHHOro TakuM 00pa3oM dieMeHTa, f (n+1) TpeOy-
erca gokasark, uto f("tVe; = e, f("t) = 0 mpui = 1,...,n
u 1y — fOY € A,. Tpm i = 1,...,n — 1 pasencrna
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frte; = e, f("t1) = 0 oueBmgHEIM 06pa3OM CICAYVIOT M3 Pa-
sercts f(Me; = e;f(™ = 0. fcuo Taxxe, 90 1,11 — fln) €A,

u fMe, f™ € A, 41, mosTomy

n An— n n
1n-i-l - f(n+1) = (1n+1 - f1( )) + —= 1( )enf1( ) € An+1-

Ap
HexoToperx ycmmmii TpeGyeT JUIIb T0Ka3aTeT5CTBO TOTO, ITO
frtbe, = e, f("t1) = (0. Ms gokaxkem .M PABEHCTBO

frthe, = 0 (pue. 27.9), Tak Kak Ipyroe paBeHCTBO JOKA3HI-
BAETCA AHAJOTUIHO.

1 1 1 1 1
SNE D G C
n ! n—1 Bn | g f n—1 / n—1
Puc. 27.9

W3 pasencrsa, n3obpaxkeHHOro Ha puc. 27.7, cienyer paBeH-
CTBO, u3o0paxennoe Ha puc. 27.10.

T [ T T
P A ;  C
() R ERY I VS [ YO0 o ) B PO
n / n—1| f n-1l - Anln f n—1 ! n-| ! n—1
] , : 1
Puc. 27.10
1 1 1 ) 1
| ¢ _=2n—1] ! )
AR oo T AL L] ™ mp| ! | £®
-n-r n—1 / in—1 7!: n—1 f r_LL_l n—1
Puc. 27.11

C moMOIIBI0 M30TOMNX OT STOrO PABEHCTBA MOXKHO MEPEUTH K
paBeHCTBY, u3obpaxennomy Ha puc. 27.11. Touno Tax xe, Kak



§27. VIIEMIOTEHT /[[>)KOHCA—BEHILJIA 259

MBI JOKA3EIBAINA PABEHCTBO fj(i) Ut = f+9) | yoxmo goxasars
PaBEHCTBO f(i+j)f](i) = f(+9) Ha puc. 27.11 BHIgeIeHA TYHKTY-
pOM amarpamma f(i‘”)f;i), rre ¢ =n—1, j = 1. 3amenuB >Ty
muarpamuy Ha f(+9) | momyunmv TpeGyemoe paBeHCTRO.

YT0o0B! 3aBEPIINTL JOKA3ATEIBLCTBO TEOPEMEL 27.2, OCTAETCS
mpoBepuTh, 9TO Ay ... A, # 0.

27.3. Jlemma. Ecau ag(n'H) #1, mo A, #0.

Hoxaszameabcmeo. Mu1 nokaxeM 601ee TOYHOE YTBEPXK IeHUE,
a MMEHHO,
2(n+1) —2(n+1)
—-1)"(a —a

2 -3
Gy — Gg

13 onpegenenus saementa f(7H1) ¢ TL, 41 crexyeT paBeHCTBO
ns anemenTos arre6psr S(I x S1), msobpaxennoe Ha puc. 27.12.
Iycrs S,(a) — o6pas B S(I x S') sambikanms saementa f(™),
Torna A, — 06pa3 saementa Sy, (a) npu orobpaxenun S(I x
S1) — S(R?), ungyrmposansom Baoxkenumem I X S' B R?. Ilpu

9TOM OTO6pa}KeHI/II/I AJIEMEHT (¢ IIePEXOAUT B KOMILICKCHOE IUCJIO

(—ag” — ap).

Pwnc. 27.12

Mokaxem, uro npu mepexoge k S(I x S!) pasenctso,
m300paxkenHoe Ha puc. 27.12, mnpeBpam@aeTrcsi B PABEHCTBO

Snt1(a) = aSp(a) — Sp—1(a). (27.2)

Joxa3aTeanCTBO He OYEBUAHO JUINb 1 wieHa Sp_1(a). Coor-
BeTCTByIOMmME snemenT mpocTpancTsa S (I xS') MoxuO mpeobpa-
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30BaThb TAK, KAK MOKa3aHo Ha puc. 27.13. Ilepeoe u3 nzobpaxen-
HBIX TaM PaBEHCTB OCHOBAHO Ha COOTHOIIECHUN U AEMIIOTEHTHOCTH
f) f(n) = §(n) 5 propoe paBeHCTBO ClefyeT U3 PABEHCTB, M30-
OpaxeHHBIX Ha puc. 27.5 u 27.7.

Puc. 27.13

Paccmorpmm 06pas coorromenus (27.2) mpu 0TOGpaKeHUM
S(IxS') — S(R?), T.e. nogcTaBmyM BMecTO om0 (—ay 2 —ad).
B pesyaprare noaydnm

An—}-l = (—aaz - a%)An - A'n—l- (273)

Tenmeps ocTaeTca 3aMeTUTb, 9TO 4KUCaa A,, ONpeIeTeHHBIE
dopmyaon (27.1), yAOBIETBOPAIOT KAK PEKYPPEHTHOMY COOTHO-
menuto (27.3), Tak u HaYanbHEIM yCaoBuaAM Ag = 1 u Ay =
(—ag?—a2). 00O

§28. IlHBapMaHTHOCTL OTHOCHUTEJBLHO

BTOpOro npeobpaszoBanuio Kupobu

28.1. ComocTaBuM Temeph KaxKJA0W OCHAINEHHOU AUarpaMMe
D sanemnenus ¢ komnonesTamu Ky, .. ., K, monurennoe oro6pa-
JKeHue

(+yee YD S X X Sp — S(R?),

rae S; = S(I x S'). Yto6er onpenernTs 3TO 0TOOPaXKEHNE, J0-
CTATOYHO 330aTh JJICMEHTEI (a'fl,...,a’,i") p € S(R?), roe a; —
obpasyromas arredpsl S;, COOTBETCTBYIOMAA O0PA3YOIIEN o ajl-
re6per S(I x S1).

Eie pa3 HanoMHIM, KaK IOIYyYIaeTCA OCHAIEHHAS JUArDAMMAa,
OCHAINEHHOr'O 3aleieHus. PacmonoxuMm jgeHty Bj;, 3a1aomuyo
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OCHAITIEHHYIO KOMIOHEHTY K;, Tak, 9TOOLI OHA CTAJIA MAPAJLICTb-
HA IUIOCKOCTM AmarpaMMel. B kagecrse mumarpammer K; 6eperca
IUArpaMMma J00ro u3 Kpaes JeHTH B;

YTo6El TOMTYyYNTH AMATPAMMY, COOTBETCTBYIOIIYIO DJICMEHTY
(ozlfl ,--,akyp € S(R?), ma xaxnow memre B; HyxHO HADU-
coBaTh k; KPUBLIX, NMapaEIbHLIX ee KpasMm. Hampumep, muas
OCHaIeHHOU AuarpamMel D, n3o6paxenHon Ha, puc. 28.1(a), qua-
rpamma (a3, a}, a3) p npeacrasrena Ha puc. 28.1 (b).

ki =3 ko =1 P
CL5 L
(a)
Puc. 28.1

28.2. IpemnonoxuM, 9TO OCHameHHEE auarpamMbl D u D'
DKBUBAJIEHTHEI, T.€. OHU IIOLYYAIOTCA APYT U3 OPyra MOCPei-
CTBOM IUIOCKUX M30TOIui, npeobpa3oBanus ()], a Takxke BTO-
poro u Tpernhero npeobpaszoBanun Pengemencrepa. Torpa mua-
rPaMMBI

<k1 k

al,...,an")D n <k1 k

o ,...,an">Dl

TOXE HOIYyYa0TCA APYD W3 OPYra MOCPENCTBOM IMJIOCKUX K30-
Tonmi, npeobpasoBaHms )], a TakXke BTOPOrO M TPETHErO
npeobpasosanuin Pengemencrepa. IlosTomy cormacHo Teopeme
26.4 obpaser »tux ayx aumarpamm B S(R?) coemagaror. ITo
03HAYAET, UTO NOCMPOEHHOE HAMU NOAUHETHO0E 0Mmobpaicenue
(-,..., - )p npedcmagasem cob6ol UKBAPUGHIN OCHAWEHHO20
30YENACHUA.

OTO CBOUCTBO PACCMATPUBAEMOI'0 OTOOPAXKEHUS [IEJAET ero
yIOOHBIM MHCTPYMEHTOM [ IIOCTPOEHUS WHBAPUAHTOB TPEX-
MEpHEBIX MHOI000pa3uil (He HyKHO 3a00TUTHCs 06 HHBAPUAHTHO-
CTH OTHOCUTEIBHO K30 TOIMI OCHAIEHHOr 0 3anerienus). Ho eme
HYKHO 00€CIEeYNTh MHBAPUAHTHOCTE OTHOCUTEIBHO IIPeo0pa3o-
Baunu Kup6u. B 5ToM HaM moMoxkeT daeMeHT A,,, TOCTPOESHHEIN
B IpeaslgyIneM naparpade.

YT06H 06ecneunTs NHBAPUAHTHOCTh OTHOCUTEIBLHO BTOPOT'O
npeobpasoBanus Kupbu, MBI BOCIOIB3YEMCS DI€EMEHTOM

r—2
w=Y_ AnSn(a) € S(I x S),
n=0



262 T'yiABA VIII. SKEIN-UHBAPUAHTHI...

rue r > 3 — menoe 9ucao, a MEOrowied S, (a) u uucio A, 6suu
ompeneneHs B 27.3. JJIEMEHT w 3aBUCUT OT 1'; B HAIIUX 0003HAYE-
HUAX 3T 3aBUCAMOCTH [/ KPATKOCTU OIMYINEHA, HO OHA BCET[a
OymeT moapa3yMeBaATHCA.

28.3. Teopema. Ilycmv Komnaexchoe wUCA0 Qg BbIOPAHO
max, Wmo ag — NPUMUMUBHBLE KODPERL CMENENu T U3 eOUNU-
ybt, a duaepammvy D u D' noayuaromes dpye u3 dpyea emopvim
npeobpazosanuem Kupbu. Tozda

(w,w,...,w)p = (w,w,...,w)pz.

[Aoxazameavcmeo. PaccmoTpum cHagama camein mpocTon (c
FeOMETPUIECKON TOYKM 3PEHUs) CIydIall BTOPOro npeobpa3oBa-
Hus KupOw, a8 MMEHHO, IPeamosOXKuM, ITO K HEKOTOPOU JEHTE
n06aBIsSeTCA JEHTA, MapaJLieTsHas okpyxHocT St ¢ ocHameHn-
em 0 (puc. 28.2).

B O HO

Puc. 28.2

(a)

€9

Puc. 28.3

B oxpectrocTU OKpyx)HOCTH S' 5TO TIpEO6pa3oBaHME BEITVIA-
IUT TaK, KaK MOKa3aHo Ha puc. 28.3(a). OveBuanon usoronven
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2TO IPe0OPA3OBAHME MOXKHO IIPUBECTH K 60JIEe CHMMETPUIHOMY
Buay (puc. 28.3 (b)). Hasosem 50 mpeoGpasoBanue nepebpacyi-
BAHUEM KUY,

Taxum 06pa3oM, HEPexos OT DIEMEHTa, (W, . ..,w)p K IeMeH-
Ty {W,...,w)p COCTOUT W3 HECKOJIBKAX TEPeOPACHIBAHUY HATH
TAKOr'0 BUA, KaK Ha puc. 28.4. [losicHuM, KAK MMEHHO yCTPOEHEI
Takue onepaiuu. CUMBOI w PAAOM C OKPYXHOCTBIO O3HAYAET,
YTO MBI UM€EeM B BUOY HE OKPDYXHOCTH, a JJEMEHT

r—2
w=Y_ AnSn(a) € S(I x §),
n=0

T.€. JUHENHYK KOMOWHAIMIO AMATPAMM, COCTOAIMX U3 KOHIEH-
TPUYIECKUX OKpyX)HOCTen. [lepeOpacrBaHne HUTH IPOU3BOAUTCSA
IS KAXKIOU U3 DTUX OKPYKHOCTEH.

Jlns noxasarenscTBa TeopeMmbl 28.4 [OCTATOYHO IPOBEPUTH,
9T0 TpeoGpaszoBanue demMenToB mpocTpancTsa S(R?), maobpa-
XKEeHHOe Ha puc. 28.4, Tox aecTBeHHO. MBI CHAYAIa, BEIACHAM, KAK
YCTPOEHO COOTBETCTBYIOMEE IPEOOPAZOBAHKE HA YPOBHE DJIEMEH-
ros npoctpanctsa S(I x S'), a 3aTem y6eaumcs, 9TO mOCIe TPO-
ekt S(I x S') — S(R?) aro mpeobpasoBanme AEHCTBUTEIHHO
CTAHOBUTCS TOXA€CTBEHHBIM.

28.4. Jlemma. Pasnocmov 08Yyr 3aemenmos mpocmpancmaea
S(I x SY), uzobpaxcennvr na puc. 28.4, moxcno npedcmasumo 6
sude aunetnot xombunayuy Juazpamm, 8 KaHcOYO U3 KOMOPLIL
sxodum duaepamma fY (8 xauecmee omdeavnoti xapmunsu,
1n0900ua2pammbl).

Puc. 28.4
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Hoxazameavcmeso. V3 peKKypEHTHOrO OIPENeIeHUs JIEMEHTA
f (n+1) clIeyeT PaBEHCTBO, M300paKeHHOe Ha puc. 28.5.

Puc. 28.5

Coornomenne ugemnorentaoctu (™ f(W) = £ nocre uso-
TONMUM MOXKHO OyJeT NPUMEHUTL K MPaBOU AUarpaMMe Ha,
puc. 28.5. B pesynpTaTe mOIyYMM DABEHCTBO, M300paKEHHOE
Ha puc. 28.6.

Puc. 28.6

Ilpu A, # 0 nociegHee paBEHCTBO YKBUBAJICHTHO PABEHCTRY,
r300pakeHHOMY Ha puc. 28.7.

Ay, +A,!

Pwuc. 28.7
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TTosepuys Bce guarpammer Ha 180°, momy<YuM paBeHCTBO, U30-
OpaxeHHOe Ha puc. 28.8.

n
f(n)
An (0] =041 O =
1
! (I+u)f
n—1
Puc. 28.8

Paccmorpum paBencrTBa, m3oOpaxkeHunie Ha puc. 28.7, mis
n = 0,1,...,7r — 2. B mpaBoum 4acTM CyMMHI BCEX DTUX pa-
BEHCTB CTOWUT DJEMEHT, m300paxkeHHum Ha puc. 28.9 (a). [eno
B TOM, YTO DIEMEHT W PABEH CyMME BJIEMEHTOB, U300PaKEeHHBIX
ma puc. 28.9(c), mpu n = 0,1,...,r — 2. To ToU xe TpUILHE
B IIPABOU YaCTU AHAJOTMYHON CyMMBI PABEHCTB, U300PaKEHHBIX
Ha puc. 28.8, CTOUT BIEeMEHT, n300paxeHuu Ha puc. 28.9 (b).

)
1 An
(a) (b) (c)

Puc. 28.9
f(?“—l)
AT_Z O AT—Q
Puc. 28.10

PasuocTh mpaBEIX YacTeN OBYX PABEHCTB PABHA PA3HOCTH KX
JIEBEIX YacTel. JIerko mpoBepuTh, ITO JEBLIE YaCTH PACCMATPH-
BAEMBIX CYMM DABEHCTB PA3IMYalOTCs JWIIbL DJEMEHTAMHU, U30-
OpaxenusivMu Ha puc. 28.10 (mpu nokaszaTenrLCTBE BTOrO yTBEP-
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XKJEHUA HyXKHO BOCHOIB30BAaTHCA TeM, 4To0 A_; = 0). Hemno-
CPENCTBEHHO BUAHO, YTO KAXK BN U3 DTUX DJIEMEHTOB COIEPKUT
muarpammy f("~D, uro u yrBepxganocs. [

Bossparmance k 10ka3aTeIbCTBY TEOPEMEL, HATIOMHIM, ITO 10
YCIOBUIO YHCIO ajf ABIAETCS TPUMATHBHEIM KOPHEM CTETICHY T 13
eauunubl. [IpuMUTHUBHOCTE KOpHA rapaHTupyer, 910 A, # 0
mpu n = 0,1,...,7 — 2, a w3 paBencTBa ag” = 1 crexyer, 4TO
A,_1 = 0. YTo6nI 3aBepIIATL JOKA3ATEILCTBO TEOpeME (B pac-
CMaTPUBAEMOM YACTHOM CIYYaE), OCTACTCA NOKA3ATH CIeNYIOmee
yTBEPX JeHUE.

28.5. Jlemma. ITyemv A,_1 = 0. Toeda w060t saemenm
d npocmpancmea S(R?), codepacawuii duazpammy =1, pasen
HYA10.

Hoxazameavemso. Cornacuo mpeamoxenuio 26.7 mpocTpas-
ctBo S(R?) MOKHO OTOX 1ecTBUTE ¢ mpocTpancTeoMm S(S?). Mao-
6pasuM chepy S? B Bue muIuEAPa. MOMXKHO CINTATH, ITO BEPX-
Hee U HUXKHee OCHOBAHUS [UINHIPA CBOOOMHBI OT AYD BCEX AUA-
rpaMM, BXOAAIIUX B pasnoxkenue dreMeHTa d. Torpa saeMeHT
d sBasercs obpazom B S(R?) sameikanus srementa (" Dz npn
BJIOKEHHI GOKOBOM IIOBEPXHOCTH LIIMHJIPA B chepy S2; 3gech &
— HEKOTOpHIK >1eMeHT aare6per T'L, 1 (puc. 28.11).

Puc. 28.11

Tax kaK ¢ = A,_; + 2/, rae ' € A,_q, umeem f—Vg =
A=Y Oroxgecreum Temeps S(S?) ¢ S(R?). B pesymbrare
TIOYYUM, ITO DJEMEeHT d ABIAETCSA 06PA30M 3aAMBIKAHMUS DJIEMEH-
ta Af("~Y) npu Broxennn I x S B R?. Tlosromy d = AA,_; = 0.
O

28.6. /loxa3aTenbCTBO TeOpeMHI 28.2 B TOM CIydae, KOTaa
BTOpOE TpeobpazoBanmne Kupou nMeeT mpoCTennn BUI, 3aBep-
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meno. HanomumM, 9TO f06aBIAEMYIO JEHTY MBI CIATAEM DAaC-
TIOJIOKEHHON MPOCTEUIUM 00pa30oM, T.€. TaK, KaK MOKA3AHO Ha,
puc. 28.12 (scmomunTe puc. 28.2). Ho Te xe cambie paccyx neHus
(Cc HE3HAYUTENLHLIMU U3MEHEHUAMY ) TOAATCA U B TOM CIy4ae, KO-
raa q00aBIAETCSA IPOU3BOILHAS JEHTA, TaPAILICILHASA IIOCKOCTI
OUArPAMMEL, HAIIPUMED, JEeHTA, n300paxenHas Ha puc. 28.12 (b).
B camom pgene, BCe HCIONB30BAHHBIE COOTHOLIEHUS MEXIY AUA-
rpaMMaMu, HAPUCOBAHHBIMYU HA TAKOU JEHTE, OCTAIOTCA B CHJIE.
I[JI}I I/I3OTOHI/II‘;I n OHepaHI/II/I yHI/I‘ITO)KeHI/I}I CTArNBAEMBIX 3aMKHy—
ThIX KPUBBIX 2TO O‘IeBI/IrE[HO7 a s OHepaHHIII yHI/I‘ITO)KeHI/Iﬂ Iie-
PEKPECTKOB DTO CIEAYET U3 TOr'0, YTO OPUEHTALNS JIOO0N IaCTI
JIEHTEHL COIVIACOBAHA C OPUEHTALMEN IJIOCKOCTU AUArDPAMMBL, [O-
CKOJIBKY JIEHTA NAPAJLIEAbHA, 3TOU ILIOCKOCTH.

Y o

(b)
Puc. 28.12

TMocTpoenune uHBapUAHTA TPEXMEPHBIX MHOTCO0ODA3UU, OCHO-
BAHHOI'O HA, MOJMHEMHOM OTOOpaxkenun u3 28.1, ObLIO OLI 3aBep-
IeHo, ecau OBl yAAJ0OCh MOKA3aThb, YTO 3TO OTOOpAXKEHWE WH-
BApPUAHTHO OTHOCUTEIBHO nepsoz2o npeobpasoBanus Kupbu. K
COXAJICHNIO, DTO HEBEpHO. B caenyromem nmaparpadge Mbl BBEIEM
(IIOIIPABKY» K 3TOMY OTOOpaXKEHUI0, YTOOL 00ecnednTs Tpedye-
MY MHBAPDUAHTHOCTD.

$§29. MaBapmMaHTHOCTH OTHOCHUTEIHLHO

nepBoro npeobpaszoBanus Kupo6u

29.1. Marpuna xo>ddUNNEeHTOB 3anerieHud. Besu-
ynHa (W, ...,w)p WHBAPUAHTHA OTHOCUTEILHO U3OTOMUU OCHA-
WIEHHOTrO 3alemeHus ) m OTHOCUTENBHO BTOPOT'O MPeodpaso-
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Baums Kup6u. Ho mHam HyxHa eme M MHBAPUAHTHOCTH OTHO-
CHATEJILHO TIepBOro mpeodpasosanmsa Kupou. Utobwr ee qo6uTh-
cs, HaM noTpebyercs mampuya B xoadduyuenmos 3auenaenus
ocHamensoro sanemnenus L = {Ki,...,K,}. DiemeHTH BHe
IUATOHAIY 3TOU MATPUILI PABHEL COOTBETCTBYIOIIMM KO3 HUIu-
enram sauemnenus, T.e. b;; = lk(K;, K;), a guaroHaJIbHEIE die-
MEHTHI PABHBLI OCHAINEHUAM COOTBETCTBYIOIIUX KOMIIOHEHT, T.€.
bi; = Ik(K;, K]), rze K] — BTOpOU Kpall JIEHTHI, 3a,Ja10MeN OC-
HAIIIEHNEe KOMIOHEHTHI K ;.

Marpuna B cummerpudeckas, Tak kak b;; = lk(K;, K;) =
Ik(K;, K;) = bj;. Tloaromy BCe COGCTBEHHBIE 3HAUEHNA MATPULILL
B Bemectsenssl. Ilycts by — KOIMYECTBO MOJOXUTEIBHBIX COO-
CTBEHHBIX 3HAYEHWU MaTpuubl B, a b_ — xonmaecTBo oTpuna-
TEIbHBIX COOCTBEHHBIX 3HaYeHUN. [[JIs TOCTPOEHNS NHBAPUAHTA

HyXHa, [I0 CyTH [eaa, He cama Marpuia B, a aump yucia by u
b_.

Marpuua B 3aBucuT OT BEIOOPA OPUEHTAINYN KOMIIOHEHT 33~
nemennst L. Oguako dncaa by m b_ He 3aBUCAT OT 3TOr0 BEIGO-
pa. Usmenunm, Hanpumep, opueHTauuio koMmnouneHTsl K. Torga
MaTpuna B 3aMeHUTCA HA CHMMETpHYeCKyio Mmarpuny B, rae

blll = bll; bl12 = _bli apm 7 75 17 b;] = bz] npu Z,j 75 1. Jlerko
nposepuTh, ¥T0 B' = XTBX, rae X — guaroHaIbHAsS MATPHIA
¢ qmaronansio (—1,1,...,1). osTomy matpunst B u B’ ssasaoT-

CsA MATPULAMY OJHOU U TOU K€ KBAAPATUIHON POPMEL B PABHBLIX
Oasucax. Kax wsBecTHO w3 jmHenHOU anreOpnl, wucaa by u b_
OHOBHAYHO OIPEIENAIOTCA KBAIPATAIHON (POPMOU U HE 3aBUCAT
ot BeIOOpA Oazuca.

Ybenumcs Tenepb, 9TO wucacs by u b_ me usmensomes npuy
emopom npeobpazosanuy Kupbu. [[as 3TOro moCTaTOIHO TOKA-
3aTh (JEAYIOIIEEe yTBEPXK ICHIE.

29.2. Teopema. Ilpu emopom npeobpasosaruy Kupbu ma-
mpuye B xoafPuyuenmos sayensenus 3ameniemes na Mampu-
yy B' = XTBX, 2de X — nexomopas nesvipoxcoennas 6euye-
CMBEHHAA MAMPUYA.

Loxazameavcmeo. [OCTATOIHO PACCMOTPETH CIyday, KOra
K JeHTe, onpeneastomen K, 106aBIAeTCA HOBAA 9aCTh, TAPAJ-
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nenpHasa geHTe Ko. [lokaxem, 4To B 5TOM Ciaydae

1 00 ... 0
+1 1 0 0
X = 0 0 1 0 7
0 0 O 1
T.€
b1t £2bia+byy biaEtba ... bipnExba,

B - bia £ bao b2 .. ban,
bln =+ b2n b2n R bnn

HamomuuM, uT0o BTOpOe npeobpasoBanune Kupbu 3akiaodaer-
ca B ToM, 9To denTa K mogsogurca k aente Ko (pue. 29.1), a
3aTeM 3aIITPUXOBAHHAA IaCTh JeHTH K| 3aMeHSIeTCs Ha JEHTY,
napannensHyo Ky (9acTh 3TOU JEHTH M300paXKeHa, MIyHKTUPOM
Ha puc. 29.1). IIpu sTom aenTy K MOXHO moasecTu K JeHTe Ko
OBYMS CyIIECTBEHHO PA3HLIMU cnocobamu. Mbl uMeeM B BULY,
YTO B OJHOM CIy4Yae OPUEHTALUs T0OABIAEMON YaCTHU JEHTHL CO-
BHajgaer ¢ opmeHTanuen geHth Ky (puc. 29.1(a)), a B gpyrom
CIIydae 9T OpHeHTanuy IpoTuBOnoI0XKHE (puc. 29.1(b)).

Puc. 29.1

Jlenta K; mogBoauTcsa K JdeHTe K TOCPEICTBOM M30TOIUU.
JTa omepauus He BIUeT Ha KodhduureHTH! 3aremienus. OHu
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M3MEHAKTCA JUIIb IPYU JOOABJCHUY HOBOU YACTHU JEHTEI, IIapaJ-
neavuou gente Ky, TloaToMy ¢ TOYHOCTBIO 1O MHOXKECTBA, He
BAUSIONIET0 HA KO3 PUIIMEHTHI 3aIIeNIEHNS, MOXXKHO CIUTATh, ITO
K samenserca na Ky U (£K>). Hpu ¢ # 1 monyvaem

1 = k(K1 U(xKy), K;) = 1k(Ky, K;) £ 1k(Ka, K;) = by; & by;.

YTO6H! BEIMUCAUTE DMEMEHT b}, Hy*KHO PaCCMOTPETh KPUBHIE
K] n K} — BTOpbIE KOMIIOHEHTHI KPas JEHT, 330X OCHAIIe-
uusa Ky u Ky. Tenepsb sicHO, 9TO

111 = lk(Kl U (:l:K2),K{ U (:l:Ké)) = bll + 2b12 + b22. O

29.3. WMuBapmanT. PaccMoTpuMm Tpm cTaHZapTHHIE OCHA-
mennble guarpammel Uy, U n U_, n3obpaxeHHble Ha puc. 29.2.
OHu npeACTABIAIOT HE3AY3IEHHBIE KPUBLIE C OCHaIeHuaMu 1, 0 u
—1 coorBercTBenHO. B ToM ciryvae, koraa (w)y, (w)u_ # 0, mas
M000U OCHAIEHHOU AuarpamMmbl D MOXHO PacCMOTPETH KOM-
IUIEKCHOE IUCJIO0

I(D) = (w,...,w)p (W) H w)y! ™ (29.1)

Kak MBI cKOpO ybenuMcest, 3TO IUCI0 ABIseTCs TpeOyeMbIM NHBA-
PUAHTOM.

U+: U: U_:

Puc. 29.2

29.4. TIpepmoxenume. Komnaercrwoe wucao I(D), onpede-
aennoe Gopmyaot (29.1), A644€MCA MONOAOLUNECKUM UNHBAPUAH-
MOM MPELMEPRO20 MHO2000DA3UA, NPEICTNABAEHHO20 OCHAULEH-
notli duaepammoti D, npu ycaosuu, wmo (w)y, (wyy_ # 0.

Samevanue. Kax MBI TOKaXeM B [AJbHEUIIEM, BHIIOJIHE-
HUS TOCJEHETO YCIOBUA BCET[A MOXKHO NOOUTHCA, TIOIXO IAIINAM
00pa3oM BHIOpAB MapaMeTp ap.
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Loxazameavemso npedaoxcenusn 29.4. Tlpu msoronuu u mpm
BTOpOM npeobpasoBannu Kupbu HM OLUVH U3 TPEX COMHOXKUTE-
aen uucaa I(D) ue wamenserca. Ilpu mepsoM mpeoGpasoBaHum
Kup6bu comMHOXUTENN U3MEHAIOTCSA, HO, KAK MBI Ce9aC YBUIUM,
UX M3MEHEHUA B3aUMHO KOMIIEHCUPYIOTCA. HamoMHuM, 9TO mep-
Boe npeobpasoBanue Kupbu (cm. 19.1) sakmogaercs B TOM, 9TO
K guarpamme D noGaBiasercs (WX yHUYITOXAETCA) AMArPAMMa,
Us.

Tockonbky B KadecTBe GA3MCHOTO DIEMEHTA NPOCTPAHCTBA
S(R?) mbr BEIOpamu mycryio muarpammy, To p(Di U Dy) =
p(D1)p(D3), rae p(D;) — obpas guarpammer D; npu ecTecTBeH-
nott npoekruu Ha S(R?). U3 5TOr0 COOTHOMIEHNUA CAELYET, ITO

<~'L'15 .. 7xn+m>D1UD2 = <x17 EER mn)Dl (xn—i-la - ;xn—i—m)Dg-

B uacrHOCTH,

(w,...,w,w)pury = (W,...,w)p{Wu, -
fAcHo Takxke, uTo KoGaBreHwe guarpamMMbl Ui DPUBOAUT K
TOMy, 9TO 4uciao by yeemmumsaercs Ha 1. Ilosromy mameneHus
MHOXHTeIEH (W, . .. ,w)p U (w)[;ii B3aMMHO KOMIIeHCHpyoTcs. [

29.5. Yrobm  obecmeuunThb BBEIIIOTHEHWE  HEPABEHCTBA
(Wyv, (w)v. # 0, HAM TPUAETCA HAIOKUTEH JONOIHUTEIbLHEBIE
OTDaHMYEHUS HA [APAMETP Gg. A WMEHHO, B JAJbHENIIEM MEI
6y[1eM IpeAnoIaraTh, 9TO MapaMeTp Gy YAOBIETBOPSAET OLHOMY
U3 CIEAYIOMUX YCJIOBUN:

(1) ap — UPUMUTUBHBIZ KODEHb CTENEeHU 47 U3 eqUHULEL;

(2) ap — IPUMUTUBHEIX KOPEHb CTENEHN 21 U3 €INHULE], IPU-
YeM 7" HEYETHO.

B ofonx caygasx aj GyaeT TPUMATUBHBIM KODHEM CTEICHW
r w3 equHUIE (T.€. OyIeT BEIIOJHATCA yCJAOBHE TeopeMnul 28.3).
B camom gerne, B caygae (1) monyuaem ag = exp(2mik/4r) u
(k,4r) = 1, nooromy ag = exp(2wik/r) u (k,r) = 1; B cay-
gae (2) momydaem ag = exp(2mik/2r) u (k,2r) = 1, mosTomy
ay = exp(2mi(2k)/r) m (2k,r) = 1, Tak Kax T HeUETHO.

OrmeTrnM, uTo yeaoeus (1) u (2) HakIAABIBAIOT JOMOIHUTEIb-
HBIe OUPAHUYEHUs HA IapaMeTp Qg IO CPABHEHUIO C TE€M, YTO 4Ui-
€10 af MOMKHO GEITH TPUMATUBHLIM KOPHEM CTETCHU T U3 €[U-
mnner.  Hampuwep, wmcno ag = exp(27i/3) Taxoso, 910 af —
NPUMATUBHEI KOPEHb CTENEHN I = 3 U3 eIUHUIIET; HO DTO YUCIO0
He yAOBIeTBOpseT HU ycaoeuo (1), Hu ycaosuio (2).
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29.6. IIpeanoxenne. Ecau wucao ag ydosaemaopsem 4ubo
ycaosuro (1), aubo ycaosuro (2), mo (W), (w)v_ # 0.

Hoxaszameavcmeo. PaccMOTpuM OCHAIIEHHYIO AMArpaMMy
D =U, UU_ (puc. 29.3 (a)). IlocpeacTBoM BTOPOTO MpeoGpa-
3oBanuA Kupbu w3 guarpammul D MOXHO HOIYyYUTE AUATDAMMY
D' (puc. 29.3 (b)). C momoupo MIOCKON M30TONUM U Ipeodpa-
soBanus ()| mguarpammy D’ MOXHO NpegCTaBUTH B TAKOM BHJE,

Kak Ha puc. 29.3 (c).
~_ ’\
a>

(a) (b) (c)
Puc. 29.3
Coruacuo mpegnoxenuo 29.4,
{(w,w)pr = {w,w)p = (Wv, W)u_-

TlosTOMy MBI ZOMKHEL IOKA3aTh, 9YTO BEJIUYIMHA (W,w)p: OT-
JUYHA, OT HyJs. UTOOBI BLIMUCIATHL DTy BEAMYUHY, BCIOMHUM,

w= i ALS, (@)

n=0

49T0

U3 sroro ompegeneHus u OmpemeNeHUs MHOCOWIEHA Sy (ar)
(cM. 27.3) HEmOCPENCTBEHHO CleLyeT Cepus PABEeHCTB, u300pa-
JKEHHEBIX Ha puc. 29.4.

(w,w) ,— & —\ —ZA b
n— U (,,)/n

Puc. 29.4
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— Al
rl‘ f(n) P 7(013("4'1)_*» aaz(""'l)) ’_ﬂ f(n)

Puc. 29.5

YT006Bl BEYUACIUTH IIOLYYEHHYIO CYMMY, MBI BOCIOJIB3YeMCs
COOTHOIIIEHHEM, N300paKeHHBIM Ha puc. 29.5.

3agaga 29.1. [loxaxwuTe COOTHOIIEHUE, M300PAKEHHOE HA,
puc. 29.5.

Kaxpasn guarpamMmma, BXOAAMIAS B ICKOMYI CYMMY, COOEPKUAT
nuarpammy D,,, uzobpaxenuyoo Ha puc. 29.6.

29.7. Jlemma. ITycme Komnaexcrhoe wucao ay Yyoo84emeops-
em aubo ycaosuo (1), aubo ycaosuro (2). Toeda:

(i) npul < n<r—3 wobas duaepamma, codeprcawas Jua-
epammy Dy, pasna nyao;

(i) npun =r—2 6 cayuae (1) wobas Juazpamma, codeparca-
was Dy, mosxce pasna nyao, a 6 cayuae (2) duazpammy
D,, moxcno 3amenums na (w)y f.

(3decv nod «Juazpammamuy mbt NOdpa3ymesaem ur 06pas3vt 6

S(R?).)

w

13

. f(n) — )

Puc. 29.6

Hoxazameavcmso. CoriacsHo Teopeme 28.3, BTopoe mpeotpa-
soBanue Kup6u me mamensier o6pas B S(R?) mo60i quarpamMmet,
BC€ KOMIIOHEHTHI KOTOpOfI IIOM€4Y€HBbI CUMBOJIOM W. HO B I,I[eI‘/JICTBI/I-
TEJIbHOCTU MBI JOKa3aJIN OoJree CUILHOE yYTBEpXKIACHUEC, & UMCHHO,
CIMBOJIOM W 00S3aTEeTHHO JOTXKHA OLITH ITIOMEYEHA, JUIIL Ta KOM-
MIOHEHTA, I KOTOPOU MAPALIEIbHAA €U JIEHTa JOOABIACTCA K
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rE[pyr‘ofl KOMIIOHEHTE€; OCTAJbHBIE KOMIIOHEHTEI MOT'y T UMETH IIPO-

M3BOJIbHBIE IOMETKA. BOCIOIB30BABIINCH DTUM yTBEDXK IEHUEM,
[IOJIyIUM PABEHCTBA, U300pakeHHbIe Ha puc. 29.7.

1 w
- - @ - O O
em— fr— | c— |

O

Puc. 29.7

Mlycres D,, — guarpamma, usobpaxenHas Ha puc. 29.6. Tas
o6pasa B S(R?) mobour muarpammer, cogepxamenn D,,, mory«a-
eM COOTHOIeHus, n3obpaxenuse Ha puc. 29.8. IlepBoe u3 sTux
DPABEHCTB OCHOBAHO HA OIepanuy JOOABICHUA UIN YHUITOXEHUA
OKPYKHOCTU, BTOPOE crenyer u3 puc. 29.7, a TpeTbe crenyer u3
COOTHOMIEHNA, N300PaXEHHOI'0 HA puc. 29.5.

(a3 +ag*)[Du]=p 1 -—9 =

_ _(ag(n+l) +(l(;2("+1)) D,

Puc. 29.8

Takum 06pazom, guarpamma, cogepxainas D,, MoxeT ObITb
HEHYJIEBOU JIUIIbL B TOM CIyd9ae, KOraa

a+ag? =al™ 44, 2" e a2(a2t —1)(a, 2 "tY —1) = 0.

IocrenHee PAaBeHCTBO BHIIOMHAETCA JUINb Opu ag” = 1 mm
2(n+2
ao("+ ) =1. B caygae (1) mpu 1 < n < r — 2 HU OJHO U3 DTUX
PABEHCTB BHINOMHATHLCA He MoxkeT. B cayuae (2) mpu 1 < n <
r—3 TOXE HU OJHO U3 DTUX PABEHCTB BHLIMOJIHATHCA HE MOXKET, HO
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2(n+2)
IpK N = 7 — 2 BEIIOJHAETCA PABEHCTBO Gy = 1. Paccmorpum
o o 2(n+1 2(r—1 -
nocaegamit cryaan. Tak xax a2 = 1, To ao(n+ ) = aO(T ) = ag .
TTosToMy coorHOmeHNe, M300paXKEHHOE HA, puc. 29.5 TpUHIMAET

TaKOU BU[, KaK Ha puc. 29.9.

1
L f(n) —O—:—(a%—&-a&% n f(n)

Puc. 29.9

Ho yMHOX)enume quarpaMver Ha —(a3 + ag >) SKBUBATEHTHO J0-
GABIEHUIO OKPYKHOCTU. BOCIOIB30BABIIMCE STUM, HOLYIUM CO-
OTHOIIIeHNEe, n300paxkenHoe Ha puc. 29.10.

1
L1 p) _6_ = o
O
Puc. 29.10

Nupivu cioBamu, OfHY W3 OKPYXKHOCTEU MOXKHO CHATDH C HIU-
Ter. Ho Torga Takymo xe ONEPAlMI0 MOXKHO IPOAEJIATH U IJIS
HECKOJIBKUX KOHIIEHTPUYECKUX OKPYKHOCTEN, IO3TOMY CIPABE]I-
JMBO PABEHCTBO, m3obOpaxenHoe Ha puc. 29.11. Takum o6paszom,
muarpammy D,_y MOXHO 3aMeHnTsb Ha, (W)y f(" 2. O

W
7 f<n)_O_ =

Pwnc. 29.11
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29.8. Jlemma 29.7 cymecTBeHHO 06J€rIaeT BEIYACIEHUE UCKO-
MOU CyMMblL, #300paxenHou Ha puc. 29.4. B caygae (1) ocraercsa
eIMHCTBEHHOE HeHyJeBoe caaraemoe (coorsercrayiomee 11 = 0),
a B cay4ae (2) OCTAIOTCA ABA HEHYJEBHIX CJIAraeMEIX (COOTBET-
creyrommx n = 0 u n = r — 2). Caaraemoe, COOTBETCTBYIOLIEE
n = 0, mpeacrasaseT cobou auarpammy U, mIOMEYEHHYIO CUMBO-
aoM w (mamomHuUM, 9T0 Ag = 1). O6pazoM >TOU aUArpaMMEL B
S(R?) cayxur (w)y.

Jlerko mposepuTs, uTo ectu ai” = 1 u aZ # 1, To

2(7'71) 72(7'71)
Apg=-T0 "0 =1
r—2 — = D) =) - 4.
ap — g

IosTomy B caydae (2) caaraemoe, COOTBETCTBYIOIIEE N = I — 2,
[IPECTABIACTCA QUArPAMMON, n300paxeHHou Ha puc. 29.12 (a).
Corntacuo nemme 29.7 pTa amarpaMma 5KBUBATEHTHA AXATDAM-
me, usoOpaxennou Ha puc. 29.12(b). IlosToMy paccMaTpua-
emMoe ciaraeMoe paBHO TpousBefenmio (w)y Ha obpas B S(R?)
IUarpaMMEl, B300paxeHHou Ha puc. 29.12 (c).

R) (b &
£ F@
(b)

Pwnc. 29.12

(©)

YT0o06kB! 3aBEpPUIUTL HOKA3ATEALCTBO Npemtoxkenus 29.6, ocTa-
€TCs PEIIUTh IBE HECAOXKHEIE 33 TAYU.

3agaga 29.2. [Joxaxwure, 9TO €CJIU Gg — NPAMATUBHBIN KO-
PEHb U3 eIUHULEI cTenenu 4r, TO

2r
T T
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3agaga 29.3. JloxaxuTte, uTo B c1y4ae (2), o6pas B S(R?)
IUarpaMMel, n300paxenHon Ha puc. 29.12 (c), pasen 1.

TTocne sToro mokasarenscTBO npennoxenus 29.6 OygeT 3aBep-
mreno. [

Cpasuus npegmoxenus 29.4 u 29.6, MBI MOJyYUM OCHOBHOU
PE3YJIbTAT 3TOU TJIABHL.

29.9. Teopema. Ecau napamemp ag € C ydosaemsopsem
o0onomy u3 yeaosut (1) u (2) uz 29.5 ur > 3, mo gopmyaa

W(M?) = I(D) = {w,...,w)p{w)y" ()" (29.1)

(yace scmpeuaswanca nwam 6 29.3) sadaem monoso2uueckutss un-
8APUAHM 4100020 KOMNAKMHO20 MPETMEPHO20 OPUEHMUPYEMO20
mmo2006pazus M? 6e3 xpas (3deco D — duaepamma ocrauwen-
no20 3ayenaenus, npedcmasasouezo M?).

29.10. IIpmmepsl. Ilocre TOro xkak Mbl yCTAHOBUIM TOIO-
JIOTUYIECKYI0 MHBAPUAHTHOCTD UCIY,

I(D) = {w,...,whp(w)g. (W5

MOXHO HpI/IBeCTI/I HpI/IMepI::I BBIYUCICHUA 3Ha‘IeHﬂﬁ 9TOr'0 UHBA-
PUAHTa, NI KOHKPETHHIX MHOT'OOODA3MUIL.

Cdepa S® mpeacTapreHa OyCTOH JUATPAMMOH, IIOITOMY
I(83) =1.

Muoroo6pasue S' x S? mpexncrasreno gumarpammon U. as
DTOU AUATrPAMMBI MATPULA KOI(PPUIMEHTOB 3ALEILICHUS UMEET
Bun B = (b11), rae by11n = 0. Hosromy by = b_ = 0, a 3uauwur,
I(S* x §%) = (w)y.

KomMmenTapun

Ieproe 0606menue momuuoMa, [3K0HCa, ¢ 3amemtennit B S° Ha
3alCIIEHUsI B MPOW3BOJBHLIX TPEXMEPHBIX MHOI000PA3uaX IO-
ABIIOCH B 3aM€YATEIBHON cTaThe . Burrena [Wit 2]. Kparkoe
onmcanue noaxona Burrena Oymer mpeacraBieHO Huxke B 32.5.
MaTeMaTUKU, OMHAKO, HE OBLLIN yIOBJIETBOPEHEI YPOBHEM CTPO-
rocTu cTaThu BuTTeHa, yKaswBaa (BoomHe 060CHOBAHHO) HA TO,
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YTO MHTErpaj, BXOIAINMUA B OCHOBHOE OmpejneneHue Burrena,
MaTEeMaTUIECKON TOYKY 3peHus He onpenened. (Pagu cmpasex-
JUBOCTH CJIEAYyeT OTMETUTH, YTO (PU3UKU y3KE MABHO YCIEIIHO
pPabOTAIOT C (MHTErPATAMUY TAKOI'O THUIA, B Y4CTHOCTH, C TAK Ha-
3BIBAEMBIMU (PEMHMAHOBCKUMU WHTECPATIAME TI0 TPAEKTOPUIM. )

MareMaTruaecku CTPOroe OIpefeleHre ITOrO MHBAPUAHTA
BIEPBEIE OBLIO MOAYYEHO B pAb0TaX CAHKT-METEPOYPrCKOM KO-
aer (H.Pemeruxun, B.Typaes, O.Bupo). Ilo cyTu mena, mame
M3J0XKEHUE B DTOU IVIABe OCHOBAHO HA YHPOIIEHHOUW BEPCHU WX
noaxona (npuHaAIexamer Jlukopunly) B 9aCTHOM CIy4dae, KO-
raa 3alelieHre B TPEXMEPHOM MHOI'0O0Pa3u! IIyCTO, T.e. MBI
[IOJIy9aeM MHBAPUAHT CAMOI'O MHOI'0OODA3Ws, a He 3alleILIeHUs B
meMm. Tounee roBops, B Tou ruase u B §31 MbI 6€3 CyuecTBeH-
HEIX W3MEHEHWU CJAEIyeM WM3JI0XKeHWO Jlukopuma (OCHOBAHHOMY
Ha skein-anrreGpax), KOTOpoe conepxkuTCsa B ero crarwe [Lic 4].

Cuaegyer OTMETHTD, 9TO OCHOBHAS COCTABJIAIOIASA JaCTh PAC-
CMaTPUBAEMOr0 ompeneneHus — 3TO0 skein-aare6pa, koTopas
IDPOUCXOAUT U3 cooTHomeHus Tuna Kouses (skein relation) (B
HameM caydae — u3 Bepcuu Kaydmana 5TOrO COOTHOIICHUA).
Ho BO3MOXHLL U Ipyrue MOAXOAHI, UCIOAL3YOMME 160 Ipyrue
BUALL cOOTHOIIeHM Tura KouBes, 1160 OCHOBAHHEIE HA, TIPEICTA-
BJIEHIAX KBAHTOBHIX Ipymn. HekoTopele MaTeMaTUky u GU3NKY-
TEOPETUKN NOJATAIOT, YTO DTU COOTHOIIEHWS, KAK U IIOJIAHOM
Kaydmana, nmeror dbusangeCKuil CMBICT X JOIXKHBI OBITH BKIIOYe-
HEI B OCHOBBI TOIOJIOIWYECKON KBAHTOBON Teopuu moast (cM. 32.5
win, 111 60aee nogpoSHOro 3HAKOMCTBA, [Ati 2] m [BHMV]).

IMoxanynu, cregyer Takxke OTMETUTH, YTO COOTHOIIEHUS TH-
na KouBes mmeroT oTHOmEHWE u K OHOIOrMU: W3BECTEH OIpe-
[eJEeHHEN (DEPMEHT, KOTOPHEIU «Pa3pe3aeTy NIUHHEIE MOJIEKYJIBI
(manpumep, [JHK), a 3aTeM «CKJIE€MBAET» UX CHOBA, [IPOU3BOIA
TakuM 00pa30M M3MEHEHWe TUIA, [IEPEKPECTKA. B DTOU CBA3M
cM. [Sum].



[naea IX

MUHBapuaHTbl 3auenneHun

B TPEXMEPHbIX MHOIrO0O6pa3sunsx

OTa 3aBEPIIAIOIIAA TVIABA COCTOUT U3 TPEX HE3ABUCUMEIX TIa-
parpadoB, KOTOPLIE CBA3AHLI IPYT C IPYTOM JIUIIL T€M, 9TO BCE
OHU TOCBAIIEHEI NHBAPUAHTAM 3AIEIICHUN B TPEXMEPHBIX MHO-
roo0pasusax.

Mepsbt u3 uHux, §30, BOOJHE DIEMEHTAPEH, €r0 MOXKHO Y-
TaTh cpaldy mocue riasel 1I. B sTom maparpade mpeacrasieHsr
pesyabTatsl FO. [po6oTyxXuHON, KOTOPOU yAaI0CH MOCTPOUTH
IOIMHOMUATBHEI MHBAPUAHT 171s 3anerenui B RP? (Tuma mo-
auaOMa [[3k0HCA), COOTBETCTBYIOmMUM 06pa30oM 0606IMB TOAXO
Kaypmana (cm. 3.5 u Teopemy 3.6).

Caenyroumn 3a HuM §31 ABAAETCA KyJIbMUHAIMEN BCEU DTOU
kuuru. OH UCHOJB3yeT, IPAMO WX KOCBEHHO, IIOYTHU BECh IPE-
mecTByomui Marepuan. llens Toro naparpada 3ak1H04aercs
B TOM, 9TOOBI 4aTh CTPOrOE OMPEJEICHIE WHBAPUAHTOB 3aIell-
JgeHui (1 y3J0B) B IPOU3BOJILHOM KOMIIAKTHOM OPUEHTUPYEMOM
TPEXMEPHOM MHOroo0pasuu 6e3 Kpas. DTU MHBAPUAHTEHL, 06006~
masormue nonusoM Jxouca Vi (q) (Tounee roBops, ero 3HadeHus
[PU HEKOTOPBLIX (PUKCUPOBAHHBLIX 3HAYEHUAX (), OBLIA OTKDPHITHI
O.Burrenom B kommne 80-x rogoB. OaHako mmew, Ha KOTOPHIE
onupaioch onpegeienve BurTena (nmpescraBreHHOE «Ha Gun-
9YeCKOM yPOBHE CTPOrOCTMY), HE UMeId IOL COOOU yAOBIETBO-
PUTEIBHOTO MAaTEMAaTUIeCKOro 000cHOBauusa. [lo sTou mpuywn-
He HaIlle U3JI0XKEHUE OCHOBAHO HA, COBEPIIEHHO APYTOM TOAXOE,
IPEJIOKEHHOM HECKOIBKAMY MATEMATAKAMY (CM. KOMMEHTAPUU
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K npeabiaymen raase u §32). Kparkocrs §31 ceaszana ¢ TeM, 9T0
Haubosee TPygHAA 4acTh PabOTHI yxXKe ObLTa BEIIOJHEHA B IIpe-
OBIIYINEN TUIAaBE, KOTIa Mbl 00CY X fauau skein-uHBAPUAHTHI TPeX-
MEpHEIX MHOr000pa3uil (UX Tenephb CIefyeT PACCMATPUBATD KAK
«TPEXMEPHEIE MHOI006Pa3us, COAEPIKAILIME IIyCTOE 3ALCTLICHYE ).

TMocaequuu B sTou raase §32 npeacrasiaser cobou 0630p CO-
BPEMEHHOI'O COCTOSHUSA JeJ B U3YIEHUN CBA3EU MEXKIY TEeOpUen
y3710B U usukoun. B HacTodAmee BpeMsa HTa TeMa OYEHb MOIMy-
JIAPHA, €U TOCBAIIEHBI COTHU MyOAUKAIY TTOCTEIHUX JeT, B TOM
umcae okono gooxussl MoHorpaduu ([Kau 4], [Tur 3], [Ati 1],
[Kas], [BM], [Fu], [CP], [Lus].) Mer Hageemcs, 9T0 3TOT KPATKAK
0630p IIOMOXKET YUTATEH IIOHATH NCTOYHUKHU 3TOr'O (Ba‘IaCTyIO
TAMHCTBEHHOI'O) B3AMMOJEVCTBUA MEX 1Y, KA3aJ0Ch Obl, HE AMe-
IOIMMU IPYT K APYTy OTHOLIEHWsA TeMaMu. A eciu y durarensn
MOSIBUATCS K DTOMY MHTEPEC, TO §32 MOXKET MOCIYXKUTh HAYAIb-
HEIM IIy TE€BOAUTEJNEM 10 OOLIMPHON JUTEPATYPE.

§30. IlosmmHOMUMANBHBIE MHBAPUAHTHI

3anernieHun B RP3

30.1. B §3 MuI onmcanu KOHCTPYKIUUIO, TO3BOJISIOIIYIO OIIpe-
ILeIUTh MHBAPUAHT OPUEHTUPOBAHHOIO 3amereHus L B cdepe
S3, a umenno, nomuaom Kaybmana X (L). ToT uHBapUAHT ecTe-
CTBEHHEIM 00Pa30M NMEPEHOCUTCS HA OPUEHTUPOBAHHLIE 3aIleTLIe-
uua B RP?. Uanoxum 5Ty KOHCTpyKImio, creays paGore [Dro.

30.2. Muoroo6pasue RP? moxuo onpegernts kak chepy S°
C OTO)KrZIeCTBJIeHHBIMI/I IlII/IaMeTpaJII)HO HpOTI/IBOHOJIO)KHI:IMI/I TOY-
xavu. Coepa S° cocrour u3 gByx momycdep, Kaxas m3 KOTO-
peIx romeomopdua gucky D3. Cregosareanro, RP? MoxHO mIO-
JIYy9UTh, OTOXACCTBAB TUAMETPAILHO MPOTUBOMOMOKHEIE TOIKH
kpasa S2 = OD3. Tloaromy 3anemnienue B RP? MoxHO onpenenmTs
KaK HabOp TIAJKUAX 3AMKHYTLIX KPUBLIX U IyT, JEXKAIIIX B IUC-
ke D3 mpu TOM yCIOBHM, YTO KOHIIEI DTHX YT JEXKAT HA KDPae
O0D3 u pa3buBaIOTCA HA MAPH MAMETPATLHO IPOTUBOIIOIOKHEIX
Touek. Taxum o6pa3om, 3amemrerue B RP? MOXHO IpeCTaBUTh
HOCPEJCTBOM IMATPAMMEL B Kpyre D2, n1a KOTOpOH BCe TOUKH
KPUBEIX, Tomajaiomue Ha rpamumy S = 0D?, nomxHBEl 6BITH
PACTIONOXKEHEI IIEHTPATBLHO CUMMETPUYHO. llpuMep AuarpaMMbl
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Puc. 30.1

TAKOIro Buaa m3obpaxen Ha puc. 30.1.

3agaga 30.1. IlycTs 3agana guarpamMa 3anemiesus B RP3.
Onumure, KaK BEIMVIAIAT XArDPAMMa IPO06Pa3a dTOr0 3alerie-
mus B S® mpu gBymMcTHOM HaxperTHE p: S° — RP3.

30.3. IIpeo6pazoranus Peugemenicrepa. [[1a samere-
mmi B RP?, xax u aia sanemtenui B S°, MB1 6ygem paccMaTpu-
BaTh TOJBKO AMArDAMMEI OOIIEro MONIOXKEHNs. JTO, B YaCTHOCTH,
03HA4YaeT, YTO JUArDAMMa He JOMKHA KAaCATbCA IPAHUILI KPY-
ra D? u ma rpasune kpyra D? He NOMKHO OLITH IIEPEKPECTKOB
mmarpamvel. Hamomumm, 49T0 B ciydae cbepur S° zampemen-
HEle mpoeknuu (CM. puc. 1.2) mpmBogmmm K mpeoGpa3sOBaHUAM
Peunnemencrepa (o u Q3. AHamtormvaniM 00pa3oM, ABE yIOMA-
HyThIe BHIIIE 3AIPEIEHHEE IPOEKINY IPUBOAAT K ABYM HOBEIM
11peo6pa30BAHUAM, KOTOPHIE TOXKE HA3LIBAIOT NPe06pa306aHUAMY
Petidemeticmepa n o6o3uHagaior {1y u Q5; 5TU IpeoOpa3OBAHUIL
m3obpazkens! Ha puc. 30.2.

Puc. 30.2
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30.4. Teopema. [Jse duazpammbl COOMBEMCMBYIOM U30-
monnbim 3ayenaenusm 6 RP3 mozda u moavko mozda, xoz2da uz
MONHCHO NOAYUUMb Ipy2e u3 dpyaa nocpedcmeom uzomonuts ducka
D2, xaaccuneckuzs npeobpazosanuti Petidemeticmepa Q, Oy, Q3
u 08Yx Hoswuir npeobpasosanuti Petidemeticmepa Qg u Q5.

[loka3aTeabCTBO DTOM TEOPEMEI AHAJOTUYHO [OKA3ATEILCTBY
KJIaCCUYECKOU TeopeMbl Pengemencrepa u3 riaBel I; MBI ero He
TIPUBOAUM.

30.5. Omnpepgenenue moaumaoma (L). [lns opueHTHPOBAH-
HOro 3anemienns L B RP? MbI ompegearM mOIMHOMIAIBLHELIR HH-
BAPUAHT TOYHO TAaK XKe, KaK ObLT onpegenen noauaom Kaydmana
X(L) nsa opueHnTMpoBaHHLIX 3anemrenuit B S° (cm. §3); Heko-
TOPEIE NOMOMHUTEJIbHLIE PACCYXACHUA MOTPEOYIOTCA JUIMIb IS
NOKa3aTeIbCTBA HHBAPUAHTHOCTY 3TOCO MOJIXHOMA, OTHOCUTEb-
HO HOBHEIX TipeobpasoBanuu Uy u Q.

Ilpexae Bcero s muarpaMMmbl [ HEOPUEHTHPOBAHHOI'O 3a-
nertenns B RP? onmpegenny momaom (L), 06.1a,1al0mmil Creyio-
UMY CBOMCTBAMU:

W (X =alX)+a7 () (),
2 (LUO) = (-a™* - a){L),
®) (O) =1.

JoKka3aTeasCTBO TEOPEMEL CYILIECTBOBAHNUA U €JUHCTBEHHOCTH
nommHOMa (L) MOTHOCTBIO COBIAAET € JOKA3ATEILCTBOM TEO-
pemur 3.4. Hukakux maMeHeHunt He TpebyeT U NOKA3ATEILCTBO
MHBAPUAHTHOCTU HOMMHOMA (L) OTHOCHTEILHO IPeo6pa3OBaHuUl
QQ n Q3.

s 1oxazaTensCTBA MHBAPUAHTHOCTH moiuHoMa (L) oTHOCU-
TeIBbHO TpeobpasoBanusa )y yI0OHO BOCIOIB30BATHCA (POPMYIOU
(3.3). B camowm gene, gus m060ro COCTOAHUA § gUArpamMMbl L
ancaa a(s), B(s) u y(s) He U3MEHAIOTCA HOCIE IPEeOOPABOBAHUA
Q4 (mna sanemenmit 8 RP? «mcno y(s) onpenenserca xax Kou-
JecTBO OKpyxkHOCTer B RP?).
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[JoxazaTensCTBO MHBAPUAHTHOCTH nouHOMa (L) oTHOCHTENB-
HO npeoOpasoBanusa ()5 CAEIYeT U3 CEPUU PABEHCTB, U300PaAKEH-
HBEIX Ha puc. 30.3.

=a( +a{ ).

Puc. 30.3

OTrOCHTENEHO npeobpasoBanus (Y nommuoMm (L) He MHBapH-
AHTEH: OH YMHOXAaeTCA Ha (—Cl) i3, KaK 1 aHa,JIOFI/I‘IHbIIjI IIOJIMHOM
IJIS 3amernieHui B S°.

30.6. Omnpegenenue momumaoma X (L). [lanvme mbr neu-
CTByeM B TOYHOCTH, Kak B §3. Onpenenum vucno w(L) mas qua-
rpavuer L opueHTUpOBaHHOTO 3anemterus B RP? Touno Tak xe,
KaK U 1A JUarpaMMbl OPHeHTUPOBAHHOTO 3anemienus B S°. Tlo-
clle 3TOro s AuAarpaMMbl L OpHEeHTHPOBAHHOIO 3ALEIIEHUS B
RP? moxuO onpeaemuts nounoM X (L), Ha3bIBAEMBIR NOAUNO-
Mmom pobomyxunoti, IOI0KUB

X(L) = (—a)~** "L}, (30.1)
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rge guarpamma |L| momyvena us guarpavmmer L ctupanuem cTpe-
J0K (3a0BIBAHMEM OPUEHTALIAMN).

30.7. Teopema. IToaunom X (L) asasemca u30monuveckum
UHBAPUAHMOM OPUEHMUPOBanH020 3ayenaenus L 6 RP3.

Jloka3aTeasCTBO HEMOCPEACTBEHHO caenyeTr u3 TeopeMsr 30.4,
ompenenenus (30.1) u yCTaHOBIEHHOU BHIIIE NHBADUAHTHOCTHU OT-
HOCUTEJIBHO npeobpasoBanui (ls — )5 (CpaBHUTE C HOKA3ATEIb-
cTBOM TeopeMur 3.6). O

3agaga 30.2. Jokaxure, 94T0 s Jq060ro sauemieHus L B
RP? B nosmuom X (L) BXOAAT IMIIL eTHEIE CTEIICHN ePeMeHHOH
a.

3agada 30.3. Jokaxwure, 9To aas y3uaa L, n3ao0paxeHHOrO
Ha puc. 30.1, noauurom X (L) cogep uT CTENeHU NEPEMEHHOU a,
He genAmuecsa Ha 4 (cpasuuTe ¢ Teopemon 3.9).

§31. MlHBapMaHTELI OCHAIIIEHHLIX 3aleILICHuN

B TpPeXMEepPHBLIX MHOTI000pa3uax

Koucrpyknuio, ucnonszosannyo B ruase VIII nis mocrpo-
€HUS YHUCJICHHLIX WHBAPUAHTOB KOMIAKTHBIX OPUEHTUPYEMBIX
TPEXMEPHBIX MHOT000pa3uit 63 Kpas, MBI Cendac MPUMEHUM [JIs
MOCTPOEHUS UHBAPUAHTOB 60/I€€e CIOKHBIX TONOJOIMIECKUX 00B-
€KTOB, & UMEHHO, OCHAINIEHHLIX 3AIEIICHUN B KOMIIAKTHEIX OPU-
EHTUPYEMBIX TPEXMEPHEIX MHOr000pasusax 6e3 kpas. QOcuamre-
HUs KOMIIOHEHT 3alleIieHus Oy 1y T 3a1aBaThCA IPU DTOM IIOCPe-
CTBOM JIEHT.

31.1. PaccmoTpum muOroOoGpasue M3 (koMmmakTHOE, OpueH-
Tupyemoe u 6e3 Kpas), CoJepkaliee OCHAIEHHOe 3anerierve L.
Muoroo6pasue M? moxuO moryunTs u3 cheput S° mepecTpoi-
KO 10 ocHamenHoMy 3anervtenuio Ly C S® (cw. §16). 1o o3ma-
Ya€eT, YTO CYLIECTBYEeT [OMEOMOP(U3M

f:S3\LM—)M3\ZM,

rae Ly — HexkoTopoe sarmemienue B M 3. MaJblM IIeBeseHreM
MOXKHO HOOUTHCS TOro, 9T00kI 3anemnenue Lys He nepecexkasocs
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¢ 3aJaHHEIM 3anemaeueM L C M3 (HO TIPM 3TOM KOMIOHEHTHI
sanemternit L u Ly MOT'YT OBITH 3ALEIUIEHEL APYT C APYTOM).
Oycrs L, = f~1(L) — npoo6paa zanennenns L C M3 B chepe
S8, OrMmeTuM, 9TO ecau 3anerieHue L OCHAIEHHOE, TO 3aLEILIe-
uue Lj Toxe ocHamenHoe. TakuMm 06pa3oM, OCHAIIEHHOE 3alel-
nerne L B MEHOr006pazuu M3 MOXKHO 3aJaTh TOCPEICTBOM HAPHI
ocuamennerx 3anemienuit (L, Lys) B cdepe S3, mpudem zamerne-
Hre Ly uMeeT CTOIBKO e KOMIIOHEHT, CKOJIBKO U 3auernienue L.

31.2. BreracHuM Temnepb, IPU KAKWX YCJIOBUAX MApHl 3allelie-
munt (Ly,, Lyg) u (LY, LY,) OnpegesioT O4HO # TO e OCHAIEHHOE
sanentenne L B M3. TlepecTpolKH HO OCHAINIEHHBIM 3aIlCILICH-
am Ly u L'y, IOMKHEL 0aBaTh OAHO U TO ke MHOroo6pasue M3,
IOPTOMY COIVIacHO TeopeMe 19.3 3amemnenue L), MOXHO mouxy-
YUTHh U3 3alCILIICHUSs LM HOCpeIZ[CTBOM HepBbIX n BTOpI)IX Hpe—
obpasosaanu Kup6w u nzoromun. [Ipm 3ToM B nponecce u3oro-
nuu 3auertenue Ly ve gomxuo nepecekars Ly . [lemo B ToMm, 9T0
msoTonus, nepesogsamas Ly B L), nanynupyeTr romeomopduam

f:S3\LM—>M3\EM.

AcHO Takxke, ITO MaJBIM IIEBEJICHHMEM MOXHO IOOUTBCSA TOrO,
a0 npeobpaszosanne Kupbu me Oyger 3arparuBaTh HEKOTOPYIO
OKPECTHOCTH 3auertenus Ly,.

Ilocae Toro kax OyAyT COelaHBI HYXKHEIE TPEOOPa3OBAHU
Kup6u v u3oTomnmu, MBI CMOXeM CIMTaTh, 9T0 Ly, = Lyy. Ipn
sToMm 3anermienne L ULy, nogsepraercs npeodpasosanuam Kup-
Ou ¥ U30TOMUAM, a 3anemenue L moaBepraeTcsa TOIbKO U30TO-
musiM. TakuMm 06pasoM, OCTAETCS BEISCHUTDH, KAK MTOKHBI OBITH
ceasanel Ly, u L B Tom cayuae, xorga Ly = L,. B rTakom
clTydae mocye mepecTpoiku chepr S° o 3amemienmo Ly mory-
gaercsa MHOToOGpasue M3, B KoTOpoM 00pasel 3anemrerni Ly,
u L} mzoronuel. B mponecce sTon msoronuu B M3 06pasmr 3a-
nemwennu Ly, u L} moryT mepecekars 06pa3 sanemtenus L.
MosTomy B chepe S® cooTBeTCTBYyIOMEE TTPEOOPA3OBAHME HE CBO-
nurcsa K m3oronuu 3anemnenus Ly U Ly,. Tounee rosops, ecnu B
MHOroo6pazmu M2 B nponecce msoromuu kommorerTa K1, o6pasa
sanemrenus L, nepecekaer komnornenTy Ky o0pasa 3amenienus
Lz, To B cepe S° nmpoucxoaut BTopoe npeobpasosanue Kup6u,
a uMeHHO, K jeHTe K1 n006aBiseTcs JeHTa, TaPALICIbHAS JEHTE
K.
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OTMeTuM 1Ba OYEBUAHBIX, HO BAYKHEIX 0OCTOATEILCTBA:

(1) xommiecTBa KOMIOHEHT 3auemienut Ly, u L} paBHb;

(2) mpm BTOpEIX mpeobpasoBanuax KupOu HUKOrga He HO-
OaBIAIOTCS JEHTHI, Napa/lelbHEe KOMIIOHEHTAM 3allel-
menusa Ly,.

31.3. Ocuamennomy sanemnenunto Ly U Ly M0OxHO conocTa-
BUTH OCHameHHywo guarpammy Dr U Dy (cm. 19.6). Taa 3anen-
menus Ly pacemorpum marpuny B ko3ddunueHTOR 3areniesns
ero komroneHT (cum. 29.1). Ilycts by u b — koamdecTBa momo-
XKUTENBHBIX ¥ OTPULATEIBHEIX COOCTBEHHEIX 3HAYEHIN MATPUIIBI
B, n — xoanm4ecTBO KOMIOHEHT 3auemienus Ly . Puxkcupyem sie-
MEHTEI

p1(),...,pu(a) € S(I x SY) = Cla] (31.1)

(3m€ech 1 B GOPMYIUPOBKE CAEAYIOMIEN TEOPEMEL ML UCIOAb3yEeM
OCHOBHBIE OIPEJEJCHUS 1 0G03HAYEHNA IPEIBLIYIIEN TIABEL).

31.4. Teopema. IIycmv r > 3 — wamypaavhoe wuUCAO0, G
KOMNAEKCHOE WUCAO G MAKOBO, YWMO OHO AUOO ABALEMCA NPU-
MUMUSHOIM KOPHEM U3 edunuybl cmeneny 4r, aubo r Hewemuo u
Qg ABAAEMCA NPUMUMUBHLIM Kophem cmenewy 2r. Toeda xom-
NAEKCHOE YUCAO

W(M37 L) = (pl(a)7 s 7p'ﬂ(a)7w7 s 7w>DLUDM <w>[_]_?_+ <w>[_]f_
(31.2)
ABAAENCHA U3OMONUNECKUM UHEAPUAHINOM OCHAUWEHHO20 3aYEen-
aenus L 6 mnozoobpasuu M3,

Hoxazameavcmeo. Ilpexne BCero 3amMeTum, 4UTO HUCIO 7N
ONpPEAeJeHO WHBAPUAHTHO: OHO PABHO KOJIMYECTBY KOMITOHEHT
mauHoro samemienusa L. [loka3aTenbCTBO MHBAPUAHTHOCTU YU~
caa (31.2) OTHOCUTENIBHO Oy CTUMBIX IPEOOPA3OBAHMII 3ALEILIE-
vug Ly U Ly, 1poBOAUTCS, B OCHOBHOM, TOYHO TaK Xe, KaK U J0-
Ka3aTenbcTBO TeopeM 29.4 u 29.6. EquncTBEeHHOE TOTOMHUTENb-
HOE PaCCyXJEeHUE 3AKII0IAeTCA B caepyromemM. [Ipu Bropex mpe-
o6pasoBanuax Kupbu HUKOr 13 HE IPUXOAUTCA J0OABIATD JEHTHL,
MapaLIeIbHEIE KOMIOHEHTAM 3anemienus Ly . DTo 03Ha9aeT, 9T0
X MOXHO MOMETUTDL HE TOJBKO DIEMEHTOM W, HO U MPOU3BOJIb-
HEIMU daeMeHTamu pi (), . .. ,pn(a) € S(I x S). O
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31.5. 3ameuanme. Popmyua (31.2) onpenenser He OqUH UH-
BapUAHT, a [E1yl0 GECKOHEYHYI0 CEPUI0 UHBAPUAHTOB, CO CIELY-
IOIIIMY BAPBLUPYEMBLIMHU MTAPAMETPAMIE:

(1) xOMILIEKCHOE YHUCIO G, YLOBIETBOPAIIIEE OIHOMY W3
IBYX YCIOBUU, C(OOPMYJIUPOBAHHEIX B Teopeme 31.4;
(2) mabop n saemenTos (31.1) m3 amre6pur S(S* x I).

B macTosAmee BpeMs MaJlo U3BECTHO O TOM, CKOJIb XOPOIIO Pas-
JUYAI0T DT MHBAPUAHTHI 3AIEIIEHNs B (PUKCUPOBAHHOM MHOI'O-
o6pasun. He m3ydena Takxe mx CBA3b C YNCIACHHBIMU 3HAYE-
Huavu nomuaoMa X (L) m3 mpenmiaymero naparpada (B crydae
M3 = RP?).

§32. ¥Y3uasl u ¢pusmka

B srom naparpade, HamMCAHHOM CKOpPEe B CTUIE 3CCE, IeM KAK
0630p, MBI TILITAEMCS TOSACHATH CBA3M MEX 1y (PU3MKOU m COnep-
JKAHUEM DTOU KHUTU. 371eCh He OyIeT HU TOYHEIX (DOPMYIUPOBOK,
HU [OKA3aTEeIbCTB; HAIIIA I[eJb — HE PACCKA3aTh 00 OCHOBHBIX 0-
CTUXXEHUAX COBPEMEHHON MATEMaTUIECKON (PUBUKHU, CBA3BAHHOM C
TOMOMOTUEN, & YKA3aTh HA Te KOHKPETHRIE MECTa TEOPUH, KOTO-
pBIe CIyKaT TPUYUHON BOUCTUHY TAWHCTBEHHEIX U 3aBICKATEIb-
HBIX COBHIAIEHUU MEXIYy PA3IAIHBIMUA TOMOJOTMYECKUMU UHBA-
PUAHTAMU ¥ HEKOTOPHIMU BEIMYMHAMU B (PUIUIECKUX MOLEIAX.
Ipexge 9eMm HAYATH HAIE UIMOXKEHUE, MBI XOTAM HOTIEPKHYTH
B3 00CTOATENHCTRA:

e Mu1 cunTaeM, 4TO cerdac eie paHoO CyIUTh O 3HAYUMOCTHU
U [aXke O TPUMEHUMOCTHU K PeaTbHOMY MUPY T€X MOJAETeU, KOTO-
pBIe HEJABHO 3€Ch MOABUINCH, HATIPUMED, B KBAHTOBLIX IIOJEBLIX
Teopuax. Mcropusa teopuu cTpyH (KOTOpas, IO HAIEMy MHe-
HUIO, MPUBEJIA K MOCTPOEHUIO OUY€Hb KPACUBOU MATEMATHUKU, HO
Ha CErOJHANTHUNA NEHbL HE CYMENa NOKA3aTh CBOK MPUIACTHOCTH
K PEATBLHOU JEUCTBUTEILHOCTH) TIOKA3LIBAET, YTO CJIOBOCOYETA~
HUE («(IPUIOKEHUS K (PU3UKe» KAK XaPAKTEPUCTUKY COBPEMEHHBIX
paboT (gaxe TaKUX BHLIAIOIINXCA YIEHHIX, KaK ATba u Burren)
HE CIeAyeT MOHUMAThH CAUIIKOM OyKBAIBHO.

e C apyrou CTODPOHBI, OTCYTCTBUE KOHKPETHHIX MPAKTUYE-
CKVX TIPUTOXKEHUN K DKCIIEPUMEHTATLHON (PU3NKE He MeNaeT yIu-
BUTEIbLHBLIE CBA3U, KOTOPHIE 3MeCh NOABUINCH (IyCTh axKe pac-
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CMATPUBACMBIC «IUMIbY» KAK CBA3U MEXIY PA3JIUIHBIMU BETBAMU
«IICTOMD MaTeMaTI/IKI/I) MEHEE MHTEPECHBIMU.

32.1. YpaBuenme Slara—bBakcTrepa m Tomosormsa. Bec-
CIOPHO, HAYAJIBHAS TOYKA CBA3M MEX Iy (PU3UKOU U COBPEMEHHEI-
MU pabOTaMU IO TEOPUYN MHBAPUAHTOB Y3JI0B COCTOUT B HAOMIIO-
IeHuy TOro, ITo ypasuenue fura-Bakcrepa (bysgaMenTaIbHLIT
3AKOH KaK B CTATUCTUYIECKOU, TAK U B KBAHTOBOU (PU3UKE) TaK-
XK€ TOABIAETCA B TPEXMEPHON TOMNOJOTUU B PA3HBLIX UIOCTACAX.
Nmenno, B HekOTOpOM GOPMATHHOM CMEICIE ypaBHeHue SfIHra—
Baxkcrepa «coBmagaeT» ¢ COOTHOmEHUEM ADPTUHA B TEOPUU KOC
(cM. §5) u ¢ TpeTben onepanmen Pengemencrepa (cm. §1). Ilpe-
XKae 9eM 00CyIUTb DTO COBIAEHUE, NMOACHUM (C MaTeMaTude-
CKOU TOYKU 3PEHus), 9TO Takoe ypasuenue fura-Bakcrepa.

IIycTs V — KOHEYHOMEPHOE BEKTOPHOE IPOCTPAHCTBO ¢ 0a3um-
COM €1, ...,€e, Hag nonem F' (Ha camMOM mene, MOXHO pacCMaTpu-
BaThb OoJiee OOIIYIO CUTYao CBOOOTHOTO MOLYIA HAJ KOMMYTa-
TuBHEIM KOaboM). Ilycte R: V@V — V ® V — aBromopdusm.
Paccmorpum suHI0OMOpDU3IM

Ri:1®"'®1®R®1®---®1:V®"—)V®n,

rae V®" o6o3nadaeT n-KpaTHOE TEH30pHOE MpousBencHue (Hal
F) u B Beipaxenuu gis R; asromopdusm R genrcTByeT HA KOM-
nonenty (4,7 + 1). Torma R masmBaerca onepamopom Anza—
Baxcmepa (uiu R-mampuyet), eciu OH yIOBIETBOPAET CIAELYIO-
1M COOTHOIIICHUAM:

RiRi1 Ry =R 1 RiRiq,

t=1,....,n—1
RiR; = R;R;, |i—j>?2 (32.1)

IlepBoe 3 5TUX COOTHOMEHNY HA3LIBALTCA YpasHenuem Anaa—
FBaxcmepa, B TO BpeMs, KaK BTOPOE TPENCTABAAET COO0U 0a.1b-
HI0MW KOMMYMAMUBHOCTb I SHIOMOPGU3MOB Ry, ..., R,_1.

Pusuueckun cmuica onepaTropos Aura—Bakcrepa 6yxeT kpat-
HO ONKCAH B CJEAYIOIIEM IIYHKTE, a IOKA MBI OOCYyIUM UX CBA3b
¢ TPEXMEPHOU TOMOJOruer. duTaTens HaBEPHAKA 3aMEeTII (pop-
MAaJbHOE COBIAJEHNe Mex 1y cooTHomenueM (32.1) u cooTHOme-
HusAMY, 3agaomumyu rpynmy koc (em. (5.1) u (5.2)): moMenss
6yxBy R Ha O6yxBy b miu Ha060pOT, MBI IIEPEXOAUM OT OLHOI'O
K apyromy. dopMarbHOE CXOJICTBO MEX Iy ypaBHeHueM fHra—
Bakcrepa u Tpetben onepanuen Pengemencrepa, ckopee rpadu-
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R, R R;

R\ RiRiyy

b;
Puc. 32.1

JecKoe, ueM aaredpamdeckoe, MOKa3aHo Ha puc. 32.1.

EcrecTtBenno oxugarh, 4TO (pOPMAIbHBIE COBIAIEHUS, YKa-
3aHHBIC BHIIIC, IIPDUBOAAT K CYIIECTBEHHBIM B3a,I/IMO|I[eI‘/)ICTBI/I$[M
MeX Iy TeOPUAMU, U3 KOTOPKIX OHU MPOMCXOAAT. Tak OHO 1 eCTh,
u 5T0 OyaeT oO0BACHEHO HuXKe. B 3aKIovYeHUM 3TOr0 pas3maena,
yKaxkeM Ha, YUCTO MATEMATUYIECKYIO CBI3b MEXIY OIMEPATOPAMUA
Aura-Bakcrepa 1 nuBapuanTamMu yaios.

Moxuo mokaszars (cm. [Dril-2]), uro mo6oe HEIpUBOAUMOE
mpeAcTaBIeHne TPOCTOon aareGpnl Jlu MoxkeT OBITH UCHOIB30BA-
HO [ OCTPOeHus R-MaTpunbl, u, B CBO0O odYepensb, Mo J60n
R-matpune R : V®2 — V2 MoXHO MOCTPOUTH MHBAPUAHT Y3JI0B
CJEYIOUM TPOCTHIM CHOCO60M (HIpUAyMaHHBLIM BaaguMupom
Typaeeeim). Cuagana R uCmouab3yeTcs AJs ONPEIeNeHUs IPei-
CTaBJEHNA IPyInsl Koc p : B, — V®" no ecrecTserHon (hop-
myae p(b;) = R;, rae b; cyTh cTamgapTHEE 06pa3yIOMME rPyT-
nel By, (9Ta gopMyna neUCTBUTEIBHO 33Ja€T NPEICTABICHUE
MNMEHHO HOTOMy, 9T0 OHperZ[eJIﬂIOIIII/Ie COOTHOILIEHU I'PyIIibL KOC
COBHAAIOT ¢ ypaBHeHusamu (32.1), onpenejsiomumMy OnepaTopsl
Aunra-Baxcrepa.) 3areM, 41 JaHHOrO 3aLeneHus (B YaCTHOCTH
yana) L mbr Haxogum kocy b € By, Ube 3aMBbIKaHNE — 3aIEILIe-
uue L (Takas koca cymecTtByeT no Teopeme Asekcangepa us §6),
n monaraeMm T'(L) = trace(p(b)). Jlerko mokasars (ucmonbays
Teopemy Mapkosa, §6), 9To aucao T(L) KOPPEKTHO ONPEAENEHO
n |I[eI‘/)IC’I‘BI/ITeJIbHO ABJACTCA THBAPUAHTOM BauemeHHﬁ. B qaCT-
HOCTH, eciu npocTas aarebpa Jlu, ¢ KOTOpOU MBI HAYAIU, €CTh
s[(2,R), Torga muBapuanThl [KOHCA (YUCIEHHEIE 3HAYEHUS IO
JUHOMOB [[3KOHCA) MOI'YT OLITH MOJIYIEHEl TAKUM OOPa30OM.
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Pasymeercs, onucanHas KOHCTPYKLIXAS — YUCTO MaTE€MaTHYe-
CKas, HO ClefyeT OTMETUTb, YTO OCHOBHEIE €€ COCTABJAIOIINIE
(ypaBuenus fura-Bakcrepa 1 ux pemenus, oIy Y9eHHbIE TOCPeI-
CTBOM npejcTaBieHuu anrebp Jlu) npuaymans Gpuankamu.

32.2. [IBe ¢du3mYeckMe MHTepIpeTalNy ypaBHEHUHN
Anra — Bakcrepa. Ypasuenne flura-Baxcrepa npoucxomur
¥3 IBYX COBCEM HE3aBUCUMEIX pa3nenoB ¢usuku. Onusa 3 Hux
— cTarucTraeckas Gpusnka (a TOIHEE, TEOPUA TOTHO PEIIAEMEIX
IBYMEDHEIX MUCKPETHEIX MOJEJIEN) M KBAHTOBasA MexaHuka (0f-
HOBPEMEHHOE BBaI/IMOIJIeI‘/JICTBI/Ie TpeX KBAHTOBBIX YaCTUIl B OTHO-
MEpHOU MOIEINHN).

[l 1eTalbHOrO M3JOXKEHWS TeOPUM MOIEIEN Ha PEeIIeTKe
(cpemu KOTOPEIX MOAEb V3MHra HAMG0IEE TIOMYIAPHA) MBI OTCHI-
JaeM K kiaaccmaeckou monorpadum [Bax]. Ilpumep (cBoeoGpas-
HOM!) MOmeM Ha pemeTke ObLT OMUCAH IPU JOKA3ATEILCTBE CYy-
mecTBoBanusA cCkOOku Kaydmana: TeHb J000ro IIOCKOro 3alel-
JIEHUSI — DTO IVIOCKUYU Tpad, IbU BEPIIMHLI MOXKHO IPENCTABUTD
KaK 4acmuybl TByMEPHOU Cpeanl (modeau), a pebpa OTBEYAOT
830UMO00etCMEUAM MEX Ty IaCTULAMHU, BEIOOD yria Tuma A wiu
B B BepmmHaxX — 3TO MPUIUCHIBAHUE CNUKG COOTBETCTBYIOIIEN
JacTune, BEIOOD CIMHOB BO BCEX BEPIIMHAX — ITO COCMOAHUE
MOenu; HakOHel, CkoOka Kaydmana — 5T0 cmamucmuueckasn
cymma Moneau (OCHOBHOE Opynue, UCHOAB3yeMoe (pu3nkamu BO
MHOT'MX MOJIEJAX [JIS MOACIETA NOAHOY IHEP2UL, TEMTLEPATYPLL,
Pazosvir nepexodos, u ap.).

Qikawe
=1
“I4-lrb

femuEiy

Puc. 32.2

Pasymeercs, mozens Kaydpmana He onmchiBaeT Kakyo-ambo
U3BECTHYIO (U3MYECKYI0 DEAIbHOCTh, OHA JHUIIb IOX0XKa (X TO
OTAJIEHHO) HA MOJIEIU, PACCMATPUBaEMEIe (puaukamu. Haraaauo
3TO CXOACTBO N300paxKeHO Ha puC. 32.2, Ha KOTOPOM KBA TPATHAI
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pemeTka, (CTaTUCTUIECKAs MOJEJb) Ha IIOCKOCTH COMOCTABICHA,
¢ HEKOTOPHIM y370M. CTOUT OTMETHUTBH, YTO WUAEA COEIUHUTH
HEKOTOpHIE fajnekue Touku (Hampumep, Touku A u A' Ha pu-
cynke 32.2(B)), KOTOpPas MOXKET MOKA3ATHCA (PUIUIECCKU MPOTU-
BOECTECTBEHHON, KaK Pa3 NpUAyMaHa ¢pusnkaMu (BO u3bexaHue
(CPAHUIHBIX (P HEKTOBY) 3400 4O YCTAHOBICHUS CBA3EN C Te-
opuen y310B. Takum 06paszoM, KBaAPATHOU PEIIETKE CO CIUHA-
MU MO2XHO COIIOCTAaBUTH yaeJI (I/IJII/I :‘)aJ_IeHJIeHI/Ie)7 TOIOJOIrMYIEeCKue
HHBapHaHTbI KOTOpOFO (BO3MO)KHO, HE JIUIIIEHHBIE CI)I/I:‘}I/I‘IGCKOFO
CMI)ICJIa) MOFyT 6I)ITI) BBIYUCJIEHHL.

ECJII/I CMOTPETh Ha OTMEYCHHYIO CBA3b B IIPOTUBOIIOJIO0XHOM
HanpasJaeHuu (OT QU3MKYA K TEOPUM Y3JIOB), CAEAYET OTMETUTh,
YTO OJHA U3 KIACCUICCKUX NBYMEDPHBIX MO}IeJIeI‘/JI CTa,THCTH‘IeCKOﬁ
usuky MoxeT PaKTUIECKU OBITH UCHOIBL30BAHA (TaK, KAK ML
ucnonb3oBaau Mogens Kaypmana B §3) nus onpegereHus mouau-
moMma [xoHca. JTa Momeas — modeav Ilommea, OMUCHLIBAIOIIASL
«AByMepHEIL Jem* (B 5TON MOAeau (a30BLIM NEPEXO] — ITO HO-
OpPOCTY 3aMep3aHne BOALI WK TasHue abaa). [luas 6onee moapo6-
HOrO m3a0xeHus cM. [Jon3.

Bropas ¢usuueckas wunTepuperanus ypaBHenus SIura—
Bakcrepa cBazaHa ¢ B3aMMOLEMCTBMEM TPEX KBAHTOBLEIX da-
cTuI HA TNPAMOU (OJHOMEPHOE MPOCTPAHCTBO WU IBYMEPHOE
OPOCTPAHCTBO-BpEM). MBI ONUINEM 3Ty CUTYALUIO OY€Hb KPAT-
k0. Temeps cregyeT pacCMaTPUBATDL TAK HA3LIBAEMOE K8AHMOB0E
ypasnenue Anza—bBaxcmepa, nmeromnee Buj

RiaR13R23 = RazRisRao. (32.2)

3geck maTpunsl R;; momydeHB! u3 (GUKCUPOBAHHON MATPUIILI
R, sajaiomeit apromopduam R : VO 5 V®n’ (manmpumep,
Ri2 = R® I, rae I, — enuuuynas mMaTpuna n X n). Pemenue
ypasrenus (32.2) nasuiBaeTca xk6axmoeot R-mampuyet. MaTpu-
na R;; oTBevaeT B3aMMOIENCTBHUIO {-OU U j-OU JaCTHIIEL, 8 yPaB-
HEHUE B LIEJIOM OINUCLIBAET KBAHTOBO-MEXaHUIECKUN MIPOLECC Ha
[IPAMOU NP KOTOPOM IIEPBas 9aCTULA, MEHACTCA MECTAMU C TPe-

* Koueuno e, HACTOSALIMU JeJ TPEXMEpPEeH, HO JHUIIL JBYMEPHYIO MO/JEIb
IbJA YAJOCh Pa3pemuTh (U3MKaM; K TOMY €, TEHU 3aLEelUIEHUH TOXe

IIIOCKOCTHEIE.
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TbEU, B TO BPeMs KaK BTOPAs OCTACTCA B UTOT'E MEXKIY HUMHU.
OTO MOXET MIPOU3OUTU OBYMsA PABHBIMU CIIOCOGAMMU:

(1) mepBas <> BTOpas, 3aTEeM LEPBasg <> TPETbs, HAKOHEIL,
BTOpasA < TPETHA;

(2) BTOpas <> TpeTbs, 3aTEM IEPBAsA ¢ TPETbs, HAKOHEL]
mepBas <> BTOpad.

VYpasrerue (32.2) roBopuT HaM, 9TO PE3YILTAT ITUX JBYX MPO-
[EeCCOB OJUHAKOB (Ha CAMOM JeJ€, B COOTBETCTBUM C IPUHIATIOM
Tlenzenbepra, MBI He MOXEM yY3HATD, KAKOM MMEHHO IPOLECC TIPO-
M30IIIe).

CpasuuBas ypasrenue (32.2) ¢ puc. 32.1(8), MBI BuaUM, 9TO
9TO ypaBHEHNE He YTO MHOE, KAK OYePefHOU CIHOCO0 3amucu Co-
oTHOWmeHUsA ApTuHa 1is Ko¢ (npu n = 3): mepBasd HUTH IIPOXO-
out Hag Bropou (Ri2), 3aTem BrOpas Han Tperhenn (Ri3) u T.n.
Tak xe Kak B KaaccuieckoM ypasrenuu flura—Baxcrepa (32.1),
9TO He MPOCTO (POPMAILHOE COBIANEHUE: KBAHTOBOE YPABHEHIUE
Aura—Bakcrepa MOXeT OBITH KCIOJB30OBAHO [JIS OIPEIeNCHUs
MHBAPUAHTOB Y3JOB U 3alemienut (cM. HanpuMmep, [Haz)).

31eCh OLLTO OBI €CTECTBEHHO IEPENTH K ONPENeICHUIO K6 aHMO-
801 2pynnvl, HO MBI MPEIBAPUM HAII KPATKUU PACCKA3 00 dTOM
JyHIAMEHTAIBEHOM NOHATUNA HEKOTOPLIMYA HAMAILHEIMYA CBEICHN-
MU U3 KJIACCUIECKOU M KBAHTOBOUM MEXAHUKH [IJIA IUTATENEH, HE
3HAKOMEIX C DTUMU Pa3eJaMi MaTeMaTUIeCKON (PU3NKM.

32.3. UnBapuaHTEI KaK Ha6/0JaeMble: KJaccHdeCKUH
¥ KBaHTOBBIM ciaydam. (CHOBHAA MaTEeMATHIECKAas MOIETb
KJIa,CCI/I“IeCKOﬁ MEXAQHUKUA — Zn—MepHoe CUMILIEKTNUYIECKOE MHO-
roobpasue M (Pasosoe npocmpancmeso). Touku mHOrOO6pa3UA
M — 310 cocmosnue cucmemvt (B TPOCTEANIEM CIydae COCTOA-
HIE — DTO IOJOXKEHWE JBUXKYIIENCA TOUYKA BMECTE C €e CKOPO-
creo s = (z(t),%(t))), Tak 9T0 M ABIAETCA TOTAJIBHBIM IIPO-
crparctBoM T (N) = M xacaTeabHOrO PACCIOEHUA N-MEPHOIO
MHOr006pasusa N, HA3EIBAEMOTO KOHPUYPAUUOHKBIM TPOCTNPAH-
cmeom. CUMILIEKTHYIECKAA CTPYKTypa MOPOXK AT yMHOKEHUE
(cxobxy Iyaccona) B mpocTpancTse pyukuuu Ha, M, u nabawda-
emble CyTh pyHknuu Ha M 06pasyiomuye KOMMY TATUBHYO alre-
Opy OTHOCUTEIBHO 9TOU CKOOKU. JBOMIONUA CUCTEMBI BO BpeMe-
HU 3aBUCAT OT BEIGODA aaepandcuana L (pyHxumonana ot cocto-
SAHUN, TOIEKABIIEr0 MUHUMU3ALNY ), VIOBICTBOPAIOIIETO Ypa6-
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nenuto Idaepa—Jlazpaniica:

oL _d oL _,
Oxi(t)  dt 0%i(t)

OKBUBAJEHTHAsA (AyalbHAA) KOHCTPYKIUA MOLYyYaeTCA, €CIAU
DPaCCMATPUBATE UMNYALCHL P; = M, T.€. KOBEKTOPHL (DJIE€MEHTEL
KOKacaTeapHOro npocrpancrea 1*(N)) BMeCTO BEKTOPOB (CKO-
pOCTH), W 3aMEHUTHL ypaBHeHUs Juiepa—Jlarpanxa Ha ypashe-
wua I'amusomona

oH . _ OH
_6pzﬂ pl_ awi'

B KBaHTOBOU MEXAHUWKE COCMOAHUSL yKE HE 00Pa3ylT KOHEY-
HOMEPHOE MHOroo0pasme, OHM CyTb TO4YKM [minbepToBa IMpo-
crpacTBa H. C PuU3UIECKON TOYKKM 3PEHUS COCTOSHUE YIKE
He ABIAETCA Mapou (TOYKA, CKOPOCTH), & MPEACTABIAET COOOU
GyHKIMO (IWIOTHOCTE), OMUCHIBAIONIYI) BEPOATHOCTH TOTO, ITO
YACTHUIA PACIIOI0KEHA B TAHHOM IMOJIOXEHWN U JIBMKETCA C JaH-
HOU CKOpOCThIO. Habawdaemvie Temeps ABIAIOTCA OEPATOPAMEA
u3 ‘H B H, OHZ COCTABIAIOT HEKOMMYTATUBHYIO aIrebpy OTHOCH-
TebHO 00BrYHOro kommyTaTopa [P, Q] = Po @ — Q o P. Bribop
MIPOCTPAHCTBA, H U aareOphl HAOII0 JAEMBIX 3ABUCUT OT KOHKPET-
HOH PaCCMaTPUBAECMON (PU3MICCKOU MO IEJIN.

B npocreimenm cayuae, H = Lo(R?), amre6pa mabmogaeMerx
YAOBIETBOPAET HEKOTOPHIM IPOCTHIM AHTUKOMMYTATUBHBIM CO-
OTHONIEHUAM, ¥ DBOJIONUA COCTOAHUA (0 yIOBICTBOPACT YPaGHE-
nuto Illpéduneepa

i% _ i1,
dt
rue H— onepaTop ¢ sHeprueun H (2amuibmonuar KOHKPETHOR
byHKIMHT, 3aBUCAINNAN OT CHENUPUKY PU3MIECKON 3a,Ta41).

IToT noaxos (1 ero 06061IeHN ), B KOTOPOM PacCMaTPUBAIOT-
¢s1 HabII0 faeMEIe M KOTOPBIN 3aBUCUT OT BLIGOPA FaMUILTOHUAHA,
HA3BIBAIOT 20MUALMONOBbIM, B OTINIAE OT AYATLHOTO AG2PAH-
%6020 TONXONA, KOTOPEI OCHOBAH HA MUHUMM3AIAA HEKOTO-
pPOro GPyHKIMOHAIA, HABEIBAEMOT'0O A4G2PANHCUAHOM. KBaHTOBLIC
FpyNNbI — 5TO YTOHYEHUE W PA3BUTHUEC AnreOp HAOTIONAEMEIX B
KBAHTOBOM MEXAHWKE, W, 3HAYUT, OHM CIEAYIOT TaMUILTOHOBOU
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ugeosoruu. (Mb1 BepHEMCA K JarpaHKEBOMY OAXONY MOCHE 06-
Cy2K IeHIs. KBAHTOBLIX CDYIII. )

32.4. KBaHTOBBIE rpyHILI U Apyrue 6uanre6pnl. Ksan-
TOBEIE TPYIIHI NOABMINCE B padoTax Jl.DangmeeBa m ero Imko-
JBL B PE3yJIbTAaTe KBAHTOBAHUS OOPATHOM 3a1a4U PACCESHUS
(cm. [FRT]), nmpuseniner K IMOSABIEHWsS KBAHTOBOI'O YDABHEHUS
Aura-Bakcrepa. Pemaromyo posas ceirpan Bkiang M. /Txu6o
(cm. [Jim1-2]). Aarebpanmveckas Teopus KBAHTOBBIX I'DYII Pa3-
BUBANACh Bragumupom [[puHpessqoM, KOTOPHIA BBEJ MOHATUE
KBAZUMPEY204bHHIL KBAHTOBLIX TDYII, CBA3BIBAIOIIMX KBAHTO-
BYIO TEODHUIO C TEOPUEU Y3JIO0B MOCPENCTBOM ypaBHeHus SHra—
Bakcrepa. Mul He gaeMm 31ech (GOPMATBLHOIO ONPEIETCHNSI KBAH-
TOBOM I'DYIIILL M HE M3JIaraeM Ha4al COOTBETCTBYIOIIEN TEOPUH,
OTCBHUIAS YUTATENS K JIOO0N N3 HEJABHO MOSABUBIINXCS MOHOIDA-
¢dun ma 5Ty Temy (manmpmmep, [Kaud], [Tur3], [Atil], [Kas], [BM],
[Fu], [CP], [Lus], [Mon]). Hwmxe npeacrasien jums HAGPOCOK, B
OCHOBHOM IIOSICHAIOUIMY CBA3b C TEOPUEN NHBAPHAHTOB y3JIOB.

KBanToBBIE IPyHIBEI — 3TO HE IPYHIBL, & Aaredpwl, foaee To-
ro — aazeopur Xonga, T.e. anredput A ¢ eqununen, CHabXeHHBIE
JIOTIOMHUTEILHOM CTPYKTYPOU: KOYMHOXEHHEM (0TOOpaKeHueM
A - A® A), xoedunuyeti u anTuromomoppuamom S : A — A
KOTOpPHIE YAOBIETBOPSIOT HEKOTOPHIM €CTECTBEHHEIM KOMMYTAa-
IMOHHEIM COOTHOIIEHUAM. ['py6o TOBOPS, /IS IOCTPOEHUS KBAH-
TOBOY I'PYIIILI MOXKHO HAYATH C rpynisl Jlu G (4bu dj1eMeHTH —
cocmoanus mogemn) u co ckoOku Ilyaccona Ha anrebpe A xom-
weKCHO3HAHEIX pyrkumi Ha G (Habatodaembie). YMHOXKEHHE
B (G onpejenseT no ABOUCTBEHHOCTH KOyMHOXeHue B A. U106
KBAaHTOBAsA IPyNIa OBLIA KBA3UTPEYTOJIbHOM, €€ DIEMEHTEL JOJIK-
HEL YIOBJETBOPATD MPEY20sbHOMY COOMHOWENUI (U3 KOTOPOTO
caeayer ypasHenue flura-Bakcrepa). B sToMm ciyuae konkpert-
HbIe TPENCTABJICHUA Ipynnbl G HE TOJLKO NAIOT 3HAMUMYIO WH-
¢opMaITnIO O COCTOAHUAX U HAOIIO [a€MBIX, HO IPUBOIAT K HOBBIM
VHBAPUAHTAM 3AIICIUIEHUN B COOTBETCTBUM C OOIIEr KOHCTPYKIIU-
€1, OIMCAHHOY B myHKTe 32.1.

Caegyer oTMETUTD, YTO MHBAPUAHTEL BacuibeBa, XOTs OHE HE
IPOUCXOAAT OT KBAHTOBBIX I'PYIII, UMEIOT €CTECTBEHHYIO CTPYK-
Typy Ouanre6ps (KOyMHOXKEHNE IPOUCXOAUT OT CBA3HOU CyMMEL
yanoB). VMeeTcs nennil psag ApyTrUuxX HHTEPECHKIX 6uanrebp, CBA-
3aHHBIX C WHBApUaHTaMu BacunbeBa, B YaCTHOCTH, OMAIreOpHI,
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MIOSABJSIOMIAECS B CBA3MU C MHTErpaioM KOHIEeBrya 1 moinHoMaMu
Tarra (cm. [CDL], [BN]).

Taxum o6pasom, arrebpawdeckuin (GOPMATU3M KBAHTOBBIX
TPYII, MOTUBUPOBAHHBLIN (PUINIECCKUMU COOOPAKEHUAMU, OKA-
3aJICA TOJE3HBIM A Tpexmepuou Tomonoruu. Ho, o6paTHo, 1eMm
Xe TpexMmepHas Tomnosaorus momoraet ¢usuke?! IIpexge dem oT-
BETUTH HA DTOT BOIPOC, MBI KPATKO OOCYyAMM MOAXOX K (bu3u-
9YECKUM MOJEJIAM, B OCHOBHOM NIPUAYMAHHBIA O. BurTeHom, n
B HEKOTOPOM CMBICJE JBOMCTBEHHBIN TAMUJILTOHOBOMY TIOIXOIY
Jlpundensna.

Jlarpanxessin moaxoa BurTena. ITo6u pazobpaTscs B
paborax BurTeHa, HyKHO 3HATH OYE€HbL MHOTO (DUBUKU U MATE-
MaTUKU (TEOPUIO CTPYH, PUMAHOBEL IOBEPXHOCTH U ['€OMETDU-
4ecKOoe KBAaHTOBaHWE, HeabeneBbl KaarnOpOBOYHEIE TeOpUu u ad-
(pUHHBIE CBS3HOCTYM, MHCTAHTOHEL M MATCHATHBLIE MOHOIIOIUA KAaK
pemenus: ypaBueHnus flura—Muwmiica, KBAaHTOBYIO XPOMOIAHAMU-
Ky, Teopemy ATba-3uHrepa, KOHGOPMHYIO T€OPUIO HOJIA U T.IL.).
31eCh MBI TOIBKO HAMETHUM MIEPBOHAYAILHOE «(PUIMIECKOE» OIpe-
NeJIeHNe MHBAPUAHTOB Y3J0B U 3aIleIJICHUN B TPEXMEPHEIX MHO-
roo0pasusax, MaTeMaTUIeCKUN BAPUAHT KOTOPOrO OLLT OMUCAH B
npeasraymeM naparpade (§31).

Paccmorpum opuenTupyemoe sanemnenne L = U; K; B opu-
EHTUPYEMOM TPEXMEPHOM MHOr000pasun M (9T0 MHOrooGpasue
— (2 + 1)-MepHOE NPOCMPARCME0-6pEMA, €TO TOIKA — COCINO-
anug, a komnouenTel K; 3anemnenus L — aunuu Buacona. Bor-
6paB ceasnocmy A (mexoTopywo 1-gpopmy ma M; cM., HampuMep
[KN,Ch.II1,§3]), BurTen paccMaTpuBaeT ClieAyOMINI Jar DAHK Y-
an Yepna—Caiimonca:

k

2
Los(A) = E/MTr(A/\dA+§A/\A/\A),

rae k — GpUKCUPOBaHHOE HATYpPaIbHOE ucio u It — caen (ompe-
nenenusm popmou Kumnmunra). OxaswBaercs, uro Log(A) kop-
DPEKTHO OIpeneseHo (He 3aBUCAT OT BHIGOPA METPUKH); MOTUBY-
POBKa BEIOOPA uMeHHO 3-popmbr A A dA + %A A A A A cocTronT
B TOM, 4TO 3Ta (popMa — eIMHCTBEHHAS KOMOMHATOPHO NHBAPHU-
anTHaa popma Ha M.

TTocae sToro BurTen ompenenseT CBOM MHBAPUAHT, MOJIATASA

Wr(M, k) = / (exp(ikLcs(A)HTrexp /K ,- A)DA. (32.3)

A
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B cayuaae cheper M = S? momywaercs cieyomasn CBA3b C MOMM-
HoMmoM [Ixxouca Vi (q):

I/VL(]M7 k‘) = VL(ezﬂ—i/k).

K coxanenuio, ¢ MaTeMaTUIECKON TOYKYU 3PEHUS, OMpPenese-
Hye (32.3) He uMeeT CMEICIA, UOO HET MepPhI Ha MHOXKECTBE BCEX
cBasHocTen Ha A m M, m BHemHuu wuterpan «DAy He mmeer
TOYHOT'0O MATEMATUIECKOr'0 CMBICIA. (OHAKO DTOT «MHTErpay
MOXKHO BEIMUCIUTH (aCUMITOTUYECKUMU METOJAMU C ITOMOIILIO
Pelinmaro8CcRUT UNMELPAA08), U OITOMY OH yCTPAUBAET (HU3U-
KOB.

Mer He cTaneM OOBACHATH (PU3MYECKUU CMEICJ OIPEIETCHU
(32.3). OTmeTum, omHAKO, 9TO MHTErpat BurTena — 310 ycpen-
HEHUE «II0 BCeM CBA3HOCTAM», Tak 4To Wi (M, k) noxox Ha cra-
TUCTUYECKYI0 CyMMy (00BIYHO oGosHavaemyoo Zr(M,k)). YUn-
TaTelb, OBLITL MOXET, 3aMETUT HEKOTOPOE CXOACTBO C AUCKPET-
HOU CTATUCTUYIECKON CYMMOU, UCTIONB30BAHHON [JIS OMPEIeTCHU
cko6ku Kaydmana B §3, X0Ts 5TO CXOACTBO JOBOJBLHO OTIAJEH-
HOE.

32.6. Tomogormydeckue KBAaHTOBBbIE€ IIOJIEBbIE TE€OPUH.
B pasBuTun ¢GpopMaIn3MOB MOJIEBEIX TEOPUN, XaPAKTEPHO MOCTE-
eHHOEe 000O0IIEeHNe CBOUCTB I'PYIIILI JOILYyCTUMEIX IPe0Opa30oBa-
uuu. CTpeMsach K HaLIeXalern OOIMHOCTH, MTPe0Opa3OBaAHUA Me-
HAJUCH OT COXPAHAKNMX METPUKY WU TICEBAOMETPUKY (CpyIIna
JIopeHna B CoenuasbHON TeOpUr OTHOCUTEMILHOCTH) 10 CUMILIEK-
TOMOP(GU3MOB U KOHTAKTOMOP(PU3IMOB B KIACCUIECKOU MEXAHU-
K€, [0 PA3JINYHEIX IIyaCCOHOBCKUX OTOODPAKEHUN (COXPAHSAIOIINX
Pa3HBIE BAPUAHTEHI, BKIIOYAs KBAHTOBO-MEXAHMYECKUE, CKOOKW
Ilyaccona) mmm g0 OTOOPAKEHNN, COXPAHAIOMUX CYNIEPCTPYKTY-
PY, A0 OTOOPAKEHNI COXPAHAIMX A((PUHHEIE CBA3HOCTH (3TOT
mar OBLT NEePBOCTENEHHON BaXKHOCTH) U, B MOCJEIHUE T'OALL, 10
PA3HLIX TUMOB KAJIUOPOBOYHLIX MPEOOpa3oBaHUn. Lomoaoruye-
ckue kBanToBEE moseBkle Teopun (TKIIT) uayr eme manbe,
IoImycKas IpousBoJabHEIE nuddeomopduamer. (CrenoBaTenbHO,
MHBAPUAHTHL 3TUX TeOpul (KOTOPHIE JOTIXKHEL 0013 0aTh Quande-
CKHM CMBICJIOM) JOJXKHEL ObITH MHBapuaHTaMu guddeoMopdus-
MoB. Tak kax Tononorus (o kpanHen mepe auddepeHnuaibHas
TONOJNOTWA) KAK Pa3 3aHUMAETCA [I0JOOHBIMU MHBAPUAHTAME, HE
VIUBUTENHHO, YTO (PUBUKU CTAIU UCKATH YTO-TO BPOIE MHBAPU-
AHTOB Y3JI0B, WAV PA3HBIX WHBAPUAHTHLIX CIEIOB, TUCKPETHBIX
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¥ HEMPEPHIBHEIX CTATUCTAYECKUX CyMM u T.n. U, Kak mpaBmio,
OBLIV yIOBJETBOPEHBI BCEM, IYTO OBl OHU HE HAXOUJIU.

OcuoBHEIe coBpeMentse ugen, ceasanusie ¢ TKIT, ugyt ot
Burrena (cm. [Witl]), HO ux dopManbHOE MaTeMaTHIECKOe HO-
CTPOEHME BIEPBHIE MOABIIMCE B paGoTax Ares ([Ati2—-3]), a 60-
JIee CUCTEMATHIECKOE M3JI0XKeHne (OTHIOAL He JErKoe 9TeHbe!) B
ero xe kaure ([Atil]). B coorsercTBum ¢ 3Tum nogxogom, TK-
IIT B pasmeproCcTU d TPEACTABIACT COOOU PYHKTOD Z, KOTOPHIU
kax oMy (d + 1)-mepHoMy MHOrO06pasuio ¢ rpaxunen % = Y
comocrapiser napy Z(Y) € Z(¥), rae Z(Y) — Bextop («cTa-
TUCTUYECKAs CyMMay), a Z(¥) — KOHEYHOMEPHOE KOMILIEKCHOE
BEKTOPHOE MPOCTPAHCTBO ((CUIBOEPTOBO MPOCTPAHCTBO, IOILY-
YeHHOEe KBAHTOBaHMEM»). B akcmomMax, KOTOpHE MEL 31€Ch HE
nepeuncasieM (cM. [Atil, cTp.12]), ygacTByloT MHBOMIOLMA B Iy-
AJIBHOM IIDOCTPAHCTBE U YMHOXCHUE (HOpO}K,I[eHHoe HECBA3HBIM
O6’berqI/IHeHI/IeM); U3 HUX BBITEKAET, B YaCTHOCTU, YUTO IJIA 3a-
MkHYTOrO (d+ 1)-MeprOro maoroo6pasusa Y sektop Z(Y') oano-
MEpEH, T.€. MOIPOCTY SABIAETCA KOMILUIEKCHBIM YUACIOM. VMeHHO
Takasa cuTyanua paccmarpusaerca B §29, rae d = 2, u Z(Y)
IpenCTaBiaeT Co00M MHBApUAHT BuTTeHa TPEeXMEepPHOrO MHOIO-
06pasus («COAEPKABIIEro IyCTOE 3ALEILICHNE) ).

[ns Gonee obmmien cuTyanuu, B KOTOPOU AAHO HEMyCTOE 3a-
HerieHne B MHOroo6pasuu 6e3 kpas (kax B §31 Bemme), Takxke
MMEeTCs OAXO0 IAMAT AKCHOMATH3ALNS, «OTHOCUTEIHHAL) BEPCUs
dyskTOpa ATEE. ITOT (PYHKTOP TENEPH ONPEAEIEH HA TPOUKAX
(Y,X,L), rae Y u ¥ onpenenentl, kak Beime, a L — 3anerienue
BY, eciu ¥ mycro, u cucrema ayr (¢ kounamu B ¥ = JY) u 3a-
MKHYTHIX KPUBEIX B Y, Y IOBIETBOPAIOIINX HEKOTOPEIM yCJIOBUAAM
TPAHCBEPCAIBHOCTY P X # &. JTU AKCUOMEI BEIIOIHEHEL AL
naBapuanTa Burrena npun ¥ = & (cm. §31).

Takum 00pasoM MBI BUAMM, YTO MHBAPUAHTEI, ONUCAHHBIE B
DTOU KHUr€, PACCMATPUBAIOTCA MHOrUME (PU3MKAMUA HE TOJBKO
KaK TOJME3HbIE, HO JaXKe KaK (PyHIAMEHTAILHEE OOBEKTH COBPE-
MEHHOU MATEMATUIECKOUN (PUBUKU.

TemaTuka TKIIT maxoauTcs B CTAIUU MHTEHCUBHOI'O PA3BHU-
TUA, U BIAL JU UMEET CMBICI CEMIaC TBITATHCA CO31aTh HE OTCTA~
IOIIYI0 OT HEIHEmHero nus Oubanorpaduo. Mbr HazoBem Jwib
nBe paborel. Opua manucaua II. Boxerem u ero yvyenukamu
([BHMV]), a gpyras B coasropcrse JI. Kpeinom u JI. Merrepom
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([CY]). IlepBy:o MBI BKIOYMIM HOTOMY, 9TO PACCMATPUBAEMEIN
B Hel (YHKTODP OCHOBaH Ha ckoOke Kaydmana (¢ KOTOpOU MBI
HAYAJIV HAIlle U3y9IeHNe NHBAPUAHTOB y3JO0B €Ile B §3), a BTOPYIO
YaCTUIHO TIOTOMY, 9TO B HEU yIACTBYET CUMILTANMAILHAS KOH-
CTPYKIMWSA, C KOTOPOU MBI HAYAIN U3YIEHUE TPEXMEPHBIX MHOTO-
o6pasui (cp. mam puc. 8.3 ¢ Fig. 1 8 [CY]), Ho B 0CHOBHOM 11O TOK
IPUYMHE, 9TO ABTOPAM YIAETCSI MOCTPOUTH OCMEICAEHHYIO TEO-
puio B cayuae d = 3, T.€. I 9€THIPEXMEPHOTO MPOCTPAHCTBA-
BpeMeHI/I7 B KOTOpOM7 KaK C‘IHT&eTCﬂ, MBI XKVBEM.



[MpunoxxeHue

ITO NPWIOKEHUE CONEPKUT OCHOBHOU MATEPUANT, KOTOPHIU
OOBIYHO BKJIIOYAET JIOO0U BBOIHBIA KyPC TOMOJOIMY U KOTOPHIM
MEI CBOOOIHO MOJAB30BANUCH B HAIEW KHuUre. Mel npeamnonara-
eM, ITO YnuTaTeab OyaeT 00palaThCAa K IPUI0KEHUIO B TOM CIY-
4Jae, KOr'Jla OH He BIIOJHE YBEPEH, YTO BCTPETUBILIEECS €My IIOHS-
THe TOCTATOYHO XOPOIIo eMy m3BecTHO. Wamnoxenue 3nece 6yaeT
OYEHb CXKATHIM (HET HU NOKA3ATEILCTB, HA IPUMEPOB), IOITOMY
[IPUIOXKEHNE HEe MOXeT 3aMeHUTb yueOHuk. OTMeTuM, 0gHAKO,
YTO BEChb NPEICTABICHHEIN 31€Ch MATEPHAI MOAPOOHO M3JI0XKEH
B CIEAYIOIIUX TPEX BBOJHEIX KyPCaX, K KOTOPBIM MBI OTCHLIAEM
qUTATEN.

(1)

(2)

Kocuéecku Y. Hauaavnviti Kypc aazebpauueckoti mono-
aoeuu. M.: Mup, 1983. (Dra xHUra COEPKUT TOYTH
BCE IIpEeIBAPUTEIbHBIE CBEIEHUS U3 TOIOJIOrnM, HEeOOXO-
r[LI/IMI:xIe IJLST YTeHUus HaIlIefI KHI/IFI/I.)

Mankpc x. Oaemenmapnas dupdepenyuasvras mo-
1n0402us (COLEPKUTCA KAK [IOMOJHEHWE B KHuUre Mmi-
wop [x., Cramed [Ix. Xapaxmepucmuueckue Kaac-
cei. M.: Mup, 1979). (DTa KHUTA COAEPKUT, B YACTHO-
CTHU, JOKAa3aTeIbCTBO TPUAHI'YIUPYEMOCTH IVIATKIX MHO-
rooGpasuii. )

IIpacosos B.B. Hazasadnas monosoeus. M.: MITHMO,
1995. (HedopmauabHOE BBEAEHVE B TEOPHUIO y3JIOB U ABY-
MEpPHBIX [OBEPXHOCTEN. )
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§1. TomoJsormyveckme mMpoOCTpPaAHCTBA

Tonoso2uueckum NPocmpancmeom HASEIBAIOT MHOXKECTBO X,
B KOTOPOM BHIIEJIEHA, CUCTEMA [TOAMHOXKECTB T, 00,13 1a10Iast CIe-
OYIOIAMY CBOUCTBAMMU:

(1) mycToe MHOXECTBO U BCE MHOXeCTBO X IIPUHAIEKAT T;

(2) mepecedeHme KOHEYHOI'O YWCIA IEMEHTOB T IPUHAIJIE-
KUT T;

(3) o6beauHEHME TIO6GOr0 CEMENCTBA DIEMEHTOB T IIPUHAIJIe-
KUT T.

Cucremy T Ha3LIBAIOT Monoao2ueli Ha MHOXecTBe X. MHO-
XKECTBA, IPUHALIEKAINNE T, HA3EIBAIOT omkpuymbimu. Okpecm-
HOCMBI0 TOIKU T € X HA3LIBAIOT JI000€ OTKPHITOE MHOXECTBO,
cogepxamee . MHOXxeCTBa, NONOTHEHWS KOTOPBIX OTKPBITHI,
HA3LIBAIOT 3AMKHYMbLMU.

JIro6oe nogmuoxecTBo Y C X mpeBpamaeTcs B TOMOJOrMYe-
CKOe TIPOCTPAHCTBO C UHAYUUPOBARHOT MON0A02UETL, €CIU OIpe-
IEJUTH er0 OTKPHITHIE MHOXECTBA, KAaK mepecederus Y ¢ OTKPHI-
THIMU TTOJAMHOXKeCTBamMu X .

OTo6paxkenue 0 HOrO TOMOJOTMIECKOT0 MPOCTPAHCTRA, B IPY-
roe HA3BIBAIOT HENPEPbIBHbIM, €CIU TPO0OPA3 JI0OOI0 OTKPHITO-
ro mMaoxectBa OTKpeIT. Orobpaxenue f : X — Y maswBaooT
20Me0MOPPUIMOM, €CTA OHO B3AWMHO OJHO3HAYHO U 0062 0TOOpa-
xerua f u f~! HempepwuIBHEI; mpocTpaHcTBa X U Y HA3EIBAIOT
B TAKOM CIY4Yae 20MEOMOPPHHLIMU AIA MONOAOSUNECKY IKEUBA-
AEHTMHBLMY.

TlousTre TOMOIOrMIECKOro MPOCTPAHCTBA BKIKYAET HEOOO-
3PUMO LMIIPOKUH KJIACC 00HeKTOB. HO B HaIen KHUre pedb UaeT
JIUIITBb O JOCTATOYIHO XOpOIIII/IX TOIIOJOIMYIE€CKUX l'IpOCTpaHCTBa,X7
a MMEeHHO, 0 MHOroo0Opasusax. Ux onpenenenue OyaeT qaHO HUXKE.

Tonomorudeckoe mpoCTPAHCTBO X HABBIBAIOT KOMNGKIMHbIM,
ecau Ja060e omxpuimoe noxpvimue X (T.e. 10604 HAGOP OTKPHI-
THIX TOAMHOXeCTB X, OOBEqUHEHNE KOTOPHIX COBHANaeT ¢ X )
COEPKUT KOHETHOE MOATOKPHITHE.

Tonomorudeckoe IpOCTPAHCTBO HABBIBAIOT 0MOIEAUMbLM VIA
zaycdopdoevim, eciu JOOLIE OABE €r0 PA3IMIHBIE TOYKMA UMEIOT
HEIepPeCeKanIuecs OKPECTHOCTH.

Tonomoruveckoe MpOCTPAHCTBO HA3LIBAIOT C8A3HbIM, €CIU €0
HEMb3s MPENCTABUTL B BUIE OOLEIUHEHUsA IBYX HEMYyCTHIX He-
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[IEPECEeKAaIOUNXCs MHOXKECTB, KaX10e M3 KOTOPHIX OIHOBPEMEH-
HO OTKPBEITO ¥ 3aMKHYTO. B TOM ciIydae, KOra TONOJOIHYE-
CKO€ TIPOCTPAHCTBO MPENCTABIAET COO0U 00HEIUHEHNE HECKOIb-
KUX HEIyCTHIX HElepeCceKaroIuXCs IO IMHOXECTB, KaxX J0e U3 KO-
TOPHIX OTKPHITO, 3aMKHYTO ¥ CBSI3HO, DTU II0JMHOXECTBA HA3hI-
BAIOT KOMNOKEHMAMY CE8A3HOCTY NAHHOIO MPOCTPAHCTBA.

Omuowenuem 3K6UBAAEHMHOCTU HA, MHOXKeCTBE X HA3LIBAIOT
moaMuOXkecTBO R C X X X, o6aamaroiiee CaeqyonmMu CBOUCTBA-
Mu:

(1) (z,z) € R upu Bcex = € X;;

(2) ecm (z,y) € R, 10 (y,%) € R;

(3) ecm (x,y) € Ru (y,2) € R, 70 (z,2) € R.

B Tom cayuae, korga R C X X X — OTHOIIEHNE DKBUBAJICHT-
HOCTH, DJIEMEHTHl T U Y, AIA KOTOphX (r,y) € R, HaswBawoT
IKBUBAAEHMHBIMY; ST DKBUBATEHTHEIX DJIEMEHTOB HCIOIbL3YIOT
o0o03HaIEHUE T ~ Y.

IIpwu 3aganHOM OTHOIIEHUY DKBUBAJEHTHOCTH R MHOX)ECcTBO X
pa3buBaeTCsa HA MTONAPHO HE IIEPECEKAIONINECs MHOXECTBA DKBU-
BAJIEHTHEIX APYD APYTY DJIEMEHTOB; DTU MHOXECTBA HA3LIBAIOT
Kaaccamu sKeusasenmuocmu. MuoxectBo X/~, snemenTavu
KOTOPOr'O CJIYXKAT KIACCH DKBUBAJICHTHOCTY, HA3LIBAIOT $Hak-
MOPMHOAHCECTI80M MHOXKECTBA X II0 OTHOUIECHUIO DKBUBAJICHTHO-
ctu ~. ConocTaBuB KaxqOMy daeMeHTy & € X COAepX AUl ero
KJIACC DKBUBATEHTHOCTH, OIydnM oTobpaxkenue p : X — X/~
KOTOpOe HAa3HBIBAIOT npoexkyuet. Ecaun X — Tomonorudeckoe
IPOCTPAHCTBO, TO MHOXECTBO X/~ MOXHO NPEBPATUTHL B TO-
[IOJIOTMYECKOEe IIPOCTPAHCTBO, CUUTAA OTKPLITHIMU T€ €r0 IOJ-
MHOXECTBA, IPO0OPAa3bl KOTOPHIX IPU OTOOPAXKEHUU P OTKPHI-
Th B npocrpancTee X . Ilomyyennoe Takum 06pasoM TOMOIOru-
YECKOe IPOCTPAHCTBO HA3LIBAIOT GaKMOPNPOCMPARCMBOM IPO-
CTpaHCTBa X II0 OTHOILIIEHUK SKBUBAJEHTHOCTU ~.

Opun u3 cnioco6oB 3a1aHNsA OTHOIIEHNs DKBUBAJEHTHOCTH HA
MHOxecTBe X CBSI3aH C JEUCTBUEM 'DYIIILL HA DTOM MHOXECTBE.
Bynem rosoputs, uro rpynna G deticmeyem Ha MHOXecTBe X,
ecau kaxgou nape (g,x) € G X X conocrasaen sneMentT gr € X
Tak, 4To g(hz) = (gh)z n 1l = z, rge 1 — eIVHUYHBIN DIEMEHT
rpynnet G. Opb6umoti anementa £ € X HA3LIBAIOT MHOXKECTBO
BCEX DJeMeHTOB gz, g € G. [leuctBue rpynnsl G Ha MHOXKe-
crBe X OmpefenseT ClIeAyollnee OTHOIIEHNE DKBUBAJEHTHOCTH HA
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MHOXeCTBe X: DKBUBAJICHTHHEIMU CIATAIOTCA TE€ DIEMEHTHI, KO-
TOpEIE TIPUHALIEKAT OJHOU U TOU Xke opbuTe. B Tom ciayuae,
xorga X — TOMOMOrMYeCKOe MPOCTPAHCTBO, COOTBETCTRYIOIIEE
(paKTOPIPOCTPAHCTBO HABLIBAIOT axmopnpocmpancmeom X no
deticmeuto G wnu npocmpancmeom opoum neuctsua G Ha X.

Iycre X u Y — rTonomormyeckme mpoCTPAHCTBA, HE UMEO-
e ooImux saeMenToB, A — mogmuoxectBo B X, a f: A =Y
— HenpepwuBHOEe oToOpaxenme. Ha muoxecrBe X UY BBemzem
CIeyIomee OTHOMEHNE SKBUBATEHTHOCTU: ¢ ~ f(a). dDakTop-
npocrpancTso (X UY')/~ obosnagsator X Uy Y; npouegypy mo-
CTPOEHUS 3TOr0 IPOCTPAHCTBA HABEIBAIOT Npuxteusaruem X K
Y mo oroGpaxenuto f.

Ha mpsamom npouwseemenvuz X X Y Tomoimormyeckux mpo-
crparctB X u Y (paccMATPMBAEMEIX KAK MHOXKECTBA) MOXKHO
3a0aTb MON0A02UN NPAMO20 NPoussedenus. [aa d>TOro HyKHO
CYNTATh OTKPBITHIMU MHOXeCTBaMu B X X Y mpsMbIe IPOU3BEIe-
HUA OTKPHITBIX MHOXECTB B X 1 Y, a Takke UX BCEBO3MOXKHEIE
00beTMHEHS.

Orobpaxenus fo, f1 : X — Y HA3HIBAIOT 20MOMONHKLIMUY, €CIA
CyLIeCTByeT Takoe HempephBHOe oTo6paxkenue F : X x [0,1] —
Y, uro F(z,0) = fo(z) u F(z,1) = fi(z) ana Bcex ¢ € X. Unbr-
MU caoBamu, oToOpaxkenusa fo U f; MOXHO CBA3aTh CEMEUCTBOM
HenpepuIBHBIX oToOpaxkenun f; : X — Y,t € [0,1], senpepris-
HO 33aBUCAIIUX OT t. IJTO CEMEHCTBO OTOOPAXKEHWN HABBIBAIOT
2omomonueti, coequasaomen fo u fi.

Tomonornieckue npocrpaucTBa X u Y HA3BIBAIOT 20MOMONU-
YECKY IKBUBAAEHMHBIMU, €CIN CYIIECTBYIOT TAKNE HENPEPHIBHEIE
orobpaxenusa f: X Y ug:Y — X, uro orobpaxkenus go f
u f o g roMoTOnHE OTOOpaXKeHuaM TpocTpaucTB X u Y COOT-
BETCTBEHHO.

Hzomonueti mogmpocTpancTtes A u B TOmOIOrnYeckoro mpo-
crpascTBa X HA3BIBAIOT Takyio romoromuio f; : A — X, uro fo
— 510 ToXaecrBenHoe Baoxkenve A — X, f1(A) = B, npuiem
oTobpaxkeHue f; mpencrasiser cobou romeomopdusm A Ha fi(A)
npu Beex t € [0, 1].
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§2. Mmuoroo6pa3musa.

Kiaerounnie u CHMILINITAAJIBbHBIE paaﬁneHmI

Ecauz X — Tomomornyeckoe npoCTPAHCTBO C TOMOJOIMEN T, TO
60301 TOMOMOTUM T HA3LIBAIOT TAKOE MOAMHOXECTBO 7' C T, 9TO
MO0 DIEMEHT T MOXKHO NIPEICTABUTE B BUAe 0OBEIUHEHUs DIIe-
MeHTOB T'. VIHEIMEU CIOBaMu, 7' — TaKOe CEMEeMCTBO OTKPHITEIX
MHOXECTB, 9TO 11000€ OTKPHITOE B X MHOXECTBO MOXKHO Tpe.-
CTAaBUTH B BUje O0BEIUHEHUA MHOXKECTB U3 DTOrO CeMEnCTBa. B
TOM CIydae, KOTJa XOTA ObI OfHa 13 6323 TOMOJOIMYIECKOrO IIPO-
crpancTBa X cueTHA, X HA3BIBAIOT IPOCTPAHCTBOM CO CUEMHKOTU
6a301.

YT0o6Bl 334aTh TONOJOIMIO T, IOCTATOYHO YyKa3aThb OIHY
u3 6a3 »rou Tomosoruu. Hampumep, B mpocrpancree R* =
{(z1,...,2n) | i € R} cramgapraas Tomoaorms 3anaercs Oa-
301

Use ={z € R" | |z —a] < e},

rae a € R® u ¢ > (0. Bomee Toro, MOXHO CUMTATh, YTO BCE
KOOPAVWHATELI TOYKU 4 U IUCJIO £ PAIVOHAJBHBI; B TAKOM Cay4ae
MIIOIy4uM CUYeTHYIO 6a3y.

JobaBum x MEHOXKecTBY R” a1€MEHT 0O U BBEIEM B ISy IY€HHOM
muOxkecTBe R U {00} TOmomoruo, 6a3oi KOTOPOH CILyXKUT 0a-
3a TOMOJOTUY MPOCTPAHCTBA R, NOMOIHEHHAA CEMENCTBOM MHO-
XeCTB

Uso,r = {z € R" | |z| > R} U {oo}.

Tony4yernoe TakuM 06Pa30OM TOMOIOIMIECKOE TPOCTPAHCTBO HA-
3LIBAIOT 00HOMOUeuHotl Komnaxmudurayueti mpocTpancTsa R”;
MOXHO [JOKAa3aTb, YTO DTO MPOCTPAHCTBO T'OMEOMODP(RHO 7
MepHou cdepe

St ={z € R™! | |a] = 1}.

Mmuoroo6pasua. XaycaopdOBO TOMOJOINIECKOE TPOCTPAH-
c¢TBO M™ co cueTHOU 6a301 HA3LIBAIOT 7-MEPHbIM MONOAOUYE-
CKUM MH02000pa3ueM, ecau T0das Touka £ € M™ umeeT OKpecT-
HOCTb, romeomopduyo R* mm R, raoe

Ri :{(.Z'l,... ,:En)|1'z GR, T 20}
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MuoxecTBO Tex ToUeK £ € M™, y KOTOPHIX HET OKPECTHOCTEN,
romeoMopdueix R”, HaszwBaOT kpaem MHOr006pasus M™ u 060-
sHagaioT OM™. B ToMm cuayuae, xkorga OM™ = &, roBOpAT, ITO
M™ — mnozoo6pasue 6e3 xpas. MoxHO IpOBEpUTH, ITO €Can
Kpat MEHOrooOpasus M™ e mycr, TO oH asasgeTca (n— 1)-MepHEIM
MHOI'000pa3ueM.

Amaacom HA TOIOIOTMIECKOM MHOT000pasuu M " Ha3BIBaIOT
nokpeITue M ™ OoTKpHTHEIME MHOXecTBaMu U, , TOMeOMOPGHHEIMU
R”. Kaxngoe Takoe MHOXecTBO U, BMeCTEe C rOMeOMOP(PU3IMOM
pq : Uy = R" maswBaroT xapmot. Tomosorudeckoe MHOroo6pa-
sue M™ maswmaror dud@epenyupyemvim muo2000pa3uem Kiacca
C", ecom mHa M™ cymecTByeT TakOU aTaac, 9TO BCE OTOOPAKEHMA
pgo 90(;1 nupdepennupyemur knacca C” HA TEX OIMHOXECTBAX,
Ha KOTOPBIX OHM OIpefeteHt (T.€. Ha ¢ (Uy NU) C R™). 3neck
7 — HATYPAJbLHOE YUCJIO WIN OO.

Ilycte M™ u N™ — nuddepeHmupyeMbie MHOI00OPa3Us KIaC-
ca C", {(Uy, pa)} u {(V3,¢5)} — ux arnace (xaacca C™). Oro-
Opaxenue [ : M™ — N HazuiBaloT dud@epenyupyemvim Kaiacco
C", ecam Bce oTOOpaxkenus g o f o p, ! apamorcea guddepennn-
pyembimu kaacca C7.

Mycts f: M™ — N™ — nuddeperimpyemoe 0TOOpaKeHNE
kracca C" guddepenupyembx MHOr00Opasun kiaacca C”, mpu-
yeM m < n. Orobpaxenue [ HABLIBAIOT No2PYHCEHUEM WA UM-
mepcueti, ecnu B kaxou Touke M™ paur orobpaxkenus f (Tod-
Hee T'OBODs, OTOOpaxeHus Yg o f o ;') pasen m. Tlorpyxenue
f: M™ — N™ orobpaxatomee M™ ua f(M™) C N™ romeo-
MODP®HO, HA3BEIBAIOT BA0HCEHUEM.

KieTouHble U cuMILIAIAAIbHBbIE pa3buenusa. Kaxaomy
BEKTODY U B JUHEUHOM mnpocTpaHcTBe R” MOXHO CONOCTaBUTH
TOYKy (KOTOpPYH MHEI TOXe OyaeM 0603HAYATH v) B adQGUHHOM
npocrpascree R”, a uMEHHO, KOHEIl BEKTOPa ¥ C HAYaJIOM B Ha-
9ase KoopaAuHaT. ByaeM rOBOPUTE, 9TO TOUKH Vg, U1, - - - , Uy AU~
HetHO HE3ABUCUMDL, €CTU OHU HE JeXaT B OZHOU (m — 1)-MepHOn
a(QPUHHON IIOCKOCTH, T.€. BEKTOPH U1 —Vq, - - - , Uy — Vg JUHEUHO
HE3ABUCHAMEL

Ecan wvg,... ,v, — JUHEUHO HE3aBUCUMEIE TOYKM B R"”, TO
MHOX€ECTBO KOHIIOB BEKTOPOB & = y_ t;v;, Tae t; > 0m Y. t; =1,
HA3BLIBAIOT 1M-MEPHLIM CUMNAEKCOM.

Komner Bexropa (> v;)/(m+1) HasuBaoT 6apuyenmpom cum-
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IUIEeKCa [Vg, ... ,Um]- I'pansio cummiexca [vg,. .. ,V;,] Ha3BIBAIOT
CUMILTEKC BUAR [Vig, ... Vi ], TAE {Vi,... ,V; } — Jd1060€ mon-
MHOX€ECTBO MHOXECTBA {Ug, . .. ,Um}

Koneunvim cumnauyuosvkvim pasduenuvem K HA3HIBAIOT KO-
HEYHOE MHOXECTBO CUMILTEKCOB B R™, 06a1amar01ee CIeayouMu
CBOMCTBAMU:

(1) mobas rpans cummekca n3 K npuramaexnt K;

(2) mepeceuenue mOOLIX AByX CUMILIEKCOB u3 K cayxut rpa-
HBIO KAXI0TO U3 HUX (MBI CIMTAEM, ITO ITyCTOE MHOXKE-
CTBO ABJACTCA CUMILTIEKCOM PA3MEPHOCTH — 1, mpudeM OHO
CILyXUT TPAHBIO JIOOGOT0 CUMILIEKCA).

O0beauHEHNE BCEX CUMILTEKCOB pas3buenusa K HA3BIBAIOT CUMNAU-
YUGILHBIM KoMNaexcom u o6o3radanT |K|.

Kaemxoti B R" Ha3LIBAIOT OrPAHUYEHHOE II0JIMHOXKECTBO, 3a-
NAHHOE CUCTEMOU JWHEUHLIX PABEHCTB ¥ HEPABEHCTBA BUIA
> a;z; > b. Pasmeprocmbio KIETKMA HA3BIBAIOT MAKCAMAJIBHYIO
pa3MepHOCTD adPUHHON TWIOCKOCTH, COAEPIKAIICU TAHHYIO KIeT-
Ky. I'panvio KIeTKY HA3LIBAIOT TOIMHOXECTBO KJICTKH, IOy IeH-
HOE B PE3YJbTATE 3AMEHBLI OJHOIO WM HECKOJILKUX HEPABEHCTB
> a;z; > b, 3aKa0MMX KIETKY, PABEHCTBAMYA » | a;T; = b.

Koneunvim xaemounvim pazbuenuem K B R" HasbiBaloT KOHEY-
HOEe MHOXECTBO KJIeTOK B R", o6iaarommee CIeIymuMu CBOU-
CTBAMU:

(1) awo6as rpanb kaetku u3 K npunaniexur K;
(2) mepeceuenue MOOLIX ABYX KIETOK U3 K CIyXuUT rPaHbIO
KaxXKOU U3 HUX.

O6bequuenue BCex KIeTOK pas3buenus K HABBRIBAIOT KAEMOUHbIM
Komnaexcom u 0603naxaor |K|.

IIycts K — cummnnuansaoe pazbuenune, M — nuddepennm-
pyemoe MHOroo6pasue kiaacca C". Orobpaxenue f : |K| - M
Ha3LBAOT Jufdepenyupyemovim kiacca CT, ecau orpanudenve f
Ha aw6on cummuiekc A pasbuenus K umeer kaacc C". OTobpa-
XKeHUe [ HA3LIBAIOT He8biPOHCIeHHbIM, ECIU PAHT €r'0 OrPAHUIE-
HuA Ha Jdo6ou cuMmiuiekc A pasbuenus K paBeH pa3zMepHOCTH
DTOr0 CUMILIEKCA.

Hesuipox gennoe C-orobpaxenue f : K — M, npegcrasis-
fommee COOOM rOMEOMOP(MU3M CHMILIAINAJILHOIO KOMILIEKca | K|
Ha, MHOr000Opasue M, HazwiBaioT C"-mpuaHn2yasyuet MEOr00Opa-
suas M. Moxuo gokasarh, uTo Jaiob6oe CT-mHOroO6Gpasue 6e3
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kpasa obnagaetr CT-TpuaHryasaimen, a a0y CT-TpUaHTyIAnn
Kpasg MOXHO TPOJOMKUTE 00 CT-TPUAHTYIAIMEA BCErO0 MHOTO-
o6pasus (cM. [Mun]).

Heripoxaeanoe C-orobpaxenne f : K — M, npencrasis-
folmee cO60U rOMEOMOP(HU3M CHMILIAINAILHOIO KoMILIekca | K|
Ha, ero 06pa3 B MHOr000Opasuu M , Ha3uIBAIOT 8aoxcenuem. OOpas
| K| B M HA3BIBAIOT IIPU DTOM 6A0HCEHHBIM TL0OKOMNAEKCOM.

Opuenranusa. Arnac {(Uy, ¢a)} AuddepenimpyemMoro MHO-
roo0pasus HA3BIBAIOT OPUEHMUPYIOWUM, €CIN IKOOUAHBI BCEX
oTobpaxenut ggo ¢ ', rae UsNU, # @, nonoxureasHs. MHO-
roo6paswue, 06Ja1a1011I€e OPUEHTUPYIOIM ATJIACOM, HA3BEIBAIOT
OPUEHMUPYEMBIM.

Ecau BrIOpaH OquH U3 OPUEHTHUPYIOMINAX ATIACOB MHOIO0ODA-
susa M, To roBopsar, uro Ha M 3anana opuewmayus. [ns nByx
opuenTupytomux ataacoB {(Ua,¢s)} 1 {(Us,¢p)} axobuamb
BCEX OTOOPANKEHUN (P, owgl OJHOBPEMEHHO JUOO MOTOKUTENbHEL,
60 OTPUIATENbHEL. B mepBoM Caydae rOBOPAT, 9TO ATIACKH 3a-
darom o0ny u MY Hee OPUEHMAYUI0, & BO BTOPOM CILydae FOBOPAT,
9TO ATJIACEL 360610 NPOMUBONOAOHCHIE OPUEHMAYUY.

[nsa muoroo6pasus M ¢ sagauson tpuanrymaauuen f : K — M
MOXHO JaTh APYroe (SKBUBAJCHTHOE) ONPEEJCHNE OPUEHTUDY-
eMocTu. BygeM roBOpUTH, YTO CUMILIEKC OPUEHMUPOSAH, €CIN
€ro BEPLIVHBL yIOPALOYeHHl (3aHyMepoBaHsl). [Ipu sToM cuuTa-
€TCs, YTO ABE HyMepaIuy 33Jai0T OLHY M Ty K€ OPUEHTAIMUIO,
€CIV OHU TOMYYAIOTCA APYT U3 APYra YeTHOU TONCTAHOBKOWU,
a ecIu IBe HyMepaluuu TOJYIAIOTCA IPYT U3 Ipyra HEIeTHOU
MO ICTAHOBKOU, TO OHM 33,AI0T MPOTUBOIOIOKHEIE OPUEHTAIINN.
[ns rpanen pasmepHOCTH N — 1 OPHEHTUPOBAHHOI'O CUMILIEKCA,
DPa3MEpPHOCTH 7 MOXKHO OIPEIETIUTD UKHOYYUPOBAHHYIO 0PUEHMA-
yuto. [as 5TOro HyKHO BEIOPOCUTEH NIEPBYIO BEPIIVHY KCXOLHO-
0O N-MEPHOTI'O CUMILIEKCA, 8 OCTABIIAECS BEPIIMHLI PACIOJIOXNATE
B IpexHEM mopsagke. HO B kaveCTBe MEePBOU BEPIIMHBLI MOXKHO
B3ATH JMI00YI0 BEPIIKHY, NOXTOMY U3 HAIIErO OIPEIeIeHUs CJe-
AyeT, 9TO 3HAK OPUEHTALUY CPAHK [Zq, ... , L, ... ,Lp] (TAK MBI
0003HAYMM TI'DAHb, MOJYYEHHYI) IPU BHIOPACHIBAHUM {-TOU BEP-
IIMHET) OTAXYAETCA OT 3HAKA MHIYIUPOBAHHON OPUEHTALANA STOU
xe rpanu Ha (—1)i1.

BymeMm rorOpuTh, YTO HA TPUAHTYJIUPOBAHHOM 7i-MEPHOM MHO-
roobpasuu 3370aHa OPUEHMAYUI, €CIU BCE €r0 N-MEPHBIE CUM-
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ILIEKCEI OPUEHTUPOBAHLI TAK, YTO WHIYIXPOBAHHLIE OPUEHTALINN
kax o (n — 1)-MepHOU IpaHu, MOLy<YeHHBE U3 OBYX IIPUIEra-
IOIIUX K HEU 7-MEPHEIX CUMILICKCOB, TPOTUBONOJIOXKHLL. Tpuan-
CyJUPOBAHHOE 7-MEPHOE MHOI006pa3ue HA3KIBAIOT OPUEHMUPYE-
MbLM, €CIY Ha, HEM MOXKHO 33,1aTh OPUEHTALAIO.

ITloBepxuOocTHu. IToseprrnocmvio M MBI HA3BIBAEM KOMITAKT-
HOE IByMepHOe MHOroofpasue (BO3MOXHO ¢ KpaeM). Ecau xpan
OM mycr, TO roopsrT, 4T0 noBepxHoctb M zamrnyma. Cess-
Hotl cymmoti nByx nmosepxuocTerd M u N HA3LIBAIOT IOBEPXHOCTD
M# N, nmoay4ennyio B pesyabrare Buipe3anus u3 M u N maisix
OTKPHITHIX AucKOB Dy u Dy u mocaeayormen npukaenku M — Dy
Kk N — Dy mo romeomopuamy h : D1 — ODs. Ecan mosepx-
Hocts N mpencrasaser coboir Top S x S, To mogMHOXKECTBO
N — Dy C M#N HasuBaiOT pyukot.

TeopeMma o kiaccupUKaIUK MOBEPXHOCTEH. a) SaMKHY-
Mas OPUEHMupyemas noseprrnocms M noanocmuio onpedeasem-
CA UUCAOM CBOUL PYUEK G, M.€.

M e {$%, T?=§' x S', T2#T2,..., #T2,...}.
i=1

(6) Opuenmupyemasn noseprnocmv M ¢ xpaem noAROCMBIO
ONPEIEAteMeas YWUCAOM CBOUT DPYUEK g U UUCAOM Obipox (m.e.
KOMNOKENM Kpas) h.

(8) Heopuewmupyemas 3amxnymas noseprnocms N nped-
cmasasem co00t CBAZHYIO CYMMY g IKIEMNAAPOS NPOEKMUBHOT
naockocmu RP?, m.e.

N € {RP?, RP?#RP> /, Rp2
€ { , # ,...,.#1 A
i=

(2) Heopuewmupyemas noseprrnocms N ¢ Kpaem NoAROCMbIO
onpedeasemca woauuecmeom g caaeaemviz RP?, erodawuz 6
CBABHYIO CYMMY, U KoAuuecmsom Juipox h.

Kacarensunie BekTOphl. Kaxnou Touke x audgdepenin-
pyemoro muOroobpasmus M" 6e3 Kpas MOXHO COIOCTABUTH M-
MEpHOE JIMHEMHOE IPOCTPAHCTBO 1, M"™ KacaTelbHLIX BEKTOPOB
B TOUKe . KacaTelbHBIN BEKTOP MOXHO TIPEICTABIATE cebe Kak
BEKTODP CKOPOCTHU IBUXEHUSA TOYKU MO0 MHOT006pasmio. Akky-
pPaTHOE ONpeneteHue BHITVIAIUAT CaeayommMm obpasom. IlycTo
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v : R - M"™ — nudpdepenuupyemoe oTOOpaAKEHVE, IPUIEM
v(0) = =z, T.e. ¥ — kpuBas Ha MHOroob6paszuu M", npoxons-
mas depes TOuky z. Kaxgou muddepeHmmpyeMon QyHKIAN
f:M™ — R MOXHO COIIOCTaBUTDL YUCIO

Dy(f) = 2 (F(v(®))) le=o0 -

Kpussre y; u 72 OyaeM CIMTaTh DKBUBATEHTHHIMH, ecau D, =
D.,. Knacc { 5KBUBaJIEHTHLIX KPUBLIX HA3HIBAIOT KQCAMEAbHbIM
sexmopom K MHOroobpasmo M B Touke x. Dymxmmonan Dy,
COOTBETCTBYIOIIAN KACATEILHOMY BEKTODPY &, HA3LIBAIOT NPOU3-
800101 N0 nanpasaenuto sexmopa . KacaTelbHBIN BEKTOP, CO-
orBeTcTBYyIOmmE pynxunonary D¢ + D, Ha3bIBaIOT cYymmol BeK-
TOpOB & U 7).

§3. PumanoBa MeTpmKa Ha MHOT006pa3un

IMycte M — nmexoropoe C'°°-muoroobpasue. IIpennonoxum,
YTO HA KaXJIOM KacaTelbHOM mnpocTpaHcTBe 1M 3amaHo cka-
JApHOE mpou3BefeHue (v, w), IPUIeM DTO CKAIAPHOE POU3BEIe-
HIE TVIAJKO 3aBUCUT OT &, T.€. 0TOOpaxkenue v — (v, v) ABIAETCA
orobpaxkenneM kiaacca C'°° muoroobpasus T'M, cocTosamero u3
BCex KacaTeabHEIX BekTOpoB K M, B R. Toraga rosopst, 94T0 Ha
MHOr000pa3uu M 3anaHa pumarosa Mempuxa.

Ilycre M — MHOroo6pasue ¢ 33, 1aHHOM PUMAHOBOM METPUKOH,
a+y:[a,b] » M — rmagkas xkpusas Ha MmHOrO06pasuu M. Torga
daunoli KpUBOU 7y HA3KIBAIOT YUCJIO

b
lz/\w’@)\dt,

rae |7'(t)| — [IVHA BEKTOPA CKOPOCTU KPUBOU vy B TO4Ke Y(t)
(pra maMHA OmpegeaAETCA C MOMOILIBIO 33JAHHOTO CKAIAPHOrO
npousBefenus). Paccmoawuem Mexpy Toukamu r,y € M Ha-
3LIBAIOT TOYHYI) HUXKHIOK CPAaHb [JIWH TVIAIKUX KPUBEIX, COEqU-
HAOIMX TOYKYU T U Y.

Teneps MOXHO ONpefeIuTh £-OKPECTHOCTE y371a K B MHOTO-
obpasum M3 (T.e. 06pasa OKPYKHOCTH TIPH TIAJKOM BJIOKEHUH
B M?) xak MHOXECTBO TOUeK, yaaieHHsx o K He Gosee 1eM Ha
¢ (mpegBapurensHo HA M° HYXHO 3a1aTh PUMAHOBY METDPUKY).
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§4. dyHFaMeHTAJIbHAA I'PYNIIA M HAKPLITHAA

IIycre X — Tomomormyeckoe mpOCTPAHCTBO € OTMEYEHHOU
Toukou L9 € X. Ilemaeti B npocTpancTee X HA3BIBAIOT TAKOE
otobpaxenue f: I =1[0,1] - X, uaro f(0) = f(1) = z9. Pynda-
menmaavnott 2pynnoti m (X, o) HABLIBAIOT MHOXECTBO KJIACCOB
T'OMOTOIIHBIX IIE€TEJb (HpI/I 9TOM B IIponecce roMOTONnnn IJOJXHO
coxpauaTbea cBoucTso f(0) = f(1) = zg). IIpouseedenuem gByx
metenb f u g HA3LIBAOT neTIo h = fg, 3agaHuyo GhOpMyIon

F(2¢) mpu 0<¢

ht) = g(2t —1) mpr  1/2 <

OTa omepanusa IpeBpamaeT MHOXKeCTBO 71 (X, Zg) B rpymmy.

EquHUYHBIM 51€MEHTOM 3TO IPYIIE CILY XKUT KJIACC IOCTOSHHON

merau f : [ = x9 € X, a 00pATHEIM 3JIEMEHTOM [JIA KJIACCA TIeTIN
f(t) cxyxur xnace nerim g(t) = f(1 —t).

Ecmu npocrpancteo X aunetino céasno (T.e. 10OBE qBE TOY-
ki T1,T2 € X MOxHO coeguuuTh myTem « : I — X, «a(0) =
z1, a(l) = z3), TO s MOOLIX ABYX TOYEK L1, Ly € X IPyNObI
m1(X,x1) m m (X, z2) usomopdubl, nprdeM u3oMOpPUIM 3a4a-
eTcs popMyaon v — aya” !, rae o — HmyTh, HAYIMHA U3 TOYKM
Z1 B TOYKY To. IlodTOMY yHIAMEHTAJBHYIO IPYIILY JUHETHO
CBA3HOrO NPOCTPAHCTBA X [IA KPATKOCTH YaCTO OOO3HAYAOT
71(X), Omyckas OTMEYEHHYIO TOYKY Zq.

HenpepriBaoe otobpaxkenue ¢ : X — Y JIMHEUHO CBA3HBIX
IPOCTPAHCTB, MEPEBOIANIEe OTMEYEHHYI0 TOUYKY B OTMEUYEHHYIO
TOYKY, MHIyOUPYET roMOMOpPGuU3M (QYyHIAMEHTAJIBHEIX 'PYIII
px : m(X) = m(Y), KOTOpBI HEPEBOAUT TOMOTONIIECKUIL
kiaacc neram f : [0,1] & X B roMOTONMYECKHN KIACC METIN
of:[0,1] =Y.

DyngaMeHTANTBHYI0 TPYINY 4acTo ObIBaeT yAOOHO 331aBaTh
[IOCPEACTBOM 00DPA3YIOMMX U COOTHOWmEHUN. [las TOro 4o
naTh (POPMATBHOE OIMpPeNeNeHne TPYIIIEL, 33, IaHHOU 00pa3yomuy-
MU ¥ COOTHOIICHUAMU, HAM IIOTPEOyeTCs IOHATUE C80000HOM
epynnwt F, ¢ n obpasyrowumu ai,...,a,; rpynna F, cocrout
w3 €406 W = ;' ...a;*, rge € = *1 npudem B ClIOBE W HET
coueTaHn OyKB a,-az-_1 u az._la,-. Ipoussedenuem CioB w1 M ws
HA3BIBAIOT CJIOBO W1Ws, NOIYIEHHOE B PE3yJIbTATE 3AMUCK CJIOBA
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Wo TOCJE CJI0BA W1 U MOCIEIYIOMINX COKPAIIIEHIN BCEX BO3HUKIINX
COYeTaHUN aia;I ua; a;. TlycToe clOBO ABNACTCS €IUHITHEIM
BJIE€MEHTOM rpynnsl F,.

Ilycrs wy, . . . , W, — HEKOTOPHIE CJIOBA, COCTABIEHHEIE U3 OyKB
alil, .,atl.  Tpynnoi c obpasyowumu ai,...,a, u coom-
HOWEHUAMY W1, ... , W), HA3EBAIOT (axroprpymny G = F,/H,
rae F,, — cBoboguas rpymnma ¢ 00pasyoImMa a1, ... , 0, H —
MUHUMAJIBbHAA HOPMaJbHaA TMOATPYNNaA, COAep¥XKalllasd IJIEMEHTHI
Wi, ... ,Wg. I'pynny G 06BIYHO 0003HAYAIOT TIPU DTOM

(a1, .. yan | w1, ..., w).

HemnpepriBuoe orobpaxenue p : T — X Ha3BIBAIOT HOKPLI-
muem, ecau y aobon Touku r € X ectb okpecTHocTh U, s
npoo6pasa xkoTopon p 1 (U) cymecrsyer romeomopdusm hy Ha
U xT, rge I' — guckpeTHOE MHOXECTBO, IPUYEM BBIIOIHIETCS
COOTHOIIEHNE KOMMYTATUBHOCT To hy =p,raen : U xT' = U
— eCTeCTBEHHAs NPOEKIINs.

IIpegnonoxum, uro T u X ausenHo cBA3HBL. Torma mJs Jro-
6oro mytu v : I — X u s mobou Touxu & € p~1(y(0)) C T
CYIIECTBYET eQUHCTBEHHLIN Y Th 7 C HAYAJIOM B TOYKE ', HAKPHI-
BaOIM Iy Th 7y, T.e. p(5(s)) = y(s) upu Bcex s € I. Ilpu sTOM,
eCau IMyTH 7y, U Y2 € 00mmM HadaitoM Ly = ¥1(0) = 42(0) romo-
TONHEL U IOMOTONWS OCTABJAET HEMOABUXKXHEIMU UX KOHIEI, TO
HAKPLIBAOLIME UX IIyTH, BHIXOLALINE U3 OJHON TOYKU T, IPUXO-
IAT B OfHY TOUKY, T.e. 71(1) = A=2(1).

MoxHO nOKa3aTh, 9TO ecau KOHe4uHas rpymnna G meucTByeT
Ha, MHOrooOpasuu M 6e3 HemoIBUKHBEIX TOYEK, TO €CTECTBEHHA
npoekuns p : M™ — M"™/G Ha mpOCTPAaHCTBO OPOUT SABIIET-
¢ HakpeITHEM. B TakoMm ciaydae mpocTpaHcTBO opbutr M"/G
ABIAETCA MHOI0O0Opa3ueM.



Pewenuna 3zapau

T'maBa 1

1.1. Cm.puc. P1.1.

-

Puc. P1.1

1.2—-1.4. Mu1 coBeTyeM CaenaTh U3 OJHOU WK HECKOJbKUX Be-
PEBOK MAHHLIN y3€J WIN 3AIEIICHNE, PACTIOIOXKUTE €r0 Ha, CTOJe
B BUJE JAHHOU IUATPAMMEL, a 33TEM MHOMNLITATHCA MOJYYATH U3
HEro APYrYI0 JUATPAMMY.

1.5. IIpu noBOPOTE OPUEHTUPOBAHHOI'O TPUINCTHUKA HA 180°
BOKpyT ocu [ (puc. P1.2) opuenTanusa MeHseTCs HA IPOTUBOIO-
JIOXKHYO.

YO

Puc. P1.2
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(a) (b) () (d)

() &’8 (f)&)p

Puc. P2.1

2.1. BzaummoynwmuToxaioTcs 6 map mociezoBaTeIbHBIX IeTe-
gek (13 16 BO3BMOXHEIX), & UMEHHO, T€, YTO M300PaXKEHBl HA
puc. P2.1.

Tepsoie yeTwipe ((a)—(d)) yHEITOXAIOTCA TOCPENCTBOM TPIO-
Ka YUTHH, & IBE OCTABIINECS IAPHI YHUITOXKAIOTCA IIOCPENCTBOM
npeobpasoBanus Peugemencrepa (s.

2.2. Ha cdepe Bzaumoyuumuroxkarorcs 8 map. K mecru ma-
paM, yHUYTOXAIOIMAMCS HA ILUIOCKOCTH, NOOABIAIOTCS €INe IBE
napel, usobpaxenusie Ha puc. P2.2. OHM yHUYITOXKAIOTCA IO-
CPeACTBOM TPIOKA Ha cdepe, IOCIe KOTOPOro AeIaeTCs Ipeobpa-
3oBanue Pengemencrepa ()s.

)

Puc. P2.2

2.3. Ilpexmge BCEro OTMETHM, YTO KPaeM CKPYUEHHOU JIEH-
THI cnyxut TpunucTHuK. [locie mepBoro paspesa moayduM aBY-
CTOPOHHIOI0 TOBEPXHOCTH, OCPAHUYEHHYIO ABYMS TPUIUCTHUKA-
Mu (KOTOpEHIE 3aUeriensl apyr ¢ apyrom). Ilocae sroporo pas-
pes3a MoIy4YuM [Be OBYCTOPOHHWE JEHTHI B BUJAE TPIINCTHUKA,
KOTOpEIEe OyIyT 3aleIeHsl apyr ¢ gpyroM. Paspesas obe atu
JIEHTHI, TONy4uM 4 NBYCTODOHHUE JIEHTHI B BUJE TPUIACTHUKA,
3arernienHEe IpyT ¢ gpyrom. Ha n-m mare moxyumm 27! 3a-
LIETLTEHHLIX JeHT B BHAJ€ TPIINCTHUKA.
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I'naBa 2

31. a)a®—a'+1—-at+a¥

(6) —a** +2a" —a®+2a ' —a®—a°.

3.3. O0benuuenne nepekpecTkoB auarpamm Li u Lo cosma-
IAeT C MHOXECTBOM IIEPEKPECTKOB KaK AuarpamMmul Ly # Lo, Tax
u quarpammel Ly Ll Ly. TlosToMy Kaxmgou mape COCTOAHUU i U
s auarpamm Li u Ly MOXHO CONOCTABUTL COCTOSHUE Sy JUA-
rpammel Ly #Lo u cocrosume s muarpammel Ly LI Ly. Tlomo-
KUM JIs KPATKOCTH a1 = as1), ax = a(sg) u T.0. fcwo,
9T0 i = ay = o1 + o u By = Pu = B1 + B2. Kpowme Toro,
Y# =7+ —1umy = + 7. llosTomy

<L1#L2) — z S#GQ#bﬁ#C’Y#—l — Z aa1+azbﬂ1+ﬁ2c’n+‘72—2 —

= <Zaa1bﬁlcw—1> (Zaa2bﬂ2c"2_1> = (L1){L2).

Anamormaao

(LiULoy = ¢y a*e2pfitfeentn= = o(L,)(Ly).

51,82

Acuo Takxe, 94TO
w(L1#L2) = w(Ly U Ly) = w(L1) + w(L2),
05TOMY
X(Li#Ls) = X(L)X(L2) u X(Li U Ly) = eX (L)X (L).

3.4. amerienusa, n3o6paxkeHHbe Ha puc. 3.16, MOXHO mpes-
craButTh B Buge Ly # Lo u Ly# Ly, mosToMy ux noauHoMmu JxxouCA
pasust V (L1)V(La) = V(L2)V (L1)-

3.5. [oxaxem 6omee oOliee yTBEpKIEHUE, 3 MUMEHHO, €CIUN
qacThb Ly y3na win 3anemtenus L 0TpaxaeTcs CAMMETPUYHO OT-
HocuTeabHo npsavou | (puc. P3.1), To noxydennoe B pesyabrare
3aLEIUIEHIE UMEET TOT K€ CAMBIN TOAMHOM [ OHCA, 9TO U UCXO -
uoe 3anemenne L. Ilpu 5rom Mer npegnosaraeM, 9To guarpam-
Ma [; 3akirovueHa BHyTPU NPSIMOYTOJBHUKA, CTOPOHEI KOTOPOI'O
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-—
~

Ly

-
]

5

Puc. P3.1

[epeceKaT auarpaMMmy L pOBHO B 9eTHIPEX TOYKAX, PACIOJIO-
KEHHEIX MMEHHO TaK, KaK NOKa3aHo Ha puc. P3.1 (wmrareas Ge3
TPya HAUAEeT TaKOU IPAMOYTOJLHWK Ha puc. 3.17).

IIpu cuMMeTpUM OTHOCHTENHHO MPAMOU YHCIA €; = £1, cym-
Ma KOTODPBIX PABHA MHBAPUAHTY W, HE N3MEHAIOTCS, IO3TOMY [IO-
CTATOYHO AOKa3aTh, 4To (L) = (L'). Kaxnomy nepekpecTky
ouarpaMMel L COOTBETCTByeT MepeKpecToK auarpammiul L' mo-
3TOMY JIOO0OMY COCTOSHUIO TUArpPaMMEI L, MOXHO CONOCTABUTH
Takoe xe coctosaure quarpammer L'. Torga mocte yHUITOXEHNA
[epeKPeCcTKOB auarpamMm L; u L) monyduMm auarpaMMel, CUMMe-
TPUYIHBIE OTHOCUTENBHO mpamont | (puc. P3.2).

Puc. P3.2

OcraeTcs 3aMeTUTh, YTO NIPU CUMMETPUAN OTHOCUTEILHO TIPs-
Mou [ YacTM AUArPAMMEI, JEXKAIMUN BHYTPU HPAMOYTOJBLHUKA,
KOIWYECTBO KOMIIOHEHT CBSIBHOCTY 3AllEIVIEHUs He M3MEHAeTCS
(puc. P3.3).

4.1. U3 coornomenus (4.1) crenyioT paBeHCTBa, B300PAKEH-
HEIE Ha puc. P4.1.

Muarpammer By u By monydarorcsa u3 auarpaMMber B nmoBopo-
TOM B IPOCTPAHCTBe Ha +18(0°, mM03TOMY OHM COBIAIAOT.
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[} (1 (] [ ] 1 [ ] ]
'\ ." , e, > ": !
S | et
N ‘._/
BN N
\ '/ PSRN P
+—1 — | —
Puc. P3.3
AD]B|=laD]dB|-|4ADgHB
=4 B, |—| A [ B
Puc. P4.1

4.2. (a) Ha puc. 4.4 BCe XOPJOBHIE AMATPAMMEL MOPALKA 3
CUMMETPUYHEL OTHOCUTEIHHO BEPTUKATLHOI'O JUAMETPA.
(6) Cwm. puc. P4.2.

Puc. P4.2

& § &
Ao &

Puc. P4.3
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4.5. (a) YTobu gokaszaTb TpebyeMble COOTHOIICHUS, HYKHO
3anKUCcaTh YeTHIPEXUIEHHBIE COOTHOIIEHNS, IIEPBhIe LIEHBl KOTO-
pBIx m3006pakeHs! Ha puc. P4.4; mpu 5TOM HenoIBUXHEIE XOP b
1300pakeHbl MyHKTUPOM.

(6) U3 3anauum (a) cremyer, 9TO BCe HEHYJIEBHE AUATDAMMEL
nopAnKa 4 BHIPAKAIOTCA 9€Pe3 YKABAHHEIE TPU AUArPaMMEL. Ile-
pebop BCEeX BO3MOXKHLIX BapPUAHTOB UETHIPEXWIEHHOT'O COOTHO-
IIEHUA TOKA3bIBAET, YTO B YCJAOBUM 33Ja4M () BEIIUCAHEL BCE
HETPUBUAJBHBEIEC COOTHOIIICHUA MEX Y HEHYJCBBIMU NUAT'DaMMa-
mu. [Mosromy dimAy = 3.

T'maBa 3

5.1. (a) lycre G — rpynna, 3aganHas o0pasyouMu a, b
u coorHomenueM a° = b2. Jlerko IpOBEpUTH, YTO COIOCTa-
BICHUA a — TY, b — zyr mw z — a~'b, y — ab la moxmO
[IPOJOIKUATH N0 B3aUMHO OOpaTHLIX romMomopdusmoB G — Bj
u B3 = G. B camom gene, coornomernue a® = b? mpempamia-
eTCA B TYTYTY = TYTTYT, T-€. YTY = TYTL, 8 COOTHOIICHUE
zyr = yry npespamaerca B a bab laa b = ab~laa"'bab la,
T.e. a® = b2

(6) CooTromrernus z(zy) (zy)3z n y(zy)® = (zy)3y oxBu-
BaJeHTHEL cooTHomenuwo (ryz)(yry) = (yzy)(zyz).

5.2. OTOXJIEeCTBUM ILIOCKOCTH R? ¢ MHOMXKECTBOM KOMILTEKC-
wuix gncen C. YmopsigoueHnHomy HAOOPY U3 N TOYEK 21, . .., 2, €
C MOXHO CONOCTaBUTH TOYKY (21,...,2,) € C". Touxknm
Z1, -+ 3 Zp TOMAPHO PA3IUIHLI TOI'IA U TOIHLKO TOT A, KOT 13 KOOD-
OVHATEL TOYKA (21, ..., 2, ) HOMAPHO PA3IXIHEL ITOOHI HEpenTH
K HEYyTIOPAJOICHHBIM Ha,60paM u3 7 TOYIEK, HYyKHO OTOX JCCTBUTH
Bce Touku C", mOIyYeHHBIE OPYT M3 OPYra MEepeCTaHOBKOU KO-
OpAUHAT.

3:
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5.3. Oxement P(n,C) ogHO3HAYHO ompenensercs HaGOPOM
KopHe#, moaTomy mpoctparctso P(n, C) romeomopduo C'(n, R?).

5.4. (a) CM. I0OKa3aTEIBCTBO TEOPEMEL 8.8.

(6) 1o crenyer us myukTa (a) u 3anauu 5.3.

6.1 (a) 3aMBbIKaHWUA TEPBEIX IBYX PACCMATPUBAEMBIX KOC U30-
TONHEL TPUBUAILHOMY Y31y, & AByX APyrux — Koabuam Boppo-
Meo.

(6) TlepBhie nBA 3AMBEIKAHUA TPEICTABIAIT COOOU JEBLIM U
OPaBEIU TPUIUCTHUKY, KOTOPHIE HE W3OTOMHH (y HUX DPa3HBIE
nonuHOME [IxK0oHCa). 3aMbIKaHue KOCH by by bfl ABJAETCA TPUBH-
AJTBHBIM JIBYKOMIIOHEHTHEIM 3AIICTUICHUEM, 8 OHA U3 KOMIIOHEHT
ODPYTOr'0 3AMBIKAHUSA ABIACTCA TPUIACTHIUKOM.

6.2. (a) TpumucTHUK.

(6) Kombua Boppowmeo.

(B) ¥Ysen BocbMepKka.

6.3. Takyio NOBEePXHOCTH (M3BECTHYIO MO HA3BAHUEM T106€EPT-
Hocmy 3etiepma) MOXKHO MOJLYIUTH, COENUHUB AUCKU, OTDAHU-
YEeHHEIE OKPYXHOCTAMU 3erdepTa, IPAMOYTOJIbHBIMA MOJOCKA-
mu. Takue CKpy<YeHHBIE IPAMOYTOJIBHAKY CTPOATCA HJIs KaXKJ0-
ro mepekpecrka. [lBe mapauenbHbe CTOPOHEL IPAMOYTOJBHUKA
NPUKIEUBAIOTCA K AUCKAM, 4 IBE APYTWE CTOPOHHI CILyXAaT Be-
TBSAMHU y3J1a Ha DTOM mepekpecTke. Boaee mogpoGHOE onwcanue
9TOU KOHCTPYKIMM MOXKHO HauTu B [Pra), c. 23-29.

6.4. Ecin ykazauuu, IPpUBEIEHHLIX B (hOPMYIUPOBKE 3a0a4M,
OKaXKeTCs HeJOCTATOYHO, CM. OPUTMHAIBHY0 pabory [Vog].

T'1aBa 4

8.1. 3amanuM CHAYAIA OPUEHTAUIO HA 00meM kpae N 2 MHO-
roo6pasuit M7 u M3 B muoroo6pasuu M?3. Jlas sToro 3anaimm
B KaxJon Touke N? pemep ej,es. 3aTeM K KaXKIOMY TaKOMY
pemepy n06aBUM BEKTOD €3, HAITpaBJeHHEIA BHyTph M;. Opu-
EHTALNIO, 33 JAHHYI0 TAKUM TPEXMEPHBLIM PEIepOM, MOXKHO MPO-
JOMXUTEL ¢ OOIIero Kpas Ha MHOroo6pasua M7 u M.

8.2. PaccMoTpuUTe MHBEPCHUIO IPOCTPAHCTBA R° ¢ eHTpoM B
TOYKE, PACIOJOKEHHON BHE BHIPE3AHHOU CHEPHI ¢ PYIKAMMU.

8.3. §2 x St

8.4. IlpumennTe onmcanue pasbuenus Xeropa npoCTPAHCTBA,
L(p, q) B wacTHOM cayuae L(2,1) = RP3.
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9.1. Cwm. puc. P9.1.
2l 2 6 2~
o~ (Gl (dn

Puc. P9.1
11.1. m(L(p,q)) = Z),.

T'maBa 5

12.1. Pacnonoxum Teqo ¢ pydakamu M; meHTpamrsHO cuMMe-
TPUYHO U PACCMOTPUM CAMMETPHUIO OTHOCUTEIBLHO LEHTPA CUM-
metpuu. Ilycts s : OM7 — OM} — orpanuvenue >ToU meH-
TPaJILHON CAMMETDPUH Ha Kpai MHOTooOpasus M;. SflcHo, uTo
s obpamaeT opuenTanuio MEOroo6pasus OM;. Paccmorpum ro-
meomopduamet f u so f. Fcau Mbr npukiaenm Kpau 0JHOTO DK3eM-
wispa Tena M} K Kpaio Apyroro SK3eMILIApPa Mo JTI060MY 13 DTHAX
roMeoMophu3MOB, TO TOTyIuM MHOTOO6pasue M3, Omua u3 ro-
MeoMOppu3MOB f u $0 f COXpaHAET OPUEHTAINIO MHOT006pa3us
OM3, a apyroit o6pamaer ee.

12.2. Kpusnie 8 u ' cosepmarnT pasHOe 9ucCIO 0O0POTOE B
MepI/Ir[LI/IOHaJII)HOM Ha,Hpa,BJIeHI/II/I.

12.3. Ilycte n;; — m30TONHNA, CBA3LIBAIONIIAS I'OMEOMOP-
$usm n; ¢ TOXKAECTBEHHEIM FOMEOMOPGU3MOM, T.€. Nijo = N; U
n;1 = idy. Torga maoromus ny ¢ 0 hy o...o0mng, o hy CBA3LIBAET
roMeOoMOP(U3MEL 711 © By O ..M 0 hy 1 hy o -+ -0 hy.

12.4. (a) 3aunemnenue Ly COAEPXKUT OJHY 3ay3IEHHYIO KOMIIO-
HEHTy, & y 3auemieHus Lo 066 KOMIOHEHTHI HE3ay3/ICHEL.

(6) Bocnoawayurecs aemmon 12.5.

12.5. (a) MoxHO cuuTaTb, 9TO mOIHOTOpUE 1 BIOXKEHO B
R3. Tlpum srom yzen K; B R® Tpusmanen, a yser K, sBaser-
€Sl TPWIMCTHUKOM. Il0DTOMY OCTATOYHO AOKA3aTh, YTO JIO-
Oy wsoromuio f; : T — T MOXHO TPOAOIKUTH A0 U30TO-
mm R®. Paccmorpum e-okpectHocTh U mommoTropus T B R3.
Sameikanue mMHOoxecTBa U \ T romeomopduo 0T x [0,1]. Ilpn
DTOM MOXKHO CIUTATb, YTO TOYKKA OT OTOXKAECTBIEHHI C TOUYKA-
mu 0T x {1}. Ilycts g — orpanudenue f; Ha OT. Paccmorpum
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romeoMopduaM hy : 0T x [0,1] = 0T x [0, 1], sananssm dopmy-
aon hi(z,s) = (9st(x),s). Tak kax

ht(mao) = (go(.%’),()) = (1'70) u ht(ma 1) = (gt(m)al)a

MBI BUIUM, 9TO romMeoMopduaM h; MOXKHO MPOAOIKUTHL 10 T'O-
MeoMopduaMa, mpocTpaHcTBa RS, KOTOPHIM COBMagaeT ¢ f; Ha
nonmuoTopuu T’ m ToxgecrBen BHe U. Takum o6paszoMm, MBI mO-
cTpomau nponomkenue usoronuu fi : T — T 10 m3oTonuu BCero
nmpocTpancTsa R3.

(6) Paspexem moanoropue T' o MepUIVOHAILHOMY NUCKY U
cpenaeM ckpyduBanue Ha 27 (puc. P12.1). Ckreus monxHoTOpHTE
CHOBa, noay4dum romeomopdusm f : T — T, nepesogamuu K; B
K. Tlpu stom orpanuvenue f na T\ K; sBaseTcs romMeoMop-
duamom, nepepogsamum 1"\ K B T\ Ko.

Puc. P12.1

Puc. P12.2

12.6. IIpsamoe npoussegenne aucra Mébuyca Ha oTpesok [0, 1]
MOKHO IPEJCTABUTb B BUAE LUWIMHIDPA, U3 KOTOPOIO BHIPE3AH
MEHBIINY IWIXHAD, IPUIEM TOYKN GOKOBOU IIOBEPXHOCTU MEHb-
IIero IMINHADA CKIeeHHl TaK, KaK MOKa3aHo Ha puc. P12.2. Tlo-
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CJIe DTOU CKIECUKY BCE TOYKY GOKOBOU MOBEPXHOCTHU MEHBIIIETO 1K~
JUHAPA, 33 MCKIYEHNEM TOYeK MepecedeHus GOKOBOU MOBEPX-
HOCTY C OCHOBAHUAMHU, CTAHOBATCA BHyTpeHHuMuU. ClenoBaTenb-
HO, KPayl IMOJIYYEHHOrO TPEXMEPHOT'O0 MHOIO0GDA3UsI TOMEOMOp-
deH cpepe ¢ AByMsA IBIDKAMU, 3aKICE€HHBIMU OBYMS JUCTAMU
Mébuyca, T.e. OyTeuike Kaenna.

12.7. Ilyctb 0 : M™ — M™ — uuBOmIOIUsA 6€3 HEO[BUXKHBIX
Touek. Paccmorpum muOroo6pasue M™ x [0,1] n oroxgecrsum
roukn (z,0) u (o(z),0) ama Bcex £ € M™. Bce Toukm ogHOU
koMroHeHTH kKpasgt M ™ X {0} cTaHOBATCs BHYy TPEHHAMY, TODTOMY
KpPaeM MOLYYEeHHOI'0 MHOI000OPa3us CIyKUT APYras KOMIIOHEHTA,

kpas M™ x {1}.
12.8. (a) 0(®o, %1, - - -, Ton, T2nt1)=(—T1, %0, - - - , —T2n41, T2n)-
(6) (T(Z(),Zl, .. .,Zgn,22n+1) = (—21,20, ceey —Zgn_H,fgn).

(B) 3aMbikaHwe JH060U OJHONAPAMETPUIECKOU HOATPYIIILL B
KOMIAakTHOU rpynme Jlu ABIAETCA TOPOM; TOP COAEPKUAT OKPY K-
HOCTB; OKPYXHOCTBb COJAEPKUT 2JIeMeHT a nopanka 2. Ilomoxum
o(9) = ag. Torma o(g) # gu o°(g9) = a’g = g.

12.9. C noMompo GapPUEHTPUIECKOrO MOAPA3 JEIEHUA TPU-
aarymanuun K mocTpouTe Taxoe KIeTowHOe pazbuenme K', aTo
a;(K'") = ap_(K). 3arem cpaBHATE ATLTEPHUPOBAHHEIE CYyMMEI

D (=Diai(K) = Y (—1)ai(K).

i i

12.10. Cxrens gBa 9K3eMILIApa MHOr006pazus W mo To-
XK IECTBEHHOMY FOMEOMOPGhU3MY WX KPAEB, TIOLYIAM MHOT006Da-
sme N"t1. TIposepsre, aTo X(M™) = x(N"1)(mod2). Ecmx n
meueTHO, TO X(M™) = 0, a ecm n weTHo, To x(N"1) = 0.

12.11. Mposeprre, uto X (RP?") = 1 u x(CP?") = 2n + 1.



TJIABA 6 321

T'1aBa 6

15.1. Tlpu uaMeHeHun opueHTAIMU KPUBOU J MEPEKPECTOK C
€ = 1 mpeobpasyercsa Tak, Kak TOKa3aHo Ha puc. P15.1. s
nepekpecTka ¢ € = —1 mpeoOpa3oBaHue AHAJOTHUIHO.

\_)\/{\&;7

Puc. P15.1

15.2. 3amemunenne L = {J, K} MOXHO DPaCIOIOXATL MEXIY
OBYMS HMapatebHbeMy miockoctamu [Ty u IIy (puc. P15.2).

e

Puc. P15.2

Berancanm 1k(J, K) mas guarpammel 3anemnenus L Ha mioc-
koctu I1;, a Ik(K,J) Boraucaum gia guarpaMMel 3auemennas L
Ha mnockoctu I1;. Ha puc. P15.3 nokasano, Kak BBINIAIAT WH-
TEpeCyIMe HAC TePEKPECTKU 3Tux auarpamm. flcHo, 1To 06a
PE3YIbTATA BEYUCJACHUN COBMAJAIOT.

I, | IH1 Hzl

Puc. P15.3
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15.3. OpuenTupyeMm maHHEE KPUBBIE TPOU3BOJLHEIM OOpa-
30M. Jlerko npoBepuTh, 9TO KOI(DHUIMEHT 3AIEIIEHUS KPUBLIX
pasen coorsercreenno: (a) +1; (b) £2; (¢) £3; (d) £1. (He-
OIPEJEJeHHOCTb 3HAKA CBS3AHA C HEOIPEIEJEHHOCTHIO BHIOODA
opueHTanuu KpuBbix.) Bo BCex YeThIpex crydasx KOd(hQUIMEeHT
3allellIeHns He PABEH HyJIIO.

15.4. Paccmorpum npou3BonbHyio kKpusyio K, coHampaBieH-
Hyto ¢ J. Yacts gmarpamwmul, rae kpuBele J u K mapatenbHbBI
(puc. P15.4 (a)), MOxXHO mpeo6pa3oBaTh Tak, KaK MOKA3AHO HA
puc. P15.4 (b), wiu Tak, kak nokasaso ua puc. P15.4 (¢). IlosTo-
my lk(J, K') moxuo 3amennTs Ha lk(J, K) + 1 wm ma 1k(J, K) — 1.

£ =—

l e=+41 /
(a) (b) (©)

Puc. P15.4

15.5. Tpebyembre mapasuienn m300paKEHBI MYHKTUPOM HA
puc. P15.5.

Puc. P15.5

16.1. IIpencraBum mepBoe 3ameieHne TakK, KaK TOKA3AHO HA,
puc. P16.1. Cuenaem ckpyuusanue ua —1 o6opor. B pesyanrare
HOJIy‘{I/IM HOBEBI€ OCHAILIEHU

ri=1/(-141)=ocomrh=n-1

Ho nepecTponika mo HE3ay3JEHHOU KPUBOU C OCHAIIEHUEM 00 TO-
XK JECTBEHHA.
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7'1:1‘ ’

Puc. P16.1

To =1

16.2. (a) [Jna npouwsBoabHBIX 71 € QU 0o u 1 € Z MOXHO
crenaTh nmpeoOpasoBanue, w3obpaxkennoe Ha puc. P16.2. B ca-
MOM Jefe, KOd(pOUIIUEHT 3alellIeHNs y3/1a 1 OKPYKHOCTU PaBeH
Hymo, moaromy rh = ry + Ik*(K,J) = ry. Tomoxus r; = oo,
noxyauM TpebyeMoe peoOpa3OBaHuE.

SO

1+1/’I'1 1+1/7"1
Puc. P16.2

(6) Mas npoms3BOAbHEIX 11 € QU 0o 1 79 € Z MOXHO CIEIaTh
npeoOpa3oBanue, m3oobpaxennoe Ha puc. P16.3. B camom mere,
K02 GIUIMEHT 3aLEIIEHUA Y313 U OKPYKHOCTH PaBeH £2, 03To-
My Ty = To — lkZ(K, J) = ro — 4. Tlomoxus r; = 00, mOIy4uM
TpebyeMoe peoOpa3OBaHUE.

Pwuc. P16.3
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18.1. ®axroprpynmna I*/I*' moryuaerca ua rpynmer I* no6a-
BIeHUEM cooTHOmeHus zyz 1y~ ! = 1, T.e. zy = yz. osToMy

I T = {z,y | ayz = yzy, y2’y = 2°, vy =y} =
={z,ylz=y, Y =2}={z |2 =2} ={z|z=1}.

18.2. O6pasyoume ¢ u b MOXHO BHIPA3UTHL YEPE3 T U Y, a
obpasyomue £ X Yy MOXHO BhIpasuTh uepe3d a u b. IlosTomy
JIOCTATOYHO I0KA3aTh, ITO COOTHOIICHUS TYT = YTy U yr’y =
73 dKBUBaTEHTHE! cooTHOmeHuaM a® = b® = (ba)?.

[peanonoxuM cHava€a, 910 TYr = yxy u yr’y = x°. Torga
u3 onpeneeHus a u b cregyer, 9TO

(ba)? = zyz(zyz) = zyzyzy = b u (ba)® = z(yz’y)zr = 2° = d®.

[peanonoxum Teneps, uro a® = b® = (ba)?. Torma a* = bab
u b2 = aba. osTomy

zyz = ba = a0 = yry n yz’y = a”bab = a ta? = a® =23

18.3. Kpusas J misa npaBoro TpPWIKCTHUKA, C OCHAIIEHTEM — 1

[OJIYYaeTCs U3 KPUBOU J [JIs JIEBOIO TPWINCTHUKA C OCHAIIEHU-

em +1 (cm. pme. 18.5) pobasrenmenm nByx BuTkoB 1. IlosTO-

My 3aKJIeMBAaHUE KPUBOU J MEPUAMOHANBLHLEIM AUCKOM IPUBOLUAT
K cooTHOmenmo yrzr * = 1, T.e. yx(zyz~!)z~* = 1. Taxum
obpasoM,
(M?) = {a,y | oye = %y = 2%

T Z T,y | TYT =yYry, yr'y =T -

Cuenas 3ameny a = x, b = xy, nonydum
m (M3) = {a,b | a” = b = (ba)?}.
18.4. Iycts G = 71 (M3). Toraa

GIG' ={z,y|lz=y, ¥’ =2°}={z|2> =23} = {2 |z =1}
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19.1. Cwm. puc. P19.1.

Puc. P19.1

TimaBa 7

20.1. IIpegmonoxum obparaoe. Torga HAKPHIBAIOLIEE MHOTO-
o6pasue CONEpXKUT 3aMKHYTHIA IIyTh Y, M3MEHAIOMMNA OPUEHTA-
LU0, T.€. TAKOU 3aAMKHYTHIA IIyTh 7, 9TO €r0 HeJab3s MOKPHITH
KOOD JUHATHEIMY OKPECTHOCTSAMHY C COIVIACOBAHHEIMY OPUEHTALIN-
svu. MaJbiM meBeseHreM MOXHO JOOUTHCS TOr0, 9TO 7y He Oy geT
IPOXOAUTH Yepe3 MPOOOPA3Hl TOYEK BETBIEHUs. Torga Kpusas
p(7y) 6yaer samxuyTOM KpUBoK B M2, mamensIomen opueHTaImIo,
YTO NPOTUBOPEUNT YCIOBUIO.

21.2. (a) Cormacuo Teopeme 21.5 nveem pasenctso x(M7) =
nx(M?), rae n — amcao aucTos HakperTus p. llosTomy 2 — 29 =
n(2 — 2h).

Puc. P21.1

(6) Ha puc. P21.1 nokasaHo, Kak yCTPOEHO HAKDHLITHE Ce-
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peL ¢ h = 3 pyuxkamu chepon ¢ g = 7 pyukamu. (B sTom cryaae
g—1=3(h—1).) OTo6paxenue p MOIYyIAETCA B PE3YILTATE OTO-
K IeCTBICHUs TOYeK M, 92, KOTOPHIE NIePEXOAT APYT B Apyra Ipu
noBoporte Ha 27/3. B o0miem ciydae KOHCTPYKIWS aHATOIMYHA.
21.3. IlycTth @ — KOAM4YECTBO TO4YEK, M3 KOTOPHIX COCTOUT
npoo6pa3 Touku BeTeaenus. Coruacuo dopmyae (21.5)

X(D?) = n(x(D?) - 1) +a.

Yuurtrsas, uto x(D?) = 1, notydaem a = 1.

22.1. CoruacHo Teopeme 22.3 CyIECTBYEeT PA3BETBIEHHOE HA-
kpuiTue p; : M3 — S3, MHOXECTBOM BETBJICHHS KOTOPOT'O CIy-
KUT OJHOMEPHEIH 0cTOB TeTpanapa I. Ilpexcrasum chepy S°
kax R3 Uoco. MoxHO camTaTh, uTo T — MpaBUIBHEIA TETPasIp B
R3. IIycTs | — ock cumMeTpuu TeTpasapa T, IpOXOIAmaa Yepes
€ro BEPLUIVHY U LEHTP NPOTUBONOIOXKHOK rpanu (puc. P22.1).

}

il

Puc. P22.1

Oroxecteum Toukn R® | KOTOpEIE MOTyTIalOTCA APYT U3 APY-
ra moBopoToM Ha 120° Bokpyr ocu . B pesyabTare cHOBa moay-
aum R®. YkazaHHOE OTOX JeCTBICHWE TPUBOINT K PA3BETBICHHO-
My HaKpHITHIO pp : S° — S3, MHOXECTBOM BeTBJIEHUS KOTOPOTO
CIyKUT OKPY*XHOCTb [ Uoo. OTobpaxkenue p = pyop; : M3 — §3
SIBJIETCS PA3BETBIEHHLIM HAKPHITHEM. Ero MHOXECTBO BeTBIE-
HUSI COCTOUT #3 OKPYKHOCTH [ U 0O M OJHOMEDPHOI'O KOMILIEK-
€a, KOTOPBIX [OIy4aeTcs u3 pebep Terpasapa 1 mpu yKasaHHOM
oroxaecreaenuu (puc. P22.2).

1
[}

'
1
1
|
i
|
|
1
|
1
|
|
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22.2. Ilycte M3 — wmuOroo6pasue, morydenHoe u3 S° me-
PECTPOUKON MO OCHAIEHHOMY 3alICIUICHUI0, M300PaXEHHOMY Ha,
puc. P22.3(a). Cornacuo npemtoxenuto 22.8 cymecTsyer 2-
JUCTHOE pa3BeTBJIeHHOe HakpeiTue p : M3 — S% ¢ BeTBIeHWEM
HAJ TPWINCTHUKOM. YHUYTOXUB ONHY OKPYXXHOCTH C OCHAIIe-
HueM —1, MBI mepereM OT OCHAINEHHOr O 3anemnenus P22.3 (a) k
ocHamennomy 3auemtenuio P22.3 (b). Ilepecrpouka mo mocaen-
HEMy OCHAILIEHHOMY 3alervienuto gaet qunsy L(3,1).

LG &y §O

(a) (b)
Puc. P22.3

22.3. Ckuenm gBa moasoTopus 11 u Th 1o roMmeoMopduaMy ux
KPaeB, MEPEBOLAIIEMY MEPUANAHEL B Mapajueau. B pesyabrare
noxyunM chepy S°, mpmdeM CymecTBYeT M30TOMMA, MEHAIOMAL
mectamu Ty u Ty (cm. 8.6). Sfcuo, uTo eciu gia moaroTopus T
KpUBAsA UMeeT BUI pa + ¢, TO aas noaHoTopus 1o 5Ta Kpusas
nmeer Bujg qo + po.

23.1. HakpriBatomme romeoMOppu3Mel 11 CKPyInBaHUU Oa-
361 HA T U 27 u300paxens! HA puc. P23.1 u P23.2. Orpanuvenus
STHX rOMEOMOP(GU3MOB HA KPall ABIAIOTCA IOBOPOTAMY HA, 27 /3
1 47/3 COOTBETCTBEHHO.

Puc. P23.2
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24.1. TlepexpecToK, KOTOPLIM BO3HUKAET WIN UCIE3AET MDA
IIepBOM mpeobpas3oBaHuy PengeMencrepa, 00A3aTEILHO OIHO-
IBeTHLIN. Bce CyIIeCTBEHHO PA3IUYHEIE TPABWILHLIE PACKPACKA
MEPEKPECTKOB TIPU BTOPOM U TPETheM Mpeobpa3oBanuax Peume-
MencTepa m300paxkeHsl Ha puc. P24.1. ITOT PUCYHOK MOKA3HI-
BAET, YTO KaX[Ias MPABWIbHAA PACKPACKA UCXOMHOU IUArDPAM-
MBI MHIYIUPYET PABHO OJHY NPABUIBHYI PACKPACKY MOJYYEH-
HOU TIOCJIE MPEeOOPA3OBAHMUA TUATPAMMEI.

-

AN AT

L ]
N\
/S 2 N\ V7
H\/ -/ M\g
. J e
g NN A N/
Puc. P24.1
24.2. Ecmr p : M?® — S® — pasBeTBIeHHOE HAKpHITHE U
h: 8% = S% — HekOTOpLIA rOMEOMOPGhU3M, H3OTONHEIA TOXK Ie-
cTBeHHOMY, TO h o p : M® — S® — pasBeTBIeHHOe HAKPHITHE,

OUarpaMMa, MHOXKECTBA, BETBJIEHISA KOTOPOr'O MOLYIALTCA U3 UC-
XOTHOU AMArPAMMEI MHOXKECTBA, BETBJIEHUA [ P TOCPEICTBOM
IIOCKUX M30TONUU U npeobpasoBanun Pengemencrepa.
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24.3. Bce mnamubre mpeoOpas3oBaHUsg CBOIATCA K MPEoOPa3o-
BaHUW, M300pakeHHOMy Ha puc. 24.3 (CM. OCHOBHOHM TEKCT), U
npeobpasosanusM Pengemencrepa (cum. puc. P24.2).

S e DOOOC \f\/

S\ e\
HP U**(
z beead |19

Puc. P24.2

T'1aBa 8

26.1. (a) 3amymepyem oTMedeHHbIe TOuku aucka D2 mo wa-
coBou cTpeake. [yru ar060u Ga3UCHON AUATPAMMEL COEIUHAIOT
TOYKU PA3HOU Y€THOCTU. B camMoM jgere, myCThb Ayra COEAUHAET
mapy TOYEK OJHOU YeTHOCTH. TOrjaa OHA Pa3fesseT OCTAIbHBIE
TOYKE HA JBA MHOXECTBA, KAXI0€ U3 KOTOPHIX COCTOUT U3 He-
9eTHOrO umcad Todek. C APyrod CTOPOHBI, TOYKM KAaXkKAOrO U3
STUX MHOXECTB MOXHO Pa3OUTh HA MAPHl TOYEK, COCIUHEHHBIX
ayramu. [loaygeHo mpoTuBopedwe.

Paccmorpum guck D? ¢ 2(n+1) oTMedeHHBEIMY TOYKAMY KDas.
"3 Touku ¢ HomepoMm 1 myra 6a3uCHOUM AUArPAMMBI MOXET IIO-
nacTh B 0Oy 13 To4Yek ¢ Homepamu 2,4,....2(n + 1). Hyra,
coegunmiomas Touku 1 u 2k, paspesaer auck D? ma npa aucka
c2(k—1)u2(n—k+1) ormedenasivu Toukamu. B sTux guc-
Kax TpefyeMble HEIEePECEKAOMUECA JyT'M MOXHO IPOBECTH Ck—1
U Cp—k+1 PA3TUYHLIMEA CIOCOGAMYU COOTBETCTBEHHO. I10aTOMY

n+1

Cnt+1 = E Ck—1Cn—k+1 = E CiCn—i-

(6) Paccmorpum psag

(o]
= Zcixi, rae ¢; = dimS(D?, 2i).
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Corunacuo 3agage (a)

[eS) [es) k
zc?(x) = Z cic;jzTitl = Z:ck+1 (Z cick_i> =
4,j=0 k=0 =0
o0
= ch+1xk+1 =c(x) —co = ¢(x) — 1.
k=0
Penms kBapaTHOe ypasrenue ¢2(z)—c(x)/r+1/z = 0, moxyuum

(@) = 1£VT—4z _1+(1-20+...)

2z 2z
Pemrenme c¢(z) = 27! — 1+ ... Hac He yCTpamBaeT, IOITOMY
1—-—+1—-4z
c(z) = -

C nomomisio popmyasl 6uHoMa HeroToHa momydaem

o0
2n)!
S G L0 L
n.

(n+1)!" 7
1 2n
R | (n)

29.1. YHUYTOXUB ABA MEPEKPECTKA, MOXKHO IOJYIUThH PDABEH-
CTBO, n300paxkeHHoe ua, puc. P29.1.

1
n—1 n—1
(D ) a%
‘ -)
1
n—1 _ n7©_
—2
+ + ag
1

Puc. P29.1

n=0

CurenoBarensHo,

n—1

/

N
a_
)
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[as mepBon guarpaMMul (B IPABOUM YaCTU IOLYYEHHOT'O DPa-
BEHCTBA) YHUITOXUM MOABUBILYIOCA OKPYXKHOCTb. Torga mep-
BEIE TPU AUATPAMMEI CTAHYT IPONOPIMOHAIBHEL OJHOU U TOU XK€
ouarpamMme, Mo3TOMY MX MOXKHO 3aMEHUTH OTHOM AMATPAMMON C
kooddunmentom ai(—a2 —ag?) + 1+ 1=1— a§ (puc. P29.2).

1 1 1
n—1 n-1
R VAN =l
1

Puc. P29.2

Amanoruysoe yHUUTOXEHUE ABYX NEPEKPECTKOB [ U~
I'paMMEHL ¢ KoddduireaTom 1 — aé IPUBOIUT K PDABEHCTBY, U30-
6paxkenHomy Ha puc. P29.3.

1~ 1 1 1
N2 —ay_Mn2 (|
/
1

—+ (1—aq )/

H\\FD\ =

Puc. P29.3

IIpu perenun UCX0HOM 33,4a4H, T.€. B IPUCYTCTBUY JUATPAM-
Mer f(")| ma guarpammy ¢ koadduumenTom 1 — ag 4 MoxHO He
ofpamaTh BHUMAHNA, TAK KAaK OHA NPUHAMLIEKUT mogairebpe
A, nna koropoit f(MWA, = 0. B camom jere, Ipu gaibHeHIIeM
PA3MOXKEHNUN 3TOU JUATPAMMBI HUKOT' 13, HE TIOABUTCSA IUATPAMMA,
1,,, COCTOAMIAA U3 N TAPALIENLHEIX HUTeN. [l03TOMY B pesyabTa-
Te NOCAeJOBATEIbHEIX OIyCKAHNYI BHU3 HEIOPU30HTAILHON HATH
[IOJIy UM PABEHCTBA, U300pakeHHnie Ha puc. P29.4.

nl o |/ _2n| #(n 2-1)| ny
) 2 —=ag| () 2 —l=.=ay Y Fn)
/ /

Puc. P29.4



332 PEMEHUA 3A0AY

Bmecre ¢ paBencTBOoM, m3o6paxkenuwiM HA puc. P29.2, ouwm
NPUBOAAT K PABEHCTBY, M300pakeHHOMY HA puc. P29.5.

| ' |
1

Puc. P29.5

XO0TA MOMyIeHHOE COOTHOUIEHWE W HE ABIACTCA PEKyPPEHT-
HEIM, €r0 MOXHO WCTIONB30BATE [ TOT'O, 9TOOLI TOMYIATE Pa-
BEHCTBO, m3oOpaxkennoe Ha puc. P29.6, B xoTropom mocrexno-
BATENBHOCTD {C,} yAOBIETBOPAET CIEAYIOMEMY DEKYDPPEHTHOMY
COOTHOIIEHUIO:

cn=(1-— aé)ag(n_l) +a5%cn 1. (*)
1
L) f(n) O_ = ¢, M Fn) e
Puc. P29.6

OTO BHITEKAET U3 CJIEAYIOMIErO OYEBAIHOIO 3aMEIAHUA: B CU-
Tyamuu, u300paxenHoun Ha puc. P29.7(a), sremeHTH aareGpr
A, 1 TOXe MPUBOAAT K HYJEBHIM IUArPAMMAM, KaK U B CUTYa-
uu, u3o0paxennou Ha puc. P29.7 (b).

n—1

An—l—
ala 7 A e O

Puc. P29.7
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Tax xax f(®) coorBercTByeT mycTON ImArpamme, TO Co =
—(ag + ay?). Jlerko mpoBepUTH, UTO MOCIEIOBATETBHOCTD Cp =
2(n+1) —2(n+1)
—(ag + aq ) YAOBIETBOPAET KAK DTOMY HAYAILHOMY
YCIOBUIO, TAK U PEKYPPEHTHOMY COOTHOLIEHUIO ().

29.2. CormiacHO OmpeIeneHu:o,

(W) = <i Ansn(a)> =3 Au(Sa(@)o-
n=0 n=0

U

dnement (S, (a))y € S(R®) noryuaerca w3 S,(a) 3amenon oF

Ha k okpyxuocren, mostomy {S,(a))y = A,. Taxum 06paszom,

r—2 r—2 9
— 2 _ (2 —2\—2 2(n+1) —2(n+1)
(wyv = E AL =(ag—ag”) § :(ao ]
n=0 n=0
BcmomumB cooTHOIIEHNE aér = 1, noay4um
r—2 4 4 r—2
A(nt1) _ Q4" — G —4(n+1)
ag =—0 =-1, E a, = —1.
ag—1
n=0 0 n=0
IlosTomy

r—2 . 9
Z (a(l)(n-i-l) _ aa2(n+1)) - _9p

n=0

29.3. YHUYTOXEHUE OJHOI'O IMEPEKPECTKA, IMIPUBOIUT K COOT-
HOWIEHUO, n300paxeHHomy Ha puc. P29.8.

Puc. P29.8
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1
W”
@
| U
:ao

-
i1 9
+a6

S

Puc. P29.9

[uarpamma ¢ xkoapdunueHTOM ag ! rexur B mogaarebpe A,
[I03TOMY B IPUCYTCTBUU DJIeMeHTa f (") oma o0pammaeTcs B HyIb.
[ns nuarpaMMel ¢ KOhHUINEHTOM Gy YHIITOXUM €IIle OAUH IIe-
pekpecTok. B pesyiabrare moayuuMm COOTHOLIEHUNE, N300DaAKEH-
Hoe ua puc. P29.9.

Jmarpavma ¢ KodbQUIMEHTOM ay ' B IPUCYTCTBAM DIEMEHTA
f(™) Toxe obpamaercs B Hyab. C HOMOIIBIO IIOCKON H30TOMMY X
BTOPOT'0 U TPEThEro npeodpasosanunt Pengemencrepa guarpam-
My ¢ KOI(hOUINEHTOM ¢ MOXKHO IPeo0pa3oBaTh B AMArDAMMY,
nm300paxkenHyo Ha puc. P29.10 (a).

Puc. P29.10

Ilpw pemenun 3agaqu 29.1 MBI IOXYYMAX COOTHOIIEHUE, U30-
Opaxennoe Ha puc. P29.4. IlpumenuB 3TO COOTHOIIEHNE U yHU-
YTOXKUB MMETEILKY, MOXKHO 3aMEHUTD IMOIYYEHHYIO JUATPAMMY HA
nuarpaMmy, u3obpaxennyio Ha puc. P29.10 (b). B urore Brrau-



TyiABA 8 335

CJIEHUN TIOJIYYaeM, 9TO B IPUCY TCTBUAU DIeMeHTa [ (n) CIIpaBeIn-
BO COOTHOIIIEHUE, M300paxkennoe Ha puc. P29.11.

n ] 1
— (32D
_b = (—ap)ag oI

Puc. P29.11

IIprmeHuB 5TO peKyppeHTHOE COOTHOLIEHNE K AuarpaMmme, O

KOTOPOU UAET PEYb B yCJIOBUM 33,0a4H, IOLYIUM, ITO €¢ 00pa3 B
S(R?) pasen

(_a0)3na§(1+2+...+(n—1)) — (—1)”&32+2n.

B paccmarpusaemom ciyuae n = r — 2, aj = —1 u r HedeTHO.
IosTomy uckomas BerwamHa papra —(af)™ 2 = —(—1)""2 = 1.
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S(I x S") 262
— Mapxkosa 89
— Pengemencrepa 20, 281
— Penna-Pypka 179

IPUKJICUBAHUAE 110



350 IIPEAMETHBIA YKA3ATEJb

oTobpaxenuio 302

npobaeMa TOXIeCTBA NI
TpyIIEL KOC 78-79

pou3BefeHue KOC 72

NIPOU3BOAHAA IO
HampasaeHnio 308

nmpocTon ysea 23
IPOCTPaHCTBO-BpeMa 295

npocTpaHcTBo opbut 302
— skein (skein-
IPOCTPAHCTBO) 244

npoxong 13

pasbuenue Xeropa 103
— — MHOroobpasus c
kpaeMm 111

pa3BeTBIEHHOE HAKphITHE 189,
202

PalNOHAIbHAA
nepectponka 146

pegynupoBaHHaA Koca 79
puMaHoBa MeTpuka 308

poa anreGpanmveckon
xpuson 200

pydka moBepxHocTz 307

py4HOU y3ex 16

cBoboxHaa rpynna 309

CBA3HAA CYMMa
nosepxuHocTen 307
— — yamoB 17

cBsa3Hoe MHOXkecTBO 300

CHIMBOJI I/IHBapI/IaHTa
Bacuabesa 58

cummiaexkc 304

CUMILIATAIL HBIN
komzekc 305

CUMILIAIUAILHOE
pa3buenue 305

CUHTYJAPHBIA y3eax 53

CKUH-MHBAPUAHT
(skein-urBapuanT) 242

cko6ka Kaydmana 35
— Ilyaccona 292

CKPYy4YUBaHUE BJOIb KpUBOI 95
— Hena 124-125

COHAIIPABICHHBIE KPUBEIE B
moxHoTOpuu 153

cootHomenre tuna Kouses 44
cooTHomenusa Apruna 76
cocTaBHOU y3en 23

COCTOAHUE AMArPaMMbI 39

ClenuaIbHasg CACTEMA
OCHAIIEHHBIX KPUBBIX 220

cnur 290
craTucTmIeckas cymma 290

cdepa Ilyankape 164

TabmuIsl y310B 48
Temmeparypa 290

Teopema AJekcaHaepa O
romeoMmopdusme 93

— — — kocax 83

— — — HakpeiTuHAx 202

— Apruna 76

— Jena—Jlukopumra 125

— Kupbu 177

— Konnesuya 63

— JIukopmma o 3g — 1
KpUBBIX 224

— Mapxkosa 90

— Pengemencrepa 20

— Poxmuna 130

— Penna-Pypka 179

— Xuagena—MouTecunoca 210

Tenao ¢ pyukamu 102



TeHb y31a 46

TOIOJOITIECKOE
MmHOTOoO6pasme 303

TOMOJOTMIECKOE
npocrparcTeo 300

Tomoaorusa 300

Topmaeckur yzex 207
— — runa (2,5) 66

TOYKK BETBICHUSI
HakpeITHA 189

TPaHCBEPCATLHBIE
Tpuanryaanuur 195

TPEyToJIbHOE COOTHOImEeHne 294

TpexmMepHoe MHOroobpasme 101
— — ¢ kpaem 101

TPUAHTYJINPOBAHHOE
mHOroo6pasme 101

TPUAHTYJIANNAA
MHOroo6pasua 192, 305

TPUBMAILHLI y3ea 11
TPUINCTHUK 11

Tpiok Arexcannepa 83
— YurHu 28

y3ex 11, 12
— BOCbMepKa 11

VHEBEPCAJIbHOE 3alelienue 232
VHUYTOXEHUE epekpeécTka 85

ypasuenue ['ammasrona 293
— ITpéamurepa 293

— Oumepa—Jlarpamxa 293
— fAura-Baxcrepa 288

yTommueHHasa koca 94

dazosbm mepexon 290
¢da30BOE TPOCTPAHCTBO 292

daxTopmHEOXKECTBO 301

daxTopupocrpancteo 301
denmanosckuy uaTEerpan 296

dopmyaa Pumana—
T'ypeBuna 196

dyHzamMeHTaTbHAA Tpynna 119,
309

xaycaopdoBo
npocrpascTso 298-300

XOpJAoBaA AmarpaMma 5H8

IUKINIECKOe Pa3BETBICHHOE
HakpeITe 204

OEeIOYUCICHHBIC
mepectpouku 155

qactuna 290

‘{eTLIpeX‘IJIeHHOe
COOTHOIIEHUE 5H

3mIIepoBa xapakrepuctuka 130,
195

SIEMEHTAPHAS PEAYKIWA
KOCBI 79

2JIeMEHTapPHOe npeoOpa30oBaHMe
y3xa 14

SKBUBAJCHTHOCTDh INIaAKUX
y3a0B 15

— 3anemreHun 14

— xoc 71

— mepectpoek 156



