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[MPEANCJTOBUNE KO BTOPOMY NU3/TAHUIO

S mcnpITHIBAN OBOICTBEHHBIE YyBCTBA, MOTOBA KHUTY KO BTOPOMY M3-
ganno. MHe OBLIO SICHO, 9TO HAJO HCIPABUTL BCE OMMMOKN U OIEYaTKI,
HalJeHHBIE CO BPEMEHH [E€PBOrO M3JAHIA. DTO OBLIO JErKO, IOTOMY UTO
omn6KY GBLIN HE3HAYNTEAbHEL, 4 OIeYaATKI HEMHOI OYNCICHHEL.

Tpyaree GBLIO PEUINTh, HAJO JH JONOJHUTH TEKCT I XOTA OBl CIICOK
JANTepaTyphl. B KOHIle KOHIIOB s peLII, ITO KHUTa B TOM He HYXKIaeTCH.
I'1aBHAsA [EHHOCTH MATEMATHYECKON KHITH COCTOUT B TOM, UTO OHA YHUUT
quTaTels dIeMeHTaM MaTeMaTHIeCKOrO S3bIKa I HEKOTOPBIM HaBhIKaM. Hu
OJHA KHHUTA He MOMKET IIOJHOCTBIO HCYEPNATDH CKOIBKO-HIGYAb CEPBE3HYIO
06/acTh MaTEeMAaTHKI, Kak OBl HII CTAPAJCT aBTOP.

IceBpoguddepernuaibtble OMepaTOPLl JABHBIM JABHO CTAJH S3BIKOM
U TIOJE3HBIM OPYJIEM B YPABHEHNSX € YaCTHBIME IPOU3BOAHBIMHA. [losTOMY
6ECCMBICJIEHHO IBITATHCA UCIEPHATh 3Ty obaacTs. BoT mpocroe goxasza-
TeabcTBa 3Toro (axra. B miore 2000 roga B MathSciNet, Gaze gammpix
AMEPUKAHCKOT 0 MATEMATHIEeCKOr0 OIeCTBA, IOCTPOEHHON HA OCHOBE De-
deparusnoro xypuara Mathematical Reviews, 3a HECKOIBKO CeKYHI KOM-
mbioTepHOTO moncka c1oB «pseudodifferential operators (mcesgoguddepen-
IUATLHEBIN omepaTop) A Hamiea 3695 ncrounnkos (B ToM uuciae 363 xkuurm),
B KOTODBIX Takas KOMOWHAINS CJIOB BCTPEYAETCS B HA3BAHUN WIN pede-
pare. (Tam xe mammocs 963 mcrounuxa co caoBamu «pseudo-differential
operator», HO s He CMOT BBLSICHITB, KAKOBO IIePECEeYeHIe COOTBETCTBYIOINX
CIIICKOB.)

Bor peayabTaThl HONCKA IO IPYTUM BaXKHEHIINM TeMaM >TOI KHULM:

Fourier Integral operator: 1022 ncrounuka (8 ToMm udncae 105 xuur),
Microlocal analysis: 500 ncrounnxos (82 xuurm),

Spectral asymptotic: 367 ncrounuxos (56 xuur),

Eigenvalue asymptotic: 127 ncrounuxos (21 xunra),
Pseudodifferential operator AND spectral theory: 142 ucrounnka
(36 xmur).

AHaJorm4Hble pe3yJbTAThl MOLYUINIACH V MeEHs IPH NONCKe B Ga3se
TaHHBIX U3 gatoleroca B [epManun pedepaTUBHOTO KypHaaa Zentralblatt.
11 Bcero qmms 132 ncrounnka cogepixana 6ubanorpadusa nepBoro U3 aHNI,
KOTOPYIO i cunTal 60jee WIN MeHee mcdeprbiBaiomen. HecmoTps Ha 31O,
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A He MOTY yIepEKATLCA OT TOT0, ITOOLI YIOMAHYTH CIeIYIONINe TPH KHUTT
(B XPOHOIOTHIECKOM HODATKE):

Brining J, Guillemin V. (eds.) Mathematics Past and Present.
Fourier Integral Operators. Selected Classical Articles by J. J. Duister-
maat, V. W. Guillemin and L. Hormander, Springer-Verlag, 1994.

Safarov Yu., Vassiliev D. The Asymptotic Distribution of Eigen-
values of Partial Differential Operators, Amer. Math. Soc., 1997.

Ivrii V. Microlocal Analysis and Precise Spectral Asymptotics. Springer-
Verlag, 1998.

ODTH KHUTH COJepXKAT MaTepHal, KOTOPOro, IO-MOEMY, HeIOCTABAJO
yX&e B IePBOM W3 JaHUN: MOIYIeHNe YTOTHEHHBIX CIeKTPAILHBIX ACUMIITO-
THK MeTofaMn 6oilee IPOABHHYTOrO MHEKDPOJIOKAILHOTO aHATN3A (B HacT-
HOCTH, B IIOMOII[bI0 NMOGAIBHBIX HHTEMPAILHEIX onepaTopoB Dypoe).

ITo BBITIEyKA3AHHBIM NPUMAHAM S PEIINI He JOMOJHATHL 6ubanorpadiuio,
[IPUBEJCHHYIO B KOHIlE KHIIH, a JHIIb YTOIHII ee¢ (B YaCTHOCTH, JOOABUT
CCBIIKY HA HOBBIE M3JaHWUA CTAPBIX KHUT B TeX CIydadx, KOTJa MHeE OBLIO
I3BECTHO O CYIIECTBOBAHNN HOBBLIX I3 TAaHUI).

A pobaBun mexoTOpble OOBLICHEHNS B TeX MeCTaxX, I'Je 3TO Ka3ajlocCh
Heo6xoAuMBIM. Sl odeHb 6iarogapeH YUTATEIAM PYCCKOTO U AHDVIIIICKOT O
U3JaHNN, YKA3aBIINM MHe HesACHbIe MeCTa B HmepBoM m3janun. K coxame-
HOIO, Y MeHsA He COXPAHNINCH UMeHA BCeX UUTaTelel, KOTOphle MOMOTIN
MHe BBIIBATBL BCe HEACHBIE MecTa. Bce ke s xody ynoManyTs Ilabao Pa-
maxepa (Pablo Ramacher, Humboldt University, Berlin) xax megaBzero n
BecbMa JOGPOCOBECTHOTO YNTATENA, 3aMeIaHNA KOTOPOT O OLLIO MHE BeCh-
Ma TOJE3HEI.

A mageoch, 9TO 3Ta KHUra U CERYAC MOXKET BBHIIOJIHATH CBOIO [NIABHYIO
POJb: YIUTEL UUTaTeSed KPACUBON U MHTEPECHON MaTeMAaTUKe.

M. A. [Ily6un
9 ampeas 2001 roza



NPEANCJIOBUE K AHTJIMICKOMY U3 TAHIIO (1987)

K mHacToAleMy MOMEHTY BBIILIO YK€ MHOTO KHHUT IO IICeBgomudpge-
PEHIUAJBHBIM OIl€paTOpaM (B TO BpeMs KaK HX IIOYTH HE CYIIeCTBOBAJO B
MOMEHT IIOABJCHUS PYCCKOI'O I/I3,E[a,HI/Iﬂ). HOBTOMy €CTEeCTBCHHBIM 06pa30M
BO3HUKaeT COMHEHII€ B TOM, ITO HyXKHa €IIl¢ OJHa TaKasd KHITa. Tem He Me-
Hee, 1 JyMalo, ITO 3Ta KHUT'a MOXKET OLITEL II0JIe3HA BBHOY €€ 3aMKHYTOCTHU
7 MOAX07a, HAIIEJIEHHOT O Ha IPIIOKEHN K CIeKTPAJIbHON Teopuu. Kpome
TOr0, OHA COAEPXKUT HEKOTOpPLIE HIeH, He OMICAHHBbIE HI B KAKOW IPyron
KHUT€ Ha aHTVIHHACKOM SI3bIKEe. DTO OTHOCUTCS, HALIPIMED, K MeTOLY IpuOIu-
KEHHOI'O CIIEKTPAJBHOI'O IIPOEKTOpPAa, KOTOpBIIjl ABJAAECTCA YHUBEDCAJBHBIM
METOIOM HNCCIACIOBAHUSA CIIEKTPAJBHBIX aCIMIITOTHK — CM. INIaBY IV, a Tak-
xe 0630p C. Jeengopckoro B Acta Applicandae Mathematicae *).

Pa3yMeeTCﬂ, MHOI'O HOBOT'O IIOSIBIJIOCH B T€OpHH C MOMEHTAa BBIXOJa
PYCCKOI'O U3 JaHUA. CaMBIe BaXHBIC HOBBIC MOMECHTEI OTPaXE€HBI B II€pe-
TUCJICHHBIX HIUIXKE MOHOFpa(I)I/IﬂX.

M. A. [Ily6un
3 cenTabpa 1985 roza
JlurepaTypa
Eropos I. B. Jluneunse guddepeHnnaibHble YIPABIeHUA B YaCTHLIX POU3BO -

HBIX ryaBHoro Tumna. M., Mup, 1984.

Xépmanugep, J. Anamus sunennbmx quddepeHINATBHEX ONEPATOPOB C YACTHBIME

npousBoguemu, T. 1—4. M., Mup, 1986—1988.

Helffer, B. Théorie spectrale pour des opérateurs globalement elliptiques. Astérisque,

112. Société Mathématique de France, Paris, 1984.

Ivrii, V. Precise spectral asymptotics for elliptic operators. Lecture Notes in Mathe-

matics, 1100. Springer — Verlag, Berlin, 1984.

Kumano-go, H. Pseudodifferential operators. MIT Press, Cambridge, Mass. Lon-

don, 1981.

Pug, M., Canumon, B.. MeToan coBpeMeHHOl MaTeMaTu4ieckon pusuku, T. 1—4,

M., Mup, 1977—1982.

Pevnear U, llyasue, B. B. Teopusa ungekca >aaunTudeckux KpaeBeIX 3a1a4.

M., Mup, 1986.

Tennaop, M. IlceBgoauddepenumnanbubie oneparopbl. M., Mup, 1985.
Tpesn, ®. Beegenue B Teopuro ncesgoauddepeHITIATLHBIX OTIEPATOPOB U HHTErPATh-

HBIX orepaTopoB Pypee, T. 1, 2. M., Mup, 1984.

*) Teneps Bemmia u MoHorpadma: Levendorskii S. Asymptotic distribution
of eigenvalues of differential operators. Kluwer Academic Publishers, Dordrecht, 1990.
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Teopus mnceBiogud@epeHInaIbHEIX onepaTopoB (cokpamenao I1710)
CPABHUTEIBLHO MOJOJA: B CBOEH COBPEMEHHON (popMe OHa OBLIA CO3JaHa B Ce-
PeJIHe WIeCTHAeCATHIX rog0B. QIHAKO IOJYHeHHEIE C €€ IIOMOIIBIO IPOIBI-
JKeHUs CTOAb cyinecTBeHHBL, 4T0 6e3 [I1O yxke TpygHo cebe mpeicTaBuTh
COBpPEMEHHBIN aHalIIm3 I MaTeMaTndeckyio ¢usuxy. Ocobenno Baxusl II10
[ M3YYEHNs JUINOTHYeCKNX YPABHEHNN. YKe IPOCTENIne Ipeobpa3oBa-
HIA DIINOTHYECKIX OLEePaTOPOB (HAIPUMeD, B3ATHE 0GPATHOTO OIEpaTopa
N U3BJAedUeHNe KOPHf) BBIBOAAT 3a KaacC FUQPOEPEHINATLHEIX ONepaTo-
POB, OJHAKO NIPK Pa3yMHBIX ycaI0BusIX coxpausioT kiaacc [I10. Baxua poas
IIJO B Teopun mHEgeKca IMUITHIECKIX ONEPATOPOB, I'€ OHU HYXKHBL I
PAaCIIIPEeHIs KIacca BO3MOKHBIX gedopManui oneparopa. II10 nossasioT-
€5l IIPU CBeJEHNN HAa CPAHUIY KAKOU-INGO0 MPAHNYHON 32 a<N IS HJLINITI-
Jeckoro ypasHeHus. Taxknm o6pazom, [IJO Bo3zHUKAIOT He KaK CAMOIENb,
a Kak MOIIHOe I €CTECTBEHHOe CPEeICTBO m3ydeHns IupdhepeHInanbHblX
OIIEPATOPOB ¢ YACTHBIMH NPOU3BOSHBIMI (IPeXkJ€e BCETO SLIHITHIECKHX
I THOOMLINIOTHYECKNX). B odens Muormx caydasx IO mospoasior He
TOABKO C(HOPMYINPOBATE HOBBIE T€OPEMEI, HO II HHAYe B3[VIAHYTDL Ha CTa-
pble, MOAYYUTHL GoJiee IPOCTOE M IPO3PAYHOE M3IOKEHIE yiKe M3BECTHBIX
daxTos. Tak o6cTouT geno, Hanpumep, B Teopun npocrpaucts CobogeBa.

EcrecrBennnivm 0606uiennem [11O sBasioTcs nHETerpaibHble OEPATOPHL
®Dypoe (cokpamenno 110OD), nepBoHATAILHBIM BAPHAHTOM KOTOPHIX OBLI
xanoundeckuil omeparop B. II. Macaosa. IIpumepom OD sBasercs pas-
PelIalImui onepaTop 3agadn Komm gad runepGoamdeckoro ypaBHEHNS.
Taxum o6pazom, IOD urparT Ty ke pPOIb B TEOPHH TUIEPOOIMIECKUX
ypaeaenun, aro [IJ0O B Teopun >11u0THH9eCKIX YPDABHEHNAN.

Oauonl u3 HanGoxee cyuecTBeHHLIX obaacTen nputoxkenus [110 u TOD
SBJSETCS CIEKTPAJbHAS TEOPHUS HIIUITHICCKIX OMEPATOPOB. 3I6Ch BakK-
Ha BO3MOXKHOCTD ONHUCAHUS CTPYKTYDPBL PA3INIHBIX HETPUBHAILHBIX (DYHK-
Uil oT omepaTopa (Pe30IbBEHTHI, KOMIUIEKCHBIX CTEIeHEH, »KCIOHEHTH,
crexTpaasHOro nourn-mpoexropa). C momonisio II10 # NOD noxywaer-
cs1 TeopeMa 06 AHAIUTHYECKOM IPOJOIKEHNN (-(PYHKIUN OLNEPATOPA, DAL
CYLIECTBEHHBIX TeopeM 00 aCHMIOTOTHKE COOCTBEHHLIX 3HAYUECHIH.

B sToll xHUre IpeICcTABIEHO B HECKOABLKO NepepabOTAHHOM M PACIIN-
peHHOM Bue cogepxkanne Kypca aexuuil no [I10 u cuexrpansHOn Teopuu,
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IPOYNTAHHBIX ABTOPOM Ha MeXaHIKO-MaTeMaTudeckoM dakxyabrere MI'Y.
Hear »Toro kypca cocrosiia B 3aMKHYTOM H CHCTE€MATHYIECKOM M3JI0XKe-
mun Teopun IIJO m MIOD B cBsA3m cO CHEKTPAIBLHON TEOPHEH BHJLINIITI-
YeCKNX U CHIOMIINNTHYEeCKHX omepaTopoB. lIpm »ToMm aBTOp crapadcs, ¢
OJHOU CTOPOHBI, CAeJIATh N3JIOKEHNEe TOCTYIHBIM JJAs CTYLEHTOB, 3HAKO-
MBIX ¢ 063aTelbHBIM KypcoM aHaamsa-1II (Bkaiowas sieMeHTapHYIO Teo-
pHI0 0600IIEHHBIX DYHKINN), U, ¢ APYTOIl CTOPOHE!, JOBECTH U3JI0KEHNE 10
VPOBHS COBPDEMEHHBIX KYDHAILHBIX cTaTell. Bce 3To morpeboBano gocra-
TOYHO XKECTKOr0 0TO0pa MaTepuala, Ha KOTOPLII, €CTECTBEHHO, [TOBIMSIIN
U JIUYHBIE HHTEPECHL aBTOPA.

Haun6omee cyutecTBeHHBII MaTepuaa yieGHOrO XapakTepa PacIONOXKeH
B riaBe I u B go6aBaennn 1, ncnoab3yoeM Takxke TeopeMmsl u3 § 17 u § 18
raasel IIT (oTMeTnM, 9To § 17 BoOOLIe He ONHpaeTCs HE Ha KaKOH Ipel-
IIeCTBYIOINE MaTepual, a § 18 onupaercs auums za raasy I). Bee sTo Mbl
VCJIOBHO OGBEJUHIM B IIEPBLII KOHIEHTD, KOTOPHII COCTABIAET HEKOTOPOE
3aMKHyTOe BBefgeHune B Teopuio IO u BorHOBEIX (PPOHTOB 0606IIIEHHBIX
dyukmui. Ilo MHeHNIO aBTOpa, 3TOT KOHIEHTD IIOME3€H BCEM MaTeMaTH-
KaM, CIEIUATI3NDPYOMIMCS 10 (PYHKINOHAILHOMY aHAIN3Y I YPABHEHIIAM
¢ 9acTHBIME Dpom3BogubIME. [TogdepkHeM elte pa3, ITO HEPBLIN KOHIEHT]D
MOXKeT H3y4aThCs HE3aBIUCIMO OT BCET'O OCTAJILHOTO.

Tnasor IT u III cocTaBaAlOT, COOTBETCTBEHHO, BTOPOU U TPETUU KOH-
uenTpsl. 13 raasel I unraTens y3uaeT TeOPHIO KOMIIEKCHBIX CTEIEHEN I
(-QpYyHKIUN 3IIUN0THYEeCKOr0 omepaTopa. Teopema o0 moaiocax {-(QOyHKIUH
SABJSETCS, [MO-BIIIMOMY, OJHHM W3 CAMBIX 3aMeYaTeNbHBIX IPIMEHEHHN
nceBaoguMG G ePEHINATBHBIX OIEPATOPOB. B 3TON ke IrlaBe MOKa3aHO, Kak
13 3TOU TeOPeMBI MOXKHO BBIBECTH I'PYOYI0 ACUMITOTIKY COGCTBEHHBIX 3HA~
weunii. B riase I11 MoxHO HanTn Golee TOUHYIO TeopeMy 00 aCHIMITOTHKE
cOGCTBEHHBIX 3HAYEHNN. JTa TeOpeMa HCIOAb3YET DS IM3JI0XKEHHLIX 3IeCh
Ke cymecTBeHHBIX (dpakToB Teopun 10D, OTMeTnM, 9TO IMEHHO HA 3TOM
IyTH, XOTS U C UCIOJAb30BaHNeM Gojee moaHoll Teopun 110D, Boixogsmen
3a paMKH 3TON KHUTH, OBLIN IOLYYEHBl JAJbLHENINNe CYIIECTBEHHbIE IPO-
JABHXKEHHS B CIEKTPaIbHOH Teopun (cM. pasgen «KpaTkme aureparypHble
yKa3aHusmy ).

Haxomen, raasa IV n go6asrenns 2 u 3 *) cocTaBasor nocresunn (geT-
BEPTHIN) KOHIEHTp. 3ech n3noxera Teopus [I10 B R™, BosHuKIIAL B CBA3N
C HEKOTOPBIMI MaTeMAaTHIeCKIMH BOIPOCAME KBAHTOBON MEXAHNKI.

*) [do6abreHne 3 cogepKUT BCIOMOraTeAbHBIN MaTepHall 13 dbyHKIHOHAJILHOIO aHa~
MHU3a, UCMOAL3YeMBIN B TviaBe 1V U BEIIeJEHHLIN B go6aBjeHUe JUIIbL I4d yIoGCTBa.
IIpoaABMHYTHI YUTaTeNb, 3HAKOMBIM C TUM MaTepUaJ/oM, MOXKET He 3aryfAJeBaTh B
mobaBJeHne 3 UIN UCIIOAB30BATE €0 [MJf CIIPABOK, a HAYHHAIIEMY Gy TeT MOJAe3HO TTPO-
YeCcTh KobGaBjeHUE 3 ETUKOM.
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Heo6xoaumo cxa3aTs 0 MecTe B 3TOI KHITe YIPDaXKHeHNN U 3agad. Bkpa-
[JIeHHBIE B TEKCT YIPAXKHEHNUs SABJISIOTCA €r0 HeOTBEeMIEMOU 4HacThio, I,
KaK IpaBIIo, C(POPMYINPOBAHHBIE B HIUX YTBEDXKJEHIA ICIOIB3YIOTCA B
JaJbHenIeM. Bce 3TH yTBepKeHIsA IPOBEPSIOTCS HENOCPEICTBEHHO U He
JOKA3aHbI B TEKCTE JINIIL IOTOMY, YTO UX IPOLIE MOHITH CAMOCTOSITEIb-
HO, 4eM mpodecTb. Cogepxanme ke 3afad, oObLIIHO 60jee TPYIHBIX, €M
VIpaKHEeHNs, B TEKCTe He ICIOIb3YeTC s, XOTA I PA3BUBAaeT OCHOBHON MaTe-
PHAJ B IOIE3HBIX HAIIPBICHNAX. 3a a9l MOXKHO ICIOIb30BATE I KOHTPOIL
IOHIMAHNUS IPOYUTAHHOT'O, UX PeIleHNe IIOJAe3HO AJIA JIYHIIEr0 YCBOEHIA
moHATHN U MeToA0B. QAHAKO BPSJ JH CTOUT PEIIATh BCE 3aJa<l HOAPAL,
TaK Kak 3TO MOXKeT CHILHO 3aTOPMO3WUTH HIPOJABHXKEHUe Brepen. Bepost-
HO, IIPI [IE€PBOM YTEHHUH CAeAVET PELIATh Te 3aJa4l, COAePKAHIE KOTOPBIX
KaxKeTcs dnTaTelo Hanboldee HHTepecHBIM. B 3amadax, Kak 1 B OCHOBHOM
TeKCTe, MOMIMO yIKe M3JI0KEHHOT O MaTepUala, He HCIOAb3YIOTCA HIKAKIE
CBeJIeHIs], BEIXOALIIE 33 PAMKI OOBIMHOI'O YHIBEPCUTETCKOIO KYDCA.

ABTOp HajgeeTcs, ITO OpeflaraeMas KHITa 6y1eT IOIe3HA KaK HAYNHA-
IOIUM, Tak U Gojlee ONBITHLIM MaTeMAaTHKaM, JKeJIAMIM OBICTPO 03HAKO-
mutbes ¢ [IJ0 u ux HanGomee BaKHBIME IPIIOKEHUIMH, a TaKkKe BCEM,
KTO HHTEPECYETCS CHEKTPAILHON TeOPIeN WM IPUMEHSET ee.

B zakaodenme s xouy mobaarogaputhk B. U. Bessesa, T. E. Boro-
poackyio, T. B. T'upro, A. I1. T'yceBa, B. H0. Kucexesa, C. M. Kozmosa,
M. Od. Muccaposa u A. I'. Cepreesa, xoTopble IOMOLMIN 3alicaTh U 06pa-
6oTaTh npegraraemsle geknun; B. H. Tyarosckoro, pacckazapiero Mue cBo€
JOKa3aTeIbCTBO TEOPEMBL O PACIPOCTPAHEHNN 0COGEHHOCTEN I Pa3PeLInB-
urero npusecTH ero B »rol kuure; B. JI. Poirr6ypga, Hanucasitero no mMmoen
npockbe pobasienue 2; B. fI. Uspus u B. II. [laramogoBa, mpounTaBmnx
PYKOIINCEH U CAeJABUINX PAJ HOJE3HBIX 3aMEYaHN, & TakXkKe BCEX, KTO TeM
WM WHBIM CIOCOOOM IIOMOral MHe B paboTe.

M. A. [Ily6un
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I'TABA I

OCHOBHI TEOPHUH
IICEBAOANPPEPEHIIUAJIBHBIX OIIEPATOPOB

§ 1. OcumwwImpyrolme HHTerpaIbl

1.1. TIpeoGpazosanume Pyppe. IIpocTenrmmm TpuUMEpPOM OCIILLIAPYIO-
ero HHTerpaza ABlfeTca npeobpazoBanme Pypre dymknun (min 0606-
MIeHHOH (PYHKINM) YMEPEHHOT O POCTA.

IIycrs  S(R™) —mpoctpancteo Ilsapua dyaxmun  u(x) € C°(R"7),
y KOTODBIX KaxkJas NpOu3BOoAHAsd yObIBaeT mpu |z |— +00 GvIcTpee aio-
0Ol cTemeHu | |, T. e. Aua a00BIX o,

sup |2%(0%u) ()| < o0, (1.1)
TER™
3mech, kak OOBIYHO, & = (%1, ..., ¥y); «, f — MyIbTHHHIEKCH], T. €., Ha-
opuMmep, o= (a1, ..., ap), rge a; >0 un «; —memoe; z*=zxt.. . 2l
ol8l
d=(01,...,0n), Tae 0;,=0/dx;; P =97 9Pn=—2" e |B|=
(1 n)? J / Jo 1 n 5xfl...@xg"’ | |

=p1+...4 8. Jesre wactu (1.1) ompegensior B mpocrpascTtse S(R™)
HaGOp TMOTYHOPM, IPEBPAINAIOMNX €r0 B IPOCTpaHcTBo Dperte.
Ipeo6pazosanne Pypoe Qpyuknun u(z) € S(R™) naerca Gopmyron

(Fu)©=a(e)= [ fule) (1.2)

raeEERY, x-E=a 16 +. . 42,6, i=v/—1udr=dz,...dx, —mepa JleGera
B R”. Nurerpax B (1.2) GepeTcsa mo BceMy mpocTpamcTsy R”™, 4To BCerga
6y geT mogpa3yMeBaThCsA, €CAI SIBHO He YKa3aHa 001acTh HHTETrPUPOBAHNII.

UzBecTHO, wTO omepaTop F ompegenseT JIMHENHBIH TONOJOTHYeCKHN
msomopduam F: S(R™) — S(R™), npudeMm o6paTHEI omepaTop (06paTHOE
npeobpasosanne Pypoe) gaeTcsa GopMyIoN oGpaleHna

(i) (o) =uta) = [ = afe) de (13

rae dé = (2m) "d&y. . dE,.

Mu1 mokaxkem celdac, Kak pPacOpoCTPaHHTL Ipeobpasoanme Pypbe
(1.2) ma HempepBIBHBIE MYHKIUN 4 (Z), YZOBICTBOPAIOIMINE YCIOBHIIO: CYIIe-
crBytoT Takue (' >0 u N >0, aTo

() | < O™, (1.4)
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rae (z)= (14 |z|Y)? |e|?=27 + 23+ ...+ 22. TIpn 5ToM MBI TOTy<IM
(&) € S'(R™), rge S’(R™) — mpocTpaHcTBO, nBoncTBeHHOE K S(R"), T. e.
COCTOsAIIEE U3 IHHEHHBIX HEMPEPHIBHLIX (QyHKInoHa10B Ha S(IR™). MuI x0-
THM, TaKIM 06pa3oM, PeryaApH30BaTh THTEIPAl

o= [ e euw v dede (1.5)

rae (&) € S(R™), xoTopelll n 6yJeM CINTATH 3HadeHNeM (DYHKINOHAIA U
ma saemenTe (£). Ecan u(xz) € S(R™), To AcHo, ¥TO

(i, ) = / a(e) () de,

u6o naTerpan (1.5) B 3ToM caydae aGCOTIOTHO CXOIUTCA.
Mebr yxaxeM gBa PABHOCHIBLHLIX CIIOCO0a DeryagpH3alun HHTerpala
(1.5), OTANYHEIX OT U3BECTHOTO CIOCO6A, OCHOBAHHOIO Ha PaBeHCTBe Ilap-

ceBaJd, 1 0600IIAIOMINXCA HA 3HAYNTEILHO 6oslee O0OIIYIO CUTYAIINIO.
1 0

-t cmoco6. Iloroxum Dj; = T 92 D=(Dy, ..., Dn), (D)=(1+
+D? 4 .. 4 D)2 (06sramo Me1 6y gem ymoTpebasTs (D), rae k — weTHOE
HeOTpUIaTeIbHOE TncIo, Tak aTo (D) Gyzer guddepernnarbaeiv omepa-
Topom). BexTop D 6yzeT ynorpebaarbes u gas suddepeRInpoBaHus 1o £.
Bo um36exaHne myTaHNIL MBI 6ygeM Torga 0603HavaTh depe3 D, TOIBKO
9TO HANUCAHHBI BeKTOp D, a depes Dy — Takoll ke BEKTOD, B KOTOPOM

npouaBogHble 6epyTca mo &. Umeem
e_”'§:<x>_k<D§>ke_”f. (1.6)

IIycrs cmazaxa u(z) € S(R™). Torga, HOACTABIAA 3TO BLIpaXkKeHHe 1715
e~1¢ B mETerpalI (1.5), moay4mM, HHTErPUPYS IO TacTAM,

0= [ e Euta) () (De) o) o de (L.7)

DTOT mHTerpal ompefeleH yxe He Toabko mpu u(x) € S(R") u xaxe mHe
TOIBKO AIs aGCOMIOTHO HHTerpupyeMbix u(xz). UMenno, ecan u(x) ynosie-
TBOpseT onenke (1.4) mw k> N + n, To uaTerpan (1.7) aGCOTOTHO CXOANTCA
I MBI MOJKEM CIHTAThL €ro TpebyeMoll peryaapusanmen (1.5).

Yupaxuenne 1.1. [Iposepurs, ato dbopmyaa (1.7) npu k > N + n onpegeaser
HeNpepHIBHLIN MHEeNHBI dyHKkIonan @ € S’ (R™).

2-1 cmoco6. Iycts ¢(x) € CF°(R™) (mpocTpancTBo QUHUTHBIX Gec-
KoHeuHO Aud@epennupyemux Gyaxnui 8 R") u ¢(0) = 1. IToxoxum

Ia:// e T p(ex) u(x) Y(€) de dé, > 0. (1.8)
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DToT uHTerpaa abcorroTHO cxoaunrcsa. OKa3pBaeTCs, UTO CYyLIECTBYET
npegen [ =lim I, He 3aBucammn ot Bebopa ¢(x). B camom gene, BEIIOXHAS
e—0

B (1.8) To e MHTerpupoBaHNe IO TACTAM, UTO I PAHBIIE, MBI IOIYIaeM

L= [[ o pten) ute) ()M Do) w(e) da e

u ecan k> N + n, To upegex npu £ — 0 cyiecTByeT no TeopeMme JleGera u
paBeH BIpaxkeHmio (i, i), onpegerenroMy Gopmyaon (1.7).
Yunpaxueunue 1.2. Ilpoepurs, yTo dpopmyaa (1.7)7 HalUcaHHasd IPH Pa3HbIX k,
NPUBOAUT K OTHOMY U TOMY »Ke PYHKIUOHALY U.
1.2. OnpeaencHue OCHMIIUPYIOUIETO UHTETPATA U €M0 PEryaapu3anud.
PaccmoTpum Teneps 6omee obmmil, sem (1.5), naTerpan Buga

Iq>(au):// @ g (e, 0) u(x) de db. (1.9)

3pece 0€RY u z€ X, rge X —obracts 8 R™; u(z)€C(X), 1. e
u(x) € C°(X) u cymecTByeT Taxoit KommaxT K C X, 910 u|x\g =0. J1s
omncanus a(x, 0) u ®(x, 0) BBegeM DAL OUpPeIeICHII.
Onpegeaenne 1.1. Ilycte m, p m J —BellleCTBEHHLIE €|NCIA,
0<0<1, 0<p< L. Kaace
;’?5()( x RY) cocront m3 Taxknx dysxnmi a(z, §) € C°°(X x RY), 110
IS TIOOBIX MYJIbTHHHIEKCOB v, § m naa moboro xommaxkTa K C X cyrme-
cTByeT Takas mocrosHHaz C, g g, 9T0o mpu z € K, 0 € RN cmpapeniusa
OIlEHKA
|05 92 a(x, 0)| < Ca, 5, x (0)m~FlelFolAl, (1.10)
Buecro ST (X x RY) mer 6ynem mucaTs mpocto S™(X x RY). asee,

BMECTO ;’75()( X }RN) MBI OyJeM IOHCAaTh HHOT'AA IIPOCTO S;’?é. Ilonoxum
Takxke ST =[] S™.
m

Onpepgenenmne 1.2. Oyuxnus ®(z, ) nazsBaeTcea gaszosoti yrk-
yueti, ecmn ®(x, §) € C (X x (RV\0)) BemrecTBenHO3HATHA T TIOJOKITETb-
HO ogHOpOoaHA 1-ro mopagkamo § (T. e. ®(z, t0) =t®(x, 0) gua m06w1x 2 € X,
0cRY u t>0) u ®(z, §) me umeer KpuTmIecknx Todex mpu 0 #0, T. e.
<I>’x7 (2, 0)£0 mpu r € X, 0 € RV\0 (37ecH <I>’x7 o O3Ha9aeT IpajucHT QYHK-
mun ®(z, §) no mepeMenHBIM Z, §).

Onpepgenennme 1.3. HWurerpar (1.9), B koropom a(z, )€
€55 (X x RY), a ®(z, ) — pazosas GYHKINA, HABLIBACTC OCYUAAUPYIO-
WUM UHMEPAAOM.

Yunpaxuenne 13. Ilpoeepurs, uro ecmm a(z, )€ ngé(X xRY), To
g o a(r, 0) € ST X« RYN). Eean  eme  b(z, 6) €S75(X xRY), 1o

a(z, 0) bz, 0) € STH™ (X x RN).
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Hawmwa 6amxanmas melb — peryaspr3anis OCHIILINPYIOUEr0 HHTErPa-

a (1.9), me aBagOIErOC, BOOOIIE TOBOPS, abComOTHO cxonsmumcsa. Cie-

AYIOIIad JeMMa II03BOIAeT HANNCATE B 00IIeM cIydae paBeHCTBO THna (1.6).
Jemma 1.1. Ha X x RY cywecmeyem maroti onepamop

:Z (2, 0) 55 +Z by (i, 9)——1—6(1‘ 9), (1.11)

umo a;(z, 0) ESO(X x BN) bz, 0) € STHX xRY), ez, 0) € STHX x RY),
u ecau onpedeaums diopmaAbHo conpasicennwiti onepamop ‘L @opmyaoti

n

9 9
‘Lu(z, ) = Z} a_ kzl 5ar (k) +eu, (1.12)
]:

mo umeem mecmo moofc&ecmso
"Let® =i, (1.13)

Yupaxuenune 1.4. Oneparop 'L TakKe MOXHO 3alllICaTh B BHIe (1.11) Cc Apy-
ruMu aj, by, ¢, IpUHALICKAIIUMI, OTHAKO, TeM e KJIaccaM, KOTOPhIe GhLIM YKA3aHbI B
dopmyauposke miasa L.

Yunpaxuenune 1.5. [lokaszars, yro eciu M =1L, To L="M.

HoxazaTeabrcTBo aeMmMMbl 1.1. Umeem

%e :Zﬁv@, E@ :Zﬁe
Orcroga
Y 90 ? ;00 9
—i— |0 — + et =

(Zw\ 52 Yen=to

rae ¥(x, 0) € C(X x (RV\0)) u ¢(z, ) moroxurersro ogropogaa mo 0
nopsgka —2. IlosTomy

N
9® 9 00 9 | o
. 2 i®_ P
w{Z;' 0, 96, 6xk 8xk} =€
]:

I 0CTaeTCsa TOABKO INKBUANPOBATL ocobennHocTs npu f = 0. Ilycts x(f) €
€CC(RY), x(0)=1 npu |0]| <1/4 u x(6) =0 upu |#| > 1/2. Horomnm

n

N
M= 3= Ul =S iU T
j=1

dx; Ox
k=1 J J
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fcuo, aTo Me'® =¢'®, u nerxo mpoBepuTh, YTO BCe KOdDMDUIMEHTE Olle-

paTopa M o6aagapoT TpeGyeMBIMI CBOUCTBaMU. 10 Xe caMoe BEPHO U A5
L='M (cm. ynpaxuernne 1.4). OctaeTcs 3aMeTuTnb, uTo ‘L =M B cuiy
yvopaxuenus 1.5. l
Peryaspusanns unterpaza (1.9) 6ygeT mpoBeieHa ABYMS CHOCOGAMI.
1-1 cmoco6. Ilyers BHagamze m < —N, Tak 9To unTerpax (1.9) a6-
comoTHO cxoguTca. Ucmoabsys Toxgectso (1.13), Hanumem B 5>TOM HHTe-
rpate (‘L)*e'® Bmecto ¢!® n npounTerpupyem mo wactam k pas. Momy<mm

I@(au):// 60 K (q (e, 0) u(x)) do db. (1.14)
Ynpaxunenue 1.6. [IpoBepbTe 3aKOHHOCTL 3TOH OINEepaLUN.

Tonaras Temeps s =min(p, 1 —4), MBI Doay4IuM u3 ympaxHeHus 1.3,
<TO Lk(au)ESgé_ks(X xRN), Ecam p>0 m <1 (Tak wto s>0), wTo
OyJeT IpeamonaraThcsa BCIOLY B aibHemmeM, To ¢popmyraa (1.14) mosso-
AgeT ompeAeInTb mHTerpal [g(au) yke mpm ao060M m, BeIOHpas k Tak,
aTo m — ks < —N. Ilpu sTom unTerpan (1.14) yixe abcomoTHO cXoquTcs.

Yunpaxuenune 1.7. [lokasars, 9To npu dpukcuposannerx a u & narerpan Is (au),
paccMaTpHBaeMbIll Kak (yHKIHOHAT oT d1eMeHTa u € C§° (X)), onpegenser 06061eHHY O
¢dyukmmio Ha X — saement 2'(X) (npocTpancrsa, conpsaxentoro k C5° (X)).

2-i1t cmo c o 6. Bebupas y(0) € C5° (RY), x() =1 B okpecTHOCTH TOTKE
0 € RV, moroxmm

Iga(au):// x(e0) @ Da(x, 0) u(x) de d, &>0. (1.15)

WuaTerpupys mo dacTAM aHAIOTHIHO 1-My cmocoby, Hoqy<InM

Ip . (au) = // @O LR (\(e6) ax, 0) u(x)) de db. (1.16)

3aMeTHM, ITO
|95 x(0) | < C(0)71, (1.17)
rge mocTroaxuble C, He 3aBucaT oT € npu 0 <e < 1.
Yunpaxueunune 1.8. [IposepbTe cripaBeIinBOCTb OLIEHOK (1.17).
Mzt Bugum Temeps, uTo B (1.16) MoxHO mepeliTn K mpegery mpu £ — 0,
ucnoabaysa Teopemy Jlebera. Taxkum o6pasow, E11_r>r(1J Ip .(au) cymecrByer n

paser [g(au) B cMbicae gpopmyasl (1.14). OTcioga, B 9acTHOCTH, CIEIYeT,
uTo nHTerpan (1.14) He 3aBucuT ot k (ecan Toabko k JOCTATOYHO BEIHKO),
a mpegex uuTerpaos (1.15) mpu ¢ — 0 He 3aBucuT 0T BHIGOPA Cpe3alomel

GYHKIUNI Y.
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B nanpuenmeM MBI 6ygeM Gojdee WAM MeHee CBOGOTHO 0OpaIaThCA C
OCHILIAPYIOUINMI HHTerpalaMU, I0Apa3yMeBas BO3MOKHOCTEL UX PeryJid-
pusanmunl OJHNM 13 YKa3aHHBIX cIIoco60B.

Yunpaxuenune 1.9. [okaszaTk, 9To npun dukcuposanabx ¢ u u ocnmiaupyro-
mni uaTerpal Iy (au) npeicrasiseT co60l HENPEPHIBHBI JANHENHE QyHKINOHAI Ha
npocrpaHcTBe Ppere S:)"(;(X X RN), B KOTOPOM TOIOJOI'UA 3aJaeTCA MOJyHOpMaMH,
PaBHBEIMHI TOYHBIM HIDKHUM I'DAHAM BO3MOXHEIX HOCTOAHHEIX Cy g i B oleHkax (1.10).

7
[poseputs, uro sampkanme S~ (X x RY) » ngé(X x RY) cogepxur ngé(X x RY)
mpu mo6oM m’ < m. Takum o6pa3oM, peryIapu3alliio MoXHO PacCMaTPHBATh KaK TPo-
ToKeHUe JUHENHOTO (PyHKIINOHAJA IO HEMPEPHIBHOCTH.

1.3. TnmaakocTsb 0606uIeHHOM PYHKIMHE, OTIpeAeAAeMOM OCIT/LIND Y IOIIM
uHTerpatoM. BBenem BaxkHoe 0603HAYeHTE:

Co={(x,0): € X, 0 R0, ®)(x, 0) =0} (1.18)

0P 0P
ageck ®) —rpaguent Qyukmun ® mo §, T. e. BeKTOp (—, ces —))
06, 08N

MuoxecrBo Cp sABAseTCI KOHUYECKNM MOAMHOMXKECTBOM X X (}RN\O),
T. €. BMeCTe ¢ TOUKON (#p, fy) COmEPKUT Takke Bce TOUKH Buia (g, tfy),
rae t>0.

O6o3masasn 1epes m ecTecTBerHyto mpoeknmio m: X x (RV\0) — X, mo-
JIOKHIM

Sq>:71'0q>, R@ZX\S‘I,. (1.19)

PaccmoTpum o606mennyio Gyukmuio A € Z'(X), onpeenieMyo oCIu-
AUPYIOIMM HHTerpatoM Ig(au) mo dopmye

(A, uy=Ip(au).
Teopewma 1.1. Hmeem mecmo ekaouerue
sing supp A C S¢

uau, umo mo xe camoe, A€ C®(Rg).
MlokazaTelbcTBo. YTBepKIEHIE TeOPEMbl PABHOCIILHO TOMY,
9TO cymecTByeT Takad pyakunns A € C(Rg), uro ecan u € C§°(Rg), To

Ig(au) :/ Ax) u(z) de. (1.20)

ITonoxum

Az) :/ e g (2, 0)do. (1.21)

Iocaeguun nnTerpas npu ¢ € Rg npegcrasiseT cOG0U OCIIINDYIOMINT IH-
TerpaJ, 3aBICAINN oT napaMerpa . [Ipu guddepernnpoBasnn mo >ToMy
mapaMeTpy IOJIYdaloTCA HHTerpaJbl Toro ke Tuma. llo cymecTBy, pedn
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umeT 316k 0 AuQGpHePEHITUPOBAHNT 10 TAPAMETPY CXOAANIErOCA HHTErpaJa,
noxygawomerocs u3 (1.21) ommcanusM BbInle NpeobpasoanneM. IlosToMy
A(x) € C*(Rg). @®opmyaa (1.20) Teneps noxyaercsa TpusnaisHo. W

Teopema 1.2. Bcaua €S s(X x RNY wa=0 6 konuueckoti oxpecm-
Hocmu wmuoncecmsa Cy, mo A€ C°(X).

dJokazaTelbcTBO HOPOBOANTCA AHAJIOTHYIHO JOKa3aTEIbLCTBY Te-
opembl 1.1, TOCKOIBKY A€/M0 OMATBH-TAaKU CBOJUTCA K M3YIEHUIO OCIILIN-
pywomero maTerpana (1.21), BBugy Toro uro ®4(z, §) #0 mHa HocuTeme
a(z, 0). &

Onpepgenenmne 1.4. azopas pyukuns ®(x, f) HazbBaeTCA HesbI-

0P . .
poorcdennoti, ecan guddepeHInab d(ﬁ)’ j=1 ..., N, munensno He3a-
J

Bucumsl Ha Cg mam, 4To To ke camoe, rank |[®4, 8 ||=N (rank sgecs
0603HaMaeT paET MaTpPHIIEL, a caMa MaTpHIa B 6oilee TOAPOGHON 3aImCH
IMeeT BILI

PR R PR R
00108, ' 08,00y 00,03, 081 0wn
1@y @Y=
PR R PR R
00N 08, T 98y 08n 00y dry 00y dvn

u pasMmepsl N X (N +n)).

IMpengnoxernune 1.1. Ecau ® — nesviponcdennan gazosas Gynryus,
mo Cp — nodmnozoobpasue pazmeprocmu n 6 X x (RV\0).

JokazaTeabcTBO 6aHAILHO MOJYUIETCS U3 TEOPEMBI O HEABHOU
¢dyukmuu. B

Cuaegyromas TeopeMa yTO4dHsIeT TeopeMy 1.2 B cay<ae HEBBLIPOK IEHHOI
¢azoBoll PYHKIINI.

Teopewma 1.3. ITycmv ® neswponcdena, a € S;’?é(X X RN), npuuem
EbINOAHEHO YCAOBUE:

caubo p>6 u p+6=1, aubo p>d u ® aunetina no O». (1.22)

Tozada

1) ecau a umeem na Cg Hyav Geckoneunozo nopadra, mo A(xz) € C®(X);

2) ecau a=0 na Cg, mo cywecmeyem maroe b€ S;?g(p_é) (X x RM),
umo Ig(au) = Ig(bu) npu awbom ue CF(X).

3dameaanne. IlocrenHee yTBepKIAeHHEe MOKA3BEIBAeT, 9UTO €CIN
alcy =0, T0o 06001UeHAY 0 OYHKINIO A MOXKHO TaKkKe ONPEIeIUTD, 3aMEHIB
a(z, 0) va b(x, #) ¢ Tonl ke dasosont dyukumen. IIpn sTom b(x, #) nmeeT
MEHBIINH TOPAIOK POCTa [0 f, ITO 03HaIaeT GOIBIIYIO peryIaIpHOcTs A(z).
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g noxazaTenbcTBa TeopeMul 1.3 HaMm moragobuTcs pag aeMmu. Ilepsas
I3 HOX OTHOCHTCA K 3aMeHaM IepeMeHHBIX B QyHKIuAX ki1acca S ;. IIpe-
XK Je BCETO 3aMETHM, ITO HMeeT CMBICA [OBODUTH, ITO a(z, 0) ESp N
rae U — mobas koHm9ecKkad 1o § 061acTs B mpocTpancTse R x RV, Tmen-
HO, MBI OyJeM mucaThb, 9To a(z, §) € S;’?é(U), ecan I II60r0 KOMIAKTa
KCc(®*xSN-1)NU (agecy SN~! —emmananmas cdepa 8 RY) u gas mo-
OBIX MYJIBTHHHIEKCOB v, § CyIlecTByeT Takas nocrosuuas Cy g x >0, 1T0
omenxa (1.10) Bumoanena npu (z, 6/|0|) € K u upu |6 > 1. lIpegnonoxum
Temeps, 4TO 3agaH IuddeomopdusM KoHmIecKkol obmactu V C R x RV
Ha KOHmYeckyio o6macTb U CR”™ x RY, mepecTaHOBOMHBIN ¢ ecTeCTBeH-
HBIM Je[ICTBHEM MYJIbTUILIHKATABHON IPYNNEl Ry IOIOXKUTEIbHBIX <H-
cexr, T. e. guddeomopdusM, mepeBofammi ToUky (y, 7)€V B TOUKy
(x(y, m), Oy, n)) €U, rme x(y,n) un 6(y, ) HOIOKUTEIBHO OZHODOIHBI
no n mopagkos 0 u 1 coorseTcTBenno. CueraeM B Gyukmun a(z, §) sameny
epeMeHHON, moJaaras

by, n) =a(x(y, n), 0(y, n)). (1.23)

Jdemma 1.2, Hyemwv a(z, ) €Sy s(U) u svtnoaneno odno uz caedyio-
WUT Mper ycaosul:

a) p+d=1

6) p+0 21 ur=u(y) ne sasucum om 1;

B) x=w(y), £=£(n).

Tozda b(y, n) € 57" 5(V).

JoxaszaTeasctTso. Jupdepernupys b(y, n), moxyzaem uz (1.23)

ab 08 dx
9 _ pl 2 4 by —= | 1.94
ony ZJ: ony Zk: ) on (1.24)

a@ybr Z @9] +Z (k) @yr (125)

da 99,

. d
re ) = S (e(w, ), 09, ), by = 5, (2w, 1), 0(y, 1)) Pymxcmmn 5L,

i dxk
dzp 09;  dxy,
-— u
om ' dyr — Oyr

0
10, 0, —1, 1 u 0. ITosToMy OHEI IPUHAAIEKAT, COOTBETCTBEHHO, KJIACCAM S,
S~ 5 u SO (B obaacTu V). YuuTHIBAA OLEHKN MPOU3BOJHEIX GYHKINU d,

MBI IIOIY9HM Jerko npu |n| > 1

IIOJOKUTEIBHO OJHOPDOMAHBI IIO 7] IIOPAOKOB, COOTBETCTBEH-

ab n

<C m=p 4 ||t (l‘ —) eEx,
677 k(|77| |77| ) |77|
ab _ n
- C’ m P+1_|_ m+4 , (l‘ _) E[\
oyr k(|77| |77| ) |77|
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rae i —uekoTopwill koMnakT B V. Ecimm+8§—1<m—p, T.e. p+d<1, TO
db
m3 (1.24) moxysaeTcs omeHka ‘% ‘ <20k (n)™=*. Ecam z =z (y), To dink =0
! j
I 5Ta oneHka monydaeTcs u3 (1.24) 6e3 mpegnonsoxenus p+ 6 < 1.

Amamormuno, ecin m—p+1<m+4J, T.e. p+6>1, To u3 (1.25) caeny-

€T

db
@‘ < ZC’K<77>’”+5. DTa XKe OIEHKA MOAy4IaeTcsa 6e3 JONOIHUTEILHOT O
-

IpeAnoIoxkennus p+ 6 > 1, ecan 6 =0(n).

Wrak, amkune onenxn suga (1.10) nposepensr mpu |a+ 5| <1 gasa amo-
6oi Qyukunn oz, 6) ES;’?(;(U) cpazy TO BCeX Tpex caydadx a), 6), B).
Tenepb, nelCTBYA MO WHAYKIUE, 6yAeM CIATATH, ITO OHU OPOBEPEHBI PN
|+ B <k nas moberx a € S} 5(U). B wacTHOCTH, MBI IOTYTaeM, ITO 411
IPOU3BOAHBIX Mopsigka < k oT QYHKIUH bU) n b(j) BepHBI OIeHKH Kiac-
coB S"P(V) m S™9(V) coorserctsenno. Ho Torga ma (1.24), (1.25)
AHAJOTUMIHLIM PACCyKIeHHEM IOJy9HM CIIPaBelInBOCTE STHX ONEHOK /IS
npousBoHbX mopanka < (k+1) mia aobof dyrxmmm a € S5 (U). B

Jemma 1.3 (BapmanT memmel Agamapa). [Hyemv @yrryuu

Dy (z,0), ..., Py(x,0) npunadaexncam C*(U), ede U — koruueckas obiacmp
6 R" x (RNM\0), u nososcumeavro odnopodnsr no 8 cmenewu 0, npuuen
d®y, ..., d®p auneliHO HE3AGUCUMBL 6 TMOUKAT MHONCECTNE

C={(x,0)€U, &;(x,0)=0, j=1,... k}.

Iyems menepb aES;”(;(U), alc=0 u p+6=1. Tozda cywecmsyem
npedcmas.aenue

k
a=>Y a;®, (1.26)
j=1

ede a;(x, 6) ES;’?js'é(U), J=1, ..., k. Ecau npu smom dynryus a(xz, 0) une-
aa 0 beckoneunozo nopadra na C, mo ece gyuryuu a;(x, 8), j=1, ..., k,
maxace umnerom 0 Geckoneunoeo nopadra na C.

JoxaszaTeabcTBo. 3amernM, 4To (1.26) saBaseTca IHHENHBLIM
ypaBHeHHNeM OTHOCHTeNIbHO QYHKINH a;. Ilo>ToMy JOCTATOYHO yMeTh Ha-
X0AUTb PYHKINN a; JoKaabHo (mpu (z, 6/]6]), 6amskom k (zg, 0/|00|), T ge
(g, y) — HeKOTOpas MPOU3BOABHO (PpUKCHpoBaHHAA Touka u3 U). Tmobans-
HO€ peIlleHne MOXKHO CKJIENTDb Ha BceM U, MOMb3ysach pazbueHneM eJfuHUIIbL
Ha U, cocToamuM u3 (GpyHKIIUHA HYJIeBOH OJHOPOIHOCTH U MO TINHEHHBIM TO-
KpHTHIO U KOHNYeCKHMH O6JACTSIMI, B KOTOPHIX TpeOyeMble (DYHKINN d;
y7e TIOCTPOEHHI.

Urak, mycts (zg, ) €U. Ecam (xg, 6p) ¢ C', To cymecTByeT Ta-
Koe jo, aTo ®; (20, 8p) #0. Mel MoxeMm Torga mpu (z, 6/]60|), Gausxom
K (20, 60/|60]), monoxuts a;, =a/®;, n a; =0 mpu j# jo. Takum obpaszom,
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OCTaeTCsA IPOBEPHTDH CYIIECTBOBAHIE ¢; JoKaabHo mpHu (z, 6/|6|), 6amskxom

K (2, 00/]0p]) €C. Ilo Teopeme o HesBHON (yHknum P, ..., P MOXKHO
gomoaunTs QyEKnmAMu P11, ..., ®; ((=n+ N —1) HyzeBOm OZHOpOI-
HocTH Tak, 9T0 P, ..., ®; — IOKAIBHBIE KOODAMHATHI HAa MHOT000pa3Mn

{(z, 8): |0| =1} B oxpecTHOCTH TOUKH (%0, /|00 |). Torga oTobpaxkenue
(z, 0) > (®1(x, 0), ..., (x, 0), |0]) ER xRy

aBagerca Jud@peoMopdU3IMOM KOHNIECKON OKPECTHOCTH ayda (Zg, thy) Ha
OTKPBITOE KOHIIeCKOe MHOXkecTBO B X Ry, rae B MoOXKHO cINTATh MIAPOM
B RL. TIpu sTom o6pas C mmeet Bug {(®, |0]): &1 =...= P, =0}. Paccmo-
TPUM Tellepb CIMBOJI

CNl((I), |9|):a($(@’ |9|)’ H(CI)’ |6|))a

noaygawommica u3 a(z, ) mog merictBueM sToro guddeomopdpuama. M3
aemmer 1.2 caegyet, To a(®, [0]) € S77;(B x R,). Ho Torga mo dopmye
Huroroma—J/lenbumnma

k 1
®, 0] :Z@]/ (D1, o 1Dy, iy, .., By, [0]) dE
0

. dd
rae i —é S S;’?j{é(B xR;). OcraeTca mnpomsBecTH OGPATHYIO

zameny. H
HdoxaszaTeabcTBo TeopeMmsl 1.3. Bygem cuurtats, aT0 p+4 =

=1. Torga, ecan a|c, =0, To mo Temme 1.3 ¢ &; = MOZKHO IIDeICTaBUTH

a7
a(z, 0) B Buge
al P
_ +4
a_z_:a%, a; € STE(U). (1.27)
Ognaxo, yanThBag cooTHomeHne —— ¢'® =—i — ¢'® MBI MoxeM, nHTe-
99; 99;

TPUPYA IO TaCTAM, IOIYIUTD, ITO

Ho == E Sm+6 P(U), 910 joKasblBaeT BTOpOE yTBepK IeHNe TeopeMbl. I3

3TOTO ,QOKa3aTeJIBCTBa BILAHO, 9T0 ecan QyuKns a(x, §) umena 0 Geckoned-
HOro mopsaka Ha Cg, To b(x, §) Takxke MOXKHO BEIGPATE 00613 JAOIIEH THM
ceoricTBOM. [loaTOMY TpU AOKA3aTEILCTBE MEPBOTO YTBEPKJEHUS MOKHO
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canTaTh, 4T0 a(z, 0) ES;Jy(X xRN), rne M cxroar yrommo semmkxo. Ho

Torga uuTerpalt (1.21) aGCoIOTHO CXOAUTCA PABHOMEPHO IO &, KAK W HH-

TerpaJsl, oLy deHHble 13 Hero AuddepennuposanneM nopagka <{(M), rae

(M) — 400 npu M — 400, oTkyaa u caegyet raagkocts A(z). W
Yunpaxueunune 1.10. [JokasaTs Teopemy 1.3 B ciiydae, Korga BHIIOJIHEHO BTOPOE

n3 npeanoaoxenmi (1.22) (®(z, §) mnnenna mo 6).
Yxaszanue. [ego cBOFUTCA K IPUMEHEHHIO II. B) U3 JeMMbL 1.2.

§ 2. Unrerpambusie omepatopsl ®ypbe
(ompepeneHne M mpocTeMIMe CBOMCTBA)

2.1. Ompepenenne wunTerpamspHoro omepatopa Pypre m ero sapa.
IIycte X, Y —o6aacts B R?X u R™Y. PaccMoTpuM BBIpaKeHITe

Au(x) :/ '@ v.9) a(z, y, 0) u(y) dy do, (2.1)

rae u(y) €CP(Y), r€ X, ®(z, y, §) — pazosas bymxmma ma X x Y x RY,
a(z, y, 0) € S)s(X x Y x RN, mpuwaem p >0, § < 1.
Ilpu yka3aHHBIX TPEIIOIOKEHNIAX ONpeJeleH MTHTErPal

(Au, v) :/// @Y (e, y, O)u(y)v(x)dedyds, veCP(X), (2.2)

SIBJISIOUIIIICS OOBIYHBIM OCUILINPYIOIINM HHTErPAIOM. Jlerko mIpoBepuTh,
9TO0 IpH PUKCHPOBAHHOM ¥ BEIpaxkeHue (2.2), paccMaTpuBaeMoe Kak GyHK-
IIOHAI OT v, ompefeaseT 0606mennyo pyuknmo Au€ Z'(X). Takum o6pa-
30M, OLpeJeleH JNHENHBIN OIePATOD

A C2(YV) = 7'(X), (2.3)

KOTODBII MBI 6yAeM (POPMAIBHO 3aMICHBATL B BIjge HHTerpata (2.1).
Onpepgenenme 2.1. Omeparop A Bmia (2.1) masbiBaeTcsa uHme-
epasvuvim onepamopom Pypve (coxpamenno N1OD) ¢ dasopoit PpyHKIH-
et ®(x, y, 0).
Onpepgenenme 2.2. O6o6mennas yuxnua K4 € Z'(X xY), onpe-
JeaseMas OCIHUAIUPYIONIM UHTET PAIOM

(Ka, w>:/// '@y, 0) a(z, y, O)w(z, y)dedydd, welCF(X xY),
(2.4)

Ha3LIBaeTCa AJpoM omepaTopa A.
IMpenaoxenne 2.1. a) Ky € C®(Rg), ede

Ro={(x, y): ®y(x, y, 0) #0 das woboeo § € RN\0}.
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6) Feau a(x, y, 0) =0 6 xonuueckoti oKpecmMHOCMU MHONECTNEA
Co={(z,y, 0): ®y(z,y, 0) =0},

mo Ky eC®(X xY).

JokazaTelbcTBO HEMeNIEHHO I[oaydaeTcs u3 Teopem 1.1
nl2 H

Aapo K 4 sBasercs o6brausIM sapoM omepaTopa A B cmbicae JI. lleapua
BBUY OYeBUIHON (POPMYILI

1 00 [e)
(Au, v) = (K4, u(y)v(z)), welC(Y), velCy°(X). (2.5)
Yunpaxueunue 2.1. llposepurs, uto agpo K 4 0IHO3HAYHO ONPEAEAACTCA OTO-
6paxenueM (2.3), 3agaBacMbIM omepaTopoM A, I, Ha060POT, OJHO3HAYHO ONPELENAET
3TO 0T06pa)KeHI/Ie.
3aMedaHue. Jlerko npuBecTH NpUMep ABYX PA3IUYHBIX Hap (ha3oBas
dyuknnsg — Gyuxnug a(z, ¥, 0), oUpeJedONMK OFHO I TO K€ 0TOOpaxe-
une (2.3). Boaee Toro, xax mpasmio, GyHxnusa a(z, y, f) HeogHO3HAUHO
ompeeseHa oepaTopoM A maxe mpu ogHON u TOH XKe (pazoBon Ppyuknnu P.

2.2. OmepaTopHsie ¢da3zoBbie QyHKIHH.
Onpepgenenme 2.3. Pazosas pyukuus P(z, y, §) HazpIBaeTCa one-
pamoprot Pazosoli Pynryueti, ecau BLIIOJIHEHB! CIEIVIOIINe IBA YCIOBIA:

Dy 4(z,y, 0)#0 mpu 0#£0, z€X, yeY; (2.6)
P, 4(x,y, 0)£0 mpn 040, z€X, yeVv. (2.7)

Pouab »>Tux ycaoBuUil BBIACHSIETCA B CAEAVIOMINX ABYX IPENIOKEHIIAX.
IMpengaoxenune 2.2. Beau svinoaneno yeaosue (2.6), mo onepamop
suda (2.1) nenpeprieno omobpancaem C3°(Y) 6 C(X).
JoxazaTeanctTso. Harerpan (2.1) caMm yxe ompefeneH Kak 0C-
UUATHPYIOIIANA HHTErPaJ, 3aBUCIIINNT oT napaMeTpa ¢. Ero npomszsogmbie
mo x nMeroT aHamormvusin Bug. W
B gaapmeinmem &' (V') o3madaeT gyansHoe npoctparcTso k O (V) (mpo-
CTPAHCTBO 0600IIECHHBIX GYHKINH ¢ KOMIAKTHBIM HOCHTETEM B Y ).
Mpenaoxenne 2.3. Feau svinoaneno ycaosue (2.7), mo omobpa-
acenue (2.3), onpedeasemoe unmeepaton (2.1), npodoancaemes do aunei-
HO20 HENPEPBIBHO20 OMOOPANCEHUA

A £'(Y) > 7'(X) (2.8)

(nenpepvienocmb MoKHCHO nonumams, 66oda 6 &'(Y) u D' (X) caabuie mo-
noaoauu *)).

*) HanomHuuM, 9To caabas TONOIOIHA B IpocTpaHcTBe E/, cocTosamem n3 nHeAHEIX
dyHKUNOHAIOB Ha IpocTpaHcTBe F, onpegensercsa HabopoM noayHopM py (f) = |{f, ¥) |,
rae f EE’', ¢ — mo6oll pUKCHPOBAHHLIN 3/JIeMEHT IpocTpaHCcTBa k.
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HoxkaszaTeabcTso. TpaHCIOHUPOBAHHBIA OMEPATOP

Av(y) = // eV gz, y, 0)v(x) de df (2.9)
B CIIy IpeNIokKeHnsa 2.2 oupenenseT oTo6pakKeHne
A CF(X) = C=(Y),
U ocTaeTca onpeneanTsb A ¢popmyaon
(Au, v) = (u, "Av),

rre ued’(V), veCP(X). 1

Yunpaxuenune 2.2. [IpoBepurs, 9To onpegeneHHbIN TaKuM o6pa3zoM onepaTop A
ZEeNCTBUTENBHO ABIAETCA PO TOJNKEHIEM 0To6pakeHN (2.3) Mo HENPEPHIBHOCTH.

Taxum o6pazom, 10D A ¢ oneparopuon dpazoson pyuknuen ¢ orobpa-
xaeT CFP(Y) B C®(X) un &'(Y) B Z'(X). MBI u3y4uM celiMac H3MeHeHNE
HOCHTEIs CHHTYASIPHOCTH I0J AelicTBHeM A.

YcaoBumca o6 ogmom oboszmHadenuu. Ecim X, Y — gBa MHOXKecCTBa,
S — mogmuOXKecTBO B X X Y m K —moaMHOXKecTBO B Y, To So K —moa-
MHOXKECTBO B X, COCTOsIIIee N3 TeX TOUeK & € X, s KOTOPHIX CYIIeCTBYeT
Takoe y € K, uro (z, y) € S.

Teopema 2.1. Hmeem mecmo ekarouenue

sing supp Au C Sp osing supp u, (2.10)

2de S = (X xY)\Rg cocmoum uz mex nap (x,y), dax Komopur cyuje-
cmeyem maxoe 0 €RV\0, umo @ (z, y, 0) =0.

JoxaszaTeascTso. Pasbusas obobmennyo ¢yaknno v e &' (V)
B cymmy ¢yuknnn 3 CF°(Y) n 0606meHHON GYHKINN, COCPETOTOICHHON
B OKPECTHOCTH Sing Supp %, MBI BHAHUM, ITO JOCTATOIHO IPOBEPUTD, ITO

sing supp (Au) C Sg osupp u.

IMoaoxum K =supp u, u mycTh K’ — IpON3BOILHEIN KOMIAKT B X, He
mepecekaormuiica ¢ S o i, Tak aTo K’ x K C Rg. Tak xax R¢ OTKpHITO,
TO CyIIeCTBYIOT TaKkhe OTKPHITEIe okpecTHOCTH 2 1 §) xommaxToB K un K,
aro ) x QC Rg. Jocrarouro nposeputs, aTo Au€ C™ (). Ho sTo scHo,
Tak xak K4(z, y) € C°(Rg) un, B gacTHOCcTH, K4 (2, y) €C™(Q' x Q). B

Yunpaxuaenue 2.3. [[popepuTs NCHOb30BAHHOE BINIE YTBEPXK J€HHIE O TOM, ITO
eciu K 4 € C%(Q' x §2), To onepatop A orobpaxkaer &'(2) B C° ().
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2.3. IIpumep 1: sagada Koum pas BomnoBoro ypaBuenms. Paccmorpnm
zagaay Komnm

% f )
S =AL (2.11)
flizo=0,  fli=o=u(x), (2.12)

rge x €R" f=f(t, #), A—gannacmas mo #, I OycThb BHadaxe u(x)E
€ C§P(R™). Bygaem pemats 3agaty (2.11)—(2.12) ¢ nomommsio mpeobpaszo-
Barnsa Pypse mo z, moTarad

F(t &)= / eVE(L, y) dy.
Torga nMeeM, 0IeBHIHO,

27 .
T e i o), (2.13)

ot?
£) (2.14)

f|t:0:0a j:t/|t:0:a 3
rae 4(¢) —npeobpasosanne Pypoe Qyuxmun u(z). Uz (2.13) u (2.14) aerxo

clIenyeT, ITO

(
(
5 sin ]|

fle o =e) =

CuaegoBarennHo, no GpopMmyae obpaienus npeobpasoBanus Pypre

J(t, 96):// =98 6|71 sin t]€ | u(y) dy d =
- / / 1= E (4] ¢ )~ (18— mitel) w(y) dy de

Mzul xoTHM pa3buTh HOCICIHNH WHTErpal B CYMMY OBYX HHTErDaJoB,
KAz JBIH 13 KOTOPHIX cogepiuT oguy u3 skcmomentT e/l i e=7l¢l O mraxo
5TO NpUBeeT K NoABAeHNI0 ocoberrocTH pHu £ = (. UT065H M36€XKaTL 5TO-
ro, BBeJleM Takylo cpesatomyio gyukmuio x = (&) € C§°(R"), ato x(§) =1
BOoam3n 0 1 pazobbeM MHTerpast Ha TPHU IacTH

ft, o) =fr @, o) = f-(t, ) +r(t, z), (2.15)

rae

Folt, a) = / / el EHiIEl (1 (¢)) (20 € |) dy d,
Jo(t,a) = / / (=) €=tIEl (1 y(¢)) (24 |€ ) dy d,
rit o) = [[ e Ee) el sin el dyde
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Acno, nanpumep, aro fy = Au, rge A —11ODP ¢ dpazoson GpyHKIUEN

1o —omepaTopHasn (dazoBas Gyukuus. [lockoabky <I>’E =z —y+t&/|&], M
HoTy<daeM

C¢:{(ta T, Y, g) y_$:t€/|€|}a
Se ={(t, ©, y): |x—y|2:t2}.

AnamormuseiM o6pazom BTOpon umeH f_(I, #) mpencTaBigeTCi B BU-
xe f_=Au, rge A—TO®D ¢ pazoBoil GpyHKIIEI
IMeIOIIell TO e CaMoe MHOKECTBO Sg = Sg.

TpeTunn <IeH OYeBUTHEIM 00pa3oM mMmeeT BuI r = Ru, rge R —wuuTe-
rpaabHbI onepaTop ¢ raaakuM (C'°°) sgpom. JIerko BHgeTh, ITO OH TOXKE
MozKeT ObITh 3anucal kax 1OD suga (2.1) ¢ ao6oll Hanepes 3aaHHON (a-
30BOHI (PYHKINEN W ¢ aMIINTYZOH a € S~ (cM. TakkKe ynpaxkHeHume 2.4).

TaxuMm o6pa3oM, MBI BIANM, 9TO KaXAblll u3 wieHoB fy(t, z), r(t, ©)
MOXKeT OBLIThL MpeACTaBleH Kak peayabTaT npuMeHenus NOP x mavars-
HOMY YCJIOBHIO ¥. B YacTHOCTH, COTIaCHO TPEeIIOKEHWO 2.3, MBI MOXKEM
ompegeaunts f(¢, #) gas aoboro u € & (R™). Ilo Teopeme 2.1 ocobGenHOCTH
06o6mennon Gyakunn f(I, #) cogepKaTCI B MHOXKECTBE

{(t, 2): 3y €sing supp u, |2 —y['=17).
DTO KIaCCHYeCKUI Pe3yabTaT, O3HAYAIOMIN, ITO OCOOEHHOCTH PACIpO-
CTPAHAIOTCA CO CKOPOCTBIO CBeTa (B JAHHOM caIydae pasHol 1). B wacTHO-
CTH, 0COGEHHOCTN (QYHIAMEHTATLHOT'O DEIleHns (T. . PelleHns, COOTBET-
CTBYIOIIEr 0 HAYAIBHOMY H3JI0KeHNo u(y) =0 (y)) IpUHALTEKAT CBETOBOMY
xomycy |z |? =12

OTMeTnM TakxkKe, 9TO €CIU MBI 3a(UKCHPYeM MOMEHT BPeMEHHU ig, TO

D, (2, y, &) =B(ty, 2, y, £) ocTaeTcsa onepaTopHoil dpazoson Gpyuxnmein. Cre-
J0BaTeIbHO, 0TOOpaxenne u — f(tg, ) npeacrasager cobon NOD.

2.4. IIpumep 2: munenHEIe A depeHTHATbHEIe omepaTopHl. IIycTs
A= )" aa(x) D%, (2.16)
lal<m
rae a,(z) € C(X), X —obaacts B R" u D=i"1d/dx.

Iloap3ysacek npeobpasoBanunem Pypbe, MBI MOKeM HANNCATD

D% u(x) :// £ PICEIDRS u(y) dy de,
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OTKYyJa
Aua)= [ [ 08 gate, & uly) dy e (2.17)

raeca(z, &)= Y. aq(z) & HazmBaeTca cumsoqon omeparopa A. Tak xax
lel<m

oalx, &) €S™(X xR"™), To u3 (2.17) Buaso, uro A asaserca IOD ¢ daso-
Bonl Gyukuuen ®(z, y, &) =(x —y) -&.

2.5. Ilpumep 3: nceBgoauddepeHnuaTIbHbIE OMEPATOPHL.

Ounpegeanenne 2.4. Ilycte nxy =ny =N =nu X =Y. Torga 1OD
¢ dazoson pyuxmmen ®(x, y, £) = (z — y) - £ HasmBaeTca ncesdoduddepen-
yuaavroim onepamopom (coxpamenso I1J10). Kaace IO, koTopble MOKHO
OIpeJeINTH ¢ MoMoUbl GyHKIUI a(x, y, &) ES;’?(;(X x X x R™), Mb1 Gy-
JeM 0603HAYATD Tepe3 LZ?(;(X) WIN TIPOCTO LZ?(;. Bumecro LY, Gygem nu-
cate L. Homoxum L~ =) L™.

m

Kax moxasniBaeT MpeABIAVIINN NPUMEDP, BCAKUN JUHENHBIN gudeper-
nuaabHe oneparop seasgercs [LJO.

Mu ykaxem cemdac Te cBoucTBa IO, xoTopble BBHITEKAIOT U3 yiKe
JokazaHHBIX cBolicTe 11OD.

Mpeaganoxenue 2.4. lHyems A —I110, 3adannvii gopmyaot

Aua)= [[ @08 ata, v, € uty) du e (2.18)

K4 —adpo onepamopa A u A — duazonaaw 6 X x X. Toeda
a) K4 eC™((X x X)\A);
6) onepamop A onpedeasem AuHETIHbIE HENPEPLIEHLIE OMOBPANCEHUA
A: CFP(X) = C™(X), (2.19)
A: (X)) = 7' (X), (2.20)
npuuem ecau u € &' (X), mo
sing supp Au C sing supp u, (2.21)

(3TO CBOUCTBO HA3BIBAETCA NCE6J0AOKRAALHOCTbIO OnepaTopa A);

B) ecau dynryua a(z, y, &) ES;’?(;(X x X x R™) obpawaemes 6 0 npu
r=y ud<p, mo onepamop A modxHo zanucams 6 sude (2.18), 2de eae-
emo a(x, y, §) cmoum b(x, y, &) € S;?g(p_é)(X x X x R™);

r) ecau a(z, y, §) umeem npu £=y HYab 6ECKOHEUHO20 NOPAOKA, MO
K €C®(X x X) u onepamop A omobpancaem &'(X) ¢ C=(X).

Joka3zaTelbCcTBO MOPelOCTaBIgeTCA <THTATETI0O B KadecTBe
yIpaKHeHIA.
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Ynpaxusenue 2.4. Iycrs K(z,y) €EC®°(X x X) u A—oneparop us C§°(x)
B C®(X) c agpom K (z, y). Jokasars, aro A — IO, npuiem ero sanucs (2.18) moxHO
BHOpaTE Tak, 94To a(z, y, ) € ST (X x X x R"™).

Yrkasanue Ecm x(€)€CFP(R™), x(§)=0n /X(f) dé =1, To MBI MOXeM II0JI0-
KUTh ‘

a(@, y, €)= T E Kz, ) x(6).

3aMeTHM, UTO JHHEHHBIC Au(QepeHINaIbLHEEE OmepaTophl 06/1a1a0T

CBOﬁCTBOM AORAABHOCINU:

supp(Au) Csupp u, u€Cy°(X). (2.22)

Cuaegyromee ynpaxsenne nokaswiBaeT, aTo qas II10 sTo, BooOie ro-
BOpA, HEe TaK.

Yupaxuenne 2.5. IlokazaTs, aTo oneparop ¢ agpom K (z, y) € C® (X x X) ne
MoXkeT 06/a1aTh CBOUCTBOM JoKaabHocTn (2.22), ecan Toasko K (z, y) Z0.

Jagaga 2.1. IlycTe gaH JNHEHHBIN HEIPEPBIBHLIN ONEPATOD
A: CFP(X) = Cg° (X)),

o6aafaonmi 1okaIsHocTh0 (2.22). Torga gus mobon nogobractu X' C X,
3aMBIKaHIEe KOTOPOH ecTh koMmakT B X, orpanndenne A na C§°(X') apas-
eTcsl TUHENHBIM Aud@depeHnInaIbEbBIM OIePATOPOM.

Yxkazsanuue. [[popepuTh, 9To Mpu KayKIoM GbUKCHPOBAHHOM ro € X JMHEHHBIN
dyuxumonan na C§°(z), pasuem (Ayp) (z0) Ha bdynkunm ¢ € C§°(X), cocpegoroyen B
To4Ke T W, CAeI0BATEIbHO, MOYKET GHITh 3allicaH B BIIC

(A¢) (#0) = aa(w0) (D¢) (z0).

BriBecTH u3 HenpepeBHOCTU A JOKaIBHYIO KOHEHYHOCTh HAMCAHHON CYMMEI U IVIA TKOCTE
(o ) Ko>dbunHEHTOB aq(zg).

§ 3. AareGpa mnceBgoauddepeHIUATLHEIX OIEPATOPOB M X CHMBOJIOB

3.1. CoGcTBennsie mces o Aud ¢ epeHumanIbubie onepaTopsl. Ilycts A —
110, K4 —ero aapo, supp K 4 —HocuTexas aapa K 4 (HamMeHbllee U3 BCeX
3aMKHYTBIX ToaMHOXKecTB ~ C X X X, mIf KOTOPBIX KA|(XX)()\Z =0).
PaccMoTpuMm KaHOHmYecKHe INIPOEKUUU 71, Tp: supp K4 — X, moaydae-
MBle OTrDAHUYEHHEM COOTBETCTBYIOIINX IPOEKINI NPIMOTO NPOU3Be[e-
musg X x X. Hamomunwm, uro mHenpepsiBHoe oTobpaxkerue f: M — N, rae
M, N — Tomosormieckrue IPOCTPAHCTBA, HA3BIBAETCA COOCIMEEHHbIM, €CIIIT
as mro6oro xomnaxTa K C N ero mpoo6pas f+ (K) sBaseTCa KOMIAKTOM
B M.

Ounpegeaenne 3.1. IIJO A mazwiBaeTcs cobcmeenHbim, ecan oGe
IpOeKUNN 71, Ty : supp K4 — X ABAAOTCA COOCTBEHHBIME OTOODAKEHIAMH.
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Mpumep. Juuennel auddepeHnnaibueil omeparop (cM. m. 2.4)
aBagerca cobcrBenHbM 11O (B sToM caywae supp K4 — Anarosais
ACX xX).

ODpeganoxenune 3.1. Iyemb A —cobemsennviii IIT0. Tozda A
onpedeasem omobpaicenue

A: CFP(X) = Cg° (X)), (3.1)
Komopoe npodoadcaemes do HENPEPHIEHBLT 0MOBPANCEHUT
A: £(X) = &'(X), (3.2)
A: O (X) = C*™(X), .
A 7(X) > 7'(X). (3.4)

JoxaszaTeasctso. Ecm u(y) € C§°(X), To IMeeT MeCTO BKIOTe-
HIIe

supp (Au) C (supp Ka)o (supp u). (3.5)

B camowm gere, ecan v € CF° (X)) Taxoso, 9o supp v N (supp K4) o (supp u) =
=, To supp K Nsupp [u(y) v(z)] =&, u nosromy {Au, v) =0 BBUIY PoOp-
Myasl (2.5). Jaxee, u3 09eBHAHON (HOPMYIBI

(supp K4) o (supp u) = (supp K4 N7y (supp u)), (3.6)

clefyeT, ITo B mpaBol dacTh (3.5) cronT xoMmmakT, Tak 9To Au € CF°(X),
I Z0Ka3aHo, 9To A ocymecTsaseT oTob6paxkenue (3.1), HeIPePLIBHOCTE KO-
TOPOT'0 JAerKO IPOBEPACTCA.

IMockoaeky aapo K:4 TPaHCIOHIPOBAHHOTO olepaTopa ‘A morydaeTcs
m3 K, mepectanoBkonl ¢ n y (Touree, (Kiy, w(x, y))=(Ka, w(y, ©))), To
omepaTop ‘A Taxike ompejelseT HeIpepLIBHOE 0TOGDaKeHIe

PA: CF° (X)) — CF° (X)),

YTO MO ABONCTBEHHOCTH naeT A A oTobpaxkenume (3.4). Hakowmen, dop-
My7aa (3.5), kak Jerko HpOBEpUTh, NpuUMeHHMa u upu u € &' (X), oTKyza
noaygaeTcsa oTobpakenne (3.2). A MOCKOIBKY 3TO XKe MOXKHO CKa3aTb I
06 A, To mo gBOHiCcTBeHHOCTH HoOIydaeTca oTobpaxenne (3.3). W

Yunpaxuenune 3.1. [lycrs X, — Takasa nocieqoBaTeJbHOCTh OTKPHITHIX TIOI-
MHOXeCTB X, 9T0
1) X;CX2C...CXnC...,
2) U Xpn=X,
n

3) 3aMBIKAHHE X, MHOXKECTBAa Xy, B X ABIAETCA KOMIAKTOM B X .

IMycts xn(2) €ECF(X) n xn(z) =1 npu z € Xy.

IIycts, nakonen, A — co6crennnit ILIO B X . Ilokazats, uTo ecan u € '(X), To
Aag mo6oro m Halgerca Takoe N = N(m), uro o6o6mennan yuxuusa [A(xnu)]|x,, npu
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n > N He zaBucur ot n. Taknm o6pasom, MBI MoxkeM onpegeants Au € 2’ (X)) dopmyon
Au= lim A(xnu). (3.7)
n—+0oo

[MokazaTh, 9To To oNpefeeHUe COBNATAET C ONpeIeJeHNEM, TAHHLIM BhIIIE B NOKa3a-
TeJAbCTBE NpeaaoeHus 3.1.

Yunpaxuenne 3.2. Ilokasars, uro Ha C'°°(X) coBnagaioT Bce TpU yKasaHBIX
BHILIIe omnpenaeneHus cob6creennoro 110 A:

a) 10 ABONCTBEHHOCTH K oTobpaxkennio ‘A: &'(X)— &'(X);

6) xax orpanumienue Ha C'°°(X) orobpaxkenun A: 2'(X)— 2’'(X), nocrpoennoro
no apoficTeeHHOCTH K oTobpaxenuio ‘A: C§° (X)) — O§°(X),

B) no dopmyae (3.7).

Yunpaxuenue 3.3. [Ipoeeputn, uro onepaTop A ApageTca co6CTBEHHEIM TOT A
U TOJBKO TOTa, KOTJa cO6CTBEHHBIM ABIAETCA oflepaTop 'A.

Pouaw co6ersennnix IO cocTouT B TOM, 9TO OHE 0Gpa3yoT aarebpy,
B KOTOPOH POIb YMHOXKEHHS HIDaeT OOBIMHOE YMHOXKEHNE (KOMIIO3MIINA)
OTepaTOPOB. DTO YTBEpKAeHNe OyIeT JOKAa3aHO HUKE, a MOKA U3 TIPEeJIo-
xeuus 3.1 BuaHo, ¥To KomMmosumusa A o A, a1Byx cob6cTrBennunix I110 ompe-
JeleHa Kak JHHEHHEIN HEeNPEPBLIBHEIN omepaTop B nmpocTpancTsax C§°(X),
&'(X), C*(X) mm 7' (X).

OtmeTnM, uTo u3 (2.18), sagatomen ITTO A wepes a(z, y, £), He BugHO
cpa3sy, 9To oHa IpuMeHHMa pu ¢ € ¥'(X) (man xora 681 npu u € C°(X)).
ITo He YAUBUTEIBHO, HOCKOALKY GyHKINA a2, y, £) He OUpeReseTCa 0IHO-
3HawHo omepaTopoM A. QaHAKO, MOAB3YICH YTUM TPOUIBOJIOM, MBI MOXKEM
BBIGpaTh a(x, y, ) Goxee ypadHo.

Onpepgeanenne 3.2. Bygem nazwiBaTh pyuxnuo a(z, y, £) dynrxyu-
ett ¢ cobemeenHblL HOCUMEAEM, €CITH 06e TIPOEKITNI

Ty, T2:Supp, , a(z, y, §) = X

ABIAIOTCA COGCTBEHHBIME OTOGpaxeHuAMn (Tepes supp, , a(z, y, &) obo-
3HAYAeTCA 3aMBIKaHIe Ipoeknun supp a(x, y, &) sa X x X).

Acro, uTo B 3TOM caydae coorBercTBytommu 10 A asrserca cob-
CTBEHHBIM.

Mpennoxenne 3.2. Feau A —cobemsennvuii IO u A€ L7 5(X),
mo onepamop A moxeno sadame Gopmyaot (2.18) ¢ dynryueii a(x, y, &) €
ES;’?(;(X x X x R™), umerueti cob6cmeennbitl HOCUMERb.

JoxaszaTteancTBo. Iycte x(z,y)€C®(X xX), npmueMm
x(z, y)=1 B okpecTHOCTH Supp K4 u 06e IpOEKIUH 71, Ty SUPP X — X
ABJAIOTCA COGCTBEHHBIMI O0TOODaXeHNAMN (IPOBEPLTE, ITO Takad GyHK-
mus cymectsyeT!). Torga, mamucas B (2.18) BmecTo a(z, y, ) QyHKIMIO
x(z, y)a(z, y, £), MBIl He H3MeHUM Agpa K4 H, CIeI0BaTelbHO, HEe H3Me-
HEM omepaTopa A, B To BpeMms xak dyuknus x(z, y) a(x, y, £) yxe nMeeT
cobcTBerHBIN HOCHTE L. M
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OtmeTnM, 9To ecan QyHKIUL oz, y, £) IMeeT COGCTBEHHBIN HOCHTEND,
To uuTerpan (2.18) mpm v € C*°(X) ompefeneH, ecin paccMaTPUBATB €r0
KaK TMOBTOPHBIN.

Hpegaoxenne 3.3. Beakut IIJO A mooncem 6vimo 3anucamn 6 6u-
de A= Ag+ Ay, 2de Ay — cobemeennni 1100, a Ay umeem adpo Ka, €
eC®(X x X).

JoxaszaTeascTBo. Ecim A 3agaerca B Buge (2.18) ¢ ¢dyHkunn-
et a(xz,y, ), To MoxHO 3anaTh Ay m A; B TOM Xe BHIe, IOICTABUB
BMecTO a(z, y, &) dymxuun ag(z, v, §) =x(z, y)a(z, v, &) n ai(z, y, &) =
=(1—=x(z, ¥)a(z, y, &), rae Qpyuxuus x(z,y) paBHa 1 B OKpecTHOCTH
gunarouaan A C X x X u TakoBa, 4T0 06e OPOEKIUU 71, Tz: supp Y — X
ABAAIOTCA cOGCTBeHHBIMU oToOpaxenusmu. Wl

ODpeganoxenune 3.4. Ilyemv A—TI00. Toada A ssasemca cob-
CMEEHHBIM Mo2da U Mmoabko mozada, Koa2da evinoanenvt caedyouwue dea
YcaosuA:

a) dan awboeo xomnakma K C X cywyecmsyem maroti komnaxm Ky C
C X, umo uz éxaruenus supp v C K swmeraem, umo supp (Au) C K13

6) mo oce camoe ycaosue ¢ amenoti A na ‘A.

JoxaszaTeasbcTBo. HeobxoguMocTs ycioBuil a) m 6) BLITEKa-
eT u3 Qopmyasl (3.5). JoxaxeM LOCTATOYHOCTL. IIpoBepHM, HAIPIMED,
ITO TPOeKIusa 7o: supp K4 — X saABIfeTCa COOGCTBEHHBIM OTOODAKEHN-
eM. IIycte K —mio6on xommakT B X. Hamgem xommakT K1, 0 KOTOpOM
roBOpPUTCA B M. a), W mpoBepuM, uTo 7, (K )Nsupp K4 C K; x K. Ecn
(2o, yo) € (X\K1) x K, To ecan raagkas gyuxnusa w(x, y) =u(y) v(z) co-
CPeJOTOUeHA B OKPECTHOCTH (X0, o), To (K 4, w) =0 B cuxy ycaosus a). Ho
TOTJa 3TO XK€ BEePHO IO JUHEHHOCTH U HEMPEPLIBHOCTH A 1060 (PyHK-
mn w € C§°(X X X), cocpegoTOueHHON B OKPECTHOCTH (%o, Yo), OTKYAa
u caegyet TpeGyemoe BraodeHne. Wl

3.2. CumBoa cob6cTBeHHOT O TiceB A0 AN depEeHIMATEHOT O omepaTopa.

Mzt xorum gas awo6oro cobereennoro II0 A onpegeanTs ero cuMsBoa
aHAJOTUYTHO mpuMepy 2 u3 § 2.

YKaxkeM cpa3y, ITO B 3TOM IpUMepe CIpaBelanBa GpopMyaa

oae, €)= c_g(2) Acg(s), (3.8)

rae e¢(x) =e'™¢. OTMeTnM, ITO IpaBas IACTh ee IMeeT CMBICT U AIA CO6-
crBernoro II10 A.

Ounpegeaenne 3.3. [Iycte A —cob6ereennsnt II0. Ero cumeoaom
(mam noanvim cumeoaosm) HazpBaeTca GyHKINA o4(x, £) Ha X x R™, ompe-
JexeHHas (opmyaon (3.8).



§ 3] AJI'EBPA OIIEPATOPOB 11 UX CUMBOJIOB 33

Mockonbky e () sBasercsa GeckoHedIHo AupdepeHIIPYeMOn (HYHKINEN
ot ¢ co smadenuamu B C°(X), a A — IuHeNHBI HENPEPHIBHBIN OIEPaTOD
B C*°(X), To sAcHO, 9T0 04(x, ) Takxe aBageTca GeckoHedHO AuddepeH-
nupyeMonl yaxunuenn ot £ co 3madenuamu B C°(X), orkyna o4(x, &) €
€C®(X xR™).

SamuceBas u(z) € C5°(X) ¢ nomompbo GopMyIsl 00paleHns Ipeobpa-
soBanua Pypwe B BUIE

ula)= [ ecloyufe)

I 3aMetas, ITO HHTETpal cXoAuTcs B Tonogorun C'°°(X), Mbl BHAUM, 9TO

Aua) = [ € oate, €) i) dt (3.9)
(@)= [ € E aate, & uiw) dy e (3.10)

(nHTerpax MOHNMAeTCA KaK MOBTODHBIN), ITO COBIAJAET C COOTBETCTBYIO-
el (PopMYJIon Aas AP @epeHITnaIbHBIX OIepaTOPOB.

Kaxk moxaswiBator dopmyast (3.8) u (3.9), cumBox o 4(x, £) onpegeaser
omepaTop A u ompegenseTca uM.

B npanpmenimem 6yaeT mokazaHo, ITO ecam A€ LZ?(;(X) u é<p, TO
oa(z, §) €5 s(X xR"), Tax T0 (3.10) MoKHO Gy €T TOHIMATE I KaK OC-
MUAIHpPYOMMA nHTerpal (HETerpal (3.9) abComOTHO CXOANTCS).

SJameuanune. Eciu A—awobon IIJO B X, To 9acTo ero cuMBoIoM
IUIN TIOJHBIM CHMBOIOM HA3BIBAIOT CHMBOI 04, (%, £) TaKOro COGCTBEHHOTO
100 A; B X, uto A— A; € L™°°. B 5ToM caydae CUMBOI OILpeJeleH He-
OHO3HAYHO, XOTS, KaK OyJeT BIAHO I3 JATLHENIIero, JI00ble 1B CIMBOJA
oTanyapTca Ha pyaknmo r(z, £) € ST (X x R™).

Il

3.3. AcuMnToTHIEeCKME PA3IOKEHHA B KIACCAX S A
Onpegenenne 3.4. Ilycts a;(z, H)ESmJ(Xx}RN) j=1,2, ...,
m; — —00 IPH j — 400, U MycTh 3ajana dyrknus a(r, 0) € C (X x RY).

Bynxem nmcats, 1TO .
a(z, 0) ~Z a;(z, 9),
=1
ecan A1dA I060ro mejaoro r > 2
r—1
)= aje, 0) € SIH(X xR, (3.11)
j=1

raoe mr —max m]
jzr
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OTcroga, B 9aCTHOCTH, CIEAYeT, ITO 4 € ST%(X x RM).

Dpegaoxenne 3.5. FEecau 3adana nocaedosamessrnocme a; €
ESZ?%(X xRY) j=1,2 ... npuuem m;— —o00 npu j— 400, mo cyuje-
emeyem maxas gynxyus a(x, #), umo

00
an E aj.
j=1

(o)
Jaaee, ecau dpyean Gynryua a’ obaadaem men sce ceoticmsom ¢’ ~ > a;,
j=1
mo a—a €S57°(X XRN).
NJoxaszaTeabcTso. Bropoe yTBepxkaeHme otveBnAHO. J[oKaxeM
mepBoe. MoXHO cInTaTh, ITO My > M3 >m3 > .... B caMoM fgele, ecanm 3To
He TaK, TO OO0BEJUHNM IEPBBII WICH ¢ HECKOJILKHMH IIOCAeIYIONHIME 10

[IOCIe JHET 0, IMEIOLIEro HOPALOK > my. IlepBhIll n3 ocTaBumxcs 06be uHA-
(o]

eM aHagorm4uHbIM o6paszoM u T. 4. Ilyete X = ) X, rge X; — oTkpsITOE
j=1
nogMHoxecTBo B X, npuieM K; =X; @X (T.e. K; —xomnakT B X). IIycTs

p(0) € C=(RY) n
0 mpm [0]<1/2,
30(9)2{
1 mpm |6|>1.

Mzr monoxum

(z, 0)= Z ( )a] (%, 6), (3.12)

rge t; Tak 6LICTPO CTPeMATCH K +00 IpH j — 400, IT0

95 0P [go( )a] (z, 9” gyms-1=slad 4315 (3.13)

npu ¢ € K; u upu |a|+|8|+1<j. TTokaxem, 9T0 3TOro Beerjga MOKHO
a06mTHCA.
3aMeTHM, ITO

03‘@(%)‘<CQ<9>_|°‘|, t>1, (3.14)

rge C, He 3aBucuT oT t, T. €. 111 @(f/t) mpn ¢ > 1 BHINOIHEHBI OLEHKH
xaacca SY , paBEOMepHO To t. B camom mere,
)

so(3)=059) (3) 71 n Jo1<e<2l0)

npu 6 €supp dy ¢(6/t), otkyna u BeITekaeT (3.14).
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Hanee, n3 (3.14) caexyer, 4To

dy af {@(%) a;(z, 9)} ‘ < (]j<9>mj—p|04|+6|/3|’

ecin x € K, t>1u |a|+|8|+!1<j. 3ameTnM Teneps, ITO

(gymi —elelFolBl o (gymi—1 —elal+61]

npu (f)"i-1~"i > 1/e. llosToMy BEIGOPOM t; MBI MOXKeM LOGHTHCA BBIIOJ-
menus (3.13). Us (3.13) caeayer cxoaumocts pajga (3.12) BMmecte co BceMn
IPOU3BONHEIMHE, PABHOMEpHaA Ha I060M kKoMmakTe K C X, u mpu I06bIX
(puKcupoBaHHELEIX «, 8 u | moayIaeTcs, ITO

(o]
g -
J3 afgl 3 gp(;) a;(x, 0)| | <277 (oymr el H0I8l p e K
j=r+1 J
-
IMosTomy a — 2:1 a; €55 (X x RY). Tax xax a, € STVH(X X RY), mo oTciona
]:
r—1
ClefyeT, 9To a — ) a; € ;ng(X X RN), 4T0 u TpeboBajoch. M
—~ ,
’ (o]
Cuegyromee mpefaoxkeHne o61eriaeT IPOBEPKY TOLO, ITO d~ . d;.
j=1

Mpegnoxenue 3.6. ITycms ajESZ?g(X x RNY, mj — —oco npu
j— 400, a € C®(X x RY), npuuen das aoboz0 xomnawma K C X u aobvix
Mmyapmuundercos o, § cywecmayom marue nocmosumvie p=p(a, B, K)

u C=C(o, g, K), umo
|0g 02a(x, 0)| < CO), zEK. (3.15)
Aasee, npednoaoscum, umo daa swbozo womnaxma K C X cywecmey-
0m MaKaA wucaoeas nocaedosameavrnocmsv = (K), 1=1,2, ..., u

makot nabop nocmoauwnviy C;=Ci(K), wmo p——o0 npu | =400 u
BBINOAHEHBL OYEHKU:

a(z, 0) — a;j(z, 0)| <CO, zekK. (3.16)
1

J

(o)
Toeda a~ > a;.
j=1
CyTb 3TOr0 IpeFIOKeHII B TOM, 9T0 BMecTo (3.11) oHO mo3BoIsIET IpO-

BepATH OLEHKH OCTATKA JIHAIIb NI caMHX (QYHKINH (a He 417 BCEX IPOH3-
BOJHEIX), €CIN 18 IPOU3BOIHEIX 05 0F @ rapaHTHPOBAHLI JOBOILHO CIabbIe
omenxn (3.15).
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JokazaTeIbCcTBO ONUPAETCS HA CAEIVIOMIYIO XOPOIIO IM3BECTHYIO JIEMMY.
Jdemma 3.1. Hyems dynurxyus f(t) umeem Henpepuienvie npouzeoo-
noie f'(t) u f'(t) npute[-1, 1]. IHoaoxncumn

Aj= sup |fD@)], j=0,2.
—-1<t<1

Tozda
| F/(0) > <4A0(Ag + As). (3.17)

HdoxaszaTeasncTso. [lo Teopeme Jlarpanxa
[ f/(t) = £/ (0) | < Aot ].
Tosrony | £/(1) [ 21 1/(0)] mpm As|t|< 51 //(0)], |¢]< 1. OGosmazmm

_ o SO / LY _
A =min oA 1 ,TaKqTo|f(t)|22|f(0)|npﬂt6[ A, Al Nmeem
2

2402 | F(A) — f(—A) | 324 L OL

2
CuaegoBaTenbHo,
2A 2A
"0)] < 22 =2A4; max z_ }
|f()|\ A 0 [ /(0]
, 4A0A» ,
Jto ozmagaer, aTo audo | f(0)|< TZOIE aubo | f'(0)]| <240, T. e. aubO

| F(0) > <4AgAs, aubo | f/(0) |> <4AZ, otkyaa u caegyer (3.17). B
Jemma 3.2. Iyemv Ky, Ks —dsa womnakma 6 RP npuuem
Ky ClInt Ky (muoncecmeo snympennur mouek Ka). Tozda cywecmesy-
em makas nocmoannas C >0, umo das aoboti ynryuu f, beckoncuno
dugepenyupyemoti 6 oxkpecmuocmu Ko, cnpasedausa oyenka

(sup ) ID“f(x)I) <

TER, |a]=1

<C sup If(ﬂﬁ)l(xseulg /()] + sup > ID“f(ﬂﬁ)I) (3.18)

TER: 2 =2
I[ OKa33aTeéeabCTBO HEMEIICHHO IIOJAYYIaeTCd U3 JeMMBL 31

(o]
dokazaTenbcTBo npegaoxenns 3.6. Ilycre b~ > a;
j=1
(Takas ¢yukuua b cymecTByeT B cmay mnpeatoxenns 3.5). Ilomoxum
d(z, 0)=a(zx, 0) —b(x, ). Torga mas moboro xommaxta K C X BbIIOI-
HAIOTCA ONEHKN

|0g P d(x, 0)| < C(H)*, x€EK, (3.19)
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rge C' u p 3aBucsar ot «, 3, K, n, kxpome Toro,
|d(x, )| <CH{O)™", 2€K, (3.20)

rae C, =Cr(K).
Tonoxum dy(z, &) =d(x, +&). Torga

g 03dy(x, €)|e=0 =5 03d(x, 0).

Ipumennm zemmy 3.2, momaras K; =K x 0, Ko =K x {|¢| <1}, rge K —
Taxoll koMnakT B X, uto Int K D K. Torga noay4um B cuxy (3.20)

(sup > Iaﬁ‘afd(l‘,@ﬂ) SO {07 +0)"),

K
TER al+lBI<L

rae r MOXeT OLIThL BEIODAHO MPOM3BOJBHO, fi 3aBUCHT oT «, 3 uw K, a C,
KpoMe Toro, eme u o7 r. Ho orcioga caegyer, wrompu ¢ € K u |« |+ | 3] <1
dbyuxnus 0 02d(x, 0) yérisaeT mpu |0 | — +00 6picTpee 0601t cTenenn (0).
Paccyxgas Mo UHIYKINH, MBI TOAYIHM 3TO XKe IPH I6BIX «, 3, 9To JaeT
Tpebyemoe Brmouenne d € ST (X x RY). B

3.4. Beipaxenne cumBoaa cobOcTBenHoro IIJO wepes ¢Pyuxmumio
a(x, y, £). BoToM nyHKTe U BO BCeX HOCAEAYIOMNX MbL CIITAeM, ITO § < p.

Teopewma 3.1. ITyecmv A —cobemesennniii IIAO, z3adannvii gopmuy-
aot (2.18), ca(x, &) —eeco cumson. Toada

1
oale, &)~ — 08 Dyale, v, §)ly=., (3.21)
(a3
20e ACUMNMOMUUECKAA CYMMA GEPEMCA NO 6CEM MYAbMUUNIERCAM .
3amewanne. flcno, aTo J¢ Dya(z, y, {)|y=c € S;?g(p_é)lal, TaK 9To

acHMOToTHIecKasd cyMMa (3.21) umeeT cMblca.

HdoxazaTenabcTBOo TeopeMmsl 3.1. 3ameTnm, 9TO B CHIy Ipe-
TOXKeHNA 3.2 MOKHO CINTATh, ITO GyHKINA a(z, ¥, £) IMeeT COGCTBEHHEIN
sHocuTens. Popmyny (3.8), onpeeasromniyo cuMBoI o 4(z, &), MOXHO TOTJa
HepenucaTh B BIUIe

oalr, &)= / / ale, g, ) =032 gy g, (3.22)

rjfe UHTerpal HOHUMAETCA KAK [MOBTODHBLIA I IMeeT CMBICI, TaK KaK IIPH
KaxJ0oM (PUKCHPOBAHHOM I HHTETDHUPOBAHUE II0 Y BeJeTCA IO KOMIAKTY.
Taxum 06pazoM, ecin K —koMmakT B X, To B popMyae (3.22) Hamucan oc-
UUATHPYIOIIAYA HHTErPAJ, 3aBUCAIINN oT napaMerpa © € K. CneraeM B HeM
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3aMeHY IePEMEHHEBIX z =Yy — &, =0 — &, 9T06Bl yIPOCTUTH SKCIOHEHTY:

// x, x4z, E4n)e N dzdy. (3.23)

Pazmoxum a(z, x + 2, £+ 1) mo n mo cpopMyJIe Tenmopa B Touke 1 =0:

alz, x4z, E+n)= Z dga(z, z+2, 5) —I—TN(l‘ 42,6, 1), (3.24)
o] <N=-1

rae
1

rv(e, 42,8, n)= Z / N_10?a(x,x—|—z,€—|—t77) dt. (3.25)

|a|=N 0

3aMeTHUM Telephb, ITO

[ zate o vz et aan=0gDate o5 o (326)

no ¢opmyre obpamenus Pypre. ITO JaeT KOHEIHBIE WIEHBI B (HOp-
Mmyze (3.21).

Mz x0TUM Tellepb BOCIOJAL30BaThCA IpeatoxenneM 3.6. [loryuum BHA-
vage rpybyio omenky Tuna (3.15) mas oa(z, £). das sToro mpeobpasy-
M (3.23) HHTErpUPOBAHEEM IO FaCcTAM:

x, €) :// e MDD VWale, x+z, E+n)- ()7 dz dy, (3.27)

rje v 9eTHO U HEOTPUIATEILHO.
Tenepnb, yInTHIBag HePaBEHCTBO

(E+n) <)),

MEI moaynuMm u3 (3.27), 9To
|0°‘ &’60',4 | <C¢ p"'é” /(77>p_(1_6)” dn,

rge p=max(m— pla|+6|8],0), ¢ € K u v ZoCTATOIHO BEINKO. DTO I JaeT
TpeGyeMble OLEHKH IPOU3BOSHLIX OT 04 (%, £) Tuna (3.15). Teneps ocTaercs
OLIEHNTDL OCTATOIHBIN “LIEH.

TogcraBanan B (3.23) Buipaxenne ry (3.25) BmecTo a(x, x+z, £+17), mo-
MeHSeM MeCTaMU HHTerPIPOBaHUe 1Mo ¢ I MHTErPUPOBAHMEE TI0 Z, 1), I TOTa
[OLy9aeTCs, IT0 HyKHO paBHoMepHO 110 ¢ € (0, 1] n # € K oLeHNTH HHTErpat

R ¢z // —ian n*dga(x, x4z, E+1n) dz dy,
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rge |« | = N. aTerpupys mo 4acTAM, MbL IIOLYIaeM

Ro¢(z, &)= // e_iz'”&?D?a(x, 4z, E+1tn)dzdy. (3.28)
Pazo6bem naTerpax B (3.28) Ha aBe wacTm:
Rae=Rg  + R0y, (3.29)

rge B R|, , WHTerpHpOBaHWE UPONCXOJNT IO MHOXKECTBY {(z,7): |n|<
<|€1/2}, aB R, ; —mo ero gomoamenmo. 3ameTnwm, 1To ecan |n|< |€|/2,
To [£[/2<[E+1n| < 3[£]/2, a mockomeky B R, ; 06Bem obracTn nHTerpu-

poBaHus o 7 He npesocxogut C'|& ™, To
R, (2, &) Oy rmoNtn, (3.30)

rxe C me 3aBucur ot & u ot 1.
11
Onernum Teneps 1, ;. IIpoBegem 1o z UHTerpupoBaHue 0 TACTAM, T0Ib-
3yACh (POPMYION
—v v, —tzn _ _—izn
(™ (D) e =e",

rie v — HeoTpHULAaTeIbHOe deTHOe ducao. Torga R , upecTaBaseTcsa B BU-
)
e KOHEYTHOU CYMMBI CJaraeMbIX BHIIa

Ro g, t(x, &)= // e_iz'”<77>_”&?D§‘+’6a(x, 4z, E+in)dzdy, (3.31)
lnl>1€l/2

rae |B|<v. Opu |n|>|£|/2 Bepamenne 0?D§‘+f6a(x, z+z,£+1tn) ome-
"mBaeTca mo Moxymo gepes C(n)?~ (PO N+ qpnm — (p—§) N +dv >0
nepes C'upum— (p—3§) N +5v <0 (B o6oux cayuasx C' He 3aBucut oT &, 1)
u t). YuuTeIBasg MHOKHITEIb ()", MBI oxydaeM u3 (3.31) mpu gocTtaTodHO
6oapioMm v

|Ra,p,t(z, §)| <C / (nyr=1=0w gy
Inl>1€l/2

rge p=max{m—(p—J0) N, 0}. Ecm p— (1 -9)v +n+1<0, To oTcroga cie-
AyeT, 9T

Ra g1 (2, €)| < C(€)p=(1=0wnit / ()" dy < (== Orntt,
(3.32)

rge C me 3aBucut ot z, ¢, t (mpu « € K, t € (0, 1]). Beibupas Goabiioe v, MbL
MoxkeM cxeqaTh B (3.32) mokaszatens p— (1 —J)v+n+1 oTpunaressHbM
U CKOMb YTOJHO GOABIINM IO MOJIYIIO.
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Mpuanmas Bo BunManue (3.29) u (3.30), Mbl moxysaeMm 1aa R ¢ omeHKy
| Roi(z, €[ SO@EM =9 we R, te(0,1],

KoTOpas obecnednBaeT IPUMEHUMOCTh Ipemaoxkenus 3.6, ©¥To u TpeboBa-
gocs. W

3amMewvanue. Meron noxazaTeabcTBa TeopeMbl 3.1 oUeHL XapakTe-
per g Teopun I10, 1 cOOTBETCTBYIOIINE PACCY K IEHNA IMEIOTCI BO BCEX
BapUaHTaX 3TOU TEOPUU MpHU JIOOLIX Crocobax ee M3MoKeHNA. [[o3ToMy MBI
PEeKOMEHIYeM YIUTATEII0 TIMATEIbHO Pa3obpaThcs B JOKA3aTEIbCTBE DTOU
KJIIOTE€BON TEeOPEMHI.

3.5. CHMBOJ TPAHCIIOHHPOBAHHOTO OIEPATOPA M AYAILHEIN CHMBOJ.
TpaHCIOHIPOBAHHEIN omlepaTop ‘A ompenerseTca TeMm, ITO I U, UEC
€ C§(X) monXHO HMETH MECTO TOXKIECTBO

(Au, v) = (u, "Av), (3.33)
rae

(u, v>:/ u() v(x) de.

ITosToMmy, ecrn omepaTop A€ LZ?(;(X) 3agaerca dopmyaon (2.18), B ko-
Topott a(z, y, ) €57 (X x R"), To ‘A 3agaeTca popmy.Ioit

o) = [ [ 0 ata, . €) ofo) do e

OTKY[Ja 3aMeHOHN NepPEeMEHHLIX 1) = —¢ MOIydaeTcs

"Av(y) :// V=N gy, —n) v(z) de dy. (3.34)

Omcioga BugHO, 1TO ‘A € LT(;(X).
Teopema 3.2. [lyemv A — cobemsennvid ILIO, 4(x, £) —ez0 cum-
sou, o'y (z, &) — cumeoa onepamopa *A. Toeda

(e, )~ 0f Dioa(e, —€)/al. (3.35)

JoxazaTeabcTBo. 3aMeTHM, ITO omepaTop ‘A Taxxe spaseTcs
coGcTBeHHBIM (cM. ympaxuenue 3.3). Jamee, BmecTo a(x, y, &) B GopMy-
1y (2.18), 3agatomyo geficTBue A, MOXKHO IOACTABUTE 04 (%, &) (cMm. (3.10)).
Torza (3.34) MOXKHO 3aIHICaTh B BHAe

Yote) = [ [ @ E0aly, ~¢) oly) dy de (3.36)
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Ato crangaptHas 3anunck IO (cm. (2.18)), B koTopoil poas a(x, y, &)
urpaet o4 (y, —¢)). OctaeTca BocmoabzoBaTbest Teopemont 3.1. W

Yunpaxuenne 3.4. [Iycrs A — co6crBennnm ILJIO ¢ cumBomom o 4(z, £), A* —
«COTIPAYKEHHBIN» OMEPATOP, ONPEIeNAeMBII TEM yCIOBUEM, ITO

(Auy 0) = (u, 4%0),  u, e CE(X),
rae (u, v) = [ u(x)v(z) dz. [lokasaTs, uro A* — co6creennsii [I10 u ecan o* (@, £) —

X
€ro CUMBOJI, TO

oo &)~ 3 98 DITATE B/, (3.37)
rae 9epTa O3Hav9acT KOMILJIEKCHOE COHp(:I)KeHI/Ie.
Mmur BBe€OEM TeEIIEPHb &ycmbeui CUMEBOA &A(l‘, g), IIoJgaras
Gale, ) =ch(z, =), (3.38)

Yunroisas, uto '(*A) = A, mpI noxysaem us (3.36), aTo onmepaTop A zamm-
CBIBA€TCS Iepe3 TyalbHEBIL CHMBOI 0 4(z, £) mo dopmye

Aute) = [[ oty €) ) dyde

() €)= [ e 6u (v,  ulw) dy (3.39)

Teopema 3.3. Jyaawuwii cumeon Ta(y, &) ceAzan ¢ cumeoson
oaly, &) acumnmomuueckod Gopmyaod

Ga(w, &)~ (=0)*Dyoal(x, £)/al. (3.40)
JoxaszaTeanbcTBo odeBnano u3 (3.38) u (3.35). W
3.6. ®opmyaa KOMIIO3HIMH.
Teopewma 3.4. Ilyemv A, B —cobemeennvie IIIO 6 obaacmu
X CR" ca(x, &), op(x, &) —uxr cumeoavi. Paccmompum ur KOMNo3uyio

C=BoA. Toeda C — cobemsennviti IIAO, cumsoa xomopozo opa(x, &)
ydosaemeopaem Ycaosuio

opalz, &)~ 0gop(x, &) Dioalx, &)/al. (3.41)

JoxaszaTeascTso. [lomssyacs dopmynon (3.39) aas omepaTopa A
u Gpopmyaon (3.9), IpIMeHEHHOR K omepaTopy B, moaydaeM

Cu(x) = / / oy (2, €) Faly, €) uly) dy de.
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Orcrofa BugHO, 9TO ecan A € LZ?%(X) u Be L;?%(X), To C € LZ?;‘H”Q (X).
laree, agaJormIHO ToIydaeTcs, ITo ‘C=‘Aoc!B ¢ LT%"’mQ (X). Tot ¢axr,
aro IIJJO C aBasercs coOCTBEHHLIM, BHITEKAET TeNePb U3 NPEeIIoKeHNs 3.4.

OcTraeTcsa BEIYHCINTL CUMBOI 0pA (2, £), HOAB3ysacs TeopeMamn 3.1 m 3.3.
Nmeem

opa(z, §) NZ d¢ Dy [oB(z, €)Faly, £)]/a! |y:x _
:Z 9¢ [o(x, ) DyGa(n, §)]/al~

~> " 0 lon(m, &) (=9)” DEtPoa(w, &)]/al Bl (3.42)
o B

Teneps chopMyImpyeM ABe XOPOLIO IM3BECTHBIE AArebpamtdecKue JeMMBL.
Jemma 3.3 (popmyaa Jlenbunua). ITyemv f(x), g(x) — eaadkue
dynryuu 6 obaacmu X CR"™, a a — myavmuundexc. Tozda

(@ gl = Y S]] (3.43)
y+i=a

Jemma 3.4 (6unom Heioroma). ITyeme x, y ER" u o — Mmyabmuun-
dexe. Toeda

al 5
a_ v
(z+y)* = E 1ol 27y’ (3.44)
y+d=a
Yunpaxuaeunune 3.5. [Jokazars semmbr 3.3 u 3.4.
Yxkazanue. Popmyaa (3.44) MOXKeT OHITh JOKa3aHa 110 UHIYKINHA Win u3 $op-

Myael Tentopa gaa Mmuorodaenos. Popmy.aa (3.43) noJaydaeTca U3 (3.44)7 ecJu 3aMeTUTh,
9T0

I%[f(@) g(@)]={(92 + 9y)* [/ (#) 9(W)]} |y=2-

Oxonvanme gokaszarTeabcTBa TeopeMmu 3.4. IIpeoGpa-
3yeM Temnepsb (3.42), moapsysace aemmon 3.3. Iloaydmm Torza

opalz, &)~ Y [0} on(x, &][(—0)° (9} D2 oa(x, £))]/4! 86! =

a,B,v,8
y+é=a

= > (VPN o, O] DI o, €)]/p116! =
B,7v,6

_1l8l
=2 Z( (;—Zf)[azow,5)1[ang+vaA<x,g>]/~yz. (3.45)
i B+
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Teneps u3 popmyasr (3.44) c e=—y=e, raee=(1,1, ..., 1), m a=1
HoTy<daeM
18]
_ —e)B =5 =D
O = (e Z 5151 ¢)f = ! Z I
B+é=sx B+d=s

rae (5|0%| — cumBoa Kpourexepa, pasubiil 1 upu »=0 u 0 upn || > 0. Baa-
rogaps >ToMy cooTHoIIeHmo B (3.45) ocraiporcsa aums craraeMsle ¢ s =0,
uTo u gokasweiBaeT (3.41). W

Caegcreme 3.1. Ilyemv A€L]3(X), BELY5(X), 0<5<p<l
u onepamop B — cobemeennniii. Tozda onepamopst AoB u Bo A, pac-
emampueaemvie kak onepamopvr uz CP(X) ¢ C®(X), npunadaexncam
Itme (X)

0,0 ’

HJoxazareancTso. Pazgoxum A B cymmy A= A; 4+ R, rge ome-
paTtop A; —coGcrBennsll, a R umeer agpo R(z, y) € C°(X x X). Jer-
KO IPOBEpUTHL, UTO omepaTophl BR m RPB umeloT riaikme siipa, paB-
HBle, COOTBeTCTBeHHO, B, R(z,y) n ‘ByR(z,y), rae B, —ouepatop B,
IPUMEHSeMBIN 10 MEePEeMEHHON & HpU (PUKCHPOBAHHOM Y, U AHAJOTMIHBIN
cMbIcT uMeeT 'B,. YTBepkjgeHHe CIeICTBHA BHITEKaeT Telepb H3 TeO-
pemur 3.4. W

3.7. Kunaccuvueckue cuMBOJILL U 1iceB {0 aud P epeHnmaIbHbIe OMepaTopH.
Huorga yapo6uo paccmarpusath Goaee yakme xiaccel [I10. Ogum us Ta-
KHX KJIACCOB, BEIAEPKUBAIOIINY GOMBIINHCTBO HEO6X0 JUMBIX OME€PALINH, MBI
celryac ONMUIIeM.

Ounpegenenne 3.5. Kuaaccuueckum cumeo4om HA3BIBAETCS TaKas
dbyaxmusa a(z, §) € C° (X x RY), 910 npu mexoTOpOM KOMIIEKCHOM m mMe-
€T MEeCTO aCHMITOTHYIECKOE DA3JIOKEHIIE

21/) ) @m—j (2, 6),

rae ¢y € C(RY), ¥(0)=0 mpu |0 <1/2,¥(0) =1 mpu |0|>1, a ap_;(z, 0)
HOJOKUTEILHO OJHOPOAHA IO § mopagka m-—j, T. €. dm—_;(x, t0)=
=1""Ja,,_;(z, 0) mpu Beex t >0 u (x, ) € X x (RV\0). Kaacc Bcex cuMBo-
0B, 0612 JAIOIIIX DTHM CBOHCTBOM, MBI Gy aem o6osrazaTs C'S™(X x RY).
Tepes C'L™(X) mel 6ygem oboszHadaTs kaacc ILTO, koTopsle MOTYT GBITD
3agamsl B Buge (2.18) c a(x, y, £) € CS™(X x X x R"). Takue ILIO Mmul
6ygeM HaswBaTh Kaaccuueckumu IITO.

Ecin ajp(z, #) nomoxumrersHo omgHOpogHa mo f mopaska k, To
0508 ax(z, 0) mozoxuTersHo ogHOpoaHa mo 0 mopagka k — |a|. IlosTomy
acuo, 110 CS™ (X x RY) C SRem(X x RY).



44 [NCEBAOINPDPEPEHIVAJIBHBIE OIIEPATOPEL [TJI. T

Ilpegnoxenue 3.7.

a) Bcau A€ CL™(X) u A cobemeennnidl, mo oa(x, £) € CS™(X x R™).

6) Ecau AeCL™ (X), BECL™(X) u A, B — co6emsennvie II00, mo
BAECLMtme(X).

B) Fcau Ac CL™(X), mo'Ae CL™(X) u A* € CL™(X).

lokazaTelbCcTBO HENOCPEICTBEHHO IIOAYIaeTCA U3 TEOPEM
3.1-34. 1

Taxum o6pazom, Kiacc Beex kaaccmieckux 110 BoigepKuBaeT B3ATHE
KOMIIO3UIIH, CONPAKEHHOTO I TPAHCIOHNPOBAHHOT O OIepaTopoB. B namrn-
HelmreM Oy 1eT IOKA3aHOo, ITO OH BEIIePKIBAET TaKKe 3aMeHY IIePEMEHHEIX,
B3ATHe IapaMeTPHUKCA IINITHIeCKOT0 onepaTopa (¢M. § §) I KOMITEKCHBIX
CTeleHel 3LINITHYIECKOT O OepaTopa.

3.8. Ympaxuenus u 3ajgadu.
Ynpaxunenune 3.6. [okazaTh ciaemyioomee obobienune cdbopMyasr Jlenbuuma
(3.43): ecam p(w, €)= Y. aa(z)é?, p(z, D) —coorBercTByromun guddepeHnnais-
lalgm
HEIU OTEpaTOP, TO

p(z, D) (f(@) () = D_[p!™ (&, D) f(2)] [D*g()]/a!, (3.46)

a

rae pl®) (2, £) = 0gp(w, £).

Ynpaxueunue 3.7. BuBecTn Teopemy 3.4 aiaa guddepeHInaIbLHBIX ONEPaATOPOB
U3 pe3yJabTaTa yInpaXHeHud 3.6.

Yunpaxuenune 3.8. [lycrs 1, 2, ..., Tx — n-MepHbIE BEKTOPHI, O — 7-MEPHBIN
MyabTunHgeKc. [JokasaTs, 4To

! ay a
(731+l’2+"'+l’k)a:al+wz+:ak=a al!.of.ak! Ty ...xkk, (3.47)
BriBecTu orcioma, aro
!
Pl @)= D =T (071 ) (@) (0% fi) (). (3.48)

[eARNe S

aj+...tag=a

Yunpaxuenne 3.9. Ilycrs pana dbynkuma a(z, &) € ngé(X xR"), roe X —
o61acts B R”. /lokazaTh, 4To cymecTByeT Takou co6creennem 110 A B X, uTo
a—oc4 €ST®(X XRM).

Y ka3 anune. PaccMoTpers onepaTop, 3aganHub dopmyaol (2.18), B3as a(z, y, £)=
=x(=,y) a(z, ), rae byukuma x(z, y) Takad )kKe, KakK B JOKa3aTe/IbCTBE IIP€LI0KEHNA 3.3,

Ynpaxueunue 3.10. BuBecru us ynpaxuenus 2.4 u 3.9, 94T0 onepauus B3ATUA
cnMBoJa onpegeaseT (npu 8 < p) mzoMopdusm

LT s(X)/L™(X) QSL’T(;(X xR™) /ST (X xR™).

Jagaua 3.1. Paccmorpum B R” onmepaTop

Au(x) :// ei(x_y)fa(x, &) u(y) dy dé, (3.49)
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rae a(z, £) yIOBIETBODPAET YCIOBUAM:
|08 0Za(z, €)|< Cap(€)m /1oL, (3.50)

Ipegnonoxum, aTo p>0, a § < 1. llpuaats cMeica naTerpany (3.49) B cae-
AVIOINX ABYX cuTyamuax: T. e. 0% u(z)| < Cy A4ag 1060T0 MyIbTHIHIEK-
ca a. IlokasaTb, 9To A ompefenseT HempepLIBHEIE OTOODaKeHUS B ceds
npoctparcrs S(R”) u C7°(R"). llokasaTs, 1T0 cuMBOI (&, &) 0JHO3HATHO
onpeneaer gericreueMm A ma S(R") min Cp°(R").

Sagaga 3.2. [TokazaTs, 4T0 onepaTOpHI OMUCAHHOT O B 3agade 3.1 Bu-
na 06pa3yIoT alre6py ¢ MHBOIONHEH, W HOIy9INTh aCHMITOTHIeCKHe (Gop-
MyJBI [ CHMBOJIOB KOMIIO3UIIMH ABYX OIE€PAaTOPOB, TPAHCIOHNPOBAHHOTO
U CONMPAKEHHOTO OIIePATOPOB.

Jagaga 3.3. Ilyers K(x, 2) € C°(X x (R™0)) u K(#, z) noroxun-
TeILHO OJHOPOJAHA 110 Z TMOPATKa —N, IPUIeM

K(x, z)dS, =0 (3.51)
|z|=1

(naTerpax mo mosepxuocTH chepsl |z |=1). JokazaTs, uTo gua u € CF°(X)
CYIIECTBYET Ipegen

Au(z)= ah_r}r(l) Kz, —y)u(y) dy, (3.52)
lo—y|>e

ompenerstommuit [I10 A€ CL%(X).

Omneparop A, ompegensemsii gopmyron (3.52) (mpm ycrosum (3.51)),
HA3BIBAETCH CUHZYAAPHbLM UNMEZPAAbHBLM onepamopom. Takum obpasoM,
STOT OIEPATOp ABAACTCA IaCTHLIM caydaeM ILJO.

3amedanune. Pemenne 3agadn 3.2 MOKHO HAITH B OJHOU W3 PaboT
Kymano-ro [1]—[3], a pemenne 3aga<n 3.3 MOXHO H3BIeub u3 kHurn Mux-
auga [1]. Pemenne >Tux 3ajad JOBOJABHO TPYLOEMKO, OJHAKO OYIEHD IIOJIE3HO
s nounManus Teopun I1710.

§ 4. 3amMena mepeMeHHOH
u ncepgoauddepeHnuATLHEIE OMEPATOPHI HA MHOT000pa3suax

4.1. JdeuctBue 3amennl mepemenmnoun Ha IIJO. Ilycte gam auddeo-
Moppuam x: X — X7 obaactu X CR” ma apyrymo obaacts X CR™.
Nugynuposantoe oTobpaxenme »*: C°(X;)—= C™(X), mnepesogsamee
yHKIIIO ¥ B (QYHKIUIO UO i, ABIIETCI H30MOPQMUIMOM U OTOGpaxka-
er C§°(X1) B C§P(X). Myers A—IIIO B X. OmnpegerunMm omepaTop
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Ay C5°(X1) = C*°(X1) ¢ DIOMOIIBI0 KOMMYTATHBHOI JHATPAMMEL

C5°(X) 2> (X))

E E

Al
C5°(X1) = O (Xy)
Ecan 2 =1, To

Aru=[A(uo )] 0. (4.1)

Ilycts omeparop A sagan ¢popmynon (2.18). Torga

Avula)= [ [ O a2, 4. €) ulela) dy e

I, monaras y = s (z), moaydaem

u( ialm)=a @) X)), 71 % et s (2) | u(z)dz
Ar // Ca(sa(w), 21(2), &) | det () |u(z) dz dE,
(4.2)

rjae s (z) —varpuna fIxko6u orobpaxenus s . Orcioga BugHo, 9T0 A —
NO®P ¢ pazoson dyuxmuen ®(xz, y, 0) = (5e1(x) — 51 (y)) - 0. MBI mokaxeM,
aro npu 1 — p<d < p onmepatop A1 —ILIO. DToT daxT 0IeBUIHLEIM 0GPa3OM
BEITEKaeT U3 CAeYIONen Gojee 0OIIeN TeOpPeMEI.

Teopewma 4.1. Ilyemv ® —maras Pasosas Pynryus 6 X x X x R”?,
umo

1) ®(z, y, 0) aunetina no 0;

2) ®Y(z,y, 0)=02z=y.

Ilyems A} —NIOD ¢ Pasosoti Pynryued P(x,y, 0) u a(x, y, )€
ES;’?(;(X x X xR™) (em. popmyay (2.1)), npuven

1—p<d<p. (4.3)
Toada A, ELZ?(;(X).

s noxazaTenbcTBa MOHATOOUTCS

Jemma 4.1. ITyemv Pazosas dynryus ® ydosaemeopaem ycaosu-
am 1) u 2) meopemnr 4.1. Tozda cywecmsyiom makue oxpecmuocms
duazonaau ACX x X u C*®-omobpancenue : @—= GL(n, R) (neswvipo-
acdennas mampuunan fyuxyus Y(x, y)), wmo

@z, y, Y(z, ) =(x—y)-& (z,y) € (4.4)

Ilpu smom

det ’l/)(l‘, l‘) det xG(x Y, )|y=x =1 (45)
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HoxaszaTeancTso. Umeem

3

Dz, y, )= D;i(z,y)b;, (4.6)

Jj=
npuiaeM ®;(z, ) =0 u ecan ¥;(x, y) =0, j=1, ..., n, To x =y. Jaee,

9D,
/M:(' 181:1 Z J@,@,...,%).
]:

3ameTn™, 9To nuddepeHnnpopanne mo & cooTHomenns P(z, x, ) =0

noxaseBaeT, IT0 &y [,—y = —P} |;=,. Ho mo onpegenenmio dazosoit pynk-

nn (I)/x,y,t?;éo opu §#0. Tax xax ®)(z, z,)=0, To ZomxKHO OHITH

D! (z, x, 9)#0, T. e. mpu awo6oM §#0 cymectByer Taxoe k, 1< k< n,
n

9TO Z

-0, .
P dxk ; #0. OTcioga cregyerT, 9TO

o (2

£0. (4.7)

r=y

Ilo nemme Agamapa npu GAN3KUX T I Y

n
k=1
rae ®y; € C° ('), ¥ —HeKkOTOpAas OKPECTHOCTH AmaroHatn B X x X; mpm

3TOM
0®;(x, y)

(I)kj(l‘, l‘) = @:Ek

. (4.8)
r=y
Ecin wepes ®(z, y) obosmaunts matpuny (®y;(z, y))i j=, To m (4.7)
n (4.8) caegyer, 4UTO CYLIECTBYeT Takasg OKPECTHOCTH §) IHArOHAIN
B X x X, aro det ®(x, y) #Z0 npu (x, y) € Q. Iomoxum

Pz, y) =S (e, y)~'. (4.9)

BBuay Toro, 1o

(z,y, 0 Z @iz, y) 05 (zx —yi) = (z —y) - (2(x, y) 0),

n nonaras ®(x, y) § =&, MBI moaygaeM, odeBuHO, hopmyay (4.4). Popmy-
a (4.5) BerTexaer u3 (4.8) u (4.9). B

HoxazaTeanrcTBo TeopeMmu 4.1. B cury npemmoxenus 2.1

n ynpaxHeHus 2.4 MOXHO CYNTaTh, 49TO omepaTop A 3amaerca ¢op-

myaonn (2.1), B xoropon a(z,y, #)=0 mpu (z, y) ¢, rge @ —mobas
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OKpecTHOCTb auaroHanu. [leras B mHTerpate (2.1) 3aMeHy mepeMeHHON
0 =1v(x, y) £, MBI HOIYIUM TOT A

Avae) = [[ D ate,y oo ) €] det o ) alo) dyde. (410

Ocraercsa 3aMeTuTh, 4T0 ycaosue (4.3) obecmeunsaeT gas aq(z, y, £) =
=a(z, y, ¥(z, y) ) srmotenne a(z, y, {) € 575(X x X x R") B cury xem-
mer 1.2. W

4.2. ®opmyaa mpeoGpa3zoBaHNA CHMBOJA.

Teopewma 4.2. [Tycmv dan duddeomopuzm sc: X — X1 u cobemeen-
ot ITO A€ LT(;(X), npuuen 1 —p<L < p. [lyems onepamop Ay nocmpo-
en no dopmyae (4.1). Toeda

1 o a ix!!(2)
o4, (Y, 77)|y:%(x)~2 aag)(x, b3/ (z)n) - D% < (2)7 , (4.11)

2=
(a4

ade 0'1(40()(1‘, §)=dgoa(z, &), a #(z) sadaemca gopmyaot

7 (2) = 5(2) — #(x) — 5 (2) (2 — 2). (4.12)

xr

1
JoxazaTeascTso. OTMeTHM Ipex e Bcero, 9To GyHKnuL s ()
UMeeT IPHU Z = £ Hyab BTOpPOro nopsaika. IllosTomy, ecain 0603HaINTH

B, (z, )= D e () 1| (4.13)

2=z’
To ®,(, 7)) — MHOTOUIEH 110 7) cTenmeHn He Goabiue |«|/2. IIpuanMas Bo BHI-
MaHme JeMMy 1.2, MBI BUAUM, <ITO

Uga)(l‘, t%l(l‘) 77) D?ei%g(z)ﬁL:x € S;?é—(f)—l/zﬂﬂ(x « Rn)

Ho u3 ycaosusa 1 — p < < p BeITexkaeT, 410 p>1/2, Tak 910 acuMoToTude-
ckasg cyMMa (4.11) nellcTBUTEILHO IMeEET CMBICI.

Hdus gokasarenbcTBa (opmyasl (4.11) bl BocmoassyeMcs (opmy-
noit (4.2), 6epa B menl a(x, y, ) = o4 (x, §). Ioapsyscs npeoGpasoBaHueM,
OIICAHHLIM B JOKAa3aTeIbCTBe TeopeMbl 4.1, MBI HOIYYNM U3 Hee, ITO

Aru(x) = // YN Gy ey (), (2, y) n) Dx, y)u(y) dydn,  (4.14)
rae D(x, y)=| det () || det ¢(x, y)|- o Teopeme 3.1 MBI HMeeM

oz, )~ 0y Dy loala(@), ¥z, y)n) Dix, y)l/ally=.  (4.15)

W3 4neHOB ¢ MyJABTHHHIEKCOM ¢ MOIYIUTCA (IO HMOACTAHOBKN Y = &)
CyMMa Y/I€HOB BHU A

c(z, ) o' e (@), e, v)n), (4.16)
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rjae ¢(#, y) 3aBHCHT TOIBKO OT 3aMeHbI IEPEMEHHBIX (HO He 3aBHCHT OT A).
Ipu >ToM 18 MyIbTHHHIEKCOB ¥ U 5 B (4.16) BLIIOIHEHE! OEHKN

|B1<2]f, (4.17)
[y1+ | <18 (4.18)

B camoMm nexe, ouenka (4.17) odeBngua, a oumenka (4.18) cregyer us Toro,
4TO omepaTop Dy, IpUMeHEHHBIN K BhIpazkeHH:o Buga (4.16), He Memnser

|B]—|7l, a oneparop J, yBeamuusaet |3|—|v|=a L.
W3 (4.17) u (4.18) umeem
Y I<IBI=lal<IBI=181/2=]8]/2. (4.19)

OTMmeTnM Teneps, uTo u3 Gopmyasl (4.9), npumenennon aas ®(z, y, 0) =
= (31(x) — 5e1(y)) - 0, BRITEKACT, 9TO (2, ) = (t%i(x))_l.
Teneps mpousseteM B (4.15) rpynnuposky <wienos Buga (4.16), cobupas

BMeCT€e BC€ WJICHBI ¢ OJITHAKOBBIMUI ﬁ HOJIy‘II/IM TOor ga

oy (@, )~ > o Gerle), (5 () ) Ws (e, 0)/ B, (4.20)
8

rae ¥g(z, ) — DOINHOMEL 10 7) cTelleHN He BoIe | [ |/2 (¢ koaddunuenTamm
m3 C*°(X1)), me 3asucsimue ot A. IIpu sTom ¥y =1.
3amenss B (4.20) # Ha »(x), MBI HOIYYNM, OMEBUIHO, SYKBUBAIEHTHYIO

dopmyay:

o, (e(@), )~ > o' (, T () m) @5 (e, ) /B, (4.21)
8

B xoToponl ®g(x, n) —moamHOMEL mO 7} cTemeHn He Bbime |3|/2 (¢ xKod(-
dunnentamu u3 C*° (X)), ue 3apucamue ot A, npumaem ®y=1. Ocraerca
IIPOBEPUTD, ITO 3TH NOINHOMEL 3anaioTca (opmyron (4.13).

Bynem BeruncaaTs moanuoMsl $g(z, 1) ¢ moMoinbio JuddepeHnaibHbBX
omepaTopos. [L1a mudgdepernuaibHOro onepaTopa A nmeem

s (U Mlymscta) = €AY |y oy = T M0 (2, D) DT,
(4.22)
(3meck 04 (2, D,) o3nawaeT omepaTtop A, IeHCTBYOLMI [0 IEPEMEHHON 7).
Hanmiem Tenepn

w(2) = () + () (2 — @) + 24 (2),
OTKYZa

w(z) - n=se(x) -n4z -1 (@) n+)(2) - — T () .
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TogcraBaan B popmyay (4.22), moaydaem
0 (U Dlymsetoy = 7777 oa(z, Do) [ MG (4.23)

Bocnoabayemcs Temeps dopmyaon Jenbuuna (3.46) (yupaxuenue 3.6) gus
AudPepeHnnpoBaHus IPON3BeeHN IBYX dKcnoHeHT B (4.23). Torga moay-
UM, O9€BILTHO,

L o o ix!! (2)-
oa,(s(2), 77):2 50'1(4)(% t%/(x) n)- Dle = (7) 77|

(a4

. (4.24)
(MBI BOCHOJIB30BANNCE 3J€Ch €llle 09eBHAHON (opMyaon guddepeHnuposa-
HIIA THHEHHOH DKCIOHEHTEL: 04 (2, D) e* ¢ =€ g 4(2, £)).

Dopmyna (4.24) oszHadaeT CHpaBelINBOCTL 18 AUGdEPEHINATIBHBIX
omepaTopos dopmyasr (4.13) nas moaunomos B, (x, 1), Bxogamux B (4.21).
Ho BBHAY yHEBepCaabHOCTH moanHOMOB P, (2, 7)) OHA XKe BepHa H B 0OIIEM
cayzae. H

Opumepsn. &g=1, &3=0 upu |B|=1, ®s(x, n) = DE(isx(z) -n) npn
18]=2.

Caegcreue 4.1.

o (M) —oaln(v), (@) ) =5, X xR, (4.25)

DTO yTBepKJeHNE IOKa3LIBAeT, ITO 0 MOTYII0 CHUMBOJOB MEHBIIIETO
HNOpAIKA CAMBOJBI BCEX OIEPATOPOB, MOAyYaeMBIX M3 A 3aMeHaMH Tepe-
MEHHBIX, 06pa3yoT KOPPEKTHO ONIPeAeIeHHY0 (PYHKIINIO HA KOKACATEIEHOM
paccroennn 177 X.

Crnegcreume 4.2. Fcau Ac CL™(X), mo Ay e CL™(Xy).

lJokazaTelbCcTBO HEINOCPEICTBEHHO TOAydaeTcs u3  (op-
myx (4.11). W

4.3. IlceBaoauddepeHnmaabHbie onepaTopbl HA MHOT 000pasuu. [lycTo
M —n-mepHoe rragkoe MHOroo6pasme (kmacca (). Yepes C°(M)
u C§° (M) Mbl Gy geM 0603HAYATH IPOCTPAHCTBO BCEX TVIAAKHX KOMIIEKCHO-
3HAYHBIX (QYHKIUI Ha M U ero HOSIPOCTPAHCTBO, COCTOSIee I3 (DYHKINH
¢ KOMIIAKTHBIM HocuTexeM. IIpeimnonoxuM, 9To gaH JIMHEHHBIN OIEPATOD

A: C5° (M) = O™ (M),

Ecan X — HekoTopas KoOpAMHATHAS OKPeCTHOCTL B M (He 06sa3aTenbHO
cBa3HaA) U : X — X —ee nuddpeoMopdu3M Ha OTKDPBITOE MHOXKECTBO

X1 CR"™ To gmarpaMma
C5°(X) 2> 0 (X)

E E

C5(X1) 2 0 (X))
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OJHO3HAYHO OIpefenseT onepaTop A; (OTMETHM, ITO B BEPXHEH €€ CTPOI-
Ke CTOUT ONepaTop, PABHBIN KOMIo3uiuu rx o Aoix, rge ix —ecTecTBeH-
Hoe Baoxenue ix: C§°(X)— CF° (M), a rx — eCTeCTBEHHOE OrpaHHYEHIE
rx: C®(M)—C®(X); paa mpocTOTEL MBI 0G03HA9aeM JTOT OLEPATOD
TOH ke GYKBOH A, 9TO I HCXOZHBIN OLEpPaTOp).

Onpepgenenme 4.1. Oneparop A: C5°(M)— C*°(M) maspiBaeTca
neesdoduddepenyuaapivim onepamopom Ha M, ecan mas a060r0 KOOpAU-
HaTHOrO Auddeomopduama »: X — X onpeaeseHHBIN Bhillle onepaTop Ay
aBasercs II10 B X;.

Teopema 4.1 moxaswmiBaeT, uTo BBegenunle Boime 1110 B oGaacTu
X CR™ mpn 1— p<Id<p pencrBureasro sapasiorca 1110 ma MHOr006pa-
3un X.

Hdanee, memma 1.2 mokaswiBaer, urTo mpu 1—p<J<p KOpPEKTHO
ompefeseH KJIACC CAMBOJOB S;’?(;(T*M) U COOTBETCTBYIOIIUN KJIACC OIe-
paTopoB LZ?(;(M), a ciaegcrBue 4.1 IMOKAa3LIBaeT, UTO KOPPEKTHO OIpe-
IeJdeH 24a6Hbl CUME0.4, ABIAIIMHACA 3IeMEHTOM (DAKTOPIPOCTPAHCTBA

(T M)/ S0 520D ).

Haznee, B cuny TeopeMsr 4.2 KoppexTHO onpegenes kaacc C' L™ (M) xnac-
cugeckux [I10 wa M. Ecan A€ C'L™ (M), To TIaBHBIN CHIMBOI omepaTopa A
MOJKHO CUNTaTh OSHOPOTHON (yHKUmen o4(x, £) Ha T*M mopsixa oxHo-
poaHoCcTH M, 160 ecam aBe QYHKIUH a1z, &) U az(x, £) HOIOKUTEILHO
ogHopoaHsl no & mpu |£|> 1 mopsaaka m W ONpeJeasiOT OAWH U TOT ¥Ke
K71acc BEMeToB mpocTparcTsa S™ (X x R™) mo mogymo S™H(X x R™), To
oHn cosnagawoT upu |&|> 1.

3aMeTnM B 3akaiOvUeHNe, UTO CYIIeCTBEHHO pa3pellaTh B Ompenee-
unu 4.1 ynorpebaenne HeCBA3HBIX KOOPJUHATHBIX OKPECTHOCTEN, 160 NHAa-
e TPUAEeTCA CINTATh mceBgoauddepeHnuanbiBIM OMepaTop OTPAKEHUI

f(@) = f(—z) 3 R\{0}.

Yunpaxueunune 4.1. [lokaszars, aro [1/10 A Ha mHoroo6pasuu M npomgoaxaercsa
[0 HEMPEPHIBHOCTHU N[O OTOGpaKeHUA

A: &'(M)— 7' (M),

rae &'(M) n 2'(M) osHadaloT nmpocTpaHCTBa, LyalbHbE K [IPOCTPAHCTBAM COOTBET-
CTBEHHO BCEX TIATKUX W TIaTKNX (GUHUTHBIX CeYeHUH OJHOMEDPHOTO PACCI0OeHH TLIOT-

uocren |A"(T*M)| *).

*) DTo paccioeHHe MOXKHO OIpeJequTh, HalpuMep, BH6pas nokpeirue M koopau-
HATHBIMH KapTaMt, CIMTad er'o TPHBHAJLHBIM Hal KayK oW KOOpIMHATHON OKpPeCTHO-
CTBIO U 3aaBad GYHKIINH MTePeXoTa PaBHEIMI MOTyai0 AKOGHaHa KOODAWHATHEIX Tpe-
o6pasopannit. CedeHnA paccioeHN IOTHOCTEH MOXHO HHTETPUPOBATh IO MHOT006pa-
3U10, 9eT0 HeMb3A CKa3aTh O BHEITHUX n-dopMax, AJi HHTerPIPOBaHNA KOTOPHX HeoO-
XO4MMO 3ajaHie opHeHTauu (T. €., Ho CymecTBy, 3ajaHue usomopdusma A™(T*M) u
|A™(T*M)|). Ecim sa M dukcnpoBaha HeKoTopad IlagKad HOJ0KHTEIbHAT INIOTHOCTS,
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Buaoxenune C(M)— 2'(M), ungyuupyomee ioxenue CF(M)—&'(M), ¢ —
€CTeCTBEHHBIM 06pa3oM ompefenaeTca ¢opMy.Ioi

(u, @) :/ u- o, (4.26)
M
rge w € C%° (M), ¢ — raagkas GUHUTHAS IVIOTHOCTE (TaK 9TO U - ¢ — 3TO TaKXKe IVajKas
dunnTHAZ IOTHOCTE). IIpOBEPHTE CBONCTEBO IICEB T0JIOKAILHOCTH ollepaTopa A.
Ynpaxueunue 4.2. llycrs F, F—raagkue BeKTOPHBIE PACCIOCHUA Ha MHO-
roo6pasun M; w: T*M — M — ecrecTBennaa npoeknusa; 7 FE, 7* F'— uarynuposan-
Hble paccioenna Ha T*M. [Jare onpegerenune IO A: C§(M, E)—C®(M, F)
(C5° (M, E) — raaakue dunuTHBIE cedenns paccaoenud E; C°° (M, F)) — raaakue cede-
Husa pacciroeHnd I7) u nokazaTk, 9TO €ro IVMIaBHBIH CHMBOJ — KOPPEKTHO OIPEJe/leHHbIN
2JEMEHT TIPOCTPAHCTBA

Spts(Hom(m* E, W*F))/SZ§2(P—1/2) (Hom(*E, 7*F)).

danawa 4.1. [lycte A — auddepeRNnaILELII OEPATOD MOPAIAKA M
Ha MHOT0O0Gpasun M (Taxon omeparop Ay : C§°(M)— C§° (M), aTo Beaxui
omepaTtop A: C§°(X1) = C§°(X1), onpeeneHHbIl Boillle, ABaAeTC Audhe-
PEHIIAIBLHEIM OIIepATOPOM HopAAKa m). JaTh HHBApHAHTHOE OLpejeleHne
[IaBHOT'O CHMBOIA Gy (4, §) Kak GyEknnn Ha 1™ M, Aasoomencs oIHOpPOI-
HEIM MHOT O<IeHOM 110 £ (T. €. BJOAb CJI0€B) CTeleHH M.

Y ka3zanue. BocnoabzosaThca dopmy.aon
am(z, ©h)= lim A"MeTMA(N),  oe O (M). (4.27)
A=+ oo
SJagada 4.2. BeraucanTs TMIABHBIL CHMBOJ OHEPATOPa d BHEIIHEr O
auddepernupoBanus ge Pama:

d: AP(M)— APTH(M),

rae Ak(M) O3HAMaeT IPOCTPAHCTBO TMIAJAKNX BHEMHNX k-popm ma M
(k=0,1,..., n).

Jagaga 4.3. JoxasaTh, 9TO OJHOMEDHBIN CHHI'YISPHBLIA NHTETPAIb-
HBII OIlepaTOp Ha rIagkol 3amMxHyTon kpuson I' C C

. . K(t, )
Au(t) = a(t) u(?) + lim .
[t—7|>e

u(r)dr, t,T€T,

npu a(t)e C®(T), K(t, 7)€ C®(I' xT') saBaserca kaaccmdeckum 1110
3 CLO(T).

To oHa 3agaeT uzoMopdusm paccaoenuii | A" (T*M)| u M x R1, uro nospoaser paccua-
TpuBaTh GyHKINHN KaK INIOTHOCTH 1 c4uTaTh 21eMenTH &' (M) u 9’ (M) bynkunonaiamu
Ha QYHKIIAAX.
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§ 5. I'MDOSAIMOTHYHOCTE M SIUINITHIHOCTH

5.1. Ompejenenne TrUNOMUIMIITHIECKUX CHMBOJIOB U OIIEPATOPOB U IIPH-
MepEL.

Onpepgenenmne 5.1. Pyuxmusa oz, ) € C°(X xR"), roge X —
o6macTs B R”, HA3BIBAETCH 2UNOIAAUNTMUNECKUM CUMEOAOM, €CJAN BBIIOJ-
HEHBI CJIeVIOUIIe YCIOBIA:

a) CYLIECTBYIOT TaKHe BellleCTBEHHBIE HHCIA Mg, M, ITO A I060r0
xommaxTa K C X HangyTcs Takme HOJ0XKUTeNbHbIe nocTosuHube R, C1, Cs,
4TO

Gilgl™ <oz, OIS, [E1Z2 R, zeK; (5.1)

6) cymecTBYIOT Takme umcaa p u 0, 9o 0<I<p< 1, u aaa moboro
xommakTa K C X cymecTByeT Takas MOCTOSHHAA R, ITO A7 MI0OLIX MYIb-
THHHAEKCOB o,  HangyTca Takne nocToanHble Cy g i, 9TO

08 Do (x, )] 0™ (2, &)< Carp, w1171+ |¢|3R, 2K, (5.2)

Kuacc cumBoaos, ygosreTsopsomux yeaosuaM (5.1) u (5.2) ¢ duxen-
POBAHHBIMU M, Mg, p U § MBI OygeM 0603HAYATH HS;n’ém”(X x R") man
,
IpoCTO HS;n’ém”, ecan ACHO (MIN Ge3Pa3InTHo), 0 KaKkol obaacTn X HIeT
,

peds. U3 (5.1) u (5.2) oueBHAHBIM 06PA30M CIEAYET, ITO
HSZ?’(;m”(X x R™) C ST 5 (X x R™).

Tepes HLZ?’(;m” (X) el GygeMm o6osHauaTh Kaace coberBerunix 110 A
B obnacT X, 311 KOTOPHIX 04(, &) € HSZ?’(;m”(X x R™).

Ounpegeanenne 5.2, I[IIO A HasbBaeTCsI 2UNOIAAUNTIUNECKUM,
ecan cymecTByeT Takon cob6cerBenubnn IIJJO A € HLZ?(’sm” (X), dro
A=A1 4+ Ry, rge Ry € L7°(X), 1. e. Ry —omnepaTop ¢ GeckoHedHO Fud-
depeHIupyeMbIM AIPOM.

OTMeTnM, ITO A4 IGOT0 MPEeJCTABICHUA TUIOMIIAITHIECKOTO OTe-
patopa A B Buge A=A, + Ry, rge A; — coberBennnn 11710, a Ry onepatop
¢ DJIaJKIM SIpPOM, BepHO, ITo A € HLZ?’(;mD (X).

ODpumep 5.1. Ilycte A — guddepeHInajbHBIL OIEPATODP, T. €.
A= > au(x) D%, rae an(z) € C(X). OGozmatum wepes an(z, &) ero

al<m
P.ZIaBlHLIﬁ CIIMBOJL:
anle, = 3 aae) € (5.

|a]=m

Ounpegenenne 5.3. Jupdepenunanbuniil onepaTop A Ha3bIBaeTCH
FAAUNMUUECKUM, €CIT

am (2, £)£0 mpu (z, £) € X x (R™\0). (5.4)
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Mpeganoxenue H.1. Jar duddepenyuaabrnozo onepamopa A cae-
dyrowue Yeao6us sK6UEAACHMHDL:

a) A saaunmuuen;

6) A€ HLT’Om(X).

JoxazaTeasctTso. UMminkanua 6) = a) oueBugna. i goxa-
3aTeabCTBa 0OPATHON MMILINKALNK BBeJEM IMOJHBIN CHUMBOJ omepaTopa A

a(z, &)= Z aq(z) €7, (5.5)

lal<m
I 3aMeTHM, ITO €CJIn a) BBIIIOJIHEHO, TO

a(z, §)
am(xv 5)

rae gyuxnmn b_;(z, &) € C°(X x (R™\0)) ogHOpoAHEI mo & CTemeHH —j.
Orcioga cregyer omenka (5.1) ¢ mg=m, a omenka (5.2) moaygaercs
anajgorumiuo. W

IIpuMeps >AAUTTHIECKAX OMepaTOP O B:

9? 9?

omepatrop Jlanmaca A = ﬁ +...+ oz B R
o _ 9 .0 ,
E_dxl +de2 B k%
IIpumep 5.2. QuepaTop TELIOIPOBOIHOCTI

9 9 o 9?
A

ot~ T ot ox2 T oad

:1—|—b_1(l‘, €)++b—m($a g)a

omepaTop Komu—Pumana

TUIIOSJINIITUYICH B Rn-l_l, XOTA U He ABJAACTCA SJIIUINTHUICCKIIM.

Yunpaxuenue 5.1. [IpoBepuTh rUnosiiunTU4HOCTE OMEPATOPaA TEILIOHPOBO I-
HOCTH M HAl'TH COOTBETCTBYIOIIHE 17, 1, 0, 0.

Dpumep 5.3. Iycre A —xaaccuteckun 0, an,(z, £) —ero raas-
HBII cuMBOJ. Torjga uMeeT CMBICT

Onpepgeaenmne 5.3. Oneparop A€ CL™(X) HA3BIBAETCA FAAUNIMU-
YECKUM, ECIU €T'0 TVIABHBIN CHMBOI dn (2, £) YAOBIETBOPAET yCaoBHIO (5.4).

Tax XKe, Kak U B JOKA3aTeIbCTBe MpeAaoKeHnsa 5.1, 1erko mpoBepUTH,
uTo ecan omepatop A€ CL™(X) aBaserca COGCTBEHHEIM, TO €M0O 3JLIHI-
THYHOCTB >KBUBaleHTHa BKaoodenmo A€ H L]"" (X). He npeamonaras co6-
CTBEHHOCTH omepaTopa A, MOKHO CKa3aTh, 170 omepaTtop A€ CL™(X) ax-
JUNOTHYEH TOCAa U TOABKO Torga, korga A=A + R, rge A; € HLT’Om(X)
n Re L7°(X).

IIpumepsr 5.1 u 5.3 1e1aioT eCcTeCTBEHHLIM CleIyiollee

Onpegeneuune 5.3”. Onepatop A€ LZ?(;(X) Ha3BLIBAETCA IAAUNTNU-
weckum, ecim A=A, + R, vme A; € HLZ?’(;m (X)u Re L™°(X).
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Mpenanoxernume 5.1. Fecau onepamop A€ LZ?(;(X) ABAAECMCA COO-
CTNEEHHBIM, MO €20 SAAUNMUNHOCTD PAGHOCUABHA TMOMY, YN0 YCA08UE A)
6 onpedesenuu 5.1 spnoangemca das €z2o cumeoaa ¢ mg=m. bes npeo-
noaodcenus cobemeennocmu onepamop A€ L7 s(X) saaunmuuen mozda
u moavko Mmozda, kKozda cywecmeyem npedemasaenue A 6 eude A=A; + R,
ede Re L™°(X), a onepamop Ay A6AR€MCA COGCMBEHHBLM U YCAOBUE A)
6 onpedeaenuu 5.1 evinoansemea dasg cumeoda onepamopa Ai; ¢ mg=m
(u moada 3mo 6epro das 4106020 MAK020 NPEICNABACHUR).

JoxkazaTeabcTBO MNPEJOCTABAACTCI WUNTATEI B KadecTBe
yopaxuenns. W

5.2. IlpocTemime cBOMCTBA TUIODLIUIITHIECKAX CAMBOIOB. Y CIOBUMCS
Ipexkje BCero TOBOPHTE, 9TO (&, &) € Smé npu Goavwur £, ecau s JIOo-
6oro xommaxkTa K C X cymectByeT Takoe R= R(K), uTo ¢pyuxnus o(z, &)
ompegenera npu # € K, |£| > R(K), u npu >tux (z, £) BEINOTHEHB! BCe He-
o6xogumble omenkn Tuna (1.10). Ecan npu 5ToM ellje BBIIOIHAIOTC OLEH-

u (5.1) u (5.2), To 6ygem rosopuTts, uTo o (1, £) € HSm " npu Goapmmx £.

OtmeTnM, uTO ecan o(x, 5)65’”5 mwn o(x, €)EHSm " npm 601B-
mux &, To, yMHOXKad o(x, {) Ha DIAJKYIO CPE3AOIYIo cpyHKLU/IIO P(x, &),
pasHyo 1 «pu Goasmux &» (Hanpumep, npu ¢ € K, || > R(K)+2 aas
mo6oro xommakTa K) m 0 B OKPECTHOCTH TOTO MHOMXKECTBA, A€ CHM-
BOJ ¢ He ompefener (Hampumep, upu z € K, || < R(K) + 1), MBI monydnm
cumBon o1 (z, &) ES;’?(;(X x R™) mam, cOOTBETCTBEHHO, CHMBOI 01(%, &) €
€ HSm 5"° (X x R"), coBnagaromuii ¢ o(z, £) «upu Goapmmux &».

Jdemma 5.1. Bcauo(z, &) € HSm " npu Boavwur £, mo oz, ) €

EHS O™ npu Goavwur €. Jaaee, &Jm MOBBLT MYyAbMuUUHIERCOs O, 3
- s
0 o(x, €)/olx, ) € 5,

npu boavuwur &.
JoxaszaTteansctso. IIycrs y=(z,£), y, § — 2n-MepHBIE MyIbLTHIH-
gexcel. Mugykunen o |§ | nposepseTcs, 910

19] 6504—7 k 9%

W=y > A5 s

k=0 do+...+dr= =1

15

Teneps BHAHO, 9TO €CIH B3ATh ¥ = (3, &), TO BCe OLEHKH, HEOGX0 TUMBLE
I JOKa3aTeqbCTBa yTBEPXK TEHUS JeMMBI, CIeIYIOT HEIOCPeICTBEHHO U3
ompenerennn. W

1
m m m m
Jemma 5.2, FEeau O'EHS o U”EHS * mo oo’ e

EHSm +m m +m0’
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lJokazaTelbCcTBO HENOCPEICTBEHHO MOMYyIaeTCA W3 (POPMYJIBI
Jen6ununa. W

Jdemma 5.3. Ecau oz, €)EHSmm” r(z, E’)ESp(;, 2de my < myg,
mo U—i—rEHSm o,

Ndoxasa T ea1bcTBo. Ucnoassys npeacrasienne o+r=o(l+7r/0)
u deMMbl 5.1 5.2, MBI BUAUM, ITO JOCTATOYHO PACCMOTPETH caydan o =1
u mo=m=0, otkyga my < 0. Ho Toraga yTBepxneaue TeMMBI CTAHOBUTCS
oveBuaubiM. W

Jdemma 5.4. Ilyemv o(z, §) EHSm " npu bowvwur € u o1y, n) =
=o(z(y), £(y, n)), ede 0m06pa9fceHue (y, n)— (x(y), £(y, n)) Aearemes
duepenyupyemuin  omobpancenuen X1 x (R™0) 6 X x (R™\0), npu-
wem &(y, ) noaosxcumeabro odnopodro no 1 nopadka 1. Ilyems 1— p<L I < p.
Toeda o1(y, 1) € HSm 0 npu 6oavwur 7).

doxazaTeas c TBO BIOIHE AHAJOTHYHO [(OKa3aTeILCTBY JEM-
Mul 1.2 u mpenocTasaseTcs dnTaTeno. Wl

5.3. IIpocTermme cBOMCTBA THIOD/LIMIITHIECKUX OTIePATOPOB.
Mpeagnoxenue 5.2. Feau A’EHLm m”( ) u A”EHLm m”(X),

mo Ao A" e HLT ™ T ()
,Z[OKa3aTeJII>CTBO. Ilo Teopeme 3.4

d O'A/
TATAM (l‘, g) ~ O-A’(xa g) UA” 1 + g 5 xa'A”
A’ T Al
|| 21

B cuny memm 5.1 m 5.3 B KBaAPATHBIX CKOOKAX CTOUT PAJ, aCHMITOTHIE-
CKasg CyMMa KOTOPOT'O (B CMBICIE IPeITOXeHN 3.4) IpHHALICKNT HSg:g.
Ocraercsa Bocnoab3oBaTbes demmon 5.2, B

Mpegnoxenue 5.3. Ecau AEHLm 5 (X)), mo tAEHLZ?’ém”(X)
u A* EHLm 50 (X).

Hoxa 3 AaTeNbCTBO AHAJIOTUYIHO AOKA3ATEILCTBY NPEIBIAYIIETO
npeatoxenns. W

Mpeganoxenune 5.4. FEeau AEHLm’m”(X), RELZ?%(X), 2de
my <mg u R—cobcmsennvitl, mo A+ R€ HLm "0 (X).

doxazaTeabcTso. YTBepKIeHHe O‘{eBI/I,E[HBIM 06pa3oM BBEITEKaeT
u3 zeMmmsul 5.3. W

Mpegnoxenue 5.5. Feaul—p<d<p, mo kaace HLm 50 (X) un-
B8APUAHMEH OMHOCUMEABHO 3AMEH NEPEMEHHBLT, M. €. ecau dan &udidieomop-
dusm 32 X = X1 u onepamop A onpedeaen, kax 6 § 4 (Fopmyaa (4.1)), mo
A€ HLZ?’({”” (X1).

HdoxaszaTeasncTso. Ilo zemme 5.4

ca(a(y), ((y) ") € HS™ (X)
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(3gech 31 = 3~1). Ho Torga ua Teopemsr 4.2 u aemmet 5.1 scHo, aTO
oay (v, m)=0alaly), ()~ ) (L+r(y, n),

—2(p—1/2

rae r(y, 1) ESpyé(p /2)
ayeT Temepb u3 aeMMm 5.2 u 5.3. W

IIpenmoxenne 5.5 mo3BoJAfeT OUpeleInTh Ha JI060M MHOT0O0Opaszum M

Z?’ém” (M), ecin Toabko 1 —p<d<p.

upu 60abmuX 7). YTBepXKJeHNe IDeAT0XKeHNus Cle-

xiaacc runoswannrudeckux [I10 H L

5.4. ITapameTpukc u rpyGasg TeopeMa peryiapHOCTH.

Teopewma 5.1. Ilyems AEHLZ?’(;m”(M) u aubo 1 —p <o < p, aubo
d<puM=X —obaacmp 6 R". Tozda cyuecmeyem maroii onepamop B €
€ HL;C;”’_m(M), umo

BA=I+R,, AB=I+R,, (5.7)

ede Ry € L= (M), j=1, 2; I —mooicdecmeennviii onepamop.

Haaee, ecau B' — dpyzoii IIAO, das komopozo aubo B'A=1+ R}, aubo
AB' =1+ R5 (2de R; € L™ (M)), mo B'—= B€ L™(M).

Crnegcreue 5.1, Beau A —eunosaaunmuueckud IITO 6 M (ne 064-
sameavro cobemeennuill), mo cywecmeyem makot cobemeennwvi 1110 B,
umo enpasedausvl coomuowenus (5.7).

HJoxazaTeancTBo Teopems 5.1, 1. IlycTe Brawamre M =X —
obracte B R”™. Ilycts 04 —cumBoa omepaTopa A. PaccMoTpum Taxyio
dyukumo by (x, £) € HS;?”’_m(X x R™), aro by(z, £) ZO'Zl (%, &) upu 60aB-
mux &. Hangem Temeps Taxoll cO6CTBEHHEBIN omepaTop By € HL;TZ;”’_m (X),
9TO0 0, — by € ST (X x R™). IIposepum, 4TO

BoA=1I+ Ry, (5.8)

rae Ry € L;(ép_é)(X).
B camowm geme, mo Teopeme 3.4 mmeeM npu GOJABLINX &

a _—1
1 0 1 ey 1 aﬁ 94 Dioy
opoalr, &) ~1+ E a0§UA Dioca=1+ E ol ool o,
le|>1 || 21 A
U OCTaeTCA BOCIOAL30BaThCA jgemmon 5.1, IlycTs Teneps Cy — Takon cob-

crBerunin 1170, aTo
(o]

Co~ (-1)7 R), (5.9)

7=0

oo Y (1) oy (5.9)
=0
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13 (5.9) oueBugHBIM 06pa3oM CIEAYET, 9TO
Co(I+Ro)—1€ L™,
TakK ITO ecau MbI moaoxuMm By = CyBg, To
Bi1A=T+ Ry, (5.10)

rge Ry € L7°(X). I3 mocTpoeHns fACHO, 9ITO BleHL;?”’_m(X). Ha-
Jee, AHAJOTMYHBIM 00GpPa3oM MOXKHO IIOCTPOUTL TaKOU omepaTtop Bs €
€ HL;?”’_m(X), <TO

ABs =1+ R, (5.11)
rae R. € L™ (X).

IIpoBepum Tenmeps, uto ecan By, Bs —a6eix gsa [0, x1sa xoTopsix
BoInoAHeHb! cooTHomerus (5.10) u (5.11), To By — B2 € L™ °(X). Dtum 6y-
JeT NOKa3aHO CYIIeCTBOBaHIe TpebyeMoro B (B KalecTBe KOTOPOTO MOXKHO
B3ATb 000N U3 0omepaTopoB Bi, B2) U €ro eINHCTBEHHOCTH (C TOUHO-
cTei0 o omeparopa u3 L~ °°(X)). Ormerum, uro B; m Bz MOXKHO cun-
TaThb cOGCTBeHHBIMU. YMHOXKad (5.10) cupasa Ha B2 U MOIB3YSICH COOTHO-
menneM (5.11), monyunm By — By = Ry By — By R, n ocTaeTcs 3aMeTHTH,
aTo By Ry m Ry By npuragiexart L~ (X).

2. Ilycts Teneps M — mpomssoasHoe MHOroo6pasue, M =|J XV —mo-

N
xpuiTue M xoopauuaTHbIMI OKpecTHOCTsIMI X 7. Torga B X7 cyiecTByeT
(B cHIy TOJBKO UTO TOKA3aHHOIO Pe3yIbTaTa) TAKOU COGCTBEHHEIN Olepa-
Top BY, uTo

BYoA=I+R], AoBY=I+RjJ,
rae R}, R} —omepaTopsl ¢ NIagKuMu SIpaMu.

IIycTs Temepsb ¢;, j=1, 2, ..., — pasbueHnne eJUHNUILI, TOJINHEHHOE II0-
KpBITHI MHOT006pazus M oTKpHITBIMEI mogMHOXKecTBaMu X '. DTO 3Ha-
YUT, 9TO BBIIOIHEHD! CIEAYIONINE YCIOBUA (CM., HAIPHMeD, TeopeMy 6.20 B
kunre Pyzguna [1]):

o0 p— 7).

1) ¢; €CF° (M), ¢; >0, supp ¢; C X" npu mekoTopoM ¥ = v(j);

2) aas mo6oro x € M cymecTByeT Takasg OKPECTHOCTb %/, TOYKH & B
M, uTo %, mepeceKaeTCA AL C KOHETHBIM TICIOM MHOKECTB SUPD ¢;;

3) 2 pi=1

Teneps mocrponM Takme Qyuknun ¢; € C5° (M), 94T0 oHE yAOBIETBO-
psIOT c(OPMYINPOBAHHBIM BbImle ycaoBumaM 1) u 2) (¢ Temm xe ¥(j)) u
BJ06aBOK t; =1 B OKPECTHOCTN MHOXKECTBa SUPD ©;.

Ob6o3nanm gepes ®; n ¥; omepaTophl yMHOXKEHIA HA ©; U ¢/; COOTBET-
cTBeHHO. Temeps MOI0KUM

B=Y &,V g,
i
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rje MOApa3yMeBalOTCs HeOOX0UMEIE OIEPALII OTNPDAHIMYEHNS U PO JOIXKe-
uus HyteM. Torga Mbl yTBepxKgaeM, 9To B yIOBIeTBOpseT BceM TpebGoOBa-
HUSM.

Acro, 4T0 B — cO6CTBEHHBIN 0IepATOD. 3aMEeTHM €Ille, UTO Ha Iepece-
qermn XN XY onepaTopsl BY n B oTmmiaioTcs Ha oIepaTop € TJIa IKIM
AOPOM, TaK YTO [0 MOJIYJI OIepaTopoB um3 L~ oHm MoryT 6BITH 3aj1a-
HBl OJHHUM KU TeM JKe CHMBOJOM. JTO HO3BOJSIET BBIYNCAATH KOMIIO3HUIINN
BA u AB mo moaymoo L™°°, ucnoaszoBaTh (opmMyry xommosumun (3.41).
Hampumep, cumBoa onepaTopa BA m1oxanibHO nMeeT BUJ

opalz, &)~ % ®;(x) (95 on(x, &) Dy (calz, §) ¥ (z)).
Ja
Ecnn mpoussognas mo & mpuMeHseTca K W;, TO BO3HHKAIONUNN HIeH 06pa-
maeTca B 0, mockoasky $;DI¥; =0 gna moboro a# 0. IlosTomy

(a4

opale O~ | X 8@ B )| X 1y don(e, § Dioaz ) | ~1,

YTO SKBHBAIEHTHO HepBOMY cooTHomeHno B (5.7). Towno Tak Xe noxasnl-
BaeTcsa u BTopoe cooTHowenne. Wl

SJameuanune. lloayuennyo Boie (GopMmyay gis B MOXHO yIpo-
CTUTB, eCIN JO6ABUTEL JOCTATOYHO MaJble OKPECTHOCTH MHOKECTB SUPD ¢;
K MHOXeCTBY Bcex X7,

B »Tom caydae MBI MOXKEM HANNCATH

B=) &,B¥,,
gl
rjge ¢~ yOOBICTBODAIOT TEM Ke YCIOBIAM, <ITO PACCMATPUBABIINECH BBILIE
dbyuxuun ;. IIpu sToM mogpasyieBaeTcs, ITO HEKOTOPBIE 13 GYHKINH -
MOTYT OLITh TOXKECTBEHHO PABHBI HYJIIO.

Ecan M — xoMnaxTHOE MHOT00Gpa3ne (6e3 Kpas), TO MBI BCET 1A MOKEM
canTaTh nokpeitue {X7} KOHeUHBIM, Tak 4TO cyMMa B (qopMmylte aii B
TakyKe CTAHOBUTCS KOHETHOIL.

Oupegeaenne 5.4, Oneparop B, yIOBIeTBOPSAIOUINN YCJIOBU-
aMm (5.7), HaswIBaeTCA napamempurcom omeparopa A.

Caegcreume b5.2. Juaunmuueckud onepamop A€ LZ?(;(M) umeem
napamempurc B € HL;?’ “(M).

Teopewma 5.2. Feau A — cunosaaunmuueckud II10, mo
sing supp Au=sing supp u, ued&'(M). (5.12)

Mo caosamu, ecau 2 —omrpwmoe nodmnoscecmeo M, mo Aulg €
€ C° () mozda u moavko moezda, kozda ulg € C°(1).
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Eeau A — cobemeennvitl 2unosaaunmuueckud II10, mo (5.12) sepro
dan awbotl o6obuennot Pynryuu u€ P'(M).

HdoxaszaTeasbcTsBo. [JocTaTodHO, 0UEBHAHO, [TOKA3aTh MEPBYIO
JacTh YTBepKAeHUs TeopeMmbl. Ilpum »ToM BkatodeHme sing supp Au C
C sing supp « BBITeKaeT U3 ICeBROIOKAIbHOCTH A (cM. mpepmoxenne 2.4)
U OCTAaeTCA JOKA3aTh BKIIOWUEHNE

sing supp u C sing supp Au. (5.13)

IIycre B —cob6crennsnt 10, SBAgOMMACT TapaMeTPUKCOM OLEPATO-
pa A. Torga u3 gopmyast u= B(Au) — Rju n nceBJorokalbHOCTH B BEITe-
KaeT, ITO

sing supp u C sing supp(Au) Using supp Rju,

HO Riu € C*°(X), Tak 4To sing supp Rju =&, 9ro u gokassBaer (5.13). W

Teopema 5.2 aBaseTcs rpy6oOH TEOPEMOR O PEryAAPHOCTH PEITeHuN TH-
HO3LINTITHIeCKHX ypaBHeHnil Buga Au = f. Bolee Toumble TeopeMnl 6yIyT
TOKa3aHBl MOCIE BBEJEHNS TOTHRIX KIACCOB TIATKOCTH (DYHKIINH — MIKaIbI
npoctpancts Cobonesa.

5.5. IlapaMeTpPUKC KIACCHICCKUX ISIIUNTHICCKUX IMceBaoauddepen-
IMAIBHEIX ollepaTopoB. B caydae kaaccmdeckux smannrudeckux IO
mapaMeTPUKC MOKHO CTPOUTL 6oee sIBHO.

IIycre A — kaaccudeckun suannrundeckun [IJ0 B o6aactn X CR”, cum-
BOJ KOTOPOro a(z, ) JomyckaeT npu 60IbMNX { ACHMITOTHIECKOE PA3IO-
KeHme

(o]
a(z, &)~ am_j(z, £), (5.14)

7=0

rae dm—j(z, §) € C°(X x (R™0)), @pm—;(z, £) DOTOKITEILHO 0ZHOPOIHA
1o £ TOpALKa M — j U U BBIIOIHEHO YCIOBHE SIINNTHIHOCTH (5.4).

IIycte B —mapameTrpukc omnepaTtopa A. IMokaxem, wTo B — Kiaccutie-
cxmit IIT0, cumsoa koToporo b(x, £) gomyckaeT npu GOIBMINX & ACHMIITO-
THYECKOe PA3I0XKEHIIe

oQ

b(l‘, g) NZ b—m—j(xa g)a (515)

rae b_m_j(z, ) € C™(X x (R™\0)) 1 b_p,—j (2, £) TOIOKNTEILHO OIHOPOI-
Ha 1Mo & mopagka —i1m — j.

DopMyIa KOMIO3UIUN TOKA3EIBAET, ITO CUMBOI b(x, ) JonkeH ynoBIe-
TBOPATDL YCJAOBUIO

> 0ga(x, &) DEb(x, €)/al~1,
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Il

> Ogamon(x, &) DEbomj(x, §)/at~1. (5.16)

a,k,j

fcuo, 9To ecan Mul crpynnupyeM B (5.16) Bce wiIeHBI IO mOpAAKAM OTHO-
poarocTH, To (5.16) 6y1eT 03HAYATEL IPOCTO PABEHCTBO COOTBETCTBYIOIINX
OJHOPOJHBLIX KOMIOHeHT. [lexas 3To, moay4um

> 0famo(x, & DIb iz, &)/al=8), p=0,1,..., (5.17)
k+j+|a|=p

nau, 6o1ee moapobHO,

D=1, (5.17)
U b+ Y (0 tmok) (Dfb_mot) Jal=0, j=1,2, ... (5.17")
k+i4|al=j
I<j

W3 ypasuenunn (5.17) odeBHAHBIM 06Pa30M OJHO3HAYTHO ONIPETENAIOT-
¢ MOMOKUTEILHO OZHOPOAHBlE QYHKINU b_p,_;(, £) mopaikoB —m — j
(7=0,1, 2, ...). Ecan Teneps oupegeants b(xz, £) popmynon (5.15) n man-
i Taxon co6crenusil IO B, ato oz, £) —b(x, £) € 5™ (X xR"), To
omepaTop B GygeT mapaMmerpukcoM omepaTopa A.

Dopmyast (5.17) ompemersiorT mapameTpukc omeparopa A m B ciy-
qae, korga A spasercs marpuunsiM sunnrndeckuM [I0: B sTom cayuae
A_pm—j(2, £) ABIAIOTCA KBAZPATHBIMI MATPHYHBIMI (QYHKINAMI, & YCIOBHE
SJINIITHYIHOCTH UMeeT BILJ

det apm(z, £) #£0, (x, &) € X x (R™0). (5.18)

3Japgawa b5.1. Iloxasars, 9To wieHH b_p,_;(z, ) (j>0) mapame-
TPHUKCa KIACCHIECKOTO ANITAIECKOTO OMepaTopa A BEIpakKalTCA depe3
am—k (%, £) B CKAIAPHOM clIydae (HOPMYIaMH BHIA
25 +1
bopj(w, §) = Z a(x, €) (am(z, g))_l’ (5.19)

=2

rjae ¢ (x, £) —HeKOTOPEIE MOIOKNTEILHO OFHOPOAHBIE PYHKINE [0 & HOPAI-
koB m(l — 1) — j, ABIAIOIINeCS TOINHOMAMHE OT PYHKIUH Ay, Am—1, - - -5 Gy
I X DIPON3BOJHBIX MOPAAKOB < j.

Anagornunsie GOPMYILl B MATPUYHOM CIydae UMEIOT B

2541

bom—; (x, &)= a;zl (2, &) Z H [Ck,l(l" §) a;z1($’ g)] (5.20)
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§ 6. Teopembr 06 OrpaHUYEHHOCTH M KOMIAKTHOCTH
nces Ao udPepeHINATPHEIX 0IIEPATOPOB

6.1. ®opMyIMPOBKA OCHOBHOM TEOpPeMBI OTPAHHYIEHHOCTH. [lycTh A —
110 B R™. Bygem paccmarpuBaTh A xax oTo6paxkeHne

A C°(R™) — C*°(R™).

IIycre K4 —sigpo omepatopa A B cmuicae JI. lsapua. Ecan supp K4 —
xoMmmakT B R” x R", To A ompegenseT oTo6paKeHme

A C°(R™) — C°(R™).

ITocTaBuM BOIpOC: MOXKHO JH IPOJOIKUTEL omepaTop A mo HempepniB-
HOT'O JIIHEHHOT'O OIEePATOPa

A: LAH(R™) — L*(R™)?
Acro, 4T0 A1 >TOr0 HEOGXOAUMO U JOCTATOYHO, YTOOHLI ObLIA BBINOJIHEHA
OIleHKA o
| Aul| < Cllull,  we (R, (6.1)
rae C' >0 He 3aBUCHUT OT u, a || - || o3azaet mopmy B L%(R").
Teopewma 6.1. ITycms AELSV(;(}R”), 0<d<p<Ll, usupp Ka — xom-
nakm 6 R? x R"™. Tozda svinoanena oyenra (6.1) u, caedosameavro, onepa-
mop A npodoancaemcs do aunetinozo nenpepwvieroeo onepamopa 6 L?(R™).

6.2. BcmoMmoraTeapHble YTBEPKACHHA M JOKA3aTeIbCTBO TeopeMbl 6.1.
B paapHenmeM ucmoab3yeTcss 0603HaYMEHIIE

lim |a(z, &) |= lim sup |a(z, €)].
€] =00 (= 8) F=e0 g2t )
rzeK €K
Teopewma 6.2. Hycmv A —cobemeennvii IO, A€ LS, 5(X), ede
0<6<p<l u X —obaacmv 6 R™. [Ipednososcum, wmo cyuecmeyem ma-
Kaf nocmoannas M, umo

lim |oa(z, &)|<M (6.2)
l¢] =00
rzeK

das mobozo womnarma K C X. Toeda cywecmeyem makoti cobcmesennbiil
unmezpasvuwt onepamop R ¢ spmumosvis adpom REC®(X x X), umo

(Au, Au) < M?(u, u) + (Ru, u), u€C5(X). (6.3)

Feau npu amom supp K4 —xomnakm ¢ X x X, mo u supp R maxoce
romnarm 6 X x X.

JokazaTeabcTBO HUMOAIRKanuu Teopema 6.2 = Teo-
pema 6.1. JocTaTouHo IPOBePUTL orpanmierHocTs B L7(IR™) omepaTo-
pa R ¢ raagxkuMm uANTHBIM A1poM. Ho 5To X0poimo m3BecTHO (MOXKHO
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NOKa3aTh, HapuMep, 1To || R||? g/ | R(z, y) |* dx dy, Tae || R|| — mopma ome-

patopa R B L*(R"), a R(z, y) — aapo onepaTtopa R). B

[dns moxasaTeabcTBa TeopeMbl 6.2 BBHAY cooTHomenms (Au, Au)=
= (A*Au, u) FOCTATOYHO HMOCTPOUTH TAKOH COGCTBEHHBLIN omepaTop B €
€ LS, s(x), 1T0

A*A+B*B-M*=R, (6.4)

rge R umeer raagkoe aapo (B 3ToM caydae omepaTop R cOGCTBEHHBIN, Tak
Kax B J1eBoll gacTn (6.4) cront co6crBenHbli omepaTop). Hepenncrisas (6.4)
BBuJe B*B=M?— A* A+ R, MBI 3aMeTHM, ITO IO MOJY.IIO CHMBOJIOB K.IacC-
ca S;(ép_é)(X) cumBoa omepaTtopa M2 — A*A pasern M? — |oa(x, €)%, or-
Kyaa

li_m Re [O-(M2—A*A)(xa g)]>0, (65)

€] =0
rzeK
rie lim onpegenseTcs TOYHO Tak ke, Kak lim, HO ¢ 3aMeHOI sup Ha inf mis
ao6oro komnaxkTa K C X. IlosToMy TeopeMma 6.2 BEITeKaeT U3 CleIVIOUIEr o
IPeII0OKEeHNS.
IIpegnoxenune 6.1. Ilycms C’ELSV(;(X), 0<d<pLl, C —cob-
cmeennvrt IO, C* =C u

lim Re oc(z, &) >0, (6.6)

|€] =00

rzeK
das mobozo womnarma K C X. Toeda cywecmeyem makoti cobcmesennbiil
onepamop BELSV(;(X), umo onepamop R= B*B — (' umeem 6eckoneuno
dupPepenyupyemoe adpo.

Jdemma 6.1. ITyemv a(zx, §) € Sgyé(X xR™) u a(x, &) npu awbvr
(z, ) € X x R™ npunumaem 3nauenus, aexcawyue 6 romnaxkme K CC.
ITyems Komnaekcnosnaunas Gynkyus f(z) onpedesena 6 oxpecmuocmu
komnakma K u 6eckoneuno duddepenyupyema kax Gynryus deyr seuye-
emeennbir nepemennvir Re z u Im z. Toada

fla(z, €)) € S) (X x R™). (6.7)

HJoxaszareasncTso. Obo3rmadas u=Re z u v =Im z, moayaum, oue-
BILIHO,

WFaW) = D hgmn w0 F) (aly))

1+t +
Fwit.. Fwg=y

x 9, (Re a)...0;7(Re a) 9" (Im a) .. .dy*(Im a), (6.8)
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oTkyga u caegyetT (6.7), Tax kak |(&1(£’Uq)f) (a(y))| <Cpy. N
HJoxazaTeancTBo npegaoxenuns 6.1. I3 zemmer 6.1 caegy-
eT, 9T0 pyHKnns \/Re o¢(z, £) npunagrexnr Sg s Ipu Gonpmux €. IlosTo-
My cyitecTByeT cobcTBenunn [IJ0O By € Lg 5(X) ¢ TakmM BelmecTBeHHO-
3HAMHBIM cuMBoaoM bo(z, £), aTo |bo(z, £)|> —Re oc(z, €) € S5 - Ozcrona
CIeayeT, ITO
—(p=46
C—B;Boe L, ™7 (X). (6.9)

Oneparop By cayXuT «HyleBuIM npubamxkenmem» gias B. Bygem mcxats

mepBoe mpubauxKenne B Buge By + By, rge By € L;(ép_é)(X). Mveem

C—(By+B])(Bo+B1)=(C—B;By)— (B;B1+ By By) — B{By. (6.10)

NmeeT cMBICA YMEHBIINTE IOPAI0K oniepaTopa B B1 4+ B By, B3as By co6-
ctBenasM 11710 ¢ TakuMm cuMBoaoM by (z, &), 9To

2b1(x, &) bo(x, &) =0c_B2B, (T, &), (6.11)

UTO OUEeBHIIHO BO3MOKHO, TaK KaK bal(x, &) e Sg 5 IPH GOIBIINX £ IO JTeM-
Me 6.1. U3 (6.10) u (6.11) crexyeT, uTO

C—(Bo+B1)*(Bo+Bi) € L, 3"~V (X). (6.12)

[leficTBY# O HHIYKIMH, MBI MOZKEM TeNePh TOTHO TaK e NOCTPOUTS
Taxne co6creennsle I110 B; € L;]é(p_é)(X), j=0,1,2,..., 9To

C—(Bo+...+B;)" (Bo+...+ B;) e LTV (X). (6.13)

Iycte bj(x, £) —cumBoa omeparopa B;. Temepb ocTaercs HOCTPOUTH
TaKoW COOCTBEHHBIN OmepaTop B, 49To

op(z, g)~z bi(e, ).

U3 (6.13) nerxo cregyeT, 9T0 3TOT omepaTop B u GyeT nckoMbIM. Tem ca-
MBIM Ipenioxkenue 6.1 1oxa3zaHo, a BMecTe C HUM JOKAa3aHBI I TeopeMEI 6.1

n62 N

6.3. Teopema o kommakTHOCcTH. MEI BEIBEJEM T€OPEMY O KOMIAKTHOCTI
IO u3 caegyromero 6omee 06IIEro yTBEPK JEHUS.

Teopewma 6.3. ITycmo AELSV(;(R”), 0<d<p<l, unyemo adpo Ka
umeem Komnakmuuil nocumeab 6 R x R™, a cumson o4(x, &) ydosaemeso-
PAEM YCAOBUIW

lim |oa(z, &)< M. (6.14)

|€] =00



§ 6] TEOPEMBI OB OI'PAHUYEHHOCTU U KOMITAKTHOCTH 65

Toeda cywecmeyem marott onepamop Ay, umo A— A € L™°(R"),
Adpo K4, umeem xomnarmuwll Hocumesb u

[Avul| < Mlul|,  we CF°(RT). (6.15)

JoxaszaTteascTBo. lIycrs Qyuxmua x € C§°(R") Takosa, 4To
()20, [ x(z)de=1, 0<x(¢) <1. Takan QpyrKIuA cymecTsyeT. B ca-
MOM fele, IyCTb BHadamze QYHKIHUA Yo(z) TakoBa, 4T0 Yo(2)€ CF(R"7),
xo(z) >0 u [ xo(z)de=1. Torga acuo, ato |Yo(£)| < 1. Teneps momomum
x(2)= [ xo(x+y) xo(y) dy. Beugy moro, aro x(&)=|x0(¢) | dynxmus x(z)
yAOBJIETBOPAET BCEM TPeOOBAHUAM.

Tonoxum Teneps X.(x) =¢ "x(x/¢) n oupegeaum omepaTtop A. dop-
MyJIon

Acu=Au— A(xe *u), (6.16)

rae (xe * u)(x) — cBepTKa QYHKIUI X. U U, 3agaBaeMas GOPMYION

(e r 0 )= [ =) uldy= [ ule =) xe ) dy
Torzxa B cuny TeopeMs! 6.2
[Acul|? < M2)|u— xe *u||* + (R(u— xe *u), u—xe *u), (6.17)

rge R—omeparop ¢ sagpom R(z, y) € CF° (R"” x R™).
3ameTnM, ITO mOpeobpazoBanme Dypbe (QYHKIUH U — X * U PaBHO
(1 —x(&)) @(€) n u3 ycroBusa 0 < x <1 BBITekaeT, 9T0

[l = xe x| < el (6.18)

lamee, ecmm 0603HAYUTL 4epes R. omepaTop, MIEepPeBOAININA U B
R(u—x: *u), To ero azpo R.(x, y) 3agaerca popMyron

Re(z,y)=R(z, y) —/ R(z, 2) 6_"X(Z_y)dz,

&€

nin
Re(x, y)=R(z, y) —/ R(x, y+ez) x(z)dz,
OTKyJa BUAHO, ITO SUpp R. (%, y) T€KUT B HEKOTOPOM (PUKCHPOBAHHOM KOM-
nmaxTe K (He 3aBucsameM ot € npu 0 < e < 1) u, xpome Toro,
sup |R:(#,y)|—=0 mpm e£—0.
Y
Orcroga caeayet, 9To ||R.||— 0 mpu ¢ — 0. Teneps u3s (6.17) u (6.18)

MEI IIOJIYY1aeM

[[Asull* < MZ[[ul|? + | Reul|[|ul]. (6.19)
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I3 yc1oBus T€OpEMEI SCHO, 9TO MBI MOKeM 3aMenuTsh M ma M — 4, rae §
gocraTouHo Mato. Ho Torgans (6.19) caegyer, 9T0 IpH ZOCTATOTHO MAIOM
e>0

2 201,112
A< ul[” < M7|[u]]”.

Teneps momoxuMm A; = A.. Tak Kak omepaTop CBEPTKH C Y. HMeeT CIM-
Bo1 X(£8) € ST®(R" xR"), To scuo, uro A— A; € L7°(R"). Henocpea-
CTBEHHO IIPOBEPAETCS Takxke, 9TO Agpo K4, omeparopa A, mMeeT KoM-
nakTHEIN HOocuTe b, M

Teopewma 6.4. Iycms AELSV(;(R”), 0<d<p<l, adpo Ka umeem
romnarmuuit Hocumeab ¢ R™” x R™ u

sup |oa(z, &)| =0 npu [&] > +0. (6.20)

Toeda A npodoascaemes do Komnaxmuozo (6N0AHE HENPEPBIBHO20) Onepa-
mopa 6 L?(R™).

HJoxazaTeancTsBo. I3 Teopemul 6.3 BbITekaeT, ITO A1 J0GOTO
£>0 cymecryeT pasnoxenne A=A, + R., rae ||A:|| <e, a omeparop R.
IMeeT riIafgkoe (DUHHOTHOe SAPO (M, CIeJOBATEIBHO, KOMIAKTEH). Takum
ob6pa3zom, ah_I}I(l) ||A— R:||=0, oTkyga m clIefyeT KOMIAKTHOCTL OIEPATO-

paA. B

Cregcrsme 6.1. [lyemv A€Ls(R"), 0<d<p<l, m<0 u Ku
umeem Komnaxmuoili Hocumeav. Toeda A npodoascaemes do Komnaxkmuozo
onepamopa 6 L?(IR™).

6.4. Caygau omepaTopoB Ha MHOrooOpasmm. PaccMoTpuM cHadalIa
caydall 3aMKHYTOTO MHOT006pasus M (xoMIakTHOro MHOT000pasns 6es
kpasd). C DOMOIIbIO pa3bueHns eNHINEL Ha MEOT006pasun M 1erko BBeCTH
Mepy, IMeOUIYIO I'MaJKYI0 IOM0KNTEIbHYIO IIOTHOCTL o Mepe JleGera B
JMI06BIX JOKAJILHBIX KoOpauHaTax. Ecian diy — xakas-Hubygb Takas Mepa, TO
ompeneero ruAb6epToBo mpocTparcTBo L2(M, du). OTMeTnM, 9TO MHO-
KeCTBO »71eMeHTOB 1 Tomoidorusa B L?(M, du) me 3aBucaT oT BEIGOpa di.
[lo>ToMy HMeeT CMBICA TOBOPUTH o mpocTpamcTBe LZ(M), spastomemcs
TONOJOTUIECKIM BEKTODHBIM MPOCTPAHCTBOM, B KOTODOM TOIOJOTHUA MO-
XKeT OLITH 3aJaHa C MIOMOIIBI0 HEKOTODOT'O HEOTHO3HAYHO OIPeIeleHHOT O
ruas6epToBa CKaAApHOro Ipou3Benennsa. 13 Teopem 6.1 u 6.4 oueBuIHLIM
obpa3oM cregyeT

Teopewma 6.5. Ilyemv M — 3amxnymoe mno2o06pasue, A€ Lg s(M),
1—p<d<yp. Toeda 7

1) onepamop A npodoaxcaemes 0o AuHEUHO20 HENPEPLISHOZO ONEpPd-
mopa

A LA(M)— L*(M);
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2) ecau  eaaswwiti  cumeoa  oa(w, &) E 52, 5(T*M)/S;%p+1(T*M)
ydosaemsopaem  ycaosuo  (6.20) (omo oxeusasenmno  dax  ecex
npedcmasumenett  odnoeo u  mozo e  saemenwma  Paxmopnpo-
cmpanemeda Sgyé(T*M)/Sp_%pH(T*M)), Mo NoAYUEHNBd  onepamop
A: L2(M)— L*(M) 6ydem womnaxmuvim onepamopom.

Caegcrsme 6.2. Feau A€ L) s(M), 1-p<d—p um<0, mo A
npodoadcaemea 9o KOMNAKMHO20 ONEPAMOPA

A LA(M)— L*(M).

Mzl copmyanpyeMm Temepb BapHaHT TeOPeMBl 06 OrDAHIYEHHOCTH,
IPUTCOLHBIN B caydae HekoMrmakTHOro M. [as »Toro BBegeM NpOCTPAHCTBA
LIZOC(M) u Lgomp(M)‘

IIycre f—xoMmnaexcuozuaunas (GpyHxuus Ha M, ompegeleHHas BCO-
Ay, kpoMe, ObITH MOKeT, MHOXecTBa Mepsl 0 *). Bygem mucats, 4dto
fe LIZOC(M), ecan gas aoboro guddeomopduzma x¢: X — X; obaactu
X CR" ma obmacts X1 C M u aasa atobon nogobaactu Xy C X, 114 KoTopon
X —xommaxT B X, cupasegmuso Brmouente [x*(f|x,)]|x, € L?(Xo, dz),
rae de — mepa Jlebera na Xy, ungynuposannas Mepoin Jle6era ma R”. To-

2 o
nonorus B Li, (M) 3agaercs cucTeMON MOIYyHOPM

1112, x0 = 10" (Flx)] I x0 |22 (50 dr) -

Ecin M umeer cuernyio 6a3zy, To LI _(M)— mpoctparctso Pperme
(moIHOE MEeTpH3yeMOe JOKAIBHO BEIIYKIOE IPOCTPAHCTBO WIH, ITO TO XKe
caMoe, IOIHOE CIeTHO-HOPMHPOBAHHOE IPOCTPAHCTBO).

Naxee, uepes L2 (M) o6osmauaeTca auHeliHOoe MOJMHOT006pasme

comp
L% (M), cocrosmee m3 Tex f€ LL (M), 31 KOTOpHIX SUPp f — KOMIAKT

loc
B M. Ilycty gambl ommcamusle Boime s: X — X1 u Xg C X. Onpegennm
OIIePATOP BIOKEHIS
. .72 2
Lo, Xo ¢ L (XO, dl‘) - Lcomp(M)a
conoctapasmomutt Gyuxnun f € L?(Xo, dr) dysxmmio f(y) ma M, pas-
2
myio f(x) B Touxe (x) € M u 0 mpu y € M\ »(Xo). Tomomorus s L2, (M)
ompefenseTcs Kak NHIYKTHBHAS TOIOJOTUS, T. €. CaMas CUIbHAA JOKAJIBLHO
BBLINYKJIadg TOIOJIOTNA, JIA KOTOPOH BCe 0TOGPAXKEHNS 5 X, HEPEPLIBHEL
= .72
Orcroga cregyeT, 4To JuHenHOe oTOOpaxeHne A: Lcomp(M) —F,rne ' —
a1060€e JIOKAJIBHO BBHIIYKIOE IPOCTPAHCTBO, HENPEPBIBHO TOrJA M TOJBKO

*) OTmeTuM, 9TO BCIOAY B JalbHENIIEM MEL 6y IeM CANTaTh gBe GyHKIuU fi u fa,
SKBUBAJEHTHBIMH, €CJIM OHU COBIATA0T BHE HEKOTOPOI'O MHOYXKECTBA Mephl 0. DIeMeHTa-
MH IPOCTPAHCTB L120c(M) u Lgomp(M) 6yayT Ha caMoM feje He DYHKITHUHU, a UX KJIACCHL

2
SKBHBAJICHTHOCTIL, XOTA MHL u Gygem mucars f € L (M) maa dyskuum f, mcnonssys

o6IIeNPUHATYIO BOJBHOCTE Petn.
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TOrJa, KOrga HelPephIBHBL Bce xoMmosnuun Aoi, x,. YIuTeBag 3To 006-
CTOATEIBLCTBO, MBI OUEBHIHBEIM 06Pa30oM MOIydIaeM, ITO CIpaBeInBa Cle-
Aytomasn

Teopewma 6.6. Feau AELgyé(M), 2de 1 —p<d<p, mo A npodoa-
scaemca 0o AuHEliH020 HENPEPLIGHO20 ONepamopa

A L2 0 (M) = LE (M).

comp

0
Yunpaxuaeunune 6.1. [lokazaTs, 4T0 ecan AGLM (M), 1—p<é<p, oneparop A
COGCTBEHHBIN, TO OH TIPONOMKAETCA MO JUHENHOTO HEMPEPHIBHOT'O OTIEPATOPa

A: L2 (M) — L2, (M),

comp comp

a TakXe 10 JUHEHHOT'O HEMPEPHIBHOT'O OMEpaTopa

A: Liy e (M) = Liy (M).

§ 7. IIpocTpaucTBa CoGoaeBa

7.1. Onpegexenne mpoctpancTs CobomeBa.

Jemma 7.1. IHyemv M —npouszsoavnoe mnozoobpasue. Tozda das
a06020 6eujecmeennozo s na M cywecmeyem cobemeenubili Kaaccuneckul
aaaunmuueckuti IO A nopadka s, 2aasuvlli cumeo.n KOMoOPo2o NOAOHCU-
meaen (npu £#£0).

HoxaszaTeancTso. llycty BHavame M = X —ob6aacte B R™. To-
rga MBI MOXeM B3ATb B kadecTBe A; mpousBoabHBIN coGcTBenubin 1110
A; € CL*(X) ¢ rnaBuBIM cumMBoIoM | € |°.

IIycTe Temeps M HDpPOM3BOJABLHO I IyCTh 3aJaHo HOKpeITHE M KOOpIu-
maTHEIME oKpecTHOCTAME M =| ) X|. Yepes 5" 6ygem o603HAIATE KaKme-

¥

by b xoopauHaTHBle auddeomopdusmbr 7 : X7 — X|, rge X7 —ot-
kxpuIThe ToaMHEOKecTBa R™. [TocTponm Ha X7 onepaTopst A], obiagaromrne
TpebGyeMBIMI CBOICTBAMI, W IlepeHeceM HX Ha X| CTaHJapTHOHI Hpole-
aypoi (cm. § 4) ¢ momompio audGeoMopdu3MOB 37, HITOTOBHB TaKUM
o6pazom cob6crBennble kiaccudeckue 11O AZ,1 Ha X| C HOIOXHTEIBHBI-
Mu raaBabME cuMmBoaamu. Quepatop Ay Ha M ckiemBaeTCs U3 OmepaTo-
poB AZV | € IOMOIIBIO TON e IpoIedypPHl, 9T0 B n3 BY B JoKa3aTeIbCcTBe
Teopemsl 5.1. W

Onpepgeanenne 7.1. Bygem mucats, uro u € Hf (M), ecin u€

loc
€Z'(M) u AwuelLi (M). Namee, momoxum HE, (M)=H (M)N
N&' (M) *). Ecim M — 3aMkHyTOe MHOr006pasue, To OygeM 0603HATATH
npoctparctso Hf (M) = H!,, (M) npocro 1epes H*(M).
Ecin K —xommaxT B M, To 1epes H°(K) GyaeMm 0603HAUATE MHOXKe-

cTBo Tex u € Heyy, (M), ans xoTopsrx supp u C K.

*) Tlo nosogy Z'(M) u &'(M) cm. ynpaxuenne 4.1.
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ied S s s <
B pampmefimem B mpoctparctsax i, (M), Hi,, (M) n H*(K) 6yget
oTIpeeneHa TOMOMOTHA, a MOKAa HaM CYIIeCTBEH ML 3aIlac 3IeMeHTOB B
STHX IPOCTPAHCTBAX.
Huxe 6ymeT Takixke JOKa3aHO, ITO >TH NPOCTPAHCTBA HE 3aBHCAT OT

BBIGOpA omepaTopa Aj;.

7.2. deuctsue IIJO B mpocTpancTtBax CoGomeBa. Tounaa Teopema pe-
T'yJIAPHOCTH.

Teopema 7.1. Bcau A€ L7 5(M), npunen 1 —p<L6<p uaud<p u
M =X —obaacmv ¢ R", mo A ocywecmeasem omobpadcenue

At HS (M) — H:Z™(M).

comp loc
Ecau donoanumeavrno npednoaoscumo, umo A — cobemeennnitl, mo A mak-
Jce zadaem omobpaxcenua

At HE (M) — HZ™ (M),

comp comp

A HE (M) — HEZ™(M).

loc

JoxkazaTeabcTBso. Bes orpannvenns o6LUIHOCTH MOKHO CINTATD,
4TO0 oepaTop A_; ABAseTCA mapaMeTPUKCOM A oneparopa Ag mpu ao6oM
seR, T. e.

AAs=1T+4+R;, (7.1)

rge R; — COGCTBEHHBIN OMEPATOP € MNMAJKHM AIPOM, LEPEBOJALMI, CIeL0-
BaTensto, &' (M) B C§° (M) u @' (M) B C*(M).

Ecan u € HZ,,,(M), To, nomaras Asu=wug, Mbl moay<mm u3 (7.1), aTo

u=A_suo+v, rae uo € L2, (M), ve C§°(M). Tlosromy
As_mAu=As_n A(A_sup+v) = A AA_upg + A% Av,

u BBUAY TOro, ITO0 Ay, AA_ € Lgyé(M), MBI IOJyIaeM u3 TeopeMsbl 6.6,

910 As_mAA_sug € L2 (M), A* Ave C*°(M), otxyga As_nAue LE (M),

loc loc

1. e. Aue H " (M). Msl gokasaau mepBoe yTBepiKieHHe TeopeMsl 7.l

OcTrajbHble BHITEKAIOT N3 Hero WK foKasbiBaoTcsa anatorudHo. W
Mzr moxkeM Teneps gaTh onpegeaenne npocrpaucTs CoboleBa, He 3aBU-

camee oT BEIGopa A,. JocTaToturo, oueBugHo, onpefeaunts Hi (M).

Onpegenenne 7.1. Bygem mmcats, uro u € Hf (M), ecn u€

€Z'(M) n Aue LE, (M) gra moboro cobersennoro A € L o(M).
DKBUBAIEHTHOCTD ompenesenuil 7.1 u 7.1’ o4eBuaHBIM 06pa3oM BEITE-
KaeT u3 TeopeMul 7.1.
Teopema 7.2. lHycmo AEHLZ?’({””(M), 2de 1 —p<Ld<p uau 6§ <p
u M =X —obaacms 6 R. Tozda, ecau u€ P'(M) u Aue H (M), mo

loc
w€ HIY (M),

loc
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—Mo,—M
p,0
Torga mo Teopeme 7.1 mmeem BAu€ HIT™ (M). Ho BAu=u+v, rae

loc
v € C™(M). Orcioga u € HE™ (M), B

loc
Crnegcreme 7.1. a) Ecau A —osaaunmuueckuii onepamop nopao-

wam, u€& (M) u Aue HE (M), mo ue HSF™ (M).

comp

6) Ecau A — cobemsennniii (6 wacmuocmu, ecau A — duddepenyuans-
HBUE) saaunmuveckuti onepamop nopadka m, u€ Z'(M) u Aue H (M),
mo u € HiY"(M).

loc

NHoxasaTeancTsBo. [Iycte B —mnapamerpuxc A, BE€ HL

7.3. Jlokammsamua. I13 Teopembl 7.1 oueBUIHLIM 06pa3oM BEITEKAeT,
uro ecan u € Hf (M), a(z) e C°(M), to aue H (M). Ecan, B 9acTHO-

loc loc
ctn, a(z) €CF (M), ro au€ HE . (M). Creayrommee yTBepXK IeHIe IBIAETCA

com
TOIHOH (POPMYIUPOBKOIH 06paTH0pr0 yTBeDK TeHHA.

Mpenaoxenne 7.1. Iycmv obobwennan Pynryua u € Z'(M)
maxosa, wmo odag awboit mouxu g€ M natidemca maxaa Pynryua
Pz, € CSO(M), HMO Pg, (l‘o) ;é 0 u P " UE Hgomp(M)’ Toeda u € Hlb;)c(M)’

doxazaTeanbcTso. Mbl MoxeM BEIGPATEL u3 QYHKIUH (@, TAKyIo
cucteMy {¢~}, 9T0 HEKOTODPBIE OKPECTHOCTH SUDPP (- 00Pa3yiOT IOKAIBHO

KxoHeuHOe HoKpeITHe M 1 ais a:060l Touku zg € M HangeTcs Takoe v, ITO
Py Py

@~ (20) # 0. IlonoxumM Temeps 1), = IPNEE Tor ga AcHO, 4TO -, 061a1a0T
Py
5
TeMHU K€ CBOICTBAMI, ITO I {~, I, KpOMe TOro, ¢y >0 u Y ¢, =1. Meem

o~
Tenepb

Avu=3" Au(yu) € Lo(M),
-

IOCKOABKY B CHIYy COGCTBEHHOCTH omeparopa A,, cymma » . A, (¢yu) aBas-
¥
eTca JoKaIbHO KoHewHol. M

Crnegcreue 7.2, Tyemv M =] X, —noxpumue M omrpoimvimy
¥

mnoncecmeanu, u € Z'(M). Toeda ycaosue u € Hi (M) pasnocusvro mo-
any, umo ulx, € H (Xy) das ao6oeo 7.
IIpenmoxennee 7.1 mokasbBaeT, 9TO, HO CYIMIECTBY, AOCTATOYHO U3Y-

waTh npocTpatcTso H?(K), rge K —xommaxT B R™.

7.4. TIpocrpauctso H*(R™).
Onpepgenenmne 7.2. IIycts s€R, ue S'(R™). Bygem nucaTs, 9T0
u€ H*(R™), ecan w(€) € LE (R™) n

lull2 = [ lae) (e de <+, (7.2

(3TO PAaBEHCTBO CIYXKUT OLpeJeTeHIEM HOPMEL || - ||5).



§ 7] [MPOCTPAHCTBA COBOJIEBA 71

Yunpaxuenune. Ilpoeepurs nonrory npocrpatcrsa H*(R™) (c mnopmoin || -||s).

B npoctpanctee H?(R") MoxeT GBITH BBEIEHO IIILOGEPTOBO CKAIAPHOE
IpPOM3BeJeHme

(0, v), = / a(E) 7(E) () de, (7.3)

npuieMm oTobpaxenne (D), mepesogsmee u € S'(R™) 8 F~H¢Y a(€) (rae
F —npeotpa3zoBarne Dypbe), 3a1aeT N30METPUIECKIN N30MODMI3M:

(DY*: H¥(R™) — L*(R™). (7.4)
Jemma 7.2. ITyemv K —romnaxm 6 R™. Toada
H*(K)=&"(K)n H*(R") (7.5)

(uepes  &'(K) obosnaueno wmuomcecmeo maxur uw€ S (R"), wmo
supp u C K).

NHoxasareancTso. 1. Iockoxexy (D)* € Lj o(R") n omeparop
(D) »>mmunTHYeH, TO B CHAY CAACTBHA 7.1 SCHO, YTO U3 BKIIOUe-
anit u€&'(K) u (D)*ue L*(R") sBuTekaer, uto uc H*(K), T. e.
E'(K)NH*(R™ C H*(K).

2. IlycTs Temneps u € H*(K ). Hago nposeputs, ato (D) u e L*(R"), B To
BpeMi Kak u3BecTHO, aTo (D) u € L (R"). Ha caMoM jJele BepHO Jaxke Go-
Tee cuAbHOE yTBepK gerne: ecan ¢(x) € C§°(R™), ¢ =1 B okpectrocTn K, To
(1—) (DY ue S(R"). Jokaxem sto. IlycTs Qpyuknus ¢ € CF°(R™) Takosa,
9T0 ¢ =1 B oOKpecTHOCTH SUpp ¢ (B sacTHOCTH, (1 —¢0) 1) =0) U B TO XK€ Bpe-
M ¢y =1 B okpectrocTn K. Torga yu=uu (1 —¢) (D) u=(1—¢) (D) Yu.
Usy<um onepaTop (1 — ) (D)*¢. fcuo, uTo ero sapo K (z, y) mpuHajiexuT
C*(R" xR™). Ham JocTaTo4HO IpoBepuTh, uTo K (2, ¥) € S(R™ x R™). Ho
K(#, y) 3aiaeTcs OCHILINPYIONM HHTETPAIOM:

Ko, )= [ €080 p(@) (€ v(w) de

KOTOPBIN MOXKHO TIpeo6pa3oBaTh TaK:
K(z,y)= / TV g —y |7V (1 — p(a)) ¥(y) (—Ag)N(€) de,

HOCKOIBKY |# —y|>¢>0 mpu & €supp (1 — ), y Esupp ¢. Hpu 2N >s+n
HNOTy9IaeTCA CXONAMUICA WHTErpad, KOTODHLII ONEHHBAETCS Iepe3
C(l+]z|+]|y)~?". Amarormvso NOTY9alOTCA OIEHKN POW3BOJHEIX
agpa K(z, y). B

Otmewas, uro H°(K) sABageTcs 3aMKHYTHIM [IOJIPOCTPAHCTBOM
H*(R"), MBI BHANM, YTO CKaJIIpHOEe NpOU3BefeHMe (u, v); HHAYLIHPYET
ua H*(K) cTpyKTypy rEILGEPTOBA MPOCTPAHCTEA.
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Jemma 7.3. lHycmo K — maroti komnaxm & R™ ymo K ClInt K.
Toeda, ecau uw€ H*(K), mo cywecmsyem marxdi nociedosametbHocmy
up € C§°(R™), supp uy C K, umo ||t — ulls = 0 npu n— +oo.

HoxazaTeasncTso. Iycts ¢(z) € CP(R"), [ ¢(z)de=1, p.(x)=
= "p(x/e). Mlonoxum

ue (2) = (e xu) () = (u(y), p=(x —y)), >0,
fcuo, uTo u. (2) € CF(R"). JoxaxeM, I4TO lir_rl_lo ||te —u||s = 0. Tockoabky
e—

¢ (&) =¢(e€) m ¢(0) =1, To geno cBOAUTCA K YCTAHOBICHNIO COOTHOLICHNA

. ~ 112 05 2 25 _
Jim [ lptee) =1 Ta(@) (€ de=0.
OYEBIJHOTO I3 TeopeMHl Jlebera.

7.5. Tomoaorus B nmpoctpaucTBax CoGoxeBa Ha MHOT000pasmu. [lycTs

M =|J X{ — nokanbHO KOHeIHOe NOKPEITHE MHOr006pasusa M KoopauHaT-
¥
HEIMHE OKpecTHoCTaMIE, 7 : X7 — X| —xoopamraTHbIe 1ud(deoMOPOI3MEL
, x7 ! pA I D

(XY —obaacts B R"), ¢¥ — pazbuenne eguuunsl Ha M, mogumHeHHOE IO-
kpurtuio { X }. lycrs K —xomnakT B M. Begem B npoctparctse H* (K )
CKAJsIPHOE NMPOU3BeJIeHIe, T0Marast

(u, v)s =D ()" (), () (970))s,  u, vE HY(K). (7.6)

Mpenaoxenne 7.2. Crawaproe npouseedenue (7.6) undyyupyem
6 H*(K) cmpyrmypy 2uibbepmosa npocmpancmed.
HdoxazaTeasncTso. fIcHo, YTO B mpoBepKke HYKIAETCA JUIL TOJI-

HOoTa mpocTpancTBa H°(K) mo Hopme ||-||s, ompenerseMoll CKaTAPHLIM
npoussegenneM (7.6). IlycTh mOCIeZOBATEIBHOCTH {Up}n—1 2, . DIeMeH-
ToB H*(K) dymaamenTanbHa mo HopMe || - ||s. Torga

(") o u, —v] € H* (5] (supp ¢7)) (7.7)

o Hopme H*(R™) (3gecn 3] = (k7)™ 1). Mar moxen BaaTb vY = (k] ) v}, Tax
v _

aro v] = (57)"v". Torga v” € H*(supp ¢") u Mbt mosomum u=>_ v” (scHo,
¥
94TO 3Ta cyMMa KoHeuHa). flcmo, uro u € H*(K), nockoasky vY¥ € H*(K).
Ocraerca goxaszaTs, uTo lim ||u, —ul|s =0. 310 o3magaer B cuny (7.6),
n—r 00
<ITO
: *

lim [|(£7)"¢" (un —u)|[s =0,

n—r 00
npu aro6oM y. Ho u3 (7.7) AcHO, 9TO JOCTATOYHO IPOBEPUTEL COOTHOIIEHIE
vV = ¢ u, 04eBHIHOE BBUAY TOTO, ITO Uy —u B &' (M), oTkyga ¢ u, — ¢V u
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BZ' (M), ams (7.7) cregyer, 910 ¢ 1, > 0¥ 8 ' (M) (cxogumocts B &' (M)
HOHEMAaeTCcH 34ech B caabom cmeicae). W

Temeps MBI XOTHM I0Ka3aTh HE3aBHCHMOCTD TOIOJOTHH, HHIYIIPOBAH-
HOI HOpMOT || - ||; Ha H*(K'), 0T BBIGOpA IPOU3BOIBHLIX 31€MeHTOB B (7.6)
(mOKpBITHA, pa306ueHUsA €IMHULEl I KOODAUHATHBEIX Aud@deoMopdu3MoB).
Ilns 3Toro menecoo6pa3Ho 1aTh APYToe OIpefeleHne 3TOH TOMOIOT .

IIycts A BHIOpaHEI MO JemMe 7.1, mpudeMm A_; ABIgeTCA TapaMeTPHUK-
coM A, (BimomHeHO cooTHOmeHne (7.1)). lIMeem Torga

u=A_,Au— R,u. (7.8)

IIycre p>s, p—wHaTypaabHoe U (1, ..., Qn — guddepeHnnajbube Ole-
paTopsl, mopox garommmue el C°°(M)-Moayas Beex aupdepeHnnaIbHbIX
omepaTopoB nopagka He Boime p Ha M. [loroxum Torga

N
(u, v), = (Asu, Agv) + (RQsRsu, Qi Rsv), (7.9)
k=1

rae u, vE€ H*(K), (f, g) — ckanspHOe mpom3BeeHne B Lgomp(M), UHIYIH-

poBaHHOE I1060M I'MIaJKOH IOI0KNTEILHON II0THOCTEI Ha M. U3 (u, u), =
=0 caegyer, uTo A;u=0 u R;u=0, 5o Torga B cuay (7.8) mmeem u=0.
TosToMy cxanspHOe mpoussegenne (7.9) MOTOKUTEILHO ONpeJENeHO U MBI
GygeM 0603HaIaTh depes || - ||, cooTBeTCTBYIOMYO MIIBGEPTOBY HOPMY.

Mpenaoxenne 7.2, Craasproe npouzeedenue (7.9) undyyupyem
6 H*(K) cmpyrmypy 2uibbepmosa npocmpancmed.

HoxazaTeabcTso. OnaTbL-Taku B IpoBepKe HYXK A TCA NI IO
HoTa. OTMETHM cpa3y, 9TO U3 CXOQUMOCTH MOCTIEIOBATEIBLHOCTH Uy €
€ H*(K) no mopme ||-||. BoITekaer crabas cxogumocts B Z'(M). Ecan
[OCTeJOBATEIBHOCTD Uy, € H* (K) QpyHgaMenTaIBHA IO HOpME || - |4, TO 5TO
03HaYaeT, ITO B TOIOJOTIH LZ(IA() (rge K — HeKOTOpBIl KOMIAKT B M)
CYIIECTBYIOT IpeIe/Ihl

nh_}n;o Agu, =v, nh_}n;o QRsu, =wgq, (7.10)

rge () —a060i1 gud@epeHInAILHEIT oepaTop Hopsagka < p. B gactrocTn,
Asu, n Ryu, cxoparca B Tomonorun LI (M), Tak uro m3 (7.8) caegyeT
caabas CXoaUMOCTh U, B &' (M). OGo3zHadas depe3 u mpegel Uy, (B cIabon
Tononorun Z’'(M)), MBl GyJeM IMeTb, OUeBHIHO,

u=A_,v—wq, (7.11)

rge w; = lim R;u,. Bepsa B kauectse () B (7.10) saannTudeckuil omepaTop
n—od



74 [NCEBAOINPDPEPEHIVAJIBHBIE OIIEPATOPEL [TJI. T

IOpAAKa P, MBI IIOIY UM

Qui= lim QRgun=wq€ Lip(M),

orkyga wy € HY (M) u, sgaunt, wy € H{ (M), 5o Torga w; € HS(K) s

loc loc
HEKOTOPOro koMmaxTa K BBHAY COGCTBEHHOCTH OmepaTopoB A u R;.

Ocraerca mpoBepuTh, 9T0  lim  ||u, — ul), = 0. Nmeem
n—4oo

Up— U=ty —A_sv+w =A_;Asu, — Roup, —A_v+wy =
=A_(Asup —v) = (Rsup —wr).

Orcroga

N
e = lly < HAA (At = )|+ 3 [1QeRA—s (Asttn — )]+

k=1
N
ARyt —wi) |+ Y [|QuRs(Rowy —wi)|[. (7.12)
k=1
(37ech HOpMa || - || HEAYIHpOBaHA TeM K€ CKATAPHLIM Ipou3BefeHneM (f, g),

uTo u B dopmyae (7.9)).

CxoaumocTs k () mepBBIX ABYX U HOCIeJHET O caaraeMuix B (7.12) crenyer
13 orpaHndeHHOCTH onepaTopoB A;A_, Qr RsA_; u Qi Ry xax onepaTopos
m L?(K) B LZ(IA(). [as o6uapyxeHnsa cxoquMocT K () TpeThero craraeMo-
IO BO3bMEM JAUNTHIecKun qudPepeHnnagbubiil onepaTop () mopaika p u
ero cob6cTBeHHBIN mapaMeTpukce (J1. Torga

As(Rsun _Wl) :ASQIQ(Rsun - wl) +A5R(Rsun - wl)a

rge Re€ L~°°. ckoMoe yTBepXK JeHNe CAeIyeT Telepb U3 TOro, 9To Ag()1 —
co6ctaerunii IT10 nopsaxa s — p < 0, HempepsiBHO oTo6paxatommit L2 (K )
B L2(K). W

Ectp eme Tpetuit cnoco6 BBecTn Tomoxormio B H° (K ) —3azaTs ee mo-
JYHOPMAaMI

lull 4 g =Aulgll, A€ L] o(M). (7.13)

Mpegnoxenue 7.3. Bce mpu esedennvic 6viue monoao2uu

na H*(K) (¢ nomowpio wopmot ||-||s, Hopmor ||-||5 u noayropm (7.13))
cosnadaiwm.

HoxaszaTeabcTso. CoBnageHne TOMOJIOTHH, 3aIaHHLIX HOpPMa-
Mmu ||-||s = |||/}, ficHO U3 Teopembl o 3aMkHyTOM rpaduke. Tomomorus,
3agaBaeMad noayHopMaMi (7.13), oueBIIHBIM 06pa30M CHIbHEE TOIOIOTHI,
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ompegeaseMoil HopMol || - ||%, u6o Hopma || - ||, omenmsaeTcsa cymmon N + 1
noaysopMm Tuma (7.13), coormeTcrBylomux omepaTopaM A, paBHBIM A;
u Qi R;. 15 IpoBepKN &Ke COBIALEHUS 3TUX TOMOJOTHI JOCTATOTHO yCTa-
HOBUTB, IT0 ecan A€ L oM)mn K, K — KOMIIaKTH B M, To cupaBenauBa
OIlEHKA

|Aul I <Cllully,  uwe H(K). (7.14)
Ho, nmpeacrasaas v B Buge (7.8), MBI moxydaeM
Au=(AA_;)A;u— ARu,

u, mocKoabky AA_; € L%O(M), AR, € L7°°(M), ouerka (7.14) cregyeT u3
Teopemsul 6.6. W

Cunegcreume 7.3. Tonoaoeuu, onpedeasemvie 6 H?(K) wnopma-
|| |ls u || |s, He 3a6ucam om npouzsOAbHLIT IAEMEHMOS, ETOOAUUL
6 onpedeAenua MUT HOPM.

Ilpegnoxenune 7.4. Ilyemo K —maroti rkomnarm 6 M, wumo
KcClnt K. Toeda, ecau w€ H*(K), mo cywecmsyem maxas nocaedosa-
meavnocmy g, € CS°(K), umo @, —u npu n— 400 ¢ monoaoeuu H*(K).

lokazaTelbcTBO. JTO yTBepKIEHNE CleqyeT U3 JeMMBI 7.3 ¢
yieToM ompegeeHns HOpMEHL || - ||;. W

Mpenaoxenne 7.5. [lyemv K —womnaxm 6 M, u A€ L] ;(M),
npuren 1 —p<Lo<puau d<p u M =X —obaacmv 6 R™.

Toeda, ecau A —cobcmeennnti, mo A onpedeasem auneiinviii nenpe-

PuIsHBI onepamop R
A: H*(K)— H*~™(K),

2de K —romnaxm 6 M, sasucawuti om K. Bea npednoaoxcenus cobcmeen-
HOCIU 210 Jce 6epHo das onepamopa @A, 2de p € CF°(M).
Joxa3zaTelascTso. YIo6Hee Bcero ncnoab3osaTs HopMy || -|[5. To-

rja qas npoBepku HempepwiBHocTHn A ms H*(K) B Hs_m(li’) HYKHO oIle-
HUTH |[As—mAu|| 1 ||QRs—mAu|| gepes C||Asu]| n C||Q' Rsu|| (3mece Q u
Q' — mobele auddepeninaibuse onepaTopsl). Ho u3 (7.8) umeem
Au=(AA_;) (Asu) — AR u,
OTKya
A mAu=(As_m AN) (A_su) — (A ARS) u,
QRs—mAu = QRs—mA—sAsu - QRs—mRsua

U uCKoMas OlleHKa cieiyerT m3 TeopeM 6.1 u 6.6, ecim yiecTn, |TO
A AN, ELSV(;(M), a omepaTopbl Ay AR, QRs_mA_; u QR,_,, upu-
magzexar L~ (M). B

Teneps BBegem Tonoxormo B Hyf (M) us HS,, (M).



76 [NCEBAOINPDPEPEHIVAJIBHBIE OIIEPATOPEL [TJI. T

2 (M) ompegenseTcs kax camas c1abast I3 BCEX JIOKAIb-

HO BBIMYKJILIX TOMNOJIOTHH, 18 KOTODPLIX HENPEPLIBHLI BCe OTOOpaKeHHA
. S s o0 J—

M,: H} (M)— H’(supp ), rge ¢ € C5°(M), Myu=pu. HapMu cirosa-

MM, 3TO TOTOJOTHA, 33 aBacMas CICTEeMON TOIYHOPM

lulls, o =llpulls, ¢ €Co”(M). (7.15)

Tomomorus B H

Tonoxorus B HZ,,,(M) onpereasercs xak caMas CITBHAS U3 BCEX JIO0-
KaJbHO BBIIYKJABIX TONIOJOTUH, IIsi KOTODPBIX HENPEPHIBHLL BCE BIOMKEHIS
ig: H*(K)— HSopp (M), Baxmelinmy cBONCTBOM I CBOHCTBOM, XapaKTe-
PHU3YIOILINM 5Ty TOLOJIOTHIO (HAa3bIBAEMYIO UHJYKMUEHOT ), ABILETCI TO, ITO

A . s
JnHenHOe OTOGpakeHume f: Hcomp(M) — ' B n1060€ ITOKAJBLHO BBLIIYKIOE
IPOCTPAHCTBO F HENpepBIBHO TOrJAa U TOJBKO TOrAa, KOIAa HelPePLIBHEL
Bce xoMmmosunun foig: H*(K)—= F.

U3 »>Tux onpeneneHun U IpentoKeHUs 7.5 BLHITeKaeT CIeIyIOMIAsL

m — I

Teopewma 7.3. Ilyemb A€ LT 5, 2de 1 —pLo<puaud<puM=X
obaacme 6 R™. Toeda das mobozo s €R onepamop A acasemesa aunelHvim
HENPEPLIBHBIM ONEPATOPOM:

At HS (M) = HEZ™(M).

comp loc
Ecau A — cobemeennniii, mo on moxcem 6vimv npodoasxcen Jo AunetiHbr

HENPEPLISHBIT OMOGPaNiceHUl

At Hi (M) = HIZ™ (M),

comp comp

A HY (M) — H..™(M).

loc
7.6. Teopemur Baoxenus. OTMeTHM IpeXxge BCErO TOT TPUBHAJILHBIN
(1 yKe HCIONB30BABLIINICA) PAKT, ITO HPH § > §' UMEIOTCA BIOKEHI
Hs([{)CHSI([{)’ HIZC(M)CHliC(M)a
H o (M) C Hignp (M),

comp comp

KOTOpBIe HelpepLIBHEL. MeHee TpuUBHAIbHA CIeIVIOMIAL
Teopema 7.4. ITycmv s>5" u K —romnaxm e M. Toeda onepamop
BAONCEHUA

& HY(K) = H* (K)

ABAAEMCA KOMNAKIMHBIM ONEPAMOPOM.
JoxaszaTeascTso. Ucnoassys Toxgectso (7.8), mory<Ium

Ap=(AyA_)(Agu) — (Ay Ry) u=
= (A A_y) (Agut) — (AgA_y) (Ay Row) + (Ays Ry) (Rsu).
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1

IMoxoapxy AgA_ € Li(g_s )(M) (m, 3Ha9uT, O caegcTemo 6.1 111 m060T0
KoMIakTa K| HaWJeTCsa TakOm KOMIAKT Kg, 4To omepaTtop Ag/A_; aBmasa-
eTca KOMIAKTHBEIM omepaTopoM m3 L?(Ki) B L?(K3)), To sicHO, uTO ecan
u mpoberaeT orpaHmieHHoe MHOXkecTBO B H*(K) (u, cregoBaTensHo, Asu
u Rsu npo6eratoT orpanumtiennbie MEoxecTsa B L2(K1)), To Ay u npo6era-
eT KOMIaKTHOe MHOKecTBO B L?(K3). AHATOTUYHO JOKA3LIBAETCA, UTO B
>ToM caydae () Ry u npoberaeT KoMIaKTHOe MHOKeCTBO B L2 (K») nas o-
6oro muddepennnansroro oneparopa (. Ho sro B cuny Toxgecrsa (7.8)
U OIpeJeleHNs HOPDMBI BlIeYeT KOMIAKTHOCTH COOTBETCTBYIOIIErO MHOXKE-
ctBas H* (K3) (m, 3sHauuT, B " (K)), DOCKOAIBKY Ha caMOM [elle OHO JeKHT
B HSI(K), a TOIOJOTHA HSI(K) HHIYOHPYETCA TOMOJOTHen HSI(KQ), ecan
Toabko K C Ko. A

O606uenneM TeopeMsl 7.4 saBaseTcs

Teopewma 7.5. Ilycmo AELZ?(;(M), A —cobemeennbitt u 1l —p <o <
<puwd<puM=X —obaacmv 6 R". IIycmv uucaa s, s' € R maroswi,
umo s' <s—m. IIycmv K —komnaxm ¢ M u K — maxoti xomnaxm 6 M
(sasucawuii om K), umo AE'(K)C &' (K). Tozda onepamop

A: H*(K)— H* (K)

KOMNAKMEN.
HdoxazaTeasncTso. Teopema 7.5 ABIAeTCS CIeICTBPEM IPeATOXKe-
HuA 7.5  TeopeMbl 7.4, TocKoabKy omepatop A: H*(K)— Hsl(f() MOXKHO
paccMaTpuBaTh Kak komnosunuio H°(K) N Hs_m(f() Ml ;£ (I;’) |
O6osmaunm gepes CF (M) mpocrpancTso QyHKnui Ha M mMeromux He-
IPePHIBHBIA IPOU3BOAHbIE HOPAJKA < P B IIOGBIX JOKAIBHBIX KOOD IUHATAX.

Tononorus B CP (M) onpegenseTcsa MoIyHOpMaME

llulla, & = sup [Au(x)], (7.16)
reEK

rae A— mo6oin auddepennnarbublll onepaTop nopaka < p. Yepes CL(K)
OygeM 00603HAYATL HOANPOCTpaHcTBO Takux ¢yukmui u € CP(M), gro
supp u C K. fIcao, uro Tonoxorus CF(M) uagyuupyer B C¥(K) Tomomxo-
THI0, KOTOpai MOXKeT OBITh 3aJaHa 0AHAXOBOU HOPMOI.

Teopema 7.6. FEeau s>n/24p, mo H (M)CCP(M), npu-
uem egoxceHue HenpepvisHo. FEeau K — womnakm e M, mo eaodcenue
H*(K)CCP(K) npu mon sce ycaosut s >n/2+p A6A86MCA KOMNAKMHLIM
ONEPAMOPOM.

HdoxazaTeabcTso. I[lockonrbky audQepeHnualbHble ONepaTOPhL
HopsAgKka p HempepblBHO oTo6paxatoT H*(K) B H*~P(K), To ACHO, 9TO JO-
CTATOIHO paccMOTpeTh caydan p = 0. [Jaree, J0CTATOIHO IPOBEPUTL, ITO
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npu s>n/2 uMeeTca HempephiBHoe Biaoxkenue H*(K)C Co(K), u6o xom-
HAKTHOCTb 3TOTO BIOXKEHHA MOIYyYHNTCA, €CIH MBI IPEICTaBHM €TI0 B BHIE
KOMIIO3HITIT
- —e (g 07
H(K)CH ™ °(K)CCy(K),

(¢ >0 TaxoBo, 9TO s — & >n/2) n Bocnoabsyemcs Teopemon 7.4. Hakxomerr,
SICHO, ITO JOCTATOYHO PACCMOTPETH Caydail, korga K J1eXuT B KOOp JUHAT-
HOU OKPECTHOCTHU MU, 3HAYHUT, JeJ0 CBOAUTCA K caydato M = R™.
Urax, nyctes K —xommaxt B R™ s >n/2. I3 aemmel 7.3 caegyer, 9T0
JOCTATOYHO JOKA3aTh OLEHKY
(o] 7

sup |u(x) | <Ou|ls, weCF°(K), (7.17)

TzER™
rge C' He 3aBucuT oT u. MBI JOKaxkeM 3Ty OLeHKY faxke ¢ mocrosHHon
He 3aBucamen ot K. IMmeem

) =| [ emeateag|< [ i) 1ae= [ 1)1 @ de<

1/2 1/2

<[[1a@r©=a] [ [ =ci.

rae C'= (f<€>_25d€)1/2 < 400, 9T0 U TPe6GOBAIOCE.
Cunegcreme 7.4. () HL . (M)=C>(M).

loc

D10 caegcrBue oveBHAHO. (OTMeTHM ellle IBOICTBEHHBIN (DaKT:
U B (K)=¢&"(K) zaa moboro xommakta K C M. DToT (QaxT BEITeKa-
s

€T I3 XOPOLIO M3BECTHOO B TeOPHHN O060OIIEHHBIX (DYHKIIUNI YTBEPXK JEHILA
N

0 ToM, ITO ecan u € &'(K), To u MOXKHO 3aInCaTh B Bufe u= » . ();v;, T e

j=1
v; € Lz(f(), a (); — muddepernuanbueie omepaToprl. O6o3Hauad Tepes m
Han6GOIBIINE TOPAFOK (5, MBI BUuM, ¥T0 u € H " (K).

7.7. JABoucTBenHOoCTh. IlycTh Ha M 3ajaHa riagkasd HOIOKHTEIbHAS
wroTHOCTE dp(z). OHa ompegenseT GHINHENHYO GOPMY

(u, v) :/ u(z) v(z) dp(z), (7.18)

OIpeeneHHOr0, HampuMep, ecan u € CF° (M), v e O (M).

Teopema 7.7. Buaunetinas gopma (7.18) npu awbom s €R npodoa-
acaemes do cnapusanus (paszdeabro HenpeprisHozo Guduretinozo omobpa-
HCEHUA)

HEo (M) % Hof (M) — €, (7.19)

comp loc
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komopoe wmbl 6ydem obosnauamsb no-npexcremny {(u, v). Ilpocmpancmea

s S o
Homp 4 Hi,. conpsoicenst omuocumeabio 5mozo cnapusanus, m. e. awo6oi
Aunetinbii nenpepviennii  Gynwyuonaa l(u) wa Heo (M) moscno zanu-

camb & sude (u, v) npu mexomopom ve& H (M), a wobot aunetinwvit

nenpepwvisnvili Pynryuonaa (v) na H D moocno 3anucams 6 eude (u, v),
2de u € Hgomp(M). Feau mnozoobpasue M zamxnymo, mo omobpadice-
Hue, conocmasasouee npouzsoavromy vE H* (M) aunednviti fynryuonaa
Ly (u) = (u, v), A6asemea 06PAMUMBIM AUHETHBLI HENPEPBIEHBIM ONEPATNO-
pom uz H™*(M) e (H*(M))* (nocaednee npocmpaHcmso cuumaemes
HadeaeHnbim ecmecmeennoti 6anarosoti monwtoeued).
doxaszaTenascTso. 1. [IpoBepuM Ipex e BCETo BO3MOKHOCTD IIPO-
gonxxerHns gopmsl (7.18) xo cmapusammsa (7.19). OTMeTuM mpex e Beero,
9TO omepaTopsl A, purypupympoume B onpefenernn npoctpancTs Cobdoie-
Ba, MBI MOXKEM CYNTATH CHMMETPUIHBIMI B CMBICIE 3aJaHHOU IIOTHOCTH,
T. e. TakuMH, 970 (A u, v) = {u, A;v) mas mobbix v, u € C§°(M). B camom

Jele MBI MOXKeM 3aMeHHTH omlepaTop A; Ha 5(As +%A;), 9TO He MemseT

riuaBHOro cuMmBoiaa. [Jamee, 6ygem camraTh, 910 Ag =1 u omepatop A_;
ABJAETCA MApaMeTPUKCOM omepaTopa A; (3TOro MOKHO SOOGHTLCS, €CIH 0~
cTpouTh BHadam®e Bce A; mpu s> 0, caesaB nx CHMMeTPHYHBIMH, a 3aTeM
paccMOTpeTh UX mapaMeTpUKCHl A’ . m B3ATL B KadecTBe A_; cuMMeTpH-

1
samuio At A_ = 5(1\/—5 +A ).
3 ompegenenns TOMOJOTUH B Hgomp(M) BBITEKAET, UTO JOCTATOUHO
npogoaxuTs Gopmy (7.18) no cmapusanms

5

H*(K) x HZ3 (M) = C, (7.20)

loc

rge K —mo6on komnakT B M. D10, oueBHAHO, Bo3MoxkHO upu s = (0. IIpu
$7#0 me1 BospMeM u € CF° (K), v € C° (M) n 3anmmem u B Buge (7.8). Torga

(u, v) ={(A_Asu— Ryu, v) = (Asu, A_;v) — (Rsu, v), (7.21)

OTKyJa I CIeyeT IPoJOLKIMOCTE (U, v) 1o cnapuBauud (7.20), TOCKOIBLKY
omepaTopsl A; m A_, 3a1a10T IHHeHLIC HEMPEPLIBHLIE 0TOGDAKCHNA

Ag: HY(K) = L*(K), A_,: HZS(M)— L (M).

loc

2. Ilycts Temepsb [(v) —IMHENHBI HeNPePLIBHBIN (MDYHKIHOHAL HA
H:(M). TokaxeM, ITO ero MOXKHO 3amucaTs B Buge [(v) =(u, v), Tge

loc
ue H:, . (M). lIpexge Bcero, nockoasky C'™ (M) C H (M), npuiem Bio-

comp
XKeHNe HeNpepBIBHO, To orpanmdenne [(v) ma C'°°(M) MOXHO 3amucaTb B
Buge (u, v), u€ &' (K), rage K —xommakt B M. Ilpu »ToM 06oGImenHas

GYHKIINA ¥ OLHO3HAYHO OIIpeleleHa, I OCTAeTCA NPOBEPUTH JUIIL, 9TO
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u€ H*(K), T. e. 9TO AsuELZ(IA{). Ho
(Asu, v) = {u, Agv) =1(Asv),

U MOSTOMY HCKOMO€ YTBEDKIeHUE BEITEKaeT U3 TOTO, ITO A; HEIPEPLIBHO
otobpaxaer L2 (M) B H :(M), a Takxke u3 TeopeMul Pucca, o6ecnedn-
BaoOIIell CIIPaBeInBOCTE HCKOMOTO YTBepK JeHus npu s = 0.

AHanornmuHo gOKa3BIBaeTCA MPEJCTABEMOCTL (yHKnmoHarta [(u) Ha
Heomp(M) B Buge [(u) = (u, v), rne ve H ' (M).

3. Ilyctyr Temepr M —3amkHyTOe MHOroobpasme. IIposepum, wUTO
oTobpaxkenne v l,(-)={(:, v) sgBIAETCI TOMOIOTHIECKNM H30MODPQHU3-
Mom H~*(M) ma (H*(M))*. DTo, oueBuaHO, BepHO IO TeopeMe Pucca
upu s =0. PaccmoTpum caydan nponssoasuoro s € R. I[lockoabky 6uexkTus-
HOCTB 0TOGpaxkeHns v — l, (-) yXKe JokazaHa B II. 2, JOCTATOYHO IPOBEPHTH

ero HenpepeiBHOCTh. Ho ona cpasy caegyer ms (7.21). W

7.8. YnpaxHeHus um 3ajgatu.

Yupaxueunne 7.1. Ilposepurs, 9To §(z) € H*(R") npu s < —n/2. ,

Yunpaxuenne 7.2. llokasars, uTo oneparop Baoxkenns H*(R")C H* (R") un
npu kakux s u s’ (s> s') He ABAAETCA KOMIAKTHEIM.

Yunpaxuenne 7.3. IIycre T"=R"/27Z"™ — n-mepubit Top (Z™ — neno4ncien-
Had pemerka B R™). Eciu f€ C(T™) (= C§°(T")), To GyHKUMIO [ MOXKHO Pa3iokuTh
B pag Pypbe

f@)= > free, (7.22)

keznr

rae fr — koaddunuenTn Pypbe, 3agaBaeMbie GoOpPMyIaMUI

fk:(ZW)_"/f(x)e_ik'mdx. (7.23)
Tn

Ta xe dopmyra npumenuma u npu f € Z'(T™) (=&'(T")), ecan nox unTerpa-
JOM B (7.23) MoHUMAaTh 3HadeHne pyHKIUOHAMA [ Ha QYyHKIUN e—thz (B 3TOM cJydvae
pag (7.22) cxogurca B caabol ronoaoruu 2’ (T™)).

IokazaTk, uto ecau f € Z'(T™), To ycaoeue f &€ H*(T™) paBHOCHIBHO TOMY, 4YTO

Do 1A PA+IRP) <o, (7.24)
kezr

nputeMm Jepad dacTh (7.24) onpegenser kpaapaT HopMH B H *(T™), sKBuBaneHTHOI 10~
601 3 BBEIEHHBLIX BEITIE HODM.

Yunpaxuenune T7.4. [lokasaTh, 9To eciu A yIoBIeTBOPAET yCJIOBUAM TeOpPe-
MEL 6.4, To npu awo6om s €ER oneparop A: H*(K)— HS(IQ') ABAAETCA KOMIAKTHBIM
oTIepaTopOM.

Yupaxuenune 7.5. Ilposepurs, aro npocrpancrea H*(R™) u H*(R") nyans-

HEL ApyT K ApYry OTHOCHTENBHO 6uanHelHou dopmst (f, g)= [ f(z)g(z)dz.

Sagaua 7.1. lloxasars, ¥yTo ecin N — nogMHOroo6pasue KopazMep-
HOoCTH d MHOr0OGpaszus M, To orobpaxenne orpaundenus [ — f|y (ompe-
JeaeHHoe a priori gas f € C°°(M)) npogonxaercs upu s >d/2 1o IHHETHOTO
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HENPEePBIBHOI'O OTOOpaKeHN

Hi (M) — H (V).

loc

Jagaga 7.2. [lokazaTs, 4To onpegerennoe B 3ajgade 7.1 orobpaxe-
HIe SIBASETCS SIIMODPQU3IMOM.

§ 8. ®peAroaLMOBOCTDH, MHAEKC, CHEKTP

8.1. IIpocTeymme cBoMcTBa (peAr OILMOBEIX OIEPATOPOB.

Ounpegeaenne 8.1. Ilycre FEi, Fs — 6aHaxXoBB IPOCTPAHCTBA,
A: F1 — Fy — nuHelHBII HeNpepHIBHBIA olepaTop. ByaeM Ha3mIBATH Olle-
patop A ¢pedeoavmosvin, ecan dim Ker A < +oo m dim Coker A < 400
(mamomunmM, uto Ker A={x: v € EF1, Ax =0}, Coker A=F>/Im A, rge
Im A=AF;, a paxTOpIPOCTPAHCTBO IOHUMAETCS B AAre6PANIeCKOM CMBbI-
cie, T. e. 6e3 yuera Tomoaorun). Hndekcom dpesroabmosa omeparopa A
HAa3BIBAETCS ICIO

index A =dim Ker A — dim Coker A. (8.1)

MmuoxkecTBO BCex JUMHENHBIX HEIPEPLIBHBIX omepaTopoB A: Fy — Fs Gy-
geM oGosHadatTs .Z(Fy, Fa).

MuoxkecTBO Beex PpeIronbMoBhx omepaTopos A€ .Z(FEy, Fy) 6yaem
o6oznadats Fred (F1, Fa).

Jdemma 8.1. Ilyemv A€.L(E1, E2) u dim Coker A <+oo. Toeda
Im A —samxrymoe nodnpocmpancmeo 6 .

HdoxazareancTso. Acuo, uro Ker A —3amxuyToe mognpocrpan-
ctBo B Fj. Ilosromy B dakropupocrpauctse Fj/Ker A ummeercs ecre-
cTBeHHass OaHaxoBa cTpykTypa. Omeparop A HHAYIHpYeT HeNpepBIBHOE
orobpaxenne A;: Fy/Ker A— Ey, upuiem Im A; =Im A. OTmeTnm, aT0
Ker A; =0. Tenepr o6o3zmauum depes (' a060€ KOHETHOMEPHOE IIOIPO-
cTparcTBO 3, gas xoroporo Fs=Im A+ C (upamas cymma B aarebpan-
JeckoM cMbicae). Oupegeanm omepaTop

A: By /Ker A®C — B, (8.2)

nepesogamuil napy {«, ¢} B Ajx + ¢ € Ey. flcHo, 110 A GueKTHBEH U Hempe-
PBIBEH, €CIH IPOCTPAHCTBO CIeBa PACCMATPHBATEL Kak 6aHAXOBY IPAMYIO
cyMMy (HampmuMmep, ¢ HopmoR ||[{z, c}||=||z||+||c||, rae ||c|| ompegeaserca
¢ moMomBio Tpon3BoasHoil HopMsl B (). Ilo Teopeme Bamaxa omeparop A
6yIeT TOMOMOTITeCKIM H30MOP(HU3MOM, HO OTCI0Aa cIelyeT, ITo Im A 3a-
MKHYT B F5, 160 IOAIPOCTPaHCTBO A‘l(Im A)=FE,/Ker A® 0 3samruyTO
BE|/Ker AdC. B



82 [NCEBAOINPDPEPEHIVAJIBHBIE OIIEPATOPEL [TJI. T

Caegcreue 8.1. Fcau dim Coker A <400 u L1 —makoe 3amkHy-
moe nodnpocmpancmeo 6 Ei, umo E1 =1L+ Ker A, mo A onpedeasem
monoaozureckuti uzomopgpusm A: L1 —Im A.

OtmeTnM™, uT0 B caydae A € Fred (F, Fs) noaupocTtpascTso L ykasaH-
HOT'O THIIAa BCerja CyLlecTByeT, n6o o TeopeMe XaHa—bBaHaxa MBI MOXKeM
IPOJOJNKUITE TOXKJecTBeHHOEe oTobpaxenne Ker A — Ker A go menpepnis-
HOT'o JUHEeNHOr o onepaTopa P : B — Ker A usarem monoxuts L1 =Ker P;.

Crnegcreume 82, Feau A€ Z(Ey, E2) u dim Coker A< 400,
mo dim Coker A=dim Ker A*, 2de A* —conpaxcennniii onepamop
A*: BE5 — ET.

JoxazaTeabcTso. I3BecTHO (I TPUBHAILHO), 9TO

Ker A*={f: feE;, {f, Im A)=0}.
I3 zamxuyTOCTH XKe Im A u Teopemnbl Xana—Banaxa BuITeKkaeT, ITO

Im A={x: z € Fy, (Ker A", z) =0},

OTKyga U clegyerT uckoMas ¢popmyaa. Wl

Jemma 8.2. Ilyemv E — 6anazoeo npocmpancmeo u onepamop T €
€ L (FE, E) roneunomepen, m. e. dim Im T < +oo. Toeda onepamop I +T
dpedzoavmos, npuuen index (I +7)=0.

JokazaTeabcTBo. Jlerko mpoBepuTH, UTO CYLUIECTBYET PAa3jio-
xenne I = Lo+ Ly, rge Ly —3aMkHyTOe HojmpocTpancTso, Lo C Ker T
LiDIm T, dim Ly < 4oo. Torga (I+T)|p,=1|z,, (I+7T) L1 C L1, Tak xax
TLyCIm T C Ly. Takum ob6pazom, Lg u [, —HUHBapUaHTHbLIE TOANPOCTPAH-
ctBa gas omeparopa [ + T, nputem Im (I +7) D Lo, Ker (/ +7T) C L. TTo-
sToMmy onepatop I + 7T dpearoabmos, npudeM index (I 4+ 7T') paBen nagexcy
omeparopa [ + 1, paccMaTpuBaeMoro kak omepaTop u3 Ly B L1, Tak 4TO
J€I0 CBOAUTCS K TPUBHAJILHOMY YTBEDXKAeHNIO U3 AnHenHoN aare6pnl. l

Jemma 8.3. Feau A€ Fred (E1, E2), mo cywecmsyem maxoti onepa-
mop B €Fred (Ea, E1), umo

BA=I1-P, AB=I-P;, (8.3)

ede Py —npoexmop na Ker A, a I — Py —npoexmop na Im A (max wmo
P1, Py — KOHENHOMEDHDIE NPOERMOPLL).

HoxaszaTeancTso. [Iycts Li —3aMKHyTOe gomoaHeHme Kk Ker A
B F1, Ly —mo6oe nonoanenne x Im A. Qupegennm onepatop B Tax, 1T00BL
OBLIN BBLINOJIHEHEBl YCIOBIS

BA[L, =1|,, BlL,=0.
B cuny caeactsps 8.1 sicuo, uto B €.%(Fa, F1). Kpome Toro, 04eBIAHO,

uro Ker B=1Ls, Im B=1L;. Orcioga ciegyer dppearoibMoBocTs B. Ycio-
Bus (8.3) nmposepsrorcsa HemocpegcTserno. M



§ 8] GPEATOJIbMOBOCTDL, MHAEKC, CIIEKTP 83

Jdemma 8.4. Ilyemv A€ Z(FE1, E3), u cywecmsyrom maxue onepa-
mopwl By, By € Z(Fa, E1), umo

BiA=I+T,, ABy=I+T), (8.4)

2de T4, Ty — woneunomepuvie onepamopvl. Tozda onepamop A Pped-
204bMO6.

JokazaTeabcTBo. YTBepXKIeHNE CIeAyeT U3 OUEBUIHBIX BKJIO-
qeHUN

Ker A CKer (ByA)=Ker (I+1T1),
Im ADIm (ABy) =Im (I +T5),

u nemmter 8.2. W
Jemma 8.5. Iyemv A€Fred(Fy, Fs), BeEFred(E2, E3). Toeda
BA€Fred (E1, E3), npuuen

index BA =index A+ index B. (8.5)

Hdoxka3zaTeabcTBso. Mbl noOKaxeM Opexk e BCETO, ITO CYLUIECTBYIOT
TaKme 3aMKHYTHIe mognpoctpancTsa L; C E;, j=1, 2,3, aro Ker A|p, =0,
ALy =1Ls, Ker B|r,=0, BLy, = L3, mpuuem codim L; < +oo, j=1, 2, 3 *).
B camom gexe, ecan L} —3amkayTOe gomoanenue Kk Ker A B Ey, L), —3a-
MKHYTOe gomnonHenue Kk Ker B B Fy, To MBI MOXKeM IIOJOXKNTE

Ly=LynIm A, Ly=(Al1)”" (L2), Ls=DBLs.

Teneps orMmeTnM caegyiommi GakT: 0ycTh Lq, Ly — 3aMKHYTHIE IO JIPO-
cTparcTBa B Fy, Fy, A€ Fred (F1, E3), Ker Alp, =0 u AL; = La; Toraa,
ecan O0GO3HAYMUTL Iepe3 A oTobpaxeHne A:El/L1—>E2/L2, UHIYIHPO-
BaHHOe omepaTopoM A, To A € Fred (E1/L1, Fa/Ls) u index A =index A.
Ilo>ToMy mcmonb30BaHNE TOCTPOEHHBIX BhINIE HTOANpPOCTpaHCTB L; C Fj
[O3BOIAET CBECTH JOKa3aTelbCcTBO (opMyasl (8.5) k caywaio, Korjga
dim E; < 400, j=1, 2, 3, oueBugHOMY BBUAY TOr0, uT0 ecit A€ L (E1, Es)
n dim F; <+4o0, =1, 2, To index A=dim £ —dim F£>. &

IMpenaoxenne 8.1. Fred (Fy, F2) Asagemes omepuimbim noduHo-
awecmeom L (F1, Ea) (6 pasnomeprot onepamopuoti monoao2ut, m. e.
monoaocauy, onpedeasemoti Hopaot onepamopos). Ilpu amom Pynrxyus

index: Fred (Fy, F2) =7

HENpepsvliera (m €. NOCMOAHHA Ha 6Cer CBA3HBIT KOMNOHEHMAT

Fred (El, Ez))

*) Ecoim L —nognpocrpancreo E, To no onpegeaenmo codim L =dim(E/L)
(codim L nasmBaeTca kopasmepHocTbio L B E). 31€ch, B 9aCTHOCTH, HIMEETCHA B BULY,
uro codim Ly =dim E;/L;, j=1, 2, 3.
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B wacmuocmu, ecau Ay — nenpepvishas (no Hopme) onepamopHas
dynryua t €10, 1] co snauenuamu s Fred (E1, Ea), mo index Ag=index A;.

JoxaszaTteanctso. lIycrs AE€Fred (£, Fy). Hyxkuo gokasars cy-
IeCTBOBAHIE Takoro uucia € >0, aro ecin D € .Z(Fy, Fy) u ||D||<e, To
A+ D €Fred(Fy, Es) nindex (A+ D) =index A.

Ioctpoum Taxon onepatop B € .%(F2, 1), 9T0 BHIIOIHEHB! YCIOBUA
BA=1+T{, AB=I+T1;, (8.6)

rae 77, T4 — KOHeIHOMeDHEIE OLEPATOPHL (3TO BO3MOXKHO 1o aemMe 8.3).
[posepum, wTo MoxkHO B3aTh ¢ =||B||~'. B camom neme, mycTs Torga
||D||<e. Mmeem B(A+D)=1+BD+1T], n ecin momoxuts By =(I+
+BD)™'B, to Bi(A+D)=1+T, rae T, xomeanomeper. OTmeTum,
aTo index B —index B. AHAJOIUYHO CTPOUTCA TaKOUW omepaTop B, UTo
(A4 D) By =TI+ Ts, rae Ts xoreunoMepew. Ilo temme 8.4 omepatop A+ D
¢pearoabmoB. ITo mo memmam 8.5 u 8.2 MBI nMeeM

index (A + D) = —index B; = —index B =index A. [ ]

B ranpuetimem epes C'(Fy, Fy) MBI 6y 1eM 0603HAMATD MHOKECTBO KOM-
NaKTHEIX JUHEOHBIX omepaTopoB u3 K1 B Fs.

Jdemma 8.6. Hyemv E — 6anaroso npocmpancmeo, Re C(E, E). To-
eda I+ ReFred (F, E) uindex (I + R)=0.

HoxaszaTeascTso. [lockoabky [|ker (14r) = —RlKer (14+R), TO e11-
mnvabl map B Ker (1 4+ R) xomnakxTer, n noromy dim Ker (74 R) < +o0.
Harnee, mockoapky omepaTop R* Takxke kommakTeH, To dim Ker (/ + R)* <
<400, I FIA gokaszaTelbcTBa (pesroasmoocTu (I + R) ocraercsa mpo-
BEpUThL JHINL 3aMKHyTOcTb Im (/4 R) (m6o Torga dim Coker (I + R)=
=dim Ker (7 + R)*).

Iycrs 2, €F, n=1,2, ... n yo=(I + R) z, =y mpu n— +oo. Hazgo
JOKa3aTh CyILIecTBOBaHme Takoro & € F, aro (I + R) # =y. [Iycts L — mo6oe
3aMKHYTO€ NOANPOCTpaHcTBO, fomoxaHsomee Ker (I + R) B F. JoGapaasn
K &, BekTopsl u3 Ker (7 4+ R) (4T0 He MeHAET ¥y, ), MBI MOKEM CINTATD, ITO
x, € L mpu Bcex n.

IMokaxeMm, 9TO MOCTEIOBATEIBLHOCTD T, TOTAa OyIeT OTPAHNICHHOM.
B camoMm gere, ecau 3TO He Tak, TO, 3aMeHAR {2, } HA IOANOCIeZOBATEIb-
HOCTB, MOXHO CUHTaTh, 9TO ||&p|| = 400 mpu n — +oo. Hoxoxum Torza
z, =xn/||xnll, v, = + R) z},. Imeem y,, > 0 mpu n— 400, a HOCKOIBLKY
||z,|| = 1, TO MOXHO CINTATH, 9TO CYLECTBYET Hpeen nEToo Rz),. Ho To-
rgacymecrsyeT n lim «,=— lim Rz) =z, npudeM sAcHo, 110 |[z||=1,

n—4oo n—4oo
z€ L, (I+ R)x=0, 9T0 IPOTHBOPEINT HPEFHOIOKEHNI0 O BEIGOpe L.
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I/ITaK, II0CJIeJOBATEIBHOCTD {l‘n} OrpaHH'I€HA. Ho TOorJa MOXHO CYH-
TaTh, 9ITO CYLIECTBYET IIpenela lim Rl‘n I, ¢1eJ0oBaTeAbHO, CYIIIECTBYET
n—4oo

lim z,=y— lim Rez,.Ob6o3uwavasx= lim z,, MBI 6ygeM UMeTE, OIe-
n—4oo n—4oo n—4oo

BuaHoO, (I + R) # =y, 9T0 gokasbiBaeT 3aMKHYTOCTb Im (7 + R) u, 3Ha4nT,
¢pearoabmoBocTh [ 4 R.

B cuay mpegaoxenns 8.1 mpu ¢ € [0, 1] umeem index (7 +tR) = const,
orkyga index (I + R) =index 7=0. W

IMpenaoxenune 82. [lyemv A€ ZL(E1, E2) u cywecmeyiom maxue
onepamopvt By, By, umo

BiA=I+Ri, ABs=1I+ Ry, (8.7)
ede R; € C(E;, Ej), j=1,2. Toeda A€ Fred(E, E»).

JokazaTealbcTBO NOIyYaeTCS U3 JeMMBI 8.6 aHATOTHYHO JOKAa-
3aTenbcTBy JeMMbl 8.4. Wl

IMpenaoxenne 83. Ilyemv A€Fred (F1, Es), ReC(FEy, E2). To-
eda A+ ReFred (Ey, Ea), npuuem index (A+ R) =index A.

JoxazaTealbcTBO OYeBHAHO U3 IpeqroxeHns 8.2 m aeMM 8.5

un8.6. H

8.2. ®peATOABPMOBOCTh M MHIEKC JILTMIITHICCKMX OMEPATOPOB HA 3a-
MKHYTOM MHOT'00Gpa3uu.

Teopewma 81. Ilyemv M —3zamknymoe mnozoobpasue, AE
EHLZ?’(;m(M), 1—p<d<p. Hocmpoum npu awbom s€R onepamop
A € L(H* (M), H*=™(M)), asaswwuiica npodoaxcenuem onepamopa A
no HENPEPHIEHOCTAU.

Tozada

a) As € Fred (H* (M), H*>~™(M));

6) Ker A, CC® (M), men camvin Ker A; ne zasucum om s u 6ydem
oboznauamvea npocmo Ker A;

B) index A; ue szasucum om s (mvl 6ydem obosnauamev e2o npocmo
index A) u svipancaemesn dopmyaot

index A=dim Ker A —dim Ker A", (8.8)

ede A* — dopmaavro conpancennvit ILTO (cam. § 3) 6 cavicae craaaprozo
npoussedenus, 3ada6aemo2o NPouzsoabHol 24a0K0t NAOMHOCbIO;

r) ecau D€ LZ?:;(M), ede m' <m, mo index (A+ D) =index A.

HdoxazaTeancTBo. [lo Teopeme 5.1 MOXKHO IOCTPOUTHL IIapame-
Tpukc B € HL;TZ;’ ~™ (M) omeparopa A. Oneparopst R; € L~°°(M) B cury
TeopeMsl 7.5 mpogomrxaTes go oneparopos R; . € C(H* (M), H*(M)) npn
ao6oM s € R. Teneps u3 mpegaoxenns 8.2 creayeT GpeiroIbMOBOCTD BCeX
omepaTopoB As.
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Hanee, n3 TeopeMsl 5.2 ciegyeT yTBepXK JeHHE II. ) T€OPEMBI, & TOCKOIb-
xy A" € HLZQ’(;m, TO MBI IOIYYaeM U YTBEPKIeHHE 1. B).

HaKOHeu,nyBepxc,quHe II. T') BEITEKAET U3 MPEAToKeHns 8.3, HOCKOIBKY
ecan DELZ?:;(M), m' <m, to DeC(H*(M), H*~™(M)) B cury Teope-
Mmet 7.5. W

SJameuanune 8.1. YTBepkIeHNe 3TOU TE€OPEMBl BEPHO, KOHEYIHO, He
TOJBKO JJs CKAIAPHBIX OMEPATOPOB, HO U JJs OIEPATOPOB, AeHCTBYIOIINX
B CEYEHNUAX BEKTOPHBIX PACCIOCHUH.

SJameuanne 8.2. g xaaccudecknx saaunrudeckunx IO yTeep-
XKJeHIe II. T) 03HAaYaeT, ITO HHIEKC 3aBHCUT JHIIb OT [VABHOTO CHMBOJA.
3 Teopemsr 6.2 merko BBIBECTH, 9TO HHIEKC He MEHSeTCS IPH JIOOBIX He-
IPEePLIBHBIX Ae(OpMALUsiX MJIABHOIO CIMBOIA B KIACCE OTHOPOIHBIX HJLIIII-
THYECKIX CIMBOJOB. DTO yTBeDKAeHNE BAXKHO B TEOPUN WHIEKCA HJILIIIITI-
YeCKIX OIEePATOPOB.

8.3. Cnektp (mpocremume cBegenua). Ilycts M —3aMKHYTOe MHOIO-
ob6pasue, A€ HLZ?’(;m (M), 1—p<d<p, m>0. PaccMoTpuM B IPOCTpaH-
ctee L?(M) HeorpaHNYeHHBI INHENHLIN OepaToOp, OpeIenaeMbIi omepa-
TOopoM A, ecIn cINTaTh 00IACTBIO OmpeneleHus npoctpancTtso H™(M).
Mz 6y gem 0603HAYATE HTOT HEOTDAHIYEHHEBIN OllepaTop depe3 Ay min nHo-
rga OpocTo 4depe3 A, ecam He omacHa BO3HHUKAIOMAS JBYCMBICAEHHOCT.

HMpegaoxenne 8.4. Onepamop Ag s3amxuym, m. e. ecau u, €

EH™(M), n=1,2, ..., ue L*(M) cywecmeyiom npedeavt u= lir_lr_l Uy,
n— 400
u f=lim Au,, moue H™"(M) u Au=1f.
n—r 00

NoxazaTeascTso. [lockoabky ua cxogumoctu B L2(M) cregyet
cxoguMocTs B &' (M), a omepatop A menpepwiBer B &' (M) (B cMblcie, Ha-
npuMep, c1aboil Tomoxoruu), To Mel uMeeM Au=f, a Ttorgza u € H™(M) B
cury Teopemsr 7.2. W

U3 roro, aro C°(M) mrorao 8 H™ (M) (8 Tonororun H™(M)), BoiTe-
KaeT

Caegctsue 8.3. Onepamop Ag asasemes samvikanuem (6 L2(M))
onepamopa Alces(nr)-

Oupegeaenne 8.2. Cnexmp omeparopa A —3TO NDOIMHOKe-
ctBo 0(A) xommiexcuon maockoctn C, ompegeasemoe Tax: ecan A€ C,
To yciaoBue A¢ o(A) paBHOCHIBHO TOMy, 9TO omepaTop Ay — Al mMeeT
B L?(M) orpanuteHHbI BCIOAY ompeeneHHbI o6paTHEI (Ag — AI) 1.

Jlerko mposepseTcs, 14To o(A) —3aMrxHyTOE HOAMHOKecTBO C, mpmieM
(Ag — M)~! —roaomopduas onepaTtopras dynxmus ot A mHa C\o(A) co
smavenusamu B £ (L3 (M), L*(M)). Dra dysxmua Ry = (Ag — AI)~! masnr-
BaeTCs pezoaveenmoti omepaTopa A.
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Mpegnoxenue 8.5. [Tycmv na M gurcuposana 2aadkas noaomxcu-
meavras naomuocms du(x). Toeda ycaosue A& o(A) pasnocusvrno moay,
umo Ker (A — M) =Ker (A* —AI) =0.

JdoxazaTeascTBso. YTBepKJeHIe BLHITeKaeT U3 TeopeMsl 8.1, mo-
cxonpky (A— Al € HLZ?’(;m BBUAY ycaoBus m > (0. H

Teopema 8.2 (Teopema 06 obGpaTHOM omeparope). [Tyemv A€
ELZ?’(;m(M), 1—p<d<p, m>0 u onepamop Ay nocmpoen no A, kar
onucano sviwe. Ilyemv A ¢ o(A). Tozda onepamop (Ag— M)~ ssasem-
ea npodoancenuenm no wenpepvinocmu (¢ C™(M)) uau oepanuuenuem
(¢ @'(M)) onepamopa us HL;TZ;’ (M) (mwr 6ydem oboznavamsv eeo
(A= XI)~1). B wacmnocmu, onepamop (Ag — A )~1 womnaxmen 6 L%(M).

HJokazareabcTBo. [Jdocrarouno paccmorpers caydanm A=0.
IIycte B € HL;?’ ~™(M), B—napameTpuxkc onepatopa A. B wacTrOCTH,

AB=I-R, (8.9)

rge R—omeparop ¢ raagxkuMm sgpoMm R(xz, y) (cumTaeM aas IpOCTOTHL
(pUKCHPOBAHHON TIMa Ky MOJOKUTEILHYIO IMOTHOCTL Ha M, Torga Aapo
R(x, y) —»To0 obbrunasn pyuxnusa Ha M x M).

s (8.9) caegyer, uTO

AT'=B+ AR, (8.10)

I ocTaeTcsA MpoBepuTh, uTo A~'R—>5To omepaTop ¢ raagxmu agpom. Ho
omepatop A~! mo Teopeme 7.2 oTobpaxaer H*(M) B H*T™ (M) npu mio-
60oM s € R, 1 mpuTOM HEIPEPLIBHO II0 T€OpEMe O 3aMKHYTOM Tpaduke. I1o
Teopeme Baoxenusa 7.6 omepatop A~! mempepriro oTobpamaer C° (M)
B C°°(M). Ho Torga onepatop A~!R 3zanaercsa raaaxum aapom Ri(z, y),
rae Ri(z, y) =[A7R(:, y)] (z). B

Teopewma 8.3. Ilycmv na zamxnymom mnozoobpazuu M durcu-
POBaARG 2AA0KAA NOAONHCUMEADHAA naomuocmy du(x), A€ HLZ?’(;m(M),
1—p<d<pum>0. Hycmo A*=A. Toada Ay — camoconpancennviti onepa-
mop 6 L*(M), npuuem 6 L*(M) cywjecmeyem noanas opmonopmuposannas
cucmema {@;}, j=1,2, ..., cobemsennnz dynryuii onepamopa Ag. Ilpu
smom p; €CP (M), Ap; = Xjp;, cobemeennbie 3HAUEHUA \; 6EWECTEEHHDL
u |Aj| = +oo npu j—+oo. Cnexmp o(A) cosnadaem ¢ mnodsicecmson ecex
cobcmeennnr 3nauenut.

JoxaszaTeascTso. 3aMeTHM npex e Bcero, 9To o(A) CR BBugY
npegroxenns 8.5, mockoabky omepatop A cummerpuder Ha C'° (M) u mHe
MOJKeT UMeTh TaM HeBeIeCTBEHHEIX COOCTBEHHLIX 3HATEHMUI.

Toxaxem Temeps, aTo 0(A) #R. Ecan 6u1 66110 0(A) =R, To mas mio-
6oro A € R MoxHO 6blI0 OB yKa3aTh Takyo (yHKnuio @) € C*° (M), ato
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Apxr=Xpx u||@a]||=1. Ho Torga (¢x, ¢,) =0 opn A # p u3-3a cuMMeTpud-
HOocTu A, wTO mpoTuBOpeunT cenapabersroctn L2(M).

Bospmem Temepsr Ag ER\o(A). ITo Teopeme 8.2 omepatop Ry, =
=(A—XgI)"! aBaIfETCA KOMIAKTHBIM CAMOCONDAKEHHBIM OIEPATOPOM
B L?(M). llo mBecTHONl TeopeMe (YHKIMOHAILHOTO AHAIN3A OH HMeeT
OPTOHOPMUDOBaHHEI Gasnc {;}52, M3 coGCTBeHHBIX (QYHKIMI, TpITeM
ecan r; — cOGCTBEHHBIE 3HaMeHnd, To r; — 0 mpu j — +oo.

3ameTnM Teneps, uTo r; 70 (Tak kax Ker (A — Ag/)~! =0). IlosTomy
ycnoBue Ry, ¢; =7;¢; MOKHO IEDENNCATh B BHJE

(A—=Xol) @; :rj_lgoj

Il

Apj=(r7 "+ Xo) ¢ (8.11)

N3 (8.11) sacuo, uto ¢; € C*°(M) u ¢; —cobcTBeHHBIe (YHKINN OIEPATO-
pa A ¢ COGCTBEHHBIMI 3HATCHIAMI \; = rj_l + Ap. OueBugno, uto |A;| —+0o
upu j — +00. OcranabHble yTBepK feHNs TeopeMbl 8.3 odeBuausl. PaxT co-
BIaJeHNs clekTpa o (A) ¢ MHOXKecTBOM {); } clegyeT u3 mpegroxerns 8.5, a
CaMOCONPAKEHHOCTD onepaTopa A —u3 mpeacTapiaenns A = R;[Jl +Ao/. N

Cregylomas TeopeMa pacIpoCTpaHAET OTHO W3 yTBEPKIEHUI Teope-
MBI 8.3 Ha HECAMOCOIPAKEHHBIN CIyJal.

Teopema 8.4. ITycmo AEHLZ?’({”(M), 1—p<d<pum>0. Tozda
dan cnekmpa o(A) 6vinoAHeHd 0OHA U3 CACOYOWUT DBYL 603MONHCHOCTET:

a) o(A)=C (amo, 6 vacmuocmu, mar, ecau index A #0);

6) o(A) — duckpemnoe (6wmb wmoxncem, nycmoe) nodmmoxncecmeo C
(nodmroxcecmeo 63 npedeabnblr Mouex).

IIpu amom, ecau cnpasedauso 6) u Ag € o(A), mo cywecmsyem maroe
pazaoncenue L2(M)=Ey, + EY, s wmo evinoanenvt ycaocus:

1) Ex, CC® (M), dim Ey, <400, Ey, — UHEAPUAGHMHOE NOONPOCTPAH-
cmeo das onepamopa A, npuuem cyujecmeyem makoe wamypaavroe N >0,
umo (A—XoI)N Ex, =0 (unvtnu caosamu, onepamop Alp,  umeem ceoun
COBCMEEHHDIM FHAUEHUEM AUWD Ao U ROJOOEH NPAMOU CYMME HCOPOAHOEDIT
raemox nopadkos < N);

2) B} —samnknymoe nodnpocmpancmeo 6 L?(M), unsapuanmuoe om-
Hocumeavro Ag (m. e. A(Da, N EY ) CEY ), npuuen ecau uepes Al obo-
BHAQUUMb 02ZPARUNEHUE A0|ESD (nonumaemoe Kax Heoepanudennbiti onepa-
mop 6 EY\ ¢ obaacmuio onpedeaenus Dy, N EY ), mo onepamop Ay — Aol
umeem oepanudernbiti obpamuuil (Uat, UHLIMU CAOBAMU, /\0§EU(A|E;D))~

JoxaszaTteasctso.l Iyers 0(A) #C. Joxaxem, aro o(A) — guc-

kperHoe nogmuoxkecTBo C. CymectsyeT Touka Ag ¢ C\ o(A). Bes ymepba
0 OOIIHOCTH MOZKHO HPEION0EKNTh, ITO Ag = (0, Tax 4To omepaTop Ag
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mMeeT o TeopeMme 8.2 KoMmaxTHEIH obpaTHb omepaTtop A;'. Ho Buay
coorHommenns Ag — Al = (I — /\Aal) Ap Braiouenne A€ o(A) paBHOCHIBLHO
Tomy, aT0 A£0 n A~ € (A;'). HuckpernocTs 0(A) BEITeKaeT Temeps m3
Toro, aTo ¢(A; ') MOKET UMeTH TOUKON HAKOLIeHMs Aumib (.

2. Iyects 0(A) #C, Mg €0(A). Onare-Takn MoxHO 6e3 ymepba I1s
obmEoCcTH cIuTaTh, 9T0 Ag = 0. IIycts T'y —xomTyp B maockoctu C, 06-
xogaumui 0 u He cofepxammil BHyTpHU cebs Apyrux Todek o(A) (Hanpmmep,
OKPYXKHOCTB JOCTATOYHO MaJIOro pajuyca ¢ meHTpoM B Touke 0). Paccmo-
TPHM OIepaTop

1
o

CrangapTtHoe paccyxkgenue (cM. Puce, Cexedarpsu-Hags [1], ra. XI) mo-
Ka3BIBaeT, ITO ) — IPOeKTOp, KOHETHOMEDHBIN B CIIY KOMIAKTHOCTH Ry,
[ePECTAHOBOYHEI €O BceMH omepaTopaMn Ry (u ¢ omepaTtopoMm Ag B
ToM cMbicae, 1T0 PgAg C AgPp) m Takoit, uto ecan By, = Py(L?(M)),
B\, =~ P) (L?(M)), To BHIMOIHeHH 3aKkmouernd 1) u 2) Teopemsl 8.4.

Mpu1 mpegocTaBaseM YUTATETO B BUje yIPaKHEHHA BCE OTHOCAIIMECS
cooga geraan. OTMeTnM ammb, 9To Braooderne Fy, C C°°(M) BoiTexaeT
m3 Toro, 1To AY E), =0, ecin mpHHATE BO BHIMAHIE SLTANTIIHOCTD A 1
BOCIIOJAB30BaTLCs TeopeMon peryiaspuoctn 5.2. H

8.4. 3apgauu.

SJagaua 8.1. Ilycre FE — cenapabeibHoe TruIb6epTOBO NPOCTPAH-
ctBO, mo(Fred (£, F)) —MHOXeCTBO CBA3HBIX KOMIIOHEHT NIPOCTPAHCTBA
Fred (F, F), majeleHHOe HOIYTPYHIOBON CTPYKTYDPOH, HHIYINPOBAHHON
YMHOXEHIEM OmepaTopos. IlokazaThb, ITO B3ATHE UHEKCA 3a1aeT M30MOD-
Guzm

index: mo(Fred (E, E)) = Z.

Yxkaszanue. Oneparop A ungekca 0 MoxeT 6HITH 3amucad B Buge A =Ag + T,
rae Ay o6patum, a T koHedHOMepeH. lokazaTh (C HOMOLIBIO NONAPHOIO Pa3JI0KEHNA) 1
HCIOB30BaTh CBA3HOCTE IPYNIIHI BCEX 06paTUMBIX orepaTopoB B F.

Bo Bcex caegyroomnx 3agadax M —3zaMxHyTOe MHOrooGpasme, 1 — p<
<d<pumm>0.

Jagaua 8.2. lIycts A€ HLZ?’(;m” (M). Moxkaszats, uTo A — Ppearoas-
MoB omepaTop B C°(M), 1. e. dim Ker A <+o0, AC®(M) 3aMkryTO
B C°(M) un dim Coker A < +o0, rge Coker A=C*(M)/AC*®(M). Hoxa-
3aTb, 4T0 AC® (M) cocront u3s Beex f € C® (M), paa xoropux (f, g) =0
npu ao6oM g € Ker A* (3gecw (f, ¢) — ckandpHoe IpOU3BeIeHNe, 3aLaBa-
eMo€e IVIAAKOI MOJOKUTENbHON IIOTHOCTBIO, n A* — compsxenusmn 10
OTHOCHTEIBHO STOT0O CKAIAPHOT'O IPOU3BELEHIN).
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3Jagaua 8.3. Ilycte A€ HLZ?’(;mD(M) u mg > 0. Ilycte ma M 3aga-
Ha TIafkas MOJOKUTEIbHAA IIOTHOCTDL, ONPEJeIsionias CKaAfApHOe IIPO-
msBenenne (f, g) u dopmanrsro compsaxenunnn 1110 A*. Ilpeamomoxnm,
aro A= A*. MokazaTb, 9T0 omepaTop Ap, ABAIONINICA 3aMbIKAHIEM OIIe-
paTopa A|ceo(sr), CAMOCONPANEH B TUILGEPTOBOM CMBICTE B ITPOCTDPAH-
ctee L*(M).

3Jagaua 8.4. Ilycte A€ HLZ?’(;m” (M), A* —dopMaIbHO CONPAKEH-
meri [T0, Ao, A5 —3amerkanns Alce (y) 1 A*|coo(nar) B L?(M). JoxaszaTs,
aT0 Ag 1 A} conpsKeH B PIIL6EPTOBOM cMbicIe B mpocTpancTse L2 (M).

Ykaszanue. Paccmorpers matpuanbm [1/10 2 Buga

()

3apgaua 8.5. [Ipusectu npumep omepaTopa A € HLT’Om(M), IS KO-
Toporo o(A)=C.

Jagaga 8.6. IlycTe gama mocregoBaTelbHOCTH FHIALGEPTOBLIX IPO-
CTPAHCTB [; U INHENHBIX HeNPEePLIBHEIX OIepaTopoB d;:

0L By doy gy Ay Bt gy P py SN0, (8.13)

ITa MOCIeJOBATEILHOCTE HA3BIBACTCA KOMNACKCOM, ecan d;jiq od; =0 nas
Bcex j=0,1, ..., N — 2. Iloroxum

Zi=Kerd;, B'=Imd;_,, H'=27//B' j=0,1,..., N

(ecam (8.13) —xommrexc, To B/ C Z7). llpocTpancTsa HY masbiaroTcs ko-
2omoaozuamu xoMmimaekca (8.13). Kommnrexc HaszwBaeTca (Ipedeoabmosbim,
ecan dim H7 < 400 mpu Beex j=0,1, ..., N.

a) lokazaTb, 9T0 ecan xkoMmmrexc (8.13) ¢pperoasmos, To BJ —3amxmy-
ThI¢ TIOJIPOCTPAHCTBA B 27,

6) Hycts Aj=6;d;+dj_1d;-1, Tne §; = d}. OnepaToper A; Ha3EIBAIOT-
ca aanaacuanamy Komiekca (8.13) (mam omeparopamu Jlannaca—Xomxka).
Honoxmm [V =Ker A;. JoxazaTb, ¥TO 118 (GPEIroIbMOBOCTI KOMILIEK-
ca (8.13) Heo6X0OFUMO I JOCTATOUHO, YTOOHL Bce A; GBLIN PP OIbMOBBIMI
omepaTopamu B F;, j=0, 1, ..., N. Ilpu sTom

dim H? =dim IV.

Tounee, I'V C 77, npuiem oTobpaxenne IV — HJ, nuaynupoBanHoe Ka-
HOHIYeCKOH mnpoexnmen 77 — HY, sgBasgeTca maoMopdusMoM (B caydae
(pesroIEMOBa KOMILTEKCA).
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B) ITonoxnm Temeps

X(E)=> (-1)] dim H

J=

o

(atineposa rapaxmepucmura dpearoasMoBa koMiuiekca F). JokasaTs, 9To

. d
ectn N =1, To »iitepoBa XapakTepucTuka kommrexca (0 — Fg—= B —0
€CTBb IPOCTO HHIEKC omepaTopa dy.

JokazaTs, aTo ecan dim F; <+o0, j=0,1,..., N, To
N .
X(E)=> (-1) dim Ej.
7=0

r) JokasaTs, uTo Y(F) He MeHAeTCA IPH PABHOMEDHOH AedOopMAalmu
BCEX OIIEPATOPOB d;, eCIN B IpoIecce 3TOH AedOpPMAINN IOCIeJOBATEIb-
HOCTH (8.13) Bce BpeMs ocTaeTcss PPesroIbMOBBIM KOMIIEKCOM.

3apgawa 8.7 Ilyers V; (j=0,1, ..., N) — BeKTOpHBIE PACCIOEHN Ha T
3aMKHYTHIM MHorooGpasuem M, H® (M, V;) — coboneBckne mpocTPaHCTBa
nx cedenntt Hag M. IIycts d;: C°(M, V) — C™ (M, V;11) — xaaccudeckue
110 ogunakoBex mopsaikos m. Ilycts T (M) —xokacaTeabHOe paccioe-
Hue Ha M 6e3 HyaeBoro cederus, my: 1 M — M — ecTecTBeHHAA MPOEKITHA.
IIpeanonoxum, 9T0 0TOOGPAKEHIS

028 €% (M, Vo) 225 00 (M, V1) 2 B oo (M, Vi) 250 (8.14)

0 . %7/ S VAT
o6pasytoT xommiexc. Ilycts og @ 75V — 73V 41 —r1aBHbIe CHMBOTBL Olle-
paTopos d; (ogHopogHble QyHknun mo ¢ mopsaika m). Kommrexc (8.14)
HA3LIBAETCH 2AAUNMUUECKUM, ECIH TOCIeI0BATEILHOCTD PACCAOEHNT

0 0 0

% %dp 9ay TanN_1
0—-mWVy—mV1 —...——mVy =0

To4Ha (T. €. TOYHBI IOCAEJOBATEILHOCTH BEKTODHBIX IPOCTPAHCTB HAJ
Kaxk ol Toukol (x, £) € Ty M).

a) [lokazaTb, 9TO SIINITHYHOCTL KoMIlekca (8.14) paBHOCHIBHA 31-
AUOTHMHOCTH Beex JamnacuanoB A; =0;d; +d;_16;-1, rge 6; —II10O, co-
IOPAKEHHBI K d; PN KaKoM-HNOY b BBEJICHIN IIOTHOCTH Ha M 1 MeTpUKH
B paccroeHnax V;.

6) MokaszaTs, uTo ecan (8.14) —>aaunTudeckunil KOMILIEKC, TO HIPH TIO-
60oM s € R xoMmmexc

020 1o (M, Vo) 2o =m0, Vi) S B s Nmag vy 2
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ABAgeTCA (PPEATOILMOBLIM, IPHYEM Pa3MEPHOCTH €T'0 KOTOMOJIOTHI (11, Ce-
JOBATEIBHO, JIIEPOBA XapaKTEPUCTUKA) He 3aBHCAT oT s. CaMu Koromo-
JOTHE MOXKHO OIPESEINTDb TaKkKe KaK KOTOMOJIOTHN KoMiaekca (8.14), T. e.
TIOJIOXKUTEH

H? =Ker dj|co(a,v,)/dj—1(C (M, Vi_1)).

Jagaua 8.8. IlokazaTe, uTo xoMmiIexc ge Pama mHag n-MepHBIM Be-
1IeCTBEHHBIM MHOT0O0GpazueMm M

0= A% (M) SAY M) SAZ M) S LA (M) >0

(A7 (M) —mpocTpancTBO rIajkux BHEIMHUX j-popM Hag M, d — BHemHuR
audgdepennuan) n komnrekc Joas60 HaJ KOMIIEKCHEIM MHOT006pasuem M
KOMILIEKCHON PAa3MEPHOCTH 7

0— AP O(M) L AP (M) D L AP (M) =0

(AP+9(M) — mpocTparcTBO riagkux dopm Tuma (p, ¢) ma M, d —omepa-
Top Komm—Pumana—Tons60) SBAAIOTCS DIINNTAYIECKIME KOMILUIEKCAME.

BoiBecTH 0TCIOJa KOHETHOMEPHOCTE KoroModgornil ge Pama u Joan6o B
cayiae, korga M 3aMKHYTO.



I''TABA II
KOMILUIEKCHBIE CTEIIEHH SJUIHIITHYIECKHUX OIIEPATOPOB

§ 9. IlcesgoguddepeHMATLHEIE OIIEPATOPHL ¢ MAPAMETPOM.
PesoapBenTa

9.1. Onpepaenenue u NpocTenIme cBolcTBa. 11ycTs A —HeKoTOpoOe o I-
MHOX€CTBO KOMILIEKCHON IIOCKOCTH (B NPHIOKEHHAX >TO, KaK NPABILIO,
yroa ¢ BepmmHON B Toduke (). B cHmekTpalbHON TEOPHH MOIE3HO PaccMa-
TPHBATL OLEPATOPHI, 3aBHCAIINE OT mapameTpa A€ A (mpumepoMm Takxoro
omepaTopa fBaIfeTcs pesoabserTa (A — AI)71).

Mgzl BBefleM BHadUaIe HeOOXOAUMBIE KIACCHI CHMBOJOB.

Iycre X —obaacts B R?, n mycts Ha X X RY x A 3agama QyHKms
a(z, 0, \), z€ X, 0 RN Ae€A.

Onpegeaenne 9.1. Ilycte m, p, §, d — neRCcTBUTEAbHbIE |HCIA,
mpmem 0 <I<p<l, 0<d<+oo. Kaace S5 4(X X RN A) cocronr m3
Taknx Gysxnui a(z, 0, A), 4To

1) a(z, 8, Ag) € C®(X x RY) npu xamgom duxcmposammoM Ao € A;

2) mas mo0bIX MYJIBTHHHAEKCOB «, f m mias apoboro xommakta K C X
CYyIIeCTBYIOT Takue mocTosmuble C, g g, ITO npu z € K, 0eRN, AeA
CIpaBeJINBa OIEHKA

105 Oa(x, 0, )| < Ca, g, i (L4104 [ A4y rleltoll, (9.1)
Kax OGBI‘IHO, MBI IIOJaraeM
ST RN, A =[] 875 a(X xRV, A)
meR

(mpaBas JacThb He 3aBHCHT OT p, 0 u d).
Ecnm a(z, y, §, A) € S)'5. (X x X x R", A), To mo pyrkunmn a(z, y, §, A)
MoxHOo noctpouts IIJO Ay, 3aBucamun ot mapamerpa A € A:

(Axu) (2) :// 6i(x_y)'§a(x, v, &, A) u(y) dy dg, (9.2)
u € C§°(X). Msl 6yzeM mucaThb B TOM CIydae, ITO
Ay € Lgé;d(X, A).

OtmeTnm™, uT0 Ay € L7°°(X, A) Torga n Toabko Torja, Kora Opu Kax-

JgoM (GUKCHpOBaHHOM A€ A omepaTop A uMmeer raagkoe sapo Ky (z, y)

N .
U CYWIECTBYIOT TaKWe IOCTOSHHBIE C’& /3) x (K —xommaxr B X, a, —
.8,
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MYJAbTHUHIEKCH, N — HaTypajabHOe fmcno), YTO BBEINOJAHEHBI OII€HKI
105 95 Ko (2, )| <C) U+ AN, 2, ye K. (9-3)

Muorue u3 yrBepxgennit o IITO Ges mapamerpa (cum. §§ 3-7) moryT
OBITH JOKA3aHBI ¢ YIeTOM 3aBIHCUMOCTH OT A. MBI yKaxkeM centdac HECKOIb-
KO TaKWX YTBEPXKJeHNN, HeOOGXOANMBIX Nis NAalbHEHIIero.

IIpex e Bcero, 3aMeTHM, 9TO Ha CHMBOJLI, 3aBUCSIIINE OT IapaMe-
Tpa, MEPEHOCUTCA BCA TEOPHs ACHMITOTHYECKOTO CYMMHDPOBAHI (OHpe-
gexenne 3.4 u npegroxenus 3.5 u 3.6). CooTBeTcTByIOmNE GOPMYINPOBKI
MOJIYYIa0TCA 3aMeHON S;’?é(X x RN) ma S;’?é;d(X x RY A), a goxaszarens-
CTBA&, TMOJYYIAIONINECA MTOYTH JOCAOBHLIM IOBTOPEHNIEM PACCYKAeHNN . 3.3,
IPEeJOCTABAAIOTCS SUTATEN0 B BHAe YIPAXKHEHHUA. YKaXKeM JINlb, €TO
poas (f) B >Tux gokaszaTelbCTBaX (Kak I B JalbHEHIIEM) UTPAET 374eCh
(L+ 0% + | A J2/)1/2,

Manee, 6yaeM Ha3BIBATDL omepaTop Ay € LT s, (X, A) cobemesennvian, ec-
JI OH COGCTBEHHBIN PABHOMEPHO MO A, T. €. CYIIECTBYeT TaKOe 3aMKHYTOe
MuOXKecTBO L C X X X, uMeromee coGCTBEHHBIE TPOEKINN HAa 06a COMHO-
xureas B X X X, uro supp K4, C L mpu Bcex A€ A.

OTMeTHM, 9TO BCAKHHI OLEPATOD AELZ?(;;d(X, A) MoxeT GBITHL pas-
noxer B cyMmmy A= A; 4+ Ry, rge omeparop A; (3aBucAmmi oT mapame-
Tpa) ABIAETCA COGCTBEHHBIM B OMNCAHHOM CMBICIE, a Rj EL;%O;d(X, A).
[as cobcTBennbIX, 3aBucAmmx oT napamerpa [I10 A, ompegemen cumMBoa
oa, (2, &) =0ca(x, £, N), A11 KoTOpOrO BepHAa TeopeMa Tuna 3.1. Pazymeer-
cs, popmyay (3.21) HaZ0 MOHHMATL ¢ yIeTOM IapaMeTpa, T. €.

1 [ [ m—{(p— n
calw, &N = > — g Djala, y, &, Mly=s € 57507V (X < R", A).
ol <N -1

Anamorn4so 0606mainTcsa TeopeMsl 3.2—3.4 0 TPAHCIOHUPOBAHHOM U CO-
IPSKEHHOM OIIePATOPAX M O KOMIIO3UIINN.

Ynpaxuenue 9.1. [IposecTu akkypaTHo Bce paccykaeHud § 3 I/ caydas CUM-
BOJIOB U OIlepaTOpOB, 3aBUCAIINX OT TapaMeTpa.

Hdanee, mosTopsas paccyx genns § 4, moxuo mpu 1 — p < < p BBECTH Kaac-
' .
CHI pr 5 4(M, A) Ha mHOrOO6pasun M. IlepellgeM Temepb K PACCMOTPEHNIO
THIOIIIAITHYHOCTH U 3JIINITHIHOCTIH.
m, Mo n
Beegem xaacc HS) 5 (X xR" A) cumBoaoB o(z, £, A) (MBI Gygem
HA3BIBATE UX 2UNOIAAUNMUNECKUMY € NAPAMEMPOM), TPHHALICKAIIIX

S5 a(X xR, A) m yJoBIETBOPAIOMNIX OLEHKAM

CLET+ A Y™ < a(e, & N < Ca(| €]+ [AMH™, (9.4)
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r€ K (K —xommaxt B X), |£|4+|A| >R, C1 >0, R, Cy, Cy MOTYT 3aBHCETH
ot K;

[0 9o (a, € N)] o™ (. & M| < Ca g, (€] [A[H7AH71 (9.5)

€K, ||+ |A| > R (3aech, kax u Boime, R MoxeT 3aBucet oT K).

Tepes HLZ?’(;Td” (X, A) 6ymem obGosmawtaTh Kiacc cobcTBeHHbIX 110
(3aBucAmmmx OT mapamMeTpa A€ A), CEMBOIBI KOTOPHIX MPHHALIEXKAT
HS;n’éhzl” (X xR" A). Nmeer MecTo aHazor TeopeMbl D.1: ecam Ay €

m,m o —mg,—m
EHLS) (X, A), To cymecTByeT Takol omepaTop B € HL 5% (X, A),
Ha3BIBAEMBIN NaApamMempurcom omepaTopa Ay, 9To

BAAA:I—I—R/A, A\By=1+ 3{, (96)

rge Ry, Ry € L7°°(X, A). DTo xe yTBepKAeHNEe BEPHO U B CIydae, KOTJa
X —mMHOTOO06pAa3meE.

Ynpaxnunenune 9.2. [JokazaTh TOIBKO 9TO chOPMYIMPOBAHHBLIN aHAJOT Teope-
MHI 5.1.

EcrecTBenHO paccMoTpeTs emme kaaccudeckue 110, 3apucamme oT na-
pamerpa. CooTBeTcTBYyIOmME CUMBOIBL &%, £, A) JOMYyCKalOT aCHMITOTH-
geckue pazroxenns (mpu |€|+ |\ |Y/9>1) Buga

+ oo

Cl(l‘, £, /\) ~ Z am—j(xa £, /\)a (97)

7=0

rie am—;(2, £, \) HOIOKNTEIBHO ofHOpOAHA 1O (€, M/ 4) mopagka m— j,
T. €.

(2, 1, 9N =t ap,_j(x, €, V), (9.8)

ectm £ >0, AEA u tYAEA. 3eck M MOEKeT GHITH TIOOHIM KOMILICKCHBIM
IUCAOM. DTOT KIACC CHMBOIOB OygeM o6o3HadaTs depes C'ST (X x R”) A),
a COOTBETCTBYIOIINI Kaacc omepaTopos —depes C'L7' (X, A). IToT xaacc
YCTOWYNB OTHOCUTEABHO B3ATHA KOMIO3WINN, TPAHCIOHUPOBAHHOTO U CO-
MIPAKEHHOTO OIEePaTOPOB.

Onepatop Ay € CLT (X, A) MBI Gy geM Ha3BIBATD SAAUNTMUNECKUM € NA-
PAMEMPOM, €CAU OH COOCTBEHHBIN 1

am (2, &, A)#0 mpr ze X m €]+ AV 4£0. (9.9)

m,m
Orcroga oueBuIHBIM 06pa3oM cieqyeT BKatoodeHne Ay € HLL’O;d(X, A).
Y KIaCCHYIeCKOT 0 AINITHYECKOrO OIEPATOPA € IapaMeTPOM CYIIEeCTBY-
eT mapamerpukc By € CL;™ (X, A), Tax:ke ABIAONMACA >LINITIICCKIM
OTIEPATOPOM € TAPAMETPOM.
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ODpumep 9.1. Ilycre A — auddepernnaisusiil omepaTop B X HOpsI-
ka m, | —ToxgecTBennsnl oneparop. Torga A— AT € CL7 (X, C), npuiem
TVIABHBII CIMBOJ 34eCh gaeTcsa (POPMYJIon

am (2, &, A) = am (z, £) — A, (9.10)

rjae am (#, §) —raaBHbIE cuMBoOT onepaTopa A. Ecan A — Takoll 3aMKHY THII
yroa B KoMiuiekcHon miockoctn C ¢ Bepumuon B Touke 0, 9T0 ap (2, £) mpn
|£] =1 me mpunumaer 3nadenuir B A, To oneparop A — Al saiunTudex c
napameTpoM (1, B qacTHOCcTH, npurastexut H L1 (X, A))

p p 9 9 p rq 1,0;m ) .

9.2. HopmMEl onepaTopos ¢ mapameTpoM. Mbl 6yjJeM paccMaTpUBaTh B
STOM IMyHKTE IBa BapUAHTAa OMEPATOPOB C IIapaMeTPOM:

1) omepatopsl Ay B R", y k0oTOpBIX supp K4, IeXUT B PUKCHPOBAHHOM
kommakTe K C IR (mpm srom 0< 8 < p< 1);

2) omepaTOpEHL Ha 3aMKHYTOM MHOT006pasun M (mpu 5ToM, Kak BeerJja,
mpegnosaraeTcs, 9To 1 — p < < p).

B pansremmenm mbl Gygem mucaTs Ay € L7 +(X, A), mmes B Bugy, 4To
X =R" mm X = M u BoInoaHeHs! ycaosus 1) uanm 2).

O6o3naunm wepes ||A||; s—; HOpMy omepaTopa A, paccMaTpHBAaeMOrO
kax omeparop m3 H*(R") B H* ' (R") mm w3 H*(M) 8 H*~'(M) (3gecp
s, | — BemecTBenHbIe YncIa). Hamra meab — n3y<4nTs 3aBHCHEMOCTS || A |5, 5—1
oT A mpu Goabmmx |A|.

Teopema 9.1. Ilyemv Ax€ L5 (X, A), [2>m u s, l€R. Ilyemy
odno u3 wucea d, s, s —1 pasno 0. Tozda

NAMls s—t S Cs (T4 XYY eccau 120, (9.11)
AN st S Cs i (T4 XY =Em) 0 eequ 10, (9.12)
Caegcrsme 9.1. Feau Ay € L5 (X, A), ede m <0, mo

VASV/AN

[ENE el ER PR (9-13)

2de ||Ax|| oanauaem onepamopnyio nopmy Ax 6 L*(X).
Jemma 9.1 (Jemma Hlypa). Ecau A —onepamop ¢ maxum unme-
epaavmotn Adpom K4, umo

sup/|KA(x, y)| dy < C, sup/|KA(x, y)| de < C,
T Yy

|A: L? = L% < C.

(DOma aemma eepra das unmeepavuniz onepamopos 6 L? na awobom npo-
cmpancmee ¢ mepoti u dajxce das unmeepasbnnir onepamopos L(Y)—
— L%(X) dan wobwir npocmpancmes ¢ mepoti X, Y.)



§ 9] OIIEPATOPHI C ITAPAMETPOM 97

HdoxkaszaTreasncTso. Cornacuo HepaBercTBY Komn—ByHskoBckoro
MBI IIOJIYY9aeM

Au(e)? < ( [ 1o y>||u<y>|dy)2:

_ (/ K a (2, )]

</ Ka(e, y>|dy/ | K ale y>||u<y>|2dy<c/ | K a(, 9) || u(y) 2 dy.

UuTerpupys mo & m MeHsAs HOPAIOK HHTECPUPOBAHUN, MBI [IOJYYaeM
Tpebyemyio oneHky HopMmel. W

JokxazareancTBo Teopemu 9.1. 1. Ormerum npexae Bcero,
9TO paszbuenne eJMHUILI cBOANT caydan X — M k caygato X =R”, koTopbn
MBI 6yeM celfac PacCMaTpPUBATD.

2. PaccmoTpuMm BHaugagte caydan s =[] =m=0(0. YTBepxKIeHNe TeOpeMbI
CBOJUTCS K OLlEHKE

2
Kale, y>|1/2|u<y>|dy) <

A<, (9-14)

JOKa3aTeIbCTBO KOTOPOH MOAYYIaeTCs JOCIOBHBIM IIOBTODEHHUEM DaCcyiKjge-
Huil § 6 (MBI peKOMEHIyeM UNTaTelio IPOLEeTaTh 3TO B KAIeCTBE YIPakKHe-
uns). OTMeTnM 34ech, 9T0 omeHky (9.14) MOXKHO 6BLIO GBI [OKA3ATh, IPAMO
HCIOJB3YS PE3YILTATEL § 6, ecin GBI MOCTOSIHHBIE

Ca,5(A) =sup [9g 9 a(z, & N)| (€)1 (9.15)
@€

ObLIM OrPAHUYeHBl UIPHU |A|— 400. DTO, 0IEBUAHO, BbITEKAaeT W3 OLe-
uok (9.1) mpu § =0, Ho npu § >0 wacTb KoHCTAHT Cy 3(A) MOXKET pacTm
upu | A| — +oo. ITosTomy mpu ¢ > 0 31ech JEHCTBUTEIBHO HEOOXOAUMO II0-
BTOpEeHUe paccyXkaeHun § 5.

3. PaccmoTpuM Temeph B R cTaHIAPTHYIO OMEPATOPHYIO (DYHKIIHNIO
@, (N)ELT . (R, C) ¢ cumBooM @ (x, & N) = (14 |& >+ |2/ Hm/2.
Dot IIJ0 ¢ mapameTpoM 6ygeT HaM HOTe3eH, XOTA OH I He YIO0BICTBOPA-
eT ycaosuo 1).

Ouennm mHOpMYy P4y (A). Omeparop ®,,(0) ocymecTBasgeT H30MeTpHIe-
ckuit maomopduam H™(R™) ma L?(R™). TlosTomy

1@ (M5, s -1 = [|5-1(0) D (A) @5 (0)]]-

Ho ®,_;(0) ®,,(A) 2_5(0) =@, (A) ®_;(0) ecTb mPOCTO OmEPATOP YMHO-
xenns mpeobpazosamna Dypve u(€) B L?(R") ma dymxmmo (14 |€]%+
+ | M Y™2(141€]%) 12, n ero mopma mosTOMY paBHa

Yot (A) = sup (1+ £+ [AP/)2 (14 €)1,
EER™
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meem, ov1eBUIHO,

Yot (A) < C sup (L[ €]+ [AY)™ (1+]€])7,
£ER™

rge C 3apucut amus oT m u ! (HO HE OT A).
Temeps 13 Jerko TPOBEPAEMOTO COOTHOIIEHUA

{(1—|—t)m, ecin [ >0,

sup(l+z+0)"(1+2)"' =
P )" ) C’mltm_l, ecim <0 um 12> Ry

20
(Bcro,qy NIOAPa3yMeBaeTCA, ITO M < l), BBITEKAaeT, ITO

Yot (N) < Cou (LAY, ecan 120,

Yot (A) < Gt (L+ A ecan 10,

T. e. gqaa D, (N) cupaBegimsa ogma m3 onexok HopMm (9.11), (9.12), xax
yTBEPE TAETCA B (POPMYIUPOBKE TEOPEMBL.

4. Paccmorpum Teneps obmmu caydan Ay € L 5. 4R A). Umeenm, ode-
BHTHO,

Al cmt = 1B (A) - (@ (A) - A, et <
BN, omt - 1B (W) Arlls, o (9.16)

1 aHAJOTHUIHO

1AM]s, 5=t = [1(ANP = (A)) @ra (M), s~ <
SIAN - @ Wls =1, s=tl [ (W[5, 5 -0 (9:17)

YunThIBas yike TOKA3aHHYIO OLEHKY HODMSEL ||®, (A)||s, s—1, MBI BuAMM,
9TO 1A OKOHYAHHUA J0Ka3aTelbCcTBa TeopeMbl mpu s =0 mwiun s —{ =0 go-
CTaTOTHO IPOBEPUTD, ITO

- NASC, [[Ax - BV < C (9.18)

5. Onpegenunm i_m(/\) xak omepatop ¢ aapom JI. lleapia, moayuen-
HBIM € IOMOIIBI0 YMHOXeHNs sipa omeparopa ®_,,(A) mHa ¢(r —y), vae
p e CFP(R™), ¢ =1 B oxpecTrocT Toukn 0 € R"™. Torga é_m(/\) ABIAETCA
paBHOMEDPHO coOcTBenubIM [0, npuaaglexamM KIaccy Lfo;d(}R”, C).
SamumeM

®_,,(N)=®_,,(\)+ R_pm(N) (9.19)

I HCCAeAyeM OCTATOYHBIN wieH R_,(A), koTopwinl umeer sipo JI. Msap-
na Kg_, , obpamaromeecss B (| B e-okpecTHOCTH AguaroHatu. fIcHo, 9To oH
ABASETCA OLEePATOPOM CBEPTKH, Tak Kak Kp_, 3aBUCHAT TOIBKO OT & — Y
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u A. I3 mocrpoenus omepatopa R_p,(A) BoiTexkaer, uro Kp_, (¢, y; A) =
=r_m(x—y, A), °ge

el N1 = [ 6= ) (L e+ NP
]Rn
rae p € C°(R"), ¢ =1 B oxpecTHOCTH TOouKH 0.

Temeps 1€rK0 A0Ka3aTh, ITO (-, A) € S(R") pasa ao6oro urcupo-
BauHoro A € C. Bonee Toro, Bce moayHOpMBl GYHKIUN r_p (-, A) B S(R™)
yOBIBalOT IpH |A| — 0o GbIcTpee 0601 cTenenu |A|. B camom gexe, mpu-
MeHAA CTaHJapTHOE HHTETPHPOBAHIE IO TACTAM, MBI TOIyIaeM

r—m(2, A)Z/ €2 V(1= p(2)) [(=Ae) ¥ (L[] + AP 4)~m/2] e,
]Rn
Cl1eJ0BATEIBHO,

zO‘Dfr_m(z, A) :/ zO‘Df [eiz'§|z|_2N(1 — go(z))] X
]Rn
(AN (1 + [+ A9 =/2] d,

g 1106010 meaoro N > 0 u 10651X PUKCHPOBAHHBIX MYIBTHHHIEKCOB o, .
IloguaTerpanbHOe BEIpaKeHNEe MOKHO OIEHHUTDL epe3

CL+ =) 2V (L4 6D PL+ €]+ X[/ =27,

¢ HexoTopon mocrosuaHon C' > 0. MBI MOKeM NPEANONOKUATD, IT0 M+ 2N >
> 0 n umcmoab30BaTHL OUEBIHOE HEPABEHCTBO

(L IE]+ A2 (L )72 N (L4 A4,
TITO IIPUBEICT K OICHKE
|2 D27 (2, M) < Capn (1 + A4 =m/2=N

BEPHOII IPU JOCTATOYHO 60JbIoM N I IPUBOASILIEN K KEIA€MOMY De3yilb-
TaTy.

6. Temeps MBI IPHBEIEM SCKH3 I0Ka3aTelbCTBA OLeHOK Tuia (9.18) aus
R_m(/\)A)\ n AAR_m(/\)

HamomuumM, 910, Kax MBI IPEINOJOKIIN, AAPa OHEPATOPOB Ay cocpe-
JOTOYEHE B DUKCHPOBAHHOM (He 3aBHCAILIEM OT A) KOMIAKTHOM IIOIMHO-
JKecTBe mpocTparcTBa R™ X R™.

a) 3aMeTHM, YTO pPacCyXIeHNsI U3 AOKA3aTeIbCTBA OrPAHNTICHHOCTH
(cM., HampuMep, npegrokenune (7.5)) IPUBOIAT K OLCHKe

A5, s=m SCL+ADM,
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rge M =M (s, A) He 3aBuCHT OoT A. DTO —Ipybasd OLEHKA, I €& JeTKO Ho-
JAYYUTh, IOBTOPSA JOKA3ATEILCTBO IPEIOKEHNS 7.5 I COOTBETCTBYIOLIIX
peayabTaToB u3 maparpada § 6.

3aMeTHM Tenepb, IT0 0IepaTop R_y,(A) ABIfeTCE GECKOHETHO CIIaKI-
BaromuM B coboneckon mkane H°(R™). Toumee,

[B—m W)l e Coe, T+ AN

npu Beex s, L ER u N > 0. DTo BBITekaeT U3 TOrO, ITO OLEPATOP CBEPT-
kn R_,,(A) mpencraBiseTcsa Kak OMEPATOP YMHOXKEHHS IPeoOpa3soBaHNA
@ypbe Ha QYHKINIO 7oy (€, A) = F,5¢r(z, A), npuragrexamiyo S(R") mo
¢ ¢ moayHOpMaMu, yOBIBAIOIIUME DU |A| — 00 GBICTPEe M0G0 cTeneHn ||
61arogaps oleHKaM, MOIYICHHLIM B IepBOIl 1acTH IPUBEICHHLIX BLIITIE Pac-
CYXJeHHI O TOMY MOBOXY.

Kom6urUpys ABa MTOCICIHHX HEPABEHCTBA, MBI IOIYIaeM KelaeMble
omenxn tuna (9.18) gaa R, (M) Ay m Ay R_pm(A).

6) Apyron cnoco® HoKa3aTelbCTBa HyXKHBIX OLEHOK OCHOBAH HA OIH-
CaHUU CTPYKTYPHI onepaTopoB R_p,(A)Ax m Ay R_p(A). JocTaTouno pac-
cMOTpPeTh onepaTopsl Ay R_,(A) 1 HCHOIB30BATE COOTHOIIEHNE

(R (N) A2)" = A3 R (M)

A8 JOKa3aTelbCTBA TeX XK€ OLEHOK A1 OmepaTopoB BuAa R_, (A)Ax.

fcuo, aTo omepaTop Ay R_p, () MOXKHO 3amIcaTh B CTAHIAPTHOH (HOp-
Me (3.9) ¢ cuMBOIOM Oy m (2, §) =04, (¢, &) P (€, A), rge dyHKImMA 7 OBLIA
OIpefeneHa BBIIIE. 3JAMETHM, HITO 04, (£, £) IMeeT KOMIAKTHBIN HOCHTEIb
mo r paBHoMepHO mo £. IIpuHEMas BO BHUMAaHNE IOBeJeHNE 7, MBI BHINM,
9TO LIS 05 (4, &) BELIOIHEHB OLIEHKII

0g DS ox,m(x, )| < Ca,pm,ar, n(L+[EN)TM(L+[A)Y

mpu a06eix M, N >0 n mo6six MyasTunaiekcax o, f. Aapo JI. HlBapma
omepaTtopa Ay R_p, () nmeeT Buz

Ky (x, y):/ VG, (2, €) de.
]Rn

I3 omenox gas o) HeMeITIeHHO CAelVeT, UTO
[ K (e, )| SOn (1 e —yl) ™7,

u TpebyeMble OIeHKHN HOPM ciaegyioT u3 aeMmbl lypa.
7. Teneps mpeanonoxnm, 9To 6 =0. Kax Bmgmo n3 (9.16), mam zago
JOKAa3aTh, ITO

12-m(A) Axlls,s <O, (9.20)
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rge C' He 3aBHCHT OT A (HO MOXKET 3aBHCETH OT §). fIcHO, 4TO
12— (A) Axlls, s =[[@5(0) (B (A) Ax) D5 (0)]]- (9.21)

lelicTBYA, KaK B 9aCTH D 3TOT0 NOKa3aTeIbCTBa, MBI MOXKEM 3aMEHUTH
®,(\) ma coberBennnn IITO ®,(A) (mas moboro t €R) u Bmecto (9.20)
TOKa3LIBATEL OIEHKN

12(0) 2 (X) An@—4(0)]| <O, (9.22)
O603HAYNM CIMBOJ OTIEPATOPA i_m(/\) Ay gepes b(z, &, A). Torga
b(l‘, g’ /\) € 52, O;d(Rn; A)

B CMBICJIe PABHOMEDHBIX kaaccoB B R” (cM. 3aga«n 3.1 u 3.2. B gacTHOCTH,
b(z, &, N) € 52, o(R?") paBHOMEDHO 1O A, T. €.

sup [|9g 05b(x, &, A)] (£)71%] < +oo.

z, €,

Ucnoapsys moaxofamyio (GopMyly KOMIO3HWINE (HALPHMED, B DAaBHO-
MEPHBIX KIaCCaX, YKa3aHHBIX B 3ajadax 3.1 m 3.2), MBI BHAMM, ITO Te
XKe caMble ONEHKH BBHIMOMHAIOTCA I A1A cuMmBoaa a(x, {, A) omepaTopa
D, (0) D_ppy(N) Ax®_;(0).

Teneps, IPHMEHAA TEOPEMY 06 OTDAHNTIEHHOCTH (TOXKE PACIPOCTPAHEH-
HYI0 Ha KJAcChl PABHOMEDHBIX ICeBIOANMdEPEHINAIBHLIX ONEPATODOB B
R™), MBI moaydaeM TpeGyeMyio oueHKy (9.22) Ana OmepaTOPHOH HOPMBL.

BosMoxeH n APYr ol crocob paccyXaeHnl (06X0MAIMI NCIOAb30BaHNE
PaBHOMEPHBIX OIepaTopoB B R™): BBeCTH MOAXOAdINNe cpe3aroline GyHK-
uuu, ITOOBL CBECTH BCE K PYHKUUAM € HOCHTeIeM B (PUKCHUPOBAHHOM KOM-
maKTe, & 3aTeM OIEHHTH OCTATOYHBIE WiIeHBl, Hcnoab3ys demmy llypa. W

9.3. O6pamenne omepaTopa ¢ mMapaMeTpoM. B 5>TOM OyHKTe MBI GyAeM
paccMaTpUBaTh JUIIEL ONePATOPHI Ha 3aMKHYTOM MHOTrooGpasuu M.

Teopewma 9.2. lyemv Ay € HLZ?’(;Td”(M, A). Tozda cywecmsyem
maxoe R>0, wmo npu |\| > R onepamop A, obpamum, npuven

ASYEHLE T (M, AR), (9.23)
ede Ar=AN{A: |A| = R}. Tounee, ecau By — napamempurc onepamopa ¢
napasemponm Ay, m. e. evinoanens, yeaosun (9.6), mo

AT = By€L™®(M, AR). (9.24)

HoxasaTeancTBo. Ilycts By —mapaMmeTpuikc omepaTopa Aj.

U3 (9.6) BHAHO, 9TO ZOCTATOYHO YMETH JOKA3BIBATE, ITO omepaTop I + Ry,
rge Ry € L™°(M, Ag), o6paTuM npu GOIBIINX A, IPHIEM

(I+R\)"'—1€L°(M, Ag). (9.25)
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SaMeTum, 9To gias awoboro N >0 u gas awoboix s, t € R

[1Ralls,e <O (14 AN, (9.26)

5

Orcoga cregyeT, B 9aCTHOCTH, ITO CyIiecTByeT Takoe R >0, aTo ||R,|| <
<1/2mpu || > R, Tax ato (I + Ry)~! cymecTtsyeT mpu A € Ag 1o kpafizeit
Mepe B IPDOCTPAHCTBe LZ(M). Ho onepatop [+ Ry ¢peIroibMoB B KaKIOM
u3 npoctpaucTs H*(M) (sToT pesyabTar HOpMaIbHO ABIAETCSA CIEICTBU-
eM saauntuaHocTn [+ Ky m Teopemsul 8.1, X0oTs, KOHETHO, JIETKO MOXKET
OBITH MOIYUeH HENOCPEICTBEHHO) I IMeeT BCIOAY OJHO I TO XKe AAPO H KO-
44po, Tax 9To obpaTtuMocTs [ + Ry mpu |A| > R uMeeTcs U B KaXkKJOM U3
npoctpamcts H*(M).
[us noxasarenscTsa (9.25) yao6HO BOCIONB30BATHCA (HOPMYIOH

(I+ Ry —I=—Ry(I+Ry)"! (9.27)

u cooTHomenuamu (9.26). O6osmadas depe3 () aeBy0 HacThb (9.27), MBI
BILANM, ITO 111 ()) BLIIOIHEHHI OleHKH BHAa (9.26).
fAapo Qx(x, y) omepaTopa () BblpaxaeTcsa Iepe3 (y GpopMyIon

Qx(z, y) =[Qr6(- —y)] (=), (9-28)

rge d(z —y) —o-gyuxmua (ot z) B Touke y € M, 0T KOTOPOH OHA 3aBU-
cuT xak oT mapaMeTpa. OmepaTop @y B (9.28) mpuMeHseTCA IO HepeMeH-
HOIl z U Pe3yabTaT GepeTcs B TOUKe . 3aMeTHM, ITO ecan s < —n/2; To
d(-—y)e H*(M). Daxee, §(- — y) — guddepennupyemas GYHKIUI OT Y CO
smavenusmu B H*~1(M) u Boobme, k pas muddepenmupyemas byHKIUS
oT yE€ M co amavennavu 8 H*~%(M). TlosTomy n3 omenox (9.26) BerTexa-
10T omenxn Buga (9.3) mgas agpa @) (z, y), 9TO U JoKa3blBaeT TpebyeMoe
Braoderne Qx € L~ (M, Ar). Orcioga u BHITeKal0T TpeGyeMble BKIIOTe-

mns (9.23) um (9.24). W

9.4. PeszompBeHTa JIIUNTHMECKOTO omepaTopa. BepHeMcsa K IpuMe-
py 9.1, mepenas k caIydaro olepaTopa Ha MHOM0OOODa3WH, W IPUMEHHM
TOJYeHHBIE Pe3YIbTATHL.

Teopewma 9.3. Hyemv A — duddepenyuarpnviti onepamop Ha 3a-
MERYMOM mrozoobpazuu M, am(z, £) — e2o 2aasnbiti cumeoq, A — samkny-
muili yeoa 6 komnaekcnot naockocmu C ¢ sepwunoti 8 mourxe 0 € C. ITycms
A saaunmuven ¢ napamempom omuocumesvno A, m. e. am(x, &) npu E£0
He npurumaem 3navenut, npunadaexcawur A. Tozda

a) cywecmeyem maxoe R >0, umo npu A€ Ag onepamop A— Al obpa-
MUM U NPUMOM

(A=XD)"tecr,™ (M, Ag); (9.29)
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6) UMEEM MECTNO OYEHKA HOPMbBL
A=A s st S Co o/ I 0<I<m,  AeAr,  (9:30)

2de s — A1060€ 6CUWECMEECHHOE YUCAO.

JoxazaTelbcTBo. YTBepKIeHNE 1. &) BEITeKaeT U3 TeopeMsl 9.1,
a yTBepXKJeHNe 1. 6) —u3 I. a) u Teopemsl 9.2. W

Caegcreue 9.2. B ycaosuar meopemvt 9.3

IA=ADTYC/IAL AeAr. (9.31)

Caegcrsume 9.3. IHycmv A —saaunmuueckuii camoconpaiceH-
nwtl dupdepenyuaabubiti onepamop wa 3amkHymom MmHozoobpazuu M,
am(x, &) —e2o eaasuvi cumeoa. IIpednosoxcum, umo am(x, &) >0 npu
scer (x,€), ££0. Toeda A noayoepanuuen cuuzy, m. e. cywecmeyem
maxas nocmoanmnas C' >0, umo A>—CI, m. e.

(Au, u) > —C(u, u), uweC*(M). (9.32)

Mgl 0oTMeTUM 3/I€Ch eIlle TO BaXKHOE 06CTOITENbCTBO, UTO MPU YCJIOBUA
SATUOTUIHOCTH ¢ TapaMeTpoM pesoabberTa (A — AI)~! aumm omepaTopom
m3 L™°°(M, A) oTamuaeTcs 0T mapaMeTpPHKCA. JTO HCHOAB3YETCI B TEO-
PUU KOMILIEKCHBIX CTeMeHel BMeCTe ¢ IBHOW KOHCTPYKINEN mapaMeTPUKCa,
JAaBaeMOMN HIINITHIECKON Teopuel (cM. m. 5.5).

Jagaga 9.1. PacopocTpaHuTh TEOpHIO IINITHYECKIX ONEPATOPOB
¢ mapaMeTpOM Ha CIydIal MATPUIHBIX OMEPATOPOB, T. €. CACTEM.

Ykaszauue. YclIoBHe DIIUNTUYHOCTH C TAPaMETPOM MATPUYHOU GYHKIUU
am(z, £) osHauaer, aro det(am(w, &) —A)#0 npu € #0 u AEA mam, 9T0 TO Xe ca-
MoOe€, COOCTBEHHEIE 3HadeHHA MaTPHUH dm,(z, £) npu & #0 He momagator B yroa A.

Jagaga 9.2. IIycTs Ha 3aMKHYTOM MHOT0OODA3NH JAaH HJLIMITIYEC-
xuil gudHepeHnnanIbHLIl OMePATOP OmepaTop A, I IyCThb A HEKOTOPOTO

yraa A omepaTop A — Al yIOBIeTBOPAET YCIAOBHUIO DILIUITATHOCTH C Mapa-
merpoMm upu A € A. Jokazats, aTo index A =0.

§ 10. Ompegenenue W TMPOCTEMINMe CBOMCTBA
KOMILTEKCHEIX CTelleHeH JJLIUIITIICCKOTO oIepaTopa

10.1. Ompeaenenue romomopdrou moayrpymmsl A .. Ilycte A —samnn-
Trdecknd qudPepeHnnaIbHbIl OmepaTop NOpAIKa M Ha 3aMKHYTOM MHO-
rooGpasun M pasmeprocTH n. IIycTh @ (2, £) — MIABHBIN CHUMBOJ OIepa-
Topa A. IIpeanonoxuM, 9To am, (z, £) He npurnmaeT (npu £ #0) 3HaveHNR
B 3aMKHYTOM yrie A xommrexcuonl maockoctn C (Bepmmua yria A — Tod-
ka 0€C). UupMu croBamu, B oGo3Hadenusx § 9 A— A€ CL (M, A) u
BBITIOJHEHO YCIOBUE DJUINOTHIHOCTH € HapaMeTpPOM.
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Uz Teopemsr 9.3 caenyeT, uTo pezombBerTa Ry =(A— AI)~! ompeze-
aera upu |A| >R, A€A, 1. e. mpu A€ Ag. Teneps B cuiy Teopemsl 8.4
cextp o(A) omeparopa A — auckpernoe mogmuoxectso C. ITosTomy B
yrie A MOXKeT HaXOANTLCS JIHINL KOHedHOe dncao Todek o(A). Mbl Moxem
TOrga Tak NPOBECTH Y4 Lg, HAYMHAIOMNNACA B Touke () I COTePKALINICT
B A, uto o(A)N Ly aubo mycto, aubo cocronT aums u3 Touku 0. B gans-
HellIeM MBI 6yeM M yLOGCTBa MPEANoIaraTh, BO-IepBhx, 4To 0 & o(A),
T. e. cymecTByeT onmepaTtop A~! (cm. § 8), u, Bo-BTOPEHIX, ¥TO Lo = (—00, 0].
O6a >Tu npegIoIOKeHNs He OUeHb CYIECTBEHHEBL: OT IEPBOT'0 MOXKHO OCBO-
6oauThes, 3amensns A ma A+e¢], a or Broporo— nepexonas or A x omepa-
Topy e'? A.

HTak, OKOHYATEIBLHO HALIN IPEINOI0KEHNS TAKOBBL:

1) am(z, &) = A£0mpu E£0 u A€ (—o0, 0]; (10.1)
2) c(A)N (-0, 0] =2. (10.2)

W3 ycroBuit 1) m 2) BHITekaeT, 4TO A1 HEKOTOPOro yria A Buga
{r—e<arg A< 7+¢}, rge ¢ >0, BLIIOJIHEHE YCIOBHSL:

) am(z, £) A0 upu £E£0m AEA; (10.1%)
2)oc(A)NA=g2. (10.2%)

B paspmenieM MbI 6yAeM CIATATD, 9TO YOI A BEIGDAH HMEHHO TAKUM
ob6pa3oM.

Tockoasky 0 ¢ o(A), To yroa o(A) He mepecexaeTcs ¢ IeIBIM KPYTOM
|\ <2p B xoMIIeKCHOI A-mockocTu. BribepeM Temeps B 3TOH IIOCKOCTH
xouTyp I'=T", Buga I'=T1 U2 UT'3, rae

A=re'™ (+oo>r>p) ma Iy,
M=, A=pe? (7>p>-7) ma Ty,

argA\ =7 /\:re_m (p<r<—|—oo) Ha I'3
O
arg A\ = -7 (pI/IC. 1)
r PaceMoTpuM HHETerpad
Puc. 1. A== / N (A=X)~1dA, (10.3)
r

rge z € C, A\ ompegensiercsi xaxk roaoMopdHas (GYHKIHS OT A mpu AE
€C\(—o0, 0], pasras ¢* '® * mpm A >0 (31ece mogpasymesaeTcs, aro In A€ R
opu A > 0). Uusivu croBaMu, Ha I' MBI mozaraem

A = ¢ lnA:ez In |A|+iz argA:|A|zeiz arg A’ (104)

rge —m <arg A< 7 (Golee TOYHO arg A yKkasaH B ompegereHnn KoHTypa I').
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OtmeTnM, uTo BBuAY omeHku (9.31) (caegcrsme 9.2) mmrerpan (10.3)
npu Re z <0 cxogutca mo omepatopoit Hopme B L?(M) um Tem cambiM
A, — orpaundennsiit onepatop B L*(M). Ha camom gere mo Teopeme 9.3
naTerpan (10.3) cxogures n no onepaTopHon HopMe B H* (M) mpu aro6om
s€R u Tem cambiM A, mpu Re z <0 orobpaxaer H*(M) B H*(M). Ilo-
3TOMy A, orobpaxkaer C*(M) B C®(M) u Z2'(M) B 9'(M), nockoabky

C (M) = ﬂHs( ), Z'(M )_UHS( )-

Hpe,qnox{eHHe 10.1. a) IIpu Re 2 <0 u Re w< 0 enpasedauso no-
ayepynnosoe ceoticmeo

A A=A 4. (10.5)
6) Peau k€7 u k>0, mo
A_p=(A"H" (10.6)

B) A, npu awbom s €R npedemasatem cobot 2oaomopPnyro onepamop-
dyuryuio om z (npu Re 2<0) co sHaueHuamMt 6 ai2ebpe 02PAHUNEHHBIL
onepamopos 6 2uabbepmosom npocmpancmee H*(M).

JoxazaTeascTso.a) O6pazyeM KOH-
typ IV (pmec. 2) Buga IV=T,UTLUTY, rge

i(m—¢) 3 ! Fll
A=re (+oo>r> 5p) ma I,
3 , I
/\:5pe”’ (mr—e>p>—n+¢) ma T,
. 3 T
A=pellmme) (5p<r<—|—oo) ma [%. ’
Yucro ¢>0 BBH6paHO TakK, YTO BBIIOJHEHE Puc. 2.

yeaoua (10.1°) m (10.2"). Komtyp T' cogep-

KHUTCA (BHyTpW» KoHTypa I’, Ho BBuay omenxu (9.31) m ycaosuil ma I

scHo, 4To maTerpan (10.5) He u3sMeHHTCA, ecan B HeM 3aMeHHTH I Ha IV,
Ucnoas3ysa 3T0 06CTOATENILCTBO, MOy IaeM

A Ay =— 4ﬂ2//A M)THA = pD)™IN p® dpdh =
// AU (A=A = (A= pD)~ Y dpdr=

== [ 1d/\—|——//A ul)” 1“‘ - d\dp
F/

:Az+w +0:Az+w~
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B sTon BrIKIagke ncmoab3oBaanck dpopmyaa Kowmwmn u Tak HasbiBaeMmoe
moocdecmeo 'uavbepma
1

(A=A a—pn =

[(A=AD~" = (A—puD)7H], (10.7)

KOTOpO€e CTAHOBUTCS OYEBUIHBIM, €CAU, HAIPUMED, YMHOXKITEL 06e ero 4da-
ctn Ha (A — AI) (A—pul).

6) 3ameTnM, aTo0 ecm z=—1, —2, ..., To (re!™)? = (re”'")? u maTerpa-
a6l o npsaMoanHenHeM gacTaM I' B (10.3) coxpamatorcs. ITosTomy

Ap=2 [ A A—an~tdx

o= g0 [ ATy
s

rge I's —oxpyxuocts {|\|=p}, npoberaemas mo wacosoln crpeake. Cuena-

eM 3]1ech 3aMeHy MepeMeHHBIX, modaras A — 1/u. Hoxyanm

Ag=—5 [ W (A-p~' D" " dp,

rae I'), —oxpyxuOCTS {| 11| =1/p}, Taxxe mpoxoAUMAs IO TACOBOH CTPETIKE.
Yuanteas, ato (A—p N7t =p A= pul — A7Y) 7L, Mp Moxem HammcaTb
Temeps
AT Bolg 7 a—1y=1 7 _ a=l;a—1vk—1_ [ g—1\k
s [ T = AT = AT A = (a1
Iy

A_p=-

IOCKOIBKY BeCh CIIEKTP OT'PAHNYeHHOT o omepaTopa A~ ! JexnT BHYTpH KOH-
Typa I', n MoxHO Bocmoas3oBaThesa Gopmyaon Kormm.
B) duddepennupys uarerpan (10.3) mo z, MBI HOLYIHM HHTETPAL

/ M (n A) (A= M)"Hd, (10.8)

1
2

KOTODBII CXOAUTCA IO omepaTopHon HopMme (B H®(M)) paBHOMepHO mIpn
Re 2z < —e<0. Orcoga caegyer, 9To oneparop-pyHknus A, roroMopdHa

1O 2, NPU'IeM HPOU3BOJHAT —— A, pasua nuTerpaxy (10.8).

10.2. Omnpepenrenne KOMILIEKCHEIX cTelleHeH omepaTopa.
Ounpegeaenne 10.1. IIycre z€C u kE€Z BeIGpano Tak, 4UTO
Re z < k. Tlomoxum ma C° (M) uin va &' (M)

AP =A% A,y (10.9)
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HyxgaeTca B mpoBepke KOPPEKTHOCTEL 3TOTO OllepefeJeHnd. JTa KOp-
PEKTHOCTE — IepBOe YTBEPKJeHIE CIeTyommell TeopeMl.

Teopema 10.1. a) Onepamop A?, onepedeasemviti Popmyaoti (10.9),
He zasucum om evibopa yeaozo uucaa k, das komopozo Re z < k.

6) Feau Re <0, mo A*=A,.

B) Mmeem mecmo zpynnosoe c6oticmeo

ATAY = 47 o weC (10.10)

r) Feau k €7Z, mo uz (10.9) npu z=k noayuaemcsa obvrunas k-4 cmeneny
onepamopa A (6 wacmnocmu, A°=1, A=A u A=1 — onepamop, o6pam-
Holt K A).

1) Aan awbozo kE€Z u darn awbozo s ER dynuxyus A* asasemes 2o-
aomopdnoti onepamop-dynryuetd om z 6 noayniockocmu Re z <k co 3na-
venuamu 6 banarosom npocmpancmee L (H* (M), H*~™k(M)) oepanuuen-
MBI aunetineie onepamopos uz H* (M) ¢ H*~™k(M).

JoxaszaTteasctBo. a) llycre z€C, k,l€7Z, npuiem Re z <k,
Re z <!. Hyxuo goxazaTb, 4TO

ARA, L =AMA, . (10.11)

Mpeanonoxum, aro k >!. Monoxum k—l=p u z —k =w. Torga (10.11)
cBegeTca K ToxgecTBY Ay =ATTAy4p, Tie p—HaTypalbHOE IICIO,
Re(w+p) < 0. Ho sro cpasy caegyer u3 mpegnoxenns 10.1, u6o AP =A_,
B cury (10.6), m ocTaeTci BOCHOAB30OBATHCA MOLYTPYNIOBBIM CBOM-
cteoMm (10.5).

6)—r) ITH CBOICTBA OUEBUAHBIM 06Pa30M BEITEKAIOT U3 II. a) 3TOH Te-
opeMsbl 1 mpengaoxernus 10.1.

1) DTo yTBepXK AeHNE IPOCTO MOIYIaeTCA U3 II. &) TOH T€OPEMEL 1 II. B)
npegroxenns 10.1, ecin BcmoMHNTH, uTo AF mpnm merom k HempephIBHO
oto6paxaer H*(M) s H*~™* (M) (3T0 BEITexkaeT 3 Teopemsr 06 06 orpa-
HuaenHocTH 7.3 u Toro dakTa, ¥To A~ € CL™™(M) B cu1y Teopemsl 8.2
06 o6paTrOM omepatope). Wl

10.3. Camoconpaxennnin caydan. IlycTs Ha M BBeneHa riagkas HOJO-
KUTeIbHAA INIOTHOCTE, ONpeelsdionias cKaldpHoe npousseterne B L2(M).
IIycTs A — caMOCONPSIKEHHLIN ATHOTHIeCKI TuddepeHInaIbHbIN Omepa-
Top nopagka m Ha M. Ero riaBHBII CHMBOT ¢y, (2, £) BellleCTBEeHHO3HAYEH,
u yeaosus (10.1) u (10.2), xoTopsie MBI 6y J€M IPEANOIATATE BEIIOIHEHHEI-
MU, 03HAYAI0T B JAHHOM CIydae, 9TO

am(xz, £)>0 mpm £#0, (10.12)
A>0I, rme §>0, (10.13)
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T. e. (Au, u) > 6(u, u) g moboft yrxmmn u € C°(M). lycrs {p;}52, —
MOJHAS OPTOHOPMUDOBAHHAA CUCTEMa COOCTBEHHBIX (MDYHKIUHI ONepaTo-
pa A ¢ cobcreermbivMu 3HaernaMu {A;}52,. Hamommmm, wro A; — +oo
opu j — oo (cM. Teopemy 8.3). 3 (10.13) caegyer, uTo A; > 6 > 0 mpu Bcex
j=1,2, ...

Kax ot o6o6mwernnon Gynxnnn f € Z'(M) MOXKHO IOCTaBATH B COOT-
BeTcTBHuE pag Pypoe

(o]
Y0 figile), weM, (10.14)
j=1
rae
fi=f, ;). (10.15)
3aecs aas f € L*(M) B dbopmyae (10.15) cTouT 06611HOE CKAIAPHOE TIPO-
mssegerne B L?(M). Ecin xe f€ Z'(M), To (f, ¢j) osmazaer (f, p;du),
rge du— QuKcupoBaHHas IIOTHOCTH Ha M (BCIOMHEM, 9T0 0600IIeHHbIE
(QYHKINT ABIAIOTCA TUHETHBIMU HENPEPBIBHLIMEA (PYHKITMOHAIAMHI Ha IPO-
CTPAHCTBe [NIAJKNX IIOTHOCTER). MuI onmieM cefidac cBoiicTsa pagos Dy-
pbe rIagkuxX u 0606IIeHHBIX (PDYHKITHN.
ODpeagnoxenue 10.2. Ilyemp dan pad
(o]
3 cis(e) (10.16)
j=1
¢ Komnaercuvimu kosdduyuenmanu c;. Toeda caedyowue ceoticmsa sxeu-
BAAEHMMHDL:
a) pad (10.16) cxodumes 6 monoaoeuu C°(M);
6) pad (10.16) asasemea padom Pypve nexomopot obobujennoti Gynk-
yuu feC*(M);
B) dan awbozo yeaoeo N

(o]
> e AN < oo, (10.17)
j=1
Jagee, caedyrouyue ycaosus T), I) U €) MAKHCE IKEUEAAEHTHBL:
r) pad (10.16) cxrodumesn 6 caaboti monoaveuu Z'(M);
1) pad (10.16) aeasemea padom Pypve nexomopoti ob6obujennoti Gynk-
yuu f€Z'(M);
e) cywecmeyem makoe yeaoe N (6vimb MoHceEmM, OMPUYAMEALHOE),
umo evinoaneno ycaosue (10.17).
HoxaszaTeabcTso. OcHOBHAS maes NOKa3aTeIbCTBA COCTOUT B
TOM, 9TO BEPHLI COOTHOIIEHNS

Co(M)=() B (M), Z'(M)=|] B (M),



§ 10] OTIPE/JIEJEHUE U IIPOCTENIINE CBOMCTBA 109

a omepatop AN ocymecTaser Tomomormueckmit mzomopdmam H™N (M)
u L?(M). Ho L?*(M) o4eHb IPOCTO ONMHCHIBAETCA B TepMHUHAX K0dhbumn-
enros dypre BBy paBencTsa [lapcesans. IllosTomy Tononoruio B C'°° (M)
MOKHO 3aJaTh MoayHopMaMi || f||a; n, Tge

oQ

I8 =D 1 1PAY,

j=1

nockoapky AV f umeer xosdpdunuenTer Pypoe /\j»vfj. Temepnb >KBUBaIEHT-
HOCTB &), 6) U B) OUeBHIHA.
IIpoBepnM 5KBHBAIEHTHOCTH T'), 1) u ¢). Ecan BeImoaHeHo T), TO 060-
3naquM epe3 f cymmy paga (10.16), tax aro f€ Z'(M) un
(o]
(f9)=Y_ ci(# #)

j=1

Ans mobon dyukiun ¢ € C°°(M). B wacTHOCTH, 6epst ¢ = ¢;, MBI IOIY<IHM,
4TO ¢; = f;, T. e. BumoaHeHo 7). Jalee, ecan BHIIOIHEHO 1), T. €. ¢; = (f, ¢;),
rae f € 9'(M), To, Bribupas metoe wncao N taxmm, ato AN f € L? (M), MB1
[OIYYHM, 9TO BBIIOIHEHO €). Hakower, ecan e) Bumoasero, To pag (10.16)
cxonurest o mopme H™Y (M), aTo naer emonmenue . r). B

Tenepb IpuBegeM (CIEKTPAILHOE) ONICAHNE KOMILVIEKCHLIX CTEIIeHeN ca-
MOCOTIPAKEHHOT O omepaTopa A B TepMumHAX K0>(PQPUINEHTOB PA3/I0KEHIUS
0 COGCTBEHHBIM (PYHKINAM @;.

Opeganoxenue 10.3. Hyems fe D' (M), f=> fie;j(z) —pasao-
j=1

acenue [ 6 pad Pypve no cobemeennvia Gynryusn onepamopa A. Tozada

AT F=) NS (). (10.18)

j=1

B uacmuocmu, ¢;(x) — cobemsennvie Pynryuu onepamopa A® ¢ cob-
CMEEHHBLMU SHANEHUAMU NS .

OdoxazaTeancTBo. Onepatop A° HempephlBHO 0TO6GpazKaeT
C*(M) B C*°(M). BBuay nerxo nposepsemoro cootromenus (A%)* = A7
oTcIofa ClIelyeT, ITo omepaTop A*, Kak coOmpsAmKeHHBIN omepaTop K AZ,
HenpepslBHO oTobpaxaer Z'(M) B Z'(M), ecim Z'(M) paccmaTpuBaTh
co caabon Tomoxoruen. llockoabky pag, croammil B mpasoil dactu (10.18),
cnabo cxogures B ' (M) B cuay upegnoxenus 10.2, nias nposepku (10.18)
B 0o0IIeM cIydae JOCTATOUHO IPOBEPHTH DTO COOTHOLIEHHe HpH f = ¢j,
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Re 2 < 0. Ho mpu f=¢;, Re 2 <0 nmeem

7

z z - W z - z
A @j:%/A (A=) 1¢jdA:2—7§/A (A —A)"HdA= N,
r r

B cuay ¢popmyasl Komm. Ho sTo u oznauaer (10.18) gaa f=¢;. W

Yunpaxuenne 10.1. Ilycres A ynosrereopser ycaosuto (10.1), a BmecTo (10.2)
norpebyeM, 4TOGH GBLIO BHINOJHEHO GoJee ciaaboe ycaoBUe

o(A)N (—o0, 0) =2,

Tak 9T0 Ker A MoxeT GEITEH HEHY/IEBHIM KOHEIHOMEPHHIM Io gnpocTpancTeoM B C°° (M).
Onpegeanm A, kouTypHEM nHTerpatoM (10.3). Ilycrs Ey, E| — nHBapHaHTHELE 110 ATIPO-
cTpaHCTBa onepaTopa A, 0 KOTOPHX FOBOPUTCA B TeopeMe 3.4.

a) JlokaszaTs, aro A;Ey =0 n E} — nHBapnaHTHOE II0JNPOCTPaHCTBO oiad A mpn
Re z<0.

6) [lokazaTb, 9TO 418 olepaTopa A; BEIIOIHEHO MOAYTIPYIIIOBOE CBOHCTBO
ArAw=A.1w, Re 2 <0, Re w <0, nospoasmoiiee KOppeKTHO ONpeseluTh onepaTop A
npu Bcex z no dopmyae (10.9), npudem g1 omeparopos A BHIIOIHEHO IpyNnoBoe
ceonctso (10.10).

B) Ilpoeepurs, uTo A* mpm ZocTaTo4HO GOMBIIOM HATypPalbHOM Z €CTh OOBIMHad
cTerneHb onepaTopa A, B To BpeMs Kak

A’ =T - Py,
rae Py — npoekTop Ha Fy napaJsieabHo E(')7 1 aHaAJOTMYHO A_j MpHu ZoCTAaTOYHO 60OJb-
IIOM HATYpadbHOM k ABIAeTCA O6pATHHIM onepaTopM K A* Ha E{ u pasen 0 Ha Ej.
SJagaua 10.1. Ilycre A —saauntudecknnn gudg@epeHnnaIbHBI Ole-
paTop Ha 3aMKHYTOM MHOT000pasun M, an,(z, £) — ero riaBHBII CHMBOIL.
Ipeanonoxum, aTo Re am(z, £) <0 mpu £ £0. JokazaTs, 1T0 3agava Komm

g—l;:Au, t>0;  ulp=o=¢(x); (10.19)
ongHO3HA4HO paspenmma B C° (M) u s '(M).

Ykasanune. Pemenne u(¢, v) Hago cTPoUTh B BUIE

u=etty, (10.20)
rage onepaTop BAt CTPOUTCA C MIOMOIIBIO KOHTYPHOI'O HHTETr'paJa
i
eAl=— [ AAa-an"taxn (10.21)
2
T

Cunras, aro cnekrp o(A) aexnt B noaymiockocrn Re A <0 (aToro moxkHO ZocTndn
samenofi A va A — C'I nim samenoi u=ve®® B zamade (10.19)), nago subpatrs =0 Ul
rge 'y u 'y — caegyromue ay«4n:

A=relE—e) (+co>r>0) ma Iy,
A=retl—3te) (0<r<+4co) ma Is.

EmuncrBenHocTh 060611I€HHOTO pellleHUA 33891 (10.19) TOKA3LIBAETCA C OMOIIBIO
npuHunna XoasmrpeHa (c., Hanpumep, Leasdang 1. M., Illmaoe I'. E. [1], BEm. 3,
crp. 41).
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§ 11. CTpykTypa KOMILIEKCHEIX CTelleHeH J/LIMITHICCKOTO omepaTopa

11.1. CumBox peszoabBenTrl. [lycTh A —saaunTutdeckunn guddepeHin-
AJBHBIN OMEepaTOp Ha 3aMKHYTOM MHOT00Gpasuu M. Mul mocTpoum cemrgac
B JOKAJBHBIX KOODJUHATAX CUMBOJ CIEIIATLHOTO HapaMeTPUKCa OMepaTo-
pa ¢ mapameTrpoM A — Al (MBI paccMaTpHBaeM €ro 3J€Ch Kak OLIepaTop U3
CL?(M, A), rae A —3amxuyTei yroa B C ¢ Bepumuon B Touke 0). Mo
cumTaeM, 9TO A yJOBICTBOPIET YCIOBUIO BILINNTHYHOCTH C TApaMeTPOM
OTHOCHTEIBHO A, IpudeM yroa A Takxoil xe, kak B § 10 (T. e. BEIIOIHEHBI
yeaosusa (10.1) m (10.2), a A cogepxuT BHyTpH cebs moayocs (—oo, 0]).

IMapameTpuxc 6ygeM CTPOUTL B HEKOTOPOH KOOP JUHATHON OKPECTHOCTH
X C M. Bygem oTox aecTBIATL X ¢ 001acThio B R™ ¢ MOMOIIBIO 38 JaHHON
Ha X CUCTeMBbI KOODJUHAT.

IIycte ma X omepatop A umeeT BuJ

A= )" an(x) D" (11.1)

Ero moaHminn cuMBoa

a(z, &)= > aqa(z) € (11.2)

MOXKHO pa361/ITB Ha OJHOPOIHBIE KOMIIOHECHTEL
aj(w, &)= an(2)€*, j=0,1,...,m. (11.3)
ol =3

TMonne cuvBox a(x, £, A) =a(x, £) — A onepaTopa A — Al pasbusaeTcs
Ha ogHOpomELIe o (£, A1/™) KoMmOHeHTEI, 3a aBaeMBbIe HOPMYTAME

am (2, &, ) =am(z, &) — A, (11.4)
aj(e, & N =a;(z, &), j=0,1...,m—1L1
YcaoBue 3ATHOTHTHOCTH ¢ TapaMeTPOM O3HAYaeT, ITO

am(z, &, N)£0 mpu z€ X, AeA, |&]+ [NV #£0. (11.6)

CumBon mapameTrpukca oneparopa A — Al ecrecTBeHHO HCKATH B BHIE
ACHMITOTHYIECKON CyMMBI GYHKIHIN, 0 FHOPOIHBIX IO (£, /\1/m). O603Ha4uM
>TH QYHKINU “Iepe3 bﬂm_j(x, &, A), j=0,1,2, ..., rie HIXHII HHIEKC
O3HAYaeT CTEeNeHb OJHOPOJHOCTIH:

B2 (2, 2 AN =B, 6 0N), >0, [E]F[AY™£0. (11.7)
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T CI)yHKHI/II/I OIIpeneqsII0TCsI PEKYPPEHTHBIM 06pa30M U3 COOTHOIICHNII
am(x, ga A) bgm($a€a A):la (118)
am($a ga A) b(im—]($a ga A) +

+ D Oam(x, &N DY (2, € N /al=0, j=1,2, ...

k+i+|al=j
I<j

(11.9)

(cp. mOCTpOeHme mapaMeTpPHKCA KIACCHIECKOTo »aaunTmdeckoro IIM0
B § 5— @opmyawr (5.17") u (5.17")).

IT06bLI TOTYINTE I3 HOCTPOCHHBIX (pyHKImIH H°

2 m—j(z, &, A) macToAmII
napaMeTpHKC, HyKHO, BO-NIEPBEIX, YMHOXKEHIEM Ha CPe3alolryio (yHKIIHIO
|1/m =0 u, BO-BTOPHIX, IPOU3-
BECTH CKJIENKY Pa3HBLIX JOKAIBLHLIX HapaMeTPUKCOB C MOMOIIBIO pa3OmeHns
equHANEL (cM. § 5).

JAUKBIANPOBATE UX 0COGEHHOCTD mpu | £ |+ | A

11.2. CMMBOIBI KOMILIEKCHBEIX cTeleHen. MbI HOCTPOMM OZHOPOTHEBIE
KOMIIOHEHTEI bgél’_oj(x, ¢) cumBoza omepaTopa A° MO MOCTPOEHHBIM BBHIIIE
OJHOPOJHBLIM KOMIIOHEHTAM IIapaMeTPIKCA TOTHO TaK JKe, KaK CAaMU CTelle-
un A° crpomauck mo pezoasserTe (A — AI)71. IlMenHO, U3 yCI0BUA >ATHN-
THYHOCTH ¢ IapaMeTPOM BEITEKAeT CYLIeCTBOBaHHE TaKoro p = p(z, £), 94T0
am(x, &, A\)£0 mpu | A| <2p, £#0, A€ C. Us ypasuennn (11.8), (11.9) sacuo
TOrga, ITo b_pm_j(z, &, A) romomopduo mo A B xpyre |A|<2p. Obpasys
xouTyp I', xax B § 10, MBI ompegeanm (QpyHKIIN bg;l’_oj(x, &) mpu Re 2<0
dopMyIaMu

b0 (a, 5):%/%1)97”_],(9@,5, ANdAh, =012, ...,  (11.10)
r

rge BeTBb A° BIOUpaeTCs Tak XKe, kak B § 10.
B wacTHOCTH, pm j =0 MBI moaytaeM mo ¢gropmyae Kommn

bl O (w, ) = g / X (g (2, €) = N) "L dA= a2, (x, A). (11.11)
r

OTMeTHM, 9TO OPH JOCTATOYHO MajioM p uHTerpax (11.10) me 3aBm-
cuT oT BBEIGOpa p (B Kpyre |A|<2p yxke HeT 0coGeHHOCTEN (QYHKINN

bom—j(x, & A))-

Dyuxiua bg;lv_oj(x, £) MOMOKUTEIBHO OJHOPOJHA IO & MOPAAKa Mz — j,
T. €.
(2),0 _ ymz—j1(2),0
me—j(x’tg)_t ]bmz—j(xa g)a t>0a €750 (1112)



§ 11] CTPYKTYPA KOMILJIEKCHLIX CTEIEHEN 113

st Toro 4To6b B 3TOM y6eauThCA, Ha 10 ¢ielaTs B nHTerpate (11.10)
3aMeHy IMePEMEHHON M BOCIOIb30BATLCI OTHOPOTHOCTBIO bﬂm_j(x, &, A):

b " i@ 16) = o= /Azbo iz €, N dA=

r
i m \z m m mz—j ? z
=5 | W) b (2, & " p) U7 dp =t ‘75/ b2 (. &, p) dp=
It Tt
mz—j i z mz—
= L [ e ) du= ) ),
r

3aecs I'" —xomTyp ¢~ (oH uMeeT TOT XKe BUA, 94To u I, HO ¢ pajgumycoM
KpPyroBol dacTu {~ ™ p BMeCTO p).

(2),0

Tenepb HEO6XOINMO PACIPOCTDAHUTH ONpefeerte b ) ](x &) Ha BCe
z € C. DTo gemaercs Tak ke, kak mocrpoerne A’ mpu z € C, mpoBegennoe
B § 10. ImeeT mecTo caegyrommun anaaor npegroxerns 10.1.

IMpenaoxenne 11.1. a) Ilpu Re 2<0 u Re w< 0 cnpasedauso no-
AY2PYNNo6oe Cceolcmeo

S0 0gi)l (&) DEbi (e, ) /al=b 0 (a¢),
|| +p+g=j
j=0,1,2,... (11.13)
6) Feau k€Z u k>0, mo nabop b(mg ]( &), j=0,1,2, ..., npeo-
cmasanem cobott Habop 00HOPOIHDIT KOMNOHENM RAPAMEMPUKCA ONEPATNO-
pa A*.
B) [as atobvir myavmuundercos «, B npoussodnas dg &ﬁbgnl (@, €) npu
&£ #£0 ssagemen 2oaomopdrol dinKuueu om z npu Re z <0.
lokazaTelbcTBO 3TOrO IPEIIOKEHIS IOMYIaeTCA TOBTOPEHIEM
Ha YPOBHE CUMBOJIOB JOKa3aTelbCTBa npeatoxkenns 10.1, aTo npegocrasis-
eTCA IUTATEN0 B KATeCTBe TOJE3HOT 0 pra}KHeHI/IfI.) [ |
k
(

15 faqpHenIero moae3Ho 0603HAYNTD Yepes a;

OIHOPOIHYI0 KOMIOHeHTy (mopanka j) cmmsora a*)(z, £) omeparopa AF,
TaK 9To
mk
S
7=0

Ecau k — nenoe, k <0, To 1epes agk)

IIOHEHTHI CHMBOJAa IIapaMe€TPHUKCa OIl€epaTopa Ak i, ITO TO XK€ CaMoe,

z, &) mpu mexom k >0

(z, &) 0603HATAIOTCA OLHOPOIHBIE KOM-



114 CTEIIEHU OIIEPATOPOB [TJI. 11

0JHOPOJHBIC KOMIIOHEHTHI CHMBOIa omepaTopa A~F. Omm ompegersiorcs
PEKYPEHTHBIM 00pa3oM I3 COOTHOIIEHNN

a2, €) - alf) (2, 6) =1, (11.14)
(

M@ 6)-al)_ e o+ Y 0 (e, €) DEal%)_ (2,€)/al=0),
p+q+<|qu
q<]

j=1,2,... (11.15)

Ounpegeaenne 11.1. Ilycre z€C u kE€Z BeIGpano Tak, 4UTO
Re z < k. Tlomoxum

z),0 a (k a
b o= > ogal) (e, &) DI (@ €)/al,
ptat|al=j
j=0,1,... (11.16)
Teopema 11.1. a) Dyrrkyuu bgnl ]( &), onpedeasemvie Gopmy-
aot (11.16), ne sasucam om swibopa yeaozo k, dax komopozo Re z<k.

6) Feau Re z< 0, mo dynryuu bgnl _j» noayuaemvie no Gopayae (11.186),
coenadaiom ¢ max xHe 0603HAUEHHBIMU GYHKYUAMY, NOAYUAEMBLMU C NOMO-
wpto kowmypHozo unmeezpaaa (11.10).

B) I'pynnosoe ceoticmso (11.13) umeem mecmo npu scex z, w € C.

r) FBeau k €7, mo b*) 0 (, 5):a(k) (x, €).

mk mk—
1) das awobvix Mynbmuwi&encos a, B &iﬂ awbvr , & (E£0) u das awbo-

207=0,1, ... pynryus 00‘&6[)5”; ]( &) asasemen yeaoti Pynryued om z.

JoxaszaTelIbCTBO NOYHKTOB a)—T) HACHTHYHO AOKA3ATEILCTBY
COOTBETCTBYIOINNX IYHKTOB TeopeMsl 10.1 (Heo6x0 Mo IMIIb IepenTn OT
aareGphl OMEePaTOPOB K AIAre6pe CUMBOJIOB, ABISIONINXCI (POPMATLHBIMI Pi-
JaMU OJHOPONHBIX (DYHKIUN U MEePEeMHOKAIONINXCA M0 (HOpMyle KOMIIO3U-

nun). JoKa3aTelbCTBO MYHKTA J) IOLY<IaeTCI HEOCPEICTBEHHEIM PAaCcCMO-
TpermeM (GOPMYI, ONPeIeAAIONNX HDYHKIINT bgnl iz, 8). W
11.3. CraaxeHHEIE CHMBOJBI Pe30MbBeHTHL. 1lycTh w(7) € O™ (R1), mpu-
geM w(7) =0 mpu 7 < 1/2, w(r) =1 mpu 7 > 1. llonoxum
0(&, N =w(| £+ A1) (11.17)
0 OIpeIelnM

by (@, € N) = 0(E, N b,_ (2, €, A). (11.18)

C nomompio GyEKINI b_p,_j(z, £, A) MBI DOCTPOHNM Ha MHOT0OGpa-
3uun M mapaMeTpuKC omepaTopa ¢ mapaMmeTpoM A — Al aHATOrMYHO BTOPON
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JacTH fokasaTelbcTBa TeopeMsel 5.1, ITyers M =) X7 — xoHeuHOE TOKPHI-
¥
Tie M KOODAWHATHBIMUI OKPECTHOCTSMIH, (' — pa3bueHne eIUHNILI, [I0[-
YNHEHHOE >TOMY NOKpuITHIo, Gyuknun ¢ € CF°(X") Takoswl, uTo ¢¥ =1
B okpectHOCTH supp ¢”’. llycte ®7, ¥V — omepaTopbl YMHOXKEHUS Ha &
¥ 2]
u?, a B_m_j(/\) —II10 B X” ¢ cumBoaIOM b_m_j(x, &, A), IOCTPOEHHBIM
o dopmyae (11.18) B xoopauHaTHON OKpecTHOCTH X .
Mer nosoxum

Bopmj(N)=)_ @B ()T (11.19)
Biny(A) = ~ B_m_i(\). (11.20)

IIpegnoxenmunme 11.2.
(A= X)~" = Bvy(A) €CL, N (M, A). (11.21)

doxaszaTeabcTBo. MB DOCTpOMM BHaYale MOMHBEIN Tapame-
Tpukc B(A) omepatopa A — Al, momaras

B(/\)~§: B (V). (11.22)

ToYHBII CMBICA 3TOH (POPMYJABL COCTOUT B TOM, UTO HAJO LI A006OTO 7
mocTpouTh B X aCHMIOTOTHYIECKYIO CYMMY

Bz, & N~ > b (€N, (11.23)
7=0

3aTeM B3ATh omepaTop BY(A) B X7 ¢ cumsorom b7(z, £, A\) u, HakoHeI,
HOTOKHUTE

B(N)=)_ ®BT", (11.24)

rge &7, ¥V Te xe, uTo u B popmyae (11.19).
Mzl nMeeM, OIeBHIHO

B(A) = Byvy(A) € CL" N (M, A). (11.25)
Ho n3 Teopemsl 9.2 creayeT, ITO

(A=A~ =B(A) €L~ (M, A). (11.26)
Cpasunsas (11.25) u (11.26), Mbl npuxogum k (11.21). W
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11.4. CraaxeHHble CMMBOJH KOMILIGKCHBIX CTelleHEM WM CTPYKTYDHAA
Teopema. Ilyctb w(7)—Ta ke dysxmua Ha R, wTo u B mavame m. 11.3.
Ilonoxum

(&) =w(l¢]) (11.27)
U oIIpeIennM

b, €)= 0(6) 050 (e, €). (11.28)

KorcTpykunmo bg;l’_oj(x, &u bg;l_j (%, &) MOXKHO IPOLEIATH B 060N KO-

OpANHATHON oKpecTHOCTH X7 (cooTBeTcTBYylomIe QyHKINN Oy 1yT 0603Ha-

aThCA bgé)’ % Na, &) n SN (%, &), ecan HyXKHO 6y €T TOUHO YKa3aTh, B Ka-

z2—j mz—j
KO KOODANHATHON OKPECTHOCTH MBI HaxoaunMcs ). OGo3Hadas depes BT(:;’_W]»
ol (=),
omepaTop B X7 ¢ CHMBOJOM bmz_j(x, &), MBI OIATH-TAKH IOJOKHIM
B =Y @Bl e (11.29)
8
) () _ N~ )
Z Z
Biyy=Y_ Bl (11.30)
7=0

s GpopMyIUpPOBKE OCHOBHOU CTPYKTYPHOU TeOPEeMBlI HAM MOHAJ0OUT-
ca emie ompegenenne romoMopdubix cemencts 1170, koTopsie 6yayT 06o-
3HAYATHCA ﬁ(G, LZ?(;(M)), rae (G —obaacTh B koMILTeKcHON miockoctu C.

Ounpegeaenne 11.2. [Iycte X —ob6aacts B R”?, G —o6aacte B C,
a(z, &, 2) €eC°(X xR" x (7), npudeM a(z, &, z) roromopdHa 1m0 z. MbI 6y-
JeM ImcaThb, 9To a(z, &, z) € ﬁ(G, S;’?é(X)), ecan i J0BIX MyJIbTUNH-
TeKcoB «, 3, ana moboro k € 7 u s ao6bix komnakTos K1 C X u Ko CG
cymecTByeT Takad nocrosasas C'=C(«, 8, k, K1, K2), 9To

| 0g 07 0% a(w, &, 2)| )1, (11.31)

ecan (x, &, z) € Ky x R" X Ky. Ecan A(z) —3aBucammil oT mapaMeTpa 2
II10 B obaactu X, To MBI GygeM mucaTh, 9T0 A(z) € ﬁ(G, LZ?(;(X)), ec-
an A(z)=A1(z)+ R(z), rae Ai(z) —cob6erBennnnn IIT0 ma X ¢ cuMBo-
oM a(z, &, z) € ﬁ(G, S;’?é(X)), a omepaTtop R(z) mmeeT agpo R(xz, y, z) €
€ C®(X x X x (), roromopduoe mo z. Hakowmer, Mbl 6yieM mucaTb, 9TO
A(z) € ﬁ(G, LZ?(;(X)), ecan A(z) —IIJO ma M, 3aBucAmmil oT mapaMeTpa
2z € G, npuveM Aas T060I KoOpAuHATHOI okpecTHOCcTH X C M m mo6oro
xoopauuaTHOoTo auddeomopdmama x: X — X1, rae X; —obracty B R”,
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omepaTopHoe ceMenicTBO A*(z) omepaTopos Ha X, HHAYIUPOBAHHBIX OIe-
paTopamu A(z) Ha M ¢ momompo guddeoMoppusMa i, TAKOBO, ITO

A*(2) e 0(G, L 5(X1)).

TloBTopenne paccyxaeHuinl § 4 mokaswiBaeT, UTO BkaodeHme A(z)€
€ ﬁ(G, LT (X)) mpu 1 —p<I<p DOCTATOTHO NPOBEPATL, UCIOIB3YS
Kakoe-HIOYIL (PUKCUPOBAHHOEe MOKPHEITHE M KOODIMHATHLIMU OKDECTHO-
cTaMu 1 (GpUKCUpOBaHHBIEe KOOPAUHATHLIE JupdheoMophu3IMBbL.

IloBTopenne xe paccyxgenunn § 3 u § 5 mokasbiBaeT, YTO KOMIIO3I-
IUst TOJIOMODP(HBIX CEMENCTB, CONPSKEHHOe I TPAHCIOHIPOBAHHOE ceMell-
CTBa, a TaKXkKe NapaMeTPIKC TCHIOMLINNTHYECKOr0 FOJOMOPQMHOrO ceMell-
cTBa (yCJIOBHE THIOMIINITHYIHOCTH CINTAETCSA BBIIOIHEHHBIM DABHOMEDHO
[0 Z) Takke ABIAOTCA DOJIOMOPQMHBIME CeMEHCTBAMH B CMBICIE OIpefere-
Hus 11.2.

Mer MoxkeM Temeph CPOPMYINPOBATH OCHOBHYIO CTPYKTYDHYIO Teo-

peMy.
Teopewma 11.2. Ilpu awbom z €C
A*eCL™ (M), (11.32)
npuuen daa awbozo yeaoeo N >0 u npu awbon t €R
A= BR) € 0(Re 2 <t, LTV (M)). (11.33)

JoxaszaTeancTBo. 1. Joxkaxem BHagsaze, uro (11.32) caegyer
m3 (11.33). Msr moxoxkum npu gukcuposanaoM z € C
BO N B (11.34)

7=0

(eMbica sTol (popMyasl pacndpOBLIBaeTCA Tak Xke, kKak gas (11.22)). To-
ra ACHO, ITO MBI MOXKeM CINTAThb

B@) e cL™ (M). (11.35)

Ho ecan B (11.33) duxcuposats Takoe ¢t € R, aro ¢ > Re 2z, n 3aTeM ycTpe-
MuTh N K +00, TO MBI ITOLYIUIM

AT = BE e L7(M), (11.36)

oTkyga u crenyet (11.32).
2. Hoxaxem (11.33). Begem oGo3natwenne

R =A" =B (11.37)
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OTMeTnM TIpexTe BCETro, YTO T'PYNIOBLIE CBOWCTBA KOMILIEKCHBIX CTeIe-
(2),0
e (Teopemsr 10.1: 11.1),

a TaKXe ]."OJIOMOpCI)HOCTB KOMIIO3UITNI ]."OJIOMOpCI)HBIX CEMEINCTB MO3BOJISIOT

Hell A u UX IOKa PUIOTETUYIeCKUX CIMBOJOB b

CBECTH 0KAa3aTeIbCTBO K caydaio ¢t =0 (N ZOMKHO GBITH IPON3BOILHEIM).
Wupivu croBaMu, JOCTATOYHO IPOBEPUTH, ITO

RG) € 0(Re 2 <0, LT (M)). (11.38)

Hns Toro 4To6BI BOCHOJABL30BaThCA OpeaoxenmeMm 11.2, yno6Ho mpu

Re 2 <0, mapazny c omepaTopoM B((JZ\,)), paccMoTpeTh olepaTop

’ngg) = i / X By (M) d. (11.39)
T
JIel-‘KO IIPOBEPUTH, ITO
'BR), ~ B, € 0(Re z<0, L= (M)). (11.40)

B camomMm gere, MBI IMeeM, OU€BHIHO,

N-1
rp(a) _ 1p(2)
Bi¥y=>_ 'Bul_j (11.41)
7=0
rae
2 i 2
’B((m)z_j):% / A" B__i(A) d, (11.42)
r
I TOTOMY CHMBOJI ’bg;l_j(x, &) omepaTopa ’BT(:;_]» B KaKOH-HUOY Ib JTOKAIb-

HOH CHCTeMe KOODAMHAT BhIPaXkKaeTcsa (POPMYJION

/bgfn)z_j)(x,f):i//\Zb_m_j(x,g, A) dA. (11.43)
r

Orcroga o4eBUIHEIM 06pPa30oM CIegyeT, 9TO

(mz—j mz—j

(2)

mz—j

Ho To xe camoe BepHO U IIA CHMBOJOB b (z, £) omepaTopos BT(;;_].,
CYMMa KOTOPBIX [aeT B((sz)) (em. popmyast (11.28)—(11.30)). C ygeTom ode-

BILIHBIX OLIEHOK IIPOM3BOJHEIX IO Zz OTIOJa cpa3y noaydaerca (11.40).
(2)

Teneps BBuAy (11.40) sicHO, 9TO ZOCTATOYHO JIi OmEPATODA ’R(N) =

— A? _/B(Z)

(N) TPOBEPUTEH BKIIOTCHHE BUAA (11.38). OGozmaumM depes
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1,.(2) (2)

r(N)(a:, £) cuMBOI omepaTopa ’R(N) B KAaKOU-HUGYAb JOKAJBHOU CHCTe-

Me KOOpIWHAT, a tepe3 r(N)(x,é’, A) —TakoH e CHMBOI OIEpaTopa

R(N)(/\) = (A— /\I)_l — B(N)(/\). Torga

/TEJZ\Q)(x’ §)= i / Nrony (e, €, A) dX (11.45)
T
I MBI IMeeM

9g 08 9% 'r{3) (w, &) = = / X (In \)¥ 9 0Briny(x, €, A)dX. (11.46)
r

Ho B cuny npeanoxenus 11.2 nMe0T MeCTO OIeHKU
102 0213 (2, €, M| € Ca 5, i (L[] H A/~ =N=10l g e K (11.47)

rge K —HeKOTOPHIN KOMIIAKT, JAeXKAINUA B PACCMATPUBAEMON KOODJIMHAT-
ol oxpecTHOCTH. OTCIOga CIegVeT, ITO

|98 02r iy, € N)| < Cop, (L4 1ENNTNAHIAN T, v €K, (11.48)
(2)

u u3 (11.46) MBI DOIyYIaeM Temepsb 415 ’R(N) Braoenne (11.38). W

Ynpaxueunune 11.1. Pacnpocrpanuts Teopemy 11.2 Ha cuTyaluio, OMucaHHY O
B ynpaxHenun 10.1.

§ 12. AmammTHYecKoe NPOJOIKeHMe AJep KOMILUICKCHBIX CTelleHeH

12.1. MlocTanoBka 3ajau. BoIpaxeHnme Apa Tepe3 CHMBOI. IlycTh
M —3aMxHyTOe MHOTOOGpa3ue, A — saImnTuveckuil omepaTop Ha M, yi1o-
BaeTBopsommi yeaosuaM (10.1) u (10.2), oGecnednBapomuM BO3MOKHOCTE
[OCTPOEHNs KOMILIEKCHBIX cTenerell. IIpu Re z < —n/m Mbl 0603Ha40M *e-
pe3 A, (z, y) dy agpo onepatopa A® (sT0 3aBucamas ot mapaMeTpa & € M
IIOTHOCTE Ha M, KOTOPYIO B JOKAIbLHLIX KOODANHATAX, ONPeJeeHHLIX IPH
y €Y, MmoxHO 3amucaTs B Buie A, (z, y) dy, rae dy — mepa JleGera, onpene-
AseMas I0KaIbHBIMEI KOODAUHATaMHE, a A, (¢, y) — HekoTopas HelpepEIBHAL
wucaoBas Gyrknus Ha M X V). Hcnoabsys HeKOTOPYIO BOABHOCTE Petl, MEL
OyJeM Ha3blBaTh AApOM caMy QyHknmio A, (z, y), 3aBucAlIyI0 OT mapame-
Tpa 2 U OT JOKAILHBEIX KOODIUHAT B OKPECTHOCTH TOYIKH Y.

Hama meab —HOCTPONTH aHAIWTHYIECKOe NpOROMKeHHe (o 2) sAxep
A.(z, y) Bo BCIoO KOMIIEKCHYIO z-TI0cKOCTD C.

OtmeTnM, 9To ecan X, Y — oTKpwITHEe mogMHOKecTBa M, To A, (2, y)
npn v €X u y€Y oaHO3HAUHO onpegeaseTcsa 3HaveHuaMu (A”u, v), rge

we Ce(Y), ve O (X).



120 CTEIIEHU OIIEPATOPOB [TJI. 11

Ilycrs Temeps X — HeKOTOpas KOOPJUHATHAL OKPECTHOCTDL (He 00s3a-
TeIbHO CBA3HAA), KOTOPYIO MBI 6yJ€M OTOXIECTBIATL ¢ OTKPBITHIM IIOJ-
muOxKecTBOM B R”™. Ecan ILIO B € L™(X) sanucuiBaeTcsa B BUje

Bu(x) :/ ei(x_y)fb(x, &) u(y) dy dé,

rae b€ S (X x R™), To mpu [ < —n ero aapo A(z, y) HempeprIBHO 1 mMeeT
B[

Az, v) :/ ei(x_y)fb(x, y) dE.

Orpamngenne IITO A® ma X (cu. m. 4.3) MOXKHO HpPeJCTABHTL B BH-
ge A=Ay ,+ Ry ., vae Ay . —cob6crsennsmn I1]10, a Ry , —omepaTop ¢
aapoM Ri(x, y, z) € (X x X x C), roroMmopdHbIM 110 7z 1 paBHEIM 0 Ipn
6anakux & u y. O6o3Ha4MM cuMBoI omepaTopa A; , depes a(z, £, z) u Oy-
JIeM, UCTOAB3YA BOALHOCTE Petll, HA3BIBATEH €ro CHMBOJOM omepaTopa AZ.
fAapo A, (x, y) upu 6am3kux z, y € X MOXKHO 3alHNCATH B BHJIE

A, (x, y):/ TV € 2) de. (12.1)

fAapo A, (z, y) upu Re z < —n/m HenpeprBHO I roJoMopdHO o 2. Ilpu
T =y moaydaeM

Az, y) :/ a(z, &, z)d¢. (12.2)

OTMmeTnM, 4TO pesyabTaT uHTerpuposanus B (12.2) (m B (12.1) mpu
OIUM3KHUX & U Y) He 3aBHCHT OT BBIGOpa «cuMBoaas a(x, £, z).

12.2. ®opmyaupoBKa pe3yabTaTa. B GopMyaAumpoBKe pe3yabTaTa 6yayT
y9acTBOBaTL HoCTpoeHHble B § 11 ogHOpOAHBIE KOMIIOHEHTHI bg;l’_oj (z, &)
cuMBoaa omepaTopa A?. OTMerum 31ech, aTo npu Re z < j/m onu 3agaioTcs

dopMyIaMu

bﬁ,j;fj(x,g):i/vbﬂm_j(x, &N, =012 ...,  (12.3)
r

rae bo_m_j(x, £, A) —O0AHOPOJHBIE KOMIOHEHTHI CHMBOIA IapaMeTPHKCA
omepatopa A — Al, Takxe mocTpoerusie B § 11. Pamee dopmyna (12.3)
ynoTpebasiacs amub npu Re z <0, Ho uuTerpar B (12.3) cxogures mpu
Re z < j/m, Tak 9To 06e gactu (12.3) roromopdusr o z mpu Re z < j/m,
YTO U JOKA3BIBAET UX COBIAJEHNE IIPI DTUX Z.
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Hyxuwr 6yayT Takxe QyHKINNT
dh /r 00 i, & —r)dr, §=0,1,2,..., (12.4)
0]

oupegenenusie npu —1 < Re z<j/m u moroxurersHo ofHOpoOAHBIE O &
mopsigKa mz — j.

Teopema 12.1. ycmv X —awbas Purkcuposannas KoopouHamHaa
okpecmuoemv na M, A,(x, y) —onpedeaennvie npu Re z<—n/m u npu
z, y€ X adpa komnaexcuvir cmeneneti A* saiunmuueckozo onepamopa A.
Tozada

1) npux#y dynxyus A, (x, y) npodoaxcaemes do yeaott Gynryuu om z,
pasnoit 0 npu z=0,1, 2,

2) A.(x, ) npodoancaemea do mepomopdrotii Pynkyuu 6o ecel KoM-
NAEKCHOMU Z-NAOCKOCMU ¢ HE 60AEE UEM NPOCTBIMU NOAWCAMU, KOMOPbIE
Mo2ym 6blmb PACNOAOHCEHB AUUL 6 MOuUKAr apudmemuneckoli npoepecuu

z; = I i=0,1, ..., npuuen sviuem A (z, ) 6 mouxe z; pasen
1 z5),0
=g [ 0w e (125)
l€l=1

ede d&'=(2m) " d¢', a d& —oaaemenm naowadu noseprrocmu chepol
1€1=1;

3) ecau z; =1 —neompuyameavnoe yeaoe uucao, mo v;(x) =0 u anaue-
nue s(x) = Ai(z, ) anaasumuueckozo npodoancenus adpa 6 moure z =1
daemea dopmyaoti

A0z, €) de’. (12.6)
l¢f=1

Ymeepocdenue 1) umeem mecmo pasHomepro npu x € K1, y € Kq, 2de
Ky, Ky — nenepecerarwowueca komnakmul, aexcawue 6 X, m. e. K, (x, y)
npodoaxcaemea do yeaod dynxyuu z co snavenusmu 6 C (K, x Ka). Ana-
Ao2uuno, ymeeprcdenus 2) u 3) pasnomepnvl no x € K, 2de K — komnarxm
6 X, m. e. omobpaxcenue z— A,(x, x), paccmampusaenoe Kax GyHKYuA
om z co snavenusnu 6 C(K), mepomopdro npodoarcaemes 60 6cio KoM-
NAEKCHYI0 Z-NAOCKOCMb € NoAlocamu 6 mourar z;, j=0,1, ..., sviuemanu
& omux noaocar v;(z)|k u anauenuamu sq(x) g 6 moukar (=0, 1, 2,

Jameuanusa 1) B ¢opmyre (12.5) durypupyer JyHKIu
b(zj), 0

Y277 (x, €), KOTOPYIO MOKHO B COOTBETCTBHH ¢ oGo3HadeHnaMnu § 11 3a-
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IINCAaTh TAKXKe B BIIEC

b, ) =051 O (w, €), (12.7)

HOCKOIBKY Mz; — j = —n.
2) Tlockoabky z; < j/m, To BMecTo (12.5) MBI MOXKeM HAINCATH HEIO-
cpeicTBeHHOe BhIpaxkenue 7; () gepes % g, & M)
i , izn g4
'yj(av):—m.%r d¢ AT bl (x, § A)dA (12.8)
|€]=1 r

Amnamorumunoe BBIDaXCHUEC ITUIIETCS U OJIS %l(l‘):

a(w) = %/ 7 by (0, & =r) e, (12.9)

rae [ —HeoTpunaTesHoe menoe «mcao (magexc —m(l+1) —n) B (12.9) mo-

=1

. J
Jy9aeTCs, €CAN BEIDA3UTh j depe3 | U3 COOTHOIIeHNs

3) OTMeTnM 0c060 GOPMYIY BBIETA B CAMOM JEBOM IIOIIOCE Zg = —n/m:
1 —n/m
@ =-n [ arimega (12.10)
l§]=1

B BaxXHOM 9aCTHOM caIydae, KOTAa am(#, £) >0 npu £ #0, us >Toit Gop-
MyJabl caegyerT, 4To yg(2)#0. B pampHeHmeM MBI mpeo0pazyeM B 3TOM
caydae Gpopmyay (12.10) x Gonee eCcTeCTBEHHOMY AT MIPHIOKEHIN BUIY.

HoxazaTeanrcTBo TeopeMmbl 12.1. 1. MuI 6yaeM moIB30BaTh-
¢ CTPYKTypHOHN Teopemon 11.2 W MCHOAB30OBAHHBIME TaM O603HAYEHIS-
MI B(((JZ\),)) n RE;;) =A7— B((sz))‘ O6o3rauum 1epes RE;;)(l‘, Y) AAPO OmepaTO-
Z

pa R(N), a 1epe3 rgj\z)(x, £) —ero CUMBOI B KaKOH-HHOYAb KOODANHATHON
okpectHoctu X. Torga, ecaun x, y € X, To

R\ (@, v) 2/ ri (, €) eI E g (12.11)

—n
I oIIpenenasaeT IIPU 3THUX Z I'O-

DToT uHTerpal cxogurcs npu Re z <
noMopdHy GYHKIHIO 0T z co 3HadenuamMu B C'(K x Ka), rge Ki, Ko —
J106BIe KOMIAKTEL B X .

ITosToMy yTBepK AeHNA O FOIOMOP(MHOCTI, IOMI0CAX I BBIIETAX CBOAAT-

(2)

¢ K COOTBETCTBYIOIINM yTBEDKJCHUAM [IIg AIepD OllepaTOPOB B(N).



§ 12] AHAJIMTUYECKOE ITPOJOJIZKEHUE ATEP 123

z)

Sapo omeparopa B((N) B CBOIO O4epelb SIBASETCS CYMMOIl CJIAraeMBIX
BH A

() _ i(e—y)-€1(2)
Bmz_j($’ y)_/ € ( v) bmz—j(xa g) df, (1212)

Tak 4TO MBI OyJAeM B JalbHENIIeM H3Yy<aThb HHTerpansl Buja (12.12).
2. llycts K1, K9 — Hemepecekaromuecs KoMnaxThel B X . [lokaxeM, ITO

B,(,j;_j(l‘, y) ABIAETCA HMeaon GpyHKnneld ot z co 3adenuamu B C'(Ky x Ks).
Nurerpupys B (12.12) mo wacTaM npu & # Y, Mbl HOLY UM
Bl )= [ SOy AN g (213

rge M —HaTypaldbHOE €HCI0. DTOT HHTErPAl CXoauTcs yxe npu Re z <
2M+j5—n
< ————— u omupezengeT roIoMOpMHEYIO IPH 3TUX 2z MYHKINIO CO 3HAYTe-

m
mnamu B C'(K; X K»), nockoasky |z —y|>e>0 upu x € Ky, y € Ky. Beugy
(2)

Ipou3BoabHOCTH M ficHO, 9TO Bmz_j(x, y) ABAAETCA Leaoll GyHKINEH 0T 2
co suadenuamu B C' (K X Ka).

3. Ilpu z = y MBI HUMeeM

(2) _ (2)
Bmz—j (l‘, l‘) _/ bmz—j(x’ g) dg’
Il

By, @) =/ 0(&) b5 (e, €) de, (12.14)

rae 0(&) =w(|€]), w(r) € C®(RY), w(r)=0 mpu 7 <1/2, w(r)=1 upu 7> 1.
Iepenigem B uuTerparte (12.14) x noaspusiM koopausaTam. [loayuum Tor za

BY) (x, )= (/ w(r) rmz_j"'"_ldr) ( / b0 (2, €) dg’). (12.15)
0 ¢]=1

AcHO, 9TO BTOPOU COMHOKUTEb ABIAETCA IeTON (PYHKIWEN OT Z CO 3Hade-
manamu B C'(K) (K — ao6on xomnaxT B X ). IlepBoIll e MOXKHO pa3sObuUTh B
CYMMY

00 1 00
/ w(r) rmz—j-l—n—l dr:/ w(r) rmz—j+”—1 dr—I—/ rmz—j+n—1 dr. (12.16)
0 0 1

Ilepsoint uuTerpart B (12.16) — mexas pyHKINA OT z, & BTOPOH ABHO BBI-
HCASETCA:
(o]

/rmz—j+n—1dr:_;:_i. LI (12.17)

mz—j+n m z—z;

1
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rae z; = i—n Ten cameiv B (%, ) UMeeT eINHCTBEHHEBIN TOJIIOC C BBI-
A J m mz—j ’ A
geToM ¥; (), 3agaHHbIM Gopmy.on (12.5).
IIposepum, uTo v, (2) =0, ecan z; =] — HeoTpHIATEIBLHOE U LETOE. DTO

0

0
il —j (%, &) ABAAIOTCA OFHOPOSHBIMI

scHo u3 Teopembl 11.1, 1. r) (dpynkunnm b
KOMIIOHEHTAMII cIMBoIa JuddepernnaibHoro omepatopa Al n Tem caMpim
pasusl 0 npu ml — j <0 u, B 9acTHOCTH, IpH Ml — j = —n).

4. Mna oxoHYaHNA JOKa3aTelbCTBa H. 1) m 2) Teopemsl 12.1 ocTarocs
nokasaTh, 9To Aj(#, y) =0 npu ¢ #y u !l €Z 4. Iag 5TOro JOCTATOUHO IPO-

BEpPUTh, 9TO0 ecan u, v € C§°(X) u supp uNsupp v =&, To
/ Ai(z, y) u(y) v(z) dy de = 0. (12.18)

Ho »To pasencTBo paBHOCITBHO TOMY, 1T0 {Alu, v) =0, mocKoabKy B cmTy
Teopemsl 10.1, m. 1) dyukuns (A, v) ABafeTCA meaoll GYyHKINEN OT 2.

Taxum 06pazom, m. 1) u 2) Teopemsl 12.1 1 OTCYTCTBHE HOIHOCOB NIPH
2z € Z.4 mokasaHbl. B paabHellneMm (akTuueckn O6ygeT TaHO HOBOE HE3aBH-
cuMoe (XoTg 1 Golee CIOKHOE) NOKA3ATEILCTBO, TO3BOJIONIEE BHIUNCINTE
Ai(z, x) mpu | € Z4. InTaTens, He UHTEPECYIOUMICA STUM BBIUHNCICHNIEM,
MOXKeT OINYCTUTL JAJbHENINYIO YacTh JOKA3aTeIbCTBa Ge3 yinepba Aisd mo-
HUMAHNS JAJLHENIIero CofePKAHN KHITH.

5. as usydenns 3uadennss A, (z, ¢) npu z € Z 4 yzo6HA Fpyras alIpok-
cumanns siep A, (z, y), moaydaromancs, eCIn CPe3Ky OelaTh He B CHMBO-

(2),0

mz—j
bgm_j(x, &, A). o cymecTBy, T0 yxKe geranocs B m. 11.3. Mmenno, Tam
(z) 1) 1pz)

U mizi» By "Hiwy

U WX CHMBOJBI, ONpe/eJeHHbIe B MPON3BOILHON KOOPAUHATHON OKPECTHO-
e X b (1, €, N), by (2, €, A), oy (2, € A), /D) (2, €), (3, (2, €),

’rgj\z)(x, &) (em. dopmyaer (11.17)—(11.48)). B xadecTBe anmpOKCHMAINI

(2)

agep A;(z, y) MBI 6yZeM HCIOIB30BATH TeNEpPDb Apa ’B(N) (%, y) omeparo-

(2)

aax b (%, £) KOMIIEKCHBIX CTEIleHel, & ellle B CHMBOJE apaMeTpPIKCa

MBI BBeH omepaTopsl B_,,_;(A), Bvy(A), Rvy(A), 'B

/ .
poB B(N).
N-1
'Bffv)>(x, y)=>_ 'BY) (), (12.19)
Jj=0
rae /Br(:;—j(x’ y) —AApO olepaTopa /BT(Z;_]., BBIpazKaroreeca (PopMyIOn

(z) — i(e—y)-€ 13(2)
B = [ e gde 2



§ 12] AHAJIMTUYECKOE ITPOJOJIZKEHUE ATEP 125

Il

2 U z _i(z—y)-
‘B (x, y):ﬁ/df//\ GE=0Ey (e € N AN (12.21)
r

31ech BaxXHYIO POJIb HUTPaeT BLIOOD KOHTYpa I, IIOCKOMIBKY HHTErpal
B (12.21) 3aBucuT, BooOIIEe TOBOPs, OT BHIGOPA Pajuyca ero KPyroBoH da-
cTu (cpesaromas Qyukmu (£, A), Bxogsmas B onpegeraenne b_,_;(xz, &, A),
He roroMopdHa 1o A). Bygem o6o3HauaTs pajuyc Kpyropoi dactn I we-
pe3 p™, rae p> 0. Beugy ognopoguocTn bgm_j(x, £, ) mo (€, A\Y/™) acwo,
9TO CyIeCTBYeT Takasd mocTosHHas L > 0, 9To bo_m_j(x, &, A) ronomopdua
no A mpu |A|<L™|&|™. M BRIGepeM paguyc Kpyrosoil wactu I' pas-
HBEIM p*, rge p > 0 TaxoBo, 4TO

p<L/(2VL*>+1). (12.22)

Torga, ecan |€|> 4+ |A|?/™ >1/4u AET, 1o au60 | A| > p™ (T. e. \ mpumaz-
TeXUT IpIMoanHenHon dactn I'), aubo |A|=p™ n

Lm|€|m>LmG‘M'z/m)m/z:LmG—pz)m/2>p’”:|A|

(mocrenHee HepaBeHCTBO paBHOCHIBHO (12.22)). Takum o6pa3oM, BBUAY TO-
ro, aro (&, \) =0 mpu |£]? 4|\ |?/™ < 1/2, mpu paccMOTpennn Kpyrosoit
wacTu [' Bcerga MOXKHO CUINTATH bfim_j (%, &, A) rooMopQHON BHYTpPH >TOH
KPYTOBOHU aCTH.

1 p(2) ;

Amxpa Bmz_j(x, Y) OUpefeleHbl U ToaoMop®HEL mpu Re z < j/m (upu

sTtnx z maTerpan (12.21) abcomorHO cxoamrces). Hama meas B HacTodA-

LTI MOMEHT — AHAJINTHYIECKI IPOJOIKATE 3TH SIAPA BO BCIO KOMILIEKCHYIO
Z-ILIOCKOCTD.

Z

JokaxeM mpexge Bcero, 9To OPU & £ Y AIPO ’Br(n;_j(x, Y) IPOJOTEKA-

eTca go meqaoil GyHkuun ot z (u, 6oxee Toro, ecin K, Ky —Hemepeceka-

1 p(2) =

IoIIecss KOMOAKTH B X, TO SIPO Bmz_j(x, Y) TIPOJONKAETCA O LEJOH

dyakunn oT z co 3nadvenuamMu B C' (K x K2)). B camom gere, cTangapTHOe

IHTErpupoBaHNIE II10 TacCTAM daeT
2 U z _i(z—y)- -
'BG) (=, y)Zg/d’&/A e gy | TPIAM (b (€, V) dA,
T

(12.23)
rae M — m060e HaTypaabHOE WICIO, & U3 3aINCH B TAKOM BHJIe OUeBHIHA
(2) J+2M
mz—j m .

(z, y) mo z mpu Re z <
(2)

6. Temepp moKaxkeMm, ITO ’Bmz_j(x, y)=0 mpu 24y u 2€7Z4. Ecan
2 €74, To \* —oaHo3HauHAd DYHKIUA W UHTECPAIbl MO MPAMOINHENHBIM

rooMopdHOCTE ' B
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gacTaMm koHTypa I' B (12.23) coxpamatorcs. HaTerpan ke mo Kpyroson
qactu [’ paBer () mo Teopeme Kommu, mockoabky

A (bomee(e, & N) = D> Capldfb?,,_i(x, & N[00, M),
|| +|8]=2M

pyHKIHI 0?b9m_j(1‘, &, A) roromopdHa o A BEyTpHu Kpyrosoil dactu T,
a m06as IPON3BOIHAS &?9(5’, A) mocrosHHA O A mpu | A| = const.

7. 3anMeMcs TEIIEPh aHAJUTUYIECKUIM IIDOJONIKEHIICM NHTEI'DaJIa

‘B (a, x):%/dg/va(g, M@, & N AN (12.24)
T

Iycrs I'! —wacts xomTypa I, mexamas Tam, vge |&2+ X[/ >1, a
I'? —wacTs, dexamasn Tan, rae |€]24 | A2/ <1 (opu |€]> 1 sTo mycToe
MHOXKecTB0). MBI nMeeM, 01eBIAHO,

/Azabim_j d/\:/ XL, dA+/ A0 o dA.
T T T2

Scro, 1TO UHTErpaI
L z 0 )
= /dg/A B(¢, N2, (2, € A)dX
2

npeacTaBafeT coGoll meaylo (GpYHKINIO OT z. JTa menas GpyHKnus pasHa
opu z=0, 1, 2, ..., DIOCKOIBLKY TOTJa MWHTErPAJIbl 0 TPAMOJINHENHLIM 9a-
ctam I'? coxpammaioTes BBIAY OJHO3HAYHOCTH \°, a MHTErPal I0 KPyTOBOH
wacTu paset 0 B cuny Teopemsl Komm (6(€, \) mocrosana npn |£ | = const
u | A|=const, a bﬂm_j(x, £, A) roroMopdHa mo A BHYTPH KPYTLOBOH dHa-
ctu T'?). Tlo3ToMy MOXKHO T0OKa3LIBATH BCe YTBEPKAEHUA O IPOIONKEHUN
11 NHTerpaJia

](z):%/d‘f//\zbgm_j(x, €, \) dX. (12.25)
Fl

Acwo, wro T'=T mpm [£|>\/1—-p? mw T!' cocromr m3 aBYyX
aygenn mpu |&|<+/1—p?. Toaoxum I‘%:I‘1 opu |£|<\/1—p? m
Ti=[em(1- p?)~"2T mpu €] > /1 — p?. Tockompky m3 (12.22) BerTe-
KaetT, 9To p/+/1— p? < L, To bgm_j(x, &, A) He uMeeT 0COGEHHOCTEN IPH
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A <plél//1 — 2" 1 1o Teopeme Komm
/ A C DY) d/\:/ N2 (w, & N dA (12.26)
r ri
CrenaeMm Temephb 3aMeHy MepeMEHHBLIX, IOJaras
A= et ma mpaMoanHeNHON YacTH [
A=a™ |7, rae a= S S < <7, Ha KPYrOBON 9acTH I‘%.

\/l—pz’

ITens sToll 3amensl —moaydnTsh u3 (12.25) unTerpan oT 0IZHOPOIHON
dyakunn no (£, 1) U gaablie JeHCTBOBATH, KaK B I. 3 3TOT0 LOKA3aTelb-

CTBa.
Ilocae 3amennt IIOJdYy'aeTCsa, ITO

i X0, A =1, mpr || < /1— p2,
Fl
£

i

5 /\Zb(lm_jd/\zfz—l—fg opu & >+/1—p?,
Tt
¢

rae

Li=m— / gm0 (e, & —t™) dt,
Vi-lel

+o0
12 :mSIHﬂ-ﬂ.Z / tmz-l—m_lbo—m—j (l‘, ga _tm) dt’
alg]
1 mz+m _ip(z m m i
ISZﬁ (Ol|€|) + ew( +1)b9m—j(xa g,OZ |€| ew)dgp'

-7

3aMeTHuM, 9TO CyMMa

/ I dé + / I, d¢

|€]</1=p? 1€12/1-p?
(12.27)
ABAAETCA MHTerpaioM (GYHKINH OT
(&, 1), ogHOpPOAHON mOpAKa Mz +

+m—1—m—j, no obaacTu, ABIAIO-
IIeliCA mepecedenneM KOHMIeCKON 00-
aCTH ¢ JONOIHeHNeM Imapa (puc. 3). Puc. 3.

e
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Bsoasn B mpocTparcTBe (&, {) HOJAIDHBIE KOODAMHATEI, Mbl BHAHUM, TTO
unaTerpan (12.27) abcomoTHo cxogurca npun Re(mz—j—1)<-n—1u B
cuxy (12.17) 3anuceiBaeTcs B BT

_ m sin 7z mz+m—130 ) _m /
o / ¢ b0 i, &~ d(E, 1), (12.28)

€17 +t=1
t>p

rge d(&, t)' —saeMenT maomagu eguHmIHON cdeper S” B (£, t)-mpocTpan-
ctBe. BBHay Toro, uro p>0, a t>p, uarerpar B (12.28) ompegenen u
ABIACTCSA MeTOH BYHKIMEH OT 2, a BCe 3TO BBHIPAKEHIIE MOKET IMeTh JIHIIb

n
OJINH TIOMIOC IIPH 2 = Zj = ]—, upmaeM ecan z; #0, 1,2, ..., To oHO 06pa-
m

maeTca B 0 npu Beex z € Zy, a ecan z; =! € Z4, TO UpH BCeX z #(, HO IpH
TOM B TO4Ke 7z = IOJIOCA yiKe HeT.

3Jechb MOMKHO, pa3yMeeTCs, HAINCATH U 3HadeHme (12.28) mpu z=z; =
=1€7 4, Ho HaM ygoGHee 6yeT cAeaTh 3TO B JaJbHEHIIEM Cpa3y [IId BCET O
naTerpaia (12.25).

PaccmoTpum ocTaBImics wieH / I3 d¢. 3pecs yoo6HO mepenTn K

[€]>+/1=p?

IOISAPHBIM KOOPAUHATAM B {-IpocTpaHcTBe. Mbl moaydnmMm Torjia

c ; ;
_ ip(s+1) o meivy qe!
/ Igdg—mz_]_i_n / € / b_m—]($a€a e )d€ ng,

lel>+/1=0? o lel=1
(12.29)

rae C'=const. Orcoga oueBuIHA MEPOMOP(HOCTE 3TOr0 HHTErPAJA C €JIH-
CTBEHHBLIM BO3MOXKHEIM IIOIIOCOM IpH 2z =2;. Ecan z =€ Z,, To

i

/ew<z+1>b9m_j(x,5, ™) dp =it / Wbl _i(x, €& o w) dw=0,
-7 |w]|=1

MOCKOIBKY (PYHKIIHS bgm_j(x, &, A) roromopdHa mo A mpu |A| < a™. Ot-

cloa AcHO, ITo upu z =! € 7 nuterpan (12.29) obpamaerca B 0, 3a nc-
KJIIOUeHIeM, OLITh MOMKeT, TOUKN 2 = z; (ecan z; € Z1), B KOTOPOH B 3TOM
ciIydae HET MOJIOCA.

8. TaxuM 06pazomM, JokazaHo, 4To uuTerpal (12.24) mepomopdHo mpo-

JOJMXKaeTCI BO BCIO KOMIVICKCHYIO IIOCKOCTB, IMesI He b6oree OIHOT'O IIPpO-

. j—n
CTOT'0 MOJIOCa, KOTOPBIN BO3MOXKeH JHIb Ipu z = z; = ——. Boaee Toro,
m

upu z =1 € 7, 3HadeHHWe >TOr0 MHTerpara obpamaercsa B 0, Kpome, OBITH
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MOXKeT, ciydad ¢ =1[=z;, Ho Torja B TO4UKe z; HeT momioca. PaccymoTpum
HIMEHHO 3TOT cIy¥all ¢ =[=z; € 7 1 BLIUCINM 3HAYEHIe aHATITHIECKOO
npogomxenns (12.24) B Touxe z =[=z;.

3aMerTuM, 4To HHTerpal 1mo A B (12.24) aBageTcs mpm z=2z; CXOZAA-

—n .
IUMCSA, TOCKOIBKY Zj = ]T < j/m. Pazobbem muTerpar mo £ B cyMMy

uaTerpanos no wapy |£|< 1 u no sremmuoctn | £ |> 1. CrarngapTHoe paccy-
JKIeHne, yXKe UCIOMb30BAHHOE BEIIE, IOKA3EIBAET, ITO WHTErPA II0 IIapy
|€]< 1 obpamaerca B 0 mpu z=z;. Ipu |£]|>1 mer mmeem #(, \)=1 u
BMecTO (12.24) 70CTATOYHO PACCMOTPETH HHTETPAT

2
le1>1 r

= / dg/vbfim (@, & N d. (12.30)

Ilepexoast K MOASIPHBIM KOOPAWHATAM B £-IIPOCTPAHCTBE, HOJIYTHM

_ 210 /
I=-— mz—]—l—n / %/A b0 (2, € N) dhde’. (12.31)
l€l=1

IIpu Re z > —1 Mu1 MoxkeM, OAB3YsICh TeopeMon Ko, cTAHYTL B TOY-
ky 0 xpyroeyiw acts kouTypa I'. Torga Bmecto (12.31) MBI moay<IuM BBI-
paxeHIe

. sin 7z 0 _ ,
I_ﬂ(mz—]—i—n / /rb_m _j(@, & —r)drd’.
l¢]=1 0

3HatdeHIle YTOr0 BRIPAXKEHUA IpH 2z = z; =! € Z4 paBHO B TOIHOCTH (),
rae s(x) 3agaerca Gopmynon (12.6) mam (12.9). IMosTomy ’B(_lzl(
= ().

9. 3JaMeTuM Telepn, ITO PA3HOCTH

x, r)=

'R, () y)= A (2, y) — B§ Dy

dg/xz o=y (2, €, A)dh (12.32)

—n
CO 3Ha-

IPOJOIKAETCA N0 ToaoMopdHON GYHKIUU oT z mpu Re 2z <
m
venusamu B C'(K x K), rge K — mo6o1 komnaxT B X . OTcioga BIIHO, 9TO B
N—
moaymaockocTn Re z < Tn dyukumn A, (2, y) u ’B((JZV))(JJ, ) IMET OJHI

I T€ XK€ IIOJI0CBI C OANHAKOBBIMU BbI'I€TaMIHI. Bouaee TOr'0, €CJIN 2 = S Z+ n
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r#y, 7o A(z, y) = B(( ))(x, y) =0 (cM. mmo. 4 m 6 3Toro JoKazaTeILCTBA).

Q)

TosToMy scHO, 9To o HenpepriBHOCTH A (2, ¥) E/B(N)(l‘, Yy) TIpH BCEX T, Y
—n

N
(eCJII/I <

3yJaIbTaTa I. § 3aKaHTINBaeT JoKazaTelbcTBo TeopeMbl 12.1. W

). B uactrOoCcTH, A%, ¥) :’B((j\),)(x, ), 9TO € YIETOM pe-

§ 13. (-pyHKIMA >AIMITHYIECKOTO olepaTopa M (PpopMaIbHBIE
ACHMIITOTHKM CIIEKTpa

13.1. Ompegenenne u Teopema o npogomkenuu. llycrs A — saiunTu-
YecKHUIl OlepaTop Ha 3aMKHYTOM MHOroo6paszmn M, yAOBIeTBODSIOIIMN
TeM JKe YCIOBIAM, ITO I B IpeabigymeM maparpade. [Iycrs A, (z, y) dy —
aapo omepaTtopa A?. Ilpm o =y MBI moayIaeM U3 3TOTCO AApa ILIOTHOCTH
A;(z, x) dz, koppeTHO ompegeneHHyI0 Ha BceM MHOroo6pasun M. Ee mox-
HO IPONHTErpUpPOBaThL mo M.

Ounpegeaenne 13.1. dyuxuns

CA(Z)Z/ A, (z, x)de (13.1)

M

Ha3bIBaeTCA (-PyHKyuel HLINITIIeCKOT 0 omepaTopa A.

B caegyromeMm nyHKTe OyIeT MOKa3aHO, ITO (4 (#) BBIpaKaeTCs depes
coGCTBEHHBIEe 3HAYMEHIA OIepaTOpa A, 9TO MO3BOASLET MOLYINTL B CAMOCO-
IPSKEHHOM CIytdae IPOCTENIYI0 TeopeMy 006 aCHMOTOTHKE COOCTBEHHBIX
apadenni. Iloxa xe MbI ygoBaeTBopuMcs GOPMaJbHEIM onpegerernem 13.1
u chOpMyIUPYeM TeopeMy 00 aHAIUTHHECKOM IPONONKeHNN (-(OYHKINN.

Teopema 13.1. Dynryua Ca(z), onpedeaennas Gopmuyaod (13.1) npu
Re z < —n/m, npodoancaemca do mepomopdrotl dynryuu 6o 6ceti KoM-
NAEKCHOMU Z-NAOCKOCMU ¢ HE 60AEE UEM NPOCTBIMU NOAWCAMU, KOMOPbIE
MO2Ym 6blMb PACNOAONCEHDL AUWD 6 Moukar apudmemuueckoli npozpec-

—n
cuu z; = i—n ,7=0,1,2, ..., 3a uckarouenuem mouer z; =1=0, 1, 2,

npuuem 6bmem v; 6 moure z; u anauenue 3 =((l) 6 obosnauenuar meo-
pemvt 12.1 daromes gopmyaamnu

v [ oo dx___/dx/ e, €)=

M l€]=1

— [ de / dg’ /Am"bfim @, & N dA, (13.2)

Mo jg=1 T
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%l:/%l(x)dx:(—l)l%/dx / 490, £) de’ =

M M |€]=1

:(—1)l%/dx / dg’/rlbgm(l_l_l)_n(x,é’, —r)dr. (13.3)

Mo =10

HJoxazaTeabcTBO moaydaeTca u3 TeopeMbl 12.1 MHTerpmpoBa-
uneM 1o  (opmya (12.5) u (12.6) ¢ yaeToM cregyromux 3a Teopemon 12.1
samedannn. Wl

13.2. Chnextpampuem cmbeica (-pynkmuum. B >ToMm myHKTe MBI 6ygem
CINTaTh, UTo Ha M 3ajaHa riafkas MOJI0XKHUTENIbHAd IJI0THOCTE, KOTOPYIO
MBI, HCIIOAB3YsI HEKOTOPYIO BOILHOCTDL B 0603HAYEHNAX, 6V IeM 3allCHIBATD
xak dz. Torga sapo omepaTopa MOXKHO OTOXIECTBUTL C OOBIYHON (PYHKIII-
enn ma M x M. Kpome Toro, uMeeT CMBICJI FOBOPUTH O CAMOCOIPSIKEHHOCTH
SIAUNTHYIECKOT 0 omepaTopa Ha M.

Teopewma 13.2. Ilyemb na M 3adan camoconpadicennvitt noaoicu-
meavublli saaunmuueckuti  Jufdepenyuaavupiti onepamop A, u nycmo

A (7=1,2,...) —ezo cobemeennvie snauenus. Tozda
CA(Z)ZZ A7, Rez<—n/m, (13.4)
j=1

npuem pad 6 npasott vacmu (13.4) npu ykazanHLT 3HAUEHUAT Z CTOJUMCA
abcoarwomno. Ima crodumocmsv npu awbom € >0 paswomepra no z 6 no-
aynaockocmu Re z < —n/m—e.

JoxaszaTteasctso. Ilycre Re 2 <—n/m un A,(z, y) —aapo ome-
paTopa A?, saBasatomeeca HempepbiBHon (yukiuen #Ha M x M. Ilycts
{pj(x)}52, —opToHOpPMEpOBAaHHAA NMOIHASL CHCTEMA COGCTBEHHBIX (YHK-
muit A. Paznaras A, (z, y) B pag Pypbe m0 MOIHOH OPTOHOPMHPOBAHHOI

cucteme yrxmmit {¢;(z) ¢k (y)}5°5=y, MBI HOTYTIM
A, y) =Y Xpi() i (y), (13.5)
j=1

rae pag cxogutes B L2(M x M). Ecau npu 5TOM 9HCIO 2 BEMECTBEHHO, TO
o TeopeMme Mepcepa (cMm. Pucc n Cexedanssu-Hags [1], § 98) pag (13.5)
cxoguTea abCcoqOTHO U paBHOMepHO. [Toxaras B (13.5) ¥ =y u uHTerpupys
O %, MBI moay4uM ToxzAecTBo (13.4). B ciydae e HeBeIIeCTBEHHOTO 2
HEOOXOAUMO 3aMeTHThb, 9TO |A%| :/\?e ?, oTKyga caegyeT abCOMIOTHAS I
paBHOMepHas cX0AuMOCTh pAoB B (13.4) u (13.5). Ilocresnee yTBEpXK feHNE
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TeOpeMBbI BBITEKAET U3 TOTO, ITO €CIH Sg € R, s < —n/m, To pag (13.5) opu
Re z < sy MaxopupyeTcs IO MOAYIIO CYMMOU PSI0B

%Z/\SD“DJ Z/\SD|SDJ | )

IPEeICTABIAIONINK COG0N a0COMIOTHO I PABHOMEPHO CXOAALIIECS PIILL C II0-
aoxuTersubiMu wieHamu. B

SJameuanune 1. Moxwuo gokazars Teopemy 13.2 u 6e3 ucmoan3oBa-
HuA TeopeMbl Mepcepa, ecam 3aMeTHTH, 4TO mpu Re z < —n/(2m) omepa-
Top A* umeer agpo A,(z, y)€ L?*(M x M) (uau, kak TOBODAT, ABIAETCA
omepaTopoMm I'minGepra-IlIMugra), npudeM B cuiy paseHcTBa IlapceBans

nMeeM
00

Zx\?s:/ | As(z, y) P de dy, s<—n/(2m). (13.6)

j=1 MXM

Ho u3 rpynnoBoro cBoucTBa ClAegyeT, 9TO OPH § < —N

Ax@wzwauwwmxaww
NI

Ax@wzwaqumx%aw

B ciTy >pMuToBOCTH AApa A, s(x, y). [loraras 3gech & =y u UHTerpupys
o #, Mbl moxyauM u3 (13.6), aTo ToxgecTBo (13.4) BepHO HpH BelieCTBEH-
HBIX 2 < —n/m. Ilepexos K KOMILUIEKCHOMY 2 OCYILECTBIAETCS Tak JKe, Kak
U BBIIIE, UIU C MIOMOIIBI0 AHAINTHIECKOT O TTPOT0AKEHNA.

OTMeTnM, OJHAKO, YTO U3 >TOTO AOKa3aTeILCTBA TPYIHO MOIYyIHTH
TouHyI0 HHGOpManuio o paszroxenun (13.5) (B wacTHOCTH, PABHOMEDHYIO
CXOJUMOCTD CTOSALIETO TaM PAJA).

Jameuanme 2. Toxaectso (13.4) BepHO U 6Ge3 HPEFNOIOKEHUS
o camoconpsxkeHHOCTH A. JJ0Ka3aTelbCTBO JerKO IMOAYIATH W3 TEeOPEeMBI
B. B. JIuackoro (cm. Tox6epr W. II., Kpenu M. T. [1], Teopema 8.4). On-
HAKO B HECAMOCOIPSKEHHOM CIydae He yiaeTcs m3Bledsb m3 (13.4) xakyio
6B TO HE OBLTO CONEPKATEILHYI0 HH(POPMAINIO O COOCTBEHHBIX 3HATCHI-
ax. Uckmodenne IpeacTaBaseT coO60H CIydall HOPMAJILHOTO omepaTopa A,
rae, BIpoYeM, pe3yIbTaThl MOTYT OBITE IPOCTO BLIBEJEHLI U3 PE3Y.IbTaTOB,
OTHOCAIINXCA K CAMOCOIPAKEHHOMY CIY9alo.

13.3. ®opmanbuag acumnroTuka Gynkimuu N (1) B caMOCOIPAKEHHOM
cayqae. @ynkuua V (t). Ilycts onepaTop A Takon xe, kak B Teopeme 3.2.
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O6o3raunm gas awboro t € R

Nity=>_ 1, (13.7)

T. e. N(t) —KoamIecTBO COGCTBEHHEIX 3HaUeHHN omepaTopa A, He mpeBoc-
xogaumx ¢ (¢ yaeToM kpaTHOCcTR). fcHO, uTO N (1) — Hey6BIBatoman GyHK-
nus ot ¢, paBHas 0 mpu < A;. MbI camTaeMm 3mech A48 yAoOCTBa, ITO
COOCTBEHHDBIE 3HAMEHNA YIOPAI0UEHLI 10 BO3PACTAHTIO:

0<A <A< As < (13.8)

NnmeeTcs odeBnguas dhopMmyaa, Bepaxatomas (4 (z) depes N(t) B Buge
nuTerpata CTUIbTheca:

00
Cal2) :/ 2 dN (1), (13.9)
0
IpeanonoxuM Temeps, 4To Opu ¢ — +00 Qyuknus N (1) gomyckaeT cie-
IyIollee acUMITOTHYIECKOe Pa3JoKeHne:

N(t)=cit™ +eat®2 4 . 4 cpt® + O+, (13.10)
rae Re oy > Re as > ...>Re a; > Re agy. Torga

oQ

Cal2)=) "« /t'zd(to")—i—fk(z), (13.11)

=1

rae fi(z) roromopdua npu Re z < —Re ap11. [lockoasky

(o] (o]
Cdty= | artetdr=—
z+ap’
1 1
To (13.11) MOXKHO mepenucaTs B BHIE

k

Cale)== 3 o+ fule). (13.12)
=1

CaegoBaTensno, (4(z) nmeeT mpn Re z < —Re aj41 TIpOCTHIe TOIIOCH
B TOYKaX —qy C BEIIeTaMu —cjoq, [ =1, ..., k. IlosToMy 3HaHIe MOTIOCOB
Gyuxnun (4(5) 1 BEII€TOB B HEX L03BOJLET HAIUCATH (GOPMAIBLHYIO ACHM-
nrotuky ¢yukinnn N (1). OgHaxo B JeHCTBETEILHOCTH YA€ TCA BHYUCINTD
TOJBKO MEPBBIN WIEH ACHMITOTUKH. DTOT WIEH, JUKTYEMBIH COMOCTAaBJIe-
mneM (13.10) m (13.12), gomxkeH mMeTb BHS —:—zt“, ecan (4(s) umeer

CaMBIIIEBLIN MOIIOC B TOUKe —Sg < 0 ¢ BEIIETOM 7.
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Dopmyaa
N (t) ~—2go0 (13.13)

50
O6ymeT aKKypaTHO ToKa3aHa B clIedyiolleM Iaparpade c IoMoIbio TayGe-
poBoll TeopeMsl Ilkexapa, a moka MbI 3aliMeMcd YTOIHeHIEM ee Kod(puIn-
€HTOB.
ITo Teopeme 13.1 MBI nMeeM sy =n/m u

roz_% / dz / az ™ (z, €) de. (13.14)
M |€]=1
TTockoabKy B paccMaTPHBAEMON CHTYALNN Uy, (X, ) > 0 mpu £ #0, To 1o #0,

TaK 4TO HOJIOC B TOIKe —n/m geficTBuTenbHo nMeeTca. Popmyra (13.13)
3aIUCBIBAETCS TEIePh B BUIE

N(t)rw%/dx / @I (&) de! (13.15)
B =

Mz mpeoGpasyeM cefidac mpasyio 9acTs (13.15) k Gosee ecTecTBEHHOMY
Buay. [as »Toro BBegeM (PyHKINIIO

V()= (2m)™" / dx d¢. (13.16)
am(z,€)<t
OTMeTnM, 9TO OHA HMeeT HHBAPUAHTHBLIN CMBICA: 3TO YMHOXKEHHBIN
Ha (2m)”" o6bem B T" M mHOXecTBa Tex (2, &), Tae am(x, £) <t, mpudem
o6beM GepeTcs mo Mepe Ha 1* M, HHIYIUPOBAHHON KOHOHHYECKOU CHUM-
IIEKTHHEEeCKON CTPYKTYpoll (cM. ApHoasg [1]).
Jemma 13.1. Hueem mecmo dopmuyaa

V(t):% / dx / ayMm (e, €) g™, (13.17)
M |€]=1
u, maxkum obpasom, émecmo (13.15) mosxcro nanucams

N({t)~V(0). (13.18)

lokazaTeadbcTBo. 3aMeTUM IIPeK e BCETO, ITO B CITY OJHOPOI-
HOCTI @y, YCIOBHE Gy (7, £) <1 PABHOCILIBHO YCIOBHIO (2, 1~/ ME) <1, 1
menas B (13.16) samemy n=1"1/"¢, Mur moxyamm

Vi(t)= / da dn - t"/™.
am(z,n)<1
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MarbEelinmme paccyX qeHnd 6y IyT HATH IpH (PUKCHPOBAHHOM X, I MBI 6y 1eM
IIACATD Gy, (£) BMECTO ay, (2, £). Heob6xogumo JokasaTs, 4T0

/ dg;% / @I (e de'. (13.19)
am(€)<1 l¢]=1
Iycers |€'|=1 u d(&') =sup{t: an (t&") <1} (puc. 4), 1. e. d(¢') —pac-
>0

cTosHme 0T TOUKH ) 0 HOBEPXHOCTH G (£) =1 o Hampasaenuio &'. Paccmo-
TpuM GeCKOHEYHO MAaJBIH KOHYC ¢ Bepumuon B Touxe ( u BoicoTon d(€') - £/,
Bolcekarommil Ha cpepe || =1 mmomans d¢’.

Torga ero o6beM OyaeT paBeH % (d(&)™ - dé'. d(e-¢’

D
IToaTomy /

Vs
/ dg;% / (d(€))" de’.  (13.20)
am(§)<1 l€7]=1
Ho BBy ofHOpOAHOCTH @) (€)
m ¢
am(|€| |€|) |€] am(|€|) Puc. 4.
Tak 4TO ecanm am(£)=1, To am(|€|):|€|_ma orxyga d(§')=|¢{|=

=a,,(¢)~Y/™. Togcrasass sTo Bepaxenme d(¢') B (13.20), M moTy<a-

M (13.19). W

13.4. AcumnroTuka coGecrBeHHoro 4ucaa. Mbl ykaxkeMm ceddgac acum-
ITOTHYIECKYI0 (POPMYIy AIA Ap IpU k — 400, SKBUBAJEHTHYIO ACHMIITOTH-
seckonn gopmyae gas N(t) ((13.13), (13.15) mam (13.18)) u BHITexatomyio
I3 TOTO, ITO, N0 cymecTBy, N (1), kak QyHKnns ¢, n Ay, kak QyHKnusa k,
SIBASIOTCA B3aUMHO OOPATHBIMI (DYHKITIAMI.

O603maunm wepes Vi xospduiuent mpu t*/” B Gpopmye (13.17), Tak
gro V3 =V(1). Torga uckomas ¢popMyra HUMeeT BILI

Ae ~ V™ mpn k= oo, (13.21)

IMpengaoxenne 13.1. Acumnmomuueckue Gopmyart (13.21) wu
(13.18) sxeusasenmurt (m. e. evimeraom odua us dpyeoti).

JoxaszaTteascTBo. 1. Ilycts Bepra dopmyaa (13.18), T. e. gas
ao6oro € >0 cymecrByeT Takoe ty > 0, 4To

1—e< NV ml4e (13.22)
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upu ¢ > {g. Beibepem Teneps Takoe memoe ko >0, 910 Ag, > 1o 1 Apg41 > Ak
ITokaxem, ¥To TOraa

P AT WL (13.23)

upu k> ko. B camom nene, mis mo6oro k > kg CyliecTBYIOT TaKme Leable
qncaa ki, ka, 970 ko <k <k <kom Ay <Apy41 = Aky <Agp41. B 9acTHOCTH,
Mel umeeM N(Ap, ) =k1 1 N(Ap,) = ks, Tak aTo u3 (13.22) caegyer, uTo

1—e<hVy I <1+, (13.24)

1—e<ha Vi IA L e, (13.25)
Boxaee Toro, N(t) =k; mpu A;, <t < Ag,, Tak 9To Ipu >THX ?

1—e<h VU<l e
U TO HempepHIBHOCTU

1—e<hVIA M KL te, (13.26)
s (13.25) u (13.26) creayet, 9To

1—e<kVT I <L e, (13.27)

I OCTAETCA 3aMETUTh, 9TO A\; = Ag,. UTak, coorrHomenne (13.23) gokazaHo.
Ho u3 mero BeITexaeT, 4TO

(L&)~ pmin <X < (1= )~y pmin (13.28)

oTkyga u crenyet (13.21).

2. Ilycte Beimoareno (13.21). BuiGepem ¢ >0, u mycTs meaoe wucio ko
TaKOBO, ITO IPU LeIoM k > ky cIpaBelanBbl HepaBeHCTBa (13.28).

Iycrs Ap, <t < Apy, ne ki, ko Takme xe, kax u B m. 1. U3 (13.28) cae-
OyeT, B 9aCTHOCTH, ITO

1—e<hV AT KL re, (13.29)
1—e< (ki + D)V <L, (13.30)

IIOCKOABKY Ak, +1 = Ak,. DBbibepem dumcmo ky c¢Toab 60abUInM, YTO

Vl_lx\;n/m < e mpu k> ko. Torga us (13.30) moxy=aercs, 9To
1—2e <k VI <14 26 (13.31)
Ho N(t) =k, mosromy m3 (13.29) u (13.31) Mer moaydaeM, 9T0O
1—2e <NV IA ™ <142,
1-2e <NV <14 2,



§ 13] ¢(-PYHKINA N1 POPMAJIBHBIE ACUMIITOTUKNI 137

OTKYyJAa BBUIY TOTO, IT0 A, <1 < Ag,, creayer
1—2e <N @)V /™ 14 26,

uTo u TpeboBartocs. M

13.5. 3agaum.
Sagaga 13.1. Hanrn moaiocsl, BEIYETH I 3HAYEHNS B HEOTPULATEIb-
d2
HBIX IeJblX Todkax aas (-GyHKmum omeparopa A= — 752 HA OKDYXHO-
x

cru R /277. BripazuTs kaaccudeckyo (-gyuknno Pumana

(o]
1
()= — (13.32)
n=1
qepe3 (4(z) U HalTH BCe MOMIOCHI M BBIYETHL ((2) M ee 3HAUEHHS IPU
2=0, -2, —4, ...

3agawa 13.2. Ha Tope T?=R?/277? paccmoTpeTs omepaTop Illpe-
auarepa A=—A+q(z), rae ¢(z) € C(T?), n mammcaTs Buipazxenue 4 (0)
Tepes ¢(z).

SJagaga 13.3. Ilycre A —saauntudecknnn gudg@epeHnnaIbHBII OIe-
paTop, mencreytomun w3 C°(M, F) B C*°(M, F), rge E, F—raagkue
BeKTOpHEIE paccaoenns Hag M. Ilycte ma M gama riagkas ILTOTHOCTD,
aB F u F—5pMHUTOBBL CTPYKTYDPHL (3PMHTOBA METPHKA B KaXkKIOM CIOE).
HokazaTb, 94TO

index A=(ryara(2) —Crpaa (2), (13.33)

rfe mpaBas 9acTb He 3aBHUCHT OT z. DTa (POpMyaa I03BOJAET B IIPIHII-
Ile BBIODNCAThL BbipaxkeHme index A <epes cumBoa omeparTopa A, mcmoab-
3ys TeopeMy 13.1, 1aomiyio BO3MOXHOCTD BHIYNCIATH 3Hadenue (p(0) npu

B=IT+A"Aum B=1+ AA*.

Y ka3zanue. Bce HeHyneBbIe co6CcTBEHHBIE 3HAYEHNA ollepaTopoB AA* u A* A ume-
0T OMMHAKOBYIO KPATHOCTE, IOCKOJIBKY onepaTop A oTo6paxkaeT co6CTBEHHOE IO TIPO-
cTpaHcTBO oniepaTopa A* A B co6cTBeHHOE MO ATIPOCTpaHCTBO oniepaTopa AA™, a onepa-
Top A* — Hao6opoT.

3agawa 13.4. [TokazaTs, uTo omeparop ¢! u3 zagaum 10.1 mveer

agpo K(t, z, y), 6eckonedno guddepennupyemoe mo ¢, ¢, y npu ¢ >0 u npu
Bcex x € M, y€ M. Ilpu stoMm { — +(0 uMeIOT MeCTO CIeIVIOUIe acCHMIITO-
Tuveckne ceolicta K (¢, x, y).

a) Ecmm z £y, o K(t, z, y) = O(t") mpu awo6om N > 0.

6) K(t, z, ) npu t = +0 nMeeT creyiomee aCUMITOTHIECKOE Da3I0XKe-
Hue:

- i=n
K(t o, o)~ aj(z)tm (13.34)

7=0



138 CTEIIEHU OIIEPATOPOB [TJI. 11

rae oj(x) € C®(M). Bopasuts «;(x) epes v;(x) u s4(z) (cM. Teope-
My 12.1) n HammcaTh BEIpaiKeHHe «; (&) depe3 CHMBOI omepaTopa A.
IIposepuTts, uTO ecau A = A, To

Ktz y)=) e '%;(x) i (y) (13.35)
7=0
u O-pyuxnus
() :Z et :/ K, z, z)dx (13.36)
7=0 M

nMeeT aCHMIITOTHYIECKOE Pa3JIOKEHIEe
(o] j—n
()~ ajt™m . (13.37)
7=0

Bripasuts index A wepes #-pyuxnum omepatopo A*A u AA*.

SJagaga 13.5. Ilycre E —3pMHTOBO paccioeHHe Ha 3aMKHYTOM
MHOro6pasun M ¢ IIagKOIl MOJOXKHUTEILHON ILIOTHOCTBIO, A — camoco-
IPAXKEHHBIN IINITHYIecKul guddepennnaapusiil oneparop uz3 C° (M, E)
B O™ (M, E) (#e 06:3aTeIbHO NOIYOrPAHIEHHDIHN).

Pacemorpum dyukInmo

na(z) =3 (signA) - [AL%, (13.38)

rge cymMMa 6epeTcs o BceM cO6CTBEHHBIM 3HadeHusM oneparopa A. Joka-
3aTb, 9T0 paAg (13.38) abcomoTHo cxogures mpu Re z < —n/m u ompegense-
Mas BM QYHKIUA 74 (%) MepOMOPOHO IPOTOIKAETCI BO BCIO KOMILIEKCHYIO
j—n .
2-ILIOCKOCTH € MPOCTHIMU MOIIOCAaMH B Todkax z; = ——, j=0,1,2, ...
m

BBIpaBI/ITB BBIY€THI 3THUX IIOJIOCOB Iepe3 CHIMBOJ OllepaTopa A.

Yxasanwue. Bupasurs na(z) gepes ¢4(z) un ¢{(z) — aBe {-dynxuum oneparo-
pa A, No/dy4YeHHBIE C TOMOIILIO PA3JUIHEIX BHIGOPOB BETBU A\* C paspezaMu Mo BepxHel
¥ HIDKHEN TIOJYOCAM MHUMOU OCH.

§ 14. TayGepoBa Teopema Hkexapa

14.1. ®opmyaupoBka. TaybepoBa Teopema Hkexapa IO3BOJAET BBIBE-
cTH U3 MepoMopdHOCTH (-QYHKINN acuMnToTHIeckne dbopMyasl g1 N (¢)
npu t — 400 man gai Ap mpu k— 400 (cm. § 13). Ilpusegem ee TouHyO
(GHOPMYIUPOBKY.
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Teopema 14.1. Iyemv N(t) —neybvisarwwas Gynxyus, pasnas 0
npu t <1 u marasa, umo unmezpa

¢(2) :/ 1 dN (1) (14.1)

A Henpe
z+ko pe-
poisHo npodoadicaemesn 6 amkHymylo noayniockocmv Re z < —kg. Tozda
npu t — +oo

crodumes npu Re z < —kg, ede ko> 0, npuuen dynxyus {(z)+

N(t) ~ %t’“” (14.2)

(nanomuun, umo 3zanucy f1(t)~ fa(t) npu t—+4oo oznauaem, wmo
Jim [0/ 52 () =1).

Cunegcreme 14.1. ITyemv Pyunyus ((z), onpedeaennas npu
Re z < —kg unmeepason (14.1), wmepomopdro npodoaxcaemesn 6 Goace
wupokyo noaynaockoemb Re z < —kg+e, ade ¢ >0, npuuen na npamot
Re z=—ko umeemcsa eduncmeennvili u npumom npocmots noawc 6 mou-
ke —ko ¢ sviuemom —A. Tozda seprua acumnmomuueckan gopmyaa (14.2).

14.2. Hagamo gokazaTeabcTBa TeopeMul 14.1: pegykuum.
l-a pegyrnusa Ygobuo BMecto ((z) paccmorpers f(z)=((—2).

Torzxa MbI moTyIaeM
(o]

£(2) :/ = AN (1), (14.3)

1

IpIYeM HHTerpal cxoJurcd upu Re z > ko, a yuxmus f(z) — Hempe-

peiBHa npu Re z > ky.
2-1 pegyknusa Csegem gero k caydaro kg=1. lImenno, BBegeMm
dyukumo f1(z) = f(koz). Torga Msl TOIy<IHM

fi(z) :/ t=Fo AN (1) :/ 77 dNy (1),
1 1
rae Ni(7) = N(r'/%0). Mockomsky

Flkoz) — Tiko — fi(2) - % . Zil

A A
n acumnToTura N (1) ~ o~ "o sxBuBanenTHA acummToTHKe N1 (T)~ Ty To
0 0
TeopeMa 14.1 cBOAUTCA K CIEAVIOMEMY YTBEPXE ICHHIO:
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IIycts N(t) — HeyOniBaomas QGYHKINA 1 HHTETPAT
f(z) = / =7 dN (1) (14.4)

A
cxoguTca mpu Re z > 1, mpuuem ¢yuxmus f(z)— ~_ HeUPepHIBHA IpH

Re z> 1. Torga npu t — +00
N(t) ~ At. (14.5)

A
OTMmeTHM, 9TO U3 yCIOBHA HempepblBHOCTH f(z)— ~ 1 wpH Re z>1
z—

u Toro, 9To f(z)>0 mpu BemecTBeHHOM 2 > 1, BEITeKaeT, uTo A > 0. 3a-
menss N(t) ma A~'N(t), aro npusogut x 3amene f(z) ma A~!f(z), mmu
BHINM, 9TO yTBepXK TeHNe NOCTATOYHO NOKa3biBaTh nmpu A = 1.

33 penyxnus. IlepeiigeM oT mpeobpazosamus Memrtura K mpe-
obpazoBannuio Jamaca, T. e. cieqaeM 3aMeHy nepemernHon ¢ = e”. ITomoxum
N(e®)=p(x). Torga Mbl moaynumM, 9T0 () — HeyObIBaImas QHyHKINI, PaB-
Hag 0 mpu z < 0, mputeM HHTerpal

/ 5 dip(x (14.6)
0

1
cxoguTca mpu Re z > 1, mpuuem ¢yuxmus f(z)— 7 HeNPepEIBHa IpH
z—

Re z > 1. Hago goxasaTs, ITO

lim e “p(x)=1. (14.7)

r—4oo

4g pegyxunusa O6osmauum H(z)=e "p(x). YcaoBue MOHOTOHHO-
cTHn (%) OIpUHIMAET BHJ

H(y)>H(x)e"™ Y mpm y>w. (14.8)

Nurerpupys mo wactaMm B (14.6), Mer moaydaem mpu Re 2z > 1

=z / e Tolr)de ==z
0

Mzur nogoxum Temeps z=1-+¢e+it, rge £>0 u { BelecTBeHHO. 3amMe-

(o]
—(z—1 1 f(Z) 1
THM, ITO / e~ =17 gy = ——» TodTOMY 13 (14.9) crenyet =

e~V H (1) de. (14.9)

0\8

0
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:/ e~ (1 (2) — 1) d. Toewomeey 7 - Lo =1 (p(5) - Lo 1),
S
he(t) =1 (F(z) - = ~1) e (14.10)
MBI IOy TaeM .
ha(t):/ eTET T ([ (2) — 1) dae. (14.11)
0

Mur MoOxkeM Temepb JaTh CIEAVIOMVIO Iepe)OPMYINPOBKY Teope-
Mbl 14.1.

Teopema 14.1. Ilyemv H(x) — dynryus, pasnas 0 npu <0 u ydo-
BACTNEOPAOWAR NPU 6CET BEUECTNBEHHNT & U Y yeaosuo (14.8). Ilyems
unmezpaa (14.11) abeoaromuo crodumcsa npu swobom € >0 u onpedeaseman
usm Pynryua h. (1) marosa, umo npedea

ah—I}(l) he(t) =h(?) (14.12)
cyuecmseyem u paswomepen Ha a0bon kKoneunom ompesre |t| <2\, Tozda
xEI-II—loo H(z)=1. (14.13)

Jameuanue. Ecin Qymxmus H(z) crpemures x 1 1ocTaTo<wHO 6BI-
ctpo (mampmmep, ecin H(z)—1¢€ LY([0, +0))), To (14.12) moaywaeTcs
m3 (14.13) npeenpHBIM EPEXOSOM IO 3HAKOM HHTErPAla, KOTOPBIT MOX-
HO BBINOIHHUTE B CHIy TeopeMsl JleGera (dhyukums h(t) paBHa Torga mpe-
o6pazosanuio Pypee ot 0(x) (H(x) — 1), rge 0(x) — dyuxnus Xepucanga).
TayGepoBo ycaosue (14.8) mo3BoaseT B HEKOTOPOM CMBICTIE OGPATHTD 3TO
VTBepK AeHNe.

14.3. OcuoBHaz memma. fIcHO, 9TO 1A JOKa3aTelbCTBa TeopeMbl 14.1'
HyKHO KaKIM-TO 00pa3oM BelpasuTsb H (2) — 1 wepes A(t), uTo, popMaIbHO
roBopA, JeJaeTca C IOMOIbI0 obpamieHus npeobpaszobarus Dypoe. Ilo-
CKOIBKY, OJHAKO, MBI HHYero He 3HaeM o0 moBefeHun h(t) mpum ¢ — 400 u
0 XapaxTepe cXoAuMOCTH h.(t) k h(!) Ha Bcell IpAMOI, HYXHO BHada-
e YMHOXKNTL IpefelbHoe paBeHCTBO (14.12) Ha (QUHNTHYIO CpPe3alonyio
dyuakumo j(t). Coobpakenns, ¢BA3aHHBIE ¢ yIOOGCTBOM OODAINEHU ¢ IHIO-
TOXKUTENLHEIME sipaMu (Tuma sgep Deflepa), MOKA3BIBAIOT, ITO YIOOHO
canTarh QyHKINo () npeobpaszoBanneM Pypbe HeOTPUNATEILHON GYHK-
nnu p(v) € L1 (RY):

p(t) :/ e~ p(v) dv. (14.14)
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Mer 6ygem cauTaTh, 9To §(t) —Takas QUANTHAT HenpepblBHAT (QYHK-
nns, uto 5(0) =1 u p(v) >0, npuaem p(v) € L} (R1). Orcroga caeayer, aTo

+oo
/ p(v)dv=1. (14.15)

CymecrBoBanne GyHKIUN j(!) ONNCAHHOI O THIA MOXKET OBITH TOKa3a-
HO Tak XKe, kak B I. 6.3 (B Hawgaze okasaTelbcTBa TeopeMbl 6.3 Oblia
noctpoena dyukmua p(t) € C5°(R1), yaosaeTsopsiomas BceM TpebyeMbIM
yeaosuaM). Kpome Toro, MoxHO BHOpaTsh p(t) aBHO, modaras

[¢]
~ —— mpu [t]|<£2,
p(t)—{o p | |\

2
opu || >2.
B camom gere, Torga npu GUKCHPOBAHHOM v 7 0 mMeeM

2

2 . .
- e [ 2 )
p(v)_/e (1 2 ) dt= /wd 2 ) T U3 )L,7
—2 -2

2

_ it Sintdt——eim 2_ T _1—c0520_lsinzv
- 20 '8 T 4wl 0 4mv? 0 272 T v’
-2
OTKyJa O4eBHIHLI BCe HEOOXOIUMbIe CBOICTBA p(v).
Jemma 14.1. Jas awbozo gurcuposannozo A >0

+oo
I H(y=3) plo)dv=1. 14.16
Y ) plv)dv (14.16)

—00

JoxazaTeancTro. 1. onoxum py (1) =p(t/A) u pr(v) = Ap(Av),
Tak 410 ) (1) —upeobpasosanne Pypre Qyukmun py(v). fcxo, 9To

+o0 +oo
/H( —;) p(v)dv:/ H(y—v) pa(v) dv, (14.17)

I MOCKOABKY (QyHKIUA py(v) 06aagaeT TeMH Xke CBOHCTBaMH, 9To I p(v),
TO HOCTATO4YHO foka3aTh (14.16) mpm A=1.

2. oaaras F. (t)=p(t) k. (t), Braucanm o6paTHOe npeobpasosanne Dy-
pbe oT ¢QuHnTHON (yHKuun F. (1), yauTsBag, uTo f(t) n h(t) asrgoTcs
npeoGpazoBarnamMu Dypbe abCOMOTHO HHTerpupyeMblx GyHKnuil p(v) m
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O(v) (H(v)—1)e=:

70 V(1) dt = 70 €'t j(t) [7([{(@ —1)emEroite dx] gt —
h +;°Oo 0 +oo
- Fint-ee] T o
+oo

:/(H(x)—l)e_”p(y—x)dx. (14.18)

B urore, xak u cIeJOBAJIO OXUIATD, HOIYUMIACH CBEDTKA, HO IIPH TOM
MBI yJOCTOBEPUINC, 9T0 (hopmyaa (14.18) mveeT MecTo BCIOAY U B 06BII-
HOM CMBIC/IE (IepecTaHOBKA MHTErPHPOBAHII 3aKOHHA [0 Teopeme Dy6u-

Iepenumiem Teneps (14.18) B Buge

+oo +oo ©o
/e”yFa(t)dt—l-/ e‘”p(y—x)dx:/H(x)e‘”p(y—l‘)dl‘ (14.19)
— 00 0 0

U COBEpPIINM 31eCh NOpeneabHBIn Tmepexol npu ¢ — +0. Ilockorbky
supp F. () Csupp p(t) m F.(t) = F(t) paBroMepHO [0 t €supp p(t) (3zecn
F(t)=p(t) h(t)), To 1-il HETErpaT B I€BOI JaCTH UMeeT Hpefen mpu & — +0
n npu awo6oMm y. To ke BepHO (Hampumep, mo Teopeme .JleGera) m Aus
2-ro umTerpana. IlosToMy mHTerpan B mpasoil dacTu (14.19) mmeer mpum
mob6om y mpegen upu £ — +0. Hockonsky H(x)e ¥ p(y — &) MOHOTOHHO
cxogurea npu € — +0 x mpenery H(x)p(y — ), TO MBI IOIydaeM Temephb

+co +oo o0
/ V() dt + / ply—z)de :/ H(z) ply— ) de. (14.20)

YcrpeMuM Temepb Y K 400. Ilo memme Pumana

+oo
lim V(1) dt=0.
y—r+00

oQ

Kpowme Toro, sficEo, ITO liﬂ_n [ ply—x)de=1. llooromy u3 (14.20) cae-
y—+oo |
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OyeT, ITO
+ oo
li H —z)der=1. 14.21
Jim [ @) ol ) da (14.21)
0

Ho
+ oo

[ H@ oty z)do= +/Oone) ply o) da = +/00H<y—v> p(o) do,

0

Tax 4ro (14.21) osmagaeT yTBepx genne aeMMel. Wl

14.4. JokaszaTeabcTBo TeopeMsel 14.1°. 1. TokaxkeMm BHadale, ITO

yLi_Eloo H(y) < 1. (14.22)
TTockoabky
a + oo
/ H( —;) pv)dv < / H( —;) p(v) dv
upu ao6oM a > (0, To u3 jsemMmsr 14.1 caexyer, TTO
S H( - ;) p(v)dv < 1. (14.23)

—a
Ho B cuxy TayGeposa ycrosus (14.8) Mbl nMeeM

v

2a
H( - —) 2H(y— 2) e X mpu vEJ[—a, al.
A A
W3 (14.23) Temeps crenyeT, 9TO

— 2a
lim H(y—;)e_T/p(v)dvgl,

Yy—>+00

nim .
- 2a
yEI-Ir—loo H(y) <ex (/ p(v) dv) : (14.24)

Hepasenctso (14.24) Bepmo aas awobbix >0 m A>0. Iycts B HeM
a— 400 n A— 400, npuieMm a/A— 0. Torga us (14.24) moxyzaeTcs Tpeby-
eMas omenka (14.22).
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2. ITokaxeM Telepnb, 9TO

lim H(y) > 1. (14.25)

Yy—>+00

3ameTnM mpexge Bcero, 4ro u3 (14.22) BLITexaeT orpaHmteH-
HoCcTh H (y):
|H(y)|<M, yeR, (14.26)

B CILIY KOTOPOU

/ H( —X)p(v)dvga(b), (14.27)

rge a(b) =0 opu b — +oo (3T0 03HaUaeT, B GACTHOCTH, ITO HHTErpal B
nesont wactu (14.27) crpemurces x 0 mpu b — +00 pAaBHOMEDHO IO y U A).

TTockoabky
+00 b
/ H(y— ;) p(v)dv:/ oot / o
-0 -b lv]2b
To B cuny (14.27) u aemmer 14.1 Ml moaydaeMm mpu ao6om b >0
lim H( - %) p(v) dv>1—a(b). (14.28)
T

Teneps ONATL BOCHOAB3YeMcsa yceaosueM (14.8). meem
b v _2b
H(y—l—X))H(y—X)e X mpu v€E[-b, b,

oTkyga B cuny (14.28)

Yy—>+00

b

. b 2b

i 1(y+5) e [ p)dvz1-aw),
Zp

nJan

lim H(y)>(1_a(b))e—3—b(/p(v)dv) . (14.29)

Yy—>+00
—b

IIycrs Temeps b— +00 1 A — 400, mpudem b/A — 0. Torga u3 (14.29) mo-
ay4daeTcs Tpebyemoe HepasercTso (14.25). W

Jagaga 14.1. Ilycts N(f) —meyGnBaromasn (yakuns, pasaas 0 npu
t <1, n mycts muTerparn (14.1) cxoaures npu Re z < —kg, rge kg > 0. IlycTs
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dyukuns ((z), onpegerernas popmyaon (14.1), MepomopdHO IpoJOIKAET-
cs B 6ojlee MUPOKYIO MOMYILIOCKOCTL Re z < —kg + ¢, rae € > 0, mpudiem Ha
npamon Re z = —ky uMeeTcs e TMHCTBEHHBIN MMOJIOC B TOUYKe —Kkg C TJIABHBIM
wnenom pasnoxennus Jlopana, pasabim A(z + ko) ™! (3gecs | — maTypatsmroe
THCI0, pABHOE MOPAAKY HoJioca B Touke —kg). JokasaTs, ¥T0 Torga

(_1)l—1A

NO~

tho(ln )1

upu ¢t — +oo.
Sagaua 14.2. [Jokazars TaybepoBy Teopemy Kapamara:
Oycte N () — mey6nBatonias byrknus ot ¢ € RY, pasras 0 mpu t <1 u

TakKasl, 9TO HHTer'paJl .

0(z) :/ et dN (1) (14.30)
0
CXOINUTCA IPHU Bcex z > (), mputieM

0(z)~Az"% mpm z—+40 (14.31)
(3gecs A>0 u o> 0 — HEKOTOpLIE MOCTOAHHEIE).
Torga A

§ 15. AcUMOTOTHKA CIIeKTpaTbHOM (yHKIHI
M cOOCTBeHHEIX 3Ha'leHHMH (rpyGble TeopeMbl)

15.1. CunekTpaapHad GYHKIHA M €€ ACMMIITOTHKA Ha AuaroHaau. IlycTb
M —3aMKHYTOe n-MepHOe MHOr006pa3sne, Ha KOTOPOM 33JaHa INVIaJKasd Io-
JOXKUTEIbHAS ILIOTHOCTD, A — CaMOCONPSIKEHHBIN SJIINITHYECKII OIepa-
Top Ha M, mpuiem

am(z, £)>0 mpm £#0. (15.1)

Tor ga omepaTop A moayorpasm<eH, I Mbl 0003HAMIM [Uepe3 A; ero cob-
CTBeHHble 3HAUEHIs, 3aHyMEPOBAHHEBIE B IOPALKE BO3PACTAHUA (C YyI€TOM

KPaTHOCTH):
A< Az <A<

a 41epe3 ¢; (&) — COOTBETCTBYIOLINE COOCTBEHHBIE (DYHKININ, 06pasyIoLe
OPTOHOPMHIPOBAHHYIO CHCTEMY.

Ilycte Fp — cunexkTpalbHBIL NpOekTOp omepaTopa A (OpTOrOHAIBHBINL
IPOEKTOD Ha JNHENHYI0 060MI049KY BCeX COOCTBEHHBIX BEKTOPOB € COOCTBEH-
HBIMH 3HA9eHNAMH, He IpeBocxogamumMu t). fcuro, 1To

Eu=Y_(u, ¢;) ;- (15.2)
A&t
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Oupegeaenne 15.1. Cnexkmpaavnoti gyuryueti oneparopa A Ha-
apBaeTca AApo (B cmsicae JI. llBapma) omepaTopa F.

YuaurweiBaa umetomieecs Ha M cooTBeTcTBHE MeXK Y GYHKINAME I ILJIOT-
HOCTAMU, MBI MOKEM CUNTATL CIHEKTPATbHYI0 (PYHKINIO He IIOTHOCTHIO, a
dyukuunent. U3 (15.2) acuo, uro sra dyaxnus e(z, y, t) 3agaeTcs GOpMyIoH

e(e,y, )= i(#) i (y). (15.3)

A&t

u, B 9acTHocTH, npuxagzexnt C°(M x M) mpun kxaxzgoM GUKCHPOBAH-
oM t. OTMeTHM cpa3y Xe CAeAyIOLe cBOHCTBaA e(x, y, t):

1) e(», #, t) —HeybOBIBatOmWaA QYHKIUSL OT ¢ IPH KakKAOM (DUKCHPOBAH-
oM ¢ € M;

2) ¢yukuus N (), BBegennas B m. 13.3, BupaxaeTcs depes e(z, x, t) 1o
dopmyIe

N(t):/ e(x, z, t)dx, (15.4)

M

rae de — QpUKCHPOBAHHAS ILIOTHOCTD Ha M.

Byagem Tenmeph cuuTaTh, ITO JOKAJILHBIE KOODINHATHI B OKPECTHOCTH
TOYKHN & BBIGpAHBL Tak, 9TO INIOTHOCTL d& coBmajgaeT ¢ Mepoun JleGera Jo-
KaJAbHBIX KOODIUHAT, U IOJOXKHIM TOT'Ia

Va(t) = / dg. (15.5)
am(2,6)<t

Teopewma 15.1. Ilpu t—+0co u npu awbonm v €M umeem mecmo
ACUMNIMOMUKG

e(x, z, t) ~ V(). (15.6)

HdoxazaTeabcTBo. 1. 3aMeTuM Ipexkjge BCero, 9To 0e3 ymepba
[J1s1 OGIIHOCTH MOXKHO CIATATD, 9ITO A1 > 1. B camoMm geae, TakoMmy yc1oBuio
yaoBaeTBOpAeT omepatop Ay = A+ M npu gocraTtouno 6oabmom M. Ho
ecan ej(z, y, {) — cnexTpanbHas QyHKnua omepaTtopa Ajp, To e(x, y, )=
=ei(z, y, t+ M). llosromy u3 acumnToTuxu e)(x, ¢, t) ~ V;(t) BEITeKaeT
acumnToTHka €1 (x, #, 1)~ Vy(t + M). Ho

Vo(t+M)=V,(1) (t+ M) =V (1)t (1401 )) ~ Vo (1) 1™ =V, (1),

oTkyga u caegyetr (15.6).

2. Urax, oycte A1 > 1. Torga MBI MOXKeM ONpeTeInTh KOMILIEKCHBIE CTe-
nenn A? omeparopa A no cxeme § 10. Hcnoassysa popmyay (13.5), MBI MoxKeM
IpH # =y BHIPa3suTh AApo A, (x, y) omepaTopa A® Hepe3 CHEKTPaIbHYIO
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pyuKIHIO HOopMYTON
(o]
Az, x) :/ t* de(z, z, 1), (15.7)
0

rjae d o3nagaer guddepennnarn no ¢ (Ipu GUKCEPOBAHHOM ¥ 31€Ch HAINCAH
npocro uaTerpan Cruabrheca). B cuay Teopem 12.1 m 14.1 MBI moaydaem
Teneps 141 e(x, ¥, {) ACHMITOTHIECKYIO (HOPMYILY

e(z, z, 1) ~ l% az ™ (e, g’)dg'] gnim, (15.8)

l€1=1

DeMeHTApHOE IPe0obGpa3oBaHIle IPABOHN YACTH HTOH (POPMYILI, CoeIaH-
HOe B JoKa3aTeIbCTBe deMMHI 13.1, mokassiBaeT, uT0 mpasas dacTsb (15.8)
pasHa V; (1), 9To n goxaswiBaeT (15.6). W

15.2. AcuMnTOoTHKA COGCTBEHHELIX 3HATTCHMM.

Teopewma 15.2. I[lycmv onepamop A ydosaemeopaem ycaosusm,
ONUCAHHBIM 8 Hauase 3mozo napazpaga. Tozda umerwm mecmo acumnmo-
MUYECKUE COOMHOULEHUA

N(t)~V (), t— o0, (15.9)
A ~ V(1) 4o, (15.10)

ede dynrxyus V() onpedeasemen dopmyaot (13.16).
JoxazaTeascTso.B§ 13 6mma gokazana skBuBateHTHOCTS (15.9)
u (15.10) (mpegmoxenne 13.1). Mer 6ygem noxassiBaTts (15.9). DTo gemaer-
cs Ha OCHOBe Tay0epoBol TeopeMbl IKexapa aHaJOTHIHO TOKA3ATETbCTBY
TeopeMmsl 15.1.
UMeHHO, ONATH-TAKH MOXKHO CIATATh, 9T0 A1 > 1. Torga oueBugHO, ITO
npu Re z < —n/m umeer MecTo Gpopmyaa

oQ

CA(z):/ 7 dN(t). (15.11)

Ocraercsa Bocnoab3oBaTbes Teopemamn 13.1, 14.1 u memmon 13.1. B

Jameuanume. Popmyny (15.9) moxuo moxyunts u3 (15.6) uaTerpn-
poBanneM 1o z. OgHako gas 060CHOBAHUS >TOr'0 HHTErPUPOBAHMS HYKHO
YMeTB JOKa3blBaTh PABHOMEDPHOCTS 110 ¢ acuMuToTuku (15.6), aTo TpebyeT
B pAfe MeCT (B 9aCTHOCTH, B JOKa3aTeIbCTBe TeopeMsl Ikexapa) npoBepkn
PaBHOMEDHOCTH 1O IapaMeTpy. ITo6bl n36exkaTh 3TOI [POMO3IKON MIPO-
BEPKH, MBI IPEANOWIN JaTh HE3ABICHIMOE JOKA3aTEILCTBO.
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15.3. 3agaum.
Jagaua 15.1. JokazaTs B cuTyaunn 3Toro naparpada OLeHKY

le(x, y, 1) | <O,

rae z, y € M, a nocrosunas C' >0 He 3aBucuT oT x, y u t (¢ > 1).

Jagaua 15.2. IIycte Ha 3aMkHyTOM MHOrooGpasmm M c riaagkon
TMOMOXKUTEALHON IMIOTHOCTBIO MaH IINNTAYECKHT omepaTop A, m mycts A
HODMAJIEH, T. €.

AA=AA". (15.12)

a) JlokazaTb, 9T0 A HMeeT OPTOHOPMUPOBAHHEIN GA3HC U3 COOGCTBEHHBIX

byuxnun ¢;(z), j=1, 2, ..., ¢ cobcTBeHHBIMN 3HaTeHIAME A; € C TakuMu,
qTO

[Aj| =40 mpm  j— 4oo. (15.13)

6) JokasaTb, uTo ecan N () o3HaYaeT KOINIECTBO TAKHX Aj, €TO
[A;]<t, a V(t) onpeneasiercss dhopMyIon

V()= (2m)" / dz de, (15.14)
| (2 )<t

TO IIpu t— —|—OO nMeeT MeCTO aCUMIITOTUKA
N({t)~V(0). (15.15)

Sagaua 15.3. BoBectu Teopemsr 15.1 u 15.2 u3 pesyavTaTos 3a1a-
un 13.4 u Tay6epoBon Teopemnl Kapamara (3agaza 14.2).

SJagaua 15.4. [Iycte M —3amxuyToe MHOr0OGpasme, A—rakon 3i1-
aunTudeckuil guddepeHnnaibHeI onepaTop Ha M, 9T0 @ (2, &) >0 npu
&E#0. Ilycte A; —ero cobcTBeHHble 3HadveHnsa, Ni(f) —<IHCIO0 Taknx cob-
CTBeHHBIX 3HadeHuH, 9To Re A; <t (mpH >TOM KpaTHOCTBIO COGCTBEH-
HOT'O 3HAYeHHs Ay MBI CUHTAeM Pa3MePHOCTL KODHEBOI'O IIOAIPOCTPAH-
ctBa ), —cM. Teopemy 8.4), N3 (1) — 4mcao Takux cOGCTBEHHBIX 3HATEHMT,
uto |A; | <t. JokasaTs, 9To mpn t — +00

Ny (t) ~ No(t) ~ V (1), (15.16)
rge V(¢) onpenenseTca Takxke, Kak H BhIe. JokazaTs, 94TO
Ap ~ V()T o 4o (15.17)

(3T0 03HaYAeT, B 9ACTHOCTH, 9TO Im A; mMeeT MEHBIINH MOPATOK POCTA,

1eM Re Ap).



I'ITABA III
ACHUMIITOTHKA CHEKTPAJbHOM ®YHKIIAA

§ 16. ®opmyauposka TeopeMsl XépMaHAepa M KOMMEHTAPHM.

16.1. ®opmyamposkau mpumep. [Iycts M — 3aMKHYTOe n-MepHOe MHO-
roo6pasue, Ha KOTODPOM 3ajJaHa INIaJAKasd MOJOXKUTeIbHAs ILIOTHOCTL du,
A — TakoU caMOCOIPSIKEHHBIN SIINITHIeCKUT oepaTop mopsaaka m Ha M,
ITO dp (2, £) >0 mpu € #0. BygeM ucnoas3oaTh BBefeHHBIE B § 15 060-
snadenus e(x, y, A), N(t), Viz(A), V(A). Cregyromas TeopeMa yTOUHSET
Teopemsul 15.1 m 15.2.

Teopema 16.1 (J. Xépmangep). Hmeem mecmo oyenka

le(e, 2, ) = Ve(\) | <OCA=D/m 0 A>1 weM, (16.1)

2de nocmosannas C >0 ne zasucum om x u .
Caegcrsue 16.1. Ilpu A — +00 cnpagedausa acumnmomuuecras
dopmyaa
N =V () (L+0ANHm). (16.2)

Jameuanume 16.1. Ouenxa ocratka B (Qopmyrax (16.1) m (16.2)
ABAAETCA HeyaydimaeMoll. B 3ToM MoxHO y6eIUThCA, HAIPIMED, I3 PACCMO-

Tperns omepatopa A= —d?/dr? ma oxpyxmoctn S' =R /277. Co6cTBeH-
Hble (OYHKINN 30eCh UMEIOT BIT ¥y (2) = \/?e“”, k=0,x1,£2, ..., aco6-
e

CTBeHHBIC 3HAMEHNS paBHBI A\ = k2, k=0, +1, +2, ...

Naxee, mockoabky |¢p(z)|?=(27)~%, To scHo, UTO e(r, T, A)=
= (27)7IN(N). Hockoapky mpu sTom Vi(A)=(27)"1V(A), To dopmy-
st (16.1) m (16.2) pasHOcmapHBL. ITo3TOMY AOCTATOYHO HIPOBEPUTH He-
YAyHIIaeMOCThb OLeHKH ocTaTka B dopMmyae (16.2), xoTopas nMeeT 37ech
g NN =V (1+0A"Y?) mm N(\) = 2V + O(1). Ho meymydmae-
MOCTB [OCJeJHEHN aCHMITOTHKN OYeBUAHA U3 [eloIncaeHHocTH N ().

B ganpmefimem (§ 22) MBI mpuBegeM Golee cOgepiKaTeIbHBIN IPHMED,
ABJAIONMICA 0600IeHneM H3I0KeHHOT0 (omepaTop Jlannaca Ha cdepe) u
[O3BOIAIIINE NOJIYINTL HEyIydmaeMocTs oneHkn (16.1) B caygae mpoms-
BOJIBLHBLIX 12 W M.

16.2. Cxema gokazaTeabcTBa. Bo-TepBBIX, TeOPUS KOMILIEKCHBIX CTeIe-
Hell IO3BOJET CBeCTH Jelo Kk caydato, korga A —IIMO nopaaxa 1. B sron
CHTYaIln MbI MOKazxeM, 9To e''4 mpu Maamix ¢ mpegctasager coboit MOD
¢ (pa3oBoU (PYHKITNEH, ABAMIOMIEHCS pelleHneM HEeKOTOPOro HEINHEHHOT O
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ypaBHeHHA 1-ro mopAgka. 3aMeTHM Tellepb, ITO AIpo omepaTopa e '4 mpes-
cTaBafeT co6oil mpeobpaszosanne Pypre (mo A) cmexTparbHOR QYHKINN
e(x, y, A\) onepatopa A. Otcioga acumnroruka (16.1) moayuaercs, ecan
IPUMEHUTDL PACCYXK JeHUe THUNa Tay6epoBON TeopeMbl A NpeoOpa3oBaHms
Dypre.

JanpHenmi niad 3Ton r1aBsl TakoB: § 17 cogepxuT Heo6X0 AUMEIE CBe-
[IEeHUA O HeIWHENHBIX ypaBHeHUAX 1-ro mopafka; B § 18 moxazama BakHas
Teopema o gerictBuu 110 Ha SKCIOHEHTY, U3 KOTOPOU BBITEKAET, B TaCT-
woctn, gopmyaa xommozunun [IJ0 u TOD; B § 19 ms3yuatorcs dazoswie
¢byuxunn, orsedaiomue kraccy IIJ0; B § 20 Mer cTpouM omepaTop ¢4 B
Buge NOD guas omeparopa A 1-ro mopsaka; B § 21 Teopema 16.1 goxazama
B o0meM caydae (mMeeTcs Takxke nuHGopManus o6 e(x, y, A) mpn = £ y);
HakoHell, § 22 cogepKUT ompefeleHne omepaTopa Jlamiaca Ha pUMaHOBOM
MHOT00GPA3NN I BRIUUCAEHNE €T0 CIEKTPATBLHON PYHKINN B CIydae cdephl.

Jagaga 16.1. [das omeparopa

9?7 9?
A__A__(ﬁ—i— @—1—...‘1' m)
ua Tope T" =R"/2x7Z" seraucauts N (¢) u e(x, £, \) n yGeguThCa B cnpa-
BeJINBOCTH acuMnToTnIeckux gopmya (16.1) u (16.2).

§ 17. Hemuuennbie ypaBHenma 1-ro mopagka

17.1. Buxapaktepuctuku. Ilycte M —n-MmepHOe MHOTOOGpa3ue,
a(z, £) —rnajgkas BeleCTBEHHO3HAYHAA (DYHKINA, ONpeJedeHHAS HA OT-
kpuITOM mmoaMHOKecTBe B 1% M. PaccMoTpuM raMmibTOHOBY cHCTeMY
B T" M, nopox gennyio Gpyuknnen a(x, {) Kak raMIIbTOHIAHOM:

{i:a@ (17.1)

E=—ay.
__( da da __( da da

rae ag= (%’ o E)’ e = (E, o E)’ (%, £) — KOOPAMHATEHL
B 1T*M, unaynupoBaHHLIE HEKOTOPOU JOKAJBLHOU CICTEMON KOOPIUHAT
B M. Kax m3BectHo (cM., HanpuMep, Aproass B. I1. [1]), BekTopHOE mOIe
ma T M, oupegensemMoe mpaBeIME dacTAME (17.1), He 3aBHCHT OT BHIGOpA
JOKATBHBIX KOOPAUHAT B M.

Onpepgenenmne 17.1. Kpusas (z(t), (1)), ABAAIOMAACT pelleHN-
eMm (17.1), maswsiBaeTca 6urapakmepucmurot yuxmun a(z, &).

BuxapakTepuctuka He o6s3aHa GBITE onpefenera mpu Beex § € R. B aTom
cIydae Mbl 6yeM CIUTATH €€ ONpeIeIeHHON Ha MAKCHMAJIBLHOM BO3MOKHOM
HHTepBaje (CM. IO 3TOMY [OBOAY Takxke 3agadn 17.1 m 17.2).
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IMpenaoxenne 17.1. Pynuxyua a(z, £) A6AA€MCA NEPELIM UHME-
epason cucmemvr (17.1), m. e. ecau (x(t), £(t)) — burapaxmepucmura

dyuryuu a(x, £), mo a(x(t), £(t)) = const.
HoxaszaTeancTso. Umeem

d . :
s a(z(t), E(t)) =ar® + acf = agae —aga;=0. WA
IIpenmoxenne 17.1 meraeT OCMBICTEHHBEIM Clelyiollee

Onpepgenenme 17.2. Buxapaxtepuctuka (x(t), £(t)) dyuxuun
a(z, £) HasmBaeTca Hy.esoli OuxapaxTepuerukon, ecan a(x(t), £(¢))=0.

17.2. YpaBuenne TamumabToma—Axo6m. PaccMoTpuMm ypaBHeHUE B
YaCTHBIX IPOU3BOHLIX 1-ro mopsaika

a(z, oy (2))=0, (17.2)

rje ¢ —raajkas BellleCTBeHHO3Ha4IHAaA (MDYHKIINA, OIpeleleHHAA Ha OTKDBI-
TOM HOAMHOXKeCTBe B M, ¢, —ee rpaguenT. Takoe ypaBHeHIEe HA3BIBAETCS
ypasuenuen Iamuapmona—Arobu. das ero paccMoTpeHns yao6HO BBECTH
rpadux ¢, T. €. MHOXKECTBO

T, ={(z, po()), ze M} CT"M. (17.3)

IMpenaoxenne 17.2. Feau ¢ —pewenue ypasuenus (17.2), mo
muozoobpasue T'y, unsapuanmuo omuocumeavro Faszosoeo nomora cucme-
avt (17.1), m. e. ecau (x(t), £(t)) — buraparmepucmura dynxyuu a, (1)
npu t€[0, b] aencum 6 obaacmu onpedeaenus ¢ u (x(0), £(0)) €Ty, mo
(z(t), £(t)) €Ty npu scex t €0, b).

NlokxazaTealbcTBo. B cury TeopeMBl eTUHCTBEHHOCTH JOCTATOY-
HO IPOBEPUTH, UTO MAMIILTOHOBO HOIe (d¢, —dy) KacaeTcsi MHOT00Opa-
31U Fw BO BCeX ero TodYKax. lloclegHee paBHOCIILHO TOMY, UTO €CIAH

(z( €(t)) —6ﬂxapaKTepHCTHKa u (2(0), £(0)) €T, (. e. £(0) = (2(0))),

To { dt —po(z H =0. Ho 570 BoITeKaeT U3 cleayIOMeN BHIKIA A
t=0

{%[5@) ON}] _ =~ re)lio=
= _w(m, £(0)) = pra (2(0)) a (2(0), £(0)) =

=~ fa(e, ¢o(2))]omsio)=0. W

B pganapuenmem gas Hac 6ygeT CYIECTBEH JHUIIL CIyYal, KOTga QyHKIILI
a(z, £) mOTOXKUTENLHO OTHOPOAHA [0 & HOPAgKA M, T. €.

a(z, t&) =t"a(x, &), t>0, ££0, (17.4)
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re m— moKa JAi060e BelleCTBeHHOe Incao. Takme QyHKIUN XapaKTepu3y-
I0TCSL TeopeMon Direpa:

& ag =ma. (17.5)

Mpenaoxenne 17.3. Hyemv a(z, &) odnopodua nopadka m, p(x) —
pewenue ypasnenus (17.2). Tozda dynxyus ¢ nocmosnua 6doab npo-
exyuu nyaesvir burapaxmepucmur Gynryuu alz, §), aemcawur na T,
m. e. ecau (x(t), £(1)) — nyaesan 6urapaxmepucmura u £(0) =@, (2(0)), mo
o(x(t)) = const.

HoxaszaTeancTso. Umeem

% p(a(l) = pri = prag = po(2(1)) ag(z(t), £(1)) =

= o (x(t)) ag(2(l), oo (2(1))) = ma(x(t), pr((1)))=0. W
17.3. 3agaua Komm. 3agasa Komm pgas ypasmenms IamuiabToma—

fxo6u (17.2) cocToUT B TOM, ITO HAJZO HANTH pellleHNe (&) TOTO ypas-
HEHIA, YIOBIETBOPAIONIErO YCIOBIIO

pls =1, (17.6)

rge S — IHIEPIOBEPXHOCTH (IOAMHOT006pa3ne KopasMmepHoctn 1) B M,
¢ € C*°(S). TunepnoBepxHOCTD S IOKAIBLHO MOXKHO CINTATh THIEPILIOCKO-
CTBIO, T. €. BHIGOPOM JOKAJIBLHOU CHCTEMBI KOOPANHAT B OKPECTHOCTU TOUKA
zp € S MOXKHO JOGUTBCA TOTO, ITO

S={x:2,=0}, (17.7)

Tak 9To ¢ =¢(x'), rae ¥’ = (%1, ..., ¥n_1). B >TON cucTeMme KoOpAUHAT
yI06HO ¢(OpMYINPOBATE YCIOBHE HEZAPAKMEPUCTRUUHOCTIU, TAPAHTHAPYIO-
Imee TOKATBLHYIO Pa3PeIINMOCTh 3a a4 Kol B OKpecTHOCTH ToUKE x’ € S:
ypaBHeHHe

a(z’, 0, Yp(z"), A) =0 (17.8)

HMeeT MPOCTOH KOPEHb A, T. €. Takol kopeHsb A € R, uro BMecTe ¢ (17.8)

BBIIIOJTHEHO YCJIOBUE
a%" (&', 0, Yor (2'), \) 0. (17.9)

IIycre durcuposana Touka 0 € S. Torga mo Teopeme 0 HesABHOU (PYHK-
Iun ypaBHeHIe

a(z, &, A)=0 (17.10)

npu |z|<em |& — 1, (0)] <e mmeer pemenme A\=a'(z, &), aBasomeecs
raagkonl gyukmuen or x u &'. Jerko mposeputh, ¥To dyHkuua o (z, &)
oqHOpPOJHA 1-ro mopagka mo &', Tak ITO MBI MOXKEM CINTaThb, ITO OHA OMpe-
JeneHa mpH || <e u upu Beex & #0 B KOHHYIECKOH OKpecTHOCTH 5/ (0).
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Ypasuenue (17.10) npu | #| < n gag sekTopos (£, A), 6au3knx mo Hampa-
Baerno k (¢,(0), a’(0, ¥',(0))), MOXkHO mepemucaTs B BHJE

A—d(z, &)=0. (17.11)

Jlokampras 3agaga Komm cTaBuTcsa Toraa cielyomuM 00pa3oM: HalTH
Takoe pemtenne ¢ = ¢(#) ypasaerusa (17.2), 4To BeIDOIHEHO ycaoBue (17.6)
o, KpoMe TOTO,

92 (0, 0)=a'(0, ¢, (0)). (17.12)

0Tn

ITockoabKy B ONNCAHHOHN CHTyalnHl BO3MOXeH mepexon ot (17.10)
k (17.11), To Hamly 3aa<dy MOXKHO 3allICaTb B BIJE

;Ti—a’(x, %) =0, (17.13)
Plen=0 = ¥(z"), (17.14)

T. €. J€JO CBOAUTCA K CIy1alo
a(x, &) =& —d'(x, ). (17.15)

PaccmoTpum GuxapaxTepuctukn ¢yuxmun oz, £) suga (17.15). Ux
YPaBHEHNA TaKOBBI

i":—ag,(x, &,
&, =1, (17.16)
E:: al(z, &).

PaccmoTpum HyteByio 6uxapaxrepuctuky (z(t), (1)), texamyto na I,
I HAUMHALYIOCT Ha S, T. €. Takyo, 9To 2, (0) =0. Torga us (17.16) scuo,
9T0 ¥, (1) =t. Puxcupyem eme Touxy ' ='(0)€.S. fcHo, uTO ycaoBume
(2(0), £(0)) €T, o3madaeT caegylolee:
d
g0y =l ("),  &(0)=L (', 0), (17.17)

Tn
a ycaosue a(z(0), £(0)) =0 gaeT
& (0)=d' (2, 0, ¢, (2))). (17.18)
Taxum o6pazoM, Hy/leBas OHXapaKTepHCTHKa, Jexamast Ha [, un Ta-
Kaf, 970 £, (0) =0, 2/ (0) = 2/, oguosHau1HO onpegenera. I3 popmyx (17.17),
(17.18) oueBngna ee raagkas 3aBHcEMOCTB oT #'. Kpome Toro, ecan pac-
CMOTPETb 0TOOpaKeHIe

g: (2, xp) = (2 (2), 20), (17.19)

ompefeneHHOE TIPH | % | <&, To U3 HavaabHOro ycaosus #'(0) =z’ BeITeka-
eT, 9To ero AKoOmaH obpamaercs B 1 mpu r, =0, Tak 9To ¢ ABITETCS
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JoKaILHBEIM guddeomopdusmonm. Ho us npenroxenuns 17.3 Torza c meobxo-
JUIMOCTBIO BEITEKAET, ITO

ple)=v(lg~" (2)]"), (17.20)

rae [¢~(z)]’ — BexTop, noaytenurii u3 ¢~ ! (x) oT6paceiBarmeM ToCTeAHET
KOMIIOHEHTH! (B COOTBETCTBHN ¢ 06o3HadenneM ¢’ mua x = (¢, xy,).

TakuMm 06pa3zoM, MBI TOKAa3all e€IUHCTBEHHOCTHL PeIIeHNA JOKAILHON
sagaun Komn n nmoayuuan dopmyay (17.20) aas storo pemenns. Cyme-
CTBOBaHHUE K€ PENIeHNS MOXKET OLITH IOMYyTeHO MPOCTON MpoBepKoi. Mer
PEKOMEHIyeM THTATENI0

Yunpaxueunune 17.1. [lokazarh, uTo dopmyaa (17.20) IelCTBUTENbHO 3a1aeT
pellleHne JoKaabHOU 3aga4qu Komm, onucanHoN BHIIIE.

17.4. TnoGamsuaa dopmyauposka. Mul xoTuM chHOPMYIUPOBATHL YCIO-
BHs, JOCTATOYHLIE M5 CYLIECTBOBAHIA pelleHus 3aga4du Komm B oxpect-
HOCTH S, yiKe He OPPaHIYIHBAACH MAJIOH OKPECTHOCTBIO TOYKH Ha S (X0Ts
OKPECTHOCTL THIEPIOBEPXHOCTH 5 MOXKeT OBITH I OUYeHb MAJOU B CMBI-
cJle, HaPUMeD, KaKOro-HuGY b paccTosgansd 10 S). OHH cOCTOAT, KOHETHO,
BO-II€PBBLIX, B BBLINOJHEHUHN YCIOBHU DPAa3PELINMOCTH JOKAJLHOU 3aJa<l B
KaxJoH TO4UKe & € S I, BO-BTOPBIX, I'PY60 [OBOPS, B CYLIECTBOBAHIII HEIIPe-
PBIBHO 3aBHCAIIETO OT & KOpHS A ypasHenus (17.8). Ilocrennee ozmagaer,
94T0 Ha S MOXKHO ONIpeIeluTs mose KoBeKTopos £ =&(x') € T4 M, Henpepris-
HO 3aBHCAIUX OT ¥’ €.5 u Takux, 9TO

1) *é(2") = (') rme i+ S— M, ¢y (2') — rpaguent Qyuxmun ¢(z’) B
Touke ¢’ € 5, paccMaTpEBaeMBII KaK KOBeKTOD Ha S (aaemert 715.5);

2) ecan BBECTH JOKATbLHEIE KOOD THHATEI, ONICAHHEIE B II. 17.3, B OKpecT-
HOCTH KaKOW-HUOYAb TOYKH &’ € S, TO MBI IIOXYIOM

(@) = (P (o), A(@")),

rge A(z') —xopens ypasrerus (17.8), ygosreTsopsromuil yciosuo (17.9),
T. €. BBIIOJIHEHBLl BCE YCIOBIA Pa3PEIINMOCTH JOKAaJAbHOU 3agadn Kormmm.
3ameTnm™, 4T0 ycaosue (17.12) MoxHO 6€3 I0KATLHEIX KOOD ANHAT 3aIHCATH
3[€Chb B BIJE

pr(a') =), €S (17.21)

TaxuMm 06pa3oM, okKOHUaTeabHas (POPMYIHPOBKa 3adadnm Komm: Hall-
TH ompejeleHHOe B CBA3HOW OKPECTHOCTH THIEPIOBEPXHOCTH S pelleHne
ypaBHeHus (17.2), yZoBreTBOpsoOIee HavalbHOMY yeaosmio (17.6) n gomoa-
HUTeAbHOMY ycaoBuio (17.21). B Takoil GpopMyInpOBKe 3Ta 3ajada HMeEeT
€IUHCTBEHHOE pellleHne, [IafKo 3aBUCALIee OT IapaMeTPOB (eCIHn TaKOBLIe
HIMEIOTCA), PN YCIOBHUH, ITO CAMU €€ JaHHBlE ¢, S, ¢ H & rIagko 3aBHCAT
OT THUX XKe IapaMeTpPOB.
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Jameuanune 17.1. Ycaosue 1) oueBuIHbEIM 06pa3zoM He06X0 AUMO (ec-
AN CYNTATDH BBLINOIHEHHBIMH BCE OCTAJbHBIE) A1 Pa3pPelMMOCTH 3aJadl
Komu u o3ua¥aeT IPOCTO OTCYTCTBHE TOMOIOTHYECKNX IPENSITCTBUN A5
rI06aIbHOTO CyInecTBOBaHN H0/s £ (2'), T0KaIbHOE CYIIeCTBOBAHIE U IVIaI-
KOCTBb KOTODPOrO 06eCHeYnBAIOTCA YCIOBUSIMI Pa3PeLINIMOCTH JOKAIBHBIX
3agad B ToIkax x’' € S.

17.5. JluHenHEIe 0AHOPOAHEIEe ypaBHeHUd. YpapHeHue (17.2) HaspiBaeT-
CA AUHETHBLI 0OHOPOOHbIM, ecan DyHIUA a(x, §) AuHenHa [0 £, T. €.

a(z, &)=V (x) &, (17.22)

rge V(z) —BexToproe more Ha M. Ilpoexmun GuxapaxTepucTuk Ha M
SABJISIOTCA B DTOM CJIydae PEeIleHNsMI CHCTeMBI

i=V(x), (17.23)

a pemeHns cucTeMbl (17.2) —5To mpPOCTO HepBBle HHTETPAILl CHCTEMBL
(17.23). Cama cucrema (17.1) cogepxut BMecTe ¢ (17.23) eme ypaBHeHus

£=~Vp(2) €, (17.24)

aunennsle no £. CramjapTHas oneHka pocrta |£() | moxasmiBaer, 9To ecan
z(t)e K, rge K —xkommaxT B M, To |£(t) | orpanntdeHo Ha 11060M KOHETHOM
urTepBate ocu t. [losToMy 1mbo bmxapakTepUCTHKa ONpefeaeHa 111 BCex 1,
au6o ee mpoekuus x({) BEIXOAUT 3a mpefensl a06oro xommakta K C M.
YcnoBue HexapaKTepHCTHYHOCTH S O3HadaeT, ITO V (#) TpaHCBEpCATBLHO
x S BO Bcex TOUKax S.

PaccmoTpum oTobGpakenne ¢, mepepogamee (2, ¢) B #(t), rae x(t) — pe-
menne cucteMsl (17.23) ¢ magaapusM yeaosueM #(0) =#'. Ecan cymecrsyeT
Takoe € >0, 9To qua moboro @' permenne x(t) onpegeneHo npu || <e, To ¢
3ajJaeT OTOOpaKeHIe

g: Sx(—¢, &)= M. (17.25)

Ecau g aBasercs guddeomopdmamom, To perrterne 3aga4dn Komn ¢ Haganb-
HBIMH JAaHHBIMI Ha S oupegereHo Ha obpase g. IlosToMmMy BaxHO ymeThb
OIIEHUBATH CHU3Y 4uCIO € >0, 71 KoToporo oTobpaxenune (17.25) apageTcs
auddeomopduazmom. OauUH BaXKHBIN CIyYall, KOTJa TaKas OLeHKA BO3MOXK-
Ha, MBI yKajKeM HIIXKe.

17.6. HeogHOpOoHbIe IUHEWHLIC YyPaBHEHUA. JTO YDABHEHHUA BUIA
V(@) pa(z) +b(x) o(x) = f(2), (17.26)

rae b(x), f(xz) e C* (M), V(x) — BexToproe moae Ha M, p(x) —HemssecT-
Hag QYHKINA, ¢, — ee rpajuedT. Ecan (1) — pemenne cucremsr (17.23), To
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ACHO, ITO %gp(r(t)) +bo(x(t))e(x(t)) = f(=(t)), orxyaa ¢(z(t)) maxoguTcs
pelteHneM 0GLIKHOBEHHOT'O AU(p(depeHnNalbHOr0 YPaBHeHNd 1-To mopaixa,
ecan u3BecTHO (2(0)). OCHOBHOE 06CTOATEIBCTBO, BEITEKAOIIEE OTCIOA,
COCTOUT B TOM, ITO 06/1aCTh, B KOTOPOIH CYIIeCTBYeT pelterne 3aga<n Ko-
NN, 3aBUCHT UL oT V(x) m S, HO He 3aBUCHT OT mpasoll dacTu f(z) u
HaYaIbHOTO JaHHOrO ¢ € C'°°(S).

B wacTHOCTH, B JaibHelleM HaM MOHAJOOUTCA ypaBHEHHE CIENNATLHO-
ro BHUa

-1

de 5 ' de _

E—Z; aj(z) ﬁj‘i‘b(l‘)sﬁ—f(l‘)’ (17.27)
]:

rae x = (2', ), ' € M', M’ —HexoTopoe (n — 1)-MepHOE 3aMKHYTO€ MHO-

rooGpasmue, &, € (—a, a), rge a > 0. Cucrema (17.23) (4412 cOOTBETCTBYIO-

IIero OSHOPOSHOT'O YDABHEHNU) HMeeT B

./ /
{ F=Via), (17.28)
z, =1.

Pemtenns «(¢) >Toll cmcTeMBl, HauNHAIOINHECS HpH &, =0, ompezeme-
uBl 1pu t € (—a, a), u ecan Mbl nosoxuMm S=M'={z: 2, =0}, To oTo-
OpakeHme ¢ W3 OPEABIAVINErO IYHKTA OCyLlecTBAseT auddeoMopduamM
g: M —> M, rge M =M'x(—a, a), npudem u3 (17.28) scHo, 4TO «CI0M»
M’ x {zy} muddeomopdro oTobpaxkaerca Ha ceba. Ilo >Toll mpudmHe 3a-
gaga Kommn gas ypasaenus (17.27) ¢ Ha9albHBIM yCJIOBHEM

Ple,=o=v('), 2’ €M, (17.29)

nMeeT pernerne o € C™°(M).

B psge cayuaeB aHAJIOTHMYHOE DACYKJEHNE MOMKHO IPOBECTH I s He-
kommaxkTHOTO M.

Jagaga 17.1. Ilycrs Qyuknus a(xz, £) oupenenena mpu « € M, £ #£0,
nMeeT [0 ¢ MOPsARoK ogHOpoaHocTn 1. JokasaTs, uro ecan (x(t), £(t)) —
OIXapakTepPUCTUKA, TO IN60 OHA OIpeJeleHa DU Beex ¢, 160 & (t) BEIXOANT
3a mpegensl doboro komnakTa K C M. B wactHocTn, ecin M xoMmaxTHO,
TO Bce 6GUXapakTePUCTHKN OLpeeleHbl Ipu Beex T € R.

Jagaua 17.2. JokasaTb, ITO TO XKe caMO€ BEPHO, €CIH MOPSIOK OJ-
HOPOZHOCTH M (QYHKIUU a2, &) MPOM3BOIEH, HO 3ATO BLINOIHEHO YCIOBIE
AN TIIHOCTH

a(w, €)#0 mpn E£0, z€ M.
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§ 18. JdeucTBHe IcesfoauddepeHITHATEHOTO OlepaTopa Ha JKCIOHEHTY

18.1. ®opmyaupoBKa pesdyabTaTa. Pedb njeT 06 ONMUCAHUN ACUMIITO-
THYECKOTO MOBeJeHna mpi A — 400 Buipaxenns Buga A(e (")) rre A —
MO0, a v —raagkad GyHKINA, He IMeIas KPUTHIeCKUX TOTEK.

Teopewma 18.1. Hyems X —obaacmb 6 R™, AELZ?(;(X), 1-p<o<
< p, onepamop A cobemsennviti u a(x, &) —ezo cumsoa. Ilyemv Y(x) €
€C(X) u () #£0 npu x€X (3decv !, osnawaem epaduenm @ymnx-
yuu ). Toeda das awbod dynryuu f € CP(X) u das awbozo yeaozo N >0
npu A > 1 enpasedausa Gopmyaa

DE(f(z)e?rel))

al

_|_

2=

A(fe?) =1 S al (@, Al (x))

o] <N

+ A= 2N R (e, /\)] . (18.1)

2de pr(y)=v(y) —v(x) = (y — ) ¥u(x), oz, &) =0¢a(z, €), a das

Ry (z, A) svtnoanenst oyenru
|07 R (2, \)| < Cqy v g XN zeK, (18.2)

ede K —romnaxm s X, a nocmoanuwie Cy N g He 3asucam om A.

Feau ecmv cemeticmea dynnyui f(x), ¢(x), oepanuuennvie 6 C(X)
(m. e. npouzeoduvie 7 f(x), IV(x) pasnomepro oepanuuenvt Ha KaxrcdIon
KROMNAKME npu A0bom GurcuposanHom ), u ecau 2paduenmut Y, pasHo-
MEPHO omdedenbl (RO MOJYAI0) OM HYAA HA KaKndom KOMNAKME, Mo no-
cmoanuvie Cy N g 6 oyenraz (18.2) ne sasucam om swbopa dynryud f, o
amur cemelicms.

SJameuanune 18.1. Jra TeopeMa mOX0xka N0 POPMYIUPOBKE HA TEO-
pemy 4.2 o npeo6pazoBaunu cumsoia IIJ0O umpu gudpdeomopdusme u, kax
BIJIHO U3 JaJbHEHIIEro, SKBUBaJdeHTHA ell. ) JHAKO BBUAY BAXKHOCTH TEO-
pemsul 18.1 MBI mpUBegeM IBa €€ JOKA3aTeIbLCTBA: BLIBOJ I3 TeOpPeMEI 4.2 u
HE3aBHUCHMOE JOKa3aTelbCTBO, OCHOBAHHOE, II0 CYLIECTBY, HA MeTOE CTa-
uunonapuon (asvl. Ilocmegneee mozBoaseT BoBecTH u3 Teopembl 18.1 mu-
BapuanTHOCTh kKaacca [I10 opu guddeomopdmamax u GOpMyIsl 3aMeEHBL
mepeMeHHBIX. MBI peKOMEHAYVEM YHTATEII0 PEAIIN30BATH HTOT IYyTh B Ka-
YeCTBe yIpaKHeHHA (MCTOPUYECKH >TO OBbLI MEPBBIN IYTh I0KA3aTeIbCTBA
nHBapuanTHocTH Ka1acca IITO mpu guddeomopduamax).

SJameuanune 18.2. Iloaesno cpazy ke 3aMeTUTh, HoIeMy (GOPMY-
na (18.1) aBageTCA ACHMOITOTHEECKON IPH A — +00.
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fcuo, aTo ycaosue ¢, (x) # 0 obecnednBaeT OLEHKY
@l (2, M () | < Ca kA" 2 € K. (18.3)

Mposepum Temeps, aTo D (f(2)e*r=(*))|,_, sBaseTcs MHOrOWIeHOM
mo A cremenn He Goxee |« |/2. B camom gere, nMeeM, 0ueBHIHO,

D2 (f(z) =) = > Cron (DI F(2)) - N (D2 pu(2))..-.

Yot+yi+.. . tye=«
(DY pa(2)) ePe=2) | (18.4)

npudeM B 3Tol cymMe |v;|>1 mpm j=1, ... k. Hockoabky pe(z) mMeet
IpH # =z Hyab 2-T0 HOpajgKa, To Ipu =z B (18.4) ocratorcs amms caara-
k
eMBle, B KOTOPHIX |v; | >2,j=1,..., k. Ho > |v;] < ||, Tax uTo oTcioga
j=1

noxydaeMm 2k < |« |, 970 u TPeGOBATOCE.
Teneps, yuanToiBad (18.3), MBI BuanM, 9TO

DY (f(z)er=l))

al

a') (@, M (x)) < Co g A7 e K

2=

9TO U JaeT TpebyeMoe yOBIBaHIE MOPAIKOB POCTA KOHETHBIX LICHOB (HOD-
myasr (18.4), mockoasky p>1/2.

18.2. IlepBoe aoxasareapcTBo Teopembl 18.1. Craeraem 3aMmeny mepe-
MeHHBIX y = 3(2) = (1, ..., Tn_1, ¥(x)). DTa 3aMeHa UMeeT AKOOUAH, DaB-
Helft o, . [fopToMy MBI MOXKeM ee cIeTaTh UMb TaM, The ¢, # 0. OgHaKo
OO cIydall JerKO CBOAUTCA K 3TOMY pa3OHeHHeM eIUHHUNLI U MepecTa-
HOBKOHU Ocel KoopamHaT. B camMom geme, omepaTop A — cOOGCTBEHHBIN W,
C1eJ0BATENBHO, IS JI060TN0 KOMITAKTa /| CyIIecTByeT TaKol KOMIAKT Ko,
aro Au|g, 3aBmenT TOmBKO OT u|k,. HosTomy A(fe*?)|k, moxmo 3amm-
caThb B BHJe KOHETHOH cyMMbI c1araeMerx Buga A(f;ei?Y), rae f; € C5°(X)
n 11a mo6oro j cymecTsyeT Takoe metoe k, 1< k< n, aro ¢, (x)#0 npn
x Esupp fj.

Urak, mycts ¢, (x)#0, x € X. IIycTs omepaTop A; —5To omepaTop A,
3amnCcaHHbIl B KoopauHatax y = »(z) (cM. § 4). IIyers a4 (y, n) — cuMBox
omepatopa Aj. ITo Teopeme 4.2 MBI mMeeM

01 (Y, M) lymse(ey = €~ 7N A1) =
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rae s (2)=3x(2) —x(x) - () (z —x), rnE Sg?g(p_l/z)N(X x R™).
B uactaOoCcTH, momaras 3geck 7= (0, ..., 0, A), MBI B TOYHOCTH NOIy-
qaem dopmyay (18.1) mpu f=1, raze Ry omeHmBaeTCi B COOTBETCTBHU
c (18.2). YTBepx AeHHSI 0 PABHOMEDHOCTH U CIydYail IPOU3BOIBLHON (DYHK-
uun [ MOAy<arTCS MOBTODEHHEM JOKA3aTelIbCTBA TeopeMbl 4.2, 9T0 Mbl

IIpeagocTaBadeM [TUTATENI0 B KAI€CTBE YIIDAXKHECHUI. |

18.3. BTopoe gokazaTeabcTBo TeopeMsl 18.1. B sToMm nokasarenbcTse
MBI 6yeM CUNTaTh A1 IPOCTOTH, 110 d =0 m p=1.

3aMeTHM OUSIThb-TaKH, ITO MOCKOIBKY omnepaTop A sBaseTcs cob6cTBen-
HBIM, TO MBI MOXKeM cunTaTh, 9To f € C§°(X). Ilonoxum A1 KpaTKOCTH
T(\) =e= M@ A(feY) () (Touxy & MBI camTaem ukcnposarHoit). Maeenm

[(/\) :/ a(x, 5) f(y) M (Y)—v(@))ti(z—y)-€ dy dt. (18.5)
CrhenaeM 31ech 3aMeHy mepeMeHHON & = A(:
IA) =" / a(z, AC) f(y) A W)= ()= (y—o)-(] dy d¢. (18.6)

Mzr X0THM HAITH ACUMITOTIKY 3TOr0 HHTerpaia uIpu A — +oo. Janxee Mbl
yBHAEM (B 3TOM CyTb METOJA CTAIHNOHAPHOH (Pa3bl), ITO TIABHYIO POTIb
31eChb UT'PAl0T OKPECTHOCTH KPUTUHYECKNX TOoYeK (DYyHKINN

9y, O=v(y) —¢(x) = (y —x)-C. (18.7)

Ho mockoanky g’C =z —Y, 9, =¥, (y) — (, To mMeeTCsT POBHO OJHA KPUTITe-
cKasg TOYKa >TON PYHKIHEN — Touka y = &, ( = ¢4 (). Ilomoxum s kpatT-
koctu £, = ¢, (x). Beegem cpesaronyio gpyuxnmio y € C§°(R"), x(z) =1 upu
|z|<e/2, x(z) =0 mpu |z| >¢, rge € >0, 1 pacCMOTPHUM HHTETPAIL

=3 [ ale, 2 \(y= ) \(C ) S MO dydc. (189
Torga aas moGoro N >0
[T\ = TN <Oy AN, (18.9)
B caMoM gee, motaras
L= A 9) - O + (& — )21 [ ) = ) - Dy + (e — ) D),

MBI BEAIM, aT0 'Leir9(¥ 0 = ¢29(¥, ) Brimoansas B 0CHMIIHPYIOMEM HHTe-
rpaxe I(A) — I (A) mETerpupoBaHme 0 YACTAM € YI€TOM TOLO, 9TO

(' (y) =)+ (z—y)*| =1 >0 ma supp [l —x(y—2) x({ - &),
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MBI BI UM, ITO

I —I(A)=A" / MO LN [a(w, A) (1= x(y = 2) X(¢ —&)) S (y)] dy &€,

U, Ipeobpa3ys >TOT OCHUIINPYIOMNI WHTErPal B abCOTIOTHO CXOJATIIIC
(cM. § 1), MBI Zerko moxydaeM OTCIOZa oumeHKY (18.9) 3a cueT MHOXKHTe-
A A~!, mpucyTcTBYIOmeEro B BHIpaXKeHNN AaA L. AHAJOTHYHO HOXYHAOT-
C OLEHKH U I IPOU3BOJHBLIX IO & OT pasHocTtu [(A) — f(x\) OrmeTnm,
BIIPOUeM, ITO OHH BBITEKAIOT U3 OneHoK [(A) — f(x\), €CJII BOCTIOMb30BATLCA
paccy TeHneM, aHAJOTUIHLIM NOKA3aTeqbCTBY Ipeatoxenus 3.6. B nars-
HeHIleM MBI OITyCKaeM OLEeHKH IIPOU3BOAHBIX, IIPEI0CTABLAS TNTATEIO BOC-
IPOU3BECTH JMIOO0N U3 YKa3aHHBIX MyTell UX IIOJYIeHNA.

Urak, BMecTo I(A) MOXKHO paccMaTPUBATE f(x\) [lenas eme ogHY 3aMe-
HY mepeMennoll ( =¢, + A7y, MBI mOTyIIM

I = / e a(e, Ay + ) x (1) xly— ) Fly) €= dydy. (18.10)
Pazmoxum a(z, Ay + 1) no dpopmyre Tennopa mpu 1= 0:

a(w, Mo +m)= Y al(e, M) T trn (e, ),
la| <N '
riae

1
(z, n, A / Ny (O‘)(J:, Ay +1n) dt.
0

Oé:

YMHOZKASI 3TO Pa3IokKeHNe HA CPE3AIoNIyio (HYHKIIHIIO X(;) x(y—2x) m

noAcTaBaAn pesyabTaT B (18.10), MBI moxyuaem

=Y / He=y)n () (1) A, ) x

o< N

< T (3) Xy =) Fly) =) dydp+ Ry (e, V). (18.11)

rae

1
Ry(z, \)= Y ¢ /dydn /( — )Nt yal®) (@, A + 1)
0]

o] <N

xx(y—x)x(g) i) f(y) e ) gr. (18.12)
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Kak caegyeT w3 IpUBeJeHHBIX BHIIIE DACCYXKIEHII, ACHIMITOTHKA KOHEY-
HBIX 11eHOB QopMyas! (18.11) He M3MEHNTCs, €CIN OTIYCTUTDL CPE3aIOIINe

n
MIEOKHTEIN X | y ). Ho Torza >Tu wieHbl npocTo npeobpasyiorcs mo dop-

MyJe obpamtenns npeobpasoanus Pypoe:

/ ei(x—y)wa(a)(x’ AEr) ’;_' Y(y—2z) f(y) eirpe (y) dy dn=

= (2, A&s) DS (f(y) 7= W)y

Tak YTO OCTAETCA UL ONEHHTH OCTATOK Ry WIN PABHOMEDHO IO
1(0 <t < 1) oueHNTDL HHTETPAT
ro(z, A, 1) :/ n%al® (2, Xy +1n) x(y — ) X( ) X

« ei(x—y)ﬂD;c f() eirpe (y)) dydn=

_ Z Calall/ei(x—y)na(oc)(lz’ Mg +1n) x

a't+al'=a

(e

=) (5) D () ) dydn, (18.13)

rge |o|=N.
Bsegem eme 06o3HATEHNE

oo, n A ) =x (1) al (@, A +tn).

Ecan 4ucio £ B onpegenernn y(z) BEIGpaHO Tak, ITO € < |&;|/2, To pas dq
BLITIOTHEHBI OICHKI

07 0Pan(z, m, A, )| < Coupy A~ N-1 18.14
n Yz ~ By

Teneps Bocmoabzyemcsa gopmyion (18.4) u mogcrasum B (18.13) zaBae-
Moe efo Bripaxkenue aas Dy (f(y) = (¥)), B 5TOM BBIPAKEHNN BCe ICHEI
coep:KaT MPOU3BEICHUE

NE(D o (1) (D pi () (18.15)

B k0TOpOoM |v1 |+ ...+ Y| < N. Ecan k < N/2, To He OygeM HUKaK mpe-
006Dpa30BEIBATE 3T0 npousBegerne. Ecau k > N/2, To mo npuanuny Jupuxmie
B (18.15) ecTb He Menee weMm k — N/2 Taxux mHgekcos ¥;, 4To |v;|=1. Ho
TOrJa mo JeMMe A zaMapa

(DY pe(®)- - (DPFpe(@) = Y oy(y, 2) (@ —y),
IM2k—N/2
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rae g(y, ) —raagkas (Do z u y) GyHKINs, OUpefeleHHasd, KOTa Y JOCTa-
TouHO 6amsko ¥ z. IlogcraBans »>To Beipaxenue B (18.13) m muTerpupys
0 TacTAM (C UCIOTBb30OBAHEEM SKCIOHeHTHI ¢! (*~¥) mozBomstomett 3ane-
HuTh (2 —y)"Y Ha (—D,)Y), MBIl Hoay4IaeM, ITO r(Z, A, t) €CTh INHeNHAaS
KOMOUHAITAA CIATaeMbIX BUIA

Li(A) =\ / ELEJ)(JL‘, N, A, 1) ei(x_y)'”ei””(y)f(y, z) dy dn, (18.16)
rie aly) = AT f(y, z)—raagkad (mo ¢ u y) GYHKIHI, COCPeIOTOUIeHHAS
npu |y—x|<e, a uEZeKCH k U 4 CBA3aHBL cOOTHOLIeHneM |v| >k — N/2.

YunroiBag, 9T0 06BeM 061acTH UHTerpupoBanus mo 1 B (18.16) He mpeBoc-
xoauT C'A", n ncnoassys (18.14), mel moxysaem aas 11 () onenky

|11(/\)| < C/\k+m_(N+|’Y|)+n < C/\m+n—N/2’

KOTOpasi MO3BOJSIET 3aBEPIINTL JOKA3ATEIHLCTBO IPUMEHEHIEM DACCY XK Te-
HUS THUIAa JoKazaTelbcTBa npeamoxenus 3.6. M

18.4. IIpousBegenne mncesgoagudPepeHIMATHFHOTO OMEPATOPA M HHTE-
rpaasHoro omepatopa ®ypbe. Ilycte X, Y —ob6aacte B8 R™* u R, un
nycts P — NIO®D Buga

Pu(x) :/ p(z, y, 0) ew(x’y’e)u(y) dy do, (18.17)

raep(x,y, 0)€ sm’ (X xY xRY), o(z,y, §) — onepaTopmas dazosas GpyHx-
mua (cM. § 2, ompegemenme 2.3). Ilycte eme Ha X gaH co6CTBeH-
mert IIAO0 A€ L)5(X) c cumsonom a(z, §). Ilockoapky P orobpaxa-
et C°(Y) B C®(X) u &'(Y) B 9'(X), a onepatop A mepeBoauT mpo-
crparcTBa C™°(X) u 9'(X) B cebs, To xoMmnosnnus Ao P onpefereHa kax
omepaTop, nepesogamuil CF°(Y) B C(X) u &'(YV) B Z'(X).

Teopema 18.2. [lyemv 1—p<I<p<l. Toeda romnozuyus Q=
= Ao P maxace umneem eud (18.17) ¢ moii sce $asosoii pynryued o(z, y, 0),
umo u y onepamopa P, u ¢ amnaumydoii q(z, y, 0) suda

q(z, y, 0) :e_w(x’y"g)a(x, Dy)[plz, y, 6) ew(x’y’e)], (18.18)

rkomopas npu |0|— 400 pasaaezaemca 6 cacdyowul acumMnmomuveckut
pao:

q(l‘, Y, 6) NZ a(a)(xa @x(x’ Y 9))

(a4

2a€ P(Za T, Y, 9):%0(2" Y, 9)_§0($a Y, 9)_(Z_$) S%(l’a Y, 9)
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Jameuanue 18.3. lockoasky ¢(x, ¥, ) He ABAgeTCS rIaaKOH QYHK-
mueit npu 6 =0, To u3 (18.18) He BuAHO cpa3y, 4To () —>3T0 UOD. Oxma-
KO 3TO BCe-TaKU BEPHO, IOCKOJBLKY, no6aBisas K P omepaTop ¢ INIaZKIM
SAAPOM, MBI MOKeEM CINTaTh, 4TO p(x, y, #) =0 mpu |#| < 1. Torga Beipaxe-
une (18.18) ompegenser raagkyo GYHKINIO IO BCEM MEPEMEHHBIM I TAKOBBI
&Ke BCe UIeHBl B pasnoxeHnn (18.19), koTopoe nMeeT OGBIYHBIN CMBICT (CM.
ompegenerne 3.4). OnHaxo omepaTop ¢ NMIAJKUM AJPOM BCETIa MOKHO 3a-
nucaTth B Buge (18.17) ¢ guuntHON No # amnanTygon p(z, y, 0), pasaon 0
npu | 0] <1 (cMm. yrkazanue x ynpaxsuenuwo 2.4). Takum o6pazoM, Q) aBiaseT-
¢ NOD ¢ dpazoBon GpyHKIHER .

HJoxazaTeancTBO Teopemu 18.2. BBegeMm ucnoabzoBaplireecs
B§ 1u§ 2 MHOXKeCTBO

Co={(2, 9, 0): gj(x, y, 0) =0}

3amerum, uTo ¢} (2, y, #) #0 npu (z, y, §) € C, Ho olpegereHNIO Onepa-
TopHOU (pazoBon (pyuxuuu. Meuss P Ha omepaTop ¢ rIaJKuM SIPOM, MBI
MOXKEM CUHTaTh, ITO supp p(z, y, ) 1eKaT B CKOIbL yTOAHO MAJIOH KOHHTe-
CKOIl OKpecTHOCTH MHOXKecTBa (), (cM. Hpegaoxenne 2.1) u, B TacTHOCTH,
910 ¢!, # 0 Ha supp p. Kpome Toro, B cooTBeTCTBHH ¢ 3aMedanueM 18.3 MbL
Oy eM mpeamonaraTs, 9To p(z, y, #) =0 mpu || < 1.

3aMeTHM Telepb, YTO HOCKOABKY A HempepwlBHO oToGpaxaeTr (' (X)
B C°°(X), To MBI MOXKeM IPHMEHNTD €r0 IoJ 3HAKOM nHTerpaia B (18.17)
(mas >TOro HaLo BHaYale IPeoOpa3soBaTh 3TOT HHTErPAL B a0COIIOTHO CX0-
Jsaummics, kax B § 1; 3aMeTuM, 9TO nmepeMeHHass & B 3TOM IPeo6pa3oBaHIN
He YIaBCTBYET, ABIAACH IPOCTO mapaMeTpoM). Temeps HYKHO JIHIIb IPOBe-
puTh popmyay (18.19), moHnMaeMy:o B cMBICTe onpegeneHns 3.4 (cM. Takxe
samedanne 18.3). Ho ona ecTs 6amaapHOe cregeTBre TeopeMsl 18.1, ecan mo-
20KUTH A= |0 | n canraTs mapamerpamu y u 0. B camom gere, nMeem

gl v, 0)= N P a(a, D) p(a, g, 0) X6 0)

rge 6/ =0/|0|. 3amedas Temepb, YTO IPH U3MEHEHHUN NIapaMeTpPOB Y, §
dyakunn ¢(z, y, 0'), A7 p(x, y, §) 1eKAT B OrpaHNIEHHOM II0JMHOXKE-
ctBe C°° (X)), MBI BguM, 9TO npuMeHnMa Teopema 18.1. W

Yunpaxueunune 18.1. [lonryunts us Teopemnr 18.2 domMyay KOMIO3UIUN IBYX CO6-
creennnbix [110 kaacca L™ (X)) (cm. Teopemy 3.4).

Yunpaxueunune 18.2. [lyctre A u P Takue xe, kak B Teopeme 18.2. /lokazaTsb
YTBepPXK deHUe, aHAJOTUYHOEe TeopeMe 18.2, nas onepaTopa Q1 = P o A.

Yk aszaunune. BocioaszoBaThcs onepalinell TPaHCIIOHUPOBAHUA.

Jagaua 18.1. IoayunTe m3 Teopemsr 18.1 GhopMyanl 3aMeHEBL IEpe-
mennon B IITO (cMm. Teopemy 4.2).
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§ 19. Pazosbie PYHKIUH, ONMpeIeA0NIE KIACC
nceBgoAuddepeHINATLHEIX 0II€PATOPOB

19.1. B ¢opmyauposBke Teopemsl 4.1 cogepKUTCSI IpUMeD HEKOTOPOLO
xaacca (HazoBbIX (PYHKUUH, LI KOTOPBIX cOOTBeTcTByMom kiacc 1O
coBrafgaet ¢ kaaccom I1J0. [T gaabHeninero HaM HeoO6X0 UM CJIe Iy IOMINT
BApUAHT 3TOH TeOPEMBI M5 HEANHENHBIX (Pa30BBIX (DYHKINUA.

Teopema 19.1. Hyemv X —obaacms 6 R™ o(z, y, £) —maras Pa-
so06aa Pynryus va X X X x R™, umo

1) pi(z, y, §) =0 r=y;

2) gola, 7, &) =€.

Toeda, ecau 1—p<LE<p, mo waace NOD ¢ Pazosod Gynryuei ¢
u ¢ amnaumydamu p(z, y, &) €Sy s(X X X xR™) cosnadaem ¢ waaccon
LZ?(;(X). Kaace MOD, y komopwiz Pazosas Pynkyus pasua ¢, ¢ amniu-
myda a(x, y, &) ACAREMCA KAACCUNECKUM CUMBOAOM, COENATAEM C KAACCOM
raaccuueckur I1JO.

Jameuanume 19.1. Yenosus 1) u 2) npu 6AM3KEX £ U y MOKHO 3amln-
CaThb B BIJ€ OJHOI'O YCIOBUS:

oz, y, & =(x—y) £+ 0(x—yl’|€]). (19.1)

19.2. [JokasareascTBo Teopemser 19.1. 1. ITockoarxy sapa UOD ¢ paszo-
BBIMI (DYHKIJUAMI, ¥ I0BIeTBOPSIOIINME yCI0BHIO 1) Teopemsl 19.1, sBasioT-
sl TIAJKIMI IPA £ 7# ¢ B CUIY IPeaokenns 2.1, To MBI MOXKeM CINTATE BCE
aMIIRTYALL a(#, Y, £) COCPEJOTOTEHHBIME B CKOIb YTOJHO MAIOH OKPECT-
HOCTH JUATOHAIN T = Y.

2. lycre @, 1 — aBe dazoBble HYHKINN, yIOBIETBOPSIIOIINE YCIOBUIAM
Teopemul 19.1. OGo3uauas gepes LZ?(;(X, ¢) xaacc TODP ¢ pazosont GpyHx-
uel U ¢ aMILINTY JaMI 113 S;’?é(X x X xR™), MBI BUAUM, 9TO JOCTATOTHO
IPOBEPUTEL BKIIOYEHIIE

s X, 0) CLT (X, 1), (19.2)

160 U3 HEro, KOHETHO, BBITEKAET COBNaennue Beex kaaccos L' 5(X, o) m, B
YaCTHOCTH, UX coBlajerne ¢ L7 s(X).

3. OGo3na4dnM depes ¥, kracc GyHKIui ¢ (z, y, £), TOT0OKNTEILHO OIHO-
POJHBIX 10 £ HOpsAKa k, naagkux upn & 7 () u onpeteneHHEBIX IpH GIM3KNX &
U y. 3aMeTnM, 9TO ¥( ABILeTCS aIreGpoll, cogepxaliel riaajkue (QyHKINT
OT & U Y B KadecTBe MOJAITe6PhI, a %] ABAAETCA J#o-MOIYIEM.

11 HAC CYIIECTBEHHO, YTO PA3HOCTD (1 — ( MOXKHO IpHU OGJIU3KUX & U Y
3amucaTh B BUIE

- de dp
pr—p= bik=— =, bjgr€. 19.3
1 j;l " ag; 0%y ! 1 (19:)
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IIposepum »>T1o. U3 ¢popmyast Tenaopa Haxo mm

de
dé’] xT;— +Z ajr(er —Yr),

rie aji € A0, ajx(x, 2, ) =0. 3To MOXKHO TakiKe 3alUCATH B BIIe
v = +A4)(x—y),

rge I —egunuyHas MaTpuna, A —MaTpuna c areMeHTaMu u3 ¥y, pasxaid (
npu x =y. Ho Torga npu 6amskux z n y cymectsyeT Marpuna (I + A)~
aJeMeHTaMI U3 J£). DTO 03HAYAET, ITO MBI MOXKEM HANNCATH

N0 _
=Y djk %, ik € Hop. (19.4)
k=1

Teneps, yunTsiBas ycaosue (19.1) 111 ¢ u 1, MBI BUAUM, 9TO ¢1 — ¢ Ha
AuaroHaun (IpH & = y) UMeeT HyIb 2-T'0 Hopajgka u mo gopmyte Tedropa

pr—p= Z bin(x i) (25 —yk), bk € .
7, k=1

HMogcrasass ciofa BeIpakeHme x; —y; u3 (19.4), Ml momy4aem (19.3).
4. PaccMoTpuM Teneps TOMOTOIIIIO

=p+i(pr—¢), 0<ILL (19.5)

Kaxgas uz ysxnuil ¢; ygosieTsopseT ycaosmio (19.1). BanaasHoe mo-
BTOpEHHEe TOJBKO YTO NPOBEJEHHOIO PACCYXKJEHUS TOKA3LIBAET, ITO BMe-
cto (19.3) MoxHO HanucaTsb

- dor dpt
pr—p= Y b S S (19.6)
i k=1 708 94

e b§k € n b§k TJIa KO 3aBUCUT OT t.
IIycre Teneps P, — IO, 3agauubiin (popMyIon

P u(x) :/ eiwt(xyyyﬁ)p(x’ y, &) uly) dy de.
Torza
el // z,y, €)1 (o1 —9) €' uly) dy dé =
@ 0Pt ip,
Z // J1,--sJ2r ag]t ag]:r e'? pu dy df, (197)

Ly Jer
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rae dj, .. j, €. DBes orpammuenns oOIMHOCTH MOMKHO CYNTATH, <ITO
plz, y, ) =0mpu |§| <1, Tak aT0 d;, . ;, DE Sm‘l'r (X x X x R™). Tenmepn
unHTerpupyeM B (19.7) mo HacTaM, MOIB3YACH cpopMyJIOI/I

et eiet — =1 J igr

=1 e
9¢; 65]

ITo NHTErpUPOBaHIE€ IIOKAa3bIBaeT, ITO

- PteL’”“(1 (X, o), (19.8)

IIpU<IeM BCE€ OLICHKN PABHOMEPDHEL IIO t. Ho ecan TEIIEPh IIOJOXKUTH

-1y &P, mtj(1-2
( ]l) dti Lp,éj( p)(Xa Qpl)a

Q;=

To o dpopmyae Temnopa

1
k t
Py = Z Q; + / - ot (19.9)
0

OcraTtox B (19.9) umeeT Aapo, MIAJKOCTH KOTOPOTO YBEININBACTCA IPH

(o]
k — +o0. HosToMy scHO, 9TO ecant @~ > (); (ACHMITOTHYECKH CYMMIDY-
7=0
€M aMILIHTYaBl), To () € Lg?(;(X, 1), m Pp— Q€ L™°°(X), 9To 1 goxasnl-
BaeT Bkatodenue (19.2).
ToT pakT, 9T0 KIACCAIECKHIE AMILIITY Bl IIPH 3TOM MEPEXOAAT B KAac-
cuaeckue, odeBneH n3 mocrpoenns. W
Sagaua 19.1. [Iycts @1, @2 — aBe (pazoBole QYHKINN, IPUIEM

2 dya
P1L—P2= Z bir == 3¢, 6&
7, k=1
rae b € C°(X x X x (R"\0)) u bj, ogHopogno mo & mopagka 1. IllokasaTs,
aro L 5(X, @) C LY (X, p1).

§ 20. Omepatop exp(—itA)

20.1. Onmpegenenne u dopmyaupoBka. Ilycte M —3aMKHYTOE n-Mep-
HOe MHOT0006pa3ie, Ha KOTOPOM 3ajJaHa [iagkas INIOTHOCTh, A — camMoco-
npsxennpnn kaaccudecknnn IO mopsaxa 1 ma M ¢ riaBHBIM CEMBOJIOM
ai(x, &), yLOBIETBOPAIOIINM YCIOBHIIO

aj(z,&)>0 mpm E#0 (20.1)
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(B wacTHOCTH, omepaTop A samuntuden). Ilyets {@g ti=1,2, . — HoaHAaS Op-
TOHOPMEPOBaHHAA CHCTEMa COGCTBEHHBIX (DYHKINI omepaTopa A, A\;, — co-
OTBEeTCTBYIOIINE COGCTBeHHble 3HaYennA. Ecan u(z) € C° (M), To o6o3na-
IuM depes uy KoaddunuenTsl Pypbe Gyukmun u(x) mo cucreme {pg ()}

wip = (U, pr). (20.2)

IMpegaoxenne 20.1. Feau u(z) € C°(M), mo
U(l‘)zz ug pr (), (20.3)
k=1

ede pad crodumcea & monoaozuu C(M).
dJoxaszaTeabcTso. Mul nuMeeM, 09eBHIHO,

uk/\N = (ua ANQDR) = (ANU, gpk),

n nockomsky ANue (C®(M), To k¥ pagy (20.3) MommO TmowreHHO HpH-
menaTs AV mpm mo6om N €7, momydas Bce BpeMs PAIbI, CXOIAIIHECHT
B L*(M). Ho otcioga cpasy caegyeT, uTo mpu aiobom s €R pax (20.3)
cxoguTca mo Hopme H® (M), mockonsky npu s =N € 74 »Ta HOpMa SKBU-
sanenTHa |[u||+||ANul|, rae || -|| —mopma B L%(M). OTcroga n ms TeopeMer
Broxennsa 7.6 cregyetr uckomoe yTBepxkaenne. Wl

DTo IpeIoKeHNe TIO3BOAAET JaTh

Onpepgeanenme 20.1. Oneparop exp(—#A) npu ¢t € R onpegeasercs

dopmyaon

exp(—itA) u(z) = Z exp(—itAr) up i (). (20.4)

Jlerko Bugets, uTo pag (20.4) mpu w€ C°(M) cxogurcs B TOHOIO-
run C(M). Boxee Toro, ecin v € H*(M), rae s —menoe 9ucaIo, TO 3TOT
PSA CXOAUTCS o HopMe npocTpancTBa H* (M) (cM. gokasaTerscTBO mpen-
noxenns 10.2). Onepartop exp(—itA) npegcrasaseT co6oll OrpaHNIeHHEIN
omeparop B H*(M) npu meaoM s. 3aMeTHM, ITO OH TaK:Ke ABIIETCA YHI-
TapHBIM omepaTopoM B LZ(M).

[pyron cmoco6 ompeneseHns COCTOUT B TOM, 9TOOB PACCMOTPETH 3a-
pady Kot

du .
{ E—l—zAu—O, (20.5)
U|t:0 = Uop, (206)

rae u=u(t, x) € C®(R x M), ug € C*°(M) un oneparop A B (20.5) mpume-
HAETCA IO MepeMeHHLIM & IpH KaxkJoM (ukcupoBanHOM . Pemtas 3agady
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«meTogoM DPypbes, MBI BHANM, UTO pelleHne 3agaeTca dopmyaon (20.4),
rje BMeCTO % HaJO HOACTABUTL Ug, T. €.

u(t, ») = exp(—#tA) up(z). (20.7)

Ho pemenne 3agaun (20.5)—(20.6) eguacTBeHHO. DTO MOKHO YBUAETD, Ha-
IpIMeD, HANNCAB JI1 KAKOTO-TO pelleHns u({, #) pas3roxeHne

(o]

u(t, z) = Z cx (t) er (),

k=1
mofgcTaHoBKa koToporo B (20.5)—(20.6) npusoanT x ypaBHeHHAM cj (1) +
+iAgex (1) =0 ¢ HavaapuBIME yeaoBuaMu ¢ (0) = (ug, ¢ ), OTKY A 0 JHO3HAY-
HO HaxogaTcs i ().

Teopema 20.1. Ecau € >0 docmamouno mano, mo npu |t|<¢ one-
pamop U (t) = exp(—itA) moxcro npedcmasums 6 sude cymmbt onepamopa
¢ eaadrkum no t, x, y aAdpon u NOD, xomopwiti 2adaemca ¢ nomowpio Au-
netinoti no t gasosoti pynkyuu

e(t, z, y, &) =v(z, y, §) —tar(y, §) (20.8)

u amnaumydvl pt, x, y, £), a6arowedca 2aa0KuUM 1o T KAQCCUNECKUM CUM-
soaom 0-20 nopadka, mak Mo 6bINOAHEHBL OYEHKU

|&§ vy P T, Y, )| < Cap(e)ol (20.9)

Opumep 20.1. Pacemorpum B R” omepaTop A=+/—A, umerommit
cumson | €. 3agaga Komm (20.5)—(20.6) ma y6wiBaromux mpu || — 400
GyHEKIMAX pemaeTcs ¢ MOMONILIO Ipeobpazosannd Pypee mo . A nMeHHO,
nockoabky Au(z)= ngx(|€ |#(€)), To

u(t, v) =exp(—itA) ug(x) = ngx(e_itlglﬂo(é’)) = //6i(x_y) 5_itlglu(y) dy d§.

Mgl BmgmMm, 9TO B 3TOM caydae ((GopMaIbHO He COOTBETCTBYIOLIEM,
BIIPOUeM, H3IOKEHHON cxeMe) omepaTop exp(—itA) —HNOD ¢ dasoson

dyukumen (x —t)-£ —t|¢&].
20.2. JoxaszaTeascTso Teopemsr 20.1. 1. IToctpoum omeparop Q(t), an-
npoxcuMupytommi U (t) u asasrommuiica 110D Buga

(@)= [ [ att o, 20 p(g) ay e (20.10)
Omneparop U(t) yIoBIeTBOPAET yCIOBHAM

{ (Dy + A)U(t) =0, (20.11)
U0)=1. (20.12)
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Mz nmompoGyeMm mogo6paTth (Q(t) Tax, 9TOOB GLIN BBIIOIHEHBI YCJIOBUA

{ (De+A) Q) e L= (M), (20.13)
Q(0)—TeL™>(M). (20.14)
Toumee, aeBasg dacTb (20.13) 6yger Taxxke raagkoil GyHKumenr ot ¢ co
3HaveHuamMu B L~ (M).

JINHENHOCTE 3a a4 IO3BOIIET C OMOIIBIO Pa36UeHns e INHUNEL CBECTH

J€I0 K MOCTPOEHUIO U ( B JOKAJILHOW CUCTEME KOODJUHAT.
B cuny Teopemsr 18.2 coorromenne (20.13) 6ygeT BHIIOIHEHO, €CIN

e [Dy + Al (ge'?) € ST, (20.15)

rae A mpuMeHsieTCs IO EpEMEHHON .
Hanmiem acHMITOTHYIECKTE Pa3I0kKeHNA CUMBOIOB a(z, &) n ¢(t, z, y, £)
[0 OJHOPOJHBLIM (DYHKIIHAM:
a~ay+ag+a_1+...,
g~qo+qg-1+q-2+...

Torzxa mo Teopeme 18.2
e~ [Dy+ Al (¢e'?) ~ (pr +ar(x, o)) qo+ro+7r-1 4.,

rje r; — CyMMa WIeHOB IOPAJKOB OJHOPOJHOCTH j.
IToTpebyemM, aT06BI 6GBLIO

or+ai(x, ¢z)=0. (20.16)

Hawanpunie ycaoBus

Pli=o=v(x, y, &) (20.17)

JOMXKHEI OBITH BBIODAHLI TaK, YTOOHI Ipu T = ( MBI MOTIN 06€CIevnTh BBI-
noanenne ycaosug (20.14). Ho Torga oT ¢ HyXHO TpeGoBaTh, ITOOHL OHA
6p11a (pazoBolnl QpyHKIHEH, cooTBeTcTBymeN Kaaccy IITO (cm. § 19), T. e.
npu OJU3KUX £ 1 Y

Uiz, y, &) =(x—y) £+ 0(lx —y[*[€]). (20.18)

Camy dyuxmuio ¢(z, y, £) Ml 6yZeM HCKaTh B OKPECTHOCTH ANATOHAa-
an z =y. Jobasox O(|z —y|?|€]) B (20.18) Heob6xoguUM A1 TOTO, ITOOHI
MOXKHO OBLIO f0o0HTBCA anHelHocTH GyEKunm (i, z, y, £) no ¢, a 3To, B
CBOIO OYepeb, IMOAE3HO, MOCKOALKY B JadbHellleM Ho | IpuIeTCA geIaThb
npeo6pazosanne Dypbe.

Urax, umeM ¢ B BuIe

so(ta T, Y, g) :1/)($a Y, g) _ta/(ya g)
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2To eme ogHo TpeGoBaHme Ha . MBI yBHANM, 9TO eMy MOXKHO YIOBJIE-
TBopuTh. IloAcTaBuM 5T0 BRIpaxkenue 111 ¢ B (20.16):

_a/(ya g) +Cll(l‘, ’l/)x(l‘, Y, g)) :0

Tonaras 3gecs © =y, noaydaeM B cuay (20.18), aro o’ (y, &) = a1 (y, ).
Nrax,

gp(ta T, Y, g) :’l/)(l‘, Y, g) —ta1(y, 5), (2019)
rae Y(x, y, £) yAOBIETBODPAET yPABHEHIIO
Cll(l‘, 1/)x($a Y, g)) :al(ya f) (2020)
Bmecro ycaoBus (20.18) Mbl moTpeGyeM BBIIOIHEHNS YCIOBHH
1/)($a Y, €)|(x—y)§:0 - 0, (2021)
’l/)x(l‘, Y, €)|x:y :f, (2022)

m3 KoToprix (20.18) cpasy caeayet. Coornomenns (20.20)—(20.22) ompege-
astoT A1s ¥ 3anady Komm, B KoTopoll ¥ u £ ABAAIOTCA mapaMeTpaMu. llpn
5TOM MOXKHO CIUTaTh, 4T0 |& | =1, Tak kax, pemnus 5Ty 3agaay upu |€|=1,
MBI MOXK€eM 3aTeM NPOTOIKATL ¢ MO ONHOPOAHOCTH (mopsAnka 1) Ha Bce
3HaYeHna &.

OTMmeTnM, 9TO mI0CKOCTL (¥ —y) & =0 He sABIAeTCS XapaKTEPHCTH-
deckoll, Tak Kak Jgai(x, £) #0 BBUY QopMmyasl Direpa & - deai(z, £) =
=ay(xz, £). U3 pesyapraTos § 17 scHO, 9TO pelleHNe CyIIeCTBYeT IpH ¥,
6IM3KOM K Y, 1, 60/Jee TOrO, COOTBETCTBYIOIIAA OKPECTHOCTL TOYKH Y, B
KOTOPOM CYIIECTBYET PeIlleHne, MOKeT ObIThL BEIOpaHa PaBHOMEPHO TI0 ¥, &,
Tax 9To QyHKIUL (2, y, {) oupegereHa B HEKOTOPOI OKPECTHOCTH AUATO-
HATH * = Y.

2. I3 Teopemul 19.1 BbITeKkaeT Telmephb, UTO CYIIECTBYET TAKOU KIac-
cuaecknit cumsoa I(z, y, £) € CSY, aro I(z, y, ) cocpefoTOUeH B CKOIb
YyTOAHO MaJoOll OKPECTHOCTH MWaTOHAIN T = Y 1

/ / Iz, y, €) V8 f(y) dy de — f(z) = kS (2), (20.23)

rae k— omepaTop ¢ rIafKUM SIDOM.
W3 (20.23) u (20.14) BBITeKaeT Temephb, ITO Mbl JOIKHEBI 33JaTh CIEAY-
oIIe HadadbHBIE YCIOBUA OIA (:

q(0, 2, y, &) =1(z, y, &) (mod S™). (20.24)
Ecan BBecTn pasaoxenue [(z, y, £) 10 0JHOPOJHEIM KOMIIOHEHTAM

ImIg+11+...
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TO MOKHO nepenucaTs (20.24) B Buge

g0, 2, y, €)= I_j(x, 9. €), j=0,1,2, ... (20.25)

Tenepb BHINUIIEM YPaBHeHNs MIs8 PYHKINH ¢_; JaBaeMble COOTHOLIEHN-
M (20.13) u ycaosmamu (20.25). Inensr 1-ro nopsagka obpamaiorcs B 0 B
cuay (20.16). Mas wienos 0-ro mopsgka MOLy<HM

I
dqo+ 3 ai™ (@, pr) a0+ Y alV (@, pa) (, ¢x) 40 =0,
|a]=1 || =2
qole=0= o,
(20.26)
rie a(la) =0¢ a. ITa 3aa1a Komm nossoaser onpegeants qo(l, ¢, y, £) npn

Maabix ¢. [Jlamee, mpu ao6oM 1mexoM j > 0 MBI moyaeM ciaegyIoIlne ypaBHe-
HUA, Ha3bIBaeMBbIE YPASHEHUAMU NEPEHOCA:

&tq]—l—Zal g0x0q]—|—2a1 S%) ,qﬂ'
[o|=1 || =2
+iag(r1, u)q- R =0,

(20.27)

Q—j|t:0 :I—ja
rae [lj 3aBUCAT TOABKO OT o, §—1, -+, —(j—1
B cuny paccyxgennn m. 17.6 pemmenne 3aga<n (20.27) MoxeT ObITH OLpe-
JeleHO Ha TOM JKe MHTepBale 3HaUeHHN ¢, 9YTO U pelneHnue 3aga4dn (20.26).
Urax, B KOHETHOM CdeTe MBI IOLYSIUM OIpPeJeleHHLI npn |{| <& ome-
paTop Q(t), xoropwii asasercs TOD u g1a KoToporo

(De+A)Q(t)=K(1), (20.28)
Q0)=1+F, (20.29)
rge K(¢) mmeer riagkoe AApo, raagko 3aBHcimee oT ¢, k—omepaTop c
rIaJKUM SIPOM.
3. Hoxaxem Teneps, uTo [U(t) — Q(t)] —omepaTop ¢ sapom, GeckoHed-
HO auddepennupyeMuIM mo ¢, z, y (mpu || <¢). Jdag 3Toro paccMoTpuM
olepaTop

R =U (=) Q(t)— I (20.30)
u npoaudpdepeHIUpyeM ero 1o t:
DeR(t)=~(Dl) (=) Q(t) + U(~1) (D, Q) (1) =
= AU(=1) Q(t) — U(=t) AQ(t) + U (—t) K(t). (20.31)

3aKOHHOCTH »TOH BBIKIAJKH CIeIyeT N3 ONHCAHHOH CTPYKTYpH (1) m u3
3aMedanuil 06 U(t), caeraHaslx B Hadaiae 3Toro naparpada (Ipou3BogHyo
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HYHO, KOHEIHO, 6paTh [OCIe IPIMeHeHNs onepaTopa R(1) kK kakol-Huby b
dyuakunn u(z) € C°(M)). ockoasky U(t) A= AU(t), To u3 (20.31) creay-
eT, 9TO

DyR(t)=U(~t) K (%). (20.32)
C gpyroi croposnsr, u3 (20.29) scuo, ITo
R(0) =k. (20.33)

TMockoasky U(—t) K (t) —omepaTop ¢ AgpoM, MMIAJKHUM o i, &, Y, TO, HH-
Terpupya (20.32) ¢ ygerom (20.33), MBI BHANM, UTO TeM K€ CBOHCTBOM
obranaer u R(t), a Torga m3 (20.30) scuo, aTo omepaTop U(t) —Q(t) =
=—U(t) R(t) Taxxe uMeeT raagkoe mo ¢, z, y sapo upu |[t|<e. A

SJagaga 20.1. [Iycre A —xaaccuveckun IIJO 1-ro mopaaxa ma M,
ygoBaeTBopsomui ycaosuo (20.1), Ho He 0643aTeILHO CAMOCOIPAKEHHBII.
IIpoBegs pas Hero mocTpoeHHe mapameTpukca (1), JoKa3aTh, ITO 3ajatda
Koum (20.5)—(20.6) uMeeT eIMHCTBEHHOE DelleHNe, IPHYEM JIf OLpefe-
AgeMOro >ToN 3agadell omeparopa U(l)=exp(—itA) Taxxke cupaBelInBoO
yTBepxK feHne TeopeMbl 20.1.

Yxaszaunue. Cocraburs aaa U(t) uHTerpaibHoe ypaBHeMue Tuna Boabreppa,
noqb3sysack oneparopoM Ug (t) = exp(—itAg), rae Ag = %(A + A%).

§ 21. Toumaa popMyaHpOBKa
U J0KA3aTedbCTBO TEOPEeMEI XépMaHjepa

21.1. OcobemnocTu mpeobGpazosamua Pypbe cnexkTpadbHOM (GYyHKIHK
BOMM3M HyId W OIEHKM YyCpejHeHMA choeKTpambhon (Qymkumu. IlycTo
e(x, y, \)—cunexTparpHas (yHKnua Taxoro xe omeparopa A (l-ro mo-
pagka), kak B § 20, U(t, x, y) —sgpo oneparopa exp(—itA). Ecan ¢;(x) —
co6cTBeHHBIe GYHKINN A ¢ COGCTBEHHBIMI 3HAYEHNAMHI A;, TO MBI HMeeM

e(e,y, )= 9il2)@;(y), (21.1)

A<A

U(t’ z, y) :Z e_iAjt¢j($) m’ (21'2)

rje DOCJAeJHUN PSI CYMMEDPYETCS B CMBICIE, HALIPUMeD, 0600IIeHHBIX (PyHK-
muit Ha M x M, raagko 3aBHCAINX 0T ¢ (3T0 IerKO JOKa3aTh PacCy ik JeHN-
€M, aHAJOTHYIHBEIM TOMY, KOTOpO€ IpHUBeJeHo mocie onpegenenns 20.1). U3
dopmya (21.1) u (21.2) creayet, 9To

Ut @, y)= / e Pdye(z, y, \), (21.3)
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e HHTEerpal MOHIMAaeTC Kak npeobpasosanne Pypoe (0T A k ) B cMbIcae
0GOOIIEeHHBIX (PYHKITNH.

Oycte p(A) € S(RY), p(t) = Fastp(X) — npeobpazosanne Pypre p(A).
Toraa u3 U3BECTHBEIX CBOUCTB ImpeobpazoBanus Pypre BEITEKaeT, ITO

NﬂU@$JU:ﬂaﬁ/P@—MdW@JLM~ (21.4)

BriGepem Teneps p(A) Tak, ITO

1) p(A) >0 npu Bcex AERY;

2) p(0) =1

3) supp p(t) C (—¢, €), rge € >0 FOCTATOYHO MAJIO.

Ynpaxnunenne 21.1. [okazaTs cylecTBoBaHNe TaKoU pyHKIIUN p(/\).

YrkaszaHune. ITo ZelaeTcs aHAJIOINYHO IIOCTpoeHMO dbyHKIMH X () B Hadale go-
Ka3aTeJlbCTBa TeopeMH 6.3.

Ilycrs Teneps Q(t, x, y) —obGobmenHOe 23p0 onepaTopa (Q(t), mocTpo-
enHoro (mpu Mansix |?|) B § 20. B cuxy Teopemsr 20.1 MBI nMeeM

U, z, y) —Q, =, y) € C((—¢, e) x M x M). (21.5)

Taxum o6pasoM, yuxnun U(t, z, y) u Q(t, ¢, y) HMeoT BOAN3N TOUKH
t =0 oAMHAKOBLIE OCOOEHHOCTH.

U3 (21.4) BEITeKaeT Temeps

Jemma 21.1. Pynuryusa

[ =) el v ) = FE 60 Q. 2, 0) (21.6)

Asagemea 2aadkoti ynryuet no scem nepemennbim, ybvisawet briempee
a0boii cmenenu A npu A — +00 pasHOMEPHO omHocumeabHo ., y € M.
Beramcanm Teneps 2-1 4ieH B (21.6). DT0 MOXKHO 1€TKO ¢LeIaTh GIaro-
Japs auHenHOCTH 10 ¢ (azoBonl Gpyukmun ¢(f, #, y, £), BXOAAUEH B Onpe-
JexeHne omepaTopa ().
Brauasne mpousBegeM BoIMucIeHIE (POPMAILHO, He 3a00TACH O CXOINMO-
CTH NOIYYAIOWINXCS HHTerpaloB. B o6o3navennax § 20 umeem

Qlt, 2, ) :/ alt, v, y, ) SEE VOO e (a17)
FZL(p0) QL x, y)) (A) =
=(2n)~" / A1) q(t, @, y, &) At OFELE gr ge. (21.8)
O6o03naduM

RM\ =, y, &)= (271')_1 / ptyqlt, z, y, &) et dt. (21.9)
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Torga

F2L(p() QU 2, y)) (V) =/ R(A=a1(y, &), z, y, &) Vv Ode. (21.10)

3ameTnM Teneps, 9To R(A, #, y, ) —raagxas GYHKIUA BCEX HepeMeH-
HBIX I, 601€ee TOrO, Tak Kax ¢(t, #, y, ) — r1ajkas QYHKIUI BCeX IepeMeH-
HBIX (B TOM wumcie U ), To R— ObicTpo yOwiBaromas QYHKINA OT A, 415
xoTopon npu aw06oM N > ( BLIIOJIHEHB! OLEHKH

10305 97 RN, @, 3, )] < Capran () 1N~ (21.11)

IIpu »Tom R gomyckaeT aCHMIOTOTHYIECKOE PA3IOKEHNE 10 OJHOPOIHBIM
dyakunaM nepeMennoi €. 3 onenok (21.11) sicHo, 9T0 BBIAY 2MINNTHIHOC
™ ay(y, &) yaxoua R(A—ay(y, &), ¢, y, £) 6picTpo yobIBaeT npu | € | — 400,
Tak 4To nHTerpal B (21.10) aGCOMOTHO CXOIUTCA.

[dust obocroBanmusa nmepexona ot (21.8) x (21.10), koTopwill GbLI cAedaH
Qg opMaIBLHO, OCTAETCS 3aMETHTh, ITO OH 3aKOHEeH [Ist (PUHUTHLIX I0 & CUM-
BOOB ¢(t, , y, £), U cAeTaTh CTAHZAPTHBIN IpPeJelbHBIN IePeXo], KaK B
OIpeJeeHIN OCHUIINPYIOMero nHTerpata (¢cM. § 1).

IIpunumas Bo BEUMaHUe JeMMy 21.1, MBI BUAUM, ITO JOKa3aHAa

Jdemma 21.2. Feau K onpedeaeno dopuyaot (21.9), mo npu awéomn
N>0

‘/ p(A_/'L) due($a Y, /’L) _/ R(A_al(ya g)a T, Y, g) eilﬂ(l‘,y,ﬁ) dg <
<ONI+IADY, (112)

ede Cy He 3asucum om T u y.
Teneps omenunmM 2-1 w€ien B (21.12).
Jemma 21.3. Hmueemn

‘/ R(A—ai(y, &), =, v, €)6“"(w’f)d€‘ <O+ (21.13)

2de C' ne 3agucum om x u y.
JdoxaszaTreasncTso. Obozuaunm, kak B § 15:

V,(\) = / dc. (21.14)
ai(y,£)<A

Tak xax QyHKIUA ¢; OJHOPOIHA IO £ mopsaka 1, To

V, (A) =V, (1) A™. (21.15)
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Ter{epb BOCIIOJB3yeMCA OB IHBIM TOXKI¢CTBOM
/ R(A —ay (ya g)a T, Y, g) eilﬂ(l‘, Y E)d‘€ :/ R(A —0,T,Y, g) eilﬂ(l‘, v E)d‘/y(o-)a

00e JacTH KOTOPOTo onpeeneHsl 6aarogaps onerkam (21.11). Ilpuanmas Bo
BHEMaHKe (21.15), MBI BEAUM Teleph, ITO JeBasd 9acThb (21.13) omennsaercs
qepes
(o] (o]
Cy /(1 +A=—a)NdV, (o) =CY /(1 +1A =)Mo do.
0 0

Ho BBuay oueBmamoro HepasercTBa 1+ |o|<(1+|A—0c|)(1+]|A]) Mu
nMeeM

A+ A=) Mo L+ [A=a )TV L A

IToaTomy

/(1—|—|/\—0'|)_N0'"_1d0'<
0

<L [A)e! /<1+|A—a|>-N+”-1da=c<1+|A|>"-1,

oTkyga u creayet (21.13). W
Caegcreue 21.1. Cnpasedausa oyenra

[ 3=t | <o A (21.16)

2de C' ne 3agucum om x u y.

21.2. Ilepexof K olleHKaM CHEeKTPATLHOM (DYHKIIMH.
Jemma 21.4. Hmeem mecmo oyenka

e, 2 A+ 1) — e, 2, A [<CA+]AN, (21.17)

2de C' we zasucum om x u A.
JoxazaTeabcTso. Tak kax QyHKnus p(A) MOTOKUTEILHA U OT-
JexeHa oT Hyas Ha [—2, 2], To

A+2

/ pA—p)due(z, 2, p) > C / due(z, z, pt) > Cle(z, z, A+ 1) —e(z, z, A)],
A=1
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rge C'>0, Tak 9TO yTBepKJeHUEe JeMMBI BLITEKAeT TeNepPb W3 CJIe[-
crus 21.1. W
Jemma 21.5. Cnpasedausa oyenka

e, g, A1) (2, 3, N <O+ A, (21.18)

2de C' ne 3asucum om &,y u A.
JoxazaTeasctTso. U3 (21.1) cregyer, 9To

elm, y, A+l —e(r,y, M= > @i(2) (),
A<A <A+

I U3 HEepaBEHCTBa KOH_II/I*ByHﬂKOBCKOl"O MEI IIOJIYY1aeM

le(z, y, A+ 1) —e(x, y, A)| <
1/2

< = |soj<x>|2]1/2[ > lawr] -

A<A <A+ A<A <A+
=(e(x, &, A\ +1) —e(z, &, \) 2 (e(y, y, A+ 1) —ely, y, )Y/ KCA+ A"

no aemme 21.4 (mpuroMm gaxe ¢ Ton xe koucranTon C). W
Jemma 21.6. Humeem mecmo oyenka

e,y A ) — e,y NISCA+ A+ A+, (21.19)

2de C' ne 3agucum om ., y, A, fi.

JoxaszaTeabcTBO moxydaeTca pasbueHneM e(x, y, A+pu)—
—e(x, y, A) B cymmy He Gomee 4eM 1+ |pu| craraeMbix, OleHHBaeMBIX,
xak B zeMMe 21.5. l

Jemma 21.7. Cnpasedausa oyenka

\ [ o= mete, v i du—eteov N[ <ca DL @20

2de C' ne 3agucum om x, y, A.
NoxaszaTeabcTBo. Bocmombayemcas TeMm, uto p€S(RY) m

/p(/\) dA=1. C moMoIpbIo 0IeBUIHOrO HEPABEHCTBA

LA+l <A+ AN A+ p])
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IIOJYy1aeM
‘/ pA—p)e(x, y, p) dp—e(, y, A)‘ =

= ‘/ pOA—p) [e(z, y, 1) —e(z, y, A)] du‘z

= | [ )t v A=) o ]| <

</kk+M|+MMW‘W1+HMYNWMQCO+IAW“E

aT0o u TpeboBatoch. M
Jemma 21.8. Buinoanena oyeura

A
[ x [ o0y duete, o) = et ) [<C@HAL (2120
HoxaszaTeascTso. UHTerpupys mo IacTaM, MOJIy<IaeM

/p(A—u)due(l‘, Y, u)Z/p’(A—u)e(l‘, Y, 1) dp,

OTKy A
f(/ p(A—p) dye(z, y, u)) dA:f(/ JA—p)elx, v, u)du) A\ —
:/ /A[)/(A_”)dA e v, “)d“:/P(A—N)e(l‘, y, 1) dp,

Tak 4ro (21.21) BEITeKaeT Temeps u3 (21.20). W
YunToiBag aeMMy 21.2; MBI BEIIUM, ITO CIPAaBEIINBO
IIpegnoxenune 21.1. Umeem mecmo oyenra

e(x, y, ) —// R(c—ai(y, &), z, vy, &) eiw(x’y’g)dadﬁ‘ <C(1+ |/\|)"_1,
o< A
(21.22)

2de C' ne 3agucum om x, y, A.

21.3. Teopema Xépmangepa a4 omepaTopos 1-ro mopagka. Mol xoTuMm
Temepb Npeobpa3oBaTh K Golee IPOCTOMY BHAY oleHKy (21.22). 3ameTnm,
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uTo B cury (21.9)

+oo

[ B s dr=a0 e O =10 0. (L2
IlosToMy, ecIn HOMOKHTE

| Ro s gdo, <o

— 00

oQ

Rl(Ta T, Y, g): _/R(O-a T, Y, g)do-:

T
T

:/ R(Ua T, Y, g)d0_1($a Y, g)a T>0a

— 00

To u3 (21.11) BEITEKAIOT CAEAYIOMINE OLMEHKN Jai Ri:
19207 TRy (A, 2, 9, ) < Capn (€)Y, (21.24)
meem odeBUHIHO,

// R(c—ai(y, &), z, vy, &) eV s de =

o< A

= / Iz, y, &) (@Y. 8) ge _|_/ Ri(A—a1(y, &), z,y, £) V(@96 ge

a1 (y,6)<A

Anamormuno aemme 21.3 1oKa3bIBaeTCs, UTO

‘/ Ry(A—ax(y, €), , g, €) V0.0 d&‘ <O+ A,

Tlo>ToMy MBI BUAUM, ITO CIPaBeIInBa
Jemma 21.9. Hmeem mecmo oyenka

e(x, y, \) — / I(m,y,{)ew“’y’g)d&‘<0(1+|/\|)”_1, (21.25)
a1 (y,&)<A

2de C' ne 3agucum om x, y, A.
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15 panpHeNero yuporeHns HyKHA
Jemma 21.10. Ilpu bauskur x u y cnpasedausa oyenra

/ I(x, y, &) V(@Y ) ds — / (e, 8) de

a1 (y,€)<A a1(y,§)<A

<OA+[A),

2de C' ne 3agucum om x, y, A.
HdoxazaTeasncTBo. I3 goxkazarerbcTBa TeopeMbl 19.1 gerxo ms-
BJI€Yb, 9TO IPH OAM3KUX & U Y

[ I(z, y, &) = 1I<CA+]|e)7 (21.26)

IToaTomy

/ Iz, y, €) — 1) @09 g | < O / (L4 1€ de<

al(y,§)<>\ al(y7§)<>‘
<C /’u+¢mw-%w=c /<r+mw-wwoo<
ay <A <A

A

A
<O [ lul <€ [l A< O A
0 0

4T0 u TpeGoBamocs. M

3aMeTHM, UTO €CIH Hapa &, Y IPUHANIEKUT HEKOTOPOMY KOMIAKTY
B M x M, He mepecekalieMycss ¢ AHATOHAJIBIO, TO MBI MOXKeM CIUTATD,
gro I(z,y, £) =0, Tak 9TO B >TOM ciydae m3 JeMMbl 21.9 ciregyer, 4To

n—1

le(z, y, ) [SCM+ A"

CyMMupyeM 3TH Pe3yJIbTaThl B BIE TEOPEMEI.

Teopema 21.1. 1) Hyemv dynxyus (z, y, £) onpedeaena npu baus-
KUTZ & U Y U MaKosd, 4mo

Cll(l‘, ’l/)x(l‘, Y, g)) :al(ya g)a 1/)|(x—y)~§:0 :Oa 1/)x|x:y :g (2127)

Tozada npu 6auskur  u y

e(z, y, A) — / e“"(x’y’@d&‘ <O+ [A)" (21.28)
a1(y,6)<A

2de C' ne 3asucum om &,y u A.
B uacmuocmu,

le(x, £, A\) = Ve (M) <C(1+|A])" (21.29)
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2) EBeau napa x, y npunadaexcum nexomopomy romnakmy 6 M x M, ne
nepeceranwuemyca ¢ Jua2onaabio, mo

e, 3, N <OL+]AD (21.30)

Caegcreue 21.2. Cnpasedausa acumnmomuueckas @opmyaa daa
yucaa N(N) cobemeennvir snauenuu onepamopa A, menvwur wem A:

‘N(/\) - / d¢ da

ay(@,6)<A

<O+ A

21.4. Cay+vau omepaTopoB BEICOKOT O mopajka. IlycTh A — caMocomps-
JKEHHBIN InITHIecKuil guddepeHInanbHblil OnepaTop NOPSIKA 1M Ha 3a-
MKHYTOM MHOT006pasun M ¢ DIaBHBIM CHMBOIOM (2, &) > 0. IlocTpounm
mpu GANBKHX & U Y Takyio QyHkmmo ¢(z, y, £), 94T0

am(z, Yu(z, y, €)) =am(y, &), (21.31)
1/)|(x—y)~§:0:0a 1/)x|x:y:€, (2132)

OTKyJAa clefyeT, ITo ¥ OJHOPOAHA Mo & mopAka 1 I TakoBa, ITO
Y(r,y, &) =(z—y) -E+0(lz—y*|€]) (21.33)

opu T — Y.

Teopewma 21.2. Jas onucannozo eviwe onepamopa A nopadka m
uMeeM:

1) Hpu 6auskuzr © vy

. n—1
ele, y, A) — / ezw(x,yyﬁ)d‘g‘gc(1+|/\|)T, (21.34)
am(y7§)<>‘

2de C' ne 3agucum om x u y.
B uacmuocmu,

n—1
e, 2, \) — / d§‘<0(1+|/\|)7 (21.35)
ap (2,6)<A

u, caedosameabmo,

n—1
N(A)— / dxd{‘éC(l—HM)T, (21.36)
ap (2,6)<A

2) Ecau napa x, y npunadaexcum Hexomopomy xomnakmy 6 M x M, ne
nepeceranwuemyca ¢ Jua2onaabio, mo

n—1
le(w, 5, A|<O(L+A]) 5 (21.37)
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JokazaTeabcTBoO. JaMeTHM, BO-IEPBBIX, 4TO 6e3 yimepba Aus
OOIIHOCTH MOXKHO canTaTh A >0 (ecam 3TO HEBEPHO A1 CAMOTO OIEPATO-
pa A, To B cuy caegcreus 9.3 BepHo g1 onepatopa A + ¢l npu gocraTouHO
6oabinoM ¢ >0). Beegem omepaTop A =AY 310 spmunTmaeckuii mces go-
AuddepeHnnaIbHLIN OepaTop HOPAgka 1 ¢ TIABHBIM CHMBOIOM a1 (x, £) =
=am(z, 5)1/m. fcuo, aTo ypasuenus (21.31), (21.32) aas ¢(z, y, ) npocTo
coBmaJaioT ¢ ypasHeHnaMu (21.27). Kpome Toro, oueBuiHo, 9TO

(e, y, A=Y wi(2) eV ST i@ eiy)=elm, y, AT,

)\jg)\ )\;/mgAl/m

rae e1(z, y, A) — cnexTpanbHas GyHKnuA onepaTtopa A;. Bee yTBepx 1eHnA
TeopeMbl 21.2 BEITEKAIOT Telephb M3 COOTBETCTBYIOIINX YTBEPK JEHUN Te0-
pemer 21.1. W

Jagaga 21.1. PaccMoTpeTs caydail 0JHOPOSHOTO OIEPATOPA G, (D)
€ MOCTOAHHBIME KoaddunuenTamn B R”. 3amucats e(x, ¥, A) B BUje HHTe-
rpaja I IPOBEPUTHL HeoCpeJcTBeHHO omeHkn (21.34), (21.35) u (21.37).

§ 22. Omeparop Jlamwraca Ha chepe

22.1. Omeparop Jlammaca Ha pumMaHoBoM MHOr006pasmu. 1) Ilycts M —
MHOr0oGpasne, Ha KOTOPOM BBeJeHa PIMAHOBA MeTPHKA, T. €. B JOO0M
KacaTelbHOM mpocTpaHcTBe T, M 3anana GuinHennas ¢opma (-, -) ¢ mo-

JOKNTEJIBHO OIpeeJeHHON KBagpaTniron ¢popmoit. Ecin z', ..., 2” — 10-
d d

dxl’ "7 g
caTeJbHOTO MPOCTPAHCTBA BO Beex Toukax U. O6o3ua~uB

ostr={(2), () )

MBI IIOJAYYIHM CHMMETPHYICCKYIO IIOJOXKHUTEJABHO OIIPDEICJICHHYIO MaTpH-
n

.0
uy gi;(z). Ecan Teneps v= )" @’ 307 €l M, 0
j=1 €

KaJbHBle KoopauHaTh B obaactu U C M, To ( ) — 6a3uc xa-

n

(v, v) = Z gij(2) vivd . (22.2)

i,7=1

Koxkacareabroe npoctpascTBo 1 M —5T0, 0 OIpeJeleHnIo, IyaIbHOE
npoctparcTBo K Ty M. Ero 6asuc (mpm z € U) cocrout u3 1-gopm da’,
OIPeJeIeHHBIX COOTHOIEHNAMMI

<dxi, i>:5i: L ompm =],
Izl J 0 mpm i#£j.
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MeTpuka Ha BEKTOPHOM IPOCTpaHCcTBe F mHAynmpyeT nzomopdpuzm F
u £*. C nomorpio >Toro mzoMopdusMa MOKHO NEePEHECTH MeTPUKY ¢ F
na E*. ®uxcupys Touxy x € U, serancanm (dz’, dz’/) B mouxe z. Kaxon
KacaTeIbHBIH BEKTOP cOOTBeTCTBYeT dx'? O603HAMIM ero KoOpIUHATEL te-
pes a’*, k=1, ..., n; Torja JOIKHO BHIIOIHATHCH YCIOBIIE

n
. 9 . J .
5 =(d's 55 ) = ("), 55 ) =20 owga™
k=1

otkyga a'* = g —snemenTnr MaTpuIEL, 06paTHON K ||gik||-
Teneps nMmeem

; - "9 N
<dx,dx]>_<l;gkw,dx]>_g‘7, (22.3)

T. €. 4as II060r0 KOKacaTeIbHOT 0 BekTopa a =y, a; dz' € T) M
i=1

n

(a, a) = Z gijaiaj. (22.4)

i,7=1

2) BeegeM Ha PUMAaHOBOM MHOT'000DAa3Nu MMAJKYI0 IIOTHOCTL (00BeM)
TaK, ITOOBl B KacaTeJbHOM IPOCTPAHCTBE 00beM Iapajlelelnena u3 op-
TOHOPMIPOBAHHON cucTeMbl paBHsiacs 1. s aoboro napamienennnega w3
BEKTOPOB €1, ..., &, 00beM OyaeT paBeH

vol{eq, ..., ent=| det{ef™, ..., e}, (22.5)

rge ef™ —croaben KOODAUHAT ¢; B OPTOHOPMUPOBaHHOM Gaszmce. Dopmy-
1a (22.5) BEHITE€KaeT U3 TOTO, YTO OOBEM JOIKEH OBITH AJIUTHBHBIM He-
OTpHIATEILHEIM HHBAPHAHTOM Tapa/Lielenunesa.

Yto, ecin 6a3uc, B KOTOPOM 6epyTca KOOPANHATEHI, HE OPTOHODMI-
posar? PaccmoTpuM Torga npeobpazobarue A, mepesoadiiee opTobasmc
€}, ..., e, Bbaznuc ey, ..., ,. B cTonbmax ero MaTpunsl (B 6aszuce €, ..., el)
OyAyT CTOATH KOODAUHATHL BEKTODOB €; B opToba3mce {ei}, Tax «wro

vol{er, ..., en} =| det A|=+/det (A* A).

Ho maTpuunsie saemenTsl A* A B 6asuce {¢}} umeror Bujg

(A* Ael, e}>:<Ae§, Ae}>:<ei, €;). (22.6)
d d
IlosToMy mapa/ielemnien (ﬁ’ . W) nMeeT ob6beM /g, The

g=det ||gi;(2)]|, a obbem mr060oro MHOXkecTBa F B JIOKAJIBHBIX KOODIH-
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HaTax U ompenendeTcsa Kak
vol(F):/ Vg(x)dae'. . de™. (22.7)
F

HemnocpeacTBenso u3 GOpMYILI 3aMeHBI TeDEMEHHLIX B HHTErDAIe MOK-
HO IPOBEPUTH, ITO HHTerpal B (22.7) He 3aBHCAT OT BHIGODA JOKATBLHEIX
koopauHaT. [To>ToMy MOKHO cpasy NPHHATL ero 3a ompegeneHue vol(F),
ompegesas MNAaAKYIO MOJTOKITEIbHYIO INOTHOCTE dv Ha M mo gpopmyae

dv=1/g(x)dz'.. da". (22.8)
3) dus mro6oro audhepeHINAILHOTO OIepaTOPa
A: C®(M)—=C™(M)
CyIeCTBYeT eIUHCTBEHHBIN omepaTop A* Takon, wTo
(Af, 9)=(f, A%g), [, 9€C5" (M), (22.9)
rie

(f, 9) :/ F(z) g(z) dv. (22.10)

AHaJoOrm4HOe yTBepXKAEHNE BEPHO s ONEPATOPOB B CEUEHNAX BEK-
TOPHBIX paccioeHn Ha M, ecinm B cI0sSX PacCIOEHNN HMEETCS 3PMUTOBA
MeTpHKa (HMOJOKUTEIBHO ONpefeNeHHAs 3PMHUTOBA (HOPMA), 3aMeHAIOMAL
f(z) g(x) B (22.10).

Ompegeanm B 1-popmax A'(M) ckaasproe mnpomssejenue, 6eps B
Ty M ® C 5pMuTOBO CKaIAPHOE IPON3BeJeHNe, NHTYINPOBAHHOE BBEIeHHON
Boimte MeTpukon Ha Ty M. PaccmoTpuM omepaTop

d: C®(M)— A (M), (22.11)

nepesoaammuit pyaxmuio f € C°(M) B ee quddepennuan df € A*(M), onpe-
JeaseMbIll TeM, 14To ecan v € T, M, To (df, v) = (vf) (z), rge (vf) (x) o3ma-
JaeT MPOU3BOJHYIO [ IO HapaBIeHHIo v. B kKoopamHaTax:

Omnepatop 6: AY(M)— C° (M) oupefenseTca Kak COUPSKeHHbIN K d,
T. e. § =d*.

Onpepgenenme 22.1. Onepamop Jdanaaca (man Janaaca—DBeab-
mpamu) Ha QYHKIHAK

A: C®(M)— C®(M)
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Ha PIMAaHOBOM MHOroo6pasuu M ompegenserca (popMyIon
A=-6-d. (22.12)

AmanornussiM o6pasoM Ha p-popmax AP (M) ompeneren omepartop Jla-
mraca

—(dd +3d): AP(M) — AP(M),

HO MBI He 6yJeM ero pacCMaTpPHBATD.

Cpa3sy sacHO, uTo omepaTop Jlammaca A o6ragaeT clegyIOMUMA CBOM-
CTBaMM:

a) A*=A;

6) ecin T': M — M coxpaHseT METPUKY B KaCATEIbHBIX IPOCTPAHCTBAX
ul: C*(M)— C*(M) onpegeneto HopMy.Ioi Tf=foT, To

AT=TA,

T. e. A IEPECTAHOBOYEH C M30METPUIMI;

B) ecin M zamxuyTO, TO (Af, f) <0, npuuem u3 A f =0 BriTexaeT, 94TO
f = const.

4) BoiuncanMm 6 1 A B JOKaIbHBIX KoopauHaTax. meem

<5<Zn: aidxi),f):<zn: a; dx’, Y %dmj):

i=1

OTKya
~ N1~ 90 i,
5(2 azdx)_ G 2 axj(\/ﬁg a;) (22.13)
1= i,5=1
u
Csdf= L N~ 9 (i of
Af_édf_\/gigl 5 (ﬁg ax) (22.14)

IIpumep 22.1. B eBkaugoBom mpocTparcTBe R” co cTaHIapTHON Me-

TPUKOHU MTOAYTaeM
Af= Z or 22'
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3aMeTHM, ITO BCe MHBAPHAHTHL A —>T0O HHBAPHAHTHI PIMAHOBA MHO-
roo6pasus. B qacTHOCTH, TAKOBLI BEIYETHL I 3HAYEHNs (-(PyHKINN.

Yunpaxuenune 22.1. BeducanTh B JOKAJBLHEIX KOOPJAUHATAX TVIABHBIM CHMBOJI
omneparopa Jlamaaca Ha pUMaHOBOM MHOI'0OGpPa3MM.

22.2. Ounepatop Jlamwiaca na chepe S™. Chepa S” — caegyrolnee moi-
MHOT00Opasue B R

n
S" = {(1‘0, cen @) Z(aji)zzl}.
=0
Ha S™ umeerca MeTpuka, WHAYIOPOBAHHAA CTAHAAPTHON MeETPH-
xoit R"t! u cooTBercTBylommit omeparop Jlamraca, KOTOPHIH MBI 6ygeM
o6ozuauaTs Ag. EcTe caegyromuii cnoco6 BucaaTs Ag, NCIOAL3YS OTe-
paTop A B R?tL
IMpengaoxenne 22.1. Ilyems f(w) — Pynryua na S™, npodoascun

ee na R, noaaeasn f(x) :f(|x—|), m. e. no odnopodrocmu 0-20 nopadka.
x

Tozda .
Asf=Af|sn, (22.15)

uAU

(Af) (z) =r"?As/, (22.16)
2de r=|z|.

JoxaszaTeascTso. PapHocuasrocts (22.15) u (22.16) oueBngua,
Tax kax Af mMeeT DOpPAI0K 0JHOPOJHOCTH —2.

Hoxazkem dpopmyay (22.15). O6o3natnmM BpeMeHHO Uepes Al omepaTop
Ha S™, ompegenseMbIll IpaBol dacTeio (22.15).

Ha S™ genicryer rpynna msomerpuil SO(n+ 1), moazyuaeMas orpaHn-
vyenmeM Ha S" Bpamenuit mpoctpancTsa R”T!. C momompio 3Toft rpymmeL
AI000N eTMHUYTHBIN KAacaTeIbHBIN BEKTODP MOXKHO IEPEBECTH B JII060H APY-
ron. IlopToMy TIaBHBIN CHMBOJ OMEPATOPA, MEPECTAHOBOTHOTO CO BCEMH
U30MEeTPUAMH, TOCTOSHEH Ha BCEX eIUMHNYIHBIX KOKACATEIBHBIX BEKTODAX
(m, cieoBaTENbHO, OFHO3HAYTHO OIpEJETeH € TOYHOCTBIO 10 CKAIAPHOTO
MHOXKUTeN). fIcHo, 1TO0 omepaTophl Ag n Ay HepeCTAHOBOUHEL C I€HCTBU-
eMm SO(n+1) ma dyskumax. [TosToMy CyLUIeCTBYeT Takas MOCTOSHHAL A,
uTo omepaTop Ay — AAg umeet mopagox 1. Ho omeparop Ay — AAg Takxke
nepecTanoBodeH ¢ SO(n + 1), a TOCKOIBKY HeT IHHEHHBIX (DYHKINN, NHBA-
PHAHTHBIX OTHOCHTEILHO IOBOPOTOB, & CBOGOAHEIN wieH Ay — AAg u3 Tex
&Ke CO00paKeHHI IOCTOsAHEH, To omepaTop Ay — AAg KpaTeH eInHITHO-
My H, ClIeoBaTelbHO, HyleBol, Tak kak Al =Agl=0. Urax, Al = AAg.
U3 paaspHenmrero 6yaeT AcHO, ITO A =1, 9T0, BIPOUIEM, MOKHO MPOBEPUTD,
BeramcanB Ag u Ay Ha 10060l HerapMmoHndeckonl Ha cdepe Gyuxnnu. H
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22.3. Cob6cTBeHHBIC 3HAMEHMA omepaTopa Ag. Boraumcanmm omepatop A
B MOJPHBIX KoopAuHaTax. Ilycts r=|a|,w=2a/|2|. Torga

A(f(r)gw)=(AN) g+ f(Ag)+2(V])-(Vg)=(Af)g + [(Ag), (22.17)

tax kak (Vf)-(Vg) =0 (rpaguent V[ HanpasieH mo pajuycy, a TpajueHT
Vg — 10 KacaTeIbHOM).
Beramcanm A f(r). Uveem

- l"_l P _ l i (xl)z
Tt T ’ rtrt r r2
Orcroga
9 /4 - )2
A=Y 2 (Lrm) =3 S
1=0 =0
& 1 zt)? n
F (3= =)+ o)
i=0
IToaTomy
0 n d 1
:m—I—?g—I—T—ZAS, (22.18)

rae Ag TIpuUMeHAeTCA Ha eINHUYHOU cdepe ¢ MOCTIETYIOMUM IIPOIOdZKE-
HEeM 10 HyaeBoll ogHopogHocTu. Popmyna (22.18) BepHa yiKe Ha TIOOBIX
dyHKINIX (IuHenHbBle KoMOuHanuN QyHKINI uga f(r)g(w) WIOTHEL B mpo-
crparcTee C°(R"T1\0)).

B wactHOCTH, mpu f(r) =" momyuaem

A(rtg(w)) =r T [Asg + [u(p—1) +npl g] =
=r " [Asg+p(p+n—1)g]. (22.19)

W3 (22.19) BBITEKAET, 9TO CHPABELINBO

IMpenaoxenne 22.2. Pasencmeo A(rfg(w))=0 (npu r#0) pas-
HOCUALHO oMY, wmo g(w) — cobemeennas Pynkyus onepamopa —Ag ¢
cobemeennvin snavenuem A= pu(p+n—1).

IockoabKy Bece cOGCTBEHHLIE 3HATEHNA OllepaTopa —A g HEOTPUIIATETb-
HBI, MBIl MOXeM CIUTaTh, 9T0 f > 0 man pu < 1 —n. 3ameTnm, 1T0 KBagpaT-
mBIl Tpexaer A(y) =p(p+n — 1) npurnMaet Bee 3HadeHns A > 0 npu p >0,
OpuYeM POBHO II0 OTHOMY pa3y. I103ToMy fCHO, 9TO COOCTBEHHLIE 3HAate-
HEg A >0 HAXOAATCA BO B3aUMHO OJHO3HAYHOM COOTBETCTBUE € TAKHMI
4 >0, 9To cymecTBYeT Takas HeTpuBHalbHad GyHKnNA g(w), 9o r*g(w) —
rapmornieckas dyaxmua 3 R"TN\0. Ho Torga mo Teopeme 06 ycTpamm-
Molt ocobennocTu r#g(w) rapmonmuna Bciogy B R"T! u, ciegosaTensHo,
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SABJsSeTCSA [0 TeopeMe JIMYBWIIS rapMOHHYECKIM IOJNHOMOM. B dacTHO-
ctu, p — mejaoe. O4eBUIHO, BePHO I 06pATHOE, T. €. OUPAHNYEHIS OJHOPOI-
HBIX TaPMOHIYECKUX IOJMHOMOB Ha S” SIBAAIOTCS COOCTBEHHBIMI (DYHKIII-
AME omepaTopa —Ag ¢ coGcTBeHHBIME 3HadeHmaMu A=k(k+n —1), rge
k=0,1,2, ..., npuyieM IO IPUHIUIY MAKCIMyMa PaPMOHNYECKIH IOIITHOM
OJHO3HAYHO ONpeNeasieTCs CBOUM orpanmdeHneM Ha S". Urak, moxkazana

Teopewma 22.1. Cobemeennvie 3nauenus onepamopa —Ag paswb
A=k(k+n—1),2de k=0,1,2, ..., npunes KpamHocmv cOBCMBEHHOZ0 3HA-
wenus k(k+n—1) pasna pasmeprocmu npocmparcmed 0IHOPOOHBEL 2ap-
MOHUNECKUT NOAUHOMOE cmenenu k.

22.4. Ilogcaer kpaTtHocTH. IlycTh M) —IOPOCTPAHCTBO OJHOPOIHEBIX
MHOTOWIeHOB cTemneHn k. Berauncanm N =dim My . Basuc 8 My obpasyior
O JHOLTCHEI x’é”. ~xbe ome ko + ki + ...+ k, = k. KormaecTso ymopsagotues-
HBIX pa3buenuil ducia k B cCyMMy 7+ 1 HeoTpHIATEILHLIX HUHCET PABHO
KOJNYIeCTBY yIOPAJOIeHHLIX pa3buennn ducia k +n+1 B cymmy n+ 1 mo-
JOKUTENLHLIX 9HCEd, 9YTO B CBOK OUYepelb PABHO KOIMIECTBY CIOCOGOB
PaCCTaBUTL N MEPEropoOdOK Ha 1 + k MecT, T. €. paBHO

kln! — n!

Ny = (“:k) AR ) (k1) (kD). (22.20)

3aMeTuM, 4T0 omepaTop A 3agaeT 0ToGpaxkeHue
A My — My, _s (22.21)
I €CTh TOYHAaS IIOCJI€JOBATEIBHOCTD
0— Hp— My — My_, (22.22)

rae Hi=Ker A|p, —IpoCcTpaHCTBO OJHOPOIHBIX PAPDMOHATIECKAX IOLTHO-
MOB CTeNeHN k, PA3MEPHOCTH KOTOPOT'O MBI XOTIM COCIUTATD.
Teopema 22.2. 1) Onepamop A: My — Mi_o croprexmusen.
2) Hmeem Mecmo npamoe pasionenue

My= P r*Hi_u, (22.23)
kE—2020

eder?=al+.. . +a2.
Caeagcrsume 22.1.
a) dim Hk:Nk—Nk_z. (2224)
6) Ecau f, ¢ — dsa mHozou4eRa, MO CYWECMEYEM U eJUHCTNEEH MAKOL
MHOZOUAEH U, YMO

Au=f,  uljpj=1=¢|z|=1 (22.25)
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(m. e. sadaua Jupurae das ypasuenus Ilyaccona 6 wape paspewuma 6
MHOLONAEHAT).
B) ['apmonuneckuti Mro2ouAen HE Modcem Jeaumbcs na r2.
BoiBog caegcrsusa 221 us Teopemur 22.2. a) CooTHoure-
e (22.24) caeiyerT um3 TOro, ITO HOCIEJOBATEILHOCTH (22.22) MOXKHO

IIepenncaTsb B BIge
0—Hy—> My — My_5—0. (22.26)

6) B cuny m. 1) TeopeMbl yTBEDK JEHIE O DA3pPEINMOCTH 3a a4 (22.25)
cBoguTca kK caydaio f =0, rge oHO 0o4eBHIHO B cuiay (22.23).

B) Takxxke oueBngno u3 (22.23). W

JokazarTeabcTBo TeopeMmu 22.2. Oba yTBepKIeHUS TOKAa-
3BIBAIOTCS OJHOBDEMEHHO MHAVKIMEN 1o k.

Ilpu k=0, 1 yrBepx geHns TeopeMsl BepHEL. [IycTh OHE BepHBI IpH BCex
[ <k.

1°. Toxamem, uTo Hy Nr?Mj_5=0. IlockoIbky MmO HHIYKTHBHOMY

npeanonoxenmio My, _s= @ rHHy_ o o, 1o’ My_o= @ rHHy_a,
E—20-230 E—2030
>0

u ecan hy € Hy N2 My, _s, TO

hk = E Cﬂ“zlhk_zl. (2227)
>0
E=21>0
PaccMoTpuM Temeph rapMOHMYeCKUH MHOTOWIEH h—hy — > cihy_o.

(>0
Nnmeem deg h < k, mputem hy —ogaopoanas xomnonenTa h crenenu k. ITo-

CKOIBKY h||y=1 =0, To h=0, oTxyna hy =0, 9T0 1 TpeGOBATOCH.
2°. I3 ycnosua My, D Hy, + r? My, _» moayuaem

dim Hyi < N — Ng_a, (22.28)
IpHUY¥eM PABEHCTBO PABHOCHUILHO PA3JIO0XKEHIIIO
My, =Hy +1r° My, _s. (22.29)
3°. I3 TouHON mocaefoBaTeaIbHOCTH (22.22) cregyeT, 4To
dim Hy = Ny —dim A(My) > N, — Ni_a, (22.30)
IpUY¥eM PABEHCTBO PABHOCUILHO CIODBEKTHBHOCTH OLIEPATODA
A My — Mg _»s.

4°. 13 mepasencts (22.28) u (22.30) cregyer, aro dim Hy = Ny — Njy_o,
OTKyJa BBITEKAIOT CIOPBEKTUBHOCTL U pasziaoxkenue (22.29), m3 KoToporo
IO IPEATNOTOKEHNI0 NHAYKINN yKe cIefyeT n pasioxenne (22.23). W



§ 22] OIIEPATOP JIAIIJIACA HA CDEPE 191

Caegcrsue 22.2. Kpamnocmvb co6cmEeRHO20 3HAUEHUA A=
=k(k+n—1) onepamopa —Ag pasna Nj— Ni_o, 2de Nj zadaemcs
dopmuyaot (22.20).

22.5. ®yukuma N (t) aaa omeparopa —Ag. flcro, aTo
N(k(k4+n—1)40)=> " dim H =3 (N = Ni_y)= Ny + Np_1. (22.31)
1<k 1<k

Ho m3 (22.20) sicro, 9T0 N} — MHOTOWIEH CTENEHH N OT k CO CTapIInM

1
ko>pduimenTom — . lHosTomy u3 (22.31) cregyeT, uTO
n.

2.0 2 n
N(k(k+n—1)+0)~ = k" ~ = [k(k+n—1)] /2, (22.32)
W3 (22.31) BEITeKaeT TakKe, 9TO
Nkk4+n—-1)40)—Nk(k+n—1)—0)=Ni — Ny_o = P_1(k).

rae P,_i(k) —nmoannom ot k cremenn n — 1. IlosTomy

N (k(k 0= 1) +0) = N (k(k+n = 1) = 0) > ek > clk(k+n — 1] T
(22.33)
rge ¢>0. U3 (22.32) u (22.33) sacuo, uTo0

N = 2031+ 012, (22.34)

nputeM gobaBKa O(/\_l/z) 6BIBaeT 6oabIe, TeM cA” /2, T, e. omenka ocTaT-
Ka HeyIydinaeMa (1o KpallHeHl Mepe ¢ TOUKH 3PeHNs [OKa3aTelsd CTEIeHH).

IIposepnm, uTo (22.34) —5TO Kax pa3 aCHMITOTHKA U3 TeopeMbl 21.2
(3T0, B JACTHOCTH, JACT HaM U TOT (PAKT, ITO MHOKUTEIb A U3 JOKa3a-
TenbcTBa npefnoxenns 22.1 pasen 1). Hyxuo mposeputs, 9T0

2= @m) Y (22.35)

rge V,, —o6beM n-MepHOTO eJUHIYHOTO Iapa, V! —mromats S” (puManos

00BeM).
Va1

Scuo, uTo V,, = , OTKYyJa BCe CBOAUTCA K TOXKIECTBY

/ 2(27")n
v (n—1)1"

n—1

V) =

(22.36)
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Brrancanm Vri_l u fgokaxeMm 5To cooTHomennme. O6ozmauum [ =
(o)

2
:/e‘x dx; Torga
u "= / e_(xf'i'“"i'xi)dxl...dxn
z;20
1, B YaCTHOCTH,
w/2 o 00
2 2 2
I’ = / e_(xl'i'“)dxldxz:/ dgo/re_r dr:%/@‘zdz:g,
€20 0 0 0
RV
OTKy,an_T,I”_ ST
Teneps 3aMeTHM, ITO
! o ! o /
Vo _ 2 V._ 1 V,_ n
n_ ‘n—1 n—1_-r _ 'n=-1 1 n/2—1,—z _ Yn-1 n
"= o /r e dr_—zn 5 /z e dz_2n+1 F(Z)’
0 0
27!'”/2
oTkyga V! ,=—"—.
T T )

Kaxk m3BecTHO, HETerpupoBaHme mo IacTaM JaeT I'(a+ 1) = ol («) npu
a >0, oTkyga upu n = 2k moaydaem

r(g):r(k):(k_m: (3_1)!.

Ecan xe n=2k+ 1, To

0(5)=0(k+3)=(k-3) (k=3)-3-537(3)

HO I‘(l) = —2\/? = /7, OTKyda
2 Vi
n n—2 n—4 1 _n—1
—_ ) = . — — A
r(3)="2 L VE=2 T (-2

IIycTe Temeps n — deTHoe. Torga

POt = (5 -1) -1 VA=

=2~ (/2D 22 — 1) /T =2-2""(n - 1)! /T,

OTKYZa

vy 257?72 22 a(omy
noltn T g omn(n—1)y/m (n—1)!"

qTOo 1 Tpe6OBaJIOCB. CJIy‘IafI HEYICTHOI'O N paCcCMaTPUBACTCI aHAJOI'UIIHO.
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Jagaga 22.1. Hanmcare Bmipaxkenme gis omeparopa Jlammaca Ha
maockoctn JlobadeBckoro.

Jagada 22.2. BuounmcanThk coGCTBeHHBIE 3HAYEHNs AIA OLEPATOPA
Jlamtaca Ha n-MepPHOM BELIECTBEHHOM IIPOEKTHBHOM IpocTpaHcTBe R P” ¢
€CTECTBEHHON MeTPUKOH (MHAYINPOBAHHON MeTDPHKON cdepbl S” mpu ABY-
aucTHOM HakpbiTHH S — R P™).

Sagada 22.3. Buruncants co6cTBeHHBIE 3HAYMEHIIA olepaTopa Jlamra-
ca Ha N-MePHOM KOMILIEKCHOM IPOeKTHBHOM HpocTpaHcTBe CUP” ¢ ecre-
CTBEHHOU k271epoBoll MeTpukoll (cM. Txsus llse-nnmas [1]).



I'TABA IV
IICEBAOANPPEPEHIIUAJBHBIE OIIEPATOPHI B R”

§ 23. Aare6pa mcesgoauddepeHIMATBHEIX onepaTopoB B R™

Heasro uaydenns IIJ0 B R” siBaseTcs onncanne pa3in<sbix 3GpPeKTOB,
CBSI3AHHBIX ¢ HOBeeHWeM (MYHKOUE upi |z | — +oo. [Ipu aToM 0CHOBHYIO
POJIbL UTPAIOT YiKe HeloKaJdbHble 3(pdeK T, TaK ITO IPUXOAUTCI OTOPOCUTD
TpeboBaHme COOCTBEHHOCTH, KOTOpoe mouTu Oe3 ymepba gas ob6IIHOCTH
MOKHO OBLTO HCIOJIb30BaTh B JIOKAIBHOU Teopun (ri. I).

23.1. Kmaccel CHMBOJIOB M aMILIHTY .

Ounpegeanenne 23.1. Kaacc cumBomoB I‘T(RN), rrem€eR,0<p<1,
cocront ms Taxux dysxmmi a(z) € C*°(RY), 470 BEIMOTHEHDBI OMCHKH

02a(2)| < Cale)™ o1, e, (23.1)

IMpumep 23.1. J:0600 MHOrOUIEH ¢(z) CTENEHN M MPHHA IIEKAT
7 (RY).

OTMeTnM cpasy XKe, 9TO eCIn aEI‘Tl(RN) i bEI‘Z“(RN) , To ab¢€
€ I‘Z“"’”” (BY) u d%ae I‘Tl_plal(}RN). Hanee, ecan 3aJaH TUHENHBIN MOHO-
mopgmam j: RIS RN e I‘T(}RN) Ij a=aoj, To j*a € FT(R’).

3aMeTHM ellle, ITO

() T (@Y) =S(RY). (23.2)

Onpegenenne 23.2. lycts a; €T, (RY), j=1,2, ..., mj = —c0
opu j — 400, I OIyCTh 3ajJaHa QYHKIUI a € C'OO(}RN). Bygem nucathb, 4TO
(o]
aNZ a;, (23.3)

j=1

ecan A1dA I060ro mejaoro r > 2
r—1

a—>  a; €T (RY), (23.4)
j=1
rae m, =max m;.
jzr
Cuaegyroriue mpeIoKeHns IBAAIOTCI AaHAJOMaMI IPefIoxkeruil 3.5 u 3.6.
Opeagaoxenne 23.1. Iyems a; €T, (RY), j=1,2, ..., npuuen

m; ——o00 npu j——4oo. Toeda cywecmeyem maras Pynxyus a, umo
(o]

a~ 3" a;. Jasee, ecau dpyeas dynryus ¢’ obaadaem mem dice ceoticmeom,
j=1
mo a—a’ES(RN).
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Opesaoxenume 23.2. [Tyems a; €T,V (RY), j=1,2 ..., npuuen
m; — —00 npu j— +oo. Hycms a € C'OO(}RN) u das 406020 myabmuunder-
ca o CYWECMBYOM MAKUE NOCTMOARKBIE (Lo U Uy, umo

0%a(2)| € a2 (23.5)
Hyemyb, HakoHey, cywecmseyom Makue UUCA08blE NOCACIOEAMEABHO-
emul; wCj, j=1,2,..., umol; = —00 npu j— 400 U 6bINOAHEND OYEHKU
r—1
a(z) — a; (2)| <Cr(2)'. (23.6)
j=1

(o)
Toeda a~ > a;.
j=1

Yunpaxueunune 23.1. Jokazarh npemnoxenus 23.1 u 23.2.

MeI xoTHM Teleph PACCMOTPETH ONEePATOPHL BUIA

Au(x) :// ei(x_y)fa(x, &) u(y) dy dé, (23.7)

rae a(xz, &) € I‘T(}RZ”). O uaxo, Kax BUJHO U3 paccMOTpeHun ri. I, momeano
Cpa3y ke paccMOTpeThb Gosee o6y GopMy.Iy AeHCTBHA omepaTopa

Aue)= [[ @0 Sate,y, € uty) dy . (23.5)

rge Gyaknus a(z, y, &) Ha3bIBAeTCA AMnAUMYJIow.

OmnmumreM KIacc aMILIATY [T, KOTOPEIA OyJeT HaM IOJe3eH NI TalbHel-
Irero.

Onpegenenme 23.3. "epes IIT (R3") 6yzem 0603HAYATL MHOKE-
ctBo dymxnuit a(z, y, £) € C°(R3?), 111 KOTOPLIX PN HEKOTOPOM M’ BHI-
MOJHEHE! OIeHKH

108 07 0ale, y, €)1 < Capy ()" AAFFF @ — gy Foledial - (23.9)

rae z = (z, y, &) eR3™,

Acuo, aTo ecrm a € I (R3™), mo 0%a(z) € ™~ PlI*l(R3™), a ecam ecTs
elre bEHTl(RB”), TO abEHT"’ml(}RB”). HMeeTca BKIIOYEHIE I‘T(}RB”) C
cay (R3"). Tockoapky (z)/(xr—y)>1, To MeXKIY cAMUMH KIaccaMm
oy (R3™) mmeroTes BRIIOTEHMA

(B2 ST () <, 2

Hanee, ecan a(x, y, &) EHT(RB”), To a(x, x, &) € I‘T(}RZ”).
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BaxXHbIl mpuMep aMILINTY[J KIacca 1 (R3") nocTaBaseT ciregyiomee

Hpegaoxenmne 23.3. Ilycmv p —makxoe aunetinoe omobpadcenue
p: RIS R™ umo aunetinoe omobpancenue R —R¥™ nepesodawee (x, y)
6 (p(x, y), x—y), asasemea usomopdusmon. Ilyemv bz, &) € I‘T(}RZ”).
Onpedeaun amnaumydy a(z, y, £) € C(R3™) Gopmyaoii

a(z, y, &) =b(p(z, y), &). (23.10)

Tozda a € TI}(R3).

JoxaszaTteancTtBo. Dymxuun |z|+|y|u|plz,y)|+ ]|z —y|3aza-
10T DKBHUBAJeHTHEIe HOpMEL B R?". [losToMy J1s HOKa3zaTelbLCTBA HPeIIo-
KEHISI 0CTAETCS BOCIOAB30BATHCS JIeIKO IPOBEPIeMbIM HeDABEHCTBOM

(L+p(z, y)[+1€D)°
(T+1Ip(z, y) [+ ]z —y|+£])
u3 koToporo oueskn (23.9) cregyror gas a(z, y, £) ¢ m' =|m|. A

Caegcrtsue 23.1. Fcau be I‘T(}RZ”), mo amnaumyder a(z, y, £) =
=b(z, &) ualz,y, §)=b(y, £) npunadaexcam npocmpancmey I (R3m).

- <O+ -yl seRr,

23.2. Knaccel QyHKIME U JelcTBHe olepaTopa. BeegeM Temephb Ipo-
crparcTBo Cp° (R7), cocrosinee n3 Taknx gyuxnui u(z) € C(R"?), aTo

|0%u(z) | < Cu (23.11)

A1 106000 My AbTHRHAeKCA . Hamayamme nocrosuuse Cy B (23.11) o6pa-
3yI0T HAGOP MOLYHOPM AaHHON (yHKINH, onpegersiomui 8 Cp° (R") cTpyx-
Typy npocrpancTsa Ppere.

Omnepatop A Buga (23.8) yao6HO paccMaTpPHBATL B IPOCTPAHCTBE
C°(R™). YITo6H 1aTh KOPPEKTHOE ONmpefe/eHNe OCIUIINPYIOMEro MHTe-
rpaia, Bxoasimero B (23.8), HyKHO HOCTYINTH Tak Xe, kak B § 1. A nMeHHO,
nycTs BHavaze a(z, y, &) € C§°(R3®). Torga unrerpan (23.8) daxTuieckn
6epeTcss 0 KOMIAKTY U MBI MOXE€M BBINOJIHUTH HHTECPIPOBAHUE IO 4a-
CTSM, MOAb3YACH TOXKAeCTBAMHI

(2 — y)~M (DM eila=9) € — gile-v)e (23.12)
<€>_N<Dy>Nei(x—y)~§:ei(x—y)f’ (23.13)

rge M, N —<eTHble HeOTpULATENbHEIE Heable dncia. I3 (23.8) moxygaercs

Aulz) = / / €y )M (DM (DN x
x (&) Na(w, y, &) u(y)]dydé. (23.14)

Ecmn ammiuTyga aEHT(RB”) yOoBIeTBOPAeT omeHkaM (23.9) m u €
€ Cp°(R™), To acwo, wro npn m— N < —n, m'+m— M < —n unterparn
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B (23.14) cTaHOoBHTCA aGCOMIOTHO CXOAAIINMCS, IPUTIEM OH ONpEAeNseT He-
upepbiBEYVIO GyHKOUIO oT £ € R”. YeanuuBagd M m N, MBI DOIYYHM HH-
TerpaJbl, COXPaHAIOMINe CXOIUMOCTEL U mocae nuddepeHINpPOBAHUL IO .
TosTomy ompegeaseMsiil popmyaon (23.14) onepaTop 3aJaeT HEIPEPHIBHOE
oTobpaxenne
A: CFP(R™) = C(R™). (23.15)
IIpu m < 0 MBI mony<IaeM oTobpaxeHne

A CF°(R™) — CF°(R™).

DTO Ke OTOOpaxkKeHHe MOXKeT OLIThL OIPEJeIeHO C MOMOIIBI0 Cpe3alomen
dyukunm x(z, y, £) € CF° (RB”) x(0, 0, 0) =1, mo dpopmye
Au(z)= hr-I|-10 // ie=y)- x(ex, ey, e€)a(z, y, &) u(y) dydé.  (23.16)
c—

N gentuunocts onpegenenni (23.14) u (23.16) nmposepseTcs, kak B § 1,
U MBI IPEJOCTABASEM 3TY [IPOBEPKY HUUTATENI0 B KAYECTBE YIPAKHEHIIA.

B uactHOCTH, onepaTop A ompegener Ha yaxnmax u € S(R7). IToxa-
JKeM, 9TO OH OIpeJelseT HeIPEPBIBHOE 0TOOpaKeHMe

A: S(R™) — S(R™). (23.17)
B camowM jene, TOL3yACH HepaBEHCTBOM
L+l <@+ly) Q+le—yl)*, k>0,
MBI moayuM u3 (23.14), ato
(14 ¥ Au(z) | < Cr

npu a11060M k, I aHATOrMYUHAL OLleHKa BepHa ¢ 3aMenonl Au(xz) Ha 0% (Au(x)).
Orcioga u caegyet ToT dakT, 9To Au(z) € S(R") npu u(z) € S(R™) ¢ omen-
KOH IOIYHOPM, OGECIEeYNBAIOIIE HENPEPLIBHOCTL oToOpaxenus (23.17)
(xoTopad, BIPOTIeM, MOXKET OLITH BLIBEIEHA TaKKe M3 TEOPEMBI O 3aMKHY-
ToM rpaduxke).

Hakomern, 3amMeTuM, 9T0, IIOCKOIBKY TPAHCIOHIPOBAHHLIN OIEPATOD

Ay // i@=0)€q(x, y, €) v(x) de dE (23.18)

[0 aHAJOTMYHLIM mpuunHaMm oTobpaxaer S(R") B S(R™), omepaTtop A mo
IBONCTBEHHOCTH IPOJOMIKACTCA 1O HEIPEPHIBHOTO OTOODAKEHNA

A: S'(R™) — S'(R™).
Onpepgenenme 23.4. Knacc omeparopos A Buga (23.8) ¢ amman-

Tygamu a € I (R3") o6oznazaeTcs Tepes G (R") man mpocTo wepes G}
(ecam sicHO mam Ge3pa3AMIHO, KAKOBA DA3MEPHOCTD 7).
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Ilomesno ommcaTh omepaTophl, IpHUHALIEXKAIINe Hepecederno (G~ =
=N GT. Mz mokaxkeMm cemdac, 9TO 3TO IepecevdeHIle He 3aBICHUT OT p U
m

COCTOUT U3 omepaTopos ¢ aapamu K 4(z, y) € S(R?"). flcro, 4T0 g0ocTATOT-
HO pPaccMOTpeTh caydan p < 1. 3aMeTuM, ITO omepaTophl ¢ AMILIHTYJaMI
a(z,y, &) n{z—y)"N(DeYWa(z, y, £) coBnagaroT, oTKy1a clegyeT, ITO ecIn
A€ G, To omepaTop A MOXKHO 3aJaTh ¢ HOMOIIBIO AMIINTYALL a(, ¥, £),
YBOBIETBOPAIOLIEH ycI0BUAM (23.9) €O CKOIB YT OZHO MATBIME (CKOIb YT OI-
HO GAm3KHME K —oo) ducaaMu m u m’. Ho Torga omepatop A umeer s1po

Ka(e, v) :// (=9 Eq(x, y, £) de, (23.19)

npunagrexamee S(R "), OTcioga ciegyeT, B 9acTHOCTH, 9T0 A ompenenseT
HepepbIBHOE 0TOOpakeHne

A: S'(R™) — S(R"), (23.20)
KOTOpoe 3a1aeTca GpopMy.Ioi
Aulz)=(Ka(z, -), u(*)). (23.21)

B o6miem cayuae aapo K 4(x, y) onpenereso GpopMy.Ion
(K4, 80>:// 6i(x_y)'§a(x, y, &) p(x, y)dedydé, e S(R™), (23.22)

1 IpejcTaBageT cobolt 06obmennyio dhynkmuio K 4 € S'(R7).

Yunpaxuenne 23.2. O6osnadnm 4epes C7° (R™) npocTpaHcTBO Takux hyHKIUI
uw€ C(R™), aTo maa m060ro My IbTUHHIEKCA o HalfyTCA TaKie MocToAHHbEe Co U fa,

qgT0
|0%u(z) | < Ca () e (23.23)

IHokazaTh, 4To onepaTop A € G™ omnpegenaser oTobpayKkeHue
A: O (R™) = C(R™). (23.24)
Ynpaxueunune 23.3. [lycrs A € GI’O" (R"™), K 4 —agpo oneparopa A. [Jokasars,

aro K 4 € C°(R?™M\A), rae A — gmaronaas B R x R™.

23.3. JleBn, IpaBEIM M BEIIeBCKUH CHMBOJIEL.
Teopema 23.1. Onepamop A€ G} suda (23.8) moncem Gvimb 3anu-
can 6 awbott uz caedyrowur mpex Hopm:

AU(x):// e, (&) uly) dy de, (23.25)
Aua) = [[ @000, ulw) dy e (23.26)
Au(z) :// 6y (T €) uly) dy de. (23.27)

2
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3dect G A1, CAr U T4 w NPUHADIENCATN I‘T(}RZ”), 00no3Hauno onpede-
ACHBL U PA3AA2AIOMCA 6 CACOYIOUUE ACUMNMOMUNECKUE PATDL:

1 [o 4 (a4
oa iz, &)~ —0EDyale, v, &)ly=, (23.28)

(a4

oar(y, )~ 50?(—Dx)°‘a(x, Y, §)lo=y, (23.29)

(a4

1 1\ 1B+
oAl €~ W(E) AT (=D,)P DJale, y, )ly=s.  (23.30)
)Y

DTa TeopeMa MO3BOJSIET BBECTH

Onpegenenne 23.5. PYyHKIUN 04, Oa,r U 04w U3 GOPMYT
(23.25)—(23.27) Ha3BIBAIOTCA COOTBETCTBEHHO A€6bLM, NPAGHIM U 6elites-
CKUM CUMBOJAME omepaTopa A.

XoTs MBI U He GyJeM HUCIOJIb30BATh HUKAKUX APYTUX CUMBOJIOB, JOKAa-
XKeM clegyiolilee 0600Imenne TeopeMsl 23.1, cogepixaree napaMeTrp TER u
TIO3BOJIAOIIEE OGONTICH Ge3 TIOBTOPEHNUN B JOKa3aTelbcTBe Teopembl 23.1.

Teopewma 23.2. [lyems» dan onepamop A€ G} suda (23.8). Tozda
das awboeo T ER onepamop A moxcem 6vimb eduHcmMBENHBIM 06pPA30OM 3a-
nucam 6 6ude

Aue)= [[ e (et Quidyde, (2331

2de b, € re (R2"). Ipu smom b, pazaazaemca 6 caedyrowuti acumnmomu-
yeckut pao:

1 +
br(z, &)~ erﬁl(l—r)h@? Y(=Do)’ DYa(x, y, §)ly=o.  (23.32)
B
Onpegenenmne 23.6. Pymxnmio b (x, ) ™Mbl OyjeM Ha3LIBATh
T-cuM8oA0M OTepaTopa A.

HdoxazaTeancTBOo TeopeMmul 23.2. Ilomaras

v=(1—7)z+ Ty,
{ (=metry (23.33)
w=z—y,
HOTY<IHM
{QEZHW’ (23.34)
y=v—(l—7)w,
OTKYIa

a(z,y, &) =alv+rw, v—(1—1)w, ). (23.35)



§ 23] AJTEBPA OIIEPATOPOB B RY 201

Pasmoxum Temeps mpasyio dacTh (23.35) mo Qopmyae Teinopa mpu
w=10:

a(z,y, &)= Z (_B}—)ljlrlﬁl(l—r)hl(x—y)ﬁ‘w(&f 0;a) (v, v, &) +rN,
paalen-1 O
(23.36)

rae

1
(e, y, &)= Z cpry (2 —y)P T /(1 —)V=1x
[B+vI=N 0
x (97 dya) (v+trw, v—t(1-T1)w, §)dt, (23.37)
€3 — HEKOTOPBIE IIOCTOSHHEIE.
B dopmyne (23.36) BrIpaxkenme (&f&;a) (v, v, £) o3magaeT, 4YTO Ha-
10 B dysxmm 99 dja(z, y, {) BMECTO aprymMeHTOB &,y NOACTABUTE
v=(1—7)z+7y. AHATOTHYHEII CMBICI HMeeT BhIpakerme (05 dya) x
x (v+trw, v—1t(1—7)w, &) B popmyne (23.37).
3aMeTHM Temeph, UTO omepaTop ¢ aMmnTygon (x — y)° TV (02 dya) x
x (v, v, £) coBmAJAET ¢ OMEPATOPOM, 3aTAHHBIM C IIOMOIIBIO AMILIHTYABI

(—D¢)?+1 (9207 a) (v, v, €)= (=L)PIFN(IZH DI DY a) (v, v, €).
TosTomy u3 (23.36) caegyer, 4To omepaTop A IpeIcTaBHM B BHE CYMMBL
A=AN+ Ry, rge Ay — omepaTop ¢ T-CHMBOJIOM

1
bv(z, &)= > =71 =)Mo (= Da)? DYa(w, v, €)ly=e,

Bly!
[B+vyI<N-1

a Ry —omeparop ¢ ammanTygson ry(z, y, £). OTMeruMm Temeps, uTo Ry
uMeeT BUJ JUHENHON KOMOWHAINN KOHETHOTO YHCIA CAATAEMBIX C AMILIN-
TyAaMu BUIA

1

/((9?”(35 dya) (v+trw, v—t(1—7)w, &) (1-0)N""dt, |B+y[=N.
0

HokaxeM, 9TO d>Ta aMIIUTYAa TPUHAIIEKIT KIACCY HT_ZN"(RB”). st
3TOr0 JOCTATOYHO OKA3aTh, ITO 3TO BEPHO A/ [0 BIHTErDAJLHOTO BEIPA-
KEHNA, IPUIeM BCe OLleHKH PABHOMEDHEI 10 ¢ (3aMeTHM, ITO 3TO OIeBUIHO
npu kaxgoM GurcupoBaHHoM t# (0 m BepHo mpm ¢t =0 B cmIy mpemIoxe-
mna 23.3). Beuay cooTHomeHni

v=>1-7)(v+trw)+7(v—t(1— 1) w),
tw=w+trw)— (v—t(1—-7)w)
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fACHO, 9TO
_1 vt+ttw |+ |v—H1l—T)w
(-1 ottt o=t = 7)ul
lv|+][tw]

<G,
rge C'>0 u C me 3asucur ot { € [0, 1]. IlosTomy

(077707 9Ja) (v+trw, v—t(1—r)w), &| <
SO o]+ [t 4 [E )72 (1 [t ) 20N
IMockoasxy upu m’ + 2pN >0 Mbl uMeeM
(L [ )™ 20N (L o] [t 4 [€ )™ 20N (L o] €] H20),
TO ACHO, 9T0 ecan eme m' +m >0 u m—2pN <0, To
|(0?+70£ 0;a) (v+trw, v—1(1—71)w, €)| <
SOQ+[v|+]E)T N (14 o]+ [tw]+ €)™ <
SO+[v|+]E)™ N1+ |w])™ ™ <
SO [o] 4w+ €)Y (L4 [ [tz e,
rge (' He 3aBUCHT OT {. AHAJOTIMYHO TOLYIAI0TCS OLEHKH IS IPOU3BO JHBIX.

Ilycts Teneps cumBoa b/ (z, &) € I‘T(}RZ”) TaKOB, ITO

oQ

Ve, &)~ (by(z, &) —bn-i(z, £).

N=0

Torga, ecan onepatop A’ umeer 7-cumsoa b’ (x, £), To scHo, aT0 A— A’ €
€G™, 1. e. onepatop A — A’ mMmeeT sapo, IpuUHAITEKAIlee MPOCTPAH-
ctey S(R?").

IIposepum Temeps, UTO ecan omepaTop A mmeet sapo K4 € S(R?™), To
oH nMeeT T-cumBoa by (z, €) € S(IR?™), nputeM cOOTBETCTBUE MEXKIY AIPaMI
I T-CHMBOJIAaMI B3aIMHO o 1Ho3Ha4Ho. Ho u3 Gopmyast (23.31) scHo, 1T0 5TO
COOTBETCTBHE MMEET BHJ

Kaz,y)=F_,_ b (1-7)x+T1y, &), (23.38)
br(v,)=FypseKa(v+rw, v—(1—1)w) (23.39)

(dpopmyaa (23.39) noxygaerca us (23.38) ¢ mOMOILIBIO 3aMeHBI TepEMEHHEBIX
u dopmyart ob6pamenns Dypoe). B wactrOCTH, A1a moboro K4 € S(R)
no dopmye (23.39) moxno mairTn b, (v, £) € S(R?").

llokaxeM Teleph eIMHCTBEHHOCTL T-CHMBOJa B o0men cuTyaruu. s
sToro 3amernM, u4To Qgopmyra (23.38) BepHa Bcerga, xorga omepaTop A
3aJaH ¢ HOMOIIBIO T-CHMBOIa by (v, ), ecanm dacTmdHOe IpeobpazoBaHme
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dypre, BXoadiee B 3Ty (POPMY.IY, TIOHIMATh AHAIOTHIHO TPe06Pa30BaHIIO
Dypbe 0600menanx Gyaxnui (cum. § 1). IIpu s3ToM BepHa n popmyra o6pa-
IIeHNs, IPUBOAALIIAL TOCIe TNHENHON 3aMeHbl apryMeHToB (23.34) k (23.39).
W3 popmyas: xe (23.39) e JUHCTBEHHOCTD T-CUMBOJIA OY€BUAHA B CUIY €JUH-
crBennocTn aapa K. W

Caengcrsue 23.2. Kaacc onepamopos G cosnadaem ¢ KAACCOM
onepamopos 6uda (23.25) ¢ aeevin cumnsonomn o4 (z,§) €T (R2). To ace
camoe sepuo ¢ 3amenoti (23.25) na (23.26) wau (23.27) u 04, Ha 04,
UAU T4 -

23.4. Cpa3u MeX]y Pa3IMIHEIMH cuUMBOJAaMu. CHMBOJBI TPAHCIOHM-
POBAaHHOIO M CONPAXEHHOr'0 OIMEpPAaTOPOB. BrIpaxkeHme T-CHMBOJA depe3
T1-CHMBOJ B BIJ€ ACHMITOTHYECKOT O PAAA MOXKET OBITD JeIKO IOLYUeHO 13
TeopeMsl 23.2. B camom gexe, ecan omepatop A mMeeT Ti-cumBox b (z, £),
TO 3TO 3HAYNUT, ITO OH MOXKeT OLITH 3aJaH C IOMOIIBIO AMILIITY b

Cl(l‘, Y, g) :le((l _Tl) l‘+7'13/a g)

Ho Torga mo Teopeme 23.2 ero 7-CUMBOJ IMeeT ACHMIITOTHYIECKOE Pa3-
JIOXKEHITEe

—1lel
br(z, &) ~Z %Tlﬁl(l — )bl - Tl)lﬁlTllvla?MDfﬂbﬁ(x’ £),

B,
JaIn
br(w, §)~ ) cadf D3bry (@, £), (23.40)
e ’
_1yl8l
D D R (L RS L ¥t
B+y=o

I, B 9aCTHOCTH, ¢y = 1. [IpeoGpasyem Temeps (23.41), moasaysacs GpopMyron
ounoma Hplorona (remma 3.4).

O6osmagas e= (1, 1, ..., 1), moxy<aum
1 W 1 N
Co= a[(l—r)ﬁe—r(l—ﬁ)e] :a(ﬁ—r)l !

Nrak, gokasana
Teopema 23.3. Cumeoavt by(x, &) u by (x, &) odnoeo u mozo e
onepamopa A€ G} ceazanyl coomuoutenuem

be(a, )~ % (r —7)1*l92 D2b,, (x, €). (23.42)

(a4

B uacmuocmu, by (x, &) — by, (x, &) € I‘T‘zp(RZ”).
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PaccMoTpuM Temephb TPAHCIOHIPOBAHHEIN omepaTop ‘A, onpenenseMbil

dopmyaon
(Au, v) = {u, "Av), u,veS(R"), (23.43)

r e
(u, v>:/ u() v(x) de.

3 popmyast
(Au, v) :/// G (1=7) e+ 7y, &) uly) v(e) dy de dé =

= // ei(y_x)be((l —r)e+1y, —&) u(y) v(z) dy de dé
crefyeT, ITO ecan omepaTop A mmeeT T-cuMmBoa b, (z, &), To omepaTop ‘A
nmeet (1 — 7)-cumBox by, (x, &), 3agaBaeMbril hopMy.I0il

s (e, &) = bs (x, =€) (23.44)

I3 Teopemsr 23.3 cregyeT Temepn

Teopema 23.4. Ecau A€ G}, mo ‘A G u T-cumsoa % (z, &) one-

pamopa 'A swvipascaemes uepes T-cumeoa b (x, &) onepamopa A Popmyaoti

1 (a3 (a3 (a3
oz, &)~ = (1—2r)l*log DS, (x, —€). (23.45)
Ilycte Temeps A* —conmpsikenunin Kk A omepaTop, OmpeneIeHHBII COOT-
HOIIIeHUEM
(Au, v)=(u, A"v), u,veSR"), (23.46)
rae

(u, v) :/ u(z) v(z) de. (23.47)
]Rn
Anamorn4so Teopeme 23.4 T0Ka3BIBAETCS
Teopema 23.5. Ecau A€G), mo A*€G]', npuuem T-cumeos
bx(x, &) onepamopa A* ceasan ¢ (1—7)-cumsoaom by_(x, £) onepamopa A
COOMHOULEHUEM

b (x, €) =b1_(x, £), (23.48)

a uepes T-cumeoa by (x, &) onepamopa A 6bpancaemes acuMNMOMUECKUM
padom

b, )~ — (1—20)@log Db, €). (23.49)

(a4
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Caegcrsue 23.3. Ecau AEG], mo

carw(z, &) =04 w(z, &). (23.50)

B uacmuocmu, ycaosue A* = A pasnocuavno ceuecmsennocmu cetiaes-
CRO20 cuMB04a 04 (2, ).

23.5. ®opMyaa KOMIO3UIMH.

Teopewma 23.6. [lyem» A'€ Gt A" € G2, Tozda A’~A”EGTl+m2,
npuuen ecau b, (x, §) —ri-cumeoa onepamopa A', b (x, &) —Ta-cumeoa
onepamopa A", mo T-cumsoa b (x, &) onepamopa A’ - A" umeem acumnmo-
muueckoe pazaoxcenue 6uda

bola, &)~ Y capns(0F DIV (2, ) (0 DIV (2, €)). (28.51)
a,B,7,9d

2de Capys — nocmoannvie (3asucawue om T, T U Ta), npuuem copoo =1
u cymma bepemca no maxum Habopam myabmuundexcos «, B, v, § umo
at+y=8+6.
/ 1 —

B uacmuocmu, by (x, &) = b (x, £) b (x, &) € I‘Z“"’”” 2R,

JoxazaTeascTso. YIuTeBasg TeopeMy 23.3, MBI BUAUM, UTO JO-
CTATOYHO PACCMOTPETH KAKON-HIUOY Ib O JUH HAGOD duces T, Ty, To. BozabMeM
mas mpocToTel caydan 7 =0, 75 =1. OnepaTop A’ 3amuceiBaeTcs wepes
cumsoa by (z, £) mo dopmyae

Alu(z) = / / Dy €) uly) dy de.
NI

Tu(e)= [ <, & uiw) do (23.52)
Omnepatop A’ mmeer Bug
// D o, € uly) dyds = [ 7 (o €) i) d. (23.53)
11> (23.52) 1 (23.53) maxommm
oAule)= [[ I G, uty) dyds, (2354

T. e. omepaTop A’ o A” 3agaeTcsa ¢ MOMOMIBIO AMILINTY JbI

a(z, y, &) =bj(x, &) b (y, &) e M7= (R,
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Orcrona A’oA”EGTl‘H’”. Mpumensas Teopemy 23.2, MBI moAyIaeM a7

br(xa g)

el
br(e, &)~ Y S A= P12 (D, €)) (D185, €))]
B

n no gopmyie Jenbuumna (1emma 3.3)

—1)lAl +)! / e 1"
bl )~ 3 BB P02 D2k (05 020%), (23.55)
B8,7v,0,¢

dte=p+n

4T0 u TpeGoBamocs. M

Hoacrasassa B (23.55) Berpaxkenus by, by wepes b,
KO3(PQUIIEHTOB Cop~s U3 HOpMYIH (23.51) HeKOTOpEIE POPMYIEL, KOTOPHIE
HHOTJa yaaeTcs yupoctuTs. Hampumep, amasoruwao Teopeme 3.4 1oxa3ni-
BaeTCsa

Teopewma 23.7. B npednoaoxcenusr meopemvt 23.6

bol, €)~ > = (98 bh(, (DI (i, €)). (23.56)

(a4

b’T’2 MBI IOTYYIUM IS

3apgawa 23.1. JokasaTb, ITO AeBHI CHUMBOI 04 (&, &) omepaTopa
A € G} BrpaxaeTcs 1epe3 onepaTop A popmyron

oa iz, &) =e I TEA(TE, (23.57)

rie omepaTop A TpEMeHAeTCA MO MepeMEHHON .
Sagawza 23.2. [Joxasats, uto ecin A’ € G, A" € G2, To

Taronr w(®, &)~

—ylet N N
~3 %2 (o421 (98 D20 g1 (2, €)) (0] D2 (3, €)). (23.58)
a, B
Jagaga 23.3. Paccmorpum MHOrO4IeH
(tiey 4 .. .+ tptn + 11D, 4. 41Dy )Y

OT mepeMeHHBIX ¢, T €R” ¢ omepaTopHBIME Ko>(D UIMEHTaME (£; paccMa-
TPHBaeTCA KaK OLePaTop YMHOMKEHNT Ha &;) I 3allilleM ero B BHJE

N! o s
l %l:N —OZ!B!t T Aaﬁ.
a+48|=

JoxazaTs, 9T0 A3 — OIEPATOD ¢ BEHICBCKIM CHMBOIOM €,
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§ 24. AHTMBMKOBCKMH CHMBOL.
TeopeMBI 006 OTPDAHMIEHHOCTH M KOMIAKTHOCTH

24.1. OnpefefeHne ¥ NpocTelIme CBOMCTBA AHTHBMKOBCKOTO CHMBO/IA.
ITonoxum

®o(x)=7"""" exp[—2?/2), zeR™ (24.1)

Torga ®g(x) € S(R") m ||®g]|=1, rae MBI oGosHauman depes |- ||
obpraayo mopmy B L%*(R"), HODOXKIEHHYIO CKAISDHBIM IIPOW3BEICHI-
eM (23.47). O6osmaunMm <wepe3 P omepaTop OPTOMOHATBLHOT'O HPOEKTH-
posanns B L?(R") ma sexTop ®g. flcHo, TTO AIp0O €ro nMeeT BUJ

K(x,y)=n""? exp[— (2 +4?)/2]. (24.2)

Brraucanm BemIeBCKIII CEMBOI ¢ omeparopa Py, mcmoaszys ¢opmy-

1y (23.39) c 7=1/2, 1. €.

ool(x, 5):Fv_>§K(x—|—%v, xr— %v) (24.3)
YnTeIBag, ITO
n/2 2
a5 ()
Fyem exp (—av”) (a exp(—;~), a> 0, (24.4)
MEI oaygaeM u3 (24.3), aTo
2
ooz, &)= FU_>§7T_H/2 exp (—xz — UZ) =2" exp [—(z? +£2)]. (24.5)

[ycte Teneps 2 = (x, £), 20 = (zo, &) € R?™. PaccmoTpum onepaTop P,
C BEIIEBCKUM CHMBOJIOM 0, (Z) BHZa

02,(2) = 00(z — 20). (24.6)
Jlerxo mpoBepuTh, ITO

Py = Mg, Ty PoT; MY, (24.7)
rae Mg, — omepaTop yMHOXEHNA Ha el €0 T, —omepaTop cIBUTa Ha Zo,
B LZ(R"), 1. e. Ty u(r) =u(z — xq).

Nonaras U,, = M¢, T}, MBI BuAuUM, 9TO ollepaTop P, 3aluchBaeTCa B
BU e

P,,=U,, PU ! (24.8)

Zg )

OTKyJga BBUAY yHuTapHocTu U, sicHo, uTO P, ABIfeTCS olepaTopoOM Op-
TOrOHAJIBLHOI'O IPOeKTHpOBaHug Ha BekTop @, =U, ®.
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MBI XOTHM PacCMOTPETh OMEPATOP, ABIAIONINNCA CAeIYVIOMeN THHETHON
KOMOIHAIIeH omepaTopos P, z € R2™:

A:/ a(x, &) Py ¢ dx dg, (24.9)

rae a(z, &) € I‘T(}RZ”). [l1a mpugaHua cMBICIa 3TOH (POpMY.Ie 3aMeTHM, ITO
HENOCPEICTBEHHO NPOBepseTCs caefyommi ¢akT: ecan u(z) € S(R™), To
(P eu) (z0) € S(Ri’fg). Baarogaps stomy (24.9) umeeT cMBICa mocae mpu-
Menenns ¥ Qyuxmun u(z)€ S(R"), u aerko ybeguTnes, 4TO omepaTop A
otobpaxaer S(R") B S(R").

Onpepgenenme 24.1. Oneparop A suga (24.9) maspiBaeTcsa onepa-
MOPOM € AHMUEUKOBCKUM CUME0A0M (T, &).

¥Y106cTBO aHTUBUKOBCKOT'O CHMBOJIA TOKA3bIBAET

Mpenaoxenne 24.1. Feau a(z) >0, mo A>0, m. e. (Au, u) >0
npu u € S(R").

JoxkaszaTeabcTso.ITOBETEKAET U3 TOrO0, ITO P, > 0 mpu m060M
7 €ER™. A

Crnegcreue 24.1. Bcau dynnyus a(z) 6ewecmseHnosHaura, mo

ANl < sup fa(2)], (24.10)
ede zeR
[Al[= sup  [|Au||/[ul].
u€S(R™),uz0

JoxazaTeascTso. Yreepxaenue ||A||< M pasrocmipHO guas ca-
MOCOTIpsKeHHoro A HeoTpuaTeabHocTH onepatopoB M — A u A+ M, ote-

Buason mpu M = sup |a(z)| u3 nmpegaoxenns 24.1. W
2€R2n
Crnegcreume 24.2. Jasn xomnaexcrosnaunot dynryuu a(z) umeem

MECTO OYEHKA
1< s la(s)]. (24.11)
2€R2n
HdoxazaTeabcTBo. [JoCTATOYHO BOCIOAL30BATHLCA CJIEICTBHEM
241 naa Reaunulm a. B
Jameuanume 24.1. Ha camom gexe omenxa (24.10) BepHa n 11 KOM-
IUIEKCHO3BHAYHBIX QYHKINA oz) (cM. 3anaty 24.4), xoTa MBI He Gy €M 5TOT0
HCIOIB30BATD.

24.2. CpaA3p AHTHBUKOBCKOT'O CHMBOJIA ¢ JPYTUMMHU CHMBOJAMH.

Teopewma 24.1. [lyemv A — onepamop ¢ aHMUBUKOBCKUM CUMBOAOM
a(z)=a(z, §) €T (R2"). Toeda A€ G u setiaescruii cumeoa b(z) onepa-
mopa A evipancaemca dopmy.aot

b(z)=n"" / e_lz_’zl|2a(z/)dz/. (24.12)
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Jaaee, awboti T-cumsoa br(z) onepamopa A umeem acumnmomuueckoe
Pa3A0HCEHUE

br(2)~ > cad®a(z), (24.13)

(a4

2de ¢, —nexomoprie nocmoannvie (3asucAujue om T), npuuem cg=1 u
co =0 npu nevemnom |« |. B uacmuocmu,

by (2) —a(z) €T (R™). (24.14)

JoxaszaTteasctBo. Coornomenne (24.12) oueBmguo us ¢op-
Mya (24.9), (24.5) u (24.6).

Cootromenne (24.13) mocraTowHo B cuiy TeopeMsl 23.3 T0oKa3blBaTh
npu 7=1/2, T. e. JIA BeHIeBCKOr 0 cHMBOJIA. PazroxuM a(z’) mo dopmye
Tenmopa B Touke Zz:

a()= 3 L (0%a() (2~ o)+ (e, 2), (24.15)

o< N

1

ry(z', 2) = Z c;(z/—z)o‘/0°‘a(z—|—t(z/—z))(1—t)N_1dt, (24.16)
a|=N

0

¢/, — HeKOTOpbIe IOCTOAHHELE.
ToacraBaas (24.15) B (24.12), MBI DOIyIaeM

b(z)= Y cad®a(z)+ Ry, (24.17)
o< N
rae
_ ! a,—|z|?
Ca= —— /z e dz (24.18)

(oTKyga, B 9aCcTHOCTH, ¢g =1 u ¢q =0 mpu HeweTHOM |t |),
Ry(z)=7"" / e_lz_’zl|2rN(z/, z)dz’'

Hoxaxem, aTo Ry (z2) € FT“’N (R?") (oTcroga 0MeBIIHBIM 06DA30OM Cle-
ayeT TpeGyemoe pasmoxkenume (24.13)). Yzobuo samucats Ry (z) B BHIE

Ry(z)= Z cr | dt dw~w°‘e‘|w|2(0°‘a) (z+tw) (1—=t)N 1,
s

a|=N
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oTkyga d7 Ry (%) uMeeT BILJ CYMMBI CIaraeMbIX BHAA

jdt/dw~w°‘e‘|w|2(&ﬁa) (z+tw) (1—t)N L.

rge |B|=N +|~|. fAcuo, aro gocraTouno pasaoMepHo o ¢ € [0, 1] ouernTs
BLIDaKeHNUE

Is(2) :/ dw - w11 (0%a) (2 + tw). (24.19)

Has onenkn [,5(z) pasobbem unTerpal B (24.19) B cyMMy ABYX HHTe-
rpaJoB:
wp(2) —mo obmacrm |w|<]z]/2,
ap(2) —mo obractn |w|>]z]/2.

gz I’ ,(2) umeeTcsa omerka
s 1,

[ 2(2) | < Gt [ (Yool =z =r 40D (24.20)
a Igﬁ(z) OIIEHIBACTCA CIeAYIOMNIM 06pPa3oM:

() <Can [ PPN dus G (s
lw|>]z2]/2

npu ao60oM k. 3 (24.20) u (24.21) HeMenaeHHO crenyeT TpeGyeMas OLeHKA
s Iap(z). A
Teopema 24.2. IIycmo A’ € Gy Tozada cywecmeyem makoti onepa-

mop A€ G, umo A 3adaemca anmusuKo6CKUM CUMEOAOM

a(z) eETP(R™) u A-A'eG™™, (24.22)

m. e. onepamop A — A" umeem adpo Ka_4:(x, y) € S(R™).

3Jamevanue 24.2. He moGon onepatop A€ (G}’ nMeeT aHTHBHKOB-
cxmit cnmBoa a € I} (3To BIAHO, HAIPUMeD, U3 TOT'O0, ITO BEHIEBCKHN CUIM-
Boa b(z), ompegeaseMsiin bopmyaon (24.12), gorxen GBITH AHATHTHIECKON
dbyuknueit o z €R?"). daxTHIeCKN HAX0XK IeHNE AHTUBIKOBCKOT'O CHIMBOIA
10 BEWJIEBCKOMY TpPeGyeT pellleHre 06pATHOTO YPABHEHUS TEILIONPOBOIHO-
ctu. Teopema 24.2 moxasmiBaeT, 9To ecan npeHe6peds cumporamu 3 S(R"7),
TO 3Ta MPOIEAYPa CTAHOBUTCA OCYIIECTBIMON.

NdoxaszaTeabcTBo TeopeMmu 24.2. Ilycts onepaTop A’ mMmeeT
BelmeBcknil cumsoa b (z, £). PaccmorpnM omepaTop Ay ¢ aHTHBUKOBCKIM
cumBoaoM ag(z, £) =b'(x, &) n momoxum A] = A’ — Ag. Torga A} € GT‘Z" o
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Teopeme 24.1. O6o3uanM depes A omepaTop ¢ AHTHBUKOBCKUM CHMBOJIOM
ai(x, &), paBHBIM BelIeBCKOMY cuMBoxy omepaTopa A). Torga umeem

Al=Ag+ A+ Ay, AyeGp V.

IIpogoaxkas, MBI O MHIVKINN MOMXKEM IOCTPOUTBL TAKyIO MOCIEIOBA-
TeIbHOCTE omepaTopos Aj, 7=0,1,2, ..., ¢ aHTUBIKOBCKUMI CHMBOJIAMI
a;j(z) € FT_ZN’(]RZ”), 9TO

N-1
A= AeqnTinN, (24.23)

7=0

Ilycrs cumBoxn a(z) € I‘T(}RZ”) TaKOB, ITO

00
an E aj.
7=0

Torga, ecin A—omepaTop ¢ aETHBHKOBCKHM CHMBOIOM a(z), TO H3
(24.23) BriTexaer (24.22), uTo u Tpebosasocs. M

24.3. TeopeMBI 06 OrPAHMYEHHOCTH M KOMIAKTHOCTH.

Teopewma 24.3. Onepamop A€ Gg npodoancaemcsa do o2panuueno2o
onepamopa 6 L?(IR™).

JoxazaTeasbcTBo. YTBepKIeHNe B CUIy TeopeMbl 24.2 u cien-
crBus 24.2 cBogmTcs K ciaydalo, korga A € GT°°, rge oHo moaydaeTcs m3
OIeBIJHOU OLEHKH

A< [[ 1Kate, ey (24.24)

BBITeKAalomel u3 HepaBeHcTBa Komm—ByHAKOBCckOro (cM. Taxxke gobasie-
mne 3). W

Teopewma 24.4. Onepamop A€ G}, 2de m <0, npodoasxcaemes do
Komnawmuozo onepamopa 6 L*(R™).

doxaszaTenasncTso. [Ipexge Bcero 3aMeTnM, ITO KOMIIAKTHLI OITe-
paTopel A € G~%°, apassommecs omeparopamu I'minGepra—IlIMmumara (cM.
JgobaBaeHne 3).

Iycte Temeps A €G!, m<0. Iloapsysace Teopemon 24.2, MBI MOXKeM
CINTATh, YTO OmepaTop A NMeeT aHTHBUKOBCKHI CHMBOI d(z) € I‘T(}RZ”).

Oycts x(2) € C§°(R?™), x(2) =1 mpu | 2| < 1. Tlomoxum ar (2) zx(%) a(z),

I mycTh Ap —omepaTop ¢ AaHTHBHKOBCKEM cHMBOIOM af(z). Torga

sup |a(z)—ar(2)|—=0 opu L — +oo, n B cuay cregcreus 24.2 oTcioga
2eR27
BEITeKaeT, 4T0 ||A — Ar||—= 0 mpu L — +oo. Ho omepatop Arp xoMmMmakTen
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upu apobom L, mockoabky Ap € GT°. OrTcroga ciegyeT I KOMIAKTHOCTD
omepatopa A. W

24.4. 3apgayu.

Jagaua 24.1. JokazaTb TeopeMmy 06 orpaHm<eHHOCTH 24.3 TeM xKe
croco6oM, uTo u Teopemy 6.1.

Sagaga 24.2. JJokazaTs TeopeMy O KOMOAKTHOCTH 24.4, He HCIOIB-
3ysl T€OPHUIO AHTUBHKOBCKOI'O CIMBOJIA.

Yrkaszaunune. C noMomeio MoJApHOro pa3joXKeHHUs onepaTropa A mposepuTsh, 9TO
KOMMNAKTHOCTEL A paBHOCHILHA KoMIakTHocT A* A; nmokaszaThb, 9To KoMnakTHocTh A* A
PaBHOCI/IbHA KOMTaKTHocTH oneparopa By = (A*A)Y, u noayuurs nocieguion mpu
Gompmom N us Toro, uro K, (¢, y) € L2(R27).

Jagauga 24.3. Paccmorpum cucreMy BexkTOpoB {®.},cgen, ompege-
TeHHBIX B 1. 24.1. TokazaTs, uTo oTobpaxenue [: f— (f, ®,) onpegeaser
mzoMmeTpuaHoe Broxkerue LZ(R™) B LZ(R?"), 1. e.

I£11* = (2m)~" / |(f, ®.)*dz (24.25)

(B Taxoll CHTyalHl TOBOPAT, ITO BeKTOPH P, 06pa3yIOT NEPENOAHEHHYIO
cucTemy oTHOCHTETBHO Mephl (27)~"dz B mpocTpancTe R?7).

Sagaua 24.4. I[NokazaTs, 4TO omepaTop A ¢ AHTHBUKOBCKIM CHMBO-
10M a(z) MOXKeT OBITH 3AIICAH B BHAE

A=I"M,I, (24.26)

rae M, — omepaTop yMHoxkenus Ha a(z) B LZ(IR"), a onepaTop I: L*(R") —
— L%(IR?") BBegen B 3agate 24.3. BrisecTn 0TcI04a CIpaBelINBOCTD OLEH-
ku (24.10) mas KoMIuIekCHO3HAUHOHN QyHKIHN a(z).

Jagaga 24.5. BeegeM surosckuti cumson ¢(z) omeparopa A€ G} ¢
BEHMIEBCKIM CHMBOIOM b(z) mo dhopmye

e(z)=n"" / e 172"y () d2. (24.27)
JoxazaTs, 9T0 ¢(z) BEIpazkaeTcs depe3 b(z) aCHMITOTHYECKHM PILIOM
c(z)~ Y eadb(2), (24.28)

rge co=1u ¢ =0 mpu HeweTHOM ||
IIpoBepnTs, 4TO BHKOBCKHI cHMBOI ¢(z) omepaTopa A BhlpaxaeTcs
dopmyaon
c(z)=(A®,, ®,). (24.29)
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BeisecTn us Hee, ITo

sup [c(z) | <|[All.
2€R2n
Jagaga 24.6. Ilycts a(z) — 0 mpu | 2| > 4+00. Jlokasars, ITO omepa-
Top A, oupenensemsiii bopMmyaon (24.26), koMmmaxTeH.
SBagaua 24.7. Ilycts A — xommaxTabiii onepatop B LZ(R") u c(z)
ompegenero gopmyaon (24.29). Mokasats, uTo ¢(z) — 0 mpu | z| = +o0.
3agaza 24.8. llycts A€ G}' mpu HekoTopoM mER, b(z) — Betlaen-
ckun cuMBoa omepaTopa A. JJokazaTh, 9TO OrPaHNYEHHOCTH onepaTopa A
PaBHOCHIBHA TOMY, 9To sup |b(z)]<+o0.
2eR2n

Yka3zanue. UcnoabzoBars caencrsue 24.2, 3agady 24.5 1 KOHCTPYKIUIO U3 TOKa-
3aTeJbCTBA TEOPEMEL 24.2.

Jagaga 24.9. Ilycts A, b(z) Takue Xe, Kak U B IpeALIIYINEN 3aJa-
we. [JoxazaTb, 9T0 KOMIAKTHOCTH A paBHOCHIBHA ycaoBmio b(z) — 0 mpu
| 2| = 0.

Yxkaszanue. UcnoabsoBars 3agadu 24.6, 24.7 1 KOHCTPYKIUIO U3 JOKA3aTEAbCTBaA
TeopeMEI 24.2.

Jagaga 24.10. JoxasaTs, 4To guddepeHInaqbHBIN OIEPATOP C HO-
JNHOMEIAIBHBIME Kod(dunnmenramMu B R” nMeeT aHTHBUKOBCKHUHI CHMBOJ,
ABJAIONIINICA MHOTOUIEHOM 10 7z = (z, &).

Ykazauue. B MHOro4IeHax MOXHO pemaTh o6paTHOE ypaBHEHHE TEILIONPOBO I-
HOCTH, MOCKOJAbKY Jaliacual A ; HIIBIOTEHTEH Ha MHOTIOWIEHAX JaHHOU CTENEHU; €CIN
b(z) — BelIEBCKUI cUMBOUI ollepaTopa A, ABAAIUICA MHOMOWIEHOM, TO €I'0 aHTUBHUKOB-
CKHI CUMBOJ UM€EET BH,T

| =

! <—%>kb(2). (24.30)

BN

a(z)=e" ey b(z) = Z
k=0

Jagaga 24.11. Beramcants xodpuoueHTH ¢ B Qopmyre (24.13)
npu 7=1/2, T. e. IpU BEIPAKEHUU BEMIEBCKOI'O CIMBOJA IePe3 AHTUBHKOB-
cxuil. IloxazaTs, 9T0 >TOT psig MOXKeT OBITH 3AINCAH B BHIe

be)~eta(z)=Y (%)ka(z). (24.31)

Yrxasanune. [Ipu BerancieHnn ko>¢phHUNEHTOB ¢ MOXKHO CYNTATh, 94TO a(z) —
MHOI'O'/IeH.

SJagaga 24.12. Ilycre A — gudpepeHunaIbHLIL ONEPATOD C IOJI-
HOMUAIBHBIMI kK03 duinentamu B R"™. [JoxazaTs, ¥To omepaTop A eIuH-
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CTB€HHBIM 06pa30M MOZKeT OBITh 3allCaH B KaXOoM M3 OABYX BHOOB:

A= capa®(at)’, (24.32)
a, B
A=Y ds(at)a”, (24.33)
a, B
d d d d
+ — _ - _ - — - - _
rie a _(xl dxl""’x” axn),a_(xl—i—axl,...,xn—l—axn),a,ﬁ

n-MepHBIe My IbTHHHIEKCHI, cyMMbl (24.32) u (24.33) KOHEIHBI U Cap, Cphp —
KOMILTEKCHBIE TTOCTOAHHBIE. [l0Ka3aTh, ITO B 3TOM CIyiae aHTHBIKOBCKII
cumBoa oz, £) I BUKOBCKHI cuMBOJI c¢(z, &) omepaTopa A 3anaiorca dop-
My/JIaMH

a(z, g):Z Cop (@ +16)% (1 — i€)?, (24.34)
a, B

c(x, &)= chlz—i&)’ (x +i)". (24.35)
a, B

§ 25. TMHOYIMIITHYHOCTS M MAPAMeTPHKC.
IIpocTrpaucrea CoGoaeBa. PpearoabMoBoCTh

25.1. Kiacc TMIOSIIMOTHIECKMX CMMBOJIOB M OIIEPATOPOB.
Onpeneaenue 25.1. Bygem mucats, wTo a(z)€ HI)»™e (RY), ecam
a(z) € C*(RYN) u cymecTByeT Taxoe R, 1o mpn | 2 | > R BEITIOIHEHDI OIEHKN

Clz <Ja(=) [< Cil =™, (25.1)
|0%a(=) | < Cal alz) || 27714, (25.2)

rae C, C, 'y, —nonoXKuUTEILHBIE IIOCTOSHHEIE.

B wactrOCTH, OTCIONA caegyeT, aTO a(z2) € T (RY).

OnucanHbll KJIACC CHIMBOJIOB 06JaJaeT CBOUCTBAMHU, GJU3KIMI K CBOU-
CTBaM TUMOIIUNTUIECKAX CUMBOJOB U3 § 5.

Onpengeaenmue 25.2. Tepes HG»™*(R") man HG)»™° Mpt 6y gem
00603HATATE KIACC OMepaTopoB A, 3aJaBaeMbIX T-CUMBOJIOM

by € HTW 0 (R?™).

feno, aTo HGW ™ C G

g onpaBiaHus oupenereHus 25.2 HeOOXOANMO

Mpeagnoxenue 25.1. Feau npu KakoM-mo odHOM T GEPHO, UMO
by € HI)M ™0 mo amo eepro u npu ecer ocmaavnviz 7€ R.
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JoxazaTeabcTBO omupaeTcs Ha TeopeMy 23.3 U cIeIyIOIIyio
JeMMY, JOKa3bIBaeMVIO AaHAJIOTHIHO JdeMMaM 5.1—b5.3 m mpenIoxeHHsIM
5.2—5.4.

Jdemma 25.1. 1) Kaaccw HIPH ™o (BRY) o06aadarom cacdyoujunu
ceoticmeamu:

a) ecau a(z)€HI™ ., mo a '€HT,;7 ™™ (|z|>R) u
(0°a)faeT; " (2] 2 R);

6) ecau a€ HIW™0, d' € HT}' ’mg, mo aa’ € HI‘T-I_mI’mD-I_mg;

B) ecau a(z) € HTJV ™o wr eI, 2de my <mg, mo a+r€ HIH™Me.

)
)
)
2) Kaaccuw HGH ™o obaadaiom caedyrouwunu ceoticmsanu:
)
)

r) ecau A€ HG»™e, A/EHGZ1 0 mo AOA/EHGZH—m 7m0+m0;
A) ecau A€ HGPV™°, mo tAEHGT’mD u A" e HG™e;
€) ecau A€ HG™ u REG, 2de my <mg, mo A+ REHGH ™.

Yunpaxueunune 25.1. Jokazars gemmy 25.1.
Yunpaxueunune 25.2. Jokaszarh npemnoxenue 25.1.

25.2. ITapameTpukc ¥ peryagpHocTb. Anamorm<uHo Teopeme 5.1 goka-
3BIBAETCS

Teopema 25.1. Ecau A€ HG»™°, mo cywecmseyem maxoti onepa-
mop B€ HG,;™o™™, umo

BA=I+R,, AB=I+R,, (25.3)

ede R eG™, j=1, 2.
Aanee, ecau B' e GTI —dpyeott  onepamop, Odaf Komopozo aubo
B'A-TeG™°, qu6o AB'—I1€G~°, mo BB —BeG™®.

Ynpaxueunune 25.3. [okaszarh Teopemy 25.1.

Caegcrsme 25.1. Iycmv A€ HGJV™e. Toada sepubt caedyrouyue
ymeepacoenu:

a) Ecau u € S'(R™) v Aue S(R"), mo u€ S(R").

6) Ecau u e S'(R") u Aue CP(R™), mo ue CP(R™). A

JoxkazaTeabcTBO OUYEBHAHBIM O0pPa30OM MOAYUAETCA U3 TeOPe-
™Mbl 25.1 u pesyabTaTos m. 23.2. B

25.3. IIpocrpancTBa CobomeBa. PaccmoTpum mpu Jao6oM s € IR ome-
paTop L, OTINYAIOIUICI OT OIepaTopa C JIeBEIM CHMBOIOM b(x, &)=
=(1+€]?+|2]*)*/? ma omeparop m3 G ¢ 5’ <s.

Jlerxo Bugets, aTo L, € HGY .

Onpepgeaenme 25.3. Ilpocrparcreo Q° =Q°(R") cocroutr u3 Ta-
kux o6obmennbix Gyrkmui ue S’ (R"), uro Lyu € LE(R").
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Amnamornmuno TeopemaMm 7.1 u 7.2 goxasbiBaeTcs
Teopema 25.2. 1) Feau A€ G}, mo onepamop A ocywecmeasem
omobpadcenue

A: QP — Q™. (25.4)
2) Ecau A€ HGP™o  we S'(R™) u Au€ ¥, mo u € @Qstmo,

Ynpaxueunue 254. [JokazaTh Teopemy 25.2.

TMockoasky xaace |J G cogepxut Bce guddepeHInaIbHEe 0ONepaTo-
m
PEL ¢ MOINHOMHIAJBLHLIMY K03MGUIUEHTAMH, TO ACHO, UTO U3 TeopeMul 25.2

BBITEKAET

Crnegcreme 25.2. N Q°=S(R"), U Q=5 (k).

Beegem mHa ()° cTpyKTYpy ruabbepToOBa IPOCTPAHCTBA. 3aMETHM, ITO
MBI MOXK€EM CYHTaTh, 9TO L_; — IapaMeTpUKC oIepaTopa L B CMBICIE Te-
opemsr 25.1. Torga

L_,L,=1+R,, R,eG™.
IlycTes p > s, p—HaTypaabHoe deTHOe |ncao. Iloxoxmm

(u, v)s = (Lou, L)+ > (z*D°Rou, 2*D° Ryv). (25.5)
lal+|8l<p

3 mpexgcraBiaenus

u=L_,L,u— Rsu (25.6)

AcHO, 4T0 opMmyaa (25.5) onpenenseT Ha ()° IpeArHILGEPTOBY CTPYKTYDY.
AHaJIOTIYHO IPELIOKEHIIO 7.5 IPOBEPSIETC

Mpenaoxenne 25.2. Craaaproe npoussedenue (25.5) onpedearem
Ha Q° cmpykmypy 2uab6epmosa NPocmpancmed.

Yunpaxueunune 25.5. [okazarh npemnoxenue 25.2.

Haxomer, aHaioru+iHo paccyxkaeHnAM § 7 [OKa3bIBAIOTCA CJIeTYIOIINE
YTBEPK eHUA.

Opeagaoxenue 253. Craaaproe npoussedenue (u, v) & LZ(R™)
urdyyupyem dsoticmeennocmy mexncdy Q° u Q° (TouHAT GOPMYIHPOBKA
JaeTcsd, Kak B TeopeMe 7.7).

HOpennoxenne 25.4. Onepamop A€ G} npodoascaemes do nenpe-
prisno2o onepamopa A: @Q° — Q°~™ u komnaxmuozo onepamopa A: Q° —
= Q*7F npue>0.

Onepamop saoxcenus QQ° = Q°~%, ¢ >0, komnakmen npu arwbon s €R.

Yunpaxueunune 25.6. [okazarh npemnoxenus 25.3 u 25.4.
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25.4. ®peAroabMOBOCTE. AHAIOTUIHO TeopeMe 8.1 mokazbiBaeTcs

Mpennroxenne 25.5. Fcau A€ HG)V™, mo A€Fred (Q°, Q*~™)
npu awbom s ER. Hpu smom Im(A|g:) 6 Q°~7 Asasemca opmozonais-
HoLH donoanenuen k Ker A* omuocumeavno craaaprozo npouzéedenus (-, -)
6 L*(R").

OTMmeTnM, 4TO

Ker (A|Qs):Ker (A|5/(]Rn)):Ker (A|S(]Rn)) (257)

Aas aoboro A€ HGW™e.

“ITo6w1 pacnpocTpanuTh npeAnoxerue 25.5 na onepaToper A€ HGW ™,
(¢ mg < m) HeobxooUMO paccMaTpHBaTh A yike He Kak omeparop m3 Q°
B (°77, a Kxak omepaTop B TONOJOTHMYECKIX BEKTODHBIX IIPOCTPAH-
crax S(R"), S'(R™) u T. 0. mIN KaK HEOTPAHNYEHHEIN OIEPaTOP

1
As, st Qs — Qs ) (258)
rae s’ > s —mo, ¢ 061acThio onpefenennus Dy, cocTodAmel n3 Tex u € Q°,

1A KOTOPBIX Au € Qsl.

Oupegeanenne 25.4. llycts Fq, 'y — ABa TONOJOITHEeCKHIX BEKTOD-
HBLIX IPOCTPAHCTBA, A — HeorpaHWIeHHLIN onepaTop u3 K1 B Fy ¢ 061acThIO
ompegenerus 4. Bynem maswisaTs omepaTop A pedeoabsmosvim, ecim BLI-
[OJTHEHE] CIeAYIOINe yCIOBHA:

a) dim Ker A < 4o0;

6) Im A —3aMKHYTOe HOANPOCTPAHCTBO B Fa;

B) dim Coker A < +oc.

Teopema 25.3. 1) Onepamop A€ HGT ™ onpedeasem pedeoan-
mosv onepamopet uz S(R™) 6 S(R™) v uz S'(R") ¢ S'(R").

2) Onepamopwvr A, o suda (25.8), onpedeasemvie onepamopom A, npu
s' > s —mgy maxoice asastomes Ppedzoabmosvimu.

Jameuanume 25.1. B mpocrpamcree S’(R™) MBI 6ygeM paccMaTpn-
BaTh c1abyio Tonoaornio. [lockoabKy B onpeaenerun 25.4 Tomomorus yIacT-
ByeT JHIIb B 0. 0), ACHO, ITO (PPEATOILMOBOCTD OyAeT U 41 Bcex Gomlee
CHTBHBIX TOIMOJIOTHI.

HJokxazareancTBo Teopems 25.3. Ilycrs gBOliCTBeHHOCTH
mexay S(R") m S'(R") 3ajama xax OpOJOIKEHNE CKATAPHOTO IPOHU3Be-
gerns (-, -) B L?(R™). 3ameTuM, 9T0 u3 TeopeMsl 25.1 ciIeqyeT KoHETHO-
MepHOCcTh Ker A u Ker A*, Tak xax 6marogaps BKIIOUTEHHUIO

Ker ACKer BACKer (I+ Ry)

Jero cBoAuTcsA K cay4da A =17+ Rj, B KoTOpOM Bce 04eBIIHO. Temepn Ha-
NIUIEeM BKJIIOYIEHNE

A(S'(IR™) D AB(S'(R™)) = (I + Rs) (5" (R™)).
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Hus omepaTopa I + Rs dpesroasmosocTs Ha S’ (IR™) BEITekaeT U3 mpesIo-
xeuns 25.5. Ilosromy mogmpoctpanctso A(S'(R")) samxuayTo B S'(R”) 1
codim A(S'(R")) < 400, 9To gokasweiBaeT (ppesroasmoBocTs A B (S'(R7)).

Hoxaxem ppesrorsmosocts A B S(R"™). HeobxoAuMo IHUIIE TPOBEPUTD
ycaoBus 6) u B) ompegenenns 25.4. Mur mokazkeM, 9To

A(SR™) ={u: ue S(R"), vl Ker A"}, (25.9)
rjle OpTOrOHATBHOCTE HoHuMaeTca B L?(R™). 3aMeTnm BHaTal1e, ITO
AS'RM) ={u: ue S (R"), ul Ker A*}, (25.10)

nockoabky A(S'(R™)) samkuyTo B S'(R"), a S(R"™) — ayaapHOe IPOCTpaH-
ctBo k S'(R™). Ho Temeps (25.9) BriTexaer u3 (25.10), moTomy uTo0

A(S(R™)) = A(S"(R™)) N S(R™)

B cuny caegcrsus 25.1. CoorHomenme (25.9) noxasbiBaeT (pesroabMo-
BocTts A B S(R").

IIposepum, HaKOHeI, GPeTOILMOBOCTE ollepaTopa A, . Ipm s> s —mg.
OnsTe-Taku 0CTaeTCS IPOBEPUTS UMb, ITO

Im Asys/:{u:uEQsl, ul Ker A"} (25.11)

Oycts ue @, ue (Ker A*)L. Torga u= Av, rge v€ S’ (R") B cuy yuxe
goxazauHoro cootromenns (25.10). Ho u3 cregersusa 25.1 MBI moxydaem
TOrAa, ITO ¥ € Qsl+m°, 3HAYUT, v € (°, DocKoIbKy s < s +mp. DTo goka-
apiBaeT (25.11). W

Amnanorusso TeopeMe 8.2 MOKa3bLIBAETCA

Teopema 25.4. llyemv A€ HG™® uKer A=Ker A*={0}. Toeda
cyuwecmeyem onepamop A~ = HG ™Mo=™, obpammuuniii k onepamopy A.

Ynpaxueunune 25.7. [okazaTh Teopemy 25.4.

3apgaza 25.1. [JokasaTe QppeiroabMoBocTh onepaTopa A€ HG ™Mo
B npocTpancrax Cp° (R™) u CF° (R™).

Sagaga 25.2. [Jokazars, 9T0 ecan gud@epeHnnajbHbl omepaTop A
C TMOINHOMUATBLHEIME KO>()(UINEHTAME IMEEeT T-CHMBOI ¢&(Z), SILINITHTe-
ckmil o z = (z, ), TO CUMBOI €ro mapaMeTpuKca B IomycKaeT acCHMTOTH-
qeCKOe Da3IoKeHue 1o GYHKIUAM, OZHOPOAHBIM o z mpH |z | > 1.

§ 26. CywecTBeHHAd CAMOCONPIKEHHOCTD.
JHMCKpeTHOCTh CIIEKTpa

26.1. CuMMeTpHUIeCKHEe ¥ CaMOCOIPSXeHHEIe omepaTopel. IlycTo
Hy, Hy — rurbbepToBEl IPOCTPAHCTBA, U NYCTL JaH, BOOOIIe TOBODA,
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HEOTPAHUTIEHHLIN IUHENHBIN OepaTop
A:H1—>H2. (261)

Kaxk o6brumo, qepes Dy o6ozHadgaeTcs 06JacTh onpegeneHns onepaTopa A
(moApasyMeBaeTCs, ITO OHA 3aJaHa BMECTe ¢ omepaTopoM A, mpegcrasis-
OIIM COGOIl INHENHOe 0TOOpaXKeHIe THHENHOT 0 MEOroo6pasust Dy B Ho;
OTMeTHM, ITO0 3anuck (26.1) He 03HATAeT, YTO omepaTop A ONpegeneH BCIO-
ay ua Hy). Conpancennviii onepamop

A*:H2—>H1. (262)

MBI CUNTaeM OIpeIeleHHBIM, ecan [y nmoTtso B Hi, u B 3ToM caydae [ 4+
cOoCTOUT U3 Tex v E Ha, NI KOTOPBIX CYIIECTBYeT TAaKOU BeKTOD ¢ € Hy,
9TO0

(Au, v)=(u, g), u€Dy (26.3)

(B ameBon gacTu (26.3) cTouT ckaafpHOe HpousBegeHue B Ho, a B mpaBoil —
B H1). Ilpu 5TOM fCHO, 9TO BEKTOD ¢ OJHO3HAYHO OLpeJeIeH 1 IO OIpee-
aerno A*v=g. B gacTHOCTH, IM€ET MECTO TOXIECTBO

(Au, v) = (u, A"v), uw€Da, vE Dy-. (26.4)

Ounpegeaenne 26.1. Ilycre H — ruasbepToBo npocrpancTso. One-
patop A: H — H Ha3BIBaeTCA CUMMEMPUNECKUM, €CIII

(Au, v) = (u, Av), u, v€ Dy. (26.5)

Oupegeaenne 26.2. Oneparop A: H — H HasmiBaeTcs camoconps-
Jcennvim, ecin A* = A.

AcHO, 9TO caMOCONPSXKEHHLIN OHNEPATOD SBIAETCS CIMMETDHYECKIM.
Oo6paTHOE, BOOOIIE TOBOPs, HEBEPHO.

Ounpegeanenne 26.3. Ouepatop A: H; — Hy Ha3BIBaeTCH 3GMKHY-
mbia, ecan rpadux G 4, cocrosmui 3 nap {u, Au}, rge u € D4, npeacra-
BaIseT cOOOU 3aMKHYTO€e OANpOCcTpancTBo B Hq @ Hs.

Ynpaxnuenune 26.1. [lokazarh, 4To ecam omneparop A* ompemenen, To oH 3a-
MKHYT.

Yunpaxueunune 26.2. Ilycrs oneparop A orpaHutdeH, T. €. CymecTByeT TakKas

nocrosunad C' >0, aro ||Au|| £ C||u||, w € D 4. JlokazaTs, 4To A 3aMKHYT TOr Za H TOIBKO
Torga, korga D 4 — 3aMKHyToe moampocTpaHcTBo B H.

WsBecTHas TeopeMa o 3aMkHyTOM Tpaduxe (cM. Pyaun [1]) yrBepxga-
etT, aTo ecium D4 = Hi u onepaTop A 3amkuyT, To A orpanmien. Pazyme-
eTcsA, TO JKe caMoe BepHO, ecin [)4 —3aMKHYTOe IOANpPOCTPAaHCTBO B H.

IIycre gam omepatop A: Hi — Hy. Byxem rosoputs, uTo A gomycka-
eT zamvikanue A, ecan sambikamme (4 rpaduka G4 omepaTopa A cHoBa
ABIAETCA TPAdIKOM HEKOTODPOTO (yX&Ke 3aMKHYTOrO0) OIepaTopa, KOTOPHI
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u obozuagaercs A. B wacTHOCTH, 3aMBIKaHIE JOIYCKAOT JIOOBIE CHMMe-
Tpudeckue omepaTopsl A: H — H ¢ mroTHOU 061acThio onpefenenus 4.
B camoMm gene, ZOCTATOYHO MPOBEPUTH, UTO €CAH U, — TaKasd IOCIeJOBa-

TeIBHOCTH BeKTOPOB u3 Dy, uro lim u, =0, lim Au,=f, o f=0. Ho
n—od n—od

upu v € D4 MBI OTyIaeM

(f, v)= lim (Auy, v) = lim (up,, Av) =0,
n—r 00

n—od

orkyga f =0. OrmeTnm, 4T0 ecin A — cUMMeTPUYIECKIII OIIEPATOD, TO OIe-
paTop A Taxie ABIACTCH CHMMETPIMECKIIM.

Ounpegeanenne 26.4. Oneparop A: H — H HaswBaeTCs cyujecm-
BEHHO CAMOCONPANCEHHBIM, €CTU OH UMeeT IIOTHYI B H o6GracTh ompese-
qeHns n A= A*.

B wactaOCTH, omepaTop A* aBaseTca pacimpenuem A, u, 3maunTt, A —
CIMMETPUYIECKHUN OIePaTOP.

Kpurepuin cyiecTBeHHON CaMOCOIPSIKEHHOCTH JaeT

Teopewma 26.1. Cummempuueckuti onepamop A: H— H ¢ naommnot
obaacmyvio onpedeenus A6AAEMECA CYUECNEEHHO CAMOCONPANCCHHBIM MO-
2da u moavko moada, Koeda CNPA6EOAUEHl 6RANOUECHUA

Ker (A" —il)C Dy, (26.6)
Ker (A* +il) C D . (26.6)
JoxaszaTeancTBo. 1. Heobxogumocts ycaosunn (26.6) u (26.67)

oueBrAHA. [[1g IPOBEPKN UX JOCTATOYUHOCTH 3aMETHUM NPeXkKJe BCEro, UTo
HOCKOJBKY omepaTop A* aBiasercsa pacumpenneMm A, To u3 ycaosus (26.6)

cregyet, aTo Ker (A* —il) =Ker (A—il). Ho Ker (A —iI) =0 BBUAY cHM-
meTpuuHocTH A. IlosToMy u3 ycaosusa (26.6) BeTekaer, 4To

Ker (A" —il)=0. (26.7)
Amnagormuno u3 (26.6’) maxogum, 9To

Ker (A" +il)=0. (26.7")

2. Ilposepum, uTo onepatop (A —il)~! (onmpegenennsrit ma (A —il) (H))
orpammieH. Umeem

IA—iDfI? = (A=iDf, (A—iD) D)= IAAP+ A% (268)

nockoabky (Af, f) — BemecTBeHHOE 9HCIO BBIIY CHMMETPHTHOCTH OI€pa-
Topa A. I3 (26.8) caegyet, 1ato ||f||* <||A =) f||?, T e.

I(A=iDT g <llgll, g €(A—il) (H).

3. Acuo, uro ouepatop A — il 3amxuyT. [losTOoMY 3aMKHYT U omepaTop

(A—il)~!, a nocxoapky omepatop (A —il)~! orpanmuten, To ero 061acTh
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ompegenerns (A —il) (H) samxryta B H. Ho opToronambaoe nomoxHenme
k (A—il) (H) pasro, o1enugno, Ker (A —il)* =Ker(A* +il)=0. [osTomy
omepaTop (A —il)~! Bcrogy ompegeren. Ilo amaorm<IHON MpUINHE BCIOTY
ompegenen u omepaTop (A4 il)~1.

4. TIposepum, uTo omepaTopst (A —il)~! u (A+il)~! conmpsxensr apyr
K apyry. meem, oueBuHoO,

(A=il)u, v)=(u, (A+il)v), wu,veEDjy.

O6osmavas (A—il)u=f u (A+il)v=g, Mp nOIyIIM TpeGyemoe co-
OTHOIICHNE

(f, (A+i)rg)=((A=iD)" f 9), f geM.

5. IIpoBepum, HaxoHer, 910 A= A*. BygeM HCIOIB30BATDL ClIeIyOMIil
Jerko MpOoBepAeMblil (akT: ecin B — Takoil omepaTop B H, ITO ompeee-
uel (B71)* u (B*)~!, mo (B71)* = (B*)~!. Nmeem:

A=A =(A+iD) +il ={[(A+iD)" ] +il =
={[(A+iD) ) il =[(A—i) T il = A—il il = A,
4To u Tpeboanocs. M

26.2. CymecTBeHHAd CAMOCONPAXKEHHOCTh CHMMETPHUICCKHX THII0II-
JMNTHIECKHX oMepaTopoB. B sTom mymKTe depes At mpr 6yzem o6ozma-
4aTh omepaTop, (POPMAJBHO COUPSIKEHHHIN K omeparopy A€ GT

o T. e
Taxol omepaTop AT € G, aro

(Au, v) = (u, A%v), u, ve CG(RY).

B mpegmiaymmx maparpadax Bmecto AT Mb mmcamm A*, HO 3mech
oGoznadenne A* 3ape3epBUPOBAHO JJA COMPAKEHHOTO ONEPATOPA B CMBI-
cre m. 26.1.

Teopema 26.2. [lyemv A€ HG™O, 2de mo >0, u At =A. Pac-
cuompun 6 L*(R™) neoepanuuennviii onepamop Ag, onpedeasemviii wax
onepamop A wna obaacmu onpedesenus C§°(R™). Tozda onepamop Ag
CYUECNBEHHO CAMOCONPANCEH U €20 3FAMBIKAHUE COBNAJAEM ¢ CYNCEHUEM
onepamopa A (onpedeaennozo na S'(R™)) na mroxcecmso

Dy, ={u:ue L*(R"), Aue L*(R™)}. (26.9)

HJokxazareabcTBo. 1. ObozmadnM BpeMeHHO depes [) mpaByio
JacTh cooTHOmeHns (26.9). IIockOILKY BEPHO TOXKIECTBO

(Au, v) = (u, Av), ueSR"), wveS'(R"), (26.10)
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TO ACHO, 9T0 ) C D+ 1, KpoMe TOrO,
*
Alp=Aflp-

IIposepum, wTo Ha camoM geae D= Dax. llyctb vE Dax, T. €.V E L2(R™)
u npu HexoTopoM f € L?(IR™) BepHO TOXKI€CTBO

(Au, v)=(u, f), uweC§(R"). (26.11)

Ho u3 (26.10) caegyeT, 9T0 TO XKe TOXKAECTBO BEPHO ¢ 3aMeHOR [ Ha Av.
IHostomy f = Awv, T. e. v € D, uro u TpeboBaaocs. Utak, MBI fOKa3aam, ITO
npaBas gacThb (26.9) pasma Dy.

2. Ina Toro YTOOLI UPUMEHHTL TelleDh TeopeMmy 26.1, mpoBepumm
BKIIIOYEHIIE

Ker (Af —il) C Dy, . (26.12)
3 yxe moxazaHHOTO ACHO, ITO
Ker (Aj —il)={u: u€ L*(R"), (A—il)u=0}.

Ho BBugy Toro,aro A—il € HGT’ Mo m3 caegcTBus 25.1 BEITEKaeT, ITO
Ker (Af — i) C S(R™), oTxyga u caegyet (26.12), mockonbky omepaTtop A
HempepblBHO oToGpaxaeT S(R™) 8 S(R™?), a CF°(R") mrorro B S(R™). Ana-
JOTHIHO JoKa3biBaeMoe BIodenne Ker (Af +il) C D, 3aBepimaeT goKa-
3aTenbcTBoO TeopeMbl 26.2. M

26.3. [ucKpeTHOCTH CIEKTpa.

Teopema 26.3. Hyemv A€ HG)»™°, 2de mg >0, npuuen At =A
Tozda onepamop A umeem duckpemuwtii cnexmp 6 npocmpancmee L2 (IR™),
MOYHEE, CYUWECTNEYEM OPMOHOPMUPOSARKBIL 6A3UC U3 COOCMEEHHBIT PYyHK-
yut p;(z) e S(R™), j=1,2, ..., ¢ cobemeennvinu snavenuanu A; € R, npu-
wem |Aj| = 400 npu j—+oo. Cnexmp o(A) onepamopa Ag= A} 6 L*(R™)
cosnadaem ¢ muoscecmeom ecer cobemsennviz anavenuti {A;}.

JoxazaTeanbcTBo. Mu 6ygeM qeICTBOBATH AHAJOTUYHO JOKA3a-
TeabcTBY Teopembl 8.3. B cuay cemapabeapnoctn mpoctpancTsa LZ(IR™)
cymecTByeT auciao Ag € R\c(A). Ho Torga us Teopemsl 25.4 cregyer, 4T0
(A=Xol)"te HGZ™o~™ u, B qacTrOCTH, (A — Ao l)~! — xommaxTHEI ca-
MocompskerHsl onepatop B L?(R"). Jarprefinme paccyX 1eHNIs T0CIOBHO
TOBTOPAIOT A0Ka3aTelbcTBO TeopeMsul 8.3. M

3apgata 26.1. Ilycts onepatop A € G’ TakoB, ITO CyIeCTBYIOT Ta-
ke qnciaa Ax € C, aro Im Ay >0, Im A_ <0,

(A=A D) e HG™™ u (A-A_I)e HG™™

mpu HeKkoTopoM My € R. JokasaTs, wTo ecmm AT = A, To omeparop cyrme-
CTBEHHO CaMOCOIIPAXKEH.
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Sagaga 26.2. lIycte H1, Hy — ruas6epToOBBL IPOCTPAHCTBA, I IYCTh
TaHBl OBa Takmx omepaTopa A: Hy—Hs m At: Hy— Hy, «ro

(Au, v)=(u, Atv), uw€Da, vEDy+.

HoxazaTs, 9To ecan omepaTop AT A CymecTBeHHO caMOCONpPSKEH, TO

AF = A" u A= (A)"
Y kaszanue. Paccmorpum B npoctpanctee Hi @ Hy onepaTop, onpegeiaeMbIil Ma-

TpuLen
+
A= (Sx Ao ) :

Torga ycaosusa AT = A* u A= (A+ )* PaBHOCHIBHEL €r'0 CyIECTBEHHON CaMOCOIPIAXKEH-
HocTH. Berancimrs Ker(2A 4 ¢ 7).

Japgaza 26.3. Ilycte A€ HGV™°, mg > 0. Obo3natum epes AEIJ'
omeparop AY, cyxenusrii ma C5° (R"). TokasaTs, uTo AT =A% n Ag = (A})*.

Ykazanue. Bocrnoab3opaTbcA pesyabTaToM 3ada4n 26.2, MpeIBapuTeIbHO MPo-
TOMKUB omepaTopel Ag u A(‘)I' uma S(R™).

SJameuanune 26.1. Pesyaprar 3agaunm 26.3 ozmagaeT, UTO HMe-
eT MEeCTO (COBIAJEeHNHe CHIBHOTO K cIaboro pACIIIPEHH» ONepaTopa
A€ HGP»™ upu mg > 0: ecin u € L*(R™) u Au€ L*(R"), To cymecTBy-
eT Takasd MoclefoBaTelbHOCTD u; € C5°(R™), uro u; — u u Au; — Au mpn
j — 400 mo Hopme mpocTparcTBa L2 (IR™).

3apgawa 26.4. [JoxasaTs gas oneparopos A€ HG"™°, mp >0, ana-
Jor TeopeMHl 8.4 06 YCTPOUCTBE CHEKTPA, COOCTBEHHLIX I IPUCOEINHEHHBIX
PYHKIUI.

SJagaga 26.5. Ilycre omepaTtop A mMeeT AHTHBHKOBCKHN CIMBOJ
a(z) e I‘T(RZ") u omepaTop Ag camocompsxken B L?(R™). Tyets a(z) — 400
upu |z | — co. JoxazaTs, 4T0 Ag IMeeT IUCKPETHBII CIEKTD B CMBICIE Te-
opeMmsl 26.3 u, 6oree Toro, A; — +00 mpu j — +00.

3apgata 26.6. Ilycts oneparop A € G} Takos, wTo onepaTop Ay ca-
moconpsaxker B L?(R") 1 mMeeT AUCKDETHBHINl CHEKTp, IPHIeM A; — +00
npu j— +oo. HycTs ¢(z) —BukoBckmil cuMBoa omeparopa A. JokasaTs,
9T0 ¢(2) = 400 mpm |z | — 0.

§ 27. Caeg m ajepHas HOpMa

27.1. Bruipaxenue caega u HopMmbel ['mas6epra—IlIMugra yepes cuMBOIIL.
Mz 6yaeM HCIIOAB30BATDH 34eCh 0603HAYEHNA U (PAKTHI, KACAIOUIIECT OIle-
patopoB 'mab6epra—IlIMugra u sgepHBIX ONEPATOPOB KU IM3JIOXKEHHLIE B
JobapreHun 3.
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IMpusegem BHawamze (GOpPMAIbHOE BBIpAKEHUE Caefa €epe3 T-CUMBOJ.
Hycrs A€ G, br(x, &) — T-cumBoa omepatopa A, K4 —ero agpo. Dop-
MaJIbHO UMeeM

Ka(, y) = / FEVIEL (1) a4y, €)de, (27.1)
OTKY A

Kal(z, x):/ br(x, &) dE

Sp A:/ br(z, &) dedt. (27.2)

OTMmeTHM, 9TO, B 9aCTHOCTH, ¢popMyaa (27.2) o3HawaeT, ITO IpaBas ee
4acThb He 3aBHCUT OT T.

IIpoBegem Teneps popMaabHOE BEIUHCAeHTe HOPMEL 'nasGepra—Imu -
Ta, OCHOBaHHOe Ha mpesaoxennn [13.2 u opmyne (27.1). Umeem

||A||§:/ | Kal(x, y)|2dxdy:/ | Ka(x, x4 2)|*de dz. (27.3)

Kale, Hz):/ e~ b (x4 72, €) dE. (27.4)

IToaTomy
/ | Kz, x+z)|2dxdz:/ Ka(z, e+ 2)Ka(z, v +2)dedz=
:/ eiz'(”_g)bT(x—l—Tz, b (w472, n)dednydedz=

_/ a(n=8)p (z, &) by (v, n)dédndaxdz=

/‘/ e dg‘ dl’dz—/ |b (2, €) |7 d¢ dae (27.5)

(MBI ICHOJB30BANH 3,16Ch NHBAPHAHTHOCTD NHTErPala OTHOCHTEIBLHO CIBI-
ros u pasercTso Ilapcesans nis npeobpasosanns Pypee). OKOHIATEILHO
oIy IaeM

4] = / by (e, €)[Pde de, (27.6)

r'je nNpaBas 9acTh ONATL-TAKN He 3aBUCAT OT 7. Temepb MBI JE€TKO CMOXKEM
JOKa3aTh

MDpeaganoxenue 27.1. Coomeememasue mexncdy onepamopanu A€
€ G™%° u T-cumsoaanu b, € S(IR*™) npodoancaemcsa no nenpepvisHocmu do
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uzomempuu Sz (L?(R™)) u L*(R?™), npuuen max, umo evinoanena Gopmy-
aa (27.6). Ilpu smom, ecau A€ G, mo ycaosue A€ Sy (L*(R™) paswo-
cuabHo momy, wmo npu wexomopom T 6ydem b, € L2(R?"), u mozda smo
BRANUEHUE 6EPHO NPU Bcexr T, npudem cnpasedausa dopmyaa (27.6).

JoxazaTeasbcTBo. Buknagkn (27.3)—(27.6) saxounsl mpn A€
€ G~ mmm, IT0 TO Xe camoe, mpu K 4 € S(R*). Hockoaexy G~°° mioTHO
B S5(L%(R")), a S(R?") naotro B L*(R?"), oueBUHLI CyMIeCTBOBAHUE X
eIMHCTBEHHOCTL TpebyeMoll m3oMeTpuu. HakoHell, TocieqHee yTBepKe-
HIe OYeBHIHO U3 eJuHCTBeHHOCTH T-cuMBoaa. M

Caepcrsue 27.1. Ecau A€ G um<—n, mo A€ Sy (L2 (R™)).

IMpenaoxenne 27.2. 1) Feau AeG) u m<—=2n, mo A€
€ S1(LA(R™)) u das wobwr Guwcuposannnr m < —2n u T €R cyuecmeyiom
maxue nocmoannvie C' u N, umo sepua oyenrka

Al <C > sup{|97b(2) | (=)~ H1y (27.7)
BRI

2) Ilpu A€ Gy, m<—2n, das caeda Sp A npu awbom T ER sepra dop-
myaa (27.2).

JoxazaTeascTBo. 1) Buifepem kakon-HmGyab omepatop P €
S HGT/z’m/z, aas koroporo Ker P=Ker P* =0, Tak 9To cylmecTByeT
omeparop P! ¢ HG;m/Z’ —m/2 (cymecTBOBaHme omepaTopa P yKazaHHOTO
BIa CIefyeT, HampuMep, u3 TeopeMsl 26.3). B cuny caegcrsus 27.1 Mol
nmeem P? € S1(L%(IR™)). Ho u3 oueBuguoro npeactasienns A= P?(P~2A)
BBILIY BETIouenns P~2A¢€ Gg C Z(L?(IR™)) BrTexaer, uto A € S1(L2(IR")).
Taxum 06pazoM, JOKa3aHO BKIIOUEHIE

G C S (L*(RY), m<—2n. (27.8)

JoxaxeM Teneps onerky (27.7). OHa MOXKeT OLITD HOLYIeHA ABYMSI CIO-
cOGaMI: HEMOCPEICTBEHHEIM yTOYHEHNEM NPOBEJEHHBIX PACCyXAeHUN (U3
AHAJOTUYHBIX OLIEHOK B (POPMYJle KOMIO3UINI I B TeopeMe 06 OrpaHMIIeH-
HOCTH) WIN I3 TeOpEMBI 0 3aMKHYTOM rpaduke. [locreHui myTs Kopote
ABJSETCSA OOIINM MeCTOM MHOTHUX PACCYKAEHUN TAKOrO THIA, XOTA U Golee
rpy6. IIpoBegeM akKypaTHO COOTBETCTBYIOIIE PACCY XK JEHIIA.

Bgenem B mpocTparcTse (7' Tomoxoruto npoctparcTsa PDpemre, onpe-
JeISeMYI0 MOJYHOPMAaMHI BIIA

Al =D sup{|d2b-(2)] (z)7reily, (27.9)

vI<N

Ham myxuO nokaszaTsh, uTo ecan B S(L*(R")) paccMaTpusaTh ecTe-
CTBEHHYI0 6aHAXOBY TONOMOTHIO, TO BloxkeHne (27.8) mHempepwisHO. [is
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3TOrO B CHIY T€OPEMBL 0 3aMKHYTOM rpaduke (cM., HanpuMmep, Pyun [1])
QOCTATOIHO MOKA3aTh, ITO ATO BIOKEHUE NMeeT 3aMKHYThIl rpaduk. Ilo-
cleqHee yIoOHee BCErO NOKa3bIBATh, MOCTPOUB TaKOe XayCaopgoBO Ipo-
cTtpaucTBo M, 4To

G CS (LP(RY)C M (27.10)

u oba Baoxenns G' C M n S1(L*(R")) menpeprisrbl. Ho B kauecte M
MOXKHO B3ATb, Hampumep, Sz(L?(IR™)), MOCKOIBLKY HEIPEPLIBHOCTDL BIOKE-
mnit G S1(L*(R™)) B So(L*(R™)) caexyer uz mpeproxenuit 27.1 (dbop-
My7aa (27.6) m 13.7 (omenxa ([13.29)).

2) loxaxem Teneps dopmyay (27.2) npun A € G}, m < —2n. 3amernwm,
1T0 06e ee wacTu menpeprisubl Ha (7. Ho npu mo6om m’ >m npocTpan-
crBo G~ mroTHo B (7' mo Tomosornnm GTI. TosTomy dopmyay (27.2)
JOCTATOYHO JOoKazaTh npu A € G~

Mur xoTHM HpOBecTH akKypaTHO paccyxkgenus m3 m. [13.5. 3To Ga-
HATBHO JelaeTcCs, eCIH TIpeJcTaBuThL omepaTtop A B Bumge A= ILiL- rae
omepaTopsl L1 u Ly WMeOT Aapa, HMEOIIAX TOCTATOTHO GOJBLIIOE THC/IO
HEMPEePEIBHLIX U OBICTPO yOBIBAIONINX TPOU3BOAHEIX. Ho mociennee mpej-
CTaBIEHNE CTPONTCA AHAIOTUIHO DACCYXKIEHHAM M3 I. 1) 3TOro gokasza-
TeancTBa. W

27.2. Boaee ToYHAd OlleHKA AJAePHOM HOPMEI epe3 7T-cuMBoia. Oren-
ka (27.7) HeymoGHa TeM, UTO COJEPEKUT PAacTYyUmi mo z Bec. B To xe
BpeMs ||A|l; He MeHsmeTCs HpH CABUTE T-CHMBOIA Ha HEKOTODPHII BEKTOD
20 = (z0, &) ER?™. B camoMm nere, ecan b, (z, £) — 7-cuMBoa omepaTopa A,
a depe3 A, 0603HAYUEH OIEPATODP € T-CEMBOIOM by (% — 2o, & —&p), TO MBI
nMeeM

AZDu(x):/ ei(x_y)be((l—T)J:—i—ry—a:o,€—€0)u(y) dy d¢ =
= [ ety (1= 7) o - o)+

+7(y — o), £ —&o) u((y — o) + x0) dy dé =
= [ O (1) oy € uly o) d

rae ¥’ =x —xo, ¥ =¥ —yo, & =& —&p. Obozmauan vepes U yHUTApHBIN Ome-
parop, nepesonsmmit u(z) B (Uu) (z)=e %0 %y(z + xg), MBI BHAEM, TTO

A, =ULAU, otxyaa
1Az |l = 1Al (27.11)
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OuenKy siTepHON HOPMBI, HHBAPUAHTHYIO OTHOCHTEILHO CIBUTA T-CHM-
BOJA, JAeT ClegyIolee

HDpegaoxenne 27.3. Cywecmsywm makue nocmosuusvte C' u N,
umo npu A€ G, m< —2n, 6bINOAHEHA OYEHKG

Ak <C > /|mb )| dz. (27.12)

[vI€N

p?

JoxaszaTeascTso. JocTaTrodHo Foka3aTh oumeHKY (27.12) B cay-
aae, xorga b, (2) € C5°(R?").
IIycTe BHauadE

supp b, C{z: |z| < Ro}, (27.13)

rge Ry —HexoTopas (QUKCHpOBaHHAS IOCTOsHHAsA. Torja u3 mpemaoxe-
HuA 27.2 CIeAyeT, UTO CYLUIeCTBYIOT Takne nmocTosHusie Cy n M (3aBucsmmme
ot Ryp), uT0
AL <Cy > sup [97b-(2)]. (27.14)
Z

[vI<N
Ho nmockoanky mpu b(z) € C§° (R?7)

9*"b
b(Z): m(tl, ceey th) dtldtzn

u, cJ1eI0BaTeNbHO,

0*™b(=
sup [b(2)| < [ |52

TO U3 oueHKH (27.14) cregyet oumenka (27.12) (¢ N =M +2n) upu yciosuu,
YTO BBHINOJHEHO (27.13).

Temepb, NOIB3YACH WHBADUAHTHOCTBIO fAdeDHOU HOPMEL ((hopMysaa
(27.11)) 1 NHBAPMAHTHOCTBIO NpaBol dacTH (27.12) OTHOCHTEIBHO CABU-
roB b;(z) mo z, MBI BIIUM, ITO olleHKa (27.12) BepHa BCerja u ¢ OFHUMIE I
Temu ke C' mw N, ecim TOMLKO BEITIOJIHEHO YCJIOBHIE

diam supp b, < Rp. (27.15)

W36aBumMcs, Hakomern, oT ycaousa (27.15). CnemaeM Takoe pas0ueHie

(o]
equHunEl 1= > ¢;(2), aTo diam supp ¢; < Ro, cymecTByeT Takoe 1ucio /,
j=1
9TO MI060W IMmap paamyca 1 mepecekaeTcsa He Goidee deM ¢ | MHOKeCTBa-
MI SUpp ;, 1, KpoMe Toro, |Vp;(2) | <Cy, j=1,2, ..., rae nocrosunste .
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He 3aBICAT OT j. BBogs oneparop A; ¢ T-cumBotoM ¢; ()b (2), MBI mOTyIHM
(o]
<Y I <03 [ 102pste) () e
Jj=1 Jj=1 |y|<N
1 Y /|mb )| dz,

[vI€N

4T0 u TpeGoBamocs. M
Sagaua 27.1. Ilycre onmepaTop A 3ajaH aHTHUBHKOBCKHM CHMBOJOM
a(z) €I}, MoxasaTs, 1T0

Il < [ Tate, €)|dad

Jagaga 27.2. IlycTs ¢(z) — BUKOBCKHE CHMBOI omepaTopa A € Gy
HokazaTb, 94TO

/| €) | dar dé < || Al

Ykaszauue. lcnoas3oBaTh nojaapHoe pasioxenue A u pesyabrar 3agadu 24.5.

SJagaga 27.3. Ilycre omepaTtop A mMeeT AHTHBHKOBCKHN CIMBOJ

a(z) €T, m < —2n. lokasats, 110

Sp A:/ a(z, &) dx dt.

SJagaga 27.4. Iycre A€GT
omepaTopa A. JJokazaTs, 9TO

Sp A:/ c(x, &) dx dE.

o'y m<—2n, c(z) — BUKOBCKHI CHMBOT

SJagaga 27.5. Ilycre M —3aMxHyTOe n-MepHOE MHOT000pa3sue,
Aells(M), 1-p<d<p. [Hoxaszare, wTo ecim m<—n/2, To A€
€ S2(L?*(M)), a ecan m < —n, To A€ S1(L*(M)).

§ 28. IIpuGIMIKEHHBIN CIEKTPAIBHEI TPOEKTOD

28.1. Jlemma I'masmana. B s>Tom maparpade Mul onuireM abCcTPaAKTHYIO
CXeMy ellle OTHOT'O MeTOJa IOIYUeHHUs aCHMIOTOTUKN COOCTBEHHLIX 3HAate-
HUU, OCHOBAHHYIO HA MOCTPOEHUN IPUGINKEHHOT'O CIEKTPAIBLHOrO MPOEK-
Topa. B ocHoBe 3Toro MeToga IeXKNUT CIeIVIOUIAS U3BECTHAS BapHAUOHHAA
aemMa [nazmana.
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Jemma 28.1. [lyemv A — camoconparcenuvtli noayoepaHUNEHHBIT
cHU3Y onepamop 6 2uavbbepmosom npocmparncmee H ¢ duckpemmvin cnek-
mpom, m. e. A umeem opmonopmuposarHbiti 6aszuc u3 co6CMEEHHBIT
6EKMOPOE €1, €3, ... C COGCMBEHHBIMU BHAUEHUAMU A1, A2, ..., NPUNEM
A — 400 npu k — 4o00.

ITyems N (A) — koaunecmeo cobemeennnir snavenuti onepamopa A, ne
npesocrodawur A (¢ yuemom Kpamuocmu).

Tozada

NA) = sup dim L (28.1)
LCD4
(Au,u)<A(u,u),u€L
(L — aunetinoe nodmnozoobpasue 6 Dy).

HJoxazareancTso. [Iycte F) — cHneKTpaabHBI IPOEKTOP ONEpa-

Topa A. Ilockoabky

dim (ExH)=Sp Ex=N(}), (28.2)

To, moxarasg L = FEy H, MBIl BUAUM, 9TO OpaBasd d9acTh B (28.1) He MeHblue,
“eM JeBasd.

JoxaxeMm Temepb, ITO mpaBas 9acTb B (28.1) He Gomblue, weM JeBaf.
IlycTs aumennoe Muoroo6pasue L C D4 TakoBoO, ITO

(Au, u) < A(u, u), wel. (28.3)

TTockoabky

(Au, u) > A(u, u), we(l—Ey) H\0, (28.4)
To u3 (28.3) cregyer, uTO
LNn(I-FE,) H=0.
Ho Torma omepatop F, momomopduo oTobpaxaer L B Ey\H, oTkyga
dim L < N(A),
4T0 u TpeGoBamocs. M

28.2. CpoMcTBa CIHEKTPATbHLIX MPOeKTopoB. CIeKTpa/bHBIE TPOEKTO-
pBL ) 06Ja0ai0T CIeIYIONIIMEA CBOUCTBAMI:

1) Ef = Ey;

2) B%=Ey;

3) EA(A - /\I) E)\ < 0;

4) (I—E\) (A= AD(I—E))>0
(3T0 03HAYAET, ITO COOTBETCTBYIOMAL KBaAPATHIHAL (HOPMA CTPOTO GOIb-
me 0 Ha HeHYJIeBBIX BEKTOpax, IpHHagIexamux Dy );

5) Sp E)\ :N(/\)



230 NNCEBAOINPDPEPEHIVAJBHBIE OIIEPATOPEL B R™ [TJ. TV

I 1elHON OCHOBOU MOCAEAVIONIETO Oy 6T CIYXKUTH

Opegnoxenune 28.1. Ilyemv E} —nexomopoe cemeticmso onepa-
mopos, das komopozo B\ H C D4 u evinoanenst ycaosun 1)—4). Toeda dan
HE20 BHINOAHERO U Ycaosue D), m. e.

Sp B} = N(A\)=Sp E. (28.5)

doxkaszaTenncTBo. U3z 1), 2) cregyer, uro E} —opToroHais-
uBIl mpoekTop. Homoxum Ly =F\H, My = (I — E}) H. Imeem B cuay 3)
(Au, u) < A(u, u), u€ Ly, orxyga mo memme 28.1 Sp Ff =dim Ly < N(A).
Hanee, u3 4) Burexaer, ato (F)H)N My =0, orxyga dim (EyH)=N(A) <
<dim Ly =Sp F}, uro u gokaseBaeT (28.5). W

SJameuanune 28.1. OrmeTn™m, 9T0 B ycaoBusax npearoxenns 28.1 Bo-
BCce He ob6sa3aTeabHo K5 = F) (cm. 3agaay 28.1).

28.3. IIpubIMKeHHEIN CIeKTPAILHEIL IPOeKTOoP.

Teopewma 28.1. llycmv A —makot onepamop, rkax 6 aemme 28.1,
u nyeme cywecmeyem makoe cemeticmeo onepamopos {&\}rer, umo
AH C Dy u npu nekomopuviz € >0, § > 0 evinoanenst yeaiosus:

1°. & =6

2°. &\ — adepnvitl onepamop u npu A — 400

163 = &lli=0(V(3) A7), (28.6)

2de V(A) —nekomopas noaoscumeabras neybuiearowas Gynxyus, onpede-
AEHHAA NPU A > Ao;

3% SH(A= M) & LONE

422 (I-=E) (A=) (T =&E)>=>—-CA~s;

5°.Sp &=V (A) (1+0(A"%)) npu A — +oo.

IIpednoaoncum ewe, umo dynuryus V(A), yuacmeyowas 6 Gopmyaupos-
ke un. 2° u 5°, maxosa, umo npu A — 400

[VOA+CA=5) =V (V] /VN) =019 (28.7)

das arwbozo C > 0.
Tozada npu A — oo

N =V (14+0(A"%). (28.8)

HdoxazareabcTBo. llges cocrouT B TOM, 4TO6BI HCIOIBL30BATH
aemmy 28.1 B IpUMeEHEHNN K JINHEIHOMY MHOr006pa3no L, HaTSHYTOMY Ha
cO6CTBEHHBIE BEKTOPHI OIIEPATOPA &) € COOCTBEHHBIMI 3HAYEHUSIMIE, G113~
kumu k 1 (Bce onn 6am3kn x 0 min k 1, xax 6yfeT BUAHO U3 JaIbHEHIIETO).
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IIycts o — cobcTBeHHBIE 3HAUeHNA omepaTopa &). OHHI BelleCTBEHHBI
B cuay 1° u Gaarogaps 2° u 5° yIOBIeTBOPSIOT yCIOBHAM

3 Jad —as[= 0NV (),

D a; =V (1+0(\). (28.9)
Jemma 28.2.
Y a=V)I+0(0TY). (28.10)
o= 11<1/2

Moxasareascrso. Ipu |a;—1]>1/2 mmeem |af—aj|=
=|a;||a;—1]|>|a;|/2. HosTomy

S lajl<2 DD lai-a[€2) ] lof—a; =0V (N).
laj—11>1/2 laj—11>1/2 j

Orcroga n u3 (28.9) crenyer (28.10). B
Jemma 28.3. Iycmv N(A) —uucao cobemeennnir snavenuti &y, ae-
acawpur Ha [1/2, 3/2]. Toada

N =V (14+0(A"%). (28.11)

JoxasaTensbcTso. loroxnum e; =1 —a;. Torga ycaosme 2° MOKHO
3alUCATDL B BHJe

> lef = l=007 V), (28.12)

a yTBepXKJIeHNe JeMMBI 28.2 naeT

Il

N =V 1+0A N+ > e
les1€1/2

Ho, xak u B 1emme 28.2, u3 (28.12) cregyeT, 4T0

S o lglk2 DD g g =00V (),

lesl<1/2 lesl<1/2

uTo u gaeT (28.11). W
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IIpogorxuM Joka3aTelbcTBO TeopeMbl 28.1.

a) Hycts L) — anHenHOe MHOr000pa3me, HATAHYTOE HA COOCTBEHHBIE
BeKTOPHI &) € TaKNMH COOCTBEHHBIME 3HAYeHIAMN &, IT0 |a; — 1] < 1/2,
TaK 4TO

N =dim Ly =V(A) (1+0(A7%) (28.13)
mo temMme 28.3. Ycaosue 3° o3HAUMaeT, ITO
(E(A= A Eu, ) KCA T (u, u), u€H, (28.14)
Ho, mockoasky
(u, u) <4(Eu, Hu), u€ELy. (28.15)

u3 (28.14) cregyer, 4TO
([A— (A+4CA ) [[ & \u, Hu) <0, u€ L.

Tak xax omepaTop &) ocyuecTBiseT m3oMmopdusm L) Ha cebs, oTcioga
clIenyeT, ITO

([A—=(A+4CA9) v, v) <0, vE L.
Ho otcioga mo memme 28.1 moayiaeMm
N =V 1+0N ) < NA+40M79).

Hoxarags A+4CA~%t, mp moayumm t=A(1+O(A7%)), oTkyza A=
=t(1+0("°)) u, 35a4ur,

V(t(1+0( ) (1+0(t™%) <N ().
Toassysacs ycrosueM (28.7), MBI BUAUM, 9TO
V(#(L+0(t) =V (t) (1 +0(t™°)),

OTKYZa

V() (1+0(™ %) < N(1). (28.16)
6) Mycte M, = (Ly)*. Umeem, ouesngrO,
(v, ) <A=& u, T—=8E)u), ueEM,. (28.17)
TlosToMy m3 yciaoBus 4° BBITEKaeT, ITO
([A—=(A—4CA ™) v, v) >0, vEDaNM,. (28.18)
W3 ycaoBus (28.18) BrITeKaeT, 9T0 41s 106000 & > 0

(EA_4CA1—E_€/H) N M)\ == 0,
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OTKYJa, AHAJIOTUYIIO0 PACCYXK JeHNI0 N3 T0Ka3aTelbcTBa JeMMEL 28.1, MBI Ha-
XOJUM, ITO

NA) = NA—4C0A 2 —&).
Tenepsb, paccykgasd, KaK H B II. a), MBI LIOLyIaeM, ITO
N V() (1+0t™%). (28.19)
Ouenxknu (28.16) u (28.19) zatoT BMecTe TpeGyeMyto acuMmuToTuky (28.8). W

28.4. JocraToduHoe ycaoeue Ha V (). Ycaosue (28.7) BHIrasguT Tpy -
HO TpoBepsaeMbIM. [o3ToMy MBI gaguM Godee MPOCTOE JOCTATOTHOE YCIO-
BUeE.

IMpenaoxenne 28.2. Iycmv V(A) —nosoxcumeavnas neybvisaio-
wan Pynryug, onpedesennan u Juddepenyupyeman npu A= Ag. lpednoao-
HCUM, UMO

VIOV =0 7). (28.20)

Tozda V (A) ydosaemeopaem ycaosuio (28.7).

Mpumep 28.1. dyuxunua V(A) =A%, rge o >0, yI0BIE€TBOPAET yCIO-
B0 (28.20) mpm £ > 6.

HJoxaszaTeanbcTBo npepgaoxenunsa 28.2. Iloroxum

(A =VI(N)/V ().

Torga
A
V(AN =V (o) exp (/ (1) dr) )
Ao
Orcroga
VA+OMN ) =V (\) =
A+CAL—E A
=V (Ao){ exp / p(r)dr | —exp / p(r)dr =
Ao Ao

=V(A)§ exp / p(rydr | —1. (28.21)



234 NNCEBAOINPDPEPEHIVAJBHBIE OIIEPATOPEL B R™ [TJ. TV

Tax xak |@(A)| <CA "1 10 mpu £ £ Me1 mOTyIaeM

A+CATT A+CATT
() dr < Cy / 0 dr = Co[(A+ CA )70 = A 0] =
A A

=Co N1+ CA )0 — 1) < OX 70 AT =300,
HpI/I E= (5 IIOJAY'aeTCa Ta XKe caMasg OL€HKAa:
AHCALTE AHCALTE
/ o(r)dr <Oy / T dr=C) In(14+CA™F) < CA™F =CuA 70,
A A
W3 (28.21) Temeps crenyeT, 9TO

VIA+CANT) = V(M) <CV(A)- A8

(MBI BOCIIOZIB30BAINCE TeM, 4T0 ¥ — 1~z mpn # — 0), HO 3TO I eCTb Tpe-
Gyemoe HepasercTso (28.7).

28.5. W gea mpuMeHeHus Teopemnl 28.1 (sBpucTHIecKMM HAOPOCOK).
[ycts omepaTtop A mmeeT BefiieBckuit cumsoa b(z), z € R?". IMoxoxum

V(N = (27)" / dz. (28.22)
b(z)<A

CrexTpanbHell npoexkTop F) omepatopa A —»sto onepaTtop yi(A), rge
X () —xapaxTepucTudeckas QpyHKnus ayda (—oo, A]. PacemoTpnm omepa-
TOp &) ¢ BemneBckuM cuMBOIOM X3 (b(-)). EcTecTecTBenHO 0XMAATE, 9TO
omepaTop &) NOMXKEH IpH OOJBIINX A HMHTHPOBATL CHEKTPAILHBIN IPOeK-
Top E). OcrtaeTca 3aMeTuThb, 9TO

Sp & =(2m)~" /XA(b(z))dz:V(/\).

Texuudeckas pealu3allns >TOU UAeH COCTOUT B MPUMEHEHHH TeOPEMEI
28.1, omHAKO BBUAY HEOOGXOIUMOCTH PACCMATPUBATH KOMIIO3UIINN OMEPATO-
POB MBI JOMKHBLI CIIAJUTEL XapaKTePUCTUIeCKYIo (PYHKINIO Y. Booobire
MBI IPHXOAUM 31eCh K HeOOXOJUMOCTH PacCMaTPUBATEL ICeBI0auddepen-
IHaIbHBIE OIEPATOPhLl ¢ IapaMeTpPOM, JAlOIIe BO3MOXKHOCTBL IPOBEPUTH
cBoucTBa 1°—5H°.

28.6. Tounas KoucTpykuma. Beezem Taxyio Qykmmio x (1, A, ), {, A,
xeR, A2 1, >0, aTo

x(t, A, %)Z{

1 mpu <A,

(28.23)
0 mpm t2>A+42x
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1 BBIIIOJTHEHBI OII€HKHN IIPON3BOJIHBIX
| (9/at)*x(t, A, )| < Crse". (28.24)

CymecrBoBanne Qyuxnun X ({, A, ) IeTko IPOBEPSIETCA, HATIPEMED, ClIe-
gytomnm obpazom. Iycrs (¢, A, ) —xapakTepucTuieckas GyHKINI MHO-
xecTBa {(t, A, 7): t <A+ 3}. Torga MOXKHO HOJOXKHTH

NP / B(r, A, ) xo((t = 7)/) dr,

rae xo(v) € C°(RY), xo(v) =0 mpu |v|>1n /XQ(I/) dv=1.

IIycTte Temepsb omepaTop A MMeeT BellleCTBEHHBIN BEMIEBCKUU CHMBOJ
b(z) € HT)W ™ (R*™),  mgy >0, (28.25)

nputeM mpu HekoTopwbix C'>0u Ry >0
b(z) = C|z|™, |z|= Ro (28.26)

(m3 (28.25) caegyer, uTo (28.26) BepHO anbO Haa b(2), b0 Aas —b(2); MBI
dukcupyem 3HaK Tak, 9TOOB omepaTop A oOKazalcs MOLyOrparmIeHHBIM
CHHU3Y, —3TOT (akT OyAeT ACEH U3 JaIbHEHIIero).

Ilonoxum

e(z, A, 2e) = x(b(2), A, 3) (28.27)

I Temepb, BHIGUpad » = A'"Y, rge v >0, MBI OIpeJeINM OIepaTop & Kak
OIIepATOP C BEHIEBCKIM CHMBOJIOM

e(z, A) =x(b(2), A, A'7Y), (28.28)
rae qucao v > () 6ygeT BEIOpaAHO IMO3Ke. 3aMETUM Cpa3y ke, 9TO

1 mpum b(z) <A,

A - (28.29)
0 mpm b(z)=A+2N 77,

e(z, /\):{

TonerTaeMcs HANCATD OLEHKH IPOM3BOJHBIX IO 2 A1 €(z, A).
3ameTnm™, 1To oueHkn kiacca HI'"™° npu mg >0 MOryT GBHITH 3anu-
CAHBL B BHJe

|07b(2) | < Chb(2) =P >0, |2]> Ry, (28.30)

rge B kadecTBe p' MOXKHO B3ATb, HampumeD, p' = p/m, HO, OBITH MOXKET,
BO3MOXKHO I 60abllee 3HaTEHIE.
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duddepennnpyem Teneps (28.28):

ok —v
dle(z, A)= Z Cvl...vk(mlb(z)~~(mkb(z))(6_t’>:(t’ A AT t—b(z))’
Y1t Y=y -
[vs1>0

(28.31)
e CyMMHIpOBaHNIE BeJeTCA IO BCEBO3MOXKHBIM Da3OHeHHAM Y B CYMMY
Y1+ ...+ Yk € IPOU3BOIBHBIM IHCIOM caaraeMblx k < |v|.

s (28.31), (28.30) u (28.24) BLiTeKaeT, ITO
|07e(z, N)| < Cyb(z)F=r 1 A=k O=v), (28.32)

Baarogaps xe (28.29) Mb1 MozkeM 3aMeHNTH A Ha b(z) n mepenncats (28.32)
B BHIE

|07e(z, A)| < Cyb(z) BN Yk =nlil (28.33)

rje i — ar000e BelleCTBEHHOE HHCIIO.
IMockoasky k < |v|, To oTcroga cregyer, 4To

|07e(z, A)| < va(z)(u—p’)lvl A=l (28.34)

DTn omeHKu BepHBl npu A>1 um mpu |z|> Ry. Kpome Toro, Mbl nmeeMm
OIeBUIHBIE COOTHOIICHI

le(z, M) |<C,  [2]| < R, (28.35)
de(z, \)=0, |z|<Ro, A=A, (28.36)

ecam Ay JOCTATOYHO BEJIWKO.

W3 (28.34) scHO, 4TO BBIFOJHO B3ATH ji TAKUM, ITO UV < fi < p/, OTKY-
Ia BHITEKAET HeOOXO0JIMMOCTEL BLIOMPATh Takoe I, 9To v < p', 9To u OygeT
OpenoaaraTbCa B gaqbHenmeM. [Ipi HEKOTOPEIX JOTOIHITEILHEIX YCIOBH-
X 3T0 06ecHedInT U IPUMEHIMOCTb TeopeMbl 28.1.

28.7. IloBepxHOCTH yPOBHA cUMBoJAA ¥ cBocTBa V (). B sToMm nmynxTe
MBI CIHTAEM, ITO MHOXKECTBO YPOBHA {z: b(2) = A} mpu Goapummx A sBas-
eTCA TIaJKOU TUIEePIOBEPXHOCTLIO0 U, 60oJee TOT0, ITO

Vb(z)#0 mpm |z|> Ry, (28.37)
rae Vb(z) = (%, o dib ) —rpaauesT GyHknun b(z).
1 2n
IIycrs ¢yuxnua V(A) ompegenena ¢opmyaon (28.22). IlpeoGpasyem
naTerpal B (28.22) B maTerpan mo mosepxHoctn b(z) =A. Ilockoabky
2n-dpopma

dz=dz1 N...Ndzap
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asagerca guddepennnanom otT (2n — 1)-Gopmsl
1 2n
1 —
w= o= Z(—l)‘”’ zidzi A Ndzy AN A dzap
j=1

(«nrmuxay Hag dz; o3HaYaeT, ITO dz; MPOMYCKAETCS), TO

/ d: = / o, (28.38)

b(z)<A b(z)=A

Ilycre n, —e€IWHUYHBIA BEeKTOD BHEUIHEH HOPMAJIN K IIOBEPXHOCTH

b(z) =X B TOUKe z, T. €.
Vb(z)
N, = r— .
|Vb(=)]
O6o3magas depes dS, >IeMEHT IO TN HOBEPXHOCTH b(z) = A, MBI HOIy-
Jaem u3 (28.38), aTo

viy=U /(z~nz)dSZ:(27;L_n / |Vﬁ;)|(2.w<z)). (28.39)

b(z)=A b(z)=A

Beramcanm Temeps V/(A). 3aMeTnM, 9TO pacCTOSHHE B TOUKE Z OT IO-
BepxHOCTH b(z) = A 10 6am3koll moBepxHOCTH ypoBHT b(2) = A+ A\ pasHO
A1 +0o(1))

. llosTomy
|Vb(=)]

V'(A) = (2m) " / des(zz)' . (28.40)

b(z)=X

Cpasunsas (28.39) u (28.40), Mbl BugUM, ITO

< [bgl)iﬂ(z : Vb(z))] N (28.41)

W3 (28.41) BeiTexaeT
Ilpegnoxenue 28.3. llycms
|2-Ab(2)| > Cb(2)' %, |z|>Ro, C>0. (28.42)

Tozda
V() V(A) =0 ). (28.43)

Jameuanume 28.2. U3 ycaosus (28.42) Brirexaet, uto Vb(z) # 0 npu
| 2| > Ry, Tax 4T0 3TO He HyXKHO TpebGOBATH 3apaHee. Bojee TOro, reome-
Tpudeckn ycaosue (28.42) obecnednBaeT ¢3Be3IHOCTE) HMOBepXHOCTH b(2) =
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= ) II0 OTHOIIEHNIO K Havaly KOOpJUHAT, T. €. J060MH Iyd, HadnHaIOMUHCs
B Touke 0, mepecekaeT 3Ty MOBEPXHOCTL POBHO B OJHON TOYKe W HPHTOM
O HeHYJIeBBIM YTIOM.

Yunpaxuenne 28.1. llokazaTh, 4ro ycaosue (28.42) BEImoaHeHo, ecan b(z) —

SJTANITUYECKUN MHOTOYIEH..
Ykaszanmne. UcnoaszoBaTk ToxX gecTBo Duiepa I 0THOPO THHIX byHKITUN.

SJagaua 28.1. Iocrpours mpu dim H =2 Takon omepaTop A, 4ro
IpH HEKOTOPOM A CYIIECTBYeT omepaTop E)}, AIf KOTOPOrO BBIIOJHEHEL
yenosus 1)—4), mo B} # Ej.

Jagaga 28.2. Paccmorpum Ha Tope T"=R"/2xZ" omepatop
A=—A+Q, rgze A —ouneparop Jlanmaca, () — 110601 OrpaHUYEHHLIN Ca-
MocompsKerHbilt onepaTtop B L2(T"), mpuaem ||Q|| < M.

IIycts N (A) —9nca0 coGCTBEHHBIX 3HAUEHNH omepaTopa A, MeHBIIIX
TeM A.

Hcnonp3ysa npubANKEeHHBIN CIEKTPATLHBIN IPOEKTOP &), PABHBII TOY-
HOMY CIEKTPAJbHOMY IPOEKTOPY omepaTopa —A, T0Ka3aTh, ITO

No(A= M) < N(A\) < No(A+ M),

rge Ng(A) —4mcao TOYek MEIOUNCIEHHON pemeTKn 7,7, TeXAIuX B IIape
|2 ] < V/A. BLIBECTH 0TCIOLA ACHMITOTHIECKYIO (DOPMYILY

NA) = A2 (140012,

§ 29. OmepaTopsl ¢ mapaMeTpoOM

29.1. Kaacc cumpoaoB u omeparopob. Iloaydemmpie B § 28 ouenkn
(28.34) pas cumBoza e(z, A) MOACKA3BIBAIOT CAeAYIOLIee

Onpegenenme 29.1. Hepes I'"} oGosmauaeTcs xaacc QyHKUIUN
a(z, \), ompegexennnix mpu z € R?", A > \g, 6eckoneuno udbepernupye-
MBIX [I0 Z I YJOBIETBOPSIOUIIX OLlEHKAM

[97a(z, ) < Oy ()= A=, (20.1)

3xece m, yu, p, c€ER, p>0, 0 >0.

SAcwo, «uTO ecaum a; EI‘Z{&‘?, j=1,2, To alaQEI‘ml‘FmQ’“l"'W,
rge p=min(py, p2), ¢ =min(cy, o). Jaree, ecan aEI‘p Y, mo dlae
Erm—plvlyu—olvl

3amernwm, uTo ecan a € I')V}', To mpn kaxaoM PUKCHPOBAHHOM A > Ag
CIpaBeJINBO BKIIOICHIE a(z A ery (R?™), 9TO MO3BOILET OMPEIETUTEH
KJIacC 3aBHCAILINX OT IapaMeTpa omepaTopos A(A) ¢ BEHIEBCKUME CHMBO-
namn a(z, A) € I‘Z?’(;“. ITOT KIacc omepaTopHBIX QyHKINI A(N), ZencTBYIO-

mnx, Hampumep, B S(R7), Ml GygeM 0603Ha9aTh depes Gg?b“.
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29.2. ®opmyaa KOMIO3UIHH.

Teopema 29.1. Hycmw aj €T, , j=1,2; Aj(X) — coomeemcmey-
wwue onepamoprvie dynryuu. Toeda Ap(A)o Ax(N) EGZ%"'m%“l"'W, 2de
p=min(p1, p2), c=min(cy, 02) npuuen ecau b(z, ) — setitesckuti cumsoa

romnosuyuu B(A) = A1 (A) o A3(A), mo

_nlal
b= Z (avl) 1 2_|a+ﬁ|((9?Dfal) (0?D§‘a2) +rN, (29.2)
latBl<N-1
20e
rNE]_"Z:ng‘l'm?_N(PI+P2)7N1+N2—N(01+U2). (293)

MJoxaszaTeabcTso. MoxHO 6510 OBl IPOBECTH JOKA3ATEILCTBO IO
TOM e cXeMe, ITO I JoKa3aTeIbCTBO TeopeMsl 23.6, BBe s Ipe BapuTeIbHO
COOTBETCTBYIONINH KJIacC aMILINTYJ I IOBTOPHUB paccyxgeHus u3 § 23. Ho
I8 KPATKOCTH MBI IpoBeJeM JoKa3aTelbCTBO HEMOCPEICTBEHHO.

Brawale MBI HOIYINM HEKOTODPYIO (opMyly Kommosumuum B = Ao A
omepaTopos A; m A, ¢ BeilaeBckumu cumBoIaMu ai(z), az(z) € C§° (R,
Scuo, 1TO

= (25 (22 0)

« eillz—z1)-(+(z1—y)7] u(y) dy dey dn dg.

Ecan Kp(», y) —aapo omepatopa B, To oTcooga HaxoIuM

[(B(xa y):/ al(x—;xl ; C)GZ(xl;ya 77) X
w eille=r) o=l o, dnd¢.  (29.4)

Ucnoassyem Teneps dopmyay (23.39) (¢ 7=1/2), gamomyio BEIpaKeHIe
CUMBOJIA Iepe3 AAPo:

bz, €) :/ et gy (a4 2 0= 2 dao, (29.5)

Tonaras x3/2 = 23, MOXKHO TaKXKe HAILCATH
bz, &) =2" / 6_2”3'51(3(36—1—1‘3, r—x3)drs. (29.6)
Orcroga u u3 (29.4) mHaxogum

bz, &) =2" / al(w, C) az(m%x?’, n)x

w eillrres—oa) Ch(eites—o)n—2us] o g, dn d¢.
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BBe,qu BMeECTO X1 U X3 HOBBIC IIEDEMEHHBIC NTHTEI'DIPDOBAHUA

. _ ¥tz +x3 r _r+xr;—x3
4= — 5= ———(
2 ’ 2 ’
TaKk 9TO T1==T4~+T5—&, ¥3==x4—r5. l[I[pUHEAMaAZ BO BHUMAHUE, TITO
Nz, T3
‘M‘ =27, MBI TIOIyYaeM
9(z4, v5)

o, =2 [ ar(ea, Qasles, n)x
« e2il@—zs) (+(za—z)nt(z5—24) €] duy das d¢ dn,

Il

b, ) =2 [ anly. n)ass, O
w 2ille=2) =) C+GE=v) € gy dz andc.  (29.7)

OTMeTHM, ITO IOKA3ATENb SKCIOHEHTH! B (29.7) MOXKHO TakkKe 3aIHCATH
B BHe
111 n [1 1 1
2 @ yZZZiZ T Y Z
£ ¢ =& g G
U3 Buga »>Toro mokasaTels BLITEKAET BO3MOKHOCTH HHTETPUPOBAHIUS
O YacTAM, IPUBOJAIIETO K IIOABICHHIO YOBIBAIOIINX MHOXKHUTEIEH BIIa
(x—2)"N (y—2)™N, (n=&~N,(( =€)~V . Hosromy HAmGOTEe CYTIECTBEH-
HyI0 poJb B mHTerpate (29.7) urparoT Te TOYKH ¥, 7, 2, ¢, AIA KOTODPBIX
y=z==, n=(=2£&. DT0 HABOAUT Ha MBICIb PA3I0KUTL a1(y, 1) U az(z, ()
no ¢gopmyae Telopa mpu y=r u z = .
Brauame cieraem zameny y —y—=x, 2’ =z—x, 7 =n—¢, ' =(—¢. Onyc-
Kas MITPUXH, MOLYIIM

bz, &)= 270 / ar(e+y, E+n)a(z+z,£4+C) 2y C=zm) dnd¢ dydz.
(29.8)

Bymem paccMaTpumBaTh 3TOT MHTErpal Kak MOBTOPHBIN IPHU MOPALKE
nuddepenunanos dn d¢ dy dz. Hanumem pazmoxenns

ety 4= > Lota(e, CHn)+ry ey &), (20.9)
Jal<N-1

B
as(x+z, E+¢) = Z a1 &gaz(l‘, E+0) —|—r§\%)(x, z, €, ¢), (29.10)
[BI<N-1
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rae

—

1) (z,y, & n)= Z Ca/l—TN Ldr -y (0%ay) (x4 1y, E+1), (29.11)

la|=N

xz&’C Zcﬁ

|8l=N

T)N=hdr 2P (08 as) (w472, €4C). (29.12)

o o
—

TogcraBaasn B (29.8) >Tu pasnoxeHns, MBIl HOLyIaeM

b, =20 Y /M, Car(e, €+ ) [Fas(e, §+0)x

la+BlEN-1
X W= dnd¢ dydz +r$) (v, €),  (29.13)

rae ry’ (¢, &) UMeeT BILY INHENHOH KOMONHALINN CIara€MBIX e THIPEX TIHIIOB:

7, (x, &) — Taxoll ke HHTerpal, Kak 07 3HaKOM cyMMEL B (29.13), Ho
¢l —|— ﬁ | > N;

rS)N(xf):/y“[a§a1<x,£+n)] D (e, 2, €, O] W= dyd¢ dy d=:

(29.14)
rﬁﬁfﬂx,&):/zﬁ[r?&)(x, y, & )] [05as(x, £+ )] V<=2 and¢ dy dz;

(29.15)
Pz, €) :/ PV, y, & n)rT (e, 2, € ¢) X ayd¢ dydz.

(29.16)

BerumcanM o4UH U3 HHTEPAIOB IO 3HAKOM CyMMBIL B (29.13). TassToro
IpexjJe BCErO 3aMeTHUM, ITO

= (30) @ o

, B ,
P2z = (——Dn) (=27 My, (29.18)

U BBIIIOJIHUM HMHTErPUPOBaHUE IIO TaCTAM, IIOAB3YACh 3THUMHU TOX JeCTBaMHI.
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Tloay«uum

a B :
2 [ L2 0o, €4 ) a6 Q)]0 d g dy =
22n—|oc+ﬁ|.(_1)|05|

=S [mniate ¢+ ml 02 Dgas(a, €+ )

x 2 <=2 qpn d¢ dy dz =

(L A

x 21 W-C=2) qp q¢ dy dz =

= #62!)‘“"' x /{%‘D?al(l” &+ g)} e dndzx

e

=18l _oy—lal
- % [02 Dl ay (z, €)][05 D¢ as(z, O)],

YTO JaeT KOHEHUHBle 4ieHBl B QopMye (29.2).

3amMeTnM Temepsb, 4To Gopmyaa (29.8) u Bce mocaegyIOMINe BEUNCICHNS
COXPAHAIOT CHTY 17 IIOOBIX CHMBOJIOB @; Ka1accos I')'. DToT dakT MoxKHO
YCTaHOBUTH HEMOCDPEJCTBEHHO, 3aMeHAA OCHILINDYIomuil naTerpar (29.8)
CXOJAIIIMCS, a MOXKHO IPOBEPUTH CTAHIAPTHLIM NPeJeIbHLIM [IE€DeX0 oM
OT (PUHUTHLIX CIMBOJOB, kKak B § 1.

IIpeanonoxumM Teneps, 9TO CUMBOJLL 4] U Gz TaKle, KaK B (DOPMYIHLPOB-
Ke TeopeMsl. Hy:xkHo gokasars Bkaodenne (29.3) 111 KaXkJOro U3 OCTATKOB
p Ol O D Hro acaeTes 1Y, To gas mero sTo BRIIOTEHTE O%e-

a,87 "o, N0 "N g TN a,80 TOA
BILIHO, IIOCKOJIBKY OH HMeeT TOT e BIJ, UTO I KOHEeYHBIe IEHEL.
(5) .(6) (7)

Jlast onenKn r,, n, Ty g Xy’ YAOOHO IPOU3BECTI B (29.14)—(29.16) To
&Ke HHTerPUPOBAHIIE [0 JacTaM (¢ moMoinsio (29.17) u (29.18)). B pesyapTa-
Te y* 3aMenseTcs Ha D, a z? —Ha D;‘? U MBI IPUXOJUM K HeO6XO0IUMOCTHI
OLIEHIBATH PABHOMEPHO 10 71, T2 € [0, 1] cumBoasl Buga

/[02‘ D?al(x—l—rly, E4+n, V)] [0° Dgaz(z+ 12, §+(, A)]x

x W= dnd¢ dydz, |+ B> N. (29.19)

duddepennupys (29.19) mo # m &, MBI IOTydYaeM ele, UTO HIPOU3BOI-
Hasg &;&g OT 3TOrO BHIPAXKEHUS SBIAETCS JIUHENHON KOMOWHAINEHN caara-
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€MBIX B Oa

/ [02""7,0?-"6/@(1‘ + 71y, £+, /\)] [&f"'vu 0?"’6”@(1‘ + 19z, E4+C, /\)] X
x 2ilyC=zm) dnd¢dydz, ' ++"=~, & +6"=6 (29.20)
IMorb3yACh TOXK JeCTBAMI
¥M**“=u+WP+mFrMO—iAaOMﬁw@*“
B (1 2P ()Y (1= b, ) et
0 HCHOIB3YA 0003HATCHEA

(2 Q=L+ +1CHY2 m=0+]y P+ )2,

MBI BEAEM, 9T0 (29.20) IpuBOAUTCA K INHENHOH KOMOMHALINN BBHIPAKEHHII
BILJA

1t

/ [a;’g_y’al(x—ley, €—|—7], A)] [a;“;—y az(l’—FTzZ, €+C, /\)] %
x (y, m) Mz, ()M W2 gy d¢ dydz,  (29.21)
rge ', »", V', V" — 2n-MepHBIe MYIBTHHHAEKCEHI, IPHIIEM

1SN, N 2 416, (20.22)

Nurerpan (29.21) onernBaeTcsa Mo MOAYIIO depes

¢ /<x+ﬁy, E )b m el g gy, g e
s AB2= o2l Ty N =M S2M g ¢ dy dz,

uT0 Gaarogaps (29.22) He IPEBOCXOAUT BLIPAKEHNS

C’/\N1+M2—N(01+02)—|’Y+5|0 ~/<x—|—7’1y, €_|_77>m1—P1N—P1|VI|X
X (@ myz, E Q)N Gy gy T T s dydC dydz. (29.23)

31ech cTemeHb A B TOYHOCTH COOTBETCTBYET YTBEPKJEHUIO T€OPEMbI, TaK
YTO JOCTATOTHO OLeHUTH HHTerpal B (29.23) depes HyxHYI0 cTeneHs (1, £).
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3ameTn™, IT0 uHTerpal B (29.23) pacnagaercsa B IPOU3BEJEHNE HHTe-
rpajios

/(x + 7y, E4 )Ny gy =M dy dy, (29.24)

/(x t 1oz, £+ CYmemreN =2l =M g g (29.25)

Ouennm nuTerpax (29.24). Pazo6beM 061acTh HHTErPUPOBAHNA B HEM
Ha [IBe IaCTH:

1
@ ={y, n: lyl+ <512l +1€D]

@ ={y, i lyl+Inl> 31+ 1€D}

n o6o3HadnM nHTerpal mo §2; gepes [;, j=1, 2. Tax xax 1e6eroB o6bem {2

He npesocxogut C1(z, &), a MOABIHTErpAIbHOE BBIDaXkKeHNE OLEHUBACTCHA
1

Ha 1y gepes Ca{x, €>m1_p1N—p1|l’ | To gaa I cmpaseginBa omenka

|11 | < Cs(a, £ym=mN=pilvI4n, (29.26)

aiiMeMmcss mHTerpaioM [lp. MoxHo cumraTs, urTo ||+ |£|>1 (mpm
|z |+|€| <1 Tpebyemble omeHKH 0eBUAHEL). Torga, HCIOAB3Y S OIEBUAHYIO
OTICHKY

(L [+ my |+ [+ )P < (L[ +[EN L+ |yl + 9]
u BuI6upasd M JOCTATOTHO 6OMLIINM, MBI TOTydaeM
| I2] < Cale, £)mr=eaN =o'l (29.27)
W3 (29.26) m (29.27) caeayet, aTo (29.24) omenmBaercs gepes
C(z, €>m1—mN—m|V’|+n.

YunroBadg, 4o gas (29.25) cupaBeginsa aHAJOTHYHAA OL€HKA, MBI BI-
auM, 9To (29.23) He mpeBOCXOAUT

e, 5>m1+m2—(m+pz)N—m|V’|—02|V”|+2n Atz = N(outoz)—oly+o] o

< C<l‘, €>m1+m2—N(01+P2)—P|’Y+5|+2n . /\N1+N2—N(01+02)—0|’Y+5| ’

4T0 U 06eCIednBaeT BKIIOTEHIE

'y € ]-—\Z:L10+m2—N(p1+ﬂ2)+2”y Hitpz—N(o1+02) . (2928)

Ho yBermumsas 3mech N U paccMaTpHBas BO3ZHIKAIOIINE TOTOMHATEb-
HBle 4IeHBl B cyMMe (29.2), Mpl BuguM, 9To u3 (29.28) caeayer (29.3), uto
u nokasbiBaeT Teopemy. W
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29.3. INoa0XHUTEILHOCTH ONMEPATOPOB ¢ MAPAMETPOM.
Teopema 29.2. Illyemy a(z, A) €TV H, 0>0, a(z, A) 2e>0, 2de e —
NOCTNOAHHAA, U BBINOAHEHDL OYEHKU

|0Ya(z, \)| < Cya(z, A)- A= x>, zeR™, (29.29)

ede o9 >0, og ne zasucum om . Toeda, ecau A(X) — onepamop ¢ éetiaes-
ckum cumsoqom a(z, N), mo npu docmamouno 6oavwur A 6ydem A(N) >0
(m. e. (A(A)u, u) 20, ueS(R")).

[l1a foKa3aTelbCTBa TOH TeoPeMbl He0OX0 IIMa CJeTYIOIIAs JeMMa., TI0-
3BOJIAIONIAS UCIOIB30BATh AHTHBUKOBCKHN CHMBOJI.

Jemma 29.1. Paccmompum onepamop B(A) ¢ anmusurosckum cum-

sonom a(z, A\) €T I, u nyems b(z, A) —e20 setiescruti cumeon. Tozda
,

a—b= > cy(0a)+ry, (29.30)
0<yvI<N

— m—pN, u—oN
ede ¢y =0 npu nevemnvir [y| ury €T70F .
JoxazaTelbcTBO IPOBOINTCA AHAIOTUIHO JOKA3ATEILCTBY TEO-
pemsbr 24.1.

Yunpaxueunune 29.1. Jokazars gemmy 29.1.

JoxaszaTeanrcTtBo TeopeMmu 29.2. Ilyere Bgy(A) —omepa-
TOP ¢ aHTHBUKOBCKEM CHMBOIOM a(z, A), I mycTh bg(z, A\) — BellmeBckui
cumsoan By(A). Pacemorpum Temeps omepaTop Bi(A) ¢ aHTHBHKOBCKIM
cumBoaoM a(z, A) —bg(z, A\) m obosmaduMm depes bi(z, A\) ero BelneBCKHI
cuMBoa. Ilo HMHAYKINE CTPOMM Takyl IOCAeI0BATEILHOCTL OIepaTo-

pos Bo, By, Ba, ..., uT0o B; —omepaTop ¢ aHTHBHKOBCKHM CHMBOJOM
a—bg—by—...—bj_1, vae bg, b1, ..., b;_1 —BellIeBCKME CHMBOJEI OIIe-
paTopos By, By, ..., B;_1.

3 gemmer 29.1 BEITEKaeT, UTO eCIn
Ax=A—-By— By —...— Bi_1,
To A € I‘g?;zf’k’“_zgk. Tlonoxum eme
Qy=Bo+DBi1+...+By_1.

Taxum o6pazom, A= Ay + Q.
3aMeTHM Telephb, ITO HHAYKINEN 10 & JOKa3blBaeTcA, ITo b;(z, A) mpu
j >0 umeer Bug
b= . ey(da)+rw,j, (29.31)
2j<IvI<N
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TJe Cy, ; — IOCTOAHHBIE U TN, j € FT;"N’“_UN. TTosTomy omepaTop Q) uMeeT
)
AHTUBUKOBCKHUI CIMBOJ BHIa

a(z, N =alz N+ D ey[0lalz, ] +ri(z, N, (29.32)
2€ <N
rae ry(z, A) € FZ?;"N’ #=oN  Yauresas (29.29), M moxyTaeMm
(e, N = alz, A) (L A™205(, ),
rae s(z, A) TaxoBo, 9TO

sup |s(z, A)|<C, A= A,
2eR 27

rge C me 3aBucuT oT A. B wactHOCTH, sicHO, ¥TO ¢1(2, A) >€£/2>0 mpn
IOCTATOTHO GOIBIIIX A, OTKYIa MBI IOIYIaeM

Qr > % I (29.33)

B cuay mpeaaoxenus 24.1.
3aMeTHM Telepb, ITO NP GOJBIIOM k

[|[Ax (M) =0 mpm A— +oo. (29.34)
B caMmoM gefe, TOCTaTOYHO IPOBEPHUTE 3TO XKe IIA HOpMBI [ manbepTa —
Mmugra ||Ag(A)|]2. Ho
A (V)3 = (27)~" / |br(z, A)|*dz—0 mpm A — 400,

eCIn BBIOPATDL k CTOIL GOJBIINM, ITO
m—2pk<—n, p—20k<0.

W3 (29.33) u (29.34) cpasy caegyer, uto A > ZI, 9TO U JOKa3bIBaeT
Teopemy 29.2. B

§ 30. AcuMOTOTHKA COOCTBEHHBIX 3HATCHUN

PaccmoTpum onepaTop A ¢ BeleCTBEHHBIM BEHIEBCKIM CUMBOJIOM b(z) €
€ HT')»™0, rne mg > 0. OnepaTop A ABIfeTCA CYIIECTBEHHO CaMOCOIPH-
JKEeHHBIM II0 TeopeMe 26.2 U nMeeT AUCKPETHLIN CIeKTpP Io Teopeme 26.3.

Tockoabky b(z) He uMeeT Hyaell npu GOJBINNX |z |, TO, MEHSA B CIydae
He0OXOAUMOCTH 3HAK, MOXKHO CINTATH, ITO BBIIOJIHEHA OLEHKA

Cilz|me <b(2) < Col 2|, |22 Ro, mo>0, (30.1)

raoe Cl, Cz — IIOJIOZKHUTEJBHBIC IIOCTOSIHHEIC.
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Jlerko mokasaTs, ITO B 3TOM caIydae onepaTop A moayorpaHmtden cHI3y.
B camom zere, IOBTODAA pacCyXK AeHNUS U3 JOKA3aTeIbCTBA TeopeMul 24.2 u
UCTOIB3yA TeopeMy 24.1, MBI BHAUM, 9TO CyIIeCTBYeT Takom omepaTop A’
C aHTUBUKOBCKHUM CHUMBOJOM BHJA

bz)+ D eyd7b(2), (30.2)

0<yvI<N

ato omepatop A — A’ orpammuen. Ho Torga gocraTovHo mpoBepUThH IO-
JIyOrpaHNYIeHHOCTh CHU3Y olepaTopa A’, KoTopas BEITEKaeT U3 MOLyOrpa-
HUYEHHOCTH CHU3y aio6on ¢yukiun Buga (30.2), uMeronell MeCTO BBHAY
TOT'0, ITO

ot 3 et 3 e

0<yvI<N 0<yvI<N

a Bce claraeMble B CKOOKax, KpoMe IepBoro, crpeMares k 0 mpu |z | — +oo.
IIycTs p/ —Takoe MOTOKUTEIBLHOE TUCIO0, 9TO BLINOJHEHE OMEHKN

|07b(2) | < CLb(2)" =M1, 2] > R (30-3)

(kak yxe oTMedanoch B m. 28.6, MOXKHO B3aTbh, Hampumep, p = p/m, HO
BO3MOXKHO, ITO 9TO He HaUIydtlllee 3HAUeHNE p ).
Haxonen, npeInogoXnM, ITO

|2-Vb(2) | > eb(2)™*,  |2]> Ro, (30.4)

rae 0 < <1, ¢>0. Ioroxum

Viy=0@2m™ / dz, (30.5)

b(z)<A

u nycTh N (A) — Imucao coGCTBEHHBIX 3HAMEHNN omepaTopa A, He mpeBOCxo-
OAITHX A,

Teopewma 30.1. Ilycmv onepamop A umeem eetigesckuti cum604
b(z) € C°°(R?™), ydosaemeopawuuti copmyauposannvin ycaosuan (30.1),
(30.3) u (30.4), npuuen 3x<p'. Toeda das arwbo20 £ >0 umeem mecmo acum-
nmomuuecrkas Gopmyaa

NN =V(\) (1+0N\*7*9)). (30.6)

HJoxazareancTBo. 1. Mu Bocmoabsyemcs Teopemon 28.1 B mpu-
MEHEHNN K IPUGINKEHHOMY CIeKTPAILHOMY IPOEKTOPY &), HOCTPOECHHOMY
B 1. 28.6. HamomunM, 9T0 omepaTop &), HMeeT BelleCTBEHHO3HAYHBIN Bell-
JeBckutt cumBoa ez, A), pasrsii 1 mpu b(z) <A u 0 mpu b(z) > A+ 2\,
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u ecan v < g, To oumenknu (28.34)—(28.36) oGecreunBaOT BKIOUEHIE

e(z, ) eTYY, >0, &>0. (30.7)

5 &

Mz1 ZOIKHEL IPOBEPUTH BLIIOJIHEHNE BCeX YCIOBHN TeopeMsbl 28.1. Ycao-
BIe &Y = &) 04eBHIHO 6Iarofaps BellleCTBEHHOCTH e(z, A). I3 mpegmouxe-
Hus 27.2 BEITEKAET AAEPHOCTD &) .

Byaem BemueBckuil cuMmBoa ao6Goro omeparopa A o6o3zHavaTh depes
o(A). UmeeMm, oueBnIHO,

o6 —6)= D capldfoge(z, N[5 e(z, N+ (e —e) +rw,
0<|a+B|<N
(30.8)

—2Np, —2N&
0 . 3aMeTHM, 9TO BCE UIEHBI CYMMEI, KDOME I'jy, COCDe-

riae ry € &
goTodensl TaM, e A< a(z) <AL+ 2A7Y), u, IpEMeHAA K KakKIOMY LIEHY
npenaoxenue 27.3, MBI IOIYSIUM OLEHKY

167 = &ll=0(V(A+2X7") =V (X)).
Ho u3 npeamoxenus 28.3 BEITekaeT, ITO
VI(A)/V() =00,
a 3TO B CUIY IpeRaoxKeHUsa 28.2 1aeT OLEHKY
VA+2A7) = V() =0V V().

IToaTomy

163 = &l =0\ 7"V (). (30.9)

Kpowme Toro, u3 npeanoxenus 27.2 BEITeKaeT, ITO

Sp &\:(271')_"/6(,2, A)dz=
=V +O0VA+22) =V (A)) =V(A) (1+0(W*7Y)). (30.10)

3ameTnM, 9YTO MBI TOIKHLL 6paTh v < p'. Buibupas v=p' —¢, rge £ > 0,
MBI MoxkeM mepenucats (30.9) u (30.10) B Buge

167 = & lli =0V =V (), (30.11)
Sp &=V (A) (1+0N\*7+e)) (30.12)
2. IIposepum Teneps TpeGoBanue 3° Teopemsr 28.1:
E(A—=A) & KONV
SamuieM >TO HEPABEHCTBO B BHIe

EN — A) &+ CAY > 0. (30.13)
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Berameanm BelneBCKui cuMBoa omepaTopa &y (Al — A) &,. Imeem mo Teo-
peme 29.1

(BN —A)= > cap(d dle) (0508 (A—a(2))) +rw,
|a+B|<N

m—N(p+p), 1-N&
rae N € Lininy, 7,0 -

IIpumensas eme pa3 GOPMYyIy KOMIO3UINH, TOIYIIM

(A = A) )= ey (07€) (922) (0 (A= a(2)) + 7, (30.14)
rae Ty € an%i;é\;y(%-)l—y%), 1-Ng
fIcHO, 9TO OCTATOK Fy He MOXKET HOBIHATH Ha BhimoaHeHue (30.13), u
MBI 3aIIMEMCsl OLIEHKOU KOHEYIHLIX “IJI€HOB.
Hoxaxem, aro upu |v1 |+|72|#0 u upu mekoTOpBIX p >0 1 &> 0 cupa-
BeIUBLI OLEHKI

[(07e) (072 ¢€) (072 (A —a)) | < C(z)~Plmlthelthsh \i-v=a(mlth:l+lv)),
(30.15)
Iycrs Bragaxe v3 = 0. Torga (30.15) Bepro BBIAY TOTO, 9T0 | A —a(z) | <
<2A17Y ma mocureae (d71e) (072¢€). Hycts v3 # 0. Toraa

, CYMMa KOHeYHa I Cggg = 1.

[ (7€) (072€) (07 a)| < C<Z>—ﬁ(|vl|+|vz|)/\—5(|71|+|72|)/\1—p'lval -
:C<Z>—ﬁ(|vl|+|vz|)Al—V/\—Ival(p’—V/lval)’

3amerum, aro o' —v/|vs| > p' — v > 0. HosTomy
[(07e) (072¢) (072 a) | < CALY ()~ Plmlthzb x=a(vl+hzl) \=oulvsl

rge o1 =p —v. YuursiBad, 4T0 Ha HocuTele (d7e) (072 ¢) cupaBeituBel He-
pasercTBa A < a <A+ 2M!7Vm (2)™0 L AN, Me1 moxyTaem onenxy (30.15) (o,
OBITH MOKET, C MEHBIINMIE j I &, 4eM B (30.7)).

TaxuMm 06pa3oM, MBI TOTydaeM

(0" €) (072¢) (9 (A—a)) €T 577, |71l +]72] #0. (30.16)

Ho, mnoBTopss paccyxkjgeHme, TpoBeJeHHOE BHadale 3TOTO Iapa-
rpada [IaA OOKA3aTeqbCTBa MOAYOTPAHHYEHHOCTH A, MBI IIOIy<IaeM
otciona, wro HopmMa B L?(R™) omepaTopa ¢ BeHIEBCKUM CHMBOIOM
(971e) (972€) (072 (A — a)) He mpeBocxoanT C'A1 ™Y, Tak ITO TOT “LIeH TaKiKe
He MOXKeT HOBINATH Ha BhIoAHeHHe (30.13).

AHaATOTHIHBEIMEA PACCy IeHUAMEI OPOBEPAETCA, ITO

20 (A—a) €T ™", 13 #0, (30.17)

TaK 9TO I TOT “LJeH He BANAET Ha BBIIOJIHEHIIE (30.13).
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Haxomen, nccaenyem dyuxmuio e (A —a) = ¢. dynxmusa ¢(z, \) obaagaeT
CIeIYIOIIMHE CBOICTBAMH:

g(z, )= —CX'7%, qelf ™, |y[>0.

Ecan P —omepaTop ¢ aHTHBHKOBCKHM CHMBOIOM ¢(z, A) m p(z, A\) —ero
. . 0,12
BEIIEeBCKUHU CHMBOJ, TO U3 jaeMMEI 29.1 cregyer, UTo q—pEI‘ﬁ’O Y. Ho
:
Acuo, uto P> —CA'™" 1 ||Q — P||<CA'=". Otcioga u ciegyeT COOTHO-

menne (30.13). Hoxaras B HeM v = p/ — £, MBI HOAyIaeM
E(A=NI) & O P+, (30.18)
3. IlpoBepuM Tenepsn, ITO
(I—=&)(A=X) (T —=&)+CN V>0 (30.19)

npu goctaTodro 6oabmoMm C > 0. [Ipumenssa Teopemy 29.1, MBI BHAUM, ITO
cumBoa aeBoll gactu B (30.19) umeeT Bug

CATY 4+ ey (1—€) -0 (1—¢) - 0™ (a— N +ry,  (30.20)

m—N(p+5),1-N&

rae N € Lininp, 5),0
Oneparop Ry ¢ BEMIEBCKHM CHMBOJOM 7'y JOIYCKAET OLEHKY HOPMEI

|| Rl < CA'~N% y He MOXKeT HOBINATL HA BBLIIOIHEHIE (30.19).
OuennMm riasayo dacts B (30.20) — cumBon

n Copp — 1.

q(z, )= (1—e(z, M) (a(z) = A) + CA1 7Y, (30.21)
3aMeTnM Tpex e BCero, ITO NpH JocTaTodHo 6oabmom C 6yaeT
a(z, ) =AY (30.22)
MokakeM Temepsb, ITO
|924(2, )< Cya(z, X) () A= (30.23)

npu HeKOTOPHIX p>0 u &> 0.
Nmeem

91g= cyyndl (1=€)?0) (a=N).

Ecau ' # 0, T0O cOOTBETCTBYIOIINI *LIeH OLEHUBACTCS, KAK B II. 2 3TOCO
gokazareabcTsa. Ecan ' =0, To mpu v # 0 Ha HocuTeae 1 — ¢ BLIIOJHEHA
OIleHKA

k7l

[(1=€)207(a—X\) | < Ca(2)"" " < (q(z, ) +2X) (a(2))™7" ", (30.24)
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Tak kak a(z) < q(z, A) + 2\, danee,

(Q(Z, /\)—1—2/\) (a( ))_f’lm (Z /\) (G(Z))_plhl-|-2/\1_V/\Va(z)—p'lvl<
<q(z /\)/\ P|W|/2< > P'|W|/2mo+q(2’ /\) (a(z))l’—ﬂl|7| (30‘25)

ra supp (1 — e)?, mockoanky A7 < q(z, A) u ¥ < a(z)”. Haxomen,

g(z, A) (a(2))" =" M < g(z, A) (a(z))~ M@=/ <
<o, 2 ale)) P 2Bl m (30,56

! (30 24)—(30.26) BeiTekaer (30.
BuAHON omeHKn |q(z, A)|<C{z)™mA
g(z, ) €T
AHanorndHo oneHnBasg ocTaabHble 4ieHBl B cyMMe (30.20), MBI BuamMm,
9TO eca depes ¢(z, A) 0603HAYNTE BCIO 3TY CYMMY, TO Takke Oy YT BBIIOI-
mensl onenkn (30.22) u (30.23) u Bxatouenue ¢(z, A) € I‘:;’&l_y . IIpm »Towm,
Kak OBbLIO BUJHO U3 IMpenbIAyIIero, Mbl MOKEM B3ATbL v = p' — &, rae ¢ > 0.

Ipumenss Teopemy 29.2, MBI BuguM, 4To cupaseiinso (30.19), uin

23). OTMeTHM eIme, 9TO BBHIY Ode-
v

A=Y m3 (30.23) BEITexaeT BKIIOUEHHE

(I—&) (A=A (I —&)+CA =+ >0, (30.27)

4. lna 3aBeplIeHns JoKa3aTelbcTBa TeopeMul 3(.1 ocTaeTcs 3aMeTUTh,
uT0 TpeboBanus 1°—5° Teopemsr 28.1 115 MOCTPOEHHOT O (IIOYTH-IPOEKTO-
pa» &, yxe mposepensl (cooTmomenus (30.11), (30.12), (30.18) u (30.27)),
a ceoiicTBo (28.7) gyuxuun V(M) BoiTexaer u3 (30.4) u npeatoxenns 28.3.
IIpumenenne Teopemsr 28.1 3aBepinaeT JOKA3aTEIbLCTBO ACHMITOTHYIECKON
dopmyaer (30.6). W

Jagaga 30.1. BoruumcanTs cobcTBeHHBIE 3HadeHUs omeparopa A=
=—A+|z|? m TPOBEPUTH HEMOCPEACTBEHHO CIPABEITHBOCTL ACHMIITOTH-
seckonl popmyast (30.6).

Yxkasauue. Onepatop A =—A 4 |z|? apagerca KBaHTOBOMEXaHHHYECKIIM OTIEpa-

TOPOM SHEPI'UU 'APpMOHUYECKOT'O OCHWIJIATOPa, I BEIYHUCACHHUE €TI0 co6CTBEHHBIX 3HaYe-
HUH MOYKHO HAUTH B JI060M y‘Ie6HI/IKe KBAHTOBON MeXaHUKH.

Jagaga 30.2. JokazaTsb, 9TO €CIn BelAeBCKUN ¢cHMBOT b(z) omepaTo-
pa A SBIAeTCS LINOTHYECKIM MHOTOYIEHOM, [VIABHAS OJHOPOJHASA YaCTh
KOTOpPOr'o He NPUHUMAET 3HAYEHUN Ha Jyde arg A= g, TO MOXKHO OIpe-
JeInTh KoMmmaekcHble cTemenn A® m (-Qyuxmmna ((z) =Sp A*® gomyckaeT
MepoMOpP(pHOe IPOJOIKEHNE BO BCIO KOMILIEKCHYIO mIockocTs C.

Hafitu ee moasochl, ux BEIYeTH U 3HadeHns ((z) B Toukax 0, 1,2, ...
IoayunTe B 3TON cuTyaunn u3 TaybepoBoll TeopeMsl llkexapa acuMITOTH-
Ky N(A) (6e3 OLeHKH OCTATOYHOr O WIEHA).



JOBABJTEHNE 1

BOJIHOBEIE ®POHTHI 1 PACOPOCTPAHEHUE
OCOBEHHOCTEN

B sToMm go6aBreHnn MBI H3aaraeM OnpedeleHne U IPOCTEIIINe CBOICTBA
BOJHOBOI 0 (GpOHTa 060OIIEHHON (DYHKIUN, BBeJeHHOr0 XépMangepoM [6].
BaxHOCTL MOHATHA BOJIHOBOIO (PPOHTA COCTOUT B TOM, ITO OHO IIO3BOIAET
JaTh MIKPOIOKAILHYIO (I0KAIN30BAHHYIO B TOUKE KOKACATEILHOTO PACCIO-
eHns) POPMYIHPOBKY TEOPEMBL O PErYIAPHOCTH DelleHHNl AuddepeHIn-
aJbHBIX YPABHEHII, & TAKXKe BO MHOI'OM IPOSCHSIET BOIPOCHL, CBA3AHHBIE C
pacnpocTpaneHuneM ocobGenHocTen. CyLIECTBEHHYIO POJIb BOJIHOBBIE (PPOH-
THL ITPAIOT U B CIEKTPAJIBHOU Teopuu. BoaHoBbIE (PPOHTHEI OPraHUYeCKH
CBSI3aHBL ¢ IceB o depeHnInagbuEpIMu onepaTopamu. QcTaBisis B CTOPO-
He MHOT'I€ BajKHbIe BOIIPOCHI TE€OPHUU BOJHOBBHIX (PPDOHTOB, aBTOD CHe]I BCe
JKe I0Je3HBIM HaIllCcaTh 3TO II0 HeoOXOANMOCTH KpaTKoe nobaBieHne.

[1.1. Boamosout PpoHT 06061IeHHON (PYyHKITHI

Onpegenenme J[J1.1. Ilycte X —obGmacte B R”, (g, &) €
€X x (R™0), ue 2 (X). Bygem mnmcars, uato (w9, &) €W F(u), ecam
cylecTBYeT Takoe v € &'(X), 9T0 4 =v B OKPECTHOCTH Xy H IPH JO-
cTaTovHO MaJoM € > () mis mobdoro N >0

- -N € €o
I <ONEO™ | - ey <. (AL1)

T. €. #(£) OGbICTPO YOBIBAET B KOHNYIECKOH OKPECTHOCTH TOUKH &g.

Taxum ob6pazom, W F(u)—3aMKHyTOe KOHHYeCKO€ MHOXECTBO B
X x (R™0), massiBaeMoe 60ano6biM Pponmon (wave front) o6o0IeHHON
GYHKIUT Y.

Jdemma 1.1, Feau ¢(x) € CF(X), (wo, &0) € W (u), mo (zg, &) &
EWF (pu).

HdoxazaTeasbcTso. Hago nposepuTs, 9To eciu U OLICTPO yOLIBAET
B OTKPEITOM KoHyce I', To To ke camoe BepHO 111 pv. Ho

s%(@:/ﬁ(&—n)sﬁ(n)dn: / 5(€ — ) B(n) dn+ / B(€ — ) (n) dn

[n|<R In|>R
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n

lpu(€)| <C sup [9(€—n)[+CL /(1+|€—77|)p(1+|77|)_Ld77<
[n|<R

[n|Z>R
<C s [3(e )|+ Cul1 + €]y /(1+|77|)”_Ld77<
s >R
<C sup |3(E— )|+ CL(1+ €]y RMPL.
[n|<R

Monoxmum Temeps R =|&|'/2 Torga moxyamres, 9o ecan ¢ mpuHaLTe-
KUT KOHYCY, 4yTb MeHbiieMy deM I', 7o £ —n €T npu Goapmux |£| u npn
|17| < R, akpome Toro, |£—1|~|&|, R*TP~L ~| & |(n+P=1)/2 BriGupas Gomb-
moe [, MBI mOIy4nM 6sIcTpoe yobiBanue pv(€) mo & npu |&| = +o0, E€T. W

Caegcrsue [1.1. B onpedeacnuu [A1.1 moocuo cuumams, umo
v=1u, 2de p € C§°(X).

HokxaszaTeabcTBso. Mb MOXeM BEIOPATL ¥, 0 KOTOPOM HIET Pevb
B DTOM OIIP€JENEHNN, U 3aTeM B3ATh TaKkoe (o, ITO ¢ = 1 B OKPeCTHOCTH T
u pu = @v. Ocraercs Bocnoab3oBaTbea demmon 1.1, W

Jdemma O1.2. ITyeme m: X x (R™M\0) = X — ecmecmeennans npoek-
yus, u € 9'(X). Toeda

7W F(u) =sing supp u.

JoxazaTeascTso.a)Ecm zg¢sing supp u, To, 6eps ¢ € CF°(X),
¢ =1 B okpecTHOCTH Z(, » =0 B OKpPeCTHOCTH Sing supp u, MbI IOJYIUM,
aro pu € C§°(X), otryna pu € S(R"), a 3naunr, o & 7WF(u).

6) Ilycts 2o ¢ W F(u). Torga gas moboro &y € R"\0 cymecTByoT Ta-
kne GyEKnNs ¢g,(¢) € C§°(X) n koHMYeckas OKpecTHOCTD 'z, Toukm &,
1T ¢¢, (x) =1 B oKpecTHOCTH To U P, u(§) 6bicTpO yoBIBaeT B g, . IlycTs

N
T¢,, ..., Tey —noxpurTue R™\0. Torga, moraras ¢ = [] ¢, , MBI mOITy4mM,
j=1
aT0 pu(£) GpIcTpO YOBIBaET BCIOAY, OTKYAa pu € C3°(X), snaunr, u € C'™
B OKPECTHOCTH TOYUKH &g, T. €. &g ¢ sing supp u. Wl

Mpegaoxenne M1.1. Hyemv ue P'(X), (xo, &o) §WF(u). Toeda
cyujecmeyem maroti kaaccuueckuti cobemeennniid IO A€ CLY(X), umo
oa=1(mod S™%) 6 ronuueckoi okpecmuocmu (xg, &) u Aue CF(X).

JoxaszaTteascTBo. llycts ¢ € C§°(X), ¢ =1 B oxpecTHOCTH X0,
pu(€) 6wpIcTpO yOBIBAET B KOHNYECKOHN OKpecTHOCTH Toukm &y. Ilycrs
x(€) cocpeRoToueHO B 3TOH KOHHUECKOH oKpecTHOCTH, X(t€)=x(£) mpnm
t>1, €121, x(§)eC®(R") u x(§)=1 B HEKOTOPOH MEHBIIEN KOHN-
seckonn oxpectHocTn &y. Torga x(£) pu(£) OvicTpo yObIBaeT, OTKYZa
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X (D) (p(x) u(z)) € C*(X). Ho Torga () x(D) (p(x) u(z)) € CF° (X), ecan
¢ € C§°(X). MBI MOXKEM B3ATB 1) TaKUM, 9T0 ¢)(2) =1 B OKPECTHOCTH TOY-
ku zp. Torga IITO A= (x) x(D) ¢(x) yAoBIETBOpAET BCeM TpebyeMBIM
ycaousm. W

Mpegaoxenne [MA1.2. IHyemv dawn uwe D' (X), (xo,&)€
€X x (R™0) u onepamop A€ CL™(X) ¢ eaasnvim cumeoson am(z,§).
Hycmv aubo u € &', aubo onepamop A cobcmeennvltl, max umo umeem
emvica Au. Hawrowney, npednosoxcum, wmo am(xo, £o) #0 v Auec C™(X).
Toeda (xg, &) ¢ WF (u).

JoxaszaTeabcTBo. a) [IpoBoAs B KOHIUECKON OKPECTHOCTH TOY-
Kn (zg, {p) CTaHZApTHYI0 KOHCTPYKINIO mapameTpukca (cM. § 5), MBI
MOXKeM TOCTpOuThb Takol cobersenus IO Be CL™™(X), uTo opa =
=1(mod S™°°) B KOHHIECKOH OKPECTHOCTH TOUYKH (Zg, &y). fcHo, dTO
BAue C*(X), tak 4o, 3aMeHas A Ha BA, MBI MOXeM CIHTATb, 4TO
o4 =1(mod S™°°) B KOHNIECKON OKPECTHOCTH TOUKH (Zg, &p).

6) Ilycts Temeps x(£) =1 B oxpecTHOCTH TOUKH &g, Y (€) € C™°(R™), x (&
ogropoaHa 0-ro mopagka mo & mpu |&| > 1. Iyets ¢(x) € C°(R™), ¢ =18
OKPECTHOCTH Ty W HOCUTEIHN @ U X BBIODAHLI TakK, ITO

p(e) x(§) oalz, §) =¢() x(§) (mod 57%).

Orcroga
X(D) p(z) A= x (D) p(x) € L7, (11.2)
HO nockoasky X (D) ¢(z) Aue C™(X), To uz ([I1.2) cregyeT, aTO
X(D) p(x) ue C=(R"). (A1.3)
B) JlokaxeM Tenepb, ITO
X(D) p(x) ue S(R"), (A1.4)

oTKyga OyzeT caefoBaTh, aTo X (&) pu (€) € S(R™) u, B wacTHOCTH, DU (&)
6LICTPO yOBRIBAET B KOHUTIECKOI OKPeCTHOCTH £y, ITO I TpebyeTca. Briote-
une ([11.4) B cuy goxasanHoro Batodenns (/11.3) BeITexaeT U3 cregyommen
JeMMEL.

Jdemma T1.3. IHycms ve &'(R™), x(§) €5)y. Tozda
| DX(D) w(z) | < Co, vz |7 (A1.5)

npu p(x, supp v) > 1.
JoxaszaTeuasctTso. [lockoasky £¥x (&) € S;ng_lal, TO BCe CBOJUTCA
Kk caygao o =0. Janee, upeicTaBaas v B Buge v= y . D%v,, rge v, —
lol<p
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HeIpepLIBHLIE (DYHKINE, MBI MOKEM CBECTH JEI0 K CAYHal0, KOTJa v Helpe-
peiBHA. Meem

(D) () = / € () u(y) dy dE. (111.6)

HNuaTerpupyeM mo 4acTAM, HCHOIL3YA GHOPMYIY

|z —y| " (= ANl = pilemv) g,

U3 (11.6) moxysaeTcs

WD) ele) = [ S a) N ) e -yl Vely) dyde. (AL7)

YTO HMeeT CMBICA, €CIH CIuTaTh, 4To p(x, supp v) > 1. Bubupas N
N —n—1

cronp GoabmmM, ITo (—Ag)™ () €S, , MBI BEAEM, ITO HHTeETpaT
B ([1.7) craHOBUTCA aGCOMIOTHO CXOAMINNMCH, NPHYEM OH OLEHHBAETCH
aepes C(z)~2Y mpu p(z, supp v) >1. B

Jameuanume [J1.1. Ycaosue an (2o, {y) #0 HHOra HA3BIBAIOT 94-
aunmuunocmuvio A 6 mouxe (g, o). Jlerko copMyInpoBaTh I JOKa3aTh
TUMOIINITHIeCKIN aHaaor npemgoxenua /1.2. Mol mpegocTapiseM >To

THTaTeIo B BIIe YIPaKHeHIA.
Canegcreume [J1.2. Howoxnum dar A€ CL™(X)

char (A) ={(x, §) € X x (R™\0): am(x, £) =0}.
Toeda, ecau Au=f e C®(X), mo WF(u)C char (A).

B uacmnocmu, ecau char (A) =@, mo ue C*(X).
Canegcreume [O1.3. Feauue&’'(X), mo

WF(u)= ()  char(4). (11.8)
A€CLO(X)
Au€C™(X)
To ace camoe sepro u dad u € P'(X), no nado bpams auwp cobemeernvie
onepamopot A.

BaxuocTs cregcrsus 1.3 coctont B TOM, uT0 Qpopmyaa ([11.8) moxazsl-
BaeT, ITO BOAHOBON GpouT W F' (1) MoXKeT GBITH HHBAPHAHTHEIM 06pa3oM
OIpefeneH B caydae, Korga X — MHOrooGpasme, I B >ToM caydae W I (u)
mpeicTaBiaseT cOGOU 3aMKHYTO€ KOHHYEeCKOe MOAMHOXKecTBO B 17 X. Mu
Telephb ellle HeMHOr O 0606muM npenmoxenne 1.2, ocaiabuB TpebGoBaHue
Aue C™(X).

IMpengaoxenne AL.3. ITyemb oname A€CL™(X), ue Z'(X) u au-
60 onepamop A cobemeennvit, aubo u € &' (X). Tozda, ecau am (xg, £o) £ 0
u (wo, &) ¢ WF(Au), mo (g, &) ¢ WF (u). Hruvimu caosanu,

WF(u) Cchar (A) UWF(Au). (11.9)
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HoxasaTeasncTso. B cuny npegmoxenns /1.1 cymecTByeT Takon
co6cTBeruni onepatop P e C LX), uro op =1 (mod S~™°) B xoHUIeCcKOl
OKpeCcTHOCTH (&g, &) n (PA)u € C*(X). Ho Torga us npegnoxenns [11.2
AcHO, 9TO0 (29, &o) € WF (u). B

IMpenaoxenne [Ol.4 (mceBgomoxansrocTs IIA0). ITyemp u€
€Z'(X), A€ L} s(X), 0<d<p< 1 u aubo u€ &'(X), aubo onepamop A
cobemeennnitd. Tozda, ecau (xg, &) g WF(X), mo (o, &) ¢ WF(Au).

Huvimu caosamu,

W F(Au) C W F(u). (11.10)

JoxazaTeascTso. Yeaosue (zg, &) ¢ W F(u) paBHOCHIBLHO cyIme-
cTBOBaHmI0 Taxoro co6ersensoro IIA0 P e CLY(X), uto Pue C®(X) n
op=1(mod S™°°) B KOHHIECKOH OKpeCcTHOCTH (¢, &y). IIycTs Temeps @ —
Takoit co6ctaennstt 1110, Q € CLY(X), uTo qo(zo, &) #0 (rae qo — raas-
HBLI CHMBOII () I 0 € S~ °° BHe HEKOTOPOH JOCTATOTHO MAJION KOHIIeCKOH
OKPECTHOCTH TOYKH (Zg, &y), Tak 9TO

PQ=Q(mod L™) n QP=Q(mod L™).

Ilposepnm, ato QAu€ C®(X). Umeem QA — QAP € L™, Tak 4uTO
JOCTATOYHO MPOBEpUTH, 9T0 QAPu€ C™(X). Ho 3T0 sACHO, MOCKOIBKY
Pue(C®°(X). Teneps ToT daxT, aT0 (20, &) ¢ W F (Au), BoiTexaeT u3 mpej-
doxenns [11.2. B

Cunegcreume Jl4. Feau AcCL™(X), mo

WF(Au) CWF(u) CWF(Au) Uchar (A). (01.11)
Canegcreue [JL.5. Feau onepamop A€ CL™(X) saaunmuuen , mo
WF(Au) =W F(u). (11.12)

Ynpaxueunune [1.1. BerducanTs BoHOBEE GPOHTH CAETYIOMNX 0606IIEHHBIX
byHKIMIT:

a) §(z);

6) §(z)® 1(="), rne =’ €RF, 2" e R"K,

B) 85, rae S —ruagkoe nogMmHoroo6pasne s R™ ((§g, ¢) onpegenserca kak HHTerpad
orpaHndeHus GbyHKINNI ¢ Ha MOBEPXHOCTE S II0 ILIOMA N 3TON HOBEPXHOCTH);

r) (z+1:0)~! ma RY;

1) XapaKTepHCTHIecKasd GyHKIUHIA yIia B R2.

[1.2. Ilpuroxenna: mMpousBejeHUe ABYX 0GOOIIEHHEIX (DYyHKIIMIM,
caefy 0606menHoN (PYHKIMH Ha I0AMHOT 006pa3um

1) IIyers u; € Z'(X), j=1, 2. Yro Takoe uq - uz? DTO JOIKHO OBITH
OOLITHOE TPOU3BeJEHHE UiUs, €CIH, HAIPUMEpP, U, Us — HEIPePBIBHBIE
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dyuKIUIN nin ogHa u3 GYHKINN U1, Us [IATKass, I 3TO JOJKHO OBITH €CTe-
CTBEHHOE NPOJONXKeHHe (HAIPHMep, IO HENPEePEIBHOCTH B KaKOM-HHIOYIb
cMmeicae). Oxa3bBaeTCsA, MOXKHO ONPEIEINTD U] - Uy IPH YCIOBUH, ITO

W F(uy) +WF(us) C X x (R™\0), (I1.13)

T. e. He cymecTByeT Takoro (, &)€W F(uy), ato (x, —&) € WF(us).

IMockoabKy Ipom3BeeHNe — OUMANHEHAS OMEPANNA, TO, HUCIOAbL3Y S Pa3-
OumeHNe eINHNIBI, MOXHO CINTATh, ITO Uy, Uz € &' (R™) u HOCHTEIN U1, Uz
JOCTATOYHO Malbl, Tak IT0 #1({) yb6uIBaeT BHe koHyca I'j, a @s(&) —BHe
koryca I's, mpugem I'; + T3 CR™\0 (1. e. Ty u T's He cogepxkaT gmaMe-
TPATbHO IPOTHBOIOIOKHEIX TOUEK). II3BeCTHO, ITO B OOLIYHON CHTYal[un
Utz (€) = Uy * s, Te

M*%ﬁz/ﬁﬂ&wWﬂm®~ (I1.14)

B mamem caywae 3TOT HHTerpal Toxe abCOMIOTHO CXOAUTCHA, TaK KAk
upu | 1| — 400 aubo | &y (€ —n)|, aubo |as(n)| 6picTpo crpemuTes x 0. Io
OIpeIeNe N0 MBIl IIOJIAraeM

U1U2=F_1/171(€—77)172(77) dy. (A1.15)

Ilodemy 3To TpogoTKeHNe IO HempepbiBHOCTH? Hampumep, MOEKHO
noxazaTs, 4To ecan x € C°(R"), [ y(z)de=1, x.(z)=c"x(¢7'z) n

(e) — u; B Tonoxorun 7' (R"), To

ul®) =ux x. (€ CF°(R")), Tak a0 aEIEO u;

(e), ()

limo Uy ‘uy ' =ujug B Tomomorun Z'(R™), roe ujuz MOHHMAETCS B CMBbI-
e—+
cae (J1.15).

Opumep [Al.1. Hycrs u, € Z'(R?),
(s 9) = [ xulon) plon, k) don, xult) € CF(RY,
T. e. supp ui C{(#1, ©2): 2 =k, }. Haigem npoussegenne uy - up. Umeem

ux(€) :/ X (1) €/ Er71HERT2) o — (&) 4 kEy).

Orcroga W F (uj) — MHOXKeCTBO BCeX HOpDMaJell K IPAMON Zo = kiq, Te-
-1
KAINUX Hag 7, (Supp Xx), Tge mx: (21, ke1) — 1.
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Tenmeps paccMOTPUM CBEPTKY Ug * Ug:
(104 0) (€)= [ Tol€s = m) vl + k) i i =

= [ Sotm)dns [ ) dna = xof0) e 0
oTCIOA
uoug = % X0(0) - xx(0) - 6 ().

Ilpegen upu k — 0 oTcyTcTByeT, 9TO eCTECTBEHHO, Tak Kak upu k=0
ycaosue (/11.13) me BRImOIHSETCH.

2) Hycts vwe Z'(X), Y —nogmuoroot6pasune B X, NY — cemelicTBo
Bcex HopMalzenl k Y B T*X (mopmarbHOe paccaoenme k¥ Y). Ecan
WF(u)NNY =@, To onpegeneH cien u|y, €CTECTBEHHBIH B TOM JkKe CMBICTE,
B KaKOM U IIPOI3BeJeHNeE.

B camom gene, 10oKaan3ys, MOXKHO CIUTATh, 9T0 ¥ ={x1=...= 25 =0}.
Hdus v e CFP(X) nmeem

wyz:/"aglw.wgnyﬁluizk (11.16)

Ho mo ycaoBmio B HamieMm caydae BeKTOpbl Buga (&1, ..., &, 0, ..., 0)

He BxogaT B WF(u), Tak 9T0 @ GBICTPO yOBIBaeT B NX HANPABICHUN I
uaTerpan (J1.16) oupexnernen.

B uactHOCTH, ecrn u € Z'(R"*!) yroBreTBopaeT auddepennuaibaoMy
YPaBHEHHOIO MOPAIKA M BHUIA

i i _ [e%) n+1 1 n
a(t,x, at,ax)u_fEC (R*"TH), teR', =zeR",

IpHYeM IIOCKOCTh ¢ =( HexapakTepHCTHHIHA, T. €. an (0, z, 1, 0)#£0, To
k

" u
OIpeJeJeHBl BCE CIEABl ——r
at® =
pauubie Korru. IIpu sTom u|t:t0 —raagkag QYHKIINUA OT {g CO 3HAUEHUSIMU

B 7' (R").

€ 9'(R") u, B 9aCTHOCTH, UMEIOT CMBICI
0

[1.3. Teopema o pacupocTpaHeHMH 0cOOeHHOCTEHn

Mgu1 cpopMyaupyeM Temeph IPOCTEANINI BAPUAHT TEOPEMEI O PACIPO-
CTpaHEHHN OCOOEHHOCTE.

Teopema d1.1. IHycmos onepamop P € CL™(X) umeem sewecmeen-
Houti eaasHut cumeoa pm(x, £), u € Z'(X) u aubo onepamop P cobcmeen-
Houl, aubo u € &'(X), max umo umeem cupvica Pu. Tozda, ecau I — ceas-
Holll Kycox Gurapaxmepucmuru Gynryuu pm(x, £), He nepecexawujutica

¢ WF(Pu), mo au6o I CWF(u), aubo INWF(u)=g.
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NupiMu crosamu, Ha gomoanenun k¥ W I (Pu) moxecTtBo W F (u) nuBa-
PHAHTHO OTHOCUTEILHO CABUTOB [0 TPaeKTOPUAM FaMIILTOHOBOI CICTEMBI

: Jpm
£=-=-
. Jpm
=5

(11.17)

2

d
IIpumep [HA1.2. HokaxeMm, UTO BOJHOBOE YDAaBHEHIE a—g —Au=0
%o

B R"! He MomeT MMeTH peIleHMH ¢ HM3OIMPOBAHHEIMM ILTH KOMIAKTHO
PaCHOIOKEHHBIME OCOGEHHOCTAMH. B gmamHOM caydae m=2, po(xz, £)=
=—£2+|¢]% Cucrema ([I1.17) ummeer pemenme &= const, zg=—2¢l,
r=2¢t. Ilycrs 0 €sing supp u. Torga cymectsyer Touka (0,0, &y, &) €
€ WF(u), mpuaeMm sicro, uto &2 =|¢|? B cuny mpeatoxenns [1.2. Ilo
Teopeme 1.1 (—2&pt, 2&t, &y, €) € WF (u) npu aio6oM ¢ U, B 9aCTHOCTH,
(—2&pt, 26t) €sing supp u npu II060M T, ITO I JaeT TPeOyeMBbINl Pe3yIbTaT.

Mpgur npuBegeM Tenepb JoKa3zaTelbCcTBO TeopeMbl 1.1, mpunaamexaliee
B. H. Tynosckomy. OHO ommpaeTcsa Ha caegyiollee NpeIIoKeHNe, ONNCHI-
Barollee BOIHOBOW (PPOHT B TepPMUHAX JeICTBUA 0OOOIIEHHON (PYHKITUH HA
6BICTPO OCITIINPYIOMYIO SKCIOHEHTY.

Mpengaoxenne M1.5. ITyems v P'(X). Tozda ycaosue (xy, &) ¢
¢ W F(u) pasrocuabHo cAedyoueny yeaosuo:

A. Cywyecmesyem maroe £ >0, umo ecau ®(x, 0) —eaadkan sewecmeen-
HoaHaunas Pynwyus, onpedeaennas npu | —zo|<e u € (RN\0), odnopoo-
Haa no 0 nopadka 1 u maxas, ymo P, (g, by) =& npu vekomopom Oy £ 0,
mo das awbozo cumsoaa p € CSO({|x —zo|<e} xRY), obpawarouezocs
6 0 npu |x —ao|>¢/2, cywecmsyem makras kowuueckas okpecmuocms T
mouwu 0y 6 RN\0, umo

[(u(@), p(a, 0) @) | <Onl6]7N, €D, |01 (AL18)

JoxaszaTteascTo. 1) IIycrs Bemoameno ycaosme A. Bospmem
peCFP(R™), ¢=1 B OKpecTHOCTH TOYKH Xy, ¢ =0 mpn |&—xg|>e/2
n ®(z, 0)=(x,0), Tak awro N =n, 0y=¢&;. Mbl moayumm Torga, 4To
(u(x), p(x) e ")) =5 (A) 6e1cTPO YOBIBACT B KOHHIECKOH OKPECTHOCTIN
Touxu &y. Ho orciona crenyet, ato (2o, &) € WF (u).

2) Iycts (zg, £9) ¢ W F (u). IIpoBepuM BrInOaHeHNE yeaoBus A. Ilycts
U ( TakWe, KaK OIICAHO B ’TOM YCJIOBUH. Be3 ymep6a A1a 0OITHOCTH MOKHO
canTarh, 9To 4 € &' (R"). 3anmuem aeByio sacTs ([1.18) gepes a(£):

(u(z), gz, 9)6—@(@%:/ a(€) e =@ O o By dede,  (I1.19)
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rje HHTerpajl MOHIMAeTCS KaK OCHUIINDYIOMNNA. BrI6paB Takyoo Malyio
KOHIIeCKYI0 OKpecTHOCTH 'y Touku & B R”, uTo @(£) GblcTpo yOBIBaeT
B I'y, pazobpeM >ToT MHTerpana B cymmy I + Io, rae B I} unTerpant mo &
oepercsa o 'y, a B [s —mo R™\I'y. Ouenum [; u I, oTgensHo.

a) B I} uHTerpupyeM mo YaCTAM IO & € IIOMOIIBIO SKCIIOHEHTH e~i1®(,0),

A IMEHHO, IIoJaras
n

¢ —2 . d
L:|(I) | E 1P, —
’ j=1 " ax]

MBI Hoay<InM Tox gecTBo ‘Le P =e~®, Kosddunuentsl 'L u L 0qHOPOJHEL
no § mopsaaka —1. Mockoasky @y (2o, 0p) =E&o #0, To |, (z, 6)|#0, ecan
| —ag|<eueT, rage T — gocTaTodno Manas KOHAIECKAs OKPECTHOCTD
Toukn Gy. lMmeem

h= [ 1N e o)) (e e dad,
g€l
TTockoabky
[L¥[e S (e, O <ONEN(O)™N, 0€T, [0]21,
TO BBIJY yOLIBAHUSA ﬂ(&’) B I'y MBI moay1aem
|L|<CN@)™N, 6T, |0]>1. (111.20)

6) [das oumenkn [, HAJZO HHTETPHPOBATH IO FacTAM IO & YXKe C IOMO-
o Beell skernorenTsl €' €~ 2@, 0)] Bri6upas kormdeckyo oxpectrocTs I
ToUKH @y JOCTATOYHO MaIoH, MOXKHO CINTaTh, 9T0 & — @, (2, ) £0, # €T,
EeR™MTy, | —xo|<e, oTKyAa upu Tex xe x, &, 0

grad, (¢ £ —®(z, 0)) #0,

UTO N03BOASET NPOJeJATDh CTAHJAPTHOE HHTETPUPOBaHNIe 1o JacTIM. B ca-
MOM JeJjie, CHO, 9TO npu HekoTopoMm C' > (0

|§ = @o(x, 0)| 2 C(IE]+10]), O€T, E€R™MTy, o —wo|<e.

ITonaras
n

=il — (e, 0)]72 S (& - By, (2, 0)) %
j=1

MBI moayanM, 9To (Lelld 62, 0)] = ¢ile¢=2(x, 0)] 'y poromy

L= / el = @@ NN o (e 0)] a(€) du de. (11.21)

EERN\T,
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Hockonexy aas @(¢) pemoamena omenxa |4(€)| < C(1+|€])M mpu gocTa-
TouHo Goapumx C' u Ny, To npu gocraTouso 6oasimom N nuaTerpan ([11.21)
CTaHOBUTCA abCcoa0THO cxopamumMces u upu § €T, |o — ap| < & MoxeT GBITH
ouener 1epes C,(0)"F mpu mo6oM p, aTo BMecTe ¢ onerkon ([11.20) gaet
Tpebyemoe yrBepx aenne. W

Jameuanume [A1.2. Ecan Ttouxa (xg, &) un QpyHknnn ¢, ¢ 3aBucar
OT mapaMeTpa, IPUYeM BCe YCIOBIS BHIIOJHEHBI DABHOMEDHO, TO MOCTOSH-
usle C'y B (J1.18) MOryT 6BITH BBIGpAHBI He 3ABHCALIIME OT TOTO Mapa-
MeTpa.

JoxaszaTeancTBo Teopemu [l1.1. 1) Paccmorpum BHada-

Je A IPOCTOTH cIydall omepaTopa P = ~ EP Ilycts Pu=f, (xo, &) ¢
i Oxn

¢ WF(f). BuxapakTepucTHKa CEMBOIa &, omepaTopa P, mpoxogdmas He-
pes (zo, &), umeer Bug (x4, (zo)n +1, &), vae (2g)y, — n-1 KOOpAMHATA
TOYKH Zg, & £{ — Habop ee mepBLIX (n — 1) koopauHAaT, { — IapaMeTp BJOIb
6uxapakTepucTuku. IlycTs | —uHTepBaJI 3TOH OUXapaKTEPUCTUKI, COAep-
xammil (xg, &) u He mepecexatommiica ¢ WF(f). Hokaxkem, 4ro am6o
I CWF(u), aubo INWF(u)=a.

Ilycrs paner Taxume ¢(z, 0) n ®(x, §), xax B npenaoxennn J11.5. oxo-

KM
or(z, ) =p(@, x, —1,0), Bz, 0)=d(2', z, — 1, 0).

Torga supp ¢; 61u30K K (2(, (2o)n +1) 1 BOIU3N 3TOH K€ TOUKH ONpesereHa
dyuxuua ®;. IIpu >ToM 09eBUAHO, ITO TOAOOPOM @, P MOKHO cHeTaTh Pt
u ®; m06pIMI GYHKIUAME, A11 KOTODHIX yCaoBHA Ipenaroxenus 1.5 Bul-
HOXHEHBL 41 ToIKH (), (#0)n +1, o). VMeem

L0120 )=l () )
- <% “, gote_iq)’> —(if, pre= P = R(t, 0), ([1.22)

npudeM u3 yeaosus [ N W F(f) = @ u npegnoxenns J1.5 crenyeT, 9To mpn
HHTEPEeCYIOMNX HAC 3HAYEHUSIX { PABHOMEDHO IO { BBIIOJIHEHA OLIEHKA

|R(t, 0)|<Cn (@)™, @€l |0]>1, (111.23)

raoe I — AOCTATOTHO MaJasg KOHIYIeCKasa OKPECTHOCTE TOYTKI 90. Ho OoTCrga

2]

d —
/%W,gote q>’>dt

t1

BRSNS <ty —t2 [On ()N

<U, gptle_iq%l > - <u’ Ptz €

(I1.24)

TosToMy, ecan mpu KakoM-To ¢ GYHKINA (u, pre 6BIcTPO yOBIBAET 110 0
B I', To 5T0 xe BepHO mpH Beex ¢, 9TO U gaeT TpeGyeMBIN Pe3yabTAaT.

—i‘l>t>
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2) Ilycts Teneps P — mpomssoasHbiil kaaccudeckuil ILTO 1-ro mopsaa-
ka (T. e. P€CLY(X)) ¢ BemecTBeHHBIM TIaBHBIM cuMBoaoM pi(z, ). Mu
XOTHUM CHOBa NpoBeCTH BhIKAagKky (/[11.22). 1 3TOro Mbl JOIKHBL TaK L0~
Jo6paTh 3aBHCALNE OT HapaMeTpa T GyHKnum ¢, ®, aro

Lo —i®y_t —id
L9 et~ tPlpemi?] (11.25)
6p1cTpO yoOmBaeT 1o # B xouyce I' paBHOMepHO 1o 7, umpudeMm mpu 7 =0
BBINIOJIHEHB! yCI0BUg npesaoxenns J1.5 nas Toukn (2o, &o).
Ycnosue y6usanus ([J1.25) npusoaut x ypasuennio i1 P

J0d

o —pilr, 2.) =0, (11.26)

KOTOPO€ MBI MOKEM DeINTh (IpU MAJbIX T), IPOM3BOJBHO 3agaBai P —g.
IIpn »>ToM BaXHO OTMETHTH, ITO BAOIL 6uxapaxTepucTuxu (z(7), £(7))
dyukunn py (2, £) MBI 6y1eM HMETH

B, (x(7), bo, ) =&(7) (11.27)

(cM. § 17), ecanm 5To 6BITO BEIDOAHEHO HpH 7 =0, 9TO MBI IpPEJIOIATAEM.
15 0 AHOPOAHBIX KOMIIOHEHT CIMBOJIA  IOAYYAIOTCS YPABHEHNS IePeHoCa,
KOTODEIE DPEIlaloTCs OMAThL-TAKA IPU IPOU3BOIBLHOM 3aJaHUN | —¢ aHaI0-
CUYMHO ypaBHEHHUAM IepeHoca 115 ¢_; u3 § 20. Croco6 ux pemenns (cu. § 17)
IOKA3LIBAET, ITO HOCUTEIb OJHOPOIHBIX KOMIOHEHT ( I€PEHOCUTCS BIOIb
OumxapaxTepucTuk GyHKnnm pi(z, £). Brarogaps sToMy albHeHIIee pac-
CyXKJ€HIe IPU MAJLIX T IPOXOAUT AHAJOTUYIHO COOTBETCTBYIOUIEMY PACCY-
KACHIIO [I8 OIepaTopa i | P

3aMeTHM Telephb, ITO HeOG)?O,E[I/IMOCTB OTPAHIYUTHCA MAJLIMHI T HE IMe-
eT 3HaYeHNs1, HOCKOJIbKY TeopeMmy 1.1 focTaTouHO GOKa3BIBATH IS CKOIb
YTOOHO MAJbIX KyCKOB OIXapakTepUCTHK, 160 TOrAa [0 OYeBUJHON IPITI-
He OHA BepHA W s GOIBLINX CBI3HBIX KYCKOB.

3) PaccMOTpHM, HaKOHEI, CIydall omepaTopa P IpON3BOILHOTO HOPAI-
xa m. [Iycts () — xaaccuveckni sanunrudeckuil co6crerusn [I10 mopsg-
Ka 1 —m ¢ BellecTBEHHBIM TMIABHBIM cHMBOIOM ¢(, £). Ilomoxum P, = P(Q).

Torga Py € CLY(X) u raasueiit cumBoa py(z, €) omepaTopa P; uMeeT BUI

pl(xa g):pm(xa g) Q(xa g)

Samerum, uT0 B Teopeme 1.1 B cuay caegcrsus 1.4 focraTowro pac-
CMaTpPHUBATH JUIIL HyJeBble OUXapaKTepUcTHkH. Ho BBUAY COOTHOLIEHHUN

(P1)e = (Pm)eq +Pm e = (Pm)eq  wpu pp, =0,
(P1)e = (Pm)eqd+ Pm 4o = (Pm)eq TPE pp =0,
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HyJeBble OMXapakTepUCTUKN (MYHKIUN P U Py OTIHMYAIOTCS JINIIL 3aMe-
Holl mapaMeTpa. lIpunnmas Bo BHuManue caegcrsue 1.5, MBI BHIIM, ITO
yTBepxk enne Teopembl [I1.1 gias P BoITeKaeT M3 TAKOT O JKe YTBEDXK JEHILA
a1s Py, koTopoe gokasano B 1. 2). W

SJagaga [1.1. Ilycte A — oGobuwennas (QyHKINA, 3aJaHHAST OCIILI-
JNPYIOUINM HHTETPAIOM

(A )= [ @ a(a,0) pla) do do,

rge ® — wmesmpoxgenmas dazosas dymxmus, a(z, §) € ST (X x RY)
(eMm. § 1). JoxasaTs, 94TO

WF(A)C{(z, £) € X x (R™0): 30 e R0, ®)(z, §) =0, &’ (x, ) =£}.

Jagaga [01.2. IycTs gas 4Byx 0606meHHEIX QYHKIND 4], Uz € Z'(X)
BoIoaHeHO ycaosue ([11.13), obecmeunBaiomee BO3MOKXKHOCTD HX YMHOXKe-
uus. JokazaTk, ITO

WF(uius) CWF (u1) + WF(u2)]UWF (u1) UW F(ug).

Sagaua J1.3. dokaszaTb, 4TO Aas omepaTopa Dﬁ npu Ja060M HATY-
paIbHOM k BepHA Takas XKe TeopeMa O PACHPOCTPAHEHIIN 0COGEeHHOCTEN,
9To U maa omepatopa D,. Kaxon Buz 3gecs umeet Teopema [1.17
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KBASHUKJACCHUIECKAA ACUMIITOTHKA
COBCTBEHHBIX 3HAYEHUA

Hab6arogaeMbIM BelndnHaM KBAHTOBOU MEXAHIKI MOXKHO COIOCTABITH
oIepaTophl BIIA

(Amyu) (v) = / ey (XL ) uy)dyde,  (12.1)

rae mapameTp h >0 ecTh Tak Ha3blBaeMas MOCTOAHHaA llaaHKa; omepa-
Top A(p) KOPPeKTHO ompenenen, Hanpumep, B S(R"), ecin dymxnmsa b(z)
IpUHALICKIT KIACCY I‘T(}RZ”).

Kraccudeckas MexaHUKa ABAAETCA NPeIeIbHLIM CIyYaeM KBaHTOBOI,
KOTa TMOCTOosHHas [l1aHKa MOKET CIATATBCA IpeHeOpexmMo Mauaon. Ilo-
STOMY IIPeICTABAAIT HHTEPEC aCHMITOTHIECKAE CBOICTBA ONEePaTOPOB BH-
ga ([12.1) opu h — 0; COOTBETCTBYIOINE ACKMITOTHKIE OLY U HA3BAHIE
K6AZUKAACCUNECKUT.

[2.1. ®opMyaupoOBKa OCHOBHOT'O pPe3yJbTaTa

3amena mepemensoit £ — h~1¢ nepesoaut ([2.1) B

(Agnyu) (x):hi” / 6i(x_y)f/hb(%’5)“(y) dy dc; (A2.2)

3[J€Chb CHUMBOJ YXKe He COLePXKUT mapaMmeTpa h, KOTOPBII Teneph BXOAUT B
(a30BBII MHOKITEID.

Bygem ¢yuknmio b(z) Ha3BIBATH h-6€UA€6CKUM CUMEOAOM OLEPATO-
pa A,y mim, xopoue, h-cumeoson (B d3TOM gobaBIeHNH HEe OYIyT HCIOTH-
30BaTBCA T-CUMBOJBI T IV, MO3TOMY ONACHOCTH IYTAHHUIEI HCKIIOYEHA).
OueBngHO, 1-cUMBOI €CTh OGBLIKHOBEHHBIN BEIIEBCKUN CHMBOIL.

Mexay h- n 1-cumBozamu uMeeTcs caegywomasn cBasb. Creraem B ([12.2)
3aMeHy mepeMeHHBIX 2 — \hx, y—Vhy, £ = VhE, mocae KoTopoit (12.2)
mepenaeT B

(Agmyw) (@Vh) = / e ey (Vi Y Vhe) u(Viy) dyde. (12.3)

2

Bsegem B npocTpancTBe GyHKIUN Ha R” onepaTop pacTIXKeHIsI

Th: f(x) = W4 f(Vha). (12.4)
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Kak aerxko momaTs, omepaTtop 1) ymmrtaper B L*(R"). C ucmoaszosa-
HEeM omepaTopa 7 paseHcTBO ([2.3) MoxeT OBITH HPHBEIEHO K BHUIY

ThA(h)u = AET)) Thu nin

Ay =T AT, ([12.5)

e AET))

— omeparop ¢ 1-cmsoaom bP) (z) = b(\/ﬁz) Taxum o6pa3zoM, ome-
paTop ¢ h-cuMBoIOM b(z) YHHTAPHO SKBUBAIEHTEH OIEPATOPY ¢ 1-CHMBOIOM
b (2).

Hac 6yzeT unTepecoBaTh KBa3UKJIACCHYeCKasd aCUMITOTHKA COOCTBEH-
HBIX 3HAYEHNI.

Onpegenenune [2.1. IlycTs A(j) — caMOCONPAKEHHBIN NOIYOTDa~
HUYeHHBIN CHU3Y omepaTop. ‘lepes N (A) 0603HAUaeTCS KOIMIECTBO COO-
CTBEHHBIX 3HAYEHHUH OMEPATOPA, He NPEBOCXOAAIMX A (¢ yIeTOM KpaTHO-
ctn). Ecan B unTepBane (—oo, A] IMEOTCS TOYKN HEIPEPLIBHOTO CIEKTPA
omepaTopa Ay, To no ompegerenuio Ny (A) = +oo.

Jameuanme J[2.1. Bapmammonmas aemMma Imazmama (cooTHoIe-
une (28.1)) ocraerca cupasenauson u 1t Np (A); goxasaTenscTso (cM. § 28)
MOKHO ¢ He3HAINTEILHBIME N3MEHEHIAMI TepeHeCTH Ha caydai Np(A).

s Toro 4To6sl cPOpMYINPOBATE OCHOBHOHI DE3YILTAT, HAM IIOHALO0-
6uTCs caegymolee

Opegaoxenne [A2.1. I[lyemv Ay —onepamop ¢ 6eujecmeennbim
h-setiaesckum cumsotom b(z) € HTP»™me mg 2 0. Toeda npu waxcdon Pux-
cuposannom h>0 onepamop A(p) cywecmeenno camoconpajcen.

HdoxaszareancTso. [Ipu my >0 npegroxkenue ciegyeT U3 Teope-
Mel 26.2. Anaan3 gokazaTelbCcTBa TeopeMbl 26.2 moxaswlBaeT, 4TO CTPO-
roe HepaBeHCTBO Mg >( He06XOAWMO TaM TOJILKO IS CIPABEIINBOCTIH
srmovenni A+ il € HGW™°. B ycaosusax npegroxenus npu my=0m h=1
sxmovenns A+il € HGY U cremyioT m3 OIeHOK

[b(z) %] > b(),
|0 (b(z) £ )| < Cob(z) [ 2171 =
= Co () %] |2 17PN b(2) 1/10(2) ] < Colb(z) 4] |21,

Ilpn h# 1 myxHO Bocmoab3oBaThcsa ([2.5) u Tem, uTO ) € HIZH ™o
(koHeuHO, ¢ FPYTHMH, 9eM A1 b(z), KOHCTAHTAMN B OLEHKAX IPOU3BOJI-
ueix). W

[Iycts omepaTop A(,) mMeeT BemecTBeHHBIH h-cumBox b(z) EHI‘T’O.
Tax xe, kaxk B § 30, U3MeHUB, ecau HYXKHO, 3HAK, MOXKHO CINTATb, ITO
b(2) >C >0 upu |z| > Ry.
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ITonoxum

V(N = (27)" / dz. (12.6)
b(z)<A

OCHOBHOW TEABIO 3TOrO JOOABICHNUA ABALETCA JOKA3ATEALCTBO CJAEIYIO-
el T€OPEMBI.

Teopema [A2.1. Ilycmv onepamop Ay umeem eeuwjecmeennvil
h-setinescruti cumeon b(z)€ HT O, b(z) >C >0 npu |z]|> Ro. Iycme
Ao maxoso, umo V(Ag) <oco. Toada das noumu scex A< Ay u arwbozo € >0
umeem mecmo acumnmomuueckan Gopmyaa

Ny(A\) =h™"(V(A) +O(h'?7Y). (12.7)

SJameuanune [J2.2. Mexay acumnrorukamu o h mpu h— 0 u mo A
opu A — +00 HMeeTCA TeCHas CBA3b, KOTOPaA MOXKeT OLITh ONHMCAHA AB-
HO, xorga cuMmBoa b(z) oxmopogen: b(tz)=tb(z), t>0, s>0. Coraac-

o ([12.5) omepaTop ¢ h-cuMBoaoM b(z) mozoGeH OmEPATOPY € CHMBOIOM
b (2) = h*/?b(2), mosTomy Nj(A)=N(h=*/2)).

SJameuanune [2.3. Teopema [2.1 sBasercs anamorom Teopemsr 30.1.
B ¢opmymmpoBke mocaegHel, MOMHMO IIPOYEro, MMEIOCh CYIIECTBEHHOE
TpeGosanme b(z) > C|z|™, C'>0, mg>0. Teopema [2.1 yTBepxK 1aeT MeHB-
IIyI0 3aBUCHMOCTD ACHMITTOTUKH IO i OT TOBEeHIA CUMBOJIA HA GECKOHE -
HOCTH.

[2.2. Apea gokazaTeabcTBa Teopembr [2.1

[lokazaTeabCcTBO TeOPEMBI OCHOBAHO HA TeX ¥kKe COOOPaKeHUAX, ITO U
J0Ka3aTelbcTBO TeopeMsl 30.1.

BymeT mocTpoen MpUOAMIKEHHBIN CHEKTPATLHBIN IPOEKTOp .F; caeqy-
fommuM o6pazoM. IlycTs y) —XapakTepucTudeckas (PYHKINA WHTEPBAJIA
(—00, A]; MBI mOCTpOUM CeMeNCTBO (YHKIUH X4, A, CXOQAIINXCA K Y IIPH
h— 0. #, —>To onepatop ¢ h-cuMBoIoM Xj A (b(#)), rae b(z) — h-cumsox
omepaTopa A(y).

Bymer gokazaHo, 9TO MOCTPOEHHOE CEMENCTBO .Z), obmafaeT cIenyio-
UMY CBOUCTBAMIE:

1°. ;; = yh;

2°. . Zy, — aaepubnn onepatop, u mpu h — 0

175 = Zalls = O(h™"+7);

3°. (A — M) Zy < Ch*;
4°. (I — ,?h)(A h)—/\ )(I Zn) = —Ch*;
5°. Sp Zp =h""V(A) (14 O(h™));
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3nech 0 <3< 1/2, a dynxnus V(A), durypupyromas B GopMyInpOBKe II. 5°,
€CTBb HEKOTOpAs MOJI0XKUTeNAbHAS HeyOblBaooias QyHKIN, OIpeleJeHHas Ha
uaTepBaie [A, A+ ¢] u quddepennupyemas cupasa B TOUKe A. 3aMeTHM Tak-
xe, 9To Im .Z), C DA(,,) , TIe DA(,,) — 061acTh onpeeenHns onepaTopa A p).

IIpu mamm<nm ceMencTBa OIEPATOPOB, 06aagapomux ceoucrsamn 1°—5°,
OCHOBOH I HOJIYIeHNs acCUMITOTHIeCKON GopMyas ([2.7) cayxut Teo-
pema 28.1, mepedpazupoBaHHas B HOBEIX TepMuuax. [as ygo6cTBa CCHIIOK
cOpMyIUPYEM COOTBETCTBYIOIINN Pe3YILTAT.

Openaoxenne [N2.2. [lycmv Ay — cemeticmeo cyujecmsenno ca-
MOCONPANCEHHBIT NOAYOLPAHUMEHHBIL CHUZY onepamopos; Fy —makoe ce-
meticmeo onepamopos, umo Im Fy, CDA(,,) u s8vinoaHensl ceoticmea 1°—5H°.
Tozada npu h—0

Np(A)=h7"(V(A) + O(h™)).

JokazaTelbcTBO IPOBOJUTCS AHAJOTMYIHO JOKA3ATEALCTBY TEO-
pemsr 28.1.

Yunpaxueunune [[2.1. okaszars npemnoxenue [2.2.

[2.3. CuMBoOIBEI M OmepaTOpHL ¢ IApaMeTPOM

a5 uaydenns npubINKeHHOrO CIEKTPAILHOT O IPOEKTOPa YIO6HO BBe-
CTH KIaCC CHMBOJIOB, 3aBUCAIINX OT mapaMeTpa (cp. m. 29.1).
Ounpegeaenne [2.2. Yepes EZQ’(;“ 0603HaMaeTCaA KAacC (PYHKIIII
)
a(z, h), onpegerennerx mpu 2 € R?", 0 < h < hg, 6eckonetno guddepenmn-
PYEMBIX II0 z U YAOBIETBOPSIOMINX OLEHKAM

|02a(z, B)| < Cofz)m=r =i, (12.5)
3aece m, p, p, cER, p>0, 0 <1/2.

Acro, uTo ecan ajEEZfé,‘jj, j=12, To a1a2622?10+m2’“1+“2, rae
p=min(p1, p2), o =max(cy, o2).

3aMeTHuM, IT0 Ipu Kax oM puxcupoBanuoM i, 0 < h < hg, U3 BK/IIOUTeHNA
a € X} caexyer a(z, h) EI‘T(RZ”) n Qpopmyaa ([12.2) KoppekTHO ompe-
JelsdeT KIace 3aBHCAINNX OT mapaMeTpa omepatopos A(h), melcTByrommux
B S(R") (3aBHCEMOCTL OT IapaMeTpa HMeeTCA KaK B CHMBOIE, TaK H B
dazoBom MHOXKUTENE). COOTBETCTBYOMNI KIACC ONEPATOPOB OyaeM 060-
3HavaTh epes S,

3 ompenenenuss [2.2 caexyer, uTo upu ¢ > ( OpoU3BOIHBIE CHMBOIA
MOT'YT OLEHUBATLCA HUepe3 pacTyumme npu h — 0 cremenn h. Oanako Bans-
HOe PACTYIINX CTeleHel h MCKII0YaeTCsA IPU JelCTBUN COOTBETCTBYIONETO
h-cumBoay omepaTopa. B wacTHOCTH, BEepHO crefqyiolee

Mpengaoxenne [M2.3. Ilycms A(h) ESS;Cﬁ, uw>0, oc<1/2. Tozda
onepamop A(h) oepanuuen 6 L?(IR™) pasnomeprno no h npu 0 < h < ho.
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JoxaszaTeasctTso. lycts a(z, h) — h-cumsox onepatopa A(h) u
AET))(h) —omepatop ¢ l-cumsomom a'? (2, h) =a(v/hz, h). TTo ([12.5) omepa-
Topsl A(h) n AET)) (h) yHUTApHO >KBHBAIECHTHEL, IOITOMY

1AM = 1AG) (B (112.9)

JoxaxkeM Temepb OIPAHUYEHHOCTL OIEPATOPA Aglf))(h) Bribepem

0 < p/ <min(p, 1 —20); Torga

|0Ya™) (=, h)| :h|v|/2‘aga(y’ h)|y:\/ﬁz ‘ < th|v|/2<\/ﬁz>—plvlhu—olvl <
< thlvl(1/2—0)+u<\/ﬁz>—p’|v| < C%h|v|(1/2—0—p’/2)+u<Z>—p’|v|. (12.10)

B Beikaagke ([12.10) MBI BOCIOIB30BAINCH OUEBUAHBIM IpH > > () Hepa-
BEHCTBOM

(14 Vh|2)™* <CWVh+Vh|z|) " =Ch=*/?(z)~*.

Taxum o6pasom, a®)(z, h) EI‘S,(RZ”) PABHOMEDPHO TO h U TO Teope-
Me 24.3 omepaTop AET))
IIpuBeneM Temepnb BEIpaiKeHHE NI Caeqa OMEpPaTOpa depe3 ero N-CrmM-

Boa. 13 ([12.5) caexyer, 4To

(h) orpanmuen B L?(IR") pasaomepro mo h. B

Sp Ay =Sp (T ' A} Th) =Sp Afy). (12.11)

Bocnoas3zosasmmucs (27.2), moxyuaem

Sp Ay :/ b(h)(g;, Ededé=h"" / bz, &) da dé. (12.12)

C moMOIBI0 TAKOTO XKe PacCyXJeHHA MePEeHOCUTCS Ha CIydall f-CHMBOJIOB
OIleHKA AJePHON HOPMBL (27.12):

ODpegaoxenne [A2.4. Cywecmeyom marxue nocmosuuvie C' u N,
umo das onepamopa A(R) ¢ h-cumsoaom b(z, h) evinoanena oyenxa das
Adeprot HopMbL:

AW <r™ ST A [, b (12.13)

vI<N

[12.4. h-aHTUBMKOBCKWE CHMBOJIBI

[ust onepatopos (/12.2), zeficTBIe KOTOPHIX 3aBHCHT OT IapaMmeTpa h,
HMeeTCs CIeAVIOUII AHAJOT aHTHBUKOBCKIX CHMBOJOB, BBEI€HHEBIX B § 24.
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Bcero koucTpyknmio m. 24.1 MOXHO TPOBECTH, OTIPABIIACH, BMECTO
dyakunn Po(z), oT GyHKIHKL

To(x) = (wh) 4=/ CM) = (T ®y) ().

Omnepatop A ¢ h-aHTHBEKOBCKIM CHMBOIOM a(z, ) ompegenseTcsa aHa-
nornaHo (24.9):

A(h)Z/ a(z, §) Qu, ¢ du dg, (12.14)

rae Qz ¢ :Th_lpxygTh — IIPOEKTOPHI, UT'Palolliie POlb IPOEKTOPOB I ¢ B
ompegenernu (24.9).

Bce pesyabTaThr § 24 MoryT 6BITL 6e3 TpyAa IepeHeCeHLI Ha CIydail
h-aHTHBUKOBCKIX CUMBOJIOB. B wacTHOoCTH, H3 ([12.14) cregyeT, 9T0 omepa-
TOp HEOTPHUIIATENEH, KOT 1a HEOTPHULIATENEH ero h-aHTHBUKOBCKI CHMBOIL.

Jlerxo mogcamTaTh, 9TO AAPO omepaTopa (Jo MPOEKTHPOBAHUA HA BEK-
Top ¥y paBHO (ﬂh)_”/ze_(x2+y2)/(2h), a h-BelleBCKHN cuMBOI 0g(%, &) ome-
paTopa (g paBeH

oo(x, &) =20 @ HEN/ D, (12.15)

Bocnoaszosasmmucs (2.14) u (J2.15), noay1aem GopMyILy CBA3E MEXLY

h-BelIeBCKUM CEMBOIOM b(z) I h-aHTHBHKOBCKIM CHMBOJIOM a(z):

lz==2"]*

b(z)=(mh)™" / a(z"Ye” TR dZ. (12.16)

W3 ([12.16) TakuMmu xKe paccyk IeHNAMH, KaK IPH JOKA3aTEILCTBE TEO-
pemel 24.1, MoxkeT OBITH MOMYUEH CAeIYIOWINN aHAJOT JeMMbl 29.1.
Jdemma M2.1. IHycmv B(h) —onepamop ¢ h-anmusuxo6ckum cumeo-

Ao a(z, h) €XIVL, u nyemo b(z, h) —e20 h-cumsoa. Toeda

a—b= Z hhl/zcv(@a) + 7y,
0<|y[<N
ede ¢y =0 npu nevemmnvir |y| u ry € EZ?;pN’ nt1/2=o)N

[N2.5. PopMynra KoMIo3uuuu

[ns omepaTopos m3 xaaccos S)',* BepHA (HOPMYTa KOMIO3NINH B Clle-
OyIoIen (opme.

Teopema [2.2. [Iyemv a; €X,747, j=1,2; A;(h) — coomeemcmey-
owue onepamoprvie Gynryuu. Toeda

Al(h) OAz(h) c S;T}10_+m2yul+u2’
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ede p=min(p1, p2), o =max(c1, o), npudemn ecau b(z, h) ecmv h-eed-
aescAutl CUME0A KOMNOZUYUL, MO

= (_l)lﬁl hoyletl a np B o N

= 3 S () e ey 0 v 4y, 2
20e

rNEEz:blg+m2—N(p1+P2),u1+u2—N(01+02). (,Z[Z].S)

JokxazaTeanbcTBo. Moxuo 6blI0 6B HOIYUINTHL JOKA3ATEALCTBO,
TIOTHOCTBIO IPOAYOANPOBAB 0Ka3aTelbCcTBO TeopeMul 29.1. YTob6nl He mO-
BTOPATH BEIKJIAAKY I. 29.1, MBI P JOKa3aTeaAbCTBE Gy A€M CCBLIATHCI TaM,
r'je 3TO BO3MOXKHO, HAa OT/JeJbHbIe KYCKH JOKa3aTeJbCTB TeopeMul 29.1.

Bocnoasayemcs cootromenneM ([12.5):

Ay () o As(h) =TT (Ay (W) ) T o T (As (k) () T =

=Ti T(A ()] @ (A= (R) ()] Th

(h)

Hus cuvBoaa b (x, £, h) KOMIO3UIIUN OLEPATOPOB (Aj(h))(l) C CHMBO-

JaMn a;h)(z, h) :aj(\/ﬁz, h) cormacuo Beikaagxam (29.4)—(29.18) (B mux
He ICHIOAb3YeTCA XapaKTep 3aBICHMOCTH OT IapaMeTpPa) MOKHO LIOLYIUTh
OpeIcTaBICHIe
_nler N N A o (h ~
Ve &)= 3 % 2=12481(92 D alM) (9f DEalV) +7y. (12.19)
[ Bl<N

3aMeTHM, ITO
(9 D7ai") (9f D3 ay") = hl*+71[(0g Dlar) (9] D)) ™.

ITosTomy, mepexoas oT 1-BellmeBCKHX CHMBOIOB B paBeHcTBe ([12.19)
h-BenneBckuM coraacuo ([2.5), moay+unm xoHeuHble caaraemble B ([12.17).

OueHka 0CTATOYHOrO WieHA (pedb HMOKa HAeT 06 1-BeHIeBCKOM CHMBO-
7€), Kak mokazaHo B I. 29.1, cBoAWTCS K paBHOMEpPHBIM HO 71, T3 € [0, 1]
OIleHKAM HHTErPAJOB BHIA

I(x, €) :/ eZi(y'g_z'”)[&? Dfa(lh)(x + 7y, E+n, )] x
% [0f D2a" (@ + oz, €4, W) dpdC dydz, (12.20)

la+ B> N.
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AHAIOTUYHO BBHIEN3I0KEHHOMY MBI TTOJAYYIaeM, ITO 1-BeHIeBCKOMY CUM-
Boay I(z, ) oTBedaeT A-BelIEBCKUI CHIMBOIL

J(z, €) — ploatsl / 6zi(y.c—z.n)[a? Dfal(m-rl\/ﬁy, E+Vhn, h)]x

x [0f DSas(w +movhz, E+VhC, h)dndCdydz, ([2.21)
la+B[>N.
CuegyeT noxa3aThb BKIIOUEHIE

RN — h—NJ c Ez:blg+m2—N(Pl+P2)yN1+N2—N(01+02)

paBHOMepHO 1o 71, T2 € [0, 1].
duddepennupys ([12.21) no # u £, TOIYIUM, ITO IPOU3BOLHAS 0}02 Ry
ABIAETCA TUHETHON KOMOUHAIINEN BLIPpAXKEHUHN BUIA

ploctpl=N / 2 M2ty 974 gy (e Vy, €4 VR, h))x
<[00 02+ ay(x + oV 2, E4VRC, )] dndC dy dz,  (12.22)
P}//+P}///:P}/, (5/—1—(5//:(5.

Tak xe, xak u B . 29.1, nHTerpupOBaHUEM II0 TACTAM IOAYINM yOBI-
Batorme MuoxuTemn Tuma (y, )" 2M . (2, )7, Hyxmo Tompko yuects,
uTo mpn AupdepeHnnpoBaHun o Y, 1 (7, ) GyHKINN a1 (COOTBETCTBEH-
HO i3) BO3HUKAET MHOXKNTEIb Vh. Takum o6pasom, ([12.22) mpuseneTca
JNHETHON KOMOMHALINN HHTErPAJOB BUIA

ple= N2 [ it ey, )=z, ()2

x [004 1 ay (x + mVhy, €4V, R)]x
) [0v2t* 2 qy (2 4+ moVh 2, E+ VR, W) dypdC dydz, (12.23)

riae
vi=a+ B+ 40, |u|=N+|y 48

2.24
V2:a+ﬁ+’}///+6//, |I/2|>N+|7//+6//|. (PZ[ )

Bripaxenne (/12.23) omeHnBaeTCA MO MOAYIIO depe3
h /(x + Tl\/ﬁy, E+ \/ﬁn, h>m1_p1N_p1|V’+5’| X

X <73+7'2\/Ez, €—|—\/EC’ h>m2—p2N_p2|,Y”+5//|X
sy, )™M (2 O™ dyde dydz,  (112.25)
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rae s=|a+8|— N+ |z + 3 |/24p1 — 1|1+ 301 |+ o — 02| va+ 522 |. Ecan
yIeCTh COOTHOLIEHUs 01, 02 <o <1/2 |a+B| >N,y ++"=~,d8 +46"=6
u ([J2.24), To moxasaTelb § MOXKHO OLEHUTE CAIYIOUMM 00Da3oM:

s=p1+ps—or|y +8 | =02y +8" | = N(oy+02)+
+ (N =la+B|) (o1t = 1)+ |5 [(1/2=01) +[22|(1/2 - 02) >
> p1+ p2 —o|y+0| = N(oy+02).
Taxum 06pa3zoM, creness i B ([12.25) cOOTBETCTBYET yTBEPK JEHNIO Te-

opemsl. OnennM Teneps uaTerpat B ([12.25) depes HyxkHYI0 cTenens (z, £).
3aMeTnM, 9YTO OH pacnajaeTcs B IPOU3BeIeHIe NHTETPATOB

I= /(x +rvVhy, £+ \/ﬁmml_plw"’w”ll)(y, 77>_2M dndy, (12.26)

f’=/<x+rzﬂz, £+ VR ) r AN D (=M e gz (12.26)

Ouennm nuTerparn (J2.26). Bygem canraTs, 9To my — p1 N <0, — B mpo-
THBHOM CIydae MOXKHO B pasaoxennn ([2.18) s3ars N’ 4reHoB Tax, 4TO
m1 — p1 N’ <0, 1 uccie0BaTL OCTATOK 7/, OTHECS IOTOM K T/ OCTATOK T3y
U KOHeuHyI0 cyMMy B mpeferax N < |a+ 8| < N'.

BocnoabayeMcs 04eBHAHBIM HEPABEHCTBOM *)

(x+mVhy, E+VRhn) ™ <(x, & (nvVhy, Vhny*, x>0, (12.27)

Npnmvenss (12.27) npu sc=|m; — p1 N — p1 |¥ +¢’|| moay4um gas umTe-
rpaxa ([J2.26") onenxy

1< (@, §ymarN=pib' 4] / (B, VY, )M dydy <

<, gy / y, )™M dydy = Cy(a, €=Vl 4,
(I2.28)

Kom6uunpys omenxy (/12.28) ¢ aHalOrH<YHON OLEHKOHN AIsf HHTErDa-
1a ([2.26'), momy<dmM HyXHYI cTemeHb (2, {) B OIeHKe 11 HHTErpa-
1a ([12.24), u Bxmouenne (12.18) noxazamo. M

[2.6. dokazareascTBo Teopemsr [2.1

Il1am goxazaTeIbCTBa TAKOB: CHAYAIA CTPONTCS NPUOANKEHHBIN CIEK-
TPaJbHBII IPOEKTOP, 3aTeM IIOCIEJOBATENLHO IPOBEPSIETCS BHIIOIHEHIIE
CBOIICTB, HEOOXOAUMBIX s NPUMeHeHus npegioxenus [2.2.

*) Hepasencrso (/[2.27) ecTb 4acTHEI C/Iy4all HEpaBEHCTBA

L+ lz+yl+1E+n)™ < U+ + [ENT A+ [yl +]q )™
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1. Iycts X (¢, A, ) — dyuknus, BBegennas B m. 28.6:

1 mpm t<A,
x(t, A, 6):{0 w3 A4 24, (12.29)
| (9/at)fx(t, A, §)| < Crd*. (112.30)
BriGepem £ =1/2 — ¢, £ > 0 u nonoxuM
e(z, h) =x(b(2), A, h™). (12.31)

(MBI omyckaeM HeCyIIeCTBEHHBIN A HAC apLyMeHT A y GyHxnuu e(z, h).)
Omnepatrop %), onpefeinM Kak ounepaTop ¢ h-cuMBoaoM €z, h).
Dynxnus e(z, h) 6eckoretno guddepeRnEpyeMa 1o z I

(2, h):{l mpu  b(z) <A,

0 mpm b(2) > A+2h%.
Ouennm mpomssoguble e(z, k) mo z. IIpoguddepennupyeM mo z pabeH-
ctBo ([12.31):
1 A
k)= D0 e B TR A
Yt Ve =Y
(12.32)
Cymmuposanue B (/2.32) BegeTcs 0 BCEBO3ZMOXKHBIM Da30HEHIAM Y B
cyMMy Y1 + ...+ 7k, rae k< |y |. YuanTesas ([12.30) u rroenne b€ HI 0,
HOIydaeM AIi OTAEeIbLHOTo craraeMoro B ([2.32) omenxy

Fx(t, A\ h)

(071D)...(07b) ( ">

)‘<0h—k%|b|’€x
t:b(z)

k
< [ [07b/b] <Ch*|bF(1+]2|)=*P. (12.33)
i=1
3amMeTnM elre, ITO Ha HocuTene e(z, h)
1b] <A+ h~. (112.34)

Mosromy m3  ([2.32)—(12.34) moaygaem omenky |d7e(z, h)|<
LCh=F()=rhl 1. e.
e(z, h)exhl. (112.35)

2. MBI OIKHBL Telepb MPOBEPUTD, ITO A1 .Z}, BHIMOJIHEHBl BCE YCIOBUI
npeanoxenus [12.2.

Onepatop .%; cuMMeTpu€eH Oaarofaps BeIeCTBEHHOCTH CUMBOJA
n orpaHumder coraacHo ([J2.35) m mpegmoxkenmo 2.3, cregoBaTeabHO,
F; = Fy,. Ageprocts F), BhTeKkaeT u3 npegroxenna [J2.4.
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Bynem o6osmatars h-cuMBoa aoboro omeparopa A wepes o(A). Uro-
6Bl OLIEHUTH AgepHYI0 HopMy || Z7 — .Z||1, BbIancanM h-cHMBOT omepaTopa

FP— .
ITo ¢popmyae xommosuuun ([12.17)

o(FE— Fp)=—e(z, h)+e(z, h)* + Z ca@h|°‘+ﬁ|h|°‘+ﬂ|(D§‘&?e)x
lorl+]B8]<N
x (D2oge) +hNry,  hNry ez N 0=29N (119 .36)

Bce craraemsre mpasoit acTn B ([12.36), kpoMe 7, COCPEIOTOUEHEL B 0612~
ctn {z: A<b(z) <A+ 2h*}, mosTOMY fAepHBIE HOPMBI COOTBETCTBYIOIINX
0IepATOPOB MOT'YT OBITEH IO Ipeanokennio /2.4 oneHeHbl depes

CIV(A+2h7) = V(A A7 (112.37)

flpepHas HopMa ocTaTKa omeHuBaeTca depes o(h~"1*) mpu goctaTouno
6oabioM N.

3ameTnM Temepb, uTo V(A) —HeybBIBatomas (QYHKINA; 10 U3BECTHON
Teopeme JleGera ona mourtu Bcoogy auddepennupyema. Bo Bcex gaapHel-
LINX PACCY kK AeHNAX MBI Oy JeM NPeJIoaaraTh, 1T0 PACCMAaTPUBAEMOe A IIPHU-
HaIeXUT MHOXKECTBY IOJHON Mephl, Ha xoTopoM V guddepeHmupyema.
Torga (12.37) TpancopMupyeTcs B HyKHYIO OLEHKY

|22 — ZullL <OV (NA* +o(h) R~ L ChR™™ T, ([12.38)

Kpowme Toro, o (/12.12)

Sp Z,=(2mh)™" / e(z, h)dz=h7"[VIN)+ OV (A) =V (A+2h7))] =
—h V() (1+O(h™)).  (12.39)
Taxum o6pazom, TpeGoBanmus 1°, 2° u 5° npegnoxenns [12.2 BLIIOIHEHEBI
(Fr=Z, (12.38) u (12.39)).
3. IIpoBepum Teneps Tpebosanue 3° npepnaoxenns [J2.2. [T s3Toro Ham

moHafo6uTCs h-cuMBOJ omepaTopa .Zy, (A(h) — AI) Z},. Beraucanm cHavaza

o(Fn(Ap) — Al)). Umeem

o(Zu(Agy — M) =e(z, ) (b(z) = M)+

+ > hleHPlegg(Dofe) (D ogb) +ry, Ty €XpLNA NI,
Iglat8|<N

(112.40)
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Omneparop Ry, oTBedanomui cuMBoIy 7y, upu m — 2N p < (0 orpanuien
u ||Rn||=O(hN1=*)) = o(h*). lokaxem, aT0 mis Pap = Rlotpl (&g‘&?e) X

x (92 0?1)) BEPHO BKIIOYUCHIIE
SooéﬁEE;ZJLa+ﬁ|Py%+(1—2%)|Q+/6|’ |a+ﬁ|>0 (ﬂ;241)

Jlast 3TOTO cTaHAAPTHBIM 06pazoM nocTpouM dyuknmo ¢(z, h) € C* (R,
aas xoropon 0 L p(z, h) <1,

(2, h)Z{

I KOTOpasd CTPOHTCA, Kak e(z, h) B m. 1 HacTOAIEro I0KA3aTelbCTBA,

1 mpm z€&supp d.e,
0 mpm b(2) 2 A+307, b(2) <A=hR”

¢ TOMOINBIO CIVIAKEHHOHN XapaKTepHCTHUecKOn GyHkummn X (¢, A, A+ 2h%)
unaTepBaia (A, A+ 2h*) mo popmyne p(z, h) = x(b(2), A\, A+ 2h*).
Amnamormuno (/12.33), ([12.34) MOXHO IPOBEPHTH, ITO

0,0
penl. (12.42)
3ameTum Teneps, 9To npu |a+ S| >0
pap = hl“F (9307 €) (070 (9 (b—N))]. (142.43)

TMoxaxem, aTo ¢ - (b—A) € Zg’z. fcmo, aTo |¢ - (b—A) | < Ch*. Ouennm
IpOU3BOJHYIO 1o z. Meem

Np-(b=N]= (") (b=A) + Y cald ™) (9" (b=N)).  (A2.44)
|| >0
Hust 1-ro craraemoro Bcaeactsue ([12.42) ecTs onenka
[(97(z, h) (b(=) = A) | < O™ (z) =Pl ([12.45)

A1 cIaraeMblx u3 cyMMEL B ([12.44) moxygaem

[(7" %) (0" (b= A)) [ =7 %[ [b]-[(d7b) /b| <
L Ch=rh=ely=el=al=relel < arpze==rl(y=ell - (112.46)
Omnenxu ([2.45), ([12.46) noxaspiaioT BKIoTerue ¢ - (b—A) € 9% or-

p, e
kyga ¢ yaeToM ([12.43) cregyer Brmowenne ([12.41). Taxum oGpasoM, Ko-
HewHas cymMMa B (J12.40) cogepxurcs B E;Z}f’ 1= 1 omepaTop .Z}, (Any —AI)
OpeJCTaBUM B BIUIe

Zy, (A(h) - A)=Q1 + R, ([12.47)

npuaeM ||R||=O(h1=%*) =o(h*), a 0(Q1) =€ (b—A).
Ucnonssys ([12.47), umeem

yh(A(h)—AI) yh :Qlyh‘i'Rla ||R1||:O(h%) (ﬂ;248)
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Boraucanm cumsoa onepaTopa (Q1.Zy:

(@QZn) = (b=N)+ > caphl®™ 0207 [e- (b—\)]) x (9507 €) +7n.
0<]a+pB|<N

(712.49)

BBoas, xak u Bolme, GYHKINIO ¢ I NCHOAB3Y S BKIOUeHHe € - @ - (b — A) €
€ Eg: ¥ HOJIY<IHM, ITO HOPMA OLEePATOPa, 0TBEIAIOMIer0 KOHETHOU CyMMe 1
octatky B (/12.49), onennsaeTca Taxxke 1epes O(h1=%).

Pacemorpum  raasmbii  wien B —0(Fp (A — Al) Fy) — dynxmmio
q(z, h) =—e(z, h)*(b(z) — ). [as ¢ u ee TPOM3BOAHBIX MO Z CIPABEIIH-
BBI OICHKI

0(z h) > —Ch; (12.50)

107q]=| D caldb) (77*) +2(b—A) D ca(d™%e)(9%€)| <
|| >0 a
< Z coh™2 =l (=P X | 4 Chh == ()= rl < opC=Ph )y =ebl
|| >0

(12.51)

O6osmadnM 4gepe3 P omepaTop ¢ h-BellieBCKHM cuMBoIoM ¢(z, h), de-
pe3 Q —c h-amTuBEKOBCKUM cuMBoJOM ¢(z, h). 13 ([12.51) caegyer, 4o
R 2974 € E;f;lﬂl’ %+(1/2_%)M, OPTOMY, coraacHo teMme 2.1, o(P — Q) €
€ E;Z}f’ 1=% u smaqur, ||P— Q||=0(h'~*). Us ([12.50) scmo, wTo Q > —Ch*,
HO P=Q+ (P —Q), caegoBarensto, u P> —Ch*. Takum obpasom, g1s
TIABHOM MACTH M, CTAIO OBITh, 11a BCero omepaTopa Fy (A, — Al) F mo-
JIy9eHa OIeHKa

Fn(Awy — M) Fp <CR”. (12.52)

4. IIpoBepuM Temepb, <ITO
(I =Zn) (A = M) (I = F) > —Ch™. ([12.53)
CumvBon aeBonl wactn B ([12.53) mocie pacKpuITHS CKOGOK HMeET BHJ

o F4 (A = A1) Fi) — o(Fs (A~ AD) = o(Agny = A1) Fi) + (=) — ).

(112.54)
B n. 3 gokasaTenbcTBa OBLIO TOKA3aHO, YTO B IEPBLIX IBYX CAATaeMBIX
B ([12.54) BELgeasIOTCS TIaBHBIe wiens ¢ - (b— \), 1 e - (A — b), a omepaTopst,
OTBevaloIIe OCTaTKaM, OleHHBaloTCA Mo HopMe depes O(h!™). Tperne
craraemoe B ([12.54) amazoruuno Bropomy. Takum 06pazoM,

o((I=Zn) (A — A (I = Zn)=(1—e)*(b—A) +, (112.55)
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u omepaTop R ¢ h-cUMBOJIOM r JOIOycCKaeT ONEeHKY
|R||=O(h'~%).
PacemoTpuM omepaTop P ¢ h-cuMBoIoM
q(z, h) = (1 —e(z, h))2 (b(2) = A).

Paccyx zeHusMu, aHAJIOTHYHBIMU HCIOJIL30BAHHLIM B m. 29.3 mpm Joxa3za-
TEeIBCTBE TEOPEMBL O [OJOKHUTEILHOCTH OLEPATOPA € HOJOKUTETBHBIM CIM-
BOJIOM, MOXHO [I0OKAa3aTh, ITO

P=Qk+ Ag. (12.56)

3aech omepaTop (Jx uMeeT h-aHTHUBHKOBCKHH CHUMBOJ

ar(z, D) =q(z, h)+ > eyhV207q(z, h)+r(z, h), (12.57)
2€vI<N

m—2pN, (1/2—3)N
rge ry €X, 5 ; IODTOMY OIEePATOP C A-CHMBOJOM 7y MOMKHO

oneHuTH 1o HopMe Tepes O(h1=%).

s onepatopa Ay B (J2.56) nmeerca Braodenne Ay € Sg;zﬂk’ (1_2%)k,
u nosTomy ||Ak|| = O(h'~*) npu mogxoasmem BeiGope k.

CoxpannM oGo3Hadenue ¢; A1d npasoll gactu ([12.57) yxe 6e3 octar-
Ka ry, a (Jp AIA omepaTopa ¢ COOTBETCTBYIONINM h-aHTUBUKOBCKUM CUM-
BOJIOM.

Ilycts @(z, h) — QyHKIUS, BBejeHHAA B IPeALIAYINEM IYHKTe JOKa3a-
TeabcTBa. PazobbeM ¢ Ha ABa ClaraeMBIX:

9k =¢qe + (1= ¢) . (12.58)
B n. 3 mokasamo, uTo ¢-(b—A) EES:z, oTKyda fcHo, aTo ¢(l—e)? x

X (b—/\)EEngt. Brixnagxamu, amamormuabiMu ([12.44)—(12.46) B m. 3,

MoxHO TokazaTh, aTo ¢ -hl/207q(2, h) € E;ﬂbl’%ﬂl/z_%)hl. Caenosa-
TeIBbHO, OmepaTop ¢ h-aHTHBHKOBCKUM CHMBOJIOM (g OIEHHBAaeTCA IIO
HOpMe 1depes O(h™).

IMoxaskeMm, HAKOHEI, ITO IPH MaILIX h

(1—¢)qr >0 (12.59)

u, 3ga<nT, Qp > —Ch*. [las 5Toro 3aMeTHM, 9TO
bl k) e bl

(1—¢) (b — A+ Z cvhhl/zmb) upu z € Dy,
2€vI<N
0 upu z ¢ Dy,
([12.60)

(1-9)qu=
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rae Dy ={z: b(z, h) > A+2h*}. Coorromenne (/12.60) ozeBuaHo, Tak Kax
(I—e(z, h))(1—(z, h))=0mpu z2¢ Dy u 1 —e(z, h) =1 upu z € Dj,. Taxum
obpazomMm, B Dy,

(=@ o =(1=9) b=N 1+ kP2 0)/(b-N).  (12.61)
3aMeTHUM Tenepb, ITO B obaactu Dy,
b(2)/(b(z) = A) = (1= A/b()) ™ < (1= A/ (A+207))"H < Ch;
oA | RV 2(078) /(b — ) | < ORIy =ebl

CaegoBaTenbHo, cyMMa B mnpasonl wactu ([12.61) omeHmBaeTcs depes

Chi=*=0(1), T. e.
(1-=¢p)ae=(1-9¢) (b—2) (140(1)) >0.

UTak, MLl OpoBepUIN BHIONHeHHe TpeboBaHul 1°—H° mpemtoxe-
una 2.2 (coornomenus (/712.38), (12.39), ([12.52) u ([2.53)) u Moxem

npuMeHNTh mpeanoxenne. Teopema [2.1 nokazama. W

[2.7. Tlosegenue Np(A), xkorga V() = +oo

B Teopeme 2.1 paccMaTpuBaeTcs KBa3UKJIACCHYECKAsd ACHMIITOTIKA
cobeTBennbix ncen npu A < Ag, rae V' (Ag) <+oo. Bratouenne b(z) € HT)» 0
He NCKIIYaeT CYIeCTBOBAHNA TaKUX A, A1 KOTopbIx V (A) =400 (g1 cum-
Boa0B 13 HIW ™, my >0, Takas cuTyamus HeBO3MOXKHA). JomoaHeHneM K
TeopeMe 2.1 B 3TOM cIydae CAYEKUT CAeIYIOMIASL

Teopema [2.3. Iycmv b(z) ydosaemeopiem ycaosusm meope-
avt 02.1, u nyemv V(A) =400, Toeda das arwboz0 €5 >0

lim A" Np(A+eg) =+0.
h—0

HJoxazaTeancTBo. [Jaa mwoboro N MBI IOCTPOUM IIPOCTPAH-
¢TBO H 7, HA KOTOPOM BBIIOJIHEHO HEPABEHCTBO

((Agy —ADE EKCh7(E, €), €€, (12.62)
IIpu<aeM IIPU JOCTATOYTHO MaJOM h
dim Hg > h™"N. (112.63)

Us (42.62), ([02.63) caegyer mo aeMMe I1asMaHa HEPaBEHCTBO
Np(A+ch*) > h™ N, koTopoe BledeT 3a COGOHN yTBEPKICHNE TEOPEMEL.

Bregem wmmomectBo Q*={z: b(z)<A\}. Us ompenerenma dymxmun
V() Bmamo, wro V(M) =(27)"" mes Q*, Tak WTO B yCIOBUAX TeEOpEMbI
mes Q* = +o0.
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IIycTs Q. — cemelicTBO obaacTell ¢ MaIKUIMI T'PAHEIAMIE, 061a afoIee
CIeIYIOIIMHE CBOICTBAMH:

1) Q. orpammiensr, . C Q;

2) W, = (27)~" mes Q. — 400 upn £ = +0;

3) inf |z —y| >e¢, 7. e. paccTomrme 0T Q. 10 IN* He MemBbIIe
€., YyER2P\ QA
geM &.

Mul mocTpouM cefiMac CTVIaXKeHHYIO XapaKTePHCTHIeCKYO (DYHKIIIIO
MHOXKecTBa ). (3TO MOXKHO CIeIaTh IO 06pa3Iy HOCTPoeHus B I. 28.6).

Ilycrs 27 < ¢ (kax Bcerga 0<s<1/2), ¢.(z, h) —xapaxTepucTmde-
cxan Qyrxnus (h*)-o6oroukn MEOKecTBa (.. [lomoxum

Ye(z h) = b2 / ey, B) xo ((y — =) A=) dy,

rae xo (1) € C(R*™), x0 20, xo(v)=0mpn |v|>1u [ xo(v)dv=1.
OueBuaHO, ITO
supp Y. C Q. (112.64)

KpoMe Toro, I1erko mpoBepuTh, 970 |01 x.(z, k)| < Ch~*, a u3 sToit onen-
bl k) Z bl bl
KI 1 13 PUHUTHOCTH Y. CAeIyeT BKIIOYEHIe

Xe (2, h)ex; %0 (112.65)

IIycTe %), — upubinKeHHLI CIEKTPAILHLIL IPOEKTOP, IOCTPOCHHLIN
B u. [12.6. O6o3uauaum depe3 F} omepaTop ¢ h-aKTHBHKOBCKHM CHMBOJOM
e(z, h), 1epes & , —omepaTop ¢ h-cumBoaoM X:(z, h) u depes E. j — ome-
paTop ¢ h-aHTHBHKOBCKHM CHMBOIOM X.(z, h). Mexagy omepaTopamu .Zj,
Fp, 6 p 1 E, j IMe0TCA CIefyIole COOTHOIICHIA:

Fy—Fy=ReS; 207, ||R|[<Ch'™ (112.66)
Fh 2 Ee ns (02.67)

&n—E. n=ReS; "% |[R|<Ch ™. (112.68)
( )

3necsy ([12.66) u ([12.68) cupaBemauBbl BcaegcTsue deMmer 2.1, ([12.67
OYeBIIHO, TaK Kak Y. < € Gaarogaps ([12.64).

Paccmorpum Teneps oneparop & . Tak ke, Kak B II. 2 10Ka3aTeIbCTBA
Teopemsl [12.1, paccmaTpusas h-cuMBoa onepaTopa &2, — - j,, MOKHO TI0-
AYIUTE ONEHKY 7

1624 = & nll SC(We n = W)™, (112.69)

rae W, n —o6bem (2h*)-o6om01ukn MuoxkecTBa .. Ho W, , — W, =0(h*),
HOCKOALKY 061acTh §), orpaHmteHa U HMeeT TIafKyio TpaHuIy. IlodToMy
BepHa OIeHKa

162 — & nllh KCh™ (O2.70)
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AHaJIOl"I/I‘IHO IIOJAY™aeTCsa PABECHCTBO
Sp & n=h""W.(1+O(h*)). ([12.71)

s ([12.70) u ([12.71) Tax xe, kax u B Jemmax 28.2, 28.3, MoxeT GHITH
HOTYYIeHO aCHMITOTHYIECKOE BEIpaKeHNe 1A Ircaa N coOCTBEHHBIX 3HAe-
HUH omepaTopa &: j, Texammux Ha [1/2, 3/2]:

N=h""W.(1+O0(h™)). (12.72)

IIpocTpancTBO, HATSHYTOE HA COOTBETCTBYIOINE COOCTBEHHBIE BEKTODHI,
06o3HaMmM Tepes .
IMoxaxem, uTo mpocTpascTBo Hg =%, # o6rajaeT cBolicTBaMU

(I12.62), (12.63).

IIycts n € X, Torja gas omepaTopa %, BEITOIHEHA OIEHKA

(Zwn, n) =2 (1/240(h' %)) (n, n). (12.73)

HenictBuTrensHo, ucnoasays (12.66)—(12.68), moxydaem,

(Zun, n)=(Fun, 1)+ (Rn, n) = (Ee wn, 1) + (Ry, ) =
= (&, nn, 0)+ ((R+ R)n, n) = (1/2+ O(h' %)) (n, n).
Bocmoawpsyemcs mepaBercTBoM IllBapua

(Zwn, n) <V (Zan, Zan) (0, n);

orciofa u u3 ([12.73) caegyer, 9To

(Znn, Zun) = (Zun, 0)/V/ (0, 1) =V (0, 1) (1/2+ O(h' 7)),

Il

(Znn, Zun) 2 [(1/4+ 0 )] (n, n). (12.74)

IIycte Temeps & € H g Torga £ =.Fpn, Tae n € KAy BenoMHENM TOIyeH-
HOe TIPU J0Ka3aTelbcTBe TeopeMbl /[2.1 HepaBeHCTBO

Fh(Agpy — M) Ty < Ch™* (112.75)

(3ToT axT He 3aBUCHUT OT moBeJeHHd QyHKIUH V().
W3 ([12.74) u ([2.75) BEITeKaeT OLEHKA

(A =ADE, &) = ((Any = M) Zan, Zan) K Ch*(n, ) <
<A+ O0(h' =) (Zun, Zan) Ch* =0(h*) (€, £).
Taxum o6pazom, Ha H

Ay — (A+0(R™)) 1 L0.
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Kpome Toro, mz ([12.74) caegyer, 4To omepaTop Fj MOHOMOpQEH
Ha A, IO3TOMY

dim H g =dim #5 = h™"W.(1+ O(h*)).

Joka3aTeIbCcTBO TEOPEMEL 3aBEPIIACTCS CCBLIKON Ha TO, ITO 00beM W,
MOZKeT OBLITH B3AT CKoJb yroauo 6oapmnM. W



JOBABJEHUWE 3

OIIEPATOPLI TMJIIBBEPTA-NMIMHUATA U AAEPHBIE
OIIEPATOPDBI

[A3.1. OnepaTopsl I'mip6epra—IlIMugra u Hopma I'mabGepTa—IllMmuara

Oupegeaenne [3.1. Ilycte H;, H» —ruan6epTOBB IPOCTPAH-
crBa. OrpanndeHHbIN TUHEeNHBIN onepaTop K : Hi — Hy Ha3vlBaeTcs onepa-
mopon ['uavbepma—Ilnudma, ecan qisa HEKOTOPOT 0 OPTOHOPMHPOBAHHOT O
Gasuca {e,} mpocrpaucrsa Hi

D IKea])* < 4oc. (113.1)

MuoxecTBo Bcex omepaTopoB ['manbepra—Ilmuara K: Hy — Hs 06o-
snagaerca Sa2(Hy, Ha) uan So(H) upu Hy = Hy = H. Cregyloinee mpezio-
JKeHUe ONUCLIBAET OCHOBHBIE CBOICTBA 3THUX ONEPATOPOB.

Mpenaoxenne A3.1. 1) Jesas wacms ([3.1) e sasucum om
swibopa opmonopmuposannozo bazuca {eq} (keadpamuwiti Kopenv u3z Hee
nazvieaemcea Hopmon I'minbepTa—IlIMuara onepamopa K u obosnauaem-

ea || Kl|2).
2) |IK* |2 = | K]]2-
3) ||K|| < | K2, 2de || K|| — o6biunan onepamophas wopma K.

4) Beaxud onepamop K € Sa(Hy, Ha), komnaxmen.
5) Feau K — KOMNAKMHBIL CAMOCONPANCEHHBIT ONEPAMMOP 6 2UAbBEPMO-
6om npocmparcmee H, mo

(o]
SN2 2
IKIZ=3" A2, (13.2)
j=1
ede Al, Az, ... T 6CE HEHYACEDIC cO6CMBEHHBIE 3HAUCHUA [{’ npudem Kaxnc-

doe noemopaemcs cmoabko pas, KaKo6da €20 KPamHocms.
6) FBeau {eq} — opmonopmuposannniii 6azuc 6 npocmpancmee Hy, mo
CRAAAPHOE NPOU3EEIeHUE

(K, L)2=) (Kea, Lea) (13.3)

(a4

npu K, L €Ss(Hy, Ha) ne 3a6ucum om swibopa 6asuca {eq} u onpedeasem
6 So(Hy, Ha), cmpyrmypy 2uib6epmosa npocmpancmea ¢ cOOMeemcmey-
et Hopaoti || - ||2.
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7) Ecau ZL(H;), j=1, 2, o3nauaem aizebpy scex 02panudennbly onepa-
mopoe 6 H;, mo Sy(H1, Ha) npedemasasem coboti aesvrii L (Hz)-modyan
u npasvit L (Hy)-modyav, npuven
||[\7 2, AE.,?(HQ), [{ESQ(Hl,HZ), (ﬂ34)
2||Bll, BeZL(Hy), KEeESy(Hy, Ha). (13.5)

|AK][2 <[[A
| Bll, < 1K
B uacmnocmu, Sa(H) — deycmoponnudi udeaq 6 aaeebpe L (H).

doxkazaTenbcTBo. Ilycrs {fs} —opToHOpMUpOBaHHBIL 6a3mC
B Hs. Torga

STIEelP=>" [(Kea, £) = [(ea. K )= |
o a, B a, B8 g

oTKyga crenyioT nn. 1) u 2). Ecan Temeps # =) xzq4e, € Hy, TO
(a3

2
< (Z |xa|||f<ea||) <

2 (Z 2a ) (Z|

OTKyJa CleqyeT yTBeDXKICHIe .. 3).
TTo65I foKa3aTh 1. 4), annpokcumupyeM omepatop K € So(H1, Ha) xo-
HETHOMEDHBIMI OTlepaTopaMi. A HMeHHO, IYCTh €1, €3, ... — BCe TaKHe Bek-

K™ fs]%, (113.6)

2

Kz

|

E roKe,
o

K3 ][],

Keall) =]

TOPHL U3 HEKOTOPOT0 OPTOHOPMUPOBAHHOTO 6asuca {e, }, ato Key #0 (ToT
daxT, 9TO uxX He GOIEE TeM CIETHOE MHOXKECTBO, BbITekaeT u3 ([13.1)). To-
rjga siCHO, 4TO

(o]
Kx:Z(x, e;) Kej, (13.7)
j=1
N
n, momarag Kyr= ) (z,e;)Ke;, Mu momyuaem, uaTo ||K — Kn|*<
j=1

(o]
<K - Kn|i= > ||Ke]|* =0 npu N — oo, 9T0 1 Tpe6oBaIoCh.
j=N+1
YTBepxk geHne 1. 5) BEITekaeT u3 1. 1), ecan B kKadecTBe 6a3nca BEIGPATh
6a3uc u3 coOGCTBEHHBIX BEKTOPOB omepaTopa K.

Joxaxem yTBepkaeHue . 6). 3aMeTHM BHadase, ITO

. ; 1.
(Kea, Lea) | <1 Keall I Leall < 5 (1K eal” + [ Leal ),

OTKyJa cregyeT cxoauMocTs paga ([13.3) mpu K, L € So(Hy, Ha).
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Ipu sTom scho, uTo (K, K)s =||K||3, oTKya cIeqyeT He3aBUCHMOCTD
(K, L)z or BriGopa Gasuca.

3amMeTnM, UTO aarebpamdecKue CBOWUCTBA CKaAAPHOTO MPOU3BeETeHIs
aas ([13.3) oueBHLIHBIM 06pa30M BBINOJHEHEL I JIA LOKA3aTeIbCTBA I. 6)
0CTaeTCs IPOBEPUTD JINIIb ToAHOTY S (H1, Ha) oTHOCHTEIBLHO HOPMEL || - ||2-
JTo yRoOGHEe BCero cheraTh, HocTpous msomopdusm Sa(Hy, Hs) u mpo-
crparcta [%(M; x M»), rae M; —muoxecTBOo MommocTn dim Hj. Ilpo-
crpauctBo [2(M) nas mwoboro mmoxectBa M cocrout us dysxmuit f
Ha M, oranmarbix oT () B He 6o/ee YeM CIETHOM MHOKECTBE TOUEK, IPUIeM

> | f(a)]? < +oo. Ero moxuO paccmaTpusath kak L2(M), ecan ma M
aEM
B3AThL 0-arebpy, MOPOXKACHHYIO OTHOTOYEIHBLIMY MHOXKECTBAMME, I BBECTH

Mepy Ha >TOH o-aiarebpe, moJaras Mepy KaxK 0l TOYKW PaBHON 1.

Tpebyemurii uzomopbusm So(Hiy, Ha), u I?(M; x M) 3agaeTca como-
CTaBlIeHIeM KaxgoMy omeparopy K € Sy(Hi, Hs) ero marpuuel K,z =
=(Kea, f3), rae {ea}, {fs} —opToHOpMUpOBaHHEE 6Aa3UCHL B MPOCTPAH-
ctBax Hy u Hs. ToT GakT, IT0 3TO COMOCTABICHEE 3a1aeT N30MeTPUIECKHAN
m3oMopdu3M, sAceH u3 BHKIaIku (13.6).

TlepenigeM x goxasaTeascTBY U. 7). Iockoasky ||[AK e || <Al K eqlls
To ouenka (/[13.4) m BMecTe ¢ Hell ToT daxT, uTo S2(Hy, Ha) saBageTcs
1eBEIM .2 (H2)-MogyaeM, OMeBUAHEL U3 OUpefefeHnil. [Iad noka3aTelbcTBa
omenxn (/13.5), oGecrednBaomell BO3MOXHOCTL BBefenus Ha So(H1, Ha),
CTPYKTYpPH mpaBoro .Z(H;)-MOAyas, HyXHO HePEHTH K CONPAXKEHHOMY
omepaTopy:

1K B[z =[[(KB)" |l = || B" K~

4T0 u TpeGoBamocs. M
ycte Tenmeps X, Y — aBa mpocTtparcTsa ¢ Mepott, Hi=L*(Y), Hy=
= L*(X). Omucanne omepatopos K € S3(Hy, Ha) B »>Tofi cuTyamun gaeT
IMpenaoxenne [O3.2. Onepamopwr K € So(Hy, Hy) —amo 6 mou-
HOCIMU Me onepamopwl, KOMopble Mo2ym Oblimb 3aNUCAHBL 6 Gude

K K

2 <IIB7[|

|2=1BIl|

2,

(K f) (1) = / K (. v) £(y) dy (13.8)

Y

¢ nomoupvio adpa K(z, y) € L*(X x Y). Ipu smon

K

2o / K (2, y) | de dy (13.9)

XxXY

(6 gopmyaar (13.8) u (13.9) swipamcenus dr u dy oszuwauarwm mepol
Ha X uY).
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JoxkazaTenncrTo. Ilyets {ea(y)} u {fs(x)} —opronopmupo-
Bamnsle 6asucel B L?(Y) u L?(X). Hpeamoaoxum, wto K € So(Hy, Ha).
3amerum, uTo {fs(x) m} — OJHAS OPTOHOPMUPOBAHHAS CUCTEMa
B L?(X xY) u ecau moaoxKuThL

K(x,y)=) (Kea, f5) fo(2) ealy), (13.10)
o, 8

To K(z, y)€ L?(X xY) u onepatop Buga ([3.8) coBmajaer ¢ omepaTo-
pom K, Tak Kak y 3THX OIepaTOPOB OINHAKOBEIE MATPHUIEI IPU BEIGPAHHLIX
Gasucax {eq} B Hy, u {fs} B Ho. PaBencrso [lapceBaas o6ecneunBaeT BhI-
noanenne (13.9).

Oé6patro, ecin K(z, y) € L?(X xY) 7o, pazaaras K(z,y) B piag mo
cucreme {fz(x) eq(y)}, MBI moTyIIM

Kz, 9)=) capfo(@)ealv), Y lcap]’ <+oc.
o, B B

Ho Torga scuo, aro B 6asucax {e,}, {fs} omeparop k umeer maTpmumy
cap = (Keq, f3), oTkyga u caegyer, aro K € So(Hq, Hy). W

[A3.2. ApgepuBie omepaTopsl U Caejf

Ounpegeaenne [3.2. Ilycre H —ruas6epTOBO HIPOCTPAHCTBO,
Sa(H) —mngean omeparopos I'manbepra—Ilvuara B H. Hycte Si(H)=
= (S2(H))? — nBycropounutt ugear B .Z(H), spasomuiics KBaIpaToM
ngeana So(H), T. e. COCTOAMNI U3 ONEPATOPOB, HMEIOINNX BILJ KOHETHON
CYMMBI:

A=Y B;Cj, Bj, Cj€Ss(H). (13.11)
J

DreMenTH njeana Si(H) HazpBaroTCA AdepHbluu onepamopany B H.
Mpenaoxenne [O3.3. 1) Ilyemv A€ S1(H) u {en} —opmonopmu-
posannvrtt 6aszuc 6 H. Toeda

Z | (Aeq, eq)| <400 (113.12)

U sblpadicerue

Sp A=) (Aea, eq) (13.13)

HE 3a6UCUM OM BK60PA OPMOKOPpMUPOEaHHO20 basuca {ey} (0HO Ha3BIBa-
eTca caedom onepaTopa A). Caed — aunetinviii pynxyuonas na Sy (M), npu-
wemn Sp A>0 npu A > 0. Craasproe npouzsedenue (K, L)s moncem 6vims
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s3anucano uepes caed no dopmyae
(K, L)a=Sp(L*K), K, LeS:(H). (13.14)

2) Ecau A — KOMNAGKMHBLE CAMOCONPAHCEHHBIT onepamop, A1, Aa, ... —
€20 HEHYACBBIE COBCMEEHHBLE FHAUEHUA € YUEMOM KPAMHOCIMU, MO YCA06UE
A€ S1(H) pasrocuabro momy, wmo

>IN < +oo. (13.15)

Ilpu smom = -
Sp A=> A (113.16)

j=1

3) Ecau A€ S1(H), mo

Sp A*=Sp A. (13.17)

4) Peau AcS1(H) u Be Z(H), mo
Sp(AB)=Sp (BA). (13.18)

JoxaszaTteascTtBo. 1) Ecin omepatop A mpeicraBieH B BU-

ge (O3.11), To
(Aeq, €q) :Z(BjCjea, €a) :Z(C’jea, B}‘ea),

J J
oTkyga crenyioT ([13.12) u cooTHOEHNE

D (Aea, €a) =D _(Cy, B})a, (13.19)

(a3
U3 KOTOPOro, B 9aCTHOCTH, SCHO, ITO Sio A He 3aBuCHT OT BHIGOpa Gazuca.
Pasencrso ([13.14) oueBngHo.
2) Iycts Temeps A= A*. Ecim A€ S1(H), To ycaosue ([13.15) u co-
orHomerne (/3.16) BoImOnHEHB!, TaK KaK B KadecTBe 6a3nuca {e, | MOKHO
BBIGpaTH cOGCTBeHHBIN Gasuc. O6paTHO, ecan Buimoameno ([3.15) u {eq} —

cobcTBeHHBIN 6a3c, Tak IT0 Ae, = Ay €4, TO, oupegeass B u C popmyramu

Bey = v |/\oc|eom C@a:/\a/v |/\°‘|e°"

Mel BuanM, uto B, C' € So(H) n A= BC, rax uro A€ S1(H).
3) IIposepum ([13.17). Ecan onepatop A mpeacrasaen B Buge ([13.11),
To A" =3 7B} um (13.19)
J

Sp A*=> (B;, Cj)2=Y, (C}, B;),=5p 4,

J J

9To u gokaswBaeT ([13.17).
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4) IIposepum, Hakomer, ([13.18). IlycTs BHauase B — yHHTAPHLIH olepa-
Top. Ho Torga onepaToput AB nu BA yEUTapHO SKBUBATEHTHLI, ITOCKOIBLKY
AB=B~1(BA) B. Hostomy pasercTso ([3.18) a1s yEuTapHoro B BhITe-
KaeT M3 ykKe JOKa3aHHOU He3aBICHMOCTH clefa OT BeiGopa Oazmca. s
goxazaTenbcTsa ([13.18) B obmeM caygae 3aMeTnM, IT0 06e dactn ([13.18)
JWHENHLI 0 B I WMeeT MecTo

Jdemma [I3.1. Jwboi onepamop BE . L(H) asagemes sunetinod Kom-
bunayuetlt veMMPET YHUMAPHBIT.

MoxazaTeabcTso. [JocKOTbKY MOXKHO HAIHCATD

* *
B=By+1:B-, BT:Blzg, ;ZBZZ¥,
1
TO JOCTATOYHO MPOBEPHUTDb, UTO CAMOCOIPSKEHHBII omepaTop B MoXKeT
OBITEL 3alllCaH B BUje JUHENHOW KOMOWHAIUN IBYX YHUTapHBIX. MoxkHO
canTars, 9To ||B|| < 1. Ho Torga nckoMas 3amuck UMeeT B

B:%[B—I—i\/I—BZ]—I—%[B—i - B2,

Jlemma 3.1, a Bmecre ¢ Henn u npegmoxenne [13.3 goxazanoi. Wl

[3.3. IloagpHoe pasioxeHue omepaTopa

IIycte H1, Hy — ruan6epToBLI IPOCTPaHCTBA. HATTOMHIM, 9TO OTPAHI-
weHHBIN omepaTop U: Hy — Hs HA3BIBAETCA 4ACMUNHO UBOMEMPUNECKUM,
ecan oH m3oMeTpuuHO oTob6paxkaeT (Ker U)J‘ Ha Im U. Orcoga creayer,
4TO

U*U=E, UU*=F, (113.20)

rge I/ —oproronansuell npoextop Ha (Ker U)J‘ B Hy, I' —opToroHaib-
ubil npoexTop Ha Im U B Ha (B sToM cayuae Im U — 3aMxHyTOE mOAIPO-
ctparcTBo B Hi). Ecan Ker U =0, Im U = I3, To U sBaseTca yHUTAPHBIM
OIIepATOPOM.

Oupegeanenne [3.3. I[oaapuvim pasaoncenuem OTPAHIMYEHHOTO
omepatopa A: Hi — Hy Ha3pIBaeTCs ero npeacTaBlIeHIe B BHIe

A=US, (I3.21)

rge S — OUpAHUYEHHBIN CAMOCONPSKEHHBI HEOTPHIATENLHBIN OIEPATOD
B Hy, U — Takon gyacTu4uo mzoMmeTpudeckuu onepatop U: Hy — Hy, uTO

Ker U =Ker S =(Im S)*. (113.22)

Ilpepgnoxenune [A3.4. [loaaproe pasaodcenue 02panudentozo one-
pamopa A: Hi — Hs cywecmsyem u eduncmeenno.
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JoxaszaTeasctso. U3 (13.21) maxogum A*=SU~, otkyga A* A=
=SU*US=SES. Ho ES=S B cuxy ([13.22), Tak 9T0

ATA=S2, (113.23)

OTKYZa

S=VA*A, (13.24)

rge VA*A ompeneaseTcs ¢ MOMOLILIO CIEKTPATLHON TeopeMbl. B camom
gene, nycTs C'= A*A n B — 1106011 OrpaHN<YeHHBIN CAMOCONPSIKEHHEIN OIle-
patop B Hi, mus xotoporo B?=C u B >0. Jokaxem, aTo B=S5, rge S
ompegeaserca Gopmyaon ([13.24). Byayun ¢yuxuneir ot C, omepatop S
KOMMYTHPYeT ¢ KaXJABIM ollepaTopoM, kommyTupyiomum ¢ C'. B gacTHO-
ctn, BS =SB, nockoasky BC = CB = B3. CregoBaTennuo,

(S—B)S(S—B)+(S—B)B(S—B)=(5*-B*) (S—B)=0.

O6a wiena B npaBoll 9acTH ABJISIOTCA HEOTPHULATEIBHLIMI OLNEPATOPAMIE,
OTKyJa clefyeT, 9To oHn 06a paBHEI HyI0. [loaToMy o6palaeTcs B HOJIb X
pasrocTs (S — B)?, otkyaa (S — B)* =0. Otcioga BriTexaer, 1to S — B =0,
IOCKOJIBKY omepaTop S — B caMOCOIpsXKeH.

Hanee, onepatop U ogHosHauwHO ompegereH dopmyron (13.21) B cu-
1y ([J3.22), 9T0 JOKa3BIBAET €JUHCTBEHHOCTDH HONIPHOTO PA3IOKEHN.

s Z0Ka3aTenbCTBaA CYLUECTBOBAHNA TOCTPouM S 1o popmyae (13.24)
u onpegeaum U, momaras

Ux=0 mpu 1L Im S, (113.25)
U(Sz)=Axz mpm z€H;. (113.26)

1 npoBepKH KOPPEKTHOCTH 3TOTO OIPEeJeleHNs JOCTATOYHO JOKAa-
3aTh, 9T0 ecan Sz =0, To Az =0. Ho aro cpasy cregyer u3 (/13.23). Boxee
Toro, u3 ([13.23) noxysaercs

[S2||* = (Sx, Sx)= (5%, x) = (A" Ax, 2) = (Ax, Av)=||Ax|?,

9TO JOKa3LIBAeT IaCTUIHYIO m3oMeTpuIHocTh /. W

IMogpobHee 0 CIEKTPAILHON TeopeMe U HOAAPHOM Pa3J0kKeHUN CM., Ha-
npumep, Pucc u Cekedaassu-Hans [1].

Ounpegenenne [13.4. Eciu A=US —noaspuoe pazmoxernue A, To
MBI 6y €M ICIOAL30BaTh 0Go3HaderHne S = | A].

ODpeganoxenue [3.5. Hyems J —.ai0boii aeeviti udeaa 6 aaze-
6pe L (H). Tozda ycaosue A€ J pasnocuavro ycaosuio |A| € J.

JoxkaszaTeabcTBo odeBugHo u3 popmya A=U|A|,U*A=|A|. &
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Caegcreue [13.1. Hueem

AeSy(H)s | A€ So(H),
A€ S| (H)<|AleSi(H).

Tonb3yach MOAAPHBIM Pa3IokKeHIeM, MOKHO B J06aBIeHNe K 1. 4) mpen-
goxenusa [13.3 goxasats
Mpenaoxenne I3.6. Fcau A, B€ Sa(H), mo

Sp (AB) = Sp (BA).
HdoxaszaTeascTso. [lorp3ysacs ToxkgecTBAMI

4AB" = (A+B)(A+B)" —(A-B) (A-B)"+
+i(A+iB) (A+iB)* —i(A—iB) (A—iB)*,

4B*A=(A+B)"(A+B)—(A-B)"(A- B)+
+i(A+iB)* (A+iB)—i(A—iB)" (A—1iB),

MBI BIJUM, ITO JOCTATOTHO IPOBEPUTD, ITO
Sp (AA*)=Sp(A*A4), AeS:(H). (13.27)

Ho ncnoassys noasproe pasnoxenne A=US, Ml Bugum, aTo S € So(H),
caegoBaTensHo, S° € S1(H), 1 TOCKOIBKY

A*A=S5% AA*=US?U",
TO B cu1y npegnoxenus /3.3, o. 4)
Sp (AA*)=Sp (US?*U*)=Sp (U*US?*)=Sp S*=Sp (A% A4),

uTo u TpeboBartocs. M

[A3.4. Apepuaa HOpMA

Onpepgenenmne [I3.5. Adepuoti nopmoti omeparopa A€ Sy (H) na-
3BIBACTCA BEMNTIIHA

|A]l1 =Sp [A]. (13.28)

IMpenaoxenne I3.7. 1) Huewom mecmo nepasencmesd
1All2 < 1Al A€Si(H); (113.29)
IBA|lL <IIBIIN[AlL,  A€Si(H), BeZL(H); (113.30)
IAB|L <|lAll1||B]l, A€Si(H), BeZL(H); (713.30')
I Sp All < [[A]l1, A€ S (H), (113.31)
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U COOMHOWEHUA

1A ([ = |[A]l1, A€S(H); (13.32)
Allh= sup [Sp(BA)|, A€Si(H). (13.33)
Be£ (H)
1Bl1<1

2) Adepnas nopma onpedeasem wa S1(H) cmpyrmypy 6anarosa npo-
cmpancmeda.

JoxaszaTeascTso. 1) a) Jokaxem ([13.29). Ilycte A=US —mo-
agpHoe pasnoxernue A. Torga umeem

IAllL=S][1 =Sp S, (113.34)
|All5 =Sp S(A*A)=Sp 57, (113.35)

otkyga ([J3.29) cBoguTCA K HEPABEHCTBY
Sp S* < (Sp S9)%, (113.36)

KOTOPOe CTAHOBUTCH OMeBIIHEIM, ecan Sp S? u Sp S 3amucaTh B co6CTBeH-
HOM Gazmce omepaTopa S.
6) Jdas goxasaTteabctsa ([13.32) sameTnm, ato A* = SU*, AA* =US?U*
u |A*|=USU*, otkyaa
Sp |A*|=Sp (USU*)=Sp(U*US)=Sp S=Sp |A]|.
B) Jokaxkem Teneps (13.31). Ilycts {e,} — OPTOHOPMHPOBAHHEIN COG-
CTBEHHBIN 0A3WC OIEPATOpPa S, 5, — COOCTBEHHEIE 3HATEHNA, T. €.

Seq =54€0. (13.37)

Nmeem

Sp A=Y (USeq, a) = sa(Uea, €a), (113.38)

HO OoCcKOIBKY |(Ueq, €4)] < 1, To scHO, 9TO

| Sp A<D sa=Sp S=]4].

r) Jokaxem ([J3.30). llycte BA =V'T — noaspHoe pasjoxeHne onepa-
Topa BA. Toraa

||BA||1 =Sp T=Sp(V*BA)=Sp (V*BUS).
3ameTnM Temneps, aTo ||V* BU|| < ||B||- JanbHellinee paccyx IeHIe IPo-

XOJUT AHAJOTITIHO II. B).
1) Onenxa ([13.30') cBogures x onenke (/13.30), mockoabky

1AB][ = [[(AB)"[[1 = [|B" A" |1
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e¢) Cootromtenne (/3.33) Temeps 04eBUIHO BBIAY OLEHKH
| Sp (BA) | <|[BAllL <[IBI Al

B KoTopon npu B =U* numeeT MecTO PaBeHCTEO.
2) a) JoxaxeM, 9To afepHasd HopMa || -||; obragaeT OOBLIMHBLIME CBOI-
CTBaMI HOPMEI:
A"+ AL <A+ 11A"], AT AT €S (H);
AL =M AL, A€Si(H), AeC
l|A|1 =0 A=0.

He oveBuano Aums mepBoe cooTHomeHNe. /11 ero JoKa3aTelIbCcTBa BOC-
noab3yeMcs cooTHomreHneM (/13.33):

|A"4 A"|[y = sup | Sp B(A'+A")|= sup | Sp(BA’)+Sp(BA")[<

IBII<1 IBII<1

< sup (| Sp(BA) [+ Sp(BA") )< sup (] Sp (B'A")[+]Sp (B"A")[)=
IBII<1 18]I
I1B"lI<1

= sup | Sp(B'A")|+ sup | Sp(B"A")|=[A][1+]A"x.
I1B/]I<1 [EZS!

6) doxaxem moamory Si(H) mo mopme glossary||-||i]|-]l1- IycTs
n=1,2 ..., Ap€S1(H) n ||A, — Anl|l1 =0 mpun n, m—+oo. Torga B
cury ([13.29) n mpemaoxenus /3.1, m. 6) cymmecTByeT Taxol omepaTop

A€ Sy(H), aro lim ||4, — A|l2=0.
n—4o0

Iposepum, aTo A€ S1(H). Ilycts A=US —noaspuoe pasroxenne A.
TTonoxum Cp, =U* A,. fcHo, uTO

lim [|Cy, — S|J2 =0 (113.39)
lim _||Cp — Ol = 0. (13.40)

IIycts {e4} — OPTOHOPMUPOBAHHLL COOCTBEHHBIN 6a3uc .S, s, — cob-
cTBennble 3uavenusd. s (13.39) caegyer, daTo

(Cnea, €q)- ([13.41)

So = (Seoca eoc) :ninolo

s noxazaTeasbeTsa TOro, 9To A € S (H), [0CTATOUHO IPOBEPUTD, ITO

> $q <400. DTO B cBOW 0Uepes, 6aarogaps ([13.41), BoITekaeT U3 OLeHKH
(a3

sup Y |(Crea, €a) | <+o0, (13.42)



OIIEPATOPHI 'NJIBBEPTA—IIIMIMATA 293

BEDHOII B CILIY HEPABEHCTBA

Y [(Cuea, ea) I<ICIl,  CESLUH), ([13.43)

1erxo BeiBoguMoro us (/13.33).
OcTaeTca moKazaTb, 9TO

lim ||4, — A||1 =0.
n—od
IIyctes € > (. Bribepem cToab 6oabimoe N, ITO
l|Am — Anlli <&, m, n>=N. ([13.44)
IIpoBepumM, wTO
l|Ar — All1 <e mpm n>=N. (113.45)
W3 omenxu (/13.43) BriTexaer, uTo a1 awboro B € .Z(H)
lim Sp(BA,)=Sp(BA).

n—od

Ho B cuxy (/13.44) otcioga ciaegyer, 9To
| Sp(BA,)—Sp(BA)|<e mpun n>=N,

ecan ||B|| < 1. Ocraercs Bocmoas3oBaThea cooTHomenneM (/13.33), m Mol
npuxoiuM k Tpebyemomy (/13.45). W

[3.5. Bripaxenue ciaefa epe3 AAPO omepaTopa

Bomnpoc o BeIpaxkeHnu ciega omepaTopa Iepes PO OUeHb IpocT ¢ (Gop-
MAaJbHOH TOYKN 3PEHNA, HO TPYAeH TeXHIIeCKN (TPYAHO 060CHOBATE JIeTKO
HaxoAuMyo (GopMmarsHO (opMmyay). B sToM myHkTe MBI mpuegeM Gop-
MAaJbHYIO CXeMY, KOTOPAas B KaXkK JOM KOHKDETHOM CIydae JOJKHA TeTATbHO
060CHOBEIBATHCA.

Iycte X — npocTparcTBo ¢ Mepoit dz, K — ageprsiit omepaTop B L?(X)
c agpom K(z, y). Mer Moxem 3anucars K B Buge

K=1I1Ly, Ly, Ly€Sy(L*(X)) (13.46)

(3T0, HATIpEMED, MOXKHO CAeIaTh Tak: HycTh K = U S — moaspHoe pasioxe-
ame omeparopa K; Torga Mmoxuo B3aTh L =U+/S, Ly =+/5). O603naqmm
wgepes Li(x, y), La(z, y) agpa onepatopos L1, Ls. Torga popMaibHo nMeeM

Kz, y) :/ Li(z, z) La(z, y) d=. ([13.47)
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TMockoabky MBI MOXkeM Takxke sanucaTb K = (L1)*Ls, a omepaTtop L}
nMeeT Aapo Li(x, y)=Li(y, #), To m3 mpemaoxenus [13.3 (dopmyra
([13.14)) n u3 npeanoxenns /3.2, rapaHTUPYIOLET O PABEHCTBO

(K1, Kz)z:/ Ki(z, y) Ka(z, y) de dy (113.48)
(roe K; € S2(L*(X)), Kj(z, y) —aapa onepaTopos K ), Mbl HaxoauM

Sp K = (Lo, L”{)zz/ Li(y, x) La(x, y) dx dy:/ Li(z, z) La(z, ®) dz du,
(13.49)

Il

Sp K:/ Kz, z)dx. (113.50)

®dakTHieckoe 060cHOBaHNEe (POPMaIbHBIX BBHIKIAI0K (/13.47)—(13.50)
MOXKeT OBITH IPOBEJEHO, HAIPUMED, B CAydae, Korjga X — KOMIAKTHOE MHO-
roo6pasue ¢ kpaeM, dr —Mepa Ha X, 3aJaHHAA C TOMOIILIO IOJOKUTEILHON
raagkoll MIOTHOCTH, U aapo K (%, y) HempepuiHO. OJHO paccyXgeHue Ta-
KOr'0 copTa, OCHOBaHHOe Ha TeopeMme Mepcepa, 6v110 npoBegero B § 13 B
JoKa3aTelbCTBe TeopeMbl 3.2. OTMeTHM OCHOBHYIO TPYIHOCTH 00OCHOBa-
HuA: 11po K (z, y) ompeieaeHo UL ¢ TOYHOCTHIO 10 MHOXKeCTBa Mepkl () B
X x X, a B ([13.50) BxoauT orpauntenue K (z, y) Ha guaroHalsb B X X X,
SBIASIONTYIOCS MHOZKecTBOM Mephl () B X x X.

Oaue u3 BapHAHTOB TaKOro OOGOCHOBAHUS — IOIYYUTH IHTErPAJ
([13.50) xax mpeen HHTErPAIOB 10 MAJIBIM OKPECTHOCTAM AUATOHAII, HOD-
MHPOBAHHBIX COOTBETCTBYIOMIM MHOXKHTeAAMH (cM. ['oxGepr u Kpens [1],
ra. IT1, § 10). MsI omyckaeM COOTBETCTBYIOLINE TOAPOGHOCTH, TaK KaK OHI
He HICIOAb3VIOTCS B TEKCTe KHULI.

Jagaga [J3.1. Joxazars, 4TO

IABIL < [[All2 1Bz, A, B€Sy(H).
Jagaga [J3.2. Joxazars, 4TO
|Bl|= sup | Sp(AB)|.
A€S,(H)
Al <t

Jagaga [O3.3. Ilycrs J— gBycroponunin mgear B .Z(H). Ilycts
0<ALBu BeJ. Jokazats, uto A€ J.

Ykasanuune. Jlokasars, uro A/2 = CBY/2 rre CeZH)n||C]|<1.



KPATKHWE JIJUTEPATYPHBIE YKA3AHUA

Mur yka)keM 30ech Jullb paBoThl, Hanbojee TECHO CBA3aHHEIE C TEKCTOM KHHUIM.
IIpu >ToM MBI HE B KO€ll Mepe He TIpeTeHIyeM Ha ToJaHoTy 6ubauorpaduu. [lo BozMox-
HOCTH aBTOp cTapaJcd U36eXXaTh CCHIIOK Ha KpaTKHe coolIleHnd U TPy ITHOIOCTYIIHEIE
HCTOYHHUKH, TaK ITO B OCHOBHOM HUTHPYIOTCA MOHOorpadul, a TakxKe MoIpoOHEE WIN
0630pHBIE CTATHH.

KTJHJABE I

IMonaTue ncesnoauddepennnansHoro oneparopa (I[J0) BozHukIO Ha Gasze Teo-
PHH MHOI'OMEDPHHIX CHHIY/IAPHEIX HHTErpPalbHBIX OIepaTopoB (cM. MoHorpadmo Munx-
anHa [1] 1 UMerompecs TaM cCELIKHN). B raspHeleM NOABIINCE CHHIY ISpHBIE HHTEDO-
audbepeHINAIBHEE ollepaTopHl (cM. pa6oTy ArpaHoBuda [1] n mMeromuecs TaM cchblI-
ku). Tepmun «ncesgoanddepeHIMalbHEN onepaTop¢ 6BLI Npefaoxker Ppuipuxcom u
Jlakcom [1]. B coBpemennoun dopme 1O mospuamce, mo cymecrBy, B pabore Kona u
Hupen6epra [1] (Tram paccmarpusamuce 1110, HasEBaeMBle 34€Ch ¢KIACCHIECKIMID ).
Kaaccer cumpoaos S:)’fé U COOTBETCTBYIONINE KIACCH OMEPATOPOB OBLIN BBENEHH X 6p-

mangepoM [2]. Emy ke npunagiexur TeopeMa 06 nHBapnanTHocTn Kaacca I1/10 orHocn-
TeJBHO 3aMeH IepeMeHHEIX (cM. Xépmangep [1], [2]). IIpuso gumoe 3gechk nokazaTeascTBO
2TOU TeopeMbl OCHOBAHO Ha UAedaX KypaHuUIIm.

Narerpansusie oneparopet Pypre (IOP) Gb111 BBEZEHH U CHCTEMATHYECKH H3Y-
4qeHBl B paGore XépmaHfgepa [6]. Panee 6amskoe MoHATHE KAHOHUYECKOIO OIEPATOpPa
N3y9aloCh B CBA3H C Pa3JMYHEIMH acCHMIITOTHIECKIMH 3atadaMu MacaoBeM (cM. MoHO-
rpadun Macaosa [1], [2], Macaosa u Pegoproka [1], craTsio Joicrepmaara [3]). Paore
Xépmangepa npegmecTBoBau Takxe paGorsl Jckuna [1], [2], Eropoea [1], [2], comep-
JKaBIllne Hjeu, UCHoJIb30BaHHEEe XépMaHaepoMm B patorax Hupen6epra n Tpesa [1] u
Eropoga [1]—[4] TI/TO u npocreiimme NOP ncnoabzoBamuch gis N3y 9eHHU BOIPOCOB JO-
KaJbHOU PA3pElIMMOCTH U PEryJAPHOCTH PENIEHHH 06X OMepaTopoB IMIABHOT'O THIIA.

B uzaoxennn Teopun ocnimnupyomux naTerpaaos, 1OP u nmocrpoennn aarebpet
MO0 mer cregyem, B ocHOBHOM, pa6oTe Xépmangepa [6]. ['mnmosamunruanocts B § 5
n3aoXkeHa B gyxe paborTel Xépmangepa [2]. B Toli ke pa6oTe npusegeH mogpoGHO pe-
aMM30BAHHBIA 3M€Ch 3CKu3 Teopun npocTpaHcTB CoboaeBa. Bosee moanbie cBenenus o
npocrpancTrBax Co6o/eBa MOXKHO HaUTH B MoHorpaduix Xépmangepa [7], Hukoabcko-
ro [1], Co6oaesa [1], Becosa, abnna u Huxoasckoro [1], Jluonca nu Mamxeneca [1].
DaeMeHTapHOe U3aoXkeHue npocrenmux ¢dpaktos Teopun 11O MoxHO HalTu B KHHTe
Youaaca [1].

OTmMeTuM, 9T0 MBI UcCnoab3yeM 3neck Tepmud 1OP pra onepaTopos, o6bIYHO Ha-
3piBaeMBIX JoKaabHeiMu NOP. Teopusa riuobanbueix MOMP, cymecTBenHo 6Gomee TOHKas
U CJOXKHAfA, HAMU CO3HATEJILHO ONyIleHa Bo U3beXaHne 9pe3MepPHOro yBeInIeHUA 06b-
ema kauru. Ogaako riobaababie NOMP min nx >KBUBAJEHT — KAHOHUYIECKUH OMEPATOD
Mac/ioBa— HEOGXOQMMEL B psijie NPHIOKEHNN (HaIpUMeEp, B TEOPHU TUIEPBOMMTeCKUX
YPaBHEHHU WM B CIIEKTpaabHOl Teopun). [lo>ToMy mocle 3HAKOMCTBa C JOKaJIbHBIMU
NO®P n ux npuiokeHNAMH GATATENO CTOUT H3ydnTh robanbHere 110D (aTo moxHO
cleJaTh, HATIpUMED, 10 CTaThaM XeépMaHgepa [6] n [lwolicrepmaara n Xépmangepa [1],
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nan no nexunam [Joncrepmaara [1]) u Teopuio kaHOHHMYecKoIO onepaTopa MactoBa (Ha-
npuMmep, no kaure Macaosa u Pegoproka [1]).

Ilo nmosoxy apyrux sBonpocos Teopuu [I/10O u NOP mbr oTchLiaeM 9UTaTENsA K MO-
norpabuam Ppugpuxca [1], Sckuna [3], Teuropa [1], Mioticrepmaara [1], Tpesa [1],
I'pymuna [2], pa6oram Arpanosuua [1], Kymano-ro [1], [2], Buaca u Pedepmana [1],
Buuca [1], [2], [3], Kaabgepona [1]. OTMeTnM BakHOE yTOYHEHHE T€OPEMEI 06 OrpaHMU-
9eHHOCTH (B 9acTHOCTH, s ONEPATOPOB KJacca L%é npu 0 p=46< 1), HallgeHHOE
Kanbgeponom n Banankypom [1] (cm. Takxke Barana6e [1] n Kymano-ro [3]). Ilo no-
Boay mericreusa I1/1O B mpocrpancteax LP cm. Mypamary [1] u Uanuep [1], B reasge-
poBcKuX Kaaccax — [iopaH [1], B Kaaccax KeBpeeBCKUX M aHAMNTUYIECKIX dyHKINN —
Boaesnu [1], Jiomaro u Tpes [1], Bayenau u U'yaaynk [1].

OmnepaTophl ¢ KoMILIeKCHOU pazoBoll byHKIMeN paccMaTpuBann Kyvepenko [1], Mu-
menko, Crepuun u Ularanos [1], Meann u Hlécrpang [1].

Cuannoe Bauanue Ha paszsutue Teopun [1/10 okazanu pa6oTh o npo6emMe HHIEKCa,
B koTopou II/IO Hamuu cymecTBeHHee IpUMeHeHHe: cM. paGoThl ATba u 3unrepa [1],
Penocosa [1], Arba, Borra u [laTtogu [1], Xépmangepa [5], ATba [1], [2]. Texauka I110
nucnoab3oBanack B padore Atba nu Borra [1] o Teopeme Jledmena.

Baxknnie koukpernure npuioxkenusa [1/10 B kaaccudeckux zagadax T€OPUM ypaBHe-
HUU ¢ 9aCTHHIMH MPOM3BOIHBEIMU MOXHO HaliTu B paGorax Oaennunk u Pankesuua [1],
Mazbn u [laneaxa [1].

K TJHJABE II

OmmcaHne CTPYKTYPH KOMILIEKCHBIX CTeleHel dIIUNTHYIeCKHX olepaTopoB B Tep-
vurax [1J0 u Teopema o MepoMopdHOM MPOTOMKEHNN ATep KOMILIEKCHBIX CTeMeHel 1
¢-byukuun npunagiexat Cuan [1], [2], [3]. [pyrue BapuanThl 1 06061EeHHA 3TOH TEOPUN
MoxkHOo HauTh B pa6orax Harace u [lluakan [1], Xanakass u Kymano-ro [1], Kymano-ro
u Uynymu [1], Cmaruna [1], [2]. Tay6epoBa TexHUKa BllepBEIE HCIOIB30BAJACH B KJIaCCH-
4eckolt pabore Kapaemana [1]. O630p pasindHLIX BapHAHTOB Tay6epoBoll TEXHUKU TaH
a pa6ore Xépmangepa [4]. [okasaTeibcTeo Tay6eposoli Teopemnr kexapa, IpuBo 1uMoe
3/ech, 6IU3KO K TOKA3aTeIbCTBY, U3J0KeHHOMY B KHure Jlenra [1].

OTMeTUM BaXkHOE TIPUIOXKEHNe pe3yabTaToB CHIn — yXKe YIOMUHABIIYIOCA paboTy
ATba, Borra u [laToau [1], B KoTopoll TaHO HOBOE U3/I0XKEHUE TEOPUM HHIeKca. AThA,
Matoau u 3unrep [1] U3yHuin I4d CaMOCOTPAYKEHHOTO HEMOJIyOTPAaHUIEHHOT'O OMepa-

Topa A dbyHkuU0O
na(z) = (sign Ay) [ 17
J

YkaxkeM emle 6u3KHe K 2TOMy KpyTy ugeil paborsl Pesa u 3unrepa [1], [2] 06 ana-
AUTUYECKOM KPYIeHUN.

Pa6oret Cuan 2], [3] cogepkaT Takke n3ydeHne KOMILVIEKCHEIX cTereHel n (-byHK-
LIUU onepaTopa, COOTBETCTBYIONMETO 3/MUNITUYECKON MpaHnYHol 3aga4e. MBI coBceM He
KacalucCh CeKTPaJbHON TEOPUHU MPAHUYIHBIX 32124 — M0 3TOMY MOBOTY YUTATENb MOYXKET
o6paTuThca K MoHorpadnu Bepezanckoro [1].

Mepomopdnoe npogokenne (-GyHKIMYU TECHO CBA3AHO C aCUMITOTUKOU CJena pe-
30/IBBEHTHI (IIPH A — 00) U € aCHMIITOTHKOH O-pyHKInn

f(t)y=> e~ N?

J

npu ¢t — 40 (cm., Hanpumep, Jolicrepmaar n [nitemun [1]). OTn Bonpockr nay4anuce B
pa6orax Pymxusapsi [1] u ['peiinepa [1].

IMcer go suddepennuaTbHble CUCTEMBL, >aIunTHdeckue mo Jlyraucy—Hupenbepry,
U3y9aluch ¢ yKa3aHHOU ToYKH 3penus KoxesHukosem [1].
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Acnmnrornka N(A) npu A — 400 (6€3 oneHKN oCTaTKU) L CUIIO3IIHITHIECKHX
OIlepaTOpPOB Ha KOMIIAKTHOM MHorooGpasmuu ¢ KpaeM moaydeHa Mockaremrtn u Tomm-
conom [1].

O6cyx TeHne Teopuil rces 1o quddepeHnualIbHEIX PPAHNYHEIX 3a1a4 ¢ IapaMeTpoM
MOXHO HallTu y ArpaHoBuda [2].

Kak MBI oTMedaan B TeKCTe KHHUIHU, TeopeMa O MepoMOpPdHOM IIPOJO/KEHUN
¢-byHKIMM He TO3BOJAAET MOJYYHTH CyIeCTBEHHON MHMOPMAIIN 0 COGCTBEHHEIX 3Ha-
YEeHHAX HeCcaMOCONPAXKEHHHIX onepaTopoB. O630p pa3IMYHEX BOINPOCOB CIIEKTPAJbHON
TEOPHH HeCcaMOCONpPSAXKEHHEX nuddepeHInalbHEX U MceB 10 quddepeHnalbHEIX olle-
paTopoB MOXKHO HallTu B pa6oTe Arpanosuda [3].

K T'JUJABE III

Teopema 16.1, npuHagaexxamas XépMaHIepy, foka3aHa B ero patore [4]. ['nasa 111
npejgcTapager co6oll pasBepHYTO€e U3J0KEHUE 3ToN paGoThl, TOMOJIHEHHOE U3J0KEHUEM
BCeX HEeOGXOMMMBIX BCIIOMOTaTeNbHEIX dhakToB. Patora Xépmannepa [4] comepKuTt Tak-
JK€ HEKOTOPBIE Pe3yJbTAaThl, OTHOCANINECA K CIydalo HEKOMIIAKTHOT'O MHOr0o0pa3us, u
HEKOTOPHIE Pe3yAbTaTH 0 cpefHux Pucca (cM. o aToMy HoBOgy TakXKe Jpyryio paboTy
Xépmangepa [3]).

Onucanue cTpykTyph oneparopa exp(—itA) xak 1I0®, no cymecrsy, geaaerca Ha
OCHOBE I €l FEOMETPUIECKON ONTUKH (CM. [I0 3TOMy HoBOLy KHUrYy Da6uda u Byanger-
pesa [1]). DT ugen 6811n ncnoaszoBaHe Jlakcom [1] 1is MoCTpoeHNA aCHMITOTHHECKUX
pellleHni U TapaMeTpukca runepboandeckux cucrem. Meron Jlakca 61 pazsur Xép-
MaHIepoM [4] n IpuBe. K yka3aHHOMY OIICAHNUIO CTPYKTYypPEL oltepaTopa exp(—itA), 9ro,
10 CyIIEeCTBY, PABHOCUJIBHO OTIUCAHUIO 0COGEHHOCTEN (DYH TAMEHTANBLHOTO PEIeHUsA TH-
ep6oandecKoro nces Ko auddepeHnaILHOro ypapHeHna. OTMETHM ellle, 9TO olepaTop
exp(—1tA) npu Goapmmux ¢ yxke npejcrabiageT cobon raobansuem 110D (cMm. aurepa-
TypHEE yka3aHui K raase 1). B page pa6or msydanack BOBMOXKHOCTE INIPEACTaBIEHHA
ollepaTOpHON 2KCIOHEHTH exp(—tA) 1 ee Aapa B TepMUHAaX KOHTUHYAIbHBIX HHTEPAIOB
Tina Pentamana (cum., Hanpumep, Macaos n Hlummapes [1]).

OTMeTuM, 9TO METON TONYI€HNUA ACHMITOTUKH CIIEKTPaJbHON (hbYHKIIUU, OCHOBaH-
HBEI HA PACCMOTPEHHUN I'UMEepGoInvIecKOTo ypaBHEHNA, BIIEPBhIE HCIOAb30Bajcd JlesuTa-
noM [1]. Ykaxem eme paGory JleBurana [2], cogepkamyio BaXKHble 1o6aBIeHHA K padore
Xépmangepa [4].

NanbHennme pe3yabTaTh 06 aCHMOTOTUKE COGCTHEHHBIX 3HAYEHUN, CBA3BIBAIONINE
TOT BOIPOC C FeOMeTpUEN GUXapakTepUCTHK, MOXKHO HauTu B paboTax Komen me Bep-
owe [1], szapana [1], doncrepmaata [2], Banncrenna [1], IHaupeasmana [1]. Oco6o
ormerum pasoty [liolicrepmaara n ['uitemuna [1], e Mpu HEKOTOPEIX P e ITIOI0KEHUAX
nosydeH Bropol wieH acumnroTuku N () npu A — 400 418 caMOCONpPAKEHHOT'O 3JLIHII-
THUYeCKOro ollepaTopa Ha 3aMKHyToM MHoroo6pasun. C nomomsio 1OP Pozenbarom [1]
MOy Y9I O9€Hb TOYHBIE PE3YJbTATH 06 aCHMITOTHKE COGCTBEHHBIX 3HAYEHUU A OTie-
paTopoB Ha OKPYKHOCTH.

ITo moBoxy reomeTpun cekTpa cM. Takxke KHUry Bepxe, ['ogymona, Maze [1], cTa-
Thio Momganosa [1], a Takxke naTepecusre padorsr ['maku [1], [2], [3].

Mpbr coBceM He Kacaanuch BOIPOCOB, CBA3AHHBIX C ACHMIITOTUKON CIIEKTPa HETa TKUX
WU BHIPOXK TAIONINXCA ONIEPATOPOB H PAHNYHHIX 3a1a49. [[o 2ToMy MOBOTY MBI OTCELIAEM
qurareas kK JekuuaMm Bbupmana n Coaomska [1] m k ux o63opy [2], rge MoxHO HaluTH
TakKxKe o6HIUpHYI0 6ubanorpaduio Mo aCUMOTOTHKE CIIEKTPA.

O630p pAga BaXXHBIX PE3YJbTATOB, KACAIONINXCA Pa3JOKEHHN o COGCTBEHHBIM
pyHKUUAM, MOXKHO HATH B cTaTbe Anumosa, Vasuna u Hukumuna [1].
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K I'TABE 1V

Teopusa [1/1O B R™, no cymecrBy, BO3HUKIa y¥Ke TaBHO B paMKaxX MaTeMaTuYdeCKNX
BOIIPOCOB KBaHTOBON MexaHUKH (cM, HanpuMep, bepesnn (1], Bepesun u llly6us [1], [2]).
Paszau4nble BApHAHTHL 5TOU TEOPUH MOXKHO HalTH B paGoTax Pa6unosuya [1], Kymano-ro
[1], [2], Tpymmna [1], IHy6una [1], [5], Buaca [2], Penruna [2].

B pa6orax Buaca [3] nu [lly6una [5] o6cyxgaeTca cTpyKTypa onepaTopoB, ABJAIO-
mnxca dyuakunamvu ot [IJO B R™ ¢ paBHOMEPHEIME 11O Z OLEHKaMH CUMBOJIOB (TaKuX,
kak y Kymano-ro [1]).

Pazauunbie Bonpoch, ceazaHHble ¢ dpearoibmobocThio 1170 Ha HekoMHAKTHBIX
MHOToo6pasuax, obcyxnaorca y Kopgeca n Mak-Oyosna [1]. Pag pa6or nocaegnero
BpeMenn nocedamed 1110 Ha HuabnOTeHTHHIX rpynnax Jlu (B ocob6eHHocTH Ha rpymme
lenzen6epra) — cm., nanpumep, Pormunasg n Crens [1].

IIpusoaumoe 3geck nocrpoenne aare6per [110 B R™ 6amxe Bcero x pa6ore ly-
6una [1]. IlonaTHe aHTHBUKOBCKOro cuMBoJa GBLIO BBegeHo BepesunniM [2] n apasercs
BapunaHTOoM KoHCcTpykuun Ppugpnxca [1] (cm. Takxe Kymano-ro [1], [2]). Ilo moBoxy
MPUJIOKEHUH BUKOBCKOI'O U aHTUBUKOBCKOT'O CUMBOJIA, a TakkKe Gojee o6MIHUX CUMBOJIOB
cM. paGorst Bepesuna [2], [3], Bepesuna u Uly6una [1], Hly6una [2], [3]. B pa6ore Bepe-
3uHa [2] ¢ moMombIo HepaBeHCTB Aad Sp exp(—tA) Hony4deHa acHMITOTHKA COGCTBEHHBIX
3HaYeHUN (6e3 OIIEHKU OCTaTKa). Pesyasrarer § 25 u § 26, o cymecTBy, cogepKaTca B
pabore Illy6una [1] (cm. Taxxke [4]). Hakonen, MeTox npu6amkeHHOro CIIEKTPalbHOIO
npoeKTopa u Bce pe3yabTaThl §§ 28—30 conepkaTrca B paboTe Tyaosckoro n [lly6una [1].
Baxnas mogudukanus aroro MeTo 1a npeaoxena Peinrunsim [1], [2].

YkaxeM, 4To MeTOH MPUBIUKEHHOIO CHEKTPAJLHOIO MPOEKTOpa, MO CYIECTBY,
ABJAAETCA BAPUAIIMOHHEIM MeTO ToM. BapualuonHbie MeToqbl 6€pyT Ha4daldo C KJaaccude-
ckux pa6ot . Benus [1], [2]. [ HaX0XK TeHUA aCUMITOTUKHN COGCTBEHHBIX 3HAYEHHH
onepaTopoB B R"™ MOXXHO IpUMEHATH 1 Tay6epoB MeTog — cM. paboTy KocTiodenko [1].
O630p BCEX pe3yabTATOB MO ACUMITOTUKE CHEKTPpa onepaTopob B R™ MoxHO HallTH B
yie nuTuposasmielica pa6ore Bupmana n Conomsaka [2].

K no6aBanenuwn 1

IMousaTune BomHOBOTO hpoHTa 0606IIEHHON DYHKIIMH GBLIO BBEIeHO XEpMaH 1epoM [6]
Ha OCHOBE CyIeCTBOBABILIETo paHee n npuHagiexamero Caro [1] MOHATHA CHHTY IAPHOTO
HocuTe d runepdyHKINN.

Teopema o pacnpocTpaHeHUN 0COGEHHOCTEN B yKa3aHHOU 30eCh hopMe TIPUHAIJIE-
xnt loncrepmaary u Xépmangepy [1] (cm. Taxxke Xépmangep [8]). IIpusogumoe 3gece
MOKa3aTeNbCTBO NpUHAMICXKHT TynoBckoMy. /[pyroe nsnoxkenne Mo 1HO HAUTH B JEKITAAX
Hupen6epra [1]. B page nocaegyomux pa6oT paccMaTpUBAINCh 50/1€€ TOHKNE BOIPOCHL,
CBABaHHEIE C PaclpoCTPaHEeHNEM BOIHOBEX GpoHTOB (cM., HanpuMep, pabory Vepus [1]
U NMEONINECHA B HeH CCHIIKN).

K no6aBanenunmn 2

B sToMm mo6abaennn usiaraioTca pesyabTaThl Ponr6ypaa [1]. Bauskuil pesyasrar,
HO Ge3 OLEHKH OCTAaTOYHOro 4ieHa 6bl1 moaytdeH Bepesunbm [2]. [pyrue ceegenus o
KBa3UKJIAaCCHYeCKIX aCUMIITOTHKAX U JUTepaTypHBEe YKa3aHUA [0 3TOMY IHOBO Y MOXKHO
HailTu B MoHorpadun Macrosa u Pegopioka [1].
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ILioTHOCTH Ha MHOrOO6pasuu 51
Ilonsipuoe pasaoxkenue oneparopa 288
IIpeo6pazosanue Pypre 13
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IIpocrpancreo llsapa 13

Tlces go guddepeHImMaILHBINT
(I110O) 28

— — kJaaccudeckun 43

— — — c napaMeTpoM 95

— — — saamnTuYeckun 54

— — — — c mapameTpom 95

— — Ha MHoroo6paszuu 51

— — cob6cTBeHHBIN 29

onepaTop

— — NOTUYECKUN 54
IIceBmomokanbHoCTh 28

PezoansenTa 86

— saaunTuydeckoro tuddepeHInalIbLHOTO
omnepaTopa 102

PezoabsenTrr cumpoa 111

Pumanosa meTpuka 183

Cumsou 32

— aHTHUBUKOBCKMI 208

— Bemesckui 200

— h-BelieBcKkmit 265

— BHKOBCKMH 212

— PUNOJINOTHYECKUN 53

— — ¢ napaMeTpoM 94

— riaBHBEIN AnddepeHInaILHOrO onepa-
Topa b3

— — kJaaccudeckoro [1]O 54

— AyaJbHBIN 41

— KJjgaccmieckun 43

— — ¢ nmapaMeTpoM 95

— KomMmo3unuun 41

— aesnin 200

— moJHBIN 32

— npapbin 200

— pe3oabBeHTHI 111

— CONpsAXKEeHHOr'o ornepaTopa 41

— TPaHCIOHMPOBAHHOI'O onepaTopa 40

T-cuMmBoJ 200

h-BeNIEBCKUI CUMBOJI, h-CUMBOJ 265

CUHTYJAPHBII WHTErPAJbHBIN OIEPATOD
45

— — — OJHOMEepHBIN 52

Caen oneparopa 223, 286

Co6cTBeHHOe oTob6paxkenue 29

Co6cTBeHHBIE (DYHKIUM 3JIIUNTHYECKOTO
IL10O 87

Co6creennsm 110 29

— — ¢ napaMeTpoM 94

Cnapuanue 78

CriekTp 86

— QUCKpeTHHLIN 222

CnexkTpanabhan dyHkius 147

CrnekTpaJbHEIN IpoeKTop 146

Tononorns 8 CP(M) 77
— B H¥(K) 72

— B H(:Somp(M) 76
— B Hlic(M) 76
— UHAYKTUBHaA 76

— caabada 24

PaszoBas byukuusa 15

— — HeBBIPOXJdeHHad 19

— — omnepaTopHada 24

DpearoabMos onepaTop 81

DyHKIINA ¢ COGCTBEHHLIM HocuTeaeM 31

(-bYyHKUMA SIIUNTUYECKOrO OllepaTopa
130

DurepoBa XapaKTepUCTUKaA KOMILIeKca 91

DIUNTUYECKII nuddepeHInaILHEIT
omepaTop 53

— kaaccumieckun [1]0 54

— TIJIO 54

Amrepuas nHopma 290

Apepuwin onepaTop 286

Anpo B cmurcae JI. lsapua 24
— — — NOP 23

— omnepaTopa 81



VKA3ATEJDL OBO3HAYEHNN

a(z, €, A) 111 dz, d€ 13
oM (z, €) 113 /9% 54
A, 104 2'(X) 17
A7 106 2'(M) 51
Az(z, y) 130, 131 e(z, y, t) 147
bom—jlz, & A) 114 e(z, A) 235
B_m_j(}) 115 &'(M) 51
B(N)(/\) 115 E'(Y) 24
bo_m_](x, &, A) 111 &\ 230, 234
b7, &) 116 Fred (Ey, F») 81
B _ 116 F,, 267, 274
B9, B((JZ\,)) 117 Gm(RM), G, G 198
b0 (, €) 112 G 238
’B((JZ\,)), 'BE) L) €) 118 HGT ™o (R7), HGID 0 214
br(w, £) 200 HL7"™0(X) 53
O (R™) 197 HL7 2 (X, A) 95
C(E1, F2) 84 HSZ)"’(;"” 53
CL™(X) 43 HST0 (X X R™, A) 94
Coker A 81 H#(K) 68
CLT (X, A) 95 H(M), HE, (M), Héymp(M) 68
CS™(X xRY) 43 Hs(R™) 70
CST(X xR™, A) 95 HT» ™o RYN), HTV ™ 214
Cee(R™) 199 Im A 81
C§e(X) 15 index A 81
Csp 18 Int K (MHOXKECTBO BHY TPEHHHUX TOYEK I;')
9, 9% 13 75
D), D; 14 I (au) 15
J

D, D‘f 14 Ker A 81
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K 4 23,199

Z(Ey, E2) 81

LZ?(;(X), L% s, L™, L™= 28

Lg?(g;d(X7 A) 93

N(t) 133

0(G, Lz,lé(M))’ 0(G, S;’fé(X)) 116

P, 208

Q°(R™), Q° 215

R. 69

R (pesoabbenTa) 86

R 18

S1(H) 286

S2(H), S2(Hy, Hz) 283

sing supp A 18

ST (X xRN, S
ST 15

ST a(X xRN, A) 93

Sprtt 268

Sp A 224, 286

V() 134

Vo (t) 147

WF(u) 253

z; 121

rm(rY) 195

vt 238

~; 130

SM(X xRN), §™,

5 (@) 121

A 54

Ca(2) 130

6(¢, \) 114

3 130

s (x) 121

[A™(T*M)| 51

A, 68

7 (R®™) 196

paly) 159

ol €) 32

alz, &) 41

TA L OA, ry OA, w 200

ol (@, £) 40

T 268

T-cumpoa 200

Do (x) 207

b, (z) 207

[|-1l1 (azepnas HOpMma onepaTopa) 226

[|-]l2 (ropma I'mae6epra—IlIMugra ome-
paTopa) 283

~ (manpumep, a~ Xa;) 33

" (manpumep, 4) 13

(-} (manpumep, (z)) 14

|| (o-myasTunHEEKC) 13



