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BrbI Bce 3HaeTe, UTO mocae DUHIITENHA B KI1ACCUIeCKON, HEKBaH-
TOBOW, TEOPUM I'PABUTALANA MTPOCTPAHCTBO-BPEMA MOIEINPYETCA
TICEB TOPUMAHOBBIM MHOT0OOpasueM ¢ curaarypon (1,3). Ho mep-
BOE, UTO cerdac MeHdA OyIeT 3aHIMAaTh, — 2TO I'PAHUIIBI TPOCTPAHCTBA-
BpEMEHU. JTO — MaTeMaTUKa.

Bropoe 6yneT oTHOCUTHCA K «pU3UKe», K HAOJIIO JeHIAM; HanOo-
nee OymeT MeHA 3aHMMAaTh KOCMOJOTTYecKoe BpeMdA. f1 mocTaBm
GU3MKY 37ech B KaBBIYKAX 110 TOW NPUYMHE, UTO MOYTH BCA (u-
3UKa, K KOTOPON MbI IIPUBBIKIN, 3aHUMAETCA MacIITabaMu, KOTO-
pBble CPABHUMBI C YeJOBEYECKIM MacIITaboM, WM MHOTO MeHBIIIE,
c yxogoM B Mukpomup. Ha Takux macmradax desoBeK MOXKET Ha-
OMIOIATH, MOXKET 3aHUMATHCA DKCIIEPUMEHTOM, HAKOHEIl, JeJ0BeK
MOYXKET 3aHUMATBLCA TEM, UYTO A Ha3biBaio nHxKeHepuen. OH MOXKeT
COYMHATH KaKNe-TO MEXaHW3Mbl ¥ CMOTPETH, pab0oTaioT OHU WK
HET; ecl MeXaH3M paboTaeT, TO MpeKPacHO, eCIu He paboTaer,
TO MOXKHO TIBITATHCA TOHATH, TToYeMy OH He paboTaeT. Ha dgeno-
BEUECKUX MACIITa0aX WHXKEHEPUA UTpata OUPOMHYIO POIh. IJTO
elle He dKCIepuMeHTalbHad (pU3nKa, He TeopeTudeckad pu3nKa,
HO HEYTO, 9TO OBLIO THIIen 414 ¢pu3nkn. Ha macimradax BceTeHHO
COBEPIITEHHO HEBO3MOXKHO 3aHUMATHCA HI DKCIIEPUMEHTOM, HIT MH-



KeHepuen. TyT MOXHO TOJBKO HaOMOAATH. Kcam BBl 10 9ero-to
JOTaIaMNCh, TO BaM HYXHO OYeHb JOITO AyMaTh W 4decaThb 3a-
TBUIOK: & 9TO OBl TaKOe HaOMIOCTHU, YTO MOTVIO OBl OTY MOTamKy
OTTPOBEPTHYTH MIN KaK-TO YaCTUYIHO TIOATBEPANTh.

TpeTre TOXe MaTeMaTUIeCKOe: 9TO TMPOUCXOIUT C KOCMOJOT -
JeCKUM BpeMeHeM Ha rpanuie? OTO BOIPOC, Ha KOTOPHIA MHE He
CMOT HIYeTro cKazaTh [lerpoys; ero nokmtan B bonHe, mpoucties-
M TTPUMEPHO MOATOpa Tofa Hazajd, OdeHb MeHA BIOXHOBII Ha,
2Ty paboTy.

HeTBEPTHIM MyHKT — DTO TOXKE MaTEeMATHUKA, COEIUHEHNE TPU-
BEITHON aJrebpamtdecKon IeOMETPUM W TeOPeTUIeCKON (PU3NKH
(kocmonorum). MoayaapHbie KpUBLIE, ¢ OHOW CTOPOHBI, U MO
BCEJIEHHOU, KOTOPhIE MO-aHIMIUUCKKA HasbiBaloTcsa Mixmaster Uni-
verse, — ¢ APYT'OU. DTO HEKasd BIOJHE KOHKPETHas MaTeMaTude-
cKad MOJeTb, WK, eCcIu yroAHO, KOHeYHOMepHOe MHOI0oOpasne
MaTemaTdeckux mozgenen. ComocTaBaeHe ¢ MOIYIAPHBIMU KPU-
BBEIMI UT'PAET BayKHYIO POJb B TOM, ITO A OYIy PacCKa3bIBATE.

1, makoHel, MATHIN MYHKT — TPAHUIBI I X MEPEXOIBI, CMECh
MaTeMaTUKA 1 (PU3UKH, T e OOTBITYIO POIb ChIrpa fokaa [lerpo-
y3a, CTUMYJIUPOBABIINN 2Ty paboTy. [leHpoy3 ncnoab3yeT TepMuH
CTOSSOVeT.

[apanTe 1 HauHy ¢ rpanui. Mbe cHavana HY»XKHO oblee ITo-
HATHWE TPAHUIIBI, KOTOPOE MOYKHO BBECTH B KAKOM-TO KOHTEKCTE,
ckaxkeM, nuddepeHImaIbHOn reoMeTprun. Eeam y Hac eCTh KaKoe-
TO MHOrooOpasmue M, He 00A3aTeIbHO KOMITAKTHOE, TO Y HETO MO-
KeT OBITH OTKPLITOE IToaMHOroo6pasue MY, KoTopoe MOXKeT Hac
MHTepecoBaTh. B MHOTO0Opasnn M HYXHO B3ATH 3aMBIKaHNIE TI01I-
mHOoroo6pazus MY

M > M c M.
Torna ornocurersHo curyamuu M C M (M 0 He camo mmo ce-
e, a KyIa-TO BIOXKEHO) PAasHUIIA MO \ M 0 370 rpanuma. ['pa-



HUIIA, TAaKIM 00pa30oM, ABIAETCA OUEHBb IePEMEHHON TeOMeTprte-
CKOU CTPYKTYPOU; OHA OTpefeneHa He caMUM MHOT00OpasneM, HO
MHOT'000pa3neM ILTIOC €ro BIOKEHHE B IPYroe MHOT006pasue. JTo
OYeHb BaXKHO.

['parnIia nCoNb3yeTCA AIA TOT0, YTOOB M3yYaTh aCUMIITOTH-
yecKoe TIOBefleHe TUHAMUYeCKUX CUCTEeM U, B YaCTHOCTU, pellle-
il auddepeHnnanbHeX ypasaenmit. Bemm va MY ecth kaxas-
HUOYIb XOpOIIo cebA BeayIiad JUHaAMUYecKad cucTeMa Win aud-
depeHImaTbHOe YPaBHEHNE, TO MBI MOvKeM mpucoennHnTs K MY
TPAHNIY W CIPOCUTH: BEAET JU OHA cebA XOPOIIo M Ha T'paHuIle
1 TIO3BOJIAET JIU OHA Y3HATH YTO-HMOYIb HOBOE 1 MHTEPECHOE OT-
HOCUTENBHO TOBEAEHNA DTON JUHAMUYECKON CUCTEMBI WM DTOTO
muddepeHInaT-HOTN0 YpaBHEHNA Ha Tpannie. [ panuia — 2TO WH-
CTPYMEHT [JIA U3ydeHue aCUMITOTUYECKOTO MOBeIeHA TOT0, YTO
Hac MHTEpecyeT Ha DTOM yPOBHE.

Tenephb A mpuBeny ABa MpuMepa, KOTOPbIe Oy YT I1d MeHA IIeH-
TPATBHBIMI B JATHHEHIIIEM.

[Tepsbi mpumep. [IpeamonoxmM, 9TO y HAC €CTh MPOCTPAHCTBO
Munkosckoro M*?, T.e. mIOCKOe TICEBIOPUMAHOBO MHOI006Da3ue
¢ curratypon (1,3) (mmm (3,1) — kak mam ymo6mo). Kax mHO-
roobpasme OHO — IMPOCTO BEKTOPHOE MPOCTPAHCTBO, TOJIBKO 0O€3
pukcmpoBaHHOTO Hava a. Havamso MOXKHO MOMECTUTH B TI000€ Me-
cro. Torga, ecamm BooOpaxkaTh cebe, ITO MBI BEIOpaaInd HAYAJIO0 1
M* cTamo BeKTOPHBIM IPOCTPAHCTBOM, TO €TI0 MOXKHO TTOTPY3UTh
B TIpoeKTUBHOE npocTpancTro: M4 C P*. Tyt ecTb 1Ba BapuanTa:
BEIIECTBEHHBIT W KOMILIEKCHBIN. ECIn B KOMIIIEKCHOM BapuaHTE,
TO TOYKW Ha 6ECKOHETHOCTH, T.e. Ha rpanuie M*, B3amMHO 01HO-
3HAYHO COOTBETCTBYIOT KiaaccaM HpAMBIX B M* ¢ ToyHOCTBIO 110
caBura. C TOYHOCTBIO IO CABUTA — IOTOMY UTO HAYAJ0 MOXKHO
O6paTh The YIOIHO. Kean BB UKCIPOBAIN HAYAI0, TO DTO TMPOCTO
pAMBIe, TTPOXOJAIIe depe3 Hadaa0. VX Kracchl Ha OECKOHETHO-



CTU — DTO OJHA TOYKA. IJTO €CIN KOMILIEKCHBIN CIydanl. A ecan
CTy9dall BEIECTBEHHBIN (3TO TOXKE BAXKHO 1A KOCMOJOTHIECKIX
MOJIeJIeN), TO TOTa BO3HUKAET MATEHBKAA TOHKOCTH. Kcam Beé
BEIIECTBEHHOE, TO B MIPUHIINIIE MOXXHO PACCMATPUBATL HE TTPOCTO
IpsAMBIe, HO U TPsAMBIE ¢ OpueHTalmen. Torga Ha 6€CKOHEIHOCTH
OyZeT JexKaTh JBe TOUKU. JTO UYyTh-UYTh HEIMPUBLIYHOE 1A aJ-
rebpanviecKnx reoOMeTPOB PA3ININE MEX Y BEIIECTBEHHON 1 KOM-
TIIeKCHON TeoMeTprel. 3aech rparuma OM* = P3 — Tpéxumeproe
TTPOEKTUBHOE MTPOCTPAHCTBRO.

Bropon ocHoBHOM mpuMep — 570 pasgyTue. Korga Mbl XOTUM
YCTPOUTL Pa3IyTHe B OJHOW TOYKE P, TOIJa Mbl BBIHIMAaeM U3
M oty Touky: M\ {p}, n BMecTO Heé BKIEMBaeM TPOEKTUB-
HOE TIPOCTPAHCTBO KacaTeabHbIX HamnpapieHnn. OmATh TO Ke ca-
MO€ PA3IIINe MEXK Y KOMILIEKCHON U BEIMIeCTBEHHON I'eOMETPUEN:
I KOMIJIEKCHOW TeOMeTPUM TTPOEKTUBHOE MMPOCTPAHCTBO, KOTO-
pOe BKJIEEHO BMECTO TOYKU, DTO KOMILIEKCHOE TPOEKTUBHOE MPO-
CTPAHCTBO, & JJIA BEIIECTBEHHON TeOMETPUN —— TO IIPOCTPAHCTBO,
COOTBETCTBYIOIIEE OPUEHTUPOBAHHBIM TTPAMBIM.

Teneps A K aTOMY 100ABIIO OJUH HE OY€Hb CYIIECTBEHHBI MO-
MEHT, BBE/[If IPAMO Ha KapTUHKE (puc. 1) HBIHENTHIO CXeMy TOTO,
KaK YCTPOEHO MPOCTPAHCTBO-BPEMA BCETEHHON B KOCMOJOT .

Bbl 1omKHBI BOOOPa3nTh ce6e KOCMOJIOIMYECKYIO MOIEIb YeThI-
PEXMEPHOTO MPOCTPAHCTBA-BPEMEHN Ha MacITabaxX MHOIO-MHOT'O
60JBIIIe TeX, K KOTOPBIM Bbl NPUBLIKIN. [lo HU3Y maéT ochb Bpe-
MEHU, U TPOTKEHNE OT HYJIeBOM TOYKU IO TOYKH, B KOTOPOU
MBI CEMYaC HaXOAUMCA, 2T0 mpuMmepHo 13,7 mummmapga jget. O1-
HAKO BPEMA DTO HE HAWMBHOE Hallle BPpeMsA B COMHEYHOU CUCTEME,
a KOCMOJOTUYECKOe — O HEM A elme Oyay TOBOPUTH. Ha pucyH-
Ke TIPOCTPAHCTBO B KaXKIbII MOMEHT BPEMEHU —— 3TO BEePTUKATIh-
HOe ceveHMe. | 7e-To B panlioHe HYJIEBOTO BPEMEHM COTVIACHO Ma-
XaHIIO PYK, K KOTOPOMY IPUBBIKIN KOCMOJOIH, TIPOU30IIET Bob-
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Puc. 1.

0N B3PHIB. []0 HEro MpoCTpaHCTBa-BPpeMEHN He OBLIO, ITPOU3OIIET
Boabion B3phIB, U JaJIbIle HACTYIWIA 3II0Xa, B TeUIeHNEe KOTOPOU
MTPOCTPAHCTBO Pa3yBaJOCh C HEBEPOATHOW CKOPOCTHIO, MHOI'O-
MHOT'O IIPEBOCXOAIIEN CKOPOCTH CBeTa. JTO OBbLI TaK Ha3biBae-
MBIT TTepUO ] MHPIAINAN, KOTOPBIA MTPOJ0MKAICA HE OUeHb JOJTO,
HO TIprMepHoO 32 1073 KocMoIOrmIecknx ceKyHI HIYIero MpeBpa-
TUIOCH B OIPOMHOE MPOCTPAHCTBO-BpeMs. U mankie mpogomka-
JIO PaCHIIPATBCA ¢ yKe Oojee BooOpa3uMon cKopocThio. Cemrdac
TTPOCTPAHCTBO-BPEMA C YI€TOM T'PaBUTAINU, C YCPETHEHWEM II0
CBEPXTAMAKTUICCKIM MacCIITadaM, ABIAETCA TTOYTH TLIOCKUM U, TI0
KpalHen Mepe JOKAJBHO, TO, YTO MbI MOXKEM HaOMI0JaTh, TTOX0XKE
Ha MMPOCTPaHCTBO MUHKOBCKOTO.

Teneps A npencTaBIiO, YTO PUC. 1 — DTO KaKad-TO KOHKPETHO
BLIOpAHHAA MO, KAKOe-TO IICEBIOPUMAHOBO MHOT00Opa3ue, u
crenaro caexyiomee. Ty TOYKY, B KOTOPOW TPOW3OIEn Boabimon
B3PLIB W HAYaJOCh paclimpenne, WHMIALIUOHHOE B YaCTHOCTH,
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Puc. 2.

pa3ayio, cieaaio U3 Hee TuBM30p. Ha pucynke 2 m300pakKeHo ITo-
TO BPOJ€e MTPOEKTUBHOT'O MMPOCTPAHCTBA, KOTOPOE TYIa BKICATCA.

Ho B aToM MPOEKTUBHOM MPOCTPAHCTBE €CTh €IIE OJHa CTPYK-
Typa. A HMEHHO, [IeJO B TOM, UTO pa3 Ha DTOM KacCaTeIbHOM
ITPOCTPAHCTBE €CTh METPUKa, TO CPpean KacaTelbHBIX HaIlpaB/e-
HUN BBIJEIEHBI HYJEBbIe KacaTelbHble HanpaBiaeHuda. OHUM TOxKe
00pa3yoT AUBU30P. DTOT AUBU30P B KOMILIEKCHOU T€OMETPUN —
KOMTLIEKCHAA TMPOEKTUBHAA KBaJpuKa (MPOU3BEICHUE TPOEKTUB-
HOU MIPAMOU Ha TIPOEKTUBHYTO MPAMY0). S mombITascsa u300pasuTh
BEIIECTBEHHYIO (hOPMY 3TON KBAIPUKU, OOBIYHBIN TUIEPOOJION] C
IBYMA CeMeHCTBaMH IPAMEIX P!, KOTOpble YMHOKAIOTCA OTHA HA
apyryio. Bes sTa mpoekTrBHAA KBaAPUKA JEXKUT B TPEXMEPHOM
TPOEKTUBHOM MTPOCTPAHCTBE, KOTOPOE A BKIEMT Ha I'paHutie. Tam
re mpocto P2, a P? BMecTe ¢ IpOCTPaHCTBOM HYIEBBIX HAIIpaBIIe-
HIL.

Ecnu BBl Teneph yITETe TO 0OCTOATETHCTBO, YTO COBPEMEHHAA



BCENEHHASA BBIMVIAAUT MOYTHU ILIOCKOW, MOYTU KaK MPOCTPAHCTBO
MuHKOBCKOT0, 1 BOOOpa3uTe cedbe, ITO B JOCTATOTHO OT JATEHHOM
Oy AYIIIEM 3TO TLIOCKOE TTPUOIIMKEHNE — DTO JOCTATOYHO XOPOIIee
IPUOMIKEHNE K CTPYKTYPE MPOCTPAHCTBA-BPEMEHM, TO TOI'Ia, BhI
3HAETE, YTO MOXKHO IIONPOOOBATH MPUKIEUTH TYAA ITPOCKTUBHOE
TIPOCTPAHCTBO. DTO OyeT BTopas rpanuiia. Ilepson rpannien 6bl-
Ja IpaHKlla B MOMEHT HYJb, BTOpasd T'paHuia OyaeT T'paHula B
MOMEHT O€CKOHEYHOCTh. U A X041y OTMeTUTh, ITO B 3TOM T'DAHU-
IIe B MOMEHT OeCKOHEYHOCThL TOXEe e€CTh KAHOHWYIECKN OTMeYeH-
Had KBaJprka. A MMEHHO, BO3BMUTE JMI0OOUW CBETOBOW KOHYC Ha
KOHEYHOM PACCTOAHUY, PACCMOTPUTE KOHIIBI BCEX CBETOBBIX I'€O-
Ne3MIecKnX, KOTOphIe Ha HEM JeXKaT, OHM HaXOJATCA Te-TO Ha
6eckoHeYHOCTH. Terneph BO3BMUTE IPYyron cBeTOBOM KoHYC. OnnH
KOHYC TIOJIyYaeTcA U3 IPyroro napajieIbHbIM nepeHocoM. [1oaTo-
My COOTBETCTBYIONINE HYIEBBIE T'€0Je3MHIecKe Y OMHOI0 KOHYCa 1
y IPyroro KOHyca MMeIOT O0IIyio TOYKY Ha OeckoHedHocTu. Ha-
00p 2TUX OOMIMX TO4YeK Ha OECKOHEYHOCTHU, Oa3bl BCEX CBETOBBIX
KOHYCOB, OHI M €CTh Ta KBaJpuKa, KOTopad y HaC IMOABIAIACE.
N »To 6osee cylmecTBEHHO, MOTOMY YTO IOCIE 3TOIO BbI BUIU-
Te, YTO B CAMOU IPOCTOU, HO M CAaMOU OOIIEeN CUTYAIIUU, €CIUA B
BO3BMETE TIApy MPOCTPAHCTB TAKOT'O TUIIA, TO BBl MOXKETe TOCTe
pa3nyTuAa HYJEBOU TOYKU MPUKJIEUTH TO, YTO MOJYIUIOCH, K IPY-
TOMY IIPOCTPAHCTBY Ha O€CKOHEYHOCTH, IOCTABUB YCIOBUE, UTOORI
COBIAJAIN 3TU O3Bl CBETOBLIX KOHYCOB.

Teneps gaBanrTe A HEMHOT'O 0OCY:KY B KAieCTBEHHOM OTHOIIIE-
HUM, 9TO TaKOoe KOCMOJOI'MYECKOe BpeMsdA. 3eCh BaM HYXKHO II0-
MHUTB, ITO KOT'Ja BhI PACCMaTPUBAETE KaKYIO-HUOYIb SUHIITEN-
HOBCKYTO (mmn faxke MUHKOBCKOTO) MO/I€/b TIPOCTPAHCTBA-BPEMEH,
TO TaM HUKAKOI'0 abCOTIOTHOIO KOCMOJOIMYECKOT'O BPEMEHU HET.
Yo Tam Takoe Bpema’! TaM ecTh MaTeMaTHIECK TOYHO OIpeIe-
néaHOe ds? — JMOKAJIBbHBEIM KBAIpaT MeTpUKn MHIHKOBCKOTO, KBa-



nparudHasg GopMa Ha KacaTerbHoOM mpocTpancTie. Y Heé (1,3)
nmm (3,1)-curnaTypa; ckaxeM, di? MUHYC KaKag-TO KBaIpaTHIHas
dopma oT dx, dy u dz. OTa dopMma omnpenereHa UHBAPUAHTHO,
a caMi KOODMHATHI He onpefeteHbl. Kak BbI MOXKeTe TOJYYIUTh
KoopauHaTy ds? Beibepure Kakyio-HIOYIb KPUBYIO M OIPAHUYIbTE
Ha He€; Toraa 7o OyIeT eCTeCTBEHHOE BPeMA BIOJb DTON KPUBOM.
CxaxxeM, BbIOepuTe Teonesnmteckyto. Torna n3 dopmsl ds?, orpa-
HUYIEHHON Ha 3Ty Ie0Ie3WUEeCcKyl0, MOXKHO W3BIEYL KBaIPATHBIN
KOpeHb — »T0 OyaeT 1-popma, KoTopas JOKATbHO U3MePAET BpeMs
BJIOJb DTON KPUBOU, BJIOIL DTOU reonesndeckon. CKaxkem, B IIPO-
cTpaHcTBe MUHKOBCKOTO, €CJIM BbI BEIOMPAETE T'e0Je3NIeCKYI0, KO-
TOpas JEXUT BHYTPU CBETOBOIO KOHYCaA (BPEMEHUTION00HYO Teo-
JIE3UHUECKYI0), TO TOra OrpaHuveHne €€ COOCTBEHHOT'O BPEMEHN
Ha Heé — DTO TO K€ caMoe, ITO orpaHmdeHne ds Ha Heé, rie ds>
~—— 3TO COOTBETCTBYIOIIAA METPUKA JUHIITENHA.

OTMeThTe, YTO Ha I'e01€3NIeCKIX, KOTOPbIE TTPOCTPAHCTBEHHO-
ONOOHBI, BpeMsA OKa3bIBAETCA YUCTO MHUMBIM. Ha ceTornomgo6-
HBIX De0e3UYIeCKNX BpeMA IMPOCTO ocTaHaBamBaeTca. I[losTomy
ecin Bbl BooOpasmTe cebe Bpalllalolleecs HaITpaBIeHUE T'e01e3U-
JeCKOM, TO TaM €CTb CTEHKa, KOTOpasd OIpPeNeIieTcsa CBETOBBIM
KOHYCOM. ['me-To Bpems BellleCTBEHHOe, TIOTOM BpeMA OCTaHABIN-
BAETCA, €CIU BBI JETUTE CO CKOPOCTHIO cBeTa (06 DTOM MHIIYT
BO BCEX TIOMYJIAPHBIX KHIUKKAX 110 TEOPUU OTHOCHTEJIBHOCTH), &
TIOTOM BpEMsA CTAHOBUTCA YUCTO MHUMBIM (TIPO 3TO B TOMYJIAD-
HBIX KHIDKKAX [0 TEOPUM OTHOCHTEIHRHOCTH HE IMUIIYT, TOTOMY
YTO MHUMBIE YNCIA ABIAIOTCA OYeHb TPYIHBIME [JIA MOIYIAPHOTO
W3M0KEHUA; 1 DTO 3aMeTal Jaxke, dnTasd JeKimn PerHmana).

Hukaxoro mecTa 14 KOCMOJOTUIECKOTO BPEMEHU B 3TOU KOH-
cTpyKuuy HeT. KocMomorudeckoe BpeMs BOZHUKAET TOJIBKO TOT A,
KOI/Ia BBl BKJIIOYaeTe B KAPTUHY HAOIIOLEHNA, HAOIIOLATEIbHYTO
KOCMOJIOTHIO, I TIOTOM COYMHAETE MM TOrO, ITO BRI HabJIIOJaeTe,



Puc. 3.

KaKWe-TO MaTeMaTUIecKe MO e,

[IBa mpmMepa, KOTOPhIE CBA3LIBAIOT TEOPWIO W HAOMIOJEHUA B
KOCMOJIOTM, DTO JOBOJBLHO PasHble HAOMIOLATETbHBIE BEIMIUHBI.
Omra — 5TO Tak Ha3bIBaeMasd TeMrepaTypa (a MHe OygeT HyXKHa
o6paTHag TeMIepaTypa) KOCMUTIECKOT0 MUKPOBOTHOBOTO paIua-
mmorHoro ¢dona. Cemvac MpUMHATO, YTO 3HAMEHUE, KOTOPOE IIPH
DTOM HabOIIOJaeTCA, TeMIepaTypa PETUKTOBOTO M3TYIeHNA, KOTO-
poe HAXOAUTCA B PABHOBECUM CO BCENEHHOU 1 KOTOPOE BOCIIPUHU-
MAeTCA PaJuOTeNeCKOTaMu, U3MepaeT TI0OAJTbHBIT BO3PACT BCE-
JEHHOW ¢ TOT'O BPEMEHN, KOTJa BCeleHHaA mepecTana ObITh HEITpo-
3padHON IJIA CBeTa. OTO CIVIMIOCH HE OYE€HbL CKOPO, IMPUMEPHO
vepe3 380 ThICAY JeT MOocae BombImoro B3peiBa, HO BCE-TAKU TI0
CpPaBHEHWIO ¢ MULIAAPIAMU JeT — JOBOJBHO CKOPO. f1 Hamen B
KaKOW-TO (PU3MIECKON CTaThe 3aMeYIaTeNbHYIO IIMTATY B KATeCTBE
srurpada (He TOMHIO TOJIBKO, KTO OBUI ABTOPOM DTOU IUTATHI):
«(IIorom bor ckazamr: [la 6yner cBer. U cBet cTan. Ho Bce paBHO
HITYero He OBLIO BAIHO, TOTOMY YTO HUYEro He ObLT0.» B mamHOM
caydae 3To He Tak. Korjga mMbl HabJIIOgaeM CBET, TO yKe MHOI'Oe
BIIHO. JTO OJHA HabIIOJaTeIbHadA BeudanHa. [pyras — 2To Tax
Ha3BIBaEMOE KPACHOe CMeIeHre 3BE3 HaOMII0JaeMbIX TaJlaKTHUK.
OHO TOXEe HPUBOAUTCA K COOTBETCTBYIOIIEN BPEMEHHOW OCHU, U
eIre OHO YMHOXKaeTCA Ha KOHCTaHTy Xaboua.

Ob6a »>Tn mHBapuanTa (A cewdac He GyIy TOBOPUTH 00 WX CBf-
31) CTaBAT HAOMIOJAEMbIE PATAKTUKYA HA PA3IUIHBIE CIOM KOCMO-
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Puc. 4.

Puc. 5.

JOTUYIECKOro BpeMeHn. Korga Mbl HabIIOJaeM MaTakKTUKY, TO MBI
MOYXKeM 10 HaOJI0JaeMOMY KPacHOMY CMEIIEHIIO OTHECTH CeYeHIe
(puc. 3) K TOMY W HTHOMY MOMEHTY KOCMOJOTUIECKOTO BPEMEHT.

Pucynok 4 m3obpaxkaeT HeKUU HEOECHBI CEKTOD; 3eMJIA HaXo-
TUTCA B IIeHTpe. 10, 9TO 3[eCh BRINIAIUT KaK TOUKHU, — KaxKJasd
TOYKA DTO TaTaKTUKA. 1eM raJakTUKa KpacHee, TeM CTapIIe 3BE3-
IbI B DTON TaJakTukKe. BHEIHuM Kpyr HaXOAWTCA, B OOIIEM-TO,
HeJaleKo, Ha, PACCTOAHUN TPUMEPHO IBYX MULIAAPI0B CBETOBBIX
geT. A TO, 9TO OEIBbIM OTMEYEHO, — DTO HEBUANMBIE MATaKTUKH;
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Marcel Duchamp, 1912

Nu descendant un escalier n® 2

Puc. 6. Mapcens [lioman, 1912

YBUIETH UX MEIIAET IIbLIb B HAIIE COOCTBEHHOU T'aJaKTHUKe. SHa-
YEHUA KPACHOIO CMEIIEHUA PACIOJIOXKEHBI TI0 BEPTUKAIBLHOU OCH.
[l KaXK 10N 13 TaK!UX TaJaKTUK OTMeYaeTCA TO CeUeHNne B ratak-

TUYIECKOM BPEMEHU, Ha KOTOPOM MbI €r0 BUAUM (pHUC. 5), TOTO-

)
MY YTO FaJaKTUYIeCKOe BpeMsa 0oJee I MeHee IIPOIOPINOHATBHO
1/T, rpe T' — memmepatypa.

M1 HabMOJaeM BceTeHHYIO TaK, Kak /[l1oran B CBOE BpeMsa Ha-
PUCOBAJ KEHIIUHY, CIycKafomyoca mo gectaute (puc. 6). Owna
BIIHA B Pa3Hble MOMEHTHI BpeMeHU A HAC OJHOBPEMEHHO.

Ternepsb g B 3Ty KapTUHKY TONBITAIOCh BKIIOYATH TPAHMILL. f1
IIePExX0XKY OT HAOMIOJEHNN K TeOPEeTUIECKON MO eI HAOI0 JeHIN,
TIOTIOTHEHHON TEOPETUIECKON MOETbI0, BKIIOYAIOMEN T'PaHUIIH.
Y MeHA moaydanoch Tak, YTO Ha TPAHMIE MPOILIOTO OBbLIA TOJBKO
TOYKa 1 BpeMsA HYJb, Ha IpaHuIle OyIYIIEro MOXKET ObITH IUBU-
30p W BpeMA 0eCKOHEYHOCTL. A MOTOM UTO WX 10 DTOTO UTO?
Mos gambHenmasa aprymenTanusa OygeT apryMeHTalluen B MOJb3Y
TaKoU KapTUHBL. fICHO, YTO B MOMEHT BoMbIIOro B3puIBa MK Uero-
HIOY b B DTOM poJie KIaccruiecKasa KapTuHa, B 00I1eM, HeTPUMeEHH-
Ma. JTO HEKOe YCpeTHeHre KBAaHTOBOU KapTUHLL. A B KBAHTOBOU
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KapTUHE IIPOUCXOIUT OYeHb MHTEPECHAA Belllb. B KBaHTOBOM Kap-
THHe BpeMa (UIYypUpyeT MMeHHO ¢ KoddduimenToMm v/ —1. Bel
3HAETE, UTO OMEPATOp DBOJIOINUN B KBAHTOBOW MEXaHUKE — 2TO
oneparop €' rie H — raMmibTOHMAH, U TO3TOMY BPEMA TaM
MHIMOe. Moé mpeanokerre COCTOUT B TOM, 9YTOOBI TIOMECTUTH TI0-
TYTPAMYIO KOCMOJOTMYIECKOT'0 BpeMeH! Ha KOMILIEKCHYIO TTPAMYIO
(maske, Ha caMOM [iefie, Ha, KOMILIEKCHYIO MTPOEKTUBHYIO TIPAMYIO),
1 OOBACHUTE BaM, TIOYeMY A IyMaro, 9TO B MOMeHT BpeMmeHnu 0, u
10 aHAJOTUM B MOMEHT BpeMeH! 00, BpeMsA MPOCTO TepecKaKnBa-
eT ¢ YNCTO BEIIECTBEHHOU MOMYOCH Ha YMCTO MHUMYIO TOIYOCh. A
Korga A pobepyck no Mixmaster Universe, 4 cKaxy, 9TO OHO He
TIEPECKAKMBAET, & CTATUCTUIECKN TTEPEXOANT C OJHOW Ha IPYTYIO
110 I'e0e3nIeCcKOn. | eo1e3mdecknx MHOT'O, Ha HUX €CTh XOPOIIas,
KpacuBasd, THTepecHad Mepa, U BpeMA B COOTBETCTBUU C DTOU Me-
POU TIpeBpaIaeTCcA 13 MHUMOT'O B BeleCTBEHHOE W HaobopoT. B
HyJJe MHUMOE TPEBPAIIAeTCA B BEIIECTBEHHOE, B O€CKOHETHOCTN
BEIIEeCTBEHHOE TIPEBPAIIAETCA B MHUMOE, & KOT'Ia MBI CKJIEBAEM
IBe TaKWe MOJEIN, TO COOTBETCTBEHHO CKIENKA TTPONCXOIUT OYU€Hb
eCTECTBEHHBIM 00pa30oM.

Korma MBI paccMaTprBaeM KapTUHKY KOMILIEKCHON IIJIOCKOCTH,
Ia eImre, KaK MBI TIOTOM YBUAWM, TY CTAaTUCTUKY, KOTOpas Hac
He WHTEPECYeT, TO OKa3bIBAETCA, YTO OYEHb e€CTECTBEHHO Pac-
CMOTPETH YUCTO MaTeMaTUYIeCKyl0 KOHCTPYKINMIO. KoMmIuiekcHad
TIOMYTITOCKOCTE, Ha KOTOPOU AEUCTBYET, CKaXKeM, TPyIIa IpOoOHO-
JUHEMHBIX LIEeIOYUCIEHHBIX TPEe0OpPa3oBaHNN, TTapaMeTPU3yeT d.JI-
JUTITUYIECKE KPUBBIE BMeCTe ¢ (PUKCHPOBAHHBIM 0a3WCOM OTHO-
MEPHBIX KoroMogaoruu. U ecam a4 oOBABIAIO, ITO BpeMA T'Ie-TO
TYJIAET TI0 TON KOMILIEKCHOU TIOJIYTIIOCKOCTH, TO XOPOIIO OBl MO~
HATH, €CTh JII KaKON-HUOY b (PUBUIECKII CMBICA ¥ COOTBETCTBY-
IOIMEeN DIIUNTIYIeCKONn KpruBou. I A OBLI COBEPIIEHHO CYACTIWB,
KOT'Ia, YATaA KIACCUIeCKYI0 (PU3MIECKYIO JUTEPATYPY, A 0OHAPY-
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XKW, 9YTO B TaK HasbIBaeMOU BcejaeHHon Ppuamana—PodepTcona—
Yoxkepa 2IIUITIIeCKIe KPUBLIE, TPUUIEM ITapaMeTPU3YOIINe NMEH-
HO BpeMsdA, MOABIAIOTCA caMu COOOU, TOMBKO (DU3UKU, KOHEYHO,
Tpo HUX He 3HaioT. [IpocTpancTBo-Bpema PobepTconaYokepa ——
DTO MPOU3BeNeHNe KOCMOJOTMYIECKOT0 BPEMEHHU t 10 IMOMYOCH 1
eI TPOCTPAHCTBA TOCTOAHHOU KPUBU3HLI (OHA MOXET OBITH 1,
—1 wm 0). B MomenT Bpemenu ¢ 5Ta METPUKA TTEPEMACIITaOUPO-
BaHa MHOXUTeneM [R(1). /luHaMuKa Takow MOMENN OMUCHIBAETCA
OHOU BemiecTBeHHON yHKIMen R(t), koTopas BospacTaeT oT 0
no 0o. Eemr yroano, mox#o caurats R(t) apyruM KOCMOIOTH-
JeckuM BpemereMm. Torga Mol ckamupyem R(t), momoxus R = 1
«cemvacy. VI Torga oxkasblBaeTCA, UTO €CIM BBl HAJOKUTE ypPaB-
HeHusa JuHmTenHa-Ppungvana #a R(t) ¢ KOCMOIOITIECKON KOH-
CTaHTON 3 B JAHHOM CIydae, TO BO3HUKAET JIIUITHIECKAd KPU-
Bad Y2 = R* 4+ aR + b. Y ¢pu3nkoB oHa HamucaHa, B paboTe eCTh
anrebpo-reoMeTpUIeCcKoe YpaBHEHME DILIUINTUYECKON KPUBOU, HO
OHI HEe OTOXKIECTB/IAIOT YpaBHEHUE C DJLIMITUIeCKON KpuBou. U
TOr1a, KpOMe COOCTBEHHOIO BPEMEHU ¢, ¢ KOTOPOT'O MBI HAYAIN, 1

kpome MHOXUTERI R(t), rmobarbHoe BpeMsa MOXKHO MEPUTH TeM,

;
9TO (PU3UKU HA3BIBAIOT KOH(POPMHBIM BPEMEHEM T = fOR(t) %; T
—— 2TO0 B TOYHOCTU MHTerpaJg or auddgepernmasa mIepBoro poaa,
OT HyJeBou TOuKM 10 R(t).

Bo Bcenennon punmana—PobepTcona—Yokepa BpeMeHHAA DBO-
OIS OTIACHIBAETCA (BO BCAKOM CIydae TOT[A, KOTTa BPEMS KIac-
cuYecKoe, BelllecTBeHHOe) BellecTBeHHON Kpusoil Y72 = Ri+aR +
b, c IByMsA nIapaMeTpaMu a 1 b, Ha aarebpamdeckoM MPOCTPAHCTBE.
I ecim BooOpas3uTh cebe Bce KOMILIEKCHBIE PENIeHnA U Iy Th-IyTh
OTHOPMUPOBATE MapaMeTpPHl, TO Y HAC BOZHUKHET aarebpamdecKasd
TTOBEPXHOCTH, W BpeMA Torga m3obparkaeT KPWUBYIO Ha DTOU TIO-
BEPXHOCT.

A HATTOMHIO, ITO ¥ HAC UMEETCA BepcatbHOEe (WM YHUBEDCATh-
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HOE) CeMENCTBO DIUIMIITUYECKUX KPUBHIX, KOTOPHIE MapaMeTpu-
30BaHbl BEPXHEW KOMILIEKCHOU mHoaymaockocTeio H. Eceamm ( —
TOYKA Ha KOMIIJIEKCHOW TIIOCKOCTH, TO €/l OTBEYAET KOMILIEKCHBIN
top By = C/(Z + Z() (KOMILTIEKCHBIE YnCIa 10 MOJYIIIO PEIeT-
K11). MHOMO pasHBIX TOYEK OTBEYAET W30MOP(MHBIM DILIATTHYE-
CKIM KPWBBIM, BBl MOXKETE TTPOCTO M3MEHNTH 0a3MC KOTOMOJOT .
J71o oredaer rpymme PSL(2, Z), T.e. 1poOGHO-THHETHBIM TPe0Opa-

30BAHUAM C IEIBIMUA KO3 DUIIMEHTAMU, C ONpeaenauTeneM 1, KoTo-
aC+b
6aze, 1 JIerKO TaK»Ke OIpeeInTh JeUCTBIE Ha CaMUX CI0aX. Dak-

phle IeMCTBYIOT CAeIYIOmnM 0opasoM: ( +— OJTO JIENCTBUE HA
TOPHI IO TaKUM TOATPYIIITaM HA3BIBAIOTCA MOIYIAPHBIMEA KPUBHI-
M. DT (PaKTOPHI UMEIOT €CTECTBEHHYIO CTPYKTYPY alreopamtie-
cKuX KpuBbIX. OHM IapaMeTpusyioT YHUBEpPCAIbHBIE CEMENCTBA,
KOTOPBIE B HEKOEM TOYHOM CMBICIE M30MOPMHHI,

f moxaxy, 9To mmea BpeMeHU, KOTOPOe IBUTAETCA BIOIH Ta-
KO KPMBOU B BEPXHEN KOMILIEKCHON ITOJYILIOCKOCTH, IO3BOJAET
TaKXe MOHATH TO, YTO HAa3bIBAETCA Xa0TUIECKOU DBOJIOINEN B I1€-
PEMEITMBAIOIIEN BCETEHHOMN, KOTOpad ObLTa TPUIyMaHa (PU3TKAMA.
[ToBTOPIO, YTO MOM I'MIABHBIM TE3UC COCTOMT B TOM, 4T0 Mixmas-
ter Universe DOMKHO OBITH paccCMaTPUBaeMO KaK IMPUOJIMKEHNE B
CTATUCTUIECKON AWHAMUKE K HEM3BECTHOMY KBAaHTOBO-TIOJEBOMY
OMMMCAHIO BOMBIIIOTO B3pHIBA.

A paccmoTpio mepememuBaonyo BeeneHHy0. OHa HECKOIBKO
6oJee obmasg, ueM BceteHHaa PobepTcona—Yokepa. [ maBHBIM 06pa-
30M TeM, YTO 3/IeCh Y MeHsA Oy1eT TPU HE3aBUCUMBIX (PYHKINN: @, b
1 ¢. DT KOd(DPUINEHTH Ha3BbIBAIOTCA (PaKTOPaMU CKAIUMPOBAHNUA
(o kax 01 ocu cBoit): ds® = dt* — a(t)*da® — b(t)*dy’ — c(t)*dz>.
Ecmm manmucaTh ypaBHEHUA OUHINTENHA III TaKOU METPUKHU, TO
OKaXKeTCA, IYTO Y HUX €CTh IPE3BLIYATHO MHTEPECHBIN KIACC TOY-
HBIX pereHun. B >Tux TouHBIX penternax a(t) = tP1) b(t) = tP2 u
c(t) =t rne > p; = > p? = 1. 31ech Tpu haKTOpa U HA HAX
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IBa ypaBHeHUA. OTU MeTpuky npu ¢ = 0 CTAHOBATCA CUHTYJIAP-
HBIMH, ¥ 3TO — MOMEHT BOJBIIOro B3pHIBA.

Teneps Ha CIIEHY BRICTYIIAET ITEPEMEITIBAIONIAA BCEICHHAA. JTY
Teoputo paszpaboramu beruackun, Xaratuukos u Jludimi B 70-x
rojax. OHI apryMeHTUPOBAIN, MOAL3YVACH (PU3UMICCKAMU PACCY-
XK IEHIAMN, ITO Ka3HEPOBCKME PeIeHnA, HeB3upad Ha, TO, UTO 2TO
OYeHb YaCTHBIE PEIICHNA, B HEKOTOPOM CMBICIE CIOBA ONMACHIBAIOT
IPE3BLIYAHO TUINYIHOE IOBEIEHNE TAKOW BCEJIEHHOW OKOJO TOY-
K1 BOJBIIOro B3pHIBa, €CaM MBI OyIeM K HeW MpUOMmKATBCA, a
He OT Hee yIaldThCA. ByKBaabHO caepyiommM oOpaszom. « Tummd-
HOe» (B KABBIUKAX — MOTOMY UTO caMu (PU3UKU OMPEICNeHNA TH-
MAYTHOCTU HE JaJu) PEMIeHre B 3TOU MOJETN, KOTJA TPOUCKOIUT
obpaTHas DBOMIOLNA BO BPEMEHU, MOXKET OBITH OIMMCAHO TOCIEI0-
BaTEILHOCTHRIO pemmenny KasHepa, T.e. KaKoe-TO BpeMA OHO BeJET
ce0A KaK ONHO pelleHune, TTOTOM OHO TlepecKaKUBaeT Ha APYTroe
peleHne, OTOM Ha TPEThE, a B IPOMEXYTKE KaKNe-TO CTaTUCTH-
veckne Komebanua. Korjga 3a 3To B3AIMCH MAaTEeMATHKI, OHU OITH-
camy yTBEpPXKIeHNEe W apryMeHTaluio 601ee TOYHO CAeIYIOMMA
IpUMEPHO cioBaMu. B mpocTpaHcTBe DTUX MOCAEI0BATETHEHOCTEN
MOXKHO OIPeIeINTh HEKYI0 CIMBOJINYECKYIO JUHAMUKY, OIIEpaTOp
caBrTa. Kak MBI yBUAMM, OHA CBA3aHA C BBEIEHNEM HEITPEPBIBHBIX
Ipo0eEN, 1 farke HENMPEPHhIBHBIX APOOEN, KOTOPhIE B 00€ CTOPOHEI
6eckoHeuyHbl. CuMBOIMYECKas TUHAMUKA TaKasd. CIBULC B HeIpe-
PBIBHOI IpOOU HAa €UHUITY — HaJleBO WIX HampaBo. OKa3bIBAETCA
(oT0 6BLI0 M3BeCTHO emé ¢ Hadata 20 Beka), 9T0 (GOPMATBLHO Ta
Ke caMasa CUMBOJIMYECKas NUHAMUKA KaK pa3 KOAUPYeT T'eole3n-
JeCKe Ha BepXHeH MOIYILIOCKOCTH ¢ MPPAIMOHAJILHBIMUI KOHIIA-
M. Mos aprymenTaimsa OygeT COCTOATH B TOM, YTO COBEPIIEHHO
dopMaTbHOE OTOXK IECTBACHIE DTUX IBYX IUHAMUIK Ha CAMOM JeJe
OTpaxKaeT KaPpTUHY (PU3NIECKOT0 BPEMEHN, KOTOPOe, €CIN MBI €10
IIyCTUM Ha3aJ, TO NPOM3OUAET TO, UYTO (PU3NKKA HA3BIBAIOT TIOBO-
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Puc. 7.

pot Buka, T.e. mepexo/ ¢ BEIIECTBEHHON OCH Ha MHUMYIO, TOJbKO
OH HE CKaYKOM Oy €T IMPOUCXOIUTE, & OyIeT MOAEINPOBATHCA KYC-
KOM T'€0/Ie3MIeCKON, M300paKEHHBIM Ha puc. 7. A Tak Kak reoje-
BUYIECKUX MHOT'O, TO MBI MOXKEM YCJIEINTH TOJIHKO 338 CTATUCTUYE-
ckuMu cBoucTBaMu. CTaTUCTUYECKIEe CBOUCTBA U BCA CTATUCTHUKA
OyIyT POBHO TeMU ke caMbIMu, 9To 1 B Mixmaster Universe.
Cenvac A 4yThb OOJBIIE aKCHOMATUIECKUX MOAPOOHOCTEN CKa~
Ky O TOM, KaK MMEHHO KoaupoBaau bemmHckum, XaJaTHUKOB 1
JIndmmir 5T 5peI, KaK 0O0bACHUTH JUCKPETU30BAHHYIO KaPTUHKY
MIEPECKOKA OT OJJHOU 3Pbl K APYTON B ypaBHEHUN JWHIITenHa. OHNI
BBOJAT €€ ONHO JOrapupMUIecKoe BpeMsa, KOTOPOe, Ha CaMOM
nesie, OUeHb POJACTBEHHO TOMY, KOTOPOE A PacCMaTpPUBAI PaHBIIIE:
dS) = —%; 31echk t cTapoe, a, b, ¢ cTapele, a 3HAK MUHYC CTOUT
IIOTOMY, YTO MBI XOTUM Ha3ajJ ABUraThcA. Torga ) cTpeMuTca K
~+00, B OTIMYHE OT ¢, KOTOPOe cTpeMmuIoch K +0. Tunuaroe perte-
HUE YpaBHEHWA JUHIITENHA OMUCHIBAET MTOCAENOBATENLHOCTE Oec-
KOHEYHO BO3PACTAIOIMINX MOMEHTOB JOTapupMUIeCKOTO BPEMEHN
Qo <y < -+ <Q, < ..., a Takxke MOCTeIOBATEILHOCTL UPPa-
MMOHATBHBIX BEIECTBEHHBIX dncen u, € (1,+00), n =0,1,2,...
[Monyurrepsan [, €2,.1) DTOro BpeMeHU HA3BIBACTCA N-U 3POU
Kazrepa mgna mamHOTO permenud. /I BHYTprm n-U 3Pl DBOJIONNA
a, b, c TpUMEPHO OMMCHIBAETCA HE OJHOU, & HECKOTBKIMI TTOCIEI0-
BaTeIbHBIMI (popMmyaamu Kasuepa, T.e. ducaa pi, Po, P3 BHYTPH
OJIHOM DPBhI HECKOJIBKO Pa3 MEHAIOTCA. 'Te MHTEepBaJIbl, I'lIe U OHU
He MEHAIOTCA, HA3bIBAIOTCA MUKIaMK KasHepa. SHAUYUT, eCTh DI
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Kasnepa, 1 BHYTPHU Kaxk 10U >phl KazHepa ecTh elné NUKIb Kas-
Hepa.

OBOMIONUA B N-1 3pe KasHepa HaunmHaeTCA B MOMEHT {2, ¢ He-
KOTOPBIM 3HavYeHueM u = u, > 1. OHO ompenensaeT pi, ps, P3 B
TIOPAIKE BO3PACTAHUA ITPOCTON TOYHOU (POPMYJION:

U 14+ u u(l+ u)
— 9 P2 = 99 p3 =
l4+u+u l4+u+u

P 14w+ u?

[ToToM BHYTPU TOM e dPbI, KOTIa HAYMHAETCA CAETYIONT ITUK.T,
MBI OTHAMAaeM OT TIPEAbIAYIIEro 3HAYeHUA U, CHadaIa eIUHUILY,
TIOTOM ABOUKY U T.M.: U = Uy — 1, Uy, — 2, ... 1 COOTBETCTBYIOMINAM
obpaszom ompenendeM a, b, c. VI mocie Toro Kak menaa 9acTh ABYX
ITIKJIOB TTPOUAET B HAIEU DPe, TPOUCXOIUT TEPecKOK Ha CIery-
forryto 3py. [Ipu 3ToM mepeckoke mapameTp % MeHAETCA CJIeTyio-

UM 00pPa3oM: Uy = . 3J1eCh BBI YK€, KOHEYHO, Y3HaeTe

Un—|U
HeIpepPbIBHBIE 1po0H, eCJ?I/I[BngI KOT'Ja-HUOYIb UMU 3aHUMAJNUCH; B
rocaeHerr pOPMYJIe BBl UX VK€ YBUIUTE.

ODTO 03HAYAET, YTO €CAU MBI XOTUM KOJUPOBATH €CTECTBEHHBIM
00pa3oM BCe U, BMeCTe, TO Mbl TOKHBI PACCMOTPETH UPPAIIAO-

HaJbHOE YUCAO X > 1 W ero pa3nokeHne B HEMPEPLIBHYIO APOOb

1
.Cl?:]f()—i‘ . :[l{o,]ﬁ,kg,...].
ki +——
ko
A BpeMeHHOM MOTOK TOTa MOJAETupyeTca (POPMYy.Ion
1 1
[kO;]flng,...]I—>[0,]€0,/€1,]€2,...L Thr— — — | —
X X

Mg mpocTo ciBuUTaeM HempephIBHYIO IpoO6b HampaBo. MBI moso-
}KMM xn — [kn’ k/n,_i_lj . . .j|.

[Ipu mepeckoke K caegyrorien ape {2 MeHAeTCA CIeIYIOmIM 0Opa-
30M:

Qa1 = (14 8pkn(uy + 1/25)),.
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() 1 © MOTYT OBITH HE3ABUCUMBIMU, & 3aBA3BIBAECT OJHO HA APYTOe
110 DTOou POPMY.IE.

1 ecrm BBI 00€ TOCIEIOBATENHHOCTH CpPa3y XOTUTE 3aKOIIPO-
BaTh, TO TOTJa HAJ0 BBECTH, KaK BHI CENYAC YBUANTE, HEMTPEPHIB-
Hble IpoOM, KOTOphIe B 00e CTOPOHBI TAHYTCA. VM 5TO OveHb XO-
POIIO, TIOTOMY YTO y T'e0Je3WmdecKon IBa KoHIa. ['pybo roBopd,
MOKa A TOJBKO OMHY HEMpephIBHYIO APOOb paccMaTpuUBalo, A pac-
CMaTPUBAal0 HENPEPHIBHYIO APOOH AJMA OJHOIO KOHIIA, a KOTAa A
BBEY BTOPYIO HEMPEPBIBHYIO APOOL AMA APYTOro KOHIA, TO OHN
BMECTE €CTECTBEHHBIM 00pa3oM 0O0beNUHAIOTCA B OECKOHEYHYIO B
06€e CTOPOHBI HEMPEPHIBHYIO AP00L. A Kakue MOCTaBUThH CIEBa, U
KaKue CIpaBa, 3aBUCUT OT TOTI'0, KaKoe IBUKEHUE MBI pacCMaTpu-
BaeM. Kcam 1Mo HampaBleHUIO K HYJTIO, WX TI0 HANPaBIEHUIO OT
BEIIECTBEHHON YaCTW K MHUMOW, TOTJa ABMXKEHUE OyIeT MPOTUB
JaCOBOU CTPEJIKH; €CI HA0OOPOT, TOTJa MBI IIPOCTO ITEPEBEPHEM.

HynaeiM 06pa3oM TO e camMoe TpeobpasoBaHWE OMMICHIBAET
noaxoaAmee orobpaxkenne Ilyankape m1d Teone3andecKoro moTo-
Ka Ha MOIY/IAPHON MOBEPXHOCTHU, KOTOPOE TOIYIaeTCA POEKITHEeN
BCEX DTUX I'e0Je3NIeCKIX Ha MO Y IAPHYIO TOBEPXHOCTE. [IpocTen-
mad ajaredpamyveckasd MOIYJIAPHAA MOBEPXHOCTH BBITVIAAUT Tak,
KaK MOKa3aHO Ha puc. 8, a (HaM HYXKHO B3ATH (YHIAMEHTATE-
HYIO 00JaCTh OTHOCUTENTbHO gercTBusa Tpymmel PSL(2,7Z), ecan
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MBI XOTUM KaXK YO SAMATTIYECKYI0 KPUBYIO MTPEACTaBUTE OJHAM
criocobom). Torga To, uTo Ha puc. 7 MWIABHO €1eT OT OJHOU TOU-
KI K IPYyTOH, 31ech OyIeT UeM-TO Bpoae OMIbApaa: KpuBasd OyaeT
OTpaXkaThCsA, Bo3BpalaThca u T.4. (puc. 8, 6). CraTucTuka 18U-
YKEHNT 1 BO3BPAIEHNN OKA3BIBAETCA ONUCHIBAEMOW POBHO TEMMU
XKe caMbIMU (pOopMyTaMU, M eCTh OYeHb MHOT'O MaTeMaTWIeCKUX
paboT, TJe BCE ITO M3ydaeTCA COBEPIEHHO OE30THOCUTETHHO K
craTucTuKe beamHckoro, XanaTaukoBa u Jludmmia.

Camo yTBepk fenne bernnckoro, Xanaruukosa u Jludimmiia Ob1-
JI0 ¢ieano 6oJee TOYHBIM (1 He MOT'Y CKa3aTh COBCEM TOYHBIM UJIT
HET — f CaM eIIé He pa3o6paics) B paboTax, B KOTOPHIX, B 9aCTHO-
CTH, YIacTBOBaIN MaTeMaTukyn — boroaprerckum m HoBukos. Y
BoroasaeHcKoro ecTh nenas KHIXKKa, TIe OH OYeHb MOAPOOHO 00
oToM TuIieT. U 3To ovdeHb Mose3HadA KHIKKA 1A DTOT0 CIOXKeTa,
TIOTOMY YTO OH TaM O00BACHAET, KaK BOOOIIIe M3ydaTh TII0X0 BeIy-
e cebsa Tpu TPUOMVKEHNN K KAKUM-TO PEXXMMaM PeIeHns 1ud-
(bepeHImaIbHBIX YPAaBHEHUN, BBO/A HAAJIEXKAIIYIO IPAHUILY, W3Y-
Jasd Ha DTOW I'PAHUIlE CEMapaTPUCHl M BCAKOE TTpotvee, W OMUCHIBAA
B TEPMUHAX DTUX CEnapaTpuc TPUOIMKEHHOE aCUMIITOTUYECKOE
noBefenre. MoxHO cKazaTh Tak: Korja, ckaxkeM, beaunckunm, Xa-
JATHUKOB 1 JIMpmmir roBopAT O TUMIMIHOM peIlleHn’ BHe, OHU Ha,
CaMOM JIeJIe TOBOPAT O TUITMIHOM PEIIeHNI Ha, 110 X0 IAIIEN TPaH!-
1ie. [Ipo aT0 MaTeMaTnK MOXKET cKa3aTh, YTO 3TO IEACTBUTETHHO
TaM TUITIHO. A B KAKOM CMBICJAE DTO TUIUYIHO 10 TPAHUIIEI, DTO,
BEPOATHO, HYKHO MPOCTO NPUHATH 3 OIPEIEICHIE.

Moy aapHy0 TOBEPXHOCTL MOXKHO BHIOMPATH ABYMA CIOCOOa-
MU BEPXHAA MOTYTIOCKOCTE JAUO0 IO MOY.TI0 Been rpymisl PSLL(2, Z),
Ju60 TI0 MOIYJIIO TaK HA3BIBAEMOU MOATPYIIbL ['o(2) — MaTpuis,
Yy KOTOPBIX JEBLIN HIKHUYM YI'OJd Y€THBLIU. [Ipy KoaupoBaHuu reo-
Ie3MIeCKOT0 TTOTOKA Ha MOIYJIAPHOUW TTOBEPXHOCTH, €CIU MBI XO-
TUM KOAUPOBATH TOXBKO 3pbl, TO 6epém rpymmy PSL(2, Z), a ecin
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Puc. 9.

XOTUM KOJUPOBATH €mié u IKael Kasuepa, 1o 6epém ['y(2).
Kaxk s y:xe 00BACHAT, KOIUPOBAHNe e0Ie3NIeCcKnX, TepeceKka-
IOIINX MHUMYIO TIOJYOCh, TBOMHON HEMPEPBIBHON APOOLIO

[' ce k—?v k—la kOa kla k?a . }

NeJaeTCA TaK. DTOU HEMPEPBIBHON JIPOOH COMOCTABIAETCA TeoIe-
smdaeckasn ¢ Koumamu 2 € (—1,0) u 2z, € (1,+00), e

1
Z_ = [/{0 k_l k_Q }, Z4 = Ufo, ]ﬁ,kg, .. ]

A cooTsercTBytomee cevenne [Iyankape 6o/mee nim MeHee ornpese-
JAE€TCA TeM, YTO Mbl 6epeéM MHUMYIO MOJYOCh U MPOEKTUPYEM €€
Ha, MOIYJIAPHYIO MOBEPXHOCTH, & TIOTOM CMOTPUM, KaK OHa Tepe-
CEKAeTCA C NeoIe3nIeCKIMU.

Ha puc. 9 ma camom Bepxy m300paKeHbl TPEYTOTbHUKN ¢ BEPIIIN-
HOU B OECKOHETHOCTH, TIOTOM TPEYTOIBHUKN C BEPITUHAMUI B TPEX
TOYKAX Ha BEHIECTBEHHOM OCKU. JTO TaK Ha3bIBaeMbie TPEYTrOIhb-

HUKU @apeﬂ. Onn COEIMHAIOT COCEMHNE PAalIMOHAJBHBIE YMCJIa B
a c

pany Paped. Ecim y Bac ecTh palmoHambHBIE YUCTA § U 5, TO
a—+c
MEXK Y HUMH €CTh panroHanbHoe 1meno == U kak pas Taxkne Tpu

TOYKH ONpeNeNAoT TpeyroabHnK Papesd, ecam MeX Iy HUMHA 3a-
MIyCTUTH Teofe3ndecKre B BEpXHEN KOMILIEKCHOU TOJIYTIIOCKOCTH.
KomupoBanue Takon reofe3anvdeckKon MPOUCXOIUT OYeHb ITPOCTO.
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MoxHO BHIOpATH ONWH TPEYTOJTBHUK, CKaxkeM, ¢ BepmmHaMu 0,
1 m co. [loToM Tak MOXHO TIepeHyMEpPOBATH BEPIINHBI Y JH0OO-
ro Tpeyroaburka. OnHa ero BepiMHa OyJeT CUUTATHCA HYJIEM,
Ipyras eIuHUIEN, a TPeThA 0€CKOHEYHOCTHIO: OHU IPUIILIN U3 CO-
OTBETCTBYIONIErO dJIeMeHTa MOIYAAPHOU Tpynmnbl. M moTowm, Ko-
rga reofe3ndecKasd MAET MO COOTBETCTBYIOMIEMY TPEYTOJLHUKY,
BBI TitiieTe [, eCIM ero BepImHa 00 HAXOAUTCA caeBa. Korma B
norafaeTe B CIEIYIONII TPEYTOJBHIK, TaM 00 MOXKET OKa3aThCA
crpaBa; Toraa BeI umieTe K. [ToToM BB omagaeTe B CJe Ty IO
TPEYTOTBHUK U T.1. B pe3yrbTaTe BO3HUKaeT OeckoHevHad B 00e
CTOPOHBI IOCIEOBATEILHOCTE . .. RMLFIRF2 - TlocnenoBaTens-
HOCTH DTUX CTeNeHen KakK pa3 1 OyJeT KOJOM COOTBETCTBYIOIIEN
reo Ie3MIeCKON.

[loBTOpAIO, 9TO »Ta KapTWHKaA ObLTIA M3BECTHA U pa3padaThI-
BaJlach COBEPITIEHHO HE3aBUCUMO OT bermHckoro, XaraTHUKOBA 1
JImdprmma. Ho o aynecasim ob6pasom coBnagatoT. 1 Kk aTomy mMo-
MEHTY MO€ DBPUCTUYECKOE TPEANOKEHNEe COCTOUT B TOM, ITO OHU
TOKHBI COBMAJATh TTOTOMY, YTO €CIN BBl BEPHETECH K TaTaKTH-
YEeCKOMY BPEMEHM, KOTOpoe A NMPUBOAUI He Ha mpuMmepe Mixmas-
ter Universe, a Ha npumepe BceaeHHoun Ppuamana PobepTcona
Yoxkepa, (ero MOKHO BBECTU U 371€Ch, 3TO He TpobIeMa), TO TOTIa
5TO OyJeT CBA3aHO C TEeM, YTO B HYJEBOM MOMEHT BPEMEHU OHO
MEPEXONIUT C BEIIECTBEHHON IIOJYOCH Ha, YUCTO MHUMYIO, HO IIepe-
XOIUT CTATUCTUIECKN, TI0 KAKON-HUOY OB M3 Teoge3mdecKux. I aTo
OINMUCAHUE ABMAETCA KIACCUIECKUM TPUOIMKEHNEM K HEM3BECTHO-
My HaM KBaHTOBOMY OIMCAHUIO MOMEHTA DOJBIIOro B3PHIBA.

Ha camoMm mese MBI JOKHBI TOBOPUTE HE O BEPXHEN TIOJYTLIOC-
KOCTU, & O TPaBOU TOJYILIOCKOCTHU, €CAM Mbl XOTUM OYKBaJbHO
CBA3BIBATD DTy KapTUHY ¢ dpusukon. [IpoussBoa »Toro BeiOOpa Ta-
KO 2Ke, KaK TPOM3BOJI BEIOOpa B MeTpuke MMWHKOBCKOTO MeEXK Iy
curaarypon (1,3) u (3,1). Yo MBI XOTUM: 9TOOBI PACCTOSHUE OT
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Puc. 10.

OJIHOW TOYKH [0 APYTou OBLIO BEIIECTBEHHOE WU, HA0OOPOT, YTO-
OBl BpeMA OT OJHOW TOYKU [0 APYTOU OBLIO BEMIECTBEHHOE.

Temeps a1 X04Uy cKa3aTh IBa CIOBAa O TOM KapTuHKe [leHpoyaa,
KOTOpas ONucaHa B €ro HeJaBHEW MOHOrpadguu, a [0 2TOr0 Obl-
Ja OTMMCaHa B HECKOJBKNUX CTAThbAX. [Ipm ToM A BO3BpaIIaCch K
TOMY, 9TO A OMMCHIBAT C CAMOT'O HavaJaa: eCau MBI TPUCOETIMHAEM
IpaHUIly OJHOI'O THUIA B Hadaje, B MOMEHT BOJbIIOro B3phIBa, 1
TpaHUITy IPYyTOro TUTa B KOHIE, B MOMEHT OXJIaXKIEHUA TIIOCKON
BCETEHHOM, TO DTOW KAPTUHOW MOXKHO BOCITONB30BATRCA AJIA TOTO,
YTOOBI TIPEJOCTABUTHL MaTEMATUYIECKYIO MOJEIb TIEHPOY30BCKOU
KOH(MOPMHON IUKJINIECKON KOCMOJOI .

Otu kKapTuakny (puc. 10 u puc. 11) g ckomrpoBat U3 ero KHUTH.
Ero xapTuHka pacimpsAiomencsa BCEICHHON — 3TO MPOCTO CXeMar
TUYIecKoe M300paxkeHne TOT0, 9TO A WIMTIOCTPUPOBAI Ha puc. 1, HO,
KOHEYHO, I Ta 1 APYyTad KapTUHKNA ABIAIOTCA YUCTON (PaHTa3UeN.
Ha puc. 10 xocmonmoruvdeckoe BpeMa PACIONOKEHO TT0 BEPTUKAIA
CHU3Y BBepX, a He M0 TOPU30HTAINA CleBa HAIIPaBO, KaK Y HAC OBLIO
pansIe. Ero nged cocTodna B TOM, YTO €I TPUMEHNTEH HEMHOXK-
KO IPYT'OM MaTeMaTWYeCKU MEXaHW3M, He TOT, KOTOPLI A BaM
OOBACHAT, a TaK Ha3bkIBaeMoe KOH(MOPMHOE PecKaInpOBaHUE, TO

23



f

Puc. 11.

HYKHO OyIeT CKJIENTh KOHEI[ OTHOU BCEJIEHHON (KaK OH HA3bIBAET
s0m) ¢ HadasoMm apyrou (puc. 11). A mMeHHO, OH TOBOPHUT, UTO
MBI OyIeM PAcCMATPUBATEH TOJIBKO METPHUKY (OH HE pACCMATPUBA-
eT HU MeOMETPUY, HU TOMOJOTUU OGBEMIIONIEr0 TPOCTPAHCTBA),
1 OH T'OBOPUT, YTO KOT'Ja MbI UJAEM Ha3a 110 BpeMeHU K MOMeEH-
Ty Boabmoro B3phIBa, MPOCTPAHCTBO CTAHOBUTCA BCE MEHBINE U
MeHbIe. /laBanTe MBI cIeTaeM TOT'Ia CKAINPOBaHNE METPUKN: OY-
€M YMHOXKATh €€ Ha, yXOIAIIHA B 6€CKOHEYHOCTD (PAKTOP, TaK ITO
HaM OyIeT Ka3aThCA, ITO BCceleHHad He yMeHbImaeTca. M Haobo-
POT, KOT1a MBI Oy €M TIOIXOINTh K DTOMY MOMEHTY C TIPeIbI IYIIen
CTOPOHBI, C TOJOTOr0 KOHIIA MPEAbIAYIIEro d0HA, Tle BCEJICHHAA
pacmmpAeTca 10 6ECKOHETHOCTH, JaBauTe TOTAa OyIeM e€ MeTpu-
Ky YMHOXKATh Ha PaKTOP, KOTOPBI CTPEMUTCA K HYJIIO, Y TIODTOMY
HaM OyIeT Ka3aThCA, YTO OHA HA caMoM fefe ckumaeTca. OKasbl-
BAeTCA, YTO COENUHEHNE DTUX ABYX KOHPOPMHBIX KJIACCOB METPUK
Ha TpaHuie (KOTOpoe OH B ABHOM BHjE He BBOJUT, HO OHO Gojee
WA MEHee TIOHATHO) MOXKHO MPEJCTABUTHL KaK HEKYIO CKICUKY, I
TOT & UICTOPUIO BCETEHHON MOXKHO BOOOPa3nTh cebe KaK MCTOPUIO
TaKX TOCIEIOBATEIBHBIX TIEPEXONOB OT OMHOTO D0HA K APYIrO-
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Mmy. Torma Ha TpaHuUIle Mepexona BPeMA CTAHOBUTCA MHUMBIM, a
OMMICaHNe KBAHTOBBIM, & TIOTOM OINATH NPUHUMAET MPUOIKEHHO
KIACCUIECKUN BU.

B camom Hagame g ymoMuHAI, YTO OCHOBBI HBIHEITHEN KOCMO-
JOTWIEeCKON KapTWHBI OBLIM 3aJ0XKeHbl Xabomom u JlemeTpom. U
nazke JlemeTp, KaxXeTcsa, XpOHOJOTMHIECKN paHbiie, 9eMm Xabo.1. Jle-
MeTp OBLT KapAWHAIOM, CBAIIEHHUKOM, 1 [lama, npu KoTopom oH
OBLT, OYeHb XOTEJI OOBABATH, YTO TAKUM O0OPA30M OTKPBIT MO-
MEHT TBOPEHUA U ITO 3TO — OOJBIION TMPOPHLIB IIA IEPKBU, A
cBa3u Hayku ¢ pemuruen. M JlemeTp cBasanca Torga ¢ JUpPeKTO-
POM BaTUKAHCKOW 0OCEpBATOPUY, HAYIHBIM COBETHUKOM llambl, n
TIOTTPOCHT €70, ITOOBI OHI BMECTE TOCTapaICh YTOBOPUTH Ilarmy
HE BBICKA3bIBATHCA 110 MOBOAY KocMmogoruu Boobme. M [lama 6w
TIOCTYITHBIM 1 COTVIACKICA, ITO OH OOJBINe He OyIeT B CBOUX pe-
JaX TOBOPUTH O KOCMOJOTUH. JIeMeTp odeHb TIaTelbHO CTapaJscs,
YTOOBI €0 MapaLIeTbHbIe KAPhePhl B KOCMOJOIMHA W B TEOJOT N HE
TepeceKanrch, mojaras, 9To 04Ha U3 HIX BeJET ero K JydIIeMy To-
HIMAaHIIO MaTepraIbHOTO MUPA, & ApyTrad K JyUIIeMy TOHIMaHIIO
TYXOBHOTO.

Emeé a mamen npenectabin ab3ar B kaure Ctuena Baunbepra
«ITepBble Tpu MuHYTHD. Ho moToMm ya3uamm, 9To Bamabepr He 3HAT
CaAMOI'0 CYIIECTBEHHOT'O, YTO MPOM3OIIIO B MEPBhIE TPU MUHYTHI:
OH He 3HaJ MHQMIAINHA, TOTJa Teopnun WHOIAINN eIe He ObL10. B
mocaefHeM ab3ale OH MUIIeT TO, IYTO MHe OYeHb HpaBUTCA: «Hc-
Y HET HUKAKOT'O YTEIIeHWsA B ILIOJaX HAIINX MCCAEIOBAHUN, TO
HEKOTOPOE YTeIlleHne eCTh B CaMOM MCCIeJOBaHUM. MyKIUHBI 1
YKEHIIIMHBI He YIOBIETBOPAIOTCA TeM, 9TOOBI yTelmaTh ceba pac-
cKazaMu O 6orax M T'MMaHTaX, WA PasMBIILIATH UCKIIOUUTE k-
HO O ITOBCEIHEBHBIX AetaxX Ku3Hu. OHU TakXKe CTPOAT TEeIeCKO-
IIBI, CITyTHUKW, YCKOPUTENN, CUAAT 3a CTOJaMU OeCKOHEeYHBIEe Ha-
ChI, OCMBIC/IAA 3HAYEHUE NAaHHBIX, KOTOPBIe OHU cobpann. [TombiT-
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Ka MOHATH BceleHHyo — 3T0 0HO U3 OYeHb HEMHOI'MX 3aHATHH,
KOTOpPOE MOJHIMAaEeT YeNT0BeUYeCcKYIO XKI3HL XOTA ObIl HEMHOI'O HaJ
ypOBHEM apca 1 IPUIAET el HeKoe H6JaropoacTBO TpareInn.y
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